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Summary

We consider the problem of segmenting a pair of overlapping objects whose
intensity level in the intersection is approximately the sum of individual
objects. We assume that the image domain Q = [0, N] x [0, M ] contains two
overlapping objects O; € Q and Oy € 2 and consider images u : {2 - R such
that

10 if (x,y) € 0;\0,

Co1 if (ZL’,y) € 02\01
u(@,y) ~ 4 (1)
Ci10 + Co1 if (I,y) GOlﬁOQ

Coo if (z,y) € Q\(O1u 0s).

The identification of the true objects O; and O, from a given image u is
called an additive segmentation problem. A segmentation of an image u is
a pair of objects {FEj, Fy} such that Fi, Es € Q and {E;\Es, Ex\E1, E1n
Ey, Q\(E; U Ey)} forms a partition of Q with E), Ey approximating the true
objects O1,0,. The real-world applications of this model include X-ray im-

ages [1], magnetic resonance angiography images [14, 7] and microscopy im-
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ages recording protein expression levels [11] which standard segmentation
models does not work. In the paper [16], the authors proposed to solve the
additive segmentation problem by looking for a segmentation {E;, Ey} and
a set of constants ¢ = (c1, o1, C11,Co0) that minimize the soft additive en-
ergy. This energy contains a curvature term. Applying the gradient descent
method to the model leads to a fourth-order Euler-Lagrange equation which
is often difficult to solve efficiently.

In this thesis, we present two methods to optimize the soft additive model. In
the first method, we adapt the augmented Lagrangian method developed in
[25] to optimize the Euler’s elastica to solve the Euler-Lagrange equations. In
the second method, we formulate a new Euler-Lagrange equation by placing
the terms resulting from the curvature term in the Euler-Lagrange equation
one step behind the rest and call it the lagged Euler-Lagrange equation. In
each step, we formulate a constrained convex minimization problem whose
minimizer is a solution of the lagged FEuler-Lagrange equation. Each of these
constrained convex minimization problems can be solved by applying the
augmented Lagrangian method [10, 24]. The subproblems arising from the
augmented Lagrangian method can be solved directly by either an explicit
formula or by applying the Discrete Cosine Transform. The solution of the
Euler-Lagrange equation is achieved by allowing the iterative map to con-
verge to a fixed point.

This thesis is organized as follows. We first review the soft additive model

and some of its results in Chapter 1. In Chapter 2, we give details of the



CONTENTS

adaptation of the augmented Lagrangian method to solve the soft additive
model and also the lagged curvature method. In Chapter 3, we provide
solutions for the unconstrained minimization problems occurring in the al-
gorithms developed. The numerical results are given in Chapter 4 and the

thesis is summarized in Chapter 5.
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Chapter 1

Preliminaries

1.1 Soft Additive Model

A closed plane curve is a map v : [0,1] = R? such that y(0) = v(1), % exists
and is continuous for every ¢ € [0,1]. It is said to be regular if Cfl—z # 0 for each
t € [0,1]. We denote the arc length parameter by s and ', 4" denotes the
first and second derivative of v with respect to s. If the nth derivative ~(")
exists and is continuous, we say that v is a curve of class C", and we write
v € C™. We denote C> =n>,C". We also denote the curvature of a curve as
K="

Given a Lebesgue measurable set E' ¢ R?, we denote its boundary by OF.
We say that a bounded open set E'is of the class C* if and only if its boundary
OF is a closed plane curve of class C*. A signed distance function of a set £

is a function Dist(E) : Q - R defined as Dist(E)(z) = (-1)x2@ inf{|z - y| :

1



CHAPTER 1. PRELIMINARIES

yedE}.
A sequence of measurable sets {F;} is said to converge to a measurable set

E if and only if xg, - xg in LY(Q).

Using the ideas from [5, 20, 19], we are ready to introduce the soft additive
functional in [16] for (B, Ey,c) € C* x C* x R* defined as:

(B By ) = ;/@Em[aqu(m(z))] dH (=) (1.1)

11
+ZZ‘[E%(U—CU)2 dzx dy

i=0 j=0

+7(010 +Co1 — 011)2

where H is the 1-dimensional Hausdorff measure, «, 3,7 > 0, Eq, E € §2 are
of class Coo, E10 = El\EQ, E01 = EQ\El, EOO = Q\(El U Eg), E11 = E1 N E2 are
subsets of €2, ¢ = (¢c19, o1, Con, €11) 1 a set of constants, x;(2) is the curvature

of the curve 0F; at point z € 2 for i = 1,2 and

z? if |z <1
o(x) = : (1.2)

lz| if |z| > 1

We wish to note that this ¢ is not twice differentiable. Due to numerical

considerations, we replace it by a smooth function:

o(x) = % (x tan™!(rx) - %log(r%Q + 1)) . (1.3)



1.1. SOFT ADDITIVE MODEL

where » > 0 is a constant. In this thesis, we choose r = 1. We note that

the soft additive functional only makes sense for sets of class C*. To work

around this difficulty, we extend F*°f to 9(Q) x M(Q2) x R* by

Ft (B, By, c) if (F1,Fa,¢)eC®xC®xR4
FSOft(El,EQ,C) —

00 if (Ey, Ea,c) e M(Q) x M(Q) x RI\C™ xC>= x R*
where M(2) denotes the collection of measurable subsets of €.
Now we relax the soft additive functional by considering the lower semicon-
tinuous envelope of 5t with respect to the topology in L'(R?)x L' (RR?) xR%.
We define the lower semicontinuous envelope Fsoft of Fsoft with respect to

the L'(R?) x L'(IR?) x R* topology as F°ft : P x P x R* - R such that
FSOft(Ela E27C) = lnf{hmlnf FSOft(ElnaEQnacn) : (Elna E2nacn) - (Ela E27C)}

where the convergence (Ey,, Es,,c,) = (F1, Es,c) is with respect to the
L1(R?) x L'(R?) x R* topology and P denotes the collection of sets of finite

perimeter such that
P2{EcQ : Eisborel and yp € BV(Q)}.

It should be noted that F°f is a well defined function as the sets of class
C is a dense subset of P with respect to the L!(R?) topology|[12].
The additive segmentation problem is solved by the soft additive model which

seeks a (F4, Ey,c) that minimizes the soft additive functional. It was also
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demonstrated in [16] that the soft additive model provides very good numer-
ical results.
To represent a set E of class C* using a level set function, we construct a

smooth function ¥ on Q satisfying

>0 if (z,y)eE

U(@,y)1=0 if (z,y) eQNIE (1.4)

<0 if (z,y) e Q\E .

The level set method of Osher and Sethian [22] is particularly well suited to
handle topological changes and curvature dependent functions because the
curvature of a curve has a very simple expression in terms of the level set
function that represents the curve. If v is the level set function of a region F,
the curvature on the zeroth level set is given by the function V- %. For the
soft additive functional to be well defined, we require a level set function
such that the term V- % is defined almost everywhere in 2. Such a level set
function always exists as the sets we are considering are of class C> and by

a result in [17], the signed distance functions are smooth almost everywhere.

Using the idea of [5], the soft additive functional can be reformulated in terms



1.1. SOFT ADDITIVE MODEL

of level set functions as

P (i) = 3 [ Lo Bo(slITda(e) dr dy (15)

#25 [ (umeg PH(D ) H((-1)*10) de dy

i=0 j=0
2
+’Y|Clo +Co1 — C11| )

where 1,1, are almost everywhere smooth functions, x; = V - (V;/|V|)
and § and H are the Dirac delta and the Heaviside function, respectively.

To solve the soft additive model numerically (see [16]), we regularize the
Heaviside function, Dirac delta function and the modulus function using the

following smooth functions:

H(z) = Lian (E) +1

T € 2’
1 €
(1) = S
() mTe2 + a2
(z,y)le = Va?+y*+e,

where € is the regularization coefficient. Thus, we minimize the regularized

soft additive functional

2
FEo (4, ¢5,0) = Z}fg[anﬁ(m)JIv%Is&(%) de dy (19)

+21:21:[Q(U—Cz‘j)QHe((—l)iH%)He((—1)j+1¢2) dx dy

i=0 j=0
+7|010 + Co1 — 611|2
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by evolving the level set functions using the gradient flow of Fsoft:

o1 Vi1 1 /

B = v T o)) - - Py VD i) (0
= S {[(u - e10)” = (w=co0)*N[1 = Ho(W2)] + [(u = eon)” = (u = e1n)*JHe(w) |,

8'(/}2 _ . v'(/)2 o+ K _ 1 _ ,I*i

Pt = v { Tl Bon)] - o (- P WU (ol (18)

8. () {[(w=c01)” = (u=c00)*][1 = He(1)] + [(u = c10)” = (u = e11)* ] He(¥1) }.

with boundary condition % =0 and aqs’(”i)'gﬁ”‘&w"') =0 for 7 = 1,2. Here,

I : R? - R? is the identity operator and P, : R? - R? is the projector defined

by Py(v) = (v-n)n for v e R2.

1.2 Existence of solutions for the Soft Addi-

tive Model.

In this section, we study the existence of solutions for the soft additive model.

First, we show that any minimizing sequence of F*° is relatively compact in

P x P xR*

Proposition 1.2.1. Let {(E1,, F2,,¢y) bnen € MM(Q) x M(Q) x R* be a min-
imizing sequence of F*°f such that {c,}nen i a bounded sequence. Then
{(E1p, Eap, ) fnen s relatively compact in PxPxR4 (i.e. there ezists (Ey, Fy,c) €
PxPxR* and a subsequence {(E1y,, Ean,,Cn;) }jen that converges to (Ey, Fy, c)

with respect to the L*(R?) x L1(IR?) x R* topology).

6



1.2. EXISTENCE OF SOLUTIONS FOR THE SOFT ADDITIVE
MODEL.

Proof. Let {(FE1,, F2,,¢)}neny be such a minimizing sequence of F*°ft. By

deleting a finite number of terms, we may assume that sup{ F*°*(E,,,, Es,,c,)}
neN

is finite and thus E},,, Fs,, are bounded open sets of class C* for any n € N.

Since,

and

2
Ylc1on + Cotn — C11,]° 2 0,

for each n € N we have

L [a+/8¢("€ln(z))] dH(Z) < supFSOft(ElrmEQnacn) <oo fori= 172

in

By the fact that o > 0, it follows that

supH(OE;,) < oo, fori=1,2.
neN

Since the image domain €2 is bounded, there exists a ball B(0, R) such that
Ei,,Es, € Q c B(0,R) for all n € N. Since {(E1,, F2,,Cn)}nen is a mini-
mizing sequence, the perimeter of the sets F,, and F,, are bounded above
by Fsoft(Ey, Esy,¢i). Thus xg,,,Xn, are in BV for all n e N. By Rellich
Compactness Theorem in BV[12], it follows that there exists bounded sets
E1, E5 € P and a subsequence {E1,,, Jnen, { Eay, Jren such that Ey,, converges
to Ey and Es,, converges to Ey in L'(R?) as k — oo. Thus the subsequence

{(Ern,, Eon, ) been converges to (Eq, E,) with respect to L'(R?) x L(R?)
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topology. Since {c,} is a bounded sequence, {c,,} is also a bounded se-
quence. By the Heine-Borel Theorem there exists ¢ € R* and a conver-
gent subsequence {anj} such that {anj} — c¢. Thus, the subsequence
{(Elnkj ,Egnkj  Cry, ) }jen converges to (Ey, By, c) with respect to the L!(IR?) x

L'(R?) x R* topology. This concludes the proof. O

Remark 1.2.2. For the rest of this section, we assume that the sequence
{Cn}nen is bounded. This is a reasonable assumption as it will be seen in
the later chapters that c, can be chosen to be the ‘average’ intensity for the

region it represents in the image domain €2 for each n € N.

Since the limit of a sequence of sets {E;};y of class C* may not be of
class C*, it is possible that the functional F'*°f* has no minimizers. However,

we can show that Fs°ft has minimizers.

Theorem 1.2.3. There exists (E1*, Ey*,c*) € P x P x R* that minimizes
Fsoft,  Furthermore, if any minimizer (E;, E}, c) ofm 1s an element of
C> xC> xR4, then (Ef,Ej,c) is also a minimizer of Fsolt.

Proof. Pick any minimizing sequence {(E1,, F2,, Cn) fnen € M) xIM(Q)xR*
of F*f By the previous proposition, there exists a subsequence
{(Erp,, Eon,, Cny) bien that converges to a (Ey", Ey*,c*) € P x P xR We

reindex this subsequence by {(E1;, Es;,¢;)}jev and denote the infimum by

m = ianSOft(Elj,EQj,Cj).
J

8



1.2. EXISTENCE OF SOLUTIONS FOR THE SOFT ADDITIVE
MODEL.

Since {(Eh;, Ea;,¢;)}jen is also a minimizing sequence of F*°ft the following
inequality

m < F*°%(Ey, Es, c)

holds for any (E1, Es,c¢) € M(Q) x M(Q) x R* . Therefore, we have
liminf F*°U((F,,, Fy,,,d,)) > m

for any (Fi, Fy,d) € P x P x R* and any sequence {(F1,, Fs,,d,)}ney that

converges to (Fy, Fy,d). Thus we conclude that
Foft((Fy, Fy,d) >m
for any (Fy, Fy,d) € P x P x R*. Furthermore, we know that
Fsoft (B By ¢*) <m.

Therefore (E1*, E5*,c*) is a minimizer of Fs°ft. Furthermore, if any mini-
mizer (E}, Ey,c) of F*°f is an element of C* x C* x R4, then (£}, E;,c) is

also a minimizer of F'soft, O



Chapter 2

Methods to optimize the soft

additive model

In this chapter, we present the outline of the two algorithms developed to
reduce the computational cost of solving the soft additive model. The first
algorithm is adapted from [25] which proposes to optimize the Euler’s elastica
using the augmented Lagrangian method. The second algorithm is developed
by attempting to solve for a fixed point of the Euler-Lagrange equations of
the soft additive functional.

In the literature of image segmentation, there are many methods which may
be adapted to optimize the soft additive functional. In [2], the authors used
the method of graph cuts to denoise an image which involves a curvature
term. In another paper [6], the authors applied the method of convex splitting

to solve a fourth-order partial differential equation. Multigrid methods [4]

10



2.1. AUGMENTED LAGRANGIAN METHOD ON LEVEL SETS

are also used to solve image segmentation models. The methods mentioned

above may be adapted to optimize the soft additive functional.

2.1 Augmented Lagrangian method on level

sets

In this section we follow the ideas discussed in [25] and apply the augmented
Lagrangian method to the level set formulation of the soft additive model.
Before applying the augmented Lagrangian method, we convert the mini-
mization problem (1.5) into a constrained optimization problem by introduc-

ing the new variables p; and n; for ¢ = 1, 2 satisfying the following equations:

n, = Vi
|V¢i’

pi = Vi,

The last constraint above can be reformulated as n;|p;| = p;- Following a

similar argument in [25], we split the two constraints into

pi=VY;, m=m;, p;-m;=|p;, |m<1l fori=12.

11
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MODEL

Using a change of variables, the problem of minimizing the functional in (1.5)

is equivalent to the following constrained minimization problem:

2
minimize Y f[a + (V- 1;)]|pild () dx dy
c 0 Q

¥, PN, My,

ie{1,2}
11 ' '
P Y [ (e PH() ) H(-1)742) da dy
o (2.1)
+ ’y|010 + Co1 — 011|2 + 5R(m1) + 5R(m2)
subject to

pi=V¢i, ni=m;, p;-m;=|p;| fori=1,2.
We impose the constraint

lm;| <1 a.e. in Q
in the above problem by defining a set
R ={m;e L'(Q)]|m;| <1 a.ein Q}

and a characteristic function dz(-) such that

0 m,; € R,
57g(mz) =
+o0o otherwise.

12



2.1. AUGMENTED LAGRANGIAN METHOD ON LEVEL SETS

Following similar ideas in [25], we define the following augmented Lagrangian

functional:

£(¢1,¢23C’P17P27m1,m2,n1a ny; )‘pla)‘pw )‘mla)‘m27)‘n1a)‘n2) (22)

2
= 2 [ fors 50T n) el () dar dy

+;;/ﬂ(“‘ cij)? x He((=1)"" ') He (1)) da dy
+7|e10 + cot —011|2

#ry [ (pile=mi-po) drdy+ [ Aw, (il —mi-p1) do dy
#7my [ ([pele ~ma-po) dr dy+ [ A, ([pele ~ma-po) da dy
+rp [ o1 =i dody+ [ N, (o1 - Vi) do dy

+rps [ D2 = V0al? dw dy+ [ Apy - (2= Vi2) do dy
+rn1fQ|n1—m1|§ dx dy+AAn1~(n1—m1)dm dy
+rn2fQ|n2—m2|§ dx dy+fQAn2-(n2—m2) dz dy

+5R(m1) + (571(1’112),

where A\p,; Ap,, Any, Anys Am, and A, are Lagrange multipliers and rp,, 7p,, 7'n,,
Tng,Tm, and ry,, are positive penalty parameters. It is known that one of the
saddle points of the augmented Lagrangian functional gives a minimizer for
the constrained minimization problem (2.1). We use an iterative scheme to
find the saddle points of (2.2). We initialize the Lagrange multipliers as
A AS A LAY, A, AY,, = 0 and for given initial level set functions 4,13,

0 w0 10— o0 0 _ V¥ 0_ V¥ 0_ 0 0 _ 0
we set pj = Vi, py = Vg, nj = oo N2 = g W = 1) and m3y =ny. We

13
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MODEL

perform the outer iteration as described in the algorithm below.

1. Initialize the variables: 9, p?, m? nf, A3 A% A9 c0 fori=1,2.

2. For k > 1, an alternative minimization method is used to approx-

k

imate a local minimizer (¥, 5 ck p#% p5 m# mk n¥ n}) of the

augmented Lagrangian functional with fixed Lagrange multipliers
Apr = AEL Ap, = AL A, = ARL A, = AL AL, = AR and

P1 ? P2 ? mj mo )

— \k-1
)\nQ—)\nQ.

k ok k k k _k k_ k _k
(¥1,%3,¢", py, Py, My, my, Ny, Ny )

N argmin£(¢17w27C7p17p23m1;m27n13n2; ApuApfza Amla)‘mzv)\nlv)\nz)

3. If the residual decreases we update the Lagrange multipliers by
maximizing the Lagrangian with respect to the Lagrangian multi-

pliers using

Afnz = Afr:ll + 2rmi (pz m *P; )
Mai = A+ 2r, (nf - m))

S
ol
1]

Pi /\II:I + 27‘[’1‘(pr£C - wa)

else we update the penalty parameters of the variables whose resid-

ual ey did not decrease, by

ne _
T = 1.2ry, x € {m;,n;, p;}

14



2.1. AUGMENTED LAGRANGIAN METHOD ON LEVEL SETS

where the residual corresponding to a variable x is defined as

em; = [pf-vmf|,

en, = |nj-mf],
_ k

ep, = |pi— VY72

for i e {1,2}.

4. Stop the outer iterations if the residuals are smaller than tolerance,

go to step 2 otherwise.

Now, we describe the alternative minimization of £ in greater detail. We
name this sub-algorithm to minimize £ the inner iterations of the augmented

Lagrangian method on level sets. To simplify the notations, we define

Jk(%,%aC7P1,p27m1>m2,n17n2)

A .\ k-1 yk-1 yEk-1 yk-1 yk-1 k-1
= ‘C(wla ¢2, C,P1, P2, My, My, Ny, Ny; )\pl ) )\pg ) )‘ml ) )‘mg ) )‘nl ) )\HQ

for a fixed k.

15



CHAPTER 2. METHODS TO OPTIMIZE THE SOFT ADDITIVE
MODEL

~0 ~0
o . . . . _ k-1 _ k ~ 0 _

1. Initialize the inner loop variables : ¢y =Yy, o =45, p1" =p
~0 _ k-1 -0 _ k-1 =~-0_ k-1 ~0_ k-1 ~0_ k-1 —
b2 =Py °, N mi~!, My =ms ', A =njt Ny =ngt, €0 =
ck-1,

2. For [ =0,...,L -1, solve the following problems alternatively:

sl R Ay P R iy SRy R R
C“—l = argman (’(/}1 7’(/}2 ,P1,P2 ,1M1 ,1My ,17 , 12 7C) (23)
[
—~I+1
1 Tk 57 5ol mel mnl el asl @t
1y | ® 2remin I (Y1, 40, BT, P2, A, M, 0, B, € ) (2.4)
o P1,9P2
—I1+1
ny —l+1 ——1+1
Tk —1 By ey I+l
~argmin J* (Y1 ¥z ,P1,Pa. M1, My, ny,ny, ) (2.5)
—~I+ ni,n.
no ’
41 T ias S Lap+t gt g
it = argmin J¥ (Y1 P2 BT, PrLmy, e’ BT AL e (26)
41 gkl L 41 Al mpttt g
my " = argminJY (1,92 7P1 ,Pz 0 my, T M ) (2.7)
mo
it —~—l+1 ——I+1 I+1 I+1 ——I+1 ——I+1 ~l 1
P1 —argmmJ TR »P1,P27m1+ m, g, e) (2.8)
P1
1 Tl o=l g RGNS Ry S R A e s |
P2 _argmln‘] (wl an 7p1+7p27m1+am2+7n1+7n2+7c+) (29)

3. If [+1 = L or when the relative change of the variables is lesser than
a predetermined tolerance, we stop this sub-algorithm and update
the variables:

. . . —~L —L 1, ], —— — — L —
(w]fyw12€7ck7plfzpéymlfvmévnllc7n§):(wl »1/12 7CL’plL’p2L7m1L7m2L7n1Lan2L)

16



2.2. LAGGED CURVATURE METHOD

2.2 Lagged Curvature Method

In this section, we propose another method to optimize the soft additive func-
tional. Solving the soft additive model using the gradient descent method
is computationally expensive as the gradient flow is a fourth-order partial
differential equation. However, when we allow some of the terms of Euler-
Lagrange equations to be lagged, the problem becomes a lot easier. Similar
techniques for other related models have been proposed in [3]. In fact, the
new gradient flow corresponds to a convex optimization problem with some
suitable change of variables. We split the method into outer and inner iter-

ations and give an outline of the details involved in this section.

2.2.1 Formulation of Outer Iterations

In this subsection, we present two functionals whose Fuler-Lagrange equa-
tions correspond to the Euler-Lagrange equation of the soft additive func-

tional with some of the terms placed one step behind the rest.

For a fixed k > 1 and level set functions ¥, ¢4 such that {¢F = 0}, {F =

0} € C>, we define the functional

(vt o) = [ fas Bo(eD))Ivela(un) de dy (2.10)
v [ RGAHH@) d dy

1 1
£ 3 Y [ (e PHE) o) H(() ) de dy

i=04=0
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and similarly

G2(¢2§¢’fa¢§ac)

| [+ B[V ala(vn) da dy 211)
+ [ RUS)H () do dy

3 [ (um e ) ) H (1)) do dy

1=035=0
where
R(yf) = v'{!W’“I (I = Por )V[Be' () VYEL ]} for i =1,2
where nk |vv$k‘ We will see in the later part of this section that including

the second term in Equation (2.10) and (2.11) ensures that the gradient flow
to minimize Equation (2.10) and (2.11) corresponds to an iterative map for
the Euler-Lagrange equations for the soft additive model.

One way of minimizing the above functionals numerically is to evolve ¢, and
1y with respect to the gradient flow of the regularized G and G2 (similar to

minimizing equation (1.6)). They are derived as

o0 [ k
ot 6€(w1)v {|V¢1|e [a+5¢(l{/l)] |vw1|e

= )| [(u=c10)® = (u=c00)][1 = He(W5)] + [(u=cor)? = (u=c1a)*JH(45) .

- By O GhIv) (212)

and
0
% &(%)V'{Wvll [+ B (r5)] - v w2|€ (I- g,E)V[ﬂd(n’S)lvw’;Ie]} (2.13)

- 55(1/)2){[(7“6 = 1) = (u=c0)?][1 = He(y1™)] + [(u = c10)* = (u~ Cll)Q]He(’l/}]f+1)}.

18



2.2. LAGGED CURVATURE METHOD

with boundary condition % =0 for i = 1,2. We also call equation (2.12) and
(2.13) the lagged Euler-Lagrange equations. Presumably, the steady state of
equations (2.12) and (2.13) give %! and 5! respectively. We define the

k+1
2

process of obtaining ¥¥*1 51 from ¥ 1k as a iterative map such that

M(y¥,45) = (01, v5™). (2.14)

When (¢7,13) is a minimizer of F5° for a fixed ¢, equations (1.7) and

(1.8) give us
Oy
ot

=0 fori=1,2.

We can check that (¢, 3) is a fixed point of equation (2.14) too.

Hence, we solve the Euler-Lagrange equations for the soft additive model by
looking for a fixed point of equation (2.14). Usually, the process for deriving
Yt from a given ¢F, 9% can be done by using the gradient descent method.
However the gradient descent method is usually slow, thus we propose an-

other method to minimize the functionals (2.10) and (2.11).

Minimizing the functionals (2.10) and (2.11) is difficult as they are non-
convex. However, we can use a change of variables h¥*! = H(v) and h§*! =
H (1)) to obtain new minimization problems which are much easier to handle.
We only provide the details for the case of h¥*! = H (1) as the details for

the other case is similar.
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Using the change of variables h¥* = H (3, ), Problem (2.10) becomes

minimize [ [a + B(+)]|VRE d dy
hk+1:0-{0,1} Q
{RE+1=1}eM

" fQR(@b’f)h’f“ dx dy + fQ [(u - 1) 2hE+ b (2.15)
+ (U, - 001)2(1 — hllﬁ-l)hg + (U - Clo)2h]1€+1(1 - hg)

+(u=c0)*(1 = hi™) (1 - ht)] da dy.

Since h}*! is a binary variable, the problem is non-convex. It can be shown
that a global minimizer h}*! for Problem (2.15) can be found by carrying
out the following convex minimization where the variable h¥*! is relaxed to
a measurable function taking values in the interval [0, 1]:
wnipimize fQ[a + B(r}) ]IV da dy
. fQR(gb’f)h’f“ dr dy + fQ [(u - 1) 2hE+ b

+ (U — 001)2(1 - hllﬁ-l)hg + (u — CIO)Qh}f+1(1 — hg)

(2.16)

+(u—coo)2(1 - RE*HY (1 - h’;)] dx dy.

After solving for a minimizer Ellﬁl of (2.16), the binary function

Hk+1

et = 0 h21<u
—k+

1 hy 2p

is a minimizer of (2.15) for almost every p € [0,1].

20



2.2. LAGGED CURVATURE METHOD

Before we give a proof of the above result, we require a lemma

Lemma 2.2.1. The functional minimized in Problem (2.16)

T+ BoG TR + R + [(u=ern)?hE b
+ (u=cor)* (1= hf* )RS + (u—c10)®hy ™ (1 - )

+ (=) (1= Ay (1~ h3)] de dy,

can be rewritten as

1
[ [+ B6GIvxs, | o dy di
1
’ »[0 ./QQZH R<,¢If) + (u B 011)2h§ + (U - 010)2(1 - hg) dx dy d,u

1
o [ con)h + (u o) (1= B) da dy dp
0 Jo\z,

where 3, = {z € Q: A¥*1(2) < u}.

Proof. Using the coarea formula[8], we obtain

/Q[oz+ﬁ<b(,.;1f+1)]|vh’f+1| dx dy Aﬁ§+ll(u)[a+ﬁ¢(ﬁ§(z))] dH(2) dp
A /}fo+11(u)[a + 5¢(’£]1€)]|VX2#| dx dy dp

1
[0 [h’f“_l(u) [+ Bo(K1)]|Vxs,| do dy dp

The last equality follows from the fact that the range of h¥*! is [0, 1].
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For any measurable function A : Q) - R, we have

Rt (z,y)
f A(x,y) / 1 dp dx dy
Q 0
1
‘/QA(%Z/) /0 X[o,h’fﬂ(z,y))(u) dp dx dy
1
fg ./0 A2, Y)X (0,841 (a,)) () dpt d dy

1
[ [ A X 0500y () i dy

1
f f A(z,y) dx dy dpu.
0 QnX,

fQ Az, y)h* (2, y) do dy

Similarly, we have

1
A 1- k+1 [A f 1
/Q (z,y)(1 = hi"(x,y)) dz dy ) (z,9) . du dx dy
1
[)A(ﬁ,y)fo X[hk1 (2,11 (1) dpe dae dy
1
L A )X o () it e dy

1
) fo fQA(:U’y)X[hT”(z,y)J](M) dx dy dp

1
/ / A(x,y) dx dy dp.
o Jas,

Putting all the computations together proves the lemma. O]

Theorem 2.2.2. A global minimizer h¥*1 for Problem (2.15) can be found

by solving for a minimizer Ellﬁl of Problem (2.16) and setting

—k+1

et 0 h;1<u
—k+

1 hy 2p
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2.2. LAGGED CURVATURE METHOD

for almost every p € [0,1].

Proof. Let Ellﬁl be a global minimizer of Problem (2.16). Using the previous

lemma, for almost every p € [0,1] chosen, the set 3, = {z € Q: hlllﬁl < p}

minimizes the functional

T+ Bo(et) )V xs] do dy
N f R(WY) + (u = en1)2hE + (u - e10)?(1 = BY) dar dy

f (= co1)2hE + (u = co0)?(1 = hE) d dy

with respect to ¥. We rewrite the above statement into xy, minimizes the

functional

T+ Boeb) VA da dy
[ R@Eb+ (= e B+ (= o) (1= Wb do dy

b [ (=R h) + (u= o) (1= BE) (1= ) do dy

with respect to h: Q — {0,1}. Comparing this functional to the functional

in problem (2.15), we conclude that

- 0 Ellﬁl <
hi™ = Xz, = .
1 hy 2p
is a minimizer of Problem (2.15) for almost every p € [0,1]. O
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In summary, given ¥ 5 and c, we can find ¥¥*! using the following

steps:

1. Solve for the minimizer h%*! of the convex minimization problem

minimize /[a + Bo(kN)|VAEY] da dy + f R(YYREY da dy
hk+1:0-[0,1] Q Q

# [ [ en)®hEAS + (u = o) (1= B RS
Q
+ (u=c10)? (1 = BE) +(u—coo) (1 - RE)(1 - E)] da dy.
0 A <05
2. Let hi+l = :
1 A1 >05

3. Define ¢#*1 = Dist ({h}*1 =0} n Q) .

In our implementation, the distance function is computed using the Matlab
function bwdist. We can use a similar method to obtain ¢5*! that minimizes

the functional (2.11). We denote the maps from ¢, 95, ¢ to ¥ as

It(¢F,95,¢) = ¢ and - Tt (yr* 95, ¢) = 95"
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2.2. LAGGED CURVATURE METHOD

Thus, the outer iterations to solve the soft additive model is described as:

1. Initialize outer loop variables h?, h9, 0.

2. For k > 1, we solve the following problems alternatively

Cki% _ argmin Fsoft(lbffl ]26*17 C) (217)
U = I (i vf e (2.18)
Ck _ argmin Fsoft wk7 k—17 c 2.19
. 1 2
V5 = Tto(VF, 057", cF) (2.20)

3. Stop outer iterations if ||(¥¥, 5, c*)— (1 51 ck~1)| < tolerance.

2.2.2 Augmented Lagrangian Method on the Inner It-

erations

The augmented Lagrangian method was used to minimize the Euler’s elas-
tica quickly in [25]. We use some of the ideas presented in [25] to solve
the minimization problems in the outer iterations. In this subsection, we
give details on the solving of Problem (2.16) in the outer iteration using

the augmented Lagrangian method. Problem (2.16) can be expressed in a

25



CHAPTER 2. METHODS TO OPTIMIZE THE SOFT ADDITIVE

MODEL
constrained optimization form

minimize f [ + Bo(M)||VRE d dy
RETLQ-R Q

+ fR(@D]f)ETH dzr dy + f [(u—cu)gﬁlflhéC

Q Q

+ (U — 001)2(1 — l_lllﬁ-l)hg + (u - 610)2]_11{:4—1(]. — hg) (2 21)

+ (u=co)’(1=A{™)(1 - h5)] dz dy.
subject to

p¥*l—1<0, -hi*l<oO.

By introducing a new variable:
7 k+1
p1= Vhl )
we have a new constrained convex optimization problem

minimize /[a+ﬁ¢(/1]f)]|p1| dx dy + f RYF)RYY dx dy
Q Q

RE QSR
o [ T = en)?RE S + (= o)1= B
+(u—c10)?AV (1= RE) +(u - coo)*(1 - A1) (1 - h'g)] dz dy.

subject to

P - vBllwrl = 07 Bllﬁl -1< 07 _BllHl <0.
(2.22)
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2.2. LAGGED CURVATURE METHOD

To solve this constrained optimization problem, we define the augmented

Lagrangian functional as follows

LW prst,s2: A Asys Asy)

= [ [a+ Bo(e) | do dy

+[§2R(w{“)h’f“ dz dy

. fﬂ [(u = 0 )2RERE + (u - con)2(1 = BE*L) b

+(u = c10)?RE (1= BE) + (u—coo)*(1 = R¥ ) (1= E)] da dy.
vy, [ o= VR ddy s [ oy - VR da dy

i1y, [Q|l_z’f+1 14 82P de dy+ fQ)\sl LR 14 8) de dy

+7, ];2 | - RA*L 4 s2* dx dy + fQ/\s1 . (—l_z’f“ +53) dx dy.

We initialize the Lagrange multipliers A , XY ;A as the zero function and
for a given function h?, we use the initializations p? = VA9, s = /1 - h? and

s9 =y/h?. The framework for the augmented Lagrangian method is described

as:
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1. Initialize variables:h?,p?, s, 59, X ;X9 A,

2. For k > 1, an alternative minimization method is used to approxi-
mate a minimizer (h¥, p¥, sk, sk) of the augmented Lagrangian func-
tional with fixed Lagrange multipliers A\, = Ab1 A, = A1 and

— \k-1
Agy = AT,

(h]f7plf7 Slfa 515) N argmin E(hlapla 51, 52; )\p17>\s17 /\52)

h1,p1,81,82

3. If all the residuals decrease, we update Lagrange multipliers

)\’;1 = )‘];1_1 + 2Tp1 (pl - Vhlf)

M Aty org (R -1+ 1)

k
s,

)\if;l + 27’52(—h’f +52)

else we update the penalty parameters of the variables whose resid-

ual ey did not decrease, by

ne _
etV =1.2ry, X € {p1, 51,82}
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2.2. LAGGED CURVATURE METHOD

where the residual corresponding to a variable x is defined as

epr = |- VA
e, = |hf-1+s7];
s, = |p1- Vhlf‘b

4. Stop the outer iterations if the residuals are smaller than tolerance

and got to step 2 otherwise.

Now, for k > 1, we describe the alternative minimization method used to
approximate a minimizer (h%¥,p¥, s, s5) of the augmented Lagrangian func-
tional L(hy,p1,51,82; Ap;, Asy» As,) With fixed Lagrange multipliers A, = A&t
As; = AFLand Ay, = AE1 defined earlier. To simplify our notation, for a fixed
k > 1, we define

LE(hy,p1,51,52) 2 L(h1,p1, 51,52 A% A8 AR

P17’ 7'S17 782
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T . ~0 1 o~ 1 ~ _
1. Initialize inner loop variables : hy =h&1 5% = ph~1 5% = k1 and
50 = sk L.

2. For [ =0,...,L -1, solve the following problems alternatively:

+1

hy = argmin £%(hy, pi', 57, 5)) (2.23)
h1
~1+1
fjil+1 = a’rgminﬁk(hl i , P1, gila "SEZ) (224)
P
~1+1
511 = argmin £F (hy " i sy, 50 (2.25)
S1
~1+1
G = argmin L5 (hy 51 5 s) (2.26)
82

~1 ~1
3. I [(Fn it & &Y — (B il 5L 50 | < tolerance or 141 =

L, we stop the inner iterations and update:

~[+1
ko k k kY _ ~+1 o~ 1+l 1+l
(h17p1:51752)—(h1 P17 .81, 852 )
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Chapter 3

Solutions of subproblems

In this chapter, we give the solutions to the various minimization subproblems
occurring in the augmented Lagrangian method for level sets and the lagged
curvature method. The derivations for the solutions are omitted as they can
be easily derived.

The image w is in practice digital, therefore we minimize the discretized cost
functional rather than the continuous one. In this section, €2 denotes the
N x M lattice. The given image u is a function defined on €2. The gradient
operator ¥V denotes the forward difference operator on ) with Neumann
boundary condition. The divergence operator V- is the adjoint operator of
V. The level set functions 1; are functions on €. For any vector-valued
functions p,n: Q — R2, we define their dot product as a function defined on
Q with

(p-m)(i,7) = p(i,j) -n(ij)
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CHAPTER 3. SOLUTIONS OF SUBPROBLEMS

for 1<t< N and 1 <7< M. We also denote the modulus of n as a function

defined on ) with

[nle(i.j) = V/n(i,5) -n(i,j) + ¢

for 1 <4< N and 1 < j < M. Also, the product of any two functions

a,b: 2 — R defined on 2 is given to be

(ab) (i, 5) = a(i, )b(7, )

for 1 <i< N and 1<j < M. For a function f : R - R and a function a

defined on €2, we define their composition as

f(a)(i,7) = f(a(i, 7))

for 1 <i< N and 1 <j < M. Lastly, we denote the sum over all entries of a

function a: ) - R defined on {2 as

%:aEZZa(i,j).

=17

[y

<
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3.1. SOLUTION FOR THE AUGMENTED LAGRANGIAN METHOD
ON LEVEL SETS

3.1 Solution for the augmented Lagrangian

method on level sets

In the case of the augmented Lagrangian method on level sets, the augmented

Lagrangian functional is discretized as

‘C(wla w27 C,P1,P2,M1,MM2, N1, N2, )‘p17>\p27 )\mlu )\mzv )\nla)\nz)

2
= Z Z[a + 5¢((§' ;) ]|Pilede (¥5) + Y|c10 + o1 - C11|2
i=1

DN RIHTAC RIS
S (0prle ~ 1 1) + 5 e (1l — 1)
+7mg 0 (|P2le = M2 - P2) + Y Ay (|P2fe ~ M3 - p2)
s S lp1 = T+ E gy (B1 = )

trpa Slb2 = Tl + X A (B2 ¥ 1)

i Iy -+ 5 e, - (-0

70, Z |n2 - m2|3 + Z /\n2 ) (n2 - mz)

+0r(m;) + og (my)

where pj, my, 03, Ap,, Amy, A, © € > R? are functions defined on Q.
In the next subsections, we present the solutions to each of the minimiza-
tion problems occurring in the inner iterations of the augmented Lagrangian

method.
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CHAPTER 3. SOLUTIONS OF SUBPROBLEMS

3.1.1 Problem (2.3), (2.17) and (2.19)

We discretize F into

2 < .. .
FSOft(w ¢2;C) ZZ[(X—FﬂQﬁ (<€ sz )]| V¢Z|€5€(¢2)
i=1 Q | \% wz|e
2

ZZZ - e PHAD) " ) (17 4)

+’)/|Clo + Co1 — Cll| .

A direct differentiation of F°f* with respect to ¢ yields

T =Y 7| Y11
-Y T 7Y cio | = | Y10
=Y 7 Toi1)\Co Yo1
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where
T = ”Y+ZH6(¢1)H6(¢2)
9)
T = v+ He (Y1) He (=)
5)
zor = v+, He(=tn) He ()
0
yu = Y uoHc (Y1) He (¥2)
0
yio = Y uoHe (Y1) He (=1)2)
Q
yor = Y uoH (1) He (1)
0
and

oo = Yo uoH(=11) H(=12)
Yo H(=1)H(=1p2)

The solution for (cy1, c10,co1) can be easily computed by solving this matrix
equation. It can be easily check that the system is non-singular if and only if
Y H. (1) Ho (=2) # 0 and Y, H. (=v1) H (102) # 0. If the system is singular
then we know that either ¥ H, (¢1) Hc (=1p2) = 0 or ¥ H. (—1) He (102) = 0.
Without loss of generality, we can assume that Y H (1) He (-t¢2) = 0. We

set c1p = 0 and solve the 2 x 2 system of equations.
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3.1.2 Problem (2.4)

Since problem (2.4) is an implicit first order difference equation, there is no
explicit formula for the solution. We use the method of steepest descent
to solve for an approximation of the local minimum. By considering the
gradient flow of the augmented Lagrangian, the evolution equation for 1

can be given as

oy

ot _[g‘)‘m +7Tpy g(gwl _pl)

F 331 (ol 9) - w6 (B (1))

k=01=0

+ {a+ B80(F-m) } pilodl(wn)]

and similar the evolution equation for ¥y can be given as

O

ot = - [(6 Aps + T'py %(? Yy — P2)

+ Z Z(—l)l(UO(%y) - Ckl)2He((—1)k¢1)5e(¢2)

k=01=0

+{a+ B6(Fn2) fIpol31(v)]

3.1.3 Problem (2.5)

Similar to problem (2.4), problem (2.5) is also an implicit first order dif-
ference equation and there is no explicit formula for its solution. However
the augmented Lagrangian functional is convex and coercive with respect to

ni,ny. Thus, a global minimum can be obtained by the method of steepest
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descent. By considering the gradient flow of the augmented Lagrangian, the

evolution equation for n; is

8n1

S5 - [? (BQS' (%(m)) |P1|e56(¢1))

+ Tn; ((1’11 - ml) + )‘n1)] .

Similarly, the evolution equation for ns is

8n2

a0 = [T (60 (V) palo(v)

+ 7y (N2 —Mm3) + Apy)].

3.1.4 Problem (2.6,2.7)

If we remove dz(m;) and dx(msz) from problems (2.6,2.7), they become
piecewise quadratic with respect to m;,ms and decoupled for each (i, 7).
Thus, there are explicit formulas for their solutions. By a similar method

used in [25], the solution of problem (2.6) is

o 21(17]) for |Zl|€(l7]) <1
ml(laj) =

2 for |26, ) > 1
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An1+(rl%+/\pl)

where z; = 2 L +n, and the solution of problem (2.7) is
ny
C =(ig)  for |z)(d,5) <1
mQ(laj) = N
iy forlal(i) > 1

Ang +(TmT2+)\m2 )p

T‘n2

“+myfor 1<i<Nand 1<j<M.

where zy =

3.1.5 Problem (2.8,2.9)

Similar to problems (2.6,2.7), problems (2.8,2.9) are piecewise quadratic with
respect to pi1,p2 and decoupled for each (i,j). Therefore, we can obtain
explicit formulas for their solution. Using similar methods from [25], the

solution of problem (2.8) is

pi(i.j) =
min(uy,0)wy (4,7)  otherwise

for 1<i< N and 1<j< M and where

and -
{a + 5¢(V-n1)}55("¢1) + Am, + TmTl

T'py |w1|

p1 =2
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3.2. SOLUTIONS FOR THE LAGGED CURVATURE METHOD

Similarly, the solution of problem (2.9) is

B 0 if [wa(7, )| = 0
P2(i,j) =

min(ue,0)wy (i,7)  otherwise
where

Aoy = Amy — =2)m

w2=(p2 : 2) 2—61?2
rpz

and

for+ 80(T-n2)} 0. (12) + A + 5

-1.
TP2|w2|

po =2

3.2 Solutions for the lagged curvature method

In the next few subsections, we provide solutions for problems (2.23)—(2.26).

We discretize the augmented Lagrangian into

LAY, P11, 525 Apis Asis Ass)
= ;[0& + Bo(k1)]Iprle + %: R(yy)hi*
+ Z(u —c11)?hRE + Z(u —co1)?(1 - RY*HRE
+ %(u —c10)?A(1 - hZ“) + Z(u —co0)?(1 = REH) (1 - hE)
Q Q
+p, %: [py = VAT + %: Apy - (p1 = VAE)
+7g, YR =1+ 37+ ) A, - (AT =1+ s7)
) Q

+r5, | =BT+ S3P+ Y A - (ZRET + 83).
) )
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3.2.1 Problem (2.23)

Since the augmented Lagrangian functional is convex and coercive in the

. —k+1 e . . .
variable h; , a minimizer exists and satisfies the Euler-Lagrange equation

0 = (u—ci1)?hs = (u—cor)?hs + (u—c10)?(1 = h) = (u—coo)*(1 - hE)
+27,, %-(pl -v RA*LY & Y- Ap, + 216 (AF =1+ 53) + A,

_2T82(_hlf+1 + 8%) - )‘81 + R(iﬁf)
Rearranging the equation, we obtain

2rp, vV ph+t - 2(rg, + rsl)l_z’f” = (u- 011)2/1'2“ - (u- COl)th
+(u = c10)*(1 = h5) = (u—co0) (1~ h5)
+Tp, <§~pl + V- Apy + 2r, (52 -1) + A,

_QTSQS% - )\81 + R(@Z)]f)

This is a negative definite system of linear equation in A¥*! and we can obtain
its solution by applying the Discrete Cosine Transform to directly invert the

linear operator on the left hand side of the equation.

3.2.2 Problem (2.24)-(2.26)

Since problems (2.24)-(2.26) are piecewise quadratic and are decoupled for

each (7,7), we can find an explicit formula for their solution. The formula

40



3.2. SOLUTIONS FOR THE LAGGED CURVATURE METHOD

for the solution p; of problem (2.24) is given as

0 if (i, 5) = 0
pit(ig) =
min(py(2,7),0)wq(i,7)  otherwise

for 1<i< N and 1<j< M and where

k
N
-V hkz+1 _'p
w ! 2rp,
and
o+ Bo(rh)] + 21,

M1 o

The solution of problem (2.25) is

| \
_ 0. -1 4 25 ).
$1 \l maX( , bt + 27“51)

The solution of problem (2.26) is

, -
S = \J max (0,]2’1€+1 - —2)
2rs,

We wish to point out that all the solutions for problems (2.24)-(2.26) can

be found explicitly and therefore very quickly. Also, Problem (2.23) can be

solved using quickly using the fast algorithm of the discrete cosine transform.
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Chapter 4

Numerical Results

In this chapter, we present the numerical results obtained by evaluating the
algorithms proposed in this paper against some synthetic and real images.
All the numerical results presented below are obtained from running the al-
gorithms in MATLAB2009b on a Intel(R) Core(TM)i5 CPU M480 2.67GHz
2.67GHz 64-bit processor with 8GB RAM laptop. In all the numerical re-
sults presented below, the regularization coefficient € is chosen to be 1073.
In general, the parameters «, 8 and ~ are chosen by considering the a priori
assumptions about the images. If corners are expected in the images, § and
« should be set to a smaller value to give less weight to the length and cur-
vature regularization. Also if the intensity are not exactly additive, the value
of v can be lowered to give less constrain on the additivity of the estimated
values of the objects.

For the gradient descent method, we choose the time step to be dt = 1076
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and we terminate the algorithm after it runs for ¢,,,, seconds.

For the augmented Lagrangian method on level sets, we need to choose the
penalty parameters ry,,, ™, p, for i = 1,2 and the number of times L we run
the alternating minimizations L for the augmented Lagrangian algorithm in
its inner iterations. To generate the results in the next section, we choose
Tm,sTn; Tp; = 1070 for i = 1,2 and they are increased by a factor of 1.2 every-
time the residual ey increases for x € {p;, my, ny, pa, My, ny}. We also choose
L = 1. We terminate the outer iterations after the algorithm runs for #,,.x
seconds.

For the lagged curvature method, we need to choose the penalty parameters
TpssTsi,Tsy, fOr @ = 1,2 and the number of times L we run the alternating
minimizations L for the augmented Lagrangian algorithm in its inner itera-
tions. In the algorithms we run in the next section, we choose rp,, 75, ,rs, =1
for 7+ = 1,2 and they are increased by a factor of 1.2 everytime the residual
ex increases for x € {p1,pa, S1,, S1,, S2,, 82, }- We also choose L = 1. We ter-
minate the augmented Lagrangian method in the inner iterations when the
successive difference drops below tolerance = 0.5. We terminate the outer
iterations after the algorithm runs for ¢,,., seconds.

We present the numerical results produced by the two algorithms comparing
them against the gradient descent method. In figure 4.1(256 x 256), we test
the algorithms against a synthetic image with irregular objects’ boundaries.
The lagged curvature method gives a more accurate segmentation in a shorter

time as compared to the gradient descent method. On the other hand, the
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augmented Lagrangian method on level sets gives a similar segmentation as
the gradient descent method, in fact the energy given by the gradient de-
scent method is slightly lower. However, from the energy graphs we can see
that the augmented Lagrangian method on level sets does it in a faster time.
In figure 4.2(256 x 256), we test the algorithms against a synthetic image
with smooth objects’ boundaries with several possible segmentations that
are local minima. In this case, the gradient descent method is ‘trapped’ in
a local minimum whereas the lagged curvature method provides the correct
segmentation. The augmented Lagrangian method on level sets appears to
have ‘escaped’ the local minimum within a shorter time and seems to be mov-
ing towards the correct segmentation if more time was provided. However,
both methods were slow when compared to the lagged curvature method. In
figure 4.3(256 x 256), we test the algorithms against a synthetic images with
some features in the intersecting region of the two ideal objects. The lagged
curvature also outperforms the gradient descent method both in accuracy of
segmentation and computational time. The augmented Lagrangian method
on level sets provided a slightly more accurate segmentation as compared to
the gradient descent method with al slight improvement in computational
time. In figure 4.4(128 x 128), we test the algorithms on a real image of
an X-ray of a right hip. The lagged curvature method seems to provide a
segmentation that is different from the suggested segmentation. However,
it could be seen from the energy that the lagged curvature method actually

provides a solution with the lower energy. The discrepancy from the sug-
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gested solution might be due to the irregularities of the intensity levels of the
image. On the other hand, the augmented Lagrangian method on level sets
provided a poorer segmentation in terms of energy minimization when com-
pared to the gradient descent method even though it had a faster decrease
in energy during the earlier periods of computation. In figure 4.5(135 x 135),
we test the algorithms on a real image of an MRA(Magnetic resonance an-
giography) of two overlapping blood vessels. The lagged curvature method
outperforms the gradient descent method in terms of energy. The gradient
descent method also seems to be converging to a local minimum. In this
case, the augmented Lagrangian method on level sets also gives the worst
segmentation in terms of energy minimization. However, it is still the lagged
curvature method that is the fastest. In figure 4.6(100 x 100), we test the
algorithms on a real image of an X-ray of an arm. The lagged curvature
method and gradient descent provides a segmentation with equal amount
of energy. However, the lagged curvature method outperforms the gradient
descent method in terms of computational time. Similar to the previous two
cases, the augmented Lagrangian method has poor performance in terms of
energy minimization when compared to the other two algorithms.

In figures 4.7-4.18, we plot the energy F*(FE;, Ey,c) of the segmentation
given by each algorithm against time and also the segmentation error (sym-
metric difference between the suggested segmentation and segmentation pro-
vided by the algorithm) compared to a hand drawn segmentation against

time to compare the speed and performance of the algorithm. Here, the
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symmetric difference between the suggested segmentation {07, 02} and seg-

mentation provided by the algorithm {E;, Ey} is computed by

|01 & Ey|+|01 + AFEs| = #{pixels in O; but not in £}
+#{pixels in Oy but not in Es}
+#{pixels in E; but not in O}

+#{pixels in Ey but not in Oy}.

Also, from figures 4.22-4.24, we demonstrate that the lagged curvature pro-
duces no visible change after 50 seconds of computation time in segmentation
however the segmentation provided by the gradient descent and augmented
Lagrangian method can be still seen to be evolving. Readers may refer to
figure 4.13 - 4.18 for the percentage changes in the segmentation error. The
following table gives the energy value achieved by each algorithm for each

image at time #,x:

Gradient descent | Augmented Lagrangian | Lagged curvature
Image 1 2.7694 x 107 2.8083 x 107 2.6477 x 107
Image 2 5.1797 x 107 4.8337 x 107 2.6776 x 107
Image 3 5.7785 x 107 5.7040 x 107 3.7008 x 107
Image RHip 5.7492 x 106 5.5498 x 106 5.4011 x 106
Image Vessel 1.9408 x 107 2.1632 x 107 1.9092 x 107
Image Arm 5.5965 x 106 6.4021 x 106 5.5915 x 106
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Image 1 Initial Object 1 Initial Object 2

Suggested Segmentation Object 1 Object 2

Gradient Descent Object 1 Object 2

20

agged Curvature

Augmented Lagrangian Object 1 Object 2

Figure 4.1: Solutions provided by the gradient descent method (third row),
lagged curvature method (forth row) and augmented Lagrangian method on
level sets (fifth row) when applied to image 1 with a = 20000, 5 = 10000 and
~ = 2000 with maximum time t,,,, = 600.
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Image 2 Initial Object 1 Initial Object 2

Suggested Segmentation Object 1 Object 2

Gradient Descent Object 1 Object 2

Lagged Curvature Object 2

Augmented Lagrangian Object 1 Object 2

Figure 4.2: Solutions provided by the gradient descent method (third row),
lagged curvature method (forth row) and augmented Lagrangian method on
level sets (fifth row) when applied to image 2 with a = 20000, 5 = 10000 and
~ = 2000 with maximum time ¢, = 1000.
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Image 3 Initial Object 1 Initial Object 2

Suggested Segmentation Object 1 Object 2

Gradient Descent Object 1 Object 2

s

agged Curvature

Augmented Lagrangian Object 1 Object 2

Figure 4.3: Solutions provided by the lagged curvature method (forth row),
gradient descent method (third row) and augmented Lagrangian method on
level sets (fifth row) when applied to image 3 with a = 20000, 5 = 10000 and
~ = 2000 with maximum time t,,,, = 1000.
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Image RHip Initial Object 1 Initial Object 2

»

Suggested Segmentation Object 1 Object 2

3
9

Gradient Descent Object 1 Object 2

M D
)

Object 2

Lagged Curvature

Augmented Lagrangian Object 1 Object 2

Figure 4.4: Solutions provided by the gradient descent method (third row),
lagged curvature method (forth row) and augmented Lagrangian method on
level sets (fifth row) when applied to the Xray of a right hip (RHip) with
a =2000, /=200 and v =100 with maximum time £,,, = 400.

20



Image Vessel Initial Object 1 Initial Object 2

Suggested Segmentation ObJect 1 ObJect 2

Gradient Descent Object 1 Object 2

Lagged Curvature Object 1 Object 2

/\

Augmented Lagrangian Object 1 Object 2

Figure 4.5: Solutions provided by the gradient descent method (third row),
lagged curvature method (forth row) and augmented Lagrangian method on
level sets (fifth row) when applied to the MRA of two overlapping blood
vessels (Image Vessel) with o = 20000, 5 = 2000 and v = 10 with maximum
time £, = 400.
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Image arm Initial Object 1 Initial Object 2

Suggested Segmentatlon ObJect 1 ObJect 2

Gradlent Descent Object 1 Object 2

Lagged Curvature Object 1 Object 2

D

Augmented Lagranglan Object 1 Object 2

Figure 4.6: Solutions provided by the gradient descent method (third row),
lagged curvature method (forth row) and augmented Lagrangian method on
level sets (fifth row) when applied to the Xray of an arm (Image arm) with
a =8000, # =100 and v = 100 with maximum time t,,, = 400.
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Figure 4.7: Comparison of algorithms with respect to energy for Image 1
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Figure 4.8: Comparison of algorithms with respect to energy for Image 2
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Comparison of Algorithms for image3
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Figure 4.9: Comparison of algorithms with respect to energy for Image 3
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Figure 4.10: Comparison of algorithms with respect to energy for Image
RHip
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Comparison of Algorithms for Vessel
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Figure 4.11: Comparison of algorithms with respect to energy for Image
Vessel
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Figure 4.12: Comparison of algorithms with respect to energy for Image Arm
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Comparison of Algorithms for imagel
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Figure 4.13: Comparison of segmentation errors for Image 1
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Figure 4.14: Comparison of segmentation errors for Image 2
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Figure 4.15: Comparison of segmentation errors for Image 3
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Figure 4.16: Comparison of segmentation errors for Image RHip

o7



CHAPTER 4. NUMERICAL RESULTS

Comparison of Algorithms for Vessel
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Figure 4.17: Comparison of segmentation errors for Image Vessel
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Figure 4.18: Comparison of segmentation errors for Image Arm
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Gradient Descent Augmented Lagrangian Lagged Curvature

Figure 4.19: Comparison of Segmentations provided by the gradient descent
method, augmented Lagrangian method and the lagged curvature method
on level sets when applied Image 1 at ¢ = 50s(first row),100s(second row),
200s(third row), 400s(forth row) and 600s(fifth row).
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Gradient Descent Augmented Lagrangian Lagged Curvature

Figure 4.20: Comparison of Segmentations provided by the gradient descent
method, augmented Lagrangian method and the lagged curvature method on
level sets when applied to Image 2 at ¢ = 100s(first row),200s(second row),
400s(third row),600s(forth row)and 1000s(fifth row).



Gradient Descent Augmented Lagrangian Lagged Curvature

Figure 4.21: Comparison of Segmentations provided by the gradient descent
method, augmented Lagrangian method and the lagged curvature method
on level sets when applied to Image 3 ¢ = 100s(first row), 200s(second row),
400s(third row), 600s(forth row) and 1000s(fifth row).
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Gradient Descent Augmented Lagrangian Lagged Curvature

Figure 4.22: Comparison of Segmentations provided by the gradient de-
scent method, augmented Lagrangian method and the lagged curvature
method on level sets when applied to the Xray of a right hip (RHip) at
t = 50s(first row), 100s(second row), 150s(third row), 200s(forth row) and
400s(fifth row).
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jﬁ S

Figure 4.23: Comparison of Segmentations provided by the gradient de-
scent method, augmented Lagrangian method and the lagged curvature
method on level sets when applied to the MRA of two overlapping blood ves-
sel (Image Vessel) at ¢ = 50s(first row), 100s(second row), 150s(third row),
200s(forth row) and 400s(fifth row).
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Gradient Descent Augmented Lagrangian Lagged Curvature

Figure 4.24: Comparison of Segmentations provided by the gradient de-
scent method, augmented Lagrangian method and the lagged curvature
method on level sets when applied to the Xray of an arm (Image arm) at
t = 50s(first row), 100s(second row), 150s(third row), 200s(forth row) and
400s(fifth row).



Chapter 5

Conclusion

We have provided two methods to solve the soft additive model.

In the augmented Lagrangian method on level sets, we modified the idea of
the augmented Lagrangian method applied to solve problems related to the
Euler’s Elastica[25] to solve the soft additive model.

In the lagged curvature method, the problem of solving the Euler-Lagrange
equations of the soft additive functional is approached by solving a sequence
of lagged Euler-Lagrange equations. This sequence of lagged Euler-Lagrange
equations turns out to be the Euler-Lagrange equations of a sequence of min-
imization problems. Using a similar method demonstrated in [21], we can
find the minimizer to each minimization problem in the sequence by solv-
ing a convex problem. Finally, these convex problems can be solved by the
augmented Lagrangian method and it turns out that the subproblems that

arises are easy to solve.
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CHAPTER 5. CONCLUSION

From the numerical examples we have provided, the augmented Lagrangian
method on level sets does improve the computational time of the gradient
descent method. In most cases, there is a period of time where it has bet-
ter performance in energy minimization than the gradient descent method.
However, it can be seen in the real images that the gradient descent method
eventually catches up and out-performs the augmented Lagrangian method
on level sets. It is only in the cases of synthetic images that the augmented
Lagrangian method on level sets improves the computational time of the gra-
dient descent method.

Finally, it is clearly demonstrated in all the examples given that the lagged
curvature method outperforms, both in speed and energy minimization, the
gradient descent method and the augmented Lagrangian method on level sets
significantly. Other variational problems involving the curvature term may

also be solved quickly by employing the same techniques used in this method.
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