-

View metadata, citation and similar papers at core.ac.uk brought to you by .. CORE

provided by ScholarBank@NUS

Cooperative Tasking for Multi-agent Systems

Mohammad Karimadini

NATIONAL UNIVERSITY OF SINGAPORE

2011


https://core.ac.uk/display/48651408?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1

Cooperative Tasking for Multi-agent Systems

Mohammad Karimadini

(M.Sc., University Putra Malaysia)

A THESIS SUBMITTED
FOR THE DEGREE OF DOCTOR OF PHILOSOPHY
DEPARTMENT OF ELECTRICAL AND COMPUTER ENGINEERING

NATIONAL UNIVERSITY OF SINGAPORE

2011



In the name of Allah, Most Gracious, Most Merciful

“Guide us to the straight path.”

“Read in the name of your lord who created, created the human from a (blood) clot.
Read! your lord is the most generous,

7

who taught by the pen, taught the human what he did not know.

“Holy Quran”

I present this thesis to my parents, parents in law, wife, sons, brothers, sisters and all

relatives, friends and teachers who thought me how to feel, think, learn and apply.



Acknowledgements

First of all thanks to my god, Allah, who has continuously provided my heart strengths,
passion and guidance to pursue my PhD successfully, and also peace upon prophet

Mohammad (SAW), his family and followers.

First and foremost, I would like to gratefully thank my supervisor Professor Hai
Lin for his great supervision, patience, encouragement and kindness. Without his
guidance, this thesis would not have been possible. I also thank Professor Tong Heng
Lee and Professor Xiang Cheng for their valuable comments during my comprehensive
and oral qualifying exams and Professor Ben M. Chen and Professor Xiang Cheng
for agreeing to be my thesis committee; all lecturers in ECE Department and former
teachers who have built my academic background, and all ECE and NUS staff and
laboratory officers for their official supports. Special thanks also to Mr. Kaveh
Khalilpour and Madam Khalida Ramzan Khan for helping me to settle in Singapore.
I had also a wonderful time with all of my friends in campus life as well as academic
life, especially Mr. Ali Karimoddini, Mr. Mohsen Zamani, Mr. Alireza Partovi,
Ms. Sun Yajuan, Prof. Liu Fuchun, Dr. Yang Yang, Ms. Li Xiaoyang, Mr. Liu
Xiaomeng, Ms. Xue Zhengui, Mr. Yao Jin and Mr. Mohammad Reza Chamanbaz. I
also highly appreciate the FYP students Mr. Wong Jinsheng and Mr. Mohamed Isa

Bin Mohamed Nasser for their help on the implementation of multi-robot scenario

i



for cooperative tasking.

I also thank my parents (Mr. Mohammad Mehdi and Ms. Mones) and parents
in law (Mr. Mohammad Reza and Ms. Farokh) for their support and valuing my
dreams; my beloved wife (Ms. Atefeh) and twin sons (Mr. Arash & Mr. Kaveh) and
all relatives and friends for their company along this journey and sharing their love

to me as the source of my inspiration.

1ii



Contents

Acknowledgements ii
Summary viii
List of Figures xi
1 Introduction 1
1.1  Multi-agent Systems . . . . . . .. ... oL 1
1.1.1 Motivation and Background . . . . . . .. ... ... ... .. 1

1.1.2  Existing methods . . . . .. .. .. ... ... .. ... ... 2

1.1.3 Top-down Versus Bottom-up Approaches . . . . . . .. .. .. 3

1.2 Specifications, Logical Behaviors and Automata Models . . . . . . . . 6

1.3 Natural Projection and Local Task Automata . . . . . .. ... ... 16
1.4 Composition of Automata . . . . . .. ... ... .. ... 19

1.5 Comparison of Automata . . . . . .. . ... .. ... ... .. .... 24

1.6 Problems to be Tackled in the Thesis . . . . . .. ... ... ..... 29
1.7 Organization of the Thesis . . . . . . .. .. .. ... ... ... ... 32

2 Cooperative Tasking for Two Agents 36

v



2.1 Introduction . . . . . . ... 36
2.2 Task Decomposability for Two Agents . . . . . ... ... ... ... 40
23 Conclusion . . . . . ... 51
24 Appendix . ... 52
24.1 Proof for Lemma 2.1 . . . ... ... ... L. 52
2.4.2 Proof for Lemma 2.2 . . . ... ... oL 53
24.3 Proof for Lemma 2.3 . . . ... ... 57
Cooperative Tasking for n Agents 63
3.1 Introduction . . . . . . . ... 63
3.2 Hierarchical Decomposition . . . . . . ... ... ... ... ..... 65
3.3 Example . . . . .. 68
3.4 Necessary and Sufficient Decomposability Conditions for n Agents . . 70
3.4.1 Link to the result for two agents . . . . . . .. ... ... ... 70
3.4.2  Necessary and Sufficient Decomposability Conditions for n Agents 74
3.4.3 Examples for Remark 3.7 . . . . . . ... ... ... ... ... 90
3.4.4 Special Case 1: Centralized Decision Making . . . . . . . . .. 91
3.4.5 Special Case 2: Mutual Exclusive Clusters of Local Event Sets 93
3.5 Conclusion . . . . . . . .. 95
3.6 Appendix . . ... 97
3.6.1 Proof for Lemma 3.1 . . . . ... ... ... ... .. ... 97
3.6.2 Proof for Lemma 3.2 . . . . ... ... L. 97



3.6.3 Proof for Lemma 3.3 . . . . . . .. ..., 97

3.6.4 Proof for Lemma 3.4 . . . ... ... ... L. 100

3.6.5 Proof for Lemma 3.5 . . . ... ... ... .. L. 102

3.6.6 Proof for Proposition 3.1 . . . . . ... ... .. ... ... .. 103

3.6.7 Proof for Proposition 3.2 . . . . . ... ... 103

4 Reliable Cooperative Tasking 106
4.1 Introduction . . . . . . . ... 106
4.2 Task Decomposability Under Event Failures . . . . . ... ... ... 110
4.3 Cooperative Tasking Under Event Failure. . . . . . . .. ... .. .. 124
4.4  Special Case: More Insight Into 2-Agent Case . . . .. ... .. ... 127
4.5 Conclusion . . . . . . .. L 131
4.6 Appendix . . ... 132
4.6.1 Proof for Lemma 4.1 . . . . . .. ... ... L. 132

4.6.2 Proof for Lemma 4.2 . . . . ... ... 132

4.6.3 Proof for Lemma 4.3 . . . ... ... ... ... ... 133

4.6.4 Proof for Lemma 4.4 . . . . ... ... 133

4.6.5 Proof for Lemma 4.5 . . . . ... ... 134

5 Event Distribution for Cooperative Tasking 136
5.1 Introduction . . . . . . . ... 136
5.2  Problem Formulation and Motivating Examples . . . . . . .. .. .. 139

vi



5.3 Task Automaton Decomposabilization . . . . . ... ... ... ...

5.3.1

5.3.2

2.3.3

5.3.4

5.3.5

Enforcing DC1 and DC2. . . . . . . .. .. ... ... ...
Enforcing DC3 . . . . . . ...
Enforcing DC4 . . . . . ..
Exhaustive Search for Optimal Decompozabilization . . . . . .

Feasible Solution for Task Decomposabilization . . . . . . ..

5.4 Conclusion . . . . . . . .

2.9.3

5.5.4

2.5.9

Proof for Lemma 5.4 . . . . . . . ...

Proof for Lemma 5.5 . . . . . . . ...

Proof for Lemma 5.6 . . . . . . . . ... .. ...

6 Conclusions

Bibliography

List of Publications

vil

174

180

199



Summary

It is an amazing fact that remarkably complex behaviors could emerge from a large
collection of very rudimentary dynamical agents through very simple local interac-
tions. However, it still remains elusive on how to design these local interactions
among agents so as to achieve certain desired collective behaviors. This thesis aims
to tackle this challenge and proposes a divide-and-conquer approach to guarantee
specified global behaviors through local coordination and control design for multi-
agent systems. The basic idea is to decompose a requested global specification into
subtasks for each individual agent such that the fulfillment of these subtasks by each
individual agent leads to the satisfaction of the global specification as a team. For this
purpose, three issues are studied here: (1) task decomposition for top-down design,
such that the fulfillment of local tasks guarantees the satisfaction of the global task,
by the team; (2) fault-tolerant top-down design, such that the global task remains
decomposable and achievable, in spite of some failures, and (3) the design of interac-
tions among agents to make an indecomposable task decomposable and achievable in

the top-down framework.

To address the first question, namely the cooperative tasking of multi-agent sys-
tems, it is firstly shown by a counterexample that not all specifications can be decom-

posed in this sense. Then, necessary and sufficient conditions are identified for the
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decomposability of a task for two cooperative agents; based on decision making on
the orders and selections of transitions, the interleaving of synchronized strings and
the determinism of local tasks. The decomposability conditions are then generalized
to the case of arbitrary finite number of agents, and furthermore, it is shown that the
fulfillment of local specifications can guarantee the satisfaction of the global specifi-
cation. Finally, a cooperative control scenario for a team of three robots is developed

to illustrate the task decomposition procedure.

The thesis then deals with the robustness issues of the proposed top-down design
approach with respect to event failures in the multi-agent system. The main concern
under event failure is whether a previously decomposable task can still be achieved
collectively by the agents and if not, we would like to investigate that under what
conditions the global task could be robustly accomplished. This is actually the fault-
tolerance issue of the top-down design, and the results provide designers with hints
on which events are fragile with respect to failures, and whether redundancies are
needed. The main objective of this part of the work is to identify conditions on failed
events under which a decomposable global task can still be achieved, successfully.
For such a purpose, a notion called passivity is introduced to characterize the type
of event failures. The passivity is found to reflect the redundancy of communication
links over shared events, based on which necessary and sufficient conditions for the
reliability of the task decomposability and conditions on cooperative tasking under

event failures are derived.

As the next important question, the thesis aims to study whether one can modify

X



the communication pattern between agents so as to make an indecomposable task
decomposable. In particular, we would like to ask what is exactly needed to share by
communication among agents such that an originally indecomposable task becomes
decomposable. To answer this question, the decomposability conditions are revisited
and all possible causes for indecomposibility are identified. As the main contribution
of this part, the thesis then proposes a procedure, as a sufficient condition, to make
an indecomposable deterministic task automaton decomposable in order to facilitate

the cooperative tasking.

This result may pave the way towards a new perspective for the decentralized

cooperative control of multi-agent systems.
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Chapter 1

Introduction

1.1 Multi-agent Systems

1.1.1 Motivation and Background

Multi-agent system has emerged as a fascinating research area with strong attention
from a wide range of applications such as distributed plants (power grids, sensor net-
works, transportation systems, distributed control, distributed planning and schedul-
ing, distributed supply chains), distributed computational systems (decentralized op-
timization, parallel processing, concurrent computing, cloud computing) and multi-
robot systems. Multi-agent system is therefore a developing multi-disciplinary area
across various fields such as control engineering [1], computer sciences [2] and robotics
[3-10]. The significance of multi-agent systems roots in the power of parallelism and
cooperation between simple components that synergistically lead to sophisticated ca-
pabilities and more robustness and functionalities than individual multi-skilled agents
[3,11]. Cooperative control of multi-agent systems is therefore of great importance
to the society and demands new methods and frameworks to analyze and design the

interaction rules and control laws among the agents.

The cooperative control of a large number of dynamical agents, however, is in the



infancy stage and possesses significant theoretical and practical challenges such as co-
ordination, reconfiguration, synchronization and sequencing of the tasks that may fall
beyond the conventional methodologies [12,13]. On the other hand, the cooperation
of agents provides new opportunities to achieve sophisticated team specifications. In
multi-agent systems, each agent is usually equipped with certain, but very limited,
degrees of sensing, processing, communication, and maneuvering capabilities. How-
ever, a large collection of such rudimentary systems, as a team, can display high level
of functionalities and exhibit complex collective behaviors [11,14-17]. These findings
generate increasing motivations towards more research efforts on the area of coop-
erative control of multi-agent systems. In the next part we briefly review some of
the existing methods in multi-agent systems and investigate them from the structural

point of view.

1.1.2 Existing methods

Existing methods in multi-agent systems have been mainly developed based on heuris-
tical, empirical and simulation studies, and mostly focused on bottom-up approaches
to understand how and what global behaviors can be generated from simple local in-
teractions [18,19]. Usually, these local interaction rules are through biomimicry and
draw inspirations from the swarming behaviors of biological systems, such as colonies
of ants, hives of bees, flocks of birds, and schools of fishes [18,20,21]. As a result,
it has been widely accepted that complicated collective behaviors can be emerged

from a large collection of simple agents via intuitive local interaction rules [14-16].



Recently, further serious efforts have been devoted to developing rigorous theoretical
frameworks for multi-agent systems. Remarkable efforts have been devoted to the con-
sensus seeking and formation stabilization [22-25], while approaches like navigation
functions [26-28] and artificial potential functions [29,30] for distributed formation,
graph Laplacians for the associated neighborhood graphs [23,31], optimization-based
path planning [32-34], parallel processing [35,36], bottom-up task sharing and plan-
ning [37, 38], game theory-based coordinations [39], distributed learning [40], and

geometrical swarming [17,41] have been developed in the literature.

1.1.3 Top-down Versus Bottom-up Approaches

Although we know that sophisticated collective behaviors could emerge from a large
collection of very elementary agents through simple local interactions, we still lack
knowledge on how to change these rules to achieve or avoid certain global behaviors.
As a result, it still remains elusive on how to design local interactions between the
agents to make sure that they, as a group, can achieve the specified requirements. The
desired global specification could be very sophisticated, and the design may go beyond
the traditional output regulation, path planning, or formation control [12,13,42,43].
Moreover, the bottom-up scenario in swarming robotics may fail to guarantee the
correctness by design, due to the lack of understanding on how to manipulate the
local rules to achieve the global behavior. To remove the undesirable global behaviors
we may therefore need to redesign the local coordination rules through an iterative

trial and error process, which may quickly become inefficient or even intractable for



practical applications. This problem demands a new and formal method to design
the local control laws and interaction rules for agents, directly, such that the desired
global specification can be guaranteed by design. In particular, this thesis aims at
developing a top-down correct-by-design method for distributed coordination and
control of multi-agent systems such that the group of agents, as a team, can achieve

the specified requirements, collectively (Figure 1.1).

For this purpose, the thesis proposes a divide-and-conquer design for cooperative
multi-agent systems so as to guarantee the desired global behaviors. The core idea is
to decompose a global specification into sub-specifications for individual agents, and
then design local controllers for each agent to satisfy these local specifications, respec-
tively. The decomposition should be done in such a way that the global behavior is
achieved provided that all these sub-specifications are held true by individual agents.
Hence, the global specification is guaranteed by design. In order to perform this idea,
several questions are required to be answered as will be discussed in the next sections
of this chapter. These questions include how to describe the global specification and
subtasks in a succinct and formal way; how to decompose the global specification (i.e.,
how to obtain local tasks, how to compose them and how to compare the composed
one with the original global task); whether it is always possible to decompose the
task, and if not what are the necessary and sufficient conditions for decomposability
and how to enforce them. In top-down design, when the logical behavior of the team
is concerned, the global specification can be modeled by discrete event systems. Next
part will discuss the specifications in the top-down supervisory control of logical be-
haviors, with the emphasize on the automaton model that is very close to the human

4
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representation of physical event transitions and can express ordering and selections

between the events in the global tasks.

1.2 Specifications, Logical Behaviors and Au-

tomata Models

Cooperative control of multi-agent systems in general concerns with two types of
dynamics to be controlled: continuous-state and discrete event dynamics. While
continuous-state systems are time-driven, represented by differential /difference equa-
tions and modeled by transfer functions and state space equations; a discrete event
system (DES) is event-driven, represented by the sequence of states/events and mod-
eled by sequential models such as languages, automata and Petri nets. A continuous
system is controlled in the low-level (inner-loop) of the hierarchy to track an exact
trajectory and meet specifications such as stability, optimality and performance. A
discrete even system, on the other hand, is controlled (supervised) in a high level
(outer-loop) perspective to visit a desired sequence of regions in a partitioned state
space, to meet logical specifications. A discrete event system, therefore, can be seen as
an event-driven system whose state transitions are triggered by instantaneous events
in a discrete state space. In general, continuous controllers deal with control signals
based on set-points and control policies, provided by discrete supervisors. In this
sense, a discrete event system can represent an abstraction of a continuous/hybrid

system and facilitates the evaluation of symbolic (logical) behavior of the system



without a detailed investigation of its time-driven quantitative dynamics. This thesis
works on the cooperative control of a multi-agent system to achieve logical global

specifications.

The first step to control the logical behavior of a team of agents is to represent
the desired logical behavior of the team in a mathematical way to capture event-
driven transitions between the states of each agent as well as the interactions among
agents that allow synchronization over cooperative actions. This perspective is very
close to human understanding from the high level behavior of the system that is
encoded in sequential flowcharts, in which each part has its own sequence while the
parts may synchronize on some events for cooperative actions. In this case, the
global specification can be defined over the union of local event sets since the global
transitions are defined either individually or synchronously over the events from sensor
and actuator signals of the agents. For example, consider two robot agents that do
a cooperative surveillance task and are supposed to react upon the first detection of
an object, such that “if Agent 1 recognized the object” or “Agent 2 recognized the
object”, then for example they synchronously push a door. In this case, “Agent 1
recognized the object” and “Agent 2 recognized the object” are considered as private
events, while “pushing the door” is interpreted as a shared event to synchronize on.
The global event set is then considered as the union of local event sets and each
agent has its own local events to transit individually, while shares some events with
its neighbors to synchronize on cooperative actions. In this sense, each local agent
perceives the global task from the perspective of its local events. Following example

shows a global specification defined over the union of two local event sets for two
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sub-plants.

Example 1.1 Consider two sequential belt conveyors feeding a bin, as depicted in
Figure 1.2. To avoid the overaccumulation of materials on Belt B, when the bin
needs to be charged, at first Belt B and then (after a few seconds), Belt A should be
started. After filling the bin, to stop the charge, first Belt A and then after a few
seconds Belt B is stopped to get completely emptied. The global task, showing the

order of events in this plant, is shown in Figure 1.3. The local event sets for Belt

Figure 1.2: The process of two belt conveyors charging a bin.

. Bstar Bing, Bsio
tart top

BinEmpty

Figure 1.3: Global task automaton for the belt conveyors and bin.

A and Belt B are EA - {AStarta BinFulla AStop} and EB - {BStarta BStop7 BinEmpty}a
respectively, with Agyq:= Belt A start; Binp,:= Bin full; Agep:= Belt A stop and
wait for 10 Seconds; Bgyq:= Belt B start and wait for 10 Seconds; Bgp:= Belt B

stop, and Bin gy, Bin empty.



This structure of states and event transitions between the states is called tran-
sition system [44] that carries the source state, target state and event or action for

each transition.

Definition 1.1 (Transition System [44]) A transition system over a set E of events
is a tuple 'S = (S, T, a, B, \) where S is a set of states; T" is a set of transitions; «,
B: T — S denote respectively the source state and the target state of a transition; A :
T — E denotes the action responsible for the transition, and the mapping («, A, f) :

T -85 x E xS is one-to-one so that T is a subset of S x E x S.

A special form of transition system is finite state machine (automaton) with the

emphasize on states and traditions, with the following definitions and notations [45].

Definition 1.2 (Automaton) A deterministic automaton is a tuple A := (Q, qo, E, 9)
consisting of a set of states (); an initial state ¢y € @Q); a set of events F that causes
transitions between the states, and a transition relation § C @ x E x ), with a
partial map ¢ : @ x E — @, such that (q,e,q’) € § if and only if state ¢ is transited
to state ¢’ by event e, denoted by ¢ = ¢ (or d(g,e) = ¢’). A nondeterministic
automaton is a tuple A := (Q, qo, E,0) with a partial transition map ¢ : Q X E —
2¢  and if hidden transitions (e-moves) are also possible, then a nondeterministic
automaton with hidden moves is defined as A := (Q, qo, F U {e},d) with a partial
map § : Q x (EU{e}) — 29. For a nondeterministic automaton, the initial state
can be generally from a set )y C ). In general the automaton also has an argument
Qm C Q of marked (accepting or final) states to assign a meaning of accomplishment

9



to some states. For an automaton whose each state represents an accomplishment
of a stage of the specification (like the following two examples), all states can be

considered as marked states and @), is omitted from the tuple.

With an abuse of notation, the definitions of transition relation can be extended
from the domain of @ X E (or @ x (E U {e}) in the case of hidden moves) into the
domain of @ x E* (or @ x (E*U{e}) for the case of hidden moves) to define transitions
over strings s € E*, where E* stands for the Kleene — Closure of E (the collection

of all finite sequences of events over the elements of E).

Definition 1.3 (Transition on Strings) For a deterministic automaton, the existence
of a transition over a string s € E* from a state ¢ € @ is denoted by (g, s)! and
inductively defined as §(q,e) = ¢, and d(q, se) = 6(d(q, s),e) for s € E* and e € E.
Next, for a nondeterministic automaton A (possibly with hidden moves), the
e-closure of ¢ € @, denoted by €% (q) C @Q, is recursively defined as: ¢ € &%(q);
q¢ € ¢4(q) = 0(¢,e) C %(q), based on which § : Q@ x E* — 29 is inductively
defined as: Vq € Q,s € E*,e € E: 0(q,¢) := %(q) and (g, se) = £%(5(0(q, s),€)) =

U U e5(q") 7.
q'€6(q,s) {q”€5(q’,e) alg )}

The existence of a set L C E* of strings from a state ¢ € () is then denoted as
d(q, L)! and read as Vs € L : §(q, s)!.

Fore € E, s € E*, e € s means that Jt;, 15 € E* such that s = tyety. In this sense,
the intersection of two strings s1, s, € E* is defined as s; N sy = {e|e € sy Ae € 53}
Likewise, s1\s2 is defined as s1\ss = {ele € sy Ae & s3}. For s1,s0 € E*, s is called
a sub-string of s,, denoted by s; < so, when 3t € E*, 59 = s4t.

10



Two events e; and e; are called successive events if 3¢ € @ : (g, e1)! A
3(6(q,e1),e2)! or d(q,e2)! A §(d(q,e2),e1)!. Two events e; and ey are called adjacent

events if 3¢ € Q : §(q, e1)! N (g, ea)!.

The transition relation is a partial relation, and in general some of the states

might not be accessible from the initial state.

Definition 1.4 The operator Ac(.) [46] is defined by excluding the states and
their attached transitions that are not reachable from the initial state as Ac(A) =
(Qac: G0, £, dac) with Qac = {q € Q|Fs € E”,q € 6(qo, 5)} and dae = 6|Qac X E = Qe
restricting ¢ to the smaller domain of Q... Since Ac(.) has no effect on the behavior

of the automaton, from now on we take A = Ac(A).

Following two examples show global task automata defined over the union of local

even sets for the team of agents.

Example 1.2 Consider the plant of two sequential belt conveyors and storage
bin, in Example 1.1. The task automaton Ag is defined as As = (Q =
{q0, 01, 2,03, 04, G5}, 00y B = {Astarts Binpuu, Astops Bstarts Bstop, Bigmpty },0), where
E = E4 U Ep with respective local event sets Ea = {Astart, Binpuu, Astop) and
Ep = {Bstart; Bstop, Bingmpty}. Transition relation on this task automaton is de-
fined as 0(qo, Bstart) = @1, 0(q1, Astart) = @2, 0(q2, Binpuy) = q3, 0(q3, Astop) = qu,
6(qa, Bstop) = a5, 0(q5, Bingmpty) = qo-

When the states are clear from the context, such as this example, the task au-

tomaton can be shown with unlabeled states as Ag: _. g Starty . Jineuy _ PStor

k AStaT‘t AStop )

BinEmpty

11



Example 1.2 showed a task automaton for two sub-plants (two belt conveyors)
with satanic positions. In some application local plants refer to mobile agents in which
some events represent the change in physical position. Following example shows a
global specification for a team of three robot-agents defined over the union of local

event sets for agents.

Example 1.3 Consider a cooperative multi-robot system (MRS) configured in Fig-

ure 1.4. The MRS consists of three robots R;, Ry and Rsz. All robots have the

Figure 1.4: The environment of the MRS coordination example.

same communication and positioning capabilities. Furthermore, the robot R, has
the rescue and fire-fighting capabilities, while R; and R3 are normal robots with the
pushing capability. Initially, all of them are positioned in Room 1. Rooms 2 and 3
are accessible from Room 1 by one-way door D, and two-way doors D; and Dj, as

shown in Figure 1.4. All doors are equipped with spring to be closed automatically,

12



when there is no force to keep them open.

Roto2

Ag:
el NN,
] NI NS
RERTRTA T
ARV VA T v
PN IONINININ OIS
NI
NN N
N

Roinl
Roin2

LA

Rotol ° D1opened
Figure 1.5: Task automaton Ag for the robot team.

Assume that Room 2 requests help for fire extinguishing. After the help announce-
ment, the Robot R, is required to go to Room 2, urgently from D, and accomplish
its task there and come back immediately to Room 1. However, D, is a one-way
door, and D, is a heavy door and needs the cooperation of two robots R; and Rj3 to
be opened. To save time, as soon as the robots hear the help request from Room 2,
Ry and R3 go to Rooms 2 and 3, from Dy and Dj, respectively, and then R and Rj
position on Dy, synchronously open D; and wait for the accomplishment of the task
of Ry in Room 2 and returning to Room 1 (R; is fast enough). Afterwards, R; and

R3 move backward to close D; and then R3 returns back to Room 1 from Ds. All
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robots then stay at Room 1 for the next task.

These requirements can be translated into a task automaton for the
robot team as it is illustrated in Figure 1.5, defined over local event sets
Ey = {hi, RitoDy, RyonDy, FW D, Dyopened, Ryinl, BW D, Diclosed,r}, E; =
{ha, Rato2, Ryin2, Diopened, Rotol, Ryinl, r}, and E5 = {hs, Rsto3, Rzin3, RstoD,
RsonDy, FW D, Djopened, Ryinl, BWD, Diclosed, Rstol, Rsinl, r}, with h;:=
R; received help request, i = 1,2,3; R;toD;:= command for R; to position on D,
Jj = 1,3; RjonDy:= R; has positioned on Dy, j = 1,3; FIWD:= command for mov-
ing forward (to open D;); BW D:= command for moving backward (to close D );
Dyopened:= Dy has been opened; Diclosed:= D; has been closed; r:= command to
go to initial state for the next implementation; R;tok:= command for R; to go to
Room k, and R;ink:= R; has gone to Room k, i =1,2,3, k=1,2,3.

As it was illustrated in previous examples, the automata models are user friendly,
graphical, easy to visualize and carry the direct physical meaning of events and tran-
sitions between the states. It is also reported [47] that among common models for
logical behaviors [48-56], automata have a moderate level of abstraction, have rea-
sonable expressive power (as they can represent the human like sequential transitions,
can represent the propositional properties [57] and are connected to temporal logic
[12,17,58-64]) as well as verification power and span a wide range in relation to the
life cycle of modeling of DES [47]. It should be noted that the automata models, like
other modeling methods, require human experts to define the events based on sensor

readings and actuator signals and to translate the requirements into the transitions
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between the states. Moreover, the representation of global behavior could be com-
plicated as it was shown in Example 1.3; however, automata models are suitable for
implementation since they can be realized by simple “if-then” rules over the tran-
sitions. This property is particularly important in decentralized cooperative control
that local tasks and local controller automata are reduced in the structure defined
over the corresponding local event sets. Another advantage of automaton is that, the
synthesis of supervisor for a given plant automaton is supported by the product and
parallel compositions as well as by mapping on the generated languages. In addition,
as it will be discussed in the following section, the behavior of the closed loop system
and the specification automata can be compared by equivalence relations [65-67], and
moreover, parallel composition and natural projection can be utilized to facilitate the

decentralized and modular synthesis and analysis of distributed DES [42,52,68].

We focus on deterministic global task automata that are simpler to be charac-
terized, and cover a wide class of specifications such as language specifications that
have been well studied in the context of supervisory control of discrete event systems
[52]. The advantage of deterministic automaton is that they can uniquely encode the
sequence of events using the notion of state and transition relation, and hence do not
require huge memory to save the strings as the history of transitions. The qualitative
behavior of a deterministic system is therefore described by the set of all possible
sequences of events starting from the initial state. Each such a sequence is called a
string as described in Definition 1.3, and the collection of all strings represents the

language generated by the automaton, denoted by L(A), as defined as follows.

15



Definition 1.5 (Language, Language Equivalent Automata) For a given automa-
ton A with event set E, the language generated by A is defined as L(A) := {s €
E*|5(qo,s)!}. Two automata A; and Ay are said to be language equivalent if

L(Ay) = L(A,).

So far, global task automaton has been discussed for the representation of desired
logical behavior of the team of agents. Once the global specification is given for the
team, the key problem to accomplish the top-down cooperative tasking idea is the
task decomposition such that the composition of local tasks resembles (be equivalent
to) the original task. Consequently, several issues have to be declared here: how to
obtain local tasks from the global task? how to compose them to retrieve the global
task? and how to compare the composition of local tasks with the global task? (what
equivalent relation has to be used for the comparison?), as will be discussed in the
following three sections, respectively. Next section discusses natural projections to
obtain the local task automata as perceived observation of each agent from the global

task automaton.

1.3 Natural Projection and Local Task Automata

Given a global task automaton, the cooperative tasking relies on task automaton
decomposition such that local task automata collectively resemble the original task
automaton. The first step in this top-down approach is therefore to obtain the local
task automata. Since each agent has its private events (corresponding to local sensors
and actuators) as well as shared events (those sensors and actuator signals that are
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shared to synchronize on), the global task automaton is defined over the union of
all agents’ event sets. Consequently, each agent has a local observation from the
global task: the perceived global task, filtered by its local event set, i.e., through
natural projections with respect to each agent’s event set. Accordingly, each local
task automaton is the local observer automaton [46], as the interpretation of each
agent from the global task. Namely, the agent will ignore the transitions marked by
the events that are not in its own event set, i.e., blinds to these moves. The obtained
automaton will be a sub-automaton of the global task automaton by deleting all the
moves triggered by the blind events of the agent. Particularly, natural projection
is defined on automata as Pg, : A — A, where, A is the set of finite automata and
Pg,(Ag) are obtained from Ag by replacing its events that belong to E'\ E; by e-moves,
and then, merging the e-related states. The e-related states form equivalent classes

defined as follows.

Definition 1.6 (Equivalent Class of States, [69]) Consider an automaton Ag =
(@, qo, F,0) and an event set ' C E. Then, the relation ~pg is the minimal equiva-
lence relation on the set @ of states such that ¢ € §(q,e) Ne ¢ E' = q ~p ¢, and
[q]p» denotes the equivalence class of ¢ defined on ~g/. The set of equivalent classes
of states over ~p, is denoted by Q. , and defined as Q. = {|q]z/|q € Q}.

~p is an equivalence relation as it is reflective (¢ ~g ¢), symmetric (¢ ~p ¢’ <
¢ ~pg q) and transitive (¢ ~g ¢ Nq ~p ¢" = q ~p ¢").

It should be noted that the relation ~g can be defined for any £’ C FE, for

example, ~p, and ~g,ug;, respectively denote the equivalence relations with respect
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to E; and E; U E;. Moreover, when it is clear from the context, ~; is used to denote

~p, for simplicity.

Next, natural projection over strings is denoted by pg : E* — E™, takes a string
from the event set E and eliminates events in it that do not belong to the event set

E’ C E. The natural projection is formally defined on the strings as

Definition 1.7 (Natural Projection on String, [46]) Consider a global event set E

and an event set ' C E. Then, the natural projection pg : E* — E™ is inductively

pe(s)e ife € E;
defined as pg/(¢) = ¢, and Vs € E*;e € E : ppr(se) =

prr(s)  otherwise.

Accordingly, inverse natural projection pz, : E™ — 2F" is defined on an string
t € B as py (t) := {s € E*|pg/(s) = t}. When it is clear from the context, p; is used
instead of pg,, for simplicity.

The natural projection is then formally defined on an automaton as follows.

Definition 1.8 (Natural Projection on Automaton) Consider an automaton Ag =
(Q,q, E,d) and an event set £/ C E. Then, Pg(Ag) = (Q/~,,, [q0]e, £', "), with
['|er € 0'([q)r,e) if there exist states ¢; and ¢ such that ¢; ~p ¢, ¢| ~p ¢, and
¢y € 0(q1,e). Again, Pg/(Ag) can be defined into any event set £’ C E. For example,
Pg,(As) and Pg,up,(As), respectively denote the natural projections of Ag into E;

and F;UE;. When it is clear from the context, P, is replaced with F;, for simplicity.

Following example elaborates the concept of natural projection on a given au-

tomaton.
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Example 1.4 Consider an automaton Ag: b _ o with the

a €1
[ J [ ] [ J
o~ e
event set £ = E; U Ey and local event sets Ey = {a,b,e1}, Ey = {a,b,es,e4}.
The natural projection of Ag into Fj is obtained as Pj(Ag): o <! ¢ <. o by replac-
\.7

ing ey, e, € F\FE; with ¢ and merging the e-related states. Similarly, the projection

Py(Ag) is obtained as P2(Ag): . o %L% o 2o

a

Given a task automaton and its local event sets, it is always feasible to do the
projection operation, but the question is whether the obtained sub-automata preserve
the required specifications in the sense that the fulfillment of each agent with its cor-
responding sub-task automaton will imply the satisfaction of the global specification
as a group.

In order to perform the decomposition, after obtaining local task automata, we
need to declare that how to compose local automata and how to compare the collec-
tive task automaton ( the composition of local task automata) with the global task

automaton, as will be discussed in the following two sections.

1.4 Composition of Automata

In order for the correctness of task automaton decomposition, the composition of
local automata should resemble the global task automaton, for which it requires to
carry the synchronization information to capture the interactions between the agents.

For this purpose, we consider synchronization information to be inserted in each

local automaton (instead of considering a coordinating automaton [70,71]), while no
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new synchronization events [72] are allowed. In this case, the size of global event set
will not be enlarged by inserting unobservable events. This method also allows de-
centralized synthesis without requiring a centralized coordinator for synchronization.
Moreover, we consider predefined local event sets with private events for individual
moves as well as shared events for synchronization with neighbors. So far, several
versions of operators have been introduced for such synchronization method, namely
for composition of local automata. One way to compose local automata and synchro-
nize them on their shared events is vector synchronous product [73]. This operator
restricts two systems to simultaneously evolve in each step: a shared event can be
transited if it is defined in and transited from the current states of both systems. The
private event, on the other hand, can individually evolve in the vector form. In this
case, if one of the systems has no available private event, it evolves with an unobserv-
able event, called “stay” or “wait” event. A more liberal operator is state-dependent
vector synchronous product that defines the synchronization based on the available
shared events in the current states, in the sense that different events in two systems
can form a vector transition as long as none of the events are shared events available
in current states of both systems [73]. In the state-independent vector synchronous
product, however, two different events can form a vector event only if none of them
is a shared event. Another vector-based composition is multi-agent product that re-
quires two systems have a transition at every step; and an identical event has to be
necessarily synchronized when is available in the current states of both systems [73].
Finally, the most relaxed vector-based composition is simultaneous product [73] that

restricts two automata to have a transition at every state with no other requirements.

20



Another composition of automata is introduced as synchronously communicating sys-
tems [74] that is partially vector-based (on common events) and partially scalar (on
private events). This composition is based on Zeilonka’s asynchronous automata [75]
and makes local common transitions conditional to their counterpart transitions in
other local automata, such that common transitions joint before forming the global
transitions. This means that each branch of a nondeterministic transition in one au-
tomaton can be corresponded to only one of the nondeterministic transitions in the
other automaton. Although, theoretically, synchronously communicating systems are
more expressive, it is practically difficult to distinguish target states after nondeter-

ministic transitions.

In general, although vector-based compositions keep the information of local tran-
sitions in vector events, the standard scalar parallel composition is more tractable as
the composed automaton can be treated as one system with a scalar language. In
this case, the orders, selections and logical properties can be easier investigated and
compared with the desired specifications. The supervisory synthesis also is well-
established and easier to implement for scalar automata. We therefore adopt the
well-accepted operator of parallel composition of automata.

Parallel composition in [46] (loosely cooperating systems in [74], mixed product
in [76], synchronous product in [45]), as an special case of synchronized product in
[44], captures the synchronization of automata and allows the composed system to
be a scalar automaton, such that the individual local transitions can independently

evolve, while the transitions on any shared event can evolve globally only if it is tran-
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sited from the current state of all those local automata that recognize that event.
Especial cases of parallel composition are product composition (or completely syn-
chronous compositions) that allows only global transitions on common events; and
shuffle product that is defined for automata with mutual exclusive event sets, and
only captures the interleaving of private events with no synchronization. Parallel
composition itself, however captures the individual private moves and synchronized

common transitions in a unified framework.

Parallel composition is therefore a very simple and tractable tool for the modeling
of both individual moves as well as synchronized transitions among interactive plants.
Accordingly, the parallel composition can be used to capture the collective perception
of the team of agents from the global task automaton, i.e., to obtain the collective
task automaton by composing the local task automata. Parallel composition is also
used to model each local closed loop system by composing its local plant and local

controller automata.

Definition 1.9 (Parallel Composition)
Let A, = (Qi,¢),FE;,8;), i = 1,2 be automata. The parallel composi-
tion (synchronous composition) of A; and A, is the automaton A;||4A; =

Q=01 X Qa9 =(¢"q¢),E=FE UEF,,0), with § defined as V(qi,¢2) € Q, e € E:
4

(51(Q17 6)7 52(927 6)) ) lf 51(917 6)!, 52((]27 6)!, ec El N E27
(01(q1,€),q2), if 61(q1,e)!,e € B\ Ey;

5((Q17 q2)7 6) =
(q1,62(q2,€)), if 62(qa,e)!, e € Eb\ Ex;
undefined, otherwise.

\
The parallel composition of A;, 7 = 1,2, ...,n is called parallel distributed system
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[74] (or concurrent system [69]), and is defined based on the associativity property of
parallel composition [46] as 'ﬁ1 A=A ] An=A0 ] (Ana || (-] (A2 ]| A1)))-

The set of labels of local event sets containing an event e is called the set of
locations of e, denoted by loc(e) and is defined as loc(e) = {i € {1,...,n}le € E;}.

An event e is then called a shared event if |loc(e)| > 1. Here, the operator |.| denotes

the cardinality or the number of elements of the set.

To investigate the interactions of transitions in two automata, particularly in

Pi(Ag), i =1,...,n, the synchronized product of languages is defined as follows.

Definition 1.10 (Synchronized Product of Languages [77]) Consider a global event
set £ and local event sets E;, ¢ = 1,...,n, such that £ = QlE’ For a finite set

of languages {L; C Ef},, the synchronized product (product language) of {L;},

]

denoted by | L;, is defined as

=1 7

Ap (L)

L ={s € EXY|Vi € {1,...,n} : pi(s) € L;} =
1

| —3

Using the product language, it is then possible to characterize the language of

parallel composition of two automata in terms of their languages as

Lemma 1.1 ( [77]) Consider two automata Ay and As, with respective event sets

E1UE2—>Ei7’i21,2.

Corollary 1.1 (Interleaving of two strings) Let Ay = ({q, @}, {an}, E1 =
{e1,.,en},01) and Ay = ({44, d, b {ar}, B2 = {e€),...,e.,},02) denote path au-

/

tomata (automata with only one branch) ¢ 503 03 g, and a0 N ¢ 3
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!
em

.. g, respectively. Then, L(A1]|Ay) = 5|s’ = p;(8) Npy(s') with s = ey, ..., e,

/ /

s'=é,.,e andp;: ByUEy, —» E;, i=1,2.

Example 1.5 Consider three strings s; = eja, sy = aey and s3 = aey. Then, the
interleaving of s; and sy is 57|53 = €1aes, while the interleaving of two strings s, and

s3 becomes 53|53 = {aejeq, aeqeq }.

Adopting the natural projection to obtain the local task automata, and parallel
composition to define the interactions between the local automata, the next issue
would be the comparison of automata in order to ensure the correctness of the de-
composition. Particularly, it should be declared that what equivalence relation is
considered for the comparison of the collective task and global task automata, as it

is discussed in the next section.

1.5 Comparison of Automata

To compare the logical behavior of two automata, particularly the collective and
global task automata, generally three main equivalence relations are considered in
the literature: state-space isomorphism; language equivalence, and bisimulation. Ac-
cordingly, the decomposability of task automaton with respect to parallel composition
and these equivalence relations are called synthesis modulo language equivalence, syn-

thesis modulo isomorphism, and synthesis modulo bisimulation [74].

The weakest equivalence relation is the language equivalence by which two au-

tomata A; and A, are said to be language equivalent if L(A;) = L(Ay). Language
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equivalence can capture sequence, selection and order between the transitions, while
bisimulation carries more temporal and branching properties [65]. In particular,
bisimulation allows to compare the sequential behavior of two automata using states,
that requires less memory rather than using language equivalence. In this case instead
of storing and comparison of strings in two automata, one just needs to compare the
post-transition of the corresponding states in two automata. In general, bisimilarity
implies language equivalence but the converse does not necessarily hold [65]. If two
automata A; and Ay are both deterministic, then their bisimulation is reduced to
language equivalence. For our application, on the other hand, we will show that (see
Example 1.8) even for a deterministic global task automaton Ag, the collective desired

n

behavior || P;(Ag) can be nondeterministic, and hence to compare their behaviors,
i=1
using the post-transitions of the corresponding states, we need the bisimulation be-

tween Ag and || P; (Ag).
=1

1=

Definition 1.11 (Bisimulation [46]) Consider two automata A; = (Q;,q, E,d),
i = 1,2. A simulation relation from A; to As over @} C @i, @, C @ and with

respect to E' C FE is a binary relation R C Q] x @, where

1. Vg € @), g2 € QY such that (¢1,¢) € R;
2. if (¢1,42) € R, e € E', ¢} € 01(q1,€), then Ig}, € Q) such that 3¢, € Ja(ge,e€),

(@1, ) € R.

The automaton A; is said to be similar to A, (or Ay simulates A;), denoted by
Ay < A, if there exists a simulation relation from A; to A, over )1, ()2 and with
respect to F, i.e.,
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L. (q1,4) € R, and

2. V(q1,92) € R,q| € 61(qq,€), then 3¢, € Qo such that ¢5 € da(qo,€), (¢4, ¢5) € R

[46].

If Ay < Ay with a simulation relation R, Ay < A; with the simulation relation R
and R is a symmetric relation (i.e., V(z,y) € R = (y,z) € R or R~! = R), then A,
and A, are said to be bisimilar (bisimulate each other), denoted by A; = A, [78].
Equivalently, A; = A, when A; < A, with a simulation relation Ry, Ay < A; with a

simulation relation Ry and R;' = Ry [79].

It should be noted here that a stronger equivalence relation is isomorphism that
has been used in the literature for automaton decomposition, and is formally defined

as follows.

Definition 1.12 (Isomorphism, [80]) Two automata A; = (Q;,¢?, E,6;), i = 1,2,
are said to be isomorphic, denoted by A; = A, if there exists an isomorphism 6 from
Ay to Ay defined as a bijective function 6 : Q1 — @ such that 6(¢}) = ¢J, and
0(01(q,€)) = 02(6(q), €), Vg € Q1,e € E.

By this definition, two isomorphic automata are bisimilar, but bisimilar automata

are not necessarily isomorphic.

The synthesis modulo isomorphism is more restrictive (as it requires two automata
to have the same structure of states and transitions, such that the only allowed differ-
ence is the label of states), but easier to be characterized, as it has been presented in

[74]. Such strong equivalence relation has been applied in graph theory and computer
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science synthesis problems [69]. For control applications, on the other hand, other
two relations, i.e., language equivalence and bisimulation, are expressive enough and
more applicable to capture the behaviors. Language equivalence can compare the
behavior of two systems in terms of the sequences of events. For cooperative tasking
application, however, since the collective task ( ﬁ P; (Ag)) might be nondeterministic,
i=1
then the bisimulation equivalence is used for the comparison of Ag and ﬁ P, (Ag);
i=1
hence, this work focuses on automaton decomposability in the sense of bisimulation

as formally stated as follows. From now on, the term “decomposability” refers to the

“decomposability in the sense of bisimulation”, unless it is stated.

Definition 1.13 (Automaton Decomposability) A task automaton Ag with the event

set I/ and local event sets F;, 1 =1,...n, £ = 'G1Ei’ is said to be decomposable with
1=

respect to parallel composition and natural projections P;, ¢ = 1,--- ,n, in the sense
n

of bisimulation, or in short decomposable, if || P;(Ag) = As.
i=1

Now, let us see several motivating examples to illustrate the automaton decom-

posability.

Example 1.6 This example shows an automaton that is decomposable in the sense of

all three equivalence relations, isomorphism, bisimulation and languages equivalence.

Consider the task automaton Ag: 0o L. o 2 o 2. qwith local event sets
% ° el
E, = {e1,a} and Ey = {ey,a}. For this automaton, Pj(Ag) : —>~e->e -6,
Py(As) 9‘g°$‘7 Pi(Ag)||Pa(As): o .0 . o . 4; hence,
$ ° el

As = Pi(As)||P2(As), As = Pi(Ag)||P2(As) and L(As) = L(P1(As)|[P2(As)).

27



Example 1.7 This example shows an automaton that is decomposable in the sense of

bisimulation and language equivalence relations, but not isomorphism. Consider the

task automaton Ag: o . o 2. o . owithlocal event sets F; = {e,a}
2 eo——0—>0

and Fy = {ey,a}. In this case, Pi(Ag): —~e->e-e Py(Ag): —~o->0-"0,

Pi(Ag)||P2(As): o, o; hence, Ag = Pi(Ag)|[P(As) and

L(As) = L(P1(As)||P2(As)), but Ag # Pi(As)||Pa(As).

Example 1.8 This example shows an automaton that is decomposable in the sense

of only language equivalence but not bisimulation nor isomorphism. Consider

Ag: 6/74“>4b> with By = {a,b,e;}, E» = {a,b}, leading
H\
‘

to Pi(Ag): . _a g @y, P(As): . _b @), and
— @ —®__
a a @
8/17@\ak @ b @Which is neither bisimilar not iso-
4>\ a @
morphic, but language equivalent to As. Ag does not bisimulate P;(Ag)||P(As),

Pi(As)|| Po(As):

since §(qo, e1a) = @2 in Ag, 25 € 9)/(20, e1a) in P1(Ag)||P2(Ag), 6(g2,b)! but =) (25, 0)!.
Moreover, Ag and P;(Ag)||P2(As) are not isomorphic as there is no state in Ag
that forms a bijective pair with z5. However, Ag has the same language with

P1<As)||P2(AS) as L(As) = Pl(AS)HPZ(AS) = {8, a, e, ea, 61(1[)}.

Example 1.9 This example shows an automaton that is not decomposable in the
sense of language equivalence and hence is not decomposable in the sense of bisimu-

lation and isomorphism. Consider the task automaton in Example 1.2 with local task
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; B
automata Py(Ag): . o Astart o Binru &and Py(Ag): . o Dstart_ o ZStr o

N D) N )

AStop BinEmpty

BinEmpty

and collective task automaton Pj(Ag)||P2(As): - o s o that

f BStart BStop f
/ AStart f AStart / ASta'rt
|

f

AStop i [ Q [ [ ]
\ Bstart \ BStop {
[} [ J

BStart BStop
is neither language equivalent, nor bisimilar, nor isomorphic to Ag.

Based on the definition of automaton decomposability and motivating examples

we are now ready to state the underlying problems to be tackled in this thesis.

1.6 Problems to be Tackled in the Thesis

While, Examples 1.6 and 1.7 show decomposable automata, Examples 1.8 and 1.9 il-
lustrate instances of task automata that are not decomposable, implying that not all
automata are decomposable with respect to parallel composition and natural projec-
tions. Then, a natural follow-up question is what makes an automaton decomposable.

Once the task automaton decomposability is characterized by necessary and suf-
ficient conditions, the main question will arise to understand that for a decomposable
task automaton whether the fulfilment of local task automata implies the satisfaction
of the global task automaton, collectively.

After identifying the conditions for cooperative tasking, next interesting question
would be the robustness of the proposed method to understand that if after the design,

some events fail in some agents then whether the global task still can be collectively
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achieved by the team of agents. To answer this question we also need to understand
the conditions for task decomposability under event failure. In particular, whether a
decomposable task automaton remains decomposable under event failures, and if not
what are the necessary and sufficient conditions for preserving the decomposability,

in spite of failures.

Example 1.10 Consider the global task automaton in Example 1.3. The task au-
tomaton is decomposable with respect to parallel composition and local event sets
E;, i =1,2,3, as the parallel composition of local task automata P;(Ag), P»(As) and

P3(Ag), shown in Figure 1.6, bisimulates Ag.

P (Ac): h1 RlonDl Dlopened BWD
l( S)- —> 0 —=>0—0 —>0—>0—0—>0 —>0—0
RitoDq FWD Rzznl D1iclosed
L : )
. h Rain2 Ratol
Py(Ag): >0 l2 e o2l . o2l
Rato2 Dlopened Rzml
L r )
P. (A ) hs R3’m3 R3onD1 D1opened BWD Rstol
3 S): —0—>0—0—>0—0—0—0—>0—>0—0—0—>0—0
/k R3to3 RstoDq FWD Roinl D1 closed R3inl )

Figure 1.6: Pi(Ag) for Ry; Py(Ag) for Ry and P3(Ag) for Ry.

In this scenario, R; and Rj3 receive Ryinl from Ry; Ry and Ry receive r and Dclosed
from R3; Ry and Rj3 receive Dyopened from R;, and R, and R3 share FWD and
BW D to synchronize on. Now, an important question is that which of these events
are crucial to be shared in order to preserve the decomposability of Ag. In other
words, which of these communication links can be safely failed among the agents
and which of them has to be sustained to maintain the task decomposability. This
example will be revisited after the formulation of event failure in Example 4.3 in
Chapter 4, to illustrate the notion of fault-tolerant task decomposability.
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Next interesting and more practically important question would be the investiga-
tion of task automata that are not decomposable. In this case, we would like to ask
whether it is possible to make them decomposable and if so, whether the automata

can be made decomposable with the minimum number of communication links.

Example 1.11 Consider the task automaton in Example 1.2 for the process of belt
conveyors and storage bin. The task automaton is not decomposable as it was shown
in Example 1.9. The question is now whether it is possible to decompose such task
automaton and if yes, whether it is possible to do it with the minimum number of
communication links (This example will be revisited in Example 5.1 in Chapter 5 to

elaborate the enforcing of the task decomposability).

To answer these questions, the objectives of the thesis are outlined as follows:

1. to understand that given a deterministic task automaton and a set of local
event sets, whether the task automaton is always decomposable, such that
the parallel composition of local task automata is equivalent (in the sense of
bisimulation) to the global task automaton and if not, what are the necessary

and sufficient conditions for such decomposability?

2. if the task automaton is decomposable and assuming the existence of local
supervisors to enforce local task automata, is it guaranteed that the entire

closed loop system satisfies (bisimulates) the global task automaton?

3. if the task automaton is decomposable and local supervisors exist to enforce
local tasks and the global specification is satisfied, but some events fail in some
agents, then whether the global task automaton remains decomposable and if
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not, what are the necessary and sufficient conditions for preserving the task

decomposability in spite of event failures?, and

4. if the decomposability conditions under event failures are satisfied, whether the
global specification can be still collectively satisfied by the team of agents, in

spite of event failures, and

5. if the task automaton is not decomposable, is it possible to make it decompos-

able by modifying the distribution of events among the agents?

1.7 Organization of the Thesis

To address the top-down cooperative control, three fundamental questions are evoked
here: The first question is the task decomposition problem that is interested in under-
standing of whether all tasks are decomposable and if not, what are the conditions for
task decomposability. It furthermore asks that if the task is decomposable and local
controllers exist to satisfy local tasks, whether the whole closed loop system satisfies
the global specification. Subsequently, the second question refers to the cooperative
control under event failures, and would like to know if after the task decomposition
and local controller designs for global satisfaction, some events fail in some agents,
then whether the task still remains decomposable and globally satisfied, in spite of
event failures. As another interesting direction, the third question investigates a
way to make an indecomposable task decomposable through the modification of local

agents in order to accomplish the proposed cooperative control.

For the cooperative control of logical behaviors [81], represented in automata
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[45,46], the first question (task decomposability for cooperative tasking) is addressed
in Chapter 2, by decomposing a given global task automaton into two local task au-
tomata such that their parallel composition bisimulates the original task automaton.
By using the notion of shared events, instead of common events and incorporating
the concept of global decision making on the orders and selections between the tran-
sitions, the decomposability result is generalized in Chapter 3 into an arbitrary finite
number of agents. Given a deterministic task automaton, and a set of local event sets,
necessary and sufficient conditions are identified for task automaton decomposability
based on decision making on the orders and selections of transitions, the interleaving
of synchronized strings and the determinism of bisimulation quotient of local au-
tomata. It is also proven that the fulfillment of local task automata guarantees the
satisfaction of the global specification, by design. A cooperative control scenario has
been developed and implemented for a team of three robots and the results are shown

to illustrate the concept of task decomposition and cooperative tasking.

The second question, cooperative tasking under event failures, is investigated in
Chapter 4, by introducing a notion of passive events to transform the fault-tolerant
task decomposability problem into the standard automaton decomposability in Chap-
ters 2 and 3. The passivity is found to reflect the redundancy of communication links,
based on which the necessary and sufficient conditions are introduced under which
a previously decomposable task automaton remains decomposable, in spite of event
failures. The conditions ensure that after passive failures, the team of agents main-
tains its capability for global decision making on the orders and selections between
transitions; no illegal behavior is allowed by the team (no new string emerges in the
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interleavings of local strings) and no legal behavior is disabled by the team (no string
in the global task automaton is stopped in the parallel composition of local automata).
These conditions interestingly guarantee the team of agents to still satisfy its global

specification, even if some local agents fail to maintain their local specifications.

The third question is addressed in Chapter 5 to investigate what is exactly needed
to make an originally indecomposable task automaton decomposable, and how to
make it decomposable. For a global task automaton that is not decomposable with
respect to given local event sets, the problem is particularly interested in finding a way
to modify the local task automata such that their parallel composition bisimulates
the original global task automaton, to guarantee its satisfaction by fulfilling the local
task automata. For this purpose, a procedure is proposed to firstly use the results
in Chapter 4 to remove the redundant communication links (that are passive and
their deletions respect the decomposability conditions under event failure), and then
identify the sources of indecomposability, using the results in Chapters 2, 3. Any
indecomposability in this stage is not due to redundant links; hence, it cannot be
overcome by link deletion. The algorithm will instead suggest establishing new links
to enforce each decomposability condition. Finding the sequence of link additions
to enforce the task automaton decomposability is found to require an exhaustive
dynamic search. Therefore, besides a graph theory approach to enforce the global
decision making on orders and selections, simple sufficient conditions are introduced
to avoid illegal interleavings and local nondeterminisms and also to prevent checking
of the corresponding conditions after each link addition. This method can make

any indecomposable task automaton decomposable in order for cooperative control
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of multi-agent systems.

The thesis is finally concluded in Chapter 6 with highlighting the contributions

and outlining the future works.
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Chapter 2

Cooperative Tasking for Two Agents

2.1 Introduction

This chapter aims to propose a task decomposition approach applicable in divide-
and-conquer synthesis for cooperative multi-agent systems, as it was motivated in
the very beginning. The decomposition should be in such a way that the fulfilment of
local tasks collectively lead to the satisfaction of the global specification. The main
underlying question here is to understand whether it is always possible to decompose
a given task automaton and if not, what are the necessary and sufficient conditions

for its decomposability.

To formally describe the specification, a deterministic finite automaton is chosen
here to represent the global specifications for multi-agent systems, due to its express-
ibility for a large class of tasks [45,46], its similarity to our human logical commands,
and its connection to the temporal logic specifications [61,82]. Accordingly, we will
focus on the logical behavior of a multi-agent system and model its collective behavior
through parallel composition [74]. It is assumed that the global task automaton is
defined over the union of all agents’ event sets and hence, local task automata are

obtained through natural projections with respect to each agent’s event set. Given
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a task automaton and the sets of local events, it is always feasible to do the projec-
tion operation, but the question is whether the obtained sub-automata preserve the
required specifications in the sense that the fulfillment of each agent with its corre-
sponding sub-task automaton will imply the satisfaction of the global specification
as a group. Unfortunately, by a simple counterexample, it can be shown that the
answer is not always (see Examples 1.8 and 1.9). Then, a natural follow-up question
is what the necessary and sufficient conditions should be for the proposed decompos-
ability of a global specification. The main part of the chapter is set to answer this
question. The automaton decomposability problem is particularly important in the

area of distributed supervisory control of discrete event systems.

The field of supervisory control of discrete event systems has been formally ini-
tiated by Ramadge and Wonham [52,83] to control the logical behavior of systems,
pertaining evolutions according to the asynchronous occurrence of events. It has been
also extended to supervisory control under partial observation [84], supervisory con-
trol of vector discrete event systems [85,86] and concurrent vectors discrete event
systems [87], supervisory control of multi-agent product systems [88-90] (based on
multi-agent product [73]) and bisimilarity control [91].

For multi-agent systems with high complexity [92-95] due to many interacting
subsystems, and large-scale distribution of sensors and actuators, it is more effi-
cient, flexible and scalable to synthesis distributed supervisory control [96,97]. In
distributed supervisory control, several supervisors cooperatively deal with smaller

sub-plants or/and sub-specifications, in modular and decentralized configurations. In
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modular supervisory control, the supervisor is comprised of several sub-supervisors
each of which for a module of plant or/and specification. On the other hand, decen-
tralized supervisory control refers to the structure with several “local” supervisors
(not necessarily corresponding to the modules of plants or/and specifications), each
of which with local sensing and actuating capabilities, that jointly lead the controlled
closed loop system to satisfy a global specification. Decentralized approaches also
increase the robustness, flexibility and functionality of the systems due to the paral-
lelism of local agents, with some degree of redundancy. These approaches also offer

more mobility and autonomy to agents due to local sensing and actuation.

The examples of distributed supervisory control include modular centralized
supervisory control with several cooperative supervisors with access to all events
[98-101]; non-modular decentralized supervisory control, with several supervisors
with partial accesses to the events of a monolithic plant [102-110]; modular decentral-
ized supervisory control with indecomposable task, where local supervisors correspond
to modules of plants but a global specification [111-116], and modular decentralized
supervisory control with decomposable task, where both plant and specification are
decomposable and each local supervisor corresponds to one module of plant and spec-
ification [74,77,91,103,117-120]. Among all of these configurations, decentralized
modular structures simplify the synthesis and implementation of top-down coopera-
tive control. In these structures the plant is given as a parallel distributed system
(parallel composition of local plant automata) and the global specification is repre-
sented as a decomposable task automaton and each local controller is designed for

the corresponding modules of local plant and local specification automata. Therefore,
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the key problem to accomplish this top-down idea is task decomposition such that

the composition of local tasks resembles (be equivalent to) the original task.

Similar automaton decomposition problem has been studied in the computer sci-
ence literature. Roughly speaking, two different classes of problems have been studied,
so far. The first problem is to design the event distribution so as to make the automa-
ton decomposable, which is typically studied in the context of concurrent systems.
For example, [69] characterized the conditions for decomposition of asynchronous au-
tomata in the sense of isomorphism based on the maximal cliques of the dependency
graph. The isomorphism equivalence used in [69] is however a strong condition, in the
sense that two isomorphic automata are bisimilar but not vise versa [46]. In many
applications bisimulation relation suffices to capture the equivalence relationship. On
the other hand, the second class of problems assumes that the distribution of the
global event set is given and the objective is to find conditions on the automaton
such that it is decomposable. This is usually called synthesis modulo problem [74]
that can be investigated under three types of equivalence: isomorphism, bisimulation
and language equivalence, as it was discussed in Chapter 1. Bisimulation synthesis
modulo for a global automaton has been also addressed in [74, 121], by introduc-
ing necessary and sufficient conditions for automaton decomposability based on the
product language of the automaton and the determinism of its bisimulation quotient.
Obtaining the bisimulation quotient, however, is generally a difficult task, and the
condition on product language relies on language separability [77], which is indeed
another form of decomposability. These problems motivate us to develop new neces-

sary and sufficient conditions that can characterize the decomposability based on the
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investigation of events and strings in the given automaton.

In this chapter, we identify conditions on the global specification automaton in
terms of its private and common events for the proposed decomposability, which
are shown to be necessary and sufficient for the case of two agents. In the next
chapter, the result will be generalized into the case of arbitrary finite number of
agents. Furthermore, it will be shown that if the global task is decomposable, then
designing the local controller for each agent to satisfy its corresponding sub-task will

lead the entire multi-agent system to achieve the global specification.

The rest of this chapter is organized as follows. Section 2.2 introduces the neces-
sary and sufficient conditions for the decomposability of an automaton with respect to
parallel composition and two local event sets. This section builds the foundation for
the next chapter for generalizing the result into an arbitrary finite number of agents.
The chapter then concludes with remarks and discussions in Section 2.3. The proofs

of lemmas are given in the Appendix.

2.2 Task Decomposability for Two Agents

As it was motivated in the Chapter 1, the essential issue in cooperative tasking is

task automaton decomposition that is formally stated as follows.

Problem 2.1 (Task Decomposability Problem) Given a deterministic task automaton
Ag with the event set E = ‘LnJlEZ- and the local event sets F;, i = 1,...,n, what are the

1=

necessary and sufficient conditions that Ag is decomposable with respect to parallel
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composition and natural projections P;, i = 1,--- /n, such that || P;(As) = Ag?
i=1

This chapter answers Problem 2.1 by introducing necessary and sufficient condi-
tions for task automaton decomposability for two cooperative agents (n = 2). Next
chapter will then generalize this result for an arbitrary finite number of agents and
furthermore addresses the more important question of cooperative tasking to under-
stand that whether a decomposable global task automaton is guaranteed upon the
satisfaction of local specifications.

In order for Ag = Py(Ag)||P(As), from the definition of bisimulation, it is re-
quired to have Ag < Pi(Ag)||P2(As) (with a relation Ry); Pi(Ag)||P(As) < As
(with a relation R,), and R;' = R,. These requirements are provided by the fol-

lowing three lemmas. Firstly, the following simulation relationship always holds true.

Lemma 2.1 Consider any deterministic automaton Ag with event set E = E; U FEjy,

local event sets F;, and natural projections P;, i = 1,2. Then, Ag < P1(Ag)||P2(Ag).
Proof: See the proof in the Appendix. B

Example 2.1 Consider an automaton Ag to be _. ¢ L ¢ 2 ¢ % ¢ With lo-
cal event sets E; = {ej,a} and Ey = {es,a}. The parallel composition
of Pi(Ag) : —~e->e-%e and Py(As) : —>e->e-"0 is P(Ag)||Ps(As):

@ _o. Omne can observe that As < Pi(Ag)||P2(Asg) but

[ ] a [ ] e [ ]
e
Pi(Ag)||P2(As) # Ag, meaning that Ag is not decomposable with respect to par-

allel composition and natural projections P;, ¢ = 1, 2.

41



Lemma 2.1 says that, in general, P;(Ag)||FP2(As) simulates Ag. The similarity
of Pi(As)||P2(As) to Ag, however, is not always true (see Example 2.1), and needs

some conditions as stated in the following lemma.

Lemma 2.2 Consider a deterministic automaton As = (Q,qo, E = FE1 U E5,9) and
natural projections P, i = 1,2. Then, Pi(Ag)||P2(As) < Ag if and only if Ag satisfies

the following conditions: Ve, € E1\Esy, eq € Es\E1,q € Q, s € E*:

e DC1: [5(q7 61)! A 5(Qa 62)!] = [5(q7 6162)! A 5(q7 6261)!];
e DC2:0(q,e1e95)! < 0(q,eze18)!, and

e DC3 : Vs,s' € E*, s # 5, ppinp,(5), peing,(s') start with the same com-

mon event a € E1 N Ey, ¢ € Q: 0(q,s)! AN (g, ) = d(q,p1(s)|[p2(s))! A

(g, p1(s)|pa(s))!.

Proof: See the proof in the Appendix. B
Next, we need to show that for two simulation relations R; (for Ag =<
Pi(As)||P2(As)) and Ry (for Pi(Ag)||P2(As) < Ag), defined by Lemmas 2.1 and

2.2, Ri' = Ry.

Lemma 2.3 Consider an automaton Ags = (Q, qo, E = Ey U Es, §) with natural pro-
jections P;, i = 1,2 and P(Ag)||P2(As) = (Z,20, E,0)). If Ag is deterministic,
Ag < Pi(Ag)||P(As) with the simulation relation Ry and Pi(Ag)||Py(As) < As with
the simulation relation Ry, then Ry' = Ry (ie., Vg € Q, 2 € Z: (2,q) € Ry &
(q,2) € Ry) if and only if DC4: Vi € {1,2}, x, 21,29 € Q;, T1 # X9, € € Fy, t € EF,

x1 € di(x,e), o € 0;(w,€): di(x1,t)! & §;(xa, ).
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Proof: See the proof in the Appendix. ]

Based on these lemmas, the main result on task automaton decomposition is given

as follows.

Theorem 2.1 (Task Decomposability for Two Agents) A deterministic automaton
As = (Q, qo, E = E1 U Ey, §) is decomposable with respect to parallel composition and
natural projections P;, i = 1,2, such that As = Pi(Ag)||P2(As) if and only if As
satisfies the following decomposability conditions (DC): Ve, € E1\Ey, e € Es\E1,q €

Q, s e L*,

e DC1: [5(Q7 61)! A 5(Q7 62)!] = [5((17 6162)! N 6((]7 6261)!];
o DC2: 0(q,e1e28)! < 6(q, eaeqs)!, and

e DC3 : Vs,s' € E*, s # 5, pping,(5), peng,(s') start with the same com-

mon event a € Ey N Ey, g € Q: (¢, 8)! A d(g,8')! = 6(q,pi1(s)p2(s)! A

5(Q7p1(8/)|p2(5>>!7-
o DC4: Vi € {1,2}, z,x1,29 € Q;, 1 # T2, € € E;, t € Ef, 11 € 0;(z,e),

To € 52(1’,6) 52($1,t)' =4 (51<I2,t)'

Proof:  According to Definition 1.11, Ag = P(Ag)||P(As) if and only if Ag <
Pi(Ag)||Py(Ag) (that is always true due to Lemma 2.1), Py(Ag)||P2(As) < Ag (that
it is true if and only if DC'1, DC2 and DC3 are true, according to Lemma 2.2) and one
of the simulation relations is the inverse of the other relation, i.e., R;' = Ry (that for a
deterministic automaton Ag, when Ag < P;(Ag)||P2(Ag) with the simulation relation
Ry and Py(Ag)||P(As) < Ag with the simulation relation Ry, due to Lemma 2.3,
R;' = Ry holds true if and only if DC4 is satisfied). Therefore, Ag = P;(Ag)||Pa(As)
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if and only if DC1, DC?2, DC3 and DC4 are satisfied. ]

Remark 2.1 Intuitively, the decomposability condition DC'1 means that for any
adjacent pair (decision on switch) of private events (ej,es) € {(FEi\Ea, F2\E)),
(Ex\Ey, Ey\E»)} (from different private event sets), both orders ejes and ege; should
be legal from the same state. DC2 states that for any pair of successive private events
from different event sets (decision on order), before any string, they should be allowed
to occur in any order. It should be noted that here, e;es and ese; are not required to
meet at the same state (unlike D and ID in [69] for decomposability in the sense of
isomorphism); but due to DC2, any string s € E* after them should be the same, or
in other words, if e; and ey are necessary conditions for the occurrence of a string s,
then any order of these two events would be legal for such occurrence (see Example
2.1). Note that, as a special case, s could be e. This condition is similar to the notion
of trace [121], that intuitively carries the concept of independent successive events
that can occurs in any order (A language L € E* is said to be a trace language if
Vei, e € E,Yw,w' € E* : wejeow’ € L and AE; € {E1,...,E,}, e1,es C E;, then
wegeqw’ € L). The notion of trace, however cannot capture the condition on decision
making on adjacent events.

The condition DC3 means that if two strings s and s’ share the same first ap-
pearing common event, then any interleaving of these two strings should be legal in
Ag. This requirement is due to the synchronization of projections of these strings in
Pi(Ag) and Py(Ag). The last condition, DC4, ensures the symmetry of mutual sim-

ulation relations between Ag and P;(Ag)||P2(Ag). Given the determinism of Ag, this
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symmetry is guaranteed when each local task automaton bisimulates a deterministic
automaton, leading to the existence of a deterministic automaton that is bisimilar to
Py(Ag)||P2(As). If Ryt # Ry, then some of the sequences that are allowed in Ag will
be disabled in P;(Ag)||P(As).

A related notion to our work is language decomposability [112,113] that is a
type of decentralized observability [122,123], and is defined as K = LNp; ! (py(K)) N
Py (p2(K)) for language plant L, specification language K and natural projections py,
p2, and means that agents have enough information to retrieve the global specification,
i.e., “any string in K can be distinguished by at least one of the projections p; or po,
otherwise any retrieval should fall in K [112]. This in turn means that any order of
any successive events in any string of K should be legal, or at least one the projections
p1(K) or po(K) should be capable of distinguishing this order. The language decom-
posability also implicitly embodies DC'1 and DC'3, stating that the global languages
specification should contain all possible interleaving languages of all local languages.
The condition DC'4, on the other hand, is relaxed for the language decomposability as
the languages do not capture the nondeterminism; hence, the mutual set inclusion for
two languages implies their equality; unlike the mutual simulation of two automata
that does not imply their bisimilarity, in general. This is identically hold true for the
weaker notion of called language separability K = p; " (p1(K))Np; ' (po(K)) [77]. Au-
tomaton decomposability in the sense of bisimulation, on the other hand, besides the
checking the capability of local plants on decision making on the switches (DC'1) and
orders (DC2) of events, and that the synchronization of local task automata should
not lead to an illegal behavior(DC3); it also requires local task automata to present
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deterministic behaviors (DC4), in order to allow all legal strings of Ag to appear in
Pi(Ag)|Pa(As).

The decomposability conditions can be then paraphrased as follows: Any decision
on order or switch between two transitions that cannot be made locally (by at least
one local controller) should not be critical globally (any result of the decision should be
allowed); and the interpretation of the global task by the team of local plants should
neither allow an illegal behavior (a string that is not in global task automaton), nor

disallow a legal behavior (a string that appears in the global task automaton).

Another point is that in general, the task automaton may contain loops that in-
troduce moves that are successive/adjacent to other transitions. The decomposability
of such automata also can be checked using DC'1-DC4. Examples of decomposable

automata with self-loops are shown in the following example.

e e e e
AA A A
Example 2.2 Consider the automata Aj: %.Q.ﬁ, Ao 9.’;.’ and As:
€2

€1

€1,€2

9(:/' with By = {e1},E2 = {ea}. All of these automata satisfy DC1 and
DC2 as §(qo,e1e2)! A d(qo, e2e1)!.  They also satisfy DC3 since there is no com-
mon event shared between FE; and FE,. Finally, DC4 is also fulfilled for them

since there is no nondeterminism in their local automata. The automaton Aj:
€2

o 1 Q a_ o with By = {a,e1}, Fs = {a,ex} is not decompos-

$oi>o—a>o
able as the parallel compositions of P;(A4) = o “~e >0 and Py(Ay):

e ) €2

) ., O

\.f a_ o is Pi(Ay)||Py(Ay) = o—-0—2>0 2 Ay The
};. a_ o ez$ o ¢62 .

*o———0 —>0
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automaton Ay is not decomposable since it violates DC2; as d(qo,e1e0e2)! but

—|(5(q07 626162))! in A4.

Now, to elaborate the decomposability conditions, following four examples illus-

trate DC'1-D(C'4 for decomposable and indecomposable automata.

Example 2.3 This example illustrates the concept of decision making on switch-
ing between the events. Furthermore, it shows an automaton that satisfies DC?2,
DC3 and DC4, but not DC'1, leading to indecomposability. The automaton Ag:

. e . gwith local event sets E; = {e1} and Fy = {es}, is not decompos-

[} )

able as the parallel composition of Pi(Ag) : —e-—>e and Py(Ag) : —e-—>e is

Pi(As)||P2(As) - e which does not bisimulate Ag. Here, Ag is

[ J a [ J e
not decomposable with respect to parallel composition and natural projections P;
i = 1,2, since two events e; € F1\FEy and e € Ey\ E; do not respect DC'1, as none of

the local plants take in charge of decision making on the switching between these two

events. One can observe that, if in this example e; € E;\Fy and es € Ey\E; were

separated by a common event a € FE; N Es, then o "> 0o with
o

local event sets £y = {e1,a} and Ey = {ey, a}, was decomposable, since the decision
on the switch between e; and a could be made in E; and then E5 could be responsible

for the decision on the order of a and e,.

Example 2.4 The automaton Ag in Example 2.1 shows an automaton that respects
DC1, DC3 and DC4, but is indecomposable due to the violation of DC?2. Here, Ag
is not decomposable since none of the local plants take in charge of decision making
on the order of two events e; € Ej\FE; and es € FEy\E;. The two automata in
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Examples 1.6 and 1.7 satisfy DC?2 as both orders of e; and ey are allowed, before a.
Also, if in Example 2.1 e; € Ej\Es and es € Ey\FE; were separated by a common
event a € E; N E,, then the automaton _. ¢ ‘L o % o 2 ¢ With local event sets
Ey = {e1,a} and Ey = {ey,a}, was decomposable, since the decision on the orders of

e1 and a and then a and ey could be made in £ and then Fs, subsequently. As another

example, consider an automaton Ag: 0o o 2. o . gwith By ={a,e},
o

o ——>0
€1

Ey = {a,ey}. This automaton is not decomposable due to the violation of DC2,

€1

as Pi(Ag)||P(As) : o« s
ol I
!

|

# Ag. The transition (2o, e2e1a)! in

o ——>0
eQJ/

el e
[ ]

(qo, e2e1a)! in Ag. Therefore, Ag is not decomposable. If

€2

1 a
[ ] [ ]

Pi(Ag)||Py(As), but -

[«

the lower branch in Ag was continued with a transition on a after ese;, then the

automaton was decomposable (see Example 1.7).
As another example that satisfies DC'1 and DC3 but not DC2, consider Ag:

e1 .i> PY i>. Wlth E1 = {61,63}, E2 = {62,64}.

/7

Example 2.5 This example illustrates an automaton that satisfies DC1, DC?2
and DC4, but it is indecomposable as it does not fulfill DC3, since new
strings appear in Pj(Ag)||P2(Ag) from the interleaving of two strings in P;(Ag)
and Py(Ag), but they are not legal in Ag. Consider the task automa-

ton Ag: with By = {a,e1}, Ey = {a,ex}, lead-

el [ ] e
/ \ a

o ——>0
e
o —>0
€2
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ing to Py(Ag) = o e e PyAg) oo toe and

o —>©0
€2

Pi(Ag)||Pa(As): o< ¢ <2 ¢ % o 2 o that is not bisimilar to Ag since two strings

lel \Lel
a €2 a €2

O<—0<—0—>0—>0

esa and ejaes are newly generated, while they do not appear in Ag, although both

P (Ag) and Py(Ag) are deterministic.

Example 2.6 This example illustrates an automaton that satisfies DC'1 and DC2,
and DC3, but is indecomposable as it does not fulfill DC4. Consider the task au-
tomaton Ag in Example 1.8, where Ag 2 Pi(Ag)||P2(As) due to the violation of DC4.
The task automaton Ag satisfies DC1 and DC?2 as contains no successive/adjacent

transitions defined on different local event sets. It also satisfies DC3 as any string

in T = {p1(s)|p2(s'),p1(s')|p2(s)} (s and s are the top and bottom strings in Ag
and share the first appearing common event a € E; N Ey), appears in Ag. But,
it does not fulfill DC4, since there exists a transition on string eja from zy to zs
that stops in P;(Ag)||P2(As), whereas, although eja transits from ¢y in Ag, it does
not stop afterwards. This illustrates the dissymmetry in simulation relations be-
tween Ag and Pj(Ag)||P2(As). Note that Ag < Pi(Ag)||P2(As) with the simula-
tion relation R; over all events in F, from all states in () into some states in Z,
as Ry = {(q0,20), (¢1,21), (g2, 22), (g3, 23), (qu, 24)}. Moreover, P;(Ag)||P2(As) < As
with the simulation relation Ry over all events in E, from all states in Z into some
states in @, as Ry = {(20, o), (21, q1), (22, @2), (23, 43), (24, @), (25, q2) }. Therefore, al-
though Ag < Pi(Ag)||P(Ag) and Py(Ag)||P(As) < As, Pi(Ag)||P2(As) 2 Ag, since

I(25, q2) € Ra, whereas (go, 25) ¢ Ry.
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If for stopping of string eja in P (Ag)||P2(As), there was a state in () reachable
from gy by eja and stopping there, then we would have Vg € Q,z € Z : (¢,2) € Ry &
(2,9) € Ry and Py(Ag)||P(Ag) = Ag.

It should be noted that the condition DC4 not only applies for nondeterminism
on common events, but also it requires any nondeterminism on any private event also

to have a bisimilar deterministic counterpart. For example, consider the task automa-

ton Ag: . _ewith Iy = {e1,a}, Ey = {es,a}. The parallel compo-
[ ] o [ ] [ ]
EA ° Tj> °
sition of Pj(Ag): o' o_ . o (with nondeterministic transition on private
o
event e;) and Pp(Ag) & ——e io is Pi(Ag)||P(As): o 2 ¢ Which

[ ]
€1 €1
€2

is not bisimilar to Ag. The automaton Ag: o _e—2s eWith K =
a\ [ T2> [ J
El U E27 El = {aa 61}7 E2 = {a>€2}7 Pl(AS): e1 .*).and PQ(AS)
I
. _e—2. ¢is an example of an indecomposable automaton that violates
—_— /
o,

both DC3 and DC4. It violates DC3 since §)(2o, e1aez)! in Py(Ag)||P2(As), but
—6(qo, e1aez)! in Ag, and it does not satisfy DC4 since P»(Ag) is nondeterministic and
is not bisimilar to a deterministic automaton, leading to a string in P;(Ag)||P(As)

that ey is disallowed after a while there in no such restriction in Ag. If Ag was

A eteste e P S et e s
a\
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was decomposable.

2.3 Conclusion

The chapter proposed a method to check automaton decomposability in order for
top-down supervisory control of multi-agent systems. Given a set of two cooperative
agents whose logical behaviors can be modeled as a parallel distributed system, and a
global task automaton, the chapter has provided necessary and sufficient conditions
for decomposability of the task automaton with respect to parallel composition and
natural projections into two local event sets.

The result says that a task automaton is decomposable if and only if any pair
of adjacent or successive events from different local event sets can be symmetrically
transited in any order; and the interleaving of strings from two local task automata
neither excludes legal strings of the global task automaton, not exceed from the set
of its legal strings.

Next chapter will generalize the proposed approach into an arbitrary finite number
of agents, and furthermore will investigate that whether the fulfillment of local tasks

implies the satisfaction of a decomposable global task automaton.

o1



2.4 Appendix

2.4.1 Proof for Lemma 2.1

We prove Ag < Pi(Ag)||P2(As)) by showing that R = {(q,2) € Q x Z|3s €
E* 0(q0,8) = ¢,z = ([q]1,[¢]2)} is a simulation relation, defined on all events
in £ and all reachable states in Ag. Consider As = (Q,q0, £ = E1 U E»,0),
P(As) = (Qi,q?, Ei,6:), i = 1,2, Pi(As)||P(As) = (Z,20,E,6). Then,

Vg, € Q,e € FE 6(q,e) = ¢, according to the definition of natural projec-

(51([61]“ 6) ifee EZ,
tion (Definition 1.8) [¢']; = , © = 1,2, and due to the

4] ifed E;
definition of parallel composition (Definition 1.9) ([¢']1,[¢']2) € 6,(([g), [q]2).€) =

(61<[q]176>>52<[Q]276))7 ife e EiN EQ;

(61([gl1, e), [ql2) , if e € B\ Ey;

\ ([g]1, 02(lgl2s €)) , if e € Fy\Fy.

This is true for any ¢ € (@, particularly for qo. This reasoning can be re-
peated for any reachable state in (). Therefore, starting from ¢y and taking
(90, 20 = ([q0]1, [q0]2)) € R, from the above construction, it follows that for any reach-
able state in @ (3s € E*,6(qy,$) = q) and ¢ € Q, e € E, 6(q,e) = ¢, there exists
z = ([¢l1,[dl2), 2" = ([¢'lh,[d]2) such that 2’ € §(2,e), and we can take (¢,2) € R
and (¢',2') € R. Therefore, R = {(q,2) € @ x Z|3s € E*,§(qo, 9)!, 2 = ([¢]1,[q]2)} is
a simulation relation, defined over all e € E, and all reachable states in Ag; hence,

As < Pi(Ag)||P2(As).

52



2.4.2 Proof for Lemma 2.2

We use two following lemmas during the proof.

Lemma 2.4 Consider a deterministic automaton As = (Q, qo, E = E1UFEs,6). Then

DC1ADC2 = Vs € E*, 6(qo,5)! = d(qo, p1(8)|p2(9))!] in Ag.

This lemma means that for any transition defined on a string in Ag, all path automata

defined on the interleaving of pi(s) and pa(s) in Py (Ag)||Pa(As) are simulated by Ag,

provided DC'1 and DC2.

Proof: Consider a deterministic automaton Ag = (@, q, F = E1 U Ey,0), a

string s € E*, §(qo,s) = q, and its projections p;(s), pa2(s) with = € §1(xo, p1(s)),

y € 0a(yo,p2(s)) and (z,y) € 0 ((zo,40),p1(s)[p2(s)), in Pi(As), Py(As) and

P(Ag)||P2(Ag), respectively. Any string s can be written as s = wlyl... W&y K,

with w" € [E\(E1NEy)]*, " € (E1NEy)*, p1(wh) = oF = af...af, , af = ¢, pa(wF) =
Br =Bk ﬁk, B =e, p1(VF) = pa(7F) = AF = 75...7&, V& = . The case my = 0,

n, =0, 7, =0, K =0, results in p;(w¥) = ¢, pa(wF) = ¢, v¥ = ¢ and s = . Based on

this setting and the definition of parallel composition, for £k =0, ..., K, i = 0, ..., my,

j=0,..,ngand r =0, ..., r, the interleaving p;(s)|pa(s) is evolved in P;(Ag)||P2(As)
as follows: V(Zpyi,Uets) € Q1 X Q21 (01(Tugi, ), Ukss) € O ((Thetis Ynas)> F),
((61(@pis Oéf), 52(yk+j7ﬁf)) < 5||((61(~Tk+i7 af)7yk+j), 5}“)7 (Thyss 52(yk+ja @k)) €

5\|<<mk+zayk+])7ﬂ]k)a (51(:Ek+i7af)a(S?(yk-‘rjvﬂ]k)) € 5H<(mk+la52(yk+]aﬁjk))7af)a

(61 (xk+mk+ra 77]?)7 02 (yk+nk+7“> PY?{C)) € 5H ((zk+mk+ra yk+nk+7“)7 771?))
Ty ifaf=¢ Yor; B =e¢

with 61 (2, af) 2 , 02(Yn+j, BY) 2 and
Tprip if of # e Yrrjr if 8] # ¢
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(xk-l—mk-&-m yk+nk+7‘) if ’77]? =¢
(51 (xk+mk+7“7 Vqlf)a (52 (yk+nk+r7 Vqlf)) =)

(Thtmptri1s Yerngirrr) A8 # €

Moreover, DC1 and DC?2 collectively imply that Ve, € Ej\Es, ey €
E\E1, ¢ € Q, [0(g,e1)! A d(g,e2)!] V d(q,ere2)! V §(q,eae1)! = (g, ere2)! A
5(q,eze1)! which particularly means that Vk € {0,..K}, VaF, J’?,qi,j e Q,
i = 0,...,my, 7 = 0,...,n 5(qk+i’k+j,afﬁf)! A 5(qk+i,k+j,ﬁ]’?af)! with a simula-
tion relation R(w*) = {((Tkris Ynrs)s Gorikrs)s ((O1(@rsis &F)s Yrig)s 0(@htiforss OF))s

(Treis 52(yk+ja 5?)), 5(Qk+i,kz+j> 5]]?)), (61 (Tps, Oéf), (52(yk+ja /Bf)% (5(Qk+i,k+ja Oéfﬁf))a

(01 (@i @F ), 02 (Yktss B7)), 0 (Qrihrs» Br)) } from transitions defined

on p(wk)|pa(wk) into Ag. For the transitions on the common events, the evolu-

tions are §(qgpmy +rkingir, 70)! in Ag for r = 0, ..., 7%, leading to simulation relation

R(7k> = {<(xk+mk+7"7 yk-‘rnk-‘r’l“)a Qk+mk+r,k+nk+r)7 ((61 (xk+mk+r7 77’?-)762 (yk+nk+m 71]?))7

S(Qrrmysrktngtr, YY)} from transitions on p;(v*)|pa(7*) into Ag. Therefore, for

K
1 =0,....,mg, j=0,...,n r=0,.,r, R= kLioR(wk) U R(+*) defines a simulation

relation from path automata (from zo along p;(s)|p2(s)) in Pi(Ag)||P(Ag) into Ag.

Lemma 2.5 [f DC1 and DC?2 hold true, then Vs, s € E*, §(qo, s)!, 6(qo, s')!, s # &,

PENE, (S), DENE,(S") do not start with the same a € EyNEsy, then 0(qo, p1(s)|p2(s’))!A

8(qo, p1(8")[p2(5))! in Asg.

Proof: The antecedent of Lemma 2.5 addresses three following cases: (Case 1):
s =uwi, & =w); (Case 2): s = wjaws, s = wi, and (Case 3): s = wiaws, s’ = wbwy,

where, wy,w] € [E\(Ey N Ey)|*, we,wh € (B4 U Ey)*, a,b € E; N Es.
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For Case 1, setting K = 1, r, = 0, taking p;(w1) = a = ag...a, € (E1\E)*,
pa(w)) = B = Bj...0L € (E\E)*, pi(w)) = o = o...al,, € (E1\Ey)* and

pa(wr) = B = Po...0n € (E2\E1)*, similar to the first part of Lemma 2.4, it follows

that d(qo, p1(w1)|p2(w)))! and d(qo, p1(w})|p2(wr))! in Ag.

For Case 2, from Case 1 and Lemma 2.4 it follows that §(qo, p1(s)|p2(s))! =

6(qo, [p1(w1)|p2(wy)]api(wa))! and §(qo, p1(s")|p2(s))! = d(qo, [P1(w))[pa(wi)]apa(ws))! in

Asg.

For the third case, from the definition of parallel composition combined

with the first two cases and also Lemma 2.4, 6&(qo,p1(s)|p2(s))! leads to

0(qo, [p1(wi)[p2(wi)]alpr (w2)|p2(w2)])! and &(qo, [pr(wn)|p2(wi)]b[p1 (wh)[p2(ws)])! in Asg

and similarly, §(go, p1(s')[p2(s))! results in 6(qo, [p1(wy)|p2(wi)]alpi(w2)|p2(w2)])! and

6(qo, [pr(wh)|p2(w1)]b[p1 (wh)[pa(wy))])! in As.

Therefore, for all three cases, d(qo, p1(s)|p2(s’))! in Ag and d(qo, p1(s’)|p2(s))! in
Ag. i
Now, Lemma 2.2 is proven as follows.

Sufficiency: The set of transitions in P;(Ag)||P2(As), can be defined as T =

p1(s)[p2(s’)

(8)lp(s") .
{(@o,50) "B (2, ) € Q1 x Qs}, where, (z0,90) " 253 (2,y) in P,(As)|| Pa(As)
is the interleaving of transitions x M x in P(Ag) and 1, pﬁg y in Py(Ag) (pro-
jections of transitions ¢y — ¢ and qq N ¢, respectively, in Ag). T can be divided

into three sets of transitions corresponding to a division {I'1,I'5, '3} on the set of

interleaving strings I' = {p1(s)|p2(s')|q0 — ¢, qo LN q7,q,¢ € Q,s,s € E*}, where,

[y = {p1(s)[p2(s’) € Tls = &'}, Ty = {p1(s)|pa(s’) € ['|s # ', ppinm, (s) and pp,np, (s)
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do not start with the same event}, and I's = {p;(s)|p2(s’) € ['|s # ', pp,nE,(s) and
PEinE, (8') start with the same event }.

Now, provided DC1, DC2 and DC3, for any s, s', §(qo, s)!, 6(qo, s')!, in Ag, both

d(qo, p1(s)|p2(s))! and 0(qo, p1(s')|p2(s))! are guaranteed, for I';, due to Lemma 2.4;
for I'y, due to Lemma 2.5, and for I'3, due to the combination of DC'3 and Lemma
2.4 (for simplification, in DC3, s and s’ can be started from any ¢, instead of ¢g, and
the strings between ¢p and ¢ are checked by Lemma 2.4).

Necessity: The necessity is proven by contradiction. Suppose that Ag simulates
Pi(Ag)||P2(As), but ey € Ej\Eq,es € Es\E1,q € Q,s € E* s.t. (1): [d(q,e1)! A
d(q, e2)!] A=[0(q, ere2)! Ad(q, eseq)!]; (2): —[d(q, e1e25)! < (g, eae18)!], or (3): Is, s’ €

E*, sharing the same first appearing common event a € E1 N Ey, s # s, q € Q:

6(g,8)! A o(q, ") A =[0(g, pr(s)Ip2(s')! A d(q, pr(s')p2(s))!].

In the first case, due to the definition of parallel composition, the expression
[6(q,e1)! A (g, e2)!] leads to 0)(z,e1e2)! = 0)(z,e2e1)!, where z € Q1 x Q2 in
Py (Ag)||P2(Ag) corresponds to ¢ € @ in Ag. Therefore, §(z,e1e2)! A §)(2, eze1)!,
but, —=[0(q, e1e2)! A (g, e2e1)!]. This means that Py(Ag)||P2(As) A Ag which is a
contradiction. The second case means Jde; € FE1\FEy, 65 € F)\F1,q € Q,s € E* s.t.
[0(q, e1629)!V 0(q, eae15)!] A—[0(q, e1e2s)! A(q, eae18)!]. From the definition of parallel
composition, then §(g, e;e25)! V 0(q, e2e15)! implies that d)(z, e1e2)! = 0)(z, e2e1)!, for
some z € (1 X )y corresponding to ¢ € (). Consequently, from the definition of
transition relation and Ag < Pi(Ag)||P(As) it turns to d) (2, e1e2s)! = 0)(2, e2e15)!,

meaning that d)(z, e1eas)! A 9)(2, e2€15)!, but, —[0(q, e1e25)! A 6(gq, eze15)!]. This in
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turn contradicts with the similarity assumption of Py (Ag)||P(Ag) < Ag. The third

case also leads to the contradiction as it causes the violation of the simulation rela-

tion from P;(Ag)||P2(As) into Ag as 0(q, s)! A d(q,s')! leads to d)(z, p1(s)|p2(s'))! A

011(2, p2(s)|pr(s")! in Pr(Ag)|[ Po(As), whereas =[3(g, p1(s)[p2(s))! A0 (g, pa(s)[pr(s)!]-

2.4.3 Proof for Lemma 2.3

Following three lemmas are used during the proof of Lemma 2.3. The first lemma
is used for the combination of bisimilarity between automata using parallel composi-

tions.

Lemma 2.6 If two automata Ay and Ay (bi)simulate, respectively, Ay and As, then

Ay || Ay (bi)simulates Ay || As, i.e.,

1. (Al =< AQ) A (Ag = A4) = (Al || Ag =< AQ || A4),’

2. (A1 = AQ) A (Ag = A4) = (Al || Ag = AQ || A4)

Proof: The first part of this lemma is proven by showing that the relation R =
{((q1,93), (g2, q4))|(q1,q2) € Ry and (g3,qs) € Rs} is a simulation relation, where, R;
and Ry are the respective simulations from A; to Ay and from Az to Aj.

Consider A; = (Q;,¢Y, Fi,6:), i = 1,..,4, Ail|A3 = (Q13,(),¢)),E =
E1 U E3,613), As)|As = (Q24,(83,4)),E = E3 U Ey,004), By = E3 and Ey =
Ey.  Then, Y(q1,q3),(q1,q3) € CQi3, e € E, ¢ € @2, qu € Q4 such that
(q1,93)" € 013((q1,93),€), (q1,92) € Ry and (g3,q4) € Ry, according to the def-

inition of parallel composition (Definition 1.9), we have (¢1,¢3) = (q1,¢5) =
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(51<q1a 6)753@3, 6)) ) if 51(611’ 6)!, 53((1376)!7 ec El N E37

(d1(q15€),a3) if 61(q1,e)!, e € Ey\Ej; and due to the defini-

L (QI753(Q376))7 if 53((137 6)!7 ES E3\E17
tion of simulation (Definition 1.11), A; < Ay and A; < A4, it follows that

(

gl € Qi, q; € 6i(qi,e),i=2,4 ife€ EyNEy

N 3¢ € Qa, ¢, € 62(qo, €) if e € By\E,
\ g} € Q4,4 € 64(qu,€) if e € B4\ Es
This, in turn, due to the definition of parallel composition implies
tl}at I(q2,q1)" = (¢h,qy) € Qo4 such that (go,q1) € 024((q2,qu), ) =
(02(q2,€),04(qa, €)), if e € B3N Ey;
(02(q2,€),q4) , if e € Fo\ Ey;
\ (¢2,04(gs,€)) if e € Ey\Ey.

Therefore, V(q1,¢3), (q1,q3) € Qi3, (q2,q4) € @24, ¢ € E, such that
(¢1,93)" € 015((q1,43),€) and ((q1,43), (92, q4)) € R, then (g2, qs)" € Q24, (g2,q1)" €
02,4((q2, @), €); ((a1,03), (a2, @4)') € R. This together with ((q7,¢3), (62, 44)) € R, by
construction, leads to A;||As < As||A4.

Now, to prove the second part of Lemma 2.6, we define the relation R =
{((q2,q4) (q1,83))|(q2, 1) € Ry and (qu,q3) € Ry}, where, R; and R, are the re-
spective simulation relations from A; to A; and from A4 to Az, and then similar
to the proof of the first part, we show that R is a simulation relation. Now, to
show that A;||As = As||A4 it remains to show that V(q1,q3) € Q13, (g2, q4) € Qaa:
(q1,8), (2, qu)) € R < ((q2,q4),(q1,q3)) € R. This is proven by contradic-

tion. Suppose that 3(q1,q3) € Qu3, (¢2,q) € Q24 such that ((¢1,¢3), (g2, q4)) €
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R A ((q2,q0), (@1, q3)) € R, or ((g2,q4), (q1.93)) € RA ((q1,43), (@2, 4)) ¢ R. We

prove that the first hypothesis leads to a contradiction, and the contradiction of

the second hypothesis is followed, similarly. The expression ((q1,¢q3),(q2,q4)) €

R A ((QZ7q4)7(q17q3)) ¢ R means that ElS € E*a (Q1>CI3) S 61,3((q(1)7QE’,))78)7
(QQ7q4) S 52,4((‘]3;‘]2);3)7 ve € E7 51,3(((]17(]3)76)!: 52,4((92;@4)76)!§ but7 30— € E7

92.4((q2,qa), o)! A =613((q1,43), 0)!. From Definition 1.9, d24((¢2,qs),0)! means that
4

52((]2,0')!,(54((]4,0’)! if e c E2 N E4,

52((]2, O')' ifee EQ\E4,

(54((]4, 0')' ifee E4\E2.
\ _
Consequently, from (g2,q1) € Ry and E;, = Ey (due to A1 = Aj), (q4,q3) €

Ry and F3 = E; (due to A3 = A,), and Definition 1.11, it follows that
(
51((]1,0')!,(53((]3,0’)! if@EEQﬂE4IElﬂE3;

o1 (qr, 0)! if e € Fy\Ey = Ey\Es; , that from Definition 1.9 leads to

(53((]3, 0')' if e € E4\E2 = Eg\El.
\
91.3((q1,¢3),0)! which contradicts with the hypothesis and the proof is followed. B

Next, the following lemma is introduced to characterize the symmetric property

between simulation relations.

Lemma 2.7 Consider two automata Ay and As, and let Ay be deterministic, A1 < A,
with the simulation relation Ry and Ay < A1 with the simulation relation Ry. Then,

Ry = Ry if and only if there exists a deterministic automaton A) such that A} = A,.

Proof:
Sufficiency: A; < A, Ay < A; and A} = Ay, collectively, result in A; < A

and A} < A;, that due to the determinism of A; and A} lead to A; = A}. Finally,
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since A] & A,, from the transitivity of bisimulation, A; = A,, and consequently,
Ri' = R,.

Necessity: The necessity is proven by contradiction as follows. Consider two
automata A; = (X, xo, F,01), Ay = (Y,yo, F,02), let A; be deterministic, A; <
Ao with the simulation relation R;, Ay < A; with the simulation relation R, and
suppose that R;' = Ry (and hence A; = A,), but there does not exist a deterministic
automaton A} such that A} = A,. This means that 3s € E*, 0 € E, y;,y2 € Y,
Y1 € 02(yo, ), Y2 € 02(yo, ), 02(y1,0)!, but =d2(ys, 0)!. From Ay < Ay, y1 € da2(yo, s) A
d2(y1,0)! it implies that 3z € X, 01(z0,s) = 21 A 01(21,0)!. On the other hand, A,
is deterministic; hence, Vxy € X, 01(x9,8) = 12 = 3 = x1. Therefore, Ay < A
necessarily leads to (y2,21) € Re. But, 3o € E such that 0;(z1,0)! A =62(ys, 0)!,
meaning that (ys, 1) € Ry A (21,1) € Ry, ie., Ry' # Ry, that contradicts with the
hypothesis, and the necessity is followed. ]
Next, let A; and As to be substituted by Ag and P;(Ag)||P.(Ag), respectively, in
Lemma 2.7. Then, the existence of A} = A in Lemma 2.7 is characterized by the

following lemma.

Lemma 2.8 Consider a deterministic automaton As and its natural projections
Pi(As), i = 1,2. Then, there exists a deterministic automaton Aly such that
Ay = Py(Ag)||P2(As) if and only if there exist deterministic automata P!(Ag) such

that PZ/(AS) = B(As), 1= 1,2

Proof: Let As = (Q,q0, E = E; U Ey, ), Pi(As) = (Qi,q, E;,0;), P/(As) =

( ;?qé,iaEia(S/')v o= 1,2 PI(AS)HP2<AS) = (Z7207E75H)7 P1/<AS>HP2/(AS) =

7
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(7', 2, E, (5|’|). The proof of Lemma 2.8 is then presented as follows.

Sufficiency: The existence of deterministic automata P/(Ag) such that P/(Ag) =
Pi(Ag), i = 1,2 implies that 0] and ) are functions, and consequently from definition
of parallel composition (Definition 1.9), 4], is a function, and hence Pj(Ag)||P3(As)
is deterministic. Moreover, from Lemma 2.6, P/(Ag) = Pi(Ag), i = 1,2 leads to
Pl(Ag)||Py(As) = Pi(Ag)||P(As), meaning that there exists a deterministic au-
tomaton A = P[(Ag)||P5(As) such that Ay = Pi(Ag)||Pa(As).

Necessity: The necessity is proven by contraposition, namely, by showing that
if there does not exist deterministic automata P/(Ag) such that P/(Ags) = P;(Ags),
for i =1 or ¢ = 2, then there does not exist a deterministic automaton A’ such that
Al = Pi(Ag)|| Py(As).

Without loss of generality, assume that there does not exist a deterministic au-
tomaton Pj(Ag) such that P{(Ag) = Pi(Ag). This means that 3¢,q1, ¢ € Q, e € Ey,
ti,ty € (EQ\E))*, t € E*, §(q,t1e) = qi, 6(q,te) = q2, 0(q1,1t)!, but ;' € E*,
d(qo,t")!, such that pi(t) = pi(¥'), that particularly results in 0(qy,t)! A =d(go, t').
From 6(q1,t)! A —6(go,t')!, the definition of natural projection and Lemma 2.4, it fol-
lows that [g1]1 € 01([g]1,€), d1([a]r, p1(8)!; lg2]r € 01([ghr, €), —01([ga]1, 1 (D)), [m]2 €
02([gl2, tipa(€)), Oa([qnl2, p2(1))!, (lar]y, [ar]2) € 0y ((lals, [al2), tre), 0y(([ar], [m]2), )Y;
whereas, ([g2]1, [q1]2) € 0(([a], [gl2), t2e), =0 (([g2]r, [@]2),#)!, implying that there
does not exist a deterministic automaton A’ such that Ay = Pj(Ag)||P(As), and

the necessity is proven. ]

Now, Lemma 2.3 is proven as follows.
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Sufficiency: DC4 implies that there exist deterministic automata P/(Ag) such
that P/(Ag) = Pi(Ag), i = 1,2. Then, from Lemmas 2.6 and 2.8, it follows, respec-
tively, that P[(Ag)||Py(As) = Pi(Ag)||P2(As), and that there exists a deterministic
automaton Ay = P{(Ag)||Ps(As) such that A = P(Ag)||P(As) that due to Lemma
2.7, it results in R;' = Ry.

Necessity: Let Ag be deterministic, Ag < Pi(Ag)||P2(As) with the simulation
relation Ry and Pj(Ag)||P2(As) < As with the simulation relation Ry, and assume by
contradiction that R;' = R,, but DC4 is not satisfied. Violation of DC4 implies that
for i = 1 or i = 2, there does not exist a deterministic automaton P/(Ag) such that
P/(As) = P;(Ag). Therefore, due to Lemma 2.8, there does not exist a deterministic
automaton Al such that Ay = Py(Ag)||P2(As); hence, according to Lemma 2.7, it

leads to R;' # Ry which is a contradiction; hence, the necessity is proven.
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Chapter 3

Cooperative Tasking for n Agents

3.1 Introduction

This chapter continues the work in Chapter 2 and generalizes the proposed top-down
cooperative control into an arbitrary finite number of agents. As the first attempt,
this chapter proposes a hierarchical algorithm as a sufficient condition. If the algo-
rithm proceeds up to the end to complete the decomposition, then, the satisfaction
of local specifications leads to the satisfaction of the global specification by the team.
However, the hierarchical approach depends on the order of local event sets to be
chosen in each stage for decomposition. Moreover, since it is a sufficient condition
only, there will be no conclusion on the task decomposability, when the hierarchical
algorithm does not proceed for decomposition. Therefore, it would be advantageous
if the necessary and sufficient decomposability conditions could be developed for an
arbitrary finite number of agents. The conditions would be able to check the decom-
posability, in one stage. Moreover, if the conditions are also necessary, then violation
of one of them will result in the indecomposability of the global specification. For
this purpose, this chapter provides necessary and sufficient conditions for the decom-
posability of a global task automaton, with respect to an arbitrary finite number of
agents, based on the capability of the agents on decision making on the order and
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selection of events, the interleaving of synchronized strings and the determinism of
bisimulation quotients of local task automata. Moreover, together with the properties
of parallel composition, it is also proven that if local controller automata exist such
that local task automata are satisfied in the sense of bisimulation, the global task

automaton will be guaranteed to be satisfied by the team of agents.

The rest of the chapter is organized as follows. As the first step, Section 3.2, intro-
duces the algorithm for the hierarchical extension of the automaton decomposition for
more than two agents. This section also shows that if local controllers exit to enforce
local task automata, the entire closed loop system will satisfy the global specification.
To illustrate the hierarchical task decomposition, an implementation result is given on
a cooperative multi-robot system example in Section 3.3. Afterwards, Section 3.4 dis-
cusses that the hierarchical algorithm is sufficient only, and consequently, introduces
the necessary and sufficient conditions for the decomposability of an automaton with
respect to parallel composition and an arbitrary finite number of local event sets. The
cooperative multi-robot system example is also revisited in this section to be handled
by the proposed necessary and sufficient conditions. This section also discusses two
special cases. Firstly, when an agent has all events of the global event set, it serves
as a centralized decision maker for all orders and selections, and the conditions on
decision making will be relaxed. Secondly, when the event set can be partitioned into
mutual exclusive clusters of local event sets, such that the task automaton is decom-
posable from the perspective of each cluster, then the decomposability of the global
task automaton is reduced to the global decision making on the orders and selections

between transitions. Finally, the chapter concludes with remarks and discussions in
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Section 3.5. The proofs of lemmas and propositions are given in the Appendix.

3.2 Hierarchical Decomposition

The previous chapter addressed Problem 2.1 and presented necessary and sufficient
conditions for the decomposability of an automaton with respect to the parallel com-
position and two local event sets. However, in practice, multi-agent systems are
typically comprised of many local agents that work as a team. To generalize the
result, a hierarchical algorithm is proposed here to the case of arbitrary finite number
of agents. Consider a task automaton Ag to be decomposed with respect to parallel
composition and local event sets F;, i = 1,2,...,n, so that £ = ngz We propose
the following algorithm as a sufficient condition for the hierarchical decomposition of

the given task automaton.
Algorithm 3.1 (Hierarchical decomposition algorithm)

1. E= QlE S={E,...E)}, K=1{1,..,n}.

2.0 =1, find k € K such that ¥; = E, € 3, %; = je%\kEj’ so that Ag
satisfies decomposability conditions DC1-DC4 in Theorem 2.1, i.e., Ag =
Py, (As)|| Pg,(As).

3. K=K\k, ¥={E;}jex, As = P5,(As), i =i+ 1, go to Step 2.

4. Continue until i = n — 1 or no more decomposition is possible in i = m — 1,

m <n. Then ¥,, = X,,_1; hence, Ag is decomposable with respect to parallel

composition and natural projections into {3q,--- ,%,,} C X, if the algorithm
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proceeds up to 1 =m — 1.

Remark 3.1 The computational complexity of the algorithm in the worst case is of
order O(n?(|E|? x |Q| x K+a€E§nE2|pa(L(As))|2)), where k = terg&:g)ﬂh assuming the
number of appearing events as the length of loops. In practice, during the iterations,
|E| is replaced by j@lEj which is decreasing with respect to iteration. Moreover, the
second term in the complexity expression shows that the less number of common
events and the less appearance of common events in Ag, the less complexity. The
algorithm will terminate due to finite number of states and local event sets. If the
algorithm successfully proceeds to step n — 1, the automaton Ag is decomposable
and we obtain a complete decomposition of the global specification into subtasks for

each individual agent. However, it is unclear whether the algorithm can successfully

terminate for any decomposable task automaton (necessity).

Once the task is decomposed into local tasks and the local controllers exist for
each local plant, the next and more important question is guaranteeing the global
specification, provided each local closed loop system satisfies its corresponding local

specification.

Problem 3.1 (Cooperative Tasking Problem) Consider a plant, represented by a par-

allel distributed system || Ap,, with local event sets E;, i = 1,...,n, and let the
i=1

global specification is given by a decomposable deterministic task automaton Ag, where
Ag =2 || P;(Ag) with E = GlEZ Then, does designing local controllers Ac,, so that
i=1 =

Ac, || Ap, = Pi(As), i = 1,--- ,n, derive the global closed loop system to satisfy the

global specification Ag, in the sense of bisimilarity, i.e., || (Ac, || Ap,) = Ag?
i=1
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Following result provides a sufficient condition for Problem 3.1, using the hierar-

chical decomposition method.

Theorem 3.1 (Hierarchical Cooperative Tasking) Consider a plant, represented by

a deterministic parallel distributed system Ap = || Ap,, with given local event sets
i=1

E;, 1=1,...,n, and given specification represented by a deterministic automaton Ag,
with B = ngZ If the Algorithm 3.1 continues up to i = n — 1, and there exist
local controllers Ac,, so that Ac, || Ap, = Pi(Ag), i = 1,2,--- ,n, then the global
closed loop system satisfies the global specification Ag, in the sense of bisimilarity,

n

e, || (Ag,

i=1

Ap) = Ag.

Proof: Algorithm 3.1 is a direct extension of Theorem 2.1 combined with the asso-
ciativity property of parallel decomposition [46]. Then, provided DC1-DC4 in each
step and choosing local controllers A¢,, so that A¢, || Ap, = Pi(As), i =1,2,--- | n,
due to Lemma 2.6 leads to ﬁ (Ac,

=1

Now, if DC'1-DC4 are reduced to DC1-DC'3 (Theorem 2.1 is reduced into Lemma

Ap,) = || Pi(As) = As. ]
=1

2.2), then | P;(As) = Ag is reduced into || P;(As) < As; hence, choosing local
i=1 =

= =1

controllers Ac,, so that A¢, | Ap, < Pi(As), i =1,2,--- n, due to Lemma 2.6 leads

n
to || (Ac,
i=1

Ap) < || Pi(As) < Ag. Therefore,
=1

1=

Corollary 3.1 Considering the plant and global task as stated in Theorem 3.1, if
DC1-DC4 is reduced to DC1-DC3 in Algorithm 3.1 and it continues up toi =n—1,
then the existence of local controllers Ac,, so that A¢, || Ap, < Pi(Ag), 1 =1,2,--- ,n,
derive the global closed loop system to satisfy the global specification Ag, in the sense

of similarity, i.e., || (Ag,
i=1

APi) < As.
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3.3 Example

Consider the cooperative multi-robot system in Examples 1.3 and Figure 1.4.

We check decomposability condition for this global task automaton with re-
spect to ¥y = F, and ¥y = FE, U B3 for the first stage in Algorithm 1.
Firstly, {ha, Rato2, Ryin2} C 21\2_]1 can occur in any order with respect to
{h1, RitoDy, RionD1, hs, Rsto3, R3in3, RstoDy, RsonDy, FWD} = Y\%, as it is
shown in the global automaton in Figure 1.5, satisfying DC'1 and DC2. Moreover,
Dyopened, Rsinl and r are common events, provided by Ry, Ry and Rj3, respectively,
and informed to other two robots upon occurrence. Since {Djopened, FW D} C
Y1, {Ryin2, Diopened} C X1, {Diopened, Rytol} C ¥, {Rytol, Ryinl} C
Y1, {Ryinl, BWD} C %, {BWD, Diclosed} C ¥, {Diclosed, Rstol} C X,
{Rstol, Rzinl} C Xy, {Rginl,r} C 3y, {r,h} C %y, {r,ho} C Xy, {r, hs} C 3y;
hence, all these successive transitions satisfy DC1 and DC2. Furthermore, all com-
mon events {Djopened, Ryinl,r} C ¥; N ¥, appear in only one branch; hence,
DCS3 is satisfied. Finally, Py, (Ags) and Pg (Ag) are both deterministic; hence,
DC4 is satisfied. Therefore, due to Theorem 2.1, Ag can be decomposed into
Py(Ag) = P, (Ag) = Ay and Py 3(As) := Prurs(As) = Ps, (As).

For the second stage, the private transitions defined over F;\F3 =
{h1, RitoDy, RionD;} can occur in any order with respect to the transitions defined
over the private local event set {hs, Rsto3, R3in3, RstoD, RsonD1} C E3\FE;. More-
over, { RsonD, FW D} C E3, {RyonDy, FWD} C Ey, {FW D, Dyopened} C EyNE3,

{Diopened, Ryinl} C E1NE3, {Reinl, BWD} C E1NEs, {BWD, Dclosed} C E1N
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i

Figure 3.1: Pg,up,(As) for the team {R;, R3} and Py(Ag) for Rs.

Es, {Diclosed, Rstol} C Ej3, {Rstol, Rginl} C Es3, {Rsinl,r} C E3, {r,h3} C FEj3
and {r,h1} C E;. Therefore, DC1 and DC?2 are satisfied. Furthermore, since all
common events { FW D, Dyopened, Ryinl, BW D, Diclosed,r} C E; N E3 appear in
only one branch in P, 3(Ag), therefore, there are no pairs of strings violating DC'3;
therefore, DC3 is also satisfied. Moreover, P;(Ag) and P3(Ag) are both deterministic,
and consequently, P, 3(Ag) satisfies DC4. Therefore, P; 3(Ag) is decomposable into
Pi(As) and P3(Ag). The results of two decomposition stages are shown in Figures
3.1 and 1.6, such that P;(Ag) || Pa(As) || P3s(As) = Asg.

This scenario has been successfully implemented on a team of three ground robots,

shown in Figure 1.4.
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3.4 Necessary and Sufficient Decomposability

Conditions for n Agents

3.4.1 Link to the result for two agents

This part proposes necessary and sufficient conditions for task automaton decompos-

ability problem (Problem 2.1), for an arbitrary finite number of agents.

Theorem 2.1 showed the decomposability of an automaton with respect to the
parallel composition and two local event sets. However, in practice, multi-agent
systems are typically comprised of many individual agents that work as a team. For
this purpose, previous section introduced a hierarchical decomposition method to
handle only two individual event sets at each step for partitioning: an event set; and
the set of the rest of event sets. If the algorithm successfully terminates, then the
decompositions can be obtained, and subsequently, the proposed top-down approach
can by applied, however, the algorithm depends strongly on the order of the event
sets that are chosen for decomposition (see Example 3.1 as follows). In addition, as
it is illustrated in Example 3.2, the algorithm is sufficient only, which means that if
the algorithm successfully terminates, then Ag is decomposable, otherwise, there is

no conclusion on its decomposability.

Example 3.1 Consider Ag: P B A TS with £ =
— 0 /
s o "0 .o . e P

E1 U EQ U Eg, E1 = {CE, 61}, E2 = {CL,b,GQ}, E3 = {b, 63}. This automaton

is decomposable as Ag = Pi(Ag)||P(As)||P3s(As) = Pi(Ag)||(P(Ag)||P3(As)) =
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By(As)[I(P(As)[[Pa(As)) = Pa(Ag)[[(Pi(As)[|P3(As)).  In this  example,
Pr,ups(As) =2 Py(Ag)||Ps(As) and Prug,(As) = Pi(Ag)||Pa(As), but Pg,ug, (Ag) 2
Pi(Ag)||P3(As). This means that while choosing P;(Ag) or P3(Ag) as the first set
allows the hierarchical algorithm to proceeds up to Ag = P(Ag)||P(As)||Ps(As),

~

choosing P»(Ag) will stuck the algorithm in the second step as Ag

Py(As)||PryuEs(As), but Pryup,(As) 2 Pi(As)||Ps(As).

Example 3.2

The autOl’IlatOIl AS: €2 ° b ) €3 ° ¢ ° s ° d .With E -

[
af
a ) b €3 c €5

[ [ ] [ J [ ] [ [

El U E2 ) E?n El = {&,C,d,€1,€5}, E2 = {a>b7d762}7 E?) = {6,0,63}, Pl(AS):

y' ¢ e e 4. o , Py(Ag) = e b0 2o el
H.\
(lNg . g .9 Fogo d °
~J b € : ~J
and  P3(Ag) = —~eo-—>e0-—>e-%e, is decomposable as Ag o

Pi(Ag)||P2(As)| | P3(As) = Pi(As)||(Pa(As)|[Ps(As)) = Ps(As)|[(Pi(As)||P2(As)) =
Py(As)||(P1(As)[|P5(As)), although Pp,up,(As) 2 Pr(As)||P3(As), Peup,(As) #
Pi(As)||P2(As) and Pgup,(As) 2 Pi(As)||Ps(As). This means that although Ag
is decomposable with respect to Pj(Ag), Py(Ag) and P3(Ag), choosing any of local
event sets Fy, Fy and Ej3 passes the first stage of the hierarchical decomposition, but

the algorithm will stuck at the second step.

Therefore, it would be very advantageous if we can find necessary and sufficient
conditions for the decomposability of a deterministic automaton with respect to an

arbitrary finite number of local event sets. The proposed conditions should be inde-
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pendent of the order of the local event sets and should give us more insights on the
cooperative tasking among agents. The main efforts in the rest of this chapter are to
generalize the decomposability conditions DC1-DC4 for an arbitrary finite number

of agents.

The first difficulty is to generalize DC'1 and DC?2 for more than two agents. For
two-agent case, DC'1 and DC?2 rely on the notion of “private events from different
local event sets” (e; € E1\E, and e; € E,\FEq), namely, an event is either private
(belongs to the union but not the intersection of local event sets) or common (belongs
to both local event sets). For more than two agents, on the other hand, the notion
of common event should be replaced by the notion of “shared events”, namely, the
events that belong to more than one agent. Accordingly, the first two decomposability
conditions are required to be restated based on the notion of shared events, as the
following lemma. In this perspective, the first two conditions say that for any decision
on selection (defined by adjacent events) or decision on the order (defined by successive
events) there should exist at least one agent capable of the decision making (at least
one local event set containing both events) or the decision is not important (both
orders are legal).

The third condition, DC3, also is not easily generalizable, and a more restrictive
condition is given for n agents. For two-agent case, the pairs of identical strings
sharing common events were excluded as they were already checked by the first two
conditions. For more than two agents, however, due to difficulty in the exclusion of

different permutation of strings, a more restrictive condition is introduced, in the sense
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that the third condition may check some strings that have been already checked by
the first two conditions on the selection and order decision makings. Nevertheless, the
new conditions are necessary and sufficient conditions for an arbitrary finite number
of agents and do not depend on the order of agents. Moreover, to mitigate the
restrictiveness of the third condition, it will be shown that for mutually exclusive
clusters of event sets the third and fourth conditions are required to be checked only
for each cluster.

Once DC1-D(C'3 are generalized, the fourth condition DC'4 is already in the form
that can be generalized for any number of agents, stating that for any local task
automaton, there should exist a deterministic bisimilar automaton.

Before stating the main result, firstly, an alternative representation on DC'1 and
DC?2 is given in the following lemma, by replacing Ve; € FEj\FEs, 65 € Ey\E; (two
events from different local event sets) with Ve, e; € E,VE; € {Ey, Ex}, {e1,e2} & E;
(two independent events that no local event set contains both of them). This provides

a way to generalize the first two decomposability conditions for more than two agents.

Lemma 3.1 Consider a deterministic automaton Ag = (Q,qo, E = Ey U Es, ) and

natural projections P;, © = 1,2. Then the following two cases are equivalent

1. V@l S El\EQ,GQ € EQ\El,(] € Q, S € E*,
e DC1: [0(q,e1)! ANd(q,e2)!] = [6(q, ere2)! A d(q, eaer)!];
e DC2: 6(q,e1e28)! < (g, exe18)!

2. V€1,62 € E,VEZ S {El,EQ}, {61,62} ¢ El,q S Q, se bk
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e DC1: [0(q,e1)! ANd(g,e2)!] = [6(q, ere2)! A d(q, eaer)!];

e DC2: 6(q,e1e25)! & (g, exe18)!

Proof: See the proof in the Appendix. B

The decomposability conditions for an arbitrary finite number of agents will be

then given in the next part.

3.4.2 Necessary and Sufficient Decomposability Conditions

for n Agents

n
In order for Ag = || P;(Ag), from the definition of bisimulation, it is required to
i=1
n

have Ag < || Pi(As); || P (As) < Ag, and the simulation relations are inverse of
A ,

1= i=1
each other. These requirements are provided by the following three lemmas.

n

Firstly, || P;(Ags) always simulates Ag. Formally:
i=1

Lemma 3.2 Consider a deterministic automaton Ag = (Q,qO,E = Ei,é) and
i=1

natural projections P;, i = 1,...,n. Then, it always holds that Ag < || P; (As).
i=1

Proof: See the proof in the Appendix. B

n

The similarity of || P; (Ag) to Ag, however, is not always true (see Examples 3.5,
i=1

3.6, 3.8 and 3.9), and needs some conditions as stated in the following lemma.

Lemma 3.3 Consider a deterministic automaton Ag = (Q,QO,E =U EZ-,5> and
=1

1=
n

natural projections P;, i = 1,...,n. Then, || P;(As) < As if and only if Vey,es €
i=1

E,q c Q,S € E*,VEZ c {El, ,En} , {61,62} gZ Ez
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o DC1: [0(q,e1)! Ad(q,e2)!] = [0(q, ere2)! A d(q,ezeq)!];

e DC2: 0 (q,e128)! < 0 (q,e2e19)!;

e D(C3: 5(q0,.7|L1M)!, V{s1," - ,Sn} € Z)(As), Jsi,s; € {s1,--+,sn}, 8 #
s;, where, L(As) C L(Ag) is the largest subset of L (Ag) such that Vs €
L(Ag),3s' € L(Ag), 3B, E; € {Ey,....,E,},i # J,PEnE, (8) and pg,ng; (5)

start with the same event.

Proof: See the proof in the Appendix. |

Next, we need to show that for two simulation relations R; (for Ag < || P; (As))
i=1

and Ry (for || P;(Ag) < Ag) defined by the previous two lemmas, R;' = R,.
=1

1=

Lemma 3.4 Consider an automaton As = (Q,q0, E = Ei U Ey,§) with natural

projections P;, i = 1,...n. If Ag is deterministic, Ag < || P;(Ag) with the sim-
i=1

ulation relation Ry and || P;(As) < As with the simulation relation Rs, then
i=1
Ri' =Ry (ie,Yq € Q, z€ Z: (2,q) € Ry & (q,2) € Ry) if and only if DC4:
Vie {l,..,n}, x,x1,29 € Q;, 1 # x9, € € E;, t € Ef, 11 € §;(x,¢€), x9 € 6;(x,€):

52'(%‘1, t)' =4 61'(1;27 t)'

Proof: See the proof in the Appendix. |

Based on these lemmas, the main result on task automaton decomposability is

given as follows.

Theorem 3.2 (Task Decomposability for n Agents) A deterministic automaton Ag =
(Q, 790, E = Ei, (5) 18 decomposable with respect to parallel composition and natural
i=1

n

projections P;, i = 1,...n such that As = || P;(As) if and only if As satisfies
i=1
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the following decomposability conditions (DC'): Vej, e € E,q € Q,s € E*VE; €

{El, ,En} s {61,62} ¢ Ez

e DC1: [0(q,e1)! Nd(q,e2)!] = [0(g, ere)! A (g, eaer)!];
e DC2: 6 (q,e1e98)! < 0 (q,e2e19)!;

o DC3: 5(Q07 | pz(sz))'; v{817”' asn} € E(AS); Elsiasj € {517“' asn}7si 7£

i=1
s;, where, L(Ag) C L(Ag) is the largest subset of L(Ag) such that Vs €

-E (AS) ’ ds' € -Z/ (AS)v ElE’ME] € {Eh SET) En} 7i 7é japEiﬂEj (8) and PE;nE; (3/)

start with the same event, and
e DC4: Vi € {1,...,n}, xz,x1,09 € Q;, ©1 # Ty, ¢ € E;, t € Ef, 11 € §;(x,e),

To € (5l($’,€) (SZ(.]?l,t)' =4 5Z<£L'2,t)'

Proof: According to Definition 1.11, Ag = || P, (Ag) if and only if Ag < || P; (As)
i=1 i=1

n

(that is always true due to Lemma 3.2), || P, (Ag) < Ag (that it is true if and only

I
i=1
if DC1, DC2 and DC3 are true, according to Lemma 3.3) and R = R, (that for a

n
deterministic automaton Ag, when Ag < || P; (Ag) with simulation relation R; and

=1
n

| P (Ag) < Ag with simulation relation Ry, due to Lemma 3.4, R;* = Ry holds
i=1

true if and only if DC4 is satisfied). Therefore, Ag =

7

3

| P;(Ag) if and only if DC1,

1

DC?2, DC3 and DC4 are satisfied. ]

A more insightful set of expressions for DC'1 and DC?2 are presented in the fol-

lowing lemma.

Lemma 3.5 Consider a deterministic automaton As = (Q,q, F = | E;,d) and
i=1

natural projections P;, i = 1,....n. Then following statements are equivalent
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1. Yey,eo € E,qeQ,s € E*VE;, € {Ey,....,E,} ,{e1,e2} & E;:

DC1: [6(q,e1)! ANd(q, e2)!] = [0(q, e1e2)! A d(q, ezeq)!];

DC2: 6 (q,e1e28)! < 0 (q, e2e19)!;

2. e DC1:Vej,eo € E;q€ Q: [0(q,e1)! ANd(q,e2)!]

= [3E; € {E1, ..., E .}, {e1,ea} C E; V [0(q,e1e2)! A d(q, e2e1)!];

DC2: Vey,ea € E,q € Q, s € E*: [6(q,er1e25)! V (g, e2e15)]

= [FE; € {E1, ..., En}, {e1,ea} C Ei] V [0(q, e1e28)! A d(g, egers)!].

Proof: See the proof in the Appendix. ]

The alternative statements for DC'1 and DC?2 in Lemma 3.5, clearly state that any
decision on any selection or order between two transitions should be either possible
by at least one of the agents, or otherwise, the decision should not be important, in
the sense that both permutations be legal. This lemma together with Theorem 3.2

give an alternative result for decomposability conditions as follows.

Corollary 3.2 A deterministic automaton Ag = <Q,qO,E =U Ei,é) 18 decom-
i=1

posable with respect to parallel composition and natural projections P;, © = 1,....n

such that As = || P;(As) if and only if Ag satisfies the following decomposability
i=1

conditions (DC):
o DC1: Vey,eo € E,qe Q: [0(q,e1)! ANd(q,e2)!]
= [FE; € {Ey,..., En} {er, o} C Ei] V [6(q, ere2)! A 6(q, ezen)!];
e DC2: Vey,ea € E,qeQ, s € E*: [0(q,e1e25)! V (g, e2e19)!]
= [3E; € {Eh, ..., En}, {er, ea} C Ei] V [0(q, e1e28)! A d(g, eaers)!];
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m)!, V{s1, - ,Sn} € i(AS), ds;,s5 € {s1,---,Sn}, 81 #
s;, where, L(As) C L(Ag) is the largest subset of L (Ag) such that Vs €
E(AS),EIS’ € E(AS), dE;,,E; € {Ey, ... E,},i # J> PENE; (s) and PE.NE; (s")
start with the same event, and

o DC4: Vi € {1,...,n}, v,x1,29 € Q;, ¥4 # 29, € € E;, t € Ef, 11 € 0;(x,e),

To € (5z<l’,€) 5Z($1,t)' =% (Sl<l’2,t)'

Remark 3.2 Intuitively, the decomposability condition DC'1 means that for any
decision on the selection between two transitions there should exist at least one agent
that is capable of the decision making, or the decision should not be important (both
permutations in any order be legal). DC?2 says that for any decision on the order of
two successive events before any string, either there should exist at least one agent
capable of such decision making, or the decision should not be important, i.e., any
order would be legal for the occurrence of that string. The condition DC'3 means that
the interleaving of strings from local task automata that share the first appearing
shared event (pg,ng, (s) and pg,ng, (s’) start with the same event a € E; N Ej), should
not allow a string that is not allowed in the original task automaton. In other words,

DC3 ensures that an illegal behavior (a string that does not appear in Ag) is not

3

| P;(As)). The last condition, DC4,
1

allowed by the team (does not appear in

i

deals with the nondeterminism of local automata. Here, Ag is deterministic, whereas

P, (As) could be nondeterministic. DC4 ensures the determinism of bisimulation

quotient of local task automata, in order to guarantee that the simulation relations
n

from Ag to || P;(As) and vice versa are inverse of each other. By providing this
i=1
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property, DC4 guarantees that a legal behavior (appearing in Ag) is not disabled by

the team (appears in || P; (Ag)).
=1

The following examples illustrate the decomposability conditions for decompos-

able and indecomposable automata.

Example 3.3 Consider the automaton Ag in Example 3.1. We denote the string on
the top and bottom branches of Ag as s; and ss, respectively. Since {ej,a} C Fj,
{a,es} C Ey, {e9,b} C Ey, {b,e3} C E3, then DC1 and DC?2 are satisfied. More-
over, Sy, So contain a € Fy N Ey, b € Ey N E3 where a appears as the first event

in both pg,ng,(s1) and pr,nE,(s2). Then, according to DC3, following six inter-

leaving transitions are checked: d(qo, p1(s1)[p2(s1)|p3(s2))!; 0(qo, p1(s1)|p2(s2)|ps(s1))!;

0(go, Pr(51)[P2(s2)|ps(52))!; 0(go, pr(s2)P2(s1)|ps(s1))!; (g0, pr(s2)p2(s1)[ps(s2))!, and

5(qo, p1(s2)|pa(s2)|ps(s1))!, ie., DC3 is satisfied (note that the expression

V{s1, -+ ,8,} € L(Ag), 3si,5; € {51, ,8n},5; # s; in the statements of DC'3

excludes d(qo, p1(s1)[p2(s1)|ps(s1))! and d(qo, p1(s2)|pa(s2)|ps(s2))! from the checklist
of DC3). In addition, since P;(Ag), i = 1,2, 3, have deterministic bisimilar automata,

then DC4 is also fulfilled; therefore, Ag is decomposable.

Example 3.4 (Revisiting Example in Section 3.3 for decomposability using Theo-
rem 3.2) As another example for decomposable automaton, we recall the task au-
tomaton of cooperative multi-robot example in Section 3.3, where the global task
automaton has been decomposed into local task automata using the hierarchical ap-
proach, in two stages. Here, we decompose Ag directly using Theorem 3.2. Firstly,
DC1 and DC?2 are satisfied since the pairs of adjacent/successive events, each
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from one of the sets {hy, RitoDy, RionD,} C E)\{E U E3}, {ha, Roto2, Ryin2} C
E\{E, U E3} and {hg, Rsto3, R3in3, RstoDy, RsonD,} C E3\{E; U E»} and also
the pairs of event F'W, paired with events from {hy, Roto2, Ryin2} appear in both
orders in the automaton. The rest of adjacent/successive transitions that are not
legal in both orders can be decided by at least one agent, as {RijonDy, FW D} C
Ey, {RsonD,, FWD} C Es, {FWD,Dopened} < E,, {Diopened, Rytol} C
Ey, {Rstol, Ryinl} C E,, {Reinl, BWD} C FEy, {BWD,Dclosed} C Fj,
{Dsclosed, Rstol} C Ej, {Rstol, Rzinl} C Ej, {Rsinl,r} C Es, {r,hi} C Ej,
{r,ha} C Ey, {r,hs} C E3. Moreover, since starting from any state, each shared
event e € {FW D, Dyopened, Ryinl, BW D, Dyclosed, r} appears in only one branch,
DC3 is satisfied. Furthermore, DC4 is also satisfied since P;(Ag), i = 1,2,3 are
deterministic automata. Therefore, according to Theorem 3.2, Ag is decomposable

into P;(Ag), i = 1,2, 3, as illustrated in Figure 1.6.

Examples 3.3 and 3.4 showed decomposable automata. Examples 3.5, 3.6, 3.8
and 3.9 will illustrate the automata that are indecomposable due to the violation of
one of the decomposability conditions DC1-DC4, respectively, although they satisfy

other three conditions.

Example 3.5 This example illustrates the concept of decision making on switch-
ing between the events, mentioned in Remark 3.2. Furthermore, it shows an au-

tomaton that satisfies DC2, DC3 and DC4, but not DC'1, leading to indecompos-

ability. The automaton Ag: .o 1. ¢ with local event sets F; = {ej,es},
Ey = {es}, E3 = {e3}, is not decomposable as the parallel composition of
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Pi(Ag): . e_. o, Py(As): _. o2 ¢and P5(Ag): —e > e isobtained as
ez ™ o

3 3

|| P;(As): _“2_ o which does not bisimulate Ag. Here, As < || P;(Ag) but

1

=1

‘]3|1 P;(Ag) £ Ag; hence, Ag 2 ‘|3|1 P;(Ags). Ag is not decomposable with respect to par-
allel composition and natural projections P;, 1 = 1, 2, 3, since two events e, and e3 and
also the pair of e; and ey do not respect DC'1, as none of the local plants take in charge
of decision making on the switching between these event pairs, as d(qo, €2)! Ad(qo, €3)!,
but neither IE; € {F1, Ey, E3}, {e2,e3} C E;, nor §(qo, ese3)! A 0(qo, e3€2)!.  Sim-
ilarly, 0(qo,e1)! A 0(qo,€2)!, but neither 3E; € {Ei, Ey, Es}, {e1,e2} C E;, nor

3(qo, e1e2)! A 6(qo, ezeq).

Example 3.6 This example shows the concept of decision making on the order of
events, and illustrates an automaton that satisfies DC1, DC3 and DC4, but it
is indecomposable because of the violation of DC?2. Consider the automaton Ag:
o e L o 2 ¢ 4 o, withlocal event sets £} = {e1,e3}, Fa = {ea}, E5 = {e3}. The

parallel composition of Pi(Ag): _. ¢ -t oL e, Pa(Ag): —e e and P3(Ag) :

3

3
—eo-2eis || P(As): . e_.6e . One can observe that Ag < || P,(Ag)
i=1 i=1
o, 4
.H.
e3¢ ¢e3
.H.

w

3
Pi(As) £ Ag; hence, As 2 || Pi(As). Here, Ag respects DC1, DC3 and

1 i=1

but

%

DC4, but it is indecomposable due to the violation of DC?2, as none of the local

plants take in charge of decision making on the orders of {e,es} and {es, e3}.
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Remark 3.3 Example 3.6 also shows the decomposability of a path automaton (an
automaton with no adjacent events) that can be formally stated as a special case of

Theorem 3.2 as

Corollary 3.3 A path automaton (and hence, an automaton with only one self-loop
as a special case of a path automaton) is decomposable if and only if any two successive

events in the automaton belong to at least one of the local event sets (Vq € Q, ey, es €

E, §(q,e1e2)!, then 3E; € {Ey, ..., E,} such that {e1,es} C E;).

The reason for this corollary is that when the automaton has no adjacent events,
the antecedent of DC'1, DC3 and DC4 (see Theorem 3.2 and Corollary 3.2) become
false and these conditions will be trivially satisfied. Moreover, since there is no
adjacent pair of events, the consequence of DC?2 is reduced to 3E; € {Fy, ..., E,},

{e1,e2} C E;.

Example 3.7 Two path automata A;: . ¢ L ¢ % ¢ -2 ¢, With local event sets
Ey = {e1,a} and Ey = {ey,a}, and Ay: . o “L o with local event sets E; =

bT l

o<— 0
€2

{e1,a,b} and Ey = {es, a, b}, are both decomposable according to Corollary 3.3.

Example 3.8 This example illustrates an automaton that satisfies DC'1, DC?2

and DC4, but it is indecomposable as it does not fulfill DC3, since new

w

| Pi(As) from the interleaving of strings in P;(Ag), Pa(Ag)
1

strings appear in
i

and P3(Ag), but they are not legal in Ag. Consider the task automaton Ag:
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2. e, o b, gwith By = {a,b, e}, By = {a,b,es}, F5 = {b}, leading

°
617\ a b €2
° ° ° °
ezf L e—"se—" .4
to P(Ag) = o000 P(Ag) X 02 0.0 t.0,
(As) SO , Po(As) ORI
3
PE}(AS)g 4>.4b>’ and“ B(AS): o-go<b—o<a—o<gi$oi>og>othat

=1
b e

a 1 a
O<—0<—0<—0—>0—>0

is not bisimilar to Ag since two strings ejabes and esab are newly generated, while

they do not appear in Ag.

Example 3.9 This example illustrates an automaton that satisfies DC'1 and DC2,

and DC3, but is indecomposable as it does not fulfill DC4. Consider Ag:

€2 b with £ = FE, U Ey, U E3, E; =
a e—0 —— 0 1 2 3 1
4>./7
>Ao(lQEQQboego
{a,b,e1,e3,e3}, Ey = E3 = {a,b,es,e3}. Then, the parallel composition of P;(Ag) =
3
Ag, Py(Ag) = P3(Ag) = “« , 9—>0—>8 is || Pi(Ag):
S 2( S) 3( S) ./7 Zﬂl ( S)
Xo L AP T
° e % ¢ %2 o b o which is not bisimilar to Ag. The task automaton

b €2 a a e

O<—0<—0<—0— 00— 00— 0

Ag satisfies DC'1 and DC?2 since any successive/adjacent pair of events belong to Ej.

3

Furthermore, any interleaving in || P;(Ag) appears in Ag, and hence DC3 is satisfied;
i=1

however, DC4 is violated as there does not exist deterministic automata Pj(Ag) and

3
P}(Ag) that respectively bisimulate Py(Ag) and P3(Ag). Therefore, Ag 2 || P;(As),
i=1
3 3

since, although Ag < || Pi(As) and || Pi(As) < Ag, the simulation relations are
i=1 i=1

not inverse of each other.

Remark 3.4 (Complexity) The complexity of the proposed method has the order
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of |Q"™ x |E|* x log|Q|; while the complexity of the method with constructing the
parallel composition of the natural projections and checking the bisimilarity with the
initial automaton is of the order of |Q[*" x |E|. Here, |Q|, |E| and n denote the size
of the state space, the size of the event set and the number of agents (number of
local event sets), respectively. It can be seen that two methods cannot be compared
generally in the sense that only when |E| < \/W , then the proposed
method provides less complexity. In other words, the comparison of their complexity

relies on the relative size of the event set with respect to the size of the state space.

More importantly, the proposed method provides some guideline on the structure
of the global specification automaton and the distribution the events among the agents

in order for decomposability.

Remark 3.5 (Insights on Enforcing the Decomposability Conditions) The result in
Theorem 3.2 or Corollary 3.2 provides us some hints for ruling out indecomposable
task automata and for enforcing the violated decomposability conditions. For exam-
ple,ifdej,e0 € E,q € Q: §(q, e1)!N(q, e2)! but neither 3E; € {Ey, ..., E,}, {e1,ea} C
E; nor §(q,e1e2)! A (g, eze1)!, then Ag is not decomposable due to the violation
of DC1. To remove this violation there should exist an agent with local event
set B; € {Fy,...,E,} such that {e;,es} C E;. This solution also works for an
indecomposability of Ag due to a violation of DC2 where Jej,es € E,q € Q,
s € E* 6(q,e1e98)! V 0(q, ezeq8)! but neither 3E; € {Fy,...,E,},{e1,e2} C E;
nor §(q, e1e25)! A §(q, eaers)!. For instance, in Examples 3.5 and 3.6, if Ey = {e1, €2}

and E3 = {es, ez}, then DC'1 and DC?2 were respectively satisfied. Violation of other
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two conditions, DC3 and D(C4, is caused due to the synchronization of two different
branches s and s’ from different local task automata, say P;(Ag) and Pj(Ag), on a
common event a € E; N E;. This synchronization may impose an ambiguity in the
understanding of Ag, when P;(Ag) and P;(Ag) synchronize on a. If one string in

P,(Ag) after synchronization on a, continues to another string in P;(Ag) and this

3

interleaving generates a new string in
(2

| P, (Ag) that does not appear in Ag, then
1

DC3 is dissatisfied, whereas if this interleaving causes that a string in Ag cannot
n

be completed in || P;(Ag), then DC4 is violated. One way to remove this ambigu-
i=1

ity is therefore to introduce the first events in s and s’ to both E; and E;. In this

case, the synchronization on event a will only occur on the projections of the iden-

tical strings from Ag. For example, the task automaton Ag: o— . 0250,

ay
€2 €3
o———>0 —>0

es es
[ ]

with local event sets Ey = {a,ej,e3} and Fy = {a, ey} satisfies DC1 and DC2,

but violates DC3 and DC'4; therefore, it is not decomposable as the parallel com-

position of Pj(Ag) = o >0 >0, and Py(Ag) =¥ ——>e—>0, is
a e CLV e
.HSQ .HQQ

Pi(Ag)||Py(Ag) = o< e<" 6 ">0 >0 >0 £ Ag. Now, including e,
° €2 ia ia €3 .x./z

€1

in Ey leads to Py(Ag) = . e —>e and makes Ag decomposable. This

a\; e

e —0

issue will be discussed in details in Chapter 5 in order to enforce the decomposability

conditions.

Remark 3.6 (Decidability of the Conditions) Since this work deals with finite state
automata, the expression s € E* in the decomposability conditions can be checked

over finite states as follows.
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The first condition DC'1 involves no expression “s € FE*”; hence, it can be
checked over the finite number of states and transitions. The second condition
DC2: Vey,es € E,q € Q,s € E*VE; € {E1,...,E,},{e1,ea} & E;i: 0(q,e1e98)! <
d(q,eze18)!; (or DC2: Vey,eo € E;q € Q, s € E*: [0(q,e129)!V(q, eae18)!] = [TE; €
{E1,...,E,},{e1,ea} C E;] V [0(q,e1e28)! A d(q, eze15)!]) can be checked by showing
the existence of a relation Ry on the states reachable from §(q, eres) and 6(q, ezeq) as

(0(q, e1€2),6(q, eze1)) € E% V(g1,q2) € Rz; ec k:

L. 6(Q17€) - Qi = EIQQ € Qa 5((]276) - QQa (Qi7qé> € 'R27 and

A

2. 0(q2,e) =4 = 3¢1 € Q, 6(q1,e) = ¢}, (¢}, dh) € Ro.

For instance, A4 in Example 2.2 violates DC2 as (8(qo, €1€2), 0(qo, €261)) € Ry, ey €

E, 6(6(qo,e1€2),e2)!, but =d(d(qo, e2e1), €2)!.

Checking DC'3 also can be done over finite states by corresponding the strings

€1, €2 €n;—1,0

si, @ = 1,...,n, in DC3 to the sequences q1; — q2; — ... — Quis ¢ = 1,...,n

)

with the respective path automata A; = ({qui, .-, @i}, {qi}s {1, eni—14}, &),

and checking that || P;(A;) < Ag, where P; is the natural projection into local
i=1

event set [; of the i-th agent. For example, the task automaton Ag in Remark

3.5 does not satisfy DC3 as, denoting its strings as s; := eja, sy := aezes and
s3 := aezey with the corresponding path automata A;:= 0o . o 9. o, A=

o0, 0 P, o, Az= 0" 0 . o 2. o, it reveals that
Py(A)|[Po(A2)||P3(Ar) = Pu(A)|[Pa(As)]|P3(Ay): o et se oo £
As.

The fourth condition (DC4: Vi € {1,...,n}, x,z1,29 € @Q;, T3 # X2, € € Ej,
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te kb

7

1 € di(x,e), xo € §i(x,€): §;(xq,t)! < 0;(xo,t)!) also can be checked over
finite states, by checking the existence of a relation Ry on the states reachable from

x1 and xg as (21, 19) € Ry, V(xs,x4) € Ry e€ E:

1. af € 6;(xg,e) = Jaf, € Qi, ) € 6;(ny,€), (24, 7)) € ]:24, and

A

2.z} € 0i(xq,e) = Tz € Qy, x4 € 0i(x3,€), (25, 2)) € Ry.

For example, the task automaton in Example 3.9 does not satisfy DC4, as for

Py(As) = Py(As) P e Do © :
—w
Ry = {(yl,y4), (?/z,y5)7 (93,?/6)}, (yg,ye) € Ry, dez € I, 52(y6,6’3)!, but ﬁ52(y3,€3)!-

Once the task is decomposed into local tasks and the local controllers are de-
signed accordingly, similar to what we discussed in Section 3.2 for the hierarchical
approach, the next and main question is the cooperative tasking problem (Problem
3.1) to understand whether the decomposable global task is guaranteed to be satis-
fied, provided the fulfilment of the local specifications. Following theorem provides
a sufficient condition to answers Problem 3.1, using the decomposability result in

Theorem 3.2.

Before stating the theorem, following lemma is presented to be used for the proof.

Lemma 3.6 (Associativity of Parallel Composition [{6]) Pi(As) || P2(As) || -+ ||

Pr1(As) || Pa(As) = Po(As) || (Pa-1(As) | (- [| (P2(As) || Pi(As)))).

Theorem 3.3 (Cooperative Tasking) Consider a plant, represented by a parallel dis-
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n

tributed system || Ap,, with local event sets E;, i = 1,...,n, and let the global specifica-
i=1

tion is given by a deterministic task automaton Ag, with E = 61E7’ Then, designing

1=

local controllers Ac,, so that Ac, || Ap, = Pi(As), i = 1,--- ,n, derives the global

closed loop system to satisfy the global specification Ag, in the sense of bisimilarity,

i.e., || (A, || Ap,) = Ag, provided DC1, DC2, DC3 and DC4 for As.
i=1

Proof: Satisfying DC'1-DC4 for Ag, according to Theorem 3.2, leads to the

decomposability of Ag into local task automata P;(Ag), i = 1,...,n, such that

n

Ag =

P;(Ag). Then, choosing local controllers A¢,, so that A¢, || Ap, = P;(As),

i=1

i=1,2,--- n, due to Lemma 2.6, results in || (Ag,
=1

1=

Ap) = | Fi(As)=As. N
i=1
Now, if DC1-DC4 is reduced to DC1-DC3 (conditions in Theorem 3.2 are re-
duced into the conditions in Lemma 3.3), then || P;j(Ags) = Ag is reduced into
=1

=

| Pi(As) < As; hence, choosing local controllers Aq,, so that Ag, | Ap, < Pi(As),

=1
n

i = 1,2,--- ,n, due to Lemma 2.6 leads to || (A¢, || Ap) < || Pi(As) < Ag.
i=1 i=1

Therefore,

Corollary 3.4 Considering the plant and global task as stated in Theorem 3.3, if
DC1-DC3 are satisfied, then designing local controllers Ac,, so that A, || Ap, <
Pi(Ag), i =1,--- ,n, derives the global closed loop system to satisfy the global speci-

n
fication Ag, in the sense of similarity, i.e., || (Ag, || Ap,) < As.
i=1

Remark 3.7 It is known that bisimulation implies language equivalence and that
bisimulation of deterministic automata is reduced to their language equivalence. Now,
one question is that whether for a deterministic task automaton its decomposability
in the sense of bisimulation (stated in Theorem 3.2) is reduced to its decomposability
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in the sense of language equivalence (L(Ag) = L( ﬁ P;(Ag))) or its language sepa-
i=1
rability (L(Ag) = T L(P; (Ag))). Furthermore, it is interesting to know whether the
i=1
proposed top-down cooperative control, in Theorem 3.3, is reduced into a top-down
approach in the sense of language equivalence. As it is illustrated in the following
examples, although in general, decomposability in the sense of bisimulation implies
the decomposability in the sense of language equivalence, the reverse is not always
true, in spite of the determinism of automaton. For the top-down cooperative control,
on the other hand, under the proposed decomposability conditions, the bisimulation-
based approach is reduced to the language equivalence one, as a deterministic task
automaton can be represented by its language. As it was explained in Section 1.5, the
advantage of using bisimulation for a deterministic Ag is that it allows to compare the
behaviors of Ag and ﬁ P; (Ag) using the sequential comparison of post-transitions
i=1

of the corresponding states, by which less memory will be required rather than the

comparison of strings.

To elaborate these remarks, we first highlight that the natural projection may
impose emerging properties that do not exist in the original automaton. For ex-
ample, local task automata may have some new strings that do not appear in the
original automaton, i.e., Ag does not necessarily simulates P; (Ag). Moreover, local
task automata may become nondeterministic, even if the original task automaton is
deterministic. The decomposability of Ag, however, concerns with the bisimilarity of

n

Ag and || P, (Ag), that may hold even if P;(Ag) £ Ag, or the local task automata
i=1

are nondeterministic for some agents, as it is shown through the following examples.
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3.4.3 Examples for Remark 3.7

Example 3.10 Following example shows an automaton that does not simulate its
natural projections, yet is decomposable. Consider the task automaton in Example
1.4. Ag is decomposable, although P;(Ag) £ Ag (since the string b appears in P;(Ag),
but not in Ag), and Py(Ag) £ Ag (since the string ab appears in Py(Ag), but not in

As).

As mentioned in Remark 3.7, another emergent property is that the natural pro-

jection of local task automata may lead to the nondeterminism of P;(Ag), leading

to the nondeterminism of || P;(Ag). The decomposability of Ag again concerns
i=1

with the bisimilarity of Ag and || P; (Ag), that may happen even if there exist some
=1

1=

nondeterministic P;(Ag), as it is elaborated in the following example.

Example 3.11 Consider the automaton Ag: 0ol o 2. o_2 gwith F =
T o—“. o
E\UE,, Ey ={a,e1}, By = {a,es}. Agis decomposable, as the parallel composition of
Pi(Ag): o . o 2. gand Py(Ag): 0. ¢ 2. ¢is bisimilar to Ag.
i ° o oo 0

Here, P,(Ag) is not deterministic, but it bisimulates the deterministic automaton

P2(AS)/3 o ‘-0 Z-0-

Therefore, a deterministic task automaton Ag may have nondeterministic natural
n

projections, and consequently, its || P;(As) may become nondeterministic. As a
i=1

result, the determinism of Ag does not reduce its decomposability in the sense of

bisimulation into its decomposability in the sense of language equivalence (synthesis

modulo language equivalence [74]), due to the possibility of nondeterminism of ||
i=1

P; (Ag), as it is further illustrated in the following example.
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Example 3.12 Consider the task automaton Ag in Examples 1.8 and 2.6, where Ag

n
is deterministic, L( ||

P; (As)) = L(As); however, || P;(As) Z As.

=1 =1

This example also shows that the determinism of Ag also does not reduce its decom-

posability in the sense of bisimulation into the separability of its language ( [77]),

as || P;(As) 2 As, although Ag is deterministic and its language is separable
i=1

n

(L(As) = | L(P;(Ag))). Another such automaton can be found in Example 3.9.
i=1
Therefore, in general for a deterministic task automaton | P;(Ag) = Ag is not

=1
n

reduced into L(Ag) = | L(P;(Ag)). But, under the determinism of bisimulation
i=1

quotient of all local task automata (DC4), the bisimulation-based decomposability

is reduced to the language-based decomposability and the top-down design based on

bisimulation, is reduced to the language-based top-down design, such that the entire

closed loop system (the parallel composition of local closed loop systems) bisimulates

(or equivalently is language equivalent to) the global task automaton. In case of

DC4, the other three conditions (DC'1-DC'3) can be used to characterize the language

separability.

3.4.4 Special Case 1: Centralized Decision Making

This part introduces the centralized decision making on the selection (DC'1) and order
(DC?2) of transitions as a special case of decentralized decision making. Accordingly,
in the centralized decision making, the first two decomposability conditions are re-
laxed. By decentralized, here, we mean that there is no centralized agent for the

coordination of all agents for global decision making; whereas, in centralized scheme
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there exists at least one agent that synchronizes all other agents on the order and
switches between events. It is worth noting that this type of decentralized control has
the communication constraint as the agents need the communication to synchronize
on the common events. This means that the agents are not fully autonomous and
need the communication, however, the agents sense locally and collaborate with their
neighbors to achieve a global decision without global information and with no central
unit. If at least one of the agents is equipped with global information and actuation
then it will serve as a central unit for decision making, ruling the whole set of orders

and selections, as it is stated in the following result.

Proposition 3.1 Consider a deterministic automaton Ag = (Q, 90, E = E;, (5).
i=1

If 3E, € {Fy, ..., E,}, Ex = E, then DC1 and DC?2 always hold true.

Proof: See the proof in the Appendix. ]

In this case, DC'1 and DC'2 are relaxed in Theorem 3.2; hence, the decomposability

result is reduced to

Corollary 3.5 Consider a deterministic automaton Ag = (Q, 9, FE = Ei, (5). If
i=1

dE, € {E1, ..., E.}, Exy = E, then As = || P,(Asg) if and only if
i=1

e DC3: §(qo, T1M)l for s; € L(As), where, L(As) C L(Ag) is the
largest subset of L(Ag) such that ¥s € L(Ag),3s' € L(Ag),3E,E; €
{Ey, ..., En} i # §,peing, (8) and pp,ng, (s') start with the same event, and

e DC4: Vi€ {l,--- ,n}, x,x1,090 € @, x1 # X3, e € E;, t € EF, 11 € 0;(x,e),

Ty € 0i(x,e): 0i(xy,t)! & 6;(xa, t)!.
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It should be highlighted that the existence of a centralized decision maker does not
necessarily imply the decomposability of the global task automaton. For instance, the
automaton Ag in Example 1.8 is not decomposable, as it was discussed in Example

2.6, although F; = E.

3.4.5 Special Case 2: Mutual Exclusive Clusters of Local

Event Sets

Generally, DC3 in Theorem 3.2 is more restrictive than its counterpart in Theorem
2.1 as it had excluded the identical strings s and s, while DC3 in Theorem 3.2
may check interleavings on identical strings. This means that DC3 in this case may

check some of the interleavings that have been already checked by DC1 and DC2.

For instance, in Example 3.3, one needs to only check §(qo, p1(s1)|p2(s2)|ps(s1))! and

d(qo, p1(82)|p2(s1)|ps(s2))! for DC3, the other interleaving transitions are redundant as
they are also checked via DC'1 and DC?2 (all of them contain the successive projections
of an identical string into different local event sets). Removing these overlapping
will reduce the computational burden, however, it will impose complexity in the
statements of DC'3. For large scale systems it is difficult to determine the redundant

interleavings for DC'3. Moreover, the set of redundant interleavings depends on the

problem. For instance, in Example 3.8, p;(s1)|p2(s2)|ps(s2) causes a violation of DC'3,
whereas in Example 3.3 it does not (s; and s, are the branches numbered from the top
to bottom). Therefore, it is more tractable to let those transitions that are not defined

over strings in i(AS) to be checked by DC'1 and DC?2, and the rest of transitions
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whose strings may interleave with other strings in L(Ag), are checked by DC'3.

In special case that the event set is a partition of clusters of local event sets, the

restrictiveness of DC3 is mitigated using the following result.

K

Proposition 3.2 Let {X',..., XX} be a partition of E such that E = |J ©F, ©'NY =
k=1

| P (As)

i=1

0,Vije{l, K} i+tj SF = :[ﬁ EF, EF € {Ey, .., EnY. Then, Ag =
=1
if and only if DC'1 and DC2 hold true for Ag with respect to Ey, ..., E,, and Vk €
(1, K} : P (Ag) ﬁl Py (As).
Proof: See the proof in the Appendix. ]
The significance of this result is that if DC1 and DC?2 hold true for Ag, then the
decomposability of Ag is reduced to the decomposability of its projections Psyk (Ag)

into the clusters, Vk € {1,..., K'}. This simplification is illustrated in the following

example.

Example 3.13 Consider the global task automaton

A . eq b es b €4
S o< 0<—0<—0—0—0
€2 €2 €2 €2 €2 €2

€2 €2 €2 €2 €2 €2

eq4 b €3 b €4
O<—0<—0<—0—>0—>0
with Ey = {a,e1}, By = {a,e2}, E5 = {b,e3}, Ey = {b,es}. There are 70 strings

that share the first appearing common events. Since only p;(s) is related to ps(s’),
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and ps(s) is related to py(s’) for any strings s and s, totally, 70 x 70 x 2 = 9800

combinations of interleaving transitions are required to be checked for DCS3.

However, since ¥ = (E1 = {a,e1}) U (B2 = {a,e}), ¥y = (B3 =
{byes}) U (Ey = {byes}), E = X1 Uy, ¥ NXy = (), then using Proposi-
tion 3.2, the number of interleaving transitions to be checked for DC3 is re-

markably reduced into 4 transitions s (xo,pl (s1)|p2 (32)> I, Os1 <:130,p1 (s2)|p2 (31)> !,

052 (yo,pg (83)|p4 (34))! and  Oy2 (yo,pg (54)|p4 (33))!, from the interleaving be-

tween P1<PEI(A5))I PY e o2 o, P2(PZl(AS>) = o >0 e L 2
a\.
and Ps(Ps2(Ag)): o . 0o b, o, Pi(P(Ag)) = (LA
b\~.
Here, s, sy and s3, s4 are respectively the top and bottom branches in
le(AS)5 o o0 2. o¢ 2 oandPEQ(AS)3 PO P
X.&. }*oﬁo

3.5 Conclusion

The chapter proposed a method for automaton decomposability, applicable in the top-
down decentralized cooperative control of distributed discrete event systems. Given a
set of agents whose logical behaviors are modeled in a parallel distributed system, and
a global task automaton, the chapter has the following contributions: firstly, the task
decomposability approach in Chapter 2, has been extended into a sufficient condition
for more than two agents, using a hierarchical algorithm. The algorithm, however,
was shown to be sufficient only, and moreover, it depends on the order of agents to

be chosen, in turn, for the hierarchical decomposition. Therefore, generalizing the
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results in Chapter 2, the next contribution was devoted to propose new necessary
and sufficient conditions for the decomposability of an automaton with respect to
parallel composition and natural projections into an arbitrary finite number of local
event sets. The decomposability, here, is checked, and in case of decomposability, the
decomposition is performed in one stage with no dependency on the order of local
event sets. Next, to address the cooperative tasking problem, it has been shown that
if a global task automaton is decomposed for individual agents, designing a local
supervisor for each agent, satisfying its local task, guarantees that the closed loop
system of the team of agents satisfies the global specification. Finally, a cooperative
control scenario has been developed and implemented to illustrate the concepts of

task decomposition and cooperative tasking, in this chapter.

For special case that the global event set is partitioned into some clusters of local
event sets, such that the task automaton is decomposable from the perspective of
each cluster, it was shown that the decomposability of the global task automaton is
reduced into the global decision makings on the orders and selections between the
transitions. Moreover, for the special case that one local event set contains all events,
it was shown that the first two decomposability conditions, on decision making on
the orders and selections, are relaxed.

Next questions on this topic include fault-tolerant task decomposition in spite
of failure in some events, and the decomposabilizability of an indecomposable task
automaton by modifying the event distribution, as will be addressed in Chapters 4

and 5, respectively.
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3.6 Appendix

3.6.1 Proof for Lemma 3.1

The proof of this lemma comes from the restatement of the expression Ve; €
El\EQ,eg S EQ\El, equivalently, as \V/€1,€2 c E, EEZ € {El,Eg},{el,eg} C FE; or

v€1,€2 € E,VEl € {El,Eg}, {61,62} ¢ FJz

3.6.2 Proof for Lemma 3.2

From Lemma 2.1, stating that for a deterministic automaton Ag = (Q,q, F =

E1 U Eg,é), AS =< PI(AS)”PQ(AS); it 1eads to PG E(AS) =< Pm(AS)HP 6

i=m i=m+1

m=1,...n—1, for Ag = (Q,q,E = ‘©1Ei’6)' Therefore, Ag = Py 5 (As) <

AS):

N

Pu(A)||Py  (As) < Pu(As)|[Pa(As)|[Py  (Ag) <+ < || Pi(As).
=2 =3 i=1

3.6.3 Proof for Lemma 3.3

Sufficiency: Consider the deterministic automaton Ag = (Q,qo, £,9). The set

n | pi(si)
i=1

of transitions in || Pj(As) = (Z, 20, E,¢)) is defined as T = {(xf,--- ,2f) ~—
i=1

n

n ) 1101'(81')
(1, ,2,) € []Qi}, where (z,--- ,z0)
i=1

— (21, ,2,) in A|n|1PZ»(AS) is the
interleaving of strings z, pilsy z; in Py(Ag), i = 1,--- ,n (the projections of gy —
d(qo, s;) in Ag. T can be divided into three sets of transitions corresponding to a
division of {T'1, T'5, T's} on the set of interleaving strings I' = {T pi(si)|si € B*, qo =5

i=1
6(Q075i)}7 Where, F1 = { ‘ pl(sl) € F’Sh"' »Sn ¢ E<A)781 = = Sn}a FQ =
i=1
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{im € I'|3si,s; € {s1,-+ ,sn},si # 55,Vs; € {s1,-" ,sn}, 8 & E(A)}’ I's =
{;lllzm e T|s; € L(A)}.

For the interleavings inI'y, V2,21 € Z, e € E, 21 € §)(2,€): 3¢, 1 € Q,0(q,€) = @
such that Vz[j] € {z[1],--- , z[n]} (the j —th component of z), Il € loc(e), z[j] = [q]:-
Similarly, Ve' € E, 2 € Z, 2 € §)|(z1,€): g2 € Q, 6(q1,€¢) = q2. Now, if 3E; €
{E1,--- ,E,}, {e, €'} € E;, then the definition of parallel composition will furthermore
induce that Jz3 € Z, 23 € §)(2,€), 22 € §)(23,¢). This, together with DC1 and DC?2
implies that Jgs,q1 € @, 6(¢q,€’) = g3, 6(q3,€) = ¢4 and that V& € E*, §)(2,1)!:

d(q2,t)! and (qy,t)!. Therefore, any path automaton in || P;j(Ag) is simulated by

=1
n

Ag; hence, 6(qo, | pi(s))! in Ag, Vs € L(As).
i=1
For the interleavings in I's, from the definition of I'y, it follows that for any set of
iy 0(qo, s:)!, 1 € {1,--- ,n}, two cases are possible for I'y:

Case 1: Vs,s' € {s1,--,s.}, VE,E; € {Ey, -, En}: ppne,(s) = € and

pEng;(s') = €. In this case, the projections of such strings s; can be written as

pi(s)) =¢t, - ,eini, 1t =1,--+,n. The interleaving of these projected strings leads to
a grids of states and transitions in Hl 'Ho ahoas (2, ay) == (5, ypn), with
i=1 ji=
L) e timai=ge1 | |
y]z: ]’i:Oa]w"'ami)Z:1a"'7n72k:]-7"'7”7
x¥,  otherwise
k = 1,--- ,n. This grid of transitions simulate counterpart transitions in Ag, as
Vs, s € {s1,--,sn}, for all two successive/adjacent events eé- and eéﬂ, both orders

exist in Ag, due to DC1 and DC?2; hence, 5(%,%,6?) = Qi Ji = 0,1, my,

i1=1,---,n,i,=1,--- ,n, k=1,--- n. Therefore, for any choice of s; correspond-
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n

ing to I'y, 6(qo, | pi(si))!in Asg.
i=1
Case 2: ds,s' € {s1,---,sn}, IE, E; € {E1,---, By}t ppng(s) # € or
pEng(s') # €, but they do not start with the same event. Any such s and s’
can be written as s = tjaty and s’ = t\bt), where t; = e -e,,t) = €€, ¢

(B; N E;)*Vi,j € {1,---.n},i # j, 3i,j € {1,---,n}b,i # j, a,b € E; N E;

and to,t;, € E*. Therefore, due to synchronization constraint, the interleaving of

strings will not evolve from a and b onwards; hence, p;(s)|p;(s’) = pi(t1)|p;(t}) and

pi(s')|pj(s) = pi(ty)|p;(t1), and Case 2 is reduced to Case 1, leading to d(qo, | pi(s:))!
i=1

in AS.

Therefore, for all strings s; corresponding to I'y, §(qo, | pi(si))! in Ag. This is
i=1

also true for transitions related to I's, provided DC3. Consequently, if DC'1, DC?2 and

D(C3 are satisfied, for all s; € E(AS), d(qo0, | pi(s;))!, and the sufficiency is proven.
i=1
Necessity: The necessity is proven by contradiction. Assume that || Pi(Ag) <
i=1

Ag, but DC1, DC?2 or DC3 is not satisfied.

If DC1 is violated, then Jej,eo € E, q € Q, PE; € {E,---,E,},
{e1,ea} C E;, [0(g,e1)! A d(q,e)!] A =[d(g, erea)! A d(q, eze1)!]. However, (g, er)! A
d(g,e2)!, from the definition of natural projection, implies that & ([q];,e1)! A
d;([g],e2)!, in P;(As) and P;(Ag), respectively, Vi € loc(e1),j € loc(ez). This in
turn, from the definition of parallel composition leads to d(([¢]1, -, [a]n), e1)! A

5H<<[q]17 B [Q]n>, 62)! and 5H(([q]17 B [q]n)v 6162)! A 5“(([(]]1, B [q]n)7 6261)!' This

n

means that dy(([gh.-+ . [gl). exea)! A 0y((fal.-+- . [al).eaen)l im || B(As). but

—[0(g, ere2)! A 0(q, eae1)!] in Ag, ie., || Pi(As) A As which contradicts with the
i=1
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hypothesis.

If DC2 is not satisfied, then Jej,es € E, ¢ € Q, PE €
{Ela"' 7En}7 {61762} g Ei) S S E*, ﬁ[(5((],61623)! = (5(q7€2€18)!],
e, [0(q,ereas)! V 6(q,e2e18)!] A —[0(q, ereas)! A 0(q,eze18)!].  The expression

[0(q, e1€29)! V (g, e2e15)!] from the definition of natural projection and Lemma

3.2, respectively implies that &(([q]1, -, [¢]n), e1€2)! A9 (([ql1, -+, [aln), e2e1)! and
5“(([(]]17 < lgln), ereas)!t A 5\|(([q]17 < lgln), e2e18)! in -|n|1PZ-(A5). This in turn
lads t0 0)((las,+++labseress)t A 3o+ lah).esers) i | RAg), but

—[0(q, e1e25)! A d(q, e2e19)!] in Ag, that contradicts with || P;(As) < Ag.
=1

1=

The violation of DC3 also leads to contradiction as d(qo, s;)!, 7 = 1,- -+ , n, results

in ((qol1, - [ao]w), | 2o(s2))! in iﬁlﬂ(AS), whereas ~3(qo, | pi(s7)! in As.

n
-
i=1 =1

3.6.4 Proof for Lemma 3.4

Sufficiency: Following lemma is used together with Lemma 2.7 during the proof of

Lemma 3.4. Firstly, let A; and Ay be substituted by Ag and || P;(Ag), respectively,

=1

in Lemma 2.7 . Then, the existence of A} = A% in Lemma 2.7 is characterized by the

following lemma.

Lemma 3.7 Consider a deterministic automaton Ag and its natural projections

P(Ag), i = 1,--- ,n. Then, there exists a deterministic automaton A’y such that

Ay = || Pi(As) if and only if there exist deterministic automata P!(Ag) such that

1

—

K2

F/(As) = Pi(Ag), i =1,--+ ;.
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Proof: Let AS = <Q7QO7E = ,L_rleh(S)? B(AS) = (QzJQ(ZjuE2751)7 le(AS> =

n
/ / / -
( iaQOﬂ'aEia(si); 1= 17 , T,

7

P’L(AS) = (Z7 20, E75H)7

| P;
1 i=1

| —]

P/(As) = (Z’,z(’),E,él").
Then, the proof of Lemma 3.7 is presented as follows.

>~

Sufficiency: The existence of deterministic automata P/(Ag) such that P/(Ag)
Pi(As), i = 1,--- ,n implies that J;, i = 1,--- ,n are functions, and conse-

quently from the definition of parallel composition (Definition 1.9), 5|" is a function;

hence, || P!/(Ag) is deterministic. Moreover, from Lemma 2.6, P/(As) = P;(Ags),
i=1

n n

i=1,---,nlead to || P/(As) = || Pi(As), meaning that there exists a determinis-

= i=1

—_

(2

3

n

Pi(As).

tic automaton A :=

(2

P!(Ag) such that A =
1

=1

Necessity: The necessity is proven by contraposition, namely, by showing that
if there does not exist deterministic automata P/(Ag) such that P/(Ag) = P;(Ag), for

i=1,2,---, or n, then there does not exist a deterministic automaton A’ such that

_3

A5 = || Pi(Ag).

=1

Without loss of generality, assume that there does not exist a deterministic au-
tomaton Pj(Ag) such that P{(As) = Pi(Ag). This means that J¢,q1,¢2 € Q, e € Ey,
tity € (B\Er)*, t € E*, §(q,tre) = qu1, 0(q, tae) = o, 0(qu, 1)}, but B’ € E*, 5(qa, 1),
such that p;(t) = pi(¢'), that particularly leads to (g1, t)! A=0(ga, t')!. From 6(qq,t)!A
—d(qz,t)!, the definition of natural projection, the definition of parallel composition
and Lemma 3.2 it follows that ([g1]1, ([¢1]2,-- -, [¢1]n)) € 0)(([a]1, ([ql2, - - -, [@]n)), tre),

([Q2]17([Q1]27-~,[Q1]n)) S 5||(([q]17([q]27"'7[Q]n))atle)7 5“(([(]1]17([Q1]27"‘7[Q1]n))7t>!7

whereas —0)(([g2)1, ([q1]2: - - -5 [@1]n)). ©)! in || Pi(As), implying that there does not
j=1

n
~ |

exist a deterministic automaton A such that A P,(Ag), and the necessity is

J=1
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followed. [ |
Now, Lemma 3.4 is proven as follows.

Sufficiency: DC4 implies that there exist deterministic automata P/(Ag) such
that P/(As) = Pi(As), i = 1,--- ,n. Then, from Lemmas 2.6 and 3.7, it follows,

n
respectively, that || P/(As) = || Pi(As), and that there exists a deterministic au-
i=1 i=1
n n

P!(Ag) such that Ay = || P;(Ag) that due to Lemma 2.7, it
=1

==z

tomaton Ay = || P
i=1 i=

results in B! = Ry.

n
Necessity: Let Ag be deterministic, Ag < || P;j(Ag) with the simulation relation

=1
n

Ry and || Pi(As) < Ag with the simulation relation Rs, and assume by contradiction
i=1

that R;' = Ry, but DC4 is not satisfied. The violation of DC4 implies that for
Ji € {1,--- ,n}, there does not exists a deterministic automaton P/(Ag) such that
P/(Ag) = P;(Ag). Therefore, due to Lemma 3.7, there does not exist a deterministic

automaton A’ such that Ay = || P;(Ag); hence, according to Lemma 2.7, it leads to

=1

Ry # R, which is a contradiction.

==

3.6.5 Proof for Lemma 3.5

Denoting p := VE; € {Ey,...,E,},{e1,ea} & Ei, q := [6(q,e1)! A d(q,e2)!], and
r = [0(q, ere2)! A 0(q, eae1)!], the equivalence of two statements for DC1 is followed
from (pAq) =r=q= (—pVr) (since (pAqg)=r=-(pAq)Vr=(—-pV-q) Vr=
—qV (=pVr)=q= (-pVr)).

For DC2, the expression §(q, e1e25)! < 0(q, e2e15)! is equivalent to [§(g, e1e25)! V

3(q, eae15)!] = [0(q, ere2s)! A (g, e2e15)!], since for any expressions A and B, A <
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B = (AVB) = (AAB) (since A & B= (A=B)AN(A<B) = (mAVB)A
(-BVA) = [(FAVB)A-B] V [(FAVB)ANA] = [(-AAN-B)V(BA-B)] V
[(FANA)V(BANA)=[(FAAN-B)V LV[LV(BANA)]=[-(AVB)]V[BAA =
(AvB) = (AAB)). This leads DC2 to Yej,eo € E, VE;, € {FEi,..., E,},
{e1,e2} € Ei,q € Q, s € E*: {[0(q, e1e25)!V(q, e2e19)!] = [0(q, e1e25)!Nd(q, e2e18)!] }.
Now, taking p := VE; € {Ey, ..., E,} {e1,ea} & Ei, q := [6(q, e1e25)! V 6(q, eaey5)!],
and r = [0(q,ere25)! A 0(q, eze15)!], the equivalence of two statements for DC2 is

followed similarly from (p Aq) =r=q= (-pVr).

3.6.6 Proof for Proposition 3.1

If 3B, € {Ey,...,E,}, E, = E then Vey,es € E: {e1,e5} C Ej, and the consequent

parts of DC'1T and DC2 become true in Corollary 3.2.

3.6.7 Proof for Proposition 3.2

K
Let {2',...,5%} be a partition of E such that E = |J XF, ¥'N%¥ =0, Vi,j €
k=1

n

{1,..,K},i#j, %= EF, Ef € {E\, ..., E,}. Then, Proposition 3.2 is proven by
=1

the combination of following two lemmas.

Lemma 3.8 If Ag = || P.(As), then Vk € {1,..., K} : Pos(Ag) = || Pyi(As).

i=1
Proof: Due to the associativity and commutativity of parallel composition,
n n
| |

Ag =

P;i(Ag) leads to Ag =

=1 l:l

nk Tk
Vk € {1 K} PEk AS = Psx (H PEk AS))) = H PE‘ZIQ(AS), where, the
=1

ng
P(Ag) = H (H PE;C(AS)). Consequently,
=1

first bisimilary comes from the definitions of natural projection and bisimulation, and
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the second bisimilarity is deduced from the fact that because of the partitioning of
E by {3!,..., 25} each EF, I € {1,...,n;} appears in only ¥* and all transitions in

ny K N
ZU1 Pgr(As), © # k, are replaced by empty transitions, in Py <k||1 (l||1 PE;C(AS)))

and according to the definition of parallel composition, none of the transitions in
ng Ny
|| Pgr(As) are disabled by any transition in || Pgr(Ag), 7 # k. B
=1 =1

Lemma 3.9 If Vk € {1,... K} : Po(As) = || Pyy(As), and DC1 and DC2 hold
=1
|

true for Ag with respect to {Ey,--- , E,}, then Ag =

Pi(As).

i=1
Proof: Firstly, according to the defined partitioning of FE, VE; &€
{Ey, -+, E,}, 3%k € {¥Y... XK} E; € Y% Therefore, the expression [3E; €
{Ey,-- ,E,},{e1,e2} C E;] in the consequent of DC'1 and DC?2 in Corollary 3.2,
leads to the expression [3X* € {X',--- ¥X}, E, € ¥% E, e {E},--- E!},
{er,ea} € E; € YF. Consequently, DC1 and DC?2 for Ag with respect to
{E,, -+, E,} lead to DC1 and DC?2 for Ag with respect to {X!,--- XK}

Moreover, X' N/ = (), Vi,j € {1,...,K},1 # j guarantees DC3 for Ag with
respect to {31, .- | 2K}

Furthermore, according to Theorem 3.2, Vk € {1, ..., K} : Pax(Ag) = :ﬁz Ppi(As)
implies DC4 for Psr(Ag) with respect to {EF},, leading to the existence of de-
terministic automata PfElk(AS) such that P;;lk(AS) = Ppi(As), Vk € {1,--- K}l €
{1,--- ,ng}, that due to Lemmas 3.7 and 2.6, there exists a deterministic automa-
ton P, (Ag) := ;|”|€1 PJ,Ef (Ag) such that P, (Ag) = ;ﬁcl Ppir(As) = P (Ag); therefore,

DC4 becomes true for Ag with respect to {3t .- LK}
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Therefore, DC1-DC4 will be satisfied for Ag with respect to {¥! ... Y&},

K ng
e, As = || Pu(Ag), that because of Pue(As) = || Pgr(As), it results in
k=1 =1

As = || Fi(As). i
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Chapter 4

Reliable Cooperative Tasking

4.1 Introduction

Once a multi-agent system is designed, its safety becomes a crucial property across
the agents in order to prevent the irrevocable consequences for the system and users.
Failures on the other hand are usually unavoidable due to the large scale nature and
complex interactions among the distributed agents. It is therefore very important to
introduce some degree of redundancy into the design so as to achieve fault-tolerance
[124]. Towards this end, this chapter represents a continuation of the works in Chap-
ters 2 and 3, and deals with the robustness issues of the proposed top-down design
approach with respect to event failures in the multi-agent systems. The main concern
under failure is whether a previously decomposable task still can be achieved collec-
tively by the agents. Please note that no global information on failures is assumed,
and each agent is only aware of failures around itself and just trying to accomplish
its previously assigned subtask (assuming that the global task is decomposable before
failures, and subtasks are obtained, accordingly). An interesting question is whether
these agents can achieve the original global task in spite of event failures. If not, we
would like to ask under what conditions the global task could be robustly accom-

plished. This is actually the fault-tolerance issue of the top-down design, and the
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results provide designers hints on which events are fragile with respect to failures,
and whether redundancies are needed for sharing of some events. It is desired to
share as few number of events as possible through the communication links to reduce
the bandwidth, and consequently, the cost of the design. The main objective of this
chapter is to identify conditions on failed events under which a decomposable global

task can still be achieved successfully between cooperative agents.

This work differs from diagnosability and isolation problems [125] whose interest
is on the detection and identification of the type of faults. In this work the faults
are known and the question is the tolerance of systems against the faults. It also
differs from reliable supervisory control [126,127] that seeks the minimal number of
supervisors required for the correct functionality of the supervised systems. Another
different problem is robust supervisory control [128] that considers the plant as a set

of possible plants and designs supervisor applicable for the whole range of the plants.

This work is related to the fault-tolerant supervisory control that has been widely
studied in the context of discrete event systems. For examples, [129] proposed switch-
ing to another supervisor after fault detection. In another work, [130], the author
proposed to re-synthesize the supervisor upon the fault occurrence. A framework for
fault-tolerant supervisory control has been proposed in [131] and further explored in
[132] by enforcing given specifications for non-faulty and faulty parts of the plant to
ensure that the plant recovers from any fault within a bounded delay, such that the
recovered plant is equivalent to the non-faulty plant. In [133] a fault was modeled as

an uncontrollable event, that its occurrence causes a faulty behavior. They provided
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a necessary and sufficient condition for the existence of supervisor under failures,
based on controllability, observability and relative-closure, together with the notions
of state-stability [134,135], and language-stability [136,137]. In [138], a fault recovery
result has been proposed by introducing normal, transient and recovery modes, such
that the language of the closed loop systems is equal to a given language of the normal
mode. Most of these works however address the language specifications and deal with

decentralized supervisory control with distributed supervisor and monolithic plant.

In this chapter, continuing the works in Chapters 2 and 3, it is firstly observed
that a necessary condition for preserving the decomposability is that the failed events
can only be shared events and could be those that are only received from the other
agents or sent to others, redundantly. In other words, a necessary condition for failed
events is that they are not produced by the sensors/actuators of the corresponding
agents, and that the failed events are not sent to other agents, unless there exist
some alternative agents to relay them. We call these events as passive events in the
agent (see Definition 4.1). Passive events indeed refer to the shared events through
redundant communication links. Based on this notation, it seems that the failure of
passive events have no effect on decomposability, as they do not fail in the sender
agents and the receiver is just no longer informed about those events. However, it
will be shown that although the passivity of failed events is a necessary condition for
preserving the decomposability, some additional conditions are required for the task
automaton to remain decomposable. The intuitive reason is that when a shared event
fails, the corresponding agent can no longer use its information as a part of decision

making on the order or switch between transitions. Moreover, the failure should
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satisfy some criteria to ensure that after the failures, the parallel composition of local
automata neither generates a new string that is not allowed in the global automaton,
nor prevents a string that is allowed in the global task automaton. In particular, while
the passivity of failed events is a necessary condition to preserve the decomposability,
it is shown that for a deterministic task automaton that experiences failures on passive
events, the task automaton remains decomposable if and only if any required decisions
on the order/switch between any pair of events can be accomplished by at least one
of the agents after failure; no illegal string is allowed and no legal string is prevented
by the composition of local task automata, after the failure. It is furthermore shown
that under the passivity of failed events together with the proposed conditions, a
previously decomposable and satisfied task automaton can be still achieved by the

team of agents.

The rest of the chapter is organized as follows. Sections 4.2 presents the main
result on decomposability under event failures and introduces the necessary and suffi-
cient conditions under which a decomposable task automaton remains decomposable
in spite of event failures, followed by illustrative examples for each condition. Next,
it is shown in Sections 4.3 that under the passivity and the proposed conditions, if
a previously decomposable task automaton has been achieved globally by local con-
trollers, it will remain satisfied, in spite of event failures. As a special case, Section
4.4 provides more insight on global decision making on the selections and orders of
transitions, in a two-agent case. Finally, the chapter concludes with remarks and

discussions in Section 4.5. The proofs of lemmas are given in the Appendix.
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4.2 Task Decomposability Under Event Failures

After identifying the conditions for task automaton decomposability and cooperative
tasking, a natural follow-up question is that if after such decomposition, some of
the events fail in some agents, then whether a previously decomposable and satisfied
global task automaton can be still remain collectively satisfied after the event failures.
And, if not, what are the conditions for preserving the cooperative tasking. In order
to address this problem, we first need to investigate the failure on events. In general,
an event e can be either private (|loc(e)] = 1) or shared (|loc(e)| > 1). Failure of
a private event fails the decomposability as it causes the failure in the whole team
of agents. Failure on a shared event, on the other hand, may or may not lead to a
global failure, depending on whether the failed event is redundant or not. When an
event is a sensor reading; or actuator command, or it is sent to other agents with no
other alternative links, then the failure on this event stops its global evolutions. In
the following, we will introduce a class of failures that are investigated in this work,

followed by the class of passive failures.

Definition 4.1 (Event Failure) Consider an automaton A = (Q,qo, E,d). An
event e € E is said to be failed in A (or E), if F(A) = Py(A) = Pp\(A) =
(Q, qo0, X = E\e, 6"), where, 3, 6% and F(A) denote the post-failure event set, post-
failure transition relation and post-failure automaton, respectively. A set £ C E

of events is then said to be failed in A, when for Ve € E, e is failed in A, i.e.,

F(A) = Pe(4;) = Pp\p(A) = (Q, ¢, X = E\E, o).
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|| Ai = (Z, 20, E = AQE@',(SH) with local

i=1

Consider a parallel distributed plant A :=
agents A; = (Qy,¢b, Fi,0;), i = 1,...,n. The failure of e in E; is said to be passive
in E; (or A;) with respect to || 4;, if £ = }@1&. An event whose failure in A; is a

=1

passive failure is called a passive event in A;.

The notion of passivity, can be interpreted as communication redundancy as for
any local event set F;, Y, excludes any passive failed event e from F;, while the
effect of this failure on P;(Ag) is defined as the projection of Ag into E;\e (instead
of E;), leading to Pg,\.(Ag). Moreover, the passivity of failed events is shown to be
a necessary condition for the evolution of global transitions after failures, based on
which the problems of decomposability and cooperative tasking under event failures

are defined as follows.

Problem 4.1 (Decomposability under Event Failures) Let a deterministic task au-
tomaton As = (Q, qo, £ = igl E;,0) is decomposable with respect to parallel composi-
tion and natural projections P;, @ = 1,...,n. Then, does the global task automaton
Ag remain decomposable in spite of the failure of events {a;,}, r € {1,...,n;} in local

event sets E;, i € {1,...,n}? i.e., if As =2 | P,(As), then does As = || F(P;(As))

i=1 =1
always hold true? and if not, what are the conditions for such decomposability?
Example 4.1 Consider the task automaton in Example 1.4 with £ = E; U Fy and
local event sets Fy = {a,b,e1}, Fy = {a,b,es,e4} and assume that the agent with
E, sends two events {a,b} to the agent with E;. In this case, Ag is decomposable,
since it bisimulates the parallel composition of Pj(Ag): o<t ¢ £ ¢and Py(Ag):
\4

a
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0 2 ¢ o b o. Now, suppose that b fails to be sent to 1, i.e., new E; becomes
S~ 7

a

Y1 = {a,e1}. In this case, the automaton Ag will no longer remain decomposable as
the parallel composition of F(P1(Ag)): ¢ <2 ¢ and F(Py(As)) = Py(As), becomes
\_7

F(P(Ag))||F(P2(As)): o o % o b o that is not bisimilar to Ag. If Ag was Ag:

\LEQ \Lel J(el
€4 b

o —0 —>0

- e-% o2 ¢ ,then the failure of b in E; had no effect on the decomposability of

[ b

o —>0 —>0

Ag, ie., Ag = F(P(Ag))||F(Py(Ag)).

The next interesting question is the cooperative tasking under event failure, de-

fined as

Problem 4.2 (Cooperative Tasking under Event Failure) Consider a concurrent

n
plant Ap := || Ap, and a decomposable deterministic task automaton Ag =

i=1

(Q,q, FE = AQ E;,6) = || P(As), and suppose that local controller automata Ac,,

1

[ —]

%

1 =1,...,n exist such that each local closed loop system satisfies its corresponding
local task, i.e., Ac,||Ap, 2 Pi(As), i = 1,...,n. Assume furthermore that E; = {a;,}
fail in E;, r € {1,...,n;}. Then, does the team still can fulfill the global task, in spite
of failures, i.e., 'ﬁl F(Ap||Ac,) = As? and if not, what are the conditions to preserve

the satisfaction of the global specification?

This and the following section respectively address the Problems 4.1 and 4.2 on
automaton decomposability and cooperative tasking under event failures, for the class
of passive failures. Firstly, according to the definition of passive events, the notion

of passivity can be seen as the redundancy of communication links as it is stated as
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follows.

Remark 4.1 To interpret the passivity more formally, let snd. (i) and rcv.(i) respec-
tively denote the set of labels that A; sends e to those agents and the set of labels that
A; receives e from their agents, defined as snd.(i) = {j € {1,...,n}|A; sends e to A;}
and rcve(i) = {j € {1,..,n}|i € snd.(j)}. Then, an event e is passive in A; if
rece(i) # 0 (i.e., the i —th agent does not receive e from its own sensor/actuator read-
ings, but from another agent), and Vk € snd.(i): 35 € {1,--- ,n}\{i, k}, k € snd.(j)
(i.e., if the i — th agent is a relay for the transmission of e, for any receiver agent,
there exist another agent to send e). In this set-up a passive failure excludes the failed
event e from the corresponding local event set E; while it makes its respective tran-
sitions hidden in F'(A;). Therefore, from the definition of parallel composition, the

n

transitions on other agents can contribute to form the global transitions in || F'(A;),
i=1

since only in this way there will be no synchronization constraint on the rest of agents

in || F(A).
=1

1=
Moreover, the definition of passivity implies that the passivity of failed events is
a necessary condition for the evolution of the global transitions after failures, as it is

stated in the following lemma.

Lemma 4.1 (Global Transitions after Local Failures) Consider a parallel distributed

plant A == || Ay = (Z, 20, E = 461Ei,5||) with local agents A; = (Qi, b, Ei, ), i =
i=1 =
1,...,n. If no global transitions in || A; are disabled in || F(A;) (ie., V21,20 € Z,
i=1 i=1

Ve € E, z € 0)|(21,¢€), then 2, € 5{(2’1,6)), then all event failures are passive, i.e.,
the passivity of local event failures is necessary for preserving the global transitions.
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Proof: See the proof in the Appendix. ]

n

In this set-up, the evolution of global transitions in || F(FP;(Ag)) relies on the
i=1

passivity of failed events, as it is expected and stated in Lemma 4.1. The reason is
that due to the definition of parallel composition, the evolution of global transitions
requires the failures to be passive, since passive failed events are excluded from the
corresponding local event set and the local task automaton is projected to the rest
of events. For non-passive failed events, on the other hand, since they are not re-
ceived from other agents or they have no alternative agents for relaying the event;
therefore, they are not excluded from the local event set, but their transitions are

stopped. Consequently due to synchronization restriction in the definition of parallel

composition, the global transitions cannot evolve on non-passive failed events.

Consequently, as it is stated in Lemma 4.1, the passivity of failed events is a

necessary condition for the task automaton to remain decomposable after the failures.

Moreover, when all failed events are passive, due to the definition of passivity,
Problem 4.1 can be transformed into the standard decomposition problem (Prob-

n

lem 2.1) to find the conditions under which Ag = || Py, g, (As). Accordingly, the
i=1
conditions on the global task automaton to preserve the decomposability under event

failures, are reduced into their respective decomposability conditions in Corollary 3.2,

as the following lemmas.

Lemma 4.2 Consider a deterministic task automaton As = (Q,qo, E = AQ E;6).
Assume that Ag is decomposable, i.e., As = || Pi(As), and suppose that E; = {a;,}
=1

1=

fail in E;, v € {1,...,n;}, and E; are passive for i € {1,...,n}. Then, following two
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erpressions are equivalent:

1. e EF1:VYej,es € E,q€ Q: [0(q,e1)! ANd(q,e2)]
= [3E; € {E,...,E,}, {e1,ea} T E\E]V [0(q,e1e2)! A 6(q, ezer)!];
o EF2:Vej,ep€ E,q€Q, s € E*: [0(q,e1€29)! V 6(q, eze15)!]
= [3E; € {E1,...,E.}, {e1,e2} € EN\E;] V [0(q, e1e28)! A §(q, eze15)]].
2. & DCly: Vej,ea € E,q€Q: [0(q,e1)! Nd(q,e2)!]
= [3%; € {31,..., 8.}, {e1,ea} T3]V [0(q, erea)! A d(q, ezeq)!];
o D(C2x: Ve, e0 € E,q€Q, s € E*: [0(q,er1e25)! V (g, e2e19)!]

= [3%; € {Z1,..., B0} {er,ea} C 3]V [0(g, ereas)! A d(g, ezers)!].

Proof: See the proof in the Appendix.

Lemma 4.2 gives the simplified versions of DC'1 and DC?2 after event failures,

with respect to refined local event sets. Adopting the same DC3 for the refined

local event sets, it remains to represent a simplified version of DC4 for the local task

automata, after event failures. This condition is stated in the following lemma.

Lemma 4.3 Consider a deterministic task automaton As = (Q,qo, E = 'Ql E;6).

n —
Assume that Ag is decomposable, i.e., As = || P;(Ag), and suppose that E; = {a;,}
i=1

fail in E;, r € {1, ...,n;}, and E; are passive fori € {1,...,n}. Then, following two

expressions are equivalent:

o LF4: Vi € {1,...,72}, r,T1, Ty € Q;, 11 7& T9, € € EZ\EZ, t1,t9 € Ez*f T €

di(x,tre), xo € iz, tae): di(xy,t)! < 6i(xa,th)!, for some t), t, such that

PENE; (tll) = PE\E; (t,Q)
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o DC4s: Vi€ {1,....,n}, 2,701,290 € Qy, 11 # T3, e € X, t € ¥, 11 € 6F(w,e),

1y € 6F(w,e): 68 (x1,t)! & 0F (2o,t)!. Where, 6F is the transition relation in

F(P;(As)).
Proof: See the proof in the Appendix. ]

Remark 4.2 EF4 is the counterpart of DC4 after the event failures, that handle
newly possible nondeterminism in the local task automata. Any nondeterminism that
is propagated from the local task automata of before the failure, is treated by DC4

when Ag is decomposable.

Now, combination of Corollary 3.2 and Lemmas 4.2 and 4.3 leads to the main

result on decomposability under event failures as the following theorem.

Theorem 4.1 (Task Decomposability under Event Failures) Consider a deterministic

task automaton As = (Q,qo, E = '61 E;,8). Assume that Ag is decomposable, i.e.,
1=

n

I

i=1

As = || Pi(As), and furthermore, assume that E; = {a;,} fail in E;, r € {1,...,n;},

and E; are passive for i € {1,...,n}. Then, Ag remains decomposable, in spite of

event failures, i.e., As = || F(P;(Ag)) if and only if
i=1

o FF1:Vej,ea€ E;qe Q: [6(q,e1)! Nd(q, e2)!]
= [3E; € {E1,- ,E,}, {e1,ea} C E\E] V [0(q, e1ea)! A d(q, exer)!];

o EF2:Vej,ea€ E,qeQ, s € E*: [0(q,e1e29)! V 0(q, eze15)!]
= [3E; € {E1, - ,E,}, {e1,e2} € E\E] V [0(q, e1eas)! A (q, ezers)!];

e EF3: 0(qo, 'EM)!, V{s1," - ,Sn} € E(AS), dsi, 85 € {s1,-+,Sn},8 F#
s;, where L (Ag) C L(Ag) is the largest subset of L(Ag) such that Vs €
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f/(AS),Hs’ € E(AS), 3%, % € {31, .., 50} .1 # J,psinx, (8) and ps;ns; (87)
start with the same event, and

o EF4: Vi € {1,...,n}, 1,271,290 € Q;, 11 # T2, ¢ € E\Ej, t1,ty € B, 71 €
di(x,tie), xo € iz, tae): di(xy,t))! < 6i(xa,th)!, for some t), t, such that

PENE; (tll) = PE\E; (t,Q) .

Proof: First, according to Lemma 4.1, the passivity of F; is a necessary condi-
tion for preserving the decomposability. Now, providing the decomposability of Ag
and the passivity of all failed events, due to the definition of passivity, it leads to
|n| F(P;(Ag)) & |n| Ps,, (Ag) = |n| Pg g, (As) that based on Corollary 3.2 and Lem-
i=1 i=1 i=1

mas 4.2 and 4.3, it is bisimilar to Ag if and only if FF'1 - EF4 hold true for the

refined local event sets {¥q,...,%,}. B

Remark 4.3 EF1-EF4 are respectively the decomposability conditions DC1-DC4,
after event failures with respect to parallel composition and natural projections into
refined local event sets ¥; = E;\E;, i € {1,...,n}, provided the passivity of Ej,
i € {1,...,n}. Condition EF'1 means that, after failure of some passive events, for
any decision on selection between two transitions there should exist at least one agent
that is capable of the decision making, or the decision should not be important (both
permutations in any order be legal). EF2 says that, after failure of some passive
events, for any decision on the order of two successive events before any string, either
there should exist at least one agent capable of such decision making, or the deci-
sion should not be important, i.e., any order would be legal for the occurrence of that

string. The condition FF'3 means that, after failure of some passive events, any inter-
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leaving of strings from local task automata that have the same first appearing shared
event, should not allow a string that is not allowed in the original task automaton.
In other words, FF'3 is to ensure that, after failure of some passive events, an illegal
behavior (a string that does not appear in Ag) is not allowed by the team (does
not appear in A|n|1 F(P;(Ag))). The last condition, EF'4, ensures the determinism of

bisimulation quotient of local task automaton, in order to guarantee the symmetry

between simulation relations from Ag to || F'(P;(Ag)) and vice versa. By providing

=1
this symmetry property, FF4 guarantees that, after the failures, a legal behavior (a

string in Ag) is not disabled by the team (appears in || F(P;(Ag)).
i=1

Following examples illustrate these conditions.

Example 4.2 This example illustrates the notion of passivity and shows a de-
composable automaton that stays decomposable, when an event is failed pas-

sively in one of the local agents and EFF1-FF4 are satisfied. Consider the au-

tomaton Ag: o .o 2. o 2. gwith local event sets £y = {ej,a} and
$ €1 a
o —>0 —>0

a\ e

e —0

Ey, = {es,a}, E3 = {a} and communication pattern as {1,2} € snd,(3), and

no other communication links. This automaton is decomposable, as the parallel

composition of Pj(Ag) = o%: :1 :, Py(As) = o0 -0
3
and P3(Ag) @ ——=e—">0e is || P(As): o 2. o 9. o . gwhich is
i=1
e1¢ 6261\L .
o ——0 —>0

bisimilar to Ag. Now, assume that a fails in E;. Then EF1-EF4 are satis-

fied (as d(qo, eae1a)! A 0(qo, e2aeq)!; hence, EF1 and EF2 hold true after the fail-

ure, the interleavings on shared event a impose no illegal strings, and therefore,
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EF3 is satisfied, and finally EF4 is fulfilled since F(Py(Ag)) & ——eo—">e

)

F(Py(Ag)) = o -0 ">0 and F(P3(As)) & ——=e—2>e are all de-

terministic); therefore, the parallel composition of F(Pj(Ag)) with ¥; = {e;},
3

F(Py(Ag)) with Xy = {eg,a}, and F(Ps(As)) with X3 = {a}, is || F(Pi(Ag)):
i=1

€2 a _ o that is bisimilar to Ag. However, if a was failed in Fs5, then

[ ] [
e1¢ el\L e1¢
€2 a
[ [ ]

_— ) ——>

it evolved in none of the local task automata and ‘\31 F(Pi(As)) 2 Ag, since FEj
is the source for a. Similarly, the failure of private events e; and ey in E; and
E5, respectively, disables the global transitions on these events. As another ex-
ample for non-passive failure, consider the communication pattern of 1 € snd,(3),
{2,3} C snd,(1), while a fails in Fy, Then, the parallel composition of F(P;(Ag)):

e, owith ¥y = {e1,a}, F(Py(Ag)) & —— e —">6 with ¥y = {e;}, and

F(P3(Ag)) &2 ——e—2>6 with X3 = {a} was .:\2;: e; ¢ Which is not

bisimilar to Ag. The reason is that in this case, in contrast to the fist case, a was not
excluded from ¥, while a was stopped in F'(P;(Ag)). This, due to the synchroniza-

tion constraint in parallel composition, disabled the global transitions on a.

Example 4.3 (Revisiting Example 3.4 for reliable task decomposability) As an-
other example, consider the multi-robot cooperative scenario in Section 3.3 and
Examples 1.10 and 3.4, with Ey, = {hy, RitoD;, RionD,, FWD, Djopened,
Roinl, BWD, Diclosed, r}, Ey = {hg, Roto2, Ryin2, Diopened, Rotol, Ryinl, r},
and E3 = {hg, Rsto3, Rzin3, RstoD;, RzonDy, FW D, Djopened, Ryinl, BWD,
Diclosed, Rstol, Rginl, r} with the communication protocol {1,3} € snd{g,in1}(2),
{1,2} € sndy.pcioseay(3), 12,3} € sndip,opencay(1), 1 € sndipwp swpy(3), 3 €
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snd{pwp,Bw D}(l). With this communication pattern, Djopened, is passive in Fy and
Es, Diclosed and r are passive in E; and F», and Roinl is passive in F; and E3. More-
over, Diopend and Ryinl are redundant in Ej3, while Diclosed is redundant in Fj.
The reason is that Djopended is passive in F3 and its exclusion respects EF1-EF4,
as F3 has no role in decision making on successive events { Rein2, Diopened} C E,
{Diopened, Rotol} C E, that can be handled by E,, and the decision on the or-
der of {FW D, Dyopened} C E; that can be accomplished by FEj. Similarly, after
the exclusion of passive event Ryinl from Es, the order of {Rytol, Ryinl} C Es, and
{Ryinl, BW D} C Ej can be decided by Fs and Ej, respectively. Identically, D;closed
is redundant in F4, as it is passive and after its exclusion, F3 can handle the order of
event pairs { BW D, Dyclosed} C Ej3 and {Diclosed, Rstol} C Ej3. Therefore, EF2
remains satisfied. Moreover, since these events have no adjacent event; the shared
events appear in only one branch, and local automata remain deterministic, EFF1,
EF3 and EF4 are also fulfilled. Consequently, the exclusion of D opened and Ryinl
from E3 and D;closed from E; preserve the decomposability of Ag with respect to the
new local event sets 3y = {hy, RitoDy, RionDy, FW D, Dyopened, Ryinl, BW D, r},
Yo = {hg, Roto2, Ryin2, Diopened, Ratol, Reinl,r} and 33 = {hs, Rsto3, Rsin3,
RstoDy, RsonDy, FWD, BWD, Dsclosed, Rstol, Rsinl, r}, as the parallel com-
position of F(Py(Ag)), F(P2(As)) and F(Ps(Ag)) (shown in Figure 4.1) bisimulates

As.

Example 4.4 This example shows a decomposable automaton that will no longer

stay decomposable after a passive event failure, since EF'1 is not satisfied, although
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Pl (AS): h1 RionD; Dmpened BWD
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/k R3t03 R3t0D1 WD D1 closed R3inl )

F
Figure 4.1: F(P;(Ag)) for Ry; F(P2(Ag)) for Ry and F(P5(Ag)) for R, after exclusion

of Diclosed from E; and {Djopened, Ryinl} from Ej.

other three conditions, FF2, EF3 and EF4, are fulfilled. Consider the automaton
Ag: . o 2. gwith local event sets £y = {a}, Ey = {b}, and E3 = {a,b}
with 3 € snda(bl) z;nd 3 € sndy(2), and no other sending and receiving links. This
automaton is decomposable, as the parallel composition of Pj(Ag): . ¢ % o,
Py(As): . e . gand P3(Ag) = Ag bisimulates Ag. Now, suppose that a is
failed in E3. Then, the parallel composition of F(P;(Ag)): . ¢ % . ¢ with 3 =
{a}, F(Py(Ag)): . o b . gwith Yo = {b}, and F(Ps(As)): . ¢ 2. ¢ with
Yy = {b}, is H F(P,(As)): o . o2 o which is not bisimilar to Ag. The
= e

reason is the violation of EFF1, as after the failure of a in E3, neither there exists an

agent that knows both events a and b to decide on the selection between them, nor

both permutations are legal in Ag. If Ag was Ag: o " o_". o, then, the

e

failure of a in E3 had no effect on the decomposability of Ag.

a
o —>0

Example 4.5 This example shows a decomposable automaton that will no longer
stay decomposable after a passive failure, as FF2 is not satisfied, although other
three conditions, EF1, EF3 and EF4 are fulfilled. Consider the automaton Ag:

o . o . gwith local event sets Fy = {a}, E; = {b} and E3 = {a,b},
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with 3 € snd,(1) and 3 € sndy(2) with no other sending and receiving links. This
automaton is decomposable, as the parallel composition of Pj(Ag): . ¢ % o,
Py(Ag): . ¢ b gand P3(Ag) = Ag bisimulates Ag. Now, suppose that a is
failed in E3. Then, the parallel composition of FI(P;(Ag)): . ¢ _*. ¢ With ¥; =

{a}, F(Py(Ag)): . o b . gwith Xg = {b}, and F(P3(As)): . ¢ . ¢with

3
Y3 ={b},is || F(P,(As)): o " o 2. ¢which is not bisimilar to Ag. The
1=1 X\ ° b

reason is the violation of EF'2, as after the failure of a in Fs, neither there exists an

agent that knows both events a and b to decide on the order of them, nor both orders

are legal in Ag.

Example 4.6 This example illustrates a decomposable automaton that satisfies
EF1, EF2 and EF4, but it will not remain decomposable after a passive event

failure, due to the violation of FF'3. Consider the automaton Ag:

a b c 1 — —

° . . o with local event sets E; = {a,b,c}, Ey = {bc}
Xo*b>o

and E3 = {a,b} and communication pattern 1 € sndpq(2), 1 € sndq(3),

3 € sndy(2), with no other communication links. Ag is decomposable, as

the parallel composition of Pj(Ag) = Ag, Py(Ag): o " o_C. o, and
C\ )
o ——>0
P3(As): o "> o_". is bisimilar to Ag. Now, assume that b fails in
b\.
E;. Then, the parallel composition of F(P;(Ag)): o . o_C. owith
C\.
Y1 = {a,c}, F(P(Ag)): o . o . gwith ¥y = {b,c} and F(P3(Ag)):
X\o*b>o
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3
o - o . gwith X3 ={a,b}is || F(Pi(As)): o< o o b othatis
=1

= : Y

o<—20 e —0

no longer bisimilar to Ag due to the violation of FF'3 as it contains strings acb and

be that do not appear in Ag.

Example 4.7 This example shows a decomposable automaton that does not re-
main decomposable against a passive event failure, when it does not satisfy
EF4, although it fulfils EF1, EF2 and EF3. Consider the automaton Ag:

° \bA o ¢ . ¢ with local event sets £y = {a,b,c}, Ey = {a,b} and E3 = {b, ¢},

with communication structure 1 € sndg.(2), 1 € snd.(3), 3 € sndy(2), with no

a
o ——0

other communication links. This automaton is decomposable, as the parallel compo-

sition of Pj(Ag) = Ag, Po(As): . ot . ¢and P3(Ag): o > e_C. oiS
¢ e
bisimilar to Ag. Now, assume that b fails in F;, then the parallel composition of

F(Pi(As)): — v e_C.0 with ¥, = {a,c}, F(Py(As)) = H.\#A.
B a a )

o —>0
with ¥y = {a,b} and F(P3(Ag)) = -\bA: ‘e with X3 = {bc} is

3
| F(Pi(Ag)): b c . o that is no longer bisimilar to Ag due to the
S . — ° = ° . °

o —>0

violation of E'F'4, as there does not exist a deterministic automaton P[(Ag) such that

P{(As) = F(P1(As)).

Remark 4.4 The complexity and checkability of EFF1-EF4 are similar to the com-
plexity and decidability of DC1-DC4, as they were discussed in Remarks 3.4 and

3.6.
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4.3 Cooperative Tasking Under Event Failure

So far, we have presented the necessary and sufficient conditions for a decomposable
task automaton to remain decomposable in spite of passive failures. Now, assume
that the global task automaton is decomposable and local controllers exist such that
local specifications are satisfied, and consequestly due to Theorem 3.3, the global
specification is satisfied, by the team. Furthermore, assume that event failures occur
on some shared events, but due to the passivity of failed events and FF1-EF4, the
global task automaton remains decomposable. Then, the next question is Problem
4.2 to understand whether, the team is still able to achieve the global specification.

Following result answers this question.

Theorem 4.2 (Cooperative Tasking under Event Failures) Consider a concurrent

plant Ap := || Ap, and a deterministic task automaton As = (Q,qo, E = 'LnJl E;,9)
1 i=

1=

as the global specification. Assume that Ag is decomposable, i.e., As = || P;(As),

1

—

(2

and suppose that the local controller automata Ac,, i =1,...,n, exist such that each
local closed loop system satisfies its corresponding local task, i.e., Ac,||Ap, = P;j(Ag),
i =1,...,n. Assume furthermore that E; = {a;,} fail in E;, r € {1,...,n;}, E;

are passive for i € {1,...,n}, and Ag satisfies EF1-EF4. Then, the team can still

3

achieve its global specification, i.e., || F(Ap||Ac,) = Asg.
i=1

Proof: Firstly, the decomposability of Ag and A¢,||Ap, = P/(As), i = 1,...,n,

due to Theorem 3.3, implies that || (Ap||Ac,) = Ag, i.e., the global specification is
i=1

satisfied by the team. Moreover, the global specification remains satisfied, in spite

of event failures, if E; are passive for i € {1,...,n}, and Ag satisfies EF1-EF4,
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n

=1

since ,UlF(APZ-HACi) = 'U1 Ppag, ( ) = ‘U1 Pgag, (Fi(As)) = || F(Pi(As)) =

|| P;(As) = Ags. In this expression, the first and the third bisimilarities come from the
i=1
passivity of Ej;, i € {1,...,n}, and the second bisimilarity is followed from A, ||Ap, =
Pi(As),i=1,...,n, the definition of natural projection and Lemma 2.6. The fourth

equivalence is implied from the passivity of F;, i = 1,...,n and EF1-EF4, and

finally, the last bisimilarity is due to the decomposability assumption of Ag. ]

Remark 4.5 The significance of Theorem 4.2 is that under the passivity condition
and FF1-EF4, although the local task automata may change after the failure (i.e.,
F(Pi(As)) 2 Pi(Ag)), the team of agents can satisfy the global specification, as

H F( ) =

= 7

3

| F(P(Ag)) 2 || Pi(Ag) = As.

1 =1

Example 4.8 This example illustrates a specification for a team of three agents
that is globally satisfied and remains satisfied in spite of passive event fail-

ures, provided the conditions FF1-EF4. Consider a parallel distributed

3
plant Ap := || Ap, with local plants Ap,: o . o 9. gwith F; =
i=1 o, @
o —>0
{a’uel}u Ap,: o< o<! o o, 0. gWith Fy = {a)bueQ}a Ap,:
\V/
o< 0<% o / o 2. 0-". o
o P . o . owith E5 = {b,e3}, having communication pattern 1 € send,(2),
}‘\ o—2- o
3 € sendy(2), and no more communication links. Assume that the global specifica-
tion is given as Ag: 0l 0 1. o . o b o __o. Agis decompos-
% el €2 b €3
o [ J ® [ ] [ J
>*o LI AP NS
}* o .0 P o
€3 ° i> °
able, since the parallel composition of Pj(Ag) = o> o, P(Ag) =
o o -0

125



° . e—"-e and Py(Ag) = o> e—".4¢ is bisimilar to

Ag. Now, taking the local controllers as Ag, := P;(Ag), ¢ = 1,2,3 results in

3
APiHACi = PZ(AS)7 i=1,2,3 and || (AP1||A01) e e B
i=1 e
I/T a €2 b €3
[ ] [ J [ ] [ J [ ]
T i/el e ¢el b J/el es ¢el
[ J [ ] [ J [ ]

that is bisimilar to Ag, i.e., global specification is satisfied by designing local con-

trollers Ag, to satisfy local satisfactions P;(Ag).

Now, suppose that a fails in F;. Since a is passive in F; and Ag satisfies EFF'1-
EF4 (since 6(qo, eraeabes)! A §(qo, aeresbes)! in Ag, and hence EF1 and EF2 are
satisfied; 31 = {e1}, Yo = {a,b,e2}, X3 = {b,e3} with the only shared events
b € ¥u N X3, and the corresponding interleaving between F'(Py(Ag)) = Py(Ag) and
F(P3(Ag)) = P3(Ag) is aegbes that appears in Ag, with all permutations with e; from
F(Pi(Ag)); hence, EF3 is satisfied, and finally, EF4 is fulfilled since F(P;(Ag)),

€1

F(Py(Ag)) and F(P3(Ag)) are respectively bisimilar to automata ——e —=e

e "> 0-. 0. ¢ and o> 0. e that all are deterministic.

3
Therefore, according to Theorem 4.1, || F(P;(Ag)) = As.

=1

Moreover, since the failed event a is passive in F; and Ag satisfies EF'1-

EF4, as Theorem 4.2, the global specification remains satisfied after failure, as

3 3
| F(Ap|[Ac,) = || F(F(As)) = s : : ’ that is
1=1 i=1

[ J [ ] [ J [ J

i/el \Lel i/el \Lel €1
a €2 b es

[ J [ ] [ J [ J

oe<— 0

bisimilar to Ag.
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4.4 Special Case: More Insight Into 2-Agent Case

This part provides a closer look into the two-agent case and illustrates the notion of
global decision making after the event failures.

First, following lemma presents some properties on a 2-agent system that expe-
riences passive failures. The properties will be then used to provide a deeper insight
on the global decision making of the team on successive and adjacent transitions, in

spite of passive failures.

Lemma 4.4 Consider a deterministic task automaton As = (Q, qo, £ = Ey U E3, )
and assume that Ag is decomposable with respect to parallel composition and natural
projections P;, i = 1,2, and furthermore assume that E; = {a;,}, r € {1,...,n;} fail

in B, i € {1,2}. If E;, i € {1,2} are passive, then

1. El N EQ == @,’
2. E17E2 - El N E?;'

3. 21\22 = (El\EQ) U EQ and 22\21 = (EQ\El) U El.

Proof: See the proof in the Appendix. ]
Now, following lemma represents the conditions for maintaining the capability
of a team of two cooperative agents for global decision making on the orders and

selections of transitions in the global task automaton, after passive event failures.

Lemma 4.5 Consider a deterministic task automaton Ag = (Q, qo, E = E1 U E3,9).
Assume that Ag is decomposable, i.e., Ag = Pi(Ag)||P2(As), and furthermore, as-
sume that E; = {a;,} fail in E;, r € {1,...,n;}, and E; are passive for i € {1,2}.
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Then, the following two expressions are equivalent:

® (EFl and EFQ) V(el,eg) € {(El\EQ,El), (EQ\El,EQ), (EhEQ)}, qE Q, s €

D

[0(g,e1)! A o(q,e2)!] = [0(q, ere2)! A d(q, ezeq)!] (4.1)

d(q, e1e29)! < (q, eze19)! (4.2)
e (DC1y and DC25): Ve € X1\Xg, €2 € ¥0\X1,0 € Q, s € E*:

[0(q,e1)! AN o(g,e2)!] = [0(q, erea)! A d(q, eze1)!]

3(q, ere25)! < §(q, eae1s)!.
Proof: See the proof in the Appendix. ]

Remark 4.6 EF1 and EFF2 represent the decomposability conditions DC'1 and DC'2
after failure, i.e., for the refined local event sets ¥; and Y5. They say that after the
failure, any decision on the switch or the order between two events that cannot be
accomplished by at least one of the agents ( neither {e1, e} C 3¢, nor {e;, e} C ¥s),
then the decision should not be important (both orders should be legal). This is a
good insight on the validity of DC'1 and DC?2 after the failure of passive events as it
is stated in Lemma 4.5 and illustrated in Figure 4.2.

From Lemma 4.5, (X1\X3) X (¥2\%;) is the union of four spaces: (FE;\FEs) X
(Ex\E1); (E\\Es) x (Er); (B2) x (E2\E1), and (E1) x (Ez) (see Figure 4.2 (a) — (d)).
Note that due to Lemma 4.4, By N Ey, = 0.

Now, according to Theorem 2.1, for any pair of events from (F1\FEs) X (E\E;)
(shown in Figure 4.2 —(a)), (4.1) and (4.2) are true as Ag is decomposable, before the
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failure. Moreover, (4.1) and (4.2) are also true for the pair of events from other three

spaces of (31\X2) X (X2\%1), due to EF1 and EF?2 as it is elaborated as follows.

e Figure 4.2 — (b) shows (E;\FE,) x (E}): any pair of events from this space
contains in FE;, before the failure, but, contains in neither of £; and FE, after
the failure;

e Figure 4.2 — (c) depicts (E,) x (FEy\E;): any pair of events from this space
contains in Fs, before the failure, but, belongs to neither of F; and F, after

the failure;

e Figure 4.2 — (d) illustrates (E;) x (Ey): any pair of events from this space
contains in both F; and FE,, before the failure, but, contains in none of them

after the failure.

Therefore, since after the failure, for any pair of events from these three spaces, no
agent can be responsible for decision making on switch/order between them (no local
event set contains both events), then such decisions should not be important as it

stated in EF'1 and EF2.

Another implication of this result is that when the system is comprised of only
two agents and one of those agent is failed, while all of its events are passive, then

the task automaton remains decomposable as

Corollary 4.1 Consider a deterministic task automaton As = (Q,q,E = Ey U

Ey,0). Assume that Ag is decomposable, i.e., Ag = Pi(Ag)||P2(As). Assume fur-
~ 2

thermore that E; entirely fails, i.e., By = Ey. Then, As = || F(P;(Ag)) if and only
i=1

of By is passive.
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Figure 4.2: Ilustration of (X1\X2) x (35\%1).

Proof: Sufficiency: Since F, = E, from the definition of passivity, Lemma 4.4 and
E = E\UE,, it follows that £y C Ey = F and F1\Fy = Ey = 0: hence, EF1 and EF2
hold true, due to Lemma 4.5. Moreover, since ¥, = F)\E; = (), then X;\Xy = ¥; = 0,
that makes FF'3 always true. Finally, by Lemma 4.1, F(P;(Ag)) with ¥; = () merges
into its initial state, with no nondeterminism, and F'(P,(Ag)) with Xy = FE is bisimilar
to Ag which is deterministic, therefore, EF'F'4 is satisfies, as well. This implies that
when E), = Ey, the passivity of F; leads to Ag = F(P(Ag))||F(Py(As)).
Necessity: The necessity is proven by contradiction. Suppose that E; =
By and As = F(P(Ag))||F(P(As)), but Je € E;, e is not passive in FEj.
Then, from Lemma 4.1, it is follows that transitions on e cannot evolve in
F(P1(Ag))||F(P2(Ag)), due to synchronization constraint in parallel composition;

hence, As 2 F(P(Ag))||F(P:(Ag)) which is a contradiction. B
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4.5 Conclusion

This chapter proposed a method to investigate whether a decentralized bisimilarity
control design remains valid, under the failure of some events in multi-agent systems.
This work is a continuation of Chapters 2 and 3, in which necessary and sufficient
conditions were given for task automaton decomposability; and the satisfaction of
global specification was guaranteed upon the satisfaction of local specifications. This
work defines a new notion of called passivity under which it is possible to transform
the decentralized cooperative control problem under event failures into the standard
decomposability problem in Chapters 2 and 3, and then identifies conditions to guar-
antee the supervised concurrent plant to still satisfy the global specification, in spite
of event failures. The passivity of the failed events is turned to be a necessary con-
dition for the task automaton to remain decomposable, and it is found to reflect the
failure of redundant communication links. It is then proven that a decomposable task
automaton remains decomposable, and hence satisfied, after some passive failures if
and only if after the failures, the team of agents maintains the capability on collective
decision making on the orders and selections of transitions and preserves the collec-
tive perceiving of the task such that the parallel composition of local task automata
neither allows an illegal behavior (a string that is not in the global task automaton),

nor disallows a legal behavior ( a string from the global task automaton).

This result is of practical importance as it provides a sense of fault-tolerance to
the task decomposability and top-down cooperative control of multi-agent systems,

under event failures.
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4.6 Appendix

4.6.1 Proof for Lemma 4.1

Firstly, in order to allow the global transitions, the failed event a in E; has to be

received from other agents not from its own sensors and actuator readings, otherwise,
n
|| F(A;) (since other agents
i=1

no local transitions on a evolve in either of F(A;) or
receive a from A;). Therefore, the failed events have to necessarily be shared events
(loc(a) > 1), and that after the failure of a in A;, a is excluded from E;, i.e., ¥; = E;\a,
as a is not received to A; from other agents. Moreover, due to Definition 1.9, exclusion
of a from FE; allows global transitions on a with no synchronization restriction from
F(A4;). Finally, the transitions on failed event a have to be replaced with e-moves,
in order to allow transitions after a in A;, i.e., Vri,29 € Q;, 2 € 0;(x1,a), then
[2a]s, € 6f ([z1]s;, a), [#1]s, = [22]s, and F(A;) = Pgpo(A;) (otherwise a transition of
6F(6F (z,a), e) will be disabled due to the stopping of execution of 67 (x,a)). It should
be noted that, if there are no transitions after d;(z,a) (i.e., Ve € E;: =6;(6;(x, a),e)!,
then the stopping of §;(x, a) is identical to replacing this transition with an e-move.

These collectively mean that the preserving of global transitions in || F'(A;) requires
i=1

the local failures to be passive.

4.6.2 Proof for Lemma 4.2

Passivity of all £, i € {1,...,n}, due to definition of passivity, leads to 3; = E;\E; C

E;; hence, the expression [3E; € {Ey, -, E,}, {e1,ea} C E;] in the antecedent of
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DC1 and DC?2 leads to [3%; € {¥1,--- , X, },{e1,e2} C ¥, replacing E; with ¥; =

E\E.

4.6.3 Proof for Lemma 4.3

Any nondeterminism in F'(P;(Ag)) appears either due to nondeterminism from P;(Ag)
or newly formed nondeterminism because of replacing of passive events by ¢.

In the first case, from the decomposability of Ag, DC4 says that for any x, x1, x5 €
Qi, e € B\E;, t € Ef, 21 # 29, 11 € §i(x,€), 29 € Si(w,e): i(w1,t)! & §i(20,1)!,
ie., [1]s, € 0 ([2]s,, €), [w2]s, € 0f ([2]x,, €): Of ([w1]s,, px, () & 0f ([w2]x,, px, (1)),
which is DC4 for F(P;(Ag)), with refined local event set %;.

For the second case, any newly appeared nondeterminism is induced by tran-
sitions from the original local task automaton, in the following form. di €
{1,...,n}, 2,201,290 € Qy, t1,ts € Ef, e € B\E;, t),ty € Ef, 11 # 19, 11 € 6, t1€),
x9 € 6;(x,tee), t) transits after x; or zo, but there does not exist t;, after the other state
(among 1, x3), such that pp,\ g, (t)) = pea g, (t5). In this case, [z]s, = [6f ([z]x,, t1)]s,
= [6F ([z]s,, t2)]x,; hence, EF4 becomes [x1]z, € 6F([x]s,,e), [xa]x, € 6F ([x]s,;,e):
F([x]s,, pe, () & 0F ([ma]s,, ps, (th))!, which is again equivalent to DC4 for

F(P;(As)).

4.6.4 Proof for Lemma 4.4

The first item is proven based on the fact that if Je € E; N Fy, then snd,(1) =

0 A snd.(2) = 0 which is impossible, due to Remark 4.1 that requires snd. (i)
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0 Arece(i) # () for an event e to be passive in E; € {E1, F»}, in two-agent case.

The second item, comes from the passivity of £, and Fs that implies that Ve € £,
i = 1,2, snd.(i) = 0 A rcve(i) # 0, and hence loc(e) > 1 which means e € Ej,
Jje{1,2}\{i}, i.e, e € E;N Es.

For the last item, from the second item and E; N Ey = () we respectively have
E\, By C E\NEyand B, C EY, B, C E) (In this proof, prime operation stands for the
set complement, where the F; U E, is considered as the universal set). Consequently,
Yi\Ee = (E\E)\(E.\Ey) = (E; N E)N (E2 N E;)’ = (E.NE)N (E§ U EQ) =
(B, N E)NEJU[(E,NE)NE) = [Ern (B UE)U[(EyNEy) N E) = (Ey N

Eé) U (EQ N E_’i) = (El\Eg) U EQ. Slmllarly, 22\21 = (EQ\El) U El-

4.6.5 Proof for Lemma 4.5

To prove this lemma, firstly, we recall the decomposability result for two agents as
stated in Theorem 2.1. In order to prove the equivalence of two cases in Lemma
4.5, one needs to prove that the set {E) x E1\Fy, By x E;\Ey, By x By} in EF1 and
EF2 is equal to the set {(X;\Y32) x (22\¥1)} in DC1y, and DC1y, (decomposability
conditions DC'1 and DC2 with respect to 3; and ).

From Lemma 4.4, e; € ¥;\Xy, e € Xp\¥; is equivalent to e; € (E\Ey) U Ey,
ey € (E,\E1)U E; which means that e; € E)\E; Ve, € By and ey € Ey)\E, Ve, € B,
leading to four possible cases: (e; € E1\Ea A ey € Ex\Ey), (e1 € E1\Ey A ey € Ey),
(e; € EyNey € EX\E,) or (e € EyNey € El).

Now, Lemma 4.5 is proven as follows. For the first case, since the decomposability
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of Ag implies DC1 and DC?2, then, Ve; € Ej\Es,es € E\Ey, ¢ € Q, s € E*:
(4.1) and (4.2) hold true. For the second, third and fourth cases, i.e., when (e; €
E\Ey;Ney € BY), (e1 € By Ney € E)\Ey) and (e; € Ey Aey € E), then (4.1) and
(4.2) are guaranteed by EF'1 and EF2. Therefore, provided the decomposability of
Ag, EF1 and EF2, (4.1) and (4.2) become true for all e; € %1\Xs, e € X9\, This
means that EF1 and EF2 are respectively equivalent to DC'1 and DC?2 after failures

(for 3y and X,).
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Chapter 5

Event Distribution for Cooperative

Tasking

5.1 Introduction

This chapter is a continuation of Chapters 2, 3 and 4, and aims to study whether one
can modify the communication pattern between agents so as to make an originally
indecomposable task become decomposable. It seems that a trivial solution to make
any task automaton decomposable is to broadcast all private events and make them
public. However, this is equivalent to the centralized control and impractical in many
situations. An interesting follow-up question would be what is exactly needed to
share by communication among agents such that an originally indecomposable task
becomes decomposable. To answer this question, one needs to understand the causes
of indecomposability and then find methods to overcome them.

For this purpose, we propose an algorithm that uses previous results on task de-
composability in Chapters 2 and 3 to identify and overcome the dissatisfaction of
each decomposability condition. The algorithm first removes all redundant commu-
nication links using the fault-tolerant result in Chapter 4. As a result, any violation

of decomposability conditions, remained after this stage, is not due to redundant
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communication links, and hence cannot be removed by means of link deletions. In-
stead, the algorithm proceeds by establishing new communication links to provide
enough information to facilitate the task automaton decomposition. Since each new
communication link may overcome several violations of decomposability conditions,
the algorithm may offer different options for link addition, leading to the question
of optimal decomposability with the minimum number of communication links. It is
found that if link additions impose no new violations of decomposability conditions,
then it is possible to make the automaton decomposable with the minimum num-
ber of links. However, it is furthermore shown that, in general, new communication
links may introduce new violations of decomposability conditions that in turn require
establishing new communication links. In such cases, the optimal path depends on
the structure of the automaton and requires a dynamic exhaustive search to find the
sequence of link additions with the minimum number of links. Therefore, in case of
new violations, a simple sufficient condition is proposed to provide a feasible subop-
timal solution to enforce the decomposability, without checking of decomposability

conditions after each link addition.

Similar problems on automaton decomposability have been also studied in com-
puter science literature. For example, [69] characterized the conditions for decompo-
sition of asynchronous automata in the sense of isomorphism based on the maximal
cliques of the dependency graph. The work in [69] considers a set of events to be
attributed to a number of agents, with no predefinition of local event sets. While
event attribution is suitable for parallel computing and synthesis problems in com-
puter science, control applications typically deal with parallel distributed plants [74]
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whose events are predefined by the set of sensors, actuators and communication links
across the agents. Another related work is [72] that proposes a method for automaton
decomposabilization by adding synchronization events such that the parallel composi-
tion of local automata is observably bisimilar to the original automaton. The method
in [72], however, allows to add new synchronization events to the global event set that
will enlarge the size of event set. Our work deals with those applications with fixed
global event sets and a predefined distribution of events among local agents, where
enforcing the decomposability is not allowed by adding new synchronization events,
but instead by the redistribution of the existing events among the agents. This ap-
proach can decompose any deterministic task automaton, after which according to
the previous results, the global specification is guaranteed to be satisfied, upon the
satisfaction of local specifications.

The rest of the chapter is organized as follows. Problem formulation and a moti-
vating examples are represented in Section 5.2. Section 5.3 proposes an algorithm to
make any indecomposable deterministic automaton decomposable by modifying its
local event sets. Illustrative examples are also given to elaborate the concept of task
automaton decomposabilization. Finally, the chapter concludes with remarks and

discussions in Section 5.4. Proofs of the lemmas are readily given in the Appendix.

138



5.2 Problem Formulation and Motivating Exam-

ples

In the previous chapters, we have identified the conditions for global task automaton
decomposability and guaranteeing its satisfactions by the team as well as the condi-
tions for the task to remain decomposable, in spite of event failures. In this chapter
we are interested in the case that a task automaton is not decomposable and would
like to ask whether it is possible to make it decomposable and if so, whether the
automaton can be made decomposable with the minimum number of communication

links. This problem is formally stated as

Problem 5.1 (Event Distribution for Cooperative Tasking) Consider a determinis-
tic task automaton As with event set E = igl FE; for n agents with local event sets
E,,1=1,...,n. If Ag is not decomposable, can we modify the sets of private and
shared events between local event sets such that Ag becomes decomposable with re-
spect to parallel composition and natural projections P;, with the minimum number of

communication links?

One trivial way to make an automaton A decomposable, is to share all events
among all agents, i.e., F; = F, Vi =1,... n. This method , however, is equivalent to
centralized control. In general, in distributed large scale systems, one of the objectives
is to sustain the systems functionalities over as few number of communication links

as possible, as will be addressed in the next section.

For more elaboration, let us to start with two motivating examples.
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Example 5.1 Consider the plant of sequential belt conveyors and storage bin in
Example 1.2. The task automaton is not decomposable with respect to parallel
composition and natural projection P;, i € {A, B}, due to the violation of DC
by successive private event pairs {Bsiart; Astart} and {Asiop, Bstop}- To make Ag
decomposable, (Bstart V Astart) N (Astop V Bstop) should become common between
E4 and Ep. Therefore, four options are possible: (Bgiart A Bstop)s (Bstart N\ Astop)
(Astart N Bstop), or (Astart N Astop) become common. In each of these options two
private events should become common; therefore, all four options are equivalent in
the sense of optimality. Consider for example Ag,+ and Ag,, to become common.
In this case the new local event sets are formed as Es = {Astart, Binpuu, Astop}
and Ep = {Bsiart; Bstop, Bingmptys Astart, Astop - The automaton Ag will then be-
come decomposable (i.e., P4(Ag)||Pp(As) = Ag) with the new local event sets and

corresponding local task automata as are shown in Figure 5.1.

. Astar Bing, . Bstar Asto
PA(AS)- — 0 Start ) MEull ® PB(AS) ‘>.S‘t>t.‘>.‘t>p.‘>.

/& ) /K Astart Bstop )

AStop BinEmPi?J

Figure 5.1: Local task automata for belt conveyors.

In this example, different sets of private events can be chosen to make Ag decom-
posable. All of these sets have the same cardinality; therefore, the optimal solution
is not unique in this example. Next example shows a case with different choices of
private event sets to be shared, suggesting optimal decomposition by choosing the set

with the minimum cardinality.
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Example 5.2 (Revisiting Examples 3.4 and 4.3 for task decomposabilization) Con-
sider the task automaton in Section 3.3 and Examples 3.4 and 4.3, but with lo-
cal event sets Ey = {hy, RitoDy, RionDy, FW D, Dyopened, Ryinl, BW D, r}, Ey =
{ha, Roto2, Ryin2, Rotol, Reinl,r}, and E3 = {hg, Rsto3, R3in3, RstoD,, RsonDy,
FWD, BWD, Diclosed, Rstol, Rsginl, r}. The task automaton is not decompos-
able with respect to the parallel composition and natural projections into these local
event sets, due to the violation of DC?2 as the decision on the order of event pairs

{R2in2, Dyopened} and {Djopened, Rytol} can be made by none of the agents.

To make it decomposable, one event among the set { Ryin2, Djopened} and an-
other event among the set { Dyopened, Ryotol} (either { Diopened} or { Ryin2, Rotol})
should become common between E; and E5. Therefore, in order for optimal decom-
posabilization, { Djopened} is chosen to become common due to its minimum cardi-
nality. It is obvious that in this case only one event should become common while
if {Ryin2, Rotol} was chosen, then two events were required to be shared. With the
new event set Ey = {hg, Roto2, Ryin2, Diopened, Rotol, Ryinl, r}, the automaton Ag
becomes optimally decomposable, as it was shown in Example 4.3, with only one link

addition.

Motivated by these examples, the core idea in our decompozabilization approach
is to first check the decomposability of a given task automaton Ag, by Corollary
3.2, and if it is not decomposable, i.e., either of DC'1-DC4 is violated then the pro-
posed method is intended to make Ag decomposable, by eradicating the reasons of

dissatisfying of decomposability conditions. We will show that the violation of de-
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composability conditions, can be rooted from two different sources: it can be because
of over-communication among agents, that may lead to the violation of DC3 or/and
DC4, or due to the lack of communication, that may lead to the violation of DC'1,
DC2, DC3 or/and DC4. Accordingly, decomposability can be enforced using two
methods of link deletion and link addition, subjected to the type of indecomposabil-
ity. Considering link deletion as an intentional event failure, according to Theorem
4.1 a link can be deleted only if it is passive and its deletion respects EF1-EF4. On
the other hand, the second method of enforcing of decomposability, i.e., establishing
new communication links, may result in new violations of DC3 or DC'4, that should
be treated, subsequently. Next part suggests basic rules to check and enforce each

decomposability condition.

5.3 Task Automaton Decomposabilization

In order to proceed the approach, we firstly introduce four basic definitions to detect
the components that contribute in the violation of each decomposability condition and
then propose basic lemmas through which the communication links, and hence the

local event sets are modified to resolve the violations of decomposability conditions.

5.3.1 Enforcing DC1 and DC?2

This part deals with the enforcing of DC1 and DC?2. For this purpose, the set of

events that violate DC1 or DC?2 is defined as follows.

Definition 5.1 (DC1&2-Violating set) Consider the global task automaton Ag with
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local event sets E; for n agents such that £ = Lnlez Then, the DC1&2-Violating

1=

set operator V : Ag — F x E, indicates the set of unordered event pairs that violate
DC'1 or DC2 (violating pairs), and is defined as V(Ag) := {{e1,e2}|e1,e2 € E,VE; €
{E1,...,E,},{e1,e2} ¢ E;;3q € Q such that (q,e1)! A d(q,ex)! A —[d(q, erez)! A
d(q, eze1)!] or =[0(q, e1e25)! < 6(q, eaeys)!]}, for some s € E*. Moreover, W : Ag — E
is defined as W (Ag) := {e € E|3¢’ € E such that {e, e’} € V(Ag)}, and shows the set
of events that contribute in V(Ag) (violating events). For a particular event e and
a specific local event set E; € {Ey,..., E,}, W.(Ag, E;) is defined as W, (Ag, E;) =
{¢' € Eil{e,e'} € V(As)}. This set captures the collection of events from E; that
pair up with e to contribute in the violation of DC1 or DC2. The cardinality of this
set will serve as an index for the optimal addition of communication links to make

V(As) empty.

This definition suggests a way to remove a pair of events {e;, es} from V(Ag), by
sharing e; with one of the agents in loc(es) or by sharing e with one of the agents in
loc(er). Once there exist an agent that knows both event, loc(e;) N loc(ez) becomes
nonempty and e; and e; no longer contribute in the violation of DC'1 or DC?2 since
[3E; € {FE\,...,E,},{e1,ea} C E;] becomes true for e; and ey in Corollary 3.2.

Therefore,

Lemma 5.1 The set V(Ag) becomes empty, if for any {e,e'} € V(Ag), e is included
in E; for some i € loc(e'), or € is included in E; for some j € loc(e). In this case,

{e, E;} or{€, E;} is called a DC1&2-enforcing pair for DC1&2-violating pair {e,e'}.

Example 5.3 In Example 5.2, V(Ag) = {{R2in2, Diopened}, { Diopened, Rotol}},
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W(As) = {Rqin2, Dyopened, Rotol}. Including Dyopened in E, vanishes V(Ag) and

makes Ag decomposable.

Therefore, as it is shown in Example 5.2, applying Lemma 5.1 may offer different
options for event sharing, since pairs in V' (Ag) may share some events. In this case,
the minimum number of event conversions would be obtained by forming a set of
events that are most frequently shared between the violating pairs. This gives the
minimum cardinality for the set of private events to be shared, leading to the minimum
number of added communication links. Such a choice of events offers a set of events
that span all violating pairs. These pairs are captured by W, (Ag, E;) for any event e.
In order to minimize the number of added communication links for vanishing V' (Ag),
one needs to maximize the number of deletions of pairs from V(Ag) per any link
addition. For this purpose, for any event e, W.(Ag, E;) is formed to understand the
frequency of appearance of e in V(Ag) for any E;, and then, the event set F; with
maximum |W,(Ag, E;)| is chosen to include e (Here, |.| denotes the set’s cardinality).

In this case, the inclusion of e in F; will delete as many pairs as possible from V(Ag).

Interestingly, these operators can be represented using graph theory as follows. A
graph G = (W, %) consists of a node (vertex) set W and an edge set ¥, where an edge
is an unordered pair of distinct vertices. Two nodes are said to be adjacent if they
are connected through an edge, and an edge is said to be incident to a node if they
are connected. The valency of a node is then defined as the number of its incident
edges [139]. Now, since we are interested in removing the violating pairs by making

one of their events to be shared, it is possible to consider the violating events as the
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nodes of a graph such that two nodes are adjacent in this graph when they form a

violating pair. This graph is formally defined as follows.

Definition 5.2 (D(C1&2-Violating graph) Consider a deterministic automaton Ag.
The DC1&2-Violating graph, corresponding to V(Ag), is a graph G(Ag) =

(W(Ag), ). Two nodes e; and e are adjacent in this graph when {ej,es} € V(Ag).

In this formulation, the valency of each node e with respect to a local event set
E;, € {E\,...,E,} is determined by val(e, E;) = |W.(Ag, E;)|. When e is included
into F;, it means that all violating pairs containing e and events from FE; are removed
from V(Ag), and equivalently, all corresponding incident edges are removed from
G(Ag). For this purpose, following algorithm finds the set with the minimum number
of private events to be shared, in order to satisfy DC1 and DC2. The algorithm is
accomplished on graph G(Ag), by finding e and E; with maximum |W,(Ag, E;)| and
including e in F;, deleting all edges from e to E;, updating W (Ag), and continuing

until there is no more edges in G(Ag) to be deleted.
Algorithm 5.1

1. For a deterministic automaton Ag, with local event sets E;, 1 = 1,...,n, violat-
ing DC1 or DC2, form the DC1&2-Violating graph ; set E? = E;, i =1,...,n;
VO(As) = V(As); WO(As) = W(As); GY(As) = (W(Ag), X); k=1;

2. among all events (nodes) in W*1(Ag), find e with the mazimum
(WE(As, EFY)|, for all Ef ™' e {EY', ... EF 1},

8. EF = EF U {e}; and delete all edges from e to EF;
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4. update WE(Ag, E;) for all nodes of G(Ag);
5. setk=k+1 and go to step (2);

6. continue, until there exist no edges.

Remark 5.1 The complexity of the algorithm is of the order of O(|E|* x |Q|?), where
|E| and |@Q| respectively denote the sizes of the state space and global event set. The
algorithm successfully terminates due to the finite set of edges and nodes in the graph

G(Ag) and enforces Ag to satisfy DC1 and DC?2 as the following lemma.

Lemma 5.2 Algorithm 5.1 leads As to satisfy DC1 and DC?2 with the minimum
addition of communication links. Moreover if Ag satisfies DC3 and DC4 and EF =
EFU{e} in Step 3 does not violate DC3 and DC4 in all iterations, then Algorithm

5.1 makes Ag decomposable with the minimum addition of communication links.
Proof: See the Appendix for proof. |

Remark 5.2 (Special Case: Two Agents) For the case of two agents, since there are
only two local event sets, for all {e,e'} € V(Ag), e and €’ are from different local
event sets; therefore, for n = 2, |W,.(Ag, E;)| is equivalent to val(e), and the addition

of e into Fj; in each step implies the deletion of all incident edges of e.

Remark 5.3 Although Algorithm 5.1 leads Ag to satisfy DC1 and DC2, it may
cause new violations of DC3 or/and DC4, due to establishing new communication

links.

Example 5.4 Consider a task automaton Ag:
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0<" o< o o' o2 o with local event sets FE; =

o ——— 00— 0
€1 €4 €6

{a,b,e1,e3,e5} and Ey = {a,b, es,e4,e6}. Both DC'1 and DC?2 are violated by event
pair {ej,es} when they require a decision on a choice and a decision on their or-
der from the initial state, while none of the agents knows both of them. To vanish
V(As) = {{e1, e2}}, two enforcing pairs are suggested: {e1, E2} (e; to be included in
Es) or {ey, E1} (e2 to be included in E;). However, the inclusion of e; in Fy, cause

a new violation of DC4 since with new Ey = {a,b, ey, es,€4,66}, Pa(Ag) is obtained

as Py(Ag): o . o_l.0_2. o , violating DC'4, due to new

@O<—-"0<—0 e ———0 — 0
b €1 €4 €6

nondeterminism, for which ez also is required to be included to E5 in order to make
Ag decomposable. On the other hand, if instead of including e; in E5, one included
ey in E, then besides a violation of DC4 (as there does not exists a deterministic
automaton that bisimulates P,(Ag)), a violation of DC3 emerges, as with new event

set By = {a,b, ey, ey, e3,e5}, the parallel composition of Pj(Ag):

0-&.&.% /4.&\. ©2 .andPQ(AS):

L e 2 o produces string e;eseqeq that does not ap-

o<——0
pear in Ag. To make Ag decomposable, we also need to include e; and e3 in Es.

5.3.2 Enforcing DC'3

Lemma 5.1 proposes adding communication links to make DC1 and DC2 satisfied.
Next step is to deal with the violations of DC3. In contrast to the cases for DC'1 and
DC?2, the violation of DC3 can be overcome either by disconnecting one of its com-

munication links to prevent the illegal synchronization of strings, or by introducing
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new shared events to fix strings and avoid illegal interleavings.

To handle the violations of DC'3, we firstly define the set of transitions that

violate DC3 as follows.

Definition 5.3 (DC3 — violating Tuples) Consider a deterministic automaton Ag,
satisfying DC'1 and DC2 and let L (Ag) C L (Ag) be the largest subset of L (Ag)
such that Vs € L(Ag),3s' € L(As),3E,E; € {Ei,....,E,},i # j.pmng, (5)
and pg,ng, (s') start with the same event @ € E; N E;. For any such E;, Ej;
and a, if I{s1,--- 8.} € L(Ag), 3si,5; € {51, ,8n},8 # 85, 8,8, € L(Ag),

n

=6(qo, | pi(s:))!, then a is called a DC3 — wviolating event with respect to s,
i=1
so, E; and Ej, and (si, S2,a, E;, E;) is called a DC3-violating tuple. The set of
all DC3 — violating tuples is denoted by DC3 — V' and defined as DC3 — V =

{(s1, s2,0a, E;, E;)|e is a DC3-violating event with respect to si, s, £; and Ej; }.

Any violation in DC3 can be interpreted in two ways: firstly, it can be seen as
an over-communication of shared event a that leads to the synchronization of s; and
o in (s1, s2, a, By, Ej) and emerging illegal interleaving strings from the composition
of Pi(Ag) and Pj(Ag). In this case, if event a is excluded from E; or Ej, then a will
no longer contribute in synchronization to generate illegal interleavings; therefore,
(51,82, a, E;, E;) will no longer remain a DC3-violating tuple. However, the exclu-
sion of a from E; or E; is allowed, only if it is passive (exclusion is considered as
an intentional event failure) and does not violate EF1-EF4. The second interpre-
tation reflects a violation of DC'3 as a lack of communication, such that if for any

DC3 violating tuple (s1, s2,a, E;, E;), one event that appears before a in s1 or so, is
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shared between E; and E;, then P;(Ag) and Pj(Ag) will have enough information to
distinguish s; and sy to prevent the illegal interleaving of strings. Two methods for

resolving the violation of DC3 can be therefore stated as the following lemma.

Lemma 5.3 Consider an automaton Ag, satisfying DC'1 and DC?2. Then any DC3-

violating tuple (s, s2, a, E;, E}) is overcome, when:

1. a is excluded from E; or E; (eligible if it respects passivity and EF1-EF4), or
2. 4f 3b € (E; U E;)\(E; N E;) that appears before a in only one of s and so, then
b is included in E; N E;, otherwise, two events €1 € pg,uEg,(51), €2 € Pr,uE, (52),

such that ey # es, e1, es appear before a in s1 and sy, are included in E; N E;.

Proof: See the proof in the Appendix. B

To handle a violation of DC3, when, b € E;\E; is to be included in Ej;, then
{b, E;} is called a DC3-enforcing pair; while, when {ej,es} € E;\E; has to be in-
cluded in Ej, then {{e;, ez}, E;} is denoted as a DC3-enforcing tuple. Finally, when
e1 € E;\E; and es € E;\E; have to be included in E; and E;, respectively, then

{{e1, E;},{ez, E;}} is called a DC3-enforcing tuple.

Remark 5.4 Applying the first method in Lemma 5.3, namely, the exclusion of a
from E; or E; in a DC3-violating tuple (s1, 2, a, E;, E;), is only allowed if a is passive
in that local event set, and the exclusion does not violate EF1-EF4. The reason is
that once a shared event a € E; N E; becomes a private one in for example Fj,
then decision makings on the order/selection between any e € E;\a and a cannot be

accomplished by the ¢ — th agent, and if there is no other agent to do so, then Ag
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becomes indecomposable. Moreover, the deletion of a communication link may also
result in the generation of new interleavings in the composition of local automata,
that are not legal in Ag (violation of EF'3). In addition, the deletion of a from
E; may impose a nondeterminism in bisimulation quotient of P;(Ag), leading to the
violation of FF'4. On the other hand, the second method, namely, establishing new
communication link by sharing b with F; or E; may lead to new violations of DC'3

or DC'4 that have to be avoided or resolved, subsequently.

Both methods in Lemmas 5.3 present ways to resolve the violation of DC3. They
differ however in the number of added communication links, as the first method
deletes links, whereas the second approach adds communication links to enforce DC'3.
Therefore, in order to have as few number of links as possible among the agents, one
should start with the link deletion method first, and if it is not successful due to
the violation of passivity or any of FF1-EF4, then link addition is used to remove

DC'3-violating tuples from DC3 — V.

Example 5.5 This example shows an indecomposable automaton that suffers from
a conflict on a communication link whose existence violates DC'3, whereas its

deletion dissatisfies EF1, EF2 and EF4. Consider the task automaton Ag:

o< o<l o T o 1. o with communication pattern 2 €
b - o a $ €1 b e
\ c ¢/ / \ a es
[ ] [ o——0 —>0
/b ay k %11
oe<—©0 [ [ J [

€2 €2

sndapeay(l), 1 & sndgpea(2) and local event sets Ey = {a,b,c,d, e, es3, €5},
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Ey ={a,b,c,d, ey}, leading to P (Ag): 0<" o< o . o . o ,

b a €3
oe<—eo_ d| e ,@—>0—>0
.F.\Ci{.
Py(As): o<t o and Pi(Ag)||P2(Ag):
b d a
o< eo_, s _O——> o
o~ .vb\. ~ Z/a’o 5>
° which is not bisimilar to Ag.
e3 es
b el es el / \
° ° ° ° o o .
b a o a
o< o o ">e—">0o
/b Wk %41
o< o<_—o °

Here, Ag is not decomposable since two strings ejaeses and ejaezes are newly gener-
ated from the interleaving of strings in P;(Ag) and P»(Ag), while they do not appear
in Ag; hence, DC3 is not fulfilled, due to DC3-violating tuples (ejesaes, aes, a, Fy, Ey)
and (egejaes, aes, a, By, Fy). Now, as Lemma 5.3, one way to fix the violation of DC3
is by excluding a from F5. However, although a is passive in Fjs, its exclusion from Fy
dissatisfies EF1( as d(qo, e2)! A d(qo, a)! A —=[0(qo, e2a)! A 6(qo, aez)!]) and EF2 (since
3(qo, ereaa)! A —=0(qo, eraes)!) and also d(qo, aea)! A =d(qo, e2a)!. In this case, DC4 also

will be violated as P,(Ag) becomes Py(Ag) =

c b
[ ] [ ] [ ]
b A{ }A.b\ €2

oe<——0 o —>0

that bisimulates no deterministic automaton.

Lemma 5.3 also suggests another method to enforce DC3, by including either e
in Fy or e5 in F;. The inclusion of e; in E,, however, leads to another violation of
DC4, as it produces a nondeterminism after event d. This in turn will need to include
es in Ey to make Ag decomposable. Alternatively, instead of inclusion of e; in F», one
can include ey in Fy, that enforces DC3 and makes Ag decomposable. The second

method of Lemma 5.3 is more elaborated in the next example.
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Example 5.6 This example shows the handling of DC3-violating tuples using the
second method in Lemma 5.3, i.e., by event sharing. Later on, this example will
be also used to illustrate the enforcement of DC4. Consider a task automaton Ag:
0 2o o L o 2 qwith local event sets Ey = {a,ey,e3,e5} and Ey = {a,eq,e4,¢5},

/

o—0—>0—>0—>0
e3 e1 a eq

and let three branches in Ag from top to bottom to be denoted as s; := ejezesaes,
s3 := aeg and sg := esegejaey. This automaton does not satisfy DC4 (as Py(Ag) has

no deterministic bisimilar automaton), as well as DC3, as the parallel composition of

Pi(As): ¢ ¢ 2o %eand Py(Ag): o 24 have illegal interleaving strings
ex ‘LX
— @ & [ J — @ & [ ] g [ J
o—>0—0— 0 o — 0
e3 el a €4

{e1esesaey, eseseraes}, ejesesaes and esegejaeg, corresponding to DC3-violating tu-
ples (s1, s2,a, Ey, Es), (81, s3,a, By, Ey) and (ss, s3, a, Ey, Ey), respectively.

For pairs of strings {s1, s3} and {s9, s3}, there exits an event e5 € (E;UEs)\(F1N
E,) that appears before a, only in s; and sy, but not in s3. Therefore, the inclusion
of e5 in F,, removes the illegal interleavings between s; and sy with sz, but not
across s1 and sp, as with new Ey = {a, ez, e4,65,66} and Py(Ag): o % o 2 o ,

e&
a €6
67
e —>0—> 0
a el
(s1,83,a, By, Ey) and (s, s3,a, By, Ey) are no longer DC3-violating tuples, while

(s1, S2,a, By, E5) still remains a DC3-violating one with illegal interleavings e;egesaey
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and eseszejaes. The reason is that e; appears before a in both s; and s,, and there is no
event that appear before a only in one of the strings s; and s,. For this case, according
to Lemma 5.3, two different events that appear before “a”, one from pg,ug,(s1) = $1

and the other from pg, g, (s2) = s2, say e; and e5 have to be attached to Fs, resulting

in By = {a,e1,e2,€1,65,€6}, oL o-% o 2eand P(Ag)||Pe(As) = As.

5.3.3 Enforcing DC4

Similar to DC'1-DC'3, a violation of DC4 can be regarded as a lack of communication
link that causes nondeterminism in a local task automaton. Such interpretation calls
for establishing a new communication link to prevent the emergence of local nonde-
terminism. Moreover, when this local nondeterminism occurs on a shared event, the
corresponding violation of DC'4 can be overcome by excluding the shared event from
the respective local event set. It should be noted however that the event exclusion
should respect the passivity and EF1-EF4 conditions. Moreover, when DC4 is en-
forced by link additions, similar to what we discussed for DC'3, the addition of new
communication link may cause new violations of DC3 or/and DC4. To enforce DC4,

firstly a DC'4-violating tuple is defined as follows.

Definition 5.4 (DC4 — violating Tuple) Consider a deterministic automaton Ag
with local event sets E; = 1,...,n, Vi € {1,...n}, ¢,q1,¢2 € Q, t1,t2 € (E\E;)",

e € E;, d(q,tie) = q # 6(q,te) = qo, 3t € E*, §(q1,t)!, but ;' € E* such that

153



d(qo, ")), pi(t) = pi(t'). Then, (q,t1,t2, e, E;) is called a DC4-violating tuple.

This definition suggests a way to overcome the violation of DC'4, as stated in the

following lemma.

Lemma 5.4 Any DC4-violating tuple (q,t1,t2, e, E;) is overcome, when:

1. e is excluded from E;, (eligible, if it is passive in E; and its exclusion respects
EF1— EF4), or

2. if e’ € (t1 Uta)\(t1 Nta), € is included in E;; otherwise, e; € t; and ey € ta,
such that e; # ey, are included in E;. In these cases, {€', E;} and {{e1, e}, F;}

are called DC4-enforcing tuples.

Proof: See the proof in the Appendix. ]

Following examples illustrate the methods in Lemma 5.4 to enforce DC4.

Example 5.7 This example shows an automaton that is indecomposable due to a
violation in DC4, while DC4 can be enforced using both methods: event exclusion

as well as event inclusion.

Consider the task automaton Ag: 0ol o 2. o " o_2_ qwith

\E\S es

o —>0

By = {a,ber,e3}, By = {a,bea}, 2 € sndgapy(1), 1 ¢ sndpy(2), leading

tOPl(AS>3 o%o :3 o " 07P2(AS): o%a\o b, e, ,and

o —>0

Pi(Ag) = o .o .0 . e 2.4 which is not bisimilar to Ag, due

iﬂl aV

€3 a
e —0 [ J

to the violation of DC4 as there does not exist a deterministic automaton Pj(Ag)

such that Pj(Ag) = Py(Ag). Here, (qo,t1 = e1,t2 = ¢, a, E») is a DC4-violating tuple.
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Since a is passive in Ey and its exclusion from Fy keeps EFF1-FEF4 valid, according

to Lemma 5.4, one way to enforce DC4 is the exclusion of a from FEs, resulting in

Ey = {b,es}, Py(As): o . o 2. gand Pi(Ag)||P2(As) = Ag.

Another suggestion of Lemma 5.4 to overcome the DC4-violating tuple (qo,t; =
e1,ta = €,a,FEy) is the addition of a communication link to prevent the nonde-
terminism in Pp(Ag). Since there exists e; that appears before a in ¢; only, the

inclusion of e; in Ey also enforces DC4 as with new Ey = {a,b,eq,es}, Py(Ag):

2
o o . g 1. o 2 gand || P(As) = As. For the cases that there

a\ =1

[ ]
does not exist an event that appears before a in only one of the strings ¢; or ts, ac-

cording to Lemma 5.4, one needs to attach one event from each of two strings ¢; and ¢,
in F;. For instance consider the DC4-violating tuple (t; = ejeses, ta = esegzer, a, Es)
in Example 5.6, with no event that appears before a in (t; Uts)\(¢; Nt2). In that case
{e1 € t1,e5 € ta} could be included in F5 to make Ag decomposable, as it was shown

in Example 5.6.

Example 5.8 This example shows a violation of DC4 that can be overcome by
link addition, but not using link deletion method. Example 5.7 showed a violation
of DC4 that could be handled using both methods in Lemma 5.4, namely, by link
addition and link deletion. In Example 5.7, event a was a passive shared event whose
exclusion from FEjs respected EF'1-E F'4, otherwise it was not allowed to be excluded. If

the task automaton was 0o o .o 2 o b gwith B} = {a,b,eq,e3},

*—\ es

e —>0

Ey = {a,b, ey}, then DC4 could not be enforced by the exclusion of a from FEs, as

EF2 was violated since after this exclusion, no agent can handle the decision making
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on the order of a and e;. Another constraint for link deletion is the passivity of the

event. For example, consider Al: y. __ gwith By = {ey,a},
[ J a [ ] [ J
\ €2
€2

o ——>©0
€1

Ey = {ey,eq,a}. Ay is not decomposable due to the violation of DC4 in Py (Af):

o ' o 2. o. The nondeterminism in P;(Ag), and accordingly the DC4-
violating tuple (qo, €, €2, €1, ), cannot be removed by event exclusion since it occurs
on ey that is not a shared event. To enforce DC4, according to Lemma 5.4, es is

required to be included into E; that makes Ay decomposable.

Another important issue for the addition of communication link to enforce DC'4
is that establishing new communication link may lead to new violations of DC3 or

DC4, as it is shown in the following example.

Example 5.9 Assume the task automaton in Example 5.7 had a part as shown in

the left hand side of the initial state in Ag:

d el es c
[ ] [ J [ [ ]

° a b 2 with F = {a b, c
° ° ° ) ° 1 y U, G,
° 1 a

e ——>0
€3

d,ey,es,e5), Fo ={a,b,c,d, es}. Identical to Example 5.7, (qo,t1 = e1,t2 = €,a, E»)

is a DC4-violating tuple and can be overcome by excluding a from FEj, remov-
ing the nondeterminism on a in Ps(Ag). However, unlike Example 5.7, includ-
ing e; into Ey (i.e., Fy = {a,b,c,d,ej,e3}), leads to a new violation of DC4 in
P2<AS)3odoelocoelo

° o b °

tuple (6(qo,c), es, €, €1, Ey), that in turn requires the attachment of e5 to Es, in

@ g b o 2 4, with a DC4-violating

order to enforce DC4.

If in this example, the order of e; and b was reverse, i.e., the task automa-
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tOl’l was Aig: ) d ° €1 Y 5 ) ¢ Y 1 ) a ° €2 ° b .With El —
° /‘{1 b e oo

{a,b,c,d,eq,e3, e5}, Es = {a,b,c,d,es}. Then as it was shown in Example 5.8, the

DC4-violating tuple (qo, €1, €, a, Ey) could not be dealt with the exclusion of a from

Es, due to EF2, neither by the inclusion of e; into Fy (since as it was mentioned for

Ag in this example, it generates a new violation of DC4 that consequently requires

another inclusion of es into Es to satisty DC4).

Remark 5.5 Both Lemmas 5.3 and 5.4 provide sufficient conditions for resolving the
violations of DC'3 and DC'4, respectively. They do not however provide the necessary
solutions, neither the optimal solutions, as illustrated in the following example. We
will show that for DC3 and DC4, in general one requires to search exhaustively
to find the optimal sequence of enforcing tuples, to have the minimum number of
link additions. In this case, instead of exhaustive search for optimal solution, it is
reasonable to introduce sufficient conditions to provide a tractable procedure for a

feasible solution to make an automaton decomposable.

Example 5.10 Consider a task automaton Ag:

066.b065067o PP P P IS
el e1
\ CV/—/

/. .\
es b el es es el a e4
) ° ° ° e~ ¢7 € T e ° ° ° °

with local event sets F1 = {a,b,c,e1,e3,e5,e7} and Fy = {a,b,c,es,e4,¢5,€8}. Ag
is indecomposable due to DC3-violating tuples (ejesezaes, eseseaey, a, By, Es) and
(e1eresbes, ereserbes, a, By, Es) and DC4-violating tuples (qo, e1eses, eseser, a, o)
and (d(qo, ¢), ereres, ereseq, b, E). According to Lemmas 5.3 and 5.4, two enforcing

tuples {{e1,es}, F2} and {{ey, er}, F2} remove all violations of DC3 and DC4. How-
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ever, this solution is not unique, nor optimal, as the enforcing tuple {{ej,e5}, Fs}

enforced DC3 and DC4 with the minimum number of added communication links.

5.3.4 Exhaustive Search for Optimal Decompozabilization

Another difficulty is that enforcing the decomposability conditions using link deletion
is limited to passivity and EF1-EF4, and after the deletions of redundant links (that
are passive and their deletion respect EF'1-EF4), the only way to make the automa-
ton decomposable is to establish new communication links. Addition of new links, on
the other hand, may lead to new violations of DC3 or DC4 (as illustrated in Exam-
ples 5.5 and 5.9), whose resolution in turn may introduce new violations. It means
that, in general, the resolution of decomposability conditions can dynamically result
in new violations of decomposability conditions, as it is elaborated in the following

example.

Example 5.11 Consider the task automaton Ag:

0<"0 o<l ¢ o o 2.4 o @ with local event
€12 b €2 €4 04\ f /
° ° ° ° o<——eo ° . °o—>o 7 °
° ° ) ° °

€2 €3 €5

sets By = {a,b,c,d, f,g,e1,es3,e5} and Ey = {a,b,c,d, f, g, ea, €4, €6, €3, €10, €12}. This
automaton is indecomposable due to DC2-violating event pairs {(ey,es), (es,e3)}
with the corresponding enforcing tuple {ey, Ex}, {es, Ex} and {es, F1} and with the

following possible sequences:

1. {e1, Es}; {es, Ex}: in this case Ag becomes decomposable, without emerging
new violations of decomposability conditions;
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2. {e1, Ex}; {es, E1}; {{es €6}, E1}; {es, 1} if after including e; in Fs, e
is included in Ej, then two DC4-violating tuples (0(qo,a), ¢, eq, €2, E1) and
(0(qo, ©), €, €6, €2, 1) emerge that in turn require {e4, eg} to be attached to Ej.
Inclusion of e4 in Fj, on the other hand, introduces another D(C4-violating
tuple (6(qo, f), €, es, e4, E1) that calls for the attachment of eg to Ey; similarly

3. {es, Ex}; {e1, Ea};

4. {es, Eq}; {es, Er}; {{es, €6}, Er}; {es, Er}, and

D. {GQ’EI}; {{64766}7E1}; {687E1}-

In this example, the first and the third sequences, i.e., {{e1, e3}, E2} gives the optimal
choice with the minimum number of added communication links, although initially

{ea, E1} sought to offer the optimal solution.

Therefore, in general an optimal solution to Problem 5.1 will be obtained through
an exhaustive search, using Lemmas 5.2, 5.3 and 5.4, as state in the following algo-

rithm.

Algorithm 5.2

1. For any local event set, exclude any passive event whose exclusion respects

EF1-EF4;

2. identify all DC1&2-violating tuples, DC3-violating tuples and DC4-violating
tuples and their respective enforcing tuples;

3. among all enforcing tuples, find the one that corresponds to the most violating
tuples;
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4. if applying of the enforcing tuple with the mazximum number of violating tuples,
does not impose new violations of DC3 or DC4, then apply it, go to Step 3 and
continue until there is no violating tuples; otherwise, do the exhaustive search

to find the sequence of link additions with the minimum number of added links.

5. end.

Lemma 5.5 Consider a deterministic task automaton Ag with local event sets E;
such that B = QEZ If Ag is not decomposable with respect to parallel composition
and natural projections P;, i = 1,...,n, Algorithm 5.2 optimally makes As decompos-

able, with the minimum number of communication links.
Proof: See the proof in the Appendix. B

Remark 5.6 The complexity of the algorithm has the order of O(|E|® x |Q]""! x
log|@]), where |E|, |Q] and n respectively denote the size of state space, the size of

global event set and the number of agents.

Remark 5.7 (Special Case: Automata with Mutual Exclusive Branches) When
branches of Ag share no events (i.e. Vg € Q, s,8 € E*, 0(q,s)!, d(¢q,s)!, s £ &,
s £ s sNs =10), due to the definition of DC3 and DC4 in Corollary 3.2, DC3
and D(C'4 are trivially satisfied and moreover, since branches from any state share no

event, then Algorithm 5.2 is reduced to Algorithm 5.1.
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5.3.5 Feasible Solution for Task Decomposabilization

As Example 5.11 showed, the additions of communication links may successively
introduce new violations of decomposability conditions, for which new links should
be established. Therefore, in general an optimal solution to Problem 5.1 requires an
exhaustive search, using Lemmas 5.2, 5.3 and 5.4. Moreover, checking of DC3 and
DC'4 is a nontrivial task, while it has to be accomplished initially as well as upon
each link addition. It would be therefore very tractable if we can define a procedure
to make DC'3 and D(C4 satisfied, without their examination. Following result takes
an automaton whose DC1 and DC2 are made satisfied using Algorithm 5.1, and

proposes a sufficient condition to fulfill DC3 and DC4.

Lemma 5.6 Consider a deterministic automaton Ag, satisfying DC'1 and DC2. Ag
satisfies DC3 and DC4 ifVs1, 89 € E*, $1 £ Sa, S2 £ 81, ¢, q1,q2 € Q, (¢, 51) = 1 #
3(q, s2) = ¢o, [3961,62 € E,ejes < 51, eae1 < 59, VE € E*, 6(q, ereat)! < 6(q, eaeit)!],
de € s1 M sg, then Vi € loc(e), Ve' € {e1 < t1,es < to}, € appears before e, one

includes €' in Ej;.
Proof: See the proof in the Appendix. B

Remark 5.8 The condition in Lemma 5.6 intuitively means that for any two strings
s1, So from any state ¢, sharing an event e, all agents who know this event e will be
able to distinguish two strings, if they know the first event of each string. The ability
of those agents that know this event e to distinguish strings s; and sy, prevents
illegal interleavings (to enforce DC3) and local nondeterminism (to satisfy DC4).
The significance of this condition is that it does not require to check DC3 and DC4,
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instead provides a tractable (but more conservative) procedure to enforce DC3 and
DC4. The expression s; € S, S £ 1 in the lemma, is to exclude the pairs of
strings that one of them is a substring of the other, as their product language does
not exceed from the strings of Ag, provided DC1 and DC2. Moreover, the expression
[Bei,ex € E,ejey < 51, ese1 < 59, VE € E*, 6(q, e1e0t)! < (g, eze1t)!] in this lemma
excludes the pairs of strings ejest and egeqt from any ¢ € () that have been already
checked using DC'1 and DC?2 and do not form illegal interleaving strings, and hence
do not need to include e; in the local event sets of e; and vice versa (see Example

5.12).

Combination of Lemmas 5.2 and 5.6 leads to the following algorithm as a sufficient
condition to make a deterministic task automaton decomposable. Following algorithm
uses Lemma 5.2 to enforce DC'1 and DC?2 followed by Lemma 5.6 to overcome the

violations of DC3 and DC4.
Algorithm 5.3

1. For a deterministic automaton Ag, with local event sets E;, 1 =1,...,n, VE; €
{E\,...,E,}, E? = E;\{e € Eile is passive in E; and the exclusion of e from
E; does not violate EF1-EF4};

2. form the DC1&2-Violating graph ; set VO(Ag) = V(Ag); WO(As) = W(As);
G%(As) = (W(As), X); k=1;

3. among all events in the nodes in W*Y(Ag), find e with the mazimum
|WE-Y(Ag, EFY)|, for all EF* € {EFY ... EF1Y;

4. EF = EF"Y U {e}; and delete all edges from e to EF;
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5. update WF(Ag, E;) for all nodes of G(As);

6. set k =k + 1 and go to step (3), and continue, until there exist no edges;

7. Vs1,80 € B, s1 £ 82, 82 £ 51, 4,1, 42 € Q, 9(¢,51) = @1 # 0(q,52) = g,
[Bei,ea € E,eres < 51, eger < 89, VE € E*, §(q,ereat)! < (g, eze1t)!], e €
s1 N Sa, then Vi € loc(e), Ye' € {e1 < t1,ex < tao}, € appears before e, include

e in E;.

Based on this formulation, a solution to Problem 5.1 is given as the following

theorem.

Theorem 5.1 (Task decomposabilization) Consider a deterministic task automaton
Ag with local event sets E; such that E = ng’ If Ag is not decomposable with
respect to parallel composition and natural projections P;, 1 = 1,...,n, Algorithm 5.3
makes Ag decomposable. Moreover, if after Step 6, DC3 and DC4 are satisfied, then
the algorithm makes As decomposable, with the minimum number of communication

links.

Proof: After excluding the redundant shared events in the first step, the algorithm
enforces DC'1 and DC2 in Steps 2 to 6, according to Lemma 5.2 and deals with DC'3

and DC'4 in Step 7, based on Lemma 5.6. ]

Remark 5.9 If after Step 6, no violation of DC'3 or DC'4 is reported in the automa-
ton, then Ag is made decomposable with the minimum number of added commu-
nication links; otherwise, the optimal solution can be obtained through exhaustive

search by examining the number of added links for any possible sequence of enforcing
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tuples, using Lemmas 5.3 and 5.4, as it was presented in Lemma 5.5. To avoid the
exhaustive search the algorithm provides a sufficient condition to enforce DC'3 and
DC'4 in Step 7, according to Lemma 5.6. The complexity of the algorithm is reduced
from O(|E® x |Q|"*" x log|Q|) in Algorithm 5.2 to the order of O(|E|* x |Q]*) in
Algorithm 5.3; and also it does not anymore grow with the number of agents, all due
to the elimination of enforcing of DC3 and DC4. The algorithm terminates, due to
the finite number of states and events, and the fact that at the worst case, when all

events are shared among all agents, the task automaton is trivially decomposable.

Example 5.12 Consider the task automaton

Ao €6 d €10
S- oe<—eo e—>0—>0
e e
e €6 d
@O<—0<— 0 [ ] e — 0

y €11

.<—.<—.<—.<—.—>.4>.—>.

RN

with local event sets FE; = {a,b, e, d, f, 61763,65,67,69,611} and F, =
{a,b,c,d, f,ea,eq, €6, €5, €10, €12}, With the communication pattern 2 € sndg,pc.a,(1)
and no other communication links. This task automaton is not decompos-
able, due to the set of DC1&2-violating tuples {ei,es}, {e1,es}, {es2,es},
{ea,e5}, {es,e4}, {eq,e5}, DC3-violating tuples (e1adeq, aeres, a, E1, Es), (e11adesy,
aeger, a, By, Ey), (e11aeiod, aereq, a, By, Ey), (e11aeipd, aeger, a, By, Fy) and DC4-
violating tuple (qo, €11,¢, a, E2). There is also one event d that is redundantly shared
with Es, as d is passive in Fs and its exclusion respects EF1-EF4. Therefore, the

algorithm excludes d from FEjy, at the first step.
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Next step is to construct the DC1&2-Violating graph and remove its edges by
sharing one node from each edge. The set of DC1&2-Violating event pair is obtained
as VO(As) = {{e1,ea},{e1,ea}, {e2,e3}, {ea, €5}, {es, ea}, {es, e5}} with WO (Ag) =
{e1,e9,€3,e4,e5}. It can be seen that the private events d, eg, e7, es, €g, €10, €11, €12,
and shared events a, b, ¢, f are not included in W?(Ag) as they have no contribution
in the violation of DC1 and DC2. The DC1&2-Violating graph is shown in Figure

5.2(a).

Figure 5.2: Hlustration of enforcing DC'1 and DC?2 in Example 5.12, using Algorithm

5.3.

The maximum |WF=1(Ag, EF )| is formed by {es, es} with respect to E;
(here, since the system has only two local event sets, |W*~'(Ag, EF )| coin-
cides to the valency of e in the graph). Marking e,, including it to E; (E] =
{a,b,c,d, f,eq,e3,e5,e7, €9, €11, €2}), removing its incident edges to E; and updating
the |W¥(Ag, E¥)| (valencies) are shown in Figure 5.2(b). The next step will include

165



eqsin By (B2 ={a,b,c,d, f,e1,e3, 5, €7, €9, €11, €2, €4 }) with the highest [Wk(Ag, E¥)|;
that removing its incident edges to F; and updating the |W*(Ag, EF)| will enforce
DC1 and DC?2 upon Step 6, as it is illustrated in Figure 5.2 (c). If from the first
stage e, was chosen instead of ey, the procedure was similarly performed as de-
picted in Figures 5.2 (d) and (e), resulting the same set of private events {es, ey}
to be shared with FE;. Inclusion of ey in FEy, however, introduces a new DC4-
violating tuple (d(qo,b), ¢, es, €2, Ey) that will be automatically overcome in Step 7
by sharing es € s1 = egesern (as s; = egezeqn together with sy = eyceg evolve
from 0(qo,b), sharing e € s; N s9) in all local event sets of ey, i.e., by including
eg into E7. Similarly, the inclusion of e;; in Ey overcomes DC'4-violating tuple
(qo,e11,€,a, By). It is worth noting that the expression “fle;,es € E,ejes < sy,
ese; < So, VE € E*, 6(q,e1eat)! < 6(q,eze1t)!” in Step 7 prevents the unnecessary
inclusion of ejp in F; as well as e; in Ey and eg in Ey (eg and e satisfy DC1-DC2
and ey and d satisfy EF1-EF2). The algorithm terminates in this stages, leading
to the decomposability of Ag, with E? = {a,b,c,d, f,e1,es, €5, €7, €9, €11, €2, €4, €8},

3 __
E2 - {a7ba c, fv €2, €4, €q, Cs, 610;6117612}-

5.4 Conclusion

The chapter proposed a method for task automaton decomposabilization, applicable
in the top-down cooperative control of distributed discrete event systems. This result
is a continuation of previous works on task automaton decomposability in Chapters

2 and 3, and fault-tolerant cooperative tasking in Chapter 4; and investigates the
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follow-up question to understand that how can an originally indecomposable task
automaton be made decomposable, by modifying the event distribution among the
agents.

First, using the decomposability conditions, the sources of indecomposability have
been characterized and then a procedure was proposed to establish new communica-
tion links in order to enforce the decomposability conditions. To avoid the exhaustive
search and the difficulty of checking of decomposability conditions in each step, a fea-
sible solution was proposed as a sufficient condition that can make any deterministic

task automaton decomposable.

5.5 Appendix

5.5.1 Proof of Lemma 5.2

Following lemma will be used during the proof.

Lemma 5.7 Consider two non-increasing chains a;, b;, 1 = 1,..., N, such that aq >
N N
as > ... > an >0, by > by > .. >by > 0. Then §1ai < §1bz‘ implies that

dk € {1,..., N} such that aj, < by.

N N

Proof: Suppose by contradiction that '§1ai < ‘§1bi’ but, Ak € {1,..., N} such that

ar < bg. Then, Vk € {1,..., N} : ar > by. Therefore, since ay, by, > 0,Vk € {1,..., N},
N N

it results in E)lai > 4§1bi which contradicts to the hypothesis, and the proof is followed.
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Now, we prove Lemma 5.2 as follows. In each iteration k for the event e and local
event set F; with maximum |[W*~!(Ag, EF71)|, all edges from e to E; are deleted.
Denoting the set of deleted edges in k — th iteration by AXF, in each iteration k,
some elements of ¥*~1 are moved into AX* until after K iterations, there is no more
elements in ¥% to be moved into a new set. This iterative procedure leads to a
partitioning of ¥ by {AYFIE  “as {AYF} N {AY} =0, VEk, I ={1,..., K}, k # [ and

K
U AYF = 3. The latter equality leads to

K
S |ASF| = |3 (5.1)
k=1

Now, we want to prove that

IAYF| = |AS ae, VE € {1, ..., K} = K = Kppin (5.2)

Here, K is the total number of iterations that is also equal to the number of
added communication links to remove violations of DC'1 and DC?2. In this sense, K

is desired to be minimized.

The proof of (5.2) is by contradiction as follows. Suppose that |[AYXF| = |AY*],00,
Vk € {1,..,K}, but, K # K, i.e., there exists another partitioning {A/XF}<
with K’ < K partitions, leading to
K/
T | =[x (53)
In this case, from (5.1) and (5.3), we have
K K’ K K’
Y |AYE = B |AYE+ X |ASF = ¥ |A'SR. (5.4)
k=1 k=1 k=K'+1 k=1
K
Since |AYF| > 0, Vk € {1,..., K}, then > 1|A§]k| > 0, then, (5.4) results in
= ,+
K’ K’
¥ |AYF| < ¥ |A'SH (5.5)
k=1 k=1
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Moreover, since |AXF| > 0, |[A’Y*| > 0, Vk € {1,..., K}, then (5.5) together with
Lemma 5.7 imply that 3k € {1,..., K’} C {1,..., K}, such that |AYF| < |A'SF], ie.,
Jk € {1,..., K} such that |AY*| # |AX¥|,,4z, which contradicts to the hypothesis;
hence, (5.2) is proven. Moreover, if automaton Ag has no violations of DC3 and DC4
before and during the iterations, then the algorithm makes it decomposable with
the minimum number of added communication links, since the problem of making

decomposable is reduced to the optimal enforcing of DC'1 and DC?2.

5.5.2 Proof for Lemma 5.3

For any DC3-violating tuple (s1, s2,a, E;, E;), the exclusion of a from E; or E;, ex-
cludes a from E; N Ej, leading to pgng,(s1) and pg,ng, (s2) do not start with a, and
hence (s1, 2, a, E;, Ej) will no longer act as a DC3-violating tuple.

For the second method in this lemma, firstly Vg € Q, s1,52 € E*, §(q,s1)!,
6(q, 52)!, pEinE,(51) and pg,ng, (s2) start with a, such that (sy, 2, a, E;, E;) is a DC3-
violating tuple, Jb € (E; U E;)\(£; N E;) such that b appears before a in s; or s,
(since Ag is deterministic and pg,ng;(s1) and pgng,(s2) start with a).

Two cases are possible, here: b appears in only one of the strings s; or ss; or b
appears in both strings. If b appears before a in only one of the strings, then without
loss of generality, assume that b belongs to only s1; hence, 3¢, ¢1, g2, ¢, ¢] € Qi X @,
wi,wo € [(E;UE)\(E;NE;)|, W) € (E;UE;)*, a € E;NE; such that ¢f € §; (q,w),
qf € 6,;(d1,b), ¢1 € 6 (g, wh), dij(qr,a)l, g2 € 6;;(q, wa), 0i j(g2, a)!, where, 6, ; is the

transition relation in P;(Ag)||P;(As). Now, due to synchronization constraint in the
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parallel composition, the inclusion of b in E; N E; means that ([¢}];,y) and (z, [¢]];)
are accessible in P;(Ag)||Pj(As) only if y € [¢f]; and = € [¢]];, respectively. This

means that ([¢1];, [¢2];) and ([g2]i, [¢1];) are not accessible in P;(Ag)||Pj(As); hence,

pi(s1)|pj(s2) and p;(s2)|pj(s1) cannot evolve after a, and therefore, do not generate
illegal strings out of the original strings, implying that (s1, s2, a, E;, E;) will no longer
remain a DC'3-violating tuple.

On the other hand, if b appears before a, in both strings s; and s;, then
30,41, 02,44 4, @, @ € Qi X @, wi,wa € [(E3 U E)\(E; N Ej)]", wi,wy € (E; U Ej),
a € E;N E; such that ¢ € 6;;(¢q,w1), ¢f € 0:;(¢},b), a1 € 0;(q],w}), 6i;(q1,a)!,
¢ € 6 (q,wa), ¢4 € 6;j(dh,b), @2 € 9 (dy,ws), di(ga,a)!, that leads to the ac-
cessibility of ([¢1];, [¢5];) and ([g5]i, [¢1];) as well as ([q1];, [q2];) and ([gz)i, [¢1];) in
P,(As)||Pj(Ag), that means that although (sq,ss,a, E;, E;) is no longer a DC'3-
violating tuple, (s1, s2,b, E;, E;) emerges as a new DC'3-violating tuple.

In this case (when #b € (E; U E;)\(E; N E;) that appears before a in only one
of the strings s; or sq), instead of inclusion of b in E; N E;, if two different events
e1, ez, €1 7# ey that appear before a in strings pg,ug, (s1) and pg,ug,(s1) are attached
to E; N E;, it leads to 3q,q1,2,¢3,q1 € Qi X Q;, wi,wa, wi,wh € [(E; U E;)\(E; N
E))]*, e1,es,a € E; N Ej such that ¢1 € 6;;(q,wier), ¢3 € 0;(q1,wy), 0i;(qs,a)l,
¢ € 6;;(q, wae2), q4 € 6;;(q2,w)), 9;;(qs,a)!l. Consequently, due to synchronization
constraint in parallel composition, ([g]s,[al;), ([dls [a]y)s ([go)e [als) and (gl [a2);
hence, ([g3;, [q4];) and ([g4ls, [g3];) are not accessible in P;(Ag)||Pj(As), i.e., no more

D(C'3-violating tuples form on strings s; and ss.
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5.5.3 Proof for Lemma 5.4

For any DC4-violating tuple (q,t1,t2, €, E;), with ¢,q1,q2 € Q, t1,t2 € (E\E;)*,
e € B, 8(q,t1) = 1 # 6(q,t2) = qo, the exclusion of e from E; leads to p;(e) = e,
and p;(tie) = pi(tee) = €, [ql; = [0(q1,e)]; = [0(qq, €)];; hence, (q,t1,t2, e, E;) will no
longer behave as a D(C4-violating tuple. However, it should be noted that it may
cause another nondeterminism on an event after e, and this event exclusion is allowed

only if e is passive in F; and the exclusion does not violate FF'1 — EF4.

For the second method, i.e., event inclusion, if 3¢’ € (¢; U t2)\(t1 N ta), then
without loss of generality, assume that e € ¢;\ty such that 3q,q1,q,4¢],¢] € Q,
t1,ta € (E\E)*, e € E;, 0(q,t1) = ¢1 # 0(q,t2) = q2, 0(q,€¢') = ¢f. In this case,
the inclusion of ¢’ in E; leads to p;(tie) = €’e, while p;(tze) = e and therefore,
l1]i = [q7)i # [q2]s, 1-e., in Pj(Ag), t1 and ¢ will no longer cause a nondeterminism
on e from ¢ and accordingly, (g, t1, 2, €, E;) will not remain a DC4-violating tuple.

If however fle’ € (t; Uty)\(t Nty), ie., Ve' € (t, Uty), € € (t, Nty), then the
inclusion of any such €’ generates a DC4-violating tuple (g, t1, %2, €', E;). In this case,
Lemma 5.4 suggests to take two different events that appear before e, one from ¢,
and the other from ¢, and include them into E; such that 3q,q1, ¢2, 91, ¢, ¢}, ¢5 € Q,
er € ti,e2 € ty, €1 # €2, 8(q,t1) = 1 # 0(q,t2) = @2, 6(¢h,e1) = g, 0(gs, €2) = 5.
Thus, including e; and ey in E; results in p;(t1) = e1, pi(te) = ea, [q1]i € :([¢li, t1),
(2] € 0i([qlis t2), [@1)i # [q2)i meaning that (q,t1,t2, e, E;) is not a DC4-violating

tuple anymore.
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5.5.4 Proof for Lemma 5.5

The algorithm starts with excluding events from local event sets in which the events
are passive and their exclusion do not violate FF'1-EF4. From this stage onwards
the decomposability conditions are no longer allowed to be enforced by link dele-
tion; instead the algorithm removes the violations of decomposability conditions by
establishing new communication links. Next, the algorithm applies enforcing tuples
in the order of corresponding number of violating tuples. If no new violations of
decomposability conditions emerge during the conducting of enforcing tuples, then
the algorithm decomposes the task automaton with the minimum number of commu-
nication links, similar to the proof of Lemma 5.2. The reason is that the iterations
partition the set of violating tuples, and applying of enforcing tuples (based on Lem-
mas 5.2, 5.3 and 5.4) with the maximum number of violating tuples in each iteration
gives the maximum number of resolutions per link addition that leads to the mini-
mum number of added communication links. The algorithm will terminate due to the
finite number of states and events and at the worst case all events are shared among

all agents to make the automaton decomposable.

5.5.5 Proof for Lemma 5.6

Denoting the expression , “VE;, E; € {Ey,...,E,}, i # j,a € E;NE;, s =tat),s =
taaty, peng;(t) = peng,(t2) = €7 as “A”, and the expression “0(qo, | ps (si))! for
i=1

any {s1,---,sn} C L(Ag), 35,5 € {s1,--- ,5n}, s # 7 as “B”, the condition DC3

can be written as A = B. Now, if Vsy,85 € E*, s1 £ 9, So £ S1, ¢,q1,02 € Q,
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5(q,51) = q1 # 0(q, 82) = qo, [Per, 2 € B, e1ey < 51, eney < 59, VE € E*, 6(q, ereqt)! &
d(q, ezeqt)!], Je € sy N sg, any € € {e; < t1,e3 < Lo}, such that ¢’ appears before e in
s1 and sq, then €’ is included in E;, Vi € loc(e), it follows that VE;, E; € {Ey, ..., E,},
i #j,a € ENE;, s=tat,s = tath, 6(q,s) # 0(q,s)!, a € sN s, then the
first event of t; and ¢, belong to E; N Ej, i.e., A (the antecedent of DC3) becomes
false; hence, A = B (DC3) holds true. Therefore, the procedure in Lemma 5.6 gives
a sufficient condition to make DC3 always true.

It is similarly a sufficient condition for DC4 as follows. Let the expressions
“Vie{l,....n}, z,x1,29 € Qy, e € E;, t € Ef, x1 € 6;(x,€), xo € 0;(x,€), 11 # X"
and “Vt € EF : 0(x1,t)! < 6(x9,t)!” to be denoted as “C” and “D”, respectively. In
this case, DC'4 can be expressed as C' = D. Then, for a deterministic automaton
As, if Vs1,80 € B, s1 £ 59, 82 £ 51, ¢,q1,q2 € Q, 6(¢,81) = @1 # (q,52) = @,
[Bei,ex € E eiey < 51, exer < 8o, VE € E¥, §(q, ereat)! < 6(q, ezeit)!], Je € 51N sy,
the first event of s; and s, are included in all local event sets that contain e, it results
in =C'(i.e., the antecedent of DC4 becomes false, and consequently, DC'4 becomes
always true). The reason is that VE; € {F,...,E,}, ti,t2 € E* ¢,q1,¢2 € Q,
e € E;, §(q,t1e) = q1 # 0(q,t2e) = g2, we have —[p;(t1) = p;i(t2) = €], preventing

nondeterminism on e.
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Chapter 6

Conclusions

This thesis proposed a method for automaton decomposition, applicable in top-down
cooperative control of distributed multi-agent systems. Given a global specification
as a deterministic automaton and provided the global event set as the union of local
event sets for agents in a parallel distributed plant, the thesis has addressed three
problems: (1) developing cooperative tasking using task decomposition, namely a
divide-and-conquer method by decomposing the global task such that the fulfillment
of local tasks guarantee the satisfaction of the global specification, by the team; (2)
fault-tolerant cooperative tasking to identify the conditions under which a previously
decomposable and achievable task remains decomposable and globally satisfied, in
spite of some event failures; and (3) the design of event distribution, to make an
originally indecomposable task automaton decomposable, to facilitate the proposed

top-down cooperative tasking.

Motivating by these three research questions, the main contributions of the thesis

can be outlined as follows:

e necessary and sufficient conditions have been developed for the decomposability
of a deterministic task automaton with respect to parallel composition and

natural projections into two local event sets. The approach has been then
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extended into a sufficient condition for an arbitrary finite number of agents,
using a hierarchical algorithm, and finally, the decomposability conditions have
been generalized into an arbitrary finite number of agents. These conditions
intuitively mean that a task automaton is decomposable if and only if any
decision on the order or selection between two events can be handled by at
least one of the agents, and the cooperative perspective of the team of agents
neither allows a string that is illegal in the global task nor disables a legal string

of the global task automaton;

e it was shown that if a global task automaton is decomposed into local task
automata for the individual agents and local supervisors exist for each agent,
satisfying the local tasks, then the closed loop system of the team of agents is

guaranteed to satisfy the global specification;

e a cooperative scenario has been developed and implemented by a team of three
communicating robots, to show the concepts of task decomposability and co-

operative tasking;

e to address the robustness of the proposed method, a notion of passivity has
been introduced to characterize the redundant event failures. The passivity was
found to be a necessary condition for preserving the decomposability under
event failures, based on which necessary and sufficient conditions have been
identified for a decomposable task automaton to remain decomposable under

passive event failures;

e it was shown that under the passivity of the failed events and fault-tolerant
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decomposability conditions, a previously decomposable and satisfied task au-
tomaton remains satisfied, even if some agents fail to fulfill their corresponding

local tasks;

e the decomposability conditions and fault-tolerant decomposability conditions
have been utilized to identify the sources of indecomposability, and then a pro-
cedure was proposed to establish new communication links in order to enforce
the decomposability conditions. This procedure was shown to be a sufficient

condition to make any deterministic task automaton decomposable.

This thesis may represent a promising step towards developing a top-down frame-
work for cooperative control of multi-agent systems, as it was discussed at the very
beginning. This work however is limited to the class of specifications with all states as
marked states. Although in many specifications such as sequential tasking all states
can be assigned to the accomplishments of stages of the task, in some applications
only some of the states are marked states; therefore, the task decomposition should
be developed in such a way that the collective task has the same marked states as
the original task, and accordingly, the team of agents should collectively satisfy the
global specification, preserving the marked states and avoiding the blocking problem.
Cooperative tasking under marked states is particularly important in top-down sym-
bolic control, where the global specification is given in linear temporal logic whose

conversion to automaton imposes marked states.

Furthermore, the top-down framework in this work has been developed for basic

distributed plant with all events controllable and observable. Future works could
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be extended to decomposability under partial controllability and observability. This
would be important for the applications with limited sensing and actuation of the

events.

Moreover, using the associativity property of parallel composition, it is possible
to investigate the modular cooperative tasking to understand whether the composi-
tion of decomposable task automata is a decomposable task, to be used in modular
cooperative tasking. The modular design allows to incorporate new tasks without

redesigning of the previous controllers.

In addition, this work has set a basis for future work towards identifying the
decomposability condition for nondeterministic automata that is very challenging
and to our best of knowledge still is an open problem. The difficulty comes from
the interleaving and synchronization of nondeterministic transitions. The proposed
decomposability conditions for deterministic automata can be carefully revisited to
hypothesize the decomposability of nondeterministic automata. The nondeterministic
cooperative tasking will allow to address more complex specifications. On the other
hand, reducing the decomposability conditions of deterministic automata to language
separability would be directly applied, and afterwards the Ramadge-Wonham frame-
work can be used for the synthesis of local supervisors such that the global language

specification is collectively satisfied.

From the industrial point of view, a good starting point to apply the idea of
cooperative tasking leans towards the distributed systems whose local plants are dy-

namically decoupled but they are coupled through the global specification, i.e., the
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team is supposed to achieve a global task, cooperatively. Examples on such systems
include: Distributed control systems (DCS), concurrent programming and parallel
computing. In distributed control systems, each local controller has access to local
information only, that is the set of sensor and actuator signals form its plant and its
neighbor local plants. The interconnection of each plant to its neighbors is typically
through logical signals, so-called interlocks. Each interlock is indeed an event in the
local event set and could be shared with the neighbors in order for cooperative task-
ing. For such an application, based on the proposed conditions DC'1-DC4, the global
specification is checked for decomposability, if it is decomposable, then using EF'1-
EF4, the redundant interlocks are identified and removed from the local event sets,
and if the task is not decomposable, then using the Algorithms in Chapter 5, one may
add new interlocks to the systems by introducing new communication links in order to
make the task decomposable and implementable, cooperatively. Another application
of the cooperative tasking is for concurrent programming (computation of different
blocks within a computer system) and parallel computing (execution of a program
in a multi-processor/multi-core system). In the first case, different subroutines of
the program serve as local agents and the common switches (if-then-else) and orders
(sequences) are considered as the shared events between the subroutines. For the sec-
ond case, parallel computing, the share events are exchanged between the processors,
rather than the subroutines, and finally in both cases, the proposed decomposability

conditions can be used to render the decentralized cooperative tasking.

Another promising direction of this result could be the decomposability of timed
automata, to incorporate the time information into the global specification. In this
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case, based on logical and temporal specifications, the occurrence time of the events
can be characterized, to be used in optimal task and resource allocation in manu-
facturing systems, cloud computing, smart grids, transportation, parallel computing,

multi-processing, robotics and distributed process control.
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