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Summary

This thesis focuses on designing efficient algorithms for solving large scale struc-
tured matrix optimization problems, which have many applications in a wide range
of fields, such as signal processing, system identification, image compression, molec-
ular conformation, sensor network localization and so on. We introduce a partial
proximal point algorithm, in which only some of the variables appear in the quadratic
proximal term, for solving nuclear norm regularized matrix least squares problems
with linear equality and inequality constraints. We establish the global and local
convergence of our proposed algorithm based on the results for the general par-
tial proximal point algorithm. The inner subproblems, reformulated as a system of
semismooth equations, are solved by an inexact smoothing Newton method, which
is proved to be quadratically convergent under the constraint nondegeneracy con-
dition, together with the strong semismoothness property of the soft thresholding

operator.

As a special case where the nuclear norm regularized matrix least squares prob-
lem has equality constraints only, we introduce a semismooth Newton-CG method
to solve the unconstrained inner subproblem in each iteration. We show that the
positive definiteness of the generalized Hessian of the objective function in the in-

ner subproblem is equivalent to the constraint nondegeneracy of the corresponding
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Summary

primal problem, which is a key property for applying the semismooth Newton-CG
method to solve the inner subproblems efficiently. The global and local superlinear

(quadratic) convergence of the semismooth Newton-CG method is also established.

To solve large scale convex quadratic semidefinite programming (QSDP) prob-
lems, we extend the accelerated proximal gradient (APG) method to the inexact
setting where the subproblem in each iteration is progressively solved with suffi-
cient accuracy. We show that the inexact APG method enjoys the same superior

convergent rate of O(1/k?) as the exact version.

Extensive numerical experiments on a variety of large scale nuclear norm reg-
ularized matrix least squares problems show that our proposed partial proximal
point algorithm is very efficient and robust. We can successfully find a low rank
approximation of the target matrix while maintaining the desired linear structure
of the original system. Numerical experiments on some large scale convex QSDP
problems demonstrate the high efficiency and robustness of the proposed inexact
APG algorithm. In particular, our inexact APG algorithm can efficiently solve the
H-weighted nearest correlation matrix problem, where the given weight matrix H

is highly ill-conditioned.



Chapter

Introduction

In this thesis, we focus on designing algorithms for solving large scale structured
matrix optimization problems. In particular, we are interested in nuclear norm reg-
ularized matrix least squares problems and linearly constrained convex semidefinite
programming problems. Let :?*? be the space of all p X ¢ matrices equipped with
the standard trace inner product and its induced Frobenius norm || - ||. The general
structured matrix optimization problem we consider in this thesis can be stated as

follows:

min {f(X) LX) X e W*q}, (1.1)

where f: RP*? — R and g : RP*? — R U {400} are proper, lower semi-continuous
convex functions (possibly nonsmooth). In many applications, such as statistical
regression and machine learning, f is a loss function which measures the difference
between the observed data and the value provided by the model. The quadratic
loss function, e.g., the linear least squares loss function, is a common choice. The
function ¢, which is generally nonsmooth, favors certain desired properties of the
computed solution, and it can be chosen by the user based on the available prior
information about the target matrix. In practice, the data matrix X, which describes

the original system, has some or all of the following properties:

1. The computed solution X should be positive semidefinite;
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2. In order to reduce the complexity of the whole system, X should be of low

rank;

3. Some entries of X are in the confidence interval which indicates the reliability

of the statistical estimation;

4. All entries of X should be nonnegative because they correspond to physically

nonnegative quantities such as density or image intensity;

5. X belongs to some special classes of matrices, e.g., Hankel matrices arising
from linear system realization, (doubly) stochastic matrices which describe

the transition probability of a Markov chain, and so on.

1.1 Nuclear norm regularized matrix least squares

problems

In the first part of this thesis, we consider the following nuclear norm regularized

matrix least squares problem with linear equality and inequality constraints:

) 1
min [ ACX) = bl + (C, X) + ol Xl

XeRpxa

st. B(X) e d+Q,

(1.2)

where ||X ||, denotes the nuclear norm of X defined as the sum of all its singular
values, A : }P*? — R™ and B : RP*? — R° are linear maps, C' € RP*1. b € R, d €
R, p is a given positive parameter, and Q = {0}*" x R3? is a polyhedral convex
cone with s = s; + so. In this case, the convex functions f and g in are of the

following forms:
1
FX) = SIAX) =" + (€, X) and - g(X) = p|[X]|. + (X | D),

where D; = {X € 3777 |B(X) € d+ Q} is the feasible set of (1.2)) and d(-|Dy) is
the indicator function on the set D;. In many applications, such as signal processing

[68, 11T, 112, 129], molecular structure modeling for protein folding [86], [87, 122] and
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computation of the greatest common divisor (GCD) of unvariate polynomials [27, [62]
from computer algebra, we need to find a low rank approximation of a given target
matrix while preserving certain structures. The nuclear norm function has been
widely used as a regularizer which favors a low rank solution of (1.2)). In [25], Chu,
Funderlic and Plemmons addressed some theoretical and numerical issues concerning
structured low rank approximation problems. In many data analysis problems, the
collected empirical data, possibly contaminated by noise, usually do not have the
specified structure or the desired low rank. So it is important to find the nearest low
rank approximation of the given matrix while maintaining the underlying structure
of the original system. In practice, the data to be analyzed is very often nonnegative
such as those corresponding to concentrations or intensity values, and it would be

preferable to take into account such structural constraints.

1.1.1 Existing models and related algorithms

In this subsection, we give a brief review of existing models involving the nuclear
norm function and related variants. Recently there are intensive studies on the

following affine rank minimization problem:
mm{mm4X):A@m :b,Xe&wW} (1.3)

The problem has many applications in diverse fields, see, e.g., [, 2, 19, 37,
44, 82, [102]. (Note that there are some special rank approximation problems that
have known solutions. For example, the low rank approximation of a given matrix
in Frobenius norm can be derived via singular value decomposition by the classic
Eckart-Young Theorem [35].) However, this affine rank minimization problem is
generally an NP-hard nonconvex optimization problem. A tractable heuristic intro-
duced in [36], B37] is to minimize the nuclear norm over the same constraints as in
3):

mmHMh:MX%:@XGW”} (1.4)
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The nuclear norm function is the greatest convex function majorized by the rank
function over the unit ball of matrices with operator norm at most one. In [19, 21|
511, 63, 101, [102], the authors established remarkable results which state that under
suitable incoherence assumptions, a p X ¢ matrix of rank r can be recovered with
high probability from uniformly random sampled entries of size slightly larger than
O((p+ q)r) by solving (1.4). A frequently used alternative to for accommo-
dating problems with noisy data is to consider solving the following matrix least

squares problem with nuclear norm regularization (see [77, [121]):
1
min { SLA(X) = b + pl[X]|. & X € R}, (1.5)

where p is a given positive parameter. It is known that or can be equiv-
alently reformulated as a semidefinite programming (SDP) problem (see [36] [102]),
which has one (p + ¢) x (p + ¢q) semidefinite constraint and m linear equality con-
straints. One can use standard interior-point method based semidefinite program-
ming solvers such as SeDuMi [I14] and SDPT3 [I19] to solve this SDP problem.
However, these solvers are not suitable for problems with large p 4+ ¢ or m since in
each iteration of these solvers, a large and dense Schur complement equation must

be solved for computing the search direction even when the data is sparse.

To overcome the difficulties faced by interior-point methods, several algorithms
have been proposed to solve or directly. In [102], Recht, Fazel and
Parrilo considered the projected subgradient method to solve . However, the
convergence of the projected subgradient method considered in [102] is still unknown
since problem is a nonsmooth problem, and the convergence is observed to be
very slow for large scale matrix completion problems. Recht, Fazel and Parrilo [102]
also considered the method of using the low-rank factorization technique introduced
by Burer and Monteiro [15, [16] to solve (1.4). The advantage of this method is
that it requires less computer memory for solving large scale problems. However,
the potential difficulty of this method is that the low rank factorization formulation
is nonconvex and the rank of the optimal matrix is generally unknown. In [17],

Cai, Candes and Shen proposed a singular value thresholding (SVT) algorithm for
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solving the following Tikhonov regularized version of (1.4):
1
min {THX”* + §||XH2 cAX) = b, X € %pxq}, (1.6)

where 7 is a given positive parameter. The SVT algorithm is a gradient method
applied to the dual problem of . Ma, Goldfarb and Chen [77] proposed a fixed
point algorithm with continuation (FPC) for solving and a Bregman iterative
algorithm for solving (1.4)). Their numerical results on randomly generated matrix
completion problems demonstrated that the FPC algorithm is much more efficient
than the semidefinite programming solver SDPT3. In [121], Toh and Yun proposed
an accelerated proximal gradient algorithm (APG), which terminates in O(1/4/2)
iterations for achieving e-optimality (in terms of the function value), to solve the
unconstrained matrix least squares problem . Their numerical results show
that the APG algorithm is highly efficient and robust in solving large-scale random
matrix completion problems. In [71], Liu, Sun and Toh considered the following

nuclear norm minimization problem with linear and second order cone constraints:
min {||X||* CAX)eb+ K, X € afepxq}, (1.7)

where IC = {0}™ x K2, and K™ stands for the my-dimensional second order cone

(or ice-cream cone, or Lorentz cone) defined by
K™ = {x = (10;7) € R x ™1 ||7]| < 20}

They developed three inexact proximal point algorithms (PPA) in the primal, dual
and primal-dual forms with comprehensive convergence analysis built upon the clas-
sic results of the general PPA established by Rockafellar [I08], [I07]. Their numerical
results demonstrated the efficiency and robustness of these three forms of PPA in
solving randomly generated matrix completion problems and real matrix completion
problems. Moreover, they showed that the SVT algorithm [I7] is just one outer it-
eration of the exact primal PPA, and the Bregman iterative method [77] is a special

case of the exact dual PPA.
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However, all the above mentioned models and related algorithms cannot address
the following goal: given the observed data matrix (possibly contaminated by noise),
we want to find the nearest low rank approximation of the target matrix while
maintaining the prescribed structure of the original system. In particular, the APG

method considered in [I21] cannot be applied directly to solve ([1.2)).

1.1.2 Motivating examples

A strong motivation for proposing the model arises from finding the nearest
low rank approximation of transition matrices. For a given data matrix P which
describes the full distribution of a random walk through the entire data set, the
problem of finding the low rank approximation of P can be stated as follows:

1 -
min {2IX = PP 4 pll X, Xe=e, X >0, 1.9

where e € R"™ is the vector of all ones and X > 0 denotes the condition that all
entries of X are nonnegative. In [70], Lin proposed the Latent Markov Analysis
(LMA) approach for finding the reduced rank approximations of transition matri-
ces. The LMA is applied to clustering such that the inferred cluster relationships
can be described probabilistically by the reduced-rank transition matrix. In [24],
Chennubhotla exploited the spectral properties of the Markov transition matrix to
obtain low rank approximation of the original transition matrix in order to develop
a fast eigen-solver for spectral clustering. Another application of finding the low
rank approximation of the transition matrix comes from computing the personalized
PageRank [6] which describes the backlink-based page quality around user-selected
pages. In many applications, since only partial information of the original transition
matrix is available, it is also important to estimate the missing entries of P. For
example, transition probabilities between different credit ratings play a crucial role
in the credit portfolio management. If our primary interest is in a specific group, the
number of observations of available rating transitions is very small. Due to lack of

rating data, it is important to estimate the rating transition matrix in the presence
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of missing data [5, 59).

Another strong motivation for considering the model comes from finding
low rank approximations of doubly stochastic matrices with a prescribed entry. A
matrix M € R™*" is called doubly stochastic if it is nonnegative and all its row and
column sums are equal to one. Then the problem for matching the first moment of
M with sparsity pattern £ can be stated as follows:

1 —
| lin {§||Xg — Me|?+pl| Xl : Xe=e, XTe=¢, X11 = My;, X > 0}, (1.9)
E XN

where Mg dentoes the partially observed data (possibly with noise). This problem
arose from numerical simulation of large circuit networks. In order to reduce the
complexity of the simulation of the whole system, the Padé approximation with
Krylov subspace method, such as the Lanczos algorithm, is a useful tool for gen-
erating a lower order approximation to the linear system matrix which describes
the large linear network [3]. The tridiagonal matrix M produced by the Lanczos
algorithm generally is not doubly stochastic. If the original system matrix is doubly
stochastic, then we need to find a low rank approximation of M such that it is

doubly stochastic and matches the first moment of M.

1.2 Convex semidefinite programming problems

In the second part of this thesis, we consider the following linearly constrained

convex semidefinite programming problem:

Inin - f(X)
st. AX) = b, (1.10)
X =0,

where f is a smooth convex function on 8™, A : 8™ — R™ is a linear map, b € R™,
and 8™ is the space of n X n symmetric matrices equipped with the standard trace

inner product. The notation X > 0 means that X is positive semidefinite. In this
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case, the function ¢ in (1.1)) takes the form: g(X) = d(X | Dz), where Dy = {X €
S"|A(X) = b, X > 0} is the feasible set of (1.10). Let A* be the adjoint of A.
The dual problem associated with (1.10]) is given by

max f(X) —(Vf(X), X) + (b, p)
st. VAX)—Ap—Z=0, (1.11)
peR™ Z =0, X >0.

The problem ((1.10]) contains the following important special case of convex quadratic
semidefinite programming (QSDP):

min {%(X, QX)) + (C, X) + AX) =b,X = o}, (1.12)

where Q : 8" — 8™ is a given self-adjoint positive semidefinite linear operator and

C' € 8". The Lagrangian dual problem of ([1.12)) is given by

max{ . %(X, QX)) + (b,p) : A'(p) — QX))+ Z=C.Z = o}. (1.13)

A typical example of QSDP is the nearest correlation matrix problem [55], where
given a symmetric matrix U € 8" and a linear map £ : 8" — R™", we want to

solve

min {%uc(x D) : Diag(X) =, X » 0}, (1.14)

where e € R" is the vector of all ones. If we let Q = £*£ and C = —L*L(U) in

(L.14)), then we get the QSDP problem (1.12)). A well studied special case of
is the W-weighted nearest correlation matrix problem, where £ = W2 @ W/?
for a given W € 87 and @ = W ® W. Note that for U € ™", V € ">,
U®V : R — S is the symmetrized Kronecker product linear map defined by
U V(M)=(UMVT+VvMTUT)/2.

There are several methods available for solving , which include the alter-
nating projection method [55], the quasi-Newton method [78], the inexact semis-
mooth Newton-CG method [97] and the inexact interior-point method [120]. All

these methods, excluding the inexact interior-point method, rely critically on the
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fact that the projection of a given matrix X € §™ onto S} has an analytical formula
with respect to the norm ||[W/2(:)WW'/2||. However, all above mentioned techniques
cannot be extended to efficiently solve the H-weighted case [55] of (1.14]), where
L(X) = HoX for some H € 8" with nonnegative entries and Q(X) = (Ho H)o X,
with “o” denoting the Hardamard product of two matrices defined by (Ao B);; =
A;;Bi;. In [50], a H-weighted kernel matrix completion problem of the form

min{||Ho(X—U)|| | AX) = b, X 50} (1.15)

is considered, where U € S" is a given kernel matrix with missing entries. The
aforementioned methods are not well suited for the H-weighted case of (|1.14]) because

there is no explicitly computable formula for the following problem
(1 2
m1n{§]|Ho(X—U)|| : X>_-0}, (1.16)

where U € 8" is a given matrix. To tackle the H-weighted case of , Toh
[118] proposed an inexact interior-point method for a general convex QSDP includ-
ing the H-weighted nearest correlation matrix problem. Recently, Qi and Sun [9§]
introduced an augmented Lagrangian dual method for solving the H-weighted ver-
sion of , where the inner subproblem was solved by a semismooth Newton-CG
(SSNCG) method. In her PhD thesis, Zhao [137] designed a semismooth Newton-
CG augmented Lagrangian method and analyzed its convergence for solving convex
quadratic programming over symmetric cones. The augmented Lagrangian dual
method avoids solving directly and it can be much faster than the inexact
interior-point method [I18]. However, if the weight matrix H is very sparse or
ill-conditioned, the conjugate gradient (CG) method would have great difficulty in
solving the linear system of equations in the semismooth Newton method, and the
augmented Lagrangian method would not be efficient or even fail. Another draw-
back of the augmented Lagrangian dual method in [98] is that the computed solution
X usually is not positive semidefinite. A post processing step is generally needed to

make the computed solution positive semidefinite.
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Another example of QSDP comes from the civil engineering problem of esti-
mating a positive semidefinite stiffness matrix for a stable elastic structure from r
measurements of its displacements {uy,...,u,} C R" in response to a set of static
loads {fi,..., fr} € R" [130]. In this application, one is interested in the QSDP
problem:

min{||f—£(X)||2 : Xio}, (1.17)

where £ : 8" — R™" is defined by L£(X) = XU, and f = [fi,...,f], U =
[uq,...,u.]. In this case, the corresponding map Q = L*L is given by Q(X) =
(XB+ BX)/2 with B=UUT.

The main purpose of the second part of this thesis is to design an efficient
algorithm to solve the problem . The algorithm we propose here is based
on the APG method of Beck and Teboulle [4] (the method is called FISTA in [4]),
where in the kth iteration with iterate X, a subproblem of the following form must

be solved:
min {(Vf(m), X-X\)+ %(X — X, He(X = X3)) 1 A(X) =b, X = 0}, (1.18)

where Hy : 8" — S" is a given self-adjoint positive definite linear operator. In
FISTA [], Hy is restricted to LZ, where Z : 8" — S™ denotes the identity map
and L is a Lipschitz constant of Vf. More significantly, for FISTA in [4], the
subproblem must be solved exactly to generate the next iterate X;,.;. In
this thesis, we design an inexact APG method which overcomes the two limitations
just mentioned. Specifically, in our inexact algorithm, the subproblem (|1.18) is
only solved approximately and H; is not restricted to be a scalar multiple of Z. In
addition, we are able to show that if the subproblem (1.18)) is progressively solved
with sufficient accuracy, then the number of iterations needed to achieve e-optimality
(in terms of the function value) is also proportional to 1/4/¢, just as in the exact

version of the APG method.

Another strong motivation for designing an inexact APG algorithm comes from
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the recent paper [22], which considered the following regularized inverse problem:
in {10 24+ A 1.19
min { 71|% = yl* + Alells }, (1.19)

where & : RP — R" is a given linear map and ||z||s is the atomic norm induced
by a given compact set of atoms B in RP. It appears that the APG algorithm is
highly suitable for solving . Note that in each iteration of the APG algorithm,
a subproblem of the form
: 1 2l . [ 2 «
min {ull2ls + 51z = @I} = min { Sy — 2l | llylls <}

must be solved, where || - ||;; is the dual norm of || - ||g. However, for most choices
of B, the subproblem does not admit an analytical solution and has to be solved
numerically. As a result, the subproblem is never solved exactly. In fact, it may
be computationally very expensive to solve the subproblem to high accuracy. Our
inexact APG algorithm thus has the attractive computational advantage that the
subproblems need only be solved with progressively better accuracy while still main-

taining the global iteration complexity.

Finally we should mention that the fast gradient method of Nesterov [90] has
also been extended in [30] to the problem

min{f(z) | z € @}, (1.20)

where the function f is convex (not necessarily smooth) on the closed convex set @),
and is equipped with the so-called first-order (9, L)-oracle where for any y € @, we
can compute a pair (f51(y), 95(y)) such that

L
0< f(2) = fir) = {go(y) 2 —y) < Sllz—ylP+6 VreQ.
In the inexact-oracle fast gradient method in [30], the subproblem of the form
: L 2
min {{gs.1(y). 7= y) + Slle —yl* | v € Q

in each iteration must be solved exactly. Thus the kind of the inexactness considered

in [30] is very different from what we consider in this thesis.
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1.3 Contributions of the thesis

In the first part of this thesis, we study a partial proximal point algorithm (PPA) for
solving , in which only some of the variables appear in the quadratic proximal
term. Based on the results of the general partial PPA studied by Ha [52], we analyze
the global and local convergence of our proposed partial PPA for solving . In
[52], Ha presented a modification of the general PPA studied by Rockafellar [108], in
which only some variables appear in the proposed iterative procedure. The partial
PPA was further analyzed by Bertsekas and Tseng [I1], in which the close rela-
tion between the partial PPA and some parallel algorithms in convex programming
was revealed. In [60], Ibaraki and Fukushima proposed two variants of the partial
proximal method of multipliers for solving convex programming problems with lin-
ear constraints only, in which the objective function is separable. The convergence
analysis of their proposed two variants of algorithms is built upon the results of the
partial PPA by Ha [52]. We note that the proposed partial PPA requires solving an
inner subproblem with linear inequality constraints at each iteration. To handle the
inequality constraints, Gao and Sun [42] recently designed a quadratically conver-
gent inexact smoothing Newton method, which was used to solve the least squares
semidefinite programming with equality and inequality constraints. Their numerical
results demonstrated the high efficiency of the inexact smoothing Newton method.
This strongly motivated us to use the inexact smoothing Newton method to solve
inner subproblems for achieving fast convergence. For the inner subproblem, due
to the presence of inequality constraints, we reformulate the problem as a system
of semismooth equations. By defining a smoothing function for the soft threshold-
ing operator, we then introduce an inexact smoothing Newton method to solve the
semismooth system, where at each iteration the BiCGStab iterative solver is used
to approximately solve the generated linear system. Based on the classic results of
nonsmooth analysis by Clarke [26], we study the properties of the epigraph of the

nuclear norm function, and develop a constraint nondegeneracy condition, which
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provides a theoretical foundation for the analysis of the quadratic convergence of

the inexact smoothing Newton method.

When the nuclear norm regularized matrix least squares problem has equal-
ity constraints only, we introduce a semismooth Newton-CG method, which is prefer-
able to the inexact smoothing Newton method for solving unconstrained inner sub-
problems. We are able to show that the positive definiteness of the generalized
Hessian of the objective function of inner subproblems is equivalent to the con-
straint nondegeneracy of the corresponding primal problems, which is an important
property for successfully applying the semismooth Newton-CG method to solve inner
subproblems. The quadratic convergence of the semismooth Newton-CG method is
established under the constraint nondegeneracy condition, together with the strong

semismoothness property of the soft thresholding operator.

In the second part of this thesis, we focus on designing an efficient algorithm for
solving the linearly constrained convex semidefinite programming problem . In
recent years there are intensive studies on the theories, algorithms and applications
of large scale structured matrix optimization problems. The accelerated proximal
gradient (APG) method, first proposed by Nesterov [90], later refined by Beck and
Teboulle [4], and studied in a unifying manner by Tseng [123], has proven to be
highly efficient in solving some classes of large scale structured convex optimization
problems. The method has superior convergent rate of O(1/k?) over the classical
projected gradient method [47, [67]. Our proposed algorithm is based on the APG
method introduced by Beck and Teboulle [4] (named FISTA in [4]), where the sub-
problem of the form in must be solved in each iteration. A limitation of the
FISTA method in [4] is that the positive definite linear operator Hy, is restricted to
LT, where Z : 8™ — 8™ denotes the identity map and L is a Lipschitz constant of
V f. Note that the number of iterations needed by FISTA to achieve e-optimality (in
terms of the function value) is proportional to \/L_/s. In many applications, the Lip-
schitz constant L of V f is very large, which will cause the FISTA method to converge

very slowly for obtaining a good approximate solution. A more significant limitation
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of the FISTA method in [4] is that the subproblem must be solved exactly to
generate the next iterate. However, the subproblem (|1.18)) generally does not admit
an analytical solution, and it could be computationally expensive to solve the sub-
problem to high accuracy. In this thesis, we design an inexact APG method which
is able to overcome the two limitations just mentioned. Specifically, our inexact
APG algorithm has the attractive computational advantages that the subproblem
(1.18) needs only be solved approximately and Hj is not restricted to be a scalar
multiple of Z. In the kth iteration, we are able to choose the positive definite linear
operator of the form H; = Wj, ® Wy, where W), € S} . Then the subproblem ({1.18))
can be solved very efficiently by the semismooth Newton-CG method introduced by
Qi and Sun in [97] with warm start using the iterate from the previous iteration,
and our inexact APG algorithm can be much more efficient than the state-of-the-art
algorithm (the augmented Lagrangian method in [98]) for solving some large scale
convex QSDP problems arising from the H-weighted case of the nearest correlation
matrix problem (1.14). For the augmented Lagrangian method in [98], when the
map Q associated with the weight matrix H is highly ill-conditioned, then the CG
method has great difficulty in solving the ill-conditioned linear system of equations
obtained by the semismooth Newton method. In addition, we are able to show that
if the subproblem (|1.18)) is progressively solved with sufficient accuracy, then our
inexact APG method enjoys the same superior convergent rate of O(1/k?) as the

exact version.

It seems that the APG algorithm is very suited for solving the nuclear norm
regularized matrix least squares problem (1.2). In the kth iteration of the APG

method with iterate X}, a subproblem of the following form must be solved:

min {(W(E), X—7k>+§|\X—7k||2+pHXH* : B(X) € d+ Q}, (1.21)

XeRrrxa

1
where f(X) = §||A(X) —b||* + (C, X) and L is the Lipschitz constant of Vf.
One significant limitation of the APG algorithm is that the subproblem ((1.21]) must

be solved exactly to generate the next iterate X;,;. The convergence of the APG
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algorithm with inexact solution of the subproblem (|1.21]) is still unknown, and we

leave it as an interesting topic for future research.

1.4 Organization of the thesis

The thesis is organized as follows: in Chapter 2, we present some preliminaries that
are critical for subsequent discussions. We show that the soft thresholding operator
is strongly semismooth everywhere, and define a smoothing function of the soft
thresholding operator. In Chapter 3, we introduce a partial proximal point algorithm
for solving nuclear norm regularized matrix least squares problems with equality
and inequality constraints. The inner subproblems, reformulated as a system of
semismooth equations, are solved by a quadratically convergent inexact smoothing
Newton method. In Chapter 4, we introduce a quadratically convergent semismooth
Newton-CG method to solve unconstrained inner subproblems. In Chapter 5, we
design an inexact APG algorithm for solving convex QSDP problems, and show that
it enjoys the same superior worst-case iteration complexity as the exact counterpart.
In Chapter 6, numerical experiments conducted on a variety of large scale nuclear
norm minimization and convex QSDP problems show that our proposed algorithms
are very efficient and robust. We give the final conclusion of the thesis and discuss

a few future research directions in Chapter 7.






Chapter

Preliminaries

In this chapter, we give a brief introduction on some basic concepts such as semis-
mooth functions, the B-subdifferential and Clarke’s generalized Jacobian of Lips-
chitz functions. These concepts and properties will be critical for our subsequent

discussions.

2.1 Notations

Let RP*? be the space of all p x ¢ matrices equipped with the standard trace inner
product (X,Y) = Tr(X7Y) and its induced Frobenius norm || - ||. Without loss of
generality, we assume p < ¢ throughout this thesis. For a given X € RP*?, its nuclear
norm || X||. is defined as the sum of all its singular values and its operator norm
| X ||2 is defined as the largest singular value of X. We use the notation X > 0 to
denote that X is a nonnegative matrix, i.e., all entries of X are nonnegative. We let
8" be the space of all n xn symmetric matrices, St be the cone of symmetric positive
semidefinite matrices and S, be the set of symmetric positive definite matrices. We
use the notation X > 0 to denote that X is a symmetric positive semidefinite matrix.
ForU e R, Ve R U®V : R"** — 8™ is the symmetrized Kronecker product
linear map defined by U ® V(M) = (UMVT + VMTUT)/2. Let o C {1,...,p}
and 8 C {1,...,q} be index sets, and X be an p x ¢ matrix. The cardinality of «

17
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is denoted by |a|. We use the notation X,z to denote the |a| x |3] submatrix of
X formed by selecting the corresponding rows and columns of X indexed by a and
B, respectively. For any X € RP*? Diag(X) denotes the vector that is the main
diagonal of X. For any x € RP, Diag(z) denotes the diagonal matrix whose ith

diagonal element is given by x;.

Definition 2.1. We say F: R — R! is directionally differentiable at x € R™ if

F/(2:h) = Tim F(x +th) — F(x)

t—0+ t

exists

for all h € R™ and F is directionally differentiable if F' is directionally differentiable

at every x € R™.

Let F : ® — R be a locally Lipschitz function. By Redemacher’s theorem
[109], Section 9.J], F' is Fréchet differentiable almost everywhere. Let Dp denote the
set of points in ™ where F' is differentiable. The Bouligand subdifferential of I at
x € R™ is defined by

OpF(z):={V: V= klim F'(2%), ¥ — x, 2% € Dy},
— 00

where F’(z) denotes the Jacobian of F'at x € Dp. Then the Clarke’s [26] generalized

Jacobian of F' at x € R™ is defined as the convex hull of dpF'(z), i.e.,
OF (z) = conv{0pF(z)}.

From [100, Lemma 2.2 |, we know that if F is directionally differentiable in a neigh-
borhood of x € R™, then for any h € R™, there exists V € 0F(x) such that
F'(z;h) = Vh. The following concept of semismoothness was first introduced by
Mifflin [83] for functionals and was extended by Qi and Sun [I00] to vector-valued

functions.

Definition 2.2. We say that I is semismooth at z if

1. F' is directionally differentiable at x; and
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2. for any h € R™ and V € OF (z + h) with h — 0,

F(z +h) — F(z) — Vh = o||h])).

Furthermore, F is said to be strongly semismooth at z if F' is semismooth at z and

for any h € R" and V € OF (x + h) with h — 0,

F(z+h) — F(z) — Vh = O(|h]]?).

2.2 Metric projectors

Let K be a closed convex set in a finite dimensional real Hilbert space X equipped
with a scalar inner product (-,-) and its induced norm || - ||. Let Il : & — X
denote the metric projector over K i.e., for any y € X, Il (y) is the unique optimal
solution to the following convex optimization problem:
. 1
min —(r —y,r —y)
2 (2.1)
st. ze K.
It is well known [134] that the metric projector IIx(+) is Lipschitz continuous with
modulus 1 and |[IIg(+)|* is continuously differentiable. Hence, I (-) is almost

everywhere Fréchet differentiable in X and for every y € X', dllk(y) is well defined.
The following lemma [81], Proposition 1] provides the general properties of OlIlx(-).

Lemma 2.1. Let K C X be a closed convexr set. Then, for any y € X and V €
Ollk(y), it holds that

(1) V is self-adjoint.
(ii) (h, Vh) >0 Vhe X.

(iii) (Vh, h—Vh) >0 Vhe X,
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For X € &", let X, = Ils»(X) be the metric projection of X onto S un-
der the standard trace inner product. Assume that X has the following spectral

decomposition

X = QAQ”, (2.2)
where A is the diagonal matrix with diagonal entries consisting of the eigenvalues
M > >o 20 >02 XN > - > A, of X and @ is a corresponding

orthogonal matrix of eigenvectors. Then

X, = QALQ",

where A, is a diagonal matrix whose diagonal entries are the nonnegative parts of
the respective diagonal entries of A. Furthermore, Sun and Sun [II5] show that
gn (+) is strongly semismooth everywhere in §™. Define the operator U : S — S"

by

UX)[M]=Q(Q0(QTMQ))Q", MeS",

where “o” denotes the Hadamard product of two matrices and
By Q a Ai . .
QO = ﬁT 0 s QZJZH,ZE{l,’k},]E{k‘—i‘l,,n},

where Fj, is the square matrix of ones with dimension k (the number of positive
eigenvalues), and the matrix Q has all its entries lying in the interval [0,1]. By

Pang, Sun and Sun [94, Lemma 11], ¢ is an element of the set Ollsn (X).

2.3 The soft thresholding operator

In this section, we shall show that the soft thresholding operator [I7, [71] is strongly
semismooth everywhere. Let Y € RP*? admit the following singular value decom-
position (SVD):

Y =U[Z 0|V, (2.3)
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where U € RP*P and V' € R are orthogonal matrices, ¥ = Diag(oy,--- ,0,), and
o1 > 09 > -+ > 0, > 0 are singular values of Y being arranged in non-increasing
order. For each threshold p > 0, the soft thresholding operator D, is defined as

follows:

D,(Y)=U[S, 0|V’ (2.4)
where ¥, = Diag((01 — p)4, ..., (0, — p)+)-

Lemma 2.2. Let G: 8" — 8™ be defined by
GX)=X—-pl)y = (=X —pl);, XS5
Then G is strongly semismooth everywhere on S™.

Proof. This follows directly from the strong semismoothness of (-); : 8" — S"

[115]. 0

Decompose V' € R7*7 into the form V' = [V} V;], where V} € R?P and V, €
Ra*(@=P) Let the orthogonal matrix Q € RP+D*P+40) he defined by

Q-—lUU 0 (2.5)
V2 - Ve |

and = : RP*7 — SPT bhe defined by

0 Y
2Y):= , Y € jRPX9. (2.6)
YT 0
Then, by [49, Section 8.6], we know that the symmetric matrix =Z(Y") has the fol-

lowing spectral decomposition:

S 0 0
EY)=Q |0 - 0|Q", (2.7)
0 0 0
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i.e., the eigenvalues of Z(Y') are +0;,7i = 1,...,p, and 0 of multiplicity ¢ — p. Define
g, B — N by

t—p ift>p
go(t) =t —=p)s —(=t=p)y =5 0 if —p<t<p,tecR. (2.8)
t+p ift<—p

For any W = PDiag(\1, -+ , Aptq))PT € SP1Y, define G, : SPT7 — SPHe by
Gy(W) := PDiag(g,(M1), - 79p()‘(p+q)))PT =W —=pl)y = (=W = pl).

Then, from Lemma [2.2] we have that G,(-) is strongly semismooth everywhere in

SPt4. By direct calculations, we have

S, 0 0
- T 0 Dy(Y)
UY) = G(EY) =Q| 0 -%, 0|Q"= . (29)
0 o0 o D,(Y)" 0

Theorem 2.3. The function D,(-) is strongly semismooth everywhere in RP*9.

Proof. Let Y € RP*? admit the SVD as in (2.3). We have known that G,(-) is
strongly semismooth in SP*7. This, together with (2.9), proves that D,(-) is strongly
semismooth at Y. Since Y is arbitrarily chosen, we have that D,(-) is strongly

semismooth everywhere in RP*9. O

Note that (2.9) provides an easy way to calculate the derivative, if exists, of D,
at Y. We define the following three index sets:

a:={1,....p}, v={p+1,....2p}, pB:={2p+1,....0+¢q}. (2.10)

For any A = (A1,..., Apig)? € RFT and \; # £p,i = 1,...,p + ¢, we denote by
Q2 the (p + q) x (p+ ) first divided difference symmetric matrix of g,(-) at A [12]
whose (4, j)th entry is:

9p(Ai) — gp(N;)
Qij = )\Z - )\j

if A £ A,
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Proposition 2.4. Let Y € RP*? admit the SVD as in (2.3). If o; # p,i=1,...,p,
then, for any H € RP*9, it holds that:

1
Dy(Y)H = U [ (Qaw o (Hy + HY) + Qay 0 (Hy = HD)) VT 42 (g 0 o) V]|,

T2
(2.11)
where H; = UTHV, and Hy = UTHV.

Proof. Since o; # p,i = 1,...,p, from (2.7) and (2.9) we obtain the first divided

difference matrix for g,(-):

Qaa Qa'y QaB
a=lar o, o, (2.12)

W U Qs

where

O=ple= (0=
(Qaa)ij = Qi = i = 0j ’ , fori,j=1,...,p,
9,(04) if 0, =0

(0i —p)t + (0, — p)+ if 0; £ 0 or 0y £ 0 B
<Qa7)i.7' = Ql(]+l’) = i - O-j ) fOI'Z,j = 17 By 2
ifO'Z'ZO'jZO

(o1 = p)+ if o, £ 0 . .
(Qap)ij = Qigjrop) = Oi yfori=1,....p, j=1,...,q—p,
Q77 = an“ Q“/ﬂ = Qaﬂ, and Qﬁg =0.
Note that Q.o = Qf, and Q. = Q7. Then based on the famous result of Lowner

[73], , we have from ({2.9) that for any H € RF*?

V(Y)H = G,(E(V)EH) = Q[Qe (QTE(H)Q)] Q"
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Note that
-UT ‘/1T
e 1] . 0 H||U U 0
QEH)Q = S |U" -V .
A HT 0] [ -V V2RV
|0 V2V,
H +H' HI'—-H  2H,
1
= 5 |Hi—H{ —(Hi+H) V2H, | (2.13)
| V2H] V2HT 0

where H, = UTHV, and Hy, = UTHV,. By simple algebraic calculations, we have

that
_ 0 M
V(Y)H = Q[0 (Q"E(H)Q)]Q" = , (2.14)
ML 0
where
1
My = 35U (Qua © (Hy+ HY) + Qg o (Hy = H)) VI +2(Qag 0 H) Vi |.
Since
0 D (Y YH
V(Y)H = oY) :

we have from (2.14]) that

, 1
D,(Y)H = 5 ( [Qua o (Hy + HY) + Qo 0 (Hy — HT)] VI +2(Qup 0 HQ)VQT).

]

Next, we give a characterization of the generalized Jacobian of D,(-), which was
presented in [I31], Lemma 2.3.6 and Proposition 2.3.7]. For any A = (A, .. ., )\(p+q))T €
R let N\; = o0y for i € a, \j; = —0y_, for i € v, and A\; = 0 for i € 5. For each
threshold p > 0, we decompose the index set « into the following three subindex

sets:

ap :={i|lo; > p,i€al, ayg:={i|lo;=p,i € a}, ag:={i|o; <p,i € a}. (2.15)
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Let I' denote the following (p + ¢) X (p + ¢) symmetric matrix

Foza Fow Foaﬁ
I'= Fg«/ Ly Tos | (2.16)

T T
os Top Las

whose (7, j)th entry is given by

(
9o(Ni) —gp(Xi) .
f A # N,
A=\ A # X
€ 0g,(Ni) =[0,1] if A\; = Aj and |\| = p,

\
Theorem 2.5. Let Y € RP*? admit the SVD as in . Then, for any V €
Op¥(Y), one has

V(H)=Q[ o (QTZ(H)Q))QT VH € R*4. (2.18)
Moreover, for any W € 0pD,(Y) and any H € RP*9, we have

1
WH) = U (Taw© (Hy 4+ HY) 4 Tay o (Hy = HT)) ViT + 2 (Tag 0 Ha) V|
(2.19)
where Hy = UTHV,, Hy = UT"HV,, and

E E T, o
aren Trenaz o tenas vij = vj; € [0,1] for i, 5 € as,

Faa = Ea2a1 Vagag O ) o O; —p f . .
. Tij—o_ 0_, OI"lEOél,jeOég,
P — O
Toyas 0 0 J

Warar Wajas Wajas

(0i = p)+ + (05— p)+ 4 ‘
Toy=]wl, O 0 |, wy:= 0i+c7jj ,fori € ay,j € aq,
T
Wa,as 0 0
/’LOQB o) Uz_p . . o)
Lap = ,B:B—Zp:{l,...,q—p},/JLij:—l , fori e aq, jEpB.

0 oi
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Define the operator W° : RPX? — RP*4 by

1
WO(H) = SU[ (T3 © (Hy + HT) + oy (Hy = HI)) ViT + 2 (T 0 o) Vi),
(2.20)

where
Eoior Foras Taras
Toa= | Eayey 0 0 |,
TO{;% 0 0
we can easily have that W is an element in 9gD,(Y).

In the following, we show that all elements of the generalized Jacobian 0D,(-)

are self-adjoint and positive semidefinite. First we prove the following useful lemma.

Lemma 2.6. Let Y € RP*? admit the SVD as in . Then the unique minimizer
of the following problem

mm{nx ~Y|?: X€B, ={ZeR . ||Z], < p}} (2.21)

is X* =g, (Y) = Ulmin(X, p) 0]V’ where min(X, p) = Diag(min(oy, p), ..., min(o,, p)).

Proof. Obviously problem (2.21)) has an unique optimal solution which is equal to
Ip,(Y). For any Z € B, with the SVD as in (2.3, we have that 0;(Z) < p, i =
1,...,p. Since || - || is unitarily invariant, by [12 Exercise IV.3.5], we have that
Y =ZIP =) (@(Y) = a(2)* + Y (aY) = au(2)* = ) (0u(Y) = p)*.
i€y i€EaaUas i€o

Since

Iy = X*[P = (oY) = p)*,

1EQ

we have that

Y = Z|* > |IY — X*||* for any Z € B,.

Thus X* = U[min(X, p) 0]V7T is the unique optimal solution. O

Note that the above lemma has also been proved in [96] with a different proof.

From the above lemma, we have that | D,(Y) =Y —IlIg (Y)|, which implies that
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I, (-) is also strongly semismooth everywhere in #7*9. Then we have the following

proposition.

Proposition 2.7. For any Y € ®*? and V € 0D,(Y), it holds that
(a) V is self-adjoint.

(b) (H,VH) >0 VYH e R,

(¢c) (VH,H —VH)>0 YH e R,

Proof. (a) Since D,(Y) =Y — g, (Y), for any V € 9D,(Y), there exists W €
Ollg,(Y') such that for any H € JtP*9,

VH =H - WH.

By (i) of Lemma we have that W is self-adjoint, which implies that V is self-
adjoint.
(b) It is a simple conclusion of (c).

(c) Since for any H € RP*4
(VH,H — VH) = (H — WH,WH) > 0,

where the above inequality follows from (iii) of Lemma [2.1 the third inequality
holds. O

Next, we shall show that even though the soft thresholding operator D,(-) is not
differentiable everywhere, || D,(+)||? is continuously differentiable. First we summa-
rize some well-known properties of Moreau-Yosida [88], [132] regularization. Assume
that ) is a finite-dimensional real Hilbert space. Let f : Y — (—o00, +00] be a proper
lower semicontinuous convex function. For a given o > 0, the Moreau-Yosida regu-

larization of f is defined by

F,(y) :min{f(x)+%|]:c—y|’2 Lz o€ y}. (2.22)
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It is well known that F, is a continuously differentiable convex function on ) and

for any y € Y

VE,() =~ (s~ 2(y),

where z(y) denotes the unique optimal solution of (2.22)). It is well known that
x(+) is globally Lipschitz continuous with modulus 1 and VF is globally Lipschitz

continuous with modulus 1/0.

1
Proposition 2.8. Let O(Y) = §HDP(Y)||2, where Y € RP*9. Then O(Y") is contin-
uwously differentiable and

VO(Y)=D,Y). (2.23)
Proof. 1t is already known that the following minimization problem
1
F(Y) = min{p”XH* +5IX Y|P X e afepxq},

has an unique optimal solution X = D,(Y) (see, [I7, [77]). From the properties of
Moreau-Yosida regularization, we know that D,(-) is globally Lipschitz continuous

with modulus 1 and F(Y) is continuously differentiable with
VEY)=Y —D,Y). (2.24)
Since D,(Y') is the unique optimal solution, we have that
1 g 1 s 1 2
F) = plDp(Y)lle + S1Dp(Y) = Y7 = SIYI" = SIDp(Y)]" (2.25)
This, together with ([2.24)), implies that ©(Y") is continuously differentiable with

VO(Y) = D,(Y).

2.4 The smoothing counterpart

Next, we shall discuss the smoothing counterpart of the soft thresholding operator

D,(-). Let ¢p(e,t) : R x ® — R be defined by the following Huber smoothing



2.4 The smoothing counterpart

29

function for (¢); = max{t¢,0}

( el
t if t > —
1 = 2,
Lk el _, e
gt)=9 ——(t+—=) if —-—<t< g,t) e ¥ x N 2.26
ou(e,t) 215\(+2) 5 5 (&1 (2.26)
: el

Then the smoothing function for g,(-) in (2.8)) is defined as follows:
bp(e,t) = dule,t —p) — dule,—t —p), (e,t) e R xR (2.27)

From the above definition, we know that ¢,(c,-) is an odd function about t € R.
Let Y € RP*? admit the SVD as in (2.3). For any ¢ € R, the smoothing function
for G,(Z(Y)) in (2.9) is defined as follows:

Y5, 0 0
Uy Y) =G EEV)=Q | 0 —%, o] Q" (2.28)
0 0 0

where Xy = Diag(¢,(c,01),...,¢,(e,0p)). By direct calculations, we have

0 P,(e,Y)
(Dy(e, Y))T 0
where
Q,(e,Y) = U[Diag(@(e, a1), ..., 0,(€,0p)) 0} VT, (2.29)

which is a smoothing function for the soft thresholding operator D,(Y’). Note
that when ¢ = 0,G,(0,Z(Y)) = G,(E(Y)) and ®,(0,Y) = D,(Y). For any X =
Ay Aprg)t € RPTL let N, =0y for i € a, \; = —0y_p for i € 4, and A\; = 0
fori € 5. When € # 0 or 0; # p,i = 1,...,p, we use A(e, \) € SP*? to denote the

following first divided difference symmetric matrix for ¢,(e, ) at A
Aaa Aom/ Aaﬂ

AN = |AZ Ay Al (2.30)

Alg Mg Agp
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where
( ¢p(570i) B pr(g,gj) lf o; 7£ 0_]
(Aaa)ij = 0i — 0j ,fori,j=1,...,p,
\ (Qsp);i(S,O'i) if 0; =0
Pole,0i) + 9p(€, ) ifo; #0o0ro; #0
(Aa'y)ij = Ui—i_aj s for i,jzl,...,p,
\ (0p),,(€,04) ifo,=0;=0
G BT
(Aaﬁ)z] = i 7fori:17“'7p7j:17"'7q_p7
((ﬁp);i(éf,(fi) lfO’Z = O

\

(Aﬁﬁ)l] = (Qsp)i(é, 0)7 for Za] =1,... yqd — D-
Since ¢,(e, ) is an odd function, we can easily obtain the following results:
Noa =Ny, Aoy = (AOé’Y>T7 Ay = Aag,

and (A(e, N));; € [0,1] for allé,j = 1,...,p+¢. Then based on the famous result of

Lowner [73], we know that for any H € RP*9,
(Pp)y (e, Y)H = (G,)zvy (e, E(V))E(H) = Q[Ale, V) 0 (QTE(H)Q)]Q",  (2:31)

where “o” denotes the Hadamard product and QTZ(H)Q takes the form as in

(2.13). By simple algebraic calculations, we have that

/ T T 0 Ap
(V)y(e,Y)H = Q(A(e,\) o (Q"E(H)Q))Q" =
AT, 0
where
H, + HT H, — HF
A12 = U<Aaa o % + Aoz’y ° %)‘/IT + U(Aaﬁ © HZ)‘/ZT7

H, =UTHV, and Hy = UTHV,. When € # 0 or 0; # p,i = 1,...,p, the partial

derivative of W,(-,-) with respect to ¢ can be computed by

D(,Y) 0 0
, . 0 UD(e,X)V{¥
(T,)(e,Y)=Q| 0 —D(,%) 0|Q" = ,
. ) . ViD(e, $)UT 0

(2.32)
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where
D(e, %) = Diag((¢)).(g, 01); - - -, ($p)z(€, 7)) (2.33)

Since

(Y, Y) (v, H) — 0 (®,)'(,Y)(7, H) |
(@) (e, Y) (7, H))" 0

for any (7, H) € R x RP*9, we have

H, + HY
2

‘I— U(Aaﬁ @) HQ)‘/QT.

Hy — HT

Aq
+ Aoy 0 ——

(®,)(c,Y)(r, H) = U(Aw o 4 rD(e, 2))vlT

(2.34)

Thus, ®,(-,-) is continuously differentiable around (g,Y) € R x RP*? if ¢ # 0
or o; # p,i = 1,...,p. Furthermore, ®,(-,-) is globally Lipschitz continuous and
strongly semismooth at any (0,Y) € & x RP*9 [76].

Define (®,)|n, : R x Rlozixloz2l — glezlxlezl 1y replacing the dimension p and g
in the definition of ®, : & x RP*9 — RP*9 with |ay|, respectively, where the index
set a is defined as in (2.15]). As in the case for ®,(-,-), the mapping (®,)a(:, ")
is also Lipschitz continuous. Then the Clarke’s generalized Jacobian 0®,(0,Y") of
D, at (0,Y) and I(P,)jas((0, Z) of ()))ay at (0,Z) € R x Rlo21¥lezl are both well
defined.

Next, we will give a characterization of the generalized Jacobian 0®,(0,Y) of
®, at (0,Y) € R x RP*%. Let Dy, be the set of points in R x RP*7 at which @, is
differentiable. Suppose that A is any set of of Lebesgue measure zero in J&t x RP*

Then

0%,(0,Y) :Conv{(gk Jim (@) Y8 (Y € D, (41 N
(2.35)

Note that 0®,(0,Y") does not depend on the choice of the null set N [126, Theorem
4].

Proposition 2.9. Let Y € RP*Y admit the SVD as in . Then, for any V €
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09,(0,Y), there exists Via,| € O(Pp)|as|(0, pliay|) such that

(Hl>a1a1 (ﬁl)alaQ Qalas © (Hl)alas
V(T7 H) = U (ﬁ1>£1a2 Vlaz\(Tv (ﬁl)azaz) 0 VvlT
Q£1a3 © (ﬁl)glt)@ O 0
H, — HT
+ U|(Tay 0 =52V + (Tag 0 Ha) V' (2.36)

for all (1, H) € R x {P*, where Qu a4, Loy and Lop are defined as follows, respec-

tively,
g; — . .
(Qalag)ij = T pAJ fOI' (A ai, J € a3, <237)
g; 0-]
Walal Wcuaz Walag
o — p)y + (0 — . .
Fa’y = W§1a2 0 0 y Wij 1= ( p)g—'i_ -+ E;-j p>+> fori € a1, ] € aQ,
? J
(Wayay 0 0
(2.38)
JI- _ g; — P . . )
Fa/)’:: 016 ’ﬁ;:ﬁ—Qp:{L_”?q—p}’Iuij::T,fOI'ZGOél,]Gﬁ,
- (2.39)

Lio,) is an identity matriz of size lao|, H = UTHVy,Hy = UTHV,, and ]:71 =

s(H+HT).

Proof. Let N := {0} x R"*? which has Lebesgue measure zero in & x R’*? and
On,(0,Y) = { lim (@,)(5, V%) (5 YF) = (0,Y), F 40} (240)

Then, from ([2.35)), we have

09,(0,Y) = conv(oy®,(0,Y)).

First, we give a characterization of all elements in the set dy®,(0,Y). For any
V € Ov®,(0,Y), there exists a sequence {(e*,Y*)} — (0,Y) with ¥ # 0 such that
®, is differential at (¢*,Y*) and for any (7, H) € ® x RP*4,

V(r, H) = lim (®,) (e, Y*)(, H).
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Since €* # 0, we have that ¥, defined by (2.28)) is differential at (¥, Y*) and

- 0 lim (®,) (", Y*)(r, H)
Hm (V) (5, Y ) (r H) = _ I L
°° | (i ()" (e%, Y5)(7, H)) 0
B | 0 V(r, H)
V(1) 0

Let Y* = U*[Z* 0)(V*)T be the SVD of Y* where UF € RP*P and V* € RI*¢
are orthogonal matrices, X¥ = Diag(o}, -+ ,0F), and of > 0§ > --- > g} > 0 are

singular values of Y* being arranged in non-increasing order. Writing each ¥* in

the same format as >:

S0 0
=10 %t 0 |,

k

0 0 Xz
we have ¥ = kh_)r{)lo ¥, which implies that ¥ —pI|,,| and X%, — plj,, are nonsingular
matrices for all k sufficiently large and klim E’;Q = Yo, = plja,. For each K, let

— 00

A= (AF AL )T € JPF where N = of for i € a, \f = o}, for i € 7, and

M =0 for i € B. Let Ak = A¥(F, \¥) be defined by (2.30) and D¥ = D(e*, ¥F) be
defined by (2.33)), respectively. Then, for any (7, H) € R x R?*9, we obtain from
@31) and @3 that

D 0 0
() (Y5 (7 H) = QF |AF o (QVE(H)Q) +7| 0 —DF o] (@,
0 0 O

(2.41)
where Q* has the form as in . By taking subsequences if necessary, we may
assume that {U*} and {V*} are both convergent sequences with limits U = kh_)rrolo U*
and V = kh_)rilo Vk (clearly Y = U[¥ 0]VT). Since both {A*} and {D*} are uniformly

bounded, by taking subsequences further if necessary, we may assume that both {A*}

and {D*} converge. Let M = Jim AF o (QMTZ(H)QY) = Jim AF o (QTZE(H)Q).
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Taking limits on both sizes of (2.41]), we obtain that

Moo Moy Mg lim D* 0 0
. 0 V(r, H) hroo
Q Q=ML M, Mpg|+T 0 —lim DF 0
Vi H)T 0 oo kovoo
Maﬁ M'\/B Mﬁﬁ 0 0 0
(2.42)

By simple calculations, we have lim A} = Tq,, lim A%y = Top and lim Af; = 0,
k—o00 k—o00 k—o00

where 'y, and I'y3 are of the forms as in (2.38) and (2.39)), respectively. Then we
obtain that

ays

(Hl)oélal (Hl)a1a2 Qalas © (H1>a1a3
Moo = (‘?Il)glag I}i_{go(Aga)azaz © (ﬁl)azozz 0 )
leag © (ﬁl)glag 0 0
1 1

Mgy = Loyo=(H{ —H}), Mg =Tapo(—=Hs), Myy = —Maa, Myg = Mag, Mgz =0,

2 V2
and
0 0 0
lim D¥ =10 limDt 0|,
k—o0 k—oo 292
0 0 0

where Qu,a, is of the form as in (2.37), H, = UTHV), Hy = UTHVy, Hy = L(H, +
HT), and

DEQOQ = Dlag((¢P>la<€k’ O—|k(:)¢1‘+1)7 R (¢p)la<€k7 0—|k(:)¢1‘+|a2‘))'

By applying (2.34) to (®,)|a, at (¥, ), for any (7, AH) € R x Rlezlxle2l we have

AH + (AH)T AH — (AH)T
o—— o—

Dk
2 T

(CPP)/ (€k7 2§2)<T7 AH) - (Al;a>a2a2

|az|

+ (Ag'y)azaz

|az|

Since both {A*} and {D*} converge, we obtain that Jim (®,),, (" 2k )(r,AH)
—00

exists for any (1, AH) € Rx Rle2Ixle2l wwhich implies that klim (®,)],, (", Sk ) exists.
—00

|az|

By the definition of On/(®))jas|(0, pljas)), Which is analogous to the one defined in
(2.40), we have that there exists Via,| € On(®P))jas)(0, p1ja,) such that

Viao| (T, AH) = lim (®,)

k—o00

Sk ) (r, AH) VY (1, AH) € R x Rlozlxleal,

!
|az|

2 a0 "
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In particular, let AH = (1:1?1)0[20(2 which is symmetric, we have

V\O@l(T’ (ﬁll)azaz) = lim ((I)p>/ <€k7 222)(77 (ﬁl)cmaz) = lim (Aza)azazO<ﬁ1)a2a2+7—D§2ag'

o]

k—o0 k—o0
Then we have
(Hl)alal (Hl)altm Qa1a3 © (Hl)ala3
. k ~ —
Moo + 7 lim D¥ = (H) s Vol (7 (H1)asas) 0
lea:’) o (ﬁl)gla3 0 0
(2.43)

By simple algebraic calculations, we obtain from (2.42)) that

(Hl>a1a1 (ﬁl)alaz Qmaa © (Hl)alaa
V(T’ H) = U (ﬁl)glag V|a2\(7—’ (Hl)OIQOlQ) 0 ‘/1T
leag © (ﬁ1>gla3 0 0
H, — HT
+U[(Day o =LV + (Tag o vy,

Since 09,(0,Y") = conv(In®,(0,Y)) and O(P,)|a,|(0, pljas|) = conv(On(P,)as| (0, pLas)));
from the above equality, we conclude that (2.36]) holds. O

Next, we present a useful inequality for elements in 9®,(0, Y"), which is analogous

to Proposition [2.7] (¢) for the soft thresholding operator D,(-).

Proposition 2.10. For any V € 09,(0,Y), it holds that
(H—-V(0,H),V(0,H)) >0 VH e R (2.44)

Proof. First, we show that for any V € Oy®,(0,Y) defined by , inequal-
ity holds. For any V € Oy ®,(0,Y), there exists a sequence {(e*,Y*)} —
(0,Y),eF # 0 such that ®, is differential at (¥, Y*) and for any H € RP*9,
V(0,H) = l}Lrgo(tbp)/(sk, Y*)(0, H). Since €* # 0, we have that ¥, defined by (2.28
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is differentiable at (¢*, Y*),

—_

(E(H), Z((@,)' (", Y*)(0, H)))

(E(H), (9,)' (5, Y*)(0, H)) = §<E<H>, QF (A% o ((@=()@M) (@)

P-‘rq p+q

= ~(Hy, A" o Hy,) = ZZA SES

lel

H,(®,) (", Y*)(0,H)) =

—
O |

wl»— N | —

where H = (Q")TZ(H)QF and the linear map Z(-) is defined by 1} and

(@) (5, Y*)(0, H), (®,)' (", Y*)(0, H))

—~

(@) (", Y)(0, H), (,)' (", Y*)(0, H))

— (Q" (Mo ((@Y2(H)QM ) (@), @ (Ak o (QYT2(M)Q))(QY))

<A OHk,A OHk ZZ

lel

DN | — l\DI»—ll\Dln—

Since Afj € [0,1] forall 4,5 =1,...,p+ ¢, we have

p+q p+q

(H = (@,)/ (5, Y9)(0, H), () (5 Y90, H)) = £ 37 ST (A — (A5)) (), > 0.

=1 j=1
Hence

(H —V(0,H),V(0,H)) >0 VH e R,

Let V € 09,(0,Y). Then, by Carathéodory’s theorem, there exists a positive &
and V' € Oy ®,(0,Y),i = 1,...,k such that V = Y ¢,V', where t; > 0,i =1,...,k

i=1
and > t; = 1. Define 0(Y) := (YY), Y € RP*9. By convexity, we have that for any

i=1

H e Rpxa

=00) _tV'(0,H)) <> t:0(VI(0,H)) =Y t:(V'(0,H),V'(0, H)),
=1 =1 =1
which implies

(V(0,H),V(0, H)) <Zt (H,V'(0, H)) ZtVZOH (H,V(0, H)).

=1

Hence, ([2.44]) holds. O
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Nuclear norm regularized matrix least

squares problems

In this chapter, we introduce a partial proximal point algorithm, in which only some
of the variables appear in the quadratic proximal term, for solving nuclear norm reg-
ularized matrix least squares problems with equality and inequality constraints. Due
to the presence of inequality constraints, the inner subproblem is reformulated as
a system of semismooth equations which are then solved by an inexact smoothing
Newton method. We prove that the inexact smoothing Newton method is quadrat-
ically convergent under a constraint nondegeneracy condition, together with the

strong semi-smoothness property of the soft thresholding operator.

3.1 The general proximal point algorithm

Let Z be a finite dimensional real Hilbert space with inner product (-,-) and its

induced norm || - ||. Let 7 : Z — Z be a set-valued map. We define its domain,

37
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image and graph, respectively, as follows:

Dom (7)) :={z€ Z | T(z) # 0},
Im (7)) := (J T(2),

ZEZ
and

Graph (T) :={(z,w) € Zx Z |w € T(2)}.

The multifunction 7 : Z — Z is said to be a monotone operator if
(z—2',w—w") >0 whenever we T(z),w" € T(Z). (3.1)
It is said to be strongly monotone with modulus o > 0 if
(z =2, w—w)>alz—7]* whenever w € T(z),w € T(). (3.2)

The multifunction 7 is said to be maximal monotone if it is monotone and its graph
Graph (T') is not properly contained in the graph of any other monotone operator.

For any maximal monotone operator 7 : Z — Z, we define the mapping 7! by
T w)y={z€ZlweT()} (3.3)

It is obvious that 7! is also maximal monotone. We shall say that 7! is Lipschitz
continuous at the origin (with modulus a > 0) [I0§] if there is a unique solution z

to 0 € T(z) and for some 7 > 0 we have
|z — z|| < allw|| whenever z€ T '(w) and |w| <7 (3.4)

Many problems can be formulated as finding an element z such that 0 € 7(z), where
T : Z — Z is a maximal monotone operator. An important example is the following
convex programming problem

min f(z), (3.5)

2€Z
where f : Z — (—o00,+00] is a proper lower semicontinuous convex function. Let

T = Of be the subgradient of f. It is well known that df is maximal monotone.
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Moreover, a point zZ € Z solves the minimization problem (3.5 if and only if 0 €
df(z). To solve inclusion problems with maximal monotone operators, Rockafellar
[T08, T07] proposed the general inexact proximal point algorithm (PPA). Given a

sequence of parameters o, such that
0 <op T 0ox < +00, (3.6)

and an initial point 2% € Z, the general PPA generates a sequence {z*} in Z by the
following scheme:

HF P, (7)) = (I +0T)7 (Y. (3.7)

This algorithm is based upon the fact that the proximal mapping I_Dak is single-valued
and nonexpansive [84]. Rockafellar [I08] shows that under certain mild assumptions
the sequence {2*} converges to a particular solution z* for the problem 0 € T (z).
When applied to the minimization problem (3.5]), the above approximate rule re-

duces to
1
k+1 : k2
2T &~ arg min 2)+ —I|z— = } 3.8
g {£(2) + Il — I (3.5)
The attractive feature of this approach is that the objective function in (3.8) is

strongly convex, which suggests that we may apply an indirect method for solving

based on the duality theory for convex programming.

Let Z =X x )Y, where X and ) are two finite dimensional real Hilbert spaces
each equipped with a scalar product (-, -) and its induced norm || - ||. Suppose now
that z € Z is partitioned into two components z = (x,y), where x € X and y € Y.
Then the approximate rule of the general PPA for solving is given by

, 1
(@ marg min {f@) 4 g @) - @ P (39)

However, in many applications we may only want to add a quadratic proximal term
for only one variable, say y. Then (z**!, y**1) is generated by approximately solving

the following minimization problem

win { F(a.0) + 5y~ oI} (310)

(z,y)€XXY



40

Chapter 3. Nuclear norm regularized matrix least squares problems

Note that the objective function in (3.10) may not be strongly convex in (z,y). But
in the case that f is already strongly convex in x for all y € ), then the problem
(3.10) could be easier to solver than (3.9)). In [52], Ha proposed a partial PPA to

solve the inclusion problem in two variables
0€T(x,y), (3.11)

in which only one of the variables is involved in the quadratic proximal term. Below

we give a brief review of the idea of the partial PPA proposed by Ha [52].
Let IT: X x Y — X x Y be the orthogonal projection of X x ) onto {0} x ),

ie.,

I(z,y) =(0,y), V(z,y)eXx).

Let T: X x Y — X x )Y be a maximal monotone operator. To solve the inclusion
problem 0 € T (z,y), from a given initial point (z° 3°) € X x ), the exact partial

PPA generates a sequence {(2*,y*)} by the following scheme:
("1 y* ) € (M4 o T)7H(0,"), (3.12)

where the sequence {0} satisfies (3.6). Let P,, := (Il + 047) 'II. Then (3.12) can
be written as

(@™ yF ) € Py (aF h). (3.13)

Note that if II is replaced by the identity map I, then P, would be the standard
proximal map Fak of 7 in |) In general, the mapping F,, is neither single-
valued nor nonexpansive. However, by [52], Proposition 2], we know that the second
component of P,, (z*,y*) is uniquely determined and nonexpansive. For practical

purpose, the following general approximation criteria were introduced in [52]:

o0

(2 ) — (WP R || < e, e >0, Zek < 00, (3.14a)
k=0
11 ™) = @ 0 < Gl M) = (@M, (3.14b)

5 — R Y| < Syt — oFll, 6 > 0, Z(Sk < oo,  (3.14c)
k=0
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where

(ukH,ka) c ng(xk’yk).

In [52], Ha showed that under a mild assumption, namely, 0 € int Im (7), the
sequence {(z¥,y*)} generated by the partial PPA under criterion is bounded
and any of its cluster point is a solution to . Moreover, the sequence {y*}
converges weakly to 7, which is the second component of a solution to . If,
in addition, and are also satisfied and 7! is Lipschitz continuous
at the origin, then the sequence {(z*,y*)} converges locally at least at a linear rate
whose ratio tends to zero as o, — 400. For more discussion of the convergence

analysis of the partial PPA, see [52, Theorem 1 & 2J.

3.2 A partial proximal point algorithm

In this section, we consider the following nuclear norm regularized matrix least

squares problem with linear equality and inequality constraints:

1
. - _ 2 X N X
Jain - S[AGX) = BT + ol XL+ (€, X)

st. B(X) e d+ Q.

(3.15)

where A : RP*7 — R™ and B : RP*? — RN* are linear maps, C' € RP*9, b € R, d €

R°, p is a given positive parameter, and @ = {0}*" x RP is a polyhedral convex

cone. Here, s = s1 + so. It is easy to see that (3.15)) can be rewritten as follows:

, 1
min folu, X) := §||U||2+P||X||*+<C,X>

uER™ X ERP X4

s.t. A(X) +u=b, (3.16)
B(X)ed+ Q.

Note that the objective function f,(u, X) is strongly convex in u for all X € RP*9.
For any X € #7*?such that B(X) € d+Q, let u = b—A(X), then (u, X) € R™xRP*4
is a feasible solution of (3.16)). Note that the map (A, Z) in (3.16) is surjective, where

7 is an identity mapping from R™ to R™. For the convergence analysis, we assume
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the following Slater condition to hold throughout this chapter:

{B;};L, are linearly independent and 3 X° € Rp*4 (3.17)
such that B;(X%) =d;,;i =1,...,s; and B;(X°) > d;;i =s,+1,...,s. '

Let l(u, X;(, &) : R™ x RP*Ix R™ x R® — R be the ordinary Lagrangian function
for (3.16]) in the extended form:

o xicg) o ] Ao X HIGD = AX) —uy 4 (6 d = BX)) i € 0,

—00

if £ ¢ O,
(3.18)
where Q" = R x R is the dual cone of Q. The essential objective function in
(3.16) is
u, X) if (u, X) € Fp,
P X) = st xsg g =g P TITIET )
(eRm, R

+00 if (u, X) ¢ Fp,
where Fp = {(u, X) € R™ x ®P*1 | A(X)+u=>,B(X) € d+ Q} is the feasible set
of (3.16]). The dual problem of (3.16]) is given by:

max g,(¢,€) = —5lICIP + (0,) + (&)
st. AQ)+B (¢ +Z2=C

(3.20)
1Z]]2 < p,

CeRr™ e Q* Z e RPra,
As in Rockafellar [I07], we define the following two maximal monotone operators
To(u, X) = {(0,Y) € R x R : (0,Y) € 9f(u, X)},

where u € "™ X € R ( € R™, and £ € R*. Note that since f(u, X) is strongly
convex in u with modulus 1 for all X € RP*9, T is strongly monotone with modulus

1 with respect to the variable u [I08, Proposition 6], i.e.,

((u, X) = (W, X"), (v,Y) = (v, Y")) = [lu =, (3.21)
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for all (v,Y) € Ty(u,X) and (v',Y’) € T;(v/,X’). From the definition of Ty, we
know that for any (v,Y) € R™ x RP*9

T ) =as min L7 X) ~ (v,0) = (v, X) b

ueR™, X eRpx4a

Similarly, we have that for any (v,Y,y, z) € R x RP*? x R™ x R°,

7;71(U7Y7y72) = arg 1{16131?% ?elg%ﬁ {Z(U’?Xagag) - <U,U,> - <Y7X> + <y7 g) + <Z7€>}
XeRPXa ceRs

Since f(u, X) is strongly convex in u with modulus 1 for all X € RP*? we apply the
partial PPA proposed by Ha [52] to the maximal monotone operator 7, in which
only the variable X appears in the quadratic proximal term. Given a starting point
(u®, X0) € R™ x NP> the inexact partial PPA generates a sequence {(u®, X*)} by

approximately solving the following problem

. 1
min {f(u,X) +gorllX X’“||}. (3.22)

ueR™, X ERPX
We can easily have that any minimizer (u, X) of problem ({3.22) satisfies

1

,—
Ok

(0,0) € Of (u, X) + (0, — (X — X™)).

It follows that
(0, X*) € (0, X) + 03T (u, X). (3.23)

Let IT : R™ x RP*?7 — R™ x RP*? be the orthogonal projector of ™ x RP*? onto
{0} x RP*1 ie.,

M(u, X) =(0,X), V(u,X)eR"™x R,
Then can be written as
I(u*, X*) € (L + 03, Ty) (u, X),
which can also be equivalently written as

(u, X) e (IT+ J;ﬂ})*ll_[(uk, X5y,
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Then we have that the set of minimizers of problem can be expressed as
(1T + 0% T7) M (uk, X*).

Next, for any parameter ¢ > 0, we show some properties of the mapping @, =
(IT+ o7;)~" in Proposition [3.1] and some properties of P, = Q,II = (I 4 o7;) 11
in Proposition . The proofs essentially follow the ideas in [60, Proposition 2 &
3.

Proposition 3.1. For any given parameter o > 0, let Q, = (II+oT;)~! . Suppose
that Dom (T;) # 0. Then we have the following properties:

(i) The mapping Q, is single-valued in R™ x RP*9.
(ii) For any (u, X), (v, X’) € R™ x RP*9,
Qo (u, X) = Qo (v, X')|| < %H(u,X) — (', X, (3.24)
where f = min{l,c}.

Proof. (i) By [32, Theorem 2.7], it is enough to show that the map II 4+ o7 is
maximal monotone and coercive. First we show that I+ ¢7; is maximal monotone.

Since 7 is maximal monotone, 07 is also maximal monotone for any o > 0. Since
Dom (7;) Nint Dom (IT) = Dom (77) N (R™ x RP*9) £ (),

we have from [I05, Theorem 1] that IT + o7 is maximal monotone.

Next we show that II+ 07 is strongly monotone. For any (v,Y) € T¢(u, X) and
(v, Y") € Ty(v/, X'), we have

0,X)+0(v,Y) e (Il+0Tf)(u, X),

(0, X))+ oY) e (Il +oT;) (v, X').
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Then, we have

((u, X) = (W', X), [(0,X) + o(v,Y)] = [(0, X') + (¢, Y')])
=(X-X'X-X")+o{(u,X) — (', X)), (v,Y) = (v, Y"))
> 1X = X'|* + ollu—o||?

> BI(u, X) = (u', X%,

where the first inequality follows from (3.21) and § = min{1,c}. This implies that
IT + o7 is strongly monotone. Since the strong monotonicity of II 4+ o7, implies

the coerciveness of II 4+ o7, we have that the mapping @), is single-valued.
(ii) For any (u,X) € R™ x £, let (uy, Xy) = Qo(u, X). Then from the

definition of ), we have
(0, X) € (1 + 0Ty (us, X,).
Then there exist some element (v,Y’) € T;(us4, X) such that
(u, X) =(0,Xy)+0o(v,Y). (3.25)
Similarly, for any (v, X’) € ™ x RP*4, we have
(u', X") = (0, X))+ oY), (3.26)

where (u/,, X' ) = Qo (v, X') and (v, Y") € Tp(u/,, X',). Since Ty is strong monotone
with respect to the first component with modulus one, we have from ({3.21)) that

(g, X4) = (ulp, X5), (0,Y) = (0, Y7)) = [lug —ulp || (3.27)

It follows from ({3.25)), (3.26) and (3.27)) that

<(u7 X) - (u/’X/)v (u-i-?X-i—) - (u/—i-7X—/|—)>
= <[(07 X+) + U(U7Y>] - [(07 X;) + O-(Ula Yl)]? (u+7 X-I—) - (ul+7 Xjr)>
= X5 = XL+ o((v,Y) = (v, YY), (us, X)) = (uf, X4))

> | X4 = X7+ ollug — P > Bll(ur, Xo) = (uly, X,
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where f = min{1,c}. Then we have
1, X) = (', X)|| = Bl (e, Xo) = (uly, X = Bl Qo (u, X) = Qo (u', X ),
which completes our proof. n

From the properties of the mapping @), in Proposition [3.1 we can easily obtain
the following properties of P,.

Proposition 3.2. For any given parameter o > 0, let P, = Q11 = (I1+ 03, T;) 1L
Suppose that Dom (T;) # 0. Then we have the following properties:

(i) The mapping Py, is single-valued in ™ x P4,
(i1) For any (u, X), (v, X') € R™ x RP*4,
I1Pa, ) = Palal, X)) < X = X)L (3.25)
where f = min{l,0}.

Proof. (i) It is obvious from Proposition that the mapping P, is single-valued.

(ii) From ([3.24)), we have

|1Po(u, X) = Fo(u', X = [|QoT1(u, X) — Q,11(u/, X")|

IA

1 1

=TT (u, X) = II(', X7)|| = 2| X = X",

p B

which completes the proof. O

Since the operator P, is single-valued, the approximate rule of the partial PPA

for solving problem ([3.16]) can be expressed as
(uFT XY &~ P, (W, XP) = (T4 oy Tp) "M (uF, XF), (3.29)
where P, (u*, X*) is defined by

1
P, (u*, X*) = arg  min {f(u,X)—i—z—HX—XkHQ}, (3.30)
Ok

ueR™, X eRpx4q
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and {0} is a sequence satisfying ({3.6)).

Now we calculate the partial quadratic regularization of f in (3.30]), which plays
a key role in the study of the partial PPA for solving problem (3.16]). For a given
parameter o > 0, the partial quadratic regularization of f in (3.19) associated with
o is given by
1
F(X) = ' { Y —Y—X2}. 3.31
) = min {F@ )+ oY - X (331)
From (3.19)), we have
1
Fo(X) = min sup {1, Y1¢, &) + oV = X[}
o

ueR™  repm
Y eRrp*x4 ceRs

1
= sup min {1(u, V3¢, + 5|V - X|* (3.32)
cpm ueR™ 20
ceRS YeRrpxa

. 1
CER™ ueER 20
£eQr YeRrxa

where the interchange of min,y and sup., follows from the growth properties in
(u,Y’) [104, Theorem 37.3] and the third equality follows from (3.18]). Then, we
have

Fo(X) = sup  ©7(¢, & X)),
Ce%m}éeg*

where

O4(¢, & X) 1= min { £y, Y) (b~ A(Y) —u) + (. d— BIV)) + 5|V~ x|}

Y eRpxa
1
= min {p|Yll. +(C— AC = BEY) + oIV - X|1*}
+amin Lol = (G} + 0.0+ (0.)
1 1
== SICI?+6.0) + (d.&) + min {plV]l. + 51V = W(c.&2)lI}
1 2 1 . 2
+ oo lIX I = W (C & X))
1 1 1
= — SIS+ (8,) + (d &) + S IX I = Do (WG, & XD (3.33)

where W((,&X) = X — o(C — A*C — B*¢) and the last equality follows from
(2.25)). By the saddle point theorem [104, Theorem 28.3] and (3.32)), we know that
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(C(X), Dy (W(C(X),&(X); X))) is the unique solution to for any (¢(X),&(X))
such that

(C(X),§(X)) earg  sup  OF(¢, & X).
(eRrRm, £cO*

Then we have F,(X) = 02(C(X),£(X); X).

Now we formally present the partial PPA for solving problem (3.16)).

Algorithm 1: PPA. Given a positive parameter p and a tolerance ¢ > 0. Input
(u®, X%) € R™ x RP*? and o9 > 0. Set k := 0. Iterate:

Step 1. Compute an approximate maximizer

R™x Q3 (M) moarg sup 02, (C,9), (3.34)
CeRm, eeRs
where
05,.(C,€) = 05, (C,& X") = 5(¢] Q) (3.35)
©r (¢, & X") is defined as in and §(- | @) is the indicator function over
Q.

Step 2. Compute W*H! .= W (¢F1, ¢hFL; X*). Set

1
_(Dpak(wk+l) . Wk+l).

ukJrl — CkJrla Xk+1 —D (Wk+1), and Zk+1 —
Ok

— POk

Step 3. If ||(X* — X*1) /oy || < &; stop; else; update oy; end.

Suppose that (C(X*),£(X*)) is an optimal solution of the inner subproblem
(3.34)) for each X* and o}, > 0. Let P,, be defined as in (3.30). Since P,, is single-
valued, we have P,, (u*, X*) = {(E(Xk), Do (W (C(XF), E(XF); X'f)))}. In order to
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terminate (3.34) in the above PPA | we introduce the following stopping criteria:

2
€k
sup 02 (¢,€) — 07 (¢F M) < o (3.36a)
_ 1 °
I = CXHIP < Sk e >0, Y e < oo, (3.36b)
k=0
2
up 05, (C,€) — 05, (CH+, €5+ < DE Xk ke, (3.360)
Ok
I = CXMIP < SRIC = CHIP, 6 >0, ) 6 < oo, (3.36d)
k=0
dist(0, 96 (¢, €M) < 5—||X"7+1 —X*|, 0<d, —0. (3.36¢)
Of

Note that F,, (X*) = sup6? (¢,€) and 62 (¢F,&¢M1) = 02 (¢F, ¢ XF). The
following result reveals the relation between the estimation and , which
enables us to apply the convergence results of the partial PPA in [52] Theorem 1 &
2] to our partial PPA. The proof essentially follows the idea in [I07, Proposition 6].

Proposition 3.3. Suppose that (((X*),£(X*)) is an optimal solution of the inner

~k+1

subproblem (3.34). Let (¢**1, X" ") = (C(X*), Dy, (W(C(XF), £(XF); X*))) and
XE = D,y (W(CH 8L XF)) . Then one has

1 ~<k+1
o X =X < sup 6, (G,€) - 05, (L€M), (3:37)
Proof. Since ©2(¢,&; X)) is convex in X and
1
VX@g-k(Ck+17§k+1;Xk> — O__k<Xk o Xk+1>,

the following inequality holds for any Y € RP*4:
@gk(<k+l’€k+l;Xk> + <O,I;1(Xk . XkJrl)’ Y — Xk>

<or ("ML Y) < sup ©8 (L &Y) = F(Y)
CER™ €O

. 1 _ —k+1 1 —kt1
= min {f(u,X)+—|X Y|P} <f@"""X )+ —X T —Y|* (3.38)
ueR 20}, 204
XERPXa
We also know that
. 1
sup0? (¢,€) = F,(X*)= min {f(u,X)JrT‘kIIX—XkIIQ}

uER™, X CRP*1

— 1, —
= J@TXT)) 4 X - X (3.39)
k
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which together with (3.38) and the fact that 62 (¢F, &M1) = @2 ((F1, M1 XF),
implies that

sup egk (Ca S) - egk (Ck+la §k+1)

1 71— _
> - X xR = X v 2t - xR Y - X'ﬂ
O L
1 71—
= X - XLy X — |y - X
20’k L
17 — _
= | S IET xR xR Sy X L (340)
k L

Since this inequality holds for all Y € RP*4, by taking the maximum of (3.40)) in Y,
we have

| ]
sup ng(g, 5) - egk(ck-l-l’gk—i-l) > EHX - Xk+1||27

which proves our assertion. O

3.3 Convergence analysis of the partial PPA

In this section, we show the global convergence and local convergence of the par-
tial PPA for solving (3.16]), mainly based upon the convergence results of Ha [52]
Theorem 1 & 2].

Proposition 3.4. Consider the function f(u, X) defined in . Suppose that for
some X > 0, the following parameterized problem perturbed by (v,Y) € ™ x RP*4

min { Flu, X) — (u, v) — (X, y>} (3.41)

ueR™, X ERPXa
has an optimal solution whenever max{||v|, ||Y||} < A. Then we have

0 € int Im (7). (3.42)

Proof. Since for each (v,Y) € R™ x RP*? such that max{||v|, ||Y||} < A the param-
eterized problem 1) has an optimal solution (%, X), we have that

0€df(u,X)— (v,Y),
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which implies that (v,Y") € df (@, X) € Im (7). Therefore, we have 0 € int Im (7).
[l

Remark 3.5. In many applications, we have that the linear term (C, X) is absent
in the objective function fy(u,X) = lul® + p|| X« + (C, X), i.e., C = 0 (see

examples in Section 6.1). Since
PIXI = (X, Y) = pl X = Y 21X e = (o = VT2 1X L,
we have that the function f,(u, X) perturbed by (v,Y") € X™ x RP*9 with ||Y | < p
folu, X) = (u, v) = (X, Y) = %HUH2 +plIX = (u, v) = (X, Y)

1s coercive. Therefore, if C' = 0 and A > 0 s small enough, the parameterized
problem has an optimal solution for any (v,Y) € R™ x RP*9 such that
max{||v||, |Y ||} < A, which implies that 0 € int Im (7).

Theorem 3.6. (Global convergence) Suppose that the hypotheses in Proposition
are satisfied. Let the partial PPA be executed with the stopping criterion
and . Then the generated sequence {(u*, X*)} is bounded and converges to
(u, X), where (4, X) is some optimal solution to problem , and {(C*, &)} is
asymptotically minimizing for problem with

* * 1
IO = A(¢") = B (") — 21| = U—kllX’f+1 - X =0, (3.43)

1 r1
asym sup(D) = g,(C*,€%) < | et XK — X)L (3.44)

where asym sup(D) is the asymptotic supreme of the dual problem . If prob-
lem (3.16|) satisfies the Slater condition , then the sequence {(C*, &%)} is also

bounded, and all of its accumulation points are optimal solutions to the problem

3.20)).

Proof. Under the given assumption, we have from Propositionthat 0 € int Im (77).

Moreover, we know from Proposition that (3.36a) and (3.36b]) implies the gen-
eral stopping criterion (3.14a)) for 7;. It follows from [52, Theorem 1] that the
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sequence {(u*, X*)} is bounded and any of its weak cluster point is an optimal so-
lution to and X* — X. Since f,(u, X) is strongly convex with respect to u,
the u-component of the optimal solution is uniquely determined, which implies that
{u*} — 4. Thus the whole sequence {(u*, X¥)} converges to an optimal solution
(, X) of . The rest proof follows the similar discussion as in [108, Theorem
4]. Since

1
C — A*(<k+1) . B*(fk—H) . Zk+1 _ _(Xk’-i-l . Xk), and Xk—H . Xk N O,

Ok
relation (3.43) holds. Observing that

1 1
ng(ck+17£k+l) = _§”Ck+l”2 + <b7 <k+1> + <d7 §k+1> + g(”XﬂF - ||Xk+1||2)7
k

we have

05, (¢, €5H1) = gu(GPHL € = S (IXHE — X, (345)

From (3.39) in the proof of Proposition we can also have that
sup 02, (,€) = F(Py, (uF, X*)) > min f(u, X). (3.46)

Combining (3.45) and (3.46]), we have

min f(u, X) = g,(¢*, &) (3.47)
1
< sup 65, (¢,€) — 05, (¢, €M) + 2Tk(HX’“II2 — [ X*%) (3.48)
g2 1 1 1
< e (X = X)) = o= (e X = (IXEP). (3.49)
40k 20—]{ 20k 2

For every ((,&) € R™ x QF, we have
(@, X;¢,6) < sup  U(a,X;¢,€) = f(u,X) = min f(u, X).
CeR™ LeRs

Since

90(¢,&) = _inf 1(u, X;¢, &) < U@, X;¢,€) < min f(u, X),

uER™, XP*4q

we have asym sup(D) < min f(u, X ). Therefore we have from (3.47)) that the rela-
tion (3.44]) holds. If (3.16) satisfies the Slater condition (3.17)), it follows from [106],
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Theorem 17 & 18] that all the level sets {((,£) € R™ x R°|g,(¢,§) > B, 5 € R}
are bounded. Then the last part of the conclusion can be obtained from ((3.43) and
(3.44). 0

Theorem 3.7. (Local convergence) Suppose that the hypotheses in Proposition
[3.4] are satisfied. Let the partial PPA be executed with the stopping criterion )
(fS’.SGbI), 433661) and O If 7}’1 is Lipschitz continuous at the origin with

modulus ay, then {(u¥, X*)} converges to (u, X), where (@, X) is the unique optimal

solution to problem (13.16)), and
| X - X|| < mi|| XF = X||,  for all k sufficiently large, (3.50)
where
e = [ag(a} 4+ 02) 7 4 80— 6)7 = me = agla} +0%) 2 < 1.

Moreover, the conclusions of Theorem about {(C*, %)} are valid.
If in addition to ([3.5’66[), ([336’01) and the condition on 7}_1, one has and

7,7 is Lipschitz continuous at the origin with modulus a; (> ay), then (C*,&F) —

(C,€), where (C,€) is the unique optimal solution to problem , and one has

IS, = (G ON < millX* = X, for all k sufficiently large, — (3.51)
where 1), = a;(1 +9,.)/ox = N = 41/ 000

Proof. Since it follows from Proposition that (3.36c) and (3.36d)) implies the

general stopping criterion (3.14b|) and (3.14c]), we can easily obtain the first part
of the theorem from Theorem and the general results in [52, Theorem 2]. The

second part of theorem can be similarly obtained by following the discussion in [107,

Theorem 5]. We omit it here. O

Remark 3.8. At the moment, we do not study the characterization of the Lipschitz

continuity of 7}_1 at the origin. But it is certainly an interesting problem to study.
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3.4 An inexact smoothing Newton method for in-

ner subproblems

In this section, we will introduce an inexact smoothing Newton method for solving

the inner subproblem ([3.34]).

3.4.1 Inner subproblems

For the convenience of subsequent discussion, we let

A= (“g), b= (bjd) € R™, K =R"xQ" CR"xR, and y = (;€) € K. (3.52)

In our proposed partial PPA, for some fixed X € RP*? and ¢ > 0, we need to solve

the following form of inner subproblem

min {o(y) = (0. Ty) + 5 ID (WG X7 = () — 5 IXIF), (353)

where T = [I,,,0:0,0] € R+ 1 (y: X) = X — o(C — A*y) and A* =
(A*, B*) is the adjoint of A. Note that —¢(-) is the objective function of the inner
subproblem . The objective function ¢(-) in (3.53) is continuously differen-
tiable with

Voly) =Ty + AD,.(W(y; X)) —b, ye R™.

Since ¢(+) is a convex function, § = ((;€) € K solves problem (3.53)) if and only

if it satisfies the following variational inequality
{(y =9, Vo(y) 20 Vyek. (3.54)
Define F' : ™5 — RS by
Fy) == y—THx(y— Vely)), yeR™™. (3.55)

Then one can easily obtain that § € K solves (3.54)) if and only if F(y) = 0 [34].

Thus, solving the inner problem (3.53)) is equivalent to solving the following equation

F(y) =0, yeR™> (3.56)
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Since both I () and D, (-) are globally Lipschitz continuous, F'is globally Lipschitz
continuous. For the purpose of introducing an inexact smoothing Newton method,

we need to define a smoothing function for F'(-).

The smoothing function for the soft threshold operator D,,(-) has been defined
by (2.29) in which the threshold value is po. Next, we need to define the smoothing
function for IIx (). For simplicity, we shall use the smoothing function ¢y defined

by (2.26). Let ¢ : R x ™5 — R be defined by

Zi Hf1<i<m-+s
Yile, z) = . (g,2) e RX R™T. (3.57)
¢ule,z) fm+s+1<i<m+s
The function ¢ is obviously continuously differentiable around any (g, z) € R x R™**

as long as € # 0 and is strongly semismooth everywhere.

Now, we are ready to define a smoothing function for F(-). Let
T(e,y) =y — e,y — (Ty + ADp(c, W(y; X)) — b)), (c,y) € R x R, (3.58)
From the definitions of T, ¢, and ®,,,, we have that F(y) = Y(0,y) for any y € R"*.

Proposition 3.9. Let T : R x R™™ — R™¥ be defined by (5.58). Let y € R™.
Then Y has the following properties:

(i) Y is globally Lipschitz continuous on R x R™T5.

(i1) Y is continuously differentiable around (g,y) when e # 0. For any fized ¢ € R,
Y(e,-) is a Py-function, i.e., for any (y,z) € R™T x RS with y # z,

max(y; — z;)(Ti(e,y) — Ti(e,2)) >0, (3.59)

YiF 2
and thus for any fived ¢ # 0, Y (e,y) is a Po-matriz (i.e., all its principal

minors are nonnegative).

(111) Y is strongly semismooth at (0,y). In particular, for any e | 0 and ™ >

h — 0 we have

T(e,y+h) = Y(0,y) = T'(e,y +h)(e, h) = O(ll(e, W)]*).
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() For any h € R,
DY (0,y)(0, h) C h=0u(0, y—Vo(y))(0, h—(Th+0A0D 0 (0, W (y; X)) (0, A h))).

Proof. (i) Since both ¢ and ®,, are globally Lipschitz continuous, T is also globally

Lipschitz continuous.

(ii) By the definition of ¢ and ®,,, we know that T is continuously differentiable
around (e,y) € & x ™ when ¢ # 0. From part (i), we know Y is continuous on

R x R™FS it is enough to show that for any 0 # e € R, T(e,-) is a Py-function.

For any fixed € # 0. Define g, : R™$ — R™*S by
9:(y) = Ty + A, (e, W(y; X)) = b, y € R™.
Then g. is continuously differentiable on R™**. For any h € ™%, we have

(h, (g:) (Wh) = (b Th) + o (h, A(®0 )iy (e, W)A*R)
= (h, Th) + o (A*h, (® 0 )iy (e, W) A*R) > 0,

which implies that g. is a Py-function on ™. Let (y,z) € R™s x R with

y # z. Then there exists ¢ € {1,...,m + s} with y; # z; such that

(i — z:)((9e)i(y) — (92)i(2)) = 0.
By noting that for any h € R™"5, (Pn)h, (e, hy) € [0,1],7=1,...,m+ s, we have
(yi — z:)(Ti(e,y) — Ti(e,2)) > 0.

This shows that (3.59) holds. Hence, T} (¢,y) is Fy-matrix for any fixed ¢ # 0.

(iii) Since the composite of strongly semismooth functions is still strongly semis-

mooth [38], T is strongly semismooth at (0,y).

(iv) Let NV = {0} x R™"* which has Lebesgue measure zero in R x R""* and

oY (0,y) := {kll_)I(I)lo (%, 4% o (e, 0F) — (0,y), e # 0}.
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Then we have 97(0,y) = conv(dyY(0,y)). Then it is enough to show that the
inclusion is true where the term at the left-hand side is Oy Y (0,4)(0, k). Since both
¢ and @, are directionally differentiable, for any (e,y’) € R x R with ¢ # 0,

T'(e,y/)(0,h) = h = ((,2); (0, h = (Th + 0 A%, (2, W); (0, A°))) ),
where 2/ =y — (Ty' + .,Zl\q)pg(g, W) — b), from which we can further have
Y'(e,4/)(0,h) € h — d(e, 2)(0, h — (Th + 0. AdD 0 (e, W)(0, A*h))).

By taking (g,vy’) — (0,y) in the above inclusion, the required result follows. O

3.4.2 An inexact smoothing Newton method

In this subsection we introduce an inexact smoothing Newton method, which was
developed by Gao and Sun in [42], for solving the nonsmooth equation of the form

(3.56). Let k € (0,00) be a constant. Define G : R x R — R by
Gle,y) ="T(e.y) +rlely, (e,y) € Rx R, (3.60)

where T : |8 x ™5 — R™S is defined by (3.58). For any (g,y) € & x R™*s with
e # 0, we have that G} (¢, y) is a P-matrix (i.e., all its principal minors are positive),
thus nonsingular, while by part (i) of Proposition , T, (g,y) is only a Fy-matrix
which may be singular. Define E : ® x R — R x R™ by

5 5
E(e,y) = = , (g,y) € R xRS
G(e,y) T(e y) + klely
For any (e,y) € R™"* with ¢ # 0, E'(e,y) is a P-matrix, thus nonsingular. Then
solving the nonsmooth equation F(y) = 0 is equivalent to solving the following

smoothing-nonsmooth equation
E(e,y) =0.
Define the merit function @ : ® x R™T* — R, by

Pley) = E@Eyl? (ey) € Rx R
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Then the inexact smoothing Newton method can be described as follows.

Algorithm 2: An inexact smoothing Newton method.

Step 0. Choose r € (0,1). Let ¢ € (0,00) and n € (0,1) be such that ¢ :
v2max{ré,n} < 1. Choose constants ¢ € (0,1),0 € (0,1/2),7 € (0,1), and

7 € [1,00). Let €% := ¢ and y° € R™ be an arbitrary starting point. Set
k:=0.

Step 1. If E(c*,y*) = 0, then stop. Otherwise, compute

S = rmin{l,@(gk,yk)} and 1 = min{T,%HE(ek,yk)H}.

Step 2. Solve the following equation

AN SkE
1 CRDESACH =" (3.61)
Ay¥ 0
approximately such that
|Rell < min {m G, 0") + GLE ALl B O}, (3.62)
Agk

where Ae¥ := —e¥ + ¢ and Ry := G(eF, y%) + G'(eF, yF)

Ayk

Step 3. Let my be the smallest nonnegative integer m satisfying
B(e" + (M Ak yF + (mAYF) < [1 —20(1— 5)@“} B, ).
Set (ek+1 y*+h) = (b 4 e Ack yF + (M Ayk).

Step 4. Replace k by £+ 1 and go to Step 1.

Let
N :={(c,y) e RX R | e >¢(e,y)é}.

From [42, Theorem 4.1 & Theorem 3.6], we have the following convergence result for

the inexact smoothing Newton method. For more detailed discussion about inexact
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smoothing Newton method, see [42].

Theorem 3.10. Algorithm 2 is well defined and generates an sequence {(e*,y*)} €

N with the properties that any accumulation point (£,9) of {(g*,y*)} is a solution

of E(g,y) = 0 and klim P(ek, y*) = 0. Additionally, if the Slater condition (3.17
—00
holds, then {(*,y*)} is bounded.

Theorem 3.11. Let (£,7) be an accumulation point of the infinite sequence {(*, y*)}
generated by Algorithm 2. Suppose that E is strongly semismooth at (£,y) and that
all V € OE(&,4) are nonsingular. Then the whole sequence {(*,y*)} converges to

(€,9) quadratically, i.e.,

I =& ™ =l = Ol — & 4" = DI?).

3.4.3 Constraint nondegeneracy and quadratic convergence

Suppose that the Slater condition holds. Let (£,9) be an accumulation point
of the sequence {(g*,y*)} generated by Algorithm 2. Then, we know that & = 0
and F(y) = 0, which means that § = ((;£) € K is an optimal solution to the inner
subproblem . Let X := D,,(W(y; X)). Then ((, X) € R™ x RP*? is the unique
optimal solution to problem (3.31]).

In order to prove the quadratic convergence of Algorithm 2, we need the con-
cept of constraint nondegeneracy which was initiated by Robinson [103] and later
extensively studied by Bonnans and Shapiro [14]. For a given closed set K C X', we
denote Tk (x) to be the tangent cone of K at x € K as in convex analysis [I04]. The
largest linear space contained in Tk (z) is denoted by lin(Tk(x)), which is equal to
(—Tk(z)) NTk(z). Define g : RP*9 — R by g(X) = || X||.. Let K, , be the epigraph
of g, i.e.,

Kpq = epi(g) = {(X,1) € R xR | g(X) <1},

which is a close convex cone. Let B := (B, 0). Then the problem ({3.15) can be
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rewritten in the following form:
1 ~
min {§HA(X) WP pt+ (O X) - B(X,t)ed+ Q, (X,t) € Kp,q}. (3.63)

It is easy to see that X is an optimal solution to problem if and only if (X, %)
is an optimal solution to (3.63)) with £ = || X||.. Let Z be the identity mapping from
RP*? x R to RP*? x K. Then the constraint nondegeneracy condition is said to hold
at (X, 1) if

~

(RPX % R) + hn(TQ(B(Yi) —) w L (3.64)
T lin(Tx, . (X, 7)) RP<a x R

Note that lin(TQ(fp’\(Y, t)—d)) = lin(To(B(X) —d)). Let £(X) denote the index set

of active constraints at X:
EX):={i| (B,X)=d;, i=s1+1,...,8},
and [ := |£(X)|. Without loss of generality, we assume that
EX):={s1+1,....s1+ 1}
Define B : RP*? — R1+ by
B(X):= [(By, X),...,(Boy, X)]', X € Rpxe.
Let B = (B, 0). Since lin(To(B(X) — d)) can be computed directly as follows
lin(To(B(X) —d)) ={heR* | h; =0,i € {1,...,5} UEX)},

we have that (3.64) can be reduced to

B {O}S1+l §R81+l
(§Rp><q X §R) + _ = ’
T lin(Ty, . (X, 7)) Rexa xR

which is equivalent to

B(lin(TKp’q(Y, f))) — Rt (3.65)
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Next, we shall characterize the linear space lin(Tk, (X, g(X))). Let W(7; X)
admit the SVD as in (2.3). For the given threshold value po, decompose the index
set « = {1,...,p} into the following three subsets:

ay :={i|o; > po,i € a}, ay:={i|o; =po,i € a}l, ag:={i|o; < po, i€ a},

where 01 > 0y > --- > 0, > 0 are singular values of W (y; X) being arranged
in non-increasing order. Then U = [U,, Uy, Ussl,V = [Va, Vo, Vas V2], and
X = D,,(W(y; X)) is of rank |ay|. For any H € RP*9, by the results of Watson
[127, Theorem 1], we can obtain that

[ H ]« if || =0,
J(X;H) =1 (UVT, H) if || = p,
<U041Vo£’ H> + ||[U042 Ua3]TH[VOé2 Voés ‘/2]”* if 0 < |a1| <p.

From [26, Proposition 2.3.6 & Theorem 2.4.9], we have

TKp,q (77 g(Y)) = epi(.g/(X; ))7
from which we can easily have that

T, (X, 9(X)) = {(H,t) € RIXR| (Ua, Vs H)+[|[Uay Uso]" H[Vay Vs Vo« <t}

a1 a1

Then its linearity space is as follows

lin(Tx, (X, 9(X))) = {(H,t) € R”XR| [Un, Uny]" H[Viay Vi Vo] = 0,t = (Ua, Vi, H

a1 Vg

Let
T(X) :={H € R°*1 | [Uy, Uny]" H[Va, Vi, Vo] = 0}, (3.66)

which is a subspace of #7*?. The orthogonal complement of 7 (X) is given by
T(X)"={H eR™ |ULH=0, HV,, = 0}. (3.67)

Since B = (B, 0), we have that (3.65) can be further reduced to

B(T (X)) = R+, (3.68)
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Lemma 3.12. Let W(j: X) = X — o(C — A*j)) admit the SVD as in . Then
the constraint nondegeneracy condition holds at X = D,,(W(y; X)) if and
only if for any h € RS+,

UL (B*h) =0 and (Bh)V,, =0 <= h=0. (3.69)

Proof. “=" It h =0, obviously we have that U(};(E*h) =0 and (B*h)V,, = 0.

For any h € R if U;(g*h) — 0 and (B*h)V,, = 0, since the constraint
nondegenerate condition holds at X = D,, (W (y; X)), there exist Z € T(X)
such that h = B(Z). Let & = as Uas. Then we have

(h,h) = (h, B(Z)) = (B*h, Z) = (UT(B*h)V,UT ZV)

:<[

which means h = 0.

0 0 0 } [ UL ZV,, UL ZVa UL ZV

0 UL(Bh)\WVa ULBRVL LuTzv, 0 0

“e="  If the constraint nondegeneracy condition (3.68) does not hold at X,

then we have
Br]” # (o).
Let 0 # h e [B(T(X))] " Then we have
0= (h,B(2)) = (B*h,Z) ¥ Z e T(X),
which means B*h € T(X)*. Thus, from (3.67), we have that
UL (B*h) =0 and (B*h)V,, =0,

from which we must have h = 0. This contradiction shows that the constraint

nondegeneracy condition 1) holds at X. O

Lemma 3.13. Let A = (A; B) and A* = (A*, B*) be the adjoint of A. Let ®,, :
R x R — RP* e defined by . Assume that the constraint nondegeneracy
condition holds at X. Then for any V € 0®,,(0, W (y; X)), we have

(h,Th+ o AV(0, A*h)) >0 Y 0+#he R+ (3.70)
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where T = [In,0;0,0] is a matriz of size m + s1 + (.
Proof. For any 0 # h = (hy; ho) € R™T1H where hy € R™ and hy € R, we have
(h, Th+ o AV(0, A*h)) = ||h|]> + o(h, AV(0, A*R)) = ||y || + o (A*h, V(0, A*R)).
If hy # 0, since (/T*h, V(0, Z*h)} > 0, we have
(h,Th + 0 AV(0, A*h)) > 0.

In the following proof, we assume h; = 0. For any 0 # h = (hy; ho) € R we
have A*h = B*hy and (h, Th + 0 AV(0, A*h)) = o(hy, BV(0,B*hy)) > 0. Suppose
that there exists 0 # hy € R51* such that

(ha, BV(0, B*hy)) = 0.

Let H = B*hy, H; = UTHV;, Hy = UTHV,, and Hy = L(H, + HT). Then we have

. <H,V(0,H)>:%< 0 H| 0 V(0, H) >
H™ o] |[(vO,H)T 0
- Yorzme qr| 0 YOIy
VO.H)T 0

where @) € SP*7 is of the form as in (2.5). From (2.42)), (2.43) and Proposition [2.9]

we know that there exists Via,| € 0(®))|as((0, pljay|) such that

Maa Ma'y Maﬁ
T 0 V(0, H)
Q Q=| Mg, My, My |,
VO ) 0 i
Mo Myg Mps

where
(ffl)alal (ﬁl)OqOCQ Qayay © (ﬁl)alaii
Mao = (H)Z,, Viao) (0, (H1)azas) 0 )
oo (M), 0 0
Moy Fa%’(@)a Mag = Faﬁo(%[ﬁ)) M,y = =Moo, My = Mg, Mg =0,
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Qorag Lary, and Tyg are of the forms as in (2.37), (2.38) and (2.39)), respectively.

Since QTZ(H)Q is of the form in ([2.13)), we have that

(VO H)) = (i, Mua) + U = Hi, Vo o (HT = H) + (o, T o).
Since <(ﬁ1)a2a2, Vs (0, (ﬁl)ww» > 0, we obtain from (H,V(0, H)) = 0 that
(H))ara = 0, (H)aay = 0, (HF = Hy)aya = 0, (HY — H\)aay =0, and (Hy),,5 = 0,

where 3 = {1,...,q—p}. Since Hy = L(H\+ H{)—3(H] — H,) = }Nh—%(Hf—Hl),
we have that (H})a,e = 0 and (Hi)aa, = 0. Since Hy = [Uy, Un, Uns|T H[Va, Vi, V]
and Hy = [U,, Uy, U, )T HV,, we obtain that

Ul HV; =0, Ul HV,=0, and U"HV,, =0.
Since both U and V' = [V} V5] are orthogonal matrices, we have
UIH=0 and HV,, =0,
which means
UL (B*hy) =0 and (B*hy)Va, = 0.

Since the constraint nondegeneracy condition 1} holds at X, we have from
Lemma that he = 0, which contradicts the assumption that hy # 0. This
contradiction shows that for any V € 0®,,(0, W (y; X)), (3.70) holds. ]

Proposition 3.14. Let T : Rx RS — R™FS be defined by . Assume that the
constraint nondegeneracy condition holds at X. Then for any W € 9Y(0,%),

we have

max h;(W(0,h)); >0 V0#heR™. (3.71)

Proof. Let W € 9Y(0,7). Suppose that there exists 0 # h € ™ such that (3.71)
does not hold, i.e.,

mlaxhi(W(O,h))i <0. (3.72)
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Then from part (iv) of Proposition [3.9] we know that there exist D € 9¢(0, z) and
V€ 0P,,(0,W(y; X)) such that

W(0, h) = h—D(0, h— (Th+0AV(0, A*h))) = h—D(0, h)+D(0, Th+0AV(0, A*h)),

where z =y — (Ty + .,Zl\q)pg((), W (i; X)) —b). By simple calculations, we obtain that

there exists a nonnegative vector d € R™** satisfying

1 if 1 <i<m+ sy,
di=4q €[0,1] if m+s,+1<i<m+s+1,
0 ifm+si+l+1<i1<m-+s,

such that for any y € ™",
(D(0,y)); = diys, i=1,...,m+s.
Then we have

hi(W(0, h)); = h; [hi — dihy + d; <Th + o AV(0, ﬁ*h)) ] Ci=1,...,m+s

)

This, together with (3.72)), implies that
hi(Th + o AV(0, A*h)); < 0
h,-(Th—{—a.ZV(O,ﬁ*h))i <Oorh;=0 ifm+s+1<i<m+s;+1,
h; =0 Im+si+l+1<i<m+s.

if 1 <7< m-+ sq,

Then we obtain that
(h,Th+ o AV(0, A*h)) = (h,Th + a AV(0, A*h)) <0,

where 0 # h € R™s1+ is defined by h; = hy,i = 1,...,m + s; + [. However,

the above inequality contradicts (3.70) in Lemma [3.13] Hence, we have that (3.71])
holds. [l

Theorem 3.15. Let (£,§) be an accumulation point of the infinite sequence {(*, y*)}
generated by Algorithm 2. Assume that the constraint nondegeneracy condition
holds at X. Then the whole sequence {(e*,y*)} converges to (£,%) quadrati-

cally, i.e.,

I =& ™ =l = Oll(" — & 4" = DI?).
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Proof. To prove the quadratic convergence of {(¢*,4*)}, by Theorem m, it is
enough to show that F is strongly semismooth at (£,7) and all V € 0FE(&,3) are
nonsingular. The strong semismoothness of E at (¢,y) follows from part (iii) of
Proposition and the fact that the modulus function | - | is strongly semismooth
everywhere on R.

Next, we show the nonsingularity of all elements in dF(¢,y). For any V €
OE(&,7y), from Proposition[3.14]and the definition of F, we have that for any 0 # h €
Rmrst max; hy(Vd); > 0, which implies that V is a P-matrix, and thus nonsingular

[28, Theorem 3.3.4]. Hence we complete the proof of quadratic convergence of

{(",y")}. O

3.5 Efficient implementation of the partial PPA

In this section, we introduce some techniques to improve the efficiency of our partial
proximal point algorithm.

In our numerical implementation, we use the well-known alternating direction
method of multipliers proposed by Gabay and Mercier [40], and Glowinski and
Marrocco [45] to generate a good starting point for our partial PPA. To use the
alternating direction method of multipliers, we introduce two auxiliary variables Y
and v, and consider the following equivalent form of problem (3.15)):

O S {%\!A(X)—b]!2+p]\Y]\*+<C,X> Y = X,B(X)-v = d}. (3.73)

The augmented Lagrangian function for the problem (3.73) that corresponds to the

linear equality constraints is defined as follows:
1
Lo(X.Y.0:2.0) = LIAX) =Bl + pllY ]l +{C.X) +(Z,X Y
+ (N, d—B(X)+v)+ gHX ~Y|*+ §Hd — B(X) + v||,

where Z € RP*? and A € R° are the corresponding Lagrangian multipliers of the

linear equality constraints and S > 0 is the penalty parameter for the violation of the
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linear equality constraints. Then, from a given starting point (X° Y? 0% Z° \0),
the alternating direction method of multipliers generates new iterates according to

the following procedure

XM= arg min Lg(X,Y* o% Z8 \F), (3.74a)
XeRppxa

YH .= arg H;%n Lg(XkH,Y, o ZF NP, (3.74b)
Y eRpxq

P = arg miél Lg(X*H YR+ 0 78 N\F), (3.74c)
ve

ZF = ZF 4y B(XFT = YR N = N B(d — B(XFTY) 4 oF ), (3.74d)

where v € (0,(1 4+ +/5)/2) is a given constant. Note that there is no theoretic
convergence guarantee for the above procedure. This is only a heuristic approach for
generating a good starting point for our partial proximal point algorithm. During our
numerical implementation, we observe that the performance of the above procedure

is very sensitive to the choice of the value of the penalty parameter .

When applying Algorithm 2 to solve the inner subproblem , the most ex-
pensive step is in solving the linear system . In our numerical implementation,
we first obtain Ae¥ = —¢¥ + g€, and then apply the BiCGStab iterative solver of
Van der Vost [124] to the following linear system

(koK k k Kk 1k ok k
Gy(g Y )Ay = —G(€ Y >_ Ga(€ Y )Ag (375)

to obtain a Ay* satisfying condition ([3.62)). For the sake of convenience, we suppress

the superscript k in our subsequent analysis. By noting that G(e,y) and Y (e,y) are
defined by (3.60) and ([3.58)), respectively, we have that

G (e, y)Ay = Ty (e,y) Ay + reAy
= (1 + ke)Ay + ¥, ) <TAy + O A(D ) (2, W) A Ay — Ay), (3.76)

where z 1=y — (Ty + ./Zl\@po(e, W) —b) and W := X — (C — A*y). Let W admit

the SVD as in (2.3). Then, by (2.34), we have
H, + HT
2

H, — H
)W U (g 0 Ha)VY

+Ao¢'y o) 2
(3.77)

(@ (e WA Ay) = U(Aaar0
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where Ayq, Aoy and Agg are given by , H, = UT(A\*Ay)Vl, and Hy = UT(./Zl\*Ay)VQ.
Note that the threshold value has been changed to po. When implementing the
BiCGStab iterative method, one needs to repeatedly compute the matrix-vector
multiplication G (e,y)Ay. From , it seems that a full SVD of W should be
computed so that the matrix-vector multiplication G’y(g, y)Ay can be evaluated. For
a nonsymmetric matrix problem, in which p is moderate but ¢ is large, computing
the full SVD would incur huge memory space since the matrix V' € R?*? is large

and dense.
To over this difficulty, we first compute the economic form of the SVD of W,
which is given by
W =UxV.
Then we construct V5 via the QR factorization of V; with

%:QR>

where Q € R9*? is orthogonal and R € R?*P is upper triangular. Decompose
Q € R4 into the form Q = [Q1 Qs], where Q; € R”? and @, € R7*(~P). From
[49, Theorem 5.2.1], we know

range(Qy) = mnge(\/l)L = range(Vs),

where range(Qs) is the range space of Q2. Since Q3 has orthonormal columns which
are orthogonal to those of Vi, ()5 can be used in place of V5. In our numerical
implementation, Householder transformations are utilized to compute the QR fac-
torization. Note that instead of storing the full Householder matrices, we only need
to store the Householder vectors so as to compute the matrix-vector product involv-
ing V5.

To achieve fast convergence for the BiCGStab method, we introduce an easy-to-
compute diagonal preconditioner for the linear system (3.75]). Since both (e, 2)
and T are diagonal matrices, we know from that it is enough to find a good
diagonal approximation of .»zl\(@pg)’w(e, W)A*. Let

M = AS:&T,
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where A and S denote the matrix representation of the linear map A and (® o) (€, W)
with respect to the standard bases in R*P*? and R™"#, respectively. Let the standard
basis in RP*? be {E£Y € RP*7:1 < i <p,1 < j < q}, where for each E¥ | its (i, j)-th
entry is one and all the others are zero. Then the diagonal element of S with respect

to the standard basis E% is given by
~ 1, . .
S g = (U0 V)MV o VY1) + S(HY o (HY)", Ao = Aay),

where A := [2(Aaa+Aar), Aas] and HY = UTE%V,. Based on the above expression,
the total cost of computing all the diagonal elements of S is equal to 2p(p+q)g+3pq
flops, which is too expensive if p? > p + ¢. Fortunately, the first term

dijy = (Uo U)A(V o V)T);

is usually a very good approximation of S(; ;) ), and the cost of computing all the
elements d;j;), for 1 <i < p,1 < j < ¢, is 2p(p + ¢q)q flops since only the matrix

product (U o U)A(V o V)T is involved. Thus we propose the following diagonal

preconditioner for the coefficient matrix G) (¢, y):
Mg == (1 + ke)l + (. 2) <T + odiag(Adiag(d)A ) — 1).

Finally, we should mention that the computational cost of either full or eco-
nomic SVD can sometimes dominate the cost of the whole computation. In our
implementation, we use the LAPACK routine dgesdd.f, which is based on the

divide-and-conquer strategy, to compute either full or economic SVD of a matrix.






Chapter I

A semismooth Newton-CG method for

unconstrained inner subproblems

In this chapter, we consider the following nuclear norm regularized matrix least

squares problem with linear equality constraints only:

.1
min S AX) = bl* + pll X]|. +(C, X)

XeRpXq

st. B(X) = d.

(4.1)

where A : RP*7 — R™ and B : RP*? — R* are linear maps, C' € RP*9 b € R, d €
R*, p is a given positive parameter. It is easy to see that (4.1)) can be rewritten as

follows:

1
. X) = = 2 X||. C, X
ey 00 = Il X (00
b (4.2)

s.t. AX)+u=
B(X)=d.

We apply the partial PPA introduced in Section 3 for solving . Since there is
no inequality constraint in (4.2)), the inner subproblems in Algorithm 1 are
unconstrained. Since the soft thresholding operator D,,, (+) is strongly semismooth,
we introduce a semismooth Newton-CG method, which is preferable to the inexact

smoothing Newton method introduced in Section |3.4]for solving unconstrained inner

71
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subproblems (3.34)). Throughout this chapter, the following Slater condition for (4.2))

is assumed to hold:

B : ®P*9 — R is onto,

(4.3)
3Xy € RP*? such that B(Xy) = d.
4.1 A semismooth Newton-CG method
For the convenience of subsequent discussions, we let
n “4 0N m—+s -~ m-+s
A= B) b= (b;d) e R™"™ and 7y = (¢ € R (4.4)

In our proposed partial PPA, for some fixed X € 37*? and o > 0, we need to solve
the following form of inner subproblem

1 1 ~ 1
i 0 =50 T + 5D (WG XD = B.5) - 5o IXI1P}, (45
min {o(@) = 5. T) + 51D (W@ XD = 6.5) — 31X} (45)

where T = [I,5,0;0,0] € RMT9xm+s) W (G X) = X — o(C — A)) and A* =
(A*, B*) is the adjoint of A. Note that —¢(-) is the objective function of the inner
subproblem (3.34)). The optimality condition for (4.5)) is given by

I, o~ R ~
V() = NE + ADp (W(y; X)) —b=0. (4.6)
Since the soft thresholding operator D,,(-) is Lipschitz continuous with modulus 1,

the mapping V(y) is Lipschitz continuous on ™%, Then for any y € R™*5, the

generalized Hessian of ¢(y) is well defined and it is defined as

(@) = (V) @), (4.7)

where 0(Vg)(y) is the Clarke’s generalized Jacobian of Vi at i [26]. However, it is
hard to express 0%p(7) exactly, we define the following alternative for 9%¢(7)

Po@) = | " . + 0 A0D,,(W(7; X))A". (4.8)
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From [26], p.75], we have for h € R™*5,

~

O*o(@h < O*e(G)h, (4.9)

which implies that if all elements in 324,0@\) are positive definite, so are those in
0%o(D).-

Since the soft thresholding operator D,,(-) is strongly semismooth, we consider
solving by a semismooth Newton-CG method for which the direction r at an

iterate ¥ is computed from the following linear system:

Vr = =Ve), (4.10)
where
I, + c AWA* oc ANVB* I, o
V= = +ocAWA*. (4.11)
oBWA* o BWB* 0

Here W is an element in 0D,,(W(y; X)). Note that if B = ), then V is always
positive definite due to fact that all elements in 0D,,(-) are positive semidefinite.
To implement the above semismooth Newton-CG method, we need to compute an
clement W in 0D,,(W (7; X)). Define the operator WY : RBP4 — RP*7 as in (2.20)),

we can easily have that

W= " | + o AW A" € Po(m). (4.12)
0

Suppose that the Slater condition 1} holds and y = (E ; E) € R™** is the

optimal solution to problem 1) Let W(y; X) = X —o(C — A\*@ and X =

D,.(W(y; X)). Let W(y;X) admit the SVD as in (2.3). For the given thresh-

old value po, we decompose the index set a = {1,...,p} into the following three

subindex sets:
ay:={i|lo;>po, i €al, a:={ilo;=po,i€a}, az:={i|lo;<po,i€a}.

As discussed in Section [3.4.3] the constraint nondegeneracy condition is said to hold

at X if
B(T(X)) =%, (4.13)
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where the subspace T (X) of #P*? is defined as in (3.66))
T(X) i= { H € R | [Usy Uy H[Vay Vay Va] = 0}, (4.14)
and its orthogonal complement is given by
TH(X) = {H e |UTH =0, HV,, = 0}. (4.15)

Lemma 4.1. Let W (y; X) admit the SVD as in (2.5). For anyW € 0D,.(W (y; X))
and H € RP*9 such that WH =0, it holds that

H e T+(X), (4.16)

where TH(X) is given by .

Proof. Let W € 0D,,(W(y; X)) and H € RP*? be such that WH = 0. Then we

have

1|0 H 0 WH
0 = (H, WH) = { : )
2\HT o |WH)T o0

E(H), QT < (QT(1)Q)Q")
= LQUE(H)Q. T o (Q"E(H)Q) = 3(H, To )

— DN =

where I' € 8P*4 defined as in (2.16) and H = QTE(H)Q. From (2.13) and (2.19),

we know
O
(H,ToH) > 1 Z (ZFij(Hl + HlT)?] + Zrz’j(H{ — Hﬂ?j + ZFij(ﬂHQ)?j);
i€a  jEa Je€Y JjEB

where Hy = UTHV; and H, = UT HVj, which implies that

ZZF” (H\+HY); )i = ZZF’J (H{ = H); )i = ZZFU (V2H,); )i =

i€ JEa i€ jEY i€ jES

Then from (2.19)) and the definition of the matrix I', we have

(Hl‘i‘H;f)ala =0, (Hl“'HlT)aal =0, (H;‘F_Hl)am =0, (HIT_H]-)QOCI =0, (H2)a1[§ = 0.



4.1 A semismooth Newton-CG method

75

Since Hy = 5(H, + H{) — 5(H{ — Hy), we have (H)aa = 0, (Hi)aa, = 0. Since
Hy = [Ua, Us, U JTH[Viy, Vi, Vir ], Ha = [Un. Us, Us,]THVi, we obtain

UL HV; =0, Ul HV,=0, and U"HV,, =0,
Since U and V = [V} V3] are orthogonal matrices, we have
U'H=0, HV, =0,
which means that H € T+(X). O

Proposition 4.2. Suppose that the Slater condition is satisfied. Let y =
(C:€) € R™*s be the optimal solution to problem , Wi X) = X —o(C — A*)
admit the SVD as in and X = D,,(W(y; X)). Then the following conditions

are equivalent:

(a) The constraint nondegeneracy condition holds at X .
(b) Bvery Vy € 920(7) is symmetric and positive definite.
(c) Vj € 20(y) is symmetric and positive definite.

Proof. “(a) = (b)”. Let Vj be an arbitrary element in §2¢(7). Then there exists
an element Wy € 0D,,(W (y; X)) such that
Ly, + c AW A 0 AW;B* I,

Vy = = + o AWA*. (4.17)
TBW;A*  aBW;B 0

Since Wj is self-adjoint and positive semidefinite, we have that Vj is self-adjoint and
positive semidefinite.

Next we show that Vj is positive definite. From the structure of Vy, we
know that Vy is positive definite if only if BW;B* is positive definite. Hence, it
it enough to show the positive definiteness of BW;B*. Let h € R* be such that
BWyB*h = 0. Then, by (iii) of Proposition [2.7, we have

0= (h, BW; B*h) = (B*h, W; B*h) > (W; B*h, Wy B*h),
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which implies that Wy (B*h) = 0. From Lemma , we have B*h = T(X)*. Since
the constraint nondegeneracy condition holds at X, there exists a Y € T(X) such
that BY = h. Then, we have

(h, B) = (h, BY) = (B*h, V) = 0.

Thus h = 0, which implies that BWy;B* is positive definite. Hence, Vj is positive
definite.

“(b) = (c)”. This is obviously true since Vj € (7).

“(c) = (a)”. Suppose that the constraint nondegeneracy condition (4.13)) does
not hold at X. Then, we have

BT(X)) T o).
Let 0 # h € [BT(Y)] L. Then, we have
0=(h,BY)=(H,Y) VY €T(X),
where H = B*h, which implies that H € 7(X)*. From (4.15)), we have
U'H=0 and HV,, =0.

Then it follows that

Ul HV =UL H[V; Vo] =0 and U"HV,, =0. (4.18)
Since H; = UTHV; and Hy = UT HV;, we have from that

(H)aia =0, (Hi)aa, =0, and (H3),,5=0,
where 3 = 3 —2p = {1,...,q — p}, from which we further have that
(Hi + H] )ora = 0, (Hy + H{ )oa, = 0, (H] — H1)aya =0, and (H{ — Hi)aa, = 0.
Then we have

I o(H +H)=0, Ty, o0(H, —H)=0, and ', 0 Hy = 0.
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From the definition of W) in (2.20)), it follows that WP(H) = 0. Then we have
(h, BW)B*h) = (H, W)(H)) = 0. (4.19)

Since VJ is positive definite, it follows from (4.17) that BW2B* is also positive
definite. Then (4.19) implies that h = 0, which contradicts the assumption that
h # 0. Hence, we have that (a) holds. O

4.2 Convergence analysis

In this section, we state the semismooth Newton-CG algorithm (SSNCG) for solving
(4.5) as follows.

SSNCG algorithm:

Given 3° € R c € (0,1/2), n € (0,1), 7 € (0,1], 71,72 € (0,1), and 6 € (0, 1).

For k=0,1,2,..., obtain 7*! according to the following iteration:

Step 1. Compute
i = min{n, [V (@*) 7).

Apply the CG method to find an approximation solution r* to
Vi +exl) 1 = =Vo(3"), (4.20)

where V€ 820(7%) is defined in (4.12) and g = 7 min{n, |[Vo(@*)|}, so

that r* satisfies the following condition:
|V + exl)r™ + V@)l < m. (4.21)
Step 2. Set ap = 6™+, where m,, is the first nonnegative integer m for which
PG +0m%) < @) + 0™, V(7).

Step 3. Set ¥+ =% + apr®.
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In the SSNCG algorithm, since Vy, is always positive semidefinite, the matrix Vy+¢e5 1
is positive definite as long as Vo (7*) # 0. To analyze the global convergence of the
SSNCG algorithm, we assume that Vo (y*) # 0 for any k& > 0. From [138, Lemma
3.1], we know that the generated search direction r* is always a descent direction.
The global convergence and the rate of convergence of the SSNCG algorithm can
be derived similarly as studied in [I38]. For details of the proof of the convergence

analysis, see [138, Theorem 3.4 and Theorem 3.5].

Theorem 4.3. Suppose that the Slater condition holds. Then the SSNCG
algorithm is well defined and any accumulation point § of {y*} generated by SSNCG
algorithm is an optimal solution to the inner subproblem .

Theorem 4.4. Suppose that the Slater condition holds. Let 3y be an accumu-
lation point of the infinite sequence {y*} generated by SSNCG algorithm for solving
the inner subproblem . Suppose that at each step k > 0, when the CG algorithm
terminates, the tolerance ny 1s achieved as in , i.e.,

(Vi +exD)r" + V@)l < m. (4.22)
Assume that the constraint nondegeneracy condition holds at X. Then the

whole sequence {§*} convergence to i and

57" = gll = odllg* - 7lI"*"). (4.23)

4.3 Symmetric matrix problems

In this section, we will show that the partial PPA developed for solving (3.16) can
be easily adapted for the symmetric matrix problems in which the matrix variable is
symmetric and positive semidefinite. We consider the following regularized semidef-

inite matrix least squares problem:

: 1 9
min [ ARX) =07+ p{l, X)

s.t. B(X) = d, (4.24)
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where A : 8" — R™ and B : 8" — RN° are linear maps, b € R, d € RN*, [ is an
identity matrix of size n and p is a given positive parameter. It is easy to see that

(4.24]) can be rewritten as follows:

: Lo
wesin_ o g llull® + (G, XD

s.t. AX)+u = b,
B(X) = d,
X = 0, ueRm,

(4.25)

where C, = pI. The dual problem of (4.25)) is given by:

1 2
cenn B gesn T3INIHGO G

s.t. A+ B +Z = C, (4.26)
Z =0, (eR™ eh.

For some fixed X € §™ and o > 0, the partial quadratic regularization of problem

(4.25)) is given by:

— : 1 2 1 2
FX)= _min - SllullP+(Cp Y) + 5 IV = X
AY)+u = b, (4.27)
BY) = d, (4.28)
Y >0, ueR™

The Lagrangian dual problem of (4.27)) is

max  YP2(¢,&X) = inf  Lf(u,Y;( € X)), (4.29)

CeR™ LeRs ueR™ Y >0

where

LAWY G EX) = Sl +(Cp YD+ oY = X+ (b= AY) — )
(g d - B(Y))
= Sl = (G + {B,C) + {4 ) + 5V — W(G,& )P

1
+ 5 (IXIP = W (G & X)),
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where W((, &6 X) =X —o(C, — A*¢ — B*{). Then we have

Po(¢,&X) = inf Lo(u,Y;(, € X)

uER™,Y >0
1 1 1
= LI .0) () + - IXP — o My (WG E X)) (430

The optimality condition for (4.29)) is given by

VC¢§<C7€) =b— C - AHSi<W<C7£7 X)) — 07
v§¢g<C7§) =d- BHSi(W(C’é" X)) =0.

(4.31)

Since Ilgn (+) is strongly semismooth [I15], can be efficiently solved by the
semismooth Newton-CG method developed in [I38]. The convergence analysis of
the semismooth Newton-CG method for solving can be similarly derived as
in [138].

Remark 4.5. Let ¢ > 0 be a given parameter. Consider the following function for

(14.26]):
~ 1
g * *
~2lic, - A°¢ - B~ 7
= I+ (5, Q)+ 4, &) + o X
2 ’ ’ 20
1
oz + X —o(C,— AC-BEP
the augmented Lagrangian function for the dual problem (4.26]) is defined as follows:
p . — T .
Ea(Caga X) T I?g(})(L(C7€7 Z7 X)
g 1 p 1 2
= I+, Q)+ (€ + o IXI — sy (W (G, & X))
o o

Thus, the partial PPA for solving problem (4.25)) is exactly the augmented La-
grangian method applied to the dual problem (|4.26]).



Chapter 5

An inexact APG method for linearly

constrained convex SDP

In this chapter, we consider the following linearly constrained convex semidefinite

programming problem:

(P) min f(z)

st. A(xz) =0,

= 0,

where f is a smooth convex function on 8%, A: 8" — R™ is a linear map, b € R™,
and z = 0 means that z € S%. Let A" be the adjoint of A. The dual problem

associated with (P) is given by

(D) max f(z) = (V[f(z), )+ (b, p)
st. Vf(x)—A'p—2=0,

peER™ z>=0, xz>0.

We assume that the linear map A is surjective, and that strong duality holds for (P)
and (D). Let x, be an optimal solution of (P) and (p., z.) be an optimal solution

of (D). Then, as a consequence of strong duality, they must satisfy the following

81
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KKT conditions:
A(x)=0b, Vfz)—Ap—2=0, (z,2)=0, =0, z=x0.

The main purpose of this chapter is to design an efficient algorithm to solve the
problem (P). The algorithm we propose here is based on the accelerated proximal
gradient (APG) method of Beck and Teboulle [4] (the method is called FISTA in
[4]), where in the kth iteration with iterate Zj, a subproblem of the following form

must be solved:
min {<Vf(ai~k), T — Ty) + %@: T, Halr — 7)) A(z) = b, @ > o}, (5.1)

where Hy : 8" — S™ is a given self-adjoint positive definite linear operator. In
FISTA [4], Hy, is restricted to LZ, where Z denotes the identity map and L is a
Lipschitz constant for Vf. More significantly, for FISTA in [4], the subproblem
(5.1) must be solved exactly to generate the next iterate zx.1. In this chapter, we
design an inexact APG method which overcomes the above mentioned two limita-
tions. Specifically, in our inexact algorithm, the subproblem is only solved
approximately and Hj is not restricted to be a scalar multiple of Z. In addition, we
are able to show that if the subproblem (j5.1]) is progressively solved with sufficient
accuracy, then the number of iterations needed to achieve e-optimality (in terms of

the function value) is also proportional to 1/4/, just as in the exact algorithm.

5.1 An inexact accelerated proximal gradient method

For more generality, we consider the following minimization problem
min{F(z) := f(z) + g(x) : x € X'} (5.2)

where X is a finite dimensional real Hilbert space with inner product (-,-) and
its induced norm || - ||. The functions f : X - R, g : X — R U {+oo} are

proper, lower semi-continuous convex functions (possibly nonsmooth). We assume
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that dom(g) := {z € X' : g(x) < oo} is closed, f is continuously differentiable on X

and its gradient V f is Lipschitz continuous with modulus L on X, i.e.,
IVf(@) = Vil <Lz -yl Vzyedl.

We also assume that the problem (5.2)) is solvable with an optimal solution z, €
dom(g). The inexact APG algorithm we propose for solving ([5.2)) is described as

follows.

Algorithm 3. Given a tolerance € > 0. Input y; = z¢ € dom(g), t; = 1. Set k = 1.
Iterate the following steps.

Step 1. Find an approximate minimizer

T A arg L%i}? {f(yk)+ (V£f(ur), y—yk>+%<y—yk, Hk(y—yk)Hg(y)}, (5.3)

where H,;. is a self-adjoint positive definite linear operator that is chosen by

the user.

1+ /144t
—

Step 2. Compute tx1 =

i — 1

k+1

Step 3. Compute Y1 = xp + ( )(xk — Tp_1).

Notice that Algorithm 3 is an inexact version of the algorithm FISTA in [4], where xy
need not be the exact minimizer of the subproblem (/5.3). In addition, the quadratic
I

term is not restricted to the form %Hy — yi||® where Ly is a positive scalar.

Given any positive definite linear operator H; : X — X, and y; € X, we define

5(5) = F5) + V), 7~ ) + 5o — 5, Mo — ). (5.4

Note that if we choose H; = LZ, then we have f(z) < ¢;(z) for all = € dom(g).

Let {&:}, {ex} be given convergent sequences of nonnegative numbers such that

o0 (o)
ka<00 and Z€k<oo'
k=1 k=1
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Suppose for each 7, we have an approximate minimizer:
z; ~ argmin{q;(z) + g(z) : v € X'} (5.5)

that satisfies the conditions

F(z;) < qj(xj)+g(l‘j)+% (5.6)

V() + Hylay —ys) +5 =6 with || 28] < ¢;/(v2t5) (5.7)

where v, € dg(z;; 2%) (the set of %—subgradients of g at x;). Note that for z; to
J J

be an approximate minimizer, we must have z; € dom(g). We should mention that

the condition ({5.6) is usually easy to satisfy. For example, if H; is chosen such that

f(x) < ¢;(z) for all z € dom(g), then (5.6) is automatically satisfied.

To establish the iteration complexity result analogous to the one in [4] for Algo-
rithm 3, we need to establish a series lemmas whose proofs are extensions of those
in [4] to account for the inexactness in ;. We should note that although the ideas
in the proofs are similar, but as the reader will notice later, the technical details
become much more involved due to the error terms induced by the inexact solutions

of the subproblems.

Lemma 5.1. Given y; € X and a positive definite linear operator H; on X such

that the conditions and hold. Then for any x € X, we have

Flo) = Flay) > ooy =y Moy — ) + (g — o, oy — )
&

J
t5

+(0;, v —xj) — (5.8)

Proof. By condition (5.6]), we have

F(z) = F(z;) > F(x) = q;(x;) — g(x;) — &/(2t7)

= g(x) —g(x;) + f(x) = fly;) = (Vf(y), z; — y;)
&

1
- 5(%‘ — ¥, Hji(x; —v5)) — 2
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By the convexity of f and the definition of «;, we have

f@) = fly)+(Vfy), =y, g(x) > glx;)+ (v, v — ;) — &/(28).

Hence
F(r) - F(ay)
> (v, v —x5) (V) v —y;) — (V) v —yj) — %<xj —yj, Hi(xy — ;) — /6
= (v + V), v —x5) — %(l’j — 5, Hji(zy — ;) —&/65
= (05 = Hy(z; —y3), v —25) — %(fﬂj — Y5 Hylwy — ) — §/4-
From here, the required inequality follows readily. O
For later purpose, we define the following quantities:
v = F(zy) — Fx,) >0, up =tprg — (b — Dag_1 — o4, (5.9)
ar =tup >0, by = 3{uk, He(ur)) >0, e =t (0, wp) (5.10)

7= 3{t0 — 2, Halwo — 2.)), & = Zle €, &= Z?Zl(ﬁj +€). (5.11)

Note that for the choice where ¢; = 1/j% = ¢; for all j > 1, where o > 1 is fixed, we

have

1~ 31
€ < < —— > 1.
GELTT SSgao1 Rz

Lemma 5.2. Suppose that Hy_1 = Hy = 0 for all k. Then

ap—1 +bp—1 > ap + bp — e — & (5.12)

Proof. By applying the inequality to x = xp_1 € dom(g) with j = k, we get
Vg1 — g = F(zp_1) — F(z) (5.13)
> %<$k — Yi» Hi(we — yn)) + (W — @1, He(@n — yi)) + Ok, 2em1 — 1) — &/t
Similarly, by applying the inequality to z = z, € dom(g) with j = k, we get
—v, = F(x,) — F(xy)
> 5= s Moo ) + (g — s M — )
+ Ok, Ts — x1) — & /17 (5.14)
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By multiplying ((5.13)) throughout by t; — 1 (note that ¢, > 1 for all & > 1) and add
that to (5.14), we get

(tk — 1)Uk_1 — tkvk
t
> §k<~’€k — Y, Hi(r — yr)) + e — (te — Dvp—y — 20, Hi(p — i)

— <5k7 thk — (tk — 1)1%,1 — l’*> — fk/tk (515)

Now, by multiplying (5.15)) throughout by ¢; and using the fact that t7_; = t,(t,—1),

we have

ar_1 —a = t;_ vp_1 — truy,
t2
> Ek(xk — Ui, Hi(e — yr)) + teltuyn — (te — D) p—1 — T, Hi(zr — yr))

— Ok, vk — i1 Tp1 — trs) — &

Let a = typyg, b = tray, and ¢ = (tg — 1)ag_1 + x.. By using the fact that (b —
a, Hk(b - a)> +2<a_ c, %k(b - a)> = <b —C, Hk(b - C)> - <a_ C, Hk(‘a_ C))? we
get

1 1
-1 — a2 §<b —¢, Hi(b—c¢)) - 5(3— c, Hr(a—c))

— <5k7 til’k — tiflxk—l - thZ*) - gk (516)

Now a — ¢ = tkyk —C = tkl’k_l + (tk—l — 1)({L’k_1 — ZL’k_Q) — C = Ug—1, b—c= U,

and t7xy, — t;_@p—1 — tpw. = tpug. Thus (5.16) implies that

1 1
Ap—1 — ap = §<Uk> Hi(ug)) — §<Uk—1, Hi(urp—1)) — (Ok, teur) — &k
Z bk — bk—l — <(5k, tkuk) — gk (517)
Note that in deriving (5.17]), we have used the fact that Hy_; = Hy. O

Lemma 5.3. Suppose that Hy_1 = Hy = 0 for all k. Then

ar < (VT +&)* + 2&. (5.18)
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Proof. Note that we have |e;| < ||7-[,:1/25k|| ||"7'-[,1€/21,L;€||t;€ < ¢ ||H,1€/2uk||/\/§ = ex/ by

First, we show that a; +b; < 7+ e;v/by + &. Note that a; = F(x;) — F(z,)
and b = %(xl — 2y, Hi(z1 — x.)). By applying the inequality (5.8) to « = z, with

jJ =1, and noting that y; = zy, we have that

1
—ay > 5(1’1 —y1, Hi(zy — 1)) + (1 — 2, Hi(zr —y1)) + (01, 22 — 1) — &1
1 1
= 5(1‘1 = T, H1($1 - :L‘*)> - §<y1 — T, Hl(yl - ZIZ*)) + <51a LTy — 171) - €1
1
= b — §<l‘0 — T, Hi(zo — 24)) + (01, T — 1) — &1

Hence, by using the fact that | H; /?6,| < e1/V/2, we get

(o — 14, Hi(wo — 1)) — (01, o — 1) + & < 7+ 61\/b_1+51-(5-19)

N | —

a1+61 S

Let
se=eVb + ot eay/by + &+ + &

By Lemma [5.2| we have

T > ai+b —eb—& > as+by—e/by — /by — & — &
Z Z ak—i—bk—sk. (520)

Thus we have a + b, < 7 + s, and hence
Sk = Skp—1 + Gk\/a + & < Sp_1 4 VT + Sk + &k (5.21)

Note that since 7 > by — e1v/by — &, we have Vb1 < (e + /6§ +4(T + &) <
e1++vT+ & Hence s1 = e1vbi +& < ei(e1+V7+ &) +6 < €+&+a(VT+VE).
The inequality ([5.21)) implies that

(T4 sk) — /T + sk — (T+ 811 + &) <0.

Hence we must have

VT +s, < (ek+\/ei+4(7+8k—1+§k)) .

N | —
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Consequently

IN

1 1
Sk Sg—1 + —613 + &k + §€k\/€z + 4T+ sp1 + &)

2

< 3k71+€i+€k+€k<\/;+ \/5k71+€k>~

This implies that
k k k k
s SITY 4D GHVTY G+ /s T8
Jj=2 J=2 Jj=2 j=2

k
< GHVTa+ ) 65
j=1
< &G HVTE + ke (5.22)

In the last inequality, we used the fact that s;_; +§ < s; and 0 < 51 < -+ < 5.
The inequality (5.22)) implies that

1 _
Var < é(Ek + (& 4 4&; + 4@%)“)-

From here, we get s, < & + 21, + 26,1/, and the required result follows from the
fact that ar <7+ s in (5.20)). O

Now we are ready to state the iteration complexity result for the inexact APG

algorithm described in Algorithm 3.

Theorem 5.4. Suppose the conditions @ and hold, and Hyr_1 = Hi = 0
for all k. Then
4

0< F(xg) — F(z.) < e

(V7 + @) +28). (5.23)

Proof. By Lemma [5.3| and the fact that t; > (k + 1)/2, we have

Flae) = F(r.) = o/} < G (V7 + @) + 260,

From the assumption on the sequences {&} and {e;}, we know that both {€;} and

{&} are bounded. Then the required convergent complexity result follows. ]

Observe that in Theorem we will recover the complexity result established
in [ if ;, =0 = ¢ for all j.
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5.1.1 Specialization to the case where g = §(- | Q)

For the problem (P), it can be expressed in the form (5.2)) with g(z) = §(z| ),

where (- | €2) denotes the indicator function on the set
Q={reS": Alx) =0b, z > 0}. (5.24)

The sub-problem (5.3)), for a fixed v, then becomes the following constrained min-

imization problem:
1
min {(Vf(yk), T = i) + 5o =y Hile — ) 2 Alw) = b,z = 0}. (5.25)

Suppose we have an approximate solution (z,pg,2x) to the KKT optimality

conditions for ([5.25)). More specifically,

0

Q

V() + Hilor — yx) — A'pr — 21, =: 0,
Alz)—b = 0 (5.26)

(g, zi) =1ep = 0, @p, 2 = 0.

To apply the complexity result established in Theorem [5.4] we need d; and ¢, to be
sufficiently small so that the conditions and are satisfied. Observe that
we need z, to be contained in  in (5.26). Note that the first equation in (5.26))
is the feasibility condition for the dual problem of , and it corresponds to the
condition in with 7, = —A*pr — 2. Indeed, as we shall show next, 7 is an
ex-subgradient of g at z;, € Q if z, = 0. Now, given any v € (), we need to show
that g(v) > g(xk) + (yk, v — x) — €. We have g(v) =0, g(zx) = 0 since v,z € Q,

and

Ve, v =) = (AP + 2k, T — ) = (pr, Alzr) — A(V)) + (21, T8) — (21, V)

= {2k x) — (2, V) < (o, Tp) = & (5.27)

Note that in deriving (5.27)), we used the fact that (zj, v) > 0since v = 0 and z;, = 0.
Thus the condition 1) is satisfied if ||7-L,;1/25k|] < e/ (V2t) and g < &/(2t3).
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As we have already noted in the last paragraph, the approximate solution xj
obtained by solving the sub-problem should be feasible, i.e. x, € . In
practice we can maintain the positive semidefiniteness of x; by performing projection
onto S7. But the residual vector 7 := A(xy) — b is usually not exactly equal to 0. In
the following paragraph, we will propose a strategy to find a feasible solution z; € 2
given an approximate solution z; of for which r, is not necessarily 0, but
(g, Drs zk) satisfies that conditions that z; = 0, z;, = 0, and ||7-[_1/25k|| < Len/(V2t)
and g < 5@/(21&2).

Suppose that there exists T > 0 such that A(Z) = b. Since A is surjective, AA*
is nonsingular. Let w, = —A*(AA*) " (). We note that ||wkll2 < ||7e]l/omin(A),
and A(zy + wg) = b, where || - |2 denotes the spectral norm. However, z, + wy may

not be positive semidefinite. Thus we consider the following iterate:
T = )\(iﬂk + wk) + (1 — )\)f = \r) + ()\wk + (1 — )\):f),

where A € [0,1]. It is clear that A%, = b. By choosing A = 1 — ||wgll2/(||wk||2 +

Amin(Z)), we can guarantee that Zy is positive semidefinite. For zj, we have

~ w
0< @) < Aot Aalnlallal + ()]
w
< eut vitlilallnl + Vi A @)

in (7

< 2, if [Jugllz <

) ma
)\max(x) -1
1+ — )
vad| kll( Amm(ﬂf)>
Moreover

Vf(yr) + Hi(Zr — yu) — (A'pr + 21) = O + Hi(Tp — 21) =: O
Thus v, = —A*pr — 2 is an 2¢-subgradient of g at 2, € Q. Now HH:/QS,CH <
[#:20ull + 1[4 = )], and

||93—$1<:||z>2

I = )l = (= i Ha( = ) < il BB (14 557

Thus we have

#1200 < en/(V2t) if [Jwg]ls <

(AmaX(Hl))—1/2<1 N M) 1

€k
2\/ 2n tr Amin(f)
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To conclude (Zy, px, zx) would satisfy the condition (5.7)) if

. &k Amax (T)\ 71 €k |7 — [\ !
< —— 14+ 2L 1 :
ol < min { g (L4 322055) 5 ZnAmax(Hl)tk< )
(5.28)

We should note that even though we have succeeded in constructing a feasible Ty
in 2. The accuracy requirement in ([5.28) could be too stringent for computational
efficiency. For example, when o,,(A) is large, or ||zg|| is large, or z has a large
condition number, or Apax (1) is large, we would expect that x; must be computed

to rather high accuracy so that (5.28) can be satisfied.

5.2 Analysis of an inexact APG method for (P)

To apply Algorithm 3 to solve the problem (P), the requirement that x; must be
primal feasible, i.e., x; € €2, can be restrictive as it limits our flexibility of choosing
a non-primal feasible algorithm for solving . Even though the modification
outlined in last paragraph of section is able to produce a primal feasible zy,
the main drawback is that the residual norm ||wy|| must satisfy the stringent accuracy
condition in . To overcome the drawbacks just mentioned, here we propose
an inexact APG algorithm for solving (P) for which the iterate x; need not be
strictly contained in €. As the reader will observe later, the analysis of the iteration
complexity of the proposed inexact APG becomes even more challenging than the

analysis done in the previous section.

We let (x4, p«, 2+) be an optimal solution of (P) and (D). In the section, we let

@) = f(ye) + (Vf(ye), © — y) + %@7 — Yk, Hi(r —yx), re€X. (529

Note that X = S8™. The inexact APG algorithm we propose for solving (P) is given

as follows.
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Algorithm 4. Given a tolerance ¢ > 0. Input y; = xg € X, t; = 1. Set k = 1.
Iterate the following steps.

Step 1. Find an approximate minimizer
T A arg H’li)l(l {qk(:r) Cx € Q}, (5.30)
re

where H;, is a self-adjoint positive definite operator that is chosen by the user,

and zy, is allowed to be contained in a suitable enlargement 2, of (2.

1+ /144t
5 :

Step 2. Compute t1 =

i — 1

k+1

Step 3. Compute yp1 = xp + ( )(mk — Tp_1).

Note that when Q) = Q, the dual problem of (5.30) is given by
mase { gu(2) — (Vau(z). 2) + (b p) | Vaula) — A'p— 2= 0, 2 = 0.2 = 0}. (531

Let {&:}, {ex}, {pr} be given convergent sequences of nonnegative numbers such

that
oo oo oo
Z£k<oo, Zek<oo, and Zuk<oo,
k=1 k=1 k=1

and A is a given positive number. We assume that the approximate minimizer xj in

(5.30) has the property that xj and its corresponding dual variables (py, z) satisfy

the following conditions:

flan) < q(on) + &/ (267)
[(Va(x), ) — (b, pe)| < A
Va(ze) — A pp — 21 = 8, with ||H, 28] < e/ (V212) (5.32)
il < e /th
(T, 2) < &/(2t7)

2 =0, 2, = 0,
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where ry, := A(xp) — b. We assume that u,/t; > pui1/th ., and e/t > €51 /tii
for all k. Observe that the last five conditions in ([5.32)) stipulate that (xy, pk, zx) is

an approximate optimal solution of ([5.30) and (/5.31)).

Just as in the previous section, we need to establish a series of lemmas to analyse
the iteration complexity of Algorithm 4. However, we should mention that the lack of
feasibility in xj (i.e., zx may not be contained in 2) introduces nontrivial technical
difficulties in the proof of the complexity result for Algorithm 4. For example,

F(zr) > F(x,) no longer hold as in the feasible case when x; € .

Lemma 5.5. Given y; € X and a positive definite linear operator H; on X such

that the conditions in hold. Then for any x € 87, we have

F) = Flog) > las = v Myl — ) + (s — o Hyrg — 1)
+<§J + A*pj, T — SL’j) — fj/ti (533)

Proof. Since f(z;) < ¢;(x;) 4 &;/(2t5), we have

Flo) — (o) > 1) — ay(a;) — &/ (283)
= () = ) = (T F), 25— 3) = 5o =y, Moy — 7)) — 6/ 282)
> (V). 2~ ) — 3 (1~ Myl — ) — &/ 282,

Note that in the last inequality, we have used the fact that f(z)—f(y;) > (Vf(y,), —
y;) for all x € X. Now, by using (5.32)), we get

flx) = f(x;) > (Vf(y;), v — ;) — 1(%’ — vy, Hy(zy —y;)) — &/ (25)

2
. 1 ¢
= (05 + A'p; = Hy(; — ), @ = x5) + (2, @ = w5) = 5wy — vy Hylwy — ) — 53
J
; 1 &
> (0 + Ay = Myl — ), w = 15) = Sy = y5 Hylwy —y5)) — 55
J

From here, the required inequality (5.33|) follows readily. Note that in deriving the
last inequality, we have used the fact that (z;, z;) < &/(2t7) and (z;, z) > 0. O
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For later purpose, we define the following quantities for k > 1:

v = f(xr) = f(zi),  wp = tpag, — (b — D) 2p—1 — 2,
ap — tz’(lk, bk = %<Uk, Hk(uk)) Z O, €L = tk<5k, Uk>, (534)
Nk = (Prs tere — th_1Th—1), With 1 = (p1, r1),
Xk = [pr—1 — prllpr—1, with x1 =0,
- k c o k 2 - k
€r = 23:1 €, &= Zj:1(£j + 6]')7 Xk = Zj:l Xi»

T = Hwo — T4, Ha(zo — 24)).

Note that unlike the analysis in the previous section, a; may be negative.

Lemma 5.6. Suppose that Hy_1 > Hy = 0 for all k. Then

ap—1 +bp_1 > ap + by —ex — E — M- (5.35)

Proof. By applying the inequality (5.33]) to x = z_; = 0 with j = k, we get

V-1 — O = f(@p-1) — fl2n) (5.36)
1
2§<$k — Y, Hi(e — ye)) + (r — To—1, Hi(re — yr)) + (O + A'pr, 21 — 7)) — %
K
Similarly, by applying the inequality (5.33)) to = = z, > 0 with j = k, we get
— v = flas) = f(wx) (5.37)
1
> 5(% — Yis Hi(zk —ur)) + (ye — zo, Hi(ze — yx)) + (O + A'pi, 20 — ) — f—;
k

By multiplying (5.36|) throughout by t; — 1 (note that ¢, > 1 for all £ > 1) and add
that to (5.37)), we get

(tk — D)vg—1 — tiuy,

t
> §k<xk — Yy Hie(ze — y&)) + (teyr — (e — Vg — 2, Hil2n — yr))

— <5k + A*pk, thk — (tk — 1)1’;@,1 — l’*> — gk/tk (538)
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Now, by multiplying (5.15)) throughout by ¢; and using the fact that t7_; = t,(t,—1),
we get
ag—1— ar = tp_ vk—1 — Lpvg

2

t
> Ek(xk — Yy Hi(zp — i) + telteyr — (te — Dag—1 — zo, Hilor — yr))

— {0k + A, tiwn — th_xh1 — tis) — &
Let a = typyg, b = tray, and ¢ = (tg — 1)ag_1 + x.. By using the fact that (b —
a, %k(b - a)> + 2<a —C, Hk(b - a)> = <b —C, Hk(b - C)) - <a —C, Hk<a - C))? we
get

1 1
Qp_q — Q> §(b —c, Hg(b—c)) — §<a— c, Hr(a—c))

— <5k + A*pk, tzl‘k — tz_ll‘k—l — tle‘*> — §k (539)

Now a — ¢ = tkyk: — C = tkl'k—l + (tk—l — 1)($k_1 — Ik_g) — C = Ug—1, b—-—c= U,

and thay, — t;_wp_1 — tp. = tpug. Thus (5.39) implies that

1 1
p—1 — Q= §<Uk7 Hk(uk)> - §<Uk717 Hk(“kq)) - <5k + A*pk, tkuk> — &
> by —be—1 — (Ok, thur) — (Dk, Altrur)) — & (5.40)

Note that in deriving (5.40]), we have used the fact that Hy_; = Hy. Now
(pr, Altrur)) = (pr, 17 (Azg — ) — ti_ (Azg_y — b)) = (pr, tire — ti_17k1)-

From here, the required result is proved. O

Lemma 5.7. Suppose that Hy_1 = Hy > 0 and the conditions in are satisfied
for all k. Then

ap + b, < (VT + &) + [Ipelliw + 28 + Xk + wi) (5.41)
where wy, = Z?:l €j\/Aj, and

Aj = lpjllps + a7, with aj = max{0, —a;}.
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Proof. Note that we have |e;| < ||H,;1/25k|| ||"7'-[,1€/21,L;€||t;€ < ¢ ||H,1€/2uk||/\/§ = ex/ by

First, we show that a1 + b, < 7+ |(p1, 71)| + €1v/b1 + &. Note that a; =
f(z1) — f(x) and by = %(xl — ., Hi(z1 — x,)). By applying the inequality 1)

to xr = z, with 7 = 1, and noting that y; = xy, we have that

1
—a1 > §<$1 —y1, Hi(xr — 1)) + (y1 — 24, Hi(zr — 1)) + (00 + A'pr, 2 —21) — &

1
9 §<3/1 — Ty, Hl(% - ZE*)> + (51 + -A*pb Ty — 33'1) —&

1
=b — 5(% — ., Hi(xg — x4)) + (01 + A™p1, T — 1) — &

= —(r1 — x, Hi(z1 — 24)) —

Hence, by using the fact that |75 /%6, < e1/v/2, we get

1
§<x0 — Ty, Hi(xo — ) — (01 + A'pr, e — 1) + &

< T+€1\/a+(p1,7“1>+51 < T+|<p1,7“1>|+€1\/a+51-

a1+b1

IN

Let 51 = e;/b1 + & and for k > 2,

k k k
S = ZGj\/b?“FZéj +ZX]'.
j=1 j=1 j=1

By Lemma we have

T 2 a1+b1—€1\/a—51—7h
> a2+b2—€2\/5—€1\/b_1—51—52—771—772
> ...
k k+1 k
> aetb= ) v =) &=
=1 =1 =1

k k k
> ap + by — Zej\/b_j— ZEJ‘ — [{pr, Gire)| — ZXJ"
j=1 j=1 j=1

Note that in the last inequality, we used the fact that

k -1 k

ST = (ons )+ Doy = pivns 1) < e, ]+ D
=1 =1 =

E

Thus we have ay + by < 7+ |(p, t2r%)| + sk, and this implies that

b, < 7, + s, where 7, =7+ |<pk, tZrkH —ap < T+ A (542)
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Hence

s = Sp—1 e Vb + &+ xe < Sp—1 eV T + Sk + &+ X (5.43)

Note that since 7 > by — e1v/b1 — &, we have Vb < 2(e1 + /6§ +4(m + &) <
e1+v7 + &. Hence s1 = e;vbi+& < ei(e1+vm + &) +& < €+&+ea(Vr+VE).
The inequality ((5.43) implies that

(T + sk) — €6/ Tk + Sk — (Tk + Sp—1 + &k +Xk> <0.

Hence we must have

1
VTE+ S < 5 (€k+ \/€i+4<7_k+3k—1 —l—fk—i-)(k)) .

Consequently, by using the fact that va +b < y/a + Vb for any a,b > 0, we have

1 1
sk < Skt -6+ &+ Xk + §€k\/€i + 41 + sk—1 + &k + Xx)

2
1 1
< Sk—l+§€i+fk+Xk+§€k\/€z+4(T+Ak+3k—1+€kz+Xk:)
< Sk—1+€i+§k+Xk+€k<\/T+Ak+\/Sk—1+fk+Xk)- (5.44)

This implies that
k k k
s < s+ (EFGFN) Y GVTHA+D s+ +x
j=2 Jj=2 Jj=2
- k k
< Gt ) GVTHA D) 65
j=1 Jj=1

< &+ Xk + Wi+ @V + &5k (5.45)

In the last inequality, we used the fact that s;_14+&;+x; < s, and 0 < 51 < - -+ < sy
The inequality ((5.45]) implies that

S < %(Ek—l—\/Ez—l—élek), (5.46)

where 0y = & + Xx + wi + &+/7. From here, we get

sk < & + 20 (5.47)
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The required result follows from (5.47) and the fact that ay + b < 7 + s, +

|(Pr, i) | < 7+ si + (1wl - O
Let
Q= {r €S" || A(x) — b < p/t3, x = 0} (5.48)
and
o¥ = argmin{f(z) : z € O} (5.49)

Since z,,zy € Q, we have f(z,) > f(zF) and f(zg) > f(2%). Hence v, = f(z3) —

) < flae) = f(a). Also, since pug/t; > piia /174, we have f(zi*1) > f(a) and

Qg1 € .

Lemma 5.8. For all k > 1, we have

0 < f(z.) = f(2) < Ipallun/t3. (5.50)
Proof. By the convexity of f, we have

fla) = f@f) < (Vf(z.), v —al) = (A'ps + 2., 2 — 2f)
= (par Alw.) — A(z)) + (2, 2.) — (2., 2f)
< Mo = A < lIpelln/ 13-

Note that in deriving the second last inequality, we have used the fact that (z,, z,) =

0, (2., 2%) > 0, and A(x,) = b. O

Theorem 5.9. Suppose My, = maxi<j<x{~/(|[p«|| + |lp;|)11;}. Then we have

-l < o - o) < g (V780 el 260+ 26+ 0.
(5.51)
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Proof. The inequality on the left-hand side of (5.51]) follows from Lemma and
the fact that ¢, > (k+1)/2 and f(2%) — f(x.) < f(z) — f(z.). Next, we prove the
inequality on the right-hand side of (5.51). By Lemma and noting that by, > 0,

we have
t(flo) = f@) =an < (VT +&)° + Ipell i + 2(& + Xn) + 2w

Now —a; = 7(f(z.) — f(x;)) < (f(x.) — f(2)) < Ip.llpj. Hence aj < .|,

and

k
we < S e/ Ipilles + oy < M. (5.52)

j=1
From here, the required result follows. n

From the assumption on the sequences {¢;}, {¢x}, and {ux}, we know that the
sequences {€} and {£,} are bounded. In order to show that the sequence of function
values f(xzy) converges to the optimal function value f(z,) with the convergent rate
O(1/k?%), it is enough to show that the sequence {||px||} is bounded under certain
conditions, from which we can also have the boundedness of {M} and {xx}. Then

the desired convergent rate of O(1/k?) for our inexact APG method follows.

5.2.1 Boundedness of {p;}

In this subsection, we consider sufficient conditions to ensure the boundedness of

the sequence {py}.

Lemma 5.10. Suppose that there exists (Z,p, z) such that
A(Z)=b, =0, Vf(z)=APp+z z>0. (5.53)

If the sequence {f(xy)} is bounded from above, then the sequence {xy} is bounded.
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Proof. By using the convexity of f, we have

f(@) = fan) <(VF(2), 7 —ap) = (AP + 2, T — )
= (p, A(@) — Ala)) + (2, 7) — (2, zp)

< [pllllb = ACzi)ll + (=, 7) = (2, @)
< B/t + (2, 2) — (2, @) < [Pl + (2, ) — (2, 7).
Thus
Amin (2)Tr(2x) < (2, 21) < Pllpn + (2, 7) = F(7) + fan). (5.54)
From here, the required result is proved. O

Remark 5.11. The condition that {f(xx)} is bounded from above appears to be
fairly weak. But unfortunately we are not able to prove that this condition holds
true. In many cases of interest, such as the nearest correlation matrix problem
(L.14)), the condition that {f(zx)} is bounded above or that {x;} is bounded can be

ensured since 2y is bounded.

Lemma 5.12. Suppose that {xy} is bounded and there exists & such that
A(z)=0b, &> 0.

Then the sequence {zy} is bounded. In addition, the sequence {py} is also bounded.

Proof. From ([5.32)), we have

Amin(2)Tr(zr) < (&, zx) = (2, V() — A" pr — k)
= —(b, o) + (&, Va(xr)) — (2, k)
< A+ <[i’ — T, qu(:vk» — <i, 5k>

A+ (& —xp, VI(yr) + Hi(ze —yr)) — (T, Or)
A+ (|12 — 2 |V F (we) + Hiewx — we) | + 1 HY 22l en/ (V2t)
A+ & = 2[IIV fye) + Halow — y) || + [HY 22/ V2 (5.55)

IN

IN
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Since {z}} is bounded, it is clear that {y;} is also bounded. By the continuity of
V f and that fact that 0 < Hy =< H;, the sequence {||V f(yx) + Hr(zr — yx)| } is also

bounded. From ([5.55)), we can now conclude that {z;} is bounded.

Next, we show that {p;} is bounded. Let AT = (AA*)"1A. Note that the
matrix AA* is nonsingular since A is assumed to be surjective. From ([5.32)), we

have pr = A" (Vqr(2x) — 2z — 0x), and hence

lpell < M Var (@) = 26— 0kll < HATH<HVf(yk) + Ml — yo)ll + [zl + HM)-

€1

Since My =< Hy = Amax(H1) I, we have [[0x] < v/ Amax (DI H; 20k] < v/ Amax(H1) —=.

V2

By using the fact that the sequences {||V f (yx) +Hr(xr—yi)||} and {z;} are bounded,
the boundedness of {p;} follows. O

5.2.2 A semismooth Newton-CG method

In Section[5.2] an inexact APG method (Algorithm 4) was presented for solving (P)
with the desired convergent rate of O(1/k?). However, an important issue on how

to efficiently solve the inner subproblem (5.30)) has not been addressed.

In this section, we propose the use of a semismooth Newton-CG (SSNCG)
method to solve with warm-start using the iterate from the previous iter-
ation. Note that the self-adjoint positive definite linear operator H; can be chosen
by the user. Suppose that at each iteration we are able to choose a linear operator
of the form:

Hp, = wi, ® wy, where wy, € S},

such that f(z) < gu(z) for all z € Q. (Note that we can always choose wy = v/ LI
if there is no other better choice.) Then the objective function gx(-) in (5.30)) can

equivalently be written as

1 1/2 1/2 1 —1/2 —1/2
ai(@) = Sy (@ — w)w I + £ (ge) = 5w (e P,

where w;, = y, — w;, 'V f(yx)w;,'. By dropping the last two constant terms in the
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above equation, we can equivalently write (5.30) as the following well-studied W-

weighted semidefinite least squares problem
min {%Hw,ﬁm(ae - uk.)w,i/QH2 Az) =b,x = 0}. (5.56)
Let z = wimxwim, Uy = w;/Qukwi/Q, and define the linear map A : S® — R™ by
A(z) = A(w, " 2w, ).
Then can equivalently be written as
min {%Hx —w? - A®) =b, 70}, (5.57)
whose Lagrangian dual problem is given by
max {e(p) =blp— %HHSi (i + Ap)|* | p € afem} (5.58)

where Ilsn (u) denotes the metric projection of u € 8™ onto S. The problem
is an unconstrained continuously differentiable convex optimization problem, and it
can be efficiently solved by the SSNCG method developed in [97]. Note that once
an approximate solution py is computed from , an approximate solution for
can be computed by z; = Hsn (g + A*pg) and its complementary dual slack
variable is z, = 1y + A*py — 2.

Note that the problem is an unconstrained continuously differentiable
convex optimization problem which can also be solved by a gradient ascent method.
In our numerical implementation, we use a gradient method to solve during
the initial phase of Algorithm 4 when high accuracy solutions are not required. When
the gradient method encounters difficulty in solving the subproblem to the required
accuracy or becomes inefficient, we switch to the SSNCG method to solve (5.58]).
We should note that approximate solution computed for the current subproblem
can be used to warm start the SSNCG and gradient methods for solving the next
subproblem. In fact, the strategy of solving a semidefinite least squares subproblem

(5.30) in each iteration of our inexact APG algorithm is practically viable precisely
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because we are able to warm start the SSNCG or gradient methods when solving
the subproblems. In our numerical experience, the SSNCG method would typically

take less than 5 Newton steps to solve each subproblem with warm start.

To successfully apply the SSNCG method to solve , we must find a suitable
symmetrized Kronecker product approximation of Q. Note that for the H-weighted
nearest correlation matrix problem where Q is a diagonal operator defined
by Q(z) = (H o H) o x, a positive definite symmetrized Kronecker product approx-
imation for Q can be derived as follows. Consider a rank-one approximation dd”’ of
H o H, then Diag(d) ® Diag(d) is a symmetrized Kronecker product approximation

of Q. For the vector d € R", one can simply take
d; = max {e, lnglza%{ﬂij}}, j=1,...,n. (5.59)

where € > 0 is a small positive number.

For the convex QSDP problem ([1.12)) where the linear operator Q is defined by
Q(x)=B®I(x) = (Bx+xB)/2, (5.60)

where B € S8, we propose the following strategy for constructing a suitable sym-
metrized Kronecker product approximation of @ = B ® I. Suppose we have the
eigenvalue decomposition B = PAPT | where A = diag(\) and A = (A\y,..., )T is

the vector of eigenvalues of B. Then

n n n n

1 1
(v, B@1(2)) = 5{&, Ab+ M) =5 3 > ah(h+A) =)D a5My;,

i=1 j=1 i=1 j=1
where & = PTzP and M = (Xe” 4 eAT) with e € R™ being the vector of all ones.
For the choice of wy, one may simply choose wy = \/max(M)I, where max(M) is
the largest element of M. However, if the matrix B is ill-conditioned, this choice
of wy may not work very well in practice since max(M)I ® I may not be a good
approximation of @ = B ® I. To find a better approximation of Q, we propose to
consider the following nonconvex minimization problem:

min{zn:zn:hihj | hihy — My; >0V i,j=1,....n, heR’jL}. (5.61)

i=1 j=1
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Thus if & is a feasible solution to the above problem, then we have

(x, B® I(x ZZ M”<ZZ hh—xwkxwk> VeSS

=1 j=1 i=1 j=1

with w, = PDiag(h)PT. Note that the above strategy can also be used to get
a suitable symmetrized Kronecker product approximation of the form Diag(d) ®
Diag(d) when Q is a diagonal operator.

To find a good feasible solution for (5.61), we consider the following strategy.
Suppose we are given an initial vector u € R’} such that wu’ — M > 0. For example,
we may take u = \/me. Our purpose is to find a correction vector § € R}
such that h := u — & satisfies the constraint in while the objective value is

reduced. Note that we have
hih; — M;; = wiuj — My; — (wi& + u;&) + && > wiuy — My — (wi&y + u;&).
Thus the constraints in are satisfied if ¢ < u and
W& +ui& <wu; — M Vi,j=1,....n

Since Y i Y0y hihy = (€7€)? — 2(e"u)(e"§) + (¢"u)?, and noting that 0 < e'¢ <
eT'u, the objective value in (5.61]) is minimized if e7'¢ is maximized. Thus we propose
to consider the following LP:

max{eTf | w5 +w& <wu; — MiVi,j=1,...,n, 0<¢< u} (5.62)

Observe that the correction vector ¢ depends on the given vector u. Thus if nec-
essary, after a new u is obtained, one may repeat the process by solving the LP

associated with the new wu.
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Numerical Results

In this chapter, we conduct a variety of large scale numerical experiments to evaluate
the performance of our proposed algorithms. In section [6.1] we present numerical
results of the partial PPA for solving nuclear norm regularized matrix least squares
problems. In section [6.2] we present numerical results of the inexact APG method
for solving large scale linear constrainted convex QSDP problems, including the

H-weighted nearest correlation problem.

6.1 Numerical Results for nuclear norm minimiza-

tion problems

In this section, we report some numerical results to demonstrate the efficiency of

our partial proximal point algorithm.

In order to measure the infeasibilities of the primal problem (3.16]), we define

two linear operators B, : RP*? — R and B, : RP*? — 2, respectively, as follows:

(Be(X))Z = <BzaX>7 for i = 17"'7817
(Bo(X)); := (B, X), fori=s,+1,...,s.

Let d = (ds,; ds,) where ds, € R and d,, € R°>. We measure the infeasibilities and

105
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optimality for the primal problem ({3.16]) and the dual problem ([3.20) as follows:

(b = ¢ = A(X)s ds, — Be(X); max(0, d, — B.(X))l
. 1+ [|b]| ’
|C — Ay — Z| fp(CaX)_gp(C7§)

— - 1 =
N AT A (S S [N PRIk

Rp =

where y = ((;£), Z = (Dpe(W) = W) /o with W = X — o(C — A*y), and (¢, X)
and g,(¢,&) are the objective functions of the primal problem and the dual
problem (3.20)), respectively. The infeasibility of the condition ||Z]|z < p is not
checked since it is satisfied up to machine precision throughout the algorithm. In

our numerical experiments, we stop the partial PPA when
max{Rp, Rp} < Tol, (6.1)

where Tol is a pre-specified accuracy tolerance. We choose the initial iterate X° =
0,4° = 0, and 0y = 1. Unless otherwise specified, we set Tol = 107% as the
default. For examples from 1 to 4, where the inner subproblem is solved by
the inexact smoothing Newton method, besides , we impose another stopping
criterion [relgap| < 107° for stoping the partial PPA. The parameter p in (3.16)) is
set to be p = 1073||.A*b]|, if the data is not contaminated by noise; otherwise, the
parameter p is set to be p = 5 x 1073||A*b||o. For examples from 5 to 8, where
the inner subproblem is solved by the semismooth Newton-CG method, we
use the default stopping criterion and the parameter p in (3.16)) is set to be
p = 1073||A*b||» for all cases.

Example 1

We consider the nearest matrix approximation problem which was discussed by
Golub, Hoffman and Stewart in [48], where the classic Eckart-Young[35]-Mirsky[85]
theorem was extended to obtain the nearest lower-rank approximation while certain
specified columns of the matrix are fixed. The Eckart-Young-Mirsky theorem has

the drawback that the approximation generally differs from the original matrix in all
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its entries. This is not suitable for application where some columns of the original
matrix may be fixed. For example, in statistics the regression matrix for the multiple
regression model with a constant term has a column of all ones, and this column
should not be perturbed. For each triplet (p,q,r), where r is the predetermined
rank, we generate a random matrix M € RP*? of rank r by setting M = M;MJ
where both M; € ®RP*" and My € R have i.i.d. standard uniform entries in (0, 1).
As observed entries in practice are rarely exact, we corrupt the entries of M by
Gaussian noises to simulate the situation where the observed data may be noisy as
follows. First we generate a random matrix N € RP*? with i.i.d Gaussian entries.
Then we assume that the observed data is given by M = M+7N|M]/||N|, where T
is the noise factor. In our numerical experiments, we choose the parameter 7 = 0.1.
We assume that the first column of M should be fixed. Then the minimization
problem can be stated as follows:

1 —
min {—||X—M||2+p||X||* . Xey = Mey, X > o}, (6.2)
Xerexa (2

where e; is the first column of the g¢-by-¢ identity matrix. Here we impose an
extra constraint X > 0 since the original matrix M is nonnegative. Note that the
approximation derived in [48] generally is not nonnegative.

For each p,q,r and 7, we repeat the above procedure 5 times. In Table

we report the total number of constraints (m + s) in (3.16]), the average number of

outer iterations, the average total number of inner iterations, the average number of

BiCGStab steps taken to solve (3.75]), the average infeasibilities in (3.16]) and ((3.20)),

respectively, the average relative gap between ({3.16)) and (3.20)), the average relative

mean square error MSE := || X — M||/||M|| (where M is the original matrix), the
mean value of the rank (#sv) of X, and the average CPU time taken (in the format
hours:minutes:seconds). We may observe from the table that the partial PPA is very
efficient for solving . For the nonsquare matrix problem, where p is moderate
but ¢ is large, e.g., p = 100 and ¢ = 20000, we only need to compute the economic
form of the SVD. Thus we use the technique introduced in section to compute
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V5 via the QR factorization of V;. It takes about three and a half minutes to solve

the last instance for achieving the tolerance 10~¢ while the MSE is reasonably small.

pXq r | m—+s || it.]itsub|bicg R, | Rp | relgap MSE #sv | time

38
26
26

500 x 500 10 | 500500(/5.0 | 13.0 | 4.0{|5.57e-7 | 7.29¢-7 | 3.61e-7|| 3.33e-2 | 169 (10
500 x 500 50 | 500500] 3.0 | 8.0 | 3.3 ||1.46e-7 | 4.58e-7 | 1.30e-7|| 4.01e-2 (177 (NA
500 x 500 | 100 | 500500 3.0 | 7.8 | 3.4 ||3.63e-7 | 6.68¢e-7 | 1.88e-7|| 3.72¢-2 [177 (NA

1000 x 1000, 10 |2001000||7.0 | 16.4 | 4.6 |[1.03e-7 | 5.33¢-7 | -3.15¢-6/| 2.09e-2 | 121 (10)| 3:14
1000 x 10000 50 |[2001000/9.0 | 16.2 | 3.0([6.13¢-9 | 1.90e-8 | -3.75¢-6|| 3.31e-2 [138 (NA) 2:27

1500 x 1500, 10 |4501500/|9.0 | 19.0 | 4.4{|3.47e-8 | 4.01e-8 | 9.14e-6|| 1.85e-2 | 22 ( 9:18
1500 x 15001 50 |4501500/9.0 | 16.2 | 3.2 {|1.06e-8 | 2.48¢-8 | -3.71e-6|| 3.26e-2 | 54 (50) 6:54
1500 x 1500/ 100 |4501500/8.0 | 15.2 | 3.2|[1.14e-8 | 1.52e-8 | -4.50e-6|| 3.19e-2 | 67 (NA) 6:41

100 x 5000 10 {1000100[{10.0 | 12.8 | 1.5(|2.67e-8 | 4.10e-8 | 3.85e-6|| 5.72e-2 | 100 (
100 x 10000, 10 |2000100/10.0 | 12.4 | 1.4{|2.00e-8 | 4.09e-8 | 4.05e-6|| 5.70e-2 | 100 (10
100 x 20000/ 10 |4000100/{10.4 | 13.0 | 1.4/{1.89e-8 | 4.13e-8 | 3.90e-6{| 5.70e-2 | 100 (

46
1:40

)
)
)
)
)
1000 x 1000 100 |2001000{/9.0 | 15.8 | 2.7|(9.45e-9 | 1.92e-8 | -3.82¢-6|| 3.10e-2 (143 (NA)| 2:20
)
)
)
)
)
)| 3:32

Table 6.1: Numerical results of the partial PPA on 1}

In the numerical implementation, we observe that when the generated matrix
M is of small rank, e.g., » = 10, the singular values of the computed solution X
are separated into two clusters with the first cluster having much larger mean value
than that of the second cluster (see, e.g., Figure . We may view the number
of singular values in the first cluster as a good estimate of the rank of the optimal
solution, while the smaller positive singular values in the second cluster may be
attributed to the presence of noise in the given data. When the matrix M is of
high rank, e.g., 7 = 50, the singular values of X are usually not separated into two
clusters (see, e.g., Figure , excluding the largest singular value of X. In Table
6.1, when the singular values of X are separated into two clusters, we also report
the number of singular values in the first cluster in parenthesis next to #sv. In the

table, “NA” means that the singular values of X are not separated into two clusters.
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Figure 6.1: Distribution of singular values of X and M.

Example 2

Recently Lin [70] proposed the Latent Markov Analysis (LMA) approach for find-
ing the reduced rank approximations of transition matrices. The LMA is applied
to clustering based on pairwise similarities such that the inferred cluster relation-
ships can be described probabilistically by the reduced-rank transition matrix. In
[6], Benczir, Csalogdny and Sarlés considered the problem of finding the low rank
approximation of the transition matrix for computing the personalized PageRank,

which describes the backlink-based page quality around user-selected pages.

In this example, we evaluate the performance of our partial PPA for finding
the nearest transition matrix of lower rank. Consider the set of n web pages as a
directed graph whose nodes are the web pages and whose edges are all the links
between pages. Let deg(i) be the outdegreee of the page ¢, i.e., the number of
pages which can be reached by a direct link from page ¢. Note that all the self-

referential links in the web graph are excluded. Let P € R™*" be the matrix which
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describes the transition probability between the page ¢ and j, where P;; = 1/deg(i)
if deg(i) > 0 and there is a link form page i to page j. For some page i having no
outlink (dangling pages), we assume P;; = 1/n for j = 1,...,n, i.e., the user will
make a random choice with uniform distribution 1/n. Since the matrix P for the
web graph generally is reducible, P may have several eigenvalues on the unit circle,
which could cause convergence problems to the power method for computing the
PageRank [65]. The standard way of ensuring irreducibility is that we replace P by
the matrix

P.=cM+ (1-c)ev”,

where ¢ € (0,1), e € R" is a vector of all ones, and v € R" is a probability
vector such that v > 0 and e’v = 1. We generate a random matrix N € R
with i.i.d Gaussian entries. Then we assume that the observed data is given by
P. = P, +7N||P.|/|IN||, where 7 is the noise factor. In our numerical experiments,
we choose the parameter 7 = 0.1, ¢ = 0.85 which is a typical value used by Google,
and v; = 1/n, for i = 1,...,n. Then the minimization problem that we finally solve
can be stated as follows:

1 -
min {§||X —Pf?+pl X : Xe=e, X > O}. (6.3)

Xegnxn

We use the data Harvard500.mat generated by Cleve Moler’'s MATLAB program
surfer.m to evaluate the performance of our algorithm. The data and program are
available at http://www.mathworks.com/moler/ncmfilelist.html. We also use
the M file surfer.m to generate three adjacency graphs of a portion of web pages
starting at the root page “http://www.nus.edu.sg”. We also apply our algorithm
to the data sets [*| collected by Panayiotis Tsaparas on querying the Google search
engine about four topics: “automobile industries”, “computational complexity”,
“computational geometry”, and “randomized algorithms”. Table reports the
average numerical results of PPA for solving over 5 runs, where r denotes the

*Datasets are available at: http://www.cs.toronto.edu/~tsap/experiments/datasets

/index.html and http://www.cs.toronto.edu/~tsap/experiments/download/download.html



6.1 Numerical Results for nuclear norm minimization problems 111

rank of P, for each data set. We can observe from the table that the partial PPA is
very efficient for solving (6.3]) when applied to the real web graph data sets.

Problem n T m+ s it.|itsub|bicg R, | Rp | relgap MSE | #sv | time

Harvard500, 500 | 218 | 500500 |{6.0 | 14.6 | 7.8|[7.58e-8 | 4.92¢-9 | -7.48e-6||5.87e-2| 366 | 1:01
NUS500 500 | 225 | 500500 |[6.2 | 12.4 | 5.9|4.51e-8 | 1.60e-9 | -5.22¢-6||5.70e-2| 382 47
NUS1000 | 1000 | 466 | 2001000 ||5.4 | 14.2 | 7.7|13.35e-7 | 4.67e-9 | -6.46e-6||5.62e-2| 658 | 5:19
NUS1500 | 1500 | 807 | 4501500 {|5.0 | 15.0 | 8.8|3.34e-7 | 5.68¢-9 | -7.00e-6(6.35¢-2| 957 |17:21

RandomAlg 742 | 216 | 1101870 ||7.0 | 16.0 | 7.7|[3.37e-7 | 3.19e-9 | -7.02e-6|4.48¢-2| 631 | 2:48
Complexity| 884 | 255 | 1563796 ||7.0 | 16.2 | 7.7|/6.75e-8 | 1.75e-9 | -4.65e-6/|4.77e-2| T12 | 4:22
Automobile| 1196 | 206 | 2862028 |[6.0 | 16.4 | 8.7|22.02e-7 | 5.91e-9 | -8.80e-6||4.05e-2| 844 |10:14
Geometry | 1226 | 416 | 3007378 ||7.0 | 17.2 | 8.0(|7.22e-8 | 1.99¢e-9 | -4.18e-6)(4.67e-2| 1018 | 11:01

Table 6.2: Numerical results of the partial PPA on (6.3).

Example 3

We consider the problem of finding a low rank doubly stochastic matrix with a pre-
scribed entry. A matrix M € R"*" is called doubly stochastic if it is nonnegative
and all its row and column sums are equal to one. This problem arose from nu-
merical simulation of large circuit networks. In order to reduce the complexity of
the simulation of the whole system, the Padé approximation with Krylov subspace
method, such as the Lanczos algorithm, is a useful tool for generating a lower order
approximation to the linear system matrix which describes the large linear network
[3]. The tridiagonal matrix M € R™*™ produced by the Lanczos algorithm is gener-
ally not doubly stochastic. If the original system matrix is doubly stochastic, then
we need to find a low rank approximation of M, which is doubly stochastic and
matches the maximal moments. In our numerical experiments, we will not restrict

the matrix M to be tridiagonal.

For each pair (n,7), we generate a positive matrix M € R"*" with rank r by
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the same method as in Example 1. Then we use the Sinkhorn-Knopp algorithm
[113] to find two diagonal matrices D; € R™™ and Dy, € R™*", where all the
diagonal entries of D; and Dy are positive, such that M = D{MD, is a doubly
stochastic matrix of rank . We sample a subset £ of m entries of M uniformly at
random, and generate a random matrix Ng € RP*Y with sparsity pattern £ and i.i.d
standard Gaussian random entries. Then we assume that the observed data is given
by Mg = Mg + TNg||Me||/|| Ne||, where 7 is the noise factor. Then the problem for
matching the first moment of M can be stated as follows:

1 —~
min {iuxg M2+ o XL Xe=e, XTe=e, Xy = My, X > o}. (6.4)
= nXn

In our numerical experiments, we set 7 = 0,0.1, and the number of sampled
entries to be m = 10dr, where dr = r(2n — r) is the value of the degrees of freedom
in an n x n matrix of rank r. In Table [6.3] we report the average numerical results
for solving on randomly generated matrices over 5 runs, where m is the average
number of sampled entries, and m + s is the average number of total constraints in
. For problems with noise, if the singular values of X are separated into two
clusters, we report the number of singular values in the first cluster in parenthesis
next to #sv, and we use “NA” to denote that the singular values of X are not
separated into two clusters. We can observe from the table that the partial PPA
can solve very efficiently for all the instances with or without Gaussian noise.

n/t | r m m+ s || it.|itsublbicg R, | Rp | relgap MSE | #sv | time
500/0.0| 10, 99148 350148||7.0 | 15.4 | 3.3|5.71e-7 | 6.88e-8 | -4.30e-6|| 3.53e-3| 10 26
50| 250000, 501000 6.0 | 8.2 | 1.5 |[2.03e-7 | 8.45e-8 | -3.45e-6|| 7.07e-3] 50 09

100 250000 501000 5.0 | 7.0 | 1.4 |[1.02e-7 | 1.50e-7 | -3.62e-6|| 1.01e-2] 100 08

1000/0.0 10| 199034] 1201034{|9.0 | 20.0 | 4.0|6.80e-7 | 5.66e-8 | -8.17e-6|| 4.07e-3| 10 2:56
50| 974915 1976915/(6.0 | 12.0 | 2.7|[2.88e-7 | 4.68e-8 | -3.69¢-6/| 7.11e-3] 50 1:24
100[1000000| 2002000 5.0 | 7.0 | 1.4 ||3.63e-8 | 7.41e-8 | -3.52¢-6|| 1.01e-2] 100 39

1500/0.00 10| 299194]2552194([10.0 | 23.0 | 4.0/[5.81e-7 | 3.94e-8 | -8.79e-6|| 4.41e-3] 10 9:29
50[1474481|3727481||7.0 | 13.8 | 2.6 ||1.41e-7 | 4.40e-8 | -4.70e-6|| 7.54e-3] 50 4:12

1002250000 4503000 5.0 | 7.0 | 1.4 |[1.34e-8 | 4.92e-8 | -3.50e-6|| 1.01e-2] 100 2:02
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n/t | r m m+ s || it.|itsub|bicg R, | Rp | relgap MSE | #sv | time

500/0.1| 10| 99148 350148||7.0 | 16.0 | 3.2|[1.97e-7 | 1.93e-7 | -6.27e-6|| 5.42¢-2| 174 (10 26

50| 250000, 501000/ 5.0 | 9.2 | 2.0 ||1.65e-7 | 2.31e-7 | -8.58e-6|| 3.97e-2177 (NA 12

100 250000 501000/ 5.0 | 9.0 | 2.1 |[1.11e-7 | 1.83e-7 | -5.37e-6|| 3.65e-2]177 (NA 12

1000/0.1) 10| 199034] 1201034((8.0 | 18.8 | 3.6|[1.45e-7 | 9.18e-8 | -9.31e-6(| 5.50e-2| 234 (10)| 2:41

100[1000000| 2002000/| 3.0 | 6.6 | 2.1 ||4.43e-7 | 3.32e-7 | -7.58e-6|| 3.07e-2]143 (NA 45

1500/0.1) 10| 299194]2552194((9.0 | 22.2 | 3.9|[1.69e-7 | 3.84e-8 | -5.68e-6|| 5.49¢-2| 275 (10)| 8:56

5011474481 3727481||5.0 | 11.0 | 2.7 |4.76e-7 | 1.11e-7 | -6.87e-6|| 3.41e-2(194 (NA)| 3:36

)
)
)
)
500 974915 1976915/(5.0 | 10.0 | 2.7|[7.25¢-7 | 7.91e-8 | -3.93¢-6)| 3.30e-2{145 (NA)[ 1:13
)
)
)
)

1002250000 4503000/ 2.0 | 5.2 | 3.1 |[2.11e-7 | 2.71e-7 | -3.26e-6|| 3.19e-2| 68 (NA)| 1:55

Table 6.3: Numerical results of the partial PPA on (6.4). In the table, m = 10dr
and dr =r(2n —r).

We may also consider a generalized version of problem (6.4), where we want
to find a low rank doubly stochastic matrix with k& prescribed entries of M. The

problem could be stated as follows:
.1 ~
min | Xe = Mel|* + p|| Xl

st. Xe = e, XTe=e,

(6.5)
ez;Xejt = e;f';Mejt, 1 <t<E,
X >0, X € g,
where (i1,71), ..., (ix, Jk) are distinct pairs and e; is the i-th column of the n-by-

n identity matrix. In our numerical experiments, we set k = [1073n?], which is
the number of prescribed entries selected uniformly at random. Table presents
the average numerical results for solving on randomly generated matrices over
5 runs. For problems with noise, if the singular values of X are separated into
two clusters, we also report the number of singular values in the first cluster in
parenthesis next to #sv, and we use “NA” to denote that the singular values of X

are not separated into two clusters.



114

Chapter 6. Numerical Results

n/t | r m m+ s || it.|itsub|bicg R, | Rp | relgap MSE | #sv | time
500/0.0| 10| 99148 350148|[7.0 | 18.2 | 6.4|[5.62¢e-7 | 6.89¢-8 | -4.27e-6)| 3.47e-3 10 39
50 250000, 501000//6.0 | 10.8 | 3.0(3.71e-7 | 8.39¢-8 | -3.39¢-6|| 7.05¢-3] 50 15

100 250000, 501000/|5.0 | 11.0 | 2.9|[4.78e-7 | 1.49e-7 | -3.64e-6|| 1.00e-2] 100 14
1000/0.0 10| 199034] 1201034(|9.0 | 21.0 | 5.3|[6.56e-7 | 5.78¢-8 | -8.35¢-6|| 3.94¢-3| 10 3:32
50| 974915/1976915/(6.0 | 12.4 | 4.3([3.06e-7 | 4.65¢-8 | -3.64e-6|| 7.06e-3] 50 1:47
100[1000000| 2002000/ 5.0 | 12.0 | 3.4 |{3.76¢-7 | 7.31e-8 | -3.47e-6|| 1.00e-2] 100 1:27
1500/0.0 10| 299194|2552194([{10.0 | 25.8 | 6.3(6.68e-7 | 3.94e-8 | -8.85e-6|| 4.20e-3 11 12:54
5011474481 3727481||6.8 | 16.4 | 4.9(3.53e-7 | 5.39¢-8 | -5.64¢e-6|| 7.50e-3] 50 6:36
1002250000 4503000/ 5.0 | 12.0 | 4.3|13.39e-7 | 4.82e-8 | -3.42¢-6|| 1.00e-2] 100 4:41

500/0.1] 10| 99148 350148|7.0 | 16.0 | 3.6|2.10e-7 | 1.92e-7 | -6.26e-6|| 5.41e-2| 174 (10)] 28
50| 250000, 501000(5.0 | 11.0 | 2.9{/5.43e-7 | 2.29¢-7 | -8.51e-6)3.97e-2177 (NA)| 17

100 250000 501000/|5.0 | 11.0 | 3.0||4.18¢-7 | 1.81e-7 | -5.35¢-6/| 3.65e-2]177 (NA) 17
1000/0.1) 10| 199034 1201034(|8.0 | 19.0 | 4.1|[1.61e-7 | 9.14e-8 | -9.28e-6|| 5.47e-2| 234 (10)| 2:58
50| 974915 1976915/(5.0 | 13.2 | 4.6(/6.18e-7 | 7.67e-8 | -3.90e-6|| 3.29e-2/151 (NA)| 2:06
100[1000000| 2002000/ 3.0 | 11.2 | 5.5 |[1.17e-7 | 3.18e-7 | -7.13e-6/| 3.06e-2]151 (NA) 1:57
1500/0.1] 10| 299194|2552194/{9.0 | 22.0 | 4.5|[1.35e-7 | 3.81e-8 | -5.64e-6|| 5.45e-2| 276 (10) 9:43
5011474481 3727481||5.0 | 13.0 | 4.6(/6.26e-7 | 1.13e-7 | -6.75e-6|| 3.39e-2203 (NA)| 5:23
1002250000 4503000/ 2.0 | 10.2 | 8.1|[2.07e-7 | 3.50e-7 | -6.19¢-6/| 3.11e-2]119 (NA)| 5:55

Table 6.4: Numerical results of the partial PPA on 1} In
and dr =r(2n —1).

Example 4

the table, m = 10dr

We consider the problem of finding a low rank nonnegative approximation which
preserves the left and right principal eigenvectors of a square positive matrix. This
problem was suggested by Ho and Dooren in [56]. Let M € R"*" be a positive
matrix, i.e., all entries of M are positive. By the well-known Perron [95]-Frobenius

[39] theorem, M has a positive eigenvalue A which is simple and has the largest
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magnitude among all the eigenvalues of M. Moreover, there exist two positive
eigenvectors v € ™ and w € RN™ such that Mv = \v and MTw = \w. As suggested
by Bonacich [I3], the principal eigenvector could be used to measure the network
centrality, where the i-th component of the eigenvector gives the centrality of the
i-th node in the network. For example, the well-known Google’s PageRank [65] is a

variant of the eigenvector centrality for ranking web pages.

For each pair (n,r), we generate a positive matrix M € R"*" of rank r by the
same method as in Example 1. Suppose that we sample a subset £ of m entries of
M that are possibly corrupted by Gaussian noise as in Example 3. Given the largest
positive eigenvalue A and the left and right principal eigenvectors v and w of M,
we want to find a low rank approximation of M while preserving the left and right
principal eigenvectors of M. Then the problem can be stated as follows:

1 —
min {§||Xg M2+ ol X ] X =, XTw = dw, X > o}. (6.6)
E nxXn

In our numerical experiments, we set the noise factor 7 = 0,0.1. Table reports
the average numerical results of the partial PPA for solving over 5 runs. For
problems with noise, if the singular values of X are separated into two clusters, we
report the number of singular values in the first cluster in parenthesis next to #sv,

and we use “NA” to denote that the singular values of X are not separated into two

clusters.
n/T | r| m | m+s || it.]itsub|bicg R, | Rp | relgap MSE | #sv | time
500/0.0| 10| 99157 3501576.0 | 14.8 | 2.5[1.27e-7 | 1.45e-7 | -7.75e-6|| 3.54e-3| 10 24
50 250000, 501000/3.0 | 7.0 | 2.0{|3.95¢-7 | 5.25¢e-7 | 3.36e-6(|6.97e-3| 50 09
100| 250000 501000((3.0 | 7.0 | 2.0([2.41e-7 | 5.46e-7 | -1.68e-6/| 1.01e-2 100 11

1000/0.01 10| 199029 1201029([7.0 | 17.2 | 2.6||2.15e-7 | 7.20e-8 | 5.32e-6|| 2.93e-3] 10 2:12
50| 974912/1976912/(2.4 | 7.2 | 2.3||7.32e-8 | 6.53e-7 | -6.72e-6/| 7.39e-3] 50 56
100{1000000 2002000/ 2.0 | 7.0 | 2.1({2.13e-7 | 8.02e-7 | -9.34e-7]| 1.03e-2] 100 52

1500/0.0/ 10| 299187 2552187|[8.0 | 22.4 | 2.7||5.26e-7 | 3.90e-8 | 4.89e-6| 2.86e-3] 10 8:23
5011474471 3727471][3.0 | 9.0 | 2.2(6.12¢e-7 | 8.03e-8 | -5.41e-6/| 7.54e-3] 50 3:51

1002250000 4503000/ 2.0 | 7.0 | 2.1({1.38e-7 | 4.92e-7 | 2.85e-7{| 1.02e-2] 100 2:41
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n/T | r m m+ s || it.|itsub|bicg R, | Rp | relgap MSE | #sv | time

500/0.1| 10, 99157 350157)(2.0 | 5.8 | 2.2|[1.85e-7 | 4.88e-7 | -4.58e-6|| 5.38e-2| 170 (10 16

50 250000, 501000/(1.6 | 5.6 | 2.1|H4.68e-7 | 8.07e-9 | -4.63e-7|| 3.94e-2177 (NA 18

100 2500000 501000|| 1.8 | 6.2 | 2.1(j3.35¢-7 | 9.18¢-9 | -2.35¢-7]| 3.64e-2176 (NA)| 17

1000/0.1] 10| 199029 1201029(2.0 | 5.2 | 1.9|6.13e-7 | 2.54e-7 | -2.08e-6/| 5.28e-2| 230 (10) 1:20

100[1000000 2002000/ 2.0 | 6.0 | 2.2{(9.21e-7 | 1.73e-7 | -2.64e-6/| 3.04e-2142 (NA)| 1:13

1500/0.1| 10| 299187 2552187|(2.0 | 5.0 | 1.8 |{4.56e-7 | 1.83e-7 | 2.16e-6|| 5.22e-2| 278 (10)| 3:53

50[1474471)3727471)(2.0 | 5.6 | 2.4(|3.95e-7 | 2.93e-8 | 1.75e-7|| 3.35e-2192 (NA)| 3:36

)
)
)
)
500 974912/19769122.0 | 6.8 | 2.40.95¢-8 | 1.61e-8 | -5.18¢-§|| 3.27e-2145 (NA)| 1:18
)
)
)
)

1002250000 4503000 2.0 | 7.4 | 2.2 ([6.33e-8 | 4.31e-8 | -5.30e-7|| 3.14e-2| 67 (NA)| 3:40

Table 6.5: Numerical results of the partial PPA on (6.6). In the table, m = 10dr
and dr = r(2n —r).

Example 5

We consider the random matrix completion problem discussed in [19]. For each
triplet (p, ¢, r), we first generate a random matrix M € RP*? by setting M = M; MJ
where My, € RP*", My € R?*" each has i.i.d. Gaussian entries. Then we sample a
subset £ of m entries uniformly at random. As observed entries in practice are rarely
exact, we corrupt the entries of Mg by Gaussian noises to simulate the situation
where the observed data may be noisy as follows. First we generate a random
matrix Ng € RP*? that has sparsity pattern £ and i.i.d Gaussian entries. Then we
assume that the observed data is given by Mg = Mg + TNe||M¢||r/|| Nel| 7, where 7

is the noise factor. The minimization problem which we finally solve is the following:
1 —
min{§||xg—Mg||§+p|\X||* X e ER”X‘I}. (6.7)

In our numerical experiments, we set the noise level 7 = 0, 0.1 and the number of
entries to sample m = 10dr, where dr = r(p + ¢ — r) is the value of degrees of

freedom in an p x ¢ matrix of rank 7.
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For each triplet (p,q,7),m and 7, we repeat the above procedure 5 times. Ta-
ble presents the average numerical results of the partial PPA for solving the
randomly generated matrix completion problem (6.7)) over 5 runs. In the table, we
report the number of sampled entries m, the average number of outer iterations, the
average total number of inner iterations, the average number of CG steps taken to
solve ([4.20)), the average infeasibilities in and (3.20), respectively, the aver-
age relative gap between and , the average relative mean square error
MSE := || X — M||/||M|| (where M is the original matrix), the mean value of the
rank (#sv) of X, and the average CPU time taken. Here we report the numerical

rank of X defined as follows:
#sv(X) := max{k : op(X) > max{107% 7}o1(X)}. (6.8)

We can observe that from Table that the partial PPA is able to recover the
original data rather accurately. In the numerical experiments in which the sampled
entries are corrupted by 10% Gaussian noise, the errors (MSE) are all smaller than
the noise factor (7 = 0.1) in the given data. The errors are smaller than the

theoretical result established in [I§].

Example 6

We consider the positive semidefinite random matrix completion problem. For each
pair (n,r), we generate a positive semidefinite matrix M € 8™ of rank r by setting
M = My MT where M; € R™*" is a random matrix with i.i.d Gaussian entries. Then
we sample a subset £ of m entries uniformly at random from the upper triangular
part of M. The observed data is set to be Mg = Mg + 7Ne||Me||p/||Ne||, where
Ng € 8" is generated in a similar fashion as in Example 5 and 7 is the noise factor.

Then the minimization problem that we finally solve is given by
1 —
min{§||X5—Mg|y§+p<f, X): X >0 } (6.9)

In our numerical experiments, we set the noise level 7 = 0, 0.1, and the number of

entries to sample m = 10dr, where dr = nr — r(r — 1)/2 is the value of degrees of
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p/q/T r m it.|itsublcg R, | Rp | relgap MSE | #sv | time
500/500/0.0 10 | 99189(11.4 | 16.6 | 7.0|| 5.36e-8 | 6.14e-7 | -9.85e-5| 1.36e-3 10 19
50 | 250000/{10.0 | 10.0 | 4.0|[2.71e-15 | 2.81e-7 | -2.77e-5| 1.43e-3] 50 12

100 | 250000/ 9.4 | 9.4 | 4.0 |[3.06e-15 | 2.20e-7 | -1.36e-5/| 1.65¢e-3 100 13

1000/1000/0.00 10 | 199104{|13.8 | 26.6 | 8.0 || 1.54e-7 | 6.18e-7 | -3.86e-5| 1.36e-3 10 | 2:54
50 | 974891)| 9.6 | 9.8 | 4.4 |[1.62e-8 | 2.93e-7 | -2.67e-5|[ 1.32¢-3 50 | 1:14

100 (1000000 10.0 | 10.0 | 4.0|{3.05e-15 | 4.34e-7 | -3.07¢-5|| 1.45¢-3 100 | 1:15

1500/1500/0.0 10 | 299272/|13.0 | 29.4 | 10.4|| 4.88e-7 | 1.96e-7 | -1.54e-5| 1.36e-3| 10 |11:45
50 [1474562/|11.0 | 14.0 | 6.9/ 1.86e-8 | 2.86e-7 | -2.08e-5|| 1.35e-3] 50 | 5:47

100 2250000/ 10.0 | 10.0 | 4.0|{3.56e-15 | 2.93e-7 | -2.14e-5(| 1.37e-3 100 | 4:15

500/500/0.1 | 10 | 99189(22.0 | 43.0 | 7.1||1.97e-7 | 7.60e-7 | -4.47¢-5||8.33¢-2 10 50
50 | 250000/[11.0 | 11.0 | 4.0|[3.12e-15 | 2.68e-7 | -1.04e-5(9.68e-2, 50 15

100 | 250000/ 13.2 | 13.2 | 4.0([3.28e-15 | 6.04e-7 | -2.13e-5/|9.77e-2 100 21

1000/1000/0.1] 10 | 199104{22.0 | 44.4 | 8.2||5.90e-7 | 7.55e-7 | -9.35e-5|| 7.78e-2] 10 | 5:21
50 | 974891|(21.2 | 22.2 | 5.8|2.99e-7 | 6.67e-7 | -1.69¢-6{|9.51e-2 50 | 3:08

100 [1000000||14.0 | 14.0 | 4.0|[3.46e-15 | 5.89e-7 | -1.91e-5/| 9.67e-2] 100 | 2:14

1500/1500/0.1) 10 | 299272/{23.6 | 49.0 | 8.6 || 6.64e-7 | 5.44e-7 | -9.45e-5|| 7.54e-2] 10 |18:42
50 [1474562|(22.0 | 39.8 | 8.2|5.47e-7 | 7.03e-7 | -2.63¢-6|| 8.91e-2 50 |17:39

100 2250000/ 11.0 | 11.0 | 4.0|3.98e-15 | 2.41e-7 | -8.33e-6/| 9.60e-2| 100 | 4:49

500/1000/0.0| 10 | 149363||13.2 | 20.2 | 7.2|[2.49¢e-8 | 6.24e-7 | -6.25e-5 || 1.39¢-3| 10 50
500/1000/0.1| 10 | 149363((23.0 | 44.0 | 7.1||7.04e-7 | 6.40e-7 | -5.27e-5|| 7.97e-2| 10 | 1:58
1000/2000/0.0 20 | 596592/|12.0 | 18.0 | 7.9/ 5.22¢-8 | 7.25¢e-7 | -9.31e-5(| 1.35¢-3] 20 | 5:15
1000/2000/0.1) 20 | 596592(|23.0 | 43.6 | 7.7|/6.13¢e-7 | 8.06e-7 | -4.51e-5(| 7.94e-2] 20 |13:52
500/5000/0.0| 25 [1368353|| 9.0 | 17.0 | 9.8 ||4.22e-8 | 2.56e-7 | -3.26e-5 || 1.34e-3| 25 | 9:12
500/5000/0.1| 25 [1368353||17.2 | 23.2 | 5.7|[6.79¢-7 | 7.68e-7 | -3.70e-5 || 7.99e-2[ 25 [11:24

Table 6.6: Numerical results of the partial PPA for solving the randomly generated
matrix completion problem ((6.7). In the table, m = 10dr and dr = r(p +q — 7).
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freedom in an n x n matrix of rank r. For each pair (n,r),m and 7, we repeat the

above procedure 5 times.

n/t r m it.|itsublcg R, | Rp | relgap MSE | #sv | time
500/0.0| 10 | 49637 ||12.4 | 17.4| 6.1|| 3.34e-8 | 7.40e-7 | -1.02e-4 || 1.45¢-3 | 10 | 17
50 125250 || 9.0 1 9.0 | 3.2 || 2.47e-8 | 5.03e-7 | -3.93e-5 || 1.55e-3 50 9

100 125250 || 9.0 1 9.0 | 3.3 || 4.65e-8 | 3.16e-7 | -6.18e-6 || 1.72e-3 | 100 9

1000/0.00 10 99359 ||14.2 | 23.4 | 7.0|| 2.14e-7 | 5.04e-7 | -6.00e-5 || 1.41e-3 10 | 1:20
50 | 487724 |[10.0 | 10.0 | 3.5]|| 3.46e-8 | 3.87e-7 | -3.18e-5 || 1.43e-3 50 49

100 | 500500 || 9.0]9.0| 3.2 || 1.24e-8 | 8.05e-7 | -4.42¢-5 || 1.57e-3 | 100 45

1500/0.0 10 149545 ||14.8 | 25.6 | 8.9|| 3.88e-7 | 4.07e-7 | -9.77e-5 || 1.41e-3 10 | 4:52
50 737608 ||11.0 | 14.0 | 5.9|| 9.58e-9 | 7.20e-7 | -4.56e-5 || 1.45e-3 50 | 2:40

100 | 1125750 {|10.0 | 10.0 | 3.0|| 1.12e-9 | 2.33e-7 | -1.40e-5 || 1.48e-3 | 100 | 2:00

500/0.1] 10 49637 ||25.4 | 45.0 | 9.5]|| 2.49e-7 | 6.35e-7 | -1.12e-5 || 1.17e-1 10 43
50 125250 || 9.0 | 11.0 | 5.2 || 9.46e-8 | 4.50e-7 | -6.71e-6 || 6.84e-2 50 12

100 125250 || 9.0 | 11.6 | 6.0 || 5.24e-8 | 1.64e-7 | -1.26e-6 || 8.04e-2 | 100 13

1000/0.1) 10 99359 |25.4 | 48.2 | 10.6/| 7.65e-7 | 7.87e-7 | -4.78e-5 || 1.01e-1 10 | 3:22
50 487724 ||25.8 | 27.2 | 6.4]| 3.49e-7 | 6.89e-7 | -8.02e-7 || 7.20e-2 50 | 2:26

100 500500 || 9.2 | 10.4 | 5.7 || 7.75e-8 | 5.57e-7 | -4.79¢-6 || 6.83e-2 | 100 | 1:04

1500/0.1 10 149545 |25.0 | 47.8 | 11.4)| 8.39e-7 | 8.88¢-7 | -1.05e-4 || 9.17e-2 10 | 9:51
50 | 737608 |[25.6 | 32.8 | 9.8|| 4.91e-7 | 6.29¢-7 | -1.03e-6 || 1.17e-1 50 | 9:14

100 | 1125750 |[10.0 | 11.0 | 5.2|| 3.62e-8 | 3.29e-7 | -2.41e-6 || 6.33e-2 | 100 | 2:48

Table 6.7: Numerical results of the partial PPA on positive semidefinite random
matrix completion problems. In the table, m = 10dr and dr = nr —r(r — 1)/2.

Table presents the average numerical results of the partial PPA for solving
over b runs, where #sv is the numerical rank of X defined in . We can observe
that from Table[6.7]that the partial PPA performed very well on randomly generated
positive semidefinite matrix completion problems and it is able to recover the original

data rather accurately.
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Example 7

We consider matrix completion problems based on some real data sets including
the Jester joke data set [46] and the MovieLens data set. The Jester joke data set
contains 4.1 million ratings for 100 jokes from 73421 users and is available on the
website http://www.ieor.berkeley.edu/~goldberg/jester-data/. The whole

data is stored in three excel files with the following characteristics.

1. jester-1: 24983 users who have rated 36 or more jokes;
2. jester-2: 23500 users who have rated 36 or more jokes;

3. jester-3: 24938 users who have rated between 15 and 35 jokes.

For each data set, we let M be the original incomplete data matrix such that the
i-th row of M corresponds to the ratings given by the ¢-th user on the jokes. For
convenience, let I' be the set of indices for which M;; is given. We tested the jester
joke data sets in the same way as in [I2I]. For each user, we randomly choose 10
ratings. Thus we select a subset (2 randomly from I'. Since some of the entries in
M are missing, we cannot compute the relative error of the estimated matrix X as
we did for the randomly generated matrices. Instead, we computed the Normalized
Mean Absolute Error (NMAE) as in [46]. The Mean Absolute Error (MAE) is
defined as
1
MAE = mal (i%\ﬂ |M;; — X1, (6.10)

where M;; and X;; are the original and computed ratings of joke j given by user ¢

respectively. The normalized MAE is defined as

MAE
NMAE = ——— (6.11)

Tmax — Tmin
where 7, and 7., are lower and upper bounds for the ratings, For the jester joke
data sets, all ratings are scaled to the range [—10, 10], so we have i, = —10, rpax =

10.


http://www.ieor.berkeley.edu/~goldberg/jester-data/
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The MovieLens data set is from the GroupLens Research Group. This data set
consists of 100,000 ratings on 1682 movies given by 943 users and is available on the
website http://www.grouplens.org. Each user has rated at least 20 movies with
scores from the range 1 to 5, and 5 is the highest score. In this data set we have
Tmin = 1, "Tmax = 9. For the MovieLens data sets, the matrices M is very sparse. In
our experiments, we randomly select about 50% of the ratings given by each user,
ie., |Q/|T| = 50%.

—5. We repeat the above precedure 5 times

In this example, we set Tol = 10
for each data set. Table reports the average number of outer iterations, the
average total number of inner iterations, the average number of CG steps taken to
solve ([4.20), the average infeasibilities in (3.16)) and (3.20), respectively, the average
relative gap between (3.16) and , the average NMAE value, the mean value of

the numerical rank (#sv) of X defined by #sv := max{k : o,(X) > 107801 (X)},

and the average CPU time taken. We can observe from the table that the partial
PPA performed very well on real matrix completion problems based on the jester

joke and MovieLens data sets.

problem p/q N |Q|/N it.|itsublcg R, | Rp | relgap NMAE#sv| time
jester-1 24983/100]1.81e+6 1.60e-1{[18.0 | 24.0 | 5.9|13.69e-6 | 9.26e-6 | -5.57e-4{{1.89e-1| 99 9:56
jester-2 23500/100[1.71e+6| 1.60e-1{|18.0 | 24.2 | 6.2|14.05e-6 | 9.44e-6 | -5.63e-4{{1.90e-1] 98 9:43
jester-3 [24938,/1006.17e+5 6.78¢-1|[21.4 | 37.6 | 20.0/[1.99e-6 | 7.03¢-6 | -1.69e-4||1.94e-1| 71| 40:14
jester-4 [73421/1004.14e+6) 2.16e-1{[18.0 | 23.6 | 5.6 |4.24e-6 | 6.10e-6 | -3.45e-4{|1.89e-1) 100, 27:08
movie | 943/16821.00e+5 9.91e-1{|23.0 |57.0 | 22.2{[3.26e-6 | 5.50e-6 | -6.14e-4|(2.05e-1| 140 20:26

Table 6.8: Numerical results on the real matrix completion problems.

Example 8

In the Euclidean metric embedding problem, we are given an incomplete, possibly

noisy, dissimilarity matrix B € S™ with Diag(B) = 0 and sparsity pattern specified


http://www.grouplens.org
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by the set of indices £. The goal is to find an Euclidean distance matrix [I] that
is nearest to B. If the measure of nearness is in the Frobenius norm, then the

mathematical formulation of the problem is as follows:

mln{ Z Wi;(D;j — Z])Q + %(E, D) : D is an Euclidean distance matrix},
(i,5)€€

(6.12)
where W;; > 0, (i,j) € &, are given weights, F' € S is a matrix of all ones and p is a
positive regularization parameter. Here we added the term #-(E, D) to encourage a
sparse solution. Recall that a standard characterization [I] of an Euclidean distance
matrix D is that D = Diag(X)e” 4 e Diag(X)” — 2X for some X = 0 with Xe = 0,
where e € R” is a vector of all ones. Thus the problem can be rewritten as:

mln{ 3 Wy({Ay, X) = By)* + p(I, X) : (E, X) =0, X 50}, (6.13)
(i,5)€€

where A;; = e”e with e;; = e¢; — ¢;. Note that under the condition X > 0, the

(]
constraint Xe = 0 is equivalent to (E, X) = 0. It is interesting to note that desiring
sparsity in the Euclidean distance matrix D leads to the regularization term p(I, X),

which is a proxy for desiring a low-rank X.

The Euclidean metric problem arises in many applications. For the regularized
kernel estimation (RKE) problem in statistics [74], we are given a set of n objects
and dissimilarity measures d;; for certain object pairs (i,j) € £. The goal is to
estimate a positive semidefinite kernel matrix X € 87 such that the fitted squared

distances between objects induced by X satisfy
Xii+ Xy —2X;; = (Ay, X) = d; V(i,)) €&,

where A;; = (e; —¢;)(e; — e;)T. Formally, one version of the RKE problem proposed
in [74] is to solve the SDP problem (/6.13)).

In our numerical experiments, the data d;; are normalized to be in the interval
0,1], and € ={(4,5) : 1 <1< 4,1 <7 <630}. Weset W;; =1for all (i,5) € £

and Tol = 1075, In [74], due to the computational difficulties encountered by the
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Figure 6.2: A 3D representation of the sequence space for 630 proteins.

interior-point method used to solve , a subset of 280 globin proteins were
selected from the entire set of 630 proteins. And for each of the selected proteins,
55 dissimilarities were randomly selected out of the total of 280. Here we are able
to consider the entire set of 630 proteins and the dissimilarities among all the pairs

of proteins.

As mentioned in [74], the RKE methodology can provide an efficient way to
represent each protein sequence by a feature vector in a chosen coordinate system
using the pairwise dissimilarity between protein sequences, and the projection of
the computed solution X on to a 3D space, which corresponds to the largest three
eigenvalues, is quite informative. Figure displays a 3D representation of the
sequence space for 630 proteins from the globin family. There are at leat 4 classes
visually identifiable in the data set of 630 proteins, which is consistent with the
observations in [74]. The numerical results for solving are reported in Table
, where #sv is the number of positive eigenvalues of X. For the obtained solution
X, we have (X, E) = 1.09 x 107" and (X, I) = 1.85 x 102
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Figure 6.3: A 3D representation of the protein structure space for 1874 proteins.

problem n m p it.|itsublcg R, | Rp | relgap #sv | time
RKE630 | 630 | 198136 | 5.07e-1 || 6 | 36] 24.6 |[1.07e-7 | 2.42¢-8 | -1.81e-6/| 388 | 1:59
PDB25 | 1898 | 1646031 | 1.84e+0 |[18 | 55 | 55.8|14.89e-7 | 4.78e-6 | -1.46e-5| 1388 [1:19:11

Table 6.9: Numerical results on the RKE problem arising from protein clustering.

We also conducted numerical experiments on a much larger protein data set to
evaluate the performance of our algorithm. We used the PDB_SELECT 25 data set,
a representative subset of the Protein Data Bank database [§], which contains 1898
protein chains. In our numerical implementation, we set Tol = 5 x 1075, Figure
displays a 3D representation of the structure space for 1898 proteins, which is
consistent with the protein structure space studied in [58]. The numerical results
for the PDB_SELECT 25 data set are reported in Table[6.9] For the obtained solution
X, we have (X, E) =3.43 x 107" and (X, I) = 8.76 x 102
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6.2 Numerical Results for linearly constrained QSDP

problems

In this section, we report the numerical performance of the inexact APG algorithm

(Algorithm 4) for large scale linearly constrained QSDP problems.
We measure the infeasibilities for the primal and dual problems ([1.12)) and (|1.13])

as follows:

_ b= A, IR+ C = Ap - Z]| (6.14)

Rp =
1+ o] 1L+ |C]]
where X, p, Z are computed from (5.58]). In our numerical experiments, we stop the

inexact APG algorithm when
max{Rp, Rp} < Tol, (6.15)

where Tol is a pre-specified accuracy tolerance. Unless otherwise specified, we set
Tol = 1079 as the default tolerance. When solving the subproblem at itera-
tion k of our inexact APG method, we stop the SSNCG or gradient method when
IVO(pi) |l /(1 +[|b]]) < min{1/£;+, 0.2V f(Xi—1) — A*pr—1 — Z—1[l/ (L + | CID}-

Example 9

In this example, we consider the following H-weighted nearest correlation matrix
problem

min{%HHo(X—G)HQ | Diag(X) = e, X > o}. (6.16)
We compare the performance of our inexact APG (IAPG) method and the aug-
mented Lagrangian dual method (AL) studied by Qi and Sun in [98], whose MATLAB
codes are available at http://www.math.nus.edu.sg/~matsundf. We consider the

gene correlation matrices G from [69]. For testing purpose we perturb G to
G:=(1-a)G+aFE,

where a@ € (0,1) and F is a randomly generated symmetric matrix with entries

in [—1,1]. We also set G;; = 1,5 = 1,...,n. The weight matrix H is a sparse
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random symmetric matrix with about 50% nonzero entries. The MATLAB code for

generating H and E is as follows:

H = sprand(n,n,0.5); H = triu(d) + triu(d,1)’; H= (H + H’)/2;

E = 2*xrand(n,n)-1; E = triu(E) + triu(E,1)’; E= (E + E’)/2.

In order to generate a good initial point, we use the SSNCG method in [97] to solve

the following unweighted nearest correlation matrix problem
1
min {§||X — G| | Diag(X) = e, X > o}. (6.17)

Due to the difference in stopping criteria for different algorithms, we set different
accuracy tolerances for the IAPG and augmented Lagrangian methods. For the
IAPG method, we set Tol = 107°% For the augmented Lagrangian method, its
stopping criteria depends on a tolerance parameter Toll which controls the three

conditions in the KKT system (5.26). We set Toll = 10~*.

Table [6.10| presents the numerical results obtained by the ITAPG method and the
augmented Lagrangian dual method (AL) for various instances of Example 1. We
use the primal infeasibility, primal objective value and computing time to compare
the performance of the two algorithms. For each instance in the table, we report
the matrix dimension (n), the noise level («), the number of outer iterations (iter),
the total number of Newton systems solved (newt) the primal infeasibility (Rp),
the dual infeasibility (Rp), the primal objective value (pobj) in ([6.16]), as well as
the computation time (in the format hours:minutes:seconds) and the rank of the
computed solution (sv). We may observe from the table that the IAPG method
can solve ([6.16]) very efficiently. For each instance, the IAPG method can achieve
nearly the same primal objective value as the augmented Lagrangian method, and
the former can achieve much better primal infeasibility while taking less than 50%

of the time needed by the augmented Lagrangian method.
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Algo. problem n a | iter/newt Rp Rp pobj time sv
TAPG Lymph 587 0.1 169/177 3.09e-11  1.75e-6 | 5.04289799¢e+-0 2:35 179
0.05] 300/327 | 1.31e-10 2.04e-6 | 2.53103607e-1 4:16 207
AL Lymph 587 0.1} 12 4.13e-7  9.96e-7 | 5.04289558e+0 5:39 179
0.05 12 2.96e-7 1.07e-6 | 2.53101698e-1 | 30:58 207
IAPG ER 692 0.1 137/142 2.27e-10  2.43e-6 | 1.26095534e+1 3:10 189
0.05] 187/207 3.93e-11  9.54e-7 | 1.14555927e+0 3:40 220
AL ER 692 0.1 12 3.73e-7  4.63e-7 | 1.26095561e+1 9:28 189
0.05 12 3.21e-7  1.02e-6 | 1.14555886e+0 | 14:14 220
IAPG | Arabidopsis | 834 0.1 115/123 | 3.28e-10 1.78e-6 | 3.46252363e+1 3:53 191
0.05/ 131/148 2.41e-10  9.75e-7 | 5.50148194e+0 4:09 220
AL Arabidopsis | 834 0.1} 13 2.28e-7 7.54e-T | 3.46252429e+1 | 12:35 191
0.05 12 2.96e-8 1.0le-6 | 5.50148169e+0 | 22:49 220
IAPG | Leukemia (1255 0.1 104/111 | 5.35e-10 7.97e-7 | 1.08939600e+2 9:24 254
0.05] 96/104 4.81e-10  9.31e-7 | 2.20789464e+1 8:35 276
AL Leukemia 1255 0.1 12 3.06e-7  2.74e-7 | 1.08939601e+2 | 22:04 254
0.05 11 2.90e-7 8.57e-7 | 2.20789454e+1 | 28:37 276
IAPG | hereditarybc (1869 0.1 67/87 2.96e-10 8.68e-7 | 4.57244497e+2 | 17:56 233
0.05] 64/85 9.58e-10 7.04e-7 | 1.13171325e+2 | 17:32 236
AL hereditarybc {1869 0.1 13 2.31e-7  3.55e-7 | 4.57244525e+2 | 38:35 233
0.05 11 2.51e-7  6.29e-7 | 1.13171335e+2 | 36:31 236

Table 6.10: Comparison of the inexact APG (IAPG) and augmented Lagrangian
dual (AL) algorithms on (6.16)) using sample correlation matrix from gene data sets.
The weight matrix H is a sparse random matrix with about 50% nonzero entries.
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Example 10

We consider the same problem as in Example 9, but the weight matrix H is generated
from a weight matrix H, used by a hedge fund company. The matrix Hy is a 93 x 93
symmetric matrix with all positive entries. It has about 24% of the entries equal
to 107° and the rest are distributed in the interval [2,1.28 x 10%]. It has 28 eigen-
values in the interval [—520, —0.04], 11 eigenvalues in the interval [-5 x 107132 x
10713], and the rest of 54 eigenvalues in the interval [1074,2 x 10%]. The MATLAB
code for generating the matrix H is given by tmp = kron(ones(25,25),H0); H =
tmp([1:n],[1:n]); H= (H + H’)/2.

We use the same implementation techniques as in Example 9. The stopping
tolerance for the IAPG method is set to Tol = 107% while the tolerance for the
augmented Lagrangian method is set to a less demanding value with Toll = 1072
Table presents the numerical results obtained by the TAPG and augmented
Lagrangian dual (AL) methods. In the table, “ *” means that the augmented
Lagrangian method cannot achieve the required tolerance of 1072 in 24 hours. As
we can see from Table the IAPG method is much more efficient than the
augmented Lagrangian method, and it can achieve much better primal infeasibility.
For the last gene correlation matrix of size 1869, the IAPG method can find a good
approximate solution within half an hour. For the augmented Lagrangian method,
because the map Q associated with the weight matrix H is highly ill-conditioned,
the CG method has great difficulty in solving the ill-conditioned linear system of

equations obtained by the semismooth Newton method.

Example 11

In this example, we report the performance of the inexact APG on the linearly

constrained QSDP problem (|1.12]). The linear operator Q is given by

Q(X) = %(BX + XB)



6.2 Numerical Results for linearly constrained QSDP problems

Algo. problem n a | iter/newt Rp Rp pobj time sv
TAPG Lymph 587 0.1 72/159 1.76e-8  9.90e-7 | 8.92431024e+6 1:50 238
0.05] 60/148 3.81e-8 9.75e-7 | 1.69947194e+6 1:41 278
AL Lymph 587 0.1 14 2.64e-5 1.06e-5 | 8.92425480e+6 | 56:07 260
0.05 12 1.69e-4 4.41e-5 | 1.69925778e+6 | 29:15 286
IAPG ER 692 0.1 62/156 2.48e-9 9.72e-7 | 1.51144194e+7 2:33 254
0.05] 56/145 3.58e-9  9.55e-7 | 3.01128282e+6 2:22 295
AL ER 692 0.1 16 1.22e-5 5.80e-6 | 1.51144456e+7 [2:05:38 288
0.05 12 3.11e-5  6.29e-6 | 3.01123631e+6 | 53:15 309
IAPG | Arabidopsis | 834 0.1 61/159 6.75e-9  9.98e-7 | 2.69548461e+7 4:01 254
0.05] 54/145 1.06e-8  9.82e-7 | 5.87047119e+6 3:41 286
AL Arabidopsis | 834 0.1 19 3.04e-6 3.94e-6 | 2.69548769e+7 |4:49:00 308
0.05 13 1.69e-5 6.76e-6 | 5.87044318e+6 |1:28:59 328
TIAPG Leukemia 1255 0.1 65/158 8.43e-9  9.86e-7 | 7.17192454e+47 | 11:32 321
0.05] 55/143 1.19e-7  9.80e-7 | 1.70092540e+7 | 10:18 340
AL Leukemia (1255  0.1] * * * XK
0.05 13 3.19e-5 5.15e-6 | 1.70091646e+7 |5:55:21 432
TAPG | hereditarybc [1869 0.1 48/156 2.08e-8 9.16e-7 | 2.05907938e+8 | 29:07 294
0.05] 49/136 6.39e-8 9.61e-7 | 5.13121563e+7 | 26:16 297
AL hereditarybc (1869 0.1 * * * * x
0.05] * * * * * *

Table 6.11: Same as Table , but with a “bad” weight matrix H.
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n m  cond(B)jter/newt Rp Rp pobj dobj time
500 500 9.21e+0 9/9 [3.24e-10 9.70e-7 -4.09219187e+4 -4.09219188e+4 13
1000 1000 9.43e+0, 9/9 [3.68e-10 9.28e-7| -8.41240999e+4 -8.41241006e-+4 1:13
2000 2000 9.28¢4+0 9/9 B.16e-10 8.53e-7| -1.65502323e+5 -1.65502325e+5 8:49
2500 2500 9.34e4+0 9/9 3.32e-10 8.57e-7| -2.07906307e+5 -2.07906309e+5 | 16:15
3000 3000 9.34e4+0 9/9 [2.98e-10 8.13e-7 -2.49907743e+5 -2.49907745e+5 | 29:02

Table 6.12: Numerical results of the inexact APG algorithm on (1.12)), where the
positive definite matrix B for the linear operator Q is well-conditioned.

for a given B > 0, and the linear map A is given by A(X) = Diag(X). We generate
a positive definite matrix X and set b = A(X). Similarly we can generate a random
vector p € ™ and a positive definite matrix Z and set C' = A*(p)+Z — Q(X). The
MATLAB code for generating the matrix B is given by randvec = 1+ 9*rand(n,1);
tmp = randn(n,ceil(n/4)); B = diag(randvec)+(tmp*tmp’)/n; B = (B+B’)/2.
Note that the matrix B generated is rather well conditioned.

As discussed in section [5.2], we are able to find a good symmetrized Kronecker
product approximation W ® W of Q. By noting that

1 1 1
W@ W(X) +(C,X) = S[[WVAX = O)yW 2|2 — S|t 2ew =12,

where U = —W='CW ™!, and dropping the constant term, we propose to solve the

following problem to generate a good initial point for the inexact APG method:
1
min {§||W1/2(X — YWY | AX) =b, X = 0},

which can be efficiently solved by the the SSNCG method in [97].

The performance results of our IAPG method on convex QSDP problems are
given in Table [6.12, where “pobj” and “dobj” are the primal and dual objective
values for QSDP, respectively. We may see from the table that the IAPG method
can solve all the five instances of QSDP problems very efficiently with very good

primal infeasibility.
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n m cond(B)jter/newt| Rp Rp pobj dobj time

500 10000 2.67e+5| 51/102 3.02e-8  9.79¢-7| -9.19583895¢+3 -9.19584894¢+3 1:29
1000 50000 1.07e+6| 62/115 [2.43e-8 9.71le-7| -1.74777588e+4 -1.74776690e+4 11:46
2000 100000 4.32e+6| 76/94 5.24e-9 5.28e-7| -3.78101950e+4 -3.78101705e+4 | 1:14:04
2500 100000 6.76e+6| 80/96 H.62e-9 5.64e-7| -4.79637904e+4 -4.79637879%+4 | 2:11:01

Table 6.13: Same as Table [6.12] but the matrix B for the linear operator Q is
ill-conditioned and the linear map A is randomly generated as in [79).

Example 12

We consider the same problem as Example 11 but the linear map A is generated by
using the first generator in [79] with order p = 3. The positive definite matrix B is
generated by using MATLAB’s built-in function: B = gallery(’lehmer’,n). The
condition number cond(B) of the generated Lehmer matrix B is within the range
[n,4n?]. For this example, the simple choice of W = \/ml in the symmetrized
Kronecker product W®W for approximating O does not work well. In our numerical
implementation, we employ the strategy described in section 3.2 to find a suitable
w.

Table presents the numerical results of our IAPG method on convex QSDP
problems where the matrix B is very ill-conditioned. As observed from the table,
the condition numbers of B are large. We may see from the table that the IAPG
method can solve the problem very efficiently with very accurate approximate opti-

mal solution.






Chapter

Conclusions

In this thesis, we designed algorithms for solving large scale nuclear norm mini-
mization and convex quadratic semidefinite programming (QSDP) problems. We
introduced a partial proximal point algorithm for solving nuclear norm regularized
matrix least squares problems with linear equality and inequality constraints. Based
on the results of the general partial proximal point algorithm, we analyzed the global
and local convergence of our proposed algorithm. The inner subproblems, due to
the presence of inequality constraints, were reformulated as a system of semismooth
equations, which are solved by an inexact smoothing Newton method. The quadratic
convergence of the inexact smoothing Newton method was proved under the con-
straint nondegeneracy condition, together with the strong semismoothness property
of the soft thresholding operator. When the nuclear norm regularized matrix least
squares problem has equality constraints only, we proposed a semismooth Newton-
CG method to solve the unconstrained inner subproblem in each iteration. The

quadratic convergence of the semismooth Newton-CG method was also established.

In order to efficiently solve large scale convex QSDP problems, we extended the
APG algorithm to the inexact setting where the subproblem in each iteration was
only solved approximately. We showed that the inexact APG enjoys the same su-
perior worst-case iteration complexity as the exact version. Numerical experiments

conducted on a variety of large scale nuclear norm minimization and convex QSDP
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problems demonstrated that our proposed algorithms are very efficient and robust.

There are still many interesting problems that will lead to further development
of algorithms for solving large scale structured matrix optimization problems. The
current theorectical guarantees of using the nuclear norm || - |, as a surrogate for the
rank function for matrix completion problems require that the entries of the matrix
are uniformly sampled [19] 20, [102]. However, if the entries of the matrix are non-
uniformly sampled, the nuclear norm regularizer may perform very poorly for matrix
completion problems [I10]. A weighted nuclear norm function, i.e., ||[Wi(-)Wal|.,
where W, € 2P*? and Wy € RP*7 are given weight matrices, was suggested in [110] to
deal with matrix completion problems with non-uniformly sampled entries. It will be
worthwhile to develop an efficient and robust algorithm for solving weighted nuclear
norm regularized matrix least squares problems. In many applications [29] 93], 128,
based on the available prior information about the target matrix, we may use the
operator norm or the Ky Fan k-norm which is defined as the sum of k largest singular

values as a regularizer for obtaining certain desired structures.

Based on the high efficiency and robustness of the inexact APG algorithm for
large scale convex QSDP problems, it will be very attractive to design an inexact
APG algorithm for solving (weighted) nuclear norm regularized matrix least squares

problems with equality and inequality constraints and second order cone constraints.
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