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Abstract 

 

Performance Parameters of Micromechanical Resonators 
 

by 

Lynn Khine 

 

Doctor of Philosophy in Electrical Engineering, National University of Singapore 

 

 

In this work, performance parameters of various flexural-mode and bulk-acoustic-mode 

micromechanical resonators are presented. Investigated parameters are quality factor 

(Q), pressure stability, power handling, nonlinearity, and temperature stability. 

Resonators studied in this work are electrostatically driven-and-sensed, and they are 

fabricated in SOIMUMPs process provided by MEMSCAP.  

The bulk of this work has focused on the study of quality factor. Tested flexural-

mode beam resonators can provide Q values in tens of thousands range, but much higher 

quality factors above one million have been measured for bulk-acoustic-mode 

resonators. One of the main vibration energy losses for bulk-mode resonators is the 

losses through the anchor support. The dependence of Q on structural geometry, as well 

as on the shape of anchor design, is explored in detail for Lamé-mode square resonators. 

Measured results suggest that T-shaped anchor design can improve the Q performance 

with lower motional resistance compared to straight-beam anchor for supporting bulk-

mode resonators.  

At pressure levels below 100Pa, the quality factor of bulk-mode resonators is 

measured to be relatively independent of pressure, which can be considered as the 
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threshold pressure. On the other hand for the beam resonators, this threshold pressure is 

roughly 10Pa. Given the same amount of air damping, bulk-mode resonators with orders 

of magnitude higher mechanical stiffness can uphold their maximum Q better at higher 

pressures compared to the beam resonators.  

Bulk-mode resonators studied in this work are able to handle higher power levels 

before their vibrations become nonlinear compared to beam resonators, mainly due to 

orders of magnitude higher energy storage capability. High power handling of bulk-

mode resonators is beneficial for oscillator implementation because the combined effect 

of ultra-high Q and high energy storage capacity can improve both close-to-carrier phase 

noise and the noise floor of the oscillator.  

The resonant frequency notably drifts with temperature for silicon resonators. 

Large amount of resonant frequency shifts with temperature is useful for temperature 

sensing, but undesirable for frequency references. Hence, a temperature compensation 

method is required for resonator oscillators. A new idea of temperature compensation is 

demonstrated with experimental verifications in this work, which is based on frequency 

mixing of two oscillation signals, and this method has the potential to compensate the 

frequency shifts in bulk-mode resonators as well. 
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Chapter 1  
 

Introduction 

 

MicroElectroMechanical Systems (MEMS) typically have interacting components that 

are assembled for diverse applications such as inertial sensors, mass sensors, charge 

sensors, microfluidics, oscillators and filters. Amongst the vast systems that are 

generally termed as MEMS, micromechanical resonators have been studied extensively. 

Given the current trend for miniaturization of components in communication systems, 

large demand is placed on high-performance devices with small size, potential for 

integration with CMOS electronics, and low-cost batch fabrication. Therefore, much 

research has been reported on the replacement of off-chip bulky components with IC-

compatible micromechanical resonators. 

Quartz crystals have long been used as resonators, which are still one of the best 

choices available. Quartz crystals at MHz range with quality factors (Q) in the order of 

10
6
 are widely used for oscillators. Besides having high Q, they also have good power 

handling and excellent temperature stability. For example, recently reported quartz 

crystal at 10MHz has a Q of 1.3 million [1]. Given their high-Q performance, crystal 

oscillators are well known to provide good phase noise. However, a major drawback for 

crystal resonators is that their fabrication process is not compatible with IC fabrication 

such as CMOS process. 
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Advances in bulk micromachining and surface micromachining technologies 

have enabled batch fabrication of a variety of single crystal silicon (SCS) resonators and 

polysilicon resonators with sub-micron capacitive transducer gaps. High quality factors 

provided by silicon resonators are catching up to that of bulky quartz crystals with Q 

values in millions [2, 3]. As the operating frequency is increased, the Q value of 

resonator normally comes down. Hence, the product of resonant frequency and quality 

factor (fo × Q) serves as a figure of merit when comparing different type of resonators. 

Given the ease of monolithic integration with CMOS electronics, along with good long-

term stability, silicon is an attractive structural material for micromechanical resonators.  

For transduction mechanism, capacitive drive-and-sense is considered very 

effective for micromechanical resonators since it could provide large vibrations without 

direct physical contact between the resonating proof-mass and the electrodes. If the 

resonator design is carefully optimized by reducing the vibration energy losses through 

anchor supports, high performance devices could be achieved for diverse applications. 
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1.1   What is a micromechanical resonator?   
 

A micromechanical resonator is a mechanical structure equipped with some transduction 

mechanism that is capable of exciting the resonator to vibrate at its resonant frequency. 

The resonator is usually excited at its fundamental resonance mode. However, 

excitations at its higher-order modes are also possible. The resonant frequency is 

dependent on the type of structural material used for vibrating parts and on the 

geometric dimensions of the resonator. Piezoelectric materials such as quartz or lead 

zirconate titanate (PZT) could be used as an excitation source through piezoelectric 

actuation and sensing techniques. Although piezoelectric resonators have their 

advantages, their major drawback is the process limitation for integration with CMOS 

electronics, with the exception of AlN-based resonators. Furthermore, the drive and 

sense electrodes of piezoelectric resonators are in direct physical contact with the 

resonating body, resulting in higher energy loss and degradation in quality factor.  

For a two-port capacitively driven-and-sensed resonator with parallel-plate 

electrodes, as shown in Figure 1.1, an electrostatic force is generated between the drive  
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Figure 1.1:  Schematic of capacitively driven-and-sensed parallel-plate resonator. 

 



4 

electrode and DC-biased vibrating resonator. When the frequency of drive signal is at 

resonant frequency of the resonator, it is set into resonance and varying capacitance 

changes induce current at the sense electrode. Sense current is usually detected by a 

current-to-voltage converter such as a transimpedance amplifier. Instead of parallel-plate 

gaps, comb-finger electrode gaps have also been used for transduction, usually for low 

frequency ranges, but the overall concept of actuation and detection is the same.     

 

 

1.2   Micromechanical resonator applications 
 

There are a wide range of applications where micromechanical resonators can be used 

for sensing different physical phenomena, such as sensors based on the shift in resonant 

frequency due to changes in stiffness, mass, or temperature. Reported applications based 

on the resonant frequency shift include resonant accelerometers [4-6], vibratory 

gyroscopes [7-11], mass sensors [12-14], biological and chemical sensors [15-17], as 

well as temperature sensors [18]. On the other hand, there are applications that require 

stable resonant frequency such as for timing and frequency reference applications. In 

communications, resonators are typically implemented in devices for frequency 

generation (reference oscillators) and for frequency selection (filters).  

Reference oscillators are normally designed to operate in high HF and low VHF 

frequency ranges. For such frequency ranges, bulk acoustic mode resonators provide 

better performance than flexural type of resonators. A 60-MHz disk resonator reported 

in [19] provides Q in the order of 145,000 in 20-mtorr vacuum. When this disk resonator 

is inserted in an oscillator feedback circuit loop with a sustaining amplifier, a phase 
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noise of -100dBc/Hz at 1 kHz offset from carrier, and -130dBc/Hz at far-from-carrier 

offsets could be achieved. A 13.1 MHz single-crystal silicon resonator excited in a bulk 

square-extensional mode has been demonstrated in [20] with a high Q of 130,000, and it 

exhibits very good measured phase noise of -138dBc/Hz at 1 kHz offset, and far-from-

carrier noise floor is -150dBc/Hz, which satisfies the GSM specifications. Low phase 

noise is the vital performance parameter for an oscillator and usually it is optimized 

further with other signal processing circuit techniques, such as automatic amplitude 

level control reported in [21]. 

Every wireless communication device such as a mobile phone requires highly 

selective filters. The filter at the RF front-end must be able to select the correct receiver 

band, so that only the desired band is amplified for subsequent signal processing. The 

frequency bands allocated for mobile phones, for example, range from 800MHz to 

2.2GHz, while the bandwidth is typically around 20MHz to 75MHz [22]. The 

transmitter band for these systems is usually at only about 20MHz below the receiver 

band. Some communication systems such as CDMA and 3G, antennas are used to 

receive and transmit signals simultaneously. Therefore these kind of systems demand 

highly selective filters for both receiver and transmitter bands. Since they demand low 

insertion loss, steep roll-off and good stop-band rejection, high quality factor for the 

filter is generally desired. Nevertheless for bandwidth requirement, quality factor cannot 

be too high because of trade-off between Q and the coupling of multiple resonators.    

The types of RF filters used today in wireless communications are Surface-

Acoustic-Wave (SAW) filters, ceramic filters, quartz crystals, Bulk-Acoustic-Wave 

(BAW) filters, and Film-Bulk-Acoustic-Resonator (FBAR) filters. Ceramic filters, SAW 

filters and quartz crystals are bulky off-chip components that require dedicated 
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fabrication process and interfacing circuitry for signal processing. Filters developed 

from electromechanically driven resonators on the other hand are usually fabricated with 

surface or bulk micromachining techniques and hence, they could be more easily 

integrated with IC processes for a fully monolithic solution. The capacitive resonators 

require a DC bias voltage for proper operation, which can be an advantage as the DC 

bias can be used to tune the resonant frequency with the possibility of tunable filters. 

However, low level of DC bias is important for integration with low-power IC. Hence, 

the electrode-to-resonator gap must be small in sub-micron range.  

The micromechanical resonators that are coupled to form a filter must scale 

down in size in order to operate in GHz range, as well as with sub-micron electrode gap 

so that insertion loss is kept low. Fabrication issues of creating nm-sized gap must be 

addressed. Moreover, bulk acoustic mode of resonance should be the preferred choice 

over the flexural mode. Bulk mode disk resonators have been shown to operate in GHz 

range with very high Q (Q ~ 10,100 @ 1.5GHz, in air) [23]. Several resonators must be 

coupled in some form to create a highly selective band-pass filter, for which, different 

mechanical and electrical coupling mechanisms could be realized as outlined in [24]. 

Mechanically, resonators can be coupled through a mechanical spring or through their 

clamped anchor support. For electrical coupling approach, three possible methods are 

capacitive coupling, electrical-cascading, and electrostatic coupling. 
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1.3   Performance parameters of resonator 
 

The performance of a micromechanical resonator varies under different physical 

conditions, such as varying pressure or varying temperature, which interfere with the 

natural vibration at resonance and degrade the performance of resonator. One of the key 

parameters for a resonator is its quality factor, which is influenced by multiple loss 

mechanisms, particularly the loss of vibration energy through anchor support. Therefore, 

design and placement of anchor points will either improve or degrade the eventual 

measured Q of the resonator. For capacitive resonators their Q is inversely proportional 

to the motional resistance. The motional resistance of resonator is usually desired to be 

low value for easier impedance matching with other IC electronics.  

Another parameter of interest is pressure stability, that is, how stable the 

resonant frequency and Q are maintained under varying pressure. The performance of 

resonators with capacitive air gaps eventually deteriorate at high pressures due to air 

damping. More collisions with air molecules will make the resonator harder to vibrate. 

So from a practical standpoint, pressure stability of resonator is important especially for 

vacuum packaging. Therefore, clear understanding of how different resonators behave 

under high pressure is valuable information.  

Another criterion for resonator is power handling, that is, how much power the 

resonator can withstand before it deviates from normal operation, and the resonator 

vibrates in nonlinear regime. Nonlinearity of a resonator is largely associated with the 

geometry and the type of resonator. Two types of nonlinearity govern the overall 

nonlinear dynamics of micromechanical resonators: mechanical nonlinearity and 

electrical nonlinearity.  
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Changes in temperature result in corresponding changes in the elastic properties 

of the resonator, which eventually leads to resonant frequency drift. Temperature 

stability is important for oscillator applications that require stable reference frequency. 

Therefore, a method of temperature compensation is necessary for reference oscillators. 

Large amount of resonant frequency drift with temperature on the other hand is useful 

for some applications such as for temperature sensors.      

 

 

1.4   Original contribution in this work 
 

This thesis explores the performance of flexural-mode resonators and bulk-acoustic-

mode resonators. Their performance is examined with regard to the following key 

parameters: quality factor, pressure stability, power handling, nonlinearity, and 

temperature stability. The overall performance of a resonator is heavily influenced by 

the geometry of resonator. Whether the resonator is used for sensors, oscillators or 

filters, it is desirable to attain a resonator design with optimized geometry for high 

performance under various pressures and temperatures.  

During this work we have reported ultra-high quality factor values over one 

million in literature for the first time for micromechanical resonators in MHz frequency 

range. Majority of this work is on quality factor and we observed that losses through 

anchor supports are the main energy losses especially for bulk-mode resonators. 

Performance comparisons are presented for different anchor and device geometry 

designs. This work also presents pressure stability, power handling, nonlinearity and 

temperature stability of various flexural-mode and bulk-mode micromechanical 
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resonators.  Moreover, a new idea for temperature compensation of oscillators is 

proposed and verified with experimental results using a composite resonator design.   

 

 

1.5   Organization of the thesis 
 

Chapter 2 presents the design of micromechanical resonators that are fabricated and 

used in this work, and also describes different characterization techniques used to 

measure their performance. Chapter 3 begins with the investigation on how quality 

factor of resonators are affected by different energy loss mechanisms, and subsequently 

energy losses through anchor support are examined with experimental results for 

different types of resonators. Measurements reveal that bulk-mode resonators generally 

have orders of magnitude higher Q than flexural type of resonators. In Chapter 4, the 

pressure stability of beam resonators and bulk-mode resonators are compared as the 

pressure is varied from high vacuum towards atmospheric pressure. Chapter 5 describes 

what is meant by power handling, and then followed by nonlinear behavior of flexural 

beam resonators, bulk-mode square resonators and disk resonators. Chapter 6 presents 

the resonant frequency shift with temperature, along with the proposed temperature 

compensation method in detail. Our method utilizes different resonant frequency 

characteristics with temperature of a flexural beam resonator and Lamé-mode square 

resonators. Chapter 7 concludes the thesis with suggestions for future works, especially 

in the design of micromechanical resonators for diverse applications, such as for mass 

sensing and wireless communications.      
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Chapter 2  
 

Design and Characterization of Resonators 

 

In this chapter, the design and electrical characterization methods are presented for 

different types of resonators investigated in this work, along with the fabrication process 

used to make these resonators. The different resonators explored in this thesis include 

Clamped-Clamped beams, Free-Free beams (single-ended and differential drive), 

length-extensional rectangular resonators, Lamé-mode square resonators, and wine glass 

mode disk resonators.       

 

 

2.1   Simulation tools for resonator design 
 

Initial device modeling for micromechanical resonators is usually done with Finite 

Element Method (FEM) and Boundary Element Method (BEM) tools such as ANSYS or 

Abaqus, which is used to predict the resonant frequency and analyze the mode shape. 

Although numerical simulation of mechanical and electrostatic interactions can be 

performed with these tools, system-level simulation of the mechanical device along with 

the transistor-level IC electronic circuits cannot be performed. System-level simulation 

is usually desired by the designer for accurate optimization and reduction in design 
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cycle. Currently, some of the available tools for circuit-level behavioural representation 

of MEMS are MEMSPro, MEMSMaster, NODAS, and SUGAR. The general strategy 

with these tools is to break up the MEMS structure into smaller elements and represent 

them as behavioural models, realized in Analog Hardware Description Language 

(AHDL), which can then be simulated in a standard electronics circuit simulator. 

A modeling approach has already been presented in [25] where FEM model is 

transformed into AHDL model after which it is included in a system level simulation, 

and is demonstrated for low frequency (~ 36.5kHz) comb resonators and filters. In 

another behavioral modeling strategy reported by MEMSCAP in [26], a superior method 

has been demonstrated for a behavioural model of a 10-MHz clamped-clamped beam 

resonator embedded within a Pierce oscillator circuit, which was presented as a test case 

of the work previously reported in [27]. This behavioral modelling method for 

micromechanical resonator uses MemsModeler from MEMSPro, which enables 

simulation of MEMS resonator model in AHDL format, and has been verified in 

system-level simulation in Spectre of Cadence [28]. However, the modelling works well 

for Clamped-Clamped beam and Free-Free beam resonators and in agreement with 

theory, it was found to be ineffective for more complex bulk-mode square resonators.  

 

 

2.2   Different types of micromechanical resonators 
 

Early research on micromechanical resonators has been on comb finger type of 

resonators with low frequency of operation. Subsequently, research interests have 

shifted to flexural beam resonators with parallel-plate electrode gap [19, 21, 23], such as 
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Clamped-Clamped beam and Free-Free beam resonators that could operate in MHz 

frequency range. Recent research interests have focused on Bulk Acoustic Wave (BAW) 

micromechanical resonators suitable for oscillator and filter applications [2, 3, 19, 20, 

29-34]. Bulk-mode micromechanical resonators have been shown to provide higher Q 

values and better power handling capabilities compared to flexural type of beam 

resonators [19]. The benefits of differential drive and sense of square resonator in Lamé 

mode have been reported in [34], where differentially driven-and-sensed 173MHz Poly-

SiC square provided a Q of 9,300 in air. Furthermore, an optical characterization of 

square-extensional mode and Lamé mode of a square resonator has been shown to give 

Q values of 87,000 and 37,000 respectively in vacuum, [35]. For micromechanical 

resonators targeted towards VHF or UHF frequency ranges, bulk-mode square 

resonators or contour-mode and wine glass disk resonators have been shown to perform 

well due to their high stiffness. High-Q resonators are desirable for RF communication 

applications, provided that their motional resistance is reasonably low for good interface 

with other RF electronics.  

The following sub-sections will briefly describe different types of resonator that 

are presented in this thesis, and their key performance parameters are explored in the 

following chapters.  

 

 

2.2.1   Clamped-Clamped beam resonator 
 

Clamped-Clamped beam resonator presented in the thesis is designed for lateral 

vibration in two-port drive and sense arrangement as shown in Figure 2.1. When an ac 

source is applied to drive electrode and dc voltage VP is biased to moving resonator, 
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time-varying force is generated and as the ac drive frequency matches the natural 

resonant frequency of the beam, the resonator is set into vibration. The capacitive 

current appears at the sense electrode and it can be detected by a transresistance 

amplifier.  
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Figure 2.1:  Schematic of Clamped-Clamped beam resonator, micrograph and its mode shape.  

 

An expression for resonant frequency (fn) of Clamped-Clamped beam [36] is written as   

ρ
E

L

W
fn 2

03.1= ,                                                 (2.1)   

where E and ρ are Young’s modulus and density of structural material. For E = 170GPa 

(Si <110>) and ρ = 2330 kg/m
3
 for silicon with the geometric dimensions given in 

Figure 2.1, the value fn is about 977.6kHz. The resonant frequency fn is based on 

mechanical vibrations and does not take into account of the electromechanical coupling, 

the effect of which will be discussed further in Section 2.3.1.  
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2.2.2   Free-Free beam resonator 
 

A Free-Free beam resonator is designed to operate in lateral flexural mode, while its 

nodal locations are held in place by four flexural support tethers as shown in Figure 2.2. 

The support tether beams are then attached to four anchors. The combination of two 

support tether beams, fixed from anchor to anchor, form one large Clamped-Clamped 

(CC) beam designed to resonate at the second mode, and its resonant frequency 

designed to equal the fundamental resonance mode of the middle Free-Free (FF) beam. 

This arrangement of matching the resonant frequencies is important to reduce the energy 

losses from the middle Free-Free beam to supporting CC beams and subsequently 

through the anchors. The Free-Free beam is attached to nodal points of the Clamped-

Clamped beams so that energy dissipated by the entire structure is at minimum, so that a 

high Q value could be achieved [37].  

From the mode shape of the resonator structure simulated with ANSYS, as 

shown in Figure 2.2, the displacement of the nodal points is verified to be close to zero. 

In the absence of the electromechanical coupling, the resonant frequency of the Free-

Free beam can be approximated, according to [38], with Euler-Bernoulli equation, 

2
028.1

r

r
n

L

WE
f

ρ
= ,               (2.2) 

where E is Young’s modulus, ρ the density of the structural material, and Wr is the width 

and Lr the length of middle Free-Free beam. For the support CC beams the length Ls is 

taken as the length from anchor to anchor and Ws as the width and h as the thickness of 

the structure. 
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Figure 2.2:  Schematic view of lateral Free-Free beam resonator, micrograph, its dimensions, 

and ANSYS simulation of its resonance mode. 

 

For the case of large Ls–to–Ws and Ls–to–h ratios, the second mode of vibration 

can also be approximated by second order form of Euler-Bernoulli equation. After 

rearranging the terms, the length Ls needs to satisfy 
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where fn is the resonant frequency of middle Free-Free beam. The measured resonant 

frequency of Free-Free beam resonator centers around 654kHz and it agrees well with 

ANSYS simulation result of 660.9kHz. Free-Free beam resonator can also be excited at 

its higher-order resonance modes, such as exciting at second-mode or third-mode. A 

general expression for the resonant frequency of Free-Free beam according to Euler-

Bernoulli equation [39] is  



16 

( )
2

2

122

1

r

r
rin

L

WE
Lf

ρ
β

π
= ,                                       (2.4) 

where Wr = width of the FF beam resonator, Lr = length of the FF beam resonator. The 

term βi is the mode coefficient for the i
th

 vibration mode of a FF beam obtained by 

solving the i
th

 root of the equation [40] given by   

  ( ) ( ) 1coshcos =⋅ riri LL ββ .                                         (2.5) 

For the fundamental, second and third modes of vibration, β1Lr = 4.73, β2Lr = 7.853, and 

β3Lr = 10.996, respectively. The above equation is valid for FF beam resonators with 

large Lr–to–Wr and Lr–to–h ratios. Once Lr is scaled for higher frequencies and becomes 

in the order of Wr or h, more complex calculations based on Timoshenko’s theory are 

required. A schematic view of second-mode Free-Free beam is shown in Figure 2.3.   
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Figure 2.3:  Micrograph of second-mode Free-Free beam, its mode shape and dimensions.      

 



17 

2.2.3   Length-extensional rectangular resonator 
 

Bulk acoustic extensional mode of resonance for a rectangular block can be excited 

along its length or width, as well as along its thickness. For length-extensional resonator 

with length L, its middle region moves with close to zero longitudinal displacement, 

where anchor support is normally placed. The standing wave condition occurs at the 

resonant frequency (fn) of the length-extensional mode [41], given by 

ρλ
E

L

m

L

v
m

v
f ss
n

22
=== ,                                          (2.6) 

where vs is the speed of sound, λ is the wavelength, m is the integer mode number, E is 

the Young’s modulus and  ρ is the density. Figure 2.4 shows the mode shape of the 

length-extensional resonator. 
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Figure 2.4:  Perspective view of length-extensional resonator and mode shape. Compared to 

straight-beam anchor, T-shaped anchor allows lateral movement at the middle.  
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If the width of the rectangular structure is not considerably smaller than its 

length, then there are in-plane lateral movements that are orthogonal to the direction of 

longitudinal wave propagation at the middle of resonator, as shown in Figure 2.4. These 

in-plane lateral movements effectively impose axial stress on the straight-beam tethers 

that are normally placed at the middle, between the resonator and anchor support. By 

replacing the straight-beam tether with T-shaped anchor, these stresses at resonance 

could be relieved, as suggested by modal simulations shown in Figure 2.4. 

When two length-extensional resonators are coupled in a pair with a beam, as 

shown in Figure 2.5, there are two resonance modes: one where both resonators vibrate 

in-sync and the other one with both resonators out-of-sync. The major benefit of 

compact two-resonator pair design is the possibility of differential drive and sense by 

exciting the out-of-sync mode, which will be discussed in Section 2.3.3. 
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Figure 2.5:  Perspective view of two length-extensional resonators in a pair and its mode shape. 
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2.2.4   Lamé-mode square resonator 
 

Two bulk acoustic vibration modes are possible for square resonators, namely square-

extensional mode and Lamé mode (sometimes referred as “wine glass” mode). The 

results presented in this thesis are based on Lamé-mode square resonators where the 

square vibrates with in-plane orthogonal movements. Its mode shape simulated with 

finite element software, Abaqus, is shown in Figure 2.6. 
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Figure 2.6:  Schematic view of Lamé-mode square resonator and its mode shape simulation. 

 

In this mode, adjacent edges of square plate bend in anti-phase while the plate volume is 

preserved. Nodal points of resonance are located at four corners of the square and at the 

centre of the plate, where anchor tether beams can be placed. Placing anchor at the 

centre node is possible in surface micromachining process. From analytical model for a 

free-standing square plate, if the side length of square L is much larger than its 

thickness, the square resonator can be assumed as a thin plate subjected to in-plane 

strain. Resonant frequency fn can be calculated, as outlined in [33], for Lamé-mode as 
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where rm is the integer value for resonance mode order, and ρ is the density. The 

stiffness constant C44, sometimes represented as G, is the shear modulus.  

If the material of the square plate is assumed to be homogeneous and isotropic, 

then the shear modulus term G can also be expressed as 

)1(2 ν+
=

E
G ,                                                   (2.8) 

where E is the Young’s modulus and ν  is the Poisson’s ratio coefficient. 

 

 

2.2.5   Wine glass mode disk resonator 
 

The wine glass disk resonator is supported at the four corners by tether beams attached 

at the quasi-nodal points of the disk, as shown in Figure 2.7, and a similar design is 

previously reported in [42]. As can be seen from the mode shape, the disk is squeezed or 

contracted in one axis while it expands in the orthogonal axis, vibrating along the plane 

of the disk. The vibration mode resembles a wine glass and hence it is termed with the 

name. The resonant frequency (fo) of the wine glass disk resonator can be derived by 

solving the mode frequency equation reported in [43], given by    
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and n = 2 for wine glass mode. Jn(x) is the Bessel function of first kind of order n, R is 

radius of the disk, fo is the resonant frequency, ν is Poisson’s ratio, E is Young’s 

modulus, and ρ is density of structural material. Above equations can be solved to 

derive a simplified equation for resonant frequency as presented in [44] as 

ρπ
E

R
fo

2

6002.1
= ,                                                   (2.10) 

which is dependent mainly on the disk radius and structural properties.   
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Figure 2.7:  Schematic view of wine glass disk resonator and its mode simulation result.  
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2.3   Electrical characterization of capacitive resonators 
 

For the purpose of evaluating the performance a micromechanical resonator, there are a 

number of techniques available to actuate and sense the motion of resonator. The most 

common approach is the electrostatic drive and sense method using electronics. Other 

methods used to characterize the resonator include piezoelectric approach [12, 13], 

optical detection techniques using laser-based photodetectors to detect the vibration 

amplitude [45, 46], measurement based on acoustic phonon detection [47], and using the 

stroboscopic scanning electron microscopy (SEM) [48]. The electrostatic excitation of 

micromechanical resonators with capacitive gap is typically done with an AC source 

along with polarization DC bias, and resulting motional current is sensed with current-

to-voltage converter (transresistance amplifier). This section will present how the 

mechanical resonator is modeled with electrical circuit components, and describe 

different measurement techniques that are used to characterize the resonance.     

 

 

2.3.1   Equivalent circuit model 
 

The response of a micromechanical resonator under electrical excitation can be modeled 

with the classical mass-spring-damper system that is under periodic excitation force F(t) 

as depicted in Figure 2.8. Using Newton’s Second Law of motion, the dynamic response 

of the system can be derived to give 2
nd

 order ordinary differential equation, 
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where m is the effective mass of resonator, δ is the damping coefficient, x is the 

displacement along the x-axis, and k is the effective linear spring constant of the 

resonator.  

 

 

Figure 2.8:  Mass-spring-damper system model for micromechanical resonator. 

 

Given a harmonic driving force of F(t) = Fcos(ωt) = Fcos(2πft), after solving the 

equation (2.11), an expression for the transfer function of displacement to driving force 

of resonator in phasor form is   
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,                               (2.12) 

where ωo is the natural resonant frequency in radian and Q is the quality factor of the 

system. The vibration amplitude of resonator in time domain is then 
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/
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π
,                                (2.13) 

where the resonant frequency fo is  
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and the quality factor is  

δ
mk

Q
⋅

= .                                                       (2.15) 

In Figure 2.9, when the amplitude of vibration is plotted against frequency, near the 

region of resonant frequency (fo) the amplitude response is enhanced by the quality 

factor Q, that is, kFQx /⋅=  at resonance from equation (2.12).       
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Figure 2.9:  Vibration amplitude vs. frequency plot of a typical resonator. 

 

The force that is applied for parallel plate resonators is the electrostatic force and for the 

combined voltage of ac drive (vac) plus the dc-bias (VP), 
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where the term 
x

C

∂
∂

 is the change in electrode-to-resonator capacitance per unit 

displacement. When the equation (2.16) is further expanded,  
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 By ignoring the dc term and much smaller squared term, the magnitude of the force is   
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The capacitance between parallel plate electrode and resonator with electrode area (Ae), 
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Taking the partial derivative 
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 of equation (2.19) and substitute into equation (2.18), 
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where the term ( )2
/1 xd −  complicates things as it introduces nonlinear components 

once expanded out as a Taylor series. If assumption is made that x << d , then  
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If a term is defined as electromechanical coupling factor (η), then the force becomes 

acvF ⋅= η ,                                                      (2.22) 

where the term, 
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The total current through the resonator from drive port to sense port is 
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where the second term of the last part of equation (2.23) is actually termed as the 

motional current (im) at the output electrode of resonator, and also relate to η as below  
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The equation (2.24) can be rearranged to give 
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 and substituted into equation 

(2.11) in order to relate the series R–L–C dynamic system to the mass-spring-damper 

system. Also taking into account of the f(t) as the electrostatic force of equation (2.22),  
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After defining the following terms for motional resistance, inductance, and capacitance, 
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Then, the equation (2.25) becomes  
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The above equation (2.27) is actually Kirchhoff's Voltage Law (KVL) for RLC system 

where time-varying voltages of inductor, resistor and capacitor are summed to equal ac 

drive vac. Given the current and charge relationship of ( )
t

q
tim ∂

∂
= , the dynamic system 

can also be derived as second-order differential equation below 
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and the Q and resonant frequency ωo of this electrical dynamic system are 
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Therefore, with the RLC series circuit model shown in Figure 2.10, equivalent 

representation of the mass is inductor, spring is capacitor, and damper is resistance. 
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Figure 2.10:  R-L-C series equivalent circuit to represent the micromechanical resonator.  

 

Among the assumptions made to derive the basic RLC circuit model, one of the most 

important is that the resonator vibrates in linear region, with linear spring constant. The 

capacitance (Co) in the RLC model represents the feedthrough capacitance across the 

input and output of the resonator. If the value of Co is significant with large feedthrough 

current that could mask the sense current, it could lead to serious problems in detecting 

the response of the resonator. Various ways to suppress this parasitic capacitance is 

discussed further in Sections 2.3.3 and 2.3.4.  

The RLC model can now be used in simulation with other IC circuits to analyze 

the behavior of resonator, such as simulation in PSpice and Cadence. However, the 

coupling factor η is dependent directly on dc-bias VP, and hence the values of Rm, Lm 
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and Cm must be calculated for each case of the VP values, which is rather inconvenient 

and does not predict the dynamic response of the resonator. Therefore, there have been 

research efforts to model the resonator with reduced-order behavioral modeling for 

better system-level simulation method with other drive and sense electronics.  

 

 

2.3.2   Single-ended one-port and two-port architecture 
 

One-port measurement method is the simplest to implement, as it requires only two 

electrodes, one single input electrode and the resonator itself. In this configuration 

shown in Figure 2.11, the equivalent circuit model to represents the resonator is the 

basic series RLC circuit models the motional behavior. The capacitor Co represents the 

static overlap capacitance between the drive electrode and the structure of the resonator. 
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Figure 2.11:  Example of one-port measurement of a beam and equivalent circuit model. 

 

 

The value of Co could become considerably large relative to Rm, so that this capacitance 

term will dominate; resulting in a feedthrough current that effectively masks the 



29 

motional current coming from Rm. Furthermore, Co creates a parallel-resonance with 

frequency fp, [49] given by 

mmo
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π2

+
= .                                             (2.30) 

And usually this frequency fp is close to the resonant frequency, 
mm

o
CL

f
π2

1
= . The 

parasitic feedthrough capacitance can distort the measured signal, shift the resonant peak 

level, and the peak usually is too small to accurately measure the Q. In order to boost the 

resonance response, the electromechanical coupling coefficient term η from equation 

(2.22) will have to be increased. This can be done by either increasing the VP or 

decreasing d, the electrode-to-resonator gap.  

For two-port measurement, at least three conductors are required: two electrodes 

and the resonator, as shown in Figure 2.12.  The dc-bias  VP  is applied to the resonator.  
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Figure 2.12:  Two-port measurement of Clamped-Clamped beam and equivalent circuit model. 
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The AC drive input is applied to one of the electrodes, and motional current from the 

other one is detected. This arrangement can overcome the problem of feedthrough 

capacitance better than one-port method. In the equivalent circuit model, the overlap 

static capacitance between drive and sense is split into half and tied to ground. Other 

remaining capacitances still exist but much smaller and modeled as Cother. The strong 

parasitic effect of Co is alleviated by shunting it to ground. 

Two-port configuration was used to test the Clamped-Clamped beam and Free-

Free beam resonators of this work. Both the resonator and a transresistance amplifier are 

placed inside a vacuum chamber as illustrated in Figure 2.13. Commonly, network 

analyzer is used for characterizing the resonance, which gives a S21 response plot as a 

ratio of output voltage from resonator to input drive levels. DC-bias voltage VP is 

applied directly to the resonator proof-mass and AC signal vac from network analyzer is 

applied to the drive port of the device.  
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Figure 2.13.  Test setup of two-port measurement in vacuum chamber. 

 

 

The die containing the device is wire-bonded on the customized PCB board design and 

the sense electrode kept close to the input of transresistance amplifier. The SOI substrate 
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is grounded to reduce the parasitics caused by the feed-through capacitance. On the PCB 

board, the wire tracks from drive electrode are separated far apart from those of sense 

electrode as to reduce the coupling between drive and sense nodes. The pressure of the 

vacuum chamber is maintained around 37.5µTorr for all the measurements. 

There is also another method of mixed signal technique, in which the resonator is 

excited with another drive input frequency other than the resonant frequency, and it can 

extract out the motional current from other parasitic currents [49, 50]. However, this 

technique requires more complicated measurement setup so usually used as the last 

resort for cases where only one-port or two-port measurement is possible with very 

strong parasitics.  

 

 

2.3.3   Differential drive and sense architecture 
 

If the resonator vibrates with movement in orthogonal axes with anti-phase manner, 

differential drive signals can be applied to excite it. There are several methods for 

exciting Lamé-mode square resonators differentially [34], and two main schemes shown 

in Figure 2.14 are demonstrated to be effective with suppressed parasitic feedthrough 

capacitance. The method of Figure 2.14(a) has the two orthogonal drives at adjacent 

electrodes while sense current can be detected from one or both of the fixed electrodes, 

and the resonator body is biased with VP that serves as virtual ground in ac analysis. In 

Figure 2.14(b), orthogonal (dc + ac) differential drive is applied to four fixed electrodes 

as shown and the sense current is detected from the vibrating resonator body as 

common-mode sensing, and this scheme has been reported to suppress spurious 
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resonance modes even for extensional wine glass ring resonator [51]. Moreover, with 

the latter approach mode excitation is done from all four electrodes instead of two; so it 

increases the detected motional current. The drawback is that multiple ac and dc sources 

need to be coupled/decoupled using inductors and capacitors (namely the Bias-T setup).  
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Figure 2.14: Two possible differential electrode configurations for Lamé-mode square resonator.  

 

Figure 2.15 shows fully differential drive and sense measurement setup 

implemented. The 180° out of phase nature of the adjacent sides of the square resonator 

is very useful in driving the resonator differentially. Resonator’s output current sensing 

may be done using a differential transresistance amplifier setup. Resonator die is wire-

bonded to a PCB along with mounted transresistance amplifier setup, and the whole 

PCB is placed inside vacuum chamber. The polarization voltage VP is applied directly to 

the resonator. An ac drive signal is split into positive and negative signals through a 

single-to-differential conversion circuit. Drive and sense are kept far apart and the SOI 

substrate is also grounded to reduce the parasitics caused by feedthrough capacitances.  



33 

Network 

Analyzer

vi vo

Single to

Differential

+

–

VDC

vd - vd+

vd -

is+

is - 680kΩ

Vacuum chamber

+

–

680kΩ

2pF

2pF

SD

Network 

Analyzer

vi vo

Single to

Differential

+

–

VDC

vd - vd+

vd -

is+

is - 680kΩ

Vacuum chamber

+

–

680kΩ

2pF

2pF

SD

 

Figure 2.15:  Differential drive and sense measurement setup for Lamé-mode square resonator. 

 

A simpler alternative to fully differential sensing method is to obtain frequency 

response S21 transmission from one drive electrode (noted as D in Fig. 4), to 

corresponding sense electrode point (shown as S). That is, S21 plot is obtained for point 

S with respect to point D, while the two AC drives (vd+ and vd–) are simultaneously 

applied. This simplified sensing setup is sufficient to acquire a good response for 

characterization of Lamé-mode square resonators. 

Normally, length-extensional resonator is driven and sensed in one-port or two-

port electrical configuration. Such single-ended drive and sense configuration has 

unavoidable feedthrough capacitances, and resonance peak becomes small such that 

measurement of precise Q is difficult. In our approach, anti-phase mode of the two 

adjoining resonators (mode shape in Figure 2.5) are used where differential drive signals 

are applied as shown in Figure 2.16, and S21 response can be obtained from either one of 

the sense electrodes.  
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Figure 2.16:  Setup for differential drive of two adjoining length-extensional resonators. 

 

For characterization of resonant frequency, sense signal from one of the 

resonators is sent to input of transresistance amplifier setup. With this method, less than 

1dB drowned S21 signal within parasitics can be improved to peak heights above 20dB. 

The whole resonator mass is biased with single dc bias voltage (VP).The major benefit of 

this beam-coupled two-resonator pair design is the possibility of differential drive and 

sense. There is also no need to use external tuning capacitor that is required for negative 

capacitance cancellation described in Section 2.3.4 below. 
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2.3.4   Negative-capacitance feedthrough cancellation 
 

The electrical equivalent model for resonator includes unavoidable feedthrough parasitic 

capacitance (Co) as shown previously in Figure 2.10. A method to remove this electrical 

feedthrough parasitic has been demonstrated in [52], which is done through system-level 

circuit implementation. This is achieved by using differential outputs from a single-to-

differential amplifier block with one of the differential signals is placed at the driven 

input of the resonator as shown in Figure 2.17. The other anti-phase output from single-

to-differential is sent to a tuning capacitor (Ctune) placed parallel to the resonator, as a 

way to compensate the feedthrough capacitance that is also parallel to the resonator. 

With properly compensated Ctune, significant cancellation of the unwanted feedthrough 

capacitance Co can be achieved. 
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Figure 2.17:  Circuit schematic for negative capacitance feedthrough cancellation method. 
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Moreover, instead of an external capacitor Ctune, another separate identical 

resonator to the resonator under test can also be used for negative cancellation of 

feedthrough capacitance, as an on-chip self-compensation scheme [53], as shown in 

Figure 2.18. Both resonators can be on the same chip at close proximity, and if the 

device layout is identical, both resonators should have almost identical capacitance 

across drive and sense electrodes.   
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Figure 2.18:  Feedthrough capacitance cancellation method with another dummy resonator. 

 

In this setup, the dummy resonator is static and not excited at all, that is, no dc-bias is 

applied. Once again, one of the outputs from the single-to-differential amplifier is used 

to drive the resonator under test, while the other differential output is applied to the 

drive electrode of the dummy. Since the dummy one is static, it does not contribute with 

motional current and only has feedthrough current, so it acts as a capacitive element in 

anti-phase that compensates the feedthrough capacitance Co of vibrating resonator.     
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2.4   Device fabrication process 
 

The composite resonator die was fabricated using a commercial MEMS process, 

SOIMUMPs provided by MEMSCAP [54]. It is a 4-mask level SOI patterning and 

etching process and cross-sectional view of the layers is shown in Figure 2.19. The top 

structural Silicon layer is N-type doped and customers have a choice for its thickness as 

either 10µm or 25µm. The bottom Silicon substrate is 400µm thick, and the oxide layer 

between top Silicon and substrate is either 1µm thick (10µm top Si) or 2µm thick (25µm 

top Si).  
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Figure 2.19:  Cross-sectional view showing all layers of SOIMUMPs process by MEMSCAP. 

 

The overall process is outlined below: 

1) The “pad metal” layer with 0.52µm in thickness is first patterned on the top 

Silicon layer for ohmic contact through liftoff process, 
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2) Movable structures and anchor regions are lithographically patterned on the top 

Silicon layer and subsequently etched with Deep Reactive Ion Etching (DRIE), 

3) Frontside protection layer is applied to protect the top Silicon layer, and the 

substrate Silicon is lithographically patterned from backside using the third mask, 

4) DRIE of substrate is done to create deep trenches up to the buried oxide layer, 

5) A wet etch process is then used to remove this oxide layer in the trench regions, 

and along with a dry etch process to strip away the frontside protection, Silicon 

structures are “released” as movable mechanical parts,  

6) Then, 0.65µm thick “blanket metal” layer is deposited and patterned using a 

shadow masking technique.     

 

By using this backside etch release method, frontside release process with small 

etch holes can be avoided and large solid movable structures can be fabricated. For 

example, having fully-solid medium is important for better propagation of acoustic 

vibrations for bulk-mode resonators. The backside release also offers the advantage of 

reducing parasitic capacitances between device structures and grounded substrate, which 

is invaluable for extracting small motional currents at higher frequencies.  

Of the two types of metal layers: pad metal is best for small electrode pads and 

for finer metal interconnects; while the blanket metal is good for bond pads, optical 

mirror surfaces, large electrical routings and contact point to the substrate. Low 

resistivities of the structural layer and the substrate are highlighted in Figure 2.19. As to 

minimize the quality factor reduction from ohmic losses, all the electrodes are coated 

with pad metal whose sheet resistance is as low as 0.055Ω/sq. The minimum feature size 

for top structural Silicon is 2µm, therefore the electrode gap is limited to 2µm as well. 
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2.5   Summary 
 

The micromechanical resonators designed and fabricated can be classified into flexural 

mode and bulk acoustic mode resonators. Different resonator types investigated in this 

study for their performance are Clamped-Clamped beam, Free-Free beam (fundamental 

mode and second mode), Length-extensional rectangular resonators (single and two-

resonator pair), Lamé-mode square resonators, and wine-glass mode disk resonators. 

Various electrical characterization techniques outlined in this chapter are one-port, two-

port, mixed signal, differential architecture, and negative capacitance feedthrough 

parasitic cancellation. Presented techniques also apply to other types of capacitive 

resonators based on electrostatic excitation as well. Various performance parameters can 

be investigated using the measurement techniques described in this chapter. The 

following chapters will explore each of the main performance parameters of the 

resonators in detail to further understand their behavior under various pressure levels 

and temperature conditions.  
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Chapter 3  
 

Quality Factor of Resonators 

 

In this chapter, quality factor is evaluated for different types of resonators that have been 

presented in previous chapter. Comparison of quality factor is made for resonators with 

different geometry such as the type of anchors, number of anchor supports, and 

thickness of structural material. A brief description of different energy loss mechanisms 

that contribute to the quality factor is presented. Moreover, energy losses through anchor 

support are observed as one of the key factors that will limit the Q performance as the 

resonators are scaled to higher frequencies.  

 

 

3.1   Definition of quality factor 
 

The basic definition of quality factor for a resonator with mechanical vibration is the 

ratio of maximum energy stored per cycle (Estored–max) to energy dissipated per cycle of 

vibration (Edissipated) [55] as 

dissipated

stored

E

E
Q max2 −= π .                                                 (3.1) 

Therefore, in order to achieve high quality factor, stored vibration energy must be 

optimized while energy dissipation should be kept at minimum. Another definition for 
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quality factor that is useful for resonance response obtained through electrical 

characterization is the ratio of resonant frequency (fo) to the frequency bandwidth at 3dB 

below the resonance peak (∆f3dB), expressed as  

dB

o

f

f
Q

3∆
= .                                                      (3.2) 

The energy dissipation and quality factor can also be expressed in the form of a 

complex-valued resonant frequency, which is useful in simulation tools that calculate 

the eigenfrequency (ω) of the resonance mode [56]. The real part gives the resonant 

frequency and the imaginary part corresponds to the damping as below 

)Im(

)Re(

2

1

ω
ω

=Q .                                                     (3.3) 

A higher Q along with the associated lower motional impedance for a resonator 

translates to improved stability for oscillators, better frequency selectivity for filters, and 

enhanced sensitivity and resolution for a resonant sensor. 

 

 

3.2   High-Q resonators in literature 
 

Impressive frequency-Q products in the order of ~10
13

 have been demonstrated for 

electrostatically transduced bulk-mode resonators [30, 31, 2, 57]. One major challenge 

faced by micromechanical resonators is interfacing directly with RF electronic circuits, 

given their large series motional resistance (Rm). Thus, high-Q resonators are desirable 

for communication circuits, and their motional resistance must be reasonably low for 

good interface with IC electronics. Performance of 13.1MHz square-extensional mode 
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oscillator outlined in [20] has a Q value of 130,000 in vacuum, along with low phase 

noise that satisfies the GSM specification. Another possible bulk-mode excitation of 

square resonator is to operate in Lamé mode. The benefit of differential drive-and-sense 

of Lamé mode square resonator is reported in [34], where differentially driven-and-

sensed 173MHz Poly-SiC square resonator had a Q of 9,300 in air. 

Although a 92MHz free-free beam resonator has been shown to have a Q of 

7450 at 50µTorr [38], and a 71.7MHz corner-support square plate resonator is reported 

to have a Q of 17,500 at 200µTorr [59], using bulk mode or contour mode disk 

resonators, Q could be enhanced to higher values, such as in the order of 145,000 for a 

60MHz wine-glass disk resonator under 20-mTorr vacuum [42]. Other bulk-mode 

resonators have also been shown to provide high Q’s > 100,000. A summary of selected 

high-Q resonators found in literature is listed in Table 3.1, and suggests that higher Q 

values are achievable when excited in bulk mode, whether the resonator is a square, a 

disk, a ring, a beam, or a rectangular block. Moreover, stiffer materials provide better Q 

values even in air, as in the case of 1.51GHz nanocrystalline diamond disk resonator 

[30] and 173MHz Poly-SiC square resonator [34].  

A scaling product of resonant frequency and quality factor (fo × Q) is usually 

used as a performance measure, which is also listed in Table 3.1, and it highlights the 

superior performance of bulk-mode resonators. The fo−Q products for bulk acoustic 

mode resonators presented in this thesis are in the order of ~10
13

, and high quality factor 

is sustained at relatively high pressures. If the quality factor values from Table 3.1 are 

plotted against corresponding resonant frequency and shown in Figure 3.1, it show that 

Q is roughly proportional to the inverse of resonant frequency, and as the target 

frequency is increased the Q value will come down.  
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Table 3.1:  Resonant frequency and quality factor of high-Q resonators reported in literature, 

along with (fo × Q) product at tested pressure. 

 

Resonator Design fo Q (fo ×××× Q) Pressure 

a) Free- Free beam [38] 92MHz 7,450 6.85 × 10
11

 50µTorr 

b) Flexural square plate [59] 71.7MHz 17,500 1.25 × 10
12

 200µTorr 

c) Wine-glass disk [42] 60MHz 145,780 8.75 × 10
12

 20mTorr 

d) Diamond disk [30] 1.51GHz 10,100 1.53 × 10
13

 Air 

e) Hollow-disk ring [31] 1.2GHz 14,600 1.75 × 10
13

 Vacuum 

f) Elliptic bulk-mode disk [65] 149.3MHz 45,700 6.82 × 10
12

 100mTorr 

g) Width-extensional SiBAR [66] 100MHz 92,000 9.20 × 10
12

 Vacuum 

h) Length-extensional beam [32] 12MHz 180,000 2.16 × 10
12

 0.01mbar 

i) Extensional-mode square [20] 13.1MHz 130,000 1.70 × 10
12

 0.01mbar 

j) Poly-SiC Lamé-mode square [34] 173MHz 9,300 1.61 × 10
12

 Air 

k) SOI Lamé-mode square [35] 12.1MHz 37,000 4.48 × 10
11

 1mbar 

l) SOI Lamé-mode square [67] * 12.9MHz 800,000 1.03 × 10
13

 36µTorr 

m) Lamé-mode squares [68] * 6.35MHz 1,700,000 1.08 × 10
13

 36µTorr 

n) Wine glass disk resonator [57] 5.4MHz 2,000,000 1.08 × 10
13

 Vacuum 

o) Quartz crystal [1] 10MHz 1,300,000 1.30 × 10
13

 Vacuum 

     * Resonators of this work 

 

It can be seen from Figure 3.1 that the fo−Q product of different resonators may 

be constant for a given mode shape with the same material. If there is a limit line 

representing the maximum achievable Q for a particular type of resonator, then it serves 

as a measure of how efficient the anchor design with minimum energy losses when 

measured quality factor is compared with the predicted Q limit value. From theory 

reported in [60] that for bulk-mode resonators Q value prediction based on physical 

properties of material is inversely proportional to the resonant frequency. 
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Figure 3.1:  Q vs. frequency plot in log-log scale of reported resonators in literature with fo–Q 

products as listed in Table 3.1. 

 

The quality factor cannot be improved indefinitely, at some point it must hit the 

ultimate physical limit of the material. For bulk-mode micromechanical resonators with 

properly designed anchor support, the maximum achievable Q limit is imposed by the 

thermoelastic dissipation and/or phonon damping (termed Akhieser effect) that was 

originally described by A. Akhieser [61]. Two theories exist in literature to explain the 

acoustic attenuation in single crystal materials, one by Woodruff and Ehrenreich [62] 

and the other by Mason and Bateman [63]. More recently the study of acoustic 

attenuation in silicon is reported in [64], and overall, the attenuation is highly dependent 

on the temperature and the direction of wave propagation. Understanding the attenuation 

of acoustic waves due to interaction of acoustic phonons and thermal phonons would be 

very helpful in the analysis of measured quality factor for bulk-mode resonators.      
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3.3   Quality factor limitation by loss mechanisms 
 

Simulation and prediction of accurate Q value for a resonator is not a straightforward 

task due to difficulty in modeling various loss mechanisms. In general, different energy 

dissipation mechanisms contribute to the quality factor. A value for quality factor is 

derived for each individual loss mechanism, and the inverse of the individual Q’s are 

summed to give an overall expression, 

∑=
indtotal QQ

11
.                                               (3.4) 

Depending on the designed geometry of the resonator, various energy losses that could 

reduce the Q may come from intrinsic material damping, air damping, thermoelastic 

dissipation (TED), anchor losses, and other surface loss mechanisms [69-71]. These 

various Q-limiting factors on the overall Q (Qtotal) is usually expressed as below 

otherssurfaceTEDairanchortotal QQQQQQ

111111
++++= ,                     (3.5) 

where each term represents the contribution to Qtotal from corresponding energy loss 

mechanism. Therefore, Q with respect to a particular loss mechanism is calculated 

independently and summed into equation (3.5) as Q
-1

 term. So the mechanism with 

lowest Q is considered as the dominant loss mechanism. Losses due to air damping can 

basically be negligible by placing the resonator in vacuum.  

The term Qair is inversely proportional to the pressure above a certain pressure 

level, and this level is in the range of 0.1Pa to 1Pa for flexural tuning fork beam 

resonators reported in [70]. Qsurface is relatively large for resonators with large surface-

to-volume ratios, which is the case for large bulk-mode resonators. 
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As mentioned in [69], QTED is much larger than Qanchor (Q due to support losses at 

anchors) for disk resonators in VHF and UHF range. Therefore, Qtotal for square bulk-

mode resonator is likely not limited by TED either. A detailed analysis of TED and 

simulation methods for Q of different beam resonators is reported in [71], in which 

theoretical simulations of QTED and experimental Q are highly correlated for flexural 

beams, and thus Q of flexural beam is limited by TED. It is also reported in [71] that 

QTED simulations for longitudinal or length-extensional bulk resonators is one or two 

orders of magnitude higher than measured Q, suggesting that TED does not contribute 

significantly to overall energy losses. For a square resonator in Lamé-mode at resonant 

frequency in HF and VHF range, there is little expansion in volume and TED is 

probable not the dominant loss mechanism. 

Therefore, anchor losses could be the dominant Q-limiting factor for bulk-mode 

resonators. It is through the anchors that vibration energy of resonator is dissipated 

through elastic wave propagation. Analytical models for Q have been formulated in [69] 

for bulk-mode side-supported disk and centre-supported disk resonators, and shown to 

be correlated to measured Q values. The models are derived from physical phenomenon 

that deformations of the disk induce stress at the boundary region between the anchor 

beam and supporting substrate, and that this stress acts as an excitation source for elastic 

waves that propagate and lost through the substrate.  

The same concept could be applied to Lamé-mode square resonator, where 

lateral rotational tilting motion of square corner at resonance introduces shear stress on 

the anchor support structure. Therefore, for Lamé-mode square resonators in vacuum 

with negligible air damping, anchor losses are probably the dominant loss mechanism 

governing the overall quality factor. 
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Depending on the design of the resonator the anchor losses could be the 

dominant Q limiting factor for bulk-mode resonators. It is through the anchors that 

vibration energy of resonator could be lost as elastic wave propagation. Anchor loss 

simulation method has been reported in [56], termed as a perfectly matched layer (PML) 

method that allows efficient modeling of energy losses through the substrate. This PML 

method was applied in the development of HiQLab, a finite element simulation tool that 

could simulate the effects of TED and anchor loss damping mechanisms. 

For bulk acoustic wave (BAW) resonators operating in high vacuum, even if 

anchor losses are minimized such that they can be assumed no longer dominant, there is 

still elastic damping within structural material that will attenuate the acoustic vibrations. 

An expression for this elastic damping could be complicated due to its dependence on 

many factors such as temperature, the type and frequency of vibration, and so on. 

However at room temperature, the acoustic vibration losses within the material can be 

represented by a viscous damping component [72]. The overall relationship between 

stress and strain in tensor form can be represented as 

∑∑
= =









∂

Ψ∂
+Ψ=Τ

3

1

3

1k l

kl
ijklklijklij

t
C γ ,                                   (3.6) 

where Τij is the stress field, Ψkl is the strain field, and Cijkl is the second rank stiffness 

tensor. The second term of equation (3.6) is added to include the time derivatives of the 

strain ( )tkl ∂Ψ∂ , where γijkl serves as viscosity tensor that relates the time derivatives of 

strain tensor to the stress tensor Τij.  

The x-, y-, and z- axes are assigned with numbers 1, 2, and 3, respectively. The 

subscripts ij and kl represent the relation between the axes, for example, Τij = Τ12 refers 
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to shear stress between x-axis and y-axis. The notation can be further simplified using 

the symmetry nature of stress and strain tensors, that is, Τij = Τji, Ψij = Ψji, Cijkl = Cjikl, 

and Cijkl = Cijlk. Then, the four-number notation ijkl can be simplified to two-number 

one, that is, 11 → 1, 22 → 2, 33 → 3, 23 or 32 → 4, 13 or 31 → 5, and 12 or 21 → 6. 

For example, Τ12 becomes Τ6 and C2332 then becomes C44.        

Then, the viscosity tensor γijkl can be represented by 6 × 6 matrix [ γ ] of viscosity 

constants. Since the acoustic wave amplitude eventually decays in a lossy medium, an 

attenuation factor can be derived as a measure of acoustic attenuation. For longitudinal 

acoustic wave propagating in single crystal cubic material along the cube edge, the 

attenuation factor (α ) can be expressed [72], in (dB/m) as 

( )2

11

11

11

2343.4 f
CC

π
γρ

α 







= ,                                        (3.7) 

where C11 is a stiffness constant and γ11 is the corresponding viscous damping that 

relates strain Ψkl and stress Τij, ρ is the density of material, and f is the vibration 

frequency. From equation (3.7), the acoustic attenuations at room temperature in single 

crystal materials, such as single crystal silicon, increase with the square of the 

frequency. The acoustic attenuation is measured by amplitude ratio over distance usually 

in units of decibel (dB) per meter. For silicon, stiffness constants of silicon reported in 

[73, 74] are C11 = 165.7GPa, C12 = 63.9GPa, C44 = 79.56GPa. Then, the viscous damping 

γ11 can be calculated in units of N.s/m
2
. Therefore, for longitudinal acoustic waves 

propagating in single crystal silicon, a term called acoustic quality factor (Qa) [72] can 

be defined as 

   
11

11

2 γπf
C

Qa = .                                                     (3.8) 
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The acoustic quality factor of equation (3.8) is actually based on wave attenuation per 

wavelength (λ), so if the bulk mode of resonator has acoustic standing wave over the 

length of λ21 , such as the length-extensional resonators presented in Section 2.2.3, 

then the equivalent acoustic quality factor is (2 × Qa). This quality factor estimate 

indicates the best possible Q a length-extensional resonator can achieve if other energy 

losses such as anchor losses are at very minimum. 

The acoustic quality factor formula is actually different for different type of 

waves such as longitudinal waves or shear waves, as well as the direction of propagation 

along crystal cube edge or along face diagonal. The attenuation factor and acoustic 

quality factor formulas in equations (3.7) and (3.8) can be modified for shear (or 

transverse) acoustic waves propagating along cube edge by replacing C11 and γ11 terms 

with shear modulus C44 and viscosity constant γ44 as 

               ( )2
44

44

44

2343.4 f
CC

π
γρ

α 







= ,                   

44

44

2 γπf

C
Qa = .                     (3.9) 

The viscous damping described above is a general expression for acoustic 

attenuation that is contributed by thermoelastic damping and Akhieser damping. TED 

for longitudinal acoustic wave is mainly due to heat conduction from compression 

regions to rarefaction regions. Therefore, TED contributions for Lamé-mode square and 

wine glass disk resonators are at minimum because these modes are based mainly on 

shear waves that do not produce changes in volume of structural material. At a certain 

temperature, all materials have thermally-excited phonons (intrinsic acoustic waves) that 

are in equilibrium. When longitudinal or shear acoustic waves propagate through the 

material they disrupt this phonon equilibrium and induce phonon-based Akhieser 
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damping [72]. Therefore, viscous damping due to Akhieser effect applies to both 

longitudinal wave and shear wave propagation within the resonators.  

The results reported in [72] indicate that the acoustic wave attenuation generally 

increases in single crystal materials in the order of insulator → semiconductor → metal. 

For example for copper and gold, the acoustic attenuation factor for longitudinal wave is 

2.7dB/m and 2.0dB/m at 10MHz, respectively, which is more than 20 times the 

attenuation factor in single crystal silicon of roughly 0.1dB/m at 10MHz. Furthermore, 

acoustic attenuation within polycrystalline materials is usually much larger than that 

with single crystal materials, so bulk-mode resonators made from polysilicon should 

perform worse than the single crystal silicon bulk-mode resonator.       

 

 

3.4   Flexural mode versus bulk acoustic mode 
 

Mechanical vibrations of flexural-mode resonators are characterized by some type of 

out-of-plane deflection, for example, a beam with different boundary conditions, or a 

square with out-of-plane fluctuation. Bulk-mode resonators on the other hand are 

characterized by in-plane vibrations with the entire body extending or contracting due to 

coupled acoustic wave vibrations within the body of resonator.  

From the perspective of high-Q performance for micromechanical resonators, 

bulk-acoustic-mode or contour-mode type of resonators provide better performance 

mainly due to their high stiffness and larger vibration energy storage capacity compared 

to flexural-mode resonators, as the dimensions are scaled for higher frequencies. When 

the dimensions for a flexural-type resonator become smaller for higher resonant 
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frequency, Q value usually goes down severely along with a decrease in power handling. 

Moreover, the increase in anchor losses for Clamped-Clamped beams become very large 

as frequencies get higher, to the point where at 70 MHz, Q drops to only 300 [58].       

 

 

3.4.1   Flexural-mode beam resonators 
 

A resonance plot of Clamped-Clamped beam design presented in Section 2.2.1, driven at 

60V dc and 61mVpp ac, is shown in Figure 3.2. Measured quality factor using equation 

(3.2) is 4,059 at resonant frequency of 917.1kHz in vacuum, and the phase plot shows 

the typical 180° phase shift at resonance. The resonant frequency is measured in two-

port setup and S21 plots from network analyzer are recorded.   
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Figure 3.2:  Measured S21 transmission of 917.1kHz Clamped-Clamped beam resonator. 
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As shown in Figure 3.3, measured resonant frequency depends on dc-bias VP, 

and it shifts to lower frequency with increasing VP. This well-known characteristic of 

capacitive micromechanical resonator is termed negative electrostatic spring softening. 

The resonant frequency predictions derived from mechanical vibration theories 

presented in Section 2.2 is incomplete for capacitive resonators. 
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Figure 3.3:  Plots of resonant frequency and Q vs. dc-bias voltage VP for CC beam resonator. 

 

A more accurate expression of resonant frequency taking into account of 

electromechanical coupling is given by 

eff
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ππ 2

1

2

1
,                                   (3.10) 

where keff and meff are effective spring constant and mass, km is the linear mechanical 

spring constant, and ke is the linear electrical spring constant. Equation (3.10) can then 

be further derived to give 
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where fn is the nominal resonant frequency of ideal resonator without coupling that is 

derived from mechanical vibration theory. The exact value of linear electrical spring 

constant ke depends on how exactly the resonator is driven in one-port, two-port, or 

differential drive architecture as described previously in Section 2.3. For the case of 

two-port capacitively driven-and-sensed resonator with parallel-plate electrodes as 

shown in Figure 2.12, the term ke can be expressed as    

2

3

2
P

eo
e V

d

A
k

ε
−= ,                                               (3.12) 

where εo is permittivity of free space, Ae is the area of parallel-plate electrode overlap 

region on one side, and d is the electrode-to-resonator gap. The “negative” sign for ke 

indicates that the electrostatic spring force acts in a direction opposite to the mechanical 

restoring force. Above ke expression assumes that the resonator is in linear vibration 

mode. Further complications due to nonlinearities will be discussed in Chapter 4. So the 

overall expression for resonant frequency (fo) becomes 
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The equation (3.13) indicates that resonant frequency is dependent on the dc-bias VP. 

The ability to tune the resonant frequency with dc-bias can be very advantageous for 

micromechanical resonators and this phenomenon has been used for tunable filters and 

temperature compensation of resonator oscillators. From the plot of fo vs. VP in Figure 
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3.3 and using equations (3.10) and (3.12), linear mechanical stiffness km and effective 

mass meff for this CC beam is extracted as 3513.6 N/m and 1.05×10
-10

 kg, respectively.   

From Figure 3.3, the quality factor of CC beam resonator is also dependent on 

dc-bias voltage, dropping from 5,500 to 4,000 over the measured VP range. From the 

resonator model, the equation (2.15) indicates the dependence of Q on the effective 

spring constant (keff), that is, 
δ

effeff mk
Q

⋅
= . Since the damping coefficient δ is 

inherently a mechanical property and not dependent on the electrical stiffness, measure 

quality factor can be expressed by 

2/1
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where measured Q is the nominal quality factor (Qnom) multiplied by a term that includes 

the electrical stiffness. Since the electrical stiffness is dependent on VP, measured Q is 

also dependent on the dc-bias voltage. Also, the tuning effect of frequency and Q from 

equations (3.11) and (3.14) does not take into account of variations in actual gap d, We 

and h of electrode coming from fabrication process. 

For Free-Free beam resonator design from Section 2.2.2, it is driven at the 

fundamental mode. Measured resonant frequency of FF beam resonator centers around 

654kHz and it agrees well with Abaqus simulation result of 660.9kHz. The dependence 

of resonant frequency on VP can be seen clearly from Figure 3.4. Measured Q of FF 

beam also varies with different VP bias as in the case of CC beam resonator, and these 

data were measured at low vac to ensure linear mechanical motion. Figure 3.5 illustrates 

the Q plotted for different VP, as well as the shift in fo with VP. The Q value dropped 

from 16,400 to 8,200 as VP was increased from 20V to 80V, all measured in vacuum.    
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Figure 3.4:  Measured transmission curves for different VP bias at fixed vac of 61.4mVpp for 

fundamental-mode Free-Free beam resonator. 
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Figure 3.5:  Plots of resonant frequency and Q vs. dc-bias VP, showing their dependence on VP 

for Free-Free beam resonator excited at fundamental mode. 
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Observed large reduction quality factor of about 50% cannot be explained only 

with Q variations due to dependence of electrical stiffness on VP according to equation 

(3.14). The possible reason for this large decrease in Q, as suggested in [37], is likely 

due to enhanced energy transfer between middle beam and the support beams as the 

measured resonant frequency shifts from second-mode resonance of the supporting 

beams, eventually leading to larger losses through the anchors. Another factor that 

somewhat contributes to the decrease in Q is the measurement error. As shown in Figure 

3.4, the gap between the anti-resonance and the resonance peaks gets nearer as VP is 

decreased. Since the Q value is experimentally measured using 3dB bandwidth method, 

it tends to over-estimate the Q value when the anti-resonance is near the resonance peak.  

The resonant frequency shift observed in Figure 3.5 due to negative spring 

softening with increased VP can be expressed with equation (3.13). This spring softening 

effect takes into account of contributions from both drive and sense electrodes. The 

extracted linear mechanical spring constant km and effective mass meff from Figure 3.5 

are 6624.9 N/m and 3.92×10
-10 

kg, respectively. The peak value of S21 transmission 

curve in Figure 3.4 on the other hand increases with increasing VP, which is due to the 

dependence of resonator output sense current on VP. Since the motional current from 

equation (2.24), 
t

x

x

C
Vi Pm ∂

∂
∂
∂

= , is converted to voltage by transresistance amplifier and 

subsequently detected by network analyzer, changes in VP corresponds to proportional 

changes in resonance peak of S21 transmission curve.  

If we consider the second-mode Free-Free beam resonator presented earlier in 

Section 2.2.2, the Euler-Bernoulli's resonant frequency according to equation (2.4) is 

572.82kHz and ANSYS-simulated fo is 586.1kHz. The measured resonant frequency is 

about 10% lower at 530kHz due to process variations and also anchor region not fixed 
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exactly right the end of the support beams. Figure 3.6 presents the frequency response 

curve for the resonator with a dc-bias voltage VP of 20V, ac drive of 130mVpp, and the 

Q is about 11,418. The resonator is driven and sensed in fully differential configuration 

outlined in [34], so that the anti-resonance is relatively far away even at 20V dc-bias. 

The transmission of the second-mode FF beam resonator is more symmetric than that of 

the fundamental-mode FF beam, and leads to more accurate Q measurement. 
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Figure 3.6:  S21 response of second-mode Free-Free beam resonator that is differentially driven, 

measured Q is about 11,418 at VP of 20V. Anti-resonance is away from the peak.  

 

 

Figure 3.7 illustrates the VP – dependence of both the resonant frequency and 

quality factor. Electrostatic spring softening that shifts fo with increase in VP observed 

here again can be explained with similar expression as equation (3.13), with total 

electrode area contributing from four electrodes. When linear mechanical stiffness and 

lumped effective mass is extracted from resonant frequency vs. VP plot of Figure 3.7, km 

is 6277.8
 
N/m and meff is 5.67×10

-10 
kg. 
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Figure 3.7:  Plots of resonant frequency and Q vs. dc-bias VP for Free-Free beam resonator 

differentially excited at second mode. 

 

The quality factor reduction with increase in VP from 20V to 60V is already 

more than 50%, similar characteristic as that of fundamental-mode FF beam, due to 

enhanced vibration energy losses through the support beams as the dc-bias is increased.  

 

 

3.4.2   Bulk-acoustic-mode resonators 
 

Bulk-mode single crystal silicon resonators tested that are in MHz frequency range 

reveal measured ultra-high Q’s above one million. Performance of three different types 

of bulk-mode resonators are presented in this sub-section: Lamé-mode square resonator; 

wine glass mode disk resonator; and length-extensional resonator pair.  
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A square resonator was designed and fabricated to operate in Lamé mode, its 

mode shape simulated with finite element software, Abaqus, and a micrograph of the 

resonator is shown in Figure 3.8 with 60µm×10µm anchor. In this mode the edges of 

square plate bend in anti-phase while the plate volume is preserved. The length of the 

square edge is designed as 650µm. The anchor tether beams are placed at the nodal 

points of the mode, at the four corners of the square, as to minimize vibration energy 

losses through the support.  
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Figure 3.8:  A) Micrograph of a Lamé-mode 650µm square resonator, B) Abaqus simulation of 

its mode shape, and C) zoomed-in view of anchor region. 
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Resonant frequency simulation from finite element software ANSYS is 5.94MHz 

using the material properties of SOIMUMPs process, E = 179GPa, ν = 0.29, and ρ = 

2330 kg/m
3
, which also matches with the calculated fn based on combination of 

equations (2.7) and (2.8) from Section 2.2.4. The resonant frequency values predicted by 

above methods assume a thin square plate with isotropic material, and also calculated 

shear modulus according to equation (2.8) is 69.38GPa. However, the measured shear 

modulus C44 for single crystal silicon is 79.56GPa [73, 74]. Hence, resonant frequency 

value given by equation (2.7) using the measured C44 actually provides a better 

prediction for the measured resonant frequency of Lamé-mode square resonators of this 

work. Using the reported shear modulus, C44 = 79.56GPa, calculated resonant frequency 

is 6.357MHz, which matches very well with measured value of 6.353MHz shown in S21 

transmission plot of Figure 3.9.  
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Figure 3.9:  Measured transmission curve of 6.353MHz Lamé-mode square resonator, biased at 

60V dc and 62mVpp ac drive. The Q measured is about 1.7million. 
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The measured quality factor is about 1.7million in vacuum pressure of 36µTorr, 

biased at VP of 60V and 62mVpp ac drive. As can be seen from the Figure 3.9, the anti-

resonance peak due to feedthrough parasitic capacitance is suppressed due to fully 

differential drive and sense electronics described earlier in Section 2.3.3. With the 

differential test setup, motional and feedthrough currents are drained at the resonator 

proof-mass node as the virtual ground, without charges passing through the anchors 

[34]. The corresponding phase plot in Figure 3.9 shows the expected sharp change in 

phase at resonance.  

 

Disk resonators with different anchor designs shown in Figure 3.10 are tested for 

wine glass mode with measurement setup of similar differential drive architecture as that 

used for Lamé-mode square resonators, and a transmission plot is shown in Figure 3.11.  
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Figure 3.10:  Micrograph of 6.8MHz wine glass disk resonators with different anchor geometry: 

(a) straight-beam anchor and (b) T-shaped anchor.  
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Figure 3.11:  Resonance plot of 6.803MHz wine glass disk resonator with straight-beam 

anchors. Measured high Q is 1.17million, biased at 100V with low ac drive of 62mVpp.   

 

The resonant frequency of 650µm–diameter disk resonator from Figure 3.10(a) 

with straight-beam anchor is measured at 6.803MHz with high Q of 1.17million, as 

shown in the transmission plot Figure 3.11. Resonant frequency according to the 

analytical equation (2.10) from Section 2.2.5 is 6.87MHz, which is within 1% of the 

measured value of 6.803MHz.   

Another bulk-mode length-extensional resonator pair shown in Figure 3.12 is 

tested to have high Q as well with differential measurement drive method outlined in 

Section 2.3.3. Estimated resonant frequency for one length-extensional resonator with 

600µm length according to equation (2.6) is about 7.3MHz, and the simulated value of 

entire dual-resonator structure in Abaqus is 7.22MHz. Both predictions are within 3% of 

the actual measure resonant frequency of 7.088MHz for the dual-resonator pair biased at 

VP of 100V and 131mVpp ac drive.  
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Figure 3.12:  Micrograph of two adjoining length-extensional resonators with T-shaped anchor. 
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Figure 3.13:  Transmission plot of differentially driven 7.088MHz length-extensional resonator 

pair with T-shaped anchors. The Q is 700,372 biased at 100V with 131mVpp ac drive. 
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The quality factor measured from S21 transmission plot shown in Figure 3.13 is 

about 700,372. The acoustic attenuation of longitudinal wave propagation in single 

crystal silicon along <100> axis is about 0.095dB/m at 10MHz [63]. Then the acoustic 

quality factor per unit wavelength according to equations (3.7) and (3.8) is about 

480,420 per unit wavelength. Given the length-extensional resonator in Figure 3.12 is 

based on standing wave with λ21  wavelength, the Qa should be doubled to 960,840. 

Hence the measured Q is about 73% of the predicted acoustic Qa, which suggests that    

other energy losses such as anchor losses and surface losses are more dominant. Also, 

the acoustic Qa serves as a measure of how good the anchor design of resonator with 

reduced vibration energy losses. The measured Q of length-extensional resonator is not 

more than one million as that of other disk and square bulk-mode resonators presented 

earlier at similar frequency range, which may be partly due to thermoelastic damping of 

longitudinal waves, whereas shear waves induce virtually no thermoelastic damping.  

The acoustic attenuation of longitudinal and shear waves along <100> axis as a 

function of the temperature for silicon reported in [63] shows that amount of attenuation 

increases with temperature, and at room temperature the attenuation for longitudinal 

wave is about 3.6 times more than that for the shear wave along <100> direction. Since 

the acoustic quality factor (Qa) is inversely proportional to the attenuation factor (α), 

according to equations (3.7) to (3.9), then Qa estimate for the shear waves along <100> 

should be higher than that for the longitudinal waves. The attenuation of longitudinal 

and shear waves along <110> and <111> directions for silicon are listed in Table 3.2 

and it is evident that acoustic attenuation in single crystal silicon depends on the 

direction of propagation.     
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Table 3.2:  The acoustic attenuation of longitudinal waves and shear waves along <100>, <110>, 

and <111> directions in silicon at room temperature, units in (dB/m) normalized to 10MHz.     

 

Type of 

acoustic wave 

Attenuation in (dB/m) at 10MHz along axis 

<100> <110> <111> 

Longitudinal 0.0950 0.0705 0.0642 
 

Shear 
 

0.0265 
 

0.1946 
a
 

0.0279 
b
 

 

n/a 

       

           
a
 Polarization along < 011 > axis 

           
b
 Polarization along < 001> axis 

           n/a = not available 

 

The attenuation values in Table 3.2 are measured results from [63, 75, 76] at 

room temperature, converted to (dB/m) and normalized at 10MHz for fair comparison. 

From Table 3.2, the longitudinal waves propagate with the least amount of acoustic 

attenuation along <111> direction, so extensional resonators with acoustic waves 

propagating along this direction should perform with the best quality factor. Lamé-

mode/wine-glass-mode resonators have mainly shear acoustic wave propagation and 

hence almost no contribution from thermoelastic damping and acoustic energy losses are 

mostly due to phonon-phonon interactions of Akhieser damping alone. Therefore, higher 

quality factor is expected for Lamé-mode square and wine glass disk resonators 

compared to the extensional resonators, and experimental results of this work are in 

good agreement with this expectation.  

The attenuation of shear waves along <100> direction and that along <110> 

direction (polarized along <001> axis) are about the same with 0.027dB/m at 10MHz, 

which according to equation (3.9) gives the Qa of about 2.72million per unit wavelength 

for 6.35MHz Lamé-mode square resonators and sets as the upper limit for achievable 

quality factor at room temperature. For the attenuation of shear waves along the <110> 
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direction, there are two possible polarizations of either along < 011 > axis or along 

<001> axis, and polarization along < 011 > has the highest attenuation of 0.195dB/m at 

10MHz, even worse than the attenuation of longitudinal waves, so bulk-mode resonators 

based on shear waves along this direction should have much lower Q values. The 

acoustic Qa values calculated in this way serve as a rough estimate of contributions 

mostly from Akhieser losses and somewhat from thermoelastic losses, and a more in-

depth analysis can be found in [60-64, 72, 75-77]. N-type impurity doping of silicon, 

such as the case of structural material in SOIMUMPs process with phosphorus doping, 

further increases the attenuation of both longitudinal waves and shear waves to some 

extent [77], in general about 10% to 50% more attenuation than that in pure silicon.     

One of the key attributes of bulk-acoustic-mode resonators is their high stiffness, 

that is, their spring constant km is much larger than flexural-type resonators. The benefit 

of this characteristic is high stability of resonant frequency and Q in response to 

fluctuations in dc-bias VP. However, the drawback is that VP cannot be used to tune the 

resonant frequency effectively. For example, measured resonant frequency shift and Q 

due to changes in VP for a Lamé-mode square resonator, as shown in the Figures 3.14, 

suggest rather minor dependence on VP bias. The trend of decreasing fo due to 

electrostatic spring softening is still observed, but the shift is only 108Hz over the VP 

range from 20V to 80V, and in parts per million (ppm) the change is only 17ppm over 

this VP range. The mechanical spring constant km extracted from fo vs. VP plot of Figure 

3.14 according to equation (3.11) is 1.89×10
7
 N/m and meff  is 1.19×10

-8
 kg. There is 

hardly any change in Q, reduced by only 26 or about 16ppm as VP is increased from 20V 

to 80V in vacuum. The term meff here can be considered as a scaled version of the total 

static mass ( hL2⋅ρ ) of square resonator.  
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Figure 3.14:  Changes in resonant frequency and quality factor with VP increase for 6.35MHz 

Lamé-mode square resonator. 

 

 

Moreover, Q reduction coming from ohmic losses of high resistive material, 

which otherwise could mask the inherent Q of the resonator, has been minimized mainly 

due to low resistivities of structural materials in SOIMUMPs process (Figure 2.19). 

Very little change in Q with VP in low ppm values is also observed for disk resonators 

and length-extensional resonators presented in this work, which is the intrinsic 

characteristic of bulk-mode resonators with very high stiffness. In equation (3.14) the km 

term is too high that changes in ke due to VP tuning has very little effect. This almost 

constant Q property is unlike some of the flexural beam resonators where reduction in Q 

could be as much as 50% with VP increase.  



68 

Measured values of quality factor, fo−Q product, mechanical spring constant and 

effective mass for flexural-type beam resonators and bulk-acoustic-mode resonators of 

this work are listed in Table 3.3. High quality factor of bulk-mode  resonators is clearly 

 

Table 3.3:  Resonant frequency, quality factor, (fo × Q) product, mechanical spring constant, 

and effective mass of flexural-mode resonators and bulk-acoustic-mode resonators of this work. 

 

Resonator design fo Q ( fo ×××× Q ) km (N/m) meff (kg) 

Clamped-Clamped beam 917.1kHz 4,059 3.72 ×10
9
 3.51 ×10

3
 1.05 ×10

-10
 

Free-Free beam, 

fundamental mode 
654.2kHz 16,360 1.07 ×10

10
 6.62 ×10

3
 3.92 ×10

-10
 

Free-Free beam, 

second mode 
529.6kHz 11,190 5.93 ×10

9
 6.28 ×10

3
 5.67 ×10

-10
 

Lamé-mode square 6.35MHz 1,694,170 1.08 ×10
13

 1.89 ×10
7
 1.19 ×10

-8
 

Wine glass disk 6.80MHz 1,171,180 7.97 ×10
12

 3.44 ×10
7
 1.88 ×10

-8
 

Length-extensional 

rectangle pair 
7.09MHz 700,372 4.96 ×10

12
 2.30 ×10

7
 1.16 ×10

-8
 

 

 

evident from Table 3.3 in millions range and as a result, the fo−Q product of the bulk-

mode resonators is ~10
12

 –10
13

, about three orders of magnitude higher than that of the 

beam resonators. Although measured Q of length-extensional resonator is not more than 

one million as that of other bulk-mode resonators, it is still much higher than that of 

flexural beam resonators. FF beam resonators have higher Q than CC beam resonator 

due to improved anchor geometry, and the km values of FF beams are around twice that 

of CC beam. High mechanical stiffness of bulk-mode resonators, km ~10
7
, is four orders 

of magnitude above the km values of the flexural beam resonators. The stiffness of wine 

glass disk resonator is 1.5 – 1.8 times higher than that of other bulk-mode resonators. 
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3.5   Quality factor dependence on structural geometry 
 

In this section, the dependence of quality factor on the geometry of structural material 

will be explored for Lamé-mode square resonators with different number of straight-

beam anchor supports, 10µm and 25µm structural layer thickness, as well as the effect 

of etch-hole release on the quality factor.  

One of the major challenges of interfacing micromechanical resonators directly 

with RF electronic circuits is their large series motional resistance (Rm). Motional 

resistance of a capacitively driven-and-sensed parallel-plate resonator as derived earlier 

in equation (2.26) can be expanded as 

222

4

Pe

effeff

m
VAQ

dmk
R

ε⋅

⋅
= ,                                            (3.15) 

where d is the electrode-to-resonator gap, Ae is total effective gap area, ε is the 

permittivity, and VP is the dc polarization voltage biased to the resonator. Therefore, Rm 

can be reduced by decreasing the electrode-to-resonator gap, increasing the dc-bias VP, 

increasing the permittivity by replacing the air gap with solid dielectric material, 

increasing the area of the electrode overlap region, or mechanically-coupling identical 

arrays of resonators [59]. In addition, an innovative gap reduction technique based on 

structural geometry as in [78] can also be done to achieve sub-micron capacitive gaps. 

Higher mechanical Q due to improvements in resonator design will also lead to 

reduction in Rm. Moreover, as will be discussed in Section 3.6, Rm is also related to the 

dimension of anchor beams attached to the resonator. 

Therefore, understanding of how Rm is affected by the number and the type of 

anchor supports attached to the resonator will be useful. The thickness of the structural 
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layer varies between different fabrication processes. A thinner structural layer results in 

a reduction in electrode area, which translates to higher motional resistance but its 

impact on the Q value is less understood. For some surface micromachining processes, 

the need for etch-hole release is unavoidable, so the effect of etch holes on the 

performance of bulk-acoustic-mode will be very useful for resonator design in such 

processes. The focus of this section is to investigate the influence of geometry parameter 

variations on the Q and Rm values of micromechanical Lamé-mode square resonators. 

 

 

3.5.1   The number of anchors 
 

As discussed earlier in Section 3.3, for Lamé-mode square resonators in vacuum with 

negligible air damping, anchor losses are most likely the dominant loss mechanism 

governing the overall quality factor. Therefore from intuition, reducing the number of 

anchors should improve the Q of resonator. However, the anchor beams are placed at 

nodal points that have minimum displacement and they are needed to properly hold the 

resonator in place as it vibrates at resonance. A disk resonator with 29.4µm diameter and 

3µm thickness, which has only one anchor beam supporting, has been reported in [65] to 

function well in vacuum without interference with electrodes. For such small devices, 

one anchor tether may be sufficient to hold the resonator in place. However, for 650µm 

square resonators with only one anchor beam at the square corner, it was tested to be 

inadequate to set the square resonator into resonance. This is possibly due to swaying 

lateral motion that eventually leads to stiction of the square plate with the electrodes, 

and consequently shorting the dc-bias voltage of resonator-mass to ground.     
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For two anchors supporting the square resonator, there are two possible 

arrangements: two opposite anchors or two adjacent anchors. The square resonator with 

four anchors shown in Figure 3.8 is named design 3A, the resonators with only two 

anchors are named design 3B and 3C, and micrographs are shown in Figure 3.15.  
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Figure 3.15:  Dimensions of resonator designs 3A, 3B, 3C, and micrograph of square resonators 

with two opposite anchors and two adjacent anchors. 

 

The dimension of anchor beams are length La = 60µm and width Wa = 10µm for 

all three devices, and the structural layer is also the same with 25µm thickness. The 

transmission plots measured for devices 3A, 3B and 3C are shown in Figure 3.16 for VP 

of 60V and low ac drive of 62mVpp. Since the resonant frequency of each of the devices 

is different due to design and process variations, the transmission plots are normalized to 

fo over 100Hz span. From Figure 3.16, motional resistance (Rm) can be extracted from 

the peak value of S21 plot, namely the insertion loss (IL) of transmission. 
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Figure 3.16:  Measured S21 transmission of device 3A with four anchors, device 3B with two 

opposite anchors, and device 3C with two adjacent anchors. 

 

If the output port of the resonator is directly terminated with 50Ω load of the 

network analyzer, the equivalent motional resistance of resonator [79] can be extracted 

201050

IL

mR
−

×= ,                                               (3.16) 

where IL is the peak value of the frequency response S21 plot in decibel (dB). However, 

if the output current is too small with large electrode-to-resonator gap (for example, 

2µm gap of SOIMUMPs process), a transresistance amplifier is required to convert the 

output current to voltage with some gain, as shown in the measurement setups of Figure 

2.15 and Figure 2.16. In transresistance amplifier setup there are feedback capacitance 

CF and resistance RF in parallel arrangement. Then, the measured Rm can be extracted by 

replacing the 50Ω in equation (3.16) with parallel combination of CF and RF as follow   

2010
2

1
IL

F
Fo

m R
Cfj

R
−

×=
π

.                                      (3.17) 
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Using equation (3.17) the motional resistance of devices 3A, 3B and 3C can be extracted 

from transmission plots of Figure 3.16. Table 3.4 lists the resonant frequency, Q and Rm 

of all three resonator designs. 

 

Table 3.4:  Resonant frequency, quality factor and motional resistance of Lamé-mode square 

resonators with different number of anchors. 
 

 

Resonator design fo (MHz) Quality factor Rm (kΩΩΩΩ) 

3A (4 anchors) 6.3531 1.67 × 10
6
  78.9 

3B (2 opposite anchors) 6.3568 1.77 × 10
6
  98.0 

3C (2 adjacent anchors) 6.3589 1.78 × 10
6
  133.2 

 

 

 

Square resonators with only two anchors, designs 3B and 3C, give slightly 

higher Q than the design 3A with four anchor supports. Energy dissipation through the 

anchor support is lower with only two anchors and it is expected to result in higher Q. 

However, designs 3B and 3C have higher Rm values than the four-anchored design 3A, 

which is most likely due to the asymmetry of having only two anchors. In addition, the 

two free ends are able to rotate and sway laterally, thus leading to uneven vibrations. 

Design 3C with two adjacent anchors is more asymmetric than design 3B with two 

opposite anchors, and consequently results in design 3C with higher Rm than design 3B. 

Even though energy dissipation is lower with slightly better Q for resonators with only 

two anchors, more symmetric design with four anchors can provide lower motional 

resistance and still maintain high quality factor.  
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3.5.2   Structural layer thickness 
 

The thickness of the structural layer for MEMS resonators varies between different 

fabrication processes. A thinner structural layer results in a reduction in electrode area, 

which translates to higher motional resistance but its impact on the Q value is less 

understood. The focus of this section is to investigate the influence of structural 

thickness on the quality factor and motional resistance of bulk-acoustic-mode Lamé 

square resonators. 

Measured results of resonant frequency, quality factor and motional resistance 

for two Lamé-mode square resonators with different thickness are listed in Table 3.5. 

The thickness of top silicon layer for design 3A is 25µm and that of design 3D is 10µm.  

 

Table 3.5:  Resonant frequency, quality factor and motional resistance of Lamé-mode square 

resonators with different structural layer thickness. 
 

 

Resonator design fo (MHz) Quality factor Rm (kΩΩΩΩ) 

3A (25µm thickness) 6.3531 1.67 × 10
6
  78.9 

3D (10µm thickness) 6.3464 1.08 × 10
6
  135.5 

 

 

 

Figure 3.17 shows the measured S21 transmission plots of designs 3A and 3D, 

taken at DC of 60V and 62mVpp AC drive, which clearly show that design 3D with 

thinner structural layer has lower Q value, which is 65% of the Q obtained for design 

3A. The thinner structural layer in design 3D allows interference from other nearby out-

of-plane resonance modes of the square resonator increasing the overall energy losses. 

Design 3D also has smaller electrode area (Ae) compared to design 3A, which also leads 
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to higher Rm. The combined effect of lower Q and smaller electrode area results in 

design 3D having roughly 1.7 times higher motional resistance than design 3A. 

 

 

Figure 3.17:  Measured S21 transmission plots of designs 3D and 3A with same measurement 

setup (resonators have different structural thickness of 10µm (3D) and 25µm (3A)).  

 

 

 

3.5.3   Bulk mode and release etch holes 
 

Sometimes in the fabrication process, etch holes are required in order to release the 

structural layer of micromechanical devices. Etch-hole step to release the resonator from 

substrate is an important step in surface micromachining process. For SOI bulk 

micromachining process such as SOIMUMPs where backside release etching is 

possible, etch holes may not be necessary to release the structural layer. Nevertheless, 

understanding of how etch holes affect the performance of different types of resonators 
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is invaluable information. For flexural clamped-clamped beam resonators for example, 

carefully placed etched slots could actually improve the device performance by reducing 

the thermoelastic damping and enhance the quality factor [71].  

Although the effect of release-etch holes on the mechanical properties (such as 

tensile stress and Young’s modulus) of structural material have been reported in [80-81], 

they have not investigated how the quality factor of resonator is affected by etch holes. 

Our group has reported on the effect of etch holes on the quality factors of Lamé-mode 

micromechanical square resonators in [82], which also includes that the Q actually 

depends on the location of etch holes on the resonator.  

The square resonator design 3E shown in Figure 3.18 has 10µm × 10µm square 

etch holes that are 30µm apart evenly placed all over the resonator. Other geometric 

dimensions of design 3E are the same as that of solid square design 3A from Figure 3.8. 

Measured S21 transmission plots of designs 3E and 3A under the same drive conditions 

are shown in Figure 3.19.  

 

 

Figure 3.18:  Square resonator design 3E with etch holes evenly placed all over the resonator.  
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Figure 3.19:  Measured S21 plots of designs 3E (with etch holes) and 3A (without etch holes) 

under the same measurement setup.  

 

As can be seen in Figure 3.19 the quality factor of design 3E is 103,012, which is 

more than an order of magnitude lower compared to 1.67million of design 3A. This 

severe reduction in Q can be attributed primarily due to interference between the bulk 

acoustic wave propagation and the etch holes, and partly due to energy losses through 

the movement of anchor beams [82]. Experimental results of other identical square 

resonators with etch holes placed at various locations (center, middle edge, and corner) 

conclusively show that etch holes decrease the Q by more than an order of magnitude 

regardless of the location of etch holes. Furthermore, the Q of the Lamé-mode square 

resonator also depends on the location of etch holes. Etch holes placed at the square 

corners, where displacement is smaller at resonance, can provide better Q compared to 

etch holes placed at centre or middle edge. If etch holes are inevitable in such processes 

as in surface micromachining, the results reported in [82] could serve as useful 

guidelines for maximizing the Q even in the presence of etch holes.     
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3.6   Square resonators with straight-beam anchors 
 

This section investigates how geometric sizing of straight-beam anchors affect the 

quality factor of Lame-mode square resonators. For the square resonators reported in 

this section, the length of the square edge of the resonator is fixed at 650µm to give 

approximately the same resonant frequency for different anchor designs. Four identical 

straight anchor beams are placed at four corners of square resonator. Ten different 

combination of length (La) and width (Wa) of anchor beams are tested, as listed in Figure 

3.20, and structural thickness is fixed at 25µm for all the designs.  

 

 

Figure 3.20:  Schematic of anchor support and dimensions of anchor beams investigated, where 

identical anchors are placed at all four corners of the square resonator. 

 

Given the lateral movement of the Lamé mode, the anchor beam can be 

considered as a vibrating cantilever beam (clamped-free beam) at resonance under shear 

stress. The beam’s edge at the square end is in tilting motion caused by rotational shift 
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of the square corner. As outlined in analytical derivation for Q of disk resonators in 

bulk-mode [69], where anchors are under shear stress due to lateral vibrations of the 

resonator, Q is directly proportional to ( )6
aa WL , but inversely proportional to 8

th
 power 

of mode constant (β). The term β is related to the mode shape of the anchor beam 

considered as cantilever, and β increases with higher mode order of anchor beam. For 

different anchor beam lengths, the beam vibrates in cantilever mode order at a frequency 

that is approximately at fo of disk resonator. Hence according to the model, an increase 

in Q by making anchor beams longer and thinner is somewhat offset by Q reduction due 

to increase in mode order of the beam. In the snapshot diagram of anchor area from 

finite element simulation of square resonators in Abaqus is shown in Figure 3.21. 

 

 

Figure 3.21:  Cropped snapshot of anchor area from Lamé-mode simulation of squares with 

different anchor designs in Abaqus, where the anchor beam is fixed at one end. For short beams, 

its vibration resembles first or second normal mode of cantilever resonance, whereas longer 

beams vibrate close to or at higher orders of normal mode.   
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For designs 3A, 3G, 3I and 3L, simulation indicates that anchor beams vibrate 

with mode shape close to or at normal modes of cantilever resonance (fanchor_beam). The 

exact shape of beam vibration depends on the dimension of anchor beam and the natural 

resonant frequency of the square bulk resonator. For short and stiff anchor beams, the 

mode shape is expected to be similar to 1
st
 or 2

nd
 order of cantilever resonance, whereas 

for longer and more flexible beams it will vibrate close to 3
rd

, 4
th

, or 5
th

 order of normal 

resonance mode. Similar observations were made from the simulation results of the rest 

of ten anchor designs.      

Based on experimental observations, when Lamé-mode square resonator is 

operated in high vacuum, Q value is limited by other loss mechanisms and not due to air 

damping, and anchor losses through support is considered as the Q-limiting factor. 

Therefore, ten anchor beam designs listed in Figure 3.20 with different length and width 

are examined for their overall performance. For a beam used as anchor, variable 

dimensions are length (La) and width (Wa) of the beam that will change the stiffness and 

flexibility of the support. Our main objective is to determine possible set of values for La 

and Wa so that performance of square resonator is optimum in terms of Q, power 

handling, motional resistance, and structural stability (that is, no stiction, pull-in, or 

breakage). Table 3.6 lists the resonant frequency, quality factor, motional resistance and 

effective stiffness (keff) of all ten designs measured under high vacuum, under the same 

condition of 60V VP and 0.42Vpp AC drive. The effective spring constant keff values in 

Table 3.6 are derived from measured results, and calculations are based on combination 

of equations (3.10) and (3.15). For fair comparison, resonators are designed with similar 

resonant frequency fo of about 6.35MHz, and all other test setup and drive conditions 

maintained to be as similar as possible. 
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Table 3.6:  Measured resonant frequency, Q value, motional resistance and effective spring 

constant of Lamé-mode square resonator designs. The resonant frequency values for fanchor_beam in 

the last two columns are simulated normal mode of resonance for a cantilever beam, which are 

nearby the fo of the square resonators.  

 

Anchor Design 

La(µm) × Wa(µm) 
fo (MHz) 

Quality 

Factor 

Rm 

(kΩΩΩΩ) 

keff 

(MN/m) 

fanchor_beam  

(MHz) (mode) 

   3F (48 × 10) 6.35415 1.713 × 10
6
 61.4 15.4 6.1 (1

st
) 32.2 (2

nd
) 

   3A (60 × 10) 6.35315 1.671 × 10
6
 78.9 19.3 3.9 (1

st
) 21.9 (2

nd
) 

   3G (100 × 10) 6.35424 1.717 × 10
6
 96.2 24.1 1.4 (1

st
) 8.5 (2

nd
) 

   3H (120 × 10) 6.35408 1.318 × 10
6
 88.7 17.1 6.0 (2

nd
) 16.1 (3

rd
) 

   3I (320 × 10) 6.35275 1.217 × 10
6
 120.7 21.5 4.7 (4

th
) 7.6 (5

th
) 

   3J (60 × 20) 6.35396 1.221 × 10
6
 109.8 19.6 7.4 (1

st
) 33.6 (2

nd
) 

   3K (80 × 20) 6.35227 1.477 × 10
6
 61.3 13.2 4.3 (1

st
) 21.7 (2

nd
) 

   3L (100 × 20) 6.35353 276,240 463.2 18.7 2.7 (1
st
) 15.0 (2

nd
) 

   3M (160 × 20) 6.35345 1.427 × 10
6
 58.4 12.2 6.4 (2

nd
) 16.6 (3

rd
) 

   3N (230 × 20) 6.35460 1.412 × 10
6
 75.4 15.5 3.2 (2

nd
) 8.6 (3

rd
) 

 

 

Designs 3F, 3A and 3G with different anchor beam lengths and same width of 

10µm all perform well, and have very high Q values of about 1.7million. At first when 

considering the motional resistance (Rm) values alone for devices (3F, 3A, 3G, 3H and 

3I) with increasing anchor beam length, there appears to be a trend of increasing Rm 

value, and that Rm is partly dependent on anchor beam length. However, motional 

resistance (Rm) is inversely proportional to Q, according to equation (3.15), so reduction 

in Q will also lead to increased motional resistance. When anchor beam length La is 

320µm long for design 3I, measured Q is reduced to 72% of designs 3F, 3A and 3G. The 

Q of design 3I comes down to 1.22million and Rm is increased accordingly. For design 

3I, soft and flexible long anchor beams probably allow interference from nearby out-of-

plane modes of the square resonator.  
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As listed in Table 3.6, the resonator designs with anchor width of 20µm have 

marginal drop in Q compared to square resonators with 10µm anchor width. Comparing 

designs 3A and 3J, when anchor width of design 3J is doubled for all four anchors, Q of 

design 3J is about 73% that of design 3A and consequently motional resistance is 

increased to 1.4 times as well. Designs 3K, 3M and 3N all have similar performance 

with Q values of about 1.4million. Given roughly the same Q, the Rm values for designs 

3K, 3M and 3N are expected to be similar. However, variation in measured Rm values 

for these devices indicates that motional resistance may be weakly dependent on anchor 

beam length, and that Rm variation is in a narrow range of values. Moreover, for the 

same beam width Wa there is a range of beam length La values for which Lamé-mode 

resonator performs well.  

Design 3L has unusually high motional resistance of 463.2kΩ with much lower 

Q of 276,240, which was observed for repeated tests with multiple devices from 

different dies. This performance of low Q and high Rm values is believed to be due to 

increased energy losses through the anchors. Further investigation needs to be done to 

verify this low Q using CAD tools such as COMSOL Multiphysics software to 

determine the nature of anchor losses. In addition, significant reduction in Q of design 

3L leads to considerable increase in motional resistance. If the Q of design 3L had been 

above one million, motional resistance would have come down significantly from 

current 463.2kΩ. Therefore, Q directly influences the motional resistance, and that 

motional resistance is weakly dependent on dimensions of anchor beam.      

The values in the last two columns under fanchor_beam of Table 3.6 are the 

simulated cantilever mode frequencies neighbouring fo (6.35MHz) of the square 

resonator for the given anchor beam dimension. The term in brackets (mode) is the order 
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of normal cantilever mode for the given anchor beam. The idea is to observe whether 

matching fo with a normal mode frequency of the anchor beam considered as a 

cantilever (clamped–free beam) has any effect on performance of the resonator. Designs 

3F, 3H and 3M were designed with nearly matching frequencies between the first or 

second cantilever mode of the anchor beam and fo of the square resonator. Based on 

observed results, although the devices performed relatively well, there is no strong 

correlation between the overall performance and how well these frequencies match. 

 

 

3.7   Advantage of T-shaped over straight-beam anchor 
 

Losses through anchor support are observed to be major mechanism limiting the quality 

factor of bulk-mode micromechanical resonators. Therefore, optimized anchor design 

with minimum losses would lead to resonators with enhanced quality factor. Bulk-mode 

resonators with straight beams as anchors have been shown to perform well with very 

high quality factor. As the resonator is scaled to higher frequencies, improvement in 

anchor geometry is desired to further minimize the anchor losses.  

In this work, T-shaped anchor geometry has been observed to be better than 

straight-beam anchor design in terms of reducing energy losses for Lamé-mode square 

resonators and also for length-extensional rectangular resonators. We have reported the 

advantage of T-anchor design over straight-beam anchor in [67] as the double in Q for 

12.9MHz Lamé-mode square resonators. Moreover, as reported in [83], 7MHz length-

extensional resonators with T-shaped anchors result in lower motional resistance and six 

times higher Q than that achieved with straight-beam anchors.      
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3.7.1   12.9MHz Lamé-mode square resonators 
 

In this sub-section, two 12.9MHz Lamé mode square resonators with straight-beam 

anchor and T-shaped anchor designs are investigated. Their mode shapes simulated with 

Abaqus and micrographs of the resonators are shown in Figure 3.22 and Figure 3.23.  

 

 

6µm

35µm

6µm
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Figure 3.22:  Micrograph of 12.9MHz square resonator with straight-beam anchor, Abaqus 

simulation of Lamé mode and anchor dimensions. 
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Figure 3.23:  Micrograph of 12.9MHz square resonator with T-shaped anchor, Abaqus 

simulation of Lamé mode and anchor dimensions. 
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The length of the square edge is designed at 320µm. The anchor tether beams are 

placed at the nodal points so that there is a minimum energy loss through the anchors. 

The measured S21 transmission curves of differentially-driven square resonators with 

straight-beam anchor and T-shaped anchor are shown in Figure 3.24 and Figure 3.25, 

respectively. The absence of anti-resonance peaks is clearly evident from these figures. 

The resonant frequencies of both resonators are around 12.91MHz.  

An increase in Q value from 404,000 for the square resonator with straight-beam 

anchor to a Q value of about 800,000 for that with T-shaped anchor was observed even 

though the resonators were operated under the same driving conditions at 100V DC and 

130mVpp AC drive. This difference in Q value is most likely due to variation in energy 

losses through two different anchor designs. Since the pressure was maintained at a 

relatively low value of about 36 µTorr, measured Q value is not in the pressure-limited 

regime and not influenced by air damping. 
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Figure 3.24:  Measured transmission curve of 12.912MHz Lamé mode square resonator with 

straight-beam anchor, biased at 100V DC and 130mVpp AC. Measured Q value is 403,520. 
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Figure 3.25:  Measured transmission curve of 12.909MHz Lamé mode square resonator with    

T-shaped anchor, biased at 100V DC and 130mVpp AC. Measured Q value is 759,360. 

 

 

The rotational tilting motion that the anchor experiences at the nodal point of 

Lamé mode is shown in Figure 3.26. For the T-anchored resonator, the middle beam 

attached to the square corner has more freedom to move. Whereas for the straight-beam 

anchor, one end of it is attached to the square corner while the other is fixed, leading to 

higher energy loss through the anchor. When the displacement simulation of T-anchored 

resonator was examined carefully, lateral movement of the adjacent beam that forms the 

“T” shape can be seen, as indicated in Figure 3.26. This relieves the shear stress and 

provides more freedom at the nodal point of the square resonator and believed to have 

reduced the stresses introduced by the rotational tilting motion of the square corner. For 

the square resonator with straight-beam anchor, the vibration energy is propagated 

directly through the fixed part of the anchor support, which means less freedom for the 

anchor beam and energy losses are higher. Hence, there are increased energy losses 

through the straight-beam anchor of the resonator resulting in lower Q value.   
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Straight

beam 

anchor

T-shape 

anchor

 

Figure 3.26:  Detailed movement of T-shaped anchor and straight-beam anchor at resonance 

from the simulation of Lamé-mode square resonator. 

 

 

Other factors that could contribute to the difference in Q values are the sizing of 

the anchor beams, such as width and length of the beams. A detailed study of all these 

factors with regard to anchor losses and how different anchor geometry impacts the 

quality factor would be invaluable information for resonator design. 

 

 

3.7.2   7MHz length-extensional resonators 
 

Improvement in device performance through enhanced modification of anchor geometry 

applies not only for Lamé-mode square resonators but also for other types of bulk-mode 

resonators such as length-extensional rectangular resonators. This sub-section presents 

the performance of differentially-driven 7MHz length-extensional bulk-mode resonators 

with T-shaped and straight-beam anchors. Resonators with T-shaped anchors perform 

better with lower motional resistance and six times higher quality factor than the 

resonators with straight-beam anchors. 
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Normally, length-extensional resonator is driven and sensed in one-port or two-

port electrical configuration. A pair of two length-extensional resonators, as shown 

earlier in Figure 2.5, can be used to create anti-phase mode shapes such that differential 

drive is possible, along with the benefit of suppressing the parasitic feedthrough 

capacitances. Micrograph and mode shape simulation in Abaqus of length-extensional 

resonator pair with straight-beam anchors are shown in Figure 3.27, and that of 

resonator pair with T-shaped anchors are shown in Figure 3.28. Modal simulation shows 

only slight difference in mode shapes between straight-beam and T anchor designs. With 

T anchor, lateral movement near anchor region along the width is more pronounced. The 

displacement is zero right at the center of the rectangular resonators. The T anchor is 

basically an extension of the straight-beam anchor of 60µm × 10µm, which is attached to 

another beam termed T-beam with dimensions of 100µm × 10µm. 

 

 

Figure 3.27:  Micrograph and mode shape of length-extensional resonator pair with straight-

beam anchors. 
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Figure 3.28:  Micrograph and mode shape of length-extensional resonator pair with T-shaped 

anchors. 

 

Measurement of length-extensional resonators from Figure 3.27 and Figure 3.28 

were done at the same drive conditions, AC drive of 0.42Vpp with VP bias of 100V. The 

S21 transmission plots for both devices are shown in Figure 3.29.  
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Figure 3.29:  S21 response of resonators with T-shaped anchor (T-beam = 100µm) and straight-

beam anchor. T-anchored resonators perform better with six times higher in Q and 70% lower 

motional resistance. 
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The resonant frequencies of resonators are close to each other at 7.09MHz. 

Length-extensional resonator with T anchors has about six times higher quality factor 

and 70% lower motional resistance compared to that with straight-beam anchors. Since 

the mode shape from finite element displacement contour simulation as shown in Figure 

3.30 indicates that anchoring point at the middle of the resonator’s length moves in and 

out laterally. Therefore, flexibility at anchor point would reduce energy losses with 

sustained vibrations at resonance, which is in agreement with our experimental data that 

resonators perform better with flexible T anchors. However, the T-beam that makes up 

the T-shape needs to be carefully designed. Another device with longer T-beam of 

200µm is measured to have almost undetectable S21 response because the output signal 

is very weak, not enough to measure the Q with 3dB-bandwidth method. Simulation 

result shown in Figure 3.31 reveals that strong flexural vibrations of T-beam suppress 

the extensional bulk-mode of our interest.  

 

T anchor with T-beam = 100µm

T-beam

fo = 7.216MHz

T anchor with T-beam = 100µm

T-beam

fo = 7.216MHz

 

Figure 3.30:  Mode shape of T-anchored resonator with 100µm T-beam. In this case the length-

extensional mode appears normal.      
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T anchor with T-beam = 200µm

fo = 7.195MHz

T anchor with T-beam = 200µm

fo = 7.195MHz

 

Figure 3.31:  Desired length-extensional mode is interfered by vibrations of longer T anchor 

with 200µm T-beam.  

 

      

Abaqus simulations of other T-beam lengths show that the device might not 

work well for a narrow range of values for T-beam length from 195µm to 210µm. The 

worst case for T-beam length is about 204µm and the length-extensional mode is barely 

visible in simulation result. A closer examination of the T anchor region from simulation 

result is shown in Figure 3.32 where the resonator mass hardly moved with near zero 

displacement. It’s interesting to note that the T-beam in Figure 3.32 is not one of the 

normal modes of resonance for a clamped-clamped beam. At this mode, the two halves 

of the T-beam bend in-sync laterally in the same plane as the resonator. The middle 

point of the T-beam is forced to have almost zero movement and in turn this obstructs 

the length-extensional mode of the resonator.    
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Figure 3.32:  A cropped section of an anchor region from Abaqus modal simulation for length-

extensional resonator pair with T-beam = 204µm.  

 

 

In summary, for length-extensional mode resonator, if the width of the resonator 

is not considerably smaller than its length, then there are in-plane lateral displacements 

perpendicular to the longitudinal vibrations at the middle region of the resonator plate. 

These movements effectively impose axial stress on the straight-beam tethers. 

Therefore, by replacing the straight tether beam with T-shaped anchor geometry relieves 

the stress with more freedom for lateral movement. However, it was observed that at 

certain dimensions of the T structure, a particular flexural resonance mode of T-shaped 

anchor significantly hinders the length-extensional mode of the resonator. 
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3.8   Summary 
 

Quality factor performance of micromechanical resonators has been explored in this 

chapter. Quality factor of bulk-mode resonators (Lamé-mode square, wine-glass disk 

and length-extensional resonators) are measured to be on the order of ~10
6
 and that of 

flexural Clamped-Clamped beam and Free-Free beam resonators are only in thousand 

range. As a result, the fo−Q product of the bulk-mode resonators is about 10
12

 –10
13

, 

which is three orders of magnitude higher than that achievable with the beam resonators. 

High mechanical stiffness km ~10
7
 of bulk-mode resonators are roughly four orders of 

magnitude above the km values of flexural beam resonators. 

 The quality factor is also dependent on the structural geometry of Lamé-mode 

square resonators based on the number of anchors, structural layer thickness, and the 

presence of release etch holes. There are several Q-limiting energy loss mechanisms that 

govern the overall Q of resonator and anchor losses are one of the dominant factors 

affecting the Q of bulk-mode resonators. A study of bulk-mode resonators having 

various straight-beam anchor and T-shaped anchor designs suggest that optimized 

anchor design with minimal energy losses would result in resonators with superior 

quality factor.  

However, quality factor is not the only key performance parameter to be 

optimized for resonator. For example, anchor geometry could be designed such that 

power handling does not go down significantly. The Q values that have been reported in 

this chapter are all measured at high vacuum. The Q will inevitably drop as the 

surrounding pressure is increased mainly due to squeeze-film damping or air damping, 

and the following chapter will discuss this matter in more detail.      
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Chapter 4 
 

Pressure Stability of Resonators 

 

How stable the frequency response of a resonator under various pressure levels has 

practical implication. Pressure changes can have considerably impact on the short-term 

and long-term frequency stabilities of the resonator. The quality factor of the resonator 

will drop as the surrounding pressure is increased beyond a threshold level due to 

squeeze-film damping or air damping. Therefore, it is desirable to understand how the 

resonant frequency and the quality factor of resonators change with varying pressure. 

This chapter presents the measured performance of flexural beam resonators and bulk-

mode resonators under various pressure levels.     

 

 

4.1   Pressure stability 
 

For capacitive micromechanical resonators that have air gaps between the electrodes and 

the resonator, air damping will interfere with the vibrations of resonator at high pressure 

levels. Therefore, the resonator needs to operate in vacuum and hermetically sealed for 

eventual commercialization of the device. A good performance of the resonator under 

high pressures will lead to lower cost in vacuum packaging, because high level vacuum 
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is generally more expensive to achieve for device packaging. One of the attractive 

packaging methods is the wafer-level encapsulation approach [84-86] that not only 

reduces the cost, but also protects the device during subsequent process steps such as 

dicing and cleaning. 

The two main parameters that are affected by pressure changes are the quality 

factor and the resonant frequency of the resonator. The resonant frequency will slightly 

increase or decrease with gas pressure depending on whether the viscous damping 

forces (proportional to the velocity) or the elastic damping forces (proportional to 

displacement and acceleration) are more dominant [87]. However, the shift in resonant 

frequency is usually minor compared to the more significant changes in Q with pressure. 

If the resonator is operated in high enough pressure, the term Qair in equation 

(3.5) becomes dominant such that after some threshold pressure level the Q gradually 

drops off with a certain trend. For example, the quality factor is reported to be inversely 

proportional to the pressure for tuning-fork resonators [70]. The squeezed-film damping 

effect is much more pronounced for lower resonant frequencies. However, the effect is 

likely insignificant at higher frequencies at UHF range for certain bulk-mode resonator 

design with high mechanical stiffness, as reported in [29] for the disk resonator that 

could achieve fairly high Q in air without vacuum packaging.  
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4.2   Squeeze-film damping or air damping 
 

The squeeze-film damping or air damping phenomenon is a complex process, and in-

depth analysis and accurate modeling are beyond the scope of this thesis. A brief 

summary on air damping will be presented in this section. A comprehensive overview 

paper on squeeze-film air damping is reported by M. Bao, et al. in [88], which discusses 

the basic effects of squeeze film damping on the dynamic performances of micro-

structures including the air damping of parallel plates, slotted plates, and torsion mirrors.  

For a pair of parallel plates, the resistive force to the moving plate interacting 

with the stationary plate is caused by the damping pressure between the two plates [88]. 

The damping pressure consists of two main components: the component that causes the 

viscous flow of air (viscous damping force) and the other that causes the compression of 

air film (elastic damping force). If the plate oscillates with a low frequency, the gas film 

is not compressed appreciably and the viscous damping force is dominant. The viscous 

force is directly proportional to the speed of the plate. On the other hand, if the plate 

oscillates with a very high frequency, the gas film is compressed and trapped within the 

gap, in which case the elastic force is dominant. The elastic force is directly proportional 

to the displacement of the plate. 

According to Blom, et al. [89], the pressure dependence of quality factor can be 

divided into three different regions: 1) the intrinsic region, 2) the molecular region, and 

3) the viscous region. Instead of calculating all the damping parameters in every region, 

Blom, et al. proposes to concentrate on the damping parameters that are dominant in one 

particular region. In the intrinsic region, the air pressure is very low that air damping 

may be negligible and the Q of resonator can reach a maximum value.  
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In the molecular region, the interaction between gas molecules can be ignored 

and the damping force is caused by the collisions of air molecules with the moving 

surface of the vibrating resonator. The quality factor due to air damping for the resonator 

with parallel-plate electrodes in this region in low vacuum (high pressure) [70, 88] can 

be predicted as   

( )
PM

RTfh
Q

m

1

24

2
⋅=

ππρ
,                                          (4.1) 

where h = thickness of the resonator, 

ρ = mass density of the resonator plate,  

f = resonant frequency of the plate, 

R = universal molar mass constant = 8.31 kg m
2
/(s

2
 K), 

T = absolute temperature in Kelvins, and  

Mm = molar mass of the gas. 

 

In the viscous region, the pressure levels are high up to the atmospheric pressure 

or even higher levels. The air behaves as a viscous fluid in this region and damping 

force is calculated using fluid mechanics [89].  

In summary, below a certain low pressure level in high-vacuum the damping is 

intrinsic to the resonator and the Q is independent of the pressure. As the pressure rises 

to intermediate levels, the damping is determined by the independent collisions of the 

gas molecules and vibrating resonator. At very high pressures the damping mechanism 

is governed mostly by the fluid mechanics.   
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4.3   Performance of resonators under varying pressure 
 

Performance of flexural beam resonators and bulk-mode resonators under various 

pressure levels, from high vacuum towards the atmospheric pressure, will be presented 

in this section. In high vacuum, the intrinsic damping of the resonator is dominant and 

the Q of resonator is expected to be independent of pressure. As the pressure is 

increased, the collisions of air molecules and the resonator become significant such that 

degradation in Q of the resonator in general is inversely proportional to the pressure. 

Under very high pressures up to the atmospheric pressure level, the resonator would be 

seriously damped and respond with the lowest quality factor.        

 

 

4.3.1   Flexural-mode resonators 
 

Performance of Clamped-Clamped beam resonator and Free-Free beam (fundamental-

mode and second-mode) resonators under different pressures are presented in this 

section. The resonant frequency generally increased for all the beam resonators as the 

pressure is increased from high vacuum to ~ 1000Pa, and the frequency shift is about 

30ppm – 140ppm over this pressure range. Since the resonators are vibrating at low 

frequency, the gas film is not compressed appreciably and the viscous damping force is 

dominant, which leads to an increase in resonant frequency [87]. The change in quality 

factor with increasing pressure is much more significant compared to the resonant 

frequency shift. Figure 4.1 shows the plot of measured quality factor of all three beam 

resonators vs. pressure in log-log scale.  
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Figure 4.1:  Quality factor vs. pressure plots for Clamped-Clamped beam resonator and Free-

Free beam (fundamental-mode and second-mode) resonators. 

 

 

The Q is measured with 3-dB method until it is no longer accurate due to anti-

resonance peak at high pressures. The measured quality factor is roughly constant at 

maximum value at pressures below 10Pa, and the Q gradually decreases at higher 

pressures. The 615kHz Free-Free beam resonator (fundamental-mode) has the highest 

maximum Q of 10,520 followed by the 529kHz second-mode Free-Free beam resonator 

with Q of 7,510. The maximum Q of 917kHz Clamped-Clamped beam resonator is only 

4,070. In the molecular region, all the curves eventually follow a similar trend of Q 

inversely proportional to the pressure. Given that all the tested beam resonators have 

parallel-plate drive and sense electrodes, their Q performance affected by air damping is 

quite comparable.   
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4.3.2   Bulk-mode resonators 
 

Performance of bulk-mode resonators under various pressures are presented in this 

section. The resonant frequency increases with pressure for all the bulk-mode resonators 

tested, indicating that viscous damping force is dominant for parallel-plate electrodes 

with 2µm electrode-to-resonator gap. The amount of frequency shift for bulk-mode 

resonators is less than that of the flexural beam resonators described in previous section, 

about 18ppm – 30ppm over the pressure range from high vacuum to ~ 1000Pa, compared 

to 30ppm – 140ppm of the beam resonators.         

The Q of 6.358MHz Lamé-mode square resonator was measured at pressure 

levels from high vacuum up to one atmospheric pressure (~10
5 

Pa) and the results are 

shown in Figure 4.2, where Q vs. pressure is plotted in log-log scales.  
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Figure 4.2:  A plot of measured Q vs. Pressure for 6.358MHz Lamé mode square resonator. 
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The polarization voltage VP of 60V was fixed at all pressure levels. The Q value 

remained almost constant up to 100Pa, maintaining Q values exceeding one million. 

However beyond 100Pa, the measured Q drops inversely with the square root of 

pressure initially, and then drops inversely with pressure, reaching a Q of about 5100 at 

a pressure of ~10
5

 Pa. The relatively low Q in this pressure-limited regime at pressures 

above 100 Pa is mainly due to air damping [70, 88, 89], which means that the effect of 

squeeze-film or air damping is the dominant loss mechanism. 

As the pressure gets higher, low AC drive signal is not strong enough to 

characterize the S21 resonance peak, and higher AC levels become necessary. Figure 4.3 

illustrates S21 resonance peaks of the same Lamé-mode square resonator, design 3J 

(60µm × 20µm) from Section 3.6. At pressure of 100 Pa, the measured Q is 977,600 and 

the Q drops to 102,500 at 1.09 × 10
4 Pa, while the shift in resonant frequency is minimal.  
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Figure 4.3:  S21 plots of design 3J with 60µm by 20µm anchor. Measured Q value drops from 

977,600 at 100Pa to 102,500 at 1.09 × 10
4 
Pa. 
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Quality factor measurements with varying pressure are done for other bulk-mode 

wine glass disk resonator (shown earlier in Figure 3.10(b)) and length-extensional 

resonator (shown in Figure 3.12). Figure 4.4 presents the log-log plot of Q vs. pressure 

for all three types of bulk-mode resonators.  
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Figure 4.4:  Comparison of Q vs. pressure log-log scale plots for Lamé-mode square resonator, 

wine glass disk resonator and length-extensional resonators. 
 

 

For all three bulk-mode designs, low pressure high-Q values are maintained with 

very little drop in Q as pressure is increased up to 100’s of Pa. Let P* to designate the 

pressure at which the Q value is about 70.7% of the maximum Q. The quality factor 

decreases much faster at pressures above P* where air damping is the major loss 

mechanism. The P* values for Lamé-mode square, wine glass disk and length-

extensional resonators are 150 Pa, 220 Pa and 310 Pa, respectively. The P* values of 

fundamental-mode Free-Free beam, second-mode Free-Free beam and Clamped-

Clamped beam resonators from Figure 4.1 on the other hand are about 55 Pa, 65 Pa and 

90 Pa, respectively.  
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The optimal operating pressure should be lower than P* so as to achieve quality 

factor closer to the maximum Q value. If we consider the Q versus pressure plot of 

tuning-fork type beam resonators reported in [70], the drop in Q from maximum value 

happens at pressures of 0.1Pa to 1Pa. For the bulk-mode resonators reported here, 

significant Q reduction only happens at much higher pressures, at hundreds of Pascal.     

The plot in Figure 4.5 compares the Q performance under different pressures for bulk-

mode resonators and flexural-mode beam resonators of this work, which clearly shows 

that bulk-mode resonators outperform the beam resonators in terms of maximum 

achievable quality factor and higher threshold pressure level when the Q begins to drop. 

This observation is mainly due to the high stiffness or spring constant (k) of the bulk-

mode resonators in comparison to flexural-type resonators.  
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Figure 4.5:  Quality factor vs. pressure plot comparison of bulk-mode resonators and flexural-

mode beam resonators. 
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The equation (2.15) can be rearranged to give the relationship between Q and k as:  

( )of

k
Q

πδ 2⋅
= .                                                      (4.2) 

Even though the magnitude of air damping at certain pressure (with damping coefficient 

δ) experienced by both types of resonators is the same, bulk-mode resonators with four 

orders of magnitude higher mechanical stiffness (as listed in Table 3.3) will have 

corresponding higher quality factor. Figure 4.5 suggest that bulk-mode resonators could 

provide Q > 100,000 at pressures as high as ~ 10
4

 Pa and that they would perform well in 

atmospheric pressure, and eliminate the need for high vacuum level packaging.   

 

 

4.4   Summary 
 

This section presented the stability of flexural and bulk-mode resonators under various 

pressures. The resonant frequency can shift with pressure changes depending on the type 

of damping force, but changes in Q with pressure are much more significant compared 

to the resonant frequency shift. After certain threshold pressure level the Q of resonator 

will begin to drop due to air damping, and eventually Q becomes inversely proportional 

to the pressure. Performance comparison of flexural beam and bulk-mode resonators 

show that bulk-mode resonators with much higher mechanical stiffness outperform the 

beam resonators, and bulk resonators are able to maintain the maximum Q under higher 

pressure levels. The test results presented in this section were done with resonators 

operating in linear region of vibration. The following chapter discusses how their 

performance is affected when they are operating in nonlinear region.      
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Chapter 5 
 

Power Handling and Nonlinearity 

 

Power handling capability is one of the important parameters for resonators. In this 

chapter, power handling of flexural resonators and bulk-mode resonators will be 

discussed along with the mechanical nonlinearity and electrical nonlinearity of 

micromechanical resonators. When a resonator is driven to operate in nonlinear region, 

resonant frequency begins to fluctuate and becomes dependent on the vibration 

amplitude. Nonlinearities also alter the structural damping and hence affect the quality 

factor. Nonlinearities also put a limitation on the power handling capabilities of the 

resonator. Power handling of a resonator is just as important as the quality factor when 

considering its overall performance. Measured results of Free-Free beam resonator and 

Lamé-mode square resonators show that bulk-mode square resonators can handle much 

more power, orders of magnitude higher compared to the power that Free-Free beam 

resonators can withstand, before the resonators go into nonlinear region.  

 

 

5.1   Power handling of resonator 
 

As the size of micromechanical resonators becomes smaller to push the operation 

frequency into UHF range, it is inevitable that the power handling capability of the 



106 

resonator will become reduced. For resonators targeted towards VHF and UHF 

frequency ranges, bulk-mode and contour-mode micromechanical resonators have 

shown to provide higher Q values along with better power handling capabilities, 

compared to the flexural-type beam resonators [19, 90, 91]. Trade-offs between Q and 

power handling is considered to be very important in setting the close-to-carrier and far-

from-carrier phase noise for an oscillator [19]. The importance of power handling 

capabilities for an oscillator can be demonstrated by examining Leeson’s equation of 

phase-noise density to carrier power ratio. Leeson’s equation as reported in [92, 93] that 

models the phase noise-to-carrier ratio for an ideal linear oscillator is  
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,                                   (5.1) 

where Pout = the signal power of oscillator, 

k = Boltzmann constant (1.38×10
-23

 JK
-1

), 

T = absolute temperature in Kelvins, 

Q = quality factor, 

fo = carrier frequency, and 

∆f = frequency offset from the carrier. 

According to Leeson’s equation above, the overall phase noise can be reduced by an 

increase in oscillation output signal power (Pout). Expression for Pout [19] is given by  

totoout RiP
2

2

1
= ,                                                   (5.2) 

where io is motional output current and Rtot is total resistance that consumes power in 

oscillation loop. The output power can also be expressed in terms of the stored signal 

energy (Estored) as below: 
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= .                                                (5.3) 

When equation (5.3) is substituted into equation (5.1), Leeson’s equation for phase noise 

can be derived as 

( )
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.                            (5.4) 

The first term in equation (5.4) determines the noise floor and the second term 

represents the close-to-carrier phase noise. Having high Q and large Estored both can 

lower the close-to-carrier noise. However, the noise floor will deteriorate with 

increasing Q, and therefore large Estored of similar order of magnitude is needed to offset 

very high quality factor. Hence, it is important to optimize both the Q and Estored 

together.   

The vibration energy stored (Estored) in the micromechanical resonator [91, 94] is  

2

2

1
XkE lstored = ,                                                   (5.5) 

where kl is the linear spring constant and X is the vibration amplitude of resonator. 

Moreover, output current io is directly proportional to vibration amplitude X of the 

resonator. Therefore, resonator with good power handling implies that it can produce 

high output current due to large amplitude of vibration, as well as it is able to store large 

vibration energy. Bulk-mode resonators are shown to be able to store orders of 

magnitude higher vibration energy than flexural beam resonators [91] mainly due to 

high mechanical stiffness of bulk-mode resonators. Mechanical spring constant of bulk-

mode resonators, as presented earlier in Table 3.3, is four orders of magnitude higher 

than the stiffness values of flexural beam resonators.  
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For applications where nonlinear vibrations are undesirable, the maximum stored 

energy ( max
storedE ) of micromechanical resonator is limited by critical vibration amplitude 

(XC) at the onset of nonlinear hysteresis. In other words, it is the maximum power that 

resonator can handle before it goes into nonlinear regime. Based on nonlinearity 

comparison, it is shown in [91] that Lamé-mode square resonator has three orders of 

magnitude larger maximum energy storage capacity than the Free-Free beam resonator. 

Therefore, bulk-mode resonators having both ultra-high Q’s in millions and high energy 

storage capability should perform well for oscillator applications with superior phase 

noise performance.  

 

 

5.2   Nonlinearity in micromechanical resonator 
 

The displacement of a typical micromechanical resonator can be approximated by that 

of a mass-spring-damper system as described in Section 2.3.1. Equation (2.11) is valid 

when the displacement or amplitude of vibration of the resonator is relatively small with 

linear motion. Once the excitation force F(t) becomes large and resulting in larger 

vibration amplitudes, additional terms are necessary in equation (2.11) to factor in the 

mechanical and electrical nonlinearities. The nonlinear motion can be estimated by 

replacing {kx} term of equation (2.11) with {k1x + k2x
2
 + k3x

3
}, where k1 is linear spring 

constant, anharmonic spring constants k2 and k3 account for quadratic nonlinearities and 

cubic nonlinearities, respectively. Then, the lumped Duffing’s equation for nonlinear 

vibration [95] for a micromechanical resonator can be written as 
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According to Landau, the shift in resonant frequency due to nonlinearities can be solved 

through successive approximation to give a new amplitude-dependent frequency ( of ′ ) 

expressed as  

2
, ofooo Xff ′⋅+=′ κ ,                                              (5.7) 

where 
ofo

X ′,
 is the vibration amplitude of resonator at frequency of ′  and the term κ is a 

function of spring constants given by 
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−=κ .                                            (5.8)   

Depending on the sign of the nonlinear parameter κ, the nonlinear resonant frequency 

peak could bend towards the higher frequency (spring hardening for positive κ), or 

towards lower frequency (spring softening for negative κ) [95], as shown in Figure 5.1.  

X

ffo

Linear response
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Spring hardening

κ < 0

Spring softening

Hysteresis region

X

ffo

Linear response

κ > 0

Spring hardening

κ < 0

Spring softening

Hysteresis region

 
Figure 5.1:  The effect of nonlinearity on the transmission curve of resonator. Resonance peak 

tilts toward higher frequency for κ > 0, and toward lower frequency for κ < 0. The shaded 

hysteresis region has three possible solutions for resonant frequency.  
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Usually the effect of cubic nonlinearity is dominant over that of the quadratic 

nonlinearity. The equation (5.6) represents the overall dynamics of resonator’s 

nonlinearity, which can be further broken down into mechanical nonlinearity and 

electrical nonlinearity. 

 

 

5.2.1   Mechanical nonlinearity 
 

When considering the mechanical nonlinearities, if the resonator structure is designed to 

be symmetric for both positive and negative displacements, the quadratic nonlinearity 

term can be dropped and the nonlinear response can be approximated by using the term 

{km1 x + km3 x
3
} [96, 97], where km1 and km3 represent linear and cubic mechanical spring 

constants, respectively. The even-powered quadratic nonlinear term {km2 x
2
} should be 

included when drift motion is involved, such that the oscillatory motion is not centered 

at some middle axis [98].             

One method of approximating the mechanical spring constants is to use finite 

element tool such as ANSYS. A distributive excitation force can be applied to the side 

of the beam, while large nonlinear displacement calculations are included in the 

simulation for beam deflections. After which the values of km1, km2 and km3 can be 

extracted from force versus displacement curve. However, this method usually does not 

yield accurate results for a complex resonator structure and hence, alternate methods are 

needed to extract the nonlinear mechanical spring constants. One of such methods is 

presented in [99] as semi-analytic technique to model and characterize nonlinearities of 

any type of resonators, and is very effective in extracting both the linear and nonlinear 
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parameters of resonator from preliminary measurement results. Mechanical nonlinearity 

mechanism due on quadratic nonlinearity has the spring softening effect if the value of 

km2 is significant, regardless of the sign of km2, and if the cubic spring constant km3 is 

smaller than a certain critical value [98]. The actual estimation of this critical km3 value 

could be difficult depending on the complexity of the resonator structure.  

The resonant frequency shift due to nonlinearity is dependent on the square of 

the vibration amplitude according to equation (5.7). Larger vibrations lead to a 

discontinuity or jump (bifurcation) in frequency response curve and eventually result in 

frequency hysteresis. The hysteresis region as shown in Figure 5.1 is where the 

frequency response curve is triple-valued, which means there are three possible 

solutions from theoretical calculation. However, only two stable points can be 

experimentally observed within the hysteresis region of transmission curve in open-loop 

measurements. The hysteresis loop in transmission response can be experimentally 

observed by sweeping the frequency upward and then downward again.  

The onset of bifurcation, also termed as ‘hysteretic point’ in [100], is commonly 

used as the boundary of linear and nonlinear operation for resonator. The critical 

excitation force FC that would initiate the bifurcation can be calculated [95, 96] below:  

3

524

9

364

Q

fm
F o
C

κ

π
= ,                                                (5.9) 

where m is the effective mass of the resonator, fo the natural frequency, and κ is the 

constant term of equation (5.8). The maximum amplitude of vibration (XC) at hysteretic 

point can be derived [95] as 

Q

f
X o
C

κ33

4
= .                                  (5.10) 
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For an electrostatically-actuated micromechanical resonator, the interaction between the 

electrostatic driving force and the mechanical restoring force determines the overall 

dynamics of the resonator. When the electrostatic excitation force exceeds the critical 

force FC, bifurcation will begin to happen with hysteresis loop in frequency response. 

The following section discusses the nonlinearity contributed by the electrostatic driving 

force in detail. 

 

 

5.2.2   Electrical nonlinearity 
 

For a two-port capacitively driven-and-sensed resonator with parallel-plate electrodes, 

the forcing term F(t) on the right of equation (5.6) becomes the overall electrostatic 

force Fe, which depends on DC bias VP and AC drive vac as below: 
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where εο is the permittivity of free space, Ae is the area of the electrode plate, d is the 

original electrode gap, and x is displacement of resonator. As the force Fe is imposed on 

the resonator it moves by some displacement x. Since VP >> vac, vac can be neglected in 

equation (5.11) for non-zero x and the force Fe becomes  

( ) ( ) 
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22
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2

1
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VAF Peoe ε .                                 (5.12) 

 For ,1<<







d

x
 substituting the Taylor series expansion in equation (5.12), the overall 

electrostatic spring force can be simplified as below:  
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From above equation (5.13), the linear and cubic electrical spring constants can be 

extracted as  

3
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−= ,                         (5.14) 

which are largely dependent on the square of DC voltage VP and inversely proportional 

to the powers of electrode gap. The quadratic electrical spring constant ke2 is zero in this 

case. The negative signs of ke1 and ke3 indicate that the electrostatic force is in the 

direction opposite to the mechanical restoring force. 

In order to take the combined effects of both mechanical and electrical 

nonlinearities, the mechanical spring constants km’s and electrical spring constants ke’s 

should be summed up and the overall system dynamics of equation (5.6) becomes  
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2 ε
δ ,         (5.15)  

where the interactions of mechanical and electrical spring constants determine the 

overall nonlinear behavior. The nonlinearity from electrical spring constants always 

results in spring softening. If the cubic nonlinearity is dominant, the difference between 

km3 and ke3 will dictate the Duffing behavior. The km values come from intrinsic 

mechanical properties of the resonator, whereas the ke values can be tuned by adjusting 

DC bias or the electrode gap. Hence, there is the possibility of nonlinearity cancellation 

if the ke values are in the same order of magnitude as km values. The quadratic nonlinear 

spring constant terms are ignored with the assumption of symmetric resonator structure. 
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5.3   Nonlinearity of Free-Free beam resonator 
 

This section presents measured nonlinear behavior of a Free-Free beam at fundamental 

mode as shown in Figure 2.2 of Section 2.2.2. The symmetric shape of transmission 

curve at resonance is observed for low AC drives (vac) as seen in Figure 5.2. When vac is 

increased keeping VP constant, the resonance peak becomes distorted by tilting to the 

right (spring hardening). This is due to nonlinear “Duffing” behavior as outlined in 

previous section, and the spring hardening effect is a typical result observed for all 

constant VP-biased vac variations for this device.  
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Figure 5.2:  Measured nonlinear response of Free-Free beam (fundamental mode) for increasing 

vac, with VP fixed at 70V. 

 

From measured resonant frequency vs. VP plot at low AC drive shown in Figure 

5.3, linear mechanical spring constant km1 can be extracted using equation (3.10). The 

value of km1 can also be found from force vs. displacement obtained through ANSYS 

simulations. Predicted resonant frequencies using km1 from ANSYS is also plotted in 

Figure 5.3 and they differ from measured data as shown.  
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Figure 5.3:  Measured resonant frequency vs. VP, along with extracted km1 value. Theoretical fo 

values are calculated using km1 value from ANSYS simulations. 

 

 

Although the error in predicting resonant frequency is not very significant, the 

value of km1 deviates quite considerably. That is, the extracted km1 from measured data is 

about twice that extracted using ANSYS. Therefore for nonlinear studies, where 

quadratic and cubic spring constant terms (km2 and km3) play a major role, predicting 

nonlinear behavior with extracted km values from ANSYS may be inadequate. The semi-

analytic method presented in [99] is quite efficient in predicting higher order nonlinear 

spring constants, and it predicts that the overall cubic spring constant k3 for this device is 

about 2285.05 µN/µm
3
. The electrical cubic spring constant ke3 at high VP of 100V is 

roughly 38.7 µN/µm
3
, which is only 1.7% of k3. Therefore, the value of km3 is very large 

and dominates the cubic spring constant, which accounts for the spring hardening 

nonlinear behavior of the device.    
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Figure 5.4 shows the measured response curve for VP = 50V and vac = 420mVpp, 

obtained with upward and downward frequency sweep showing two sharp ‘jump’ 

transitions. The bounded region between two jumps is an unstable part of the response 

that cannot be measured experimentally [98-100]. This unstable region is outlined with a 

dotted trace between the two jumps in Figure 5.4. The larger the AC drive amplitude the 

more the hysteresis loop will expand, and the extent of which can be observed by 

sweeping the frequency upward and then downward for different drive conditions.     
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Figure 5.4:  A hysteresis loop illustration with upward and downward frequency sweep taken at 

VP = 50V and vac = 420mVpp. The Duffing Factor (DF) is defined for an upward sweep. 

 

 

For quantification of the amount of Duffing nonlinearity, a term “Duffing 

Factor” (DF) is introduced, which is defined as the largest drop in the transmission 

curve, or the largest difference between the consecutive S21 transmission dB values, as 

illustrated in Figure 5.4. This term can be used for careful analysis of early stages of 

nonlinear distortions. 
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Figure 5.5 shows the DF extracted for fundamental-mode Free-Free beam 

resonator biased at different VP and vac amplitudes. For low vac below a critical value, 

there is hardly any Duffing nonlinearity despite increasing VP bias.  
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Figure 5.5:  Plot of Duffing Factor (DF) versus vac increase for each of the fixed VP value. 

 

 

If the threshold for Duffing is decided at the level of DF=1dB, then the corresponding 

critical vac is around 120mVpp. With the drive conditions of vac less than 120mVpp at 

different VP, the resonator displacement was estimated (using experimental Q values) to 

be less than 50nm, which is less than 2.5% of the 2µm electrode-to-resonator gap. 

Therefore, at small vibrations nonlinearity is not observed even though electrostatic 

force is increased with larger VP bias. Beyond this critical point, an increase in vac results 

in larger Duffing nonlinearity indicated by much larger DF. This dependence of DF on 

vac follows a linear relationship that can be experimentally approximated as 

( ) mVdBvDF ac /125.0⋅≈ ,                                         (5.16) 

where DF is in dB scale, and vac in AC drive voltage peak-to-peak, which means 8mVpp 

rise in AC voltage is required for 1 dB rise in DF.  
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For large AC drive beyond 120mVpp, as shown in Figure 5.5, the Duffing 

behavior is largely mechanical-based. For example, for a fixed vac of 150mVpp in 

Figure 5.5, different VP values cause significant change in DF, indicating nonlinear 

behavior is dependent on the DC bias voltage. However for low vac values, it is possible 

that both softening due to electrical and hardening due to mechanical compensating one 

another, resulting in DF almost constant for increasing VP bias as long as AC drive is 

below the critical value of 120mVpp. This result can be useful in applications where 

DC-bias voltage tuning is needed without introducing nonlinearity. 

For the combined effect of VP and vac conditions, the points at which hysteresis 

begins to occur are recorded for different VP and vac values, as shown in Figure 5.6. The 

‘hysteretic point’ corresponds to the point below which S21 transmission curve is almost 

identical for upward and downward frequency sweeps. Above hysteretic point the 

response is no longer single-valued and jumps occur for both upward and downward.  
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Figure 5.6:  A plot of measured VP and vac combinations at which nonlinear hysteresis begins to 

develop. Below this curve is hysteresis-free region, where the frequency response is almost 

identical for upward and downward sweeps. 
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The curve in Figure 5.6 is produced by connecting such hysteretic points, and it defines 

a boundary line that divides the hysteresis region and hysteresis-free region. In Figure 

5.6, smaller vac is needed for hysteresis to develop as VP is increased because the 

electrostatic force is proportional to ( acP vV ⋅ ). However, beyond VP = 50V the spring 

softening effect due to electrical nonlinearity partly cancels the hardening due to 

mechanical, so that more vac drive is required to induce the hysteresis. 

It is usually difficult to predict using FEM tools whether cancellation of 

mechanical nonlinearity and electrical nonlinearity would happen for a given resonator. 

Moreover, the electrode gap of the resonator used in our study is large at 2µm and it is 

difficult to experimentally show the electrical nonlinearity dominance over the 

mechanical nonlinearity. Nonetheless, the cancellation phenomenon can be shown for 

2µm-gap resonator having low mechanical stiffness, as reported by Shao, et al. [101] for 

a 193kHz Clamped-Clamped beam resonator where the first-order cancellation between 

the mechanical and electrical nonlinearities is observed experimentally. Nonlinearity 

cancellation is also reported in [96] to improve the overall maximum output current. 

Therefore, nonlinearity cancellation boosts the critical vibration amplitude of the 

resonator, which leads to better power handling capability.      

 

 

5.4   Nonlinearity of bulk-mode resonators 
 

In this section, nonlinear behaviors of Lamé-mode square resonators and wine glass 

mode disk resonators are presented. The study of nonlinearity in bulk-mode resonators 

has been reported previously in [90, 91, 102], however, the study is in early stage of 
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development and more work is needed to fully understand their nonlinear response. 

Nonlinear behavior of length-extensional and square-extensional bulk-mode resonators 

are reported to be of spring softening type [90, 102]. Spring softening nonlinear response 

is also observed for bulk-mode resonators of this work.  

Measured transmission curves for 6.35MHz Lamé-mode resonator with straight-

beam anchors driven at fixed VP =60V and different vac is shown in Figure 5.7. The 

frequency is swept downward and shows the spring softening nonlinearity. More 

detailed plots of upward and downward frequency sweeps are shown in Figure 5.8. 
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Figure 5.7:  Measured S21 transmission curves for different vac at fixed VP = 60V. The frequency 

is swept downward and shows the spring softening nonlinearity of Lamé-mode square resonator. 

As to compare the frequencies at 1.042Vpp and 5.865Vpp, the difference ( fo – fo
' ) = 20Hz.    
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Figure 5.8:  Nonlinear response of Lamé-mode square resonator at various vac : (a) = 1.042Vpp, 

(b) 3.275Vpp, and (c) 5.865Vpp, all at VP = 60V. Both upward and downward frequency sweeps 

are shown.    
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The transmission response in Figure 5.8(a) is a single-valued function for 

vac=1.042Vpp. As the vac is increased to higher levels, the frequency response bends 

toward lower values and eventually causes a jump with frequency hysteresis. Using the 

semi-analytic method described in [99] the cubic mechanical spring constant (km3) is 

extracted as −2.40 ×10
15

 N/m
3
, which also corresponds to large negative value of the 

nonlinear parameter κ from equation (5.8).      

The spring softening nonlinearity is observed for wine glass disk resonators as 

well, and a micrograph of tested resonator can be seen in Figure 3.10(b). Measured 

transmission curves for 6.8MHz wine glass mode disk resonator is shown in Figure 5.9, 

driven at several vac and fixed VP = 100V.       
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Figure 5.9:  S21 transmission curves for 6.8MHz wine glass disk resonator at different vac and 

fixed VP = 100V. The frequency is swept downward showing spring softening nonlinearity. The 

difference ( fo – fo
' ) of the resonant frequencies at 1.31Vpp and 5.87Vpp is only about 5Hz. 

 

 

At 100V and 5.87Vpp drive, the new resonant frequency of ′  is only about 5Hz 

away from the resonant frequency of  without nonlinearity at lower AC drive. In 
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comparison, for Lamé-mode square resonator at the same vac level of 5.87Vpp and at 

60V, the difference ( )oo ff ′−  is about 20Hz as shown in Figure 5.7. Therefore, this 

particular disk resonator is able to take more power with very little nonlinear hysteresis 

compared to the Lamé-mode square resonator design. This better power handling of the 

disk resonator can be explained partly by 1.8× higher linear mechanical spring constant 

km1, as listed in Table 3.3, than that of the square resonator. The amount of resonant 

frequency shift ( )oo ff ′−  due to Duffing is directly related to the nonlinear parameter κ, 

and κ is inversely proportion to k1.  

One observation regarding Lamé-mode square resonators is that longer and 

flexible anchor beams give rise to nonlinear vibrations more easily at lower DC bias and 

AC drives than shorter anchor beams. From nonlinear response of square resonators 

with straight-beam anchor designs 4A (La × Wa = 60µm ×10µm), 4B (120µm ×10µm), 

and 4C (320µm ×10µm), a set of vac and VP values are obtained at the point of hysteresis. 

These points are at drive conditions just before upward and downward frequency sweeps 

of S21 response are no longer the same with hysteresis loop. In Figure 5.10, AC-DC 

hysteresis points that form a boundary line for the three designs 4A, 4B, and 4E are 

plotted. Above this boundary line, square resonator is in nonlinear region with 

hysteresis, below which resonator is in linear region. The results show that square 

resonators with longer anchor beams go into nonlinear region at lower vac for the same 

VP bias. However, the advantage of square resonator with long anchor beams over the 

one with short anchors is that it is easier to excite to give strong signal-to-noise 

performance at a lower VP bias. This is due to the bulk of the square resonator able to 

vibrate more freely with longer anchor beams attached at the four corners. It depends on 

the type of application whether short or long anchor beam is more suitable.     
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Figure 5.10:  A plot of AC - DC hysteresis points that form a boundary line, above which square 

resonator is in nonlinear region with hysteresis, below which it is in linear region. Comparison 

of designs 4A (60µm×10µm), 4B (120µm×10µm), and 4C (320µm×10µm) shows that squares 

with longer anchor beams go into nonlinear more easily at lower drive conditions. 

 

 

Therefore, square resonator with very short anchor beams will have high Q and 

hardly exhibit nonlinear behaviour, but require larger drive conditions for a good signal-

to-noise performance. Very long anchor beams on the other hand, results in slightly 

lower Q, easier to be driven into nonlinear region, but provides large vibration amplitude 

at lower VP bias. Experimental results reveal that for different combination of La and Wa 

of the anchor beam, there are design trade-offs between Q, Rm, and power handling. 

Depending on whether quality factor, motional resistance, or power handling is the 

priority for a certain application, a set of optimal anchor beam length and width 

combination can be chosen.      
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5.5   Comparison of flexural-mode and bulk-mode 

resonators  
 

In this section, power handling capability of flexural beam resonators will be compared 

to that of bulk-mode square resonators. The dimensions of the flexural beam resonators 

need to be reduced to scale for higher operating frequency range. Hence, the signal-to-

noise ratio (SNR) of much smaller flexural resonators is also decreased. However, 

within a given layout area for the device, bulk-mode resonators with much higher 

mechanical stiffness can operate at higher resonant frequency and achieve ultra-high Q 

compared to flexural-type resonators.  

From nonlinear response of fundamental-mode Free-Free beam from Section 5.3, 

the hysteresis loop is much larger compared to bulk-mode square and disk resonators 

under the same drive conditions. For the second-mode Free-Free beam shown earlier in 

Figure 2.3, there are only one support beam at each of the three nodal points, thus 

leading to lower axial stiffening force along the beam compared to the fundamental-

mode version. Therefore, measured results of second-mode Free-Free beam display 

spring softening nonlinearity, unlike the hardening type of the fundamental-mode Free-

Free beam resonator.     

The second-mode Free-Free beam resonator (in Figure 2.3) and Lamé-mode 

square resonator (in Figure 3.8) both display spring softening nonlinearity. The linear 

mechanical spring constant km1 of second-mode Free-Free beam resonator is 6702 N/m 

and that of the Lamé-mode square resonator is 2.155×10
7
 N/m [99]. Since the km1 of the 

softer Free-Free beam resonator is significantly lower than the Lamé-mode square 

resonator, the vibration amplitude of the beam is much larger under the same drive 

conditions, leading to much more pronounced nonlinear behavior.  
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Figure 5.11 shows the S21 transmission response of Lamé-mode resonator and 

second-mode Free-Free beam resonator tested under the same drive of vac = 1.322Vpp 

and VP = 60V. The transmission curve of Lamé-mode resonator is still single-valued plot 

without hysteresis, whereas the resonant frequency of Free-Free beam resonator is 

shifted by -1000ppm with large hysteresis loop. Hence, the Free-Free beam resonator is 

much easier to be driven into nonlinear region while the Lamé-mode resonator can take 

more power before showing signs of nonlinearity. 

 

(a)

(b)

(a)

(b)

 
Figure 5.11:  S21 transmission curves measured at vac = 1.322Vpp and VP = 60V for the (a) 

Lamé-mode square resonator and (b) second-mode Free-Free beam resonator. [Source: 99] 

 



127 

With regard to the maximum stored energy, max
storedE , the Lamé-mode square 

resonator has three orders of magnitude larger energy storage capacity compared to the 

second-mode Free-Free beam resonator [91]. Better power handling (or higher energy 

storage) along with ultra-high quality factor of the Lamé-mode square resonator could 

provide superior phase noise performance, according to Leeson’s formula in equation 

(5.4), if the square resonator is used in oscillator application.  

When a flexural beam resonator is implemented into a closed-loop oscillator, 

vibration amplitude control circuit is usually required to limit the distorted time-domain 

oscillation. Automatic-level control methods reported in [21] that limit the vibration 

amplitude of the 10MHz Clamped-Clamped beam oscillator are shown to improve the 

close-to-carrier phase noise. Comparison of time-domain oscillations from Lamé-mode 

square oscillator and Free-Free beam oscillator, both without any amplitude limiting 

circuit, shows that the output of Free-Free beam oscillator is distorted by higher order 

harmonics arising from nonlinear vibration, whereas the Lamé-mode oscillator is able to 

generate a clean sinusoidal wave [103]. Therefore, Lamé-mode square oscillator is much 

less susceptible to nonlinearity and produces no significant signs of nonlinear vibration.                  

Closed-loop circuit for oscillator and phase noise measurement setup is shown in 

Figure 5.12(a), reported by our group in [104]. From phase noise performance of both 

square and beam oscillators shown in Figure 5.12(b), the close-to-carrier phase noise of 

the Lamé-mode oscillator performs much better than that of the Free-Free beam 

oscillator. At 10Hz offset from the carrier frequency, phase noise of the Lamé-mode 

oscillator is 42dB lower than that of the Free-Free beam oscillator [104]. Moreover, the 

Free-Free beam oscillator exhibits the 1/f 
6
 phase noise component while the Lamé-mode 

oscillator has 1/f 
2
 phase noise. A sudden increase in the close-to-carrier phase noise, the 
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1/f 
6
 component in this case, is believed to be caused by the hysteretic instability arising 

from the vibration amplitude of the resonator that is increased beyond the critical 

Duffing point (XC) [21, 105]. Hence, large nonlinear vibrations of the Free-Free beam 

have severely degraded the close-to-carrier phase noise. 

 

(a)

(b)

 
Figure 5.12:  (a) Schematic of closed-loop circuit for oscillator and phase noise measurement 

setup, (b) Phase noise performance of Lamé-mode square oscillator and Free-Free beam 

oscillator. [Source: 104] 

 

 

The expected 1/f 
2
 phase noise component from theoretical prediction, according 

to the second term of equation (5.4), is observed for the Lamé-mode oscillator indicating 
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that the effect of nonlinearities is minimal for the Lamé-mode resonator. Therefore, 

Lamé-mode resonator and other bulk-mode resonators having similar nonlinear behavior 

could be implemented as oscillator without amplitude-level control circuitry, and still 

perform well with low phase noise. Such characteristic would simplify the circuit design 

and bulk-mode resonators have great potential in reference oscillator applications.    

 

 

5.6   Summary 
 

In summary, both mechanical nonlinearity and electrical nonlinearity of micro-

mechanical resonators have been presented in this section. The effect of nonlinearities 

on the performance of Free-Free beam, Lamé-mode square, and wine glass disk 

resonators were investigated. The results show that nonlinearities not only destabilize 

the resonant frequency, but also limit the vibration energy storage and hence place a 

limitation on the power handling capability of the resonator. The nonlinearity of 

fundamental-mode Free-Free beam resonator presented in this section had spring 

hardening behavior, which shifts the resonant frequency to higher value. However 

depending on the support beam and resonator design, a flexural beam resonator can 

exhibit spring softening or hardening nonlinear behavior. Appropriately designed beam 

resonator could provide with a cancellation between the mechanical and electrical 

nonlinearities, which could improve the overall maximum output current and therefore 

better power handling of the resonator.  

The nonlinearities of bulk-mode 6.35MHz Lamé-mode square resonator and 

6.8MHz wine glass disk resonator are of spring softening type. The wine glass disk 
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resonator presented here had higher mechanical stiffness than the Lamé-mode resonator 

and observed to have better power handling capability. The length of anchor beams 

could also contribute to nonlinearity of bulk-mode resonators. Lamé-mode square 

resonator with long anchor beams exhibited nonlinear behavior at lower drive power 

compared to the results of square resonators with short anchors.   

When comparing the power handling of flexural beam resonator and Lamé-mode 

resonator, the Lamé-mode resonator is much less susceptible to nonlinear effects and 

can store three orders of magnitude larger vibration energy before the frequency 

hysteresis occurs. Therefore, better power handling along with ultra-high quality factor 

of the bulk-mode resonators could provide superior phase noise performance in 

oscillator applications. The closed-loop feedback response further demonstrates that the 

Lamé-mode square based oscillator is able to achieve 42dB lower phase noise at 10Hz 

offset from the carrier frequency than the flexural-mode beam oscillator [104].  

Besides the quality factor and power handling as important parameters for 

reference oscillator applications, the stability of oscillating frequency under various 

temperatures is also just as important. The shift in frequency with temperature is 

unavoidable for micromechanical resonators, which is caused by the thermal expansion 

of structural material and the temperature dependence of Young’s Modulus. The 

following chapter discusses the stability of resonant frequency under various 

temperatures in more detail. 

 



131 

 

Chapter 6 
 

Temperature Stability and Compensation  

of Resonator Oscillator 
 
 

When gauging the performance of micromechanical resonators for a particular 

application, the quality factor, power handling and pressure stability presented in 

previous chapters should be carefully assessed. Another important parameter is the 

temperature coefficient of frequency (TCf), which is a measure of changes in the 

resonant frequency with temperature. Changes in temperature result in corresponding 

changes in the mechanical elastic properties of the structure that eventually leads to 

resonant frequency drift. Large amount of resonant frequency drift with temperature is 

useful for some applications such as temperature sensors, but it is undesirable for timing 

reference applications. Therefore, a method of temperature compensation is necessary 

for reference oscillators. This chapter highlights the temperature dependence of resonant 

frequency and we propose a new method of temperature compensation for oscillators. 

 

 

6.1   Temperature coefficient of resonant frequency 
 

Silicon and polysilicon micromechanical resonators have large TCf values mainly due to 

the thermal dependence of Young’s modulus. Large TCf value could also be due to the 
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differences in the thermal expansion of the structural material and the substrate [106-

108]. The TCf values of reported silicon resonators, which are not under heavy 

compressive or tensile stresses, are usually in the range of –20ppm/°C to –30ppm/°C 

regardless of the resonators are flexural-mode or bulk-mode type. However, differences 

in the thermal expansion of structural material and the substrate could enhance the 

temperature sensitivity of the resonator, which can lead to large TCf around –90ppm/°C 

for Clamped-Clamped beam resonator [107] or even higher to –170ppm/°C for doubly-

clamped tuning fork resonator [108].  

Therefore, the uncompensated TCf for silicon resonators are usually 15–20 times 

larger than that of quartz crystals. Quartz crystals can be cut in such a way to minimize 

frequency drift due to temperature, such as AT-cut quartz resonators that have 

uncompensated temperature coefficients (TCf’s) on the order of ±100 parts per million 

(ppm) for –55°C to 125°C temperature range [109].  

 For applications where stable frequency is desired over a large temperature 

range such as for reference oscillators, large negative TCf of micromechanical resonators 

pose a challenge and some form of temperature compensation is required. One common 

temperature compensation method is the digital compensation using a temperature 

sensor and external CMOS circuits. For example, in a fully programmable oscillator 

SiT8002 from SiTime, such digital compensation can provide less than ±50 ppm 

frequency variation over –40°C to +85°C range [110].  

Depending on the size, geometry and the type of resonator, fractional changes in 

resonant frequency could be either linear, quadratic or even cubic function of 

temperature over a large temperature range. Frequency response of some of the AT-cut 

quartz crystal resonators are shown to exhibit cubic dependence on temperature [109]. 
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Whereas for watch-grade tuning fork quartz resonators and micromechanical double-

ended tuning fork resonators of the work by [111], frequency-temperature relationship is 

of quadratic type. The clamped-clamped beam, free-free beam and bulk-mode silicon 

resonators usually have linear fo–temperature relationship. The frequency changes with 

respect to reference frequency fo can be expressed generally in Taylor expansion form as  
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In fact, the equation (6.2) can be used to express temperature dependence of any 

geometric or material parameter by replacing the term “f” with appropriate symbol. 

Figure 6.1 shows the resonant frequency changes with temperature reported in [107] for 

clamped-clamped beam resonators driven by comb electrodes fabricated in SOIMUMPs.  

 
Figure 6.1:  Resonance frequency fo shift with temperature for clamped-clamped beam resonator 

measured by both acoustic phonon detection and electrical characterization methods [107]. 
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Both methods of acoustic phonon detection and electrical characterization confirm that 

resonant frequency changes linearly with temperature. The TCf values are in the range 

of –80ppm/°C to –90ppm/°C for these types of beam resonators that are under axial 

stress at both fixed ends.  

For bulk-mode Lamé square resonators that have been discussed in Chapter 3, 

the resonant frequency is also linearly dependent on temperature. Figure 6.2 shows 

measured TCf of three 6.35MHz square resonators that have different geometric design.   

 

 
Figure 6.2:  Changes in resonant frequency with temperature for 6.35MHz Lamé-mode square 

resonators: design 3A (60µm ×10µm anchors) with –36.7ppm/°C, design 3I (320µm ×10µm 

anchors) with –38.8ppm/°C, and design 3E (release etch-holes all over) with –33.5ppm/°C.   

 

The TCf of Lamé-mode square resonators were observed to be roughly the same value 

regardless of the differences in the resonator design. Therefore, for silicon resonator to 

be implemented as oscillators, a good method of compensation is required to offset the 

resonant frequency drift with temperature. The following section reviews existing 

methods of temperature compensation reported in literature.      
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6.2   Review of different compensation techniques 
 

Some of the other reported temperature compensation techniques in literature include 

mechanical means of stress compensation with specially designed geometry [106, 112], 

localized heating of the resonator [108], or compensations based on electrostatic tuning 

of the bias voltage (VP) to the resonator [113, 114]. Some of these methods compensate 

frequency changes by using materials having mismatched coefficient of thermal 

expansion to axial stresses induced within the resonator. Furthermore, another approach 

is to offset the large negative temperature coefficient of silicon by coating the resonator 

with a material that has positive temperature coefficient of Young’s modulus such as 

SiO2 [111]. For some type of resonators whose quality factor (Q) is dependent on 

temperature, the Q itself could be used as a thermometer for compensation [115].  

Each of the compensation techniques has its own benefits and drawbacks. For 

example, due to variations in the thickness, thin film coating with SiO2 could lead to 

unpredictable TCf values that vary from device to device. For electronically 

compensated resonators, an external precise temperature sensor is typically required at a 

different location away from the resonator, which could lead to inaccurate compensation 

due to temperature gradient between the sensor and resonator. Nevertheless, a careful 

resonator design that is temperature compensated with a combination of two or more of 

the methods described above, the TCf value of micromechanical oscillator could 

potentially be very low in the order of several parts per billion (ppb).     

High performance temperature sensor is an important component of the digital 

temperature compensation. The sensor must be located in close proximity to the 

resonator such that there is little thermal gradient between sensor and resonator. The 
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most accurate temperature sensor of course is the resonator itself. Resonator self-

temperature-sensing has previously been proposed for quartz crystal oscillators using the 

“beat frequency method” of mixing the two signals from dual harmonic mode excitation 

[116, 117]. This result in nearly linear dependence of beat frequency on temperature, 

and the obtained information can be used in compensation of either one of the dual-

mode signals.  

For micromechanical resonators, the beat frequency method has been used for 

two independent oscillators based on Double Ended Tuning Fork (DETF) resonators 

[118]. The two resonant frequencies of the DETF resonators are set roughly the same, 

while their temperature coefficients are designed to be different through addition or 

removal of stresses at the ends of tuning fork tines. The end result is higher sensitivity to 

temperature for the beat frequency signal after mixing, which serves as a temperature 

sensing mechanism. For bulk-mode micromechanical resonators, a temperature sensing 

method is also reported recently in [119] utilizing the two bulk acoustic modes of square 

resonator (namely, square-extensional mode and Lamé mode). This method is rather 

promising; however, its main disadvantage is that the resonant frequencies of the two 

modes are close to each other, which would require an accurate frequency measurement. 

As presented previously in Chapter 3, the resonant frequency hardly changes with DC 

bias VP for bulk-mode resonators unlike the flexural beam resonators. Hence, 

compensation that uses the electrostatic tuning of VP is not very effective for bulk-mode.  

We present a method of temperature compensation in the following section. No 

external temperature sensor is required with this compensation approach. Our method 

could be used for any type of resonator including bulk-mode resonators. Our method is 

based on difference frequency mixing of two oscillations to generate a beat frequency 
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that is used as the reference oscillation. One of the two oscillations comes from two 

Lamé-mode square resonators in one positive feedback closed-loop, and the other 

oscillation comes from a beam resonator in another feedback loop. The beam is placed 

at the middle and joins the two square resonators. As to verify our compensation 

concept, the composite structure is tested with system-level circuit implementation. 

After frequency mixing, the TCf of final reference oscillation improved without using 

any special compensation electronics.  

 

6.3   Composite resonator design for compensation 
 

Micrograph of the composite resonator is shown in Figure 6.3. It is made up of two 

square resonators designed to vibrate in Lamé mode and a bridging beam is placed in 

between the squares. We have reported the preliminary test results of this design in 

[120]. The side length Ls of the squares is 650µm, and the beam length (Lb) and width 

(Wb) are 720µm and 25µm, respectively. The electrode-to-resonator gap is 2µm. 
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Figure 6.3:  SEM micrograph of the composite resonator and its geometric dimensions.    



138 

Finite element simulation in ANSYS for the beam resonator and square 

resonators is shown in Figure 6.4. The middle beam is bounded by large square plates at 

both ends and the beam vibrates almost as a Clamped-Clamped beam shown in Figure 

6.4(a). Lamé-mode vibration of the square resonators is in sync shown in Figure 6.4(b).    

 

(a)

(b)
Anchors

430kHz

5.939MHz

(a)

(b)
Anchors

430kHz

5.939MHz

 
 

Figure 6.4:  Simulation results of mode shape in ANSYS, (a) for the middle beam with 

Clamped-Clamped vibration, and (b) the square resonators in Lamé-mode resonance. 

 

From analytical model for a free-standing square plate, the resonant frequency 

(fs) of square resonators in Lamé mode according to equation (2.7) is  

ρ
44

2

1 C

L
f

s

s ⋅= ,                                               (6.3) 

where C44 term is the shear modulus and ρ is the density. C44 measured for silicon is 

79.6GPa. If the middle beam with end-to-end length (Lb) vibrates in length-extensional 

mode, its resonant frequency (fext) can be calculated by equation (2.6) as 
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where E is the Young’s modulus. For silicon structural layer of SOIMUMPs, estimated 

values are E = 179GPa and ρ = 2330 kg/m
3
. Then the value of fext calculated is 6.1MHz. 

If the middle beam is driven into lateral motion perpendicular to its length-

extensional mode, its movement can be regarded as that of a Clamped-Clamped beam. 

Then, the expression for the beam’s resonant frequency (fb) can be approximated using 

the Euler-Bernoulli theory [106], 

ρ
E
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f

b

b
b 2

027.1= .                                                (6.5) 

Equation (6.5) is an estimate for fb without taking into consideration of the stresses the 

beam experiences due to the length-extensional vibration mode. The calculated value for 

fb according to equation (6.5) is 435.3kHz. Since the two ends of the middle beam is 

loosely clamped, measured frequency of the beam while squares are vibrating 

simultaneously is expected to be less than the calculated fb value. ANSYS-simulated 

resonant frequency for the Clamped-Clamped beam mode of Figure 6.4(a) and the two 

squares in Lamé-mode of Figure 6.4(b) are 430kHz and 5.939MHz, respectively.    

In Lamé mode, the squares can be driven differentially at the sides indicated by 

Vd+ and Vd– in Figure 6.3. When the two square resonators are simultaneously vibrating 

in-sync, the middle beam will experience longitudinal stresses along its length. If the 

beam had been designed to join the two squares at their corners instead of at the middle, 

another mode with the squares in out-of-sync vibration would show up. Symmetry along 

both axes of the 2-D plane for the composite design shown in Figure 6.4 is important for 

suppressing the unwanted vibration modes while having minimal energy losses.  
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6.4   Proposed temperature compensation method 
 

The beat frequency method of mixing signals from two oscillators was initially used for 

quartz crystal “dual-mode oscillators” as a mean to measure the temperature [116, 117]. 

The frequencies of two harmonic modes of the quartz crystal are mixed to give a beat 

frequency that is linearly dependent with temperature. This linear dependence with 

temperature enables compensation with external electronics more efficiently. Figure 6.5 

shows a schematic of beat frequency method for the case of our composite resonator 

with two independent oscillation setups. The product of the mixer is subsequently 

filtered with a band-pass filter. Then, the beat frequency (fbeat) is derived as 

bsbeat Nfff −= .                                                   (6.6) 
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Figure 6.5:  Schematic diagram for frequency mixing of the square and beam oscillators to 

generate the beat frequency. 
 

 

 

Since the resonant frequency of a resonator depends on the geometry, the 

designer must set the initial frequencies of the device. If the frequencies of the two 

oscillators are designed to be close to each other and the devices have different TCf 

values, then the mixed product fbeat is much smaller frequency and also becomes more 
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sensitive to temperature changes. Then, the system can be used as a temperature sensor 

[119, 18]. In this case, the × N multiplier block shown in Figure 6.5 is not required.  

 However, if the oscillation frequencies are farther apart, fbeat itself could be used 

as the reference frequency for the oscillator. The expression for fbeat using the × N 

multiplier can be further derived, using only the first-order temperature coefficients as 

( ) ( ) ( ) TfNfNffNfff bbssbosobsbeat ∆−+−=−= αα ,                     (6.7) 

where fso and fbo are initial frequencies at room temperature, and αs and αb are TCf 

values of square and beam resonators, respectively. Since the temperature coefficient of 

fbeat is desired to be as low as possible, the objective is to set the following condition, 

bbss fNf αα =                                                    (6.8) 

from equation (6.7), so that the magnitude of TCf for the fbeat is very low. Initially, the 

TCf values αs and αb are unknown. Once the TCf values are obtained from initial 

measurements, appropriate value for N can be calculated to satisfy the equation (6.8). 

However, some arbitrary value for N may not be attainable in a practical multiplier 

circuit. Therefore, a better approach would be to make adjustments in resonant 

frequency by re-designing the resonator through modifications in device geometry.  

 

 

6.5   Measurement setup and implementation 
 

At first, the composite resonator is characterized for its open-loop response, with the 

square resonators differentially driven and tested for the Lamé-mode frequency, while 

the beam resonator is independently tested with a two-port network setup. A dc-bias 

voltage VP is applied directly to the resonator proof-mass. In order to verify the 
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temperature compensation concept presented in this chapter, two independent oscillation 

circuits are implemented around the composite structure. The overall circuit schematic is 

shown in Figure 6.6 for both oscillation loops. There are two basic requirements in order 

to start up the oscillation: a) the gain of the positive feedback in series connection must 

be higher than one and b) the total phase shift through the loop must be zero degree. 

Both of the requirements must be met at the same time to achieve sustained oscillation.  
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Figure 6.6:  Circuit schematic for implementing square and beam oscillators from one composite 

structure, along with frequency mixing to generate temperature-compensated oscillating signal. 
 

 

The oscillation amplitude is either limited by the closed-loop circuit or the 

nonlinearities of the micromechanical resonator. The individual closed-loop setup for 

the beam and square oscillators are shown in Figure 6.7. A closed-loop for two-port 

setup of the middle beam is realized with transresistance amplifier and band-pass filter 

in series connection as shown in Figure 6.7(a). For simplicity, no extra amplitude-level 
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control circuitry was added in the feedback loops so the oscillation was limited by the 

nonlinearity of the beam resonator. Including an automatic amplitude-level control 

circuit would actually improve the overall oscillation with the beam resonator in linear 

vibration, providing lower phase noise [21].   
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Figure 6.7:  Schematic diagrams of closed-loop feedback circuits for (a) beam oscillator and    

(b) square oscillator.  

 

In Figure 6.7(b), two square resonators are placed in a positive feedback loop 

with transresistance amplifier, band-pass filter and single-to-differential conversion 

amplifier setup. The positive and negative drive signals from single-to-differential 
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circuit block are connected to the corresponding adjacent electrodes of square 

resonators. Output current from sense electrodes is sent to a transresistance amplifier 

with 33kΩ feedback resistance. Once the oscillation requirements are met and the 

amplifiers are given proper power supplies, bias voltage VP is increased to a certain DC 

value when both squares and beam are in sustained oscillation. Even without amplitude-

level control or gain limiting circuit, Lamé-mode square resonators can still oscillate 

with undistorted sinusoidal output with low phase noise [104]. However, the time-

domain oscillation output of the middle beam is distorted due to nonlinear vibrations, 

and hence amplitude-level control is necessary for the beam to achieve low phase noise. 

For temperature measurements, the composite resonator is heated with a 

Thermoelectric device (TED) placed underneath the resonator die. A schematic of TED 

setup is shown in Figure 6.8, with a DC source supplying current to TED, and a 51Ω 

power resistor is used to limit the amount of current that also serves as a heat sink. 
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Figure 6.8:  Schematic of setup for thermoelectric device used to heat the composite resonator. 
 

Accurate temperature readings are obtained by probing the die itself with wires 

from thermocouple module, and readings are taken from a multimeter. Double balanced 

mixer model TUF-3LH+ from Mini-Circuits is used as the frequency mixer. The 

difference-frequency output of the mixer is filtered by a narrow band-pass filter with 

high enough quality factor so that the sum-frequency output is suppressed. The pressure 

of vacuum chamber is maintained at about 36µTorr (0.005 Pa).      
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6.6   Experimental results and discussion 
 

Measurement results for open-loop characterization of the composite resonator and 

verification of our temperature compensation method with close-loop oscillation setup 

will be presented in this section. 

 

6.6.1   Open-loop characterization of the device 
 

Initially, the composite device is tested for the resonant frequency of beam and square 

resonators in open-loop. The two square resonators are driven simultaneously and at 

room temperature measured resonant frequency fs is 6.347MHz with Q of about 

1.3million, driven with AC of 0.42Vpp and VP is biased at 60V. When the beam is tested 

while squares are “off” and not excited, its clamped-clamped resonance is 402.6kHz 

with Q of 4,392, driven at the same conditions as that of the square resonators.  

When the square resonators are driven to be highly nonlinear with AC levels 

above 5Vpp, S21 response of the beam shows that it is still vibrating in normal resonance 

without nonlinearities. Even though the beam is experiencing length-extensional 

excitations from the two squares at both clamped ends, the lateral vibrations of the beam 

is not affected significantly. Vice versa, the resonance plot of square resonators is not 

affected by highly nonlinear beam vibrations.  

Resonant frequency vs. VP plots for the beam and square resonators are shown in 

Figure 6.9. The electrostatic spring softening has much larger effect on the beam 

resonator than that it has on the square resonators. Resonant frequency shift for the 

square resonators is only 6Hz, whereas the shift is 2584Hz for the beam resonator over 

the same VP range. This low sensitivity of the square resonators is due to high 
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mechanical stiffness of bulk acoustic mode. Mechanical spring constant (km) extracted 

from Figure 6.9 is 1.04×10
8

 N/m for the square resonators that is much higher than 

1.67×10
4

 N/m for the beam resonator.  
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Figure 6.9:  Resonant frequency shift of square resonators and beam resonator of the composite 

device due to electrostatic spring softening with increasing dc-bias VP.      

 

 

 

6.6.2   Verification of temperature compensation concept 
 

The system-level verification of the proposed compensation method with two 

independent feedback loops was realized for the beam oscillator and square oscillator. 

Time-domain oscillations along with the corresponding frequency spectrums are 

recorded with Tektronix’s TDS5034B digital oscilloscope. Both oscillation frequencies 

decreased as expected as the temperature is increased from 29°C to 70°C at fixed VP of 

90V. Each of the frequency values in Table 6.1 for fb, fs and fbeat is obtained from peak 

of frequency spectrum given by oscilloscope for corresponding time-domain response. 
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Table 6.1:  Measured frequency of oscillation for the beam and square oscillators, as well as the 

final oscillation fbeat over the measured temperature range at fixed VP of 90V. 
 

Temperature (°°°°C) Beam, fb (kHz) Square, fs (MHz) fbeat (MHz) 

29 394.32 6.3503 5.9559 

31 394.28 6.3497 5.9556 

33 394.02 6.3492 5.9552 

36 393.50 6.3484 5.9550 

39 392.88 6.3478 5.9549 

43 392.12 6.3470 5.9548 

46 391.52 6.3461 5.9546 

51 390.86 6.3450 5.9542 

54 390.52 6.3440 5.9537 

60 389.69 6.3428 5.9533 

70 387.60 6.3409 5.9531 

 

Taking the frequency at 29°C as the reference, changes in frequency with 

temperature ( off∆ ) are extracted from the measured data as shown in Figure 6.10. 

Hence, the temperature coefficient TCf value αs of the square oscillator is –36.8ppm/°C 

and αb of the beam oscillator is –418.3ppm/°C. Both resonant frequencies, fs and fb, are 

linearly dependent on temperature over the tested temperature range. In order to satisfy 

the condition in equation (6.8), bbss fNf αα = , the value of multiplier N should be 

around 1.42. Since multiplier circuit is usually implemented based on integer multiples 

of resonant frequency, the exact requirement of N=1.42 may not be attainable with a real 

circuit. A better approach is to re-design the device so that new frequencies of the two 

oscillators satisfy the equation (6.8) with N = 1 and the multiplier is no longer required. 

The results presented here are based on initial resonator design.  

Once the oscillating signals are sent to mixer, it produces difference-frequency 

and sum-frequency outputs. At this point, sinusoidal difference-frequency signals 

around 5.95MHz are filtered using narrow band-pass filter to suppress the sum-

frequency signal and other harmonics. Figure 6.11 shows a time-domain oscillation fbeat 
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of 5.955MHz at 36°C with ~ 213mV of amplitude. Figure 6.11 also shows the frequency 

spectrum of fbeat at 36°C, and similar responses are observed at other temperatures. 
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Figure 6.10:  Measured temperature coefficients of square oscillator (–36.8ppm/°C) and the 

middle beam oscillator (–418.3ppm/°C), while both oscillators are operating simultaneously.  
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Figure 6.11:  Time-domain oscillation and the corresponding frequency spectrum of fbeat at 36°C. 
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Figure 6.12 shows a plot of fractional changes in fbeat with respect to the fbeat 

value at 29°C and the temperature coefficient for fbeat is about –11.5ppm/°C.  
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Figure 6.12:  Frequency changes in fbeat with temperature and the TCf is about –11.5ppm/°C.    
 

 

Clamped-Clamped beam resonators in SOIMUMPs process have been measured 

to have large temperature coefficients of about –80ppm/°C to –90ppm/°C [107]. Hence, 

observed larger negative TCf of our middle beam oscillator is likely due to the 

longitudinal stresses the beam experiences from length-extensional vibrations. 

The compensation demonstrated with our unique composite resonator design is 

just one of the possibilities. This method can be extended to two oscillating signals from 

any other types of resonators. For example, two bulk-mode resonators having different 

TCf values could also be used to implement the compensation. Bulk-mode resonators 

have been known to have very high Q with stable oscillation. Therefore, the beat 

frequency after mixing two bulk-mode oscillators should be even more stable than that 

obtained from mixing flexural beam and bulk-mode square oscillators. The two 

resonators could also be physically attached at the anchor support rather than at moving 

mechanical parts to further reduce interference from each other.      
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6.6.3   Benefits and drawbacks of our method 
 

Although the presented method is a viable compensation approach, it comes with 

benefits and drawbacks. The main advantage of this method is that it requires no 

external temperature sensor. If the two resonators are designed properly there is actually 

no need for complex digital temperature compensation electronics that would otherwise 

consume more power. Low TCf values in several parts per million could already be 

achieved with our compensation method. Therefore, combination of external digital 

compensation electronics with our method could yield even better results with TCf 

values in parts per billion.   

 However, our method requires two independent oscillator setups instead of one. 

The design of the composite structure is more complex than an oscillator based on just 

one resonator. It requires a good frequency mixer and high quality band-pass filter such 

that their contributions to phase noise are minimal. The Q values of the beam and square 

resonators do not degrade over the entire tested temperature range; however, the 

degradation of Q is uncertain after the two oscillations go through the mixer. Ideally, the 

mixer should produce only a scaled version of the product of the two input signals. 

Nevertheless in reality, mixers will add spurious signals and random noise to the desired 

beat frequency signal. The TCf values of the two resonators are unknown at first so the 

device must be re-designed to adjust the resonant frequencies of the beam and square 

resonators after initial test results. Such further improvements could provide even better 

TCf value for the reference oscillation. 
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6.7   Summary 
 

Silicon micromechanical resonators have negative TCf  value that is mainly dependent 

on material softening due to changes in Young’s modulus with temperature. Hence, a 

temperature compensation method is needed for resonator oscillators. A new method of 

compensation for micromechanical oscillators has been presented in this chapter. One of 

the two oscillations comes from two Lamé-mode square resonators in one positive 

feedback loop, and the other oscillation comes from a beam resonator bridging the two 

square resonators in another closed-loop. Our compensation method makes use of the 

high temperature sensitivity of flexural beam resonator under longitudinal stress, along 

with the bulk-mode square resonators that can provide more stable frequency response. 

Temperature coefficient of the square oscillator is –36.8ppm/°C, and that of the 

beam oscillator is –418.3ppm/°C, the TCf of final beat frequency is –11.5ppm/°C. 

Resonant frequency and TCf value are the key parameters for our compensation method. 

Therefore, device geometry should be appropriately redesigned after the initial 

measurement results such that TCf values could be in several ppm/°C. For the 2µm gap, 

the resonant frequency tuning with VP is quite good for the beam resonator although it is 

less effective for the bulk-mode resonators. Therefore, combining our method with 

another compensation technique such as tuning the VP bias could further improve the 

TCf of reference oscillation. Our method can also be extended to two oscillating signals 

from other types of resonators, such as two bulk-mode resonators having different TCf 

values. Bulk-mode resonators have been shown in earlier chapters to provide very high 

quality factor. Therefore, the beat frequency after mixing two independent bulk-mode 

oscillators could provide stable oscillation with low TCf value.      
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Chapter 7 
 

Conclusion and Future Works 

 

This thesis presented the performance of flexural-mode resonators and bulk-mode 

resonators with regard to following parameters: quality factor, pressure stability, power 

handling, nonlinearity and temperature stability. A method of temperature compensation 

is essential for reference oscillator applications based on silicon micromechanical 

resonators. One attempt for temperature compensation is presented in this work that 

utilizes both flexural beam resonator and bulk-mode square resonators as part of one 

composite resonator. The proposed compensation method has high potential to 

complement the existing compensation methods reported in literature. The devices 

reported in this thesis have been fabricated using a commercial foundry process 

(SOIMUMPs); however their performance can be generalized to other processes, and 

not limited by a special application specific MEMS process. 

 

 

7.1   Conclusion 
 

Different types of resonator designs: Clamped-Clamped beam, fundamental-mode and 

second-mode Free-Free beams, length-extensional rectangular resonators, Lamé-mode 

square resonators, and wine-glass mode disk resonators have been presented in this 
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thesis. Various electrical characterization techniques presented in Chapter 2 have been 

used to enhance the signal-to-noise ration (SNR) of the frequency response as well as 

suppress the effect of parasitic feedthrough capacitances.  

Based on the comparison of quality factor parameter for various resonators in 

Chapter 3, the bulk-mode resonators can provide Q on the order of ~ 10
6
 and the Q of 

flexural beam resonators are only in thousands range. High mechanical spring constant 

of bulk-mode resonators is roughly four orders of magnitude above that of flexural beam 

resonators. The drawback of high stiffness is that dc-bias VP tuning for bulk-mode 

resonators becomes more difficult compared to beam resonators since the electrostatic 

spring softening effect must overcome much larger mechanical stiffness. 

 The structural geometry of Lamé-mode square resonators, such as the number of 

anchors, structural layer thickness and release etch holes all contribute to the quality 

factor. Anchor losses have been found to be the dominant loss mechanism affecting the 

Q of bulk-mode resonators. The T-shaped anchor designs for bulk-mode square and 

rectangular resonators can provide higher Q with minimal energy losses. However, 

anchor geometry needs to be carefully designed, since long flexible anchors are tested to 

lower the power handling of square resonators.  

As presented in Chapter 4, the Q will inevitably come down as the surrounding 

pressure is increased due to squeeze-film/air damping. The resonant frequency of 

resonator has been tested to shift with pressure changes depending on the type of 

damping force. However, changes in Q with pressure are much more significant for 

capacitive resonators of this work. Bulk-mode resonators with much higher mechanical 

stiffness outperform the beam resonators, and able to maintain the maximum quality 

factor under high pressure levels.  
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The performance of a resonator depends on whether it is operating in linear or 

nonlinear region. A brief summary of mechanical nonlinearity and electrical nonlinearity 

has been presented in Chapter 5. The results show that nonlinearities not only destabilize 

the resonant frequency, but also limit the vibration energy storage and hence place a 

limitation on the power handling capability of the resonator. The wine glass disk 

resonator with slightly higher mechanical stiffness than the Lamé-mode resonator is 

observed to have somewhat better power handling. The Lamé-mode square and disk 

resonators are less susceptible to nonlinear effects, that is, they can store orders of 

magnitude larger vibration energy, and thus can handle much more power than the 

flexural resonators. Better power handling along with ultra-high quality factor of bulk-

mode resonators could provide superior phase noise performance in oscillators.  

The variation in frequency with temperature is unavoidable for silicon 

micromechanical resonators. Therefore, a method of compensation is necessary for 

oscillators. In Chapter 6, we propose an idea for temperature compensation based on 

difference-frequency mixing of flexural beam oscillator and bulk-mode square 

oscillator. Our compensation method makes use of high temperature sensitivity of 

flexural beam resonator under longitudinal stresses along with the stable oscillation 

provided by bulk-mode square resonators.      
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7.2   Future directions for MEMS resonators 
 

In today’s MEMS technology large demand is placed on miniaturization of high-

performance devices, with the potential for CMOS integration and low-cost batch 

fabrication. The studies on performance parameters presented in this thesis show that 

bulk-mode resonators can provide high Q under high pressure levels and are able to 

handle large input power. Main application areas for bulk-mode micromechanical 

resonators are mass sensors, RF switches, filters, and reference oscillators.  

The acquired signal should be enhanced with good transduction mechanism such 

as improved negative-capacitive feedthrough cancellation as outlined in Section 2.3.4 or 

piezoresistive detection method [121-123]. The piezoresistive sensing works by letting a 

current through the resonator mass and detecting the variation in the resistance of the 

vibrating resonator due to piezoresistive effect. The piezoresistive sensing rejects the 

feedthrough currents fairly well, improves the SNR of motional signal, and eliminates 

the need for large DC bias voltage. But the main drawback is that it needs a constant DC 

current passing through the resonator, which increases the overall power consumption. 

Another approach to completely avoid the DC bias is to use piezoelectric transduction 

mechanism while at the same time utilize the low-acoustic-loss property of single-

crystal silicon SOI substrate.   

Several reports on bulk-mode mass sensors have shown that resonator with ultra-

high Q are very useful and highly sensitive for mass sensing application [12-14]. Using 

bulk-mode resonator as mass sensing platform provides larger capture area to a given 

mass density, with enhanced electrical interface [14]. Therefore, highly sensitive mass 

sensors could be realized with electrostatic or even piezoelectric bulk-mode resonators. 
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A recently reported micromechanical RF switch, termed “resoswitch”, is based 

on the bulk-mode wine glass disk resonator [124, 125], which harnesses the resonance 

and nonlinear dynamical properties of micromechanical resonators. This device is driven 

at 2.5V amplitude AC voltage at its 61-MHz resonant frequency that corresponds to a 

switching period of 16ns with an effective rise time of < 4ns, which is more than 200 

times faster than the µs-range switching speeds of the fastest conventional RF MEMS 

switches [124]. The operation of resonant switches is analogous to that of a traditional 

transistor. Therefore, further studies on bulk-mode resonant switches could provide very 

useful results in power amplifier and power converter applications.   

Since quality factor is very high, filters based on bulk-mode resonator can be 

very challenging. With innovative and improved coupling mechanisms, bulk-mode 

filters could provide very narrow bandwidth and ultra-low power consumption. Given 

an array of filters can be fabricated in small size and easy integration with CMOS, 

piezoelectric bulk-mode RF filters would be very useful in wireless communications.  

The bulk-mode resonators are very suitable for reference oscillator applications 

because the combined effect of ultra-high Q and superior power handling could provide 

very low phase noise even without an amplitude-level control circuit. The follow-up 

work on oscillator [126], based on the Lamé-mode resonators of this thesis, achieved 

low phase noise of -132dBc/Hz @1kHz away from carrier that meets the GSM 

requirement while the resonator is operating in nonlinear region. The oscillation 

frequency of bulk-mode oscillator can be pushed to high value mainly due to their high 

mechanical stiffness. Moreover, bulk-mode resonators could also operate in air with Q 

in thousands range.      
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