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Summary

In this thesis, we study the construction of stationary and nonstationary tight
wavelet frame packets and the characterization of Sobolev spaces by them. We
also extend our study to the construction of their 2~7/-shift invariant counterparts
and using them to characterize Sobolev spaces.

After a brief introduction, we provide in Chapter 2 some preliminaries related
to the development of this thesis. In Chapter 3, we introduce the construction of
stationary tight wavelet frame packet and its characterization of Sobolev spaces.
In Chapter 4, we introduce the construction of nonstationary tight wavelet frame
packet and its characterization of Sobolev spaces. At last, in Chapter 5, we in-
troduce the construction of 2~7/-shift invariant nonstationary tight wavelet frame

packet and its characterization of Sobolev spaces.
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Basic Notations

o (,(Z)(1 < p < o) spaces. {,(Z) consists of complex-valued sequences on Z

satisfying

(Z |C(/<?)|p> < oo, 1<p<oo;
lclle,z) ==

kEZ

sup |c(k)| < oo, p = 00.
keZ

o L,(R)(1 <p< o0)spaces. L,(R) consists of Lebesgue measurable functions

satisfying

</|f(f)|pdt> < 00, 1 <p<oo;
1 fllz,® = R

esssup{f(x) :xER} < 00, p=o00.

e S’ the class of tempered distributions which is the dual space of the

Schwartz space S, where

S = {f € C®(R) : sup sup(1 + |z|))V|f™(z)| < oo, for all n, N € N}.

n<N zeR



Summary

e The inner product (-,-) of the Hilbert space Ly(R) is given by

<ﬁ@=é§@wWﬁ

which also induced the norm || - ||z, of La(R) by || fll @) = [{f, )|/

e For f g € Li(R), the convolution of f and g is defined by

(f * 9)a l/f (v~ t)d

For a,b € ¢1(Z), the convolution of a and b is defined by

(a*b)(n):=>_ a(m)b(n —m).

meZ

e The Fourier transform of a function f € Li(R) is defined by

(Ff)(w /f Jemitdt. (0.1)

F maps the Schwartz space S onto itself, and extends to all tempered distri-

butions & by duality.

e The Fourier series of a sequence ¢ € (3(Z) will be denoted by ¢ and is

defined by
Aw) =Y c(n)e ™. (0.2)

nes
Note that ¢(w) is a complex-valued 27-periodic continuous function on R and

thus is defined on the torus T.

e For a real number s, we denote by H*(R) the Sobolev space consisting of all

tempered distributions f such that

1%

Note that H°(R) = Ly(R) and || “|lmowy = || - [|zom) by the Plancherel’s

theorem.



Summary

e For f g € Ly(R), we define the bracket product function |-,

= f(-+2rk)g(- + 2mk).

keZ

And [f, g] € L1(T) whenever f,g € La(R).

e For f,g € Ly(R), [+, ]s is defined as

= (- +2mk)g(-+ 2mk) (1 + | - +27k[?)".
keZ

Note that [fa g]O = [fa g]

e E is the translation operator, i.e., for any t € R,

Etf = f( - t)?
and D is the dyadic dilation operator, i.e., for any j € Z,

DI f .= 20/2f(21.).

/| as

(0.4)

(0.5)

(0.6)



Chapter 1

Introduction

Since the formulation of Multiresolution Analysis (MRA) by Mallat and Meyer
(60, 59, 61] and the construction of Daubechies’ celebrated compactly supported
wavelets [21, 22|, wavelets theory and its applications have gained enormous popu-
larity in both theory and applications. The success of wavelets leads to the discov-
ery of tight wavelet frames (or tight affine frames) [65, 67, 66, 69, 68, 39, 24, 12, 11]
which are more flexible and much easier to construct than wavelets.

Historically, frames were introduced by Duffin and Schaeffer in 1952 to study
nonharmonic Fourier series [36]. Univariate wavelet frames (or affine frames) were
studied by Daubechies, Grossmann and Meyer in [23] in 1986. A breakthrough on
the understanding and systematic construction of orthonormal wavelet frames (or
orthonormal wavelet bases) was achieved after the formulation of multiresolution
analysis (MRA) formulated in the fall of 1986 by Mallat and Meyer [60, 59, 61]
which culminated in the construction of the celebrated Daubechies’ compactly sup-
ported orthonormal wavelet frames [21, 22] in 1988. However, MRA does not sug-
gest the characterization of orthonormal wavelet frames. Univariate tight wavelet
frame characterization implicitly appeared in [48, 37] in the work of Weiss et al in

1996. An explicit multivariate tight wavelet frame characterization was obtained



by Han in [39] in 1997. Independently, a general characterization of wavelet frames
was obtained by Ron and Shen in [66] in 1997, and by specializing their general
theory the characterization of tight wavelet frames was obtained. Furthermore, a
characterization of all tight wavelet frames that can be constructed in an MRA
was also obtained in [66] (Note that one of its basic theorems [66, Theorem 5.5]
was proved under a mild decay condition which was subsequently removed by Chui
et al [13]). And MRA-based tight wavelet frames could be constructed via unitary
extension principles (UEP) or oblique extension principles (OEP) which makes the
construction of tight wavelet frames painless [66, 68, 24].

Compared with the construction of wavelets, which requires a refinable function
with orthonormal shifts, tight wavelet frames can be derived from a much larger
class of refinable functions which will be detailed in Chapter 2. We do not even
need to assume that the shifts of the refinable function form a Riesz basis, or a
frame. This flexibility allows us to construct tight wavelet frame that adapts to
practical problems. It also gives a wide choice of tight wavelet frames that provide
better approximation for a given underlying function.

To further extend the flexibility of tight wavelet frames, we build up the the-
ory and construction of stationary and nonstationary tight wavelet frame packets.
Given a tight wavelet frame, associated with it we can either construct a station-
ary tight wavelet frame packet or construct a nonstationary tight wavelet frame
packet, depending on whether we want to change the underlying MRA or not.
Compared with other constructions ([58, 8]), our constructions are based on the
unitary extension principle (UEP) ([66, 24]). These constructions give rise to a
library of tight wavelet frames. Then, by using tight wavelet fame packets we can
do the “ best basis selection ” for a practical problem. And this is appealing for
applications. Therefore, tight wavelet frame packets further extend the flexibility

of tight wavelet frames.



In frequency domain, tight wavelet frame packets provides more flexibility of
partitioning the frequency axis which is desirable in applications, since usually in
practice the class of signals to be considered has certain frequency pattern. By
using tight wavelet frame packets, we can build a wavelet system that is adapted
to the intrinsic frequency pattern of the class of signals to be considered. In this
way, we can manage to obtain a sparse representation of the class of signals in time
domain.

In fact, stationary or nonstationary tight wavelet frame packets have been ap-
plied in the application of high-resolution image reconstruction [6, 7] and in the
restoration of chopped and nodded images [3] in the denoising procedure to improve
the performance.

In Chapter 2, we will give some preliminaries of tight wavelet frames (or tight
affine frames). In Chapter 3, we introduce the construction of stationary tight
wavelet frame packet and its characterization of Sobolev spaces. In Chapter 4,
we introduce the construction of nonstationary tight wavelet frame packet and
its characterization of Sobolev spaces. At last, in Chapter 5, we introduce the
construction of 277/-shift invariant nonstationary tight wavelet frame packet and

its characterization of Sobolev spaces.



Chapter

Preliminary

In this chapter, we introduce some preliminaries closely related to our study. In
section 1, we introduce the principal shift invariant (PSI) spaces which serve as
the building blocks for the study of wavelet systems (or affine systems). In section
2, we introduce the framework of multiresolution analysis (MRA) which is
crucial for the understanding and construction of tight wavelet frames (TWF).
In section 3, we introduce the theory of wavelet frames (or affine frames) and the
construction of TWF via the unitary extension principal (UEP) which makes
the construction of such systems painless. And also, the class of pseudo splines,
which is a larger set of refinable functions taking B-splines as its special subset,
are introduced for the construction of TWF with any prescribed approximation
order. In section 4, we introduce the nonstationary tight wavelet frames
(NTWF) and the construction of NTWF that can achieve spectral approximation
order. Finally, in section 5, we introduce the characterization of Sobolev spaces

H*(R) by NTWF.



2.1 Principal Shift Invariant (PSI) Spaces

2.1 Principal Shift Invariant (PSI) Spaces

In this section, we introduce the principal shift invariant (PSI) spaces. Each
PSI space is a closed subspace of Ly(R) that can be easily constructed with a
single function ¢ € Ly(R). PSI spaces serve as the building blocks for the study of

wavelet systems (or affine systems) to be introduced in section 3.

Definition 2.1. We say that a space S of complex-valued functions on R is shift
invariant if, for each f € S, S also contains its shifts E¥Xf = f(- — k), k € Z,

where E is the translation operator as defined in (0.5).

Given ¢ € Ly(R), the set of all shifts of ¢ is denoted by
E(¢) = {EF¢: k € Z}. (2.1)

The shift invariant space generated by ¢, denoted by S(¢), is the smallest closed

linear subspace in Ly(R) containing E(¢), i.e.,
S(¢) :=span {E*¢: k € Z}. (2.2)

And S(¢) is called the principal shift invariant (PSI) space generated by ¢.
The characterization of S(¢) was obtained by de Boor, Devore and Ron in the

Fourier domain.

Theorem 2.1. ([27]) Let ¢ € Ly(R), then the PSI space S(¢) as defined in (2.2)
15 characterized by

% = {TQAS € Ly(R) : 7 is 2w pem’odz’c}. (2.3)
Define S;(¢) := DIS(¢),j € Z, where D is the dilation operator as defined in
(0.6), then S;(¢) is characterized by

—

Si(¢) = {(TQAS) (2—]) € Ly(R) : 7 is 2w pem’odic}. (2.4)
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Definition 2.2. Given a PSI space S(¢), define the synthesis operator

T : ((Z) = S(¢) : e Y c(k)EF,

keZ

and the analysis operator

>ii@‘(d)) : S(¢) - €2<Z) : f = (<f7 Ek¢>)kez7
which is the adjoint of the synthesis operator Tgy).
o I[f T (or Thy) is bounded, then E(@) is called a Bessel set of S(¢);

o If Tgg) ts bounded and bounded below, i.e., there exist two positive constants

Ch, Cy such that the inequalities

> c(k)EFg

keZ

hold for all ¢ € (5(Z), then E(¢) is called a Riesz basis of S(¢), where

2
Crllell?, @ <

< Gl o) (25)

La(R)

C1 and Cy are called the lower Riesz bound and upper Riesz bound,

respectively.

In particular, if Cy = Cy = 1, then E(¢) is an orthonormal basis of S(¢);

o [If T*E(¢>) 18 bounded and bounded below, i.e., there exist two positive constants

Ch, Cy such that the inequalities

CillFlTam < D KA B < Coll fll7um), (2.6)

keZ
hold for all f € S(¢), then E(¢) is called a frame of S(¢), where Cy and Cy

are called the lower frame bound and upper frame bound, respectively.

In particular, if C; = Cy, then E(¢) is called a tight frame of S(¢).

Note that when F(¢) is a Riesz basis of S(¢), the 2m-periodic function 7 in
(2.3) is in Lo(T).
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Definition 2.3. Let ¢ € Lyo(R). The set

~

0(S(9)) = {w € [-m,7] : [, d](w) # 0} (2.7)
is called the spectrum of the shift-invariant space S(¢).

The following bracket product function

is also called symbol of ¢, which plays important roles in the study of PSI spaces.
Theorem 2.2. Let ¢ € Ly(R), then

o E(¢) is a Bessel set of S(¢) if and only if there exists some positive constant
C such that

~

6, 8(w) <C, ae weR;

o F(¢) is a Riesz basis of S(¢) if there exist two positive constants Cy, Cy such
that
O <6, d(w) < Coy ae. weR

In particular, E(¢) is an orthonormal basis of S(¢) if and only if

~

6,0

.

=1, ae weR;

o E(¢) is a frame of S(¢) if there exist two positive constants Cy, Cy such that

~

Cr < [6,0)w) < o, ae. w e a(S(e)).

In particular, E(¢) is a tight frame of S(¢) if and only if

~

[6,0](w) =C, ae. wea(S(d)).
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2.2  Multiresolution Analysis (MRA)

In this section, we first introduce the multiresolution analysis (MRA) frame-
work, then introduce its explicit construction from by dilating PSI spaces.

MRA was formulated in the fall of 1986 by Mallat and Meyer [60], it provides
a natural framework for the understanding of orthonormal wavelet frames and for
the systematic construction of new examples [60, 59, 21, 22]. More precisely, an

MRA consists of a nested sequence (V;);ez of closed subspaces of Ly(R) satisfying

i). ---CcVaecVycWycVicVaC---g (2.8)
(). Vi = La(®) (2.9)
(ii). ﬂ V; = {0}, (2.10)

as depicted in Figure 2.1. Note that this is not the original MRA introduced by
Mallat in [60], it is a generalized version push forward by de Boor, DeVore and

Ron [26].

2.2.1 MRA Construction

To construct an MRA (V}) ez, we start from a PSI spaces S(¢), ¢ € Ly(R), and
define a sequence of closed subspaces by
(Vi)jez = (D’ S(9))jez- (2.11)

With the following result, we can see the MRA condition (2.10) is trivially
satisfied.

Theorem 2.3. [26][56] Let ¢ € Lo(R). Then, (V;)jez as defined in (2.11) satisfies
the MRA condition (2.10).

To make (V});ez in (2.11) also satisfies the MRA condition (2.8), we introduce

the class of refinable functions.
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Figure 2.1: The MRA Framework

Definition 2.4. A function ¢ € Ls(R) is said to be refinable if ¢ satisfies a

refinement equation

¢= 2¢c(n)p(2 —n), (2.12)

neL
where the discrete sequence ¢ € U5(7Z) is called the refinement mask of ¢.

Note that the refinement equation (2.12) can be recast in Fourier domain as

(w) = Aw/2)p(w/2), (2.13)

and the 2m-periodic function ¢(w) = Y, ., c(n)e”"™ is also referred to as the re-

finement mask for notational convenience.

Example 2.1. The characteristic function ¢ = x,1) 1s refinable with the refine-

ment mask ¢ = (- - ,0, %, %, 0,---). The corresponding refinement equation is given
by
¢ =¢(2) +o(2--1).

1=z = e[-1,1],
Example 2.2. The hat function ¢(x) = is refinable with the

0 otherwise.
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Lo=tol 2 1) +o(2) +ho(2 ) |
SN
o2 o2 |
0.6 i .
0.4f .
0.2} o |
20( 2 41 Lo( 2.
91 -0.5 0 0.5 1
Figure 2.2: The hat function
refinement mask ¢ = (- - ,0, i, %, i, 0,---). The corresponding refinement equation

s given by
6= 562 +1)+6(2) + 362 1),

as depicted in Figure 2.2.

If ¢ is refinable, then by (2.13) and the characterization result (2.4) we can
obtain V; C Vji;. In other words, if ¢ € Ly(R) is refinable, then (V) ez in (2.11)
trivially satisfies the MRA condition (2.8) and (2.10). Thus the construction of
an MRA in this way is reduced to the problem when (V}), ez in (2.11) satisfies the
MRA condition (2.9). It is answered by the following result.

Theorem 2.4. [26][56] Let ¢ € Lo(R) be a refinable function. Then, (V;);ez as
defined in (2.11) satisfies the MRA condition (2.9) if and only if

ﬂ(QJZ(@) is a set of measure zero, (2.14)

JET

where Z(9) is the zero set of .
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Theorem 2.4 implies that an MRA (V});ez can be generated by any refinable
function ¢ € Lo(R) satisfying (2.14), and such ¢ is also called an MR A generator.

An interesting special case is worthy to be mentioned:

Corollary 2.1. [26][56] If a refinable function ¢ € Lo(R) is compactly supported,
then (V;)jez as defined in (2.11) forms an MRA, i.e., any compactly supported
refinable function ¢ € La(R) is an MRA generator.

Proof. Since ¢ has compact support, then g/bf is analytic and its zero set is of measure

zero (unless ¢ = 0). The result is immediately followed from Theorem 2.4. O

Corollary 2.1 draws our attention to the class of compactly supported refinable
functions. Coming up next, we will review the basic results of refinable functions,

especially the subclass of compactly supported refinable functions.

2.2.2 Refinable Functions

Now that we have introduced the PSI spaces and the MRA framework together
with its construction from refinable functions satisfying (2.14). In this subsection,
we review the basic results of refinable functions. We will see that the properties
of a refinable function ¢ are completely determined by its refinement mask ¢, and
also, not surprisingly, the Bessel set, frame and Riesz properties of F(¢) can be

recast in terms of the refinement mask c.

Theorem 2.5. ([22]) If the refinement mask ¢ is a finitely supported sequence

satisfying
No

> en) =1,

n=N1

then there exists a compactly supported refinable tempered distribution ¢ supported

in [N1, No| unique up to a constant multiple, such that its Fourier transform admits
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the infinite product representation
d(w) = 0(0) [J a7 w), (2.15)
j=1

where the infinite product converges uniformly on every compact set of R.

Theorem 2.6. ([5, 46]) Suppose g/g(w) = [[02, ¢(27"w) is well-defined for a.e.

n=1
w € R, and ¢ satisfies the inequality
[e(w)|* + |ew +7)|* < 1. (2.16)
Then
[6,0](w) <1, ae weR, (2.17)

i.e., E(¢) is a Bessel set of S(¢). Consequently, ¢ € Lo(R) with ||¢|| oy < 1.

By Theorem 2.5 and Theorem 2.6, if the refinement mask c is finitely supported
with ¢(0) = 1 and satisfying the inequality (2.16), then we immediately have E(¢)
is a Bessel set of S(¢) and [|¢||L,m) < 1.

Example 2.3. B-splines B,,,m € N, are compactly supported refinable functions
with the corresponding refinement mask

14 e ™

o~ _ i(m—lC)w/2<
m(w) =e 5

" Kw/2
) = e K92 05w, m e N,

where IC =0 if m is even, I =1 if m is odd.

Obviously, |Cm(w)|?+|m(w+m)|? = cos?™ w+sin*" w < (cos? w +sin? w)™ = 1.
By Theorem 2.6, we have [E,\n, é,\n] <1, i.e., for every m € N, E(B,,) is a Bessel
set of S(By,), and || By || Lom) < 1.

Theorem 2.7. ([54]) If ¢ € L1(R) is refinable, then

~

d(21k) = 0 for k € Z\{0}. (2.18)
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Proof. 1t follows from (2.13) that
k
o(w) = (27 Fw) [ a2 w). (2.19)
j=1

If [€(0)| = | > ez c(n)] < 1, then choosing w = 0 in (2.19), we obtain $(0) = 0.
Moreover, |¢(0)| < 1 implies that for any fixed w € R and sufficiently large j,

[e(277w)| < 1.

Thus, letting k¥ — oo in (2.19), we obtain QAS = (0. This is true for any w € R, hence
¢ = 0. Now suppose | ¢(0)| > 1. Choosing w = 2¥"k7 in (2.19), where k € Z\{0},
we obtain
$(25 k) = (2(0))*6(2kr).
It follows that
[0(2km)| < |6(2" k)|

Letting £k — oo in the above inequality and applying the Riemann-Lebesgue lemma,

we obtain

~

¢(2km) = 0, for k € Z\{0}.

O

Notice that a compactly supported function ¢ € Lo(R) is also in L;(R), by
Theorem 2.7, we quickly have

Corollary 2.2. If a refinable function ¢ € Ly(R) is compactly supported, then

~

o(2rk) =0 for k € Z\{0}.

Theorem 2.8. ([60, 59, 61]) Suppose ¢ € Ly(R) is refinable and also assume that

E(¢) is an orthonormal basis of S(¢), then its refinement mask ¢ satisfies

q0) =1, (2.20)



2.2 Multiresolution Analysis (MRA)

17

and

[e(w))? + |[e(w +7)]* = 1. (2.21)

Note that a sequence ¢ which satisfies (2.20) and (2.21) is called a conjugate
quadrature filter (CQF). And the two conditions, (2.20) and (2.21), are also
referred as the CQF condition in the wavelets literature.

Note that the CQF condition is not sufficient to define a refinable function ¢

with orthonormal shifts. A counterexample is given by

Example 2.4. Let ¢ be a refinable function with its refinement mask

l4e

c(w) 5 (2.22)

then . '
P(w) = }:[15(2‘%) = e /2 781:03(272/2) (2.23)

L 0o<z<3,
ox) =1 ° (2.24)

0 otherwise.
Obuviously, the integer shifts of ¢ are not orthonormal.
Furthermore, we can obtain that [QAS, QAS](w) = 143 cos(w)+2 cos(2w), [QAS, QAS](%’T) =
0, i.e., E(¢) is also not a frame of S(¢) by Theorem 2.2. However, E(¢) is a Bessel
set of S(¢) by Theorem 2.6. Also, we can observe that ||¢|| @) = ? <L

Definition 2.5. Given f € Ly(R), we call the function f,,defined by

fuul@) = (f % F(— (@) = / F(OFE— z)dt

the autocorrelation of f. And for a given sequence ¢ € ly(Z), we also call the

sequence Cqydefined by

Cau(n) = (cxe(—))(n) = Y e(m)e(m —n)

~

the autocorrelation of c. Note that fuu = |f|2, éan = [2]2.
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Definition 2.6. A continuous function ¢ is called interpolatory if
»(0) =1, and ¢(k) =0 for k € Z\{0}. (2.25)

A refinable function ¢ which is also interpolatory is called a interpolatory

refinable function.

Lemma 2.1. (Riesz Lemma)([63]) If ¢ is a finitely supported sequence satisfying

then there exist a finitely supported sequence h such that
e=|h, (2.26)
i.€., ¢ = hgy, ¢ 1s the autocorrelation of h.

Note that Riesz Lemma can be applied for the construction of a refinable func-
tion ¢ by starting from its autocorrelation ¢g,. For example, a refinable function
with orthonormal shifts can be constructed from a interpolatory refinable function
as shown in the construction of Daubechies orthonormal wavelets [21, 22]. Later
we will see that pseudo spline of type I can be constructed from pseudo spline of
type II by applying the Riesz Lemma.

By Corollary 2.1, Corollary 2.2, Theorem 2.5 and Theorem 2.6, we can obtain
the following result which suffices for the construction of tight wavelet frames and

our later construction of tight wavelet frame packets.

Theorem 2.9. Suppose ¢ is a finitely supported sequence supported on [Ny, No
satisfying

and the inequality (2.16), i.e.,
e +Je(- +m)]? < 1.

Define d(w) = [[°°, &(27"w). Then,

n=1
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o ¢ € Ly(R) with [|¢]| @ < 1;

o~ o~

o [p,¢0] <1,ie., E(¢) ={E*¢p: k € Z} is a Bessel set of S(¢);
e ¢ is supported on [Ny, Nol;
o ¢ is an MRA generator;

o $(0) =1 and $(27k) = 0 for k € Z\{0}.

2.3 Wavelet Frames (Affine Frames)

We have introduced PSI spaces and the framework of MRA in the previous two
sections. In this section, we first introduce the characterization of wavelet frames
(also referred to as affine frames), then we concentrate on the construction of tight

MRA-based wavelet frames via the unitary extension principle (UEP).

Definition 2.7. A wavelet system or an affine system X := X(¥) C Ly(R)
15 a collection of functions of the form
X = U;jezDVE(D),

where W C Ly(R) is finite, E(V) = Uyew E(¢) is a finite union of the PSI spaces
E(),v € W. The functions in U are the generators of X, usually referred to as

mother wavelets.
Definition 2.8. Given an affine system (or wavelet system) X C Lo(R), the
analysis operator T% s defined by

Ty 1 La(R) — L(X) : f — (<f7 9>)g€X-

If T% s well-defined, bounded and bounded below, i.e., there exist two positive

constants C1, Cy such that the inequalities

Cill fllZam < DI < Coll fll7um), (2.27)

geX
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hold for all f € Ly(R), then X is called an affine frame or o wavelet frame
of Ly(R), where Cy and Cy are called the lower frame bound and the upper
frame bound, respectively.

In particular, if Cy = Cy, then X is called a tight affine frame or a tight

wavelet frame of Ly(R).

Historically, univariate tight wavelet frame characterization implicitly appeared
in [48, 37] in the work of Weiss et al in 1996. An explicit multivariate tight wavelet
frame characterization was obtained by Han in [39] in 1997. Independently, a
general characterization of wavelet frames was obtained by Ron and Shen in [66]
in 1997, they gave a general characterization of all affine frames (wavelet frames),
and specialized their results to the case of tight affine frames (tight wavelet frames).
Their success is largely due to the “dual Gramian” analysis [65] and the “quasi-

affine system” X9(W) [66] they invented.

Definition 2.9. [66] Given an affine system (or wavelet system) X (V), the quasi-
affine system X (V) is obtained by replacing, for each ) € ¥, j <0, and k € 7Z,
the function ;) = 29/2(27 - —k) in X (), by the 277 functions

2p(X(-+a)—k), a=0,1,---,277 — 1.

Note that, while the wavelet system X (V) is dilation-invariant but not shift-

invariant, the situation with the quasi-affine system X%(¥) is complementary.

Theorem 2.10. [66, 13] X (V) is a wavelet frame if and only if X9(V) is a wavelet
frame. Furthermore, the two frames have identical frame bounds. In particular,

X (W) is tight if and only if X9(V) is tight.

To do the “dual Gramian” analysis of X9(¥), they first introduce the affine

product:
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Definition 2.10. [66] Given wavelet system X(¥), the affine product is the
function ¥[-,-] : R xR — C,
Vo)=Y Y Db, (2.28)
YeV k=k(w—w’)

where k is the dyadic evaluation

k: R — Z
w +— inf{k €Z:2f0w e 277}

(k(0) :== —o0, and Kk(w) := oo unless w is 2w—periodic).

Then they analyze X9(¥) via the “dual Gramian” fibers G(w), w € R, which
may be only almost everywhere defined. Each fiber é(w) is a non-negative defi-
nite self-adjoint matrix whose rows and columns are indexed by 277, and whose
(o, B)-entry is

Gw)(a, ) = V[w+ a,w+ ).

Each fiber G(w) is considered as an endomorphism of £5(27Z) with its norm

and inverse norm denoted by G*(w) and G*~(w) respectively, where

G': R — R*

w = |G
G~: R — RT

w o~ [IGw)™

are the two norm functions.

Theorem 2.11. [66] Let X (V) be a wavelet system and G* and G*~ be the dual
Gramian norm functions defined as above. Then X (V) is a wavelet frame if and
only if

G*,G" € Lo(R).
Furthermore, the upper frame bound of X(V) is ||G*|.®) and the lower frame
bound of X (W) is 1/||G* || Lo (m)-
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Theorem 2.12. [66] X (V) is a tight wavelet frame with frame bounds C' if and
only if
Vw,w]=C, (2.29)

and

Vw,w+2r(2m+1)] =0, (2.30)
for a.e. w € R and m € Z.
Theorem 2.13. [66, 39, 48] A wavelet system X (V) generated by a singleton

U = {9} constitutes an orthonormal bases if and only if (2.30) holds, (2.29) holds
with C' =1, and |||, =1 ,i-e.,

. Z$(2kw)$(2k(w +21(2m+1))) =0 form € Z and a.e. w € R;
k=0

. Z 1)(2*) |2 =1 for a.e. w € R;

keZ

o [V, = 1.

However, the characterization results introduced in this section do not suggest
any construction of wavelet frames. To construct wavelet frames that are useful in

applications, we introduce the multiresolution analysis (MRA) in the next section.

2.3.1 MRA-based Wavelet Frames

Definition 2.11. [66, 24]. A wavelet system X (V) is said to be MRA-based if
there exists an MRA (V;)jez such that ¥ C Vi. If in addition X (V) is a wavelet
frame, we call it an MR A-based Wavelet Frame.

Suppose that (V;);ez is an MRA generated by a refinable function ¢ € Ly(R)
with its refinement mask hy € (5(Z). Let ¥ = {4y, -+ ,1,.} and suppose there
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Figure 2.3: MRA-based Wavelet Frames

are r sequences hy,--- , h, € l5(Z) also referred as wavelet masks such that ;

satisfies the wavelet equation

= 2hi(n)¢(2z — n), (2.31)
nez
fori=1,---,r. Then ¥ C Vj by (2.4). Also, we call the vector
h:= [ho, hl, ce ,hr] (232)
a combined MRA mask, and denote its Fourier domain counterpart by

b= [ho, hi, - By, (2.33)

Definition 2.12. Let h = |ho, hy, -+ , h,] be a combined MRA mask, define
(o) r 7j—1
=3 (Z |hi(2jw)|2) I 1ho(2mw)P. (2.34)
j=0 N i=1 m=0

Note that the definition of © implies © is a 2m-periodic function satisfying the
following identity

O(w) = O(2w)|ho(w)[* + Z e a.e. (2.35)
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For the statement of the characterization result of MRA-based wavelet frames,

we also impose the following mild conditions.

Assumptions 2.1. [24] All MRA-based constructions to be considered are assumed

to satisfy the following
e Fach wavelet mask h; satisfies i?z € Loo(T),1 <i<ry

e The MRA generator ¢ satisfies lim,,_o g/g(w) =1, with

~

(¢, 0] € Loo(TD),
i.e., E(¢) is a Bessel set of S(¢).

o(Vo) = a(S(9)), i.e., the spectrum of the shift invariant space V; defined by
(2.7) , plays an important role in the theory of shift-invariant spaces [27, 28, 65].
The values assumed by the combined MRA mask h outside the set o(Vp) affect
neither the MRA nor the resulting wavelet system X (V). In particular, whenever

¢ is compactly supported, we automatically have o (V) = [—m, 7] up to a null set.

Theorem 2.14. [66] [24] Let X (V) be an MRA-based wavelet system (or affine
system) associated an MRA (V;);ez generated by a refinable function ¢. Suppose
that ¢ and the combined MRA mask h as defined in (2.32) satisfies Assumption
2.1. Then X (V) is a tight wavelet frame (or tight affine frame) if and only if for

almost all w € o(Vy), the function © satisfies

jEer@(ij) =1, (2.36)
and .
O(2w)ho(w)ho(w + ) + Y _ hi(w)hi(w +7) = 0. (2.37)

By restricting © = 1 on o(Vp), Theorem 2.14 can be simplified as the well-known
unitary extension principle (UEP) in the wavelet frame literature which makes

the construction of tight wavelet frames painless.
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Theorem 2.15. [66] [24] (UEP) Let X (V) be an MRA-based wavelet system (or
affine system) associated an MRA (V;)jez generated by a refinable function ¢.
Suppose that ¢ and the combined MRA mask h as defined in (2.32) satisfy the
Assumption 2.1. If for almost all w € o(V}), h satisfies

HH* - IQXQ, (238)
where
"o ho(w) hq(w) oo hy(w)
holw+m) h(w+m) - h(w+n)

then X (W) is a tight wavelet frame (or tight affine frame). And the condition (2.38)
is referred as the UEP condition.

Note that the UEP condition (2.38) is sometimes written as the following two

conditions
> [hi(w)P =1, (2.39)
i=0

and
hi(w)hi(w + ) = 0. (2.40)

Definition 2.13. If a combined MRA mask h = [hg, hy, - - , h,] satisfies the UEP
condition (2.38), or equivalently, (2.39) and (2.40), then we call it a combined
UEP mask.

2.3.2 Construction of Tight Wavelet Frames (TWF) via
UEP

The UEP condition (2.38) implies a necessary condition on hy, i.e.,
o[> + (- + 7)|” < 1. (2.41)

where hg is the refinement mask of the MRA generator ¢.
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And also, Assumption 2.1 implies
ho(0) = 1. (2.42)

These two conditions (2.41) and (2.42) turn out to be sufficient for the construction

of a tight wavelet frame if we further assume that
h; is finitely supported for ¢ = 0,1,--- ,r. (2.43)

In fact, with (2.41), (2.42) and(2.43), Assumption 2.1 can be removed by Theorem
2.9.

By UEP, the construction of compactly supported tight wavelet frames (or tight
affine frames) is reduced to finding a finitely supported sequence hq satisfying (2.41)
and (2.42). As it can be shown later, such sequences can be easily obtained by

taking advantage of the equality
(cos(w/2)* + sin(w/2)2)n =1, foralln € N,

and the Riesz Lemma.
As a direct application of UEP, the following construction illustrates how UEP

makes the construction of MRA-based tight wavelet frames painless.

Construction 2.1. [66] Let m be a positive integer, and let f?o(w) = e Kw/2 cos™(w/2),
where I = 0 if m is even, K = 1 if m is odd. It is the refinement mask of the
B-spline ¢ of order m.

Define

ﬁ;(w) = <ZZ) e K2 Gin™(w /2) cos™ M w/2),1 < n < m,

and also define the combined MRA mask h := [hg, hy,- -+, hy]. We can observe
that

S ()P = (cos*(w/2) +sin*(w/2))" = 1,
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S B (@)hn(w + ) = (sin(w/2) cos(w/2))" (1 — 1) =0,

i.e., h satisfies the UEP condition (2.38) and h is a combined UEP mask.

Define t,,n = 1,--+ m by (2.31) and let V = {41, 19, -+ ,n}. It follows
from UEP that the wavelet system X (V) is a compactly supported tight wavelet
frame (tight affine frame).

When m = 1, we get the well-known Haar wavelet, which is an orthonormal

wavelet frame which was originally discovered by Haar in 1910 [38].

V() =q-1 ifi<t<i, (2.44)

0 otherwise,

\

which is piecewise constant. Its refinement mask and wavelet mask are

11
= (... — =0
hO ( 7092729 ; )7
and
b= (0,5 210
1 — 9 727 27 ) )
respectively.

Example 2.5. (Piecewise linear tight wavelet frame) [69] When m = 2, ¢ is the

B-spline of order 2. The refinement mask s

V2 V2
hlz( 7O7T707_T707”')
1 11

h2:( a0717_5a1a 5

The plots of the two wavelets 1,1y are depicted in Figure 2.4.
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(a) ¥ (b) 2

Figure 2.4: Piecewise Linear Tight Wavelet Frame

(a) 11 (b) 2 (c) s

Figure 2.5: Piecewise Quadratic Tight Wavelet Frame

Example 2.6. (Piecewise quadratic tight wavelet frame) When m = 3, ¢ is the

B-spline of order 3. The refinement mask is

1331
ho = (--- - - -
0 ( 7078787878707 )
The three wavelet masks are
3 V3 3 3
h1:<" 707\/77\/77_\/77_\/_707" )7
8 8 8 8
3
hZZ(" 707\/37 \/_7 \/ga\/g707" )7
8 8 8 8
1 33 1
ha = (--- . __— - _Z
3 ( 70787 8 8 8 07 )

The plots of the 3 wavelets 11,1, 13 are depicted in Figure 2.5.

Example 2.7. (Piecewise cubic tight wavelet frame) [69] When m = 4, ¢ is the

B-spline of order 4. The refinement mask is

1 1311

ho = (- - - -2 -
0= ’0’1648416’0’ )
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(a) i (b) o (c) ¥s (d) ¥4

Figure 2.6: Piecewise Cubic Tight Wavelet Frame

The four wavelet masks are

The plots of the 4 wavelets 1,19, 13,04 are depicted in Figure 2.6.

As can be observed in the plots from Figure 2.4 to Figure 2.6, all the wavelets
in Construction 2.1 are symmetric or anti-symmetric.

By applying UEP, it is significantly simpler to construct tight wavelet frames
(or tight affine frames) as compared to the construction of orthonormal wavelets.
This is largely due to the fact that the construction of orthonormal wavelet frames
requires a refinable function ¢ with orthonormal shifts, i.e., F(¢) is required to be
an orthonormal basis of S(¢), which forces the refinement mask hy to satisfy the
stringent CQF condition (2.21). In contrast, compactly supported tight wavelet
frames can be derived from any compactly supported refinable function ¢ with its
refinement mask satisfying the inequality (2.41), i.e., we only require that E(¢) is
a Bessel set of S(¢). Various constructions of compactly supported tight wavelet

frames can be found in [66, 68, 24, 11, 32].
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To study the approximation property of the MRA-based tight wavelet frames

constructed via UEP, we introduce the notion of frame approximation order.

Definition 2.14. Given a tight wavelet frame X(¥), we define the truncation

operator Q;, j € Z, by

Qi f= Y D D (i tywdtyn,  f € La(R).
YeV j'<j keZ

We say that X (V) provides frame approximation order s if, for every f in the

Sobolev spaces H*(R), where H*(R) is defined by

/]

1 N s
ey 1= g [ 1P+ o) do < o,

there exist a positive constant C, which is independent of f and j, and a positive

integer J such that

1f = Q) fllam < C277°|f]

HsR), J =

We say that X (V) provides the spectral frame approximation order if it

provides frame approximation order s for any positive integer s.

The frame approximation order of an MRA-based tight wavelet frame has been
extensively studied in [24]. It was shown in [24, Lemma 2.4] that when X (V) is an
MRA-based tight wavelet frame constructed via UEP in an MRA generated by a
refinable function ¢ € Ly(R), then

Qj = Pjv ] S Z>
where P; is a linear operator for each j € Z defined by

Pi:f= > (foin)bin, | € La(R). (2.45)
kEZ

The operator P; was well studied by Jetter and Zhou [49, 50] in the framework

of quasi-interpolation which is the art of assigning suitable dual functionals to a
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given set of ‘approximating’ functions. By applying Jetter and Zhou [49] and [50,
Theorem 2.1], for an MRA-based tight wavelet frame X (¥), which is constructed
via UEP in an MRA generated by a refinable function ¢ € Ls(R) with &5\(0) #
0, X (V) provides frame approximation order s if and only if the following two

conditions hold

~

(). [6,0] = |o]* = O(| - [**); (2.46)
(b 1= =0(-]"). (2.47)
For B-splines of order m, since
[Bun, Bl = |Bul* = O(] - ™™,
and
sin®™(w/2)

(w/2)?m
the MRA-based based frame constructed via UEP in an MRA generated by a B-

1 - |Bu(w) =1~ = O(lwP),

splines B,,, can not exceed 2. As a consequence, the spline tight wavelet frames in
Construction 2.1 provide frame approximation order at most 2. To overcome this
drawback, we introduce a larger class of refinable functions called pseudo splines

for the generation of MRA spaces.

2.3.3 Construction of TWF from Pseudo Splines

Pseudo splines offer a rich set of compactly supported refinable functions contain-
ing B-splines as a particular interesting subset. Pseudo splines of type I were
introduced in [24] to obtained tight wavelet frames with desired approximation
order, and pseudo splines of type II were introduced later in [32] and were used
to construct symmetric tight wavelet frames, and also the regularity of both types
of pseudo splines was analyzed in [32]. Later on, it was shown in [31] that the

shifts of both types of pseudo splines are linearly independent[54, 57, 55, 64],
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(a) ¢3° (b) ¢3! (c) ¢37” (d) ¢5*

Figure 2.7: Pseudo Splines of Type II

which is a necessary condition for the construction of bi-orthogonal wavelet bases
(16, 14, 22, 52, 51, 44, 40, 9], and these two types of pseudo splines were conse-
quently used to construct bi-orthogonal wavelet bases in [30].

Let m € Nand 0 < I < m — 1, the refinement mask a"' of a pseudo spline ¢5"'

of type II is defined as the first [ 4+ 1 terms of the binomial expansion
(cos*(w/2) + sin®(w/2))"", (2.48)

ie.,

o l

al" (W) == cos™™(w/2) Z (m; l) cos2=)(w/2) sin?(w/2)

" (2.49)

— o) Y (M s )

n=0

and the refinement mask mask a’ln’l of a pseudo spline ¢T’l of type I is defined as
" (w) ==\ @' (w), (2.50)

which is obtained by taking the square root of the mask a;’“ using the Lemma 2.1
(Riesz Lemma [63]) . It follows from (2.50) that pseudo splines ¢5"" of type II are
the autocorrelation of their type I counterpart ¢7"', i.e., ;72-”\[ = |q?§n\l|2

It can be easily seen that B-spline [25] of order m is the pseudo spline ¢7*" of

type I, and the scaling function in the construction of Daubechies’ orthonormal
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(a) ¢1° (b) o7 (c) o1 () ¢7*

Figure 2.8: Pseudo Splines of Type I

wavelets with m vanishing moments is the pseudo spline ¢71n,m—1 of type L. In other

words, pseudo splines of type I fill the gap between B-splines and orthonormal
refinable functions. We can also observe that the pseudo spline ¢£n,0 of type II is
the B-spline of order 2m, and the pseudo spline ¢;W‘1 of type II is the autocorre-
lation of ¢ . As it is well-known that the translates of ¢7"™ " are orthonormal
21, 22], ¢5"™ ! is thus interpolatory. Note that the refinement masks aj”™ " had
been used in the stationary subdivision schemes [4] and were called Lagrange in-
terpolation schemes studied by Deslauriers and Dubuc in [29]. Pseudo splines of
type II can be similarly understood as filling the gap between B-splines and inter-
polatory refinable functions. Moreover, pseudo splines of type II are symmetric,
and the symmetric property is desirable in applications.

Let ¢ be a refinement mask of a pseudo spline ¢ (type I or type II), it can
be easily verified that ¢ satisfies (2.41), (2.42) and(2.43), which are necessary and
sufficient conditions for the construction of compactly supported tight wavelet
frames by UEP. Consequently, both types of the pseudo splines can be used to
construct tight wavelet frames. Dong and Shen used the pseudo splines ¢;”’m‘1
of type II to construct compactly supported symmetric tight wavelet frames by

applying the Construction 2.2 [32].

Construction 2.2. [10, 32| Suppose hqy is a finitely supported sequence satisfying
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(2.41) and (2.42), define

~

hl ((U) .
ha(w) = 27 [A(w) + e “AW)), (2.51)

Fa(w) = 27 [AW) — e AW,

e ho(w + ),

where A is a mw—periodic trigonometric polynomial with real coefficients such that
AW =1~ ho(@)P — [ho(w +)[. (2:52)

Then the combined MRA mask h = [hg, hy, ho, hs] satisfies the UEP condition
(2.38), i.e., h is a combined UEP mask. Define 1,109,105 by (2.31) and let ¥ =
{t1,99,13}, then X(V) is a compactly supported tight wavelet frame (or tight
affine frame) by UEP. Furthermore, the corresponding wavelets 1, 1s and 13 are

symmetric or anti-symmetric whenever ¢ is symmetric.

As it was shown in [32], we can construct symmetric or anti-symmetric tight

wavelet frames from pseudo splines of type II by Construction 2.2.

Example 2.8. Let ¢§’1 be the pseudo spline of type II, with its refinement mask
ho=(---,—1/32,0,9/32,1/2,9/32,0,—-1/32,---).
By Construction 2.2, we can obtain the following 3 wavelet masks

hy=(---,1/32,0,-9/32,1/2,-9/32,0,1/32, - -),

hy = (-, —0.08246745105515, 0.00592089659317, 0.17085579370346, —0.09430924424149,
— 0.09430924424149, 0.17085579870346, 0.00592089659317, —0.08246745105515, - - -),

hy = (--- ,—0.08246745105515, —0.00592089659317, 0.17085579870346, 0.09430924424149,

— 0.09430924424149, —0.17085579870346, 0.00592089659317, 0.08246745105515, - - - ).

The plots of ¢§’1 and the 3 wavelets 1y, 19,3 are depicted in Figure 2.9.
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(a) 65" (b) 11 (c) 2 (d) 3

Figure 2.9: Tight Wavelet Frame Constructed by Pseudo Spline ¢§’1 of type II
Example 2.9. Let gb;”l be the pseudo spline of type 1I, with its refinement mask

ho=(---,—3/256,—1/32,3/64,9/32,55/128,9/32,3/64, —1/32, —3/256, - - ).
By Construction 2.2, we can obtain the following 3 wavelet masks

hi=(---,—3/256,1/32,3/64,—9/32,55/128, —9/32,3/64,1/32, —3/256, - - - ),

hy = (--+,—0.11081147447130, 0.00061965199100, 0.22356159594985, 0.00069934302526,
—0.11406911649481, —0.11406911649481, 0.00069934302526, 0.22356159594985,
0.00061965199100, —0.11081147447130, - - - ),

hy = (--+,—0.11081147447130, —0.00061965199100, 0.22356159594985, —0.00069934302526,
—0.11406911649481, 0.11406911649481, 0.00069934302526, —0.22356159594985,

0.00061965199100, 0.11081147447130, - - - ).

The plots of gb;”l and the 3 wavelets 1,19, 3 are depicted in Figure 2.10.

2.4 Nonstationary Tight Wavelet Frames (NTWF)

As shown in the previous section, MRA-based tight wavelet frames of higher ap-
proximation order can be constructed via UEP by using pseudo splines. However,

we still can not achieve spectral frame approximation order. To attain spectral
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N e

Figure 2.10: Tight Wavelet Frame Constructed by Pseudo Spline ¢§’1 of type II

frame approximation order we have to switch to the construction of nonstation-

ary tight wavelet frame (NTWF) ([45]) to be introduced in this section.
Nonstationary wavelet systems are generally obtained from a sequence of non-

stationary refinable functions. Let {¢;_1};en be a sequence of functions in Ly(R).

We say that {¢;_1};en is a sequence of nonstationary refinable functions if

bia(w) =@ (w/2)0;(w/2), ae weR, jEN, (2.53)

where {a;};en is a sequence of 27-periodic trigonometric polynomials. Wavelet

14

functions ¢;_;, j € Nand £ =1,..., 7}, are generally obtained from nonstationary

refinable functions ¢;, j € N, via

(W) =0 (w/2)¢;(w/2), jeN L=1,...,7, (2.54)
where J; are positive integers depending on j and the 2m-periodic trigonometric
polynomials bAﬁ are the corresponding wavelet masks. We start with a nonstationary
tight wavelet frame in Ly(R) generated by {¢g}U {¢§}jeNo,Ze{l7"'7‘7j+l}, where Ny :=
N U {0}. We call the following wavelet system

X(¢0;{wf}jeNo,ee{L...,@H}) =
{¢o(- —k) : ke Z}U {wjf;j,k = DjE%f cjENL=1,..., T,k €7}
(2.55)
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a nonstationary tight wavelet frame for Ly(R) if

oo Jj+1
I Zam = D Kb = RN+ DY KA ufulF  forall fe Ly(R).
keZ j=0 (=1 keZ
(2.56)
This is equivalent to
oo Jj+1
F= (Ffdol-—kNgol-—k)+ D DN (fvl, 00 h € Lay(R). (2.57)
keZ j=0 (=1 keZ

For a 2m-periodic trigonometric polynomial @, we denote deg(a) the smallest

nonnegative integer such that the Fourier coefficients of @ vanish outside

[— deg (@), deg(a)].

The following result which can be regarded as the generalized unitary ex-

tension principle (GUEP) gave the explicit construction of NTWF.

Theorem 2.16. ([45, Theorem 1.1]) Let aj,j € N, be 2w-periodic trigonometric
polynomials satisfying a;(0) =1 for all j € N and

oo

> 277 deg(ay) < oo

=1

Define a sequence of nonstationary refinable functions {¢;_1}jen by
b1 (w) = @;(w/2)d;(w/2) = Hanﬂ L(27"w) weR, jEN.  (2.58)

Suppose that there exist 2w-periodic trigonometric polynomials bg j€Nand l =
., J; with each J; being a positive integer depending on j, and each b; =

laj, b}, e ,bfj] is a combined UEP mask satisfying the UEP condition (2.58).
Define wavelet functions @bf_l, jeNand l =1,...,7;, as in (2.54). Then

all functions ¢;_1 and ¢f_1, jeENandl =1,...,7;, are well—deﬁned compactly

-----

defined in (2.55) is an NTWEF of Ly(R).
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As an application of Theorem 2.16, it was shown in [46, Theorem 1.2]) that the
NTWEF derived from masks of pseudo-splines can have spectral frame approxima-

tion order.

—

Construction 2.3. ([46, Theorem 1.2]) Let @; := ay®" (or @; = a}"") be defined
in (2.49) (orin (2.50)), where 0 <1; < m;—1 and m; (j € N) are positive integers

satisfying
lim m; = oo, liminf(l; +1)/m; >0, and E 27m; < oo. (2.59)
j—oo j—00

j=1
For j € N, let ¢;_1 be defined in (2.58) and ¥}

J; = 3 and masks b}, b? and b;’ being defined in Construction 2.2 from a; := ay

—_—

and ¢}, in (2.54) with

—_—

j=b 317

(or a; = agnj’lj). Then , the wavelet system X(gbo; {Q/Jf}jeNo,ge{l jjﬂ}) defined in

.....

(2.55) is an NTWF of Ly(R) with spectral frame approximation order.

2.5 Characterization of Sobolev Spaces by NTWF

Orthonormal tight wavelet frames had been used to characterize Sobolev spaces
H?*(R) by Meyer [62]. Characterization of H*(R) using general tight wavelet frames
in terms of the weighted /o—norm of the analysis wavelet coefficient sequences of
the functions was given in [2, 1]. Interestingly, it was shown in [45] that any
Sobolev space H*(R) with fixed smoothness order s can be characterized in terms
of the weighted ¢,—norm of the analysis wavelet coefficient sequences of a fixed
nonstationary tight wavelet frame constructed in [46] (Construction 2.3).

Before stating the characterization results, we introduce the notation of [-, ],
i.e., the bracket product with smoothness order s. Precisely, for f,g € Ls(R), [+, ]s
is defined as

=" f(+2mk)g(-+ 2mk) (1 + | - +27k[*)". (2.60)

keZ
Note that [fa g]O = [fa g]
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.....

tionary tight wavelet frame in Ly(R) obtained in Theorem 2.16. Assume that for

a > 0 there exist a positive number C' and a positive integer J such that

-G < Clwf,  weRj>J (2.61)

and

6, dilalw) <C,  wER, jeN, (2.62)

then for every —a < s < «, there exist two positive constants Cy and Cy such that

oo Jj+1
Coll ey < D IE BRSO+ D 0D N 259 |(f, 45, )P < Coll fllfismy. (2:63)
keZ j=0 (=1 keZ

for all f € H*(R).

Theorem 2.17 basically says that the weighted ¢o-norm of the analysis wavelet

coefficient sequence

{<f> Ek¢0>}keZ U {<f’ @bf;j,k)}kez,jeNo,m{l ..... Tir1}

of a given function f € H*(R) decomposed under the tight wavelet frame system

is equivalent to its Sobolev norm in H*(R). The right hand side inequality is
called the upper bound of the characterization in (2.63) and the left hand side
inequality is called the lower bound.

For a tempered distribution f defined on R, we denote
(f) :=sup{s e R: f € H*(R)}. (2.64)

If f ¢ H*(R) for any s € R, then we simply set v5(f) = —c0.
It was shown in [41, Theorem 2.3] that a compactly supported refinable function

¢ € Lo(R) whose refinement mask is a trigonometric polynomial is in H*(R) for
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some s > 0. Generally, for a refinable function ¢ with a trigonometric polynomial
refinement mask a, v5(¢) can be computed via its mask [22, 42, 43, 70, 71, 53].

For a tempered distribution f defined on R, we also define

pa(f) == sup{s € R: [f, fls € Loo(R)}. (2.65)
It was shown in [47, Proposition 2.6] that v5(f) = pe(f) for any compactly sup-
ported function f.

In particular, when ¢ € Lo(R) is refinable with its refinement mask c is finitely
supported, we can write c(w) = (1 + e_i“)”@(w) for some nonnegative integer m
and some 27-periodic trigonometric polynomial g(w) with 3(7?) # 0. Let by, be
the autocorrelation of b, i.e., b/a\u(w) = [b(w)? = SN v bau(n)e™™, where N is

some nonnegative integer. Denote by p(c) the spectral radius of the square matrix

(bau (2] — k))—NSj,kSN' Define

vo(c) := —1/2 —log, v/ pl(c). (2.66)

It is known that v5(c) < 15(¢) whenever ¢ is the compactly supported refinable
function associated with the finitely supported refinement mask ¢ [42, 43, 47]. And
the equality holds when E(¢) forms a Riesz basis of S(¢) [42, 43, 47, 70, 71, 53].

By applying Theorem 2.17 we can obtain the result for the stationary case:

Theorem 2.18. Let X (V) be a stationary tight wavelet frame constructed via UEP
in an MRA generated by a refinable function ¢ € Lo(R) whose refinement mask
ho is a finitely supported sequence. Assume that for a > 0 there exists a positive

constant C' such that
1— |ho(w)* < Clw?®, weR,

and
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If —a < s < «, then X(¥) can be normalized to a wavelet frame in H*(R), i.e.,

there exist positive constants Cy,Cq such that for any f € H*(R) we have

Callf]

e () < Z (f, Ero) + Z Z 22| (f, )] < G| f]

keZ PYeW j>0,kEZ

hem-  (2.67)



Chapter 3

Stationary Tight Wavelet Frame Packet
(STWFEP)

One dimensional orthonormal wavelet packets were introduced in [18, 17, 20, 19]
and their multivariate counterpart can be found in [72]. Similar to the construction
of wavelet packets, we can build up a tight wavelet frame packet from a given tight

wavelet frame constructed by UEP [66, 24].

3.1 Construction of STWFP

Suppose we have a tight wavelet frame
X(0) :=A{jp: €V, j,k € Z}, (3.1)

where U = {41, 1.} C Lo(R). And we fix this tight wavelet frame X (¥)
thought out this thesis for the discussion of both stationary and nonstationary
tight wavelet fame packet.
Let
Vj :=span{¢; : k € Z},

Wj,i = span{z/)i;j7k -k c Z}, 1= 0’ ]_’ Cee T

42
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In a tight wavelet frame decomposition, each MRA space V; is decomposed into a
lower resolution space V;_; plus r detail spaces W;_1;,i =1,2,--- 7, ie,

Vi=Via+ > Wi

i=1

Note that, these r + 1 spaces V,;_y and W,_y,,% = 1,---,r, are in general not
orthogonal. In other words, tight wavelet frame adds “redundancy”.
By recursively splitting the MRA spaces, we obtain the space decomposition

Vi=Via+ Z W1,

i=1

7j—1 r
=Vio+ > Y Wi

k=j—2 i=1

T

j—1
= V}o + Z Z Wk,i

k=jo i=1

j—1 r
= Z Z Wk,i7

k=—o00 i=1

as shown in Figure 3.1.
With the following result (in the orthonormal case, it is also referred as the

“splitting trick” ), we can split a given tight wavelet frame to obtain a tight wavelet

7

Figure 3.1: Tight wavelet frame space decomposition

frame packet.
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Lemma 3.1. Let § € Ly(R) and {05 : k € Z} be a Bessel set of Ly(R) with
Bessel bound Cy for any fized j € Z, i.e.,

~

0,6)(w) < Cy, wER, (3.2)

where Cy is a positive constant. Let h = [ho, hy,--- , h,] be a combined UEP mask
satisfying the UEP condition (2.38). Define

Oi(x) = > 2hi(n)0(2x — n), (3.3)

U; .= spﬁ{@i;j_l,k ke Z}, (3.4)
and U ::spﬁ{ﬁj,k ok GZ} foriv=0,---,r. Then
(). 10117,y < Co- Fori=0,---,r, [10;]|3, < Co and
[@,é\z](w) <Cy, wEeR,

i.e., each set {01 : k € L} is a Bessel set.

(ii). For any sequence ¢ € U5(7Z), there are r + 1 sequences ¢;,i = 0,--- ,r, defined
by
ci(k) =v2> hi(n—2k)c(n), ke, (3.5)
nez
such that
||C||?2(Z) = Z ||Ci||?2(2)> (3.6)
i=0
and

> elk) 0k =Y > cilk) i (3.7)

keZ i=0 keZ
(iii). In particular, for any f € Ly(R), let c(k) = (f,0,x) for k € Z, then ¢ € {5(Z)
and (3.5),(3.6) and (3.7) yield

Cz(k) = <f7 0i;j—1,k>7 ke Z,Z = 07 T (38)
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DL ERIE =)D 1S bl

ke i=0 kez

and
Z<f7 0],]6) ej,k = Z Z<f7 9i;j—1,k> ei;j—l,ka
keZ i=0 keZ

respectively;

(iv). U has the decomposition

U=Ug+U+---+U,.

Proof. (i). It can be easily verified that

~

1 [~ 1 [~
10117 = %/ 10(w)dw = — [9 J(w)dw < Cp.

2T

—
Notice that (3.3) can be recast in Fourier domain as

~

= (hi0)(-/2).
On the other hand, the UEP condition (2.38) naturally implies

Z ‘}/{74<+V)‘2§17 i:O7"'7T’

ve{0,m}

Combined with (3.2) and (3.13), we can deduce that

10, 0,](w) = [(hi0)(-/2), () (-/2)] (w)
=" [(h:f)((w + 27k) /2) 2

= D w2+ 0)P Y lw/2+ v+ 2mk)

ve{0,r} kEZ

= 2. |ha(w/2+ V)P[0, 0](w/2 + v)

ve{0,7}

<C Y /24 0)P ae.

ve{0,7}

<Cy i=0,-,r

(3.11)

(3.12)

(3.13)
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It follows that [|0;]|7,g) < Cp for i =0,1,---,r. Thus, (i) is proved.

(ii). (3.5) can be recast in Fourier domain as

Gw) =23 @h)(w/2+v), i=0,1---,r (3.14)

ve{0,m}

By (3.14), we have

T
> law)
=0

It follows that

Z Z E N w/2+ 1) (c

1=0 1vq,2€{0, 7r}

5 Z N Aw/2+ v)Ew/2 + va) (w2 + va)a(w/2 + 1)

=0 vq,v9€{0,7}

Z Aw/2 4 v)e(w/2 + 1) Zh w/2+1/2)h72-(w/2+1/1)

) (Ww/2 + 1)

1

2

v1,U2€ =0
1 . =

5 Z c(w/? + 1) e(W/2 + 1) Oy
v1,v2€{0,7}

1

5 Z w/2+v)?

F»a

> leltz =D le®)P
=0

i=0 keZ
2w
)2
= d
z% / ’
2 T
Z|C’ )Pdw
27r1
Z A(w/2 +v)|Pdw
VE{OW}
= —/ Z Aw +v)|?dw
ve{0,r}

/%mw @

1

2m
Z HCHZ(Z)
k
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and (3.6) is proved.

Next, we prove (3.7) in a similar way. In Fourier domain, (3.7) becomes

2—3’/2(5A)(2—jw) — o(=j+1)/2 Z(@@)(Tﬂlw)-
i=0
It can be shown that the RHS=LHS, explicitly,

RHS =2 (=3+1) /22 2 ity

(=j+1) /22 (277w 2 Jw)g(g—jw)

= 2792927 w) Z ( Z (/C\hri)(Q_jw + V)) hi(279w)

i=0 \ve{0,7}
:2‘j/2§(2_jw) Z (277w +v) <Zh (277w +v)h (2 %u))
ve{0,7}

=277%(279w) Y 27w +v) b,

ve{0,m}
= 27929(277w) 22 Vw)
= 2792(E)(279w) = LHS,

and we obtain (3.7). And (ii) is thus proved.

(iii). ¢ € €5(Z) is easily followed from the Bessel set property of {6, : k € Z}.
In addition, if we can obtain (3.8), then (3.9) and (3.10) are the direct consequence
of (3.6) and (3.7), respectively. It boils down to show that (3.8) is true. It can be
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shown from (3.5) that

ci(k) = V2hi(n — 2k) c(n)
= Z V2hi(n — 2k){f,0;,)
_ <7; S V2 hiln - 26k)0;)
_ < £Y V2 hi<m)9j,2k+m>

= <f, 92-;]-_17k>, Z = 0, 1, s, T
And (iii) is thus proved.
(iv). It follows from (3.3) that
U+U+--+U CU

Invoking (3.5) by taking ¢ € ¢y(Z), where £o(7Z) is the spaces of finitely support

sequences, we can obtain
UCUy+Uy+---+U,.
Hence, (3.11) is proved. And we finish the proof of Lemma 3.1. O

Remark 3.1. Since {Hj,k ke Z} is a Bessel set, the space U* defined by
U= { > e(k)bip:ce £2<Z)}
keZ
1s generally not closed as [5,5] may not have a positive lower bound. In other words,
U~ is just a dense subset of U in general. Lemma 3.1 basically says we can always
split U, the completion of U*, into r + 1 closed subspaces Uy, Uy, --- ,U,. by using
a combined UEP mask h = |ho, hy,- -+, h.]. Furthermore, if f € U*, i.e., f =
Y kez (k)0 for some ¢ € ly(Z), then we can define f; = >, ., ci(k)0ij_1 5.1 =

0,--+,7, where ¢; is computed from ¢ by (3.5), and obtain the decomposition

szUla 'l.ZO,"',’T’,
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and the reconstruction
f=>_f
i=0

together with the desirable norm preserving property

||C||?2(Z) = Z HCiHZ(Z)-
i=0

Lemma 3.1 is the base to build up tight wavelet frame packet. Note that, in the
assumption of this lemma, the combined UEP mask h may have no relation with 6.
We only need a arbitrarily given combined UEP mask. By this result, for a given
tight wavelet frame X (V), we can further decompose the wavelet spaces W, ; by
any combined UEP masks. And then by selectively and recursively decomposing
the wavelet spaces W;;, we can obtain various tight wavelet frames which are

altogether called a stationary tight wavelet frame packet.

Figure 3.2: Stationary tight wavelet frame packet decomposition

Furthermore, we can also recursively decompose V; as well as IV} ; in the same
way, however, in this case we may change the underlying MRA spaces (V});ez
associated with X (V) if one of the lowpass filters in the set of combined UEP
masks decomposing V; does not coincide with the refinement mask of ¢ which

generates (V});ez, and all the tight wavelet frames obtained in this way with the
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MRA spaces (V;);ez are modified will be called a nonstationary tight wavelet

frame packet.

Vi

Figure 3.3: Nonstationary tight wavelet frame packet decomposition

As previously mentioned, given a tight wavelet frame X (¥), by Lemma 3.1 we
can further recursively split the wavelet spaces W;; by any combined UEP mask.
By selectively splitting of W ;, we can obtain tight wavelet frame packets. We can
obtain stationary tight wavelet frame packets by only selectively and recursively
splitting the wavelet spaces W ;.

For simplicity, we construct stationary tight wavelet frame packets by recur-
sively splitting W;; with the combined UEP mask h = [ho, hq,- - - , h,| associated
with the given tight wavelet frame X (W), and set the coarsest scale jo = 0.

We try two ways to construct a stationary tight wavelet frame packet, one is a
recursive way, the other one is the decomposition way. We first describe these two

methods, and later show that they are essentially the same.

A Recursive Construction of STWFP

Define py := ¢, and for k € N, k has the unique representation

k= (r+1)l+1i
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for some [ € Ny and 0 <7 < r, and we define p,, by
Pr = Pr1)i4i = Z2h n)pi(2 - —n). (3.15)
nez
Note that definition (3.15) implies that py = ¢ and p; = ¢; fori =1,--- |r
Define
P, :=span{pxox : k € Z},k € Ny. (3.16)
(Note that (3.16) implies Py = Vy, P, = Wy, fori=1,---,r.)
Since X (V) is a tight wavelet frame constructed via UEP in an MRA generated
by ¢. We have
6, 6lw) <1, weR

By invoking Lemma 3.1, for k € N we have

[Py ] (W) <1, wER,

(r+1)(s+1)—1

DP.= Y P,

n=(r+1)x
and
(r+1)(k+1)—
Z|<fapn;1,k>|2: Z Z| fpnOk y
kEZ n=(r+1)x k€Z

for any f € Lo(R).

Generally, for j € N, we can recursively apply Lemma 3.1 to obtain

(r4+1)7 (k+1)—1
D'P.= ) P (3.17)

and
(r+1)7 (k+1)—

ST pelP = D Z\prOk, (3.18)

k€Z n=(r+1)ix keZ

for any f € Lo(R).
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Fori=1,---,r, substituting x = ¢ in (3.17) and (3.18), we can obtain

(r+1)7 (i+1)—1
Wii=DWo,=D'P,= Y P, (3.19)

and
(r+1)7 (i4+1)—

Z|<f7wi§j7k>|2:Z|<.fapi§j,k>|2: Z Z| fapnOk ’

keZ keZ n=(r+1)ji keZ
for any f € Lo(R), respectively.
Note that (3.19) means that each wavelet space W, ;(j > 1,i=1,2,---,r) can
be further decomposed into (r+1)7 subspaces Py, (r+1)7i <n < (r+1)7(i+1)—1.
Interestingly, if we take x = 0 in (3.17) and (3.18), we can obtain,

(r+1)7-1
Pn>
n=0
and .
(r+1)7 -1
S L P = > paosd (3.20)
kEZ n=0 k€Z

for any f € Ly(R), respectively.
By choosing j to be a fixed level J > 0, the MRA property of (V) ez leads to

(r+1)7 -1

Z P, +ZZWH (3.21)

=1 j>J

Theorem 3.1. For a given tight wavelet frame X (V) constructed via UEP in an
MRA generated by ¢, with the combined UEP mask h = [hg, hy, -+, h,] satisfying
the UEP condition (2.38), define py := ¢ and define p,, for n € N as in (3.15),
then for any fixed J > 0,

P::{pn;ovk:()gng(7“—|—1)J—1,k:€Z}U{¢j,k:@DE\If,k‘GZ,jZJ}

1s a tight wavelet frame.
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Proof. Since X (V) is a tight wavelet frame of Ly(R), by [24, Lemma 2.4], for any
f € Ly(R), we have

AP =) K do) P+ DD 0D 1 i) P

keZ eV j>0 kEZ
= KL+ DD [t
keZ VeV j>J kel

Combined with (3.20), we can quickly deduce that

A1 =D 1F e P+ DD > Kl

keZ eV j>J kel
(r+1)7-1

= 3 S HAERE Y. SN e

n=0 k€eZ Yev j>J keZ

for any f € Lo(R). And Theorem 3.1 is thus proved. O

We can observe that Theorem 3.1 is corresponding to the special Ly(R) space
decomposition of (3.21). Consequently, based on the tight wavelet frame P con-
structed above, we try to obtain other tight wavelet frames by choosing other
Ly(R) space decompositions. To do this, we introduce the notation of the disjoint

partition A; of a finite set of nonnegative integers
Er={neNg:0<n<(r+1)7 -1} (3.22)
into disjoint subsets of the form
Lo ={(r+1)Vk,-,(r+1y(k+1) =1}, j,x €Ny,

ie.,

Ay i={Liw: JLin =20} (3.23)
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Then, it follows from (3.21) and (3.17) that

(r+1)7 -1

Ly(R) = Z P W

=1 j>J
(r+1)7 n-‘,—l

SOV SRS 5 ot

Ijw€A;  n=(r4+1)J i=1 j>J

=Y DJ‘PHZZWJ,Z-.

Ijw€hy i=1 j>J
Theorem 3.2. For a given tight wavelet frame X (V) constructed via UEP in an
MRA generated by ¢, with the combined UEP mask h = [hg, hy, -+ , h,] satisfying
the UEP condition (2.38), define po := ¢ and define p, for n € N as in (3.15).
For any fized J > 0, Aj is a disjoint partition of =;, where Aj and Z; are defined
in (3.23) and (3.22), respectively. Then

Pa, = Apnijr : Ljn € Ajyk € LY U{ibjn : ¥ € W, j > J k € L}
1s a tight wavelet frame.

Proof. Notice that for any f € Ly(R), we have

(r4+1)7 (n+1)—-1
Z Z|<f7pn;yk Z Z Z |<f7pn;0,k>‘2
I;in€AN; kEL Ijn€Ay KEL n—(r+1

(r+1)7 (n+1)—

Z Z Z|fpn0k

I] nEAJ n_(r+1 keZ
(r+1)7 -1
= Z ‘<f7pn;0,k>|2-
n=0

By invoking Theorem 3.1, we can obtain P, is a tight wavelet frame of Ly(R). O

For any fixed J > 0 and a disjoint partition A; of =Z;, we can obtain a tight
wavelet frame P, , by Theorem 3.2. All tight wavelet frames constructed in this

way are called are called a stationary tight wavelet frame packet.
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Example 3.1. Let X (V) be the piecewise linear tight wavelet frame as introduced
in Erxample 2.5, and let J = 2. By Theorem 3.1, we can obtain a stationary tight
wavelet frame packet, the plots of po,p1,- -+ ,ps are depicted in Figure 3.1.

Po Py P,
1 1 0.5
0.5
0
0.5 0
-0.5
-0.5
0 -1 -1
0 0.5 1 1.5 2 0 0.5 1 1.5 2 0 0.5 1 1.5 2
P n, P
0.5 0.5 2
0
0 0
-0.5
-0.5 -1 -2
0 0.5 1 1.5 2 0 0.5 1 1.5 2 0 0.5 1 1.5 2
Pg P; Pg
1 1 1
0.5
0 0
0
-1 -1 -0.5
0 0.5 1 1.5 2 0 0.5 1 1.5 2 0 0.5 1 1.5 2

Figure 3.4: Piecewise linear tight wavelet frame packet

Example 3.2. Let X (V) be the piecewise cubic tight wavelet frame as introduced
in Erample 2.7, and let J = 2. By Theorem 3.1, we can obtain a stationary tight
wavelet frame packet, the plots of po, p1, -+, p15 are depicted in Figure 3.2.

A Decomposition Construction of STWFP

Besides the recursive derivation of stationary tight wavelet frame packets intro-
duced in the previous section, stationary tight wavelet frame packets can also be
constructed by directly decomposing of the MRA space V; for a fixed level J > 0
to the level 0;
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Figure 3.5: Piecewise cubic tight wavelet frame packet

For a given tight wavelet frame X (W) constructed via UEP in an MRA (V});ez
generated by ¢, and the associated combined UEP mask is h = [ho, hy, -, h,].
We now recursively decompose V; for a fixed level J > 0 to level 0 by the fixed
combined UEP mask h.

At the first level of decomposition, By Lemma 3.1, V; is decomposed with h
into the r + 1 spaces Wj;_1;,1 € €, where (2 is a J-tuple index set defined by

Q) = {fl: (igyig—1,---,01) 1 0 <iy <ryigg Z"'Zilzo},
and for i = (45,151, -+ ,41), we define
i(n): =i, n=12---,J

and with this notation we have

pi = Z 2hi1y(n)o(2 - —n),

nel
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and W;_y; is defined by
WJ_L]'] '= span {p]'];J_Lk ke Z}

For any f € Ly(R), we have

S K ae)P =D K fopisan)

keZ 1€Q kEZ

At the second level of decomposition, by Lemma 3.1, each space W;_;;,1 € ()
is decomposed with h into spaces Wj_oy,1" € Q) where Qb is a subset of
defined by

Qb= {i' € Qy:1'(1) = (1)}

and 2y is a J-tuple index set defined by
Qy = {(iJJJ—l"" 1) 105y < 0<iy 1 <rigo=- =10 :0},

Py = Z 2hir2)(n)ps (2 - —n),
W2 := Span {pﬂ’;J—2,k ke Z}.

And for any f € Ly(R) we have

Z |<fapﬁ;J—1,k>|2 = Z Z |<f>Pﬂ’;J—2,k>|2~

kEZ ﬂ’eQ"‘z k€EZ

Generally, at the /-th level (2 < ¢ < J) of decomposition, by Lemma 3.1, each
space Wj_gi13,1 € €y is decomposed with h into spaces W;_, 5, 1’ € QE, where

Q) is a subset of 2, defined by
Q={i' € Q:1'(n) =i(n) for1<n<l—-1} (3.24)
and €2, is a J-tuple index set defined by

QZ = {(Z.Jaz.J—la"' 7i1):0§ij_l ST’OSZSE,iJ_é:"':i1:O}>
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pir =Y 2hi(n)pi(2- —n), (3.25)

ne”L

Wy—gw :=span {pi;s_es : k € Z}.

And for any f € Ly(R) we have

Z |<f7pﬁ;J—e+1,k>\2 = Z Z |<fapﬂ';J—z,k>\2

kEZ ﬁ’eQil kEZ

In particular, at the J-th level of decomposition, by Lemma 3.1, each space
Wi i € Qy_1 is decomposed with h into spaces Wy, 1’ € Q Y, where Q]f] is a
subset of €); defined by

={i'eQ,:i'(n)=1(n)for 1 <n<J—-1}
and €2 is a J-tuple index set defined by
0= {(igig i) 0<i <1< <} (3.26)

/:—Z2h/(J pn2 —n)

ne”L

WO,]’]’ = Spﬁ{pﬁl;ak ke Z}

And for any f € Ly(R) we have

Yol =Y Wfpeon)l

kEZ ﬂ'le, k€EZ

By combining all the inner product equations in the construction, we can obtain

ST = DD 1 pio) ™ (3.27)

keZ 1€Qy kEZ

for any f € Lo(R), In other words, we obtain another representation of Vj, i.e.,

VJ:Spﬁ{pﬁ;ng : k‘EZ,ﬁEQJ}.
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Theorem 3.3. For a given tight wavelet frame X (V), the system
15 = {piomi € QU j>JkeZye T},
is also a tight wavelet frame, where Q is a index set defined in (3.26).
Proof. Since X (V) is a tight wavelet frame of Ly(R), by [24, Lemma 2.4], for any
f € Ly(R) we have

LAIZ =) DI dum P+ DD 0D 1 i)

keZ Yev j>J kel
On the other hand, from (3.27) we have

Z [(f, ¢J,lc>|2 = Z Z |<f>pﬂ;0,k>|2-

keZ ieQy keZ
It follows that

A1 =D D [ fmomP+ DD D Wl

ieQy kez YeY j>J ke

Hence, Theorem 3.3 is proved. O

Similar to the recursive construction of stationary tight wavelet frame packets,
based on the tight wavelet frame IT9* constructed above, we can obtain a stationary
tight wavelet frame packet by performing various disjoint partitions A ; of Q; with

each partition separating €2; into disjoint subsets of the form
I;:= {(iJ,~-~ i1,y 0y) € Qy = (ig, -+ ,i541,0,---,0) € QJ_j},
ie.,
A= { L UL = 20} (3.28)
Theorem 3.4. For a given tight wavelet frame X (V), let A; be a disjoint partition

of Qy, where Qy and Ay are defined in (3.26) and (3.28), respectively. Then the

system
Hiza = {pﬂ;j’k ke, Ijﬂ'] c AJ} U {wj,k ) > JkelZye \I/}, (329)

s also a tight wavelet frame.
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Proof. Since Aj is a disjoint partition of Q;, for any f € Ly(R), we have

SO Kl = D0 DD N fpeor)

Ij’ﬁeA‘] keZ ij,’lEAJ ﬁ’EIj’i keZ
= > Wfponl
1€Qy k€Z
By applying Theorem 3.3, Theorem 3.4 is proved. O

Equivalence of the Two Constructions

We may find that these two constructions are quite similar. In fact, we can
show that they are equivalent. For convenience, we consider the multi-index
i = (iy,---,4;) which is extensively used in our decomposition derivation of a
stationary tight wavelet frame packet as a base r + 1 number (i;---41),4+1 and

replace it with its decimal representation

Mk

in(r+1)"
n=1
i.e., with the bijection
J
T:i—Ng: (i, .0 »—>ZZ”7‘+1
n=1

15 .= {pyon,i € Qs } U{jp:j > J k€ Zp € U}
has a decimal index version

1% = {pryop, 0 < n < (r+1)" =1y U {wpjp 1 j > Lk € Z,2p € U},

which is the same as the one derived in the recursive construction, and vice versa.
By taking into account that ¢ is a refinable function with its refinement mast

hg, we can quickly conclude from (3.25) that

Pix = ¢7
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where 1* = (0,0,---,0).

Furthermore, by the From (3.24) and (3.25), we can observe that in the decom-

position way derivation, p;,, where 1y = (i, ,ip41,1,0,---,0), is constructed
from p;,, where 1y = (i, ,4441,0,---,0) through the equation

Z 2 hil pﬂl )

nez

By observing that

J J
= i+ )" = (1) D dn(r+ D) i = (r+ )Y (i) + i,
n=~{ n=0+1

i.e., T(i2) has the unique representation Y (iz) = (r+1)Y(12) 414, which is the same
as the recursive construction (3.15), we can conclude that these two derivations
are totally equivalent for the derivation of stationary tight wavelet frame packets.

For the nonstationary case, we generally do not have a recursive relation as in
the stationary case since the original MRA (V});ez associated with X () will not
be preserved. Hence, we adopt the decomposition method in our later construction

of nonstationary tight wavelet frame packets.

3.2 Characterization of Sobolev Spaces by STWFP

Once we build up a stationary tight wavelet frame packet (STWFP)
PR = {pnjn ik € L, 1 € Ny} U{thjp i j > J k€ Z,4p € U},
we can use the weighted />-norm of the analysis STWFP coefficient sequence

{ {f, p"%j7k> }kez,lj,ne/\‘] U { (f, @bﬂ',k) }kez,sz,keZ,weqz

of a given function f € H*(R) to characterize its Sobolev norm in H*(R).
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Theorem 3.5. For a given tight wavelet frame X (V) constructed via UEP in an
MRA generated by ¢, with the combined UEP mask h = [hg, hy,--- , h,], define
po := ¢ and define p, forn € N as in (3.15). Assume that for o > 0 there exists

a positive constant C' such that
1— |ho(w)]? < Clw, weR, (3.30)

and

6, Pla(w) <C, weR (3.31)

For any fized J > 0, Aj is a disjoint partition of =;, where Aj and Z; are defined
in (3.23) and (3.22), respectively. If —a < s < a, then

,P[SU = {stpn;j’k : Ij,n - AJ,]{? c Z} U {Qijj,k . ¢ - \I/,]{? - Z,j > J}

is a wavelet frame of H*(R) , i.e., there exist two positive constants Cy,Cy such

that

Cillf]

e < Z 222j5|<f,pn;j,k>|2

Ij,neAJ kEZ

DSl < Callf

WEW j>J kEL

T () (3.32)

hold for all f € H*(R).
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Proof. For —a < s < «, we can show that

> 1 fs b

keZ

| /\

IA

IA

<

1

9 (w)[*dw

[ (27), F(27)] (@) [0, Bl (w)dew

~ o~

J
5 [ 272",
2J 1 -
PN 2J 1
1[0, Alsll oo (@) ——

™

i sﬂalleuR)

[ (27), F(27))s(w)dw

lfuwwﬁwwmﬂm

—/|f 2(1 4 277 w[2)~*du

1+ w2 \°
o [ I 1ﬂ|>(;q;mﬁdw

< C'max{1,2%*} — /|fw (14 |w*) " *dw

= C'max{1, 22‘]8}Hf||H*S(R)’

and in the last inequality we used the fact that

1<—<
T 14 27w? T

On the other hand,

+ |(")|2 22J

Z 22 2]3 fapnjk |2<22(J 1)]

I; n€Aj kEZ

— 92(J-1)

22(] 1)|

_ 92(J-1)ls|

weR,JeN.

Z Z| fpn]k

JnGAJ keZ
(r+1)I (n+1)—

DD ZI (> pros) |
Ijn€Ny (t=(r+1)in k€Z
(r—i—l )/ -1

T2 2 I

= keZ
Z|<.fa ¢J,k>|2
keZ

“lmax{1, 2} | fIfr- e
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In addition, it was shown in the proof of [45, Proposition 2.1] that (3.30) and
(3.31) yield

YD 27 < ClBoa b I ).

j=J eV keZ

where
o0 - 2ys 1—|—|UJ|

Bays(w) = Z |hi(277w)* € Loo(R).

20 (T 2Tl

Combining the two 1nequahtles above, we can obtain

2 2 2 sl 4 2L 3 3 7S sl < O i

I;n€A, keZ j=J YV keZ
where € := C(|| Bs sl 1o®) + 227l max{1, 2275}).
By a duality argument as in the proof of [45, Theorem 1.2] (Theorem 2.17), we
can obtain

Bee < D D2 pagd P3SN 0 (f) )P < Ol £IR

Hs(R)>
I;jn€N s keZ j=J el keZ

1
=171

for all f € H*(R), (—a < s < «). Hence, Theorem 3.5 is proved.
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Nonstationary Tight Wavelet Frame
Packet (NTWEFP)

In the stationary tight wavelet frame packet derivation, we decompose V; by the
same combined UEP mask which generates the given tight wavelet frame X (),
so we keep the MRA (V});ez associated with the given tight wavelet frame X (V).
However, stationary MRA has its own limitations. As it is widely understood, we
can not obtain a compactly supported refinable function ¢ with a finitely supported
refinement mask such that ¢ € C*(R) in a stationary MRA [22]. In [15], C*
nonstationary orthonormal wavelet bases of Ly(R) are obtained. It was later shown
in [46] that compactly supported symmetric C'* nonstationary tight wavelet frames
of Ly(R) can be similarly obtained. Furthermore, it was pointed out in [46] that
such nonstationary tight wavelet frames can achieve spectral frame approximation
order. In a recent work [45], such nonstationary tight wavelet frames are used to
characterize Sobolev spaces of arbitrary smoothness. In this section, we present
the construction of nonstationary tight wavelet frame packet based on a given tight

wavelet frame X (W) and then apply it to characterize Sobolve spaces.

65
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4.1 Construction of NTWFP

Given a tight wavelet frame X (V) constructed via UEP in an MRA (V});ez gener-
ated by ¢. We construct the nonstationary tight wavelet frame packets by recur-
sively decomposing V; with arbitrarily chosen combined UEP masks to the coarsest
scale 0. Note that each lowpass filter in the selected combined UEP mask does not
coincide with hy which is the refinement mask of ¢.

In the first step, we decompose V; = span{¢, : k € Z} with the combined
UEP mask b := [bﬁ ‘1€ Ql} satisfying the UEP condition (2.38), where ©; C NJ
is a J—tuple index set defined by

Q= {(iJaiJ—lv"' i) 10y < Jyiga = =0 :O}’

in which 7 is a positive constant. By Lemma 3.1, we can decompose V; into spaces

WL]_L{], i € €}y, where

=" 2m(m)o(2- —n)

nez

Wy_1; :=span {piy_14 : k € Z}.

And for any f € Ly(R) we have

S K eae)P =D [ fopisan)?

ke i€ kez
Wi_1,0.0.- Wi_1.a.0.-

Figure 4.1: First level decomposition of V;

At the second level of decomposition, by Lemma 3.1, each space W;_;;,1 € ()

is decomposed with a combined UEP mask b;_; := [bﬁ/ (1€ Q“Z] satisfying the
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UEP condition (2.38), where €} is a subset of Qy defined by
Q= {i' € O (1) = (1)}
and Qy C NJ is a J—tuple index set defined by
Qo= {(igigar i) 0 <y S T,0 iy T iy = =i =0}

in which J0) is a positive constant for each i, into spaces Wy_oy, i’ € Qb where

Py = ZQb n)pi(2 - —n),

neL

W_o = Span {pi,yj_ay : k € Z}.

And for any f € Ly(R) we have

Z |<fapﬁ;J—1,k>|2 = Z Z |<f>Pﬂ';J—2,k>|2

keZ ﬁ’eQﬂQ keZ
Wi_1,Gs.0,-
J 2,(i7,0, J 2,(ig,1, J 1(2Jj(1j)

Figure 4.2: Second level decomposition of V

Generally, at the ¢-th level (2 < ¢ < J) of decomposition, by Lemma 3.1, each
space Wy_yt14,1 € 2y is decomposed with a combined UEP mask b;_pi;; =
[bir : 1/ € Q] satisfying the UEP condition (2.38), where Qf is a subset of €
defined by

Q={i' € Q:1'(n) =i(n) for1<n<l—-1}

and Q, C NJ is a J—tuple index set defined by

Qf = {(i],’i]_17' . 77:1) : 0 S ZJ S j’ O S iJ—l S j(i(]7i(]71'~.7i]7l+1)’

1§l§a@4:~~:u:0}
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in which J0/-#/-19-1+1) ig a positive constant for each (iy,i5_1---,4i7_141), into
spaces Wy _py, i’ € Q) where
pri= S 2 (mps(2 - —n),
nez
W_gw :=span {pi;s_es : k € Z}.

And for any f € Ly(R) we have

ST PP =YY o pina—en)

kEZ ﬂ’eQﬁl kEZ

In particular, at the J-th level of decomposition, by Lemma 3.1, each space

Wi, 1 € ;-1 is decomposed with a combined UEP mask by ; := [bﬁ/ 11 € Q]j,]
satisfying the UEP condition (2.38), where QY is a subset of ; defined by

QL =1{1'€Qy:i'(n) =i(n) for 1 <n<J—1}
and Q; C NJ is a J—tuple index set defined by

Q= {(z’J,z’J_l, i) 100y S T,0 <y < JEmin) 1<) < J}
(4.1)
in which J0v-#-19-+1) ig a positive constant for each (iy,is_1--- ,47_141), into
spaces Wy, i’ € QF, where
pi =Y 2by(n)pi(2- —n),
nez

W07]'1/ = W{pﬂ/;Qk ke Z}

And for any f € Ly(R) we have
ST pri) P = D0 fpror) -
kEZ ﬂ’lelJ kEZ

By combining all the inner product equations in the construction, we can obtain

S UG =D 1 pios) ™ (4.2)

kez i€Qy keZ
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Wl (37,0 ,i2,0)
0(2] 220 Z Z21 Z -9, \7(1] 7'2)

Figure 4.3: J-th level decomposition of V
for any f € Ly(R), In other words, we obtain another representation of Vj, i.e.
V; :W{pﬂ;07k ckeZ,ne QJ}.
Theorem 4.1. For a given tight wavelet frame X (V), the system
IT:= {piow, i € W U{Wjp:j >k eELe T},
is also a tight wavelet frame, where Q; is a index set defined in (4.1).

Proof. Since X (V) is a tight wavelet frame of Ly(R), by [24, Lemma 2.4], for any
f € La(R) we have

1f11? = Z‘f@ﬁJHZﬂLZ Z (fs )

kEZ YET j>JkEL

On the other hand, from (4.2) we have

Z ([, ¢J,k>|2 = Z Z |<f7pﬂ;0,k>‘2

keZ 1€Qy k€EZ

It follows that

AP = D03 1 prosd P+ YD T i)

1€Qy k€Z Yev j>J keZ

Hence, Theorem 4.1 is proved. O

As in the stationary case, based on the tight frame

= {Pﬁ;o,k,ﬁé QJ}U{%’J@ j>2Jkelye ‘1’}
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constructed above, we can obtain a library of tight wavelet frames of Ly(R) by

partitioning €2, into disjoint subsets of the form

Ijﬂ'] = {(ZJ, ,ij+1,i;,"' ,'l,l) EQJZ]i:(iJ,"' ,ij+1,0,"' ,0) EQJ_j}, (43)

ie.,
Ay = {IM \JLs = QJ}. (4.4)

Theorem 4.2. For a given tight wavelet frame X (W), let Ay be a disjoint partition
of Qy, where Qy and A; are defined in (4.1) and (4.4), respectively. Then the

system
HAJ = {pﬁ;j’k k€ Z,Ijj c AJ} U {wj,k 17> J,]{Z S Z,Qﬂ c \I/},
s also a tight wavelet frame.

Proof. Since Aj is a disjoint partition of Q;, for any f € Ly(R), we have

SO Kl = D0 D0 N fpeor)

Ij,ﬁEAJ keZ Ij’,',EAL] f]'EIj,i keZ
=> > [fpowl
icQy keZ
By applying Theorem 4.1, Theorem 4.2 is proved. O

By Theorem 4.2, we can obtain various nonstationary tight wavelet frames Il
based on various disjoint partitions of €2;. All such obtained nonstationary tight

wavelet frames II, , are called a nonstationary tight wavelet frame packet.

Example 4.1. Let X(WV) be the piecewise linear tight wavelet frame as introduced
i Fxample 2.5, and let J = 2. By Theorem 4.1, we can obtain a stationary tight
wavelet frame packet, the plots of po,p1,- -+ ,ps are depicted in Figure 3.1.
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Figure 4.4: Piecewise linear tight wavelet frame packet
4.2 Characterization of Sobolev Spaces by NTWEFP

Once we build up a nonstationary tight wavelet frame packet (NTWEFP)
My, = {pijr  k€Z,L;; € Ny} U{p:j>J keZpec T}
we can use the weighted fo-norm of the analysis NTWFP coefficient sequence
{(f.piin) }kez,fj,ﬁeAJ U {f i) }kez,sz,keZ,weqz
of a given function f € H*(R) to characterize its Sobolev norm in H*(R).
Theorem 4.3. Suppose we have a nonstationary tight wavelet frame packet
My, = {pijr: k€Z,1L;3 € Ny} U{jp:j>J k€Lapc U},

derived from a tight wavelet frame X (V) constructed in an MRA generated by a
refinable function ¢ via UEP, with the associated combined UEP mask is h =
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[ho, ha, -+, hy], where I;; and A; are defined in (4.3) and (4.4), respectively. Sup-

pose
1—|ho(w)? < Clw*, weR, (4.5)
6, 0la(w) <O, weR, (4.6)
[, Pila(w) <O, weR I;; €Ay, (4.7)

If —a < s < a, then
f\ = {2jspﬂ;j’k k€ Z, Ijﬂ'] c AJ} U {2jswj’k 17> J,]{? S Z,¢ c \I/}

is a wavelet frame of H*(R), i.e., there exist two positive constants Cy, Cy such that

@ < Z 222j5|<f>Pﬂ;j,k>|2

I; ;€M 5 k€EZ

+ 3NN T2 )P < Coll ey

VeV j>J kEZ

Cillf]

for all f € H*(R).

Proof. For —a < s < «, we can obtain

DI u P < Cmax{L, 27| I ).

kEZ

as in the proof of Theorem 3.5.
On the other hand,

Z Z 2_2j5|<f, pﬁ;j,k>|2 < 92(J=1)s] Z Z |<f> pﬂ;j,k>|2

ij,’lEAJ keZ ij,’lEAJ keZ

— 22(J=1)ls| Z 1Cfs )|

keZ

< 2 max{1, 227 | |- -

In addition, it was shown in the proof of [45, Proposition 2.1] that (4.5) and
(4.6) yield

YD 27 < ClBota b I ).

j=J eV keZ
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here
T wes 24 P) S 7 0mi) € Lo(®)
st J\W) ‘= = (1_|_|2—Jw|2)oz — ] w [’ .

Combining the two inequalities above, we can obtain

2 2 2R sl 20 2 2 2L sl < Ol ey

I €My keZ j=J YeV keZ

where € := C(|| Boy s || ooy + 22—Vl max {1, 2275}).

By a duality argument as in the proof of [45, Theorem 1.2] (Theorem 2.17), we

can obtain

e < D D 2 Lpin) P+ DD D 2P < /]

I €My keZ j=J eV keZ

1
=171

2
Hs (R

for all f € H*(R), (—a < s < «). Hence, Theorem 4.3 is proved.

)

O
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2~/ shift Invariant (SI) Tight Wavelet

Frame Packet

As pointed out in [66], the wavelets theory is intrinsically centered around the
“synthesis operator”, while the frame theory is centered around the “analysis op-
erator”. Theoretically, this is because the former one is irredundant while the latter
one is redundant. In applications, there is also a trend of shifting concentration on
these two operators.

In the early applications of wavelet frames, such as denoising [33, 35], image
compression, etc., the irredundant systems play a very crucial role. This is largely
due to that the application objects such as images have a sparse representation in
the wavelets domain in which a thresholding operation can be performed. In other
words, we are using a “good” analysis operator in the applications. The synthesis
problem is not focused since the system used is irredundant.

However, in the application of denoising by wavelets, Donoho discovered the

better performance offer by frames obtained by making the wavelets system to

74
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be a 277/-shift invariant one, and he referred this new technique as “Translation-
invariant De-noising” [34]. It suggested that not only “sparsity” but also “redun-
dancy” is crucial in certain applications. It also called for new techniques dealing
with “redundancy”. Put it differently, we have to pay attention to the synthesis
operator since the good performance is due to a redundant system. From then
on, there was a widespread exploration on the power of “redundancy” which led
to the theory of “compressed sensing” which is the current state-of-the-art in the

exploration of the power of redundancy.

5.1 Introduction to Quasi-affine systems

We first introduce the notion of a quasi-affine system from level J. A quasi-

affine system from level J is defined as

Definition 5.1. Let W = {4y,...,%,.} be a finite set of functions in L(R). A

quasi-affine system from level J is defined as
XO(0) = {yf) : 1<i<ryj kel
where @ij‘]k is defined by

DIEF); = 29/2¢,(27 - —k), J=J;
2%E27Jij¢i = 2j_J/2¢i(2j<' - 2_Jk))7 j < J

q,J ._
gk T

(5.1)

The quasi-affine system is obtained by oversampling the affine system. More
precisely, we oversample the affine system starting from level J —1 and downward
to a 277-shift invariant system. Hence, the whole quasi-affine system is a 277-shift
invariant system. The quasi-affine system X{(¥) from level 0 was first introduced
in [66] to convert a non-shift invariant affine system to a shift invariant system.
Further, it was shown in [66, Theorem 5.5] that the affine system X (V) is a tight

wavelet frame (or tight affine frame) if and only if X%°(¥) is a tight frame (or tight



5.2 Construction of 2=7/-ST STWFP 76

quasi-affine frame). Note that [66, Theorem 5.5] was proved under a mild decay
condition which was subsequently removed by Chui et al [13]). It can be easily
observed that

X () = D/ X20(0),

then by [66, Theorem 5.5] we can obtain the following result.

Theorem 5.1. [5|X (V) is a tight wavelet frame (or tight affine frame) if and only
if X7 (W) is a tight frame (or tight 2=/ -quasi-affine frame).

5.2 Construction of 2-/-SI STWFP

For a given sequence h, we use hU to denote the 27 upsampling of A, i.e.,

_ h(277n), n € 27,
hUl(n) = (5.2)

0, otherwise.

With the following result, we can split a given stationary (nonstationary) tight
wavelet frame into 277-shift invariant stationary (nonstationary) tight wavelet

frame packets.

Theorem 5.2. Let 0 € Ly(R), 57 < J and {9;1,;] : k € Z} be a Bessel set with the

Bessel bound Cg which is a positive constant, i.e.,

DL < GAIFIP, (5.3)

keZ

holds for any f € Ly(R). Let h = [hg,- -, h,] be a combined MRA mask satisfying
S @) = 1. (5.4)
i=0

Fori=20,---,r, define

00 = hi(n)0F(-—27n), ke (5.5)

nez
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U’ .= span {‘93;}]—1,19 keZ}. (5.6)
And also, define U%’ := 5pan {9;],;] k€ Z}. Then

(i). ForkeZ andi=0,---,r, 0%/ » € La(R), with ||e” illa <116 ,€||L2(R

» Yig—1
and
Z ||9w 1k||L2(]R) = ||9?,’1;]||%2(R)§
ii). 2 ’ iy.: I )
(ii). For any sequence ¢ € U5(Z), there are r+1 sequences ¢;,i = 0 r, defined
by
=y W) etk +n), kez (5.7)
nez
such that
D letm)PF = lak)?, (5.8)
ke i=0 kezZ
and
e = 3 Y ek (5.9)
keZ i=0 keZ

(iii). In particular, for any f € Ly(R), let c(k) = (f, 9;1,;]> fork € Z, then c € ly(Z)
and (5.7),(5.8) and (5.9) yield

cilk) = (f,00] ) k€Zi=0,- (5.10)
> LD ZZ| £00 0P, (5.11)
ke, i=0 keZ
and
Z qu H?g_zzfﬁ?gjw egjjlk’ (512)
ke, i=0 keZ
respectively;
(iv). {93]‘] k€ Z} is a Bessel set fori =0,--- ,r, with the space decomposition

Ul =037 + -+ U (5.13)
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Proof. (i). (5.5) can be recast in Fourier domain as

— —

GZ’JJ_L]@(Q}) - };(2_](‘())9;1:];](60)7 L= 07 T (514)
Also, by invoking the condition (5.4), we can deduce that
0 S L hwer @)
Z 16871 k12 ey = % |hi(277w) 055 (w)["dw
R
- / O3 @) 3 i)
i=0

:—/|9q‘] )dw

J
= 1055 12 @)

It follows that ||9” Lill,m < ||9?,’,;]H%2(R). And (i) is thus proved.

(ii). (5.7) can be recast in Fourier domain as

G(w) = Aw)hi(27w), i=0,--- 7. (5.15)
By (5.15), we have
G = [@w)ha(2"Pw)* = [aw)* > [h(2"Pw)” = [ew)]”
=0 =0 =0

It follows that
DD k)P =" ek
i=0 keZ k
and (5.8) is proved.
In Fourier domain, (5.9) becomes

— —

E(Q_Jw)ﬁj:{]](w)

Il
)
~—~
~
<
&
S~—
>
=R
T
—
=}
—~
&
N—
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By (5.14) and (5.15), it can be shown that the RHS=LHS, explicitly,
RHS =3 227 w)hu(279w) (2 w)0%) (w)

1=0
r

— 2 w)0%) (@) S Ra(2 W) P

1=0

— LHS,

thus (5.9) is proved.

(iii). By (5.3), we immediately have ¢ € ¢5(Z). Also, we can deduce from (5.7)

to obtain

ZhJ R n) ek + n)

= 2oL

= Zhi(”) (F. 05 var-a)
<f OLIQT ey
<th oL —27m))

— <f,9;1;;]_1’k>, i=0,--,7

Consequently, (5.11) and (5.12) followed from (5.8) and (5.9), respectively.
(iv). By (5.11) and (5.3), for any f € Ls(R), we have

Z| f’englk |2<ZZ| f793]J1k ?

keZ =0 k€Z

= [f. 0501

keZ

SCngHZa iZO,"',T.

And we obtain that for i = 0,---,r, each set {9‘1]‘] WRILAS Z} is a Bessel set.
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From (5.5), we can get

q,J q,J
e,j 1k_§ :h 99]@—1—2" in”

nez

Consequently, UO’J—i-- -+U%7 C U%?. On the other hand, by taking c to be finitely
support sequences in (5.9), we can obtain U%/ C U®”’ 4 ... + U%/. Hence (5.13)

is proved. O

As it is shown in the previous chapter, Lemma 3.1 is the base to construct sta-
tionary /nonstationary tight wavelet frame packets. In this chapter we will show
that Lemma 5.2 is the base for the construction of 277-shift invariant station-
ary/nonstationary tight wavelet frame packet.

Similar to the construction of the nonstationary tight wavelet frame packet,
from a given tight wavelet frame X (V) constructed via UEP in an MRA generated
by the refinable function ¢, we construct 2~7-shift invariant nonstationary tight
wavelet frame packet by recursively decomposing the MRA space V; for a fixed
scale J to level 0 with any combined MRA mask h = [hg,--- , h,| satisfying the
condition (5.4) which is much weaker than the UEP requirement.

In the first step, we decompose V; = span{¢, : k € Z} with the combined
MRA mask b := [bﬁ (1€ Ql} satisfying the condition (5.4), where Q; C N is a
J—tuple index set defined by

Ql = {(Z.Jaz.J—la"' 7i1):0§2.=]§‘7’ij_1:“.:i1 :0}’

in which 7 is a positive constant. By Lemma 5.2, we can decompose V; into spaces

we’ "1 1€y, where

pg;j—m = Z bi(n)psu(- —277'n), keZ,

neL

7J c— anman 7J .
W' s =span {ply_, . k € Z}.
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And for any f € Ly(R) we have

Z‘<fa¢Jk ZZ|fpuJ 1k

kEZ 1€Qq k€Z
J // \\J
Wj 1,(0,0,---,0) J 1(10 ) Wq

Figure 5.1: First level 27/-shift invariant decomposition of V;

At the second level of decomposition, by Lemma 5.2, each space Wg:’l’ﬂ,ﬁ e
is decomposed with a combined MRA mask b;_;; := [bﬂ/ 1 e Q“Q} satisfying the
condition (5.4), where (2} is a subset of ), defined by

Qb= {i' € Qy:1'(1) =i(1)}
and Q C NJ is a J—tuple index set defined by
Q= {(%U—lf" i) 0<1;, < J,0<i;4 < T iy = =14 :0}

in which 77 is a positive constant for each i, into spaces W}:g o, 1 € QL where

J J -
pﬂq’;J—2,k = Z b]']/ (n)pij_l’k(' - 2 J+1n), k 6 Z7

nez
o) a0 .
W3y = Span {pﬂ,;J_M keZ}.

And for any f € Ly(R) we have

Z| fan L l” = Z Z|<f>pﬂq”;{]—2,k>|2

kEZ ﬂ’eQ"‘z k€EZ
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W‘L

J— 1 ZJ? o050
J 2(7‘J7 7"70) J 2(7']7 o0 J 1(2J,j(lJ), y )

Figure 5.2: Second level 277-shift invariant decomposition of V;

Generally, at the ¢-th level (2 < ¢ < J) of decomposition, by Lemma 5.2, each

space W}” i € 2_y is decomposed with a combined MRA mask bj_p;1; :=

0+1,10
[bﬁ/ 1€ QH satisfying the condition (5.4), where (2} is a subset of Q defined by

Qo ={i' € Q:1'(n) =i(n) for1<n<l—-1}

and , C Ny is a J—tuple index set defined by

Q= {(iJ,iJ—l, i) 0<iy < T, 0<iy < JUina),
1§l§£,lj_g::@1:0}
in which J07#-17%-141) is a positive constant for each (i7,i7_1--- ,i7_141), into

spaces WJ 0 i’ € Q) where

pﬂq;;]]—f,k = Zb n)pf; J TG 277 ), ke,
ne”L
W}fm, := Span {pj.f,’;‘t],_M keZ}.
And for any f € Ly(R) we have
J
Z|<f7pﬂq;J—£+1k Z Z| I pu’J M
keZ i EQ“ keZ
In particular, at the J-th level of decomposition, by Lemma 5.2, each space
Wﬁ}l‘],ﬁ € Q,_; is decomposed with a combined MRA mask by ; := [bﬂ/ (1€ Q]j,]

satisfying the condition (5.4), where 2 is a subset of ; defined by

QL =1{1"€Qy:i'(n) =i(n) for 1 <n<J—1}
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and Q; C NJ is a J—tuple index set defined by

Q= {(iJ,iJ—l, i) 1 0<idy < J,0 <y < FUrrrin) <] < J}
(5.16)
in which J0/-#/-19-1+1) ig a positive constant for each (iy,i5_1---,4i7_141), into
spaces W&’]{,j, i’ € Qf, where

P = Z by (n)pli (- —27'n), kE€Z,

nez
7J . oo 1 7J .
Wi = span {ply, : k € Z}.

And for any f € Ly(R) we have

Z |<f7pﬂq;7i],k>|2 = Z Z |<f7pﬂq’7;(]),k>|2‘

kEZ ﬂ'le, keZ
q,J
le(i(fv . 7i270)
q,J q,J \ . q,J
0,(3.7, ,32,0) 0,(ig,i2,1) 0,(ig, -+ yin, J T +i2))

Figure 5.3: J-th level 277-shift invariant decomposition of V;

By combining all the inner product equations in the construction, we can obtain

DLl = D> Wfploal (5.17)

keZ 1€Qy kEZ

for any f € Lo(R), In other words, we obtain another representation of Vj, i.e.,
V; =span {ply, : k € Z,i € Qy}.
Theorem 5.3. For a given tight wavelet frame X (W), the system
7 = {ply k€ Z,ieQ}U{y,:j>JkeZyeT}

is a 277 -shift invariant tight wavelet frame.
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Proof. Since X (V) is a tight wavelet frame of Ly(R), by [24, Lemma 2.4], for any
f € La(R) we have

LAIZ =) 1 a2+ DD 0 1) P

keZ eV j>J keZ

On the other hand, from (5.17) we have

S N ea)P =D > Ik P

keZ 1€Qy kEZ

It follows that

||f||2 ZZ|f¢pn0k|2+ZZZ|faw]k

ieQy kez YeY j>J keZ

Hence, Theorem 5.3 is proved. O

As in the stationary case, based on the 2~7/-shift invariant tight wavelet frame
{pnOk keZieQ}U{vjp:j>J kel eV}

constructed above, we can obtain a library of 277/-shift invariant tight wavelet

frames by partitioning 2; into disjoint subsets of the form

Ijﬂ] = {(ZJ7 72.]'-‘1-177;;'7'” 72,1) EgZJﬂ: (Z.Jy'” 7ij+1707”' 70) EQJ—j}a
(5.18)

ie.,
A= {5 ULs =9} (5.19)

Theorem 5.4. Let A; be a disjoint partition of €25, where Q5 and A; are defined
in (5.16) and (5.19), respectively. Then the system

MG = {pfy k€2, L € A} U{byu:j 2 Lk €2, € ¥}

is a 277 -shift invariant tight wavelet frame.
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Proof. Taking into account that A is a disjoint partition of Q;, for any f € Lo(R),

we have
2 2 WhHP = 3 2 D I penl
I;:€M; keZ €A 'el;; k€L
J
= > > Wfpkonl
i'eQy keZ
By applying Theorem 5.3, Theorem 5.4 is proved. O

By Theorem 5.4, we can obtain various 2~7-shift invariant tight wavelet frames
Hq from various disjoint partitions of €2;. All such obtained tight wavelet frames

H?{J are called 277-shift invariant nonstationary tight wavelet frame packets.

5.3 Characterization of Sobolev Spaces by 277/-SI
NTWFP

Once we build up a 277-shift invariant nonstationary tight wavelet frame packet

(2=7-SI NTWFP)

047 ={pt) k€ Z Iz e Ay} U{dbjp:j > J k€L eV}

njk

we can use the weighted fy-norm of the analysis 27/-SI NTWFP coefficient se-

quence
{(f»P”k }keZ]JneA] U{ f, @bak }keZJ>JkEZwE\I/

of a given function f € H*(R) to characterize its Sobolev norm in H*(R).

Theorem 5.5. Suppose we have a 277-shift invariant stationary tight wavelet

frame packet

047 = {pt ke Z Ij; e Ay U{tju:j > k€ e T}

njk
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derived from a tight wavelet frame X (W) constructed in an MRA generated by
a refinable function ¢ via UEP, with the associated combined UEP mask h =
[ho, ha, -+, hy], where I;; and Aj are defined in (5.18) and (5.19), respectively.
Suppose

1— |ho(w)]? < Clwl*, weR, (5.20)
[0, dla(w) < C, weR, (5.21)
[pﬂq;’j‘{o,pﬂq;’j‘{o]a(w) <C, welRIj; €Ay (5.22)

If —a < s < a, then
47 = {20p2) k€ Z, I € Ay} U{2y 15 > J k€ Z,¢) € U}
is a wavelet frame of H*(R), i.e., there exist two positive constants Cy, Cy such that

ew <Y D 2(f P

I; ;€M 5 kEZ

+ 3NN T2 )P < Coll ey

YET j>J kEL

Cillf]

for all f € H*(R).

Proof. For —a < s < «, we can obtain

D 1 durd? < Cmax{1, 227} fl[}o gy,

ke
as in the proof of Theorem 3.5.
On the other hand,

Z > omE|(f, ptd )P < 2201l Z > U

EAJ kEZ EAJ kEZ

92(J=1)]s| Z [(f, b))

kEZ

< 221l max{l 22JS}||f||]H
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In addition, it was shown in the proof of [45, Proposition 2.1] that (5.20) and
(5.21) yield

YD 27 < ClBoa b I ).

j=J eV keZ

where
o0 - 2ys 1—|—|UJ|

Bays(w) = Z |hi(277w)* € Loo(R).

20 (T 2Tl

Combining the two inequahtles above, we can obtain

Z 22_2]'3 ) ujk |2+ZZZ2 2ys fwjk |2<C/Hf||]H s(R)»

I; €A, keZ j=J eV kel
where C" := C(|| Bs ]| 1.o®) + 227Vl max{1, 22/s}).
By a duality argument as in the proof of [45, Theorem 1.2] (Theorem 2.17), we
can obtain

%{5 < Z 22233 fp”kﬁ‘i‘ZZZQ%S f¢gk|2<C/Hf|

i i€Ny kEZ Jj=J pev keZ

1
=171

Hs(R)>

for all f € H*(R), (—a < s < «). Hence, Theorem 5.5 is proved. O
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