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Summary

Bandlimited wavelets are members from a finite set ¥ := {¢; € L*(R) : i =
1,...,n} of bandlimited functions for which the collection X (W) := {;(27 - —k)
ok €Z,i=1,...,n} forms a frame for L?(R). Classical examples are the Shannon

and Meyer’s wavelets. However for the past decade, the emphasis is on the construction
of compactly supported wavelets and not bandlimited ones, so little is known about
the systematic construction of bandlimited wavelets. Thus the main objective of this
thesis is to provide relatively simple ways in constructing large families of bandlimited
wavelets so that the resulting collections of X (V) form orthonormal bases, Riesz bases,
tight frames or dual frames of L*(R).

In the first chapter, some preliminary results regarding the fundamentals of wavelet
theory are given. They provide foundation materials for the thesis.

Subsequently in Chapter 2, we first characterize the generation of bandlimited
scaling functions via a special class of even real-valued 2m-periodic functions Asq,
where on the interval [—m, 7], the functions are supported on [—€, ] C [-27/3, 27/3]
and take the value 1 on [—6, d], 6 > 0. Next, we provide characterizations of a function
a € Asq such that the integer shifts of the resulting scaling function ¢ form (a) an

orthonormal basis for Vj, (b) a Riesz basis for Vj, (c) a frame for V, where V; =

span{¢(- — k) ; k € Z}. Several examples are given to illustrate the theory in this
chapter.

Regularity and decay of functions in L*(R) as well as interpolatory properties of
scaling functions and wavelet functions are discussed in Chapter 3. This is to facil-

itate subsequent construction of bandlimited wavelets with good time and frequency
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localization.

A study of bell functions and orthonormal bandlimited wavelets is made in Chapter
4. In particular, we illustrate the construction of Meyer’s wavelets through the use of
bell functions and the class Asq, 0 < § < Q < 27/3.

In Chapter 5, we utilize two special setups based on the Mixed Unitary Extension
Principle (Mixed UEP) as mentioned in [5], [7] and [9] to explicitly create bandlimited
dual frames and bandlimited tight frames. Moreover, these wavelets can be constructed
using bell functions such that they belong to the Schwartz class.

Finally, in the last chapter, we adapt a method used in [15] to construct bandlimited
biorthogonal wavelets. Technical proofs are also adapted carefully from [6] and [8]. The

chapter ends with examples of bandlimited biorthogonal interpolatory wavelets.



Notations

LP(E)
supp
5jk
15()
C*(R)

The space of all complex-valued p-integrable functions on a measurable set E.
The closure of the set for which the associated function takes nonzero values.
The Kronecker delta function.

The characteristic function over the set .

The set of all complex-valued functions whose kth derivative is continuous
over the real line.

The set of all p-summable infinite complex sequences.

Equality of two functions pointwise up to a set of Lebesgue measure zero. sense.
The smallest integer greater than or equal to x.

The set of all integers.

The set of all natural numbers.

The set of all real numbers.

The set of all complex numbers.

The kth derivative of a function.

The sign of the variable x.

The Lebesgue measure of the measurable set E.
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Chapter 1

Introduction to Wavelet Theory

1.1 Introduction to Fourier analysis

The reader is assumed to be familiar with basic concepts of Lebesgue measure,
integration theory, normed spaces and Hilbert spaces. In particular, the Lebesgue
dominated convergence theorem will be used several times throughout this thesis. Since
the thesis also requires background knowledge of Fourier analysis and wavelet theory,
let us present some basic concepts of these areas here. The space L*(R) is a Hilbert

space with inner product defined as

(f.g) = / _J@i@de. [ E)

Its norm is given by
|| f||2 = <f7 f>1/27 f S L2(R)

We consider the Fourier transform in the following.

Theorem 1.1.1 Let f € L'(R). The Fourier transform F of f, f f, defined as

~ ~

FNNO = F©) = [ e fa)da.
R
has the following properties.

(1) The function f is bounded and continuous.
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(2)  Extending the Fourier transform F on L*(R) N L2(R) by taking closure, the

extended operator F : L*(R) — L*(R), f — [ is a continuous linear bijection.

~ 1

) FINE@ =10 =5 [ @O de ae if e I®),

The extension of the operator F is based on the fact that L'(R) N L*(R) is dense
in L?(R). By applying appropriate Cauchy limits, we get the extended operator F
which will be referred to as the Fourier transform. Details about the proof of this
theorem can be found in [6]. There are some minor variations of the definition of the
Fourier and inverse Fourier transforms. For consistency, the version above will be used
throughout this thesis. Next, we have two important results, namely, the Plancherel’s

theorem and Parseval’s identity given below respectively.

Theorem 1.1.2 For all f, g € L*(R), the following relation holds:

1
27

(f,9) = —(f,9).
1 —~
7=l

We will now state some basic properties of the Fourier transform.

In particular, || f|2 =

Proposition 1.1.1 The Fourier transform F has the following properties:

(1) F(f(a)(E) = Hf(L), where a € R, a # 0.

|al

o~

(2)  F(f(—m0))(&) = f(&)e ™™ where zy € R.

(3)  F(fe)(&) = f(& = &), where § € R.

—~

(4)  F(E) = f(=¢)

1.2 Fundamental wavelet theory

Now we introduce some fundamental concepts in wavelet theory. We say that a

sequence of functions {v, }nez in L?(R) is a frame for L*(R) if there exist constants A,
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B > 0 such that
AlLFI3 <D I vl < B FII5, (1.2.1)

nez

for all f € L?(R). A frame is a special case of a Bessel system, i.e. the right inequality
of (1.2.1) holds for every f € L*(R). The supremum of A and the infimum of B for
(1.2.1) to hold are called frame bounds. A frame {v,},ez is said to be tight if we may
take A = B = 1. Such a frame is sometimes referred to as a normalized tight frame in
the literature. A tight frame for L?(R) becomes an orthonormal basis when ||v,||s = 1
for every n € Z. More information about the theory of frames can be found in the
book [5].

We say that {v, }nez is a Riesz sequence in L?(R) if there exist constants A, B > 0

AZ [ chvnng < BZ |enl?

neL nez nez

for all {c,}nez € (*(Z). Tf in addition, the linear span of {v, },cz is dense in L*(R),

such that

then {v, },ez is said to be a Riesz basis for L*(R). In particular, if A= B = 1, we say
that {v,, }nez forms an orthonormal basis for L*(R).

Define the affine system X (V) := {20/%;(27 - —k) : j, k € Z,i=1,...,n}, where
U= {y; € L*(R) : i =1,...,n}. If X(¥) forms a frame or Riesz basis for L*(R),
then ¥ is commonly referred to as a set of wavelets or mother wavelets for L?(R).

Next, it is well known that wavelets are usually constructed by means of a mul-

tiresolution analysis (MRA).

Definition 1.2.1 A multiresolution analysis (MRA) of L*(R) with dilation factor 2

is a doubly infinite nested sequence of closed subspaces of L*(R),
L.cVaiacVpacvicVo o,

with the following properties:

(M1) UV, is dense in L*(R).

JEZ.

(M2) feV;ifand only if f(2-) € Vjy1 , for every j € Z.
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(M3)  f €V, ifand only if f(-—277k) €V}, for every j, k € Z.

(M4)  There exists a function ¢ € L*(R) such that

span{o(- — k) : k€ Z} = V.

The function ¢ is called a scaling function and Vy is called an integer shift-invariant

subspace of L*(R).

We say that a function ¢ € L?(R) is refinable if it satisfies the following two-scale
relation: there exists a coefficient sequence {hy}rez € €*(Z) such that
dx) = V2> mo(2r —k) ae (1.2.2)
keZ

It is well known that if ¢ € L*(R) and is refinable, then the subspaces {V;};cz
defined by

V; = span{¢(27 - —k) : k € Z} (1.2.3)

satisfies properties (M2), (M3), (M4) in Definition 1.2.1 automatically. The subspaces
{V;}jez are usually termed as shift-invariant subspaces of L*(R). The interested reader
can refer to the book [23] for details. Lastly, we require three results regarding the
characterizations of integer shift-invariant subspaces, refinability and the density of

union of shift-invariant subspaces in L*(R).

Theorem 1.2.1 Given that f, ¢ € L*(R) and span{¢(- — k) : k€ Z} =V, f eV if

and only if there exists a 2w-periodic measurable function m such that f = rhngS a.e.

This characterization is proved by deBoor, DeVore and Ron in [4]. Consequently,

we have a characterization of the refinability of a function ¢ € L*(R).

Theorem 1.2.2 Given that ¢ € L*(R), ¢ is refinable if and only if there exists a

2m-periodic measurable function a such that

6(26) = a(€)o(¢) aee., (1.2.4)

where a(€) = > hxe™*¢ and {hy}rez is the coefficient sequence in (1.2.2).
kez
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Note that a is usually referred to as the mask of the scaling function ¢. We now state

a characterization of the density of the union of shift-invariant subspaces in L*(R).

Theorem 1.2.3 Let ¢ € L*(R) be refinable and {V;};cz be a sequence of closed sub-
spaces of L*(R) defined by ¢ as in (1.2.3). We have

Uvi=L®)

jEz.

~

if and only if (| Z;(¢) has Lebesque measure zero where
jez

Z;(9) == {€ € R : §(277¢) = 0}.
In particular, if QAS(O) #0 andngS s continuous at the origin, then
UV =L*(R).
JEL
For details of the proof, the interested reader can refer to [4]. We will now proceed

to the next chapter where we define and investigate bandlimited scaling functions and

their masks.



Chapter 2

Analysis on Bandlimited Scaling

Functions

2.1 Masks of bandlimited scaling functions

In this section, we first characterize refinability of a large class of bandlimited func-
tions. A function ¢ is bandlimited if € L*(R) and its Fourier transform ¢ has compact
support in some interval [, Q], where © > 0. Subsequently, we will investigate the
generation of bandlimited scaling functions through a product involving bandlimited
2m-periodic functions. With some abuse of notation, we say a 2m-periodic function a is
2m-bandlimited if supp alj_ » C [—Q, Q] for some positive 2 < 7. First, we introduce
special classes of 2r-bandlimited 2m-periodic functions and bandlimited functions to

facilitate the discussion.

Definition 2.1.1 For 0 < 0 < Q < 7, let Asq be the set of all 2m-periodic, bounded,

even, nonnegative functions a with the following properties:

(a)  ais continuous everywhere except possibly at the set of points {Q+2xl, —Q+2xl :
leZ}.

(b) a(§) =0 for¢ € [-m, 7]\[-, Q.
(¢) a is totally positive in the following sense: a(§) > 0 for & € (=, Q).

7
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(d) @ has an interval of constancy (10C), i.e. a(§) =1 for € € [—46, J].

Here, we mention two possibilities of the function a which will be useful in subse-
quent sections. In fact, due to the special structure of the function a € A;q, we have

the following characterizations.

(1) gh?}, a(¢) > 0 if and only if a is discontinuous at the point 2.

(2)  lim a(&) =0 if and only if a is continuous everywhere.

These two properties can be easily shown by standard calculus techniques, so we

will omit the proof here. Analogously, we define another special class of functions in

L2(R).

Definition 2.1.2 For 0 <6 < Q <, let Bsq consist of all functions ¢ € L*(R) such
that the following hold.

(a) Its Fourier transform ¢ is bounded, even, nonnegative and continuous every-

where except possibly at the points +2€).

~

(b)  #(&) =0 for £ € R\[—292, 29).

(c)  is totally positive in the following sense: QAS(f) >0 for £ € (=29, 2Q).

(d) ¢ has an interval of constancy (I0C), i.e. $(€) =1 for € € =26, 26].
Similarly, we have the following.

(1) §limQ q@(f) > 0 if and only if ¢ is discontinuous at the point 2.
—20)—

(2) §h2mﬂ, $(€) = 0 if and only if ¢ is continuous everywhere.

While the properties of Ao and Bs o look cumbersome, it shall be shown that they
are in fact mild and natural assumptions by providing a large class of examples at
the end of this chapter. We shall see later that many well-known bandlimited scaling
functions like the Shannon’s scaling function and the Meyer’s scaling function arise

from appropriate functions in Asq for some ¢ and €.
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In the literature, properties about scaling functions are often discussed in terms of

bracket product and spectrum which we define below. For f, g € L*(R), define

f, 91(&) =D f(& + 2ml)g (& + 2nl),

leZ

which is known to be a well-defined L'[—m, 7] function. Then for a scaling function ¢,

its bracket product is defined as

and its spectrum is
o(¢) = {¢ € [-m,7] : [0, 9](€) > 0}.

It is interesting and easy to note that for 0 < § < Q < 7 and ¢ € Bsq, 0(¢) =
[—7, m] if and only if 2 > 7/2, where equality of the sets is up to a set of measure zero.
Indeed, if Q > 7/2, it follows easily from the definition of Bsq that o(¢) = [—m, 7].
Conversely, if o(¢) = [—m, 7|, suppose on the contrary that < /2. Then [QAS, gzg] &) =
|ng$(§)|2 =0 for £ € [—m,—Q] U [, ], which is a contradiction. In fact,

[—20,29Q], if Q<7/2,
o(p) = (2.1.1)
[—m, 7], ifr/2<Q <.

This chapter is organized as follows:
(1) Characterize Asq in terms of Bsg when 0 < § < 2 < 27/3.

(2) Show that for any a € A;q with 0 < 6 < Q < 27/3, the resulting scaling
function ¢ generates an MRA of L?(R).

(3) Find characterizations of functions a € As o such that they give scaling functions
with orthonormal shifts, shifts that form a frame for V;; and a Riesz sequence in

L*(R), where Vj is defined by ¢ as in (1.2.3).

(4) Provide examples of functions @ € Asq which generate classical examples of

scaling functions like the Shannon and Meyer’s scaling functions.
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Before we start to characterize Asq in terms of Bso when 0 < 6 < Q < 27/3, we

require a theorem from [22] for one of the uniqueness results in Proposition 2.1.1.

Theorem 2.1.1 Let ¢ € L*(R) satisfy (1.2.4) and %n%é(g) = $(0) # 0. Then any
solution ¢ € L*(R) with %irr(l) o(€) = 9(0) satisfying (1.2.4) can be written as

5 = 200
olo) = (o)

Proposition 2.1.1 Let 0 < 6 < Q < 2xw/3. Then for every a € Asq, there exists a
unique function ¢ € Bsq such that (1.2.4) holds. Conversely, for every ¢ € Bsq, there

exists a function a which is unique up to a set of measure zero in the class Asq such

that (1.2.4) holds. Furthermore a is continuous if and only if ¢ is continuous.

Proof: Let a € Asq and we define ¢ by its Fourier transform ) given by

N
0(€) = [T a2 7)] 1-20,201(8). (2.1.2)
j=1
where
v | Toea(/0)], i3 <@, .13
1, if § = Q.
First we consider the function
- i A A
06 = %100l = 55 g ) = O (€)= O (O

because a(27NV¢) = 1 for [£] < Q. This arises from the following: 2=V|¢| < § for
€] < Q, and a(§) = 1 for €] < §. Note that the function ¢ is well defined since
$(€) > 0 for |¢] < Q. Observe that @ is the 2m-periodic extension of the function ¢ in

the sense that,

a(¢) = q(&+2nl).

lez
We claim that ¢, defined in (2.1.2) by a, is a solution to the refinement equation

(1.2.4) and furthermore, ¢ € Bsgq. For almost all £ € R,

a(€)d(&) =) (€ +2ml)p(€)

leZ

= [a(©)(E)]L-0,01(6) = 6(26)11-0,0(€) = $(2€),
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because the functions a and QAS has supports (J[—Q + 271, Q + 27l] and [—29, 2Q)]
l€Z
respectively and

(U[—Q onl, O+ 27rl]) M[-22 2] = [, Q]
I€Z
up to a set of measure zero since Q2 < 27/3. Thus quS is a solution to the refinement
equation (1.2.4).

To show that ¢ € Bsgq, first notice that the product function 6 in (2.1.2) can be
written as ¢(¢) = fv[ w;(€) where w;(€) = a(277€)1_q,q(277¢), j = 1, ..., N. Now,
w;(€) is continuous] ;/erywhere except possibly at the points +27Q). Since the product
function is identically zero outside the interval [—2€, 2], it follows that the product
function qg is continuous everywhere except possibly at +2€). Next, (;3(5) = 1 for
€] < 26 because a(277€) =1 for |£] < 2§ and every j € N.

We also have ¢(¢) > 0 for |¢] < 2Q because a(277€) > 0 for |¢] < 20, and all j € N.
It is clear from the definition of ¢ in (2.1.2) that ¢ is bounded everywhere whenever a
is bounded everywhere. Lastly, note that if a is an even function, then qAb is also even

because

[ﬂ 27¢) }1[ 20,20 ( ﬁ 1(_50,20)(€) = 6(€)

Jj=1 j=1
for almost everywhere £ € R. We conclude that ¢ € B;q.
Furthermore if @ is continuous everywhere, then a(£2) = 0 = a(—) and so alj_q, g
is also continuous everywhere. Now note that

N

— [ﬁ&@_jf)] 1i_20,20)(§) = H [d(Q_jg)l[_Q’Q](Q_jg)]’

i=1

and thus qAb must be continuous everywhere.
To show uniqueness, let ¢ be another function in Bs o such that (1.2.4) holds. Then
by Theorem 2.1.1,

since ¢, ¢ € Bsg and ¢(0) = 1 = ¢(0).
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Conversely, if ¢ € B;q, consider the function

828 _
p(€) =1 %O’ el (2.1.4)
0, otherwise,

which is well defined because ¢(€) > 0 for |¢| < Q. Define a(&) = 3. p(€ + 2nl)
Iz
which is also the 27-periodic extension of the function p because the support of p is

[—Q, Q] C [—m, m]. We shall show that a is a solution to the refinement equation
(1.2.4) and indeed a € Ajq.
Now, for almost everywhere £ € R,
a(€)p(€) = D p(E +27)o(€) = [D_ p(€ + 271 ()1 (-0,01(€)

lEZ leZ

~ ~

= [P(&)H()]1[—0,0(&) = D(28)L1_q,0)(€) = B(2€),

because the functions @ and ¢ has supports |J[—Q 4 2, Q + 271] and [—2€, 29
€z
respectively and

(U[—Q onl, O+ 27rl]) M[-22, 2] = [, Q]
Iz
up to a set of measure zero since 2 < 27 /3. Thus a is a solution to the refinement
equation (1.2.4).

Since ¢ is an even function with (&) > 0 and continuous for |€] < €, then 1/¢(€)
is also continuous, bounded, even and strictly positive for |£| < . Thus by the
definition of the function p in (2.1.4), p is also an even, bounded function which is
strictly positive and continuous whenever £ € (=€, ). Lastly, since both QAS(S) and
$(2¢) equal 1 whenever € € [—6, 6], again by (2.1.4), p(€) = 1 for £ € [—6, 6]. As a is
the 27-periodic extension of the function p, it follows that a € Asq.

If furthermore, ¢ is continuous everywhere, ¢(2Q) = 0 = ¢(—2Q) and by the
definition of p in (2.1.4), this implies that p(©2) = 0 = p(—Q) . Since p is continuous
in (=, Q) and p(§) = 0 for |[£] > Q, p must be continuous everywhere. This makes
its 2m-periodic extension function a continuous everywhere as well.

To show uniqueness, let a € Asq be another solution to (1.2.4). We claim that

a(€) = $(26)/0(€) for |€] < Q, for otherwise it violates the refinement equation (1.2.4)
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on the interval [—€2, Q]. Furthermore, by the definition of Asq, a(§) =0 for 2 < [¢| <
7. Thus al|_; - = p. By the periodicity of a, we have a = a. This finishes the proof

of the proposition. m

It is known in the wavelet literature (see [2]) that for a scaling function ¢, if o(¢) #
[—7, ], then ¢ has infinitely many masks which satisfy the refinement equation. For
example, define ¢q by its Fourier transform ¢q := 11_90,20)(§) where < m/2. Then
the family of masks {a.}. defined by the 27-periodic extension of the functions ¢.(§) :=
1_00)(&) + L—20,-q(&) + Lie20)(§), /2 < ¢ < 200, satisfy the refinement equation.
However these masks do not lie in A; .

Masks with good low-pass properties are desired in applications, take for instance,
the Shannon’s ideal low-pass filter and the masks corresponding to Meyer’s scaling
functions (see [19]). Incidentally, such masks belong to Asq for some 0 < 6 < Q <
27/3, which motivates us to only consider masks belonging to A for a bandlimited
scaling function ¢ in Bsqo. Furthermore, the uniqueness result proved in Proposition
2.1.1 leaves no ambiguities when we discuss the associated mask a in A;q for a given
¢ € Bsa.

For a € Asq, we have constructed a scaling function ¢ € Bsq in the proof of
Proposition 2.1.1. We shall next show that this scaling function ¢ actually coincides
with the conventional scaling function ¢ defined by the infinite product

p(&) = [Ja¢). (2.1.5)
j=1
In doing so, we also illustrate the importance of the interval of constancy [—9, d] of the

mask @ and the number N as defined in (2.1.3).

Proposition 2.1.2 For 0 < § < Q <27/3, if a € Asq, then ¢ defined by a as in the
conventional infinite product in (2.1.5) coincides almost everywhere with ¢ defined by

a as in the finite product (2.1.2).

J

Proof: For v > 1, define ¢,(§) := J[a(277¢). We have ¢(&) = []a(277¢) =
=1 5=1
lim g,(£). We shall analyze the behavior of $(§) = lim g¢,(£) on the following subin-
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tervals of R: [—2€,2Q)] and [—2€, 2Q]° and thus show the pointwise equality almost
everywhere between ¢ and qg on each subinterval.

For [£] < 2Q and j > N + 1, a(277¢) = 1, where N is as defined in (2.1.3). Then
v N

for || < 2Q and v > N + 1, g,(&) = [] a(277¢) = [] a(277¢). Thus, for [¢] < 29,
j=1 j=1

lim g,(¢) = [] a(277¢) and this means that ¢(€) = G(&).
V—00 j 1

Next, we show that for almost everywhere || > 29, lim ¢,(£) = 0. Since Q2 < 27/3
and a € Asq, a(277€) = 0 for |¢] € (27Q,27(=Q + 27)) D (27Q,2771Q). So for v € N,

9.,(8) = [T a(277§) =0, [¢] € U (272, 27*Q). Then
j=1 '

J=1

N

B(6) = lm g,(€) =0, [¢] € (20, 00) e,

which means that for [¢] > 20, ¢(£) = ¢(€) almost everywhere. This concludes the

proof. =

We emphasize that from the proof of Proposition 2.1.2, global pointwise equality
between the functions ¢ and ¢ can be achieved if either of the following conditions

holds:
(1) Q< 27/3,
(2) a is continuous everywhere.

Indeed, Condition (1) implies that a(277¢) = 0 for € € (279, 27(—Q+27)) D [2727/3, 27127 /3].
Thus, from the proof of Proposition 2.1.2, ¢(§) = lim g,(£) = 0 for [£] € (29, 00) ev-
erywhere, which gives the desired result. If Condition (2) holds, then a(££2) = 0. Given

this and the proof of Proposition 2.1.2, we see that for v € N, ¢,(£) = [] a(277¢) =0,

j=1
€l € U279, 2771Q). Then
j=1
5(€) = lim g,(6) =0, |¢] € (20,00),

which means that for €] > 29, 3(€) = ¢(€) everywhere.
Proposition 2.1.1 means that if Q < 27/3, a function a € Aj o uniquely determines

a scaling function ¢ € Bs g satisfying (1.2.4) and vice-versa. A natural question arising
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from Proposition 2.1.1 is that whether the assumption Q2 < 27/3 could be relaxed. We

shall show in the following that it cannot be the case.

Proposition 2.1.3 For 0 < <Q <7, let ¢ € Bsq. Then ¢ is refinable if and only
if Q@ < 2m/3.

Proof: The sufficiency statement is clear from Proposition 2.1.1. It suffices to prove
the necessity. Suppose that € > 27 /3 and assume on the contrary that ¢ is refinable.
Then there exists a 27-periodic function G such that ¢(2€) = a(€)d(€) a.e. Furthermore,

from the proof of Proposition 2.1.1, @ must necessarily take the following form

~

) ¢(2€)
= — 0’ < Q
a(§) @) €]
Thus [—Q + 270, Q + 27l] Csuppa for all [ € Z.

On the other hand, since Q > 27/3,
supp é N supp ¢ 2O [—2Q, Q — 27| U [-Q, QU 21 — Q, 20,
which contradicts the fact that supp ¢(2-) = [-Q, Q). =

In view of Proposition 2.1.3, we may only consider the generation of bandlimited
refinable functions ¢ by functions a € Asq when 0 < § < Q < 27/3. Due to Proposi-
tions 2.1.1 and 2.1.3, throughout this thesis, for 0 < § < Q < 27/3, given a € Ao, we
can always define a scaling function ¢ by

N

o(&) =[] | a(2778)]11—20,20)(€) =

Jj=1 J

where 0 < § < Q <27/3, supp alj_r - = [-Q, Q], a(§) = 1 for |{] < § and

=P

Il
—

[a2796)110.0(27)], (2.1.6)

v ) Nloea(/0)], if 5 < o1

1, if 9 = Q,
and we can refer a as the mask of ¢. Finally we have the following theorem which

essentially says that whenever 0 < ¢ < Q < 27/3, functions in Asq generate an MRA
of L*(R).
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Theorem 2.1.2 Let a € Asq, and let ¢ be defined by a as in (2.1.6) and (2.1.7).
Suppose that {V;},ez is the sequence of subspaces generated by ¢ as in (1.2.3). Then
{V;}jez forms an MRA of L*(R).

Proof: By Proposition 2.1.1, a € Asq generates a scaling function ¢ € Bsqo which is
a refinable function. Furthermore, %111(1)&5(5) = $(0) =1 # 0. Thus by Theorem 1.2.3,
property (M1) of Definition 1.2.1 is satisfied. Since ¢ is refinable, the other properties
(M2), (M3), (M4) are automatically satisfied by the definition of {V;},cz, thus giving

us the desired conclusion. m

2.2 Characterizations of frames, orthonormal and
Riesz bases

We shall characterize the functions @ € Asq where 0 < § < < 27/3, so that the
integer shifts of the resulting scaling function ¢ form (a) an orthonormal basis for V; ,

(b) a Riesz basis for Vj, or (c) a frame for Vj, where

Vo = span{o(- — k) : k € Z}. (2.2.1)

Before we do so, we require general characterizations of the integer shifts of a scaling
function ¢ satisfying (a), (b), (c) respectively in terms of its bracket product [QAS, gzg]

It is not hard to observe that if qg is compactly supported and bounded everywhere,
then [qg, (]3] must be bounded everywhere. As [qg, g%] is a 2m-periodic function, it suffices

to consider [¢, ¢] on the interval [—, 71| Then, on [—7, 7], the summation 3 |¢(- +
IeZ

27l)|? involves only a finite number of bounded terms due to the compact support of qg
Thus [QAS, QAS] is bounded everywhere on [—m, 7] and thus [QAS, ngﬁ] is bounded everywhere
on R.

Proposition 2.2.1 Let ¢, ¢ € L*(R). Then we have the following.

(a) (b, d(- — k)) = doi for all k € Z if and only if [ngS, gzzﬁ] = 1. In particular, setting
¢ =0, (¢, 0(- — k) = dox for all k € Z if and only if [¢,¢] = 1.
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(b)  The integer shifts of ¢ form a Riesz sequence i.e. there exist constants A, B > 0
such that

Allel? < 1I1)_ exd(- = B)lIz2 < Bllell

kez
for ¢ = {ci}rez € C3(Z) if and only if A < [QAS, QAS] < B a.e.

(c)  The integer shifts of ¢ form a frame for Vg i.e. there exist constants A, B > 0
such that

AlflZe < DKL 0C = k)P < B Sl

kez
for all f € Vy, if and only if A < [ngS, ngS] < B a.e. in o(¢p), where Vy is defined
by ¢ in (1.2.3).

This is a well-known result in wavelet theory and the interested reader can refer to [5]

for detailed proofs.

Lemma 2.2.1 For0 <6 <Q<27/3,0< s<0< 21/3, let a, a belong to Asq and

A; o respectively. If aa(-) +aa(-+m) =1, then Q, Q> /2 and 8, 6 > n/3.

A

Proof: Let k(¢) := aa(€). Then k € Ay, q, where §y := min{d,d}, Qp := min{Q, Q}.
Suppose on the contrary that Qo < /2. Then on [—7/2,7/2], aa(€) + aa(€ + ) = 0
for |€] € [Qo, /2] which is a contradiction. Thus Q¢ > 7/2 and so Q, Q > 7/2.

Recall that the 27-periodic functions @ and a have compact supports [—€2, Q] and
[—€, Q] respectively when they are restricted to the fundamental interval [—7, 7).
Thus the function k& has compact support [—Qq, €] when it is restricted to [—m, 7],
where Qp = min{Q, Q} < 27/3. Let g(&) := kli_r (&) = kliaya(E). As Q <
27/3, it follows that k(&) + k({+ ) = g(&) on (—x/3,7/3). Since k(-) + k(- +7) =1,
g(§) = 1 for & € (—n/3, m/3), which means that k = gli_. » has an interval of
constancy [0y, do] 2 (—m/3, ©/3). Thus dy > /3 and s0 6, 6 > 7/3. m

Corollary 2.2.1 For0 <0 <Q <27/3,0< F<0< 27/3, let a, a belong to As o
and Aj o respectively. Define ¢, & by a and a respectively as in (2.1.6) and (2.1.7). If
[qg, (]3] =1, then Q, Q> 71/2, 4, 6> 7/3, and N, N defined by (2.1.7) are both 1.
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Proof: By standard arguments provided in [6] regarding the biorthogonality of dual

scaling functions and duality of their masks, [(Z;, <Z~>] = 1 implies that

~ ~

a(-)a(-) +a(-+ma(-+m) = 1.

Henceforth we apply Lemma 2.2.1 to get Q, Q > 7/2, 4, 5 > 7/3. Lastly, as €,
Q < 2r/3 and 6, 6 > 7/3, it follows that from (2.1.7) that N =1=N. m

Next, we derive an interesting consequence of orthonormal scaling functions and
interpolatory functions in Bsg. Recall that a scaling function ¢ € L*(R) is said to be
interpolatory if

o(j) =0y,  jEL (2.2.2)

It is widely known that this definition is equivalent to the condition

S (¢ +2nl) = 1. (2.2.3)

leZ

The consequence is the following.

Corollary 2.2.2 For 0 < § < Q < 27/3, if ¢ € Bsq has orthonormal shifts or is
interpolatory, then Q > 7/2, 6 > w/3 and N defined by (2.1.7) is 1.

Proof: For the case of the orthonormal shifts, we simply apply Proposition 2.2.1 and
Corollary 2.2.1. As for the other case, consider ¢ € Bsq which is interpolatory. Define
¢ by its Fourier transform ((€) := ¢/2(€). One can easily check that ¢ € Bsq and
(&, ¢] = 1. Applying Corollary 2.2.1 then gives the result. m

With the information given by Corollary 2.2.1, for Q > 7/2 and 6 > 7/3, we
provide the following useful characterization between masks in A; o and corresponding
scaling functions in Bsg. It should be emphasized that characterization of this type

need not hold for masks in general.
Lemma 2.2.2 For 7/3 <0 <Q<2n/3, 7/3 <6 <Q<2n/3 with Q, Q> /2, let
Q€ Asq, ac Ao and o, ¢ be defined by G and a respectively as in (2.1.6) and (2.1.7),
where N and N defined by (2.1.7) are both 1. Then [¢,¢] = 1 if and only if

a(-)

() +a(-+ma(-+7) = 1.

Q>



CHAPTER 2. ANALYSIS ON BANDLIMITED SCALING FUNCTIONS 19

Furthermore, for each m > 0, IZZQAS’”( +27l) = 1 if and only if & (-) +a™(-+7) = 1.
€
Proof: As noted in the proof of Corollary 2.2.1, standard arguments show that [qg, (]3] =
1 gives aa(-) + aa(- + ) = 1.
Conversely, we first denote k(€) := a(€)a(€), g(&) := E(&)1—00,00(§), where Qy =
min{Q, Q}. As N = N = 1, the function ¢ defined by $(€) := é(g)%(g) simplifies to
G(&) = k(§/2)11_200,200) (&) = g(£/2). Due to the bandlimited structures of the masks

a, @, one can write g(€) = aa(€)1-ay00)(€) = aa(€)1rx(€) and aa () = lzz g(&+2nl).

Note that [¢, ¢](&) = 3 $(€ + 2nl) and thus

LeZ
> p26+2ml) =Y g(€+ )
IEZ lEZ
= g(e+2ml)+ > g(&+ 7+ 2rl)
leZ leZ

=aa(f) +aalé+m) =1,

which gives the desired result.

To show the second part of this lemma, we simply replace both a and a by a"™/? in
the first part. Note that by the definition of Asq, for m > 0, a € A;q if and only if
a™? € Asq. In view of (2.1.6) and (2.1.7), the corresponding scaling function ¢, of

m/2

each a™/* is given exactly by

(€)= a2 (277€)1 Lo 20)(€) = 6™3(€).
This concludes the proof of the lemma. m

There are three important consequences of Lemma 2.2.2. It gives characterizations
of the relation between dual masks and dual scaling functions, the relation between
interpolatory masks and interpolatory scaling functions and lastly, the relation between
conjugate quadrature filters and scaling functions with orthonormal shifts. These will

be explained in subsequent chapters. Next, we establish another useful lemma.

Lemma 2.2.3 For0 <0 <Q <2n/3, leta € Asq and ¢ be defined by a as in (2.1.6)
and (2.1.7). Then the following are equivalent.
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(@) lim d(6)>0

(b)  lim a(e) > 0.

(¢c)  There exists a constant M > 0 such that M < a(§) for all § € (=2, Q).

(d)  There exists a constant A > 0 such that A < ¢(€) for all € € (=29, 29).

Proof: Recall from (2.1.6) that ¢(€) = [ﬁ a(2798)]1 a0, 201 (€), where a € Asq and
N is as defined in (2.1.7). We shall prove %Es lemma in the following order: (a) = (b)
= (c) = (d) = (a).

Firstly, we show that statement (a) implies statement (b). Assume that gli;nﬁ H(€) >
0. Since a(§) > 0 and continuous for £ € (—2€2, 2Q2) | this implies that glggi a(279¢) =
a(2772Q) > 0 for j > 2. Then by (2.1.6), this means that

N
lim a()11-0,0(6) = | tim 6(&)/ [Ta2729)|1-0,a(¢) > 0.
=2

E—Q~ £—20~

Now we prove statement (b) implies statement (c). Assume gl—i}SI)l* a(¢) > 0. Then by
the definition of A, we know that a is continuous and positive on [—£2, Q] and @ > 0

n [—Q, Q]. For the last part, suppose on the contrary that for every A > 0, there
exists £4 € (=9, Q) such that A > a(¢4). Choose A = £ n > 1. Then there exists
&n € (=9, Q) such that

Q) < % (2.2.4)

Note that {&,}22, is a sequence in (=€, ). Letting n — oo in (2.2.4), we have

1
0 < lim a(§,) < lim —,

n—oo n—oo M,
S0 hm a(&,) = 0. Since {£,}5°, C (—Q2,02) C [—Q, Q], there exists a subsequence
{fnk}k:1 that converges to f [—Q Q). Since {a(&,)}re, converges, its subse-

quence {a(&,, )}, also converges and indeed hm a(Snk) =0. If & € (-9, Q), then
d(klim ) = a(€*) = 0 which is impossible. So 5 =+,
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Since @ is an even function, ghgﬁ a(¢) > 0 if and only if . hII{lH a(¢) > 0. So it

suffices to consider the case where £* = (2. Since klim En, = & = €, it follows that
— 00

0= lim a(¢,) = lim a(¢) >0,

N E—Q~

which is a contradiction.

To show that statement (c) implies statement (d), we simply deduce from the
structure of ¢ in (2.1.6) that whenever statement (c) holds, we have 0 < MY < ¢(¢)
for all £ € (—2€2, 2Q).

We see that statement (d) implies statement (a) by simply taking considering the
left-hand limit 5132%7 $(€). This is justifiable as ¢ is continuous on (—2€2, 2Q) and this

concludes the proof of the lemma. m

Finally, we are ready to begin the characterization and we shall find the two previous

lemmas handy.

Theorem 2.2.1 For 0 < 0 < Q < 27/3, let a € Asq and ¢ be defined by a as in
(2.1.6) and (2.1.7). Define Vi as in (2.2.1). We have the following.

(a) ForQ>m/2,

(i)  the integer shifts of ¢ form a Riesz basis for Vi if and only if either
Q>7/2 0rQ=m/2 cmdﬁ li:%i a() >0,

(ii)  under the assumption that § > 7/3, the integer shifts of ¢ form an or-
thonormal basis for Vi if and only if the Conjugate Quadrature Filter
(CQF) condition is satisfied, i.e.

a’()+a*(-+7) =1
(b)  For Q< m/2,

(i) the integer shifts of ¢ form a frame for Vi if and only if 51ir£1217 a(é) >0,

(ii)  the integer shifts of ¢ cannot form a Riesz basis for Vj.
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Proof: To prove statement (a)(i), we first show that, if the integer shifts of ¢ form a
Riesz basis for Vj, then Q > 7/2. If the integer shifts of ¢ form a Riesz basis for Vj,
by statement (b) in Proposition 2.2.1, there exist constants A, B > 0 such that

A<, 9(§) <B

for £ a.e in R. It then follows from standard arguments which can be found in [6] that

there exist constants C', D > 0 such that
C <|a(&)P +la(¢+m)* <D (2.2.5)

for £ a.e in R. Suppose on the contrary that 2 < 7/2. Then on the interval [—7/2, 7/2],

we have
Ov 5 € [_71-/27 _Q)u
(&) +la(c +m)* = { a2(¢), € e[-Q, Q, (2.2.6)
0, € e (Q, /2],

which contradicts (2.2.5). Therefore > 7/2. Furthermore, if = /2, then (2.2.6)
gives
(1a(€)* +1a(€ +m)*)* 1z m/2(€) = A(€) L —nj2in/2(€). (2.2.7)
On (—7/2,7/2), by (2.2.5), C < a(§) < D a.e. Now since a is continuous on
(—7/2, 7/2),C < a(§) < D everywhere on (—m/2, w/2). Taking limit as{ — Q = 7/2,
gligh a(§) > C >0.
For the converse, first consider the case when Q > /2. Since a € Ajq, it follows
from Proposition 2.1.1, that ngS > (0 and is continuous on the interval (—2€2, 2€2). Since
Q>m7/2, ¢ is continuous on [—7, w]. This means that there exist constants A, B > 0

for which
A<HE)<B

for all ¢ € [—m, 7]. Next we show the bracket product o, A] must be bounded above
]

[
and below by positive constants everywhere. Since [A quS is a 2m-periodic function, it
suffices to analyze its behavior on the interval [—m, 7]. Now > 7/2 implies that

[—m, 7] C [—2€Q, 2Q)], and on the interval [—m, 7], we have

[6,0](€) > °(¢) > A
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Since [QAS, QAS](S) involves a sum of at most two positive and bounded functions in each
on subintervals of [—7, 7] above, then [¢, ¢| must be bounded on [, «1]. Since [¢, @]
is 2m-periodic, we get the result.

When Q = 7/2 and gli%lf a(€) > 0, the function

(32106 +270) " 1r €)= 6L 20,200 (€) = DE)L-r, €

lez

is bounded below everywhere on (—7, m) by some constant A > 0 by invoking Lemma
2.2.3 with Q = 7n/2. The upper bound of [QAS, gzg] follows from the boundedness of ¢.
Thus by periodicity again, we get the result.

The proof for statement (a)(ii) follows from Lemma 2.2.2.

Next we will settle statement (b)(i). Since 2 < /2, on the interval [—m, 7], we
have

[0, 91'2(€) = 9(€)

and the spectrum of ¢, o(¢) = [-2Q, 2Q] C [—n, 7|. Recall that the integer shifts of

¢ form a frame if and only if there exist constants A, B > 0 such that
A< <B

a.e. on o(¢). Note that ¢ is bounded on [—20, 2€2]. We will only consider the part for
the lower bound. As by Lemma 2.2.3, we see that this is equivalent to 513%17 a(€) > 0,
establishing statement (b)(i).

Statement (b)(ii) is shown earlier by the proof of (a)(i) and this finishes the proof

of the proposition. m

We will show some immediate consequences arising from the proposition. In fact,
the characterization in Proposition 2.2.1 becomes simpler if we further allow continuity

of the function a € Ajsq.

Corollary 2.2.3 For 0 < 0 < Q < 27/3, let a € Asq N C(R) and ¢ be defined by a
as in (2.1.6) and (2.1.7). Define Vi as in (2.2.1). Then the following are equivalent.

(a) Q>nr/2.
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(b)  The integer shifts of ¢ form a Riesz basis for V.

(¢c)  For any positive m, there exist constants A, B > 0 such that

A<y gmE+2oml) < B

lEZ

for all £ € R.

(d)  For any positive m, there exists constants A, B > 0 such that
A<a™(&)+am(E+7m)<B
for all £ € R.

(e)  There exist constants A, B > 0 such that
A<al)+al+nm)<B

for all £ € R.

Proof: Since a € Asq is continuous everywhere, it is necessary that li%l a(é) = 0.
§—0Q~

For any m > 0, we define ¢,, by its Fourier transform ngSm = ngS’”/ 2. Since ¢ € Bsgq
for some positive § and €2 and QAS is even and continuous, by the definition of B; o and
®m, it follows that ¢,, € Bsq with qgm continuous and even. Note that by the proof in
Lemma 2.2.2, ¢,, has a corresponding mask a,, = am? e Asq.

We shall prove this corollary in the following order: (a) = (b) = (¢) = (d) =
(e) = (a). From Theorem 2.2.1, since 51&1217 a(¢) = 0, statement (a) is equivalent to
statement (b).

Suppose that statement (b) holds, then by the equivalence of statements (a) and
(b) shown earlier, Q@ > m/2. Next, recall from Proposition 2.1.1 that ¢,, € Bsq if

2 is also even, bounded and continuous

and only if a,, € Asq. Furthermore a,, = am/
because @ is. So a,, satisfies the assumptions of this corollary with Q > /2, thus we

invoke statement (b) of this corollary by replacing ¢ by ¢, in statement (b) which
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gives us statement (c). This is because if ¢, satisfies statement (b), it follows from

Proposition 2.2.1 that there exist constants A, B > 0 for which
A<D gm(E+ 2P < B (2.2.8)
leZ
for £ a.e in R. As illustrated in the proof of Proposition 2.2.1,
D 1om(E+2ml)P = ¢ (€ + 27)
lez lez

is a finite sum of continuous functions on the fundamental interval [—m, 7]. Hence,

(2.2.8) must hold for all £ € [—7, 7. Since the function ) ™ (€ 4 2nl) is 2m-periodic,
i€z
then (2.2.8) must hold for all £ € R.

As mentioned above, the refinable function ¢,, has a corresponding refinement mask

am = a™'?% € Asq, for any positive m. Note that
e +2rl) =Y |¢m (e + 2nD)? = [67%, ™€) = [bim: bl (€)
leZ lEZ

and |a,,|* = a™. So, if for any positive m, statement (c) holds, then Proposition 2.2.1

implies that there exist constants A, B > 0 such that

A< [pm, dm] < B

for all ¢ € R. Since a,, is the refinement mask of (ﬁm, it is well-known that there exist

constants C', D > 0 such that
C < lam (&) + lam(¢ + )| < D

for all £ € R. One can check [23] for the details. Thus statement (c¢) implies statement
(d).

By setting m = 1 in statement (d), we get statement (e).

Now let us show that statement (e) implies statement (a). Assume statement (e)

and let £ = 7/2. Then taking m = 1, we have

a(m/2) +a(37/2) = a(r/2) + a(—/2) = 2a(n/2),
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due to the 27-periodicity and symmetry about the origin of the function a. From
statement (d), we see that a(m/2) > 0. Suppose on the contrary that < /2. Since
ae€ AsaNCR), a(§) =0 for € € [—m, 7]\(—Q, Q) D [-7, —7/2] U [7/2, 7]. This
contradicts the fact that a(w/2) > 0, and ends the proof. m

In the next section, we shall show some examples to illustrate our results.

2.3 Some examples

We introduce two important categories of functions a € Asq where 0 < 6 < Q <
27/3. Under appropriate conditions, these functions a generate scaling functions ¢
whose integer shifts form either a frame or Riesz basis for Vj, where V} is as defined in
(2.2.1).

The first category of functions is the set of functions {aqg}, where aq is the 27-

periodic extension of the function

50(€) = 11_q,q(&)

with 0 < 2 < 27/3. Define ¢q by aq as in (2.1.6) and (2.1.7). Then explicitly, we get

~

o) = 1j—20,20)(§)

and

SiHZQ:L" if ?é 0’
1, if x =0.

Clearly a € Aq . Using the characterization provided in Theorem 2.2.1, we have

the following.

(1) 1If Q < m/2, the integer shifts of ¢g form a frame but not a Riesz basis for V.
In fact, [QEQ, QEQ] = 1 in 0(¢q) which implies that it is a tight frame.

(2) If Q = 7/2, the integer shifts of ¢,/ form an orthonormal basis for 1} since the
CQF condition is satisfied. In fact, ¢/ is the well-known sinc function in the

Shannon’s sampling theorem.
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Figure 2.1: Graphs of ég and ¢Z%.

(3) 1If Q > /2, the integer shifts of ¢ form a Riesz basis for V. In fact, the lower
and upper Riesz bounds are 1 and 2 respectively. This is because on the interval

[_ﬂ-v 7T]>

o 2, fe[—m Q—-2r|U 2 —Q, 7],
> @&+ 2nl) =
lez 1, if&e (—Q+2m 2r—Q).

Figure 2.1 illustrates QASQ when Q2 = 7/2 and Q = 7/6 respectively. However, QASQ
is discontinuous and we shall see later that this discontinuity gives ¢q poor decay in
the time domain, i.e. ¢qg(z) decays in the order of % Thus it is natural to seek other
bandlimited functions ¢ which are well-localized in both time and frequency domains.
The second category of functions shows us that this is certainly possible.

Let {as0.m} be the 2m-periodic extension of the bell functions

bsam(€) = cos™(Tg( = (1e] — 8)).

where 0 < 0 < Q2 < 27/3, m € N and g is a continuous function satisfying the following

properties:
(a) g(x)=0forall x <0 and g(z) =1 for all z > 1.
(b) g(x)+g(1—=x)=1forall x € R.

(c) g(x) is strictly increasing on the interval (0, 1).
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Figure 2.2: Graphs of qg , and qg

2

y73

3

Tl

wly
|

ol
wly

For simplicity, let 26 > . We shall see in Chapters 3 and 4 that ;0. € Asq N
C(R) for each m € N. Define ¢s0.m by Gsam(§) as in (2.1.6) and (2.1.7). Since
26 > Q, N as defined in (2.1.7) and ¢5.0.m(E) = bs.a.m(£/2). Using the characterization

in Theorem 2.2.1, we have the following.

(1) 1If Q < 7/2, the integer shifts of ¢5q,, neither form a frame nor a Riesz basis
for Vj.

(2) If Q> /2, the integer shifts of ¢5q, form a Riesz basis for V4.

(3) Iftéd=m/2—€/2,Q=7/24¢€/2and m =1 with 0 < e < 7/3, then a5, satisfies
the CQF condition and the integer shifts of ¢s5q,, form an orthonormal basis

for Vg. In fact, when e < 7/3, we have 26 > Q and thus QAS&Q’m(g) = bs.a.m(&/2).

For g = p; € CY(R) where p, is defined in Theorem 4.1.2, Figure 2.1 illustrates

the two cases of QAS&QJ where the first case has § = 3, Q0 = %’T and the second case has

6 = % and Q = . The wavelets constructed from the scaling functions in statement
(3) are called the Meyer’s wavelets. We will see in Chapters 3 and 4 that the function
g can be constructed so that it belongs to C*°(R). Consequently, the function ¢sq.m
has excellent time and frequency localization, i.e. ¢;q,, decays faster than any inverse
polynomial and §Z§57Q7m is compactly supported. Although statement (1) looks rather
useless at first glance, they are in fact crucial in constructing bandlimited tight frames

and biframes of L?(R)! Details will be provided in Chapter 5. In fact, it is later
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discovered in [11] that it is possible to construct scaling functions with subexponential

decay that is far better than any previous decay rate! The interested reader can refer

to [11] for details.



Chapter 3

Regularity and Interpolatory

Properties

In this chapter, we will discuss some technical properties about regularity and de-
cay of functions in L?*(R), as well as interpolatory properties of scaling functions and
wavelet functions. Before we review some well known properties regarding regular-
ity and decay of functions in L*(R), we start with a definition of a special class of

differentiable functions.

3.1 Regularity properties

The Schwartz class S is defined as follows.

Definition 3.1.1 A function f : R — C lies in the Schwartz class S if it is a C®(R)-
function and for any nonnegative integers k andl, there exists a constant C = C'(k, 1) >
0 such that

(D" f)(@)] < €1+ Ja]) ™

for all x € R.

We proceed to give sufficient conditions for a function to lie in S. Firstly, we have

the following theorem.

30
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Theorem 3.1.1 If f € L*(R) such that f 1s compactly supported and bounded, then
f € C®R) and D*f € L*(R) for all k € NU{0}. Furthermore, for k € N, if
f € CH(R), then ' f(-) € L2(R) for all | < k and there exists a constant M = M (k)
such that

@) < M1+ Ja])

for all x € R.

Proof: Firstly, from standard techniques in Fourier analysis, if f € L*(R) and f €
L'(R), then f is bounded everywhere and continuous. Define f,(€) = (i&)*f(¢),
k € NU{0}. Then we have

. Q N Q
/|fk<s>|2df=/ |§|2k|f(€)l2d€§P/ €% g < o
R —Q _q

for all k € NU {0}, where Q and P are some positive constants. By the theory of
the Fourier transform on Sobolev spaces as given on page 45 of [13], we conclude that
f € C*R) and D*f € L*R) for all k € NU {0}. Due to the compact support
and boundedness of f , f € LY(R) and it follows that f is continuous and bounded
everywhere.

Furthermore, if f € C*(R), for k € N, we define for [ < k, fi(z) = (—iz) f(x).
Note that D" f is continuous and compactly supported for all [ < k, thus D' f must be
bounded on its compact support which means that D'f € L*(R) N L%(R). Once again,
by an analogous argument given in page 45 of [13], the inverse Fourier transform of
the function D'f is given by f; where f; € L2(R). Thus f; = z'f(-) € L*(R) and is
bounded and continuous everywhere for all [ < k.

Finally, setting fy = f and with some simple manipulation,

(1 + [a])* i()m )| < M)

=0

for all x € R. This completes the proof. m

Corollary 3.1.1 If f € L*(R) such that f is compactly supported and lies in C*(R),
then f € S.
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Proof: From Theorem 3.1.1, it suffices to show that (—i&)* f € L'(R)NL2(R)NC>®(R)
for all £ € NU{0}. This is certainly true since f is compactly supported and lies in
C*(R). Hence we conclude that f € S. =

Next, we present a simple and yet useful lemma on C*(R)-functions, where 1 <

k < oo.
Lemma 3.1.1 Ifh,t € C¥(R), 1 <k < oo, k €N, then
(a)  h-teCHR),
(b)  h+teC*R),
(c)  hote CHR) if hot is well defined,
(d)  + € C*R) if h never vanishes.

We shall now pause to comment on the regularity of scaling functions ¢ € Bsq,
where 0 < § < Q < /2. In this case, the integer shifts of ¢ form a frame for Vj, where
Vo is as defined in (2.2.1). By Lemma 2.2.3, one can see that limQ $(€) # 0 which

£§—207

means that qg is necessarily discontinuous. Then ¢ cannot have decay rate better
than this rate in the following sense: z!f(-) ¢ L?*(R) for [ > 1 because otherwise,
DEf e L2(R) for some L > 1 which contradicts the discontinuity of f. The details
can be checked in [13] as well. This reinforces the comment in Chapter 2 that most
bandlimited frames constructed from frame MRAs do not have good decay in the time

domain. Next, we prove a proposition which would be useful in subsequent chapters.

Proposition 3.1.1 For 0 < § < Q < 27/3, let a € Asq and ¢ be defined by a as in
(2.1.6) and (2.1.7). Then a € C*R) if and only if ¢ € C*R), where 1 < k < oo,
ke N.

Proof: Firstly, we observe that
N N

0(6) = | TTa279)| 112020 = [] [a27O11-n.m(276)| = [Ta27),

Jj=1 Jj=1 Jj=1
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where N is as defined in (2.1.7) and ¢(§) = a(§)1j—r (). With this setup, we are
ready to prove the result.

For k € N, assuming a € C*(R), to show that ¢ € C*(R), it suffices to establish
that ¢ € C*(R) due to the finite product structure of ¢. Since a € C*(R), it follows
that ¢(§) = a(&)1—r (&) € C*[—m, 7). However, since supp al|_r . = [—€, Q] with
Q) < m, this means that ¢ € C*(R).

Conversely, if ¢ € Ck(R), then from the proof of Proposition 2.1.1,

3e) — o, ifee[-9,9),
0, if € € [-m, 7)]\[-2, ],
Since ¢ € CH(R), ¢(£) > 0 for £ € (=29, 2Q) and supp¢ = [—2Q, 2Q], by Lemma
3.1.1, we deduce that al_, , € C*[—m, 7]. By periodicity and the fact that a(§) =0
for £ € (Q, 7] U (=7, —Q), it can be concluded that ¢ € C*(R). =

In the next section, we will present some results on the interpolatory properties
of scaling and wavelet functions. We will also show that interpolatory properties are

related to sampling formulae.

3.2 Interpolatory properties and sampling formu-

lae

In (2.2.2), we introduce the notion of an interpolatory scaling function. Analogously,

for a wavelet ¢ in L?(R), we say that v is an interpolatory wavelet if
(s +1/2) = dos, Jj € Z.
We say that a 2m-periodic function a is an interpolatory mask if
a§)+al+m)=1. (3.2.1)

If ¢ is refinable and interpolatory, then it is necessary that its corresponding mask a
satisfies (3.2.1).

We have the following characterization on our class of bandlimited scaling functions.
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Theorem 3.2.1 Let a € Asq with m/3 <0 < Q <27n/3, Q> 7/2 and ¢ be defined
by a as in (2.1.6) and (2.1.7). Then a is an interpolatory mask if and only if ¢ is an

interpolatory function.

Proof: We note that from Theorem 3.1.1 that since quﬁ is compactly supported and
bounded everywhere, ¢ € C°°(R). This ensures pointwise values of ¢ are well-defined

everywhere and the result follows from Lemma 2.2.2 as mentioned in Chapter 2. m

Proposition 3.2.1 Leta € AsoNC(R) withw/3 <§ <Q<27/3, Q> n/2 and ¢ be
defined by a as in (2.1.6) and (2.1.7). If a is an interpolatory mask, then the integer
shifts of ¢ form a Riesz sequence and so ) > /2.

Proof: By Theorem 3.2.1, if a is interpolatory, then ¢ is interpolatory which means
equivalently that (2.2.3) holds. Then by Proposition 2.2.1 and Corollary 2.2.3, there
exist constants A, B > 0 such that

A<Ip, 9l(§) < B

a.e. This is equivalent to the integer shifts of ¢ forming a Riesz sequence. As a result,

Q>7/2. =

Now interpolatory properties of scaling functions are connected to sampling recon-
struction forumlae. Take for instance, it is well known that the scaling function ¢(z) =

sinc x is an interpolatory scaling function with orthonormal integer shifts, where

sin Tx

, ifx#£0,

1, if x =0.
One can easily verify that ¢(j) = dg; for j € Z. Define
PW[Q1, Q5] := {f € L*(R) : suppf C [, D]}

We quote the famous Shannon-Whittaker’s sampling theorem in the following.
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Theorem 3.2.2 For any f € PW|—m, 7],

flz) = Z f(n)p(x —n) a.e., (3.2.2)

neL

where ¢(x) =sinc z.

We wonder whether there are other functions ¢ € L*(R) such that sampling formu-
lae similar to (3.2.2) hold? Furthermore, can ¢ be an interpolatory scaling function?
We answer both questions in the affirmative. The following theorem not only answers
both questions, but also illustrates the usefulness of having a scaling function ¢ whose
Fourier transform ¢3 possesses an interval of constancy. Indeed, the following theorem

is a generalization of the Shannon-Whittaker’s sampling theorem.

Theorem 3.2.3 Let<ﬁ € Bsqo where 0 < 0 < Q < 27/3 and Q + 6 < w. Then the

following reconstruction formula holds.
fla) =Y fn)g(x—n) ae. (3.2.3)

nez
for all f € PW|[—=26, 20]. In particular, if 6 = Q = w/2, then ¢(x) =sincx and we get

the Shannon-Whittaker’s sampling theorem. Furthermore,

(a)  There exist constants A, B > 0 such that

AY 1P < IfI5 < BY If ()], (3.2.4)

nez nes
for all f € PW[=20, 28] if and only if either Q@ > w/2 or Q = w/2 and
flimﬁ b(&) > 0.

(b)  The following equality

D 1FmP = 11113

nel

holds for all f € PW|[—20, 26] if and only if [ngS, ngS] =1.

(c)  Ford >x/3, Q>x/2, if . 0(€+2nl) =1, then (3.2.4) holds and ¢ is an
ez
interpolatory scaling function.
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Proof: Firstly, we note that 26 < § + Q < 7 implies that 6 < 7/2. With ¢ € Bsq
satisfying 2 + 0 < 7, we claim that we can always find a 27-periodic function m such

that

f©) =m(€)o(€) ae, (3:25)
for f € PW[—26, 26] and in fact, (&) = 3 f(& + 2nl).
Iz

Let

F&)/d(), if&e[-25,20, |f(&), if&e[-26, 2],
g(§) = =

0, otherwise, 0, otherwise,

because (&) = 1 for [€] < 26. We set m(€) := S g(€ +2nl) = 3 f(€ + 2xl). Now

I€Z I€Z
since €2 + 0 < 7, this implies that 22 < —2¢6 4 2xl for all [ > 1. Consequently,

supp 7 N suppo = U[—25 + 27l, 26 + 27l N[22, 2Q] = [—26, 20] (3.2.6)
€7
up to a null set whenever 22 < —20 + 27/ for all [ > 1.
Thus, R
m(§)o(€) = §()d(&) = % 5(€) = f(8) (3.2.7)

and (3.2.5) holds a.e. Note that since supp f = [—24, 20] C [—n, 7] implies that
[—20 + 27l, 26 + 27l N [—20 + 27k, 20 + 27k] = ()

if [ # k, where [, k € Z. This explains why (3.2.6) and (3.2.7) hold whenever Q+0 < 7.
Next we show that m € L?[—m, w]. Since f € PW[-24§, 20] C PW|—m, 7], by
periodization and Parseval’s identity, we get
[ m©pds= [ 15 derompas= [ 1FOF e = 113 < o
- T lez -
Let {m(n)},ez be the Fourier coefficients of m. Then {m(n)},ecz € (*(Z) and further-

more,
s

[ eeneas = o [ e mencag

T ez

1
o

= %/Rf(oei"f dé = f(n).

m(n)
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Taking the inverse Fourier transform on (3.2.5), we get f(x) = > f(n)¢(x —n) a.e.
nez
Since ¢ € Bsgq, by previous arguments, there exists a constant B > 0 such that

[0, 91(€) < B ace. As {f(n)}nez € £*(2),
A1 =11 f()e(- = n)ll5 < BY  |f(n)]* < oo,

nez neL

which makes the reconstruction formula well-defined with respect to the L?(R)-norm.

If 6 = m/2, then Q46 < 7 and 6 < Qimply that 2 = 7/2 = §. Then since ¢ € Bsq,
this forces (&) = 1+ 1(§). Therefore by taking the inverse Fourier transform, we get
¢(x) = sincz and (3.2.3) reduces to the Shannon-Whittaker’s sampling theorem.

Taking L*(R) norm on (3.2.3) and using the characterization of Riesz sequences in
Theorem 2.2.1, we get the result for statement (a).

Similarly, we impose L*(R) norm on (3.2.3) and using the characterization of or-
thonormal sequences in Theorem 2.2.1, and by Lemma 2.2.2, the CQF condition implies
that ¢, ¢] = 1. This proves statement (b).

It is clear that ¢ is an interpolatory scaling function in view of the equivalent con-
ditions stated at the start of this section. To show (3.2.4) holds, we invoke Proposition

3.2.1. Thus the theorem is proved. =

We show that if a € Asq N C*(R), 1 < k < oo, then it is quite easy to get an

interpolatory mask with the same regularity. This is shown in the following.

Lemma 3.2.1 Suppose that a € As o N CH(R), where 0 < § < Q <27/3, 1 <k < oc0.
Let Q> 7m/2 or Q =m/2 and . lim a(§) > 0. Define

—m/2

a(¢)
a(§) +a(§+m)

Then a is an interpolatory mask and lies in A5 N C*(R), for some 6 > /3.

~

a(§) =

Proof: Now since 2 > 7/2 or 2 = 7/2 with . lin/a a(¢) > 0, by Theorem 2.2.1 and
—T/27
Corollary 2.2.3, there exist constants A, B > 0 such that

A<a®)+alc+m)<B ae. (3.2.8)
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Then we verify that a is an interpolatory mask:
A +a(E+m)
a(§) + a( + )
for almost everywhere ¢ € R. Since (3.2.8) holds and a(-) +a(- +7) € C*(R) whenever
a € C*(R), by Lemma 3.1.1, we see that a must be in C*(R).

Moreover, if (3.2.8) holds, then supp él[_mﬂ = [—Q, Q]. Thus, to see that a € A5
where 0 > /3, we first show that indeed there exists some § > 0 such that a(¢) = 1

a() +a(é+m) =

on [—5, 5] Suppose on the contrary that such a § does not exist. We can write

a(€) = 3 G(& + 27l) where supp ¢ = [—€, Q). Then on the interval [Q — 7, 7 — Q]

a(&) +al+m) =4

which leads to a(£) = 1 on the interval [ — 7, 7 — Q. That is a contradiction. Lastly,
we invoke Corollary 2.2.2 to conclude that 6 > 7/3.

Lastly, we will provide a characterization of MRA interpolatory wavelets and pro-
vide some easy formulae to always get an interpolatory wavelet from an interpolatory

scaling function.

Theorem 3.2.4 Suppose that ¢ is an refinable interpolatory continuous function in
L2(R). Define b by its Fourier transform ¥ (€) = b(€/2)(£/2) where b is a 2w -periodic
function whose Fourier coefficients {by }nez € €' (Z). Then ¢(s+j/2) = dos if and only
ifb(E) = b(E+7) = e for j =0, 1.

Proof: Since v is defined by the wavelet mask b, we have

Y(x) =) bud(2z —n),

nez
where {b, } ez are the Fourier coefficient sequence of b. Tt follows from the Weiestrass
M-test that v € C(R) as ¢(2- —n) € C(R) for all n € Z and {b,}ncz € (X(Z). If
(s +7/2) = dos for 7 = 0,1 and ¢(s) = dgs, then substituting x = s, we get
¢(5 + .]/2> = Z bn¢(2s +.] - n) = Z bn52s+j,n = b2s+j-

nez nel
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Thus bysy; = dos for 7 = 0,1. Next we consider

6(5) . b §+ 71‘ [Z b, 6—m£ Z b n —mf] Z b2n+16—i(2n+1)§ _ 6_ij€.

neL nez nez

for j = 0, 1. Conversely, if b(¢) — b(¢ + ) = e for j = 0, 1, then this implies that

3 bopy1e 1P HE = 74 for j = 0, 1. By the uniqueness of the Fourier coefficients,
nez

bos+j = Ops for j =0, 1. Thus ¢(s + j/2) = bass; = 0ps for j =0,1. m

We note that there is no bandlimited assumption regarding the functions ¢ and
and the conditions are rather generic. We will illustrate the usefulness of this theorem

in the next section by generating several examples of interpolatory wavelets.

3.3 Examples

First, we provide an example to illustrate Theorem 3.2.3.

Example 3.3.1 Let ¢, ,, be defined by its Fourier transform

~

o) = o™ (S g(o(lel — 7+ €))

where 0 < ¢ < /3, m € N, and g is a C*(R)-function (0 < k < o00) satisfying the

following properties.

(a)

g(&) =0, {<0and g(§) =1, £ > 1. (3.3.1)

(b)
g is strictly increasing on the interval (0, 1). (3.3.2)

()
9(€) +9(1-¢ =1 (3.3.3)
It will be shown later in Chapter 4 that supp qgem =[-2Q.,2Q0] =[-m—€, m+¢ C

[—27/3, 27 /3] and ¢, has an IOC [—26,, 26.] = [-m+¢, m—e]. Then Q, = 7/24¢/2,



CHAPTER 3. REGULARITY AND INTERPOLATORY PROPERTIES 40

6 = m/2 —e. Thus, ¢ € Bs o, N C*(R). Furthermore, Q + . = 7 for every

0 < e <m/3. So we invoke Theorem 3.2.3 to get the reconstruction formula

flz) = Z f(n)¢em($ —n) a.e.

nez

forallm € N, if f € PW[—n+¢€, m—¢], 0 < € < /3. Note that since 2. = 7/2+¢€/2 >
/2, there exist positive constants A = A(e, m), B = B(e, m) such that

AY P < IfI5< BY If ()

neZ nez
for any f € PW[—m+¢, m — €.
Furthermore, if m = 1, it will be shown in Chapter 4 that [gzgsvl, qggvl] = 1 and thus

{¢pe1} forms a family of scaling functions with orthonormal integer shifts with

Il = D1 ()

nel

for any f € PW[—7m+¢€, m— €.

If m = 2, it will be similarly shown in Chapter 4 that ) (;3672(5 +2ml) = 1 and thus
I€Z
{¢e2} forms a family of interpolatory scaling functions.

Next, we provide explicit constructions of bandlimited interpolatory wavelets.

Example 3.3.2 Let a € As0 NC?*(R), 7/3 < § < Q < 27/3, Q > m/2 and suppose
that @ is an interpolatory mask. Then by Theorem 3.2.1, ¢ defined by a as in (2.1.6)
and (2.1.7) is a bandlimited interpolatory scaling function. For 0 < §y < Qy < 27/3,
let o € Asy0, N C*(R) be an interpolatory mask. Then it can be shown that the
Fourier coefficients {a, }nez, {Un}nez of @ and Gy have the following decay rate: |a,|,
lyn| < C(1+ |n|)~2 This ensures {a, tnez, {Yntnez € (1(Z). Define ¢ by its Fourier
transform
D) = be/2)9(¢/2).
where b(¢) = e €ay(€ + 7). Then we can see that

~ ~

b(&)—b(E+m) = e Rdp(E 4 7)—(—e “dp(€)) = e (do(€) + do(€ + 7)) = 7. (3.3.4)
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It will be shown in Chapter 6 that X (¥) always forms a Riesz basis for L*(R). Thus
1 is an interpolatory wavelet by Theorem 3.2.4.

In particular, if we use the alternating flip formula, i.e.

b(€) = ea(€ + ),
this automatically ensures that ap = @ € Asq, 0 < § < Q < 27/3 and a9 = a is
an interpolatory mask. Thus the alternating flip formula will always get ourselves an
interpolatory wavelet for L*(R).

More explicitly, let a. be the 2m-periodic extension of the function

b(6) = cos? (S (=16l - 5 + 5))

where 0 < ¢ < 7/3 and g is a C*(R)-function (2 < k < 00) satisfying (3.3.1), (3.3.2),
(3.3.3).

It can be checked that a. € As o, where 6, = 7/2 —¢/2 and Q. = /2 + €/2,
0 < e < 7/3. In fact, a. is an interpolatory mask for every 0 < ¢ < 7/3. Since
Q. < 27/3 and 26, < Q for 0 < € < 7/3, G has a corresponding scaling function ¢,

defined by its Fourier transform as

Define b, (§) = e %a.(£ + ) and thus 1, defined by its Fourier transform

De(€) = be(€/2)e(£/2) = €72 [be(£/2 + 7) + be(€/2 — m)]be(£/4) (3.3.5)

is an interpolatory wavelet for L*(R). In particular, if ¢ € C*°(R), then v, € S for
every 0 < e < /3.

Theorem 3.2.4 is also useful in the construction of compactly supported dual inter-
polatory wavelets. We recall that Ji and Shen have constructed compactly supported
dual scaling functions which are both interpolatory and symmetric in [18]. Define the
dual wavelet masks as b(¢) = e %a(¢ + 7) and 2(5) = ¢ %€4(€ + 7). By the result we

have proved in (3.3.4), we can easily see that ¢) and 1& are both interpolatory wavelets.
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Figure 3.1: Graphs of ¢3§ and |1ﬂ§\

The bandlimited case has certain advantage and disadvantage in constructing in-
terpolatory wavelets. We will show in Chapter 6 that unlike the case of constructing
compactly supported wavelets , the alternating flip formula always works in the case of
creating a bandlimited interpolatory wavelet so that it forms an affine Riesz basis for
L?(R). In fact, we have shown above that there are explicit constructions of interpo-
latory scaling functions and wavelets with the Schwartz class. The downside is that it
is quite difficult to create dual interpolatory wavelets both with good decay from two
dual interpolatory masks @ and a in Asq. This will be illustrated in Chapter 6. This
chapter ends off by depicting ngﬁg and |@E§| from (3.3.5) in Figure 3.1.



Chapter 4

Bell Functions and Orthonormal

Wavelets

In this chapter, we will be focusing on the explicit constructions of bell functions and
bandlimited orthonormal wavelets. Roughly speaking, a bell function is a compactly
supported hump like function. It will be shown in later chapters that we can also adapt
these bell functions to construct bandlimited framelets and biorthogonal wavelets with
explicit expressions. We note that a family of bell functions was used by Meyer in
[19] to prove the existence of bandlimited orthonormal wavelets lying in the Schwartz
class. However, we need to discuss the properties of bell functions in detail before the

adaptations can take place.

4.1 Construction of bell functions

In this section, we show that it is possible to construct bell functions with arbitrary
support, interval of constancy and order of continuous derivatives explicitly. We begin

by proving the following theorem on general constructions of bell functions.

Theorem 4.1.1 Let I := (a1, as), J := (b, by). Define

(€ =) - cos (Sali—p-(€ = b)),

T 1

br.s(§) :=sin (—g(

2 a9 — A

43
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where a; < ay < by < by and g is a C*(R)-function (0 < k < o0) satisfying the

properties:

g(&)=0,¢(<0andg(§) =1, £ > 1. (4.1.1)

(i)
g is strictly increasing on the interval (0, 1). (4.1.2)

(i)
9(&) +9(1-¢ =1. (4.1.3)

Then we have the following.
(1) by.y has support on |ay, by] and belongs to C*(R).

(2)  When ay < by, by (&) has an 10C [ag, by], i.e.

bI,J(£> = 17 5 S [CLQ, bl]

(3)  br.y(&) is strictly increasing on (a1, az) and strictly decreasing on (by, by).

(4)  If by — by = as — ay, then by ;(§) is symmetric about the point £ = ‘”TH” and

consequently, we can write

br0(6) = os (So(—rle — (2121 = (5 2).

Proof: Properties (1) and (2) follow from [1].
To see that by ;(€) is strictly increasing on (ay, as) and strictly decreasing on (b, bs),
we first observe that since g is a strictly increasing function in the interval (0, 1),

g(a;a1 (£ —ayq)) is strictly increasing in (a1, az) and g(b;b1 (£ —by)) is strictly increasing

us us

on (b1, by). Secondly, note that sin(52) and cos(5x) is strictly increasing and decreasing

respectively on the interval (0, 1). Since g(=—=—(¢ — ay)) = 0 when ¢ = a; and

az2—ai
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g(azia1 (£ —ay1)) = 1 when & = ay and g is strictly increasing on (aq, as), it follows that

1

the range of the function g( (+—ay)) on (a1, ag) is (0, 1). Moreover,

1
in (Go(—r(6—m)) =1 €2 (4.14)
and
1
cos (Go(p—p (€ ~b)) =1 £<h. (4.1.5)

We can then conclude that sin (gg(azial (& — al))> is strictly increasing on (aj, as)
and similarly cos (gg(ﬁ(f — bl))) is strictly decreasing on (b1, by). Since ay < by,
we obtain the result in statement (3).

For by — by = as — a;, we want to show that b; ;(§) is symmetric about the point

&= %, ie.
b = b (PR g pralcer
Consider
bI,J(a2 ; o +¢)

= sin (gg(aZ i o (a2 ; o +&— al))) - cos (gg(bg i b (a2 ;_ i +&— bl)))

= sin (Fo (2 e —a) o (Fal——(e+ 2 2).
Similarly,

bI,J(a2 ;— b _ £)
= sin (o (2 - ) -eos (Fal—— (-6 + P ).

Note that since g(&) + g(1 — &) =1, then
cos(59(6)) = cos(5 (1~ g(1 = £))) = sin(5g(1 - ©)),
and replacing £ by 1 — £, we obtain

sin(59(€)) = cos(5g(1 - £)).
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Applying these two identities on by j(22E% — £), we get
b
o2 )
o a9 + bl . ™ 1 as + bl
- (B —e—a)) -sin (G~ ———(-€+ =57 )

(
cos (3

__ﬁjug)))-sin(zg( ! (§+%+——al))>

ag—a 2 27 as — ay 2 2

a +b
_ bIJ(2 1

+&),

for all £ € R.
Lastly, in view of property (2) in this proposition and (4.1.4), (4.1.5), we can write

(

sin (ggg;al (€-a), if€<a
br,;(§) = if ay < €< by,

| cos <gg o ))), if &> by,
B sin (gg - a1 — al))) if £ < %,
- | cos (gg bz 61 ))), if £ > %,

cos (39(1 — 5 (€~ ). if € < oxth,
i €08 (%9 o (& — aath o) ) if & > st
) cos <gg (=€ + wth _ b “2))), if ¢ < wth
- | cos <gg e (6 — a2t _ bicaa) )), if & > 2th

T 1 as +b —a
=cos(—g< 6 (2 - ().
1
This ends the proof. m

In particular, when %2t = 0, b; ; may be written as cos(Zg(|¢| — b1)). This is

because when as = —by, 615“2 = 2b1 = b; and thus

a2+b1 bl—ag

—2))) = cos (Sa(lel b))

For convenience, we will call by ; bell functions due to their bell-like structure.

cos (Sa(l§ = (B = (
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Two key features of this construction not explicitly mentioned in the statement of

the above theorem but equally important are

™

sin2(gg(£)) + cos2(§g(f))

1, (4.1.6)

cos(59()) = cos(G(1 — g(1 = ))) = sin(F9(1 - ©)). (1.1.7)

The property in (4.1.6) is essential in enabling us to construct the bandlimited or-
thonormal wavelets, tight frames, biframes and biorthogonal wavelets later on. The
property in (4.1.7) allows us to determine simple conditions for symmetry of the bell
functions. Note that we have assumed the existence of a function g with certain prop-
erties in Theorem 4.1.1. Thus the natural questions are that whether such functions
exist in the first place, and furthermore could such functions be explicitly written
down? We shall answer in the affirmative and see that such explicit functions not only
exist, but also available as a family of with arbitrary order of continuous derivatives.

To this end, we prove the following theorem.

Theorem 4.1.2 Define a sequence of splines {px}ren by

0, if £ <0,
pr() == wp(6), if0<E<T,
1, if &> 1,

where A = (Zk: (';)(—1)3'%_71]_“)—1 and v(§) = Ak< zk: (l;)(_l)j2k_lj+152k_j+l);

Jj=0 J=0

k € N, then the following hold.
(a) pr € C*(R).
(b) pe(&) +pr(1 — &) =1.

(c) p (&) > 0, € € (0, 1) and sgn (A;) = (~1)*.

Proof: We first show that A, is well defined for all & € N. It suffices to show that
k
(Z (") (—1)7 5 ) # 0 for all k € N. Suppose there exists some K € N such

= J 2k—j+1
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that <§:0 (I]()(_]')Jﬂ(%]—i-l> = 0. Define wg(§) := (g(?)(—mﬁ'ﬁng(—jﬂ)
Then we have wg(0) = 0 = wg(1). Clearly wg is differentiable everywhere and
thus by Rolle’s Theorem, there exists some & € (0, 1) such that wg) (&) = 0. On
the other hand, differentiating the polynomial wy with some simplification, we get

wg) (&) = £8(£—1)% which never vanishes on the interval (0, 1) giving a contradiction.

k

Thus ( > (I;)(—l)j 2k_1j+1) # 0 and Ay, is well defined for all k& € N.
7=0

To prove statement (a), we show that p,(f) € C(R), 1 <i < k. Since v is a

polynomial, it is infinitely differentiable and thus it suffices to show p,(f) is continuous

at the two points £ =0 and £ = 1. This amounts to proving that

: @D ey 1 (%)
511)1%17 Py () = ;l%lerk (§) < o0

and

. @D ey — 7 (%)
515{17 P (§) = Slir{lerk (§) < o0

for each 1 <37 < k.
We consider
: (1) IERT k(e _1\k 1 1)
Jim of(€) = Jim A€~ 1 = 0= lim o (6),
and similarly
: (1) s k(e _1\k _ 1 (1)
Jim of7(€) = Jim (¢~ 1) =0 = lim o)(6).

Then we get

0, if & <0oré&>1,
() = 1 "
AgF(E—1)F, if0<E<T,

By the basic differentiation properties of chain rule and product rule, it is not hard to
see that
0, ifé<0or&>1,

v(€), f0<E<T,
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where v,(:), 1 < <k, can be written as a finite sum of polynomials with each polyno-

mial having roots 0 and 1. Thus,

and similarly

lim v,(;)(f) =0= lim vlgi) (€).

E—1— E—1+
for each 1 <14 < k. This completes the proof for statement (a).
By the structure of py, to show that pi (&) + pr(1 — &) = 1 is equivalent to showing
that v, (&) + ve(1 — &) =1, € € [0, 1]. Recall that

o) = Aygf(e — 1)k, forall ¢ € R.

Then

d%m@ (1= ) =0 () — 0 (1 - = A" € -1 = (1- 9" (=9 =0
for all £ € R and all &k € N. Thus vg(§) + vi(1 — &) = C for some constant C'. Letting
£=0,C =vg(0) + vr(1) = 1. Thus ve(&) +ve(l — &) =1 for all £ € [0, 1].

Note that v,(j)(g) = Apgk(€ — 1)F is either strictly positive or negative on (0, 1).
We thus conclude that v,(j)(g) > 0 on (0, 1), for otherwise the continuity of p; will
be violated as vj,(0) = 0 and vj,(1) = 1. Lastly, note that sgn (£%(¢ — 1)F) = (=1)*
whenever ¢ € (0, 1). Since v,(:)(g) > 0 in (0, 1), it follows that sgn (Ay) = (—1)* as
well. This concludes the proof of Theorem 4.1.2. =

It is relatively simple to implement computation of bell functions when we choose
g = pi. due to their simplistic expressions. However, Theorem 4.1.2 has a slight draw-
back in the sense that we can only obtain a sequence of splines {p}ren Where each
pr € C*(R) and k is arbitrary but finite. It is desirable that the function g involved in
Theorem 4.1.1 belongs to C*°(R). As a matter of fact, we will show in Theorem 4.1.3
that there indeed exists a family of functions ¢, s in C*°(R) that satisfy properties of
the function g in Theorem 4.1.1.
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Theorem 4.1.3 Define

e E i ES0

Jfas(&) = 0. if € <0
S5 has(t)dt
where a > 0 and s € Z*. Let hqs(§) := fa,s(§) fas(1—&) and gos(§) = foooo ha,s(t) dt

Then the following hold.
(a) qas € C®(R) foralla>0, se€Z".
(b) Gas(§) + qas(1—¢&) =1 foralla>0, seZ".
(¢) ga2(€) > 0, € € (0, 1),
(d) qas(€) =0 for £ <0 and quo(€) =1 for € > 1.
Theorem 4.1.3 is proved in [23] so we shall omit the proof here.

Example 4.1.1 Let k = 3 in Theorem 4.1.2, Then we get A3 = —140 < 0 and

v3(€) = —20€7 4 7060 — 847 4 35¢*,

The spline
0, if £ <0,
p3(§) =4 ws(f), f0<E<T,
1, if & >1,

satisfies (4.1.1), (4.1.2), (4.1.3) in Theorem 4.1.1.

Example 4.1.2 Let a =1, s =1 in Theorem 4.1.3. Then we get the function

e E i ES0,
f1,1(f) = .
0, it £ <0,

and the function ¢, ; satisfies (4.1.1), (4.1.2), (4.1.3) in Theorem 4.1.3.
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We note that such constructions are not exhaustive. For all we know, there could
exist other families which provide better properties like subexponential decay which
is faster than the decay of the Meyer’s wavelets. The author notes that construction
of bandlimited wavelets with subexponential decay has been discussed in [11] by Dz-
iubanski and Hernandez. However, due to time constraint and the unavailability of
explicit construction, we will not discuss it in this thesis, and the interested reader can
refer to [11] for details.

In the next section, we will use the bell functions to construct bandlimited or-

thonormal wavelets commonly referred to as Meyer’s wavelets.

4.2 Bandlimited orthornormal wavelets

A reader familiar with the Meyer’s wavelets would hardly be surprised with the
constructions involved in this section. Nevertheless, there are several key techniques
useful for later chapters in the underlying constructions. We shall construct Meyer’s
wavelets in a different and yet equivalent way. We begin by defining a function a € Asq

with 7/3 <9 < Q< %’T, Q > 7/2, satisfying the CQF condition, i.e.
aC)P +la(- +m))* = 1.

Then by (2.1.6), (2.1.7) in Chapter 2, its corresponding scaling function ¢ defined by

its Fourier transform N
0(&) = [[Ta79)]11-20,20(6)
j=1

satisfies
> o+ 2P = 1.
ez

Consequently, defining

9(€) = (S + m(

the theory of multiresolution analysis ensures us that X (V) forms an orthonormal

), (4.2.1)

wavelet basis for L?(R). The following proposition lists formal properties of the wavelet

¢ defined by (4.2.1) which most of the proof will be quoted from [23] without proof.
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Proposition 4.2.1 For any function a € Asq with 7/3 < § < Q < %’r, Q> n/2
satisfying the CQF condition, one can associate an orthonormal wavelet given by (4.2.1)

which has the following properties:

(a) supp 3 C [-5F, 2]y [2n, Bn],

Proof: By the characterization of the functions a € As;q with 7/3 < § < Q < %’T,
Q > 7/2, satisfying the CQF condition in Proposition 2.2.1, [QAS, QAS] = 1. We note that
a = 1 in the set of intervals |J[Q — 7+ 27, 7 — Q + 27l]. Furthermore, 2(7 — Q) > Q

lez
because ) < %’T Thus
. N ¢
0(6) = [H a(279) | 120,20(6) = (3) 1-20,20(6)
and obviously, supp ¢ = [—20, 2Q] C [—4F, 27]. Thus ¢ satisfies the conditions of

Proposition 3.2 in [23] (up to a difference of a scalar constant \/%) and this proves our

result. m

The most important special case of the above construction is when the function a,

in addition to being in class A;q with 7/3 < § < Q < 2?”, Q > /2 and the CQF

condition, also lies in C*°(R). In fact, in the following theorem, we shall give explicit

constructions of such a function a.

Theorem 4.2.2 There exist real-valued wavelets 1., 0 < € < 7w /3, such that the fol-
lowing hold.

(a) Fach 1. is in the Schwartz class.
(b) Each (=3 + ) = v(—3 — 2) for all z € R.

(C) Supplﬁe g [_8%7 _2?”] U [2%’ 8%]



CHAPTER 4. BELL FUNCTIONS AND ORTHONORMAL WAVELETS 53

Proof: For 0 < e < 7/3, define I, := -5 — §, =5 + 5] and J. := [ — §, § + §]. Let
a. be the 27-periodic extension of the bell function b., where
™ 1 T €

(€)= —cos (Zg(=(lel = Z 4 5)), 422

be(€) = b1, (6) = cos (Zg(- (gl = 5+ 5)) (422)

and g = q,.s € C°(R) as in Theorem 4.1.3. Since by —b; = € = as — ay, b, is symmetric
about the point £* = [(—F + §) + (5 — 5)] = 0. Thus b is an even function and so is

a.. Note that a. € As, o, where 0 < 0. = § — 5 < 5+ 5 =Q < %’T Thus we can

define the corresponding scaling function ¢. € B;_c »4. by its Fourier transform

546 = [TTaCTO) 1w cneaf® = 0 na© = ble/2) (423

because N as defined in (2.1.7) is equal to 1 since 20, > €2, whenever 0 < e < 7/3.
Next, the support of . = J[—F — 5 +2nl, 3+ 5+2nl] C U[-F +2xl, & + 2nl],

l€Z €L
since 0 < € < Z. Note that it suffices to verify that a, satisfies the CQF condition

3
in order to apply the results in Proposition 4.2.1 to get properties (b) and (c) in this
theorem. Property (a) is easily verified as ¢ = ¢os € C®(R), ., ¢. € C(R) and
consequently ¢, = e /%4, (-/2 + 7)¢e(-/2) € C®(R) by Lemma 3.1.1. It is shown in
[1] and [23] that indeed a. satisfies the CQF condition.

Now a.(§+7) = Y b(§+m+27l) where supp b (-+7+2nl) C [-57/3+2wl, —7w/3+
i€z

orl]. Note that supp ¢, C [—4n/3, 4x/3] and supp be(- + m + 27l)N supp ¢, is a set
of measure zero if and only if [ < —2 or [ > 1. Consider b.(—§/2 + 7) = b.({/2 — 7)
because b, is even. Therefore b.(£/2 +7) + b(§/2 — m) = be(—=&§/2 — 7) + b (§/2 — 7).
Since suppb(- — 7) C [r/3, 57/3] and [7/3, 57/3] N R~ = (), then we can write
be([€]/2 —m) = be(—=&/2 — ) + b(€/2 — 7). In view of all these, we have

D) = €20,(€/2 + m)de(€)2) = eim[be(g . be(g + w)]éeé), (4.2.4)
where its support is [1 — €, 2m + 2¢] U[—2m — 2¢, —m +¢] C [&F, ] U[-5F, —27]. Note

that the argument used in showing (4.2.4) will be used repeatedly in other chapters.

This concludes the proof of the theorem. m

In fact, if one replaces the function g to be any one of the functions from the

family of splines {pj}ren in Theorem 4.1.2, then statement (a) in Theorem 4.2.2 will
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Figure 4.1: Graphs of ngg and |1ﬂ§\

be replaced by the following statement: There exists a sequence of real-valued wavelets
1 such that

(') each ¢, € CF(R) and |¢(z)] < C(1+|z|)~t for all 2 € R, where [ < k, 0 < k < o0
and C'is a constant depending on k, € and [ only.

This is because when ¢ = p, € C*(R), b, € C*(R) and so is ¢ (&) = e%[bg(% -
)+ bg(g +7)]be(%). Then by the properties of the Fourier transform in Theorem 3.1.1,
[Ye(z)] < C(1 4+ |z|)7" for all x € R whenever | < k. Properties (b) and (c) remain
unchanged due to the proof of Theorem 4.2.2. Figure 4.1 illustrates both qgg and lﬁg
with g = p1o € C°(R).

Finally, we are better equipped to tackle the explicit constructions of bandlimited
tight framelets in the next chapter. While the existence of Meyer’s wavelets is rather
well understood over the past decade, the construction of bandlimited tight framelets
is not as well understood and many constructions provided seem ad-hoc. We will use
a rather systematic way in the next chapter to construct these framelets, which is via

the Mixed Unitary Extension Principle (Mixed UEP).



Chapter 5

Bandlimited Biframelets

5.1 Construction by the mixed UEP

The Unitary Extension Principle was first established by Ron and Shen in [20] for
the construction of tight wavelet frames. It was further generalized into the Mixed
Extension Principle and the Oblique Extension Principle in [21] and [9] respectively.
In this chapter, we will construct bandlimited biframes of L?(R) from one or two
bandlimited refinable scaling functions using the Mixed Unitary Extension Principle
(Mixed UEP). Define W := {1; € L*(R) : i = 1,...,n} and ¥ := {¢; € L*[R) : i =

.,n}. We say that X(¥) and X () are biframes for L*>(R) or form a biframelet
system of L*(R) if for every f € L?(R),

f= Z Z {f, iz‘,jﬁwz’,g’,k = Z Z {f, ¢i,j,k>7v;i,j,k7

i=1 j,k€Z i=1 j,keZ

and X (), X () each forms a frame for L?(R). As noted in [9], the Mixed UEP does
not even require the integer shifts of the refinable functions ¢ and ¢ to form a frame
for V, and Vj respectively, where V; and V; are defined by ¢ and ¢ respectively as in
(2.1.6) and (2.1.7). This is fortunate because we know from Theorem 2.2.1 that for
0 <6< Q< 7/2 afunction ¢ € Bsg must necessarily have its Fourier transform b
discontinuous if the integer shifts of ¢ form a frame for V4. Consequently, the decay of

¢ is poor. If the integer shifts of ¢ are not required to form a frame for 1}, in view of

55
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Theorem 2.2.1, we could now allow the scaling function ¢ to be a function such that
its Fourier transform ¢ is a bell function belonging to C*°(R) which implies that ¢ is in
the Schwartz class. This leads to construction of framelets which are in the Schwartz
class as well. Thus the mixed UEP provides added flexibility to construct bandlimited
framelets with excellent time and frequency localization.

There are a few general things to take note of. Firstly, similar to the case of
employing the Mixed UEP to construct compactly supported biframelets of L?*(R),
constructions of bandlimited biframelets of L*(R) via the Mixed UEP are more flexible
than those of bandlimited tight frames of L?*(R). Secondly, although there are some
existing constructions of bandlimited framelets in the wavelet literature in [3] and [14],
they are not created by the Mixed UEP, so it would be interesting to investigate a
systematic approach of constructing bandlimited framelets by the Mixed UEP.

This chapter will be outlined as follows. We will quote two special formulae related
to the Mixed UEP and construct bandlimited biframes of L?(R) from a special pair
of refinable bandlimited functions ¢, qg based on these formulae. We will also provide
a characterization of X (¥) and X (¥) forming a biframelet system of L2(R) with W
and U each being a singleton set in L*(R) based on the second formula. Lastly, we
construct explicit examples of bandlimited biframes of L?(R) with excellent time and
frequency localization using bell functions in Chapter 4.

We quote a result in [5] which is based on [7] from Chui, He, Stéckler and [9] by

Daubechies, Han, Ron and Shen. This result is a consequence of the mixed UEP.

Theorem 5.1.1 Let ¢, ¢ be a pair of refinable scaling functions in L*(R) and a, a
be their respective refinement masks. Define the sets U and U in either one of the

following two setups.
(A)  Let O := {i}3,, U= {;}>, where
(€)= a(€/2)d(€/2), ;Z( ) i= al@/z)é(f/z), =123,

(5.1.1)
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~

and (m, m) is a factorization pair of P taking the form

P=2mm,  m(0)=0=m(0). (5.1.2)

(B)  Let W= {a4}2,, U= {¢y}2, where
Dle) == a&/2)(E/2), Wil == ale/De(E/2),  1=1,2,
a(é) =eal§+m),  ai(é) = eal¢+m),
as(€) i= a()m(28),  as(€) = al)m(2€)

Qb

and (m, m) is a real factorization pair of P as defined in (5.1.1) and (5.1.2).

If there exist p > % and a constant B > 0 such that

(€], 190(€)] < B(1+ [€])™

for almost everywhere & € R and for all 1 = 1,...,n, where n = 3 in setup (A) and
n = 2 in setup (B), then X (V) and X(¥) form a biframelet system of L*(R). In

A

particular, if 6 = ¢, a = a, m = m, then ¥ = U and X (V) forms a tight frame for
L*(R).

Now we state our main focus of this chapter.

Theorem 5.1.2 For 0 < § < Q < 21/3,0 <06 < Q <21/3, let a € Asq, a € As
such that a(§)a(&)+a(E+m)a(é+m) < 1 for all € € R. Let ¢ and ¢ be the corresponding
scaling functions of the masks a and a respectively as defined in (2.1.6) and (2.1.7).
Define the sets W, W by the functions a, a, ¢, ¢, m, m by either setup (A) or (B) of
Theorem 5.1.1, where m = LP”/" and m = LPl_”/", 1<v<n,v,néeN. Then
X (W) and X (V) form a bzfmmelet system of L*(R).

Proof: Firstly, observe that ¢ € Bsgq and b € B; o with the respective refinement
masks @ and a. Next P > 0, which ensures nonnegativity of the pair (1, ﬁfa) in both
setups (A) and (B). Now since o, qzzﬁ are compactly supported and bounded, so are 1,
’lZi for all 7 in both setups (A) and (B). The compact support of i, @Zi, 1=1,...,nin
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both setups ensures that the decay conditions in Theorem 5.1.1 are satisfied. Then we

apply Theorem 5.1.1 to obtain the result. m

For applications, we desire ¥ and ¥ to have as few generators as possible. We
shall illustrate that it is possible to obtain only one generator for each set. When
Q> /2 and Q> 7/2, we can employ a different setup in Chapter 6 to create ¥ and
¥ that consist of only one generator each and the resulting X (¥) and X () form a
pair of biorthogonal Riesz bases for L?(R). In view of this, we consider a special case

of Theorem 5.1.2.

Corollary 5.1.1 For 0 <6 < Q < 7/2,0 <6 < Q < /2, leta € Asq, a € A5
such that a(€), a(€) < 1 for all € € R. Define the sets U and ¥ by a, a, ¢, ¢, m,
m as in Theorem 5.1.2. Then X(¥) and X (V) form a biframelet system of L*(R).

Furthermore we have the following:
(A)  For setup (A),
(1) 1 =0 if and only if 2Q < —Q 4.
Uy =0 if and only if 20 < —Q + .

(2) If2Q> —Q 4+, suppy = [—2Q + 27, 49)
If 200 > —Q + 7, supp i)y = [—2Q + 27, 4Q)]

[—49, 2Q — 27].
[—4Q), 2Q — 27].

cC C

(3)  suppy =supp s = [26, min{4Q, 27 —26'}U[— min{4Q, 2r—28"}, —24'],
supp s = supp 3 = 207, min{4¢, 272"} U[— min{4Q, 2r—24}, —24'],
where & = min{é, §}.

(B)  For setup (B), statements (1) and (2) in (A) hold with statement (3) replaced
by (37).

(3')  supp Uy = [0/, min{—¢" + 7, 2Q}] U [- min{ - + 7, 2Q}, =],
supp ¢y = [0/, min{—¢" + 7, QQ}] U [— min{—¢" + 7, 20}, —d'],
where & = min{éd, §}.

Proof: Note that ¢ € Bsq, qzz € Bso where 0 < 6 < Q < 7m/2,0< 5 < Q<72

Without loss of generality, let us assume that Q < Q. Since Q < 5, on the interval
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[—7, 7], aa has support [, Q] and has the interval of constancy [—d’, §'] where &' =

min{d, 6}. Then we have
supp aa N supp aa(- + ) = 0.

Since 0 < a(€)a(€) < 1 and supp aa N supp aa(- + ) = @, P takes value in [0, 1].

For statement (1), supp Uy = supp a (3 )A(#) and supp a; = [—Q + 7, Q4+ U
[—Q — 7, Q — 7] on the interval [-27, 21]. With supp ¢ = [—2Q, 20 C [, 7], we
get ¢; = 0 if and only if dqus = 0 which is equivalent to supp a; N suppé is a set of
measure zero. This is tantamount to 2Q < —Q + . Similarly, ¢, = 0 if and only if
200 < —Q + 7. Otherwise, we get result (2).

Next, on the interval [—m, 7], supp P = [0/, —&' + 7] U[6' — 7, —0'] because aa(€) +
aa(é +7m) =1, & € [-m, 7] N <[5’, -0+ U[y —m, —5’])0, and P(§) =1 for £ €
[Q, —Q + 7] U[Q — 7, —Q] because aa(€) + aa(é +7) =0, €] € [Q, —Q + 7).

Since m = %P%, 1 <v<n, v, neN, it follows that supp m = [§/, =0 + 7] U
[0/ — m, —0'] on the interval [—m, 7].

Note that ¢’ = min {0, 5} <6 <0< 29, and supp ¢ = [—20), 2Q)]. Then
supp ¢ = [0, min {2Q, —¢ + 7} U [—min {2Q, —¢' + 7}, —&'],
thus

Supp 13 = supp ), = supp m(é)é&(é)

= [2¢', min {4Q, —2§" + 27} U [—min {4Q, —2§" + 27}, —24"].

Since m = %P";V we have supp m = [¢, =0 + 7] U [0 — w, —¢'] on the interval
[=m, 7]

supp ’l/fg = supp wg 26", min {4Q, —26" + 27}] U [—min {4Q, —26" + 27}, —2¢).

With supp ¢ = [—2(2, 2@], we can compute similarly that

Recall that in setup (B),

2

5af€) = ax($)3C), (e =a($)a)
where d5(€) = a(€)m(2€), as(€) = a(€)m(2€). On the interval |

—2m, 27,

supp 1 = supp m = [¢', =0’ + 7] U [ + 7, =0 + 27].
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On the interval [—27, 27],

supp a(é) = [-20, 2Q] C [-7, 7],  supp é(é) = [-2Q, 2Q] C [-7, 7).
Thus on the interval [—27, 27,

supp @(5) = supp a(=)m(-) = [¢', min {=0 + 7, —2Q}] U [-min {—¢ 4+ 7, —2Q}, =],

2
supp &2(5) = supp a(i)m() = [0, min {—¢" + 7, —2Q}] U [-min {—0' + 7, —2Q}, —0'].
Now, suppq@(é) = [—49Q, 4Q] € [—27, 27| and supp 5(5) = [—4Q, 4Q] € [-2~, 27].

Noting that supp {’s=supp és(5) Nsupp 6(3) and supp = supp a(3) Nsupp ¢(3), we
get the desired result in (3’). m

Corollary 5.1.2 With the assumptions of Corollary 5.1.1, if it is further assumed that
i =a and m = m, then U = U and X (V) forms a tight frame for L*(R). We also
have the following.

(A)  For setup (A),
(1) o4 =0 if and only if Q < 7/3.
(2)  IfQ> /3, suppth = [—2Q + 27, 4Q] U [—49Q, 2Q — 2x].
(3)  suppty =supp ¥ = [26, min{4Q, 27r—26}|U[— min{4Q, 2r—25}, —24].
(B)  For setup (B), statements (1) and (2) in (A) hold with statement (3) replaced
by (37).

(3")  suppiy = [0, min{—6 + 7, 2Q}] U [ min{—6 + =, 2Q}, —d].

Proof: The proof follows directly by setting Q = Q, § = ¢ in Corollary 5.1.1.

We note that there is a slight tradeoff of having just one generator for X (¥) to form
a tight frame of L?*(R) in Corollary 5.1.2: the closed linear span of the integer shifts of
¢ consist of bandlimited functions f whose Fourier transform f has compact support

up to [—m/3, m/3] and does not contain other bandlimited functions. This can be easily
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seen by Theorem 3.2.2. On the other hand, less generators means less computational
cost. We shall see in the following that though we have a single generator, this generator

cannot form a basis for L*(R).

Proposition 5.1.1 With the assumptions of setup (B) in Corollary 5.1.1 with Q, Q <
7/2 and 20 < —Q 47w, 20 < —Q + 7, then X(V) and X (V) cannot form a pair of
biorthogonal Riesz wavelet bases for L2(R). In particular, if & = a, m = m, Q < 7/3,

then X (W) cannot be an orthonormal basis for L*(R).

Proof: Now supp s, supp ts C [—7, 7], so m(supp 1&), m(supp 1&)< 27 which means

=

S (€ + 2#[)122(5 + 27l) equal zero on a set of positive measure. By Theorem 2.2.1,
17,
we obtain the result. m

5.2 Explicit constructions

We shall see below that the construction of explicit bandlimited biframes generally
is more flexible than the construction of explicit bandlimited tight frames. This is due
to the need to impose a square root factorization of the function P in Theorem 5.1.2
for constructing a tight frame. We note that in the bandlimited context, the Féjer-
Riesz lemma is not required to perform the factorization on P, and yet we can still
obtain tight framelets. However a potential problem is that the factorization of the
function P may affect the differentiability of the resulting pair (1, m) which could lead
to poor time localization of the resulting wavelets. So we take caution in the following
to eliminate this problem. The following construction is based on working backwards
so as to obtain explicit expressions of the mother wavelets in terms of their Fourier
transforms and to preserve the differentiability properties of the Fourier transforms of
the wavelets.

Let I = [—Q, =], J = [0, ©] and a be the 2m-periodic extension of the function
n(6) = by €) = cos™ (To(s — dllel — o)),

as in Theorem 4.1.1, where 0 < § < Q < /2,26 > Q, m € N, g € C¥(R).
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Let I' =[5, Q], J' = [t — Q, 7 — 8], a be the 27-periodic extension of the function

n&) =[1- 71(5)]1[—52,(2}(5),

as in Theorem 4.1.1, where 71(£) = 72(§) + 72(§ + ), 712(§) = 0} ;(§) where 0 < o<
Q< 5 and 20>0,2<n<oo,neN,qge Ck(R). One can verify that indeed
ac Asq and that a, a satisfy the assumptions on @ and @ in Corollary 5.1.1.

Let us further assume that © < §. Then we claim that in the interval [0, 7],
P(&) = v(§) which we will prove in due course. The upshot is that we can easily

perform factorization on the function P by simply letting 77 and m to be the m-periodic

extension of the following functions

1 v ._ i n—v
z(§) = % 7,0 (8), Zn—v(§) == \/ﬁbI',J'(f),

where 1 < v < n, v € N. Due to this factorization, we shall observe that the properties
of differentiability of z, and z,_, will be passed onto the Fourier transforms of the
resulting framelets.

Now let us establish the claim that P(£) = 7,(&) on [0, 7]. Since suppa = |J[-Q+

1€z,
onl, Q + 2nl), © < 6, and a(€) = 1, € € J[—6 + 21, § + 2nl], it follows that P(£) =
17,
1—[a(&)a(€) + a(é +ma(¢ +m)] =1 — [a(€) + a(é + 7)] for all £ € R,
Next when 2 < %, supp él[_mﬂ = [—Q, Q] C [~%, §). Thus supp C:L(-—I—Tr)l[_mﬂ] =

[—Q+7, 7]U[—7, Q—7] C [5, m]U[—m, —F] which implies that supp a Nsupp a(-+r) =
(). Since P is w-periodic, it suffices to just consider P on [0, 7]. Now on the interval
[0, =],
1(s), if0<¢<Q,
a(§) +a€+m) =1 0, ifQ<e<n—Q,

N —m), fr—Q<&<m,
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where we note that Q < 7 — Q because Q < 5 <T— Q. Thus,

(

71(€)> if 0 < 5 < Qa
P(§) =1~ |a(§) +a(§+m)| =1 1, fO<c<m—Q,
[ (€ =), ifr—Q<é&<m,
[ 1:(6). ifo<e<Q,
=4 1, fQ<e<m—0Q,
[ (€ +7) —7), fr—Q<¢<m,
= 72(§)

because 72(&) = 71(€) +71(§ + 7) where suppy; = [5, 7 — 4.

We now proceed to compute explicit expressions of the wavelet functions in terms
of their Fourier transforms using setups (A) and (B) in Theorem 5.1.2. Since 2§ > Q
and 20 > €,

N

0(&) = [TLa@70)] 11000 = A(€/2)1 200 (E) = by (E/2),

.
—_

5©) = [T1670]1 0.6 = 56/2)1 (€)= 75)

.
[y

We first consider setup (A). With some calculation similar to the justification of (4.2.4),
it is not hard to see that

91(6) = iS4+ ()
= A (¢ —m i +m)é6) (521)

= 5 (05 —m) + (5 + ) )7 (/)
hie) = faGrmi) =t (aG -G, 622
(€)= (§IE) = T=lu(§) + 2§+ ABEE,  n©) = F i),
€)= 155 = Jslons(§) 4 20§+ NED, D) = eFhalo)
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where the supports of 1&1, U, 1=1,2, 3, are given in Corollary 5.1.1.

A

For setup (B), ¥y, 11 remain the same as in (5.2.1) and (5.2.2), whereas

32(€) = a§)0(5) = brs (Gors () [246) + 2l + )
= 5t (§)[6)+ e+ ).
2 A g :5 1 _ B
0a(€) = 82(5)03) = —=(E/2E/ln () + 20 (€ + )
2020 V2 (5.2.3)

_ b
V2

where the supports of 1&1, U, =1, 2 are given in Corollary 5.1.1.

1(&/2)[zn-v(8) + 2n—v(§ + 7)),

Although the computations may seem tedious, the upshot is that these explicit
expressions could prove useful in applications.

Next, we show that if g € C* (R) where 0 < k < oo, the Fourier transforms of the
mother wavelets defined in Theorem 5.1.2 will also belong to C*(R). In view of Lemma
3.1.1 and the formulae of the mother wavelets in terms of their Fourier transforms in
Theorem 5.1.2, it suffices to verify that 77 € C*(R) whenever g € C*(R).

Note that 7o = 71 + 71 (- + ) € C¥(R) because vy, € C*(R) whenever g € C*(R).
Recall that 7(§) = [1—72(5)] 1 ¢ o (). Clearly, 1—7, € C¥(R), so to show 77 € C*(R),
it suffices to show that 1 — 7,(€) = 0 on [Q, Q + €] for some ¢ > 0. Indeed one can
verify that 1 — 75(€) = 0 for |£] € [Q, 7 — Q] where Q < 7/2 < 7 — Q.

Example 5.2.1 We use setup (B) here. Let 2 = %’r, Q= oy 6= 5, 0 =154, m=4,
n=3v=1 Then2Q < —Q+, 20 < —Q + x. We either take g = @1 € C°(R)
as defined in Theorem 4.1.3 or p;y € C1°(R) as defined in Theorem 4.1.2. According

to Corollary 5.1.1, ¥, = 0 = v,. Using (5.2.3),
Ba(€) = B (€/2071(€/4) [2(6) + (€ + )],

D2(€) = (E/2)EN) [2n-(€) + 200 (€ + )]

where supp Uy = [1/18, 47 /9]U[—4xn /9, —1/18), suppzzg = [r/18, 27 /9|U[—-27/9, —7/18].
Figure 5.1 depicts 1ﬁ2 and 1y when g = Pio-
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Figure 5.1: Graphs of || and |1Z2\

In the second part of this section, we offer an easier construction of bandlimited
tight frames for L*(R). Let I = [-Q, —4], J = [, Q], a be the 2r-periodization of the
bell function by ; where 0 < 6 < Q < 7 and 26 > Q. Define 11, 12, 95 as in part (A) of
Theorem 5.1.2 and set W = {4, 19, 13}. Not only will we derive explicit expressions
for 1, 1, 13, we can also show that if the function ¢ in the bell function belongs to
C*(R), 1<k <00, keN,sodofori =1,2, 3.

Firstly, on the fundamental interval [—m, 7],

ae) = cos (To(gr(lcl— )

(i (30(s5(6+9)), if —0<E<—5
) if —5<¢&<s,
] eos (Falabsle o)), ito<g<Q,
\ 0, otherwise.
Now (€)1 () = cos (gg(ﬁ(m - 5))) <1, l¢] € (6, Q) and clearly 0 < a < 1
due to the construction of bell functions in Chapter 4. So a € A;q with 2 < § and

all other assumptions of Corollary 5.1.2 are satisfied.
Now we will overcome the main difficulty in deriving useful explicit expressions for

1&1, ﬁg, 1ﬂ3 which is to find an explicit expression for

=1 —(a%(&) + a*(& + 7).

Thanks to the property of sin (— (g (& — 5))) + cos? (— (g5(&— 5))) = 1, we can
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achieve this. Indeed on the interval [0, 7|, we obtain

( Gin (50(a5(6— o)), its<c<q
(g =4 PREEETIR @
cos(%g(ﬁ(ﬁjLQ—ﬂ))), fr—Q<f<m—4, 7
0, otherwise.

where [, := [d, Q] and [y := [7 — Q, 7 — 0] and by, 5, is as defined in Theorem 4.1.1.

On the interval [—7, 7],

ar1(€) = ea(§+m) = e |br (€ — ) + brs(E+ 7).

Next, ¢(&) = [H a(2- ]f)] —20,20](§) = (%)1[ 20,20] = br,7(£/2), since N as defined
in (2.1.7) is equal to 1as 26 > Q. If Q < 7, we already know from Corollary 5.1.2 that
¥, = 0. For setup (A), if we assume 7 < Q < 7, we get

56 = in($)5)
i, & s
=e? a(§ + 7T)¢(§)

= ¢2[b1y(6/2 = ) + brg(§/2 4+ )] - brs(€/4),

where supp ¢, = [—2Q + 27, 4Q] U [—4Q, 2Q — 2] by Corollary 5.1.2.

Note that m is m-periodic, thus on the interval [—m, 7],

m(&) = b[1,J1 (£> + bllle(g + 7T)'

Since supp ¢ = [—20Q, 2Q] C [—m, 7], it follows that

o _ml§) & 1 3 3 3
Pa(§) = \/% ¢(§) =5 [bh,Jl(§) + bh,Jl(§ + W)] 'bI,J(Z)>
where supp wg 29, min{4Q, 27—26 }|U[—min{4Q, 27—2J}, —26], and 1&3 = 6%1212(5).
For setup (B): Considering the interval [—7, 7| again, since supp a1;_, » = [—€, Q]
C [-7/2, /2], then
2
() = 5(En(26) = Z=bi(© PRI
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Figure 5.2: Graph of %.

Since supp ¢, C [, 7] as given in part (B) of Corollary 5.1.2

(€)= @a(5)65) = Zbra(5) D brn(€ D) -bus()
=t (5.2.4)
1

1
_ Ebu(%) ;bh,h@ + ),

where supp ’lZJg is as evaluated in part (B) of Corollary 5.1.2. Now 1&1, 1&2, @53 in setup
(A) and U1, 15 obtained in setup (B) are formed by sums and products of functions in
C*(R) since g € C*(R). Thus by product rule and chain rule, all of the above functions
belong to C*(R).

Example 5.2.2 Let Q =%, 0 =%, g = q11 € C°(R) as defined in Theorem 4.1.3 or
g = p1o as defined in Theorem 4.1.2. Then by Corollary 5.1.2, 1@1 = 0. Furthermore,
by (5.24), I = [-n/3, =7 /6], J = [n/6, /3], I, = [7/6, 7/3], J1 = [2r/3, 57 /6] and

L, ]
Va(§) = ﬂbl,J(2)[bI1,J1(£>+b11,J1(£+ -

Letting U = {4}, by Corollary 5.1.2, X (¥) forms a tight frame for L*(R). Figure 5.2

llustrates ﬁg when g = p1o-



Chapter 6
Bandlimited Biorthogonal Wavelets

In this chapter, we illustrate that it is rather simple to construct a pair of dual
bandlimited biorthogonal Riesz wavelets. Our construction is via a good choice of the
refinement mask and the wavelet mask. Note that conventional constructions involve

carefully picking two refinement masks a and @ so that they are dual to each other, and

then followed by defining the wavelet masks as b := e~a(- + 7) and b= e a(-+ ).
Instead of doing that, we choose the masks d and b first in a particular way, and then
define @ and 75 We will see that the former method is a special case of the latter, and
furthermore, there is much more freedom in constructing the desired wavelets. It is well
known in the literature that Riesz wavelet bases are constructed from scaling functions
with integer shifts that form a Riesz sequence. Thus, by the characterization of integer
shifts of a bandlimited function forming a Riesz sequence in the second chapter, we
will only consider functions from the set A5 , 0 < 6 < Q@ < 27/3 and Q > 7/2,
throughout this chapter.

It is well known that if one starts from a scaling function ¢ with orthonormal integer

shifts, using the alternating flip formula
b(E) := e ®a(E + ), (6.0.1)
and defining ¢ € L?(R) by

D(€) == D(&/2)d(£/2), (6.0.2)

68
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and letting ¥ := {9}, then X(¥) forms an orthonormal basis of L?(R). Moreover,
the alternating flip formula in (6.0.1) gives us an explicit formulation of the wavelet
functions in terms of their Fourier transforms. This motivates us to investigate whether
the alternating flip formulae still works if one starts from a bandlimited scaling function
lying in the Schwartz class with integer shifts forming a Riesz sequence instead. Indeed
we will see in the following that this is true. We are ready to state our main result in

this chapter.

Theorem 6.0.1 For 7/3 < 6 < Q < 27/3, Q > 7/2, 7/3 < & < Qy < 27/3,
Qo > /2, let a € Aso N CH(R) and ao € Asyq, N CF(R) where k > 2. Define

b =M o)

e~
+
2
I3
Q>

b(§) = e Sdo(€+ ),  al() =

where
d(€) := a(&)b(& +7) — b(&)a(E + ), (6.0.4)
and

3(6) = [[Ta@ 70| 1m0 00(€),  $(€) = b(/2)(¢/2),

j=1

A~

3(6) 1= [ TTa@ )] 1 amn 200 (€), B(€) 1= B(E/20(E/2),

j=1
where N and N are as defined in (2.1.7). Then o, (Z, 0, <Z € CHR), supp ) =
[2(=Q+7), 42U [—4Q, 2(Q —7)] and supp ) = [2(=Q+7), 4Q]U[—4Q0, 2(Q2—7)].
Furthermore, for U = {4} and ¥ = {4}, the systems X (V) and X (V) form a pair of

bandlimited biorthogonal Riesz wavelet bases for L*(R).

Corollary 6.0.1 For 0 < § < Q < 27/3, Q > /2, let a € As o N C*(R). Define ¢
by the alternating flip formula (6.0.1) and (6.0.2). Let ¥ := {4}, then X (V) forms a
Riesz basis for L*(R).

Proof: We choose ay = a and apply Theorem 6.0.1 to obtain the result. =

Note that when Gy = @ in Theorem 6.0.1, then we have the simplifications b(¢) =
. -1

e Ealg+ ), a(€) = <>[ 2(¢)+aX(e+m)| 1,6<s>=elfa<s+7r>[a (&) +a(e+m)]
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Define v, ¢, ¥, ¥ as in Theorem 6.0.1, then by Theorem 6.0.1, X (V) and X(\if) form
a pair of biorthogonal Riesz bases for L*(R). We remark that Corollary 6.0.1 adds on
another family of Riesz wavelets created by the alternating flip formula (6.0.1) to those
families discussed in [15].

We mention that the masks defined in (6.0.1) and (6.0.2) are similarly used in [15]
for constructing compactly supported Riesz wavelet bases. As such, the result above
is very much inspired by [15]. Although biorthogonal wavelet theory is relatively
well understood in the past decade, the focus has been on constructing compactly
supported biorthogonal wavelets and not bandlimited ones. Therefore, we will need a

considerable amount of preparatory work in the next two sections before we can prove

Theorem 6.0.1.

6.1 Direct sum decompositions of L*(R)

The general theory of biorthogonal wavelets makes some natural assumptions on the

scaling function ¢.
(A1) ¢ € LY(R) N L*(R).
(A2) $(0) =1 and ¢(2rk) = 0, k € Z \ {0}.

(A3) There exist positive constants A and B such that

D>

Ag[é, | <B a.e.

(A4) There exists a coefficient sequence {ay, rez € ¢*(Z) such that the two-scale rela-

tion holds, i.e.

o(x) = Z arp(2x — k) a.e.

keZ

We shall show later that the assumptions made in Theorem 6.0.1 will always ensure ¢

and ¢ to satisfy properties (A1) to (A4). Define Vj := span {¢(- — k) : k € Z}, then

certainly the integer shifts of ¢ form a Riesz basis for V4. Thus by a simple dilation

argument, {¢ x }rez forms a Riesz basis for V) := span{¢(2- —k) : k € Z}. We note
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that property (A4) assures us that the mask a(¢) = Y ape™ of ¢ is a continuous
function due to the Weierstrass M-test. The following ikseé theory of scaling functions
with two-scale sequences to be in ¢*(Z). The reader should note that most of the
results for the rest of this section are quoted from [6] without proof and that [6] uses

assumptions (A1) to (A4) in the development of biorthogonal wavelet theory.

Definition 6.1.1 A Laurent series is said to belong to the Wiener class W if its coef-

ficient sequence is in (1(Z).

Since the discrete convolution of two ¢}(Z)-sequences is again a sequence in (*(Z),
this makes WV into an algebra. The truth is that WV is even more than an algebra, as

seen in the following well-known theorem due to N. Wiener.

Theorem 6.1.1 Let f € W and suppose that f(z) # 0 for all z on the unit circle
|z| = 1. Then % €W as well.

In this context, the Laurent series involved take the form
p(z) = 3 =3 pe™™ = p(9),
ke ke
where z = e, and
p(=2) = pe(=2)" =D e = (& + ).
keZ keZ
Although in [6], the z-symbol is used for representing the Fourier series, we shall use
notations like p(€) = > pre~™¢ throughout the chapter. Let ¢ be a scaling function

kez
whose mask

a(§) = are™™
keZ
is in W. Recall that a governs the relation of V; C V; in the sense that

o(x) =Y axd(2w — k),
keZ
and the integer shifts of ¢ generate Vj. Let us now consider any other ¢!(Z)-sequence

{bk }rez and its Fourier series

b(&) = bre ™.

keZ
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Then b is also in W and defines a function
Y(x) =) bpp(2x — k) (6.1.1)

keZ
in V;. This function v also generates a closed subspace W; in the same manner as ¢

generates Vj, namely:

Wy :=span {¢(- — k) : k€ Z}. (6.1.2)

Hence, analogous to the function a, the function b governs the relation W, C Vj in the
sense that (6.1.1) and (6.1.2) are satisfied.
Our main concern in the construction of wavelets is at least to ensure that 1V}, and

Wy are complementary subspaces of V;, in the sense that
Vo N Wy = {0} and Vi =Vy+ Wy, (6.1.3)

which means

Vi = Vot Wa, (6.1.4)

and this notation will be used in place of (6.1.3). In the following we will see that the

matrix A
M= | 4 (6.1.5)
a(€+m) b+ )
plays an essential role in characterizing (6.1.4). Hence, we must consider the deter-
minant A, ;(§) = det M, ;(£) of the matrix in (6.1.5). Since a, b are in W and W is
an algebra, we have A, ; € W as well. In addition, if A, ;(§) # 0 for all £ € R, then

by Theorem 6.1.1, we also have z— € W. So under the condition A, ;(§) # 0 for all
a,b )

¢ € R, the two functions

b(& + ) Py GlE+7)
Aa,z}(f)

(6.1.6)

are both in the Wiener class W. The reason for considering the functions a and b is

that the resulting matrix Ma,é is the inverse of M, ;, namely, for any § € R,

0

MaOME = |

= M L(6)M,;(6) (6.L.7)
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The first identity in (6.1.7) is equivalent to the pair of identities

~

UO)AE) +BOBE) =1, a(€)al€+m) + bEb(E + 1) =0, (6.1.8)

while the second identity in (6.1.7) is equivalent to the following set of four identities:

(A +aE+maE +m) =1,  a(©bE) +alE+

e _ ) L A (6.1.9)
a(§)b(E) +al§ +mb(E+m) =0, b(EbE) +b(E +7)

Jb(E + 1) = 0,
b

E4+m) =1
For L*(R) decomposition, we do not need the identities in (6.1.9). However, this set

of identities will be crucial to our discussion of ‘duality’ in the next section.

Since @, b € W, we may write

a(g) = are ™, be) = > breHe, (6.1.10)

keZ kEZ

where {a; rez, {bi }rez € €'(Z), whenever A, (&) # 0 for all £ € R. We are now ready

to formulate the following decomposition result.

Theorem 6.1.2 A necessary and sufficient condition for the direct-sum decomposition
(6.1.4) to hold is that the function A, ; never vanishes on the real line R. Furthermore,
if 8;5(8) # 0 for all § € R, then the family {¢(- — k) : k € Z}, governed by b as in

(6.1.1), is a Riesz basis of Wy, and the decomposition relation

62r—1) = 3 S (@ wole —K) +hoav(z— K}, 1€,

keZ

holds for all x € R where {ay}rez, and {by}rez are defined as in (6.1.10).

Let us pause for a moment and comment on the decomposition of L?(R) via The-

orem 6.1.2. Let A, ;(£) # 0 for all £ € R and define

W; :=span {¢(27 - —k) : k € Z}, j € Z.

Then in view of the definition of Vj, j € Z, and the assertion V; = Vo+W, in Theorem

6.1.2, we have

Vj+1 = V}—FWj, j c 7.
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Hence, since {V;};cz is an MRA of L*(R), it follows that the family {W;};cz constitutes

a direct sum decomposition of L*(R), namely,
L*(R) = - 4W_1+Wo+---

However, {t¢; : j, k € Z} may not constitute a Riesz basis of L*(R) if we just assume

A, (&) # 0 for all £ € R. Furthermore we recall that in any series representation

fla) =Y eiptu(a),  f e LA(R),

JkEZ

we need a dual ¢ of ¢ to extract any time-frequency information of f from the coeffi-

cients c;j .

6.2 Wavelets and their duals

We continue our discussion of the decomposition of L?(R) and extend our effort
to ensure that the decompositions are ‘wavelet decompositions’. We assume that a,
beWw,

a(0) =1, a(m) =0, b(0) = 0. (6.2.1)
Let & and b be defined by (6.1.6). Then we have a, beW and the four trigonometric
functions satisfy (6.1.8). Therefore it follows from this set of identities and (6.2.1) that

a(0)=1,  a(m)=0. (6.2.2)
The similarity between & and a, as described by (6.2.1) and (6.2.2), suggests that
3(5) = dee_iks
keZ

should also be chosen as the mask of some scaling function that generates a possibly
different MRA of L*(R).

This motivates the following strategy for constructing wavelets and their duals.
In our context, we will start from two 27m-periodic functions @, @ in Asq and A5

respectively, where 0 < § < Q < 27/3,0 < b< Q< or/3 and Q, Q > 7/2. Define
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¢ and ¢ by a and a respectively as in (2.1.6). Then ¢ generates an MRA {V;}jen of
L*(R) and ¢ generates another MRA {V;};cz of L*(R). According to Theorem 6.1.2,

selecting any two 2m-periodic functions b, Z that satisfy
A, 3(8) #0and A, =(£) #0 for all £ € R,

will result in two totally unrelated direct-sum decompositions of L?(R). In view of the
discussion in the previous section, we will make use of the first identity in (6.1.9) to

make a connection between these two decompositions.

Definition 6.2.1 The two-scale masks a and a are said to be ‘duals’ of each other if

they satisfy

~

a(&)a(€) + a(& +ma(E + ) = 1. (6.2.3)

Hence, if the two trigonometric functions lA), 13 are chosen so that the two nonsingular
matrices M, ;(§) and M:b(§ ) are inverses of each other for all £ € R, (6.2.3) holds for
the pair of functions @ and a. We remark that by (6.2.2) and the second identity in
(6.1.9), the pair (a, l:)) satisfies the condition

which is the same set of conditions as in (6.2.1).
Recall that the two masks @ and a give rise to two scaling functions ¢ and ®.
Although ¢ and ¢ might generate two different MRAs of L2 (R), they could still be

related in the following sense.

Definition 6.2.2 Two scaling functions ¢ and gz~5, generating possibly different MRAs
{Vi}iez and {f/j}jez respectively of L*(R), are said to be ‘dual scaling functions’, if
they satisfy the condition

O — ), B — k) = / - ) —Rdr=bu ik EZ.

We next obtain some important intermediate results about the functions given in

Theorem 6.0.1, and k& > 2.
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Proposition 6.2.1 Let a, a, (3, (2), o, (5, Y, 1;, k be as defined in Theorem 6.0.1. Then

we have the following.
(a) @, a, b, b are in C*(R). Consequently, a, a € W.

(b) & and a are dual to each other, and Mavé(f)Mg,g(f) = Iyyo = Ma,z(g)sz,a(f)
for all £ € R.

(c) ¢, ¢ belong to Bsqo and Bj g, respectively with both b, qz:ﬁ e C*(R), where 6 =
min{dp, §, 7 — min{€2, Qp}}.

(d) o and ¢ are dual scaling functions and both ¢ and ¢ satisfy criteria (A1)-(A4).

(e) 4 and ) are bandlimited with 0, @Z € Ck(R).

Proof: For (a), clearly, a, b € C*(R), k > 2. Denote the Fourier coefficients of the
L2 functions a, a, IA), b to be {an}nez, {n}nez, {bn}tnez, {Bn}nEZ- Then there exists a

constant M > 0 such that
|, [bn] < M(1+ |n])~>

for all n € Z. Thus, a, b € W. To show that a, i € W, we first show that a, i € Ck(R),
k> 2.
In view of Lemma 3.1.1, it suffices to show that

A

d(€) = a(§)B(E + ) — B(E)a( + m) = ¢ |a(€)ao(&) + al(€ + m)ao(€ + )]

never vanishes. Let (&) = a(§)ag(§). Then r € Ay o, where 0 < ¢’ = min{J, dp},
/2 < Q = min{Q, Q} < 27/3. Thus, by Theorem 2.2.1 and Corollary 2.2.3, since
' > 7/2, there exist constants A, B > 0 such that for all £ € R, A < r(¢) +

r(¢ + ) < B. Thus d never vanishes and a(£) = b(é—i_ﬂ) € C*R). In addition,
. d(¢)
= &(f + 7T) k s % .
b(€) = ——= € C*(R). Therefore a, b € W, completing the proof of (a).
d()

By the m-periodicity of d and the definitions of a, b, a, b, it is easy to verify statement

(b).
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To show statement (c), it suffices to show that a € Ajs 0, N C*(R) since we already

know that a € Aso N C*(R). Note that a(¢) = r(€) ioiff) + )

never vanishes, it is clear that a(¢) = 0, £ € [, 7]\(=Q, Q). To establish a(¢) = 1,
€ € [, 4], it suffices to show that r(&) + (€ +n) = 1, £ € [—0, 0]. Let q(§) =
7(€)1—x, (§). On the interval [—7/2, 7/2], we have

. Since 7(§) + r({ + )

q(§) +q(§+m), if§e[-7/2,Q —m),
r)+r(+n)= q(§), if&e[QV—m, m—

q(§) +q(§ —m), f&e(r—Q, 7/2,
where 7/2 < Q' = min{Q, Qy} < 27/3. Since r(§) = 1 for £ € [—dy, do], we conclude
that 7(¢) = 1 for & € [0, §] where 6 = min{d, &, 7 — Q}. Thus a(é) = 1 for
¢ e [—5, S] Therefore a € Bs o, N Ck(R) giving us the desired result.

As for (d), it follows from Lemma 2.2.2 and part (b) that ¢ and ¢ are dual scaling
functions. We shall see that criterion (A1)-(A4) are satisfied by both the scaling
functions ¢, ¢ defined in Theorem 6.0.1. Indeed from statement (c), we have ®, QZS €
Ck(R), k > 2. Then by Chapter 3, we see that there exists a constant A > 0 such that
|o(z)|, |o(z)] < A(1+]|z|)~2 for every & € R, which ensures that ¢, ¢ € L'(R)NL*(R),
i.e. (Al) holds. Since ¢ € Bsq and ¢ e Bs g,, where 0 < < Q < 7/3,0 < 6 <Oy <
2m/3, it is clear that ¢(0) = 1 = 5(0) and ¢(2rk) = 0 = 5(27#{:), k € Z\ {0}, giving
(A2).

Statement (A3) follows from the characterization in Theorem 2.2.1 since €, Qg >
7/2. Statement (A4) is a consequence of the earlier result that ¢, ¢ are refinable with
their respective masks a and a € W.

Finally, for (e), since a, a, b, 13, b, qz € C*(R), it follows from the definition of "
and 12 in Theorem 6.0.1 that 1, 12 € C*(R). Since o, 5 have compact support, it is
not hard to see that ’l/AJ, @Z must be compactly supported too, which means that v,

are bandlimited. This completes the proof. m

By considering the functions

U(x) =) bd2e—k),  d(x) =) bd(2r — k),

k€eZ keZ



CHAPTER 6. BANDLIMITED BIORTHOGONAL WAVELETS 78

where
o1 Y ke ~ooy 1 —ike
b(¢) _izbke ) 5(5)—§Zbk€ )
keZ keZ

and setting

Vi = 28(2 - —k), = 289(20 - —k),

as well as

W; :=span{v,; : k € Z}, Wj = Span{@j,k ke Z},

we have

l

Vip = ViAW, Vin=Vi4W;,  jeL

Here, as usual, we set

V; .= span{¢;; : k € Z}, V; :=span{¢, : k € 7},

where
Gin=250(2 - —k),  dpi=22 (20 - —k),
with ¢ and qg being the scaling functions whose masks ¢ and a are defined in Theorem
6.0.1.
We shall next show that if these masks @ and a are dual to each other, then not

only are {1;};rez and {dj,k}j,REZ dual to each other, but additional orthogonality

properties are achieved as well.

Theorem 6.2.1 Let a, a, I;, 3, 0, (5, Y, 1; be defined as in Theorem 6.0.1. Then

(i Vi) = ik, sk, L, m € Z, (6.2.4)

and
<¢j,k> 'J]j,l> = Oa <q~5j,ka ,lvbj,l) - Oa j> ka [ € Z>
that is, V; L Wj and f/] L W; forall j € Z.

The proof follows word by word from [6] since under the hypothesis in Theorem

6.0.1, we have shown that the scaling functions ¢ and qg are dual to each other in
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Proposition 6.2.1. As a consequence of the biorthogonality property in (6.2.4), both

families are ¢%(Z?*)-linearly independent which we will show later. Therefore since
L2R) = - AW AW b Wi - = o W W i W - -

both {1;4};kez and {1}, xez are bases of L?(R). In fact, under the hypothesis of
Theorem 6.0.1, it follows that both {14} xez and {1, 1} xez are frames of L*(R) too.
In the following section, we shall show that X (¥) and X (¥) form frames for L*(R)
and that coupled with ¢*(Z?)-linear independence, we may conclude that X (V) and
X () each forms a Riesz basis of L*(R).

6.3 Frames, Riesz bases and linear independence

In this section, we shall present the details to show that indeed X (¥) and X ()
form a pair of dual frames and further, they form a pair of biorthogonal Riesz bases.
We need to introduce a series of technical lemmas to achieve this aim. The reader

should note that most of them are adapted from ideas in [8].

Proposition 6.3.1 For c > 0, let F.(§) := ﬁf(f)q@(%) where & € R, and define the

2me-periodic function

NM
™
+
l\.’)
W
s

_|_
)
:]
o
oyl

where f € L*(R) and (ﬁ is a compactly supported and bounded function on R. Then
the Fourier coefficients of G, are given by G.(n) = (f, ¢(c- —n))2®) = Fc(%), n e 2.
Furthermore, G, € L*|0, 27c].

Proof: Consider

G = g [ G e = o [ ST 2med TR e

Now since QAS is compactly supported, so is the function F.(-) = fc()@g(;) As such,

only a finite number of terms in the summation of the series is being considered in the
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interval [—me, me]. Thus we can interchange the sum and integral to give

£+ 2mck, ¢
Ge(n) 2WCZ f § + 2me k)¢(f)€ S

kez ¥ —T¢

1 met2mek /j _ipf=2mck
—o > [ R g

2me keZ —mc+27ck

1 me+2mek R 5 ink
-y / f(&)cb(g)e ‘e

27e keZ —me+2mcek

~ 2 / FOMC ) de = 1. o —n))2®)-

Therefore

S 1Gml? = Y10, ole- =i < s (6 A < MR < o

nez nez €€[0, 2¢r]

for f € L?(R) since qg is compactly supported and bounded. Since the Fourier
coefficients of G.(-) are square-summable for every f € L?*(R), we conclude that
G.(-) € L]0, 27| for every f € L*(R).

Note that F' € L'(R). Indeed,

[ 1R ©1de= [ 1@ s < 1l [ 16617 de]" = el sl e < o

since f, ¢ € L*(R). Thus

This completes the proof. m

Corollary 6.3.1 Let ¢, ¢, f1, fo € L?(R) such that o, <Z are compactly supported and
bounded. Then for j € N, we have

SO bi) i 1) 2wZ/f1

kEZ kEZ

55 4 2k) fo(€ + 2m20k) dE,

for all fi, fo € L*(R).
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Proof: Set ¢ = 27 in Proposition 6.3.1 and let F} () := 525 i (5)@ and F7(§) =
L B0 and GI(E) = 2090 5 FMNE + 2009K), GHE) = 2090 X F2(6 + 2m2k),

2727
keZ kEZ

where fl, fg € L*(R) and qg q~5 are compactly supported and bounded functions. Note
that by Proposition 6.3.1, Gl G2 € L?0,2727] functions. Then by Proposition 6.3.1,

and Parseval’s identity for L?[0, 2727] functions,

Z(fla ¢]n ¢j n; .f2 ZGl <G1 G >L2[0 2727] - (631)

ne”L neL

On the other hand,

2m2J B Y A - .
/ (Zfl §+27r2jkr)gz$(W )(Zﬁ €+2W23l)¢(#)> dg
0 keZ ' Iz (6.3.2)

271y
— (G, G2 20, 2m2 = / GL(6)G() de

Since QAS, ¢ are compactly supported, both series in the integral consist only of finite
number of terms on the interval [0, 27r2’] and thus the integral and summations can
be interchanged.

Hence

<G1 G >L2[0 2m27]

2m2J —— J
= Y[ Ehteromrnd S R amna T e
kEZ lEZ
229 42727 k _ . — . 5—277'2)]{5—‘—277'2)[ — 5 .
= S [ (e ek amd I )0 ) de
kez Y 22k I€Z
2727 42727 k; _ " .
- > [T (SR s I dne a
kez 2720k 1€Z.

- [ & Fae + 22022 65 e .

leZ

This completes the proof of the corollary. m

Finally we show that
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Lemma 6.3.1 Let a and o, ¢, ¢, ¥, 1 be defined as in Theorem 6.0.1. Then for all
fi, f2 € LP(R),

D (f1 b1 (Prks fo) = ((fl, Goa) (Do, f2) + (1, Yoa) (Wou, f2>>-

k€EZ leZ

Proof: Firstly, ¢, ¢, v, 1 are well-defined in L?*(R) because b, (Z, 0, 12 have com-
pact support and are bounded. Next, we show that the sum defined above do make
sense as well. The reader can refer to [5] that given f, ¢ € L*(R), the infinite series

S° U, wox)|* is bounded if and only if the 27-periodic function Y |@¢(€ + 27l)|* is
ker i€z

bounded above a.e. As established earlier, [qg, (]3], [(Z, (Z], [12, IZ], [1&, 1&] must be bounded
above a.e. Then by a simple application of the Cauchy-Schwartz inequality, all the
terms stated above in the lemma make sense.

Set 7 =1 in Corollary 6.3.1, we get

St el £ =203 [ A3 3100 + 2k ole + 4mk) .

keZ keZ

Setting j = 0 in Corollary 6.3.1 for ¢, ¢ and 1, ¢ gives

Z(flaCbOl (G0, fo) —QWZ/fl ¢25§+27Tl)f2(€+27d)d5>

lXZ}fl, o) (Yo, fa) _%zzz:/fl ()0 (€ + 2rl) fol€ + 2nl) dE.
Thus
> (U nidGos o)+ U o) (s 1))
=20 [ BORIE+ 20D [HOE + 200) + Qe + 270 dg

—2n Y [ FOF(e+ 47) [HONE +4mk) + D¢ + 4nh)] e

keZ

+ QWZ/ F1(6) fo(€ + 21 + 4xk) [gb(f)q:ﬁ(f + 271 + 47k) + @E(S)?Z(E + 27 + 47k)| dE.

kEZ
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Using the two-scale relation of ¢, ¢, 1, 1, we have

Z (<f1, G0} (Pos f2) + (fr, vou) (Do, fz))

=23 [ FORE GG +2m0) + b +2m]
+27rkezz/f1 €) fal€ +2w+4wk)[%é(g+7r)<2(§+7r+27rk;)

+ 5(§)¢3(§)3(§ + w)é(g o+ 2mk)]
=20 [ AOREH RS0 + 200 [oG) + )]
+27r%/f1 ) fa(€ +27T+47rk)q§(g)gz(§+7r+27rk)[d(g)fz(g+W)+3(g)g(g+7r
—zwkezz/fl 6 fas + 4R d )0 + 2k

since a(

proof. =

Next, we prove a lemma to show that X (¥) and X () are complete and Bessel in

L2(R).

Lemma 6.3.2 Under the assumptions in Theorem 6.0.1, we have for all fi, fo €
L*(R),
> i) U, f2) = (f1, f). (6.3.3)

J,kEZL

Proof: We note that the proof is almost entirely the same as that provided by Cohen,
Daubechies and Feauveau in [8] for compactly supported biorthogonal wavelets. How-
ever, we will highlight parts of the proof where the arguments could be simplified due
to the bandlimited assumptions of Theorem 6.0.1.

We shall show that the left-hand side of (6.3.3) makes sense by proving > [{f1, ¥; ) |?

J,kEZ

and > |({va,k, f2)|? are bounded for all fi, fo € L*(R). Indeed, by Parseval’s identity

J.kEZ
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and the Poisson’s summation formula, we have the following. By letting ¢ = ¢ = ¢ in

(6.3.1) and (6.3.2),

Sl = [ 1 e+ 2mzde + e de

kEZ leZ

Applying the Cauchy-Schwartz inequality,

D

keZ

. ~

- 2”/0 Il + 2mi2 ) (D@ + 2 (G(IE + 21)) P e

leZ

27277
< 2 / (D 1927 +2mD) PN | (€ + 2mi2) P (276 + 2mD)| ) de

leZ leZ

—or / FEOPI@E® S |96 + 2mm) P49 de

meZ

(6.3.4)
for any 6 € (0,1).
Since 1 is compactly supported in [—87/3, —27/3]U[27/3, 87/3] and bounded, we
have
D 1@E+2mm) P00 <N MPIY g o ssiuianss,seya) (€ + 27m)

meZ meZ

(6.3.5)
< Z M21[_87T/3,—27r/3]u[27r/3,87r/3} (& +2mm) < 4M?

meZ

for all £ and for all § € (0, 1).
Then
S () 2 < 4nd? Y / (ORI de = dmdr? / FEPY @ de

JkEL €L =
< 47TM2/ IAGIE Z M1 g /3 —on/3j0i2n/3, 8773 (2°€) dE
R jET
< 47rM2/ | f1(6)]2M2 Z Li_8r/3, —2n/3(27€) + Lan /3, 8073 (27€) dE
R JET
<seatt [ 1O ds = 0]
R
(6.3.6)
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Similarly, there exists a constant B > 0 such that

> [ bim)® < Bl fll3

k€L
for all f, € L*(R). =
Next, we have the strong L? convergence result by Cohen, Daubechies and Feauveau

in [8]. As the proof holds perfectly true under our assumptions, we shall not prove it

here. The interested reader can refer to [8] for the proof.

Lemma 6.3.3 Under the assumptions of Theorem 6.0.1, we have, for all f € L*(R),

lim Z (f, 'ijk)'lz;]k = J}}TOO Z (f, @ng)%k =f

J,K—>OO )
lJISTIkI<K IS TIkI<K
where the limits are in the strong L? topology.
Under our assumptions, we note that both {1} xez and {15} rez constitute a

frame in L*(R). The upper bound is simply the Bessel bound proved earlier and the

lower bound follows from the following argument:

IFIF = sup [(f, 9)| < sup > @ik 9)l

llgll=1 llgll= ] keZ
< O ) )2 sup (O [y, g) )2
jkEZ l9ll=1 ; ez
< OO L i)Y
j,kEZ

We need the following theorem from [6] to establish that X (W) and X (¥) both form
Riesz bases of L?(R).

Theorem 6.3.2 Let 1) € L*(R). Then the following two statements are equivalent.
(a)  {¥jr}tjkez is a Riesz basis of L*(R).

() {Yjk}ikez is a frame of L*(R), and is also an (*(Z?)-linearly independent fam-

ily, in the sense that if Y. ¢jxtbjr =0 and {c;r}jrez € (*(Z?), then cjp =0
JkEL
forall j, k € Z. Furthermore, the Riesz bounds and frame bounds agree.
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So, in order to show that the {;},;x and {%k}jk constitute dual Riesz bases, we

therefore only need to establish ¢(Z?)-linear independence.

Lemma 6.3.4 Let ¢, &, 1, 1 be as defined in Theorem 6.0.1. Then each of {Vjr}jrez,
respectively {@Zj,k}j7kez, are (*(Z?)-linearly independent if and only if

(W) Vjrar) = 050 (6.3.7)

Lemma 6.3.5 Let ¢, 5, Y, @Z be as defined in Theorem 6.0.1. A sufficient condition
for (6.3.7) to hold is

(Do, Do) = - (6.3.8)

It is noted that these two results above hold even without our bandlimited assump-
tion in Theorem 6.0.1. The reader can refer to [8] for details. Finally, we will prove
Theorem 6.0.1.

Proof of Theorem 6.0.1 In view of Lemmas 6.3.1, 6.3.2, 6.3.3, 6.3.4 and Theorem
6.3.2, to show that X (¥) and X (V) each form a Riesz basis of L?(R), it suffices to
establish the condition (6.3.8) in Lemma 6.3.5. By Proposition 6.2.1, ¢ and ¢ are dual

scaling functions and thus (6.3.8) is satisfied.

Since suppa(-/2+ ) = J[2(=Q + 7 + 27l), 2(Q + 7 + 2xl)], supp ao(-/2 + 7) =
1€

ZEJZ[Q(—QO + 7 4 27l), 2(Q + 7 + 2xl)], supp &(-/2) = [—4Q, 4Q], supp 5(/2) =

[—4€, 4] and 7/2 < Q, Qy < 27/3, we conclude that supp ¢ = [2(—Q + ), 4Q] U
[—4Q, 2(Qy — 7)] and suppzz = [2(=Q + ), 4Q0) U [—4Q0, 2(2 — 7)].

Combining all the above results gives Theorem 6.0.1. It is noted that the alternating
flip formulae belong to a special case of Theorem 6.0.1 where we select ag = a. W

It was brought to the author’s attention that an application of results in a very
recent paper [16], can yield us Theorem 6.0.1. However the approach taken in [16] is
very different and its proofs rather technical. Therefore it still seems natural that we
adapt proofs from standard biorthogonal wavelet theory to suit our purposes.

Alternatively, we could use Corollary 4.18 in [21] to show that under the setting
posed in Theorem 6.0.1, X (¥) and X () defined by ¥ = {¢} and ¥ = {¢} form

a pair of biorthogonal Riesz bases in L?*(R). To this end, we verify the conditions
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of Corollary 4.18 in [21]. Firstly, we check that the integer shifts of ¢ and 6 form a
Riesz system. This is verified by using the characterization proved in Theorem 2.2.1
and the assumptions that Q, Qo > 7/2 and a, @ € C*(R). Secondly, we show that
(D(-—7), o(-—7")) = 9, 5+ which is equivalent to [ngS, qz] = 1 by Proposition 2.2.1. Indeed,
by construction of the masks in Theorem 6.0.1, we have da(-) 4+ aa(-+7) = 1. Then we
apply Lemma 2.2.2 to get [(;3, (Z] = 1. Thirdly, it follows easily from the definition of
¢ and ¢ in Theorem 6.0.1 that X (¥) and X () are two affine systems constructed by
the square version of the Mixed Extension Principle. Lastly, it is required to show that
X (¥) and X () are Bessel sets. We apply Proposition 2.6 in Bin Han’s paper [14] to
see that there exist constants My, My, My, My > 0 such that l% b (& + 2ml)| < My,
€

Z |1&(29§)| < M, and ZZ |@Z(§ + 2nl)| < My, Z |@Z(2]§)| < M,. Using arguments in
](2%3.4), (6.3.5) and (6.3%?}), these inequalities ililzply that X (U) and X (¥) are Bessel
sets. Hence Corollary 4.18 in [21] gives the result.

Let us now focus our discussion on consequences of Theorem 6.0.1. We shall see
that the Meyer’s wavelets is indeed a very special case resulting from Theorem 6.0.1.
However, this theorem does not include the classical Shannon’s wavelets due to the
Ck(R), k > 2, restriction required.

Lastly we have a result which roughly says that a pair of dual scaling functions
qAﬁ € Bsq and <Z € Bs, 0, where a is defined by a and ag in Theorem 6.0.1, cannot have
both interpolatory properties and good regularity simultaneously. Furthermore, it says
that if a bandlimited scaling function ¢ resulting from a € A;q, is both interpolatory
and has orthonormal shifts, then it cannot have good regularity. Precisely, we have
the following.

Proposition 6.3.1 Suppose thatAd € Asq with /3 <6 <Q<2n/3, Q>mn/2,is an
Qo

interpolatory mask. Define a:= y where Gy € Asy0,, 0 < 6o < Qo < 2m/3, with
0

~

do(-) = a(-)ao(-) + a(- + mao(- + 7).

If G is also an interpolatory mask, then a is the 2m-periodic extension of the charac-

teristic function 1{_r /o z/9 and supp a = [—m/2, /2. In particular, suppose |a(-)|* +
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la(-+7)2 = 1 and set Gy = a, then a is an interpolatory mask and @ is the 2m-periodic

extension of the function 1y o /9.

Proof: Note that supp alj_r . = [—€, Q] and supp él[_mﬂ = [—Q, Qo]. Then for

a € Asq to be an interpolatory mask, it is necessary that
A<a®(@+a*(E+m) < B

a.e by Proposition 3.2.1. Then by the characterization provided in Theorem 2.2.1, this
means that either Q > 7/2 or 2 = 7/2 and . lim a(§) > 0.

—m/2”

If @ is an interpolatory mask, then

p p ao(-) + ao(- + )
I=a()+al-+m)=— —
a() +al+m) aao(-) + aag(- + )
which gives a(-)ao(-) +a(-+m)ao(-+m) = ao(-) +ao(- + ) a.e. Since a(-) +a(-+7) =1,
multiplying to the right-hand side of the above equation, we get

a(+)ao(+) + a(- + m)ao(- + ) = [ao(-) + ao(- + m)}[a(-) + a(- + )]
= a()ao(-) + ao(-)a(- + ) + a(-)ao(- + ) + a(- + m)ao(- + ).

Therefore

ao(-)a(-+m) +a(-)ap(- +m) = 0. (6.3.9)

Next, since a is also an interpolatory mask, similarly, we have either y > 7/2 or
Qy = 7/2 and 5—1}7512 B a(€) > 0. This would mean that dy never vanishes and thus a is
well defined and is continuous everywhere except possibly at the points 4£2.

On the other hand, since a, ao, a(-+m), a(-+m) > 0, for (6.3.9) to hold, ao(&)a(&+
m) =0 = a(&)ap(§ + 7) a.e which implies that supp ag N supp ao(- + 7) is of measure
zero and supp aNsupp a(-+ ) is also of measure zero. Since all these functions are 27-

periodic, we need only to consider the behaviour of these functions in the fundamental

interval [—m, w]. Thus we have
supp dl[—w,ﬂ = [—Q’ Q], supp dol[—w,ﬂ - [_QOa QO]>

supp a(- + m)1j_r 7 = [-7, Q — 7| U [1r — Q, 7],
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supp Go(- + m)L—r x = [—7, Qo — 7| U [m — Qp, 7).

Then supp aol{_r - Nsuppa(- + m)1_r - is a null set if and only if Q) < 7 — Q.
Likewise, supp al{_r ) N supp ao(- + m)1—r » is a null set if and only if Q < 7 — €.
Thus both coincide to give the condition Q + Q¢ < m. Since Q, Qy > 7/2, we must
have Q = 7/2 = Q.

Thus supp @ Nsupp a(- + ) is a null set. On the interval [—7/2, 7/2],

1= a(g) +a(§ +m) = a(§).

Since supp alj_r ) = [-Q, Q| = [-7/2, /2], @ must be the 2m-periodic extension of
the characteristic function 1_r/a, /9.

In particular, if a is further assumed to satisfy the CQF condition, setting ag = a
gives

() +ale +m) = [a(©) +ae+m)] [ale) vae+m] =1

Thus, a is an interpolatory mask as well. Then by the first part of this proposition,

we have a is the 2m-periodic extension of the characteristic function 1j_;/5 7/2. ®

6.4 Explicit constructions

In this section, we consider the construction of two families of bandlimited biorthog-
onal wavelets. The first family of wavelets is defined as follows. Define [ := [—£2, —],
J:=16,Q, 1 :=[-71/2—¢/2, —n/2+¢/2], J :=[1/2—€/2,7/2+€/2]. Form € N, let
4, be the 2m-periodic extension of the bell function bs g, = b}’}J, 0<0<Q<21/3,
20 > Q, Q> 7/2, where by ; is as defined in Theorem 4.1.1. Let ay be the 2m-periodic
extension of the bell function b = by, 0 < € < 7/3. We can either set the func-
tion ¢ = ¢11 as defined in Theorem 4.1.3 to get @ € As;qo N C(R) or for k > 1,
set g = pp where p; is as defined in Theorem 4.1.2 to get a € Asq N CH(R) and
ac Az j2—e/2.x/24¢/2 N C=(R). Lastly, we impose 7/2 + ¢/2 < ¢ to obtain:

a(@)a(€) +a€+ma€+m) =a) +al+m) =1
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for all £ € R. This is because a(§) = 1 for £ € |J[—0 + 2nl, 6 + 27|, and supp
17,

a C |J[—6 + 2xl, 6 + 27l since 7/2 + €/2 < 6.
lez

In view of the definitions of &, a, I;, 2, d in Theorem 6.0.1, we have the following
simplifications:

b(§) = e Cao(E+ ),

d(€) = —e | a(€)ao(€) + a(€ + m)ag(6 + )| = —e 7€ #£0,

a(§) =ao(§),  b() = e a(§ + ).
Thus, not only are the functions a, a dual to each other, a is also an interpolatory mask.
Since 20 > 2 and 2(7/2 — €/2) > 7/2 4 €/2 whenever € < 7/3, we have [log,($)] =1
and v
86) = | TTa278)| 11-20.201(€) = bsum(€/2).

Jj=1

and similarly, [log,(

=1,

Stiell

O(€) = be(£/2).
By applying Theorem 6.0.1, we conclude that X (¥) and X (¥) form a pair of biorthog-
onal Riesz wavelet bases of L*(R). Similar to the justification of (4.2.4) ¢ and 1) are

given in terms of their Fourier transforms as

~

D(€) = b(E/2)0(€/2) = e *%a(e/2 + m)9(/2)
= 702 5.(6/2) 4+ bel€/2+ )| bram(€/4)

D(€) = b(E/2)B(E/2) = e 2%a(E/2 + m)p(€/2)
= 72 by n(€/2) + bygm(€/2 + ) | Be(€/4).

The second family of wavelets illustrates the usefulness of the alternating flip for-
mula. For m € N| let a,, be the 2m-periodic extension of the bell function b, 0 < e <
/3 and g = ¢11 € C(R) where b7 ; is as defined in Theorem 4.1.1. Let ap = a,, in
Theorem 6.0.1. Then by, (€) = e %a,, (£ + 7). Since a,, € Az j2—e/2,7/24¢/2 NC™(R) and

7/2+¢€/2 > /2 for all 0 < € < 7/3, according to Theorem 6.0.1, X (V) and X (V)
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form a pair of biorthogonal dual Riesz wavelet bases of L?(R), where 1), 1 are defined
by a,, as in Theorem 6.0.1.

In particular, when m = 1, d(&) = —e~%|a2(€) + a2(£ + W)] = e~ and a, satisfies
the CQF condition. We can check that ¢ = @E and X (W) alone already forms an
orthonormal wavelet basis for L?(R). In fact, v is the Meyer’s wavelets described in
Chapter 4 Theorem 4.2.2 where the CQF condition has already been verified. So we
will not discuss the justification here.

When m = 2, we have a3(§) + a2(§ + m) = 1. In view of the previous results
established and the alternating flip formula, 15 is an interpolatory wavelet and similar

to the justification of (4.2.4), 1y is given by

B(€) = blE/2BE/2) = e 2 [b2(6/2 — m) + B(E/2 + m) | B2(¢ /).

Furthermore, we have the following.

a2 +a*(E+m) = Zb4€+7rl

I€Z
a S0 _ a(§/2) _ B(E/2)
[E“ O] or-ral© = | S/ ) ieemral€) = S/ 2+ D)
and . A
3(6) = e T o)
lI€Z

Ligppbe(§/2 —m) +DA(E/2+m)  BE(E/4)
> bi(E/2 + i) > bHE/A+ D)

l€Z I€Z
Although the dual wavelets look a little complicated, they could still be described

explicitly. Again, if we choose the function g associated with the bell functions to be

in C*°(R), then both ¢ and ¥ € S.

Example 6.4.1 Based on the above construction, we choose ¢ = w/3, m = 2, g =

pro € CYO(R) where pyg is as defined in Theorem 4.1.2, then h(£) = e~%/2 bzg (€/2 —

: Liejp b €MV (€/24m) B (e/)
) + b3 (/2 +7r)] V% (£/4), (€)= e S SELER SR @ Furthermore,
lez lez 3

b, ¥ € CYR) and supp = [27/3, 87/3] U [~87/3, —27/3] =supp¢. Figure 6.1
displays the plots of |1ﬂ| and |1)].
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Figure 6.1: Graphs of || and |1Z\

6.5 Concluding remarks

This thesis only investigates the construction of univariate bandlimited wavelets with
dilation factor two. There is also some research done on bandlimited multidimensional
multiwavelets in [12] and [17] but explicit constructions of such wavelets are not given
readily. The author feels that much more work could be done in generalizing this work
into a multidimensional and multiwavelet setting.

It has come to the author’s attention that the existence of bandlimited wavelets
with subexponential decay has been proved in [11]. However it is not easy to provide
explicit examples of such wavelets for the time being.

When periodized, bandlimited wavelets give rise to trigonometric polynomial wavelets.
The trigonometric polynomial structure may prove to be beneficial to signal processing
on periodic images and signals. We like to add that there is some renewed interest in
the theory of bandlimited wavelets, as Donoho and Raimondo had used the periodized
two-dimensional Meyer’s wavelets in deconvolution and image deblurring in [10]. Tt is
also the wish of the author that the generalizations provided in this thesis will improve
existing methods in applications.

Lastly, frames of local sine and cosine decompositions of L?*(R) have not been
investigated yet in the literature. These are areas which the author may like to carry

out future research in.
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