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Summary

Summary

Constraints are ubiquitous in physical systems, and manifest themselves as physical
stoppages, saturation, as well as performance and safety specifications. Violation of
the constraints during operation may result in performance degradation, hazards or
system damage. Driven by practical needs and theoretical challenges, the rigorous
handling of constraints in control design has become an important research topic in

recent decades.

Motivated by this problem, this thesis investigates the use of Barrier Lyapunov Func-
tions (BLFs) for the control of single-input single-output (SISO) nonlinear systems
in strict feedback form with constraints in the output and states. Unlike conven-
tional Lyapunov functions, which are well-defined over the entire domain, and radi-
ally unbounded for global stability, BLFs possess the special property of finite escape
whenever its arguments approach certain limiting values. By ensuring boundedness
of the BLF's along the system trajectories, we show that transgression of constraints

is prevented, and this embodies the key basis of our control design methodology.

Starting with the simplest case where only the output is constrained, and with known
control gain functions, we employ backstepping design with BLF in the first step, and
quadratic functions in the remaining steps. It is shown that asymptotic output track-
ing is achieved without violation of constraint, and all closed-loop signals remain
bounded, under a mild restriction on the initial output. Furthermore, we explore
the use of asymmetric BLFs as a generalized approach that relaxes the restriction
on the initial output. To tackle parametric uncertainties, adaptive versions of the
controllers are presented. We provide a comparison study which shows that BLF's re-

quire less conservative initial conditions than Quadratic Lyapunov Functions (QLFs)

vii



Summary

in preventing violation of constraints.

The foregoing method is then extended to the case of full state constraints by em-
ploying BLFs in every step of backstepping design. Besides the nominal case where
full knowledge of the plant is available, we also tackle scenarios wherein parametric
uncertainties are present. It is shown that state constraints cannot be arbitrarily
specified, but are subject to feasibility conditions on the initial states and control pa-
rameters, which, if satisfied, guarantee asymptotic output tracking without violation
of state constraints. In the case of partial state constraints, the design procedure is
modified such that BLFs are used in only some of the steps of backstepping, and the

feasibility conditions can be relaxed.

In the presence of uncertainty in the control gain functions, we employ domination
design instead of the foregoing cancellation based approaches. Within this frame-
work, sufficient conditions that prevent violation of constraints are established to
accommodate stability analysis in the practical sense. When dealing with full state
constraints, we show that practical output tracking is achieved subject to feasibility
conditions on the initial states and control parameters. Additionally, it is shown that,
for the special case of output constraint with linearly parameterized nonlinearities,

practical output tracking is achieved free from the feasibility conditions.

Finally, we consider, as an application study, single degree-of-freedom uncertain elec-
trostatic microactuators with bi-directional drive, wherein the control objective is to
track a reference trajectory within the air gap without any physical contact between
the electrodes. Besides the state feedback case, for which the foregoing method for
dealing with output constraint can be applied, we also tackle the output feedback
problem, and employ adaptive observer backstepping based on asymmetric BLF to

ensure asymptotic output tracking without violation of output constraint.
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Chapter 1

Introduction

Adaptive control has progressed through a colorful history to become an established
field in modern control that is well-recognized and intensely researched today. Origi-
nally motivated by autopilot design for high performance aircraft, which need to deal
with large system parameter variations during changing flight conditions, research in
adaptive control witnessed a surge in the early 1950s, only to be undermined, albeit
momentarily, by an incident with a test flight. With rapid advances in stability theory
and the progress of control theory in the 1960s, in part driven by the due discovery of
A.M. Lyapunov’s pioneering works on stability of motion, understanding of adaptive
control grew at a tremendous rate and contributed to the revived interest in the field.
After almost three decades of research, a significant breakthrough was made in the
form of backstepping design methodology, which overcame many technical restric-
tions suffered by adaptive controllers and greatly widened their applicability to new
classes of systems, including nonlinear ones. Today, although adaptive control and
backstepping are considered mature, they are still being actively researched to solve
new problems in theory and applications. One such problem involves the considera-
tion of system constraints in adaptive control of uncertain nonlinear systems, which is
not only theoretically challenging, particularly in finding ways to contain the effects
of the transient adaptation dynamics, but also practically meaningful in face of the

ubiquity of constraints in physical and engineering systems.

In the remainder of this chapter, we provide a detailed exposition of the background



1.1 Background and Motivation

and motivation, as well as the objectives, scope, and structure of the research pre-
sented in this thesis. For clarity of presentation, the background and motivation are
separated into four parts, namely Lyapunov Based Control Design, Adaptive Control
and Backstepping, Control of Constrained Systems, as well as Control of Micro-
electromechanical Systems (MEMs). In each part, the related works and background

knowledge that motivate the research in this thesis are discussed in detail.

1.1 Background and Motivation

1.1.1 Lyapunov Based Control Design

Lyapunov’s direct method, first introduced in 1892 by A.M. Lyapunov in his seminal
work “The General Problem of Motion Stability” [109], has, in modern times, become
the most important tool in the analysis and control design for nonlinear systems.
Based on an analogy with the notion of energy in physical systems, the direct method
provides a means of determining stability without the need for explicit knowledge of
system solutions, by constructing a scalar “energy-like” function, also known as a
Lyapunov function, and then analyzing the properties of its derivative with respect

to time. Specifically, for a system represented as follows:
= f(x), zeR" (1.1)

where we consider the origin x = 0 as an equilibrium, if there exists a positive def-
inite, continuously differentiable function, V(x), such that its derivative along the
system trajectories is negative semidefinite, i.e. V(l‘) < 0, then the origin is (locally)
stable, and V' (z) is a Lyapunov function. If V() is radially unbounded, then global
stability can be concluded [156]. The technique is not restricted to the analysis of
system stability per se, but can also be extended to design controllers that attribute,
to the closed loop systems, desirable stability properties, via the concept of Control
Lyapunov Functions (CLFs), introduced in [5]. The task of selecting a Lyapunov
function candidate, followed by the design of the control law that renders the deriv-
ative of the candidate function negative semidefinite along the system trajectories,
is, in general, non-trivial, for even if a stabilizing control law exists, we may fail to

find it due to an ill-chosen Lyapunov function candidate. On the other hand, once a



1.1 Background and Motivation

CLF is known, many methods can be employed to construct stabilizing control laws
[39, 94, 152, 157].

For simplicity, quadratic functions are often proposed as Lyapunov function candi-
dates, as described by the following form

V(z) = §xTPx (1.2)

where P is a positive definite matrix. In fact, a significant portion of the literature
on Lyapunov based control synthesis employs quadratic Lyapunov functions (QLF's).
Although QLF's are convenient and often sufficient to solve a large variety of control
problems, certain more difficult problems call for more sophisticated forms of Lya-
punov functions. One of the most classical examples can be found in early works on
control design for robotic manipulators, where energy-like functions were proposed,
through physical insight and intuition, as Lyapunov functions described, for example,

by the following form:

V(z) = %(ﬂbTM(:n)i + 27 Px) (1.3)

where M (-) and P are symmetric positive definite matrices, with M (-), in particular,
being the inertia matrix for the manipulator. This insight paved the way for the proof
of closed loop stability with traditional Proportional-Derivative (PD) controllers in
a series of independent works [76, 86, 164, 172]. Since then, such physics-motivated
approach of constructing Lyapunov functions, has been extended and demonstrated
for stable control design in numerous works on mechanical systems [13, 14, 127, 12§],
spacecraft [108, 155], ocean vessels [37, 167], helicopters [50], and robotics systems
[48, 101, 156].

Apart from physically motivated Lyapunov functions, other special forms of Lyapunov
functions have also been introduced to handle unknown control gain functions, which
are notoriously difficult to handle in adaptive control design. In particular, for the
nonlinear system & = f(x) + g(x)u, where z € R, u € R, f(0) = 0, and g(x) # 0
for all z € R, one can use certainty equivalent feedback linearization control v =
ﬁ(—f(x) +v), where f(z) and §(z) are estimates of f(z) and g(z), and measures

have to be taken to avoid controller singularity when g(z) = 0. To avoid this problem,
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Integral Lyapunov Functions (ILFs), which can be described by the following form

= xr@ r
V(a:)—/o Zar. (1.4)

where g(+) is a known function satisfying g(-) > ¢(-), have been developed in [45, 42],
based on the idea that when the derivative of the ILF is taken, the gain function
preceding the (virtual) control is canceled reciprocally by an identical term in the ILF.
Using this approach, semi-globally stable adaptive controllers have been constructed
which elegantly avoids the controller singularity problem. An alternative choice of
Lyapunov function is a quadratic-like function with reciprocal of the control gain
function, specifically V' = 2?/g(z), which operates in a similar manner as ILFs via
reciprocal cancelling of the control gain function, but require additional assumptions
on the rate of growth of the control gain function [44]. Besides unknown control gain

functions, it was shown that nonlinearly parameterized functions can also be handled
by using ILFs [43].

Special functionals, known as Lyapunov-Krasovskii functionals, also play a pivotal
role in Lyapunov based stability analysis for time-delay systems, based on the well-
known Lyapunov-Krasovskii theorem. A particular class of Lyapunov-Krasovskii

functionals can be described by the following:

VU:/t U(x(r))dr (1.5)

—d

where d is the time delay and U(-) is a positive function. Interested readers can refer
to [60] for more in-depth discussion on other classes of functional candidates. These
have been applied to time-delay systems that are linear [85, 88, 58, 162], as well those
that are nonlinear [32, 72, 177]. With suitably constructed Lyapunov-Krasovskii
functionals, terms containing the delayed states can be matched and canceled when
the derivative of the Lyapunov function/functional is taken. Following its success
in stability analysis, the utility of Lyapunov-Krasovskii functionals in control design
for time-delay systems was subsequently explored. Linear systems with nonlinear
functions of delayed states were considered (e.g. [176]), along with SISO nonlinear
time-delay systems [122], wherein Lyapunov-Krasovskii functionals were used with
backstepping to obtain a robust controller. The need for exact knowledge of non-

linearities is removed with the use of adaptive NN control in [46], with subsequent
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extensions tackling the case of completely unknown virtual control coefficients using
Nussbaum-type functions [47], as well as multi-input multi-output (MIMO) systems

with a more general mixture of delayed states in the unknown nonlinearities [51].

With the celebrated success and rapid development of Lyapunov based design tools
in solving challenging academic and practical problems such as time delay systems,
nonlinearly parameterized systems, as well as systems with unknown control gain
functions, there is a need to carry out investigations within this framework and de-
velop new tools to deal with nonlinear systems with constraints, without the need for
explicit solutions for the dynamic equations of the system, which can incur huge com-
putational costs. Furthermore, Lyapunov control synthesis lends itself to the design
of stable adaptation laws, and thus provides a promising avenue for fundamental con-
siderations and investigations of the adaptive control problem for high order nonlinear

systems with constraints.

1.1.2 Adaptive Control and Backstepping

Adaptive control has witnessed more than half a century of intense theoretical research
and engineering applications. Originally proposed for aircraft autopilots to deal with
parameter variations during changing flight conditions, it has since evolved into an
advanced and successful field, culminating from decades of research activities that
involve rigorous problem formulation, stability proof, robustness design, performance

analysis and applications.

Early research in adaptive control focused on stability issues and on achieving as-
ymptotic tracking properties [33, 56, 97, 117, 120], which laid the cornerstones for a
rigorous theory for adaptive systems that emerged later [7, 57, 66, 147]. Accompany-
ing the early results were observations that adaptive controllers had limited robust-
ness properties. Minute disturbances and the presence of unmodelled dynamics can
catastrophically destabilize the closed loop systems, as demonstrated by the Rohrs ex-
ample on a first order plant [142]. Subsequently, robustification techniques have been
integrated with adaptive control to improve robustness to unmodelled disturbances
and bounded disturbances, and these encompass normalization techniques [67, 91],

projection methods [55, 147], dead zone modifications [33, 131], the e-modification
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[119], and the o-modification [65].

While early works on adaptive control dealt mainly with linear systems and have
been highly successful, interest in extensions to nonlinear systems soon grew rapidly,
motivated by seminal developments of nonlinear feedback control theory based on
differential geometry [69]. Among the important early results for adaptive control of
nonlinear systems are works involving feedback linearization techniques [22, 137, 148,
166, 170] and robustification methods [2, 75, 77, 166].

However, global stability cannot be established without some restrictions on the
plants, which include the matching condition [166], extended matching condition
[78], and growth conditions on system nonlinearities [148]. To this end, the technique
of backstepping, rooted in the independent works of [20, 87, 159, 171], and further
developed in [21, 79, 126, 144], heralded an important breakthrough for adaptive con-
trol that overcame the structural and growth restrictions. Specifically, the marriage
of adaptive control and backstepping, i.e. adaptive backstepping, yields a means of
applying adaptive control to parametric-uncertain systems with non-matching con-
ditions [94, 114]. As a result, adaptive backstepping can be applied to a large class
of nonlinear systems in parametric strict feedback form or pure feedback form. The
advantage of adaptive backstepping design is that not only global stability and asymp-
totic stability can be achieved, but also the transient performance can be explicitly

analyzed and guaranteed [94].

Through the collective efforts of many researchers, the adaptive backstepping tech-
nique has undergone steady improvements. Although early designs, such as the one
in [81], were based on overparameterized schemes that require multiple estimates of
the same parameters, this requirement was subsequently obviated with the introduc-
tion of tuning functions [93]. For systems that can be represented by the parametric
output feedback form, the output feedback adaptive control problem has been solved
in [80, 82, 112]. This class of systems is later enlarged to include nonlinearly para-
meterized output nonlinearities [113], input-to-state stable (ISS) internal dynamics
[138], as well zero dynamics that are not necessarily stable [83]. Extended studies of
adaptive backstepping control have been performed for nonlinear systems with trian-
gular structures [153], large-scale decentralized systems in strict-feedback form [71],

as well as nonholonomic systems [73]. Several robust adaptive backstepping schemes
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were also proposed in [74] for the systems’ uncertainties satisfying an ISS property,

and uncertain systems in strict-feedback form with disturbances [34, 95, 104, 129].

Traditional adaptive control techniques rely on the key assumption of linear parame-
trization, where nonlinearities of the studied plants can be represented in the linear-
in-the-parameters form, for which the regressor is exactly known and the uncertainty
is parametric and time-invariant. However, many practical systems exhibit nonlin-
ear parametrization in their model representations, including fermentation processes
[16], bio-reactor processes [19, 18] and friction dynamics [49]. Departing from the as-
sumption of linear parametrization, several results were presented for different kinds
of nonlinearly parameterized systems [4, 16, 17, 18, 19, 38, 43, 107]. Of partic-
ular interest are the works in [16, 17], wherein an innovative design approach is
provided that appropriately parameterizes the nonlinearly parameterized plant and
constructs a suitable Lyapunov function, as well as in [43], where nonlinearly pa-
rameterized functions are handled by Integral Lyapunov Functions. Additionally,
approximation-based control techniques with guaranteed stability have been proposed
[26, 35, 36, 42, 70, 101, 102, 136, 145, 146] to compensate for nonlinearly parameterized
functions and general unknown nonlinear functions, based on the Stone-Weierstrass
theorem, which states that a universal approximator can approximate, to an arbitrary

degree of accuracy, any real continuous function on a compact set [145].

Despite the maturity of backstepping in dealing with such systems, the explicit con-
sideration of constraints within this framework has received little attention, with
a few exceptions. In the recent work [92], backstepping control was designed to
achieve nonovershooting tracking response for strict feedback systems, by appropri-
ately choosing the control gains such that the initial values for all the error variables
are negative. Another work [103] presented modified backstepping based on positively
invariant feasibility regions for a class of nonlinear systems with control singularities,
such that state trajectories are repelled from regions containing the singularities.
The design induces singularities in the Lyapunov functions that coincide with those
of the control laws, and this property proved to be instrumental in preventing state
trajectories from transgressing the feasibility boundaries. However, there are still fun-
damental problems about stability, robustness, and other issues for adaptive control

of uncertain high-order nonlinear systems with constraints to be further investigated.
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1.1.3 Control of Constrained Systems

Dealing with constraints in control design has become an important research topic in
recent decades, driven by practical needs and theoretical challenges. Many practical
systems have constraints on the outputs, inputs, or states, which may appear in
the form of physical stoppages, saturation, or performance and safety specifications.
Violation of the constraints during operation may result in performance degradation,
hazards or system damage. In some cases, it is possible to neglect constraints in
control design, but circumvent the problem through mechanical design, modification
of operating conditions, or ad-hoc engineering fixes, although such solutions are highly
context specific, require substantial human intervention, and do not provide any
guarantee of success. A more generic and fundamental approach is to consider the
constraints up front in the problem formulation, and then design a controller which
ensure that the constraints are met, along with desired stability and performance

properties.

Linear systems theory, with its rich set of analytical tools, have laid important foun-
dations for feedback control theory. It is particularly advantageous if plants can be
represented by linear systems, for these rich tools can be readily exploited for control
design. However, the presence of constraints automatically renders the closed loop
system nonlinear, even if the unconstrained system is linear. To handle both state and
input constraints in linear systems, many techniques have been developed (see e.g.
[27, 54, 59, 63, 64, 106, 143, 175]), most of which are based on notions of set invariance
using Lyapunov analysis [11]. When dealing with the simplified problem of only input
constraints, many results have also been achieved [6, 24, 30, 89, 105, 163, 168, 169].
The benefit of dealing with linear systems is that positive invariant sets can be ob-

tained constructively.

Another approach is concerned with casting the problem under an optimization frame-
work, which is naturally suited for consideration of constraints. Model predictive con-
trol (MPC), also known as receding horizon control, is concerned with solving on-line
a finite horizon open-loop optimal control problem, subject to the system dynam-
ics and constraints (see [116] for an excellent overview), and can handle both linear

and nonlinear systems. Over the past few decades, MPC has enjoyed widespread
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popularity and success in industrial applications of process control, with thousands
of applications to date that range from chemical to aerospace industries [1]. While
linear MPC (i.e. based on linear models of system dynamics) is well established,
extension to the nonlinear setting comes with theoretical and computational chal-
lenges. Even though many elegant theoretical treatments have been developed, one
of the key concerns involve making the optimization algorithms efficient enough to be
implemented online, which can be a formidable task considering the possibility of en-
countering complex or high order nonlinear dynamics [1, 140]. When there is a need
to incorporate robustness to uncertainties, the computational complexity increases
even more significantly. Notwithstanding these technical difficulties, successful appli-

cations have been demonstrated [29, 115, 139).

To extend MPC schemes for tracking of arbitrary reference signals, reference governors
have been proposed [9, 10]. The main idea behind reference governors is to have a
controller that provide desirable closed loop properties when constraints are neglected,
and then modulate the reference signal, which feeds the controller, in such a way as
to avoid any violation of system constraints (see e.g. [52, 53]). An early version for
linear constrained systems was presented in [53], while a recent generalized version
for nonlinear constrained systems was proposed in [52]. For implementation, online
optimization algorithms for computing the reference signals are needed. Related to
the idea of reference signal modification, an extremum seeking control design has been
proposed in [28], with online generation of set points that minimize an uncertain cost

function subject to state constraints.

Different from the above-mentioned methods, one can use Barrier Lyapunov Functions
(BLFs) to tackle the issue of constraint, which avoids the need for explicit solutions
of the system by virtue of being a Lyapunov based control design methodology. For
the great majority of works in the literature, the constructed Lyapunov functions
are radially unbounded, for global stability, or at least well-defined over the entire
domain. In contrast to this convention, the BLF-based method exploits the property
that the value of the barrier function approaches infinity whenever its arguments
approach certain limits. The design of barrier functions in Lyapunov synthesis has
been proposed for constraint handling in Brunovsky-type systems [121]. In their

backstepping procedure, the cancelation of cross coupling terms in the Lyapunov
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function derivative is avoided. Instead, the control gains are carefully chosen to
dominate the cross coupling terms. The advantage of this approach is that the control
effort is potentially reduced, since the control law does not contain the cross coupling

terms that may exhibit large growth rate.

Inspired by the use of barrier functions, it is of interest to investigate and generalize
their use for more complex classes of constrained nonlinear systems, which include
strict feedback systems, pure feedback systems, mechanical systems, among others.
There is also a need to obtain results that remove the need for prior assumptions on
the states satisfying some constraints, as an improvement over [121]. Additionally, no
attempts have been made for constrained systems with uncertainty using BLF based

control design.

1.1.4 Control of MEMs

The advent of microelectromechanical systems (MEMSs) technology, which allows for
micro-scale devices to be batch-produced and processed at low costs, has ignited an
interest in how to control these devices effectively to achieve greater precision and
speed of response. Electrostatic microactuators have gained widespread acceptance
in MEMs applications, due to the simplicity of their structure, ease of fabrication,

and the favorable scaling of electrostatic forces into the micro domain.

One of the main problems associated with uni-directional electrostatic actuation with
open loop voltage control is the pull-in instability, a saddle node bifurcation phenom-
enon wherein the movable electrode snaps through to the fixed electrode once its
displacement exceeds a certain fraction (typically 1/3) of the full gap. This places a
severe limit on the operating range of electrostatic actuators. To overcome this prob-
lem, closed loop voltage control with position feedback was proposed to stabilize any
point in the gap [25]. An alternative approach, which involves the passive addition
of series capacitor, has been found to extend the range of travel without any active
feedback control circuitry [23, 150]. Another method is based on charge feedback to
stabilize the dynamics of the electrical subsystem, which leads to the stabilization
of the minimum phase mechanical subsystem [118, 149]. More advanced nonlinear

control techniques have been investigated in [179], including flatness-based control,
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Control Lyapunov Function (CLF) synthesis, and backstepping control. In [110], dif-
ferent static and dynamic output feedback control laws have been investigated and
compared, including input-output linearization, linear state feedback, feedback pas-
sivation, and charge feedback schemes. Under a geometric framework, control for a

general class of electrostatic MEMs has been proposed in [111].

Electrostatic micro-actuators with bi-directional drive are less prone to pull-in insta-
bility due to the fact that they can be actively controlled in both directions, unlike
uni-directional drive actuators where only passive restoring force is provided by me-
chanical stiffness in one direction. Although less challenging as a theoretical control
design problem, the study of micro-actuators with bi-directional drive is nevertheless
important since its controllability is an advantage in high performance applications.
Open loop control schemes, based on oscillatory switching input, have been pro-
posed in [124, 161] to overcome pull-in instability and extend operation range for
bi-directional parallel plate actuators. Recently, the comparative advantages and
disadvantages between simple open loop and closed loop control strategies for elec-

trostatic comb actuators with bi-directional drive have been studied [15].

In most of the works on MEMs control, knowledge of model parameters is required
and typically estimated through offline system identification methods. However, in-
consistencies in bulk micromachining result in variation of parameters across pieces,
and may require extensive efforts in parameter identification, with higher costs. Fur-
thermore, some of the parameters, such as the damping constant, are usually difficult
to identify accurately, so a viable alternative is to rely on adaptive feedback control

for online compensation of parametric uncertainties.

There has been relatively few works in the literature on application of adaptive tech-
niques in MEMs. Adaptive control has been applied in MEMs gyroscopes to com-
pensate for non-ideal coupling effects between the vibratory modes [99, 130, 154].
Another work dealt with electrostatic microactuators by utilizing position, velocity,
and acceleration information, to estimate, adaptively, parameters in the inverse model

of the system nonlinearities [132].

However, in the above works on adaptive techniques of MEMs, explicit consideration

of constraints has been neglected in control design, but instead, control parameters
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have been chosen to ensure constraint satisfaction via simulations and experiments.
With the need to avoid electrode contact for certain continuous tracking operations
of electrostatic microactuators, together with the presence of model uncertainties,
it is important to design adaptive controllers for electrostatic microactuators with
consideration of position constraints. This is a theoretically challenging task, in view
of the need to contain the effects of the transient adaptation dynamics and rely on

position feedback only.

1.2 Objectives, Scope, and Structure of the Thesis

The general objectives of the thesis are to develop constructive and systematic meth-
ods of designing adaptive controllers for constrained nonlinear systems, to show sys-
tem stability, and to obtain performance bounds of the states in the closed-loop
systems. In particular, we focus on the tracking problem for nonlinear systems in
strict feedback form with output and state constraints, motivated by the fact that
many practical systems are subjected to constraints in the form of physical stoppages,

saturation, or performance and safety specifications, which must not be violated.

Additionally, uncertainties in the plant are to be accommodated in the control design
via adaptive techniques. Not only is the class of linearly parameterized uncertain
nonlinearities considered, but general uncertain nonlinearities with known bounded
estimates within a compact region of interest are also dealt with. Control gain func-
tions preceding the control input and the virtual controls are not restricted to the

unity case, but may also contain uncertainties that need to be compensated for.

Furthermore, the practical relevance of the proposed control design method is to be
illustrated. We investigate the effectiveness of the proposed control for single degree-
of-freedom uncertain electrostatic microactuators with bi-directional drive. For this
application study, the control objective is to track a reference trajectory within the

air gap without any physical contact between the electrodes, i.e. position constraint.

Besides problem-oriented objectives as outlined above, we also endeavor to formal-

ize the notion of Barrier Lyapunov Functions in a technically rigorous framework
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and motivate their use in constructive, systematic control design that ensures non-
transgression of constraints in nonlinear systems. Although the use of barrier func-
tions to prevent excursions of variables from a region of interest is not a particularly
new idea, as noted by their applications in constrained optimization problems and
multi-agent collision avoidance algorithms, a formal treatment of barrier functions in

Lyapunov synthesis is currently lacking, and it is the aim of this thesis to reduce this

gap.

The thesis is organized as follows. After the introduction, Chapter 2 gives the math-
ematical preliminaries and design tools for tracking control of uncertain constrained
nonlinear systems. We define notions of continuity, differentiability, and smoothness,
as well as the classes of systems considered in this thesis, namely the strict feedback
form, parametric strict feedback form, and parametric output feedback form. For
completeness, concepts of Lyapunov stability and analysis are discussed. Key techni-
calities underlying the use of Barrier Lyapunov Functions for constraint satisfaction
are exposed. Following that, we explore three motivating examples on low order

systems to elucidate the benefits and procedure of design.

In Chapter 3, we start with the simplest case where only the output is constrained, and
with known control gain functions, we employ backstepping design with BLF in the
first step, and quadratic functions in the remaining steps. It is shown that asymptotic
output tracking is achieved without violation of constraint, and all closed loop signals
remain bounded, under a mild restriction on the initial output. Besides the nominal
case where full knowledge of the plant is available, we also tackle scenarios wherein
parametric uncertainties are present. Furthermore, we explore the use of asymmetric
Barrier Lyapunov Functions as a generalized approach that relaxes the restriction on

the initial output.

Chapter 4 extends investigations to the case of full state constraints by employing
BLFs in every step of backstepping design. It is shown that state constraints cannot
be arbitrarily specified, but are subject to feasibility conditions on the initial states
and control parameters, which, if satisfied, guarantee asymptotic output tracking
without violation of state constraints. These conditions can be relaxed when handling
only partial state constraints. We provide a comparison study which shows that

BLF's require less conservative initial conditions than quadratic Lyapunov functions
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in preventing violation of constraints.

Chapter 5 considers the presence of uncertainty in the control gain functions, and
employs domination design instead of the foregoing cancelation based approaches.
Within this framework, sufficient conditions that prevent violation of constraints, are
established to accommodate stability analysis in the practical sense. When dealing
with full state constraints, we show that practical output tracking is achieved subject
to feasibility conditions on the initial states and control parameters. Additionally,
we show that, for the special case of output constraint with linearly parameterized

nonlinearities, practical output tracking is achieved without any feasibility conditions.

In Chapter 6, we consider, as an application study, single degree-of-freedom uncertain
electrostatic microactuators with bi-directional drive, wherein the control objective is
to track a reference trajectory within the air gap without any physical contact between
the electrodes. Besides the state feedback case, for which the foregoing method for
dealing with output constraint can be applied, we also tackle the output feedback
problem, and employ adaptive observer backstepping based on asymmetric BLF to

ensure asymptotic output tracking without violation of output constraint.

Finally, Chapter 7 concludes the contributions of the thesis and makes recommenda-

tion on future research work.
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Chapter 2

Design Tools and Preliminaries

2.1 Introduction

In this chapter, we describe in detail the mathematical preliminaries, useful techni-
cal lemmata, and design tools for tracking control of uncertain constrained nonlinear
systems, which will be used throughout this thesis. We formally define notions of
continuity, differentiability, and smoothness, as well as the classes of systems consid-
ered in this thesis, namely the strict feedback form, parametric strict feedback form,
and parametric output feedback form. For completeness, concepts of Lyapunov sta-
bility and analysis are discussed. Most importantly, we introduce formally the notion
of Barrier Lyapunov Functions and motivate, through examples for low order sys-
tems, their use in control design that ensures non-transgression of output and state

constraints.

2.2 Mathematical Preliminaries

For the convenience of the reader, this section provides a brief review of the notions of
continuity, differentiability, and smoothness, as well as presents a formal description
of the classes of systems considered in this thesis, namely the strict feedback form,

parametric strict feedback form, and parametric output feedback form. The material
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covered in this section are largely borrowed from the references [94, 42].

Definition 1 [42] A function f : R™ — R™ is said to be continuous at a point  if
f(z 4+ 6x) — f(x) whenever ||dz| — 0. Equivalently, f is continuous at = if, given

€ >0, there is § > 0 such that

e =yl <= [lf(z) = Fy)ll <e (2.1)

A function f is continuous in a set S if it is continuous at every point of S, and it
is uniformly continuous in S if given € > 0, there is §(¢) > 0 (dependent only on €),

such that (2.1) holds for all x,y € S.

Definition 2 [/2] A function f : R — R is said to be differentiable at a point x if
the limit
N (e )

dx T dx—0 ox

(2.2)

exists. A function f : R"™ — R™ is continuously differentiable at a point x (in a set

S) if the partial derivatives gfi

exist and are continuous at x (at every point of S)

fori=1,...m,j=1,...,n.

Definition 3 [90] A function f : R™ — R™ is said to be continuously differentiable
of order k, or C*, if
“ 0% 9" Q%
Df .= . f (2.3)

0x{' 0xy>  Oxn”

exists and is continuous for all points (r1,x2,...,2yn) in R™, and all non-negative

integers ai, ag, ..., a, satisfying > i a; < k.

Definition 4 [90] A smooth, or C*, function f : R" — R™ is one that is C* for

every positive k.

Property 2.2.1 For any continuous function f(x) : R® — R, if = belongs to a
compact set Q, C R"™, there exists a positive constant F such that |f(z)| < F.

Definition 5 [}2] A square matriz A € R™™"™ is said to be
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e positive definite (denoted by A > 0) if 2T Ax > 0¥z € R?, 2 # 0, or if for
some 3> 0, T Az > BxTx = B||z|? for all x;

e positive semi-definite (denoted by A >0) if 2T Az > 0,Yz € R?;

e negative semi-definite if —A is positive semi-definite;

e negative definite if —A is positive definite;

o symmetric if AT = A;

o skew-symmetric if AT = —A; and

e symmetric positive definite (semi-definite) if A > 0(> 0) and A = AT
The classes of systems considered in this thesis include the strict feedback form,
parametric strict feedback form, and parametric output feedback form, which are

defined in the following. For completeness and relevance of discussion, the class of

output feedback systems is also described herewith.

Definition 6 [9/] A system is said to be in strict feedback form if it can be described
by differential equations of the following form.:

i = fi(@) 4+ 9i(T)xipr, i=1,..,n—1
in = falz)+g(z)u (2.4)

where fi(+), gi(-) are smooth functions, z; € R, i = 1,....,n, are the states, T; =

T

(21,22, ..., 25]", © = [21, 70, ..., 2,])7, and u € R is the input.

Definition 7 [94] A system is said to be in parametric strict feedback form if it can
be described by differential equations of the following form:

Ti = Tiv1 + 6T(P'L<i'z)7 i=1..,n—-1

i = g(x)u+60Tp,(x) (2.5)

where 6 € R is a vector of unknown constant parameters, o;(-), g(+) are smooth func-
tions, x; € R, i = 1,...,n, are the states, T; = [r1,20,...., 2], © = [x1, T2, ..., 2T,

and u € R is the input.
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Definition 8 [9/] A system is said to be in output feedback form if it can be described
by differential equations of the form.:

T o= it ei(y), i=1.,p-1

tj = xjp+@iy) +0i-pBWYu, j=p.n—1

Tn = ¢n(y) +bn—pB(y)u

y = m (2.6)

where by, ..., bn—, are constant parameters, ¢;(-), B(-) are smooth functions, x; € R,

1=1,...,n, are the states, u € R and y € R are the input and output, respectively.

Definition 9 [9/] A system is said to be in parametric output feedback form if it can
be described by differential equations of the form.:

p
T = xi+1+@0,i(y)+29%0k,i(y)a i=1,..,p-1
k=1
p
&5 = T+ 0 (y) + Y Okpr(y) +bi—pBWu, G=pn—1
k=1

p
En = Qon() + Y Okprn(y) + b pByu,
=1
y = mn (2.7)

where 01, ...,0, and by, ...,b,—, are unknown constant parameters, ;;(-), 5(-) are
smooth functions, x; € R, i = 1,...,n, are the states, u € R and y € R are the input

and output respectively.

Interested readers are referred to [68, 94, 114] for differential geometric conditions
under which there exists diffeomorphisms that transform general nonlinear systems

into one or more of the above canonical representations.

2.3 Lyapunov Stability Analysis

Lyapunov’s direct method is an important tool in the analysis (and control design)

for nonlinear systems. It provides a means of determining stability of an equilibrium
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without the need for explicit knowledge of system solutions, by constructing a Lya-
punov function, and then analyzing the properties of its time derivative. We briefly
review below some well-known notions and tools in Lyapunov stability analysis, bor-
rowed from the references [5, 84, 94, 42, 156], which are important to the results

presented in this thesis.

Definition 10 [94] A continuous function v : [0,a) — Ry is said to belong to class
IC if it is strictly increasing and y(0) = 0. It is said to belong to class Koo if a = 00

and y(r) — 0o as r — o0.

Definition 11 [42] A continuous function V(x,t) : R" x Ry — R is

e locally positive definite if there exists a class K function «(-) such that
Vi(z,t) > az]]) (2.8)
for allt > 0 and all x in a neighborhood N of the origin of R™;
e positive definite if N = R";
o (locally) negative definite if —V is (locally) positive definite; and

o (locally) decrescent if V is (locally) positive definite and there exists a class K
function B(-) such that

V(z,t) < B(ll) (2.9)
for allt >0 and all x in R™ (in a neighborhood N of the origin of R™).

Definition 12 [}2] Given a continuously differential function V(x,t) : R"xRy — R,

together with a system of differential equations
T = f(z,t) (2.10)
the derivative of V' along the trajectories of the system is

v

_ dVC(l::",t) _ 3V§§,t) N [81/;?25)} ) (2.11)
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Definition 13 [84] With respect to the system
&= f(z,t), x(0)=xo (2.12)

where x € R™ and t € [0,00), a set M C R™ is positively invariant if, for every
z(0) € M, we have x(t) € M Vt > 0.

The following theorem provides conditions for the origin to be a stable equilibrium,
and presents a clear exposition of the notion of Lyapunov function. Since the condi-
tions are only sufficient, no conclusion on the stability or instability can be drawn if

a particular choice of Lyapunov candidate does not meet the conditions on V.

Theorem 2.3.1 [/2] (Lyapunov Theorem) Given the non-linear dynamic system
= f(x,t), x(0)=xo (2.13)
with an equilibrium point at the origin, and let N be a neighborhood of the origin,
e.g.. N ={x:||z|| <€}, with € > 0, then, the origin is
e stable in the sense of Lyapunov if, for all x € N, there exists a positive definite
scalar function V (x,t) such that V(x,t) < 0;

o uniformly stable if, for all x € N, there exists a positive definite and decrescent
scalar function V (x,t) such that V(x,t) < 0;

e asymptotically stable if there exists a positive definite scalar function V(x,t)
such that V(z,t) <0 for allz € N, x # 0;

e globally asymptotically stable if there exists a positive definite and radially un-
bounded scalar function V (x,t) such that V(x,t) <0 for all x € R, 2 # 0;

o uniformly asymptotically stable if there exists a positive definite and decrescent

scalar function V(x,t) such that V(x,t) <0 for allz e N, x # 0;

e globally uniformly asymptotically stable if there exists a positive definite, decres-
cent and radially unbounded scalar function V (x,t) such that V(x,t) < 0 for all
xeR™ x#0;
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e cxponentially stable if there exist positive constants «, 3, and v such that, for
allz € N, alle? < V(w,t) < Bzl and V(z,1) < —|l]?;

e globally exponentially stable if there exist positive constants o, 3, and v such

that, for all x € R™, a|z||? < V(z,t) < 8||z||? and V(z,t) < —7|z|%.

Lyapunov analysis is a powerful tool that is not restricted to the analysis of sys-
tem stability only, but can also be extended to design controllers that attribute, to
the closed loop systems, desirable stability properties, via the concept of Control

Lyapunov Functions (CLFs), which is formalized in the following definition.

Definition 14 /5, 94] A positive definite C* function V : D — R, , defined on a
neighborhood D of the origin, is called a Control Lyapunov Function for the system

= f(x,u), z€DCR", welUdCR, f(0,0)=0 (2.14)

if the following inequality holds

inf {mgix)f(x,u)} <0, Va#£0 (2.15)
For global stabilization, a useful property of V(x) is radial unboundedness, with D
chosen as R™ and U as R. Note that there exist many Lyapunov functions for the same
system. Depending on the system of interest, specific choices of Lyapunov functions
may yield more precise results than others. The task of selecting a Lyapunov function
candidate, followed by the design of the control law that renders the derivative of the
candidate function negative semidefinite along the system trajectories, is, in general,
non-trivial. Different choices of Lyapunov functions may result in different forms of
controller, with correspondingly different performance. Further, even if a stabilizing
control law exists, we may fail to find it due to an ill-chosen Lyapunov function

candidate.

Lemma 2.3.1 [156] (Barbalat’s Lemma)
Consider a differentiable function h(t). If limy_,o h(t) is finite and h is uniformly

continuous, then lim;_,o h(t) = 0.
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Throughout the thesis, the above lemma is useful for establishing asymptotic con-
vergence of signals to zero via analysis of continuity properties of the derivative

of the Lyapunov function candidate in the closed loop. In particular, the result

limy .o h(z(t)) = 0 will allow us to draw important conclusions on the asymptotic

properties of the signal x(t).

We present the existence and uniqueness theorem for ordinary differential equations
below. This will be used to prove the subsequent lemma for Barrier Lyapunov Func-

tions.

Lemma 2.3.2 Existence and Uniqueness of Solution [158, p.476 Theorem 5]

Consider the initial value problem

£=h(t,E(t), &(0°)=2" (2.16)

where &(t) € Z C R™. Assume that h : T x Z — R"™, where Z C R"™ is open and

T C R is an interval, satisfies the assumptions:

h(-,z) : I — R" is measurable for each fixed z (2.17)
h(t,-) : Z — R" is continuous for each fixed ¢ (2.18)

and the following two conditions also hold:

1. h is locally Lipschitz on z: that is, there are for each z° € Z a real number
p > 0 and a locally integrable function ¢ : T — Ry such that the ball Bp(zo) of

radius p centered at 2° is contained in Z and
1R, z) = h(t,z7)[| < c(t)]]z — 27 (2.19)
for each t € T and z,z* € B,(2°).

2. h is locally integrable on t; that is, for each fized 2° there is a locally integrable
function b: T — Ry such that

Ih(t, 2%)| < b(t) (2.20)

for almost all t.
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Then, for each pair (6°,2°) € T x Z there is some nonempty subinterval J C I open

relative to Z and there exists a solution & of (2.16) on J, with the following property:
If ¢ : J — Z is any other solution of (2.16), where J' C J and & = ¢ on J'. The
solution £ s called the mazximal solution of the initial-value problem in the interval

7.

With the additional condition that the solution is bounded, the following lemma

establishes that the solutions is defined for all time.

Lemma 2.3.3 [158, p.481 Proposition C.3.6] Assume that the hypothesis of Lemma
2.3.2 hold and that in addition it is known that there is a compact subset K C Z such
that the mazimal solution & of (2.16) satisfies {(t) € K for allt € J. Then

J =[0" +0)(Z (2.21)

that is, the solution is defined for all timest > o°, t € T.

2.4 Barrier Lyapunov Functions

The idea of barrier functions as a means of preventing excursions of variables from a
region of interest is not new, and has been a useful tool in constrained optimization
problems, where they are used in the cost function to penalize proximity with the
boundary of the feasible region [8, 123, 133, 134, 135]. In addition, this idea has
also been adopted in the field of robotics, particularly for the problem of collision
avoidance, in the form of artificial potential field functions which grow to singularities
when the inter-object distance is less than a prescribed value [31, 40, 41, 100, 125,
141, 160, 165].

Motivated by these approaches, we explore the use of barrier functions in Lyapunov
synthesis that will pave the way for the development of a systematic control design
method for nonlinear constrained systems. When used in this context, we aptly
name them Barrier Lyapunov Functions, and they are characterized by the property

of growing to infinity when the function arguments approach certain limiting values.
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(a) ' G
Figure 2.1: Schematic illustration of symmetric (left) and asymmetric (right) barrier
functions.

The key principle is that by ensuring boundedness of the BLFs in the closed loop, we

also ensure that the constraints are not transgressed.

To this end, we introduce the formal definition of Barrier Lyapunov Functions.

Definition 15 A Barrier Lyapunov Function is a scalar function V(x), defined with
respect to the system @ = f(x) on an open region D containing the origin, that is
continuous, positive definite, has continuous first-order partial derivatives at every
point of D, has the property V(x) — oo as x approaches the boundary of D, and
satisfies V(x(t)) < b ¥Vt > 0 along the solution of & = f(x) for x(0) € D and some

positive constant b.

General forms of barrier functions Vj(z1) in Lyapunov synthesis satisfy Vi(z1) — oo
as z1 — —kg, or z1 — kp,. They may be symmetric (k,, = kp,) or asymmetric
(ka, # ks,), as illustrated in Figure 2.1. Asymmetric barrier functions are more
general than their symmetric counterparts, and thus can offer more flexibility for
control design to obtain better performance. However, they are considerably more

difficult to construct analytically, and to employ for control design.
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The existence of a BLF for a system guarantees the stability of the equilibrium at the
origin, and that D is a positively invariant region. The following lemma formalizes
this notion for general forms of barrier functions, and is used in the control design

and analysis for strict feedback system with output constraint in Chapter 3.

Lemma 2.4.1 For any positive constants kq,,kp,, let Z1 := {z1 € R: —kq, < 21 <
kp,} CR and N := R x Z; € R be open sets. Consider the system

n = h(t,n) (2.22)

where 1 := [w, z1]7 € N is the state, and the function h : Ry x N — R satisfies
conditions (2.17)-(2.20). Suppose that there exist functions U : Rt — Ry and V; :
Z1 — Ry, continuously differentiable and positive definite in their respective domains,

such that

Vi(z1) = 00 as z1 — —kq, or z3 — ky, (2.23)

n(llwll) < Uw) <Aa(lwl) (2.24)

where y1 and v, are class Ko functions. Let V(n) := Vi(21)+U(w), and z1(0) belong
to the set z1 € (—kqy, kp, ). If the inequality holds:

V= —h <0 (2.25)

then z1(t) remains in the open set z1 € (—kq,, kp,) Vt € [0, 00).

Proof: Since the right hand side of (2.22) satisfies the conditions (2.17)-(2.20), the
existence and uniqueness of the solution 7(t) is ensured on the time interval [0, Tyax)
by virtue of Lemma 2.3.2, taking 0 = 0 without loss of generality. This implies that
V(n(t)) exists for ¢t € [0, Tmax)-

Since V/(n) is positive definite and V' < 0, we know that V(n(t)) < V(n(0)) for
t € [0, Tmax). From V(n) := Vi(z1) + U(w) and the fact that Vi(z1) is a positive
function, it is clear that V;(z1(t)) is also bounded for ¢ € [0, Tnax). Consequently, we
know, from (2.23), that |z;| # ky, and |z;| # —ka,. Given that —k,, < 21(0) < ky,, it

can be concluded that z;(t) remains in the set —k,, < z1 < kp, for t € [0, Timax)-
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2.4 Barrier Lyapunov Functions

Therefore, there is a compact subset X' C A such that the maximal solution of (2.22)
satisfies n(t) € K for all t € [0,7Tmax). As a direct consequence of Lemma 2.3.3,
we have that n(t) is defined for all t € [0,00). It follows that z1(t) € (—ka,,ks,)
Vt€[0,00). m

Remark 2.4.1 In Lemma 2.4.1, we split the state variable into z1 and w, where
z1 18 the state to be constrained, and w are the free states, along with the adaptive
parameters if adaptive control is involved. The constrained state z1 requires the use
of a barrier function Vi to prevent it from reaching the limits —kq, and ky,. The free
states require the use of Lyapunov function candidates in the usual sense, i.e. defined

over the entire state space, a common choice being quadratic functions.

Note that Lemma 2.4.1 involves only one BLF, based on the fact that for the output
constraint problem, only one BLF is required to contain the output within the region
of interest. The following lemma generalizes this result to deal with the problem of

state constraints in strict feedback system (Chapter 4), and involve more than one
BLF.

Lemma 2.4.2 For any positive constant ky,, let Z = {z € R" : |z| < kpy,,i =
1,2,..,n} CR", Z;:={z €R:|z| <kp,} CR,i=1,...n, and N := Rl x Z C R**!

be open sets. Consider the system

n = h(t,n) (2.26)

where 1 := [w,2]T € N is the state, and the function h : Ry x N — R satis-
fies conditions (2.17)-(2.20). Suppose that there exist functions U : Rl — R, and
Vi: 2 —» Ry, i =1,....n, continuously differentiable and positive definite in their

respective domains, such that
Vi(zi) — 00 as z; — *kp, (2.27)
n(llwl)) < U(w) < va([wl]) (2.28)
where y1 and 2 are class Koo functions. Let V(n) =Y 1 Vi(zi) + U(w), and z;(0)

belong to the set z; € (—kp,, kp,), © = 1,2, ...,n. If the inequality holds:

: oV
= — < .
1% 8nh <0 (2.29)
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2.4 Barrier Lyapunov Functions

then z;(t) remains in the open set z; € (—kp,, kp,) ¥Vt € [0, 00).

Proof: First, using Lemma 2.3.2, existence and uniqueness of the solution 7(t) is
ensured for ¢ € [0, Tmax). This implies that V(n(t)) exists for ¢ € [0, Tmax). Then,
from the fact that V(n) < 0, we know that every V;(z(t)), i = 1,2, ...,n, is bounded
for t € [0, Tmax). Thus, z;(t) remains in the set |z;| < kp, for ¢ € [0, Tiax). We infer
that 7(t) remains in a compact subset K C N for all ¢ € [0, Timax). Based on Lemma
2.3.3, we conclude that 7(t) is defined for all ¢ € [0,00), and that z;(t) € (—ks,, kb, )
YVt €[0,00). m

Vb<0 Vb>0 Vh<0

Figure 2.2: Schematic illustration of Barrier Lyapunov Function, V3, and regions in
which V4, < 0, based on the inequality V;, < —k2z2 + ¢ and condition x > ¢/ k:g.

In Lemmata 2.4.1 and 2.4.2, non-violation of constraint is ensured with the con-
dition that the derivative of the composite Lyapunov function is negative semidef-
inite, i.e. V < 0. In the following result, we relax this condition to V < 0 for
(z,w) € Quy = {z € R"w € R"| ||z]| < dy,||lw|]| < da}, such that non-violation

of constraint can still be guaranteed under some conditions on 2,,,. This result is
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2.4 Barrier Lyapunov Functions

useful in establishing conditions for practical stability with guaranteed non-violation

of constraints, as detailed in Chapter 5.

Lemma 2.4.3 For any positive constant ky,, let Z = {z € R" : |z)| < kp,,i =
1,2,..,n} CR™, Z;:={z; € R:|z| < ky,} CR,i=1,...,n, and N := Rl x Z c R"*!

be open sets. Consider the system

= h(t,n) (2.30)

where 1 := [w,z]T € N is the state, and the function h : Ry x N — R satis-
fies conditions (2.17)-(2.20). Suppose that there exist functions U : Rl — R, and
Vi Z; = Ry, i = 1,...,n, continuously differentiable and positive definite in their

respective domains, such that
Vi(zi) — o0 as z; — Lk, (2.31)
n(llwll) < Uw) <v(wl) (2.32)
where y1 and v are class Ko functions. Let V(n) := Y1 | Vi(z) + U(w), and z(0)
belong to the set z; € (—kp,, kp,), © = 1,2, ...,n. If the inequality holds:

Vo= G < - Yot dlulP e (2:33)
=1

where Kk; > c/k:gi and ¢,s are positive constants, then z;(t) remains in the open set
Zi € (—kbl, kbl) YVt € [0, OO)

Proof: Existence and uniqueness of the solution 7(t) of system (2.30), in the interval
t € [0, Tmax), is ensured with the help of Lemma 2.3.2. From (2.33), it is clear that
V < 0 whenever ||w| > /¢/s and |z| > /c/ri, for i = 1,2,...,n. The condition

ki > ¢/ kli ensures that there exists a non-empty set
Q={zeR":/c/k;i <|zi| <kp,,i=1,2,....,n} (2.34)

in which V < 0. For illustrative purposes, Figure 2.2 shows such a set for a simplified
case. Then, due to the fact that V(n) is a positive function, we can show that it is

upper bounded by the positive constant

Vo := V1o =T, Twl=y/e75) (2:35)
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if V(n(0)) < Vi, and bounded by V(n(0)) if V(n(0)) > V,. As Vi(z;) and U(w) are
positive functions, and since V(n) is bounded, we infer that each V;(z;(t)) is also
bounded for ¢ € [0, 7max). Due to the fact that Vj,(z;) — oo as |z;| — kp,, we have
that |z;(t)| # ks,. Hence, if |z;(0)] < kp,, then |z(t)] < kp, for all t € [0, Timax)-

As a result, n(t) belongs to a compact subset K C N for all ¢t € [0, Timax). Then,
based on Lemma 2.3.3, we have Tax = 00, such that n(t) exists for all ¢t € [0, 00),

and hence, |z;(t)] < kp, for all t € [0,00). =

The following lemma will be useful for computing the bounds of stabilizing func-
tions «; within a compact set to check the sufficient conditions for the case of state

constraints.

Lemma 2.4.4 For any positive constants k; and ky,, the following inequality holds

for all z; in the interval |z;| < ky,:

2
|(kp, — 27 )kizi| < Bﬁmki’i (2.36)

Proof: Denote p;(z;) := (k:gl — 2?)K;z;. The maximum value of p;(z;) in the interval

|zi] < kp, is obtained at the stationary points or the boundary points.

The stationary points of p;(z;) are obtained from the equation:

dp;

P ki(ky, —327) =0 (2.37)
(2
which yields z; = lf/bé and z; = f’ both of which lies within the interval |z;| < k,.
The corresponding values of pl(zl) at these stationary points are, respectively:
2
= ——riky  and p; = ———=k;kj 2.38
pi = 3\/> 1Vh; pi 3\/§ 1vp,; ( )
At the boundary points |z;| = £k, we have that
pi=0 (2.39)
Taking into account both stationary and boundary points, it is clear that
pil < ik} (2.40)
; Kiky. .
pz = 3\/3 1Vh;
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and thus, inequality (2.36) holds. m

For clarity of presentation, we outline the method of employing BLF to design a con-
trol that does not violate constraints, for first and second order systems as motivating
examples. Comparisons with QLFs are provided to show the relative advantage of
BLFs in terms of less conservative initial condition requirements for systems with
order greater than one. Since the main purpose of these examples is to motivate the
use of BLFs, and for the sake of simplicity, we do not consider the presence of uncer-
tainties. In subsequent chapters, the control design based on adaptive techniques for

arbitrary n-order systems in strict feedback form will be detailed.

2.4.1 First Order SISO System

For simplicity, consider the following first order system:

y=f(y) +9(y)u (2.41)

where f(y) and g(y) are known smooth functions, © € R, and the output y € R is
required to satisfy |y| < k., with k. being a positive constant. Denote, by z = y — yq4,
the tracking error, with y4(t) as the desired trajectory satisfying |yq| < Ap. To design
a control that does not drive y out of the interval (—k., k.), we employ the following
BLF candidate, originally proposed in [121]:

1 k?

V = =log

where ky = k. — Ap denotes the constraint on z, that is, we require |z| < kp. As seen
from the schematic illustration of V(z) in Figure 2.1a, the BLF escapes to infinity at
|z| = kp. It can be shown that V is positive definite and C! in the open set |z| < k,

and thus a valid Lyapunov function candidate. The derivative of V' is given by

AV 2% 2(f(y) + 9(y)u — Ja)
V = —_— pu— pu— 2.43
dzz k:g—z2 kg—z2 ( )
for which the design of control
u= (= fy) ~ (& — )hz + i) (2.44)
9(y)
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where £ > 0 is a constant, yields V = —kz2. Since V < 0, it can be shown that
V(t) < V(0) V& > 0. According to (2.42), we know that for V(¢) to be bounded,
it has to be true that |z(¢)| # k. Therefore, the tracking error z remains in the
region |z(t)| < kp, for all initial conditions |z(0)| < k;. Based on the fact that
y(t) = z(t) + ya(t), and that |z(t)| < kp and yg(t) < Ay, it is clear that the output
y(t) remains in the region |y| < k. Vt > 0.

It is interesting to note, for the first order case, that by employing QLFs, we can
similarly ensure that the output constraint is satisfied, provided that the initial output
satisfies some condition. Specifically, if we consider the Lyapunov function candidate
V = 122, and the control u = @(—f(y) — Kz + 7q), we obtain that V < 0. Thus,
|2(t)| <]2(0)] V¢t > 0, and, in order to ensure that |z(t)| < ks, it suffices to impose the
initial condition |z(0)| < kp. We can see that the condition is the same regardless of
whether the BLF or the QLF is used, although the control laws are slightly different.
However, for systems of order 2 and above, it will be apparent that employing BLF's

results in less conservative initial conditions.

2.4.2 Second Order SISO System

Consider the second order system in strict feedback form:

1 = fi(z1) + g1(w1)2e
oy = fa(wy,m2) + go(x1, 22)U
Yy = @I (2.45)

where fi(z1), fo(x1,22) g1(z1) and go(x1,x2) are smooth functions, u € R is the
control input, y € R is the output, and z1, 22 € R are the states, with y(¢) required
to satisfy |y(t)| < k¢, for all t > 0, with k., being a positive constant. We employ
backstepping design as follows.

Step 1 Define the error coordinates z; = y — yq and 29 = 9 — a1, where aq is a
stabilizing function to be designed. To design a control that does not drive y out

of the interval |y| < k.,, we choose the following BLF candidate in the first step of
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backstepping:

1 ky
Vi = = log —2

2.46
2 /-cgl — zf ( )

where kp, = ko, — Ap. A schematic illustration of Vi (z;) is shown in Figure 2.1a. The

derivative of V7 is given by

2121 z2(f1 +g1(z2 + 1) — 9a)

V= = (2.47)
kgl — z% kgl — z%
Designing the stabilizing function «; as follows:
L e .
ap = g1( Jr = (K, — 20)k121 + 9a) (2.48)

where k1 > 0 is a constant, yields the following expression for the z; dynamics:
Z1 = —(k'gl — z%)mzl + 9122 (2.49)

The derivative of V] can be rewritten as

g12122

Vl = —mz% + 57 (2.50)
-

with the coupling term 3555 to be canceled in the subsequent step.
by A1

As a brief digression, observe that the second term of (2.48), (k:gl —22)k1 21, is designed
to cancel the denominator kgl — 27 in the derivative of V1, (2.47), so as to obtain the
term —r12? in (2.50), which is crucial since it is negative semidefinite for all z; € R,
independent of any condition on z;. If we were to design the a; as the following

function:

1 .
ay = a(—fl — K121 + Yd) (2.51)

then it would yield

2
—K1%7 g12122
2 2 2 2

kbl -4 kbl -4

Vilay=ar = (2.52)

_ 2
where the term kzm_'} is negative only if |z1| < kp,. This restriction would preclude
by —*1

the use of Lemma 2.4.1 after the final step to assert that |z1(¢)| < ks, Vt > 0.
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Step 2 Denote z3 = x3 — ag, where as is a stabilizing function to be designed.
Since x2 does not need to be constrained, we choose Lyapunov function candidate by

augmenting V7 with a quadratic function as follows
L5
Vo=Vi + 5% (2.53)

The derivative of V5 along the closed loop trajectories is given by

. 2172
Vo = —mzf—l—% + 22(f2 + gou — A1) (2.54)
Ky, — 21
where ¢ is given by
1
. Oy Ao (j41)
ap = 45$1 (f1+z2) + Z ) Y, (2.55)

The stabilizing function s is designed as follows:

z
u = ? <—f2 + v — Koz — 9112> (2.56)
2

where kg > 0 is constant, and the last term on the right hand side is designed to

cancel the residual coupling term (kgzlzsz) left over from the first step. Hence, it can
by —A1
be obtained that
9121
29 = —Kozy — k:%j > (2.57)
1
Then, the derivative of V5 can be rewritten as
2
Vo =— Z iz (2.58)
i=1

Based on the above expression, the following discussions and insights on the properties

of the control and closed loop system are in order.

e Output Constraint Satisfaction
Let the closed loop system (2.49) and (2.57) be written as Z = h(t, z), where
z 1= [21,22]7. The right hand side h(-,-) is locally integrable in ¢ and locally
Lipschitz in z € Z := {z € R? : |z1| < kp, }. In fact, it satisfies the conditions
(2.17)-(2.20) for the existence and uniqueness of the solution z(¢). Together
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with the fact that V4 < 0, we infer, from Lemma 2.4.1, that the error signal z;
satisfies |z1(t)| < ks, V& > 0, provided that

21(0)] <k, (2.59)

This can be intuitively understood by noting that since V5 is positive definite and
Vg < 0, it is implied that V5 is bounded Vi > 0. Because V5 is bounded, we know
that |z1] # kp,. Given that |21(0)| < kp,, and that z;(¢) is continuous, it can be
concluded that |z1(¢)| < kp,, V¢t > 0. Then, it is straightforward to show, from
y(t) = z1(t) +ya(t), |21(¢)| < kpy, and |ya(t)| < Ao, that |y(t)| < kp, + Ao = ke, -

Thus, the output constraint will never be violated.

Bounded Control

From (2.56), it can be seen that there is a concern of u becoming unbounded
whenever |z1| = kp,. However, we have established that, in the closed loop, the
error signal |z; (¢)| will never reach kj, V¢t > 0. As a result, despite the presence of
terms comprising (kgl — 22) in the denominator, the control u remains bounded

for all time.

Comparison With QLF Based Design
By carefully choosing the initial conditions, it is possible to design backstepping
control using QLF's to ensure that the output does not violate its constraint.

The question that naturally arises is this:

Can the control design based on QLFs meet the output constraint

with the same, if not more relazed, initial condition requirements than

those based on BLFs?

The answer is negative, as we will demonstrate. Specifically, the initial condi-
tion requirement is more stringent when QLFs are employed. If we consider

Lyapunov function candidate V = %Z?Zl z?, and the following backstepping

control
1 .
a; = —(=f1— K121 + Yq)
g1
1 .
u = g*z(—fz — Kozg — g121 + 1) (2.60)
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it can be shown that V < —pV, where p = 2min{k1, o}, which implies ex-
ponential stability, i.e., |[2(t)]] < ||2(0)|le”?*, V¢ > 0. However, if we were
to use the initial condition requirement (2.59), then exponential stability is
insufficient to ensure that |z1(t)] < ks,, as illustrated in Figure 2.3. Even
though the norm of the vector z(¢) diminishes with time, the individual element
z1(t) may still increase and possibly exceed the region (—kp,, ks, ). Noting that
|z1(t)] < ||1z(t)]] < ||z(0)||, we know that a sufficient condition for |z1(t)| < kp, is

[2(0)[] < ks,
= 200 < (/K2 —22(0) (2.61)

Compared with (2.59), it is apparent that employing BLF's results in less con-
servative initial conditions. Another disadvantage is that the initial condition
requirement (2.61) depends on the stabilizing function aq, due to its depen-
dence on z9, and thus restrict the control parameter selection. Although we
have only shown the second order case, systems with order greater than two are
also subject to the same limitation when backstepping control, based on QLFs,

is employed.

Design Principle

Although the specific form of Barrier Lyapunov Function (2.46) that we employ
in this study is similar to that in [121], there is a difference in the way the
control is designed. According to the design methodology of [121], applied to

system (2.45) for ease of discussion, cancelation of the residual coupling term
&%, in the derivative of Vi, is avoided. Instead, completion of squares is
by 21

2 2
g1z7 1 gi1z5
1> and 5 5—25. Then, based
kg —=z% 2 kp —27 ’

1 1
on the conditions that |21 (t)| < kpy, and |22(t)| < kp,, V¢ > 0, where ks, , kp, are

used to separate it into two terms, namely %

positive constants, the control gains are designed to dominate the two square
terms, such that the Lyapunov function derivative is negative semidefinite in
the set {|z1] < kp,,|22| < kp,}. In contrast, our method accommodates the
cancelation of coupling terms, which involve partial derivatives of the BLF.

Thus, the control directly inherits the properties of the BLF.
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______ (\Zl(t)’ (1))

~

Figure 2.3: Exponential stability does not guarantee non-violation of constraint
2.4.3 MIMO Mechanical Systems

In the foregoing discussions, we dealt with the output constraint problem for first
and second order SISO nonlinear systems, so as to elucidate the main ideas of using
BLFs as a convenient design tool for handling system constraints. This section further
provides an exposition on how to deal with the full state constraint problem for second
order nonlinear systems. As a brief departure from SISO systems, which constitute
the systems of interest in this thesis, we provide some insights into how the design tool
of BLF's can be applied to a class of multi-input multi-output (MIMO) mechanical

systems with constraint on the norm of the position vector.

Consider a class of fully-actuated mechanical system described by:

M(q)i+C(q;9)g+G(q) = 7
y = q (2.62)

where M(q) € R™*" is a symmetric positive definite matrix, C(q, )¢ € R™ are the
Coriolis and centrifugal forces, G(q) € R™ are the restoring forces and/or gravity,

q € R™ is the position vector, 7 € R™ is the control input, and y € R™ is the output.

For ease of control design, denote ¢1 = ¢, g2 = ¢, and rewrite (2.62) into the following
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form suitable for backstepping:

g1 = q
G2 = M Yq)(-Clq1,q2)q2 — G(q1) + 7)
y = a (2.63)

The control objective is to ensure that q; tracks a desired trajectory g4 while keeping
all closed loop signals bounded and preventing the position and velocity constraints
from being violated. In other words, the position ¢ is required to remain in the set
llg|l < key, and the velocity ¢ in the set ||¢]| < ke,, with k., and k., being positive
constants. We make the assumption that the desired trajectory gq(t) is smooth, i.e.
lldall < @1, ||dall < Q2, where Q1, Q2 are positive constants. In addition, it is bounded
by |lga(t)|| < Ao, where Ay is a positive constant that satisfies Ag < ke, .

We follow a similar design procedure as that outlined in the second order SISO ex-
ample, but in the second step of backstepping, another BLF is employed rather than
a quadratic one. Another difference lies in a slight modification of the BLFs that
involves the quadratic terms of the error vector, instead of the square term of the

scalar error in the SISO case.

Step 1 Denote z; = ¢ — g4 and zo = ¢q2 — a1, where a7 is a stabilizing function to

be designed shortly. Choose a Lyapunov function candidate as:

Vi L 1 kgl (2.64)
1=508 57— .
2 kg -2z
where ky, = k. — Ap. The derivative is given by
T, T o
V= gt = At (269
ki, — 21z ki, — 21z
Design the stabilizing function a; as:
_ 2 T .
a1 = —(ky, — 21 21)k121 + da (2.66)
which yields
21 = Z9 — (k‘gl - zle)mzl (267)
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Therefore, the derivative of V; along the closed loop trajectories can be written as

Z?Zz

Vi = —killal® + 51—
kgl -2

(2.68)

where the first term on the right hand side is negative definite and the second term

is eliminated in the second step.

Step 2 The control input 7 is designed in this step. Let the Lyapunov function

candidate be

1 k2
Va=Vi+ ; log 52
2 ki — 2 M(q1)z2

(2.69)

The derivative of V4 along the closed loop trajectories is given by

2

k’gl - ZQTM(Q1)22

Vo = i+ [—C(q1,q2)(22 + 1) — G(q1) + 7 — M(q1)dn

1.
—I—EM(Ql, q2)22]

T
. z
= W 2 -C ye: — M(q1)a
1+ kgl _ Z%"M(ql)zz[ (Q17 Q2)a1 (ql) +7 (Q1)al
1 .
+§(M(Q1,Q2) —2C(q1,92))22] (2.70)

Due to skew symmetric property of M(q1,q2) — 2C(q1, q2) [48], the last term is zero,
thereby yielding

T
: 2
Vo = —rillall®+ 2 [-=C(q1, g2)on — G(q1) + 7 — M(q1)c]
kl}z — 28 M(q) 22
T
Z]. Z9
N 2.71
kgl - le21 ( )
Design the control input 7 as
(k2 — 2EMzo) 2y .
7 = (ki — 25 Mza)kozo — 2 3 2 T + C(q1,¢2)on + G(q1) + M(q1)én
k:bl — 212
(2.72)
where the derivative of aq(q1,qq, Gq) is given by
1
. O Oar  (j+1)
= —q2+ Z ~q, (2.73)
6q1 = aqéj)
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Thus, it is obtained that
Vo = —rillz? — kellzl (2.74)

which clearly implies that V5 is bounded V¢ > 0. Since V5 is bounded, we know
that ||z1] # kp,. From the fact that ||z1(0)| < ks,, and that z;(¢) is continuous, it
can be concluded that ||z1(t)|| < kp,, V& > 0. Then, it is straightforward to show,
from q1(t) = 21(t) + qa(t) and [[qa(?)|| < Ao, that [|qi(¢)]| < kp, + Ao = ke, Thus,

transgression of the position constraint is safely prevented.

We can follow similar arguments to establish that the error vector za(t) is also con-
strained in the region ||2z2|| < kp, provided that ||22(0)|| < kp,. However, before we
can conclude that the velocity signal ¢o(t) is constrained within ||g2|| < ke, via the
relationship ¢a(t) = 2z9(t)+a1(t), we need to show that there exists a positive constant

Aj satisfying the condition

key > A1 + kp, > sup ||aq ()| + kb, (2.75)

If the above condition is satisfied, then ||g2(?)|| < ki, + A1 < ke,.

From the expression of a; in (2.66), Lemma 2.4.4, and the fact that ||¢q| < Q1, we
know that an upper bound for ||a1]| exists, and is given by:

P
Jaz]l < —3\/§ml~s§’1 + Q1 (2.76)

By defining the right hand side of the above inequality as A;, and then verifying,
if possible, that there indeed exist some values of k; such that condition (2.75) is
satisfied, we can guarantee that the velocity constraint can be met with the proposed
control. Note that the velocity constraint cannot be arbitrarily specified, but is

subject to the feasibility condition (2.75) on the control parameter x1.
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Chapter 3

Control of Output-Constrained

Systems

3.1 Introduction

In this chapter, we generalize the use of BLFs for SISO nonlinear systems in strict
feedback form with output constraint and known control gain functions, motivated
by the fact that many practical systems are subject to constraints in the form of
physical stoppages, saturation, or performance and safety specifications, wherein vi-
olation of the constraints during operation may result in performance degradation,
hazards or system damage. Our method is based on constructing BLFs and keeping
them bounded in the closed loop, which thereby ensures that the barriers are not
transgressed. This is achieved by designing the control to render the derivative of the

Lyapunov function negative semidefinite.

Our design of stabilizing functions involve the canceling of cross coupling terms, with
post-design analysis revealing that the stabilizing functions remain bounded. This
is different from the approach undertaken in [121], where canceling of cross coupling
terms was avoided, but instead, control gains were carefully chosen to dominate them.
While [121] deals with systems in Brunovsky form, we consider the strict feedback

form with nonlinearities appearing in each differential equation. Moreover, we design
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3.2 Problem Formulation and Preliminaries

adaptive controllers to handle the presence of parametric uncertainty in the non-
linearities, while simultaneously preventing constraints from being violated. We also
propose novel asymmetrical BLF's for added flexibility in control design as well as per-
formance enhancement, and provide rigorous treatment of the issue of continuously
differentiable properties of the stabilizing functions. Furthermore, we provide com-
parison with QLFs, and show that they result in more conservative initial conditions

than those resulting from BLFs.

The remainder of this chapter is organized as follows. Section 3.2 introduces the
problem of tracking control for nonlinear strict feedback systems with constraint in the
output, with consideration of parametric uncertainties. In Sections 3.3-3.4, we present
the control design for the case of output constraints, considering full knowledge of
the plant dynamics as well as the presence of parametric uncertainties, based on
symmetric and asymmetric BLFs. To put the proposed methods based on BLFs
in perspective with conventional methods based on QLFs, a brief comparison study
is presented in Section 3.5, where it is shown that QLF's lead to more conservative
requirements on initial conditions. Finally, following the simulation study in Section
3.6 to demonstrate the effectiveness of the control, concluding remarks will be made

in Section 3.7.

3.2 Problem Formulation and Preliminaries

Consider the nonlinear system in strict feedback form:

T, = fz(«fz)“‘gz(‘fz)xz-‘rl: 1=1,2,....,.n—1

Ty = fn(fN) + gn<j:n)u
y = m (3.1)
where z; € R, i = 1,2, ...,n are the states, Z; := [x1, 22, ...,2;]7, f; and g; are smooth

functions, v € R and y € R are the input and output respectively. We consider
the problem of output constraint, where the output is required to remain in the set

ly| < ke,, with k., a positive constant.
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3.3 Control Design

The nonlinear functions f;(Z;) may be uncertain, in which case they satisfy the fol-

lowing linear-in-the-parameters (LIP) condition:
fz(fz) = HTI/)Z‘(@Z‘), 1=1,...,n (32)

where 11, ..., 1, are smooth functions, and # € R! is a vector of uncertain parameters

satisfying ||0|| < 0y with known positive constant 6.

The control objective is to track a desired trajectory yg while ensuring that all closed
loop signals are bounded and that the output constraint is not violated. Note that
the output constraint may not necessarily be a physical constraint, but can also be

associated with performance requirements.

Throughout this chapter, for notational convenience, we group the derivatives of the

(1 (2) (i)]T

desired trajectory in the vector gg, := [y; ', ¥y s--Y; ) - The following assumptions

on the desired trajectory yg, as well as the control gain functions g¢;(-), i = 1,...,n,

from (3.1), are in order.
Assumption 3.2.1 For any k., > 0, there exist positive constants Y, Yo, Ag, Y1,
Ys,..., Y, satisfying
max{Y,, Yo} < Ao < ke, (3.3)

such that the desired trajectory yq(t) and its time derivatives satisfy

Yy <yt <Yo, [ga@®| <Yio [0 <Ye, -, 7O <Y (34)
for allt > 0.
Assumption 3.2.2 The control gain functions g;(-), i = 1,2,...,n, are known, and

there exists a positive constant go such that 0 < go < |g;(+)|. Without loss of generality,

we further assume that the g;(-) are all positive.

3.3 Control Design

In this section, control design and analysis are presented, based on the fusion of

barrier functions, backstepping, and adaptive control techniques. We first consider
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3.3 Control Design

the case where the system model is known, and employ BLF to ensure that the
output remains constrained, along with stability and performance properties. In the
subsequent section which deals with the presence of parametric uncertainty, we show
that, by incorporating barrier function in adaptive backstepping design, the output

constraint is not violated at any time despite the presence of adaptation dynamics.

3.3.1 Known Case

First, we consider the case where the functions f;(z;) and g¢;(Z;) are known. The
control design is based on backstepping, with BLF candidate employed in the first
step to impose constraint on the tracking error. Constraint on the output follows
from the bounds of the desired trajectory, and the constraint on the tracking error,

which is enforced through design. The remaining steps employ QLF candidates.

Since backstepping design has been well studied and mature, we shall omit the de-
tailed procedure for a concise presentation. Denote z; = 1 — yg and z; = x; — @1,
i = 2,...,n. The first two steps of the backstepping design are similar to that pre-
sented in Section 2.4.2 for second order strict feedback systems. From Step 3 onwards,

the design procedure is identical to the standard backstepping using QLFs.

By designing the stabilizing functions and control law as follows

1
ap = gT( fi = (kp, — 2D)k121 + Ya) (3.5)
ay = i 7f2 + d]_ — K9Z9 — 429121 ) (36)
92 Ky, — 21
1 ) .
o = *(—fz + o1 — Kz — gi_lzi_l), 1=3,...,n (37)
K3
u = ap (3.8)

where ky, = k¢, — Ao, k; > 0 is a constant, and &;_; is given by

1 —
60[2 1

i

. Oai—q +1 .
Qi1 = T (fi(@;) + 9(Z5)j41) Z Z( (J 1=2,..,n
j=1 7 j=0 9Yq
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3.3 Control Design

the closed loop system can be written as:

z1 = _(kg1 — z%)mzl + g129 (3.10)

. 121

29 = —K9Z9 — % + g223 (3.11)
b A1

4 = —KiZ — Gi—1%i-1 + ziy1, 1=3,.,n—1 (3.12)

Zn = —KnZn — gn-1%n-1 (313)

Consider the Lyapunov function candidate V,, composed by:

1 ky
Vi = Zlog——— 3.14
1 2 0og kgl - Z% ( )
1
Vi = Vii+ =22 i=2,..n (3.15)
The derivative of V,, along the closed loop tajectories can be rewritten as
n
Vo=—) Kzl <0 (3.16)
j=1

Let the closed loop system (3.10)-(3.13) be written as 2 = h(t, z). The right hand side
h(t, z) is locally integrable in ¢ and locally Lipschitz in z € Z := {z € R" : |z1| < kyp, }
In fact, it satisfies the conditions (2.17)-(2.20) for the existence and uniqueness of the
solution z(t). Together with (3.16), we infer, from Lemma 2.4.1, that |z1(t)| < k,
Vt > 0, provided that |z1(0)| < kg, .

Remark 3.3.1 It is seen from (3.6) that there is a possibility of aa becoming un-
bounded whenever z1 = ky,. Moreover, the propagation of the derivatives of a1, down
to the design of control u in the final step of backstepping, will result in even more
terms comprising (kgl — 22) in the denominator. We address this issue in Theorem
8.8.1, where we formally show that, in the closed loop, under some restrictions on
the initial conditions, the error signal z1(t) never reaches ky, ¥t > 0. As a result, the
stabilizing functions as, ..., a1 and the control u does not become unbounded because

of the presence of terms comprising (kgl — 22) in the denominator.

Theorem 3.3.1 Consider the closed loop system (3.1), (3.8) under Assumptions
3.2.1-8.2.2. If the initial conditions are such that z,(0) € Q,, :={z, € R" : |z1| <

ky, }, where zZ, == [21, ..., zn)T, then the following properties hold.
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3.3 Control Design

i) The signals z;(t), i = 1,2, ...,n, remain in the compact set defined by
Q, = {zn ER": |2| < Dy, |2amll < 2vn(0)} (3.17)
D, = kyV1—e 20 < [, (3.18)
where zj.j, := (2}, Zj41, oy 21, 2] L

ii) The output y(t) remains in the set Q, == {y € R : |y| < D, + Ag < ke, }

Vit > 0, i.e. output constraint is never violated.
i11) All closed loop signals are bounded.

iv) The output tracking error z(t) converges to zero asymptotically, i.e., y(t) —

ya(t) ast — oo.
Proof: The properties (i) — (iv) will be proved in sequence as follows.
i) Note, from V,, < 0, that V;,(t) < V,,(0), which implies that:

2
kbl

2 _ 2

ki, — 21

1
— log

> < V,(0) (3.19)

Taking exponentials on both sides of the inequality, it is easy to see that

2
% €2Vn(0) (320)
ki, — 21

For |21(0)| < ky,, we have, from Lemma 2.4.1, that ki — z{(¢) > 0V ¢. Multi-
plying both sides by (k:g1 — 22) yields

ki < 2Ok — 23 (3.21)
which leads to the inequality
21| <k, V1— e 2V(0) (3.22)

Similarly, from the fact that 3 ) 2]2 < Vp(0), it follows that [|za.,] <

2V, (0). Therefore, z;(t) remains in the compact set Q, V ¢ > 0.
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3.3 Control Design

ii) It is straightforward to show, from y(t) = 21 (¢) + ya(t), |21 ()| < D, < kp,, and
lya(t)] < Ao, that |y(t)| < D, + Ao < ky, + Ao = ke,. Hence, we conclude that
y(t) € Q, Vvt > 0.

iii) From V;, < 0 and Lemma 2.4.1, we know that the error signals 2, (), ..., z,(t) are
bounded. The boundedness of z; (¢) and the reference trajectory y,(t) imply that
the state z1(t) is bounded. Together with the fact that g4(¢) is bounded from
Assumption 3.2.1, it is clear that the stabilizing function o4 (t) is also bounded
from (3.5). This leads to the boundedness of state xa(t) = 22(¢t) + a1(t). From
(3.17), we have that |z1(t)| < D,, < kp, Vt > 0. Since s is a smooth function
of the bounded signals Zy(t), Z2(t), and §g4,(t) in the interval z; € (—kyp,, ks, ),
we know that ag(t) is bounded. This leads to the boundedness of the state
x3(t) = z3(t)+az(t). Following this line of argument, we can progressively show
that each «a;(t), for i = 3,...,n — 1, is bounded, since it is a smooth function
of the bounded signals Z;(t), z;(t), and gg,(t) in the interval z; € (—ky,, kp, ).
Thus, the boundedness of the state z;11 = 2,41 + «; can be shown. Since Z,(t),
Zn(t) are bounded, and |z1(t)] < D, < kp,, we conclude that control u(t) is

bounded. Hence, all closed loop signals are bounded.

iv) Based on (3.10), (3.11), (3.12), and (3.13), we write V}, as:

n n
.. 2K90121%
_ 2 2y,.2 2 2.2 2912122
Vi = 2(ky, — 27)k127 —i-Qanzj + T2 2 +22njgj_1zj_1zj
=2 b1 1 j=3
n—1
~2) Kjgizi7j
=1

From the fact that x;,z;, i = 1,...,n are bounded, and particularly |z1(¢)| <
Ky, , it is obvious that V;,(t) is bounded, which means that Vj,(t) is uniformly
continuous. Then, by Lemma 2.3.1 (Barbalat’s Lemma), z;(t) — 0 as ¢t — oo.

Since z1(t) = y(t) — ya(t), it is clear that y(t) — y4(t) as t — co. m

Remark 3.3.2 While our investigations focus on (3.14) as the BLF, this choice is
by no means unique. Any positive definite, C* continuously differentiable function,

Vi, which satisfies the condition Vi(z1) — oo as z1 — =kpy, is a valid candidate.
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3.3 Control Design

Howewver, different choices of V1 result in different control designs with different per-

formances. An alternative to (3.14) which satisfies these conditions is the barrier

function V| = k% tan2(27}fb11 ), which yields different stabilizing functions in the first 2

steps of backstepping:

1 . K123 cos%%)
ap = — | —fit+yi— T T
o sin(32)
1 : grsin(ggt)
ag = — | —fa+dq — Kozo — 3 wzfl (3.23)
p o (32-)

The remaining stabilizing functions and final control are of identical form to those
in the foregoing presentation, and can be shown to finally yield V,, < 0, from which
closed loop properties similar to those in Theorem 3.3.1 can be achieved. Throughout

this thesis, similar arguments may be made for the various cases considered.

Remark 3.3.3 Although we have established, in Theorem 3.8.1, the fact that all sig-
nals are bounded, there is a practical concern that the control u(t) may grow to a large
value when the term (kgl — 21(t)?) becomes small. This can be viewed as a drawback
of the proposed method. Nevertheless, from (3.17)-(3.18), we know that a computable
bound for zi(t) can be obtained, which is dependent on the initial conditions z;(0),
i=1,...,n. Thus, by careful selection of the control parameters, it is possible to limit

the growth of the control signal within a desirable operating range.

3.3.2 Uncertain Case

In this section, we consider the system (3.1) in which the nonlinear functions f;(z;)
are uncertain, and satisfy the LIP condition (3.2). One advantage of Lyapunov based
backstepping designs is that it can be readily modified to accommodate parametric
uncertainty via well-established adaptive backstepping techniques. By employing
BLF in the first step of backstepping, we can guarantee asymptotic convergence
of output tracking error in the presence of parametric uncertainties, and, at the
same time, ensure that the output constraint is never violated, especially throughout
the transient stages of adaptation. Subsequent steps are still based on quadratic

Lyapunov functions.
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3.3 Control Design

Since adaptive backstepping design has been well studied and mature, we shall omit
giving a detailed step-by-step account of the procedure. Interested readers are referred
to [94]. Denote z; = x; — yq and z; = x; — a1, @ = 2,...,n. Consider the Lyapunov

function candidate V;, composed by:

k
Vi = 1og$ eTr 19 (3.24)
k:bl Zl
1
Vv, = Vi_1+§zi2, i=2,...,n (3.25)

where ky, = k., — Ag, I'1 = I'T" > 0 is constant matrix, and 0 := 0 — 0 is the error
between 6 and its estimate, 6. Note that Vj, is positive definite and continuously

differentiable in the set |z1| < kp,. The adaptive backstepping control is designed as

follows:
1, 4 .
ap = g—l(—HTwl — (l{:g1 — 2%)/@121 + Ja) (3.26)
1
1 ~ g1z 8041 8041 ( 8@1
ar = — | —0Twy — Koz — 5+ 5 —x2+ . ~
2 % 2 222 kz%l 27 oa 2 ;ay;j)yd a0
(3.27)
i—1
1 A Oa;_
ap = — | —0Twi—rizi— gzt Y S
gi Pl
i—1
+Zaa’ L, G aalilrfﬁza%ilrwizj L i=3,...n  (3.28)
00 — 00
i1 5
_ i1,
wi = Pi(z1),  wi=i(T) - Y ij(xj) (3.29)
=1
T = 211)121 , T, = Ti—1 —+ W;Zi (330)
k; —zl
u = ay (3.31)
6 = T'm, (3.32)
which yields the closed loop system
2 = (kbl 2 k121 + grao — 6T wl(ml) (3.33)
o X
5y = —kgzg — kfl_ + gozy — 0 Og (T — 6) (3.34)
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3.3 Control Design

. ~ a1 A Oa;_1
bi o= —kKiZi — gi1%io1 + gizig1 — 0w + —— (1 — 0) + I —Tw;z;
Gi—1%i—1 T giZi41 a0 ( ) JZ::Q F) j
(3.35)
Oa - oa;
Sn = —KnZn — Gn12n_1 — 0 w, + n-l 7, — )+ JflI‘wnz- 3.36
In—1%n—1 % ( ) ]E:; i i (3.36)
i = Tr, (3.37)
and the derivative of V;, along (3.33)-(3.37) as
Vi = =) Kz (3.38)
j=1

Let the closed loop system (3.33)-(3.37) be written as 1) = h(t,n), where n = [T, 67T,
The right hand side h(t,n) satisfies the conditions (2.17)-(2.20) in the open set n €
Z:={z€ R”,0 € R : |z1| < kp, }. Thus, the existence and uniqueness of the solution
n(t) is ensured. Then, we infer from (3.38) and Lemma 2.4.1 that |2 (¢)| < ks, Vt > 0,
provided that |21(0)] < ky, .

Theorem 3.3.2 Consider the closed loop system (3.1), (3.31), (3.32) under As-
sumptions 3.2.1-3.2.2. If the initial conditions are such that z,(0) € Q,, = {Z, €

R™ : |z1] < ky, }, where Z, = [21, 29, ..., 2], then the following properties hold.

i) The signals z;i(t), 1 = 1,2,...,n, and é(t) remain in the compact sets defined by

0, = {znew:\zlygpzl, Hzgmugx/zf/n} (3.39)
Q = {0eR 0] <0y + W (3.40)

0 o Amin(l_‘_l)

_ 1 ki 1 & 1 R

o= gl ! = 2 “Amax (T7H)(]16 O11)?

Vo = glom s 5 D00+ T HIOO)] + 6a0)

1 ]:2
3.41)
D, = kyV1—e2 < Iy, (3.42)
where zj.1, := 2, Zj41, A

ii) The output y(t) remains in the set Q, == {y € R : |y| < D, + Ay < ke, }

Vt > 0, i.e. the output constraint is never violated.
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3.3 Control Design

i11) All closed loop signals are bounded.

iv) The output tracking error z1(t) converges to zero asymptotically, i.e., y(t) —

ya(t) ast — oo.

Proof: The properties (i) — (iv) will be proved in sequence as follows.

i) From the fact that V,, <0, it is clear that Vj,(t) < V;,(0). From (3.24) and the

fact that ||0|| < 0as, we know that V;,(0) satisfies:

1 k2 1 & 1 A
Vo(0) < Slog 55—+ 5> 27(0) + 5 Amax(D ) ([|0(0)]| + 6ar)°
2% k2 —22(0) 2;2 J 2
- 7, (3.43)
which implies that
1 ki .
—log ! < Va
2 kgl — 22
2
. kbl . < 62‘7” (3'44)
ki, — 1

For |z1(0)| < kp,, we have, from
we obtain
K < P, = 2D)

which leads to the inequality

‘Z1| < kbl V1-— 6_2‘7”

Similarly, from the fact that % =2 %;

Lemma 2.4.1, that k7

—22(t) > 0V t. Thus,

(3.45)

(3.46)

", 22 < V,(0), we easily show that |zo.,| <

\/2V,,. Therefore, we obtain that zi(t) remains in the compact set 2, V ¢ > 0.

Furthermore, from the fact that V,,(t) < V,, < V;,(0), we have that

1~T -1y
~0'r7'0 <
AR

(VAN
5\

1 .
= SAuin(T))10 - 6]

3

(3.47)

It is straightforward to show that ||| < 6 + 1/#‘712,1) such that # remains

in the compact set Q; V ¢, thus proving (i).
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ii)

iii)

iv)

It is straightforward to show, from y(t) = z1(t) +ya(t), |21(t)| < D,, < kyp,, and
lya(t)] < Ao, that |y(t)| < ky, + Ao = k¢,. Hence, we conclude that y(t) € €,
vt > 0.

From V,, < 0 and Lemma 2.4.1, we know that the error signals z; (t), ..., zn(t),
0(t) are bounded. Since 6 is constant, we have that 6(¢) is bounded. The
boundedness of z1(t) and the reference trajectory y,4(¢) imply that the state x1(t)
is bounded. Together with the fact that y4(¢) is bounded from Assumption 3.2.1,
it is clear that aq(t) is also bounded from (3.26). This leads to boundedness of
the state za(t) = 22(t) + a1(t). From (3.39), we have that |z1(t)| < D,, < ky,.
Since ay is a smooth function of the bounded signals Za2(t), Z2(t), ya,(t), and
0(t) in the set z, € (—ky,, ks, ), we know that as(t) is bounded. This leads to
boundedness of the state x3(t) = 23(t) + a2(t). Following this line of argument,
we can progressively show that each a;(t), for i = 1,...,n — 1, is bounded, since
it is a smooth function of the bounded signals Z;(t), Z(t), §q,(t), and 6(t) in
the set z; € (—kp,, kp, ). Thus, the boundedness of state z;11 = ziy1 + a; can
be shown. Since &, (t), Z,(t), Ja,(t), and 0(t) are bounded, and |z (t)] < ks, ,
we conclude that control u(t) is bounded. Hence, all closed loop signals are
bounded.

Lastly, to show that y(¢) — y4(t) as t — oo, note, from (3.33), (3.34), (3.35),
and (3.36), that V,, can be computed as follows:

n n
. 2K92122
Vi, = 2(kj —zD)kizf + 22&?@2 + R + 22 Kjgj—12j—1%;
=2 b1 1 j=3
n—1 n_ n v L
—2 Z KjgizjZj+1 + 2 Z eijl-iij — Z ajé F(Tj — Tn)/iij
j=1 j=1 =2
n—1k—1 v
=233 T Twgkaz; (3.48)
s =2 00

From the fact that 0, z;, 2, i = 1, ...,n are bounded, and particularly |z1(2)] <
Ky, , it can be shown that w; and 7; are bounded. As a result, Vn(t) is bounded,
which means that Vn(t) is uniformly continuous. Then, by Barbalat’s Lemma,
we obtain that z;(t) — 0 as t — oco. Since 21 (t) = z1(t) —yaq(t) and y(t) = x1 (1),
it is clear that y(t) — yq(t) ast — co. =
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3.4 Asymmetric Barrier Lyapunov Function

Remark 3.3.4 For robustness to unmodeled dynamics, the adaptation law é =TI,
may be modified by leakage terms or projection operators, which are commonly em-
ployed in robust adaptive control designs [42, 66]. However, a leakage term in the
adaptation law destroys the closed loop asymptotic tracking property so that only prac-

tical tracking within a neighborhood of the reference trajectory is achievable.

3.4 Asymmetric Barrier Lyapunov Function

Asymmetric barrier functions include symmetric ones as a special class, and thus
are, in this sense, more general. To achieve greater flexibility in control design and
to relax conditions on starting values of the output, asymmetric barrier functions
can be employed. This can be understood by noting that an additional parameter
kq,, where kq, # kp,, is now available for consideration in the control design to keep
the closed loop tracking error z;(t) constrained V¢ > 0. Consequently, it allows the
possible relaxation of k,,, independent of k;,, and vice versa, subject to the upper

and lower bounds of the desired trajectory yg.

In the following, we first present the design procedure and results for the case of

known systems, and then only state the results for the adaptive case.

Step 1 Denote z; = x1 — yq and zo = x9 — a1, where o is a stabilizing function to

be designed. Choose an asymmetric BLF candidate as:

1 ky 1 kP,

Vi = —q(21)1 L S(1- log —"2L
1 pq(zl) og + p( Q(zl)) og kgl - 2117

o (3.49)
k§1 -2

where p is an even integer satisfying p > n, the function ¢(-) : R — {0,1} is defined
by

1, ife>0
q(e) = 3.50
(*) { 0, ife<0 ( )
and
kay = ke, — Y, kp, = ke, — Yo (3.51)

are positive constants representing the constraints in the z; state space, given by

—kq, < 21 < kyp,, induced from the constraints in the z; state space, given by |z1| <
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3.4 Asymmetric Barrier Lyapunov Function

ke,. For clarity of presentation, a schematic illustration of V;(z;) is shown in Figure
2.1b. Throughout this chapter, for ease of notation, we abbreviate ¢(z1) by ¢, unless

otherwise stated.

Remark 3.4.1 For symmetric BLF candidates, p = 2 is sufficient. However, for the
asymmetric ones, we need an even integer p > n. The reason will be apparent in Step
2, where the stabilizing function ag needs to cancel the residual coupling term from
the first step. Following the backstepping procedure, to ensure that ao is n — 1 times

differentiable, we choose p > n.

Lemma 3.4.1 The Lyapunov function candidate Vi(z1) in (3.49) is positive definite

and C* in the open interval 21 € (—kay, kp,)-

Proof: For ease of analysis, we rewrite V7 into the following form:

kP
1 b
~log 7%, 0< 2z <k
Vi) =4 7 1 (3.52)
%logk‘glai—lzf’ —]{fal <Zl§0

It is easy to see that, for —k,, < 21 < kp,, we have that V1(z1) > 0 and that Vi(z;1) =0
if and only if z; = 0, thus implying that Vj(z1) is positive definite. Additionally, we
have that the right and left limits are identical, that is,

1 ky 1 kP
lim -1 L~ = lim —log 52— =0 3.53
zll—r>rol+ D ©8 k‘gl —2F ZIE}S_ D °8 kh, — 2% (3:53)

leading to the fact that Vi (z1) is continuous in z1 € (—kq,, kb, )-

The function Vj is piecewise smooth within each of the two intervals z; € (—kq,, 0]
and 2 € (0, kp, ). Thus, to show that Vj is a C'! function, we need only to show that

lim,, o % is identical from both directions. For 0 < 21 < k3, , we have

dvy 2P
lim — = lim —1+— =0 3.54
Zlgré+ le 215%+ kgl — ZIf ( )
Similarly, for —k,, < 21 <0, we obtain that
dv; -
lim S = lim L =0 (3.55)

z21—0~ le z21—0~ kal — Zl
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3.4 Asymmetric Barrier Lyapunov Function

Hence, we conclude that Vi (z1) is C! continuously differentiable. m

From (3.49), the derivative of V} along the closed loop trajectories is given by

. 1 _ - )
i = LP 1 p+ 1P qp 2 1(fl +g1(2z2 + 1) — Yq) (3.56)
b1 - Zl ar zl

from which we can choose the virtual control as
1 P P D P m o
o= [~ (o], = D)+ (= @)k, — #D) w44 (3.57)
with k1 being a positive constant, and m any odd integer satisfying
m > max{3,n} (3.58)
The integer m has to be odd in order to yield a negative semidefinite term —xq z’f”pfl

in (3.60). Since n > 2 for system (3.1) considered in this thesis (the case n = 1 is

trivial), it means that m must be at least 3. Consequently, we obtain the following:
== (o, = D) + (1= kL, — D) a2t + 9122 (3.59)

The derivative of V; along (3.59) can be rewritten as

) _ 1—gq -1
Vi = —kmtrt + c + L7z 3.60
1 1<1 ]‘351 _ 2119 kgl — 2119 917 2 ( )

where the first term is always non-positive and the second term will be canceled in

the subsequent step.

Step 2 Denote z3 = x3— g, where s is a stabilizing function to be designed. Choose

the Lyapunov function candidate as Vo =V} + %zg and the stabilizing function as:

1 1-— _
g = — [—fg — K222 + Qg — ( 1 + qp) g2y 1] (3.61)

p D p
92 kbl -2 kal -2

which yields

. q 1- q p—1
2= —fem = | g p + r— 9121+ 9223 (3.62)
by 1 1 1

Then, the derivative of V5, along (3.62) is given by
Vy = —mzinﬂ’*l — ngz% + gozo23 (3.63)
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3.4 Asymmetric Barrier Lyapunov Function

where the coupling term gozo23 will be canceled in the subsequent step.

Steps 3, ..., n From Step 3 onwards, the design procedure is identical to standard

adaptive backstepping, and the stabilizing functions and control are given by

1
o = —(—fl + Gy — Kz — gi_lzi_l), 1=3,...,1n (364)

9i

u = Qg (3.65)
yielding the closed loop system

Zi = —Ki%Z — §i—1%i-1 + Zit1, 1=3,..,n—1 (3.66)

Zn = —FKnZn — Gn_1%n-1 (3.67)

Control design with asymmetric BLF's is more involved as compared with its symmet-
ric counterpart. In general, it is not a trivial task to provide an analytical construct
for an asymmetric barrier function that is continuously differentiable and approaches
infinity at two different points. A straightforward approach, as we have undertaken,
is to assemble piecewise defined functions. The challenge therein lies in not only
ensuring that the barrier function be continuously differentiable, but also that the
stabilizing functions have the required differentiability properties for the final control

law to be well-defined.

According to the backstepping methodology, a1 needs to be differentiated n — 1 times
before appearing in the final control law. In general, a; needs to be differentiable at
least n — 4 times. A further requirement in our approach is that ¢,_1 is continuous,

so as to preserve the continuity of the control signal and of the closed loop signals.

As such, o must be at least a C™~! function. Due to the presence of the switching
function ¢(z1), the stabilizing function «; in (3.57) is designed to contain the mth
power of z1, where m > max{3,n}, so as to ensure that its derivative agl), - agn_l),
which will be used in the design of the control law in the subsequent steps, are
continuous, as will be shown in Lemma 3.4.2. On the other hand, if we let m = 1

and design the stabilizing function as

o1 = —[=fi = (alkf, =0 + (L= )k =) mia + (3.68)
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3.4 Asymmetric Barrier Lyapunov Function

then it can be checked that

(3.69)

o | —B(ky, —(p+ 1)), 21>0
021 —5 ke, — (p+1)27), 21 <0

Since lim,, o+ %‘11 # lim, - g%‘ll, it is clear that aq is not even C!, leading to the

fact that ¢y is discontinuous at z; = 0.

In step 2 of backstepping, we have seen that as also contains the switching function
¢(z1) in order to cancel the residual coupling term from the first step. As a result,
it is essential that the associated z; term has an order of at least n — 1 to ensure
that g is C" 2. If p = 2 irregardless of n, then it is easy to verify that the resulting

stabilizing function

1 . q l—gq

Qg = —[—fz — K9z9 + Q1 — + 9121} (370)
g2 (kgl_Z% k’gl—Z%)

is not even C'. However, with p > n, as is at least C™ 2 in the interval z; €

(—kaqy, kb, ), as will be shown shortly. The remaining stabilizing functions as, ..., ap—1

are in standard form as derived from backstepping, and will be C™~* provided that

a1 and ag are, respectively, C" ! and C"2 in 21 € (—kq,, kp,). The following lemma

and proof provides a formal treatment of this point.

Lemma 3.4.2 FEach stabilizing function o;(Zi,Zi, ¥a;), @ = 1,...,n — 1, as described
in (3.57), (5.61) and (3.7), is at least C™~" in the interval z1 € (—kq,, kp,)-

Proof: First, we establish that o and a9 are, respectively, at least C"~1 and C™2
in 21 € (—ka,,kp,).- Then, these two facts imply that «; is at least C"%. In the
following, it is understood that z; belongs to the interval z; € (—kq,, ks, ), and we

shall not repeat it every time.

To prove that aq(z1, 21, ¥q) is ", we need to prove that the (n — 1)th order partial
derivatives exist, and are continuous. Note that (3.57) can be split into three parts

as follows

a1z, 21,94) = a1,a(@1) + a1, (1) 00 p, (21) + 01,(Ya) (3.71)
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3.4 Asymmetric Barrier Lyapunov Function

where Ma = _5183’ aLp = =Gy QLbe = [q(ky —27)+(1—q)(k&, —27)]27", and
Qe = gl%;l). Since aiq(x1), a1p,(71) and a1 .(94) are obviously C"~! functions,

our task is reduced to proving that o p,(21) is C™ 1. To this end, note that

k‘p—z 2% 0< 2 < ky
a1 bQ:{ ( 1) ' (3.72)

(kg1 — 202" —key <21 <0

The function oy, is piecewise C™ ! with respect to z; over the two intervals z; €
(—kay,0) and 21 € (0,kp,). Thus, to show it is C™ ! for —k,, < 21 < kp,, we need
only to show that

dmfl dmfl
lim 704111& = lim 701111’2 (3.73)
21—0t  dz]" 21—0-  dz]"
Taking the piecewise derivative of (3.72), we are able to obtain the following:
- +
ar 10611,172 _ ) (mlky — ((1;7+T))' )z, 0< 21 <y, (3.74)
=" (mlkay — BE )21, —kay <21 <0

M'”

where denotes the factorial operator. From the above, it is clear that (3.73) holds,
and thus, we conclude that o p,(21) is C™~1. Based on the structure of oy (21, 21, 9q)

n (3.71), and since m > n, it follows that aq (1, 21,94) is at least O™ L.

Following a similar approach as above, by analyzing the limits of the derivative from

7+ 1_‘1 >z11"1 from (3.61) is

both sides of 0, we can show that the term kp

CP~2 in the interval z; € (—kq,, kp,). Due to the fact that oy is C"1, as established

Z

above, it follows that ¢ (Z2, Z2,¥4,) is C" 2. Furthermore, p > n implies that ag is

C™ % in the interval 21 € (—kq,, kp, )-

The remaining stabilizing functions are given by

1 .
o = ;(—fi + Qo1 — Kizi — i—12i-1)
7

fori = 3,...,n—1, from which we see that «; is C" % if ¢;_1(%;, Zi, Ja,) is C"~*. Follow-
ing the fact that ag is C" 2, as established above, it can be shown that ¢ (Z3, z3, Uds)
is C"3, which further implies that a3 is C" 3. By iterating this procedure, we can

eventually show that every o; is at least C" " in 21 € (—kq,, kp,)- =
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3.4 Asymmetric Barrier Lyapunov Function

The derivative of V;, along (3.59), (3.62), (3.66) and (3.67) is
Vo = —kp 2] TP Z/ﬁjzjz (3.75)
j=2

Let the closed loop system (3.59), (3.62), (3.66) and (3.67) be written as z = h(t, z).
The right hand side h(t, z) satisfies the conditions (2.17)-(2.20) for z € Z := {z €
R™ : —kq, < 21 < kp, }. Then, from (3.75) and Lemma 2.4.1, we conclude that the
error signal z; satisfies —kq, < 21(t) < kp, Vt > 0, provided that —kq, < 21(0) < ky, .

We are now ready to summarize the results for the known case in the following

theorem.

Theorem 3.4.1 Consider the closed loop system (3.1), (3.8), (3.57), (3.61) under
Assumptions 3.2.1-3.2.2. If the initial conditions are such that z,(0) € Q, := {z, €
R™ : —kq, < 21 < ky, }, where 2, := [21, 22, ..., za) T, then the following properties hold.

i) The signals z;(t), i = 1,2, ...,n, remain in the compact set defined by
0. - {zn ER":—D, <2 <D., |2l < 2Vn(0)} (3.76)

o= k(1 e POy < gy (3.77)
1
p

D
D, = ko(1—e PO < K, (3.78)

ii) The output y(t) remains in the set Q, :={y € R: ~k,, < -D, —Yy< y <

D, +Yo <ke} Vt>0, i.e. output constraint is never violated.

i11) All closed loop signals are bounded.

iv) The output tracking error z1(t) converges to zero asymptotically, i.e., y(t) —

ya(t) ast — oo.

Proof: The properties (i) — (iv) will be proved in sequence as follows.

i) From the result Vj, < 0, it follows that V,(t) < V,(0), which implies that the
following is true:

p
kb

1
V(0) 5 log kzgl—zlf(t)’ 0 < z(t) <k, (3.79)
n kP .
%log W, —kal < Zl(t) S 0
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ii)

iii)

Taking exponentials on both sides of the inequality, and noting, from Lemma
2.4.1, that ky — 2 (t) > 0 and kg, — 2{(t) > 0 V ¢, we can rearrange the above
inequality to yield

kP (1 —ePY(0) 0 t) <k
by < { P(1—e PO 0<z(t) <k, 550

z
! K2 (1—ePnO)  _f < 2(t) <0

By taking pth root on both sides of the inequality, we obtain that z;(¢) <

1 1
Ey, (1 — e PY2(O))b for positive z1(t), and that z;(t) > —kg, (1 — e P22 for
negative z1(¢). Combining both cases, it is obvious that —D, < z(t) < D,
vt > 0.

Similarly, from the fact that %Z?’:Q 2]2- < V,(0), we can easily show that
|zam || < 4/2V,(0). Therefore, we obtain that z;(t) remains in the compact

set (), V t.

Secondly, it is straightforward to show, from y(t) = zi1(t) + ya(t), —D,, <
21(t) < D,,, and =Y, < yq(t) <Yy, that

~D,, ~Y,<y(t) <D, +Yo (3.81)
Since D, < kq, and D, < ky,, we know that

Ezl + ?0 < ky, + ?0 = ke,
Qzl + XO < ka1 + XO = kcl (382)
Hence, we conclude that y(t) € Q, vt > 0.

To show that all closed loop signals are bounded, we follow the same approach
of signal chasing that has been described in detail in Theorem 3.3.1. The
only minor difference in the analysis is that the stabilizing functions «; (i =

1,...,n — 1) are now C"~* instead of C*°.

From the fact that V;,(t) < 0 V¢ > 0, we know that the error signals z(t), ...,
zn(t) are bounded. Boundedness of z; (¢) and the reference trajectory yq(t) imply
that the state x;(t) is bounded. Thus, a4 (t) is also bounded from (3.57), which
guarantees boundedness of x5(t). Based on the C"~! property of oy (21, 21, Ja),

established in Lemma 3.4.2, it can be shown that & (%2, Z2, ¥4,) is C" 2. Then,
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3.4 Asymmetric Barrier Lyapunov Function

boundedness of Za(t), Z2(t), Yao(t) implies that & (Z2(t), Z2(t), gao(t)) is bounded
vt > 0.

According to Lemma 2.4.1, we have that —k,, < z1(t) < kp, V¢t > 0, which,
together with the fact that ¢ (t) is bounded, imply that the stabilizing function
as(t) from (3.61) is bounded. As a result, we know that the state x3(t) is also
bounded. Then, from the C™"~2 property of as(Z2,Z2,%4,) in the set —k,, <
21 < ky,, we know that (T3, 23, U4, ) is C" 3 in the set —kq, < 21 < kp,. Then,
boundedness of Zy(t), Z2(t), ¥a, (t), particularly with —k,, < 21(t) < kp,, implies
that do(z3(t), Z3(t), ¥as(t)) is bounded V¢ > 0.

By induction, from the boundedness of &;_1(t), we conclude, from (3.7), that
a;(t) is bounded, which in turn implies boundedness of x;11(¢t). From the
C"~% property of a;(Zi, zi, Ja;) in the set —kq, < 21 < ky,, it can be obtained
that &;(Z;, Zi, Ja,) is C""! in the set —k, < 21 < kp,. Then, bounded-
ness of 7;(t), zi(t), ya, (t), particularly with —k,, < 21(t) < kp,, implies that
G (Z;(t), Zi(t), ga, (t)) is bounded. Following this line of argument, it is straight-
forward to show boundedness of the states x1(¢), ..., x,(t), the stabilizing func-
tions a(t), ..., ap—1(t), and the control u(t). Hence, all closed loop signals are
bounded V¢ > 0.

iv) Based on (3.59), (3.62), (3.12), and (3.13), we obtain

n
V, = 2 (q(ké’1 — )+ (1 —q)(kE, — zf)) m%z{”“ + 22 /1]2,2]2
=2

n
q l—q -1
+2 Z Kjgj—12j-12; + 2 (ktf 7 + - zf) K2g1222]
j=3 !

n—1

~2)  Kigizizi (3.83)

j=1
From the fact that z;(t), z;(t), ¢ = 1,...,n are bounded, and particularly with
21(t) € (=kay, kp, ), it is obvious that Vj,(t) is bounded, which means that V;,(t)
is uniformly continuous. Then, by Barbalat’s Lemma, we obtain that z;(¢) — 0

as t — 0o. Since z1(t) = y(t) — ya(t), it is clear that y(t) — yq(t) as t — 0co0. m

Using a similar design methodology, the results for the uncertain case can be derived.
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3.4 Asymmetric Barrier Lyapunov Function

In particular, the stabilizing functions are designed as:

1 A .
o = [ =0Twn = (o], — D)+ (1= @)k, = #D) w4
L 5 q 1—¢q 1, O
= = |—0Tw, — — p bt 3
@ 92 [ w2 e (kfl — 2P + Kb, — zf) ga 8961@
1
80&1 (j+1) 80&1
T2 v ;
7=0 9Y4
1 - 2 Doy
Q; = — _QTU)Z KiZi — gi—1%i—1 + Z : 11,‘]+1
gi =
Z 1 yg K 'rr + Z %= 1Fw2z] . i=3,.,n (3.84)
j=0
with the following intermediate and tuning functions:
wy = P1(71)
i—1 o
— (r.) — i—1 (. ) —
w; = wz(xz) Z ; %(%), ? 2,..,n
7=1
_ q 1—gq
nos (@;1 s - zf;> Wi
T = Ti—1+ W;Z%;, 1=2,..,n (3.85)
Then, the actual control and adaptation laws are given by:
u = ap (3.86)
0 = T, (3.87)

Now, we are ready to state the results in a concise manner in the following theo-
rem. The corresponding proofs follow the same lines of argument from the preceding

Theorems 3.3.2-3.4.1, and are omitted.

Theorem 3.4.2 Consider the closed loop system (3.1),(3.86),(3.87) under Assump-
tions 3.2.1-3.2.2. If the initial conditions are such that z,(0) € Q,, = {z, € R" :
—kq, < 21 < kp, }, where Z, = [21, 29, ..., z,]T, then the following properties hold.
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i) The signals z(t), i = 1,2, ...,n, and O(t) remain in the compact sets defined by

Q. = {zn ER":—D, <z <D., |zl < V2V, } (3.88)
; 2V,
Q, = {6eR:|6]|<0 _“Vn ‘
G { €R":[|0]] < Orr + Amin(rl)} (3.89)
1 ky 1— q(21(0)) A
Vn - IOg by + log a1
p kjg))l - Z{)(O) kal - Zl (0)
1 1 L
+3 2 20) + ZAmax(TH(OO)]| + 62r)° (3.90)
j=2
ﬁzl == kbl(l — e_an)% < ]{jbl (391)
D, = ka(l- e—an)% < ke, (3.92)

— T
where zj., = (25, Zj41, -, 2k]

ii) The output y(t) remains in the set Q0 :={y € R: k., < -D, —Yy< y <

D, +Yo<ke} Vt>0,i.e the output constraint is never violated.
i11) All closed loop signals are bounded.

iv) The output tracking error z(t) converges to zero asymptotically, i.e., y(t) —

ya(t) ast — oo.

3.5 Comparison With Quadratic Lyapunov Functions

If the initial conditions belong to certain sets, it is possible for backstepping control
based on Quadratic Lyapunov Functions to ensure that the output does not violate
its constraint. Though this approach is simpler, closer analysis reveals a tradeoff.
Specifically, more conservative requirements on the initial conditions may be imposed

in order to ensure that output constraint is not violated.

In Section 2.4.2, we have established that, for second order strict feedback systems,
the use of BLF in place of a quadratic one leads to relaxation of the initial con-
dition requirement. Although exponential stability can be achieved through simple

quadratic Lyapunov functions, they may not ensure that the output constraint is not
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violated, unless some rather restrictive requirements on the initial conditions are im-
posed. Here, we extend the investigations and comparisons to strict feedback systems

with arbitrary order.

For the known system described by (3.1), consider the quadratic Lyapunov function

candidates:
Vi=gza, VisViatgz, i=2..n (3.93)
and the standard backstepping control law
1 .
ap = a(—fl(%) — K121 + Yd)
1 . .
;= ;(—fz‘(fz’) — KiZi — gi—1%i-1 + &i—1), 1=2,..,n—1
(2
1 .
u = g—(—fn(a_:n) — KnZn — gn—12n—1 + 1) (3.94)
n

where K1, ..., K, are positive constants. It can be shown that exponential stability is
obtained, i.e. V,, < —pVj,, where p = 2min{ky, ..., k,}, which leads to the fact that
Vo (t) < V,(0)e™ . As a result, we have that

n n

w220 =320 < | S0 20)e e < 2,0)]  (3.95)

i=1 i i=1

for t > 0. For the output constraint case, to ensure |z1(t)| < kp,, we need to ensure

that the initial conditions start from the set
Qo ={2, e R": ||Z,|| < Ky, } (3.96)

which is much more restrictive than the condition |z1(0)| < ks, required when using
BLF.

In the presence of parametric uncertainty, consider the following augmented Lyapunov

function candidates [94]:

1 1=~ ~ 1 1~ ~
Vi = iz% + 501TFI101, Vi=Vio1 + 5::3 + 50;%;19@-, i=2,...n  (3.97)

63



3.5 Comparison With Quadratic Lyapunov Functions

with the stabilizing functions and control law

1

ar = — (=071 — k121 + Ga)
g1
1 nT .7 .
Q; = f(—gz‘ Vi — Kizi — §i—1%i-1 twi—1), 1=2,..,n—1
(]
1 AT -
u = ;(_en Y — KnZn — Gn—12n—1 + wn—l) (398)
n

where the modified regressors and intermediate functions are described by

- Ooy;—
Ui = Zw] e : (3.99)
i—1 o i—1 o . i—1 o ( )
i—1 i—1 A i—1 (j+1 )
Wi—1 = —Z ] Tj41 —ZiAej —Z ~Yq s Z:2,...,(7’3.100)
j=1 83:3 j=1 aej j=0 ayc(l])

The adaptation laws are given by
0; = Tithizi, i=1,..,n (3.101)

where 6, =0, I'; = FiT > 0, and él = él — 0 is the error between 6 and the estimate

0;.

It can be shown that V,, = — S_7 | #;22, from which we know that V,(t) < V;,(0) < Vj,,
where V,, is the upper bound for the initial value of the Lyapunov function, defined
by

%Z Ammax (T (10:(0) ] + 6ar)?] (3.102)

This yields |2;(t)] < v/2V,. For the output constraint case, to ensure that |z (t)| <
ky,, it is necessary to restrict the initial conditions such that V2V, < ky,, which
implies that

1Z2(0) ] < ([ B2 = Amax(T1) > (16:(0)]| + 0ar)? (3.103)
Note that the additional condition

iy > Amax(071) D _(10: 0]+ Oa)? (3.104)
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needs to be satisfied as well. Clearly, these are more restrictive than that required

when using BLF, namely |2z1(0)| < ks, .

Though the above equations outline the overparameterized method for simplicity in
presentation, it can be easily checked that the tuning functions approach yield simi-
lar properties. Although the control design based on quadratic Lyapunov functions
is simpler, the drawback is that more restrictive initial conditions are required in

comparison with that using BLFs.

3.6 Simulation

In this section, we present simulation studies to demonstrate the effectiveness of the

proposed control. Consider the second-order nonlinear system

1 = 91%%4—%2

To = Oxixo+ 0311 + (1 + w%)u (3105)

where #; = 0.1, 85 = 0.1, and 03 = —0.2. We consider the output constraint prob-
lem, with and without uncertainty in 61,69, 603. The results based on the use of the
Symmetric Barrier Lyapunov Function (SBLF), the Asymmetric Barrier Lyapunov

Function (ABLF), and the Quadratic Lyapunov Function (QLF) are shown.

The objective is for 1 to track the trajectory y4 = 0.240.3 sin ¢, subject to the output
constraint |z1| < 0.56. Since |yq| < Ap = 0.5, we have that kp, = 0.56 — 0.5 = 0.06.
Further, we have |g4] < Y1 = 0.3. Noting that y; > —0.1, it is easy to see that
ke, = 0.56 — 0.1 = 0.46.

For the known case, the initial conditions are z1(0) = 0.25 and z2(0) = 1.5, and
control gains are chosen as k1 = k3 = 2.0. For the adaptive case, the initial conditions
are x1(0) = 0.25, 2(0) = 1.5, and 6(0) = 0.0. Control gains are chosen as k; = kg =
2.0 for SBLF and k1 = k9 = 5.0 for ABLF. The adaptation parameters are selected
as y1 = y2 = 3 = 2.0 for SBLF and v; = 72 = 73 = 5.0 for ABLF.

Simulation results for the output constraint problem without uncertainty are shown

in Figures 3.1-3.10. From Figure 3.1, it can be seen that the output x; stays strictly
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within the constrained region i.e. |z1| < k., when the SBLF and the ABLF are
used. However, when the QLF is used, the constraint is violated. A simple check
reveals that ||Za|| = v/0.052 + 1.3062 = 1.307 > kp,, which violates the condition
|2, (0)|| < kp, for use of QLF in the output constraint problem. On the other hand,
we know that |z1(0)] = 0.05 satisfy the less conservative conditions |z1(0)| < ks, for
SBLF and —k,, < 21(0) < kp, for ABLF.

Another observation is that while good asymptotic tracking performance is achieved,
there is larger undershoot in the transient stage for ABLF as compared to SBLF, due
to the fact that there is larger allowance for negative tracking error for ABLF, which
ensures —0.46 < z1(t) < 0.06 V¢ > 0.

The output z1 remains in the region (—k.,, k., ) because the tracking error z; remains
in the regions (—ky,, ks, ) and (—kq,, ks, ), respectively for SBLF and ABLF. Figures
3.2-3.3 show that these constraints for z; are not violated for various initial values

for 1. Note that for the ABLF, the set of allowable starting values of x; is enlarged.

With various control gains k1 and k9, the constraints are also not violated, as seen in
Figures 3.4-3.5. As expected, the tracking error converges faster with larger control
gains. Even the tendency for undershoot, in the case of the ABLF, is contained with

large control gains, as shown in Figure 3.5.

The phase portraits of z1(t) and 2a(t) are shown in Figures 3.6-3.7. The error z;(¢)
does not transgress its barriers as long as its initial value satisfies |z1(0)| < 0.06 when
the SBLF is used, or —0.46 < z1(0) < 0.06 when the ABLF is used. In other words,
the region between the barriers is positively invariant. In contrast, with the QLF,
the region |21(0)| < 0.06 is not positively invariant, as witnessed in Figure 3.8. Even
though all these cases exhibit convergence of (z1(t), z2(t)) to 0, the set of admissible
initial values of (21, 292) that guarantees output constraint satisfaction is largest for
the ABLF, followed by the SBLF, and finally the QLF.

To gain some insights on how the SBLF-based control operates in keeping the output
constrained, we observe, from the control law (2.56), that the nonlinear gain term
9121/ (kg1 — 22) is responsible for ensuring that the constraint on the output is sat-
isfied. Whenever z1(t) approaches the barriers at z; = +0.06, the gain term grows

rapidly and provides a large control action that repels z;(¢) from the barriers. This
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effect is observed in Figure 3.9, where the control input u(t), based on the SBLF,
peaks when the tracking error z;(¢) — +0.06. Similarly, the ABLF-based control
pulls z1(¢) away from the barriers with a control input u(t) that grows rapidly when
z1(t) — 0.06 or z1(t) — —0.46, as seen in Figure 3.10. Interestingly, the negative
peaks in u(t), corresponding to z1(t) — 0.06, are larger than the positive peaks that
correspond to z1(t) — —0.46. This is due to the fact that, with a smaller allowable
positive range for z1(t), the control u(t) needs to grow at a faster rate to ensure that
the barrier z; = 0.06 is not reached. In avoiding the barriers in the z; dimension,
the control action can cause large excursions in the zo dimension, as seen in Figures
3.6-3.7 for SBLF and ABLF respectively.

Simulation results for output constraint problem with uncertainty are shown in Fig-
ures 3.11-3.13. As shown in Figure 3.11, good tracking performance is achieved while
satisfying the constraint |z| < k.,, but with the ABLF, there is a greater tendency to
incur negative tracking error due to k4, > kp,. To diminish undershooting behavior,
we can increase the control gains k1 and k3. The tracking error z; is constrained in
the regions |z1| < kp, for the SBLF and —k,, < z1 < kyp, for the ABLF (Figure 3.12),

and the parameter estimate § remains bounded (Figure 3.13).

3.7 Conclusions

In this chapter, we have presented control design for strict feedback systems with
constraints on the output, based on Barrier Lyapunov Functions. Besides the nominal
case where the plant is fully known, the presence of parametric uncertainties has also
been handled. We have shown that asymptotic tracking is achieved without violation
of the constraint, and all closed loop signals remain bounded, under a mild condition
on the initial output. Further, we have explored the use of asymmetric BLFs as a
generalized approach that can provide greater design flexibility and relax the starting
conditions. The use of quadratic Lyapunov functions in handling output constraint
has been investigated, and it is shown that more conservative restrictions on the initial
conditions are required as compared with using BLFs. Finally, the effectiveness of

the proposed control has been demonstrated through a simulation example.
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Chapter 4

Control of State-Constrained

Systems

4.1 Introduction

In the foregoing exposition on the problem of output constraint with known control
gain functions, we employed backstepping design with BLF in the first step, and
quadratic functions in the remaining steps. The main principle of the design is based
on obtaining the derivative of the Lyapunov function V(z), along the closed loop
trajectories, in a negative semidefinite form. With the BLF bounded in closed loop,
it is thus guaranteed that the barriers are not transgressed. Cancelation of cross cou-
pling terms is accommodated, with post-design analysis revealing that the stabilizing

functions and control remain bounded.

In this chapter, we extend this design approach to SISO nonlinear systems in strict
feedback form, with constraints on the states and known control gain functions. For
the case of full state constraint, where every state is constrained, we employ BLFs
for each step of the backstepping design. In the case where only some of the states
have constraints, the design procedure is modified such that BLF's are only used up to
the step with the highest order state under constraint, and the feasibility conditions

can be relaxed. Feasibility conditions are provided, which can be checked a priori to
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4.2 Problem Formulation and Preliminaries

determine if the given problem can be solved under these approaches. Furthermore,
we present the design of adaptive controllers to deal with uncertain parameters in
the plant model, in face of the simultaneous need of preventing state constraints from

being violated.

The remainder of this chapter is organized as follows. In Section 4.2, we formulate
the problem of tracking control for nonlinear strict feedback systems with constraints
in the states. Following that, in Section 4.3, we present the control design for the
case where each state of the plant is to be constrained, and provide conditions for
offline checking of the feasibility of the proposed control in achieving its objectives.
Section 4.4 extends these results to the case where only some of the states need to be
constrained, and shows that the feasibility conditions are relaxed. Finally, simulation
results are presented in Section 4.5 to demonstrate the effectiveness of the proposed

control, followed by conclusions in Section 4.6.

4.2 Problem Formulation and Preliminaries

Consider the nonlinear system in strict feedback form:

i = fi(@) 4+ 9i(T)xivr, 1=1,2,...,n—1
En = falZn) + gn(Zn)u
y = x (4.1)
where 1, x9,...,x, are the states, z; = [ml,xQ,...,xi]T € R, f; and g; are smooth

functions, u € R and y € R are the input and output respectively, for i = 1,2, ..., n.
For the case of full state constraints, every state x; is required to remain in the set

|xi| < ke,, with k., as a positive constant, for i = 1, ..., n.

The nonlinear functions f;(Z;) may be uncertain, in which case they satisfy the fol-

lowing linear-in-the-parameters (LIP) condition:
fi(z;) = HTQﬁz(f@), 1=1,...n (4.2)

where 11, ..., 1, are smooth functions, and # € R is a vector of uncertain parameters
satisfying ||0|| < 0ps with known positive constant 65;. Due to the continuity property,

there exist positive constants ¥; such that |¢;(Z;)| < U; for |z;| < ke, i =1,2,...,n.
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4.3 Full State Constraints

The control objective is to track a desired trajectory yg while ensuring that all closed
loop signals are bounded and that state constraints, which may be due to physical

constraints as well as performance requirements, are not violated.

For ease of notation, we group the derivatives of the desired trajectory in the vector
Yd; = [yél),yc(lz), - y((ii)]T. In what follows, we present the assumptions on the desired

trajectory yq, as well as the control gain functions g;(-), i = 1,...,n, from (4.1).

Assumption 4.2.1 For any k., > 0, there exist positive constants Ag, Y1, Ya,..., Yn

such that the desired trajectory yq(t) and its time derivatives satisfy
va()] < Ao < ke [9a(®)] <Y1, [l < Yo, oo IOl <Ya  (43)

for allt > 0.

Assumption 4.2.2 The control gain functions g;(-), i = 1,2,...,n, are known, and
there exists a positive constant go such that 0 < go < |g;(+)|. Without loss of generality,

we further assume that the g;(-) are all positive.

4.3 Full State Constraints

For the case of output constraint in Section 3, only the first step of the backstepping
design involves the use of a BLF. By enforcing constraint on the output tracking error
z1 = y — yq, we are able to ensure that the output y itself is constrained within the
specified zone, provided that the desired trajectory y, is also within the same zone.
In this chapter, for the case of full state constraints, we extend the use of BLFs to
each and every step, in order to keep each error signal z; = z; — a;—1 (i = 2,...,n)

constrained.

Provided that each stabilizing function «;_1 is bounded in the specified constrained
region for xz;, we can ensure that x; remains in the constrained region. In view of
this, state constraints cannot be arbitrarily specified, but are subject to feasibility
conditions, based on the stabilizing functions «;_; designed via backstepping with
barrier Lyapunov functions. Nevertheless, the feasibility conditions can be checked a

priori to determine if the given problem can be solved with this approach.
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4.3 Full State Constraints

In the following, we consider the case when the functions f;(Z;) in system (4.1) are

known, and also the case when they contain uncertain parameters.

4.3.1 Full State Constraints: Known Case

Since f;(Z;) are known, they can be used in the design of the stabilizing functions
and final control to cancel the system nonlinearities. In what follows, we outline the
design steps, and then provide the sufficient conditions on the design parameters to

check for feasibility with respect to the specified state constraints.

Step 1 Define the error coordinates z;1 = x1 — yq and zo = x9 — @1, where «ay is a
stabilizing function to be designed. To design a control that does not drive x1 out of
the interval |z1| < k., , we choose the following symmetric BLF candidate in the first
step of backstepping:

1 ki,

Vi =S log

- (4.4)
2 kgl — 22

where
kp, = key, — Ao (4.5)

It can be shown that V; is positive definite and continuously differentiable in the open
set |z1| < kp,, and thus it is a valid Lyapunov function candidate. The derivative of

V1 along the closed loop trajectories is given by

. 2121 21(f1 + g1(22 + a1) — Ya)
Vi, = = (4.6)
k‘gl — z% k‘gl — z%

Designing the stabilizing function a; as:
N ST e ,
o] = gl( f1 (kbl zl)mzl + yd) (4.7)

where k1 > 0 is a constant, yields
4 = —(kj, — 2D)k121 + 9122 (4.8)

The derivative of V; along (4.8) can be written as

g121%2

Yo o | G12122
Vi = K121 + 2 _ .2
b T A1
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4.3 Full State Constraints

where the coupling term %*%% is canceled in the subsequent step.
by A1

Stepi(i=2,..,n—1)

Denote z;41 = z;+1 — oy, where «; is a stabilizing function to be designed. Choose

Lyapunov function candidates as

2
Ve Viy 4 log M0 (4.10)
2 k‘g — 22
1 (2
The derivative of V; along the closed loop trajectories is given by
i—1 .
- o | 9i—12i—1%i | zi(fi + gi(Ziv1 + ;) — &)
‘/Z‘:—Zl‘i‘jz<+k2 _22 + k2 —2'2 (411)
j=1 b1 i—1 b1 7
where ¢;_; is given by
-1 5, -1 5,
. i—1 _ _ i—1 (j+1
Gi1 = (@) + @) + Y —ud T (412)
— T — oV
j=1 j=0 9Yq
By designing the stabilizing function as
1 ) k2 — ;2
o =— | —fit+di1— (k/'gl — ) Rizi — 2b1 7 —gi-1%i-1 (4.13)
gi ki —zi 4
where x; > 0 is constant, it can be obtained that
k:g — 22
5= — (ki — 22)kizi — kgliglgiflzifl + giZit1 (4.14)
by Fi1
The derivative of V; along (4.14) can be written as
i
. 2 JiZiZi+1
j=1 b1 7

where the coupling term 75~ is canceled in the subsequent step.
by %

Remark 4.3.1 Despite the presence of terms in (4.13) containing (/-4:?1 — 22 1) in the
denominator, it is shown, in Theorem 4.5.1, that the magnitude of the error signals
zi—1(t) is bounded away from ky, Yt > 0 under some conditions on the initial states

and control parameters, resulting in bounded stabilizing function «;.

79



4.3 Full State Constraints

Step n In the final step, the actual control law is designed. We choose a Lyapunov

function candidate as
1 ki
Vip=Vp1+ =log —>— (4.16)

2 _ 2
2 ky, — 2,

Then, the derivative of V,, along the closed loop trajectories is given by

= In-1Zn-1%n | Zn(fn + gntt — dno1)
.o 2 n—1%n—14n n\Jn nl — n—1
Vo=—) Kzl + ot TR (4.17)
j=1 by n—1 b1 n
By designing the actual control as
1 ] kg — 22
U= — *fn + ap_1 — (klgl - Zi)’{'nzn - %gnflznfl (418)
In kbl — Zn—1
where x, > 0 is constant, it can be obtained that
) k:g — 22
Zp = —(l{:g1 — zi)mnzn — ﬁgn,lzn,l (4.19)
by *Fn—1
The derivative of V,, can be rewritten as
n
V= — Z /@jz? (4.20)
j=1

Let the closed loop system (4.8), (4.14) and (4.19) be written as Z = h(t, z). The right
hand side h(t, z) satisfies the conditions (2.17)-(2.20) for z € Z := {z € R" : |z| <
ky,,i = 1,2,...,n}. Hence, from (4.20) and Lemma 2.4.2, we have that |z(¢)| < ks,
for all t > 0 and i = 1, ...,n, provided that |z;(0)| < ky, .

Theorem 4.3.1 Consider the closed loop system (4.1), (4.18) under Assumptions
4.2.1-4.2.2. Denote by A; an upper bound for «; in the compact set );, that is,

Ai > sup |Ozi(fz‘,5i,ﬂdi;/7ci)|, 7 = 1,...,77,— 1 (4.21)
(T3, Zis Ya;) €

where o s parameterized by R; = [Kk1, K2, ...,Iﬁ}i]T, and ; is a compact set defined
by:
Q = {zieR %z eR g, eR:
e, (k2 — 22(0
D., = ky \/1 1 ‘22” ) (4.23)
b1

Given the constraints ke, ., >0,i=1,...,n—1, and that
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4.3 Full State Constraints

C1) there exist A;, for alli=1,...,n —1, such that

koo, > Ai+ky, (4.24)

C2) the initial conditions are such that

Zn(0) € Q= {2, € R" : |z| < kp,,i = 1,2,...,n} (4.25)
then the following properties hold.

i) The signals z(t), i = 1,2,...,n, remain in the compact set defined by Q, =
{Zn € R" : || < D,,,i=1,2,...,n}.

it) Every state x;(t) remains in the set Qy = {ZT, € R" : |z;| < D, + A1 <

ke,y i=1,..,n} Vt >0, i.e. the full state constraint is never violated.
i11) All closed loop signals are bounded.

iv) The output tracking error z(t) converges to zero asymptotically, i.e., y(t) —

ya(t) ast — oo.

Proof: The properties (i) — (iv) are proved in sequence as follows.

i) From the fact that V,, < 0, it is clear that V,,(t) < V,,(0). Since 22(0) < kg,
from Conditions C1 and C2, it is straightforward to conclude that V,,(0) <

kQ
Yoy % log ﬁ which implies that
1 1

1 ki "1 ki
Z log 9% < Z log 71’
2 kgl — 22 jz::l 2 k:gl - zj2(0)

Using the identity loga + log b = log ab, we rewrite the above as
K
I (kj, — 27(0))

k2
b1
7t <
2 2 —
kbl —z

i

log log i=1,...,n (4.27)

Furthermore, since |2;(0)| < kp,, we know, from Lemma 2.4.2; that kgl —22(t) >
0 V t. Then, the above can be rearranged to yield |z;(t)| < D,, hence z;(t)

remains in ), V t.
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ii) From V;, < 0 and Lemma 2.4.2, we know that |z;(t)] < D,, < ky,, i = 1,...,n,
V t, where ky, > 0 due to (4.24). Then, from |z1(t)| < D,, < ke, — Ao, we can
show that

[21(0)] < D2y + [ya(t)] < key — Ao + [ya(?)] (4.28)

Noting that |yq(t)] < Ap from Assumption 4.2.1, we therefore conclude that
|z1(t)| < D, + Ag < ke, V L.

To show that |zo(t)| < k.,, we need to first verify that there exists a positive
constant A; such that |a1(t)| < Ay, V t. Since |z1(t)] < D, + Ao, |21(t)] <
D.,, and |yq(t)] < Y3, it is clear that (z1(t),21(¢),9q4,(t)) € 1, and thus,
the stabilizing function «q(z1, 21, %4,) in (4.7) is bounded since it is a smooth
function. As a result, sup(,, ., Ja,)E |a (21, 21, Ua1)| exists, and an upper

bound A; can be found. Then, from |z2(t)| < D, < kyp,, we infer that
|22(t)| < Dz + |aa(t)] < ko, + |aa(t)] (4.29)

Since |aq(t)| < Ay, we conclude that |z2(t)| < D, + A1 < ky, + A1 < ke, V L.

We can progressively show that |z;11(t)| < ke, ,, i = 2,...,n — 1, after verifying
that there exist positive constants A; such that |o;(t)] < A;, V t. Since |z;(t)] <
D., 4 A; 1, |z:(t)] < D.,, and |y ()] < V3, it is clear that (Z;(t), % (), 74, (£)) €
2, and thus, the stabilizing function o;(Z;, Z;, yq4,) in (4.7) is bounded since it
is a smooth function. As a result, we have that sup(z, z, 74, )€ | (Zi, Zi, Ya, )|
exists, and an upper bound A; can be found. Then, from |z;41(t)| < D, < kp,,

we infer that
i1 ()] < Dz + [ai(t)] < ko, + |o(t)] (4.30)

Since |a;(t)] < A;, we conclude that |z;41(t)| < D, + A < ky, + Ai < keyyys
Vv t.

iii) By inspection of the stabilizing functions «;(Z;, Z;, y4,) and the control w(Zy, Zn, ¥4, ),
it is clear that they are bounded, by virtue of the boundedness of Z,,(t), Z,(t), ¥a, (t),
and, in particular, by |z;(t)| < D, < kp,, which prevents any term comprising

(kzg1 — 2?) in the denominator from becoming unbounded.
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4.3 Full State Constraints

iv) Finally, we show that y(t) — y4(t) as t — co. Based on (4.8), (4.14), and (4.19),

we compute V,, as follows:

n n—1

_— ) 2) z

Vi = 2 g (kp, — 27) K, +2 E 22 Kjgj—1%j—1%j — 2 E Kjgj%j%j4+1
j =2 b1 Jj—1 j=1

From the fact that |z;(t)| < k., ]zl(t)| < D.,,i=1,...,n, we infer that V,,(t) is
bounded. Thus, Vn(t) is uniformly continuous. Then, by Barbalat’s Lemma, we
obtain that V;,(t) — 0, and thus z;(t) — 0, as t — oo. Since 21 (t) = z1(t) —ya(t)
and y(t) = x1(¢), it is clear that y(t) — y4(t) as t — co. m

4.3.2 Full State Constraints: Uncertain Case

When the nonlinearities f;(Z;) are uncertain, but can be linearly parameterized ac-
cording to (4.2), the foregoing design methodology can be modified, based on the
certainty equivalence approach, i.e. replacing instances of GTz/Ji(@) in the controls
with their estimates éTwi(:ii), followed by the design of the adaptation law for § that
guarantees closed loop stability. To be consistent with the output constraint case, we

adopt the tuning functions approach [94] for stable design of an adaptation law.

Denote z1 = 1 —yq and z; = x; — a;_1, i = 2, ...,n. Consider the Lyapunov function
candidate V,, composed by:
1 ks 1~ ~
Vi = Zlog—2— +-6TT"19 4.31
! 9 8 kg 273 (431)
1
Ky,

2 2 )
kb1 <

Vi = Viei+= log i=2,..,n (4.32)

where ky, = ke, — Ao, I := diag(v1, 72, ..., 1) > 0, and 0 := 6—0 is the error between 6
and its estimate, 6. Note that Vj, is positive definite and continuously differentiable in

the set |z;| < kp, for all i = 1,2,...,n. The adaptive backstepping control is designed

as follows:
o = —éTwl (kbl )5121 + Y4 (4.33)
1 AT 2 ki, — 23 day a041 +1)
Qy = ; —0" wy — (kbl 2)Kaze — kQ 2912’1 + o7y T2 + Z y ]
7=0 d
80[1 >
4.34
iy (4.34)
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4.3 Full State Constraints

1 N k2 — 2’2 tole%
o = — | —0Tw; (kbl 22V kizi — bliggz 1%i—1 + Z — lfﬁgﬂ
gi ko, — 274 Pl
— Jdai_1 Gy, 9% Zj 8043 1
+Z G) Yd f z"‘zkz 2 Tw; |, 1=3,..,n
7=0 9Y4q J
(4.35)
-1 5,
_ i-1 ,
wy = @01(561), w; = 1/}1(1'1) - Z ;' 1/}]( ])7 1=2,..,n (436)
j=1
w121 Wizi
— C mema+t (4.37)
g-a "TtEg-z
v = a, 4.38)
6 = Tr, (4.39)
which yields the closed loop system
1 = (k‘bl )5121 + 29 — 6" Y1 (:L‘l) (4.40)
k2 — 22 Ja A
Zy = *(k‘gl — 23)Raza — k2 29121 + gaz3 — él (I'r2 = 0) (4.41)
. ]{52 604»7 A
2 = (k‘gl 22V kiz; kg 22 Gi—1%i-1 + gizip1 — 0T w; + —= 1(F7i —0)
i—1
+ Z ' 80@ L, (4.42)
k2 — z] 0 !
k‘Q — 22 ~ oo, _ X
Z:n = _(kl?l ZZ)ann kzbl 2 In—1”n—1 — HTwn + nA - (FTn - 9)
b1 An—1
aaﬂ Lp 4.43
+Z k‘2 - Z A wn ( ° )
§ = I'r, (4.44)
The derivative of V,, along (4.40)-(4.44) can be written as:
n
j=1

Let the closed loop system (4.40)-(4.44) be written as 1) = h(t,n), wheren = [T, §7]T.
By inspection, h(t,n) satisfies the conditions (2.17)-(2.20) in the open set n € Z :=

{ze R0 e R : |z] < ki =1,2,...,
Lemma 2.4.2, |2z;(t)| < kp,, for all t >0 and i =1, ...,
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4.3 Full State Constraints

Theorem 4.3.2 Consider the closed loop system (4.1), (4.38), (4.39) under Assump-
tions 4.2.1-4.2.2. Denote by A; an upper bound for «; in the compact set ;, that

18,
Ai > sup ’ai(jivziagdiué;’%i)r)h L= 1,...,77,— 1 (446)
(@i, Zi> Ga;, 0) €
where «; is parameterized by ' and F; := [k1, k2, ..., 57, and Q; is a compact set
defined by:

Q, = {a’:z eR,z R, s, € R, O R:

2] < Day + Aj 1, 125] < Doy, 6] < Dy, o] < Y05 = 1,0} (447)

B H?:1(kgl —2(0))

D,, = k _ 4.48
1 1 k‘g?eQVé ( )
2V,
D; = _ 4.4
0 O + )\min(r—l) ( 9)
_ 1 .
Ve = 5/\max(F_1)(ll9(0)H +0u)° (4.50)
V, = lﬁib ——@L——+Vl (4.51)
nOT LB ) T '
=1 1 ¢
Given the constraints ke, ., >0, i=1,...,n—1, and that
C1) there exist A;, for alli =1,...,n — 1, such that
kepry > Aitky, (4.52)
C2) the initial conditions are such that
Zn(0) € Qi ={2, € R" : || <k, i1 =1,2,...,n} (4.53)

then the following properties hold.

i) The signals z;(t) and é(t), i=1,2,...,n, remain, for all t > 0, in the compact
sets defined by

Q. = {2, €R":|z|<D.,i=12..n} (4.54)

0 = {0er )| < D;} (4.55)
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4.3 Full State Constraints

ii) Fvery state z;(t) remains in the set Q, = {Z, € R" : |z;| < D,, + A;1 <

ke;y i=1,..,n} Vt >0, i.e. the full state constraint is never violated.
i11) All closed loop signals are bounded.

iv) The output tracking error z1(t) converges to zero asymptotically, i.e., y(t) —

ya(t) ast — oo.

Proof: The properties (i) — (iv) are proved in sequence as follows.

i) Since ||0|| < @ar, and |2;(0)| < kp, from Condition C2, it can be shown that

n
1
Vo (0) = Zﬁlog
i=1
n 2
1 k
ilog b

= W (4.56)

i . .
- 6(0)TT-16(0

)

N |

Aumax (D7) (16(0) | + 0ar)?

™

o
o
|
Do
—
(s
N—
N

From the fact that V,, < 0, it is clear that V,(t) < V;,(0) < Vj,, from which we

obtain
1 ENY 2 7
§Amin(l’ )NO(t) —0]7 <V, (4.57)
and hence
N 2V,
0| <O + 4| ——~ 4.58
1661 < 61 |5 pry (4.58)
Therefore, 0 remains in the compact set {25 V ¢ > 0.
Furthermore, from V;,(t) < V,,, we also have that
k? kpre?Vs
L L i=1,..,n (4.59)

S < ,
Ry =z ()~ Lk, — 22(0)

Since |z;(0)| < kp,, we know that k:gl —22(t) > 0 V ¢ from Lemma 2.4.2. A

simple rearrangement yields |z;(t)] < D,, < kp,, and thus, z;(t) remains in the

compact set 2, V¢ > 0.
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4.3 Full State Constraints

ii)

iii)

iv)

The proof follows the a similar line of argument as that in Theorem 4.3.1,
and is shown here for completeness. From V,, < 0 and Lemma 2.4.2, we have

established that |z;(t)| < D, < kp,, i =1,...,n, ¥ t, and hence
[21(D)] < Dz + [ya(t)] < key — Ao + [ya(?)] (4.60)

Noting that |y4(t)] < Ap from Assumption 4.2.1, we therefore conclude that
|.%'1(t)| < Dz1 + A < kcl, Vit>0.

We can progressively show that |z;41(t)| < ke, @ = 2,...,n — 1, after verifying

that there exist positive constants A; such that |y ()] < Ay, V ¢. Since [|6(t)] <
Dy, |zi(t)| < Dy + Ai—a, |2i(t)| < D2, and |yc(li)(t)] <Y, it is clear that

(Z(t), Zi(t), Fa; (1), O(t)) € Qi (4.61)
and thus, the stabilizing function a;(Z;, %, 74, 0) in (4.7) is bounded since it is a
continuous function. As a result, we have that SUD(z, =, g0 )€ O | (Zi, Zi, Y, » é)]
exists, and an upper bound A; can be found. Then, since |z;4+1(t)| < D, < kp,,

we can show that
21 (O] < Day + la(t)] < oy + la(8)] (4.62)

From Condition C1 and the fact that |o;(t)| < A;, we conclude that |z;11(t)| <
Dz1 + Ai <k V t.

C¢+17

It is straightforward to prove that all closed loop signals are bounded, based
on the results |z;(t)| < D., < ky,, |zi(t)] < ke,, and [|0(t)]| < Dy, for i =
1,...,n. By inspection of the stabilizing functions «;(Z;, Z;, §4,,¢) and control
W(Zn, Zn, Yd,, » é) , it is clear that they are bounded, by virtue of the boundedness
of T (t), Z(t), a, (t),0(), and, in particular, by |z;(t)| < ks, , which prevents

any term comprising (k:gl — zf) in the denominator from becoming unbounded.

Based on (4.40), (4.41), (4.42), and (4. 43) we have that
2

n

. Z

Vo = 2) (K, — 2] +2§ , T g 1%-1%
j= =2 bl j—1

n—1 n
- Ooi_1
-2 E K;jgiZiZj+1 + 2 E 9ijf€j2j —2 E ajé L(7j — m)k;z;
— i— j=2

n k—1

zi  Oaj_
—2zzk2 i ) J kamkzk (4.63)
k=3 j=2

87



4.3 Full State Constraints

From the fact that |z;(t)| < D., < kuy,, |zi(t)] < ke,, and [|0(t)] < Dy, i =
1,...,n, it can be shown that all right hand side terms are bounded. Thus,
V() is bounded, which implies that Vj,(¢) is uniformly continuous. Then,
by Barbalat’s Lemma, we obtain that z;(t) — 0 as ¢ — oco. Since zi(t) =

x1(t) — yq(t) and y(t) = z1(¢), it is clear that y(t) — yq(t) as t — co. =

4.3.3 Full State Constraints: Feasibility Check

As mentioned earlier, the proposed method is unable to handle arbitrary state con-
straints. The state constraints k., need to satisfy the feasibility conditions C1 and
C2 in Theorems 4.3.1-4.3.2, which depend on the initial conditions and the design
parameters. Since initial conditions cannot be chosen, this amounts to a search for a

set of design parameters k,_1 and I" that satisfies C1 and C2.

We wish to choose the design parameters to be sufficiently large so as to achieve
higher rates of error convergence and adaptation. However, the feasibility conditions
impose an upper bound on the design parameters. This tradeoff can be formulated as
a static nonlinear constrained optimization problem that can be solved offline prior to
actual implementation, using state of the art numerical solvers such as the MATLAB

function “fmincon.m”.

When the system (4.1) is known, we check if there exists a solution &y, _1 := [K1, ..., Kn_1]"
for the optimization problem:
n—1
subject to: l
ke,n > Ai(Ri) + ks,
kb, > |2i11(0) — ai(Z:(0), Z:(0), 74, (0); i)
i=1,..,n—1 (4.64)

*

where P is the objective function, and a; are positive constants. If a solution &) _;

to the above optimization problem exists, then C1 and C2 in Theorem 4.3.1 are
satisfied, and the proposed control (4.18) with &,_1 = K _; is feasible in ensuring

output tracking for the system (4.1) with full state constraint.
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4.4 Partial State Constraints

When (4.1) is uncertain, the matrix of adaptation parameters, I := diag(v1 ,72,..-,71),

is also considered in the optimization:

n—1 l
max OP(Rn_l, F) = Z a;k; + Z biyi
=1 =1

’{17"'7Hn—17F>

subject to:
kepr > Ai(Ri, T) + ky,
Ky, > |@i11(0) — aq(2:(0), Z(0), §a,(0), 8(0); &, T)|
i=1,..,n—1 (4.65)

*

where b; are positive constants. If a solution (k) _;,

I'™) to the above optimization
problem is found, then the proposed adaptive control (4.38)-(4.39), with k,,—1 = &},

and I' = T, is feasible in ensuring output tracking for the system (4.1) with full state

constraint, according to Theorem 4.3.2.

Remark 4.3.2 The conditions C1 and C2, in Theorems 4.3.1 and 4.5.2, are suffi-
cient conditions to achieve output tracking in the presence of state comstraints. In
particular, C1 ensures that the state constraints |z;(t)| < ke, are met, given that
|zi(t)] < kp,, for alli=1,2,...,n. The condition |z(t)| < ky,, for alli=1,2,....,n, is
ensured by our proposed BLF-based control.

Remark 4.3.3 The bounds Ai,...,A,_1 are computable for any set of control pa-
rameters Ki,...,kn, L' and initial conditions x(0), and thus, these conditions can be
checked before the control is implemented, provided that knowledge of the initial con-

dition 1s available.

4.4 Partial State Constraints

When all states need to be constrained, the feasibility conditions C1-C2, as described
in Theorems 4.3.1-4.3.2, may become rather restrictive. In the case where only some,
but not all, of the states have constraints, the design procedure is modified such
that Barrier Lyapunov Functions are only used up to the step with the highest order

state under constraint, and the feasibility conditions can be relaxed. Consider the
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4.4 Partial State Constraints

partition of the full state x = [z1,...,2,]7 into free states z, = [zp, Tpy, ..., T, |©

and constrained states x5 = [z, Ts,, ...,xSnS]T, where n, + ns = n, and the number

sequences, {r1,72,...,7n, } and {s1, s2, ..., Sn, }, are both ascending.

4.4.1 Partial State Constraints: Known Case

According to the backstepping methodology, we employ BLF's from steps 1 to sy,:

vio— Lig My (4.66)
1 = g 5———= 65 .
2 k:gl — 22
1 k. .
‘/:L' - ‘/;71+§10g W, 7/22,3,...75715 (467)
to design the corresponding stabilizing functions
1 .
o) = E(_fl - (k‘g1 — 2 k121 + Ua) (4.68)
1 . k2 — 22 .
a = —|—fitdi1— (klgl — 2})Kizi — ‘zbl zlfgz‘—lzi—l » =23, 8,
9i Ky, — 24
(4.69)

From step (s,, + 1) onwards until the final step, quadratic Lyapunov functions are

used for the design of the remaining stabilizing functions and final control law:

1
Vi = Viai+ 722-2, 1=8p,+1, sy, +2, ..., n (4.70)
1 . 9sngFsng
Qsp+1 = <_f8ns+l + Qs = K 41255, +1 — k22> (4.71)
gsn5+1 bl o Zs"ls
1 : .
o = ;(—fj T o1 — Kz — gj—lzj—1), j=8n,+2,8,,+3, .., n
Jj
(4.72)
u = Qn (4.73)

For i € {s1, s2, ..., 8n, }, the given constraints k., need to satisfy feasibility conditions
similar to those in Theorems 4.3.1-4.3.2. However, for i € {ry,r2,...,,}, where
rn, < Sn,, the constraints k; are not explicitly specified as problem requirements, but
rather, they are artificially imposed as part of the design procedure. As such, they

can be chosen as design parameters, thus relaxing the feasibility conditions.

We state the results concisely for the known case in the following theorem.
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4.4 Partial State Constraints

Theorem 4.4.1 Consider known system (4.1) under Assumptions 4.2.1-4.2.2, sta-
bilizing functions and control law (4.68)-(4.69),(4.71)-(4.73). Denote by A; an upper
bound for «; in the compact set €;, that is,
A, > sup li (Zi, Zi, Ya, 5 Ri) | i=1,..,8, —1 (4.74)
(s, Zi, Ya;) €

where «; is parameterized by K; = [k1, k2, ..., k)T, and Q; is a compact set defined by:

Q, = {.Tz € Ri,,?i € Ri,gdi eR’:

070, — 2(0)
kifns e i=sns %0

D, = ky |1— (4.76)

Given the constraints {ke,, ,k ke, }, and that

Csgr VCsg s oo

C1) there exist A; and {ke, }icr, where F = {ri,ro,....;mn, } N {1,2, ..., 85}, such
that

k > Ai+kb17 1=1,...,85, — 1 (477)

Ci+1
C2) the initial conditions are such that

Zn(0) € Q= {2, €R" ¢ |z| < ki, i = 1,2, ..., 85, } (4.78)
then the following properties hold.

i) The signals z(t), 1 = 1,2,...,n, remain, for allt > 0, in the compact set defined
by Q. ={Z, € R" : 5] < D0 = 1,2,..., 80, [| 25, + 1| £ /2Va(0)}, where

R T
Rspg+lin 1= [ans+17 Zspg+2y 0 Zn] .

it) The partial state xs(t) remains in the set Q= {xs € R™ : |z;| < D, +A;i—1 <

ke;s = 81,82,...,Sn, } YVt >0, i.e. the partial state constraint is never violated.
i11) All closed loop signals are bounded.

iv) The output tracking error z1(t) converges to zero asymptotically, i.e., y(t) —

yq(t) ast — oo.
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4.4 Partial State Constraints

Proof: The properties (i) — (iv) will be proved in sequence as follows:

i)

i)

iii)

iv)

From the fact that V,, < 0, it is clear that

ons k2 "1
W) < Y Slog o+ S 22

i=1
Using the identity loga + log b = log ab, we have that

P
2 ns ?:sn 7.2(0)
kgl k‘bf e -
ki, — 25(t) ~ 1L (kg — 27(0))

7 7

(4.79)

Since |2;(0)| < kp,, we know that k‘gl —22(t) > 0 V ¢ from Lemma 2.4.2. Simple
rearrangement yields that |z;(¢)| < D,,,i = 1,2, ..., s,,. Then, based on the fact

that %Z?:5n5+1 22(t) < V,(0), it is easy to see that ||zs, 1. (t)]| < +/2V4(0).
Hence, z;(t) remains in the compact set £, V ¢ > 0.

This part of the proof is similar to that in Theorem 4.3.1, with a minor difference
that |z;| < k., for i = 1,2,...,s,,, instead of ¢ = 1,2,...,n. Since the sequence

{s1,52,...;8n,} C{1,2,...,sp,}, we can conclude that z4(t) € Q, Vt > 0.

We have already established the boundedness results |z(t)] < D, < kp,,
|73 (t)| < ke;, and o (t) < Ajfori = 1,..., s,,. Together with the fact ||z, 1.0 <

2V,,(0), we can progressively show, via the usual signal chasing, that the re-
maining «;(t) and x;(t) are also bounded (i = s,,+1,...,n). Then, it is straight-
forward to show that the control u(Z,, Zn, ¥4, ) is bounded. Thus, all closed loop

signals are bounded.

The proof follows by showing that V}, is bounded and then invoking Barbalat’s

Lemma to conclude asymptotic stability of z;. =

4.4.2 Partial State Constraints: Uncertain Case

When dealing with parametric uncertainty, we employ the same Lyapunov function

candidates as described in (4.66) and (4.70), with the exception that V; is augmented

with a quadratic term of the parameter estimation error:

Vi =1 ki, Lorp-1g 4.80
1—20gkgl_z%+2 (4.80)
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From step 1 to step s,,, BLF candidates are considered, leading to the following

stabilizing functions:

1 A .
o E(—eTwl—(kgl—z%)mmﬂLyd)
1 - . ki — 23 30&1 (g+1
gy = ; —0 w2—(kb1 _Zz)"@222_ﬁ91 1+ x2+z
b1
(90[1 >
39
1 . ki — 22 Oay;
a; = — | —0"wi— (K}, — 2)wiz — g gimam S LT
gi b1~ i1 =1 i
1
Oy (j+1) | Octie Lp < | Oaj ;
- Tw; |, i=3,4,.... 5n,
+§ 8yéﬂ)yd MY ﬁzkg_z A o

(4.81)

From step (s,, + 1) onwards until the final step, QLF candidates are used, and the

following stabilizing functions are designed:

1 AT gSn zSn S aasn
P S —0" W, 41 = Ky 41250, 41 — 755 T+ ST
& Ha Oa s oo
Sns (]+1) Sns Zj ] 1
S Ya + = FTsns-i—l + Z FORY) Fwsns—l—l
= ayy 90 ki — 2 96
1 5 — < 1 1
ap = —0Twy — K2k — gr-126-1 + Z —Tj41 Z j+ )
9k i1 Ly —0
Ji
n k-1
80ék_1 s Z5 O i—1 8044,1
+——7TI7 + . 22 Twg |,
e k-2 0h 2 Y, g
j=2 1 J J=8ngs+1
k=sn, +2,80.+3,..,m (4.82)
The control and adaptation laws are chosen as follows:
u = ap (4.83)
0 = T, (4.84)
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where the intermediate functions w;, tuning functions 7;, and adaptation law are

given by
i—1
_ Oaiq .
wr = Pi(71), w; = (%) — Z - Vi (), i=2,..,n
j=1 "
w21 Tic1+ iy, =2, 8,
T 3 3 Ti = b (4.85)
by A1 Ti-1+wizi, i =8p, +1,..,m

The results for the uncertain case are summarized in the following theorem.

Theorem 4.4.2 Consider uncertain system (4.1), under Assumptions 4.2.1-4.2.2,
stabilizing functions and control law (4.81)-(4.82), and adaptation law (4.84). Denote
by A; an upper bound for «; in the compact set €);, that is,

A > sup i (%4, Zi, iy 05 Fis D)), =1, 80, — 1 (4.86)

(Zs, Zi, Ya;, 0) € Qs
where o is parameterized by I' = and R; = [k1, K2, ..., m]T, and €; is a compact set
defined by:

QO = {:EZ eR,z e R,y e RLO R :

250 < Day + Ay, |55l < Doy, ), 100 < Dy < Y55 = 1,1} (4.87)

1325 (R, — 22(0))

D, = ky,|1— _kzs%wﬁ (4.88)
by
2V
Dy = 0 4.
0 M XD (4.89)
_ 1 <& 1 3 R
Ve = 5 > 20+ 5max(T 00 +60)? (4.90)
1=8Sng+1
|Z ! Snsl - Vi 4.91
R PP e TR (9

Given the constraints {ke,,, k ke, }: and that

Csgr

C1) there exist A; and {ke, }icr, where F = {r1,ra,....;mn, } N {1,2, ..., 5, }, such
that

k > Aj+ky, i=1,.. 8, —1 (4.92)

Ci+1
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C2) the initial conditions are such that

En(()) S on = {Zn e R": ’Zl’ < k‘bl,i =1,2, ...,Sns} (4.93)
then the following properties hold.

i) The signals z;(t), 1 = 1,2,...,n, and é(t) remain in the compact sets defined by
Q. = {50 ERY: |n] < Dayyi = 1,2, 50, 12, 41l < V205 1 (404)
Q; = {0 eR || < Dé} (4.95)

it) The partial state x5(t) remains in the set Qy, := {xs € R™ :|z;] < D, +Ai1 <

ke;s @ =81,82,...,Sn,} YVt >0, i.e. the partial state constraint is never violated.
i11) All closed loop signals are bounded.

iv) The output tracking error z(t) converges to zero asymptotically, i.e., y(t) —

ya(t) ast — oo.
Proof: The properties (i) — (iv) will be proved in sequence as follows.

i) Since ||0|| < 0y, we have

s q k2 "1 1 A
Va(0) = ) Slogos— 55+ 57 (0) + 5 Amax (T OO + Onr)*
; 2 kg —22(0) izgﬂ 2 2
=

From the fact that V,, < 0, it is clear that Vi(t) < Vi(0) < V,, and hence
%)\min(F_l)Hé(t) — 0|2 < V. Tt is straightforward to show that [|0(t)]| < 0as +
,/#VI’LI) such that 0(¢) remains in the compact set Q; VT
Furthermore, from V,,(t) < V,,, we have that
W, gne2Ve
kp, = 23(t) T I (kp, — 22(0))

i

(4.96)

Since |z;(0)| < kp,, we know that k:gl —22(t) > 0 V ¢ from Lemma 2.4.2. A
simple rearrangement yields |z;| < D,,,i = 1,2, ..., sp,. Then, based on the fact
that § 31" 4 22(t) < V,, it is easy to see that ||z, +1:n(t)]| < v/2V,. Hence,

z; remains in the compact set 0, V ¢t > 0.
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ii) Similar to the proof of Theorem 4.3.2(ii), we can show that |z;| < k., for

i = 1,2,...,8,,. Since the sequence {si,s2,....,8,.} C {1,2,...,8,.}, we can

s

conclude that z4(t) € Qg Vt > 0.

iii) We have already established the boundedness results ||| < Dy, |zi(t)| < D, <
ky,, |zi(t)] < ke, and o < A; for @ = 1,...,s,,. Together with the fact
25, +1:m] < \/ﬁ, we can progressively show, along the lines of the proof
of Theorem 4.3.2(iii), that the remaining a; and x;, for i = s,,, + 1,...,n, and

~

the control u(Zy, Zn, ¥a,,0), are all bounded.

iv) The proof follows by showing that V,, is bounded and then invoking Barbalat’s

Lemma to conclude asymptotic stability of z;. =

4.4.3 Partial State Constraints: Feasibility Check

With only a portion of the states to be constrained, the feasibility conditions are re-
laxed. Recall that the full state is partitioned into free states z, = [z, Try, ..., Tp, |T
and constrained states x; = [xsl,ist,---,ZCsns]T- Then, the parameters k., for i €
F = {r1,re, .., N{1,2,...,8,,}, are no longer hard constraints imposed by the
problem, but are now design constants at our disposal. Additionally, there are less
conditions to satisfy, except for the special case when s,, = n, i.e. z, needs to be

constrained.

Similar to the full state constraint problem, we check offline the feasibility condi-
tions C1-C2 in Theorems 4.4.1-4.4.2 by solving a nonlinear constrained optimization
problem. When the plant is known, we check if there exists a solution &g, 1 =

K1, ..., ks, —1)° for the optimization problem:
ns p

Sng—

1
max OP(“sns—la{kCi}ief) = Z; ajk; — Zdikci

K1y Kspg—1> .
s i€F

subject to:
kci+1 > AZ(RZ) + kbl
kbl > |x1+1(0) - O‘l(fZ(O)a 5@‘(0)7 Yd, (0)7 kz)|
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where P is the objective function, and a;,d; are positive constants. If a solution
(R3,.—1, {kZ Yier) to the above optimization problem exists, then C1 and C2 in The-
*

orem 4.4.1 are satisfied, and the proposed control (4.73) with ks, —1 = Re,.—1 18

feasible in ensuring output tracking for the system (4.1) with partial state constraint.

When the plant is uncertain, the matrix of adaptation parameters, I' := diag(y1, v2, ..., 71),

is also taken into consideration in the optimization problem:
Sng—1 1
max  P(Rs,, -1, ke }ier, I') = > aiki+ > byi— Y dike,
FlyesFsng =150 > i1 i—1 i€F
subject to:
kCi+1 > Ai(ﬁi, F) + kbl
ko, > [2i1(0) — ai(%:(0), 2:(0), 54, (0), 6(0); £, T)|
i=1,. 50, —1 (4.98)
where b; are positive constants. If a solution (K] _;,{k7 }ier,I'") to the above
optimization problem exists, then C1 and C2 in Theorem 4.4.2 are satisfied, and
the proposed adaptive control (4.83)-(4.84), with &, 1 = K _; and I' = I'", is

feasible in ensuring output tracking for the system (4.1) with partial state constraint.

Note that a penalty term — ), d;k., is appended in the above objective functions
to limit the growth of the design constants k., ¢ € F, during the optimization. For
each ¢ € F, ensuring k., to be as small as possible helps to ensure that A; is also

small, thus increasing the possibility of satisfying the condition k., , > A; + ks,

4.5 Simulation

In this section, we present simulation studies to demonstrate the effectiveness of the
proposed control, with and without uncertainty in the plant model. Consider the

second-order nonlinear system
Ty = 91.%% —+ X9
To = Oxyixo+ 0311 + (1 + x%)u (4.99)

where 6; = 0.1, §2 = 0.1, and 03 = —0.2. The objective is for x1 to track desired
trajectory yq = 0.2 + 0.3sint, subject to full state constraint |z1| < k., = 0.8 and
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|zo| < ke, = 2.5. Since |yq| < Ag = 0.5, we have that ky, = 0.8 — 0.5 = 0.3. Further,
we have |g4] <Y1 = 0.3. The initial conditions are z1(0) = 0.0 and x2(0) = 0.5.

For the known case, it can be verified that with control gain x; = 1.0, we obtain that
21(0) = —0.2, 22(0) = 0.19, D,, = 0.249 from (4.23), and A;, with the help of Lemma
2.4.4, as follows:

sup  Jai| < 61(Ds, + Ag)2 + Y1+ ik,? k1 = A; =0.367  (4.100)

(21,21,90) €D 3v3 ™

where Q1 = {z;1 € R,z1 € Rgg € R : |z1| < D, + Ao, |z1] < Dy, lval < Y}
Therefore, the condition k., > A; is satisfied. At the same time, we have |z2(0)| <
|21(0)| < kp,. Thus, the feasibility conditions C1-C2 in Theorems 4.3.1 are satisfied.
Further, we obtain that k;, = 2.5 — 0.367 = 2.133, and choose k2 = 1.0.

For the adaptive case, it can be verified that with the control gain k1 = 1.0, adaptation
parameters 1 = 72 = 3 = 5.0, and é(O) = 0.0, we obtain that z1(0) = —0.2,
22(0) = 0.19, D, = 0.250 from (4.48), D; = 2.682 from (4.49), and A;, with the help
of Lemma, 2.4.4, as follows:

2
sup |O‘1‘ < Dé(Dzl + A0)2 +Y + 7]{321 k1 =A; =1.819 (4.101)
(z1,21,94,0) €0 3\/§

where Q) = {21 € R,z; € R, g € R,0 € R : |z1] < D, + Ao, |z1| < D.,, |04l <
Y1, 1] < Dy}. Therefore, the condition k., > Aj is satisfied. At the same time, we
have |22(0)| < |21(0)| < kp,. Thus, the feasibility conditions C1-C2 in Theorems 4.3.2
are satisfied. Further, we obtain that k,, = 2.5 — 1.819 = 0.681, and choose k3 = 1.0.

Simulation results for full state constraint problem with and without uncertainty are
shown in Figures 4.1-4.5. Good tracking performance is exhibited, and the state
constraint requirements |z1| < k., and |z2| < k¢, are satisfied, as a result of enforcing
constraints on error signals |z1| < kp, and |z2| < kp,. The control signals and the

parameter estimates are well behaved and bounded.

Remark 4.5.1 In this simulation, we have selected parameters for the controller
based on trial and error out of simplicity. Alternatively, the parameters can be selected
by solving the optimization problems described in (4.64) and (4.65). The optimization
problem can be solved by using state of the art solvers such as the MATLAB function
“fmincon.m” in the MATLAB Optimization Toolbox.
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4.6 Conclusions

In this chapter, we have presented control designs for strict feedback systems with
constraints on the states, based on Barrier Lyapunov Functions. Besides the nominal
case where the plant is known exactly, the presence of parametric uncertainties has
also been handled. When dealing with full state constraints, asymptotic tracking is
achieved without violation of constraints, and all closed loop signals remain bounded,
under some feasibility conditions which involve the initial states and the control para-
meters. When handling only partial state constraints, the conditions can be relaxed.
These feasibility conditions can be checked offline. The effectiveness of the proposed

control has been demonstrated through a simulation example.

output X,

2 kcl i
with uncertainty

><N o .
o 1 without uncertainty | |
<
%]

0 -

_1 Il Il Il Il Il Il Il Il
0 2 4 6 8 10 12 14 16

time t

Figure 4.1: The output x; and the state xo for the full state constraint problem with
and without uncertainty.
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o

-0.1f \ .
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—ky,
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Figure 4.2: Tracking error z; for the full state constraint problem with and without
uncertainty.
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time t
2F k k
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Figure 4.3: The error signal zy for the full state constraint problem with and without
uncertainty.
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Chapter 5

Control of Constrained Systems
with Uncertain Control Gain

Functions

5.1 Introduction

In this chapter, we extend our investigations to the adaptive control problem for
SISO nonlinear strict feedback systems with uncertain control gain functions and
constraints in the output and states. Methods for handling unknown virtual control
gains include the use of Integral Lyapunov Functions [43] and quadratic-like Lya-
punov functions with reciprocal of control gain function [44]. As these approaches
are difficult to combine with Barrier Lyapunov Functions for handling of constraints,
we adopt, in this chapter, the robust adaptive domination approach of handling un-
known virtual control gains. In the adaptive domination approach, we do not try to
cancel the nonlinearities as in feedback linearization, but instead dominate them by
adaptively estimating constant bounds for the nonlinear functions within some local
region. Then, with the help of BLF's, it can be shown that the state never leaves the

said region, thus validating the control design and analysis.

Within this framework, conditions for practical stability with guaranteed non-violation
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5.2 Problem Formulation and Preliminaries

of constraints are established, and both cases of full state constraint and output con-
straint are considered. For the case of full state constraints, we employ Barrier
Lyapunov Functions for each step of the backstepping design. Feasibility conditions
on the initial states and control parameters are provided, which can be checked a
priori, to determine if the given problem can be solved with these approaches, and
can generally be relaxed when handling only partial state constraints. For the special
case of output constraint with linearly parameterized system nonlinearities, feasibil-
ity conditions are not required, and the design employs BLF only in the first step of

backstepping, while the subsequent steps are all based on quadratic ones.

The organization of the remainder of this chapter is outlined as follows. In Section
5.2, the tracking control problem for nonlinear constrained systems in strict feedback
form is formulated, where we pay special attention to the uncertainty of the control
gain functions. Following that, the control design methodology is detailed in Section
5.3 for the case of full state constraint, along with the conditions that govern the
feasibility of proposed control. Section 5.4 extends these results to the special case of
output constraint with linearly parameterized system nonlinearities, for which feasi-
bility conditions are not required. Finally, computer simulation results are presented
in Section 5.5 to illustrate the performance of the control, before concluding remarks

are made in Section 5.6.

5.2 Problem Formulation and Preliminaries

Consider the system in strict feedback form:

o = fi(®) +9i(Ti)ziv1, i=1,2,...,n—1
y = n (5.1)
where x1, x9, ..., x, are the states, z; := [x], T2, ...,xi]T € R, f; and g; are uncertain

smooth functions, © € R and y € R are the input and output respectively, for i =
1,2,...,n. We consider the problems of output and state constraints. For the case of

output constraint, the output is required to remain in the set |y| < k.,, with k., being
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5.3 Control Design for State Constraints

a constant. For the case of state constraints, every state x; is required to remain in

the set |x;| < ke,, with k., being a constant, for i = 1,...,n.

The control objective is to track a desired trajectory yg while ensuring that all closed
loop signals are bounded and that output or state constraints are not violated. In this
chapter, for convenience of notation, we group the derivatives of the desired trajectory
in the vector g, := [yc(ll),y((f), v yg(li)]T. The assumptions on the desired trajectory

ya, as well as the functions g;(+), i = 1,...,n, from (5.1), are stated as follows.

Assumption 5.2.1 For any k., > 0, there exist positive constants Ay, Y1, Ya,..., Yy,

such that the desired trajectory yq(t) and its time derivatives satisfy
()] < Ao < ke, lga®) < Vi, i <Yar o BYIOI<Ya  (5.2)

for allt > 0.

Assumption 5.2.2 The control gain functions g;(Z;) satisfy |g;(Z;)| > g* > gmin > 0
fori=1,2,...n where g* := mini—1__,{inf; cgi g;(T;)} is uncertain, while gmin is a
known positive constant. Note that gmin can be a conservative estimate for g*. We

further assume that the g;(Z;) are all positive.

5.3 Control Design for State Constraints

In this section, we consider the case of full state constraints, and employ BLF's in every
step of backstepping design, so as to keep each error signal z; = z; — ;-1 (i = 2,...,n)
constrained. Provided that each stabilizing function «;_1 is bounded in the specified
constrained region for x;, we can ensure that x; remains in the constrained region,

subject to feasibility conditions.

Unlike the previous chapters, which adopted a cancellation based approach, this chap-
ter is based on a domination based approach, due to the presence of uncertain control
gain functions. We first explain the technique of robust adaptive domination design
with BLF using a simple first order nonlinear system as a motivating example. Sub-
sequently, the design methodology is extended to the n-order system (5.1) with the

use of backstepping techniques.
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5.3.1 Robust Adaptive Domination Design

For clarity of presentation, we outline the method of employing Robust Adaptive
Domination Design together with BLF to design a control that not only handles the
uncertain control gain function, but also prevents the state constraint from being

transgressed. Consider, as a motivating example, the first order nonlinear system:
i1 = fi(z1) + g1(z1)u (5.3)

where the objective is to stabilize the origin while ensuring that |z1| < k.. Choose

Lyapunov function candidate as:

1 k2
Ve = - log == (5.4)
2 k2 — 22

C

which is positive definite and continuously differentiable in the region |z1| < k.. The

derivative of V, along the solution of (5.3) is given by

Ve = ma(Ale) +ai(e)u) (5.5)
c 1

In the adaptive domination approach, we do not try to cancel the nonlinearity fi(z1),
but instead dominate it by adaptively estimating a local constant bound for the non-
linear function. Considering the set |z1| < k., we know, by virtue of the smoothness
of function fi(z1), that fi(z1) < Fy where Fy 1= supy,, <, | f1(z1)], which yields the
inequality:

T
2 2
kC - 331

r191(21)U
k2 — 22

Vs (5.6)

By completion of squares on the first term on the right hand side, it can be obtained

that

. Ag*z? z191(z)u 1

\% 01 + — 5.7

SRR (= PR ¥ R B0 (5:7)
where )\ is a positive constant, and 6; := F?/g* is an unknown parameter to be

estimated adaptively. Denote by 01 an estimate for 01, and design the control and

adaptation laws as follows:

A ~
c 1
X IR ;p2 ~ ~
&::@féﬁﬂm,m@zo (5.9)
c 1

105



5.3 Control Design for State Constraints

where o is a positive constant, and k1 > ¢/k? with ¢ to be defined later. Then, the

closed loop system consists of (5.9) and

ir=ﬁ@ﬂ—m@ﬂ< érw%—m@m)m (5.10)

k2 — 2?2
From (5.9), it is easy to see that 61 (£) > 0V > 0. At the same time, from Assumption
5.2.2, we know that g1(z1) > gmin > 0. Therefore, it is clear that the following
inequality holds:
Ag1(x1)x? Ag*r?
-t < ———=-0 (5.11)
(k2 — x7)? (k2 — 27)?
Substituting the control law into (5.7), and using the above inequality, the derivative
of V,, can be rewritten in the form:
Ag*r? 1
————0 + — 5.12
TR 12

To analyze closed loop stability due to online parameter adaptation, we augment V

Ve < —kigi(z1)ad —

with a quadratic term of the parameter estimation error 6; = 6, — 01, which yields

the new Lyapunov function candidate as:

Ag* ~
V=V,+ %F;lef (5.13)
where I'1 is a positive constant. Finally, the derivative of V' satisfies the inequality:
) \a* _
V < —kigi(z)z? — %Fflﬁ +c (5.14)
where
1 Ag o1
C = B + TFI 91 (515)

N

Let the closed loop system (5.9)-(5.10) be written as 1) = h(t,7), where n = [z1, 0]T.
By inspection, h(t,n) satisfies the conditions (2.17)-(2.20) in the open set n € Z :=
{z1 € R,0 € R: |x1| < k.}. Together with (5.14) and x; > ¢/k2, Lemma 2.4.3 can be
invoked to show that the state constraint is never violated, i.e. |x1(t)| < k. Vt > 0,

as long as |z1(0)| < k.

Thus far, in the foregoing design and analysis, we have assumed that fi(z;) < Fy
in the set |x1| < k.. Since the proposed control indeed renders the set |z1| < k.
positively invariant, we can safely conclude that fi(x1(¢)) < Fj is valid V¢ > 0, such

that the control design and analysis are valid.

106



5.3 Control Design for State Constraints

5.3.2 Adaptive Backstepping Design

In this section, the foregoing control design methodology is extended to the n-order

strict feedback system (5.1) via backstepping. For any § > 0, let

Q = {weR":|u| <he, i=1,..n} (5.16)
Qx = {(L‘ S RTL : ‘.fz’ S kci +57 Z - 1; "-7n} (5'17)

For = € Q,, the uncertain functions f;(Z;) and g¢;(Z;) are bounded by known positive
constants F; and G; respectively. Then, robust adaptive backstepping with Barrier
Lyapunov Functions is employed to ensure that z(t) € . C €2, under certain initial

conditions. The detailed design procedure is presented as follows.

Step 1 Denote z; = 1 — yg and 29 = 22 — a1, where a; is a stabilizing function to
be designed. Choose Lyapunov function candidate as:
1 ki Ag
Vi =-log 52— + —-T1'67 5.18
1 2 g kg — Zl ( )
1
where ky, = ke, — Ao, A and I'y are positive constants, and 0, = 6, — 6y is the
estimation error, with #; an unknown positive parameter and 6, its estimate. The
derivative of V; is given by

21

k:2

21

Vi

(F1 +Y1) + (91(:761)22 + g1(21)on) + 9, (5.19)

]{:2

where Fy :=sup,cq_ fi(z1) and g4 < Y7. By completion of squares, we have that

21 A\g* 22 1
Fi+Y) < 5530 2
P ( 1+Y1) < (2 — ) 1t (5.20)
where 01 := (Fy + Y1)?/g*. Then, it can be shown that
' Ag* 21 gi(z1)zion | gi(z1)z122 | Ag" 5 4 1
i < 0 0101 + — 5.21
b= (k2—z1)21+ K2 — 22 k2 — 23 Tty 62
Design the stabilizing function a; and adaptation law designed as:
_ A4 2 .2
o1 = 5 291 + (kbl Zl)/il 21 (5.22)
ki, — 21
X IR 2 ~ ~
b = —LL _ _5f, 61(0)>0 (5.23)

(K, — =)
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where k1 is a positive constant. Substituting (5.22) and (5.23) into (5.21) yields

Ag* 2 o, — )\91(951)2“%@ 91(561)2122

. 2
Vi < —rmigi(z1)21 + (k2 _21)2 (]cg —z%)2 ! kz —21

~ 22 ~
A | = T h, | 4+ — 5.24
" 1<(kgl—z%)2 ! Ul>+4>\ (5.24)

From (5.23), we know that 6; > 0, and from Assumption 5.2.2, we know that g (1) >
Jmin > 0. As a result, it is easy to obtain that

Ag* 21 Z% -1_4
(k7 — 27)? 2+ 2" ((k%f —ap
1

g1(x1)z122 1

Vi < —5191(901)%

_l’_

kgl - z% 4\
S —mgl(l‘l)z% + 92(2.%.1) - )\ O'F 19191 + — 4)\ (5.25)
b1 1

Using the property that —6,6; < %(—é% + 6?), we obtain

g1 (331)2'12’2 Ag*o

Vi < —rmigi(z1)2f + 5 5 — 7107 4 (5.26)
ky, — 7 2
where
1 Ag'o_ 1.0
= —+——TI70 5.27
aTp Tt (5.27)

g1(x1)z122

The coupling term “5~== is dominated in the subsequent step.
by A1

Stepi (i=2,...,n)

Denote z;+1 = w41 — a4, where a; is a stabilizing function to be designed, and

zi+1 := 0. Choose the Lyapunov function candidate:

1 Ky, A\g*
V,=Vi_ log ——24 79Tr 1o, 5.28
STl R (5.28)

1

where kp, is to defined later, I'; := diag(vyi1,7i2,...,Viz2i) > 0, and 0, = 0, — 0, is
the estimation error between 6; and its estimate él The derivative of «;_1 can be

described by the expression:

—(f(Z;) + 9j(Zj)xjt1) + wia (5.29)
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where w;_1 is a computable quantity represented by:

i—1

— dai_q 4
Z 5 TVARIRED S} (5.30)
=0 j=1 90,
The derivative of Vj is given by
Vi = kg — [fz(l“z) i1+ 9i(T) 21 + 9:(B)ou] + Ag 0 T70; + Vi (5.31)
Substituting (5.29) into the above equation yields:
z L da
. ; _ i—1 _
Vi < ,{2722%(%’) = az —(fi(Z5) + 9j(Zj)xj11) — wi—1 + 6i(%i) (zi41 + )]
b1 Z’i =1 l’]
. Gi—1(Ti—1)zi—12 Uk A\g*o
1 ) (Ti1)Zi12 .
+Ag QZTFl 191' — Z /ngj(:cj)z]z + ! 12 ! 22 L. Z TQJQ + Cci—1
j:]_ by - Zi*l j:].
z X |0a 2i_1%;
4 - -
< k2 122 Fi+z — | (Fj + Gjlzjal) + lwina] | + 7]{2 Z_ | Gi1
b1 7 j=1 i—1
"‘)‘Q*QTF 19 + k%(gz( )Zz—i-l + gz -777, az ZKJ]Q]
b1 7
il )
-2 792 00510 +cia (5.32)
j=1

where F; := sup,cq_|fi(Z:)], and G;_1 := sup,cq, |9i-1(Ti-1)|.

Remark 5.3.1 Although it would appear more convenient to consider the bound
sup,eq, (fi(Zi) — &i—1) in (5.31), this is not viable because c;—1, and thus 2%=1 aqnd
wi—1, are not continuous at the points |zj| = ky,, due to the terms (k:2 ]2), in the
denominator, for j = 1,...,i — 1. As a result, sup,cq, (fi(Zi) — c;—1) is not finite
for all x € Q. To circumvent this problem, we note, from (5.29)-(5.30), that the

unknown parts of ¢, namely f;j(Z;) + 9;(Zj)xj41, are continuous, such that they

are upper bounded by positive constants in ... The splitting of ¢;—1 into continuous

and non-continuous parts result in the need for the multiple bounding constants I
and G;.
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Using completion of squares, the following inequalities can be shown to hold:

Z; 22 s 1
— | < —=F"+— (5.33)
ki — 2} ‘ (kg —22)2° " 4)
Z3 60&1‘,1 Az 8041;1 2 2 1
F;, < Fr+ — (5.34)
ki — 22| Ox; / (ki —22)? | Ox; DN
Zj 22 9 1
| |lwi—1] < ! wi_q + — (5.35)
kg -z (k2 —22)2 71 4x
2.2 2
2 Oai_q Az [0aioa|” 5 1
i1|Gj; < G+ — 5.36
ki —z2|| Ox; 241G < (ki —22)? | Ox; TRy (5.36)
2 .2
Zi—1%; Azi_lzi 2 1
Gy < =G+ — (5.37)
Ky — 2] (kg, —220)? 714N
for j =1,...,4 — 1. Substituting the above inequalities into (5.32) yields
. \g*22 p Zj
V. < i Ty, NEAYS NE AT
i > (kgl — 212)2 i Wit k'gl _ ZZQ (gz(l‘z)zwrl +gz(xz)az)
i—1 i-1 ,
w AT 1 A _ AGFO p 2t +1
—i—)\g H?Fi 192' — Z ngj(xj)zjz- — Z TQJTFJ‘ 19]' +ci—1 + AN (5.38)
j=1 J=1
where 6; = g%[FiQ, oy F2,1,G3,...,G? |7, and the regressor is given by
Oa—q dai 1> 5 |daia|® dai 1|*
v, = |1 : -
! 10z | 7| Ox1 Wi-1, o1 120 0x;_o Yi1
T
Z?—l(kgl - 2% |da;_|? 22 (5.39)
(ki —22)% |0z | '
Choose stabilizing function, control and adaptation laws as follows:
A A
o = — (Megfq/i + (kg — z?)m,-) 2 (5.40)
by %
u = oy (5.41)
A 22 ~ ~
0, = ———=sIVv;—06;, 6;(0)>0 5.42
i (kgl — 23)2 i¥q — OUy, z( ) = ( )
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The closed loop system is given by

. Mg10: 2
2 = fi—Yatgize— 291 ! 12 — (kg1 — 2)k1g121 (5.43)
Ky, — 21
. . g7 W, 2 )
Zi = fi— &1+ gizi — % = (k:g1 — 2D kigizi, i=2,...n (5.44)
by~ ~i

along with (5.23) and (5.42).

Due to the fact that 6; > 0, and that g;(Z;) > ¢* > 0, it is clear that (5.38) can be

rewritten as

: )‘9*22 AT gi (xz)zzzz—l—l AT 22 —15
Vi < -0V, +————+ g0, | =59, — oD, 0,
PR TR T g T\ T
i i—1 .
_ AG O 2141
- Z Kjgj (:E])z]2 - THJ»TF] 10, 4+ cio1 + 75 (5.45)
j=1 7j=1
Using the property that —GTF 19, < %( OTI‘ 19; + oIT; 19,), we obtain that
: : Ag*o 9i(Zi)zizi
. _ ST —17 +1
Vi < —angj(xj)zf. -2 55 0T 9j+lkg’7_’zg+ci (5.46)
j=1 J=1 1 ¢
where
2i4+1  Ag*
ci=ci—1+ Z;; + %0?1“;192- (5.47)

and the coupling term gl(:;)% is dominated in the subsequent step. Particularly,
by %

in the final step, the derivative of V;, can be expressed in the form:
2 Ag'o iTT—1p
ZHJQJ T;)z; _TZHJ' [0+ cn (5.48)
7=1

where the constant ¢, is given by:

2n+1 /\g O 71
n = n— F
c Cp—1+ 5 + =0, 0,
2+(n—1)(2n+6) Ag*o Tr1g
o + ;ei ;o (5.49)

Based on the fact that g; (57]) > g* > gmin, we can rewrite (5.48) into the form:

n

Ve, < —Q*ZHj f—izGTF 19; + g*cn (5.50)
=1 j=1
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where the computable constant ¢, is defined by:

n

2+(n-1)(2n+6) Ao

_ —1\p2

e = S +5 ;)\max(l“j )0 (5.51)

_ 1 - _

0, = (F1+Yi)2 (5.52)

Gmin

B 1 ) 1—1

6, = P~ SFI+Y G+l i=2,..n (5.53)
j=1 j=1

with F}, G; as known constants satisfying fi(Z;) < F;, g:(Z;) < Gy, for z € Q,.

Let the closed loop system (5.23), (5.42)-(5.44) be written as 17 = h(t,n), where n :=
[2,0]T and © := [01,607,...,62]T. The right hand side h(t,7) satisfies the conditions
(2.17)-(2.20) for n € Z :== {z € R",0 € R : || < ky,,i = 1,2,...,n}, where

=1+ %. Together with (5.50) and the condition

\/En//ﬁ < ky, t=1,..n (5.54)

we invoke Lemma 2.4.3 to yield |z;(t)| < kp, for all ¢ > 0 and i = 1,...,n, provided
that |z;(0)] < ks, .

Although we have shown that each error signal z;(¢) is constrained in the set |z;| < kp,,
Vt > 0, the question remains as to how we can ensure that z(t) € Q. Vt > 0, where
Q. is defined in (5.16). In the control design, we considered the region x € €,
where 2, is defined in (5.17), such that there exist constant upper bounds F; and G;
for the uncertain smooth functions f;(z;) and g;(¥;), respectively. By ensuring that
x(t) € Q. C Q, in the closed loop, we verify that the assumptions f;(z;) < F; and

9i(Z;) < G; are valid. The details are explained in the following theorem.

Theorem 5.3.1 Consider the closed loop system (5.1), (5.42), (5.41) under Assump-
tions 5.2.1-5.2.2. Denote by A; an upper bound for «; in the compact set €;, that

18,

Ai > sup ’ai(fii:ziagdiaéi;kiarla-"7Fi)‘7 = 17"-777‘_1 (555)
(%4, Zi, Ya;» ©1)€E

where «; is parameterized by T'1,...,T; and F; = [k1, k2, ..., k)T, and Q; is a compact
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set defined by:
Q = {i“l €R,zZ € R, 74, € R, O; e R
‘:Uj‘ <D, + Aj—1> ‘Zj‘ <D, |yc(l])‘ <Yj, ”91H < Déjaj =1, '“ai}(5'56)

D., = kyV1—e 2 (5.57)

5 2V,

Dy, = 0+ , 5.58
4 \//\min(r‘il))\gmin ( )
Va = }ib e AG, I60)] + [6]) (5.59)

a ) g g kgl - 212(0) 9 max .
"1 ki Ge
Vy = =1 1 L )
Vo = max{V,, V,} (5.61)

with T := blockdiag(T'y, ...,T,), © := [01,0F,....,07]7, &; := [0T,...67)T, & =
[él,ég,...,é,{]’f, and G = max;—y. ,G;. Given the constraints kepw > 0,4 =
1,...,n—1, and that

C1) there exist positive constants k; and A; such that

by > Aithy, i=1..n—1 (5.62)
. S i=1,..m (5.63)
K2

C2) the initial conditions are such that

Zn(0) € Q ={2Zp, € R" 1 |2i| < kp,, i =1,2,...,n} (5.64)
then the following properties hold.

i) The signals z;(t) and é(t), i=1,2,....,n, remain, for all t > 0, in the compact
sets defined by

Q, = {Z,eR": |z <D,,i=1,2,...,n} (5.65)
Q = {éieRli 116s] gDél} (5.66)

where 1 =1 and l; = 2i fori=2,3,...,n.
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5.3 Control Design for State Constraints

it) Every state x;(t) remains in the compact set Qee := {Zp, € R : |a;| < Dy, +
Ai1 < ke, i=1,...,n} Vt >0, where Qe C S, i.e. the full state constraint is

never violated.
i11) All closed loop signals are bounded.

iv) The output tracking error z1(t) converges to the set |z1] < \/¢n/K1.
Proof:

i) From (5.50), we have that V,, < 0 whenever

i|> —, i=1,.., 5.67
Y (5.67)
2c

e'rte > =~ 5.68
o (5.68)
As a result, provided that \/é,/ki < kp,, i = 1,...,n, an upper bound for V,, is
obtained:
Vs, if V,(0) <V
Vo(t) < b ERO) <V (5.69)
Vn(0), otherwise
Since V,,(0) < V,, we infer that
Vi, if V,(0) <V
Vo(t) < b V(D) <V (5.70)
V., otherwise

The upper bound for V;,(¢) depends on the initial condition V,,(0). We take
the maximum of V, and V; to obtain the overall bound V,,, such that that
Vo(t) <V, for all V,(0) € R and all ¢ > 0.

Then, from the fact that %é?f‘;léi < V,, and thus %)\min(Fi—I)Héi —6;|? <

Vi, it is straightforward to show that

S = 2V,
10:] < 6; + — (5.71)
)\min(r‘i ))\gmin
such that §; remains in the compact set Qéi v t.
k2 _ k2
.. . 1 b . . b
Similarly, it can be shown that 5 log W < V,, which yields W <

2V, Since |z(0)| < ky,, we know that ki —z2(t) > 0V t from Lemma 2.4.1.
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5.3 Control Design for State Constraints

i)

iii)

iv)

Simple rearrangement yields |z;(t)| < D, < ks,, and thus, z;(t) remains in the

compact set 2, V t.

From V,,(t) < V,, and Lemma 2.4.3, we have established that |z;(t)| < D, < kp,,
i=1,...,n,Vt. Then, |z1(t)| < D + |ya(t)| < ke; — Ao + |ya(t)|. Noting that
lya(t)] < Ap from Assumption 5.2.1, we conclude that |z1(¢)| < D, + Ao < key,
vV t.

We can progressively show that |z;y1(t)| < key, @ = 2,...,n — 1, after veri-
fying that there exist positive constants A; such that |a;(t)] < A;, V t. As a
result of [|0;]] < Dy, |2:(t)] < Dsy + Aicy, |2i(t)] < Dsy, and |y (1)) < Vi,
it can be shown that (Z;(t), Zi(t), 7a,(t), ©i(t)) € Q;. Therefore, boundedness
of the stabilizing function ai(a’ci,ii,gdi,(:)i) in (5.22) is established, since it is
a continuous function in the region |z;| < kp, for all j = 1,...,4. Hence, we

know that SUD (7, 5, 50 B0 Qi ]ai(fi,zi,gdi,@m exists, so it is possible to find

an upper bound A;. Following the fact that |z;+1(¢)| < D,, and |o;(t)| < A, it
is straightforward that |x;11(t)| < D,, + A; <k v t.

Ci4+1>

Thus far, we have obtained the results |z;(t)] < D,, < ku,, |zi(t)] < ke,

and [|6;(t)]| < Dy, for i = 1,..,n. By inspecting the stabilizing functions

ai(Zi, Zi, Yd; » (:)Z) and the control u(Zy, Zn, ¥4, , On) , it is clear that they are also

bounded. Therefore, all closed loop signals are bounded.

First, note the property Vi (zq,04) < Vii(21,O3) for ||za]| < ||2] and [|O4] <
8] Together with the fact that V,, < 0 in the region Vj,(z,©) > V;*, where

VP o= V(2 @) @ 0 (5.72)

.
jail= o, 6TT-16=2n

two cases ensue, depending on the initial condition V;,(2(0), 9(0)).

For the first case, where V,,(2(0),©(0)) < V;*, it is clear that Vj,(2(t), ©(t)) can-
not escape from the region Vj, (2, ©) < V;* since V,, < 0 whenever V;,(2(t), 0(t)) >
V. On the other hand, if we start from V,(2(0),0(0)) > Vi, then V,, < 0
whenever V,,(2(t),0(t)) > V;¥, so that there exists a positive constant 7 where

Vo(2(T),0(T)) <V, and V,(2(t),0(t)) < V" for t > T.

Thus, V,,(2,0) < V;* is a positively invariant set, and (z(¢), ©(t)) remains in
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5.3 Control Design for State Constraints

the interior of the level set
Y ={z€R",©cR|Vy(2,0)=V (5.73)

We obtain the bounds, albeit conservatively, as |z;(t)| < ,/%, i1 =1,...,n

and @T(H)I1O(t) < 2 for t > T. Therefore, we conclude that the output
tracking error z(t) converges to the set |21| < \/¢,/k1. =

5.3.3 Feasibility Check

As mentioned earlier, the proposed method is unable to handle arbitrary state con-
straints. The state constraints k., need to satisfy feasibility conditions C1 and C2
in Theorem 5.3.1. These provide criteria to check if the backstepping induced stabi-
lizing functions «; are sufficient to achieve output tracking in the presence of state
constraints. The bounds Ay, ..., A,_1 are computable for any set of control parame-
ters ki, ..., kn, I and initial conditions x(0), and thus, these conditions can be checked

before the control is implemented.

Specifically, we check if there exists a solution (&,_1,T"), where &,,_1 := [K1, ..., Kn_1]7,
I' := diag(y1 ,y2,-.-,71), for the optimization problem:
n—1 l
o X P(Rn-1,T) = ; a;k; + ; bivi
subject to:
Ki > ljgl (5.74)
keivy > Ai(Ri, T) + Ky,
iy > [2i41(0) = ai(:(0), 2:(0), 5, (0), 0(0); i, )|
i=1,.,n—1 (5.75)

*

where b; are positive constants. If a solution (&) _;,I'™*) to the above optimization
*
n—1»

problem is found, then the proposed adaptive control (4.38)-(4.39), with 7,1 = &

I' = I'* and a choice of k,, > ]ST",
b1

(5.1) with full state constraint, according to Theorem 5.3.1.

is feasible in ensuring output tracking for the system
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5.4 Control Design for Output Constraint

Remark 5.3.2 We require the constants gmin, F; and G;, which represent bounds
for system mnonlinearities, to be known so that ¢,, D, and Déi can be computed.
The latter bounds are required to estimate A;, the bound for the stabilizing function
a;, so that the feasibility conditions C1 and C2 can be checked. Note that gmin, F;
and G may be crude estimates for this purpose. In the adaptive control design, the
mazimal lower bound, given by g* := mini—1 . ,{inf; cgi g:(%;)}, and the minimal
upper bounds, given by F; :=sup,cq_ fi(%;) < F; and G; := SUPgeq, 9i(Zi) < G, are

considered to be unknown and adaptively compensated for.

Remark 5.3.3 Thus far, we have dealt with constraint on full state. For the case
of partial state constraint, where not all states need to be bounded within any pre-
specified constrained regions, we gain flexibility in design, since the constants ke, ,,

for the unconstrained states can be freely chosen to bound A; in (5.62), instead of

being imposed as a requirement. As a result, the feasibility conditions are relaxed.

5.4 Control Design for Output Constraint

As seen in the previous section, the control design for the full state constraint case
employs BLFs in every step of the design, and involves feasibility conditions that can
be checked a priori. Under partial state constraint, these conditions can be relaxed
to some extent. In this section, we consider the special case of output constraint with
linearly parameterized system nonlinearities, for which feasibility conditions are not

required.

According to system (5.1), we consider the class of linearly parameterizable nonlinear
functions f;(z;) = 07¢;(Z;) and ¢;(Z;) = ¢Ti(T) > g* > 0, i = 1,...,n where ¥
and ¢; are known smooth functions, # € R! and ¢ € R™ are vectors of uncertain
parameters satisfying ||0|| < 0x; and ||¢|| < ¢ for some known positive constants
Oy and ¢ps. With the consideration of constraint in the output only, it follows
that only the first step of backstepping employs a Barrier Lyapunov Function, while
the subsequent steps are all based on quadratic ones, thus simplifying the design

procedure and analysis.
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5.4 Control Design for Output Constraint

The detailed procedure for adaptive backstepping design is outlined in the following
a1, where aq is a stabilizing function to

Step 1 Denote 21 = x1 — yg and 29 = a9
be designed. Choose Lyapunov function candidate as

1 k2 DY L
Vi=-log 2+ 2217192 5.76
1 2 og kgl _ Z% + 2 1 1 ( )

Ap, A, and I'y; are positive constants, and #; = 6; — 07 is the

where ky, = k¢, —
estimation error, with 6; as an unknown positive parameter and 6, its estimate

The derivative of V; is given by
Yd + 91 (1’1)22 + gl(xl)al) + )\g*Fflélél (5.77)

. 21
Vl = ]{72 — ( wl(xl)
Based on completion of squares, we have that
210791 (21) = ga) Mgzt 1
< Vi + 5.78
kg — 23 G BV (5:78)
where 6, := g%(HGH2 +1) and
U= el + (9a)” (5.79)

Then, it can be shown that

' Ag*2t g1(w1)z100 91(901) 15
Vi < 55507 Ag* T 6,0 5.80
1_(k2—)11+k:§1—1 kQ 2 4 11+)\( )
Design stabilizing function and adaptation law as follows
A
o = — 7k2 2 61‘1’14‘51 kbl (581)
b1 1
A z%
0 = 1Y 6 0 ) >0 5.82
1 (kgl —Z%)z 1¥1 —Oobq, - ( )
it can be shown that
- Mg Agi(z1)2 5 g1(z1)z122
Vi < —kigi(@1)2] + 55yt — ¥+ =55~
G (A
(5.83)

) 2 S\ 1
DY/ [l W i PV ) R
A9 1<(k2—21)2 Lo Ul>+4>\
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5.4 Control Design for Output Constraint

From (5.23), we know that 61 > 0, and from Assumption 5.2.2, we know that g (1) >
Jmin > 0. Therefore, it is clear that the following inequalities holds:

Ag1(r1)2% S A\g* 22
————=0V; < 791\111 (5.84)
(ky, — 27)? (kj, — #7)?
As a result, it is easy to obtain that
i )\9*2’2 22 1 2
Vi < —mgl(xl) 2 791\1’1 + )\g 91 7\111 ' 06,
21 (kz o ) (k2 o ) 1
+91(331)Z1 2, 1
k‘gl — 22 4
r1)21% AgFo 1=
< —ng1(l‘1)Z% + 92(2 1) 122 _ M Fl 19% + (585)
by~ *1 2
where
1 AgFo
o=+t T 1p2 (5.86)

The coupling term % is dominated in the subsequent step.
b1

1
Stepi (i=2,...,n)

Denote zj+1 = x;41 — 4, where «; is a stabilizing function to be designed, and

zn+1 := 0. Choose a Lyapunov function candidate as follows:

1 Ag*
Vi=Vi1 + 221 + —eTr 19; (5.87)
where I'; > 0 is a diagonal matrix, 0; is the estimate of 0;, and 0; := 0; — 0;. The

derivative of V; along the closed loop trajectories satisfies

1—1
. Oy _
Vi < 2z |07z o, 2 (07(z5) + o7 9(T)2j41) — Wit
7j=1
) . il Ag*
+2;9i (%) (zig1 + ;) + Ag OI T 10; — Z (m]gj (x])z + —HTF 19, >
j=1

+¢T0i 1(Zi1)zi12i +cia

i1
01 T Oai—1
Vil zi+ ¢ | wicizicr — Y 0T | %
8.%']' . 6xj
J=1

07 | i —
j=1

IN

'HUi 12 + 2 (9:(Fi) zip1 + 9i(Ti) i) + Ag* 0L T,

- Z (/ﬁjgj z + LHTF 1, > +ci—1 (5.88)
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5.4 Control Design for Output Constraint

For the first three terms on the right hand side of the above expression, we use

completion of squares arguments to obtain

) 2
Doy . =~ Do 1
07 | i — 87;1%‘ zi < AGZ || — 87;1% O+ 15 (5.89)
j=1 = =1 7
* 2 2 1
wi—1z; < Mg Z; wi719i3 + ﬁ (5.90)
i—1 2
L day . — Oy
o7 [ wic1zii1 — 8; 1@3 zip1 |z < Ag 2R ||wic1zion — az 190]333+1 ;2
=1 7 =1 O
+ ! (5.91)
4 ’
where 0;1 = gi = O3 == g%. Substituting the above inequalities
into (5.88) yields
. i—1 A"
Vi < — Z </<cjgj (a:j)z + 70TI‘ 16; ) + MG 0T 22 + 2 (95(Zi) 21 + 9:(T) )
j=1
*nT 1) 3
+Ag*0; I'; 9 +ci- 1+ﬁ (5.92)
where 91 = [92'1, 01'2, ¢9i3]T and
1 2 i—1 2 g
— Oov;_ — Oy
W = ||| — 37;1%' s ||pim12i-1 — #%‘%’H Wiy (5.93)
j=1 =1
Design the stabilizing function, control and adaptation laws as
o = —()\élT\Ifz + ﬂi)zi (5.94)
u o= ay (5.95)
éi = Fl\I/zZZQ — O‘éi, él(O) Z 0 (5.96)

From (5.96), we know that 6; > 0, and from Assumption 5.2.2, we know that 9i(Z;) >
gmin > 0. Therefore, (5.92) together with (5.94)-(5.96) can be rewritten as

V; < - Z <figgg )25 + LQTF 19) — NG OT W22 + gi(Ti)zizin

- 3
+>\g*9iT (‘Ifzzf - aFflei) + Cci—1 + E

IA

‘ Ag¥o
- Z njgj(aij)zjz - Z J GTF Y0, + gi(%)zizis1 + ci (5.97)
: =
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5.4 Control Design for Output Constraint

where
3 A
¢ = i1t o + %H?F;lei (5.98)
The final step of backstepping yields the derivative of V,,, along the closed loop

trajectories, as:

n n
) \o*o U
Vi < = migi(@)7 = 52D 0T 0+ co (5.99)
j=1 j=1
where the constant ¢, is given by:
3 Ag*
Cp = Cp-1+ ﬁ + %arzr;len
3n—2  Ago o
= Syl (5.100)
i=1

Based on the fact that g;(Z;) > ¢* > gmin, we can rewrite (5.99) into

n n
. . Agto S~ .
Vo < —g" ) iz = 50D 0T 0+ g (5.101)
j=1 j=1
where the constant ¢, is computable:
3n—2 Ao .
G = N (T H 62 5.102
o Pt e a0
0 = (07, + 1), 0; = Oy +oy+1, i=2,...,n (5.103)
9min Jmin

and 6y; and ¢y are known positive constants satisfying ||6]| < 0y and ||¢|| < éur

respectively.

Similar to the analysis presented after Step n in Section 5.3.2, we can write the
closed loop system (5.1), (5.96) and (5.95) as 1) = h(t,n), where n := [z,0]7 and
O := [0,07,...,07)T. Then, it can be shown that h(t,7) satisfies the conditions
(2.17)-(2.20) for n € Z := {z € R",© € R' : |z1| < ky, }, where | = 3n — 2. Together
with (5.101) and the condition

Ven/r1 < ke, (5.104)

we invoke Lemma 2.4.3 to yield |21(t)| < kp, for all t > 0 and i = 1, ..., n, provided
that |21(0)| < Ky, .
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5.4 Control Design for Output Constraint

Remark 5.4.1 Unlike the state constraint case, there is no need to first consider the
compact set Qy satisfying Qy O Qe = {z € R" : |x;| < ke;, i = 1,...,n}, in which
fi(z;) and g;(Z;) are upper bounded, and then ensure that x € Q. C Q. This is due to
the fact that the nonlinearities f;(Z;) and g;(Z;) are linearly parameterized with known
regressor functions V;(z;) and ;(x;). Together with the fact that state constraints
are not specified at the outset, it is clear that feasibility conditions, similar to C1 and
C2 in Theorem 5.3.1 for the state constraint case, are no longer needed. Only mild

conditions on the initial output y(0) and the control parameter k1 are needed.

Theorem 5.4.1 Consider the closed loop system (5.1), (5.96), (5.95) under As-
sumptions 5.2.1-5.2.2. Given the constraint k., > 0, we define the following positive

constants:
D, = kyV1—e2Vn (5.105)
_ 2V,
Dy = 0;+ L_l, i=1,...,n (5.106)
¢ )\min(rz‘ ))‘g*
1 kg i ZQ(O) Ag* A _
a = 7l - ¢ 5 \max r! 2
Vo i= glog a4+ 30 T + S dmaT(OO)] + 1)
=2
(5.107)
1 kp ~ 1 g
V, = =-log——2—+c¢ — 4+ 5.108
b 2ng§_@+0n Z%j S ( )
1 K1 Jj=2
Vo = max{V,V,} (5.109)

where ky, = ke, — Ao, Vi is defined in (5.108), ¢, in (5.102), © := [61,01, ..., 6%]7,
and © := [0,,0F ..., 67T,

If the initial conditions are such that z,(0) € Q,, := {z, € R" : |21]| < kp, }, and the

control parameter k1 satisfies (5.104), then the following properties hold.

i) The signals z;(t) and 6,i=1,2,..,n, remain in the compact sets defined by

Q, = {zn ER": |21 < Dy, ||22m]| < \/217”} (5.110)
0, = {0 er 0 <D, (5.111)
where 2., = (22, ..., 20]%, l1 = 1, and l; = 3 for i =2,3,...,n.
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5.4 Control Design for Output Constraint

ii) The output y(t) remains in the compact set 0y = {y € R: |y| < D,, +A¢ < ke,

Vt > 0, i.e. the output constraint is never violated.

i11) All closed loop signals are bounded.

iv) The output tracking error zi(t) converges to the set |z1| < \/¢n/K1.

Proof:

i)

ii)

iii)

Similar to the proof of Theorem 5.3.1, we can show that V,,(¢) is bounded by

Vo(t) < {Vb’ i Va(0) < Vo (5.112)

V., otherwise

as a result of (5.101) and (5.104). Then, V;, is obtained by taking the maximum
of V, and V4, such that V,,(t) <V, for all V,,(0).

2

1 ki
Thus, from the fact that 5 log m

that k‘gl —22(t) > 0V ¢ from Lemma 2.4.3. Simple rearrangement yields |21 (t)| <

< V,, and that |21(0)| < kp,, we know

D., < kp,, and thus, z;(t) remains in the compact set €2, as described in (5.110).
Since %9?1“;1671- < V,, and thus %)\min(f’fl)ﬂéi(t) — 0;]|> < Vp, it follows
that [|6;(8)| < 6; + % such that ;(t) remains in the compact set

Q.. as described in (5.111).

It is straightforward to show, from y(t) = 21(t) + va(t), |21(t)| < D, < kp,,
and |yq(t)| < Ao, that |y(t)| < ks, + Ao = k¢,. Hence, we can conclude that
y(t) € Q, Vvt > 0.

From V,,(t) < V,,, we know that the error signals z;(t) and 6;(t), for i = 1,...,n,
are bounded. Since 6#; are constants, we have that éz(t) are bounded. The
boundedness of 21 (t) and the reference trajectory yq(t) imply that the state x1(¢)
is bounded. Together with the fact that y4(¢) is bounded from Assumption 5.2.1,
it is clear that a(t) is also bounded from (5.81). This leads to the boundedness
of state xa(t) = 22(t) + a1(t). It is also straightforward to show that as is a
continuous function of the bounded signals Za(t), Z2(t), Ga,(t), 61(t), Ga2(t) in
the set z1 € (—kp,, kp,). Together with the fact that |z1(¢)| < D,, < ks,, as
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5.4 Control Design for Output Constraint

established in item (i), we know that as(t) is bounded. Following this line of
argument, we can progressively show that each «;(t), for i = 1,...,n — 1, is
bounded, since it is a continuous function of the bounded signals z;(t), z (),
Ja,(t), 01(t),...,0:(t) in the set z; € (—ky,, ky, ). Thus, the state z;41(t) =
zi41(t)+oy(t) is bounded. Since Zp(t), Zn(t), Fa, (), 01(t), ..., B, (t) are bounded,
and particularly with |z1(t)| < ks,, we conclude that the control wu(t) is also

bounded. Hence, all closed loop signals are bounded.

iv) Recall the definition of V;* from (5.72). Similar to the proof Theorem 5.3.1(iv),
we establish that the set V,,(z, é) < V' is positively invariant, due to the fact
that V;, < 0 in the region Vj,(2,0) > V;*. As such, (2(t),(t)) remains in the
interior of the level set O, = {z € R",0 € R' | V,,(2,0) = V;*}. Then, there
exists a positive constant 7' such that |z (¢)| < %’Z for t > T. Tt follows that
the output tracking error z;(t) converges to the set [21] < \/¢,/k1. m

Remark 5.4.2 The constants gmin, Oy and ¢y are to be known in order to obtain ¢,
in (5.102) only, so that the control parameter k1 can be chosen to satisfy k1 > En/kgl.
Note that gmin, O and ¢pr may be crude estimates for this purpose. For a less
conservative desitgn, we do not use these bounds explicitly in the control, but consider
the mazimal lower bound, given by g* := min;—1,_,{inf; cpi g;(T;)}, and the actual

norms ||0]] and ||¢]|, to be unknown and compensate for them using adaptive control.

Remark 5.4.3 Unlike the case of state constraint, the output constraint case does
not involve checking of feasibility conditions, and thus, D, and Déi are not necessary
for control implementation, but rather, for analytical purposes. As such, they are

described in terms of the unknown parameter g*.

Remark 5.4.4 To achieve greater flexibility in control design and to relax conditions
on starting values of the output, the presented method can be extended to employ the

asymmetric Barrier Lyapunov Function described in Section 3.4.
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5.5 Simulation Results

In this section, computer simulation studies are presented to demonstrate the effec-
tiveness of the proposed control. We focus on the control for the output constraint

case as described in Section 5.4. Consider the strict feedback system

i1 = a1+ (0.840.1e ")z,
iy = a? +0.1tanhas + (1 +0.2sinz9)u (5.113)

When the nonlinearities are expressed in linearly parameterized forms, it can be ob-
tained that 6 = [1,1,0.1]7, ¢ = [0.8,0.1,1,0.2]7, 41 = [z1,0,0]7, 15 = [0, 22, tanh z5]7,
= [1,6_”3?,0,0]T, and @s = [0,0,1,sinzs]”. The objective is for z1 to track
desired trajectory y; = 0.7sint, subject to output constraint |z;| < 1.0. Since
lya] < Ap = 0.7, we have that ky, = 1.0 — 0.7 = 0.3, and that |y4| < Y1 = 0.7. It is
straightforward to verify that Assumptions 5.2.1-5.2.2 are satisfied, with g* = 0.8.

The initial conditions are z1(0) = 0.1, z2(0) = 0.0, and 6;(0) = 62(0) = 0.0. For
simplicity, the control gains and adaptation parameters are selected as x; = 15.0,
ke = 2.0, 0 = 0.1, T'; = 20.0, and T's = 20.07 and we set gmin = 0.8, O3y = ||0]|, and
¢m = ||¢]|. From the choice of parameters, ¢, = 1.316 can be computed based on
(5.102). Then, it can be verified that initial tracking error satisfies |z1(0)| < kp, and

the control parameter k; satisfies k1 > ¢,/ k‘gl, as required in Theorem 5.4.1.

We implement the following control and adaptation laws in computer simulation:

A A
ap = — ﬁgl\lﬁ + Iil(kgl — Z%) 21
kbl — 2]

u = —()\ég\lfg + /462)2’2

0 A gy - ob

1 = 7395 o5ol1¥1 —001

(ky, — 21)?
ég = FQ\IJQZ% — Jég (5.114)

where ¥y and Uy are defined in (5.79) and (5.93), respectively.

Figure 5.1 shows that good practical tracking performance is achieved, and the output
constraint requirement |z1| < k., is satisfied as a result of enforcing constraints on

the tracking error signal |2z1| < kp,. From Figures 5.2 and 5.3, the state x2, control
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signal u, and parameter estimates 6, and ég, are well behaved and bounded. Tracking
performance for different values of I'y, I'2, and k; are shown in Figures 5.4 and 5.5,
where it is observed that increase of I'y, I'2, or k1 leads to decrease in steady state

tracking error.

5.6 Conclusions

In this chapter, we have presented control design based on BLF's for nonlinear con-
strained systems in strict feedback form with uncertain (virtual) control gain func-
tions. Conditions for practical stability with guaranteed non-violation of constraints
have been established in Lemma 2.4.3. For the case of full state constraints, it has
been shown that practical output tracking is achieved under certain feasibility con-
ditions on the initial states and control parameters, which can generally be relaxed
when handling only partial state constraints. Furthermore, we have shown that,
for the special case of output constraint with linearly parameterized system nonlin-
earities, feasibility conditions are not required,and similar results of practical output
tracking are achieved without violation of output constraint. Finally, the effectiveness

of the proposed control has been demonstrated through a simulation example.
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Chapter 6

Adaptive Control of

Electrostatic Microactuators

6.1 Introduction

Electrostatic microactuators have gained widespread acceptance in MEMs applica-
tions, due to the simplicity of their structure, ease of fabrication, and the favorable
scaling of electrostatic forces into the micro domain. This has ignited an interest
in how to control these devices effectively to achieve greater precision and speed of
response. In this chapter, we focus on the adaptive control of electrostatic micro-
actuators with bi-directional drive, which are less prone to pull-in instability due to
the fact that they can be actively controlled in both directions, unlike uni-directional
drive actuators where only passive restoring force is provided by mechanical stiffness
in one direction. Although less challenging as a theoretical control design problem,
the study of micro-actuators with bi-directional drive is nevertheless important since

its controllability is an advantage in high performance applications.

In most of the works on MEMs control, knowledge of model parameters is required
and typically estimated through offline system identification methods. However, in-

consistencies in bulk micromachining result in variation of parameters across pieces,
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6.1 Introduction

and may require extensive efforts in parameter identification, with higher costs. Fur-
thermore, some of the parameters, such as the damping constant, are usually difficult
to identify accurately, so a viable alternative is to rely on intelligent feedback control

for online compensation of parametric uncertainties.

There has been relatively few works in the literature on application of adaptive tech-
niques in MEMs. Motivated by our previous works on intelligent control for general
nonlinear systems [42] and robotic manipulators [48], we apply adaptive backstepping
control for 1DOF electrostatic microactuators with bi-directional drive, based on rig-
orous Lyapunov synthesis, to force the movable plate to track a reference trajectory
within the air gap without knowledge of plant parameters. When full-state informa-
tion is available, adaptive backstepping is carried out following a suitable change of
coordinates that transforms the system into parametric strict feedback form. When
velocity feedback is unavailable, the plant is transformed into the parametric output
feedback form and adaptive observer backstepping is employed to achieve asymptotic
tracking without velocity measurement. We employ special barrier functions in Lya-
punov synthesis so as to design a control ensuring that the movable plate and the
electrodes do not come into contact. To the best of the authors’ knowledge, the latter
objective has not been tackled rigorously in published works on control of electrostatic
microactuators, which usually base the control design on the unconstrained system

and subsequently demonstrate by simulations that the constraints are not violated.

The organization of the remainder of this chapter is as follows. Section 6.2 presents
a description of the electrostatic microactuator under study, the problem statement,
and the related state transformations to facilitate the control design. This is followed
by Sections 6.3 and 6.4, which provide full details on the use of barrier functions to
enforce constraints on the output, as well as the control design and rigorous stabil-
ity analyses for the full-state feedback and output feedback cases, based on adaptive
backstepping and adaptive observer backstepping, respectively. Finally, detailed sim-

ulation results for both cases are shown in Section 6.5.
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6.2 Problem Formulation and Preliminaries

Consider the dynamic model of the 1-DOF electrostatic microactuator with bidirec-
tional drive, as illustrated in Figure 6.1. The capacitances Cy and Cj, between the

movable plate and the top and bottom electrodes respectively, are described by

€A €A
Cr= " O =
P = T

(6.1)

where [ € R denotes the air gap between the movable plate and the top electrode,
and [y the gap when both input voltages Vy and V} are zero. The corresponding

electrostatic forces acting on the movable plate due to the input voltages Vy and V},

are:
Fp = ———ly2= 1%
! 200 T 20 —12 P
10C A
F, = by2 i 7 (6.2)

200 Y T 200 +1)?

Thus, the state space equations governing the dynamics of the electrostatic microac-

tuator are given by:

) . V2 2
mi+ ()] +kl = €A< Fo_ W )::EAV (6.3)

2 (lp — 1)2 (lo + l)2 2

where m denotes the mass of the movable electrode, € the permittivity of the gap, A
the plate area, k the spring constant, and b(l) the nonlinear squeeze film damping.
A simplified form for b(l) obtained from linearization of the compressible Reynolds

gas-film equation [12]
b(l) = = (6.4)

This function, exhibiting a cubic dependence on the air gap, g, in the denominator,
has been described in several works [3, 96, 98, 173, 174], but with different values of
the coefficient b.. In this chapter, by averaging the effects of the two layers of squeeze
films on both sides of the movable electrode, we arrive at the following modified

model:

b 1 1
=5 <<zo —0P o+ Z>3> (65)
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6.2 Problem Formulation and Preliminaries

The constant parameters m, €, A, b. and k may be difficult to identify accurately
in practice, and are thus considered to be uncertain. For example, m, k and A can
vary from unit to unit due to limitations in fabrication precision. The permittivity
€ can change according to the ambient humidity. The coefficient b, in the damping
model is composed of parameters such as fluid viscosity and plate dimensions, and
is thus likely to vary according to ambient conditions and fabrication consistency.
Nevertheless, it is reasonable to have good indication of the order of magnitudes of

these parameters.

Figure 6.1: One-degree-of-freedom electrostatic microactuator with bi-directional
drive.

Remark 6.2.1 While bi-directional parallel plate actuators, as shown in Figure 6.1,
can be used for both out-of-plane and in-plane applications, out-of-plane bi-directional
configurations involve complex fabrication processes, such that the derived benefits
need to be weighed against the costs. On the other hand, lateral parallel plate mi-
croactuators are much more feasible, as they can be easily fabricated and configured for
bi-directional actuation, such as that shown in [61] for optical moving-fibre switches,

and that in [62] for positioning of disk drive sliders.

Remark 6.2.2 The voltages V; and Vy, are independent inputs which collectively pro-
vide controllability of the movable plate in both directions. By lumping the two voltage
terms into an aggregate control variable v in (6.3), we can design it as an uncon-

strained input first, and subsequently apportion it to the actual voltage inputs.
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6.2 Problem Formulation and Preliminaries

Remark 6.2.3 To prevent shorting of the electrical circuit, an insulating layer is
present in each of the driving electrodes. This also helps to prevent singularity, which
is evident from (6.3) whenever |l| = ly, causing the input v to be undefined. Hence,
the state space of the system in constrained in the compact set x = {(1,1) € R?| |I| <
lo— 0}, where 0 < § < .

To obtain the same order of magnitude of the variables and thereby avoid numerical
problems in simulation, we perform a change of time scale 7 = ot and a change of
variables 1 = %, Ty = %%, u = %, for large constants ¢ > 0 and § > 0, thus
yielding the strict-feedback form:

dxq

@ - w0
dxo be - k eAp
& b _
dr 2mol} (z1(7))22(7) manl(T) * 2m02l0u(T)
y = zi(7) (6.6)
where y € R is the output and b(z1) is described by:
- 1 1
b = 6.7
(xl) (1 — 1‘1)3 + (1 + 1’1)3 ( )
For ease of notation, &1 and &5 are henceforth understood as dd% and 6%2 respectively,

following the change of time scale.

The scaling constants ¢ and [ condition the magnitude of the coefficients. For in-
stance, the large constant o moderates the value of #, which is otherwise very large
and may pose problems in numerical implementation. On the other hand, the coeffi-

cient in the second equation of (6.6) can be very small. By working with the

cA
2mao2ly
scaled input u = % instead of v, the large constant 3 is introduced, which moderates

the magnitude of the coefficient for easier simulation.

Remark 6.2.4 These scalings are introduced for analysis purposes only, and do not
change the properties of the original plant (6.3). The choice of the scaling constants
may be motivated by a priori knowledge of the order of magnitude of the uncertain

parameters.

The control objective is to force the movable electrode to track a reference trajectory

ya(t) within the air gap, i.e. |y(t) — ya(t)] — 0 as t — oo. At the same time, all
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closed loop signals are to be kept bounded. To avoid complicated switched systems
analysis, we aim to design a control scheme which ensures that the movable plate

does not come into contact with the electrodes.

Assumption 6.2.1 The first and second order time-derivatives of the reference tra-
jectory yq(t) are bounded, i.e. |yq(t)| < Y1, |§a(t)| < Y2, where Y1 and Y are con-
stants. In addition, the reference trajectory is bounded by Yy = ya(t) < 7,4, where Y,
and Y, are constants that satisfy Yy, > -1+ % andyy, < 1— %

6.3 Full-State Feedback Adaptive Control Design

In this section, we investigate full-state feedback adaptive control for 1IDOF electro-
static microactuators described by (6.6), in the presence of parametric uncertainty.

The control design follows the procedures detailed in Section 3.4 for n = 2.

Step 1 Define error variables z; = x1—yq and zo = x2—a1, where «; is the stabilizing
function to be designed. We consider the Lyapunov function candidate to facilitate
the design of stabilizing function <y that will ensure that the constraint on z; is
respected:

2 12

KQ kb Ko a
Vi=— 1 —(1-— 1 6.8
1 9 Q(zl) 0og kz? — z% + 2 ( Q(zl)) 0og kg _ z% ( )

where kg is a positive design constant, the function ¢(-) : R — {0, 1} is defined by

1, ife>0
q(e) = 6.9
) { 0, ife<0 69
and
) o
ho=1-2 -yl h=1-2—pg (6.10)
lo lo

are positive constants representing the constraints in the z; state space, given by
—kq < 21 < kp, induced from the constraints in the z; state space, given by |z1| <
1-— %. By invoking Lemma 3.4.1 with p = 2, we obtain that the Lyapunov function
candidate Vj(z1) in (6.8) is positive definite, continuous and continuously differen-

tiable in the open interval z1 € (—kg, kp).
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6.3 Full-State Feedback Adaptive Control Design

Choose the stabilizing function as
o1 = —k1 [q(k} — 21) + (1 — q)(k2 — 21)] 23 + 9a (6.11)

with k1 being a positive constant. This yields

. q 1—¢q
Vi = —kor12t+ + KOZ1% 6.12
1 0141 <kg_2% kg—Z% 0<1<2 ( )

where the first term is always non-positive and the second term is cancelled in the
second step. According to Lemma 3.4.2, the stabilizing function aq(z1,94) described
in (6.11) is continuously differentiable with respect to z; in the open interval z; €
(=kas k).

Step 2 This is the step in which the actual control input will be designed. Consider

the Lyapunov function candidate

1
A3 25 (6.13)

Vi =Vi+

Ideally, we can design the control input as

q l—gq T
U=1u"=—Kozo — (k:g—z% + k:g—z%) Kozl + 0" (6.14)

2ma2ly [ k be

T
= . 1T . -
where 6 = AB |me?r Imo 1} , = [ml, b(x1)z2, ozl] , and K9 Is a positive

constant, which leads to the following equation:
Vs = —koki2f — Kozl (6.15)

from which the asymptotic convergence of the error signals z; and 2o to zero can be

shown after some analysis.

However, the ideal control law (6.14) is not viable due to the fact that the parameters
m, €, A, b and k in #* are not available. To deal with the parametric uncertainty, we

employ the certainty-equivalent control law:

q 1—gq AT
= — — 0 6.16
u K929 <k§—z% + k%_Z%>/€021+ (0 (6.16)

5.
Il

—Tpzp (6.17)
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6.3 Full-State Feedback Adaptive Control Design

where § € R3 is the estimate of §. Since u is an aggregate control variable defined
for ease of analysis, we still need to compute the actual voltage controls V; and Vj,

which is performed with the following algorithm
Vi = \/Ba(u)(1 - z1)%u
Vi = -0B01— q(u)(1 + 1) (6.18)

where the function ¢(-) is defined in (6.9). It can be checked that BI2q(u)(1 — z1)?u

and —B313(1 — q(u))(1 4+ x1)%u, i.e., the terms within the square root operators, are

always non-negative.

Remark 6.3.1 The algorithm in (6.18) minimizes the sum of Vf2 and Vb2 for a given
u. From (6.3), it can be shown that

QI GV I v BI2(1 —z1)%u ifu>0
VEr V2= “”f b (6.19)

x 2 .
1+ gtxi)Z sz - m%(l +x1)%u ifu<0

It is clear that for u > 0, the minimum is obtained when Vi, = 0 and for u < 0, the

minimum is obtained when Vi = 0.

For stability analysis and design of the adaptation law, we augment the Lyapunov

function candidate with a quadratic term in the parameter estimation error as follows

2] 1~ ~
I 20,2 4 507078 (6.20)

Ve=Wit g s

where § = § — 0, and I = I'" > 0 is a constant matrix. The time derivative of Vs

along the closed loop trajectories is given by

With the above equation, we are ready to present our main results.

Theorem 6.3.1 Consider the uncertain 1DOF electrostatic microactuator system
(6.6) under Assumption 6.2.1, full-state feedback control law (6.16), and adaptation
law (6.17). If the initial conditions are such that (x1(0),22(0)) € Q, where the latter

set is described by:

Q= {(z1,20) €ER? | — ko < 21(0) — y4(0) < Ky} (6.22)
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with ko and ky defined in (6.10), then the output tracking error with respect to a
reference trajectory within the air gap, i.e. yq(t) € (=lo + 0,lop — 9), is asymptotically
stabilized, i.e., y(t) — yq(t) as t — oo, while keeping all closed loop signals bounded.
Furthermore, the output y(t) remains in the set Q, :=={y € R:|y| <1-06/lp} Vt >0,

i.e. the output constraint is never violated.

Proof: The proof follows along the lines of the proof of Theorem 3.4.1, and is briefly
outlined here for the sake of completeness. First, Va(t) < 0 implies that for any
bounded V5(0), we have that V2(¢) remains bounded V¢ > 0. From (6.20), it follows
that Vi (t) is bounded V¢ > 0 and thus —k, < 21(t) < k. From (6.10) and 21 = y —y4,
it can be shown that
) o _
-1+ » +yalt) +y,l < y(t) <1- I + ya(t) — ¥4l

From Assumption 6.2.1, we know that y , < ya(t) < ¥y, which yields fact that ya(t) +
ly,| > 0 and ya(t) — [74 < 0, leading to the following inequality

0 0
—14+—-< yt) <1——
lo lo

Hence, we conclude that y(t) € Q, Vt > 0.

Next, we show that all closed loop signals are bounded. From (6.21), we know that
21(t), z2(t), and 0(t) are bounded. The boundedness of z1(t) and the reference tra-
jectory yq(t) imply that the state z1(¢) is bounded. Given that g4(¢) is bounded,
the stabilizing function ay(t) is also bounded from (6.11). This leads to the bound-
edness of state xa(t) = 2z2(t) + a1(t). Since —k, < z1(t) < ks, |Ha(t)] < Y2, and
|z1(t)] < 1—4d/ly, we infer that the control u(t) from (6.16) is bounded. Therefore,

all closed loop signals are bounded.

Lastly, we show that y(t) — yq(t) as t — oo. From the boundedness of the closed
loop signals, it can be shown that

€Ap

nT
mﬁQZQ(—RQZQ + 0 1,[))

Vo = —drok12i(x2 — Ua) —

is bounded, thus implying that Va(t) is uniformly continuous. Then, by Barbalat’s
Lemma, we obtain that z1(t), z2(t) — 0 as t — oo. Since z1(t) = x1(t) — yq(t), it is

clear that y(t) — yq(t) ast — co. m
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6.4 Output Feedback Adaptive Control Design

Full-state feedback control, as presented in the previous section, requires measure-
ments of displacement [ and velocity L. Among the various sensing methods in MEMs,
which include capacitive, optical, electromagnetic, piezoelectric, and tunneling, one
of the more successful types is capacitive sensing, due to the simplicity of the sensor,
low power consumption, and good temperature stability. The displacement [ can be
measured by state-of-the-art capacitive sensing methods (see e.g. [151]), which are

suitable for BLF-based control since they are fast, reliable and low-noise.

However, it is generally difficult to measure the velocity [ for feedback control. Thus,
x1 is available but z9 is not. Furthermore, since the BLF-based control designs for
general strict feedback systems presented in Chapter 3 dealt with full state feedback,
they are not directly applicable to the output feedback problem. In this section, we
provide a detailed exposition of the output feedback control design based on the BLF
and adaptive observer backstepping [94].

6.4.1 State Transformation and Filter Design

To facilitate the design of the adaptive observer backstepping control, we first perform

a change of coordinates:

m = I (6.23)
be -
N = X3+ 36(71) (6.24)
maolg
where ¢(z1) is defined by
- 1 1 1
Pla1) =5 <(1 21 +$1)2> (6.25)
The time derivative of ¢ is given by
= 0(x1) . 1 1 -
¢= oxy 1T ((1 — )3 * (1+ x1)3> 72 = bla)m (6.26)
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Substituting (6.23)-(6.26) into (6.6), we can rewrite the system dynamics in paramet-

ric output feedback form:

mo= ne—016(m)

2 = —bm +Ju
y = m (6.27)
where 0, = ez, 0 = #, Y = Q;ﬁglo. This can be represented by the simplified
0
form:
2
0= An+> 0i¢i(y) + dequ (6.28)
i=1
y = m
T T 0 1 z T
where e := [0.1]%, n = [, A =\ = s éiy) = [=0(w) 0], da(y) =
[O’ _y]T
Design the following filters:
fo = Aoty (6.29)
& = Aoki+dily), i=1,2 (6.30)
0 = Apv+ewu+p (6.31)

where & € R? (i = 0,1,2), v € R?, (-) = [p1, p2]T € R? is a correction function to
be designed, and ¢ = [c1, co]? with positive constants ¢; and ¢z chosen such that the
—c
matrix Ag = !

1
satisfies
—C9 0

ATP+PAy=—-R (6.32)

for some P = PT > 0and R=RT > 0.

Remark 6.4.1 For systems in the parametric output feedback form, the regressors
¢; (i = 1,2) depend only on the output y, hence adaptive observer backstepping can
be employed for stable output feedback control design [94].
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Remark 6.4.2 The filters (6.29)-(6.31) are similar to the K-filters presented in [94],
but include the additional correction term ¢(-), which will be designed to cancel the
terms containing the observation error that appear in the Lyapunov derivative during
backstepping design. It is an alternative to nonlinear damping techniques, which

dominate, instead of cancelling, the terms [9/].

Remark 6.4.3 It is necessary to implement the filters (6.29)-(6.31) due to the prob-
lems associated with reconstructing the states using certainty equivalence methods,
namely that the observation error dynamics will be corrupted by parameter estimation
errors. As will be shown subsequently, the use of these filters renders the observation
error dynamics almost autonomous, if not for the correction term ¢(-), which will be

systematically designed to guarantee closed loop stability.

By constructing the state estimate as follows

2
A(t) = €ot) + 3 0:&i() + Dv(t) (6.33)
=1

it is easy to see that the dynamics of the observation error, 77 = 77 — 7, are given by

2
N=n—1n = Aolo+cy+ Y 0i(Aki+ ¢i(y)) + I(Agv + equ+ @) — A
=1

2
= 0i¢i(y) — Yeou
i=1
2
= A <£0 + 291& + 1%) — Aon + I
i=1
= Ao+ de (6.34)

The constructive procedure for adaptive observer backstepping design will be pre-

sented next.

6.4.2 Adaptive Observer Backstepping

The method presented in this section is similar to the backstepping procedure in
Section 6.3, but the filter signal vy of (6.31) is used as the stabilizing function, instead

of the state xo, which is unavailable.
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Step 1 Define z; = y — yg4, whose derivative is given by

2
Y =Cn+ Y 0+ 92 — il — 016(y) — Ja (6.35)
i=1
where §;; and v; denote the j-th elements of §; and v, respectively. Denote zp =
v9 — a1, where « is a stabilizing function to be designed, and consider the Lyapunov
function candidate:

Ky,

RQ kia
W + ?(1 — q(Zl)) log 72 2 (636)

" aY
Vi = Sl log -
a T *1

2

where rq is a positive design constant, and ¢(-) is defined in (6.9). The derivative of

V' is given by

2
. 1-— - n .
Vi = ( T+ d > K021 (502 + ) 0ikio + vy — 7p — O10(y) — yd>

2_ 2 2_ 2
ki — 21 ki — 21 —

1-— 2 iy
— < a4 . Z%> K021 (502 + Zezfzz + (22 + 1) — 72 — 61(y) — yd)

(6.37)
Ideally, we can design the stabilizing function as
* 1 .
o = af = 5 [~ - OT U1 — w1 (q(ky — 21) + (1 —q)(k — 21)) 2/ +da] (6.38)
where the parameter and regressor vectors are respectively defined by:
0, = [b, 6)T (6.39)
Ui o= [612 - 6(y), En]” (6.40)

By substitution of the ideal stabilizing function o; = @] into (6.37), it can be obtained

that

q 1—g¢q _
9 — 6.41
k,? — z% + K2 z%) ko(Vz122 — T221) ( )

Vi o= —/iomzij(

for which the first right-hand-side term is always negative and the second term can

be eliminated in the subsequent step.

However, due to the fact that the parameters 67, 2 and ¥ are unknown, the ideal

stabilizing function aj is not admissible. To circumvent this problem, we augment
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the V" with quadratic terms of the parameter estimation errors to form Vi, the new

Lyapunov function candidate:

k 1~ ~ ¥
1-— log —2— + -0TT10, + — 35
(1 —q(z1))log [ T501h Ot 2%9

RO kb KO
Vi = — log ——>— + —
! g dla1)log g + 5

(6.42)

where ©; = ©; — Oy is the estimation error for the unknown parameter vector O1.

The derivative of V; is given by

. 1 S
i = <k2 ! 5 T 73 q2) Fozt [€o + OT W1 +9(22 + a1) = 72 = 3]
] ka_zl

~ A v .
+O1T 101 + e (6.43)
4

Denote ¢ as the estimate of p = 1/9, with ¢ = 6 — o as the estimation error, and
let the stabilizing function oy = o, where @; is to be defined shortly. Hence, the

above equation can be rewritten as

. 1-— a_ - .
p T A1 a A1

~ X 9 -
+ofr'e; + =g
Yo

1_ 3 a ~ —_ ~ .
= <k2 g o + 2 ZQ> K021 [502 + 07w, + (9 —0)zg + (5 + 0)ay — 7o — yd}
b 1 a 1

~ J v .
+01T'e, + —oo (6.44)
0

To facilitate the design of the stabilizing function and adaptation laws, we rearrange

the above equation into the following form:

. 1-— A . ~ 4 A
v, = <k2 4 5+ q2> KoZ1 (502 +a + 070 £z — yd> +oeir'e,
y — 2 ki— 2
q l—q _ 3
— -
+ <k:§ — 2 + K2 z%> Kko(—2172 — Vz122)
+q9~[< 7 4 1_q> g +1*} (6.45)
0 Kot1z1 + —0 .
k2 — 2% k2 — 23 Yo
The stabilizing function is designed as
ar = pay (646)
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where
a1 = =2 — O] W1 — [q(kj — 27) + (1 — q)(k] — 27)] m127 + 9 (6.47)

while the adaptation laws are given by

A q l—q

0, = I 6.48
1 1 1<k‘g—z%+kg—z%>mzl ( )
: q 1—g¢q _
0 = <kg - z% —+ kg — Z%> KoO121 (649)

Substituting the stabilizing function and adaptation laws (6.46)-(6.49) into (6.45)
yields the following

Vi = —kokizt + + Ko¥z12
1 0~1<1 <k§—2% kg—z% 0 1#<2

- q 1—g¢q _ 1.
+190 [( + > Kov1 21 + Q]
kz?_'z% k:g—zf Yo

~ LA 1—¢q
or |r 1o, — v q
+ 1[1 1 1<k§—z%+k2—zf Koz1

q 1—g¢q .=
+ + Ko(—z — 9212
(i) om0

q l—q 3 _ 3
= —/43()/11:/:’11 + < 5 5 + 5 2) :‘i()(’lgzlzz — z1M2 — 192:12’2) (6.50)
From the above equation, it can be seen that the first term is stabilizing, while
the second term consisting of state and parameter estimation errors will be brought

forward into the subsequent step to be handled by the actual control.

We assert that o (z1,-) is a C! function with the following lemma, which ensures that

¢ 1s well-defined.

Lemma 6.4.1 The stabilizing function aq(z1,-) in (6.46) is continuously differen-

tiable with respect to z1 in the open interval zy € (—kq, k).

Proof: The stabilizing function (21, ) is piecewise C!, with respect to 21, over the

two intervals z; € (—kq,0] and 21 € (0, k). Thus, to show that aq is a C' function

Oay

v P is identical from both
Z1

for —k, < z1 < kp, we need only to show that lim, g

directions. For 0 < 21 < ky, we have
lim 2 i, or1 (=3ki +527) 21 = 0 (6.51)

z1—0t 82’1 z1—0t
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Similarly, for —k, < z1 < 0, we obtain that

lim 2 iy k1 (—3k2 +521) 25 =0 (6.52)

z21—0— 021 z21—0—

Hence, hmzlﬂm = limmﬂo az , and we conclude that o (z1, -) is C! with respect

toz1. m

Step 2 This is the second and final step of the backstepping procedure, in which the
control input u appears. According to Lemma 6.4.1, the derivative of the stabilizing

function a4 (&o, &1, &2, Y, @1, 0,Yd,Ya) is well-defined, and can be computed as:

2

. O 0oy ooy q 1—gq
= A Apé; i — I
i = o 0€0+Cy)+; e (ot + )+ 22T 1<kg_z% + ) son
Lo +Zeg + Yy — iy — 018(y) —
(‘3 02 2 i2 2 — 12 1
Oy q 1—g¢q 6041 (i+1
90 Ve <k:2 2 + K2 > ko121 + Z + ) (6.53)
b yd
where yc(li) = ;—;(yd), and the partial derivatives are obtained as:
8041 T A (9041 T AA 8041 T AA 8041 AA T
— =—e50, —— = —€50011, = —e5 0012, —— = 0011b(y),
a9 20 96, 20911 T 2 0912 g 0011b(y)
dar \IJ % _a Ooy R
96, O a0 "V dua Y
doq ., 2 2 2 4
o =0 [an( ) =3 (qks + (1 — q)k7) k12] + 5/4,121] (6.54)

with ©1; denoting the i-th element of ©1, for i = 1,2, and b(e) defined in (6.7). From
Lemma 6.4.1, we deduce that ¢; is continuous. Note that (6.53) can be written as

the sum of two parts F'(-) and G(-):

ap=F <£07§17§2721aél7@a ydvyd) + G (01,02,9,7) (6.55)

in which F(-) is known and can be directly cancelled by the control u, while G(-)
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contains unknown elements. The functions F(-) and G(-) are defined as follows

2
9o 19e dar
Fo= 71(140504‘03/)4‘271(140&4‘@) (fo2—yd +Z 1 y{
9o = 0% i=0 yd
oo q 1-— 0oy q 11— q
8@1F1‘I’1 (ki 5+ e > Fo2L = 55 e <l<:g 2 + 2 KoQ'121
~ q 1—gq _9
= 0w —", <k§ — 2 + o z%) KoQj 21 (6.56)
80(1 2 —
G = 9o <; 0;&io + Vvg — Tlg — 91¢(3/))
- go‘l ©Tw, — i) (6.57)
where
_ 0, €12 — o(y)
b
Ui = ezéir + o2b(y) , Oa= |06y |, VY= 22
c2621 +y
Y (%)

w = c2(éo1 —y) +ia— T <

+ [=3(gki + (1 — q)k2) k121 + k121 ] (€02 — Fa) (6.58)

q 1—¢q AT
+ Kozl + ©7 ¥
k:g—z% k2—2%> 0=1 1% 1a

a

This yields the derivative of z9 as

Z = —cuituter—F()+0 [@115(9) -3 (qu + (1 - Q)kg) K121 + 5121
X (=03 Wy + 7j2) (6.59)

Consider the Lyapunov function candidate

for which the derivative can be written as

. q 1—¢q - .
Vo= — i Vz122 —
A Kok12] + <k:g — 2 + R z%) ko(V2129 — 217)2) + 2222
1 . - -
+%nT(A§P + PAg)i + 7' Py (6.61)
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Substituting (6.59) into the above equation yields:

: 1 q l—gq ~ ~
Vi = —kok12] — 21977TR77 + (kg — 22 + k2 — Z%) ro(02122 — 217]2) + 71" P

a *
+29 | —cour Fu+ @2 — F* + 97,

1 _
= —/iolilzf‘ 7' Ri + ( q + q > KoUz129 + z2(—cov1 + 1

k2 % k2
*
1

* ~ 6 1—
+pa — F*) + 7" [P<P+62(82122— (kzq +k;2 1 )nozl>] (6.62)
b

1
29"

where

2

oo’
F* = (A& + E
650( oo + cy) e,

+Z aal T (6.63)
1=0 8yd

ooy .
Ao& + ¢i) + le (02 — 9a + O3 U5)

If the parameters were known, then it would be a straightforward affair to design the

control as
* q 1-— q * *
U=U = —Kozy + CoU1 — ( 5 5 + 7 > ko¥z1 — 5 + F (6.64)
k: — zl k=
where the correction term is chosen as
_ foJe} q 1—gqg
*._ _p-1 1, _ 6.65
? s o -2 tEog) (6.6

to cancel out the last term in (6.61), thus yielding

o 4 L7 2

Vo' = —kKoki12] — 297 Ri — Kkaz5 (6.66)
from which it is possible to show that the error signals z; and z converge asymptot-

ically to zero.

However, since the parameters 61, 2 and ¢ are actually unknown, the ideal control u*
is not implementable. To circumvent this problem, V5" is augmented with quadratic
terms of the parameter estimation errors, so that we obtain the new Lyapunov func-

tion candidate V5 as follows:

1 ~ -
Vo =Vi + 22 TP?7+—192 egrgleg (6.67)

20" 2
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where ©4 = é2 — ©5 is the estimation error for the unknown parameter vector ©s.

The derivative of V5 is given by

. 1-— - - . AT —1 A
Vo = —kok17] + (k2 a 7 T 73 q2> Ko(Vz122 — 21772) + 2282 + O35 15 103
b Al ka -2
+iﬁT(A(7;P + PA) G+ 7T P+ |— ¢, 1-a Ko2z122 + L)
20 k2 — 22 k2 — 22 Yo
(6.68)
Substituting (6.59) and (6.32) into (6.68) yields
. 1 _ 5 q 1—g¢q A 5 5
4 T T
Vo = —kok12] — 29" Rn+ (k% s + . z%) ko(Vz122 — z172) + 71" P
= q 1—gq 1= ~ 1A
9| — — 0,I,°6
|- (g tigmy) ome 3, 0] 00,
0
+22 [—62111 +ut o2 — F() + %(—@QT‘I’Q + ﬁ2)} (6.69)
1

For ease of design of the adaptation laws and the correction term, we rearrange the

above equation into the form:

. 1 +~ . = q 1—¢q 1 =
_ 4 T
Vo = —hoK12] — 5 g7] R77+19[— <kg_z%+kg_z%>mgzlzg+wi9}
A q 1—¢q dai ap
+2z9 |:u+ﬁ<kjg—z%+kg—z%)HOZI_CZUI—FSOQ_F(')_82’162\112]
+77 [P+ e 80412 — a + Lo Koz
n "2 2 821 2 k’g—Z% kg—,z% 0<1
~ X 0
67 <r51@2 + ;Z”%ZQ) (6.70)
1

From (6.70), it can be seen that the last term containing the observation error 77 may
be eliminated by choosing the correction term ¢ as:

_ Oay q 1—¢q
p=-—P 162 |:ZZ2 — <k§ — Z% + 2 Z% K021 (6.71)

By designing the control and adaptation laws as follows:

B 3 q 1—q day a1
u = —I€222+021)1—19<k2_2%+kg_2%>ligzl+F(-)—(p2+%@2\112
(6.72)
by = —Tou, 2, (6.73)
2 = 2 2821 2 .
5 q l—¢q
§ = 6.74
W(%f—ﬁ*kﬁ—ﬁ)”“” o
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and substituting (6.72)-(6.74) into (6.70), it can be shown that

. 1 _ B
Vo = —kok12] — Koza — %nTRn (6.75)

in which all three terms on the right hand side are always non-positive.

Since u is an aggregate control variable defined for ease of analysis, we compute the

actual voltage controls Vy and V;, by using the algorithm in (6.18).

Remark 6.4.4 It can be checked that u = u(y,v,fo,fl,fg,él,ég,@, @,yd,yd,gjd),
where the filter signals &y(t),&1(t),&a2(t) are generated from y(t), the signal v(t) from
u(t), the parameter estimates (:)1, ég, @,19 from y,v4, Ya, o, &1, 2. Therefore, the con-
trol u is feasible based on only output measurement, and does not require the feedback

of the state xo, which is difficult to measure.

Theorem 6.4.1 Consider the uncertain 1DOF electrostatic microactuator system
(6.6) under Assumption 6.2.1, output feedback control law (6.72), and adaptation laws
(6.48), (6.49), (6.73), and (6.74). If the initial conditions satisfy (x1(0),x2(0)) € €,

where
Q= {(z1,22) €R* | — ko < x1(0) — y4(0) < Ky} (6.76)

with ke and ky defined in (6.10), then the output tracking error with respect to any
reference trajectory within the air gap, i.e. yq(t) € (—lo + 0,lop — 9), is asymptotically
stabilized, i.e., y(t) — yaq(t) as t — oo, and all closed loop signals are bounded.
Furthermore, the output y(t) remains in the set Q,, :=={y € R:|y| <1-0/lp} Vt >0,

i.e. the output constraint is never violated.

Proof: The proof for y(t) € Q, Vt > 0 is similar to that presented in Theorem 6.3.1
and is omitted. Next, we show that all closed loop signals are bounded. From (6.75),
we know that Va(t) < 0Vt > 0, and thus, the error signals z1(t), z2(t), ©1(t), ©a(t),
(t), 9(t), and 7j(t) are bounded. Since ©;, O, o, ¥ are constants, we have that
O1(t), Oa(t), 4(t), 9(t) are bounded. Since |x1(t)] < 1 — /Iy, we know, from the
filters (6.29)-(6.30), that &;(¢) (¢ = 0,1,2) are all bounded.

Given that y4(t) is bounded, the stabilizing function «4(t) is also bounded, as seen

from (6.46). This leads to the boundedness of va(t) = 2z2(t) + a1(t). According to
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Lemma 2.4.1, the tracking error z1(t) remains in the set —k, < 21 < kp. As such, the
adaptation rates ©1 (1), &(t), Oa(t), V(t) in (6.48), (6.49), (6.73), (6.74) respectively,
are all bounded. Furthermore, we can deduce, from (6.71), that (t) is bounded.
From (6.31), we have that v; = —cjv1 + v2 + @1, which implies that v;(¢) is also
bounded. Thus, we infer that the control u(¢) in (6.72) is bounded. At the same
time, from (6.33), 7j(t) is bounded, and thus, 72(t) and z2(t) are bounded too. We

conclude that all closed loop signals are bounded.

To prove that y(t) — yq as t — oo, we first establish that
Vo = —dkiz3% — 2k020%9 — 2011 Rij

is bounded, since #; is bounded from (6.35), %5 is bounded from (6.59), and 7 is
bounded from (6.34). As a result, V(¢) is uniformly continuous. According to Bar-
balat’s Lemma, z1(t), z2(t) — 0 as t — oo. Since 21 (t) = x1(t) — ya(t), it is clear that

y(t) = yq(t) ast - 00. m

Remark 6.4.5 Although the adaptive control scheme in this chapter is developed for
parallel plate microactuators, the same approach can be used for comb drive microac-
tuators, as show in Figure 6.2, with a minor modification of the capacitance model to
C(z) = 2%L(1 4+ 1) [15], where n denotes the number of movable fingers, T the thick-
ness of the structure, d the gap between the fingers, and | the initial overlap between

the electrodes. Consequently, the input is given by u = 2"2T6(sz — V}f).

Remark 6.4.6 In our control design, we utilized more parameter estimates than the
actual number of uncertain parameters. This is carried out mainly to simplify the
design procedure and analysis, since any uncertain parameters encountered in each
step is handled by a mew set of estimates, even though the parameters appearing
in different steps may be common. To avoid over-parametrization, it is feasible to
employ the tuning functions approach, in which the number of parameter estimates
is the same as that of the uncertain parameters, and the design of the adaptation is
postponed until the final step. However, the design procedure and analysis will become

more involved.
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6.4 Output Feedback Adaptive Control Design

Figure 6.2: One-degree-of-freedom electrostatic comb drive

Remark 6.4.7 The possible rapid change of control voltages near the electrode sur-
faces can be viewed as a tradeoff from the ability of the controller to prevent electrode
contacts in a relatively simple and robust way, particularly in face of model uncer-
tainty and lack of velocity measurements. Since electrical dynamics are much faster
than mechanical dynamics even in the micro scale, the plant model considered is still
reasonable. If necessary, upper bounds for the rate of change of control voltages can
always be computed for given design constants and initial conditions. From these es-
timates, the design constants and/or initial conditions can be appropriately selected

to curb excessive rates.

Remark 6.4.8 In practice, measurement noise may cause problems due to the high
sensitivity near the barrier. A low pass filter can be employed to attenuate high fre-
quency measurement noise. Furthermore, we propose to modify the barrier limits, k,

and ky, into the following:

: § 2 , § 2
ka: 1_7_|gd’_A ) kb: 1_7_‘gd|_A (677)
lo lo

so as to provide for a safety margin A, which accounts for measurement variance
induced by noise. For small noise, we can reasonably expect that the filtered tracking
error, denoted by z; remains in the interval (—k,, —k,). Then, for |z;| < |z1|+ A, we
expect that z1 remains in the interval (—kq, kp). In the subsequent section, we present

stmulation results to show that closed loop performance under these modifications are
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robust to small magnitude sensor noise.

Remark 6.4.9 Although nonlinear squeeze film damping model (6.5) is considered
in this chapter, the control design methodology is also applicable to linear damping

models as a special case, for both full-state and output feedback cases.

6.5 Simulation Results

To demonstrate the effectiveness of the control design, we perform simulations on
plant (6.6), for both full-state feedback and output feedback cases, under the following
choices of plant parameters values: b, = 2.659 x 102! Nsm?, k = 350.0Nm~!, m =
1.864 x 107 kg, € = 8.859 x 107 2Fm~1, A =2.0x107%m?2, lp = 1.0 x 107 5m, § =
2.0 x 10~8m, and the scaling constants are chosen as o = 1.0 x 10% and 3 = 2.0 x 10'7.
The initial conditions are z1(0) = 0.0, 22(0) = 0.0, 01(0) = 0.0, and 62(0) = 0.0.

The performance of the proposed control is investigated for two types of tasks: set
point regulation and trajectory tracking. For each task, the controller is required to
ensure that the condition —k, < 21 < kp holds, thereby preventing electrode contact,

i.e. ’.’L‘1| < 0.98.

For set point regulation, the movable plate is required to be stabilized at the specified
set points vy, i=1,2,3,4. Between the start position and each set point, the plate is

to follow a reference trajectory yg;(t) defined by:

yo+ (6(5)° = 15(5)* + 100£)?) (ysi —wo) for t < tg
Ysi for t > tq

Yai(t) = (6.78)
where yg is the desired initial position, and ¢4 is the time to reach ys, starting from
10 We simulate stabilization to four set points within the gap, namely ys1 = —0.2,
yso = 0.4, ys3 = —0.6, and ys4 = 0.8, with each case starting from yg = 0.0. The
duration is specified as t; = 100 ps. The bounds on z; corresponding to the set
points can be computed as kq1 = 0.78, Vkp1 = 0.98, ka2 = 0.98, k2 = 0.58,
Va3 = 0.38, Vkp3 = 0.98, ks = 0.98, and v/kps = 0.18.
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For trajectory tracking, the movable plate is required to follow the reference trajec-

tory:
ya(t) = 0.4(sin(0.1t) 4 sin(0.2t)) (6.79)

from which it can be computed that [y4|=|y,| = 0.705. Thus, we have k, = ky =

1— %% _0.705 = 0.275.

6.5.1 Full-State Feedback Control

According to (6.3), (6.16), and (6.18), the full-state feedback control law is given by
2
S R
BA\BA—x1)?  B(1+x1)?

Vi o= 0@ —w)?a, Vi = /BB - q(@)(1 +2)%

_ q 1—gq AT
U = —K9zg — K + z1+6
2 °<k‘§—2% ki—%) LY

where

with the function g(e) is defined in (6.9). The control parameters are chosen as
Ko = 1.0 x 1073, k1 = 5.0 x 107, ks = 1.0, and T’ =diag{70.0, 100.0, 50.0}.

For set point regulation, the simulation results are shown in Figures 6.3-6.5. From
Figure 6.3, it can be seen that the movable electrode is successfully stabilized at each
of the four set points, and does not come into contact with the fixed electrodes, whose
positions are indicated by the grey lines. The tracking error for each case decays to
a small value. From Figure 6.4, the boundedness and reciprocating action of the
two control voltages are shown. Figure 6.5 shows that the velocity and parameter

estimates are bounded.

Simulation results for the trajectory tracking are detailed in Figures 6.6-6.8. From
Figure 6.6, it can be seen that the movable plate followed the sinusoidal trajectory
closely, and successfully avoided contact with the electrodes. The tracking error
z1(t) = z1(t) — yq(t) showed a trend of decreasing asymptotically to zero, while not
violating the constraint —0.275 < z; < 0.275 during the transient response. From
Figure 6.7, the boundedness and reciprocating action of the two control voltages are

shown. Figure 6.8 shows that the velocity and parameter estimates are bounded.
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6.5.2 Output Feedback Control

According to (6.3), (6.18), and (6.72), the output feedback control law is given by

1LV 15
U= — —
B\B(1L—y)? BB1+y)?

where

Vi = Ba@0-y2a, Vi = /BB - q@)(1 +y)2a
1—

q q
F() —
k%—z%+k2—z%>”°'zl+ (e

U = —K929 + CoU1 — 29 (
+0 611 = 3 (ghy + (1 = @)ka) w12} + 5121 | O W

with the function ¢(e) defined in (6.9), and the output y = x1. The control parameters
are chosen as kg = 1.0, k1 = ko = 2.0, I'; = diag{60.0,10.0}, I'y = 10.01, v, = 19 =
1.0, ¢; = 8.0, ¢5 = 15.0, and R = 1.

For the task of set point regulation, the results are shown in Figures 6.9-6.11. From
Figure 6.9, it can be seen that the movable electrode is successfully stabilized at
each of the four set points without coming into contact with the electrodes. The
boundedness of the control voltages, the velocity and parameter estimates are shown
in Figures 6.10 and 6.11.

Results of simulation for sinusoidal tracking is shown in Figures 6.12-6.14. It can be
seen in Figure 6.12 that the movable plate followed the sinusoidal trajectory closely
without contacting the electrodes. The tracking error z;(t) decreased rapidly to a
small value without violating the constraint —0.275 < z; < 0.275 during the transient
response. From Figures 6.13 and 6.14 the boundedness of the control voltages, velocity

and parameter estimates can be seen.

6.5.3 Measurement Noise

To test the effectiveness of the controller in the presence of sensor noise, we inject

noise into the output, such that the measured signal is given by
Ym =Y + na#(t) (6'80)
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where p € [—1,1] is a random variable with uniform distribution, and n,, is the noise

magnitude. The raw signal y,, is passed through a low pass filter where s is

1
142s?
the Laplace variable, and the output of the filter, 3¢, is then used in the estimation
filters, adaptation laws, and control law. The barrier limits are modified according to

(6.77) with A = 0.05 so as to provide a safety margin that accounts for measurement
variance induced by noise. This yields v/k;, = y/k, = 0.27.

Simulation results for the output feedback tracking control are shown in Figures
6.15-6.17 for n, = 0.03, n, = 0.06, and n, = 0.1, respectively. It can be seen that
the effect of the controller is to minimize the filtered tracking error, z/1 = Yr — Yd
instead of the actual tracking error, z; = y_y4. As a result, the actual trajectory y(t)
fluctuates about the desired trajectory yg(t). As noise magnitude, n,, increases, the
actual tracking error also increases. The fact that z(t) € (—0.27,0.27) ensures that
21(t) € (—0.275,0.275), since |z;| < |21] + 0.05. This in turn ensures that the true

position does not violate constraints, i.e. |y(t)| < 0.98.

Remark 6.5.1 From our simulation study, we found that the selection of design pa-
rameters affects the performance quite significantly. Trial and error tuning is needed
to find a set of parameters that yield good performance in the two tracking scenarios
studied in our simulation. For the full-state feedback case, there are sixz design para-
meters, namely ko, k1, k2, and I' =diag {y1,72,73}. These are tuned by trial and
error. For the output feedback case, there are considerably more design parameters,

16 in tOtal} namely Ro, K1, K2, Fl :diag{7117712}; FQ :diag{7215722a723}7 ’YQ) Y9, C1,

11 T12
c2, and R =

] . To simplify the selection procedure, we first set R =1 and
T21  T22

determine ci, co, that give reasonable responses in filters (6.29)-(6.31). The remain-

ing 10 parameters ko, k1, K2, I'n =diag{y11, 712}, T2 =diag{v21, 722,723}, Yo, 70 are

then tuned by trial and error.

6.6 Conclusions

We have presented adaptive control for a class of single-degree-of-freedom (1DOF)

electrostatic microactuator systems, such that the movable plate is able to track a
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reference trajectory within the air gap without knowledge of the plant parameters.
Both full-state feedback and output feedback schemes have been developed, with
guaranteed asymptotic output tracking. Simulation results show that the proposed
adaptive control is effective for both set point regulation and trajectory tracking
tasks. It can be seen from the control design that, in the adaptive setting, the
output feedback treatment, which required the implementation of additional filters,
became much more involved as compared to the full-state feedback case. If velocity
measurements can be used, then full-state feedback control can be implemented with

relative ease.
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Chapter 7

Conclusions and Future Work

This thesis investigated the use of Barrier Lyapunov Functions for the control of SISO
nonlinear systems in strict feedback form with constraints in the output and states.
To begin with, the notion of Barrier Lyapunov Functions has been formally introduced
to pave the way for a systematic and technically rigorous framework for control design
that ensures non-transgression of constraints in nonlinear systems. Key technicalities
underlying the use of BLFs for constraint satisfaction are exposed, and motivating
examples based on low order systems are shown to elucidate the design methodology.
While the idea of barrier functions as a means of preventing excursions of variables
from a region of interest is not new, as noted by their applications in constrained op-
timization problems and collision avoidance algorithms, a formal treatment of barrier
functions in Lyapunov synthesis is currently lacking in the control literature, and we

endeavor to partly fill this gap in this thesis.

Following the preliminaries and motivating examples, tracking control design was
presented for strict feedback systems with constraints on the output, and in the
presence of parametric uncertainties. Both symmetric and asymmetric BLFs have
been investigated, with the latter being a more generalized approach that can provide
greater design flexibility and relax the starting conditions. We have shown that
asymptotic tracking is achieved without violation of constraint, and all closed loop
signals remain bounded, under a mild condition on the initial output. The use of

QLFs in handling output constraint has been investigated, and it is shown that more
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conservative initial conditions are required as compared with using BLFs.

The BLF based control design is then extended to strict feedback systems with con-
straints on the states, with adaptive versions of the controllers designed to handle the
presence of uncertainties. Unlike the output constraint case, some feasibility condi-
tions which involve the initial states and selection of control parameters are required
when dealing with full state constraints. Although they can be restrictive, due to the
fact that they are based on conservative bound estimates, the good thing is that they
can be checked offline prior to control implementation. When handling only partial
state constraints, the conditions can be relaxed. It has been shown that asymptotic
tracking is achieved without violation of constraint, and all closed loop signals remain

bounded, provided that the feasibility conditions are fulfilled.

Subsequently, the thesis tackled the adaptive control problem for nonlinear con-
strained systems in strict feedback form with uncertain control gain functions, the
latter being notorious for causing difficulties in adaptive control design. Although
there are good methods in the literature for handling unknown control gains in the
absence of constraints, such as Integral Lyapunov Functions [43] and quadratic-like
Lyapunov functions with reciprocal of control gain function [44], these approaches
are difficult to combine with BLFs for handling of constraints. In this thesis, we
have adopted the robust adaptive domination approach of handling unknown virtual
control gains. Based on the conditions for practical stability with guaranteed non-
violation of constraints, which we have established in Lemma 2.4.3, it has been shown
that practical output tracking is achieved without violation of output constraint. For
the case of full state constraints, feasibility conditions on the initial states and control
parameters are needed, which can generally be relaxed when handling only partial
state constraints, and obviated for the special case of output constraint with linearly

parameterized system nonlinearities.

To demonstrate the effectiveness of the proposed method of adaptive control design
for constrained nonlinear systems, we have chosen, as an application study, a class of
single-degree-of-freedom (1DOF) electrostatic microactuator systems, which is con-
strained in the sense that the movable electrode is to track a reference trajectory
within the air gap without touching any of the fixed driving electrodes. Both full-

state feedback and output feedback schemes have been developed, with guaranteed
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asymptotic output tracking. Computer simulation results show that the proposed
adaptive control is effective for both set point regulation and trajectory tracking
tasks. It can be seen from the control design that, in the adaptive setting, the output
feedback treatment, which required the implementation of additional filters, became
much more involved as compared to the full-state feedback case. If velocity mea-
surements can be realized, then full-state feedback control can be implemented with

considerable ease.

In light of existing methods in the literature for dealing with constraints in nonlin-
ear systems, particularly Model Predictive Control, our proposed method has pros
and cons. The main advantages are that there is no issue related to computational
tractability since there is no need to solve optimization problem online, and that the
feasibility of the control with respect to state constraints can be evaluated a priori.
Shortcomings of the method include conservative feasibility conditions that limit the
class of applicable systems, as well as the difficulty of handling an input constraint

due to the high-gain nature of the control that uses the gradient of a barrier function.

Recommendations For Future Work:

Despite the existing applications of barrier functions in constrained optimization
problems and multi-agent collision avoidance algorithms, the investigations of bar-
rier functions in Lyapunov synthesis, in the form of BLFs, is relatively new in the
context of providing a systematic framework of control design for general nonlinear
systems. The focus of this thesis, on uncertain strict feedback systems with state and
output constraints, is but a part of the wider scope consisting of numerous interest-
ing and meaningful open research topics. In the following, we outline several possible

topics for future investigations:

e Constrained Input. In this thesis, we have focused on output and state
constraints, but neglected any consideration of constraints on the input. The
reason is that provision for a potentially large control effort is key to safeguard-
ing against any constraint transgression. This is an inevitable consequence of
the design methodology, stemming from the use of BLF's that grow to infinity
when the states approach the boundaries of the constrained region, and can be

viewed as a drawback of the proposed method, although we have established, in
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Theorem 3.3.1, the fact that the control signal remains bounded for all time. By
careful selection of the control parameters, it is possible to limit the growth of
the control signal within a desirable operating range. In fact, a straightforward
extension will be to add one more condition to the full state constraint problem,
namely ke, ,, > A, > supq_|u(-)|, where k., , is the input constraint. This
condition needs to be checked to assess feasibility of the proposed method, albeit
with extra conservatism. More investigations are needed to relax the feasibility

conditions and to find more effective ways to deal with input constraints.

Different Classes of Systems. As a starting point in our research of BLFs,
we have dealt with only strict feedback nonlinear systems in this thesis, which
are sufficiently rich to elucidate the main principles and some for the problems
associated with BLF based control design for constraint handling. Many more
classes of systems in the presence of constraints, including pure feedback sys-
tems, time delay systems, mechanical systems, general MIMO systems, among
others, carry with them unique and meaningful problems, and await to be in-
vestigated under the proposed BLF control design framework. For analytical
purposes and performance assessment, BLF based control design can be ap-
plied to linear systems with constraints, and the results compared with existing

results, such as those based on positively invariant sets.

Different Choices of BLF's. The choice of BLF, as for any control Lyapunov
function, is not unique, and different selections of BLFs can lead to different
transient performance and stability properties. For an open region D, any
positive definite and continuously differentiable function, Vi : D — R, which
satisfies the condition Vi(z1) — oo as z; — +kp, is a valid candidate. An

alternative to (3.14) which satisfies these conditions is the barrier function V; =

% tanz(gk?l ), which can be shown to yield very different stabilizing functions
as well as control and adaptation laws. More classes of BLFs with desirable
properties need to be proposed, and investigations and comparisons of control

performances, induced by different classes of BLFs, are welcome.

Output Feedback Designs. Although we have presented an output feedback
design based on adaptive observer backstepping for the MEMs system in the

application study of Chapter 6, this is a special case where the problem is
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tractable due to the low order dynamics and simplified system nonlinearities.
Designing an output feedback control for nonlinear systems with guarantee of
constraint satisfaction is very much an open and challenging problem. A natural
and promising point to start is with nonlinear systems in the output feedback
form under state and output constraints, since such systems are amenable to

adaptive observer backstepping techniques that can be fused with BLFs.

Practical Applications. As mentioned, constraints are ubiquitous in practi-
cal applications. There is plenty of scope for more in-depth application studies
to be performed, including robotics manipulators in constrained workspace,
ocean vessels moving in constrained channels, mechanical systems with satu-
rated actuators, as well as process control applications with state constraints.
Both computer simulations and experimental work need to be carried out ex-
tensively to verify the effectiveness and expose the limitations of the controllers,
especially in the face of unmodelled dynamics, process disturbances, and mea-

surement noise.

Approximation-Based Control. Approximation-based control rely on uni-
versal approximation property in a compact set in order to approximate un-
known nonlinearities in the plant dynamics. As long as the arguments of the
unknown function remain within the set, stable tracking with guaranteed perfor-
mance bounds can be achieved. One method of ensuring that the approximation
condition holds is by careful selection of the control parameters, via rigorous
transient performance analysis, so that the system states do not transgress the
compact set of approximation [42, 44]. Another method is to rely on a sliding
mode control mechanism operating in parallel to the approximation-based con-
trol, such that the compact set is rendered positively invariant [35, 178]. The
BLF based control design methodology presented in this thesis appears very
promising in providing yet another means of tackling the approximation-based
control problem, by actively constraining the states of the system to remain

within the compact set of approximation.
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