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Summary 

 

Stretchable electronics have great potential for applications in unconventional 

electronics, e.g. eyelike digital cameras, conformable skin sensors, intelligent surgical 

gloves, and structural monitoring devices.  A traditional focus of this field is on the 

development of materials for circuits that can be formed on bendable substrates, such 

as plastic sheets or steel foils.  Recently, much effort has been invested to achieve 

similar system on fully elastic substrates for electronics that can be stretched, 

compressed, twisted and deformed in ways that are much more flexible than ever.  

The wrinkling of a stiff thin film on a compliant substrate is of particular interest to 

achieve this aim.  The design of these stretchable electronics systems encompasses a 

range of forms, from simple layouts consisting of single crystal silicon thin films on 

flat substrates to complex lithographically patterned films on substrates with 

structures of relief embossed on their surfaces.   

 

Mechanics of materials underlies the development of this type of stretchable 

electronics.  Various kinds of surface patterns at the micrometer scale are generated 

due to instability and buckling of thin films on a compliant substrate, and hence this 

area of work has recently attracted more attention.  In this system, there is an interface 

stress due to a large mismatch in Young’s moduli of two materials when this system 

in tension or compression.  The highly ordered wave patterns, e.g. periodic waves, 

checkerboard, herringbone, and interacting wave patterns, are caused by interface 

stress.  The desired mechanical properties are realized not through new materials but 
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instead through new structural configurations of existing materials.  These wrinkle 

patterns can be analyzed by mechanics theory and simulated by numerical methods.   

 

In this study, the fabrication procedure of stretchable silicon systems is carried 

out.  Controlled buckling is realized in single crystal silicon thin films initially, then 

deposited, typically by a vapor phase or physical transfer processes, onto prestrained 

elastomeric substrates.  The desired mechanical properties are realized not through 

new materials but instead through new structural configurations which are established 

in the fabrication process.  High performance, stretchable and foldable integrated 

circuits are also developed using this process.  Then, an analytical study is performed 

to find a closed form solution for this buckling mode.  Critical buckling strain is 

obtained based on linear analytical solutions.  The wavelength and amplitude are then 

predicted for the buckling and post-buckling phases.  To improve the accuracy of 

results, a non-linear closed form analytical solution is derived.  The analytical study 

gives the wavelength and amplitude directly in terms of the film and substrate elastic 

properties, the thin film thickness, and the film prestrain.   

 

Two and three dimensional finite element models are constructed for 

numerical analysis of single crystal silicon and integrated circuit with multilayer thin 

film substrate systems, respectively.  The simulation results exhibit good agreement 

with experimental observation.  The periodic, wave-like geometry can be represented 

well numerically using the finite element model.  It is found that, when a thin film of 

stiff material is suitably patterned on a compliant substrate, a large elongation of the 

substrate induces small strains in the thin film, and the thin film accommodates the 

large elongation.  The unique mechanical characteristics of wavy devices and the 
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coupling of strain to electronic properties could provide insight into the design of 

device structures to achieve unusual electronic behaviour. 

 

 

Key words: Buckling, Finite element method, Solid mechanics, Stretchable 

electronics. 
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Chapter One                                                                  

Introduction 

 

1.1  Background 
 

Most electronic circuits are not stretchable because they come in the form of 

rigid chips.  Truly flexible circuits are made of organic semiconductors sprayed or 

stamped onto plastic sheets.  Currently organic semiconductors, although useful for 

flexibility reasons, are slow for intensive computing tasks (Crone, et al., 2000).  

Silicon or other high-speed inorganic semiconductors based on elastomeric substrates 

are required for bendable and stretchable electronics systems (Yuan, et al., 2006).  

This is why stretchable silicon was selected as one of the ten emerging technologies 

by MIT Technology Review (Greene, 2006).  Recently, a method has been found to 

stretch crystal silicon (Khang, et al., 2006) and then fabricate it into integrated circuits 

(Kim, et al., 2008).  The work involved the use of single crystal silicon which is the 

same type of silicon found in microprocessors.  However, as with other crystal 

materials, single crystal silicon does not stretch naturally.  In order for it to be 

bendable and stretchable, it has to be prepared as an ultrathin layer only a few 

hundred nanometers thick on a bendable surface (Rogers, 2001).  Instead of attaching 

the single crystal silicon to a plastic substrate, the new method involves affixing 

single crystal silicon in narrow strips onto a stretched, rubber-like polymer.  When the 

stretched polymer snaps back into its natural relaxed state, the silicon strips buckle, 

but do not break, forming wrinkling waves that are ready to be stretched out again.  

Recently this process has been extended to the fabrication of integrated circuits (Kim, 
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et al., 2008).  The high performance, stretchable and foldable integrated circuits are 

developed using the same approach.  This inorganic electronic device is 

systematically structured into aligned arrays of nanoribbons of single crystal silicon, 

with ultrathin plastic and elastomeric substrates.  The designs combine multilayer 

layouts and ‘wavy’ structural configurations in silicon complementary logic gates, 

ring oscillators and differential amplifiers.  This is a different conceptual approach to 

stretchable electronics.  The desired mechanical properties are realized not through 

new materials but instead through new structural configurations which are established 

in the fabrication process.  To understand the mechanism of this new structural 

material, analytical and computational models are developed here to investigate the 

mechanics characteristics in both single crystal silicon and integrated circuit systems.  

The results show that this type of stiff thin film-compliant substrate system has good 

potential of application for devices that require extreme mechanical deformations 

during installation or usage.   

 

The potential applications of circuitry made from the stretchable silicon and 

integral circuits are vast, such as unusual types of displays, bendable monitors (Figure 

1-1), stretchable display screens (Figure 1-2), and surgical gloves with sensors that 

could read chemical levels in the blood and alert a surgeon to a problem, without 

impairing the sense of touch (Figure 1-3).  Stretchable electronics could allow a 

prosthetic limb to use pressure or temperature cues to change its shape.  More 

applications can be found, for example, electronic eye cameras (Figure 1-4), 

intelligent, wireless medical sensors, conformable skin sensors, structural health 

monitoring devices and so on.  Similar types of stiff thin film-compliant substrate 

system also have many other emerging applications such as micro- and 
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nanoelectromechanical systems, tunable phase optics, force spectroscopy in cells, 

biocompatible topographic matrices for cell alignment, high precision micro- and 

nanometrology methods, and pattern formation for micro- and nanofabrication.  

 

 

CRT Technology Active Matrix LCD Flexible FPD 

 

 

 

> 50 years old > 25 years old Future 
 Time 

 
 

 

Figure 1-1  Evolution of display technology (Crawford, 2005) 

 

 

 

Figure 1-2  World’s first prototype of rollable display by Philips (Sinha, 2005) 

Stretch 
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Figure 1-3  Smart micro sensor-based surgical glove (Lumelsky, 2001) 

 

   

Figure 1-4  Electronic eye camera (Ko, et al., 2008) 

 

A completely different conceptual approach to stretchable electronics emerges 

from certain research on bendable inorganic electronics (Sun, et al., 2006a; Baca, et 

al., 2008).  Here, desired mechanical properties are realized not through new materials 

but instead through new structural configurations of established materials.  For 

example, bendability can be achieved in intrinsically brittle materials, such as single-

crystalline silicon (Baca, et al., 2008) by implementing the materials in ultrathin 

formats, nanowires (Duan, et al., 2003), nanoribbons, (Menard, et al., 2004), 

Embedded 
integrated circuits 

RF transmit/receive 

Sensors:  
chemical, 
optical, 
thermal 

 fluidic 
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nanomembranes (Ahn, et al., 2006) and, in some cases, in advanced neutral 

mechanical plane designs (Kim, et al., 2008).  An attractive feature of this strategy is 

that it leads naturally to systems with improved electrical performance and reliability 

comparable to those of wafer-scale electronics, far surpassing anything that is possible 

with known organic active materials.  For example, transistor devices with field effect 

mobilities up to several hundred cm2V-1s-1 in complementary circuits with bendability 

to radii of curvature as small as 0.05mm can be achieved in this fashion (Ahn, et al., 

2006; Kim, et al., 2008).  The extension to stretchable electrics is remarkably 

straightforward: ultrathin material structures formed into ‘wavy’ or buckled 

geometries offer stretchability with a physical structure similar to an accordion 

bellows, without inducing significant strains in the materials themselves (Baca, et al., 

2008; Sun, et al., 2006b).  This approach has recently been used to create stretchable 

conductors, transistors, diodes, photodetectors, circuits of various types and even fully 

integrated systems such as hemispherical electronic eye cameras (Ko, et al., 2008).  A 

separate body of work uses material structures in a different way to yield a similar 

outcome.  Here, open meshes (Someya, et al., 2004) constructed in bendable materials 

provide large, reversible levels of deformability for strains applied along certain axes, 

are used in systems such as sensitive robotic skins (Dinyari, et al., 2008).  Cantilever-

spring structures in silicon, exploit related examples of device level demonstrations of 

them.  Dinyari, et al. (2008) and Hung, et al. (2004) conclude it with some 

perspectives on future research opportunities. 

 

Stretchable electronics represents a much more challenging class of system, 

and is of interest for applications where circuits must be wrapped conformally around 

complex curvilinear shapes or integrated with biological tissues in ways that are 
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impossible using devices that offer only simple bendability.  The new type of 

stretchable electronic system studied here is impressive because it works with single-

crystal silicon which is made out of standard, high performance silicon.  The fully 

stretchable form of single-crystal silicon with micron-sized, wave-like geometries can 

be used to build high-performance electronic devices on rubber substrates.  Figure 1-5 

schematically illustrates one method for integrating thin films of high quality 

electronic materials with elastomeric substrates for stretchable electronics.  The first 

step (Figure 1-5a) involves fabrication of thin elements of single crystal silicon or 

completes integrated devices (transistors, diodes, etc.) by conventional lithographic 

processing.  After this process, the thin film structures are supported by, but not 

bonded to, the underlying wafer.  Contact between the prestrained, compliant 

substrate and the stiff thin film, leads to bonding between these materials (Figure 1-5b 

and Figure 1-5c).  When the substrate is peeled back, with the film bonded to its 

surface, and then the prestrain released, causes the substrate to relax back to its 

unstrained state.  This relaxation leads to the spontaneous formation of well-

controlled, highly periodic, stretchable wave structures in the thin film (Figure 1-5d) 

and the region of near the top surface of substrate.   
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Figure 1-5  Schematic illustration of method for integrating thin films of high quality 

electronic materials (Greene, K., 2006) 

 

The same method can also be applied to high performance, single crystalline 

silicon complementary metal oxide semiconductor (Si-CMOS) integrated circuits (ICs) 

to make them into reversibly foldable and stretchable systems.  These systems 

combine high quality electronic materials, such as aligned arrays of silicon 

nanoribbons, with ultrathin film and elastomeric substrates exhibiting ‘wavy’ 

structural layouts.  These approaches are important not only for the Si-CMOS circuits 

that they enable, but also for their straightforward scalability to much more highly 

(a) 

(b) 

(c) 

(d) 
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integrated systems with other diverse classes of electronic materials, whose intrinsic 

brittle, fragile mechanical properties would otherwise preclude their use in such 

applications. 

 

The most important stage of the fabrication process is to form highly periodic, 

stretchable wave structures in the thin film.  The nonlinear buckling of thin, high 

modulus plates on compliant supports can be represented as a classical problem in 

mechanics.  Over the last several decades, numerous theoretical and experimental 

studies of this phenomenon have been performed.  Although buckling has historically 

been viewed as a mechanism for structural failure, the pioneering work of Bowden et 

al. (1998) showed that the buckling of stiff thin films on compliant substrates can be 

controlled in micro and nanoscale systems to generate interesting structures with well 

defined geometries and dimensions in the 100 nm – 100 m ranges.  This has 

generated numerous theoretical and experimental studies of the buckling of stiff thin 

film-compliant substrate systems (e.g. Chen and Hutchinson, 2004; Choi et al., 2007; 

Harrison et al., 2004; Huang, 2005; Huang et al., 2005; Huang and Suo, 2002; Jiang et 

al., 2007; Khang et al., 2006; Lacour et al., 2004, 2006; Stafford et al., 2004, 2006; 

Sun et al., 2006a, 2006b).  This is because such systems have important applications 

in stretchable electronics (Choi et al., 2007; Jiang et al., 2007; Khang et al., 2006; Sun 

et al., 2007a, 2007b; Wagner et al., 2004), micro and nanoelectromechanical systems 

(MEMS and NEMS) (Fu et al., 2006), tunable phase optics (Harrison et al., 2004; 

Efimenko et al., 2005), force spectroscopy in cells (Harris et al., 1980), biocompatible 

topographic matrices for cell alignment (Jiang et al., 2002; Teixeira et al., 2003), high 

precision micro and nano-metrology methods (Stafford et al., 2004, 2006; Wilder et 

al., 2006), and pattern formation for micro/nano-fabrication (Bowden et al., 1998, 
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1999; Huck et al., 2000; Groenewold, J. 2001; Sharp and Jones, 2002; Yoo et al., 

2002; Schmid et al., 2003; Moon et al., 2007).  In these systems, controlled buckling 

is realized in the thin films deposited onto prestrained elastomeric substrates by 

releasing the substrate prestrain.  These techniques (Khang. et al., 2006) enable 

systematic and repeatable studies of the buckling mechanics, to a precision that was 

not possible in previously studied systems.   

 

In this study, experimental results are presented to demonstrate the 

fundamental aspects of the buckling process.  The observations differ, at both 

qualitative and quantitative levels, from predictions based on previous mechanical 

models of this class of stiff thin film-compliant substrate system.  Theoretical re-

examination of this classical problem leads to a new analytical mechanics theory that 

provides a coherent and quantitatively accurate description of the mechanics.  

Numerical studies of wrinkled membranes are performed using the finite element 

method (FEM).  The research work focuses on determining the region(s) affected by 

wrinkles and the direction of the wrinkles.  Numerical simulation is used to compute 

the geometry of the wrinkles in thin film and PDMS structures of realistic shape and 

size, and compared with analytical and experimental investigation.   

 

1.2  Research Objectives  
 

The objectives of this research are as follows:  

 

(1) To understand the fabrication mechanism of stretchable and bendable stiff 

thin film-compliant substrate system, from single crystal silicon ribbons to complete 
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integrated devices (transistors, diodes, etc) which are made by conventional 

lithographic processing.  The extreme mechanical properties are realized through new 

structural configurations of materials.   

 

(2) To explain quantitatively the mechanical behavior of the stretchable stiff 

thin film-compliant substrate system using both classical mechanics theory and 

numerical analysis techniques.  The results are not only applicable to a particular 

system, like single crystal silicon ribbon on PDMS substrate, but also to the more 

general case of thin films on compliant supports.  The buckled thin film deformation 

behavior, when subject to external strains, i.e. the post-buckling behavior, is modeled.   

 

(3) To develop analytical and numerical models that can be used to assist the 

design of systems capable of eliminating the influence of mechanical strains on device 

performance.  The models will, as mechanical design tools, allow engineers to 

construct stretchable/compressible electronics for different applications. 

 

1.3  Thesis Organization 
 

Chapter One gives an introduction to the background of this research, 

demonstrates the need of the understanding the mechanical behavior for this 

underlying technology, and state of the objectives of this study.   

 

Chapter Two describes the design and implementation of stretchable silicon 

systems and measurement method to emulate the mechanical properties.  The 

wrinkling patterns of the thin film are observed to understand mechanics phenomenon 
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of buckling of stiff thin film-compliant substrate system.  The measurement of the 

amplitude and wavelength (by SEM and ATF) is performed for comparison between 

analytical and numerical solutions.   

 

Chapter Three expands the implementation of the stretchable silicon system to 

complete integrated devices and the mechanical and electrical properties are measured.  

The wrinkling patterns of the integrated circuits are observed and measured using 

SEM and ATF.  The experimental data are used to verify the results of numerical 

simulation.  The electrical properties are measured before and after buckling.  The 

results show the devices can work well after buckling.   

 

Chapter Four commences with basic mechanics theory.  The buckling criterion 

is derived for a thin film on a compliant substrate.  The critical strain, amplitude and 

wavelength, are measured to characterize Young’s modulus, Poisson’s ratio, and the 

prestrain of a single-crystal silicon ribbon on a PDMS substrate.  Analytical results 

are used to yield a quantitatively accurate description of the stiff thin film-compliant 

substrate system mechanism in the fabrication process and to assess its mechanical 

behavior. 

 

In Chapter Five, the analytical solution of buckling and post-buckling is 

improved upon based on a finite deformation approach.  Buckling theory is 

established that accounts for finite deformations and geometrical nonlinearities.  An 

accurate solution is obtained for changes in amplitude and wavelength with the 

prestrain and applied strain of the single-crystal silicon ribbon on a PDMS substrate.  

The analytical solution is compared with experiment observation.   
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Chapter Six focuses on two-dimensional numerical analysis:  the FEM is used 

to study thin film buckling on a prestrained substrate, especially, for the case where 

analytical solutions are not possible, e.g. the edge effect on the end of a silicon ribbon.  

The numerical solutions reveal the physical phenomenon of buckling and its behavior 

dependence on prestrain and thin film and substrate properties.  The numerical 

simulation results obtained are verified by both experimental observation and 

analytical results.   

 

In Chapter Seven, three-dimensional numerical analyses are performed for 

stretchable integrated circuits.  The results obtained by the numerical analysis capture 

the buckling pattern well.  The stress and strain distributions are studied for the 

buckling of complex integrated circuits on a prestrained substrate.   

 

Finally conclusions and suggestions for further work are provided in Chapter 

Eight.  
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Chapter Two                                                            

Experimental Observation and Measurement for 

Single Crystal Silicon 

 

The research group at the University of Illinois at Urbana-Champaign (UIUC) 

reported a new approach to fabricate a stretchable silicon system (Khang, et al., 2006).  

The stretchability of this system is achieved directly in thin films of high-quality, 

single crystal silicon that have micrometer-scale, periodic, “wave”-like geometries.  

Instead of potentially destructive deformation in the materials themselves, these 

structures could sustain large compressive and tensile strains through changes in the 

wave amplitude and wavelength.  Integrating such stretchable wavy silicon elements 

with dielectrics, patterns of dopants, and thin metal films leads to high-performance, 

stretchable electronic devices.  The work reported in Chapter Two and Three is 

derived from the collaboration work conducted when the author underwent a research 

attachment at the Department of Materials Science and Engineering and the 

Department of Mechanical Science and Engineering at UIUC in 2007. 

 

2.1  Materials Preparation and Fabrication Methods for Single 
Crystal Silicon 

 

2.1.1  Single Crystal Silicon and Mother Wafer Sample Preparation 
 

The silicon-on-insulator (SOI) wafers consist of three layers (Figure 2-1).  

There are single crystal silicon, SiO2 and silicon substrates.  In the current studies, a 
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SOI wafer of silicon (thickness ~100 nm) and SiO2 (thickness 1.5–3.0 μm) are used 

on silicon substrates.  The top single crystal silicon layer has a resistivity between 5–

20 Ωcm, doped with boron ( p type) or phosphorous ( n type).  The top silicon of 

these SOI wafers is patterned with photolithoresist (AZ 5214 photoresist, Karl Suss 

MJB-3 contact mask aligner) and reactive ion etched (RIE) to define the silicon 

ribbons of ~50 μm wide and 15mm long (PlasmaTherm RIE, SF6 40sccm, 50mTorr, 

100W).  The SiO2 layer is removed by undercut etching in HF (49%); the etching time 

is mainly dependent on the width of the silicon ribbons.  The lateral etch rate is 

typically 2–3 μm/min.  Slabs of poly(dimethylsiloxane) (PDMS) elastomer (Sylgard 

184, Dow Corning) are prepared by mixing the base and curing agent in a 10:1 weight 

ratio and curing at 70 ℃ for >2hrs or at room temperature for >12 hrs.. 

 

(a)  Three layers are strongly bonded 

 

(b) Single crystal silicon ribbons placed upon the mother wafer 

Figure 2-1  Single crystal silicon on mother wafer 
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2.1.2  Fabrication Sequence for Wavy, Single Crystal Silicon 
 

Figure 2-2 presents the fabrication sequence for wavy, single-crystal silicon 

ribbons on elastomeric (rubber) substrates (Khang, et al., 2006).  The first step (Figure 

2-1a) involves fabrication of thin elements of single crystal silicon or completes 

integrated devices (transistors, diodes, etc.) by conventional lithographic processing, 

followed by etching to remove the exposed parts of the top silicon.  Removing the 

resist with acetone and then etching the buried SiO2 layer with concentrated 

hydrofluoric acid releases the ribbons from the underlying silicon substrate.  The ends 

of the ribbons connect to the wafer to prevent them from washing away in the etchant.  

The widths (5–50 mm) and lengths (~15mm) of the resist lines define the dimensions 

of the ribbons.  The thickness of the top Silicon (20–320 nm) on the SOI wafers 

defines the ribbon thickness.   

 

In the next step (Figure 2-2b), the ribbon structures are supported by, but not 

bonded to, the underlying wafer.  A flat elastomeric substrate poly(dimethylsiloxane) 

(PDMS), 1–3 mm thick) is elastically stretched and then brought into conformal 

contact with the ribbons.  Then, peeling the PDMS away lifts the ribbons off the 

wafer and leaves them adhered to the PDMS surface, and then releasing the prestrain, 

causes the PDMS to relax back to its unstrained state.  The relaxation leads to the 

spontaneous formation of well-controlled, highly periodic, stretchable wavy structures 

in the ribbons (Figure 2-2c). 
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(a) Fabrication of single crystal silicon thin ribbon device elements 

 

(b) Elements bonded to prestrained elastomeric substrate 

 

(c) PDMS peeled back, flipped over and shrunk. 

Figure 2-2  Schematic illustration of process for building stretchable single crystal 

silicon devices on elastomeric substrates. 

 

Figure 2-3  Stretchable single-crystal silicon devices on elastomeric substrates 
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These flat slabs of PDMS (thicknesses of ~3 mm) are brought into conformal 

contact with the silicon on the etched SOI wafer to generate the wavy structures.  Any 

method that creates controlled expansion of the PDMS substrate prior to this contact 

followed by contraction after removal from the wafer can be used.  There are three 

different techniques.  The first technique is using mechanical rolling of PDMS 

substrate after contact with the SOI substrate, to generate the prestrain.  Although the 

wavy structures could be made in this manner, they tended to have non-uniform wave 

periods and amplitudes.  In the second technique, heating the PDMS substrate 

(coefficient of thermal expansion s =3.1104 K-1) to temperatures of between 30ºC 

and 180ºC before contact and then cooling it after removal from the SOI, generates 

wavy silicon structures with excellent uniformity over large areas, in a highly 

reproducible fashion: with this technique, the prestrain level can be controlled in 

PDMS substrate very accurately by changing the temperature.  The third technique is 

that PDMS substrate is stretched using mechanical stretching stages before contact 

with the SOI, then release physically it after mother wafer is removed.  The 

mechanical stretching stage is shown in Figure 2-4.  This method, like the thermal 

approach, enables good uniformity and reproducibility, but it is more difficult to 

finely tune the pre-strain level than the thermal method.   

 

 

Figure 2-4  Mechanical stretching stage 
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For devices such as np  junction diodes and transistors, electron beam 

evaporated (Temescal BJD1800) and photolithographically patterned (through etching 

or liftoff) metal layers (Al, Cr, Au) are used as contacts and gate electrodes.  Spin-on-

dopants (SOD) (B-75X, Honeywell, USA for p type; P509, Filmtronics, USA for 

n type) are used to dope the silicon ribbons.  The SOD materials are first spin-

coated (4000 rpm, 20 s) onto pre-patterned SOI wafers.  A silicon dioxide layer (of 

width ~300 nm) prepared by plasma-enhanced chemical vapor deposition (PECVD) 

(PlasmaTherm) is used as a mask for the SOD.  After heating at 950ºC for 10 s, both 

the SOD and masking layer on the SOI wafer are etched away using 6:1 buffered 

oxide etchant (BOE).  For the transistor devices, thermally grown (1100ºC, 10–20 min. 

dry oxidation with high purity oxygen flow in a furnace to thicknesses between 25 nm 

and 45 nm) silicon dioxide provides the gate dielectric.   

 

After completing all device processing steps on the SOI substrate, the silicon 

ribbons (typically 50 μm wide and 15 mm long) with integrated device structures are 

covered by a photoresist (AZ5214 or Shipley S1818) to protect the device layer 

during HF etching of the underlying SiO2.  After removing the photoresist layer by 

oxygen plasma, a flat PDMS (70ºC, for > 4 hrs) slab without any prestrain is used to 

remove the ribbon devices from the SOI substrate, in a flat geometry.  A slab of 

partially cured PDMS (>12 hrs at room temperature after mixing the base and curing 

agent) is then brought into contact with the silicon ribbon device on the fully cured 

PDMS slab.  Completing the curing of the partially cured PDMS (by heating at 70ºC), 

followed by removal of this slab, and transferred the devices from the first PDMS slab 

to this new PDMS substrate.  The shrinkage associated with cooling down to room 
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temperature creates a prestrain such that the process of removal and release creates 

the wavy devices, with electrodes exposed for probing. 

 

2.2  Pattern Observation and Measurement 
 

2.2.1  Pattern Observation 
 

Releasing the prestrain in the PDMS leads to surface deformations (wrinkling) 

that cause well-defined waves to form in the silicon and the PDMS surface (Figure 2-

5) (Khang, et al., 2006).  The optical images at different shrink stages are shown in 

Figure 2-6.  These images clearly show that the overall wrinkle pattern of single 

crystal silicon ribbons range from flat strip to “wave”-like.  The single crystal silicon 

ribbons start to buckle when its compression strain reaches the critical strain level.  

There are two types of buckling processes: buckling that starts along the whole length 

of the ribbon (Figure 2-6a) and buckling that starts from the two opposite ends of the 

ribbon (Figure 2-6b).  The final wave pattern is the same, however, regardless of the 

type of buckling.   

 

              

Figure 2-5  Surface deformations 

 

30 m 



Chapter 2 Experimental Observation and Measurement for Single Crystal Silicon 

 20

 

 

(a)  Buckling starting along whole length of silicon ribbon 

 

 

(b)  Buckling starting from two opposite ends of silicon ribbon 

Figure 2-6  Optical image of single crystal silicon ribbons at different shrink stage 
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Figures 2-7 (a) to (c) are close-up views of wrinkle patterns of single crystal 

silicon ribbons using a scanning electron micrograph (SEM).  The silicon ribbons are 

formed as sinusoidal waves.  In this 45º tilted view, the dark area under the silicon 

wave peak is partial separation of silicon ribbons and PDMS.  Silicon ribbons and 

PDMS upon magnification and brightness changing, PDMS is still under the silicon.  

Although there is partial separation of silicon, no complete gap or separation along 

both sides of the silicon ribbon at wave peaks is evident (See Figure 2-8). 

 

 
(a) 

 

 
(b) 
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(c) 

Figure 2-7  45º tilted view of wrinkled single crystal silicon ribbons using SEM 

 

 
(a) 

 
(b) 

Figure 2-8  No debonding between silicon ribbon and PDMS at wave peaks 
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2.2.2  Measurements  
 

Atomic force microscopy (AFM) (DI-3100, Veeco) is used to measure the 

wave properties (wavelength and amplitude) precisely.  From the acquired images, the 

sectional profiles along the wavy silicon have been measured and analyzed 

statistically.  The mechanical stretching stage is used, together with AFM and a 

semiconductor parameter analyzer (Agilent, 5155C) to measure the mechanical and 

electrical responses of wavy Si/PDMS.  Raman measurements are performed with a 

Jobin Yvon HR 800 spectrometric analyzer using 632.8 nm light from a He-Ne laser.  

The Raman spectrum is measured at 1μm intervals along the wavy silicon, with a 

focus adjusted to maintain the focus position on the top surface of the silicon, based 

on the silicon Raman peak intensity.  The measured spectrum is fitted by Lorentzian 

functions (or call Cauchy distribution) to locate the peak wave number.  Due to the 

slight dependence of the peak wave numbers on the focal position of the microscope, 

the Raman results only provide qualitative insights into the stress distributions. 

 

The relief profiles are sinusoidal (Figure 2-9), with periodicities between 5 and 

50 mm and amplitudes between 100 nm and 1.5 mm, depending on the thickness of 

the silicon and the level of prestrain in the PDMS (Khang, et al., 2006).  .  The periods 

and amplitudes of the waves, for a given system, are uniform to within ~5% over 

large areas (several square centimeters).  The flat morphology of the PDMS between 

the ribbons and the absence of correlated phases in the waves of adjacent ribbons 

suggest that the ribbons are not strongly mechanically coupled.  Figure 2-10 shows 

micro-Raman measurements of the silicon peak, measured as a function of distance 

along one of the wavy ribbons (Khang, et al., 2006).  .  The results provide the insight 

view of the strain distributions of the wavy ribbons. 
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Figure 2-9  Sinusoidal profiles of wavy silicon ribbons 
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Figure 2-10  Micro-Raman measurements of silicon peak 

 

2.2.3  Calculation of Contour Length and Silicon Ribbon Strain 
 

One may assume from the experimental results that the shape of wavy silicon 

ribbon could be represented with simple sine functions, i.e. )sin(kxAy   )/2( k  

where A  is the amplitude,   is the wavelength.  The contour length contour  can then 
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be calculated as  



0

2'1 dxycontour  (Khang, et al., 2006).  The ribbon strain of 

wavy silicon is calculated using
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curvature at the peak or trough, where n  is an integer and y  s the second derivative 

of y  with respect to x .  Using the sine function approximation to the actual shape, 

the substrate peak strain is given by
2
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2.3  Device Characterization 
 

2.3.1  Stretchability of Wavy Silicon Ribbons  
 

It is important to understand the electrical performance response of wavy 

structures on stretchable electronic devices under compressive and tensile strains.  To 

reveal the mechanics of this process, stretching and compressing strains are applied to 

the elastomeric substrate after fabrication.  The geometries of wavy silicon ribbons 

are measured by AFM, when the compressive or tensile force is applied on the PDMS.  

Both forces are parallel to the long dimension of the ribbons and cause strains both 

along the ribbons and perpendicular to them due to the Poisson’s effect.  The wavy 

silicon ribbon’s pattern is changed according to strains along the ribbons.  Figure 2-11 

shows the optical image of a wavy silicon ribbon’s surface under compressed, 
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unperturbed, and tensioned states (Khang, et al., 2006).  The three-dimensional height 

images and surface profiles, captured by AFM, are shown in Figure 2-12a (Khang, et 

al., 2006).  It may be observed from these figures, that the silicon ribbons maintain 

their sinusoidal shapes (Figure 2-12b) during deformation, in which approximately 

half of the wave structure lies beneath the unperturbed position of the PDMS surface, 

as defined by the regions between the ribbons (Khang, et al., 2006).  Figure 2-12b 

shows the wavelength and amplitude for compressive (negative) and tensile (positive) 

applied strains relative to the unperturbed state (zero).  The data correspond to 

averaged AFM measurements collected from a large number (950) of ribbons per 

point.  The applied strains are determined from the measured end-to-end dimensional 

changes of the PDMS substrate.   

 

Direct surface measurements by AFM, as well as contour integrals evaluated 

from the sinusoidal wave shapes, show that the strains are equal to the ribbons strains 

(Figure 2-13) for the cases examined here.  The symbols of red dot with error bar 

correspond to strains computed by numerical integration of the contour length, using 

wavelengths and amplitudes extracted from equations that describe the buckling 

process.  The symbols of black dot with error bar correspond to strains measured from 

the ratio of surface area to horizontal distance in AFM surface profile along the wavy 

silicon ribbons.  The small-amplitude (< 5 nm) waves that persist at tensile strains 

larger than the prestrain minus the critical strain might result from slight slippage of 

the silicon during the initial buckling process.  The computed peak silicon strains and 

ribbon strains in this small- (or zero-) amplitude regime underestimate the actual 

values.  The results indicate two physically different responses of the wavy ribbons to 

applied strain.  One is that the wavelength does not change appreciably with applied 
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tensile strain, which is consistent with post-buckling mechanics.  Instead, the 

wavelength changes in amplitude to accommodate for the strain.  In this regime, the 

silicon strain decreases as the PDMS is stretched; it reaches ~0% when the applied 

strain equals the prestrain.   

 

Another is that the wavelengths decrease and amplitudes increase with 

increasing applied compressive strain.  This mechanical response is similar to that of 

an accordion bellows shape, which is qualitatively different from the behavior in 

tension.  During compression, the silicon strain increases with the applied strain, due 

to the decreasing radii of curvature at the wave peaks and troughs.  The rates of 

increase and magnitudes of the silicon strains are, however, both much lower than the 

ribbon strains, as shown in Figure 2-12.  This mechanical behaviour enables 

stretchability. 

 

 

Figure 2-11  Optical image of stretchable single crystal silicon np   diode on PDMS 

substrate under applied strain 
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(a) Profile of silicon ribbon  (b) Wavelength and amplitude 

Figure 2-12  AFM images and relief profiles of wavy silicon ribbons. 

 

Figure 2-13  Silicon ribbon strain as function of applied strain. 
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2.3.2  Electric Performance of Wavy Silicon Ribbons 
 

Wavy silicon does not affect the electric performance, such as current density 

vs. bias voltage.  A semiconductor parameter analyzer (Agilent, 5155C) and a 

conventional probing station are used for the electrical characterization of the wavy 

np  -junction diodes and transistors (Khang, et al., 2006).  The light response of a 

np  -diode is measured under an illumination intensity of ~1W/cm2, as measured by 

an optical power meter (Ophir Optronics, Inc., Laser Power Meter AN/2).  The 

mechanical stretching stages are used to measure the devices during and after tension 

and compression.  As a means to explore the reversibility of the process, three 

different np  -diodes are measured before and after ~100 cycles of compression (to 

~5% strain), tension (to ~15% strain) and release, in ambient light.  Thus these wavy 

transistors can be reversibly stretched and compressed without damaging the devices 

or substantially altering their electrical properties (Figure 2-14).  Hence, there is great 

potential to make a new type of stretchable electric device using wavy geometries. 
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Figure 2-14  Current density vs. bias voltage for stretchable single crystal silicon 

np   diode at different applied strains
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Chapter Three                                                            

Experimental Observation and Measurement for 

Integrated Circuits 

 

The process of stretchable and foldable silicon integrated circuit fabrication to 

ensure high functional performance can only occur provided that single crystal silicon 

ribbon is adequately stretchable.  The fully stretchable form of ‘wavy’ structural 

configurations in silicon complementary logic gates, ring oscillators and differential 

amplifiers of micron size, etc can be used to build high-performance electronic 

devices on rubber substrates.  The fabrication process for ultrathin CMOS circuits 

exploits enables extreme levels of bendability and fully reversible 

stretchability/compressibility of the silicon nanoribbons.   

 
The key steps of the fabrication process in forming ultrathin, foldable and 

stretchable circuits are discussed, and the measurement of material properties and 

deformation patterns is presented in this chapter.   

 

3.1  Materials Preparation and Fabrication Methods for 
Integrated Circuits 

 

The high performance, single crystalline silicon complementary metal oxide 

semiconductor (Si-CMOS) integrated circuits (ICs) are reversibly foldable and 

stretchable (Kim, et al., 2008).  These systems combine high quality electronic 

materials, such as aligned arrays of silicon nanoribbons, with ultrathin and 

elastomeric substrates, in multilayer neutral mechanical plane designs and with 
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‘wavy’ structural layouts.  High performance n  and p  channel metal oxide 

semiconductor field effect transistors (MOSFETs), CMOS logic gates, ring oscillators 

and differential amplifiers, all with electrical properties equal to analogous systems 

built on conventional silicon-on-insulator (SOI) wafers, demonstrate this fabricated 

concepts.  Single crystalline silicon provides excellent electronic properties, including 

high electron and hole mobilities.  Commodity bulk silicon wafers (Mack, et al., 2006) 

can be used instead of SOI, to reduce the cost of the systems.  Vacuum evaporated 

materials such as nanocrystalline Si (Lee, et al., 2006), which also enable high 

performance, might offer further advantages in cost reduction of the fabrication 

process.  Similar approaches to stretchable and foldable integrated circuits reported 

here can be used with these and other related classes of materials.  Automated stages 

specially designed for transfer printing, enable multilayer registration with ~2 m 

accuracy (Ahn, et al., 2006).  These approaches are important not only for the Si-

CMOS circuits whose multilayer registration they enable, but also for their 

straightforward scalability to much more highly integrated systems with other diverse 

classes of electronic materials, whose intrinsic brittle, fragile mechanical properties 

would otherwise preclude their use in such applications. 

 

Figure 3-1 gives an overview of the fabrication process for ultrathin CMOS 

circuits that exploit silicon nanoribbons, and enable extreme levels of bendability or 

fully reversible stretchability/compressibility.  There are two major steps in the 

process: (1) fabricating (ICs) and (2) forming foldable and stretchable circuits system.  

A cross-sectional view of typical integrated circuits is shown in Figure 3-2. 
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Figure 3-1  Overview of Fabrication Process 

 

 

Figure 3-2  Cross-sectional view of ICs 
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3.1.1  Integrated Circuits Sample Fabrication 
 

The transistors considered in this study used in the experimental work 

employed doped silicon nanoribbons for the semiconductor.  The fabrication involves 

the following three steps (illustrates in Figure 3-3).   

 

(1)  First, an n type silicon-on-insulator (SOI) wafer (Si (260 nm) / SiO2 

(1000 nm) / Si with doping of 2.7-5.21015 cm3, SOITEC, France) is lightly doped 

with boron via a spin-on-dopant (B153, Filmtronics, USA) at a diffusion temperature 

of approximately 550~600 C to define p wells.  SiO2 (~ 300 nm) formed by plasma 

enhanced chemical vapor deposition (PECVD) was used as a diffusion mask.  For this 

lithography procedure, AZ5214 photoresist (Clariant, USA) was spin coated at 3000 

rpm for 30 sec.  Next, highly doped p type source/drain electrodes are formed 

beside the p wells using the same boron spin-on-dopant, this time at a temperature 

of 1000~1050C.  Then, heavily doped n type source and drain regions are defined 

inside the p well with phosphorous spin-on-dopant (P509, Filmtronics, USA) at 

950C by using the same diffusion mask and photolithography procedure.   

 

(2)  After doping, the desired structure of Si ribbons is defined by 

lithographic and dry etching steps with a SF6 plasma (Plasmatherm RIE system, 40 

Sccm SF6 flow with a chamber pressure of 50 mTorr, 100 W rf power for 30 s.).  The 

underlying SiO2 is removed by concentrated (49%)  HF to release thin semiconductor 

ribbons.  These released Si ribbons can then be transferred in organized arrays from 

the SOI wafer to the carrier wafer coated with thin layers of PMMA (MicroChem, 
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USA) (~100 nm, spin coat at 3000 rpm for 30 s) and poly(amic acid), precursor of PI 

(Polyimide) (~1.2 μm, spin coat at 4000 rpm for 60 sec) using an elastomeric stamp as 

the transfer element.   

 

(3)  After the complete curing of the PI at 300C for 1-1.5 h, the active 

regions of the devices are isolated by SF6 plasma and a thin gate oxide of SiO2 (~50 

nm) is deposited with PECVD.  The PECVD SiO2 on the source/drain contact regions 

is then removed by RIE or buffered oxide etchant through openings in a layer of 

photoresist pattern by photolithography.  Cr/Au (~5 nm/~145 nm) for the source, 

drain and gate electrodes and metal (chromium–gold–chromium) interconnects are 

deposited with e-beam evaporation and then are patterned by photolithography and 

wet etching.  A uniform layer SiO2 (~50 nm) is then deposited by PECVD to form a 

passivation layer.  Etching away this layer to produce contact windows, which enable 

electrical contact with devices and circuits, completes the fabrication process. 
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Figure 3-3  Schematic diagram for circuit preparation procedures 

 

3.1.2  Fabrication Sequence for Ultrathin, Foldable and Stretchable 
Circuits - Si-CMOS inverters 
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than single crystalline silicon.  The procedure begins with spin-casting a sacrificial 

layer of poly(methylmethacrylate) (PMMA) (~100 nm) followed by a thin, substrate 

layer of polyimide (PI) (~1.2 m) on a Si wafer that serves as a temporary carrier.  A 

transfer printing process with a poly(dimethylsiloxane) (PDMS) stamp (Menard, et al., 

2004;  Meitl, et al., 2006) delivers to the surface of the PI organized arrays of n  and 

p  doped Si nanoribbons (see Figure 3-5) with integrated contacts, separately formed 

from n type source wafers.  Automated stages specially designed for this printing 

process enable multilayer registration with ~2 mm accuracy (Ahn, et al., 2006).  

Depositing and patterning SiO2 (~50 nm) for gate dielectrics and interconnect 

crossovers, and the use of Cr/Au (5/145 nm) for the source, drain and gate electrodes 

and interconnects, yield fully integrated Si-CMOS circuits with performance 

comparable to similar systems formed on SOI wafers.  Figure 3-6 shows an image of 

an array of Si-CMOS inverters and isolated n  and p  channel MOSFETs 

( n MOSFETs and p MOSFETs, respectively) formed in this manner, still residing 

on the carrier substrate.   
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Figure 3-4  Fabrication Schematics of Ultrathin, Foldable and Stretchable Circuits 
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Figure 3-5  Circuits on carrier wafer 

 

Figure 3-6  Ultrathin device on thin rod coated with PDMS 

 

In the next step of the fabrication process, reactive ion etching is used to form 

a square array of small holes (~50 m diameters, separated by 800 m) that extend 

through the nonfunctional regions of the circuits and the thin PI layer, into the 

underlying PMMA.  Immersion in acetone dissolves the PMMA by flow of solvent 

through the etch holes to release ultrathin, flexible circuits in a manner that does not 

degrade the properties of the devices.  These systems can be implemented as flexible, 

free-standing sheets, or they can be integrated in wavy layouts on elastomeric 

substrates, to provide fully reversible stretchability/compressibility (Figure 3-7). 

 

The fabrication continues with removal of the ultrathin circuits from the 

carrier substrate using a PDMS stamp, evaporating a thin layer of Cr/SiO2 (3/30 nm) 

onto the exposed PI surface (i.e. the surface that was in contact with the PMMA), and 

then generating –OH groups on the surfaces of the SiO2 and a biaxially prestrained 
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PDMS substrate ( yyxxpre   , where the x  and y  coordinates lie in the plane of 

the circuit) by exposure to ozone induced with an ultraviolet lamp.   

 

Transfer printing the circuit onto the PDMS substrate, followed by mild 

heating creates covalent linkages to form strong mechanical bonding between the Si 

CMOS/PI/Cr/SiO2 and the PDMS.  Relaxing the prestrain induces compressive forces 

on the circuits that lead to the formation of complex ‘wavy’ patterns of relief via a 

nonlinear buckling process.  Circuits in this geometry offer fully reversible 

stretchability/compressibility without inducing substantial strains in the circuit 

materials themselves.  Instead, the amplitudes and periods of the wave patterns 

change to accommodate applied strains ( applied , in any direction in the plane of the 

circuit), with physical behaviour similar to an accordion bellows (Jiang, et al., 2007).  

Figure 3-8 presents an optical image of a wavy Si-CMOS circuit on PDMS, formed 

with a biaxial prestrain of ~5.6%.  The thickness of the PDMS can be selected to 

achieve any practrical level of flexural rigidity, without compromising its 

stretchability.  

 

 

Figure 3-7  Thin and flexible feature of ultra-thin device: Si-CMOS inverters 
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Figure 3-8  Wavy ultrathin Si-CMOS inverters 

 

3.2  Pattern Observation and Device Characterization 
 

3.2.1  Pattern Observation of Wavy Si-CMOS inverters 
 

The release of strain, after transfer printing onto the pre-strainted PDMS, 

makes PDMS and an ultrathin devices shrink, and as a result forms wavy structures.  

Figure 3-9 shows optical micrographs of wavy Si-CMOS inverters formed with 

pre 2.7%, 3.9% and 5.7%.  The wave structures have complex layouts associated 

with nonlinear buckling physics in a mechanically heterogeneous system.  Three 

features are notable.  (1) The waves form most readily in the regions of smallest 

flexural rigidity, i.e. along the interconnect lines between the p MOSFET and 

n MOSFET sides of the inverter and the electronically inactive parts of the circuit 

sheet.  (2) The wave structures begin to extend from the interconnect lines as pre  

increases, to all parts of the circuit, including the comparatively rigid device regions.  

(3) The etch holes, which appear near the centers of these images, have a strong 

influence on the waves.  In particular, waves tend to nucleate at these locations: they 

adopt wave vectors oriented tangential to the perimeters of the holes, due to the 

traction-free edges at these locations.  Cracks form, most commonly in the metal 
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electrodes near the etch holes, when local strains rise to levels 1~2% greater than the 

local prestrain.  The maximum prestrain is ~10%, but the higher prestrain values 

could lead structure to cracking when prestrain is released.  This behaviour can be 

quantitatively captured using FEM simulation and will be shown in Chapter Seven. 

 

 

Figure 3-9  Wavy Si-CMOS inverters formed 

 

 

Figure 3-10  SEM of wavy Si-CMOS inverters 

 

Figure 3-11 shows images of inverters under different tensile, and uniaxial 

applied strains, for a wavy circuit fabricated with pre = 3.9%.  The amplitudes and 

periods of the waves that lie along the direction of the applied force, decrease and 

increase respectively, to accommodate for the resultant strains.  The Poisson effect 

causes compression in the orthogonal direction, which leads to increases and 

decreases in the amplitudes and periods of waves with this orientation, respectively. 
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Figure 3-11  Wavy Si-CMOS inverters under tensile strains in x  and y  directions 

 

 

 

y 

x 

0% 300 m 

2.5% 

5.0% 

0% 

0% 

8.8%

4.0%

0% 

S
tr

et
ch

in
g

 a
lo

n
g

 Y
 

S
tr

et
ch

in
g

 a
lo

n
g

 X
 

R
el

ea
si

n
g

 

R
el

ea
si

n
g

 



Chapter 3 Experimental Observation and Measurement for Integrated Circuits 

 43

 

3.2.2  Electric Performance of Wavy Si-CMOS inverters 
 

Electric performance is important for wavy Si-CMOS inverters throughout a 

certain range of applied strains.  Electrical measurements are performed for the Si-

CMOS inverters working under applied strain.  The strains applied on Si-CMOS 

inverters using mechanical bending stages that can load uniaxial tensile or 

compressive strains in any direction.  The mechanical stretching stage is mounted 

directly on the electrical probing station that is coupled with semiconductor parameter 

analyzers (Agilent, 5155C).   

 

Figure 3-12 presents the electrical properties of individual n MOSFET and 

p MOSFET devices with channel widths (W ) of 300 m and 100 m, respectively,  

The measured and numerically simulated (by PSPICE) transfer curves are show in 

Figure 3-13 to match current outputs, and channel lengths ( cL ) of 13 m.  These data 

indicate effective mobilities of 290 cm2/Vs, and 140 cm2/Vs for the n  and p  channel 

devices, respectively: the on/off ratios in both cases are >105.  The gains exhibited by 

the inverters are as high as 100 with a supply voltage (VDD) of 5V: this is consistent 

with circuit simulations that use the individual transistor responses.   

 

Figure 3-14 summarizes the voltage at maximum gain, (VM) for different 

applied 　along the x  and y  directions.  Tensile strains parallel to the transistor 

channels, i.e. along the y  direction, tend to reduce the compressive strains associated 

with the wavy structures in these locations.  The complex, spatially-varying strain 

distributions and the practical difficulties associated with probing the devices make 
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simple explanations for the associated changes in electrical properties elusive.  It is 

also can be concluded the sensitivities of the p  and n  channel devices using Figure 

3-15.   

 

 

Figure 3-12  Measured and simulated n  (blue) and p (red) channel MOSFETs  

 

 

Figure 3-13  Measured (red and black) and simulated (blue) transfer characteristics of 

wavy inverters 
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Figure 3-14  Measured (solid circles) and simulated (open squares) inverter threshold 

voltages for different applied strains (x and y directions) 

 

 

Figure 3-15  IV curves for NMOS (left) and PMOS (right) at 0% strain; measurement 

(solid lines) and simulation (dot lines)  

 

Generally, the overall tensile and compressive strains in these systems could 
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hole mobility (Thompson, et al., 2004; Maikap, et al., 2004; Moroz, et al., 2003), 

consistent with analysis of measured transistor data using standard long channel MOS 

device models (Streetman and Banerjee 1981).  Tensile strains in the x  direction, i.e. 
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perpendicular to the channels, cause compressive opposite mechanical strains, due to 

the Poisson effect, and therefore also opposite changes in the electrical properties.  At 

the level of the inverters, the changes in the transistors cause decreases and increases 

in VM of parallel and perpendicular strains, respectively.  Individual measurements of 

the transistors at these various strain states enable simulations of changes in the 

inverters. 

 

3.2.3  Profile of Wavy Si-CMOS inverters 
 

In order to measure the wavelength and amplitude of wavy ultrathin electronic 

devices a surface profiler (Sloan Dektak 3) is used.  A diamond stylus, in contact with 

a sample surface, moves and follows the surface profile of and measures physical 

surface variation at different positions.  

 

(a)  Thin metal electrode part 

100 mm
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(b)  Thick device part for p MOS 

 

(c)  Thick device part for n MOS 

Figure 3-16  Wavelength and amplitude measurement of wavy ultrathin devices 
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3.3  Fabrication of Si-CMOS ring oscillators 
 

More complex stretchable circuits can be fabricated using Si-CMOS inverters 

as building blocks.  Figure 3-17 shows optical images and stretching tests on Si-

CMOS ring oscillators that use three Si-CMOS inverters.  The mechanical responses 

are qualitatively consistent with considerations described in the discussion of the Si-

CMOS inverters (Kim, et al., 2008).   

 

The electrical measurements (Figure 3-18) indicate stable oscillation 

frequencies of ~3.0 MHz at supply voltages of 10 V, even under severe buckling 

deformations and strains of 5% and larger.  The measured frequencies (Figure 3-19) 

are 2.9 MHz, 3.0 MHz, 3.1 MHz and 2.9 MHz for 0%, 2.5%, 5% and 0% applied 

strain, respectively.  Formulating detailed explanations for these relatively small shifts 

is difficult, for reasons similar to those outlined in the discussion of the inverters in 

Section 3.2.2.  The expected strain induced anisotropy in transport (Servati and 

Nathan. 2005) must also be considered.  More general classes of circuits are also 

possible to be made using this method.   

 

Figure 3-20 shows a differential amplifier (Ahn, et al., 2007) for a structural 

health monitor that integrates four components: a current source (three transistors 

with cL = 30 m and W = 80 m), a current mirror (two transistors with cL = 40 m, 

W = 120 m, cL = 20 m, and W = 120 m), a differential pair (two transistors with 

cL = 30 m and W = 180 m), and a load (two transistors with cL = 40 m and W = 

80 m).  Figure 3-21 shows an optical image of the corresponding wavy circuit.  This 

amplifier is designed to provide a voltage gain of ~1.4 for a 500 mV peak-to-peak 
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input signal.  Measurements (Figure 3-22) at various tensile strains along the red 

arrow show gains that vary by less than ~15%: 1.01 without applied strain (0% s; 

black), 1.14 at 2.5% strain (red), 1.19 at 5% strain (blue) and 1.08 after release (0% e; 

green). 

 

 

(a)     (b) 

Figure 3-17  Optical image of array of stretchable 

(a) Wavy three stage CMOS ring oscillators  

(b) Magnified views of oscillator at different applied strains along red arrow. 
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Figure 3-18  Time domain responses of an oscillator at different applied strains 

 

 

 

Figure 3-19  Frequency domain responses of an oscillator at different applied strains 
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Figure 3-20  Circuit diagram of differential amplifier 

 

 

     

Figure 3-21  Wavy differential amplifier in its as-fabricated state and under applied 

strain in direction along red arrow 
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Figure 3-22  Output characteristics for various strain values 

 

The fabrication process of this new type of integrated circuit presented here 

demonstrates the degree to which extreme mechanical properties, i.e. stretchability, 

and foldability, can be achieved in fully formed, high performance integrated circuits 
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intrinsically brittle but high performance inorganic electronic materials.  The desired 

mechanical properties achieved in this approach, are enabled by materials, e.g. PDMS, 

and thin PI and their multilayer assemblies that do not need to provide any active 

electronic functionality.  Such designs offer the possibility of direct integration of 

electronics with biological systems, medical prosthetics and monitoring devices, 

complex machine parts, or with mechanically rugged, lightweight packages for other 

type of devices.   
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Chapter Four                                                             

Linear Analytical Study for Single Crystal Silicon 

 

Stretchable electronic devices are different from conventional microelectronic 

devices since the former are expected to experience significant strains, and such 

strains may lead to device failure (mechanical or electrical).  The mechanical 

behaviour of stretchable electronics is important since it can establish important 

design criteria concerning device failure.  For example, mechanics analysis could 

yield the maximum strain or stress in a silicon ribbon, or the critical strain for 

buckling and so on.  Furthermore it could find the relation between strain in a silicon 

ribbon and the silicon ribbon thickness, and elastic properties including the applied 

strain and prestrain.  It is important to find the range of applied strain that the system 

can sustain without fracturing the silicon in its application.  

 

4.1  Analytical Model 
 

Consider a thin film of a stiff material (e.g. single crystal silicon) on a 

substrate of compliant material (e.g. PDMS) (see Figure 4-1).  Subject to a 

compressive membrane force, the film may form a pattern of wrinkles, and may still 

remain bonded to the substrate (see Chapter Two experimental observation).  This 

wrinkled system could then be used as a method to evaluate the mechanical properties 

of materials (Stafford et al., 2005).   
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Figure 4-1  Wrinkled stiff thin film-compliant substrate system 

 

In the case of a thin film partially debonded from a substrate, the film buckles 

like an edge-clamped plate when the compressive membrane force exceeds a critical 

value.  The critical membrane force depends on the size of debond (Hutchinson and 

Suo, 1991).  As the magnitude of the initial membrane force increases, the debonded 

film buckles into a complex pattern and the wavelength decreases (Gioia and Ortiz, 

1997; Audoly, 2000).  The buckled film may behave like a sheet of crumpled paper 

(Lobkovsky, et al., 1995; Ben Amar and Pomeau, 1997).  The mechanical procedure 

is the opposites to the case of Goenewold, (2001), which concerns stretching of the 

thin plate, followed by a bonding to a soft substrate.   

 

Much of the existing theoretical work on substrate-bonded films has been 

based on a linear perturbation analysis, as reviewed by Niu and Talreja (1999).  Such 

an analysis determines the critical membrane force and the wavelength of the wrinkles, 

but leaves several questions unanswered with regards to, for example, the amplitude 

variation of the wrinkles, the wavelength changing with the amplitude increases and 

the surface pattern of wrinkles.  Several recent nonlinear analyses have attempted to 

answer these questions.  Cerda and Mahadevan (2003), Chen and Hutchinson (2004a) 

and Huang (2005) have calculated the wavelength and amplitude of sinusoidal 

wrinkles.  Chen and Hutchinson (2004b) have found the herringbone pattern has the 
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minimum energy among several other patterns that were computed.  Huang et al. 

(2004) have shown, using numerical simulation and modeling the substrate as an 

array of springs and dashpots that wrinkles can evolve into several patterns, 

depending on the anisotropy of the membrane forces. 

 

This study focuses on wrinkles in a substrate-bonded thin film (Figure 4-1).  

Specifically, the film is bonded to a pre-strained compliant substrate (see Chapter 

Two).  It is shown here that the amplitude and wavelength of the sinusoidal wrinkles 

are functions of the modulus and thickness of the substrate.  The analyses extend that 

of Chen and Hutchinson (2004a and b) and Huang (2005) to a film on a substrate of 

finite thickness, and complement the scaling analysis of Cerda and Mahadevan (2003).  

The analytical results give the relationship of wavelength and amplitude of the 

wrinkles as the wrinkles increases.   

 

4.2  Governing Equations  
 

A thin film on a substrate is typically flat and subject to a state of biaxial 

membrane strains, 0
11 and 0

22 , taken to be uniform in the film.  The principal 

directions of the strain tensor coincide with the coordinates 1x  and 2x , so that 0
12 =0.  

This flat state is assumed to be the reference state, and deformation is defined with 

respect to this state (see Figure 4-2).  The wavelength ( ) is much larger than the film 

thickness ( t ).  Accordingly, von Karman elastic nonlinear plate theory adequately 

models the film (Timoshenko and Woinowsky, 1959, Timoshenko and Gere, 1963).  

The governing equations in term of the film deflections ( w ) is 
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Figure 4-2  Forces applied to an infinitesimal thin film plate element  
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p  is the stress component acting perpendicular to the plate that is exerted by 

the substrate,   

     x /,  is differential operator, 

 3dxN    is the stress resultant in the plane of the plate, and 

F  is the Airy stress function with ),,,,,( 121211222211 FNFNFN  .   

 

Let the in-plane displacements in the 1x and 2x  directions be 1u  and 2u  

respectively.  The membrane strains  arise from three components: the initial 

strains, the gradients of the in-plane displacements, and the rotation caused by the 

deflection, that is,  
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While Equation (4-1) is the equilibrium equation, Equation (4-2) is the 

compatibility equation ensuring the existence of the governing in-plane displacement 

gradients,  ,u .  The tangential components of the traction exerted by the substrate on 

the plate are ignored.  This is a commonly used approximation in the analysis of 

wrinkling of a thin film on compliant substrate, (Allen, 1969).  The middle surface 

strains are related to the displacements by Hooke’s law: 

 ,,,, 2

1
)(

2

1
wwuu   (4-3) 

The constitutive relations are as follows, where M  is the bending moment 

tensor.  (   is Kronecker delta). 

])1)][(1([ 2
   fffEN     )2,1,,(   (4-4a) 

])1[( ,,   wwDM ff   (4-4b) 
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On the interface between thin film and substrate, the traction force 

components 1T  and 2T  are  




 x

N
T




      )2,1,(   (4-5) 

and the normal traction force 3T  is 













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








 x

w
N

xxx

wEt
T

22

43

3 12
 (4-6) 

Thermal expansion method is used to prestrain the stiff thin film-compliant 

substrate system, Young’s modulus, Poisson ratio and the coefficient of thermal 

expansion of the film are denoted by fE , f  and f .  The corresponding quantities 

for the substrate are denoted by sE , s  and s .  While the thin film thickness is t and 

the substrate is assumed to be infinitely thick, thus, it imposes its in-plane strains on 

the film.  Assuming that the film is deposited on the substrate when both are at 

temperature DT  and the temperature of the system is then reduced by DT , and 

assuming that the film is elastic and unbuckled, the compressive equi-biaxial pre-

stress stress, 0 , in the film is  

 
 D

DD

T

TTff dTE  )]1/([02211  (4-7) 

where fs   .  For the systems under consideration 0 and 00  . 

 

4.3  Criterion of Buckling 
 

The critical stress or strain can be found using linearized stability analysis 

(Chen and Hutchinson, 2004a and b).  The film is assumed to be infinite in length in 

the 1x and 2x directions.  The unbuckled film has a uniform stress state given by 
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tNN 02211   and 012 N .  The classical buckling analysis, based on linearization 

of Equations (4-1) and (4-2) about the pre-buckling state, leads to  

pwtwD  2
0

4   (4-8) 

The system of equations admits periodic solutions of the form (Chen and 

Hutchinson, 2004): 

)cos()cos(

)cos()cos(

2211

2211

xkxkpp

xkxkww




 (4-9) 

here is (4-8) gives  

pwtkk  )( 2
0

4   (4-10) 

where 2/12
2

2
1 )( kkk  .  

 

The exact solution for the normal deflection of the surface,  , of the infinitely 

deep substrate under normal loading p  in Equation (4-9) with zero tangential 

tractions at the surface is  

)cos()cos( 2211 xkxk   (4-11) 

where )/( kEp s with )1/( sss EE  .   

Combining pwtkDk  )( 2
0

4  and )/(2 kEp s  subject to continuity e.g. 

w  gives the eigenvalue equation  

kEDkt s 2/2
0   (4-12) 

The critical buckling stress, cr , is the minimum eigenvalue with respect to k , 

which is attained for 3/1)/3( fscr EEtk  giving 
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E
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with )1/( 2
fff EE  .  This is the result for the one-dimensional, plane-strain 

wrinkling stress, which is widely known, (Allen, 1969).  Note, however, for an equi-

biaxial pre-stress, the critical stress applies not only to the one-dimensional mode with 

crkk 1  and 02 k , but to any mode whose wave numbers satisfy 

3/12/12
2

2
1 )/3()( fscr EEtktkk   (4-14) 

The compressed film in the equi-biaxial state has multiple modes associated 

with the critical buckling stress.  In what follows, both the one-dimensional mode and 

the square checkerboard mode with 2/21 crkkk   will be investigated.  

 

4.4  Buckling Analysis  
 

The experimental observation (illustrated in Chapter Two) shows that the stiff 

thin film-compliant substrate system become sinusoidal wrinkling once the strain 

reaches the critical buckling strain (Equation 4-13).  Chen and Hutchinson (2004a) 

analyzed the sinusoidal wrinkles, of the deflection field )cos(kxAw   in a film on a 

substrate of infinite thickness, where A  is the amplitude, k  is the wave number and 

k/2   is the wavelength.  Huang et al. (2005) extended the solutions to analyze a 

film on a substrate of finite thickness, and showed that the wavelength of the wrinkles 

remains constant as the amplitude of the wrinkles increases.   

 

To obtain the analytical solution, the shear stresses at the film/substrate 

interface are assumed to be zero (Huang et al. 2005).  Therefore, the membrane forces 

11N  and 22N  must be uniform in the film for the in-plane equilibrium equations (4-5) 

to be tenable.  The membrane strains, according to Equation (4-3), are also uniform in 
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the film.  When )cos( 1kxAw   is substituted into Equation (4-1), the uniformity of 

the strains requires that the in-plane displacement field be  

)2sin(
8

1
1

2
1 kxkAu   (4-15) 

The membrane strains are  

220
1111 4

1
Ak   

0
2222    (4-16) 

012   

Thus the membrane forces are  

220
1111 4

1
AkEtNN f  

220
2222 4

1
AkEtNN f  (4-17) 

022 N  

where  )( 0
22

0
11

0
11   fEtN  

)( 0
11

0
22

0
22   fEtN  

and 0
11N  and 0

22N are initial membrane forces along the 1x  and 2x  directions, 

respectively.  When 00
11 N , the thin film is compressive.  Once buckling occurs, the 

wrinkles change the in-plane quantities by quadratic terms in the amplitude, A .  This 

dependence is expected from the quadratic contribution of the rotation to the 

membrane strains.  But from the symmetrical contribution such that a change in the 

sign of the wrinkle amplitude, it does not change the in-plane quantities. 

 

To find the values of the amplitude and wavelength, the average elastic energy 

per unit area is calculated for the wrinkled state (Huang et al. 2005).  The average 
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elastic energy is contributed by both components: thin film and substrate.  The elastic 

energy in thin film is generated by membrane force and bending moment.  Thus the 

total elastic energy consists of the following three parts.  

 

(a) The membrane energy in the film is given by 

)(
32

||
4

1
)(

2

1
22221111

4422
11

0
22221111  NNAk

Et
AkNUNNU fm   

 (4-18) 

where 20
22

0
22

0
11

20
11

0 )(2)(
2

  f

Et
U , is the initial energy in the flat film.  Being 

constant, 0U does not affect energy minimization.  In the wrinkled state, the 

compressive membrane force reduces the energy.  However, the wrinkles stretch the 

film, giving rise to the last term in Equation (4-18), and increasing the membrane 

energy:  it is this term that stabilizes the wrinkle amplitude.  

 

(b) The bending energy in the film is given by  
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 
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 (4-19) 

 

(c) The energy in substrate is obtained by assuming the substrate a layer of 

elastic solid, of thickness H .  Consider the boundary value problem of the substrate.  

The substrate is subject to )cos( 1kxAw   and zero shear stress on the top surface and 

rigidly constrained on the bottom surface.  To solve this boundary value problem of 

the elastic field in the substrate, the separation of variables 1x  and 3x , is used and it is 

found that kwEgT s3 , with 
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Figure 4-3 shows g  is a monotonically decreasing function of kH .   
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Figure 4-3  Dimensionless stiffness g  as function of kH (Huang et al. 2005) 

 

The thicker the substrate, the smaller the normal stress is needed to deform the 

top surface.  The energy in the substrate is 

2/2

0 13 42
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E
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 (4-21) 

The sum of the above three contributions gives the total energy of t  stiff thin 

film-compliant substrate system, that is, 

44220
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0
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AkNEtUUUUkAU f

f
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The energy for the bonded film and substrate is a fourth order polynomial in 

the amplitude A .  When fEtN 0
11 , the energy is minimal at the state 0A , i.e. the 

film is flat.  When fEtN 0
11 , the flat film corresponds to a local energy maximum, 

and the energy minimizes when the film forms wrinkles with amplitude 

2/1
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f

 (4-23) 

Substituting (4-23) into (4-21), the energy can be expressed as a function of 

the wave number  

2
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 (4-24) 

The equilibrium wrinkles state is at the wave number eqk  that minimizes the 

function )(kU  or, equivalently, the function )(kt .  Consequently, the wavelength of 

the wrinkles in equilibrium is independent of the initial membrane force, and remains 

constant as the amplitude of the wrinkles increases. 

 

The critical membrane force for the onset of wrinkles is minfcr EtN  , and 

Equation (4-23) reduces to  

2/1
0

11 ||2









 
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cr

eq

 (4-25) 

The wrinkle amplitude is quadratic in excess of the membrane force.  Equation 

(4-25) was derived by Chen and Hutchinson (2004) for a film on a substrate of 

infinite thickness.  They also showed that it is also valid for a film on a substrate of 

finite thickness. 
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Three extreme cases are described based on the analytical results (Huang et al. 

2005).  The first extreme case is thick substrate, i.e. kH  and the wavelength is 

the only length in the boundary value problem, so g  that should be a constant; 

Equation (4-20) gives
2

1
),( sg  , which is independent of Poisson’s ratio.  

Minimizing the function , Equation (4-22), the thick-substrate limits are reproduced 

here for convenience (Chen and Hutchinson, 2004): 
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The second extreme case is thin substrate, i.e. 0kH , and the stress field 

varies slowly in the 1x  direction.  This limit can be analyzed using the Winkler model 

(Brush, and Almroth, 1975), which represents the substrate as a set of parallel springs 

with stiffness corresponding to that of a layer in a state of uniaxial strain, so that 

H

wE
T ss













)21(

)1( 2

3 


.  The Winkler model is consistent with Equation (4-20), which 

gives the limit 12 )/)](21/()1[(),(  HkvvkHg sss  as 0kH .  This limit is 

indicated in Figure 4-3 for 0.0s to 0.5.  For this thin-substrate case, the limit of 

wavelength, amplitude and membrane force is obtained: 
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Figure 4-4  Sensitivity of )21/()1( 2
ss    in terms of Poisson’s ratio  

 

The third extreme case concerns the sensitive dependence on Poisson’s ratio.  

Poisson's ratio is the ratio of transverse contraction strain to longitudinal extension 

strain in the direction of stretching force.  Compliant materials such as elastomers are 

nearly incompressible, with s  near 0.5.  For nearly incompressible materials, the 

mechanical properties can be very sensitive to the exact value of the Poisson ratio 

(Koh and Kelly, 1989; Koh and Lam, 2001).  Figure 4-4 highlights that the value 
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of
s

s

v

v

21

)1( 2


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, which appears in Equation (4-27), is sensitive to Poisson’s ratio s .  

When the substrate is nearly incompressible, the material is rigid under uniaxial strain 

conditions, and the Winkler model breaks down.  The substrate does deform under 

sinusoidal stress on the top surface, but in a more complicated way.  Equation (4-20) 

is still applicable when 5.0s , giving the limit 3))(4/3()5.0,(  kHkHg  as 

0kH .  In Figure 4-3, the thin-substrate limit for an incompressible substrate is 

indicated with 5.0s , At 1.0kH , for example, when Poisson’s ratio changes 

from 0.3 to 0.5, g  increases by more than an order of magnitude (Figure 4-3).  For a 

nearly in compressible material, with 49,0s  for example, Figure 4-5 shows that 

the g-coefficient approaches the Winkler limit when the substrate thickness is much 

smaller than the wavelength, but is well approximated by the incompressible limit 

when the substrate thickness is modestly small compared to the wavelength.  When 

the substrate is incompressible, for the thin-substrate, the limitations obtained are: 

6/1

18
2 










s

f
eq E

E
tH  

3/1
2

4

9

4 











f

s
cr E

E

H

Et
N  (4-28) 

2/1
0

11 1
||

2

1




















c
eq N

N
tA  

The power-law relations in Equations (4-26) - (4-28) are predicted by Cerda 

and Mahadevan (2003) using a scaling analysis.  Those calculations provide the 

explicit coefficients for the specific layered structure.   
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It should be cautioned that the elastomer is often taken as an incompressible 

material in practice.  But the above discussion shows that the accurate Poisson’s ratio 

should be used if the substrate is thin and nearly incompressible.  For the same reason, 

the two thin-substrate limits, Equations (4-27) and (4-28), should be used with caution.  

A more reliable approach is to study the full results for substrates of arbitrary 

thicknesses, as to be presented in the later.  However, the sensitive dependence on 

Poisson’s ratio for wrinkles in a film on a thin substrate may lead to an experimental 

method to measure Poisson’s ratio.  Incidentally, wrinkles in a thin film on a thick 

substrate have been used to measure Young’s modulus of the substrate (Stafford et al., 

2004).   

 

Figure 4-5 shows a plot of the critical membrane force crN , the wavelength 

eq , and the wrinkle amplitude eqA  for a compressible substrate ( s =0.3) and for an 

incompressible substrate ( s =0.5) (Huang et al. 2005).  For thick substrate and thin 

film much stiffer than the substrate (e.g. 510/ sf EE ), wrinkles occur when the 

membrane strain exceeds about 10-4.  The wrinkle wavelength is several hundred 

times the film thickness, and the wrinkle amplitude is in the order of the film 

thickness.  A thinner substrate, i.e. tH /  is smaller, results in a higher critical 

membrane force and smaller wrinkle wavelength and amplitude.  When the substrate 

is both thin and incompressible,  even higher critical membrane forces is raised and 

smaller wrinkles are formed. 
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Figure 4-5  Critical membrane force crN , vs. substrate/film thickness ratio (Huang et 

al. 2005) 

 

 

 

 



Chapter 4 Linear Analytical Study for Single Crystal Silicon 

 70

4.5  Post-Buckling Analysis 
 

Figure 4-6 shows a simplified illustration of the fabrication procedure of a 

single crystalline silicon ribbon system.  The details of the fabrication procedure are 

described in Chapter Two, but only two of these steps are important from a 

mechanical perspective and they control the stretchability of silicon ribbon system.  

The first step involves silicon ribbon being bonded on pre-strained substrate, and the 

second step involves a buckling of the silicon ribbon when releasing the pre-strained 

substrate to form a wrinkle pattern.   

 

 

Figure 4-6  Illustration of fabrication procedures 
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Figure 4-7  Applied strain on wrinkled thin film silicon system 

 

The applied strain is imparted on the wrinkled thin film silicon system to 

examine the mechanical behavior of the stretchable silicon system after wrinkling (see 

Figure 4-7).  In the experiments, it is observed that amplitude and wavelength of the 

wrinkled silicon ribbon changes under applied strain.  To obtain the quantity of these 

changes, the analytical method in last section is adopted.  Let the deflection of the 

film be w , and the in-plane displacements be u  and v .  Base on the experimental 

observations, a rational expression of displacement is 
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1
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0v  (4-31) 

 

Here A  is the amplitude and k  is the wave number, applied  is the uniform 

strain in the 1x  direction.  The components of strain in the middle plane of the film 

(plate) are 
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appliedAk   22
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Because of the existence of pre-strain, pre , in the 1x  direction, the strain 

component in the 1x  direction becomes 

preappliedkA   2
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The constitutive relations give the membrane force in terms of strain, i.e. 
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The membrane energy in the film is 
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where preNU 0
11

0

2

1
 .  Here the equations of Huang (2005) are adopted as shown by 

equations (4-19) and (4-20).  The bending energy in the film is same Equation (4-19) 
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the energy in the substrate is 
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since only the semi-infinite case is studied, from Equation (4-21) and 
2

1
g , the total 

energy of the stiff thin film-compliant substrate system is 
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The pre-strain is compressive, and therefore, 00
11 N .  Rewriting equation (4-

38), strain energy in this system is  
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 (4-41) 

If one assumes that applied =0, and FEtN f0
11 , then the original flat thin film 

will be wavy, i.e. the thin film buckled.  So here define the critical buckling stress cr , 

and critical strain cr , 

　 FE fcr   (4-42) 

　 FE fcrcr  /  (4-43) 

In the following post buckling study, crtN 0
11  is considered. 

For a given strain applied , A  and k  are obtained from the conditions that the 

strain energy U  is a minimum; hence 

0



A

U
 (4-44) 

0



k

U
 (4-45) 

From (4-44),  
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decreases with tension and increases with compression.  For 0applied , the initial 

amplitude is 

2/1
0 )|(|

2
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A    (4-47) 

Upon substituting (4-46) into (4-41), the total energy can be written as a 

function of the wave number, that is, 
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 (4-48) 

 

From Equation (4-45), we can obtain  
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Thus the wave number k  does not depend on loading, and is equal to the initial wave 

number 0k  
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At equilibrium, with amplitude A  and wavelength k , the critical strain  

22

3/2

4

13

4

1
kt

E

E

E f

s

f

cr
cr 












  (4-51) 

The wavelength   and initial wavelength 0  are 

crs

f t

E

E
t


 










3/1

0 3
2  (4-52) 

The initial amplitude is 
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and the amplitude after applied strain is 
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When a wrinkled film remains bonded to a compliant substrate, the critical 

membrane force depends on the modulus of the substrate (Allen, 1969).  When the 

critical strain condition is satisfied, as observed experimentally, the bonded film 

wrinkles into wavy patterns but the wavelength of the individual wrinkles remains 

practically unchanged as the amplitude of the wrinkles increases (Ohzono and 

Shimomura, 2005).   

 

This simple criterion (Equation 4-51) is very useful in the design of stretchable 

silicon against failure.  It is, unfortunately, limited to the simple geometry shown in 
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Figure 4-6.  For the wider applications of functional stretchable electronics, it is 

necessary to design stretchable silicon with complex geometries subject to complex 

loading (e.g. biaxial stretching).  It is important to study these new deformation 

patterns and establish the corresponding failure criteria for the design of stretchable 

electronics. 

 

For example, for the simple geometry shown in Figure 4-6, a mechanical 

analysis (Khang et al., 2006) gives the maximum strain in the silicon ribbon in terms 

of the applied strain 
2/1
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 , where pre  is the prestrain, 
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sf

fs
cr E

E




  is the critical strain for buckling, and E  and   are Young’s 

modulus and Poisson’s ratio (of PDMS and Si).  This criterion shows that the 

maximum strain in silicon ribbons is independent of the silicon ribbon thickness, and 

is controlled by the elastic properties as well as the applied strain and pre-strain.  It is 

useful to define the range of the applied strain that the system can sustain without 

fracturing the silicon.  For a prestrain of 0.9%, this range is -27% to 2.9% assuming 

that the silicon failure strain is ~2% (for either compression or tension).  Controlling 

the level of prestrain allows this range of strain to balance desired degrees of 

compressive and tensile deformability.  For example, a prestrain of 3.5% (the 

maximum in experiment) yields a range of -24% to 5.5%.   

 

The linear analytical models derived here can explain experimental 

observations at a quantitative level.  These results have relevance to the many useful 

applications of controlled buckling structures in stretchable stiff thin film-compliant 
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substrate system.  The analytical solutions show the critical strain for buckling and the 

wrinkling amplitude and wavelength increase with the prestrain.  Figure 4-8 shows 

the analytical results agree reasonably well with experimental results at small 

prestrain (Khang, et al., 2006) and therefore the analytical solutions provides valuable 

guide to the precise design and control of the buckling profile in stiff thin film-

compliant substrate system. 
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Figure 4-8  Comparison of experimental data and linear analytical prediction of 

wavelength and amplitude of wavy silicon at prestrain=0.9%. 
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Chapter Five                                                                      

Non-Linear Analytical Study for Single Crystal Silicon 

 

The wavelength and amplitude of wrinkled film under prestrain and applied 

strain can be computed based on the analytical solution procedure presented in 

Chapter Four.  Equation (4-52) shows that the wavelength the buckled Si ribbons (100 

nm thickness) on PDMS is constant with varying prestrain (this is true also for the 

applied strain), but the experiments (Khang et al., 2006; Jiang et al., 2007) indicate 

qualitatively a different characteristic behavior, i.e. a clear and systematic decrease in 

wavelength with increasing prestrain, as shown in Figure 5-1.  In addition, the 

amplitude of the experimental data decreases more rapidly than the theoretical 

prediction when prestrain is increased more (Equation 4-54), especially at large strain 

values as shown in Figure 5-2.  This strain dependent behavior has also been reported 

for layers of polystyrene (PS) on PDMS substrates when the prestrain varies from 

~0% to 10% (Harrison et al., 2004), and in platinum films on rubber substrates for 

prestrains of ~400% (Volynskii et al., 2000; Jiang et al., 2007) indicate that strain 

dependent wavelength is due to the finite deformation (i.e. large strain) in the 

compliant substrate. 
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Figure 5-1  Optical micrographs of buckled Si ribbons on PDMS formed with various 

prestrains (indicated on the right, as percentages) 
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Figure 5-2  Comparison of experimental data and linear analytical prediction of 

wavelength and amplitude of wavy silicon. 

 

The analysis here focuses on the buckling of the stiff thin film-compliant 

substrate system illustrated in Figure 5-3, although the linear theoretical 

considerations apply to all related systems in which buckling occurs.  The new 

analytical model for buckling will account for finite deformations and geometrical 

nonlinearities to yield a quantitatively more accurate description of the system.  The 

effects of nonlinearities at large prestrain values will be included, i.e. (1) different 

initial strain-free configurations for the thin film and substrate, (2) the nonlinear 

strain-displacement relation in the substrate, and (3) the nonlinear Neo-Hookean 

constitutive law for the substrate.  The analytical solution will be obtained via the 

perturbation method, and will be verified by experimental data and numerical analysis.   
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5.1  Finite Deformation Buckling Analysis  
 

The analysis presented in this chapter is different from the linear buckling 

analyses in the following three aspects: (1) geometrical configurations change, (2) 

finite strain, and (3) the use of nonlinear constitutive model. 

 

 

Figure 5-3  Fabrication process of stiff thin film-compliant substrate system 

 

Figure 5-3 illustrates the controlled buckling shown initially in Figure 2-2 of 

Chapter 2:  (a) the upper figure shows the initial, strain-free state of the PDMS before 

stretching at the original length 0L , (b) the middle figure shows the stretched PDMS 

attached to a strain-free Si thin film, where the length of the PDMS approaches 

(a) 

(b) 
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0)1( Lpre , which is also the original length of the Si film, and pre  is the prestrain in 

the stretched PDMS, and (c)  the lower figure shows a release of the prestrain which 

buckles the Si film.  The coordinate 1x  in the middle figure is related to 1x  in the top 

figure by the transformation 11 )1( xx pre . 

 

(1) Geometrical configuration change 

The initial strain-free (or stress-free) states are different for the PDMS 

substrate and Si thin film.  The Si thin film, as illustrated in Figure 5-3, is strain free 

in the upper (a) configuration, but becomes compressed in the lower (c) configuration.  

On the other hand, the PDMS substrate is stretched and relaxed in the upper (a) and 

lower (c) configurations, respectively. 

 

(2) Finite strain analysis 

The maximum prestrain could reach up to 28% (Jiang et al., 2007) when the 

PDMS substrate is stretched in the experiments.  Thus, the strain-displacement 

relation in the PDMS substrate becomes nonlinear.  Finite deformation theory should 

be applied in the analysis.  

 

(3) Nonlinear Constitutive Model 

The stress-strain relation will not remain linear when the deformation becomes 

large in the PDMS substrate.  The nonlinear constitutive law should be applied for the 

substrate. 
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5.1.1  Thin Film 
 

The thin film can be modeled as a beam since the wavelength  m15   in 

the film direction, 1x , is much larger than the film thickness (0.1m).  The beam 

undergoes large rotation once the film buckles.  The membrane strain 11  is related to 

the in-plane displacement 1u  and out-of-plane displacement w  by 

2

11

1
11 2

1










dx

dw

dx

du  (5-1) 

where 1x  is the coordinate for the strain-free configuration of the film (middle figure, 

Figure 5-3).  Jiang, et al. (2008) obtained the analytical solution for the stiff thin film 

of finite width on a compliant substrate.  For a film width of 20 m as in the 

experiments, the wavelength and amplitude given by the analytical solution for finite 

width are only a few per cents different from the present results based on the plane-

strain analysis (Jiang, et al. 2008).  Since the film width (in the direction normal to 1x  

and 3x ) is much larger than the film thickness, the deformation is assumed to be plane 

strain.  The strain 11  in the film is so small that the membrane force 11N  may be 

related to 11  via the plane-strain modulus fE  of the film, 

1111 tEN f  (5-2) 

The force equilibrium gives the shear and normal tractions at the film and 

substrate interface as 

1

11
1 xd

dN
T
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  (5-3) 

and 
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T f  (5-4) 

respectively. 
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The strain energy density in the film consists of the membrane energy density,   

2
111111 22

1  ffm hE
NW   (5-5) 

and the bending energy density, 
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5.1.2  Substrate 
 

The substrate is modeled as a semi-infinite solid.  The displacements in the 

substrate are denoted by ),( 311 xxu  and ),( 313 xxu , where 1x  and 3x  are the 

coordinates for the strain-free configuration of the PDMS substrate (Figure 5-3 (a)).  

For large deformation in substrate, the Green strains IJE  in the substrate are related to 

the displacements as follows 
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 (5-7) 

where 1I  and 3 and 1J  and 3 for this 2D problem. 

 

The Neo-Hookean constitutive law (Symon, 1971), which is the simplest 

nonlinear elastic constitutive relation, is used to represent the substrate 

IJ

s
IJ E

W
T




  (5-8) 

where IJT  is the 2nd Piola-Kirchoff stress, and the strain energy density sW in 

substrate is of the form  



Chapter 5 Non-Linear Analytical Study for Single Crystal Silicon 

 85

)3(
)1(4

)1(
)21(6 1

2 





 I
E

J
E

W
s

s

s

ss


 

here J  is the volume change at a point and is the determinant of the deformation 

gradient iJF , 1I  is the trace of the left Cauchy-Green strain tensor JKIKIJ FFB   

multiplied by 3/2J , sE  and s  are the Young’s modulus and Poisson’s ratio of the 

substrate, respectively, sE =1.8 MPa and s =0.48 for PDMS (Wilder et al., 2006, 

INSPEC, 1988).   

 

The 2D force equilibrium equation for finite deformation is 
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 (5-9) 

and the traction on the surface is JJKiKi nFFT  , where Jn  is the unit normal vector of 

the surface. 

 

5.1.3  Buckling Analysis 
 

The out-of-plane displacement w  of the buckled thin film can be represented 

by 
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in the strain-free configuration (Figure 5-3b) as well as in the relaxed configuration 

(Figure 5-3c).  Here the amplitude A  and wavelength   are to be determined. 
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The bending energy density bW  can be obtained from Equation (5-6).  The 

bending energy bU  is the integral of bW  over the length of strain-free thin film, 

0)1( LL pre  (Figure 5-3 (b)), where 0L  is the length of the strain-free PDMS 

substrate (Figure 5-3 (a)).  Hence the bending energy is 
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  (5-11) 

The effect of interface shear is negligibly small on the buckling of the stiff thin 

film-compliant substrate system (Huang et al., 2005).  The vanishing shear 01 T  in 

Equation (5-3) results in the in-plane displacement 
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 (5-12) 

where the second term on the right hand side represents the uniform displacement 

field in the film if the film does not buckle after the prestretched PDMS is relaxed, 

and the first term on the right hand side is the axial displacement associated with the 

buckling. 

 

The membrane strain is 
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from which the membrane energy density mW  can be obtained via Equation (5-5).  

The membrane energy mU  is the integral of mW  over the length of strain-free thin 

film and is of the form 
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where 0)1( LL pre  is the length of the strain-free thin film (Figure 5-3b). 
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The strain energy density in the substrate is a function of positions 1x  and 3x , 

as well as the amplitude A  and wavelength  of wrinkled film and substrate.  Its 

integral over the substrate volume gives the strain energy in the substrate 

),( AUU ss   (5-15) 

where sU  is proportional to 0L .  The amplitude A  and wavelength   are then 

determined by minimizing the total energy, 
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5.2  Perturbation Analysis of Substrate 
 

The deformation is highly nonlinear due to large prestrain in the substrate.  

Since the amplitude A  is much smaller than the wavelength , a perturbation method 

is used to expand the displacement field via the power series of the 

parameter  /A , i.e. 
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where ( )
1

iu  and ( )
3
iu  are the thi  order, non-dimensional functions to be determined.  

The Green strain can be similarly expanded as follows 
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The 2nd Piola-Kirchoff stress IJT  can be obtained from the expansion of the 

constitutive law (Equation 5-8) as follows 
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The deformation gradient can be expanded into its terms as 
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Substitution of Equations (5-19)-(5-21) into equilibrium equation (5-9) yields 

the linear ordinary differential equations for (0)
iu , (1)

iu  and (2)
iu .  The boundary 

conditions are  

1
1 3 3

1 3 3

2
0  and  cos         at  0

0  and  0                            at  

x
T u A x

T T x
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 

     (5-22) 

The displacement fields (0)
iu , (1)

iu  and (2)
iu  are obtained analytically as 
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 (5-25) 

Since the substrate is nearly incompressible, Poisson’s ratio 5.0s .  The 

strain energy in the substrate can be obtained by integrating the strain energy density 

sW  to yield 
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where 0L  is the original length of the substrate.  

 

5.3  Post-Buckling Analysis 
 

The buckling analysis presented in Section 5.1 and 5.2 is for stiff thin film-

compliant substrate system subjected to prestrain.  The post-buckling behavior, i.e. 

the system subjected to the applied strain after buckling, is studied in this section to 

determine the system stretchability/compressibility.  Figure 5-4 illustrates the buckled 

Si thin film and relaxed PDMS substrate of length 0L  (left figure) and the system that 

is subjected to the applied strain applied  and has the length   01 applied L  (right 

figure).  The coordinate 1x  in the right figure is related to 1x  in the left figure 

by  1 11 appliedx x   .  The out-of-plane displacement w  of the buckled thin film can 

be represented by 

  11
2 12

cos cos
applied xx

w A A
 

 

            
 (5-27) 

for the relaxed configuration (Figure 5-4 (a)) and stretched configuration (Figure 5-

4b).  Here the amplitude A  and wavelength   are to be determined in terms of the 

applied strain applied .  In the strain-free configuration 1x  of the thin film (Figure 5-

3b), Equation (5-27) is of the form  
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 (5-28)  
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(a)      (b) 

Figure 5-4  Buckled Si thin film and relaxed PDMS substrate of length 0L  (a) and 

0)1( Lapplied  (b) under applied strain applied  

 

The bending energy in the thin film is given in the following equation: 
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where   01 pre L  is the length of the strain-free thin film (Figure 5-3b). 

 

The vanishing shear 1 0T   in Equation (5-3) gives the in-plane displacement 
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and the membrane energy in the thin film becomes  

0

2

2

22
2

)1(
11

1

2

1
L

A
tEU pre

pre

appliedpre

pre

applied
f

m 













































  (5-31) 

where   01 pre L  is the length of the strain-free thin film (Figure 5-3b). 

 

The displacement field in the substrate can be written using the perturbation 

method, as 
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where A   is small value, and ( )
1

iu  and ( )
3
iu  are the thi  order, non-dimensional 

functions to be determined via the same approach as Section 5-2 for the prestrain state.  

For the nearly incompressible substrate 1 2s  , and the strain energy in the substrate 

can be obtained as 
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5.4  Results and Discussion 
 

The wavelength and amplitude of wrinkled stiff thin film-compliant substrate 

system can be obtained using virtual work principle. 

 

5.4.1  Wavelength and Amplitude due to Prestrain 
 

The total energy consists of the membrane and bending energy in the thin film 

and the strain energy in the substrate, i.e. sbm UUUU  .  Minimization of the 

total energy, i.e. 0
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For crpre   , the numerator is approximately
2/1

1

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
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
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, which yields the 

amplitude in Equation (5-35) 
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 (5-35) 

where 3/1
0 )3/(2 sf EEt   and 2/1

0 )1/(  crpretA   are the wavelength and 

amplitude based on small deformation theory respectively, and 32)1(5 prepre   .  

As in the previous analyses, finite deformation theory predicts non zero amplitude 

when the prestrain, pre  exceeds the critical strain, cr .  However, the wavelength is 

different from that given by previous theories due to the large prestrain.  Figure 5-5 

shows the comparison for (a) wavelength and (b) amplitude of buckled structures for 

Si (100 nm thickness) on PDMS as a function of the prestrain.  It can be seen from 

this figure that the wavelength depends on the prestrain, and the results agree well 

with experimental data and the results based on the numerical method (FEM) without 

any parameter fitting.  The numerical method will be explained in Chapter Six.  For 

small prestrain,   approaches 0 .   
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Figure 5-5  Comparison of wavelength and amplitude as function of prestrain  

 

5.4.2  Membrane and Peak Strains in Thin Film due to Prestrain 
 

For crpre    (the typical critical strain is 0.034% for the Si/PDMS system), 

relaxing the prestrain does not lead to buckling.  Instead, the film supports a small 

compressive strain pre , which is referred to as the membrane strain.  

When crpre   , the film buckles to relieve some of the strain.  The membrane strain, 

mem , as evaluated in the plane that passes through the midpoint of the thickness of the 

film, is obtained from Equation (5-13) to be crmen 



3/1)1(

3/1




 .  For prestrain up to 

100%, this membrane strain remains essentially constant, i.e. crmen   .  The 

maximum strain in the film, also called the peak strain peak , is the sum of membrane 

strain, mem , and the bending strain, bending , induced by the buckled geometry.  In 
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most cases of practical interest, the strain associated with the buckled geometry is 

much larger than mem .   

 

Thus this peak strain can be written as 

2/1

3/1
2/1

)1(

)1(
)(2

pre
prepeak 
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


 . (5-36) 

The magnitude of peak  is typically much smaller than the overall strain, 

mempre   , which the film accommodates by buckling.  For example, in the case of 

pre = 29.2%, peak  is only 1.8% for the system of Figure 5-1.  This mechanical 

advantage provides an effective level of stretchability/compressibility in materials that 

are intrinsically brittle.  Figure 5-6 shows peak  and mem  as a function of pre .  Both 

the membrane and peak strains agree well with finite element analysis.  The 

membrane strain is negligible compared to the peak strain and constant throughout 

this range.  Likewise, the peak strain is much smaller than the prestrain, such that the 

system can accommodate large strains.  As a result, peak  determines the point at 

which fracture occurs in the film.  For Si, the fracture strain is around %8.1fracture  

(Saif and MacDonald, 1996; Sato, et al., 1997).  The maximum allowable prestrain is, 

therefore, approximately 




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

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
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, which, for the system examined 

here, is ~29% or almost twenty times larger than fracture .  
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Figure 5-6 Comparison of membrane and peak strains as function of prestrain  

 

5.4.3  Stretchability and Compressibility due to Applied Strain 
 

The minimization of total energy, which is the sum of thin film (membrane 

and bending) energy and substrate energy according to Equations (5-29), (5-31) and 

(5-33), gives the amplitude  
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for crappliedpre   , where the numerator is approximately 
2/1

1





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, 

which gives the amplitude and the wavelength in Equations (5-38) and (5-39)  
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where    3215 preappliedpre   .  Figure 5-7 shows the experimentally measured 

and theoretically predicted wavelength    and amplitude A   versus the applied strain 

applied  for a buckled Si thin film/PDMS substrate system formed at a prestrain of 

16.2%.  The constant wavelength and amplitude predicted by the previous mechanics 

models, with pre  replaced by appliedpre   , are also shown in comparison with the 

FEM results.  The measured wavelength increases for tension and the measured 

amplitude decreases, reaching zero once the tensile strain reaches the prestrain.  The 

finite-deformation buckling theory agrees well with experiments and finite element 

analysis for both amplitude and wavelength.  The previous mechanics models also 

capture the amplitude trend but deviate from the experimental results for large tensile 

strain (>10%).  The amplitude A  vanishes when the applied strain reaches the 

prestrain + the critical strain cr .  Therefore, the stretchability (maximum applied 

tensile strain) crfracturepre   , which varies linearly with the prestrain.  The peak 

strain in the film is  
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Figure 5-8 shows peak  and mem  as a function of applied .  The results predicted 

by finite-deformation buckling theory agree well with the FEM results.  The Si film 

fails once applied  reaches 12.5%.  The compressibility is the maximum applied 
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compressive strain when the peak Si strain reaches fracture .  The compressibility, as 

shown in Figure 5-9, decreases almost linearly with increasing prestrain, and vanishes 

when the maximum applicable pretrain 

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Therefore the compressibility is well approximated by pre
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.  

Figure 5-9 also shows the strechability  crfracturepre   .  As the prestrain increases, 

the stretchability improves but the compressibility worsens.  Such a figure is useful 

for the design of Si thin films in PDMS stretchable electronics.  For example, if a Si 

thin film and PDMS substrate system has equal stretchability/compressibility, then the 

prestrain is about 13.4%.  In other word, the prestrain is an important value to 

optimize the stiff thin film-compliant substrate system with same stretchability and 

compressibility for this type stretchable electronics in the application. 

 

In summary, a set of nonlinear partial differential equations are formulated to 

evolve the wrinkling shape of stiff thin film-compliant substrate system under 

prestrain and applied strain.  Perturbation analysis is performed for this highly 

nonlinear system to obtain the analytical solution.  The results agree well with 

experiments and finite element analysis in wavelength and amplitude.  In particular, it 

is found that the wavelength depends on the prestrain and applied strain.  Based on the 

accurate wavelength and amplitude, the membrane and peak strains in thin films, as 

well as the stretchability and compressibility of the system can be obtained by the 

nonlinear analytical model. 
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(b) Amplitude 

Figure 5-7  Comparison of wavelength and amplitude as functions of applied  with 

pre = 16.2% 
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Figure 5-8  Comparison of membrane and peak strains in film as function of applied  

with pre = 16.2% 
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Figure 5-9  Strechability and compressibility of buckled structures of Si on PDMS. 
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Chapter Six                                                                   

Two-Dimensional Numerical Simulation for Single 

Crystal Silicon 

 

Numerical methods are widely used in mechanical analysis since computing 

power has increased dramatically over the last 30 years.  The finite element method 

(FEM) is one such tool available researchers and engineers.  Recently, the FEM has 

been used to study wrinkling of stiff thin film-compliant substrate system.  By using 

the FEM, Hadi (2001) made comparison between different wrinkling theories and 

numerical results.  Efimenko, et al. (2005) demonstrated the supporting effects of 

elastometric artificial skins with wrinkles.  Jiang, et al. (2008) studied width effect of 

thin-films analytically, and compared his results with the experimental and numerical 

results obtained by the FEM. 

 

The FEM is a useful numerical tool when investigating the wrinkling 

phenomenon of stiff thin film-compliant substrate system.  There are two main 

challenges associated with numerical simulation.  (1) Extremely large differences in 

the geometrical size of the thin films and substrates.  The thin film thickness is around 

100 nm, that can be 4 orders of magnitude smaller than the substrate thickness which 

is 1~3 mm.  (2) Extremely large differences in the material properties of the thin films 

and substrates.  The thin film modulus is 100 GPa generally that can be 5 orders of 

magnitude higher than the substrate modulus which is 1~3 MPa.   
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The following ideas are used to address the challenges in this.  When the thin 

film is much thinner than the substrate, different elements should be used to model the 

constituents.  In a two-dimensional (2D) model, the thin film is modelled with beam 

elements and the substrate with plain strain elements.  In a three-dimensional (3D) 

model, the thin film is modelled with shell elements and the substrate with solid 

(brick) elements.  If plain strain elements in 2D model and solid elements in 3D 

model are used for meshing thin film, a fine mesh should be used to avoid shear 

locking.  But a poor mesh may result, since the dimension in the thickness of thin film 

is much smaller than substrate.  Thus, two different element types are used in the FE 

model.  Using mixed element types, the error due to elements with different numbers 

of nodal degrees of freedom is small compared to error due to poor element mesh in 

modelling the thin film and relatively thick substrate using only one type of element, 

where a large number of elements are then required to avoid an excessively high 

element aspect-ratio and the ensuing non-distortion.   

 

The procedure is presented for performing numerical simulations of buckling 

effect for stiff thin film-compliant substrate system.  It is now possible to compute the 

actual shape and size of the wrinkles in structures of realistic shape and size.  The 

effectiveness of the proposed procedure is demonstrated by computing the wrinkle 

details of particular stiff thin film-compliant substrate system, which have been 

investigated in detail, both experimentally and analytically in Chapters Two and Four.  

It will be shown that the computational accuracy using the FEM to determine the 

shape and size of wrinkles is such that the numerical simulation can now be seen as a 

replacement for physical experimentation, although the computational time is 

currently still impractically long for the present procedure to be adopted as a routine 
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design tool.  A significant and immediate benefit of the present work is that one can 

probe the simulation results in order to gain additional insight into the characteristics 

of wrinkles and their evolution under varying initial loading i.e. prestrain. 

 

6.1  Finite Element Method 
 

The FEM is a numerical method used widely by engineers, scientists, and 

mathematicians to obtain approximate solutions to the differential equations that 

describe a wide variety of physical (and non-physical) problems.  Physical problems 

range in diversity from solid, fluid and soil mechanics, to electromagnetism or 

dynamics.  The underlying premise of the method states that a complicated domain 

can be sub-divided into a series of smaller regions in which the differential equations 

are approximately solved.  By assembling the set of equations in each region, the 

behavior over the entire problem domain is determined.  Each region is referred to as 

an element and the process of subdividing a domain into a finite number of elements 

is referred to as discretization.  Elements are connected at specific points, called nodes, 

and the assembly process requires that the solution be continuous along common 

boundaries of adjacent elements 

 

The governing differential equation is now applied to the domain of a single 

element.  At the element level, the solution to the governing equation is replaced by a 

continuous function approximating the distribution over the element domain.  Once 

the element equations have been determined, the elements are assembled to form the 

entire domain.  In terms of these variables the equilibrium equations obtained by 

discretizing the virtual work equation can be written symbolically as  
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0)( MN uF   (6-1) 

where NF  is the force component conjugate to the thN  variable in the problem 

and Mu  is the value of the thM  variable.  A system of linear algebraic equations 

results from the assembly procedure.  For engineering problems, it is not uncommon 

for the size of the system of equations to be in the thousands, making the super-

computer a desired tool for finding the solution.   

 

The modelling of wrinkling requires elements with quadratic shape 

(displacement) functions rather than elements with linear shape functions, since 

quadratic displacement functions model the buckling mode much better with fewer 

elements.  To describe the shape of the wrinkling wave, at least four elements per 

wave length should be used so that at least 5 nodes are used to approximate the profile 

of the wave.  The substrate should at least be modelled with four elements throughout 

the material thickness.  The sides of the substrate elements should be of equal lengths, 

forming a square in 2D or cube in 3D.  

 

The model needs to be long enough in the length direction to incorporate more 

than four wrinkling waves or the length of the model must be equal to the natural 

wrinkling wavelength.  Otherwise an excessively high buckling load will be obtained.  

The boundary conditions of two ends can be carefully modelled using sliding wall 

conditions, i.e. all nodes along the boundary are same displacement in direction of 

perpendicular to the edge (Vonach and Rammerstorfer, 2000), but still the length of 

the model is important, and must be an even multiple of the natural wavelength or an 

unacceptably high buckling load is obtained.  The model boundaries can also be 

modelled with simpler non-periodic boundary conditions.   
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The bending stiffness of a membrane, although small, is a key factor in 

determining the shape and amplitude of the wrinkles.  Therefore, it is essential that 

this be included in the model that aims to capture the details.  Beam element is 

adapted to study thin film in 2D modeling.  Base on FEM, there are several types of 

beam elements for modeling purposes, and the 2-node linear beam in a plane is 

chosen for thin films since it is more computationally efficient in the 2D simulation.  

For the substrate, the plane strain element, a 4-node bilinear plane strain element is 

used.   

 

Material modeling generally requires a thin film to be modelled as a linear 

elastic material and the soft substrate to be modelled as a hyperelastic material.  This 

hyperelastic material model uses the Neo-Hookean constitutive law which accounts 

for the nonlinearity in the stress-strain relation.  The Neo-Hookean material law is 

fully nonlinear in the displacements and the strains.  It can therefore be used for large 

displacement/large strain calculations.  The strain energy potential is given as 

2

2
11 )1(

1
)3(  J

C
ICU  (6-2) 

where  1I  is the first strain invariant, 

J  is the elastic volume strain, 

1C  and 2C  are materials parameters. 

Two materials parameter could be calculated using Young’s modulus and 

Poisson’s ration (Treloar, 1975) i.e. 

)1(41 


E
C and 

E
C

)21(6
2


   (6-3) 
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After the finite element model is set up, the wrinkling simulation is performed 

in three stages: (1) buckling mode analysis, (2) prestrain applied on substrate and (3) 

shrinking of substrate and buckling of thin film. 

 

6.1.1  Traction Force Analysis.  
 

The interaction between thin film and substrate is the main reason to cause 

buckling of the thin film.  The buckling mode shapes of thin film are determined by 

the traction force due to the interaction.  The initial stage of the analysis involves 

applying a uniform prestrain to the stiff thin film-compliant substrate system.  Then 

the area bounding the thin film location is constrained.  The substrate traction force is 

then found by releasing the applied displacement (see Figure 6-1).  Several strategies 

can be used to apply this initial prestrain.  One technique is to prescribe a set of edge 

displacements, corresponding to the level of prestrain required, and is particularly 

useful for setting up the true stress state of a membrane structure, e.g. to reproduce the 

conditions that may exist at the beginning of fabrication.  After applying the initial 

prestrain, they are constrained such that the nodes are sheared between thin film and 

substrate elements.  The next step is to release the applied strain and allow the 

substrate to shrink.  A static, geometrically nonlinear equilibrium check is then 

performed, which induces the re-distribution of the state of prestrain, together with 

small in-plane displacements.  Thereafter the reaction force can be found at the 

constrained nodes. 
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Figure 6-1  Applied load and traction force 

 

6.1.2  Eigenvalue/Eigenvector Extraction.  
 

The next step of the analysis determines the buckling mode-shapes due to 

prestrain.  These modes are then used as small, initial imperfections that trigger the 

formation of wrinkles in the subsequent, geometrically nonlinear simulation.  An 

eigenvalue buckling analysis is used to obtain the possible wrinkling modes of the 

membrane subjected to its actual boundary conditions and loading.  The loading is 

typically defined in terms of a set of applied forces which are obtained in the previous 

stage, and is required to represent the loads due to prestrain.  It is important that both 

the initial strain and displacements from the previous stage of the analysis, as well as 

those due to the applied displacement, should be included in the calculation of the 

tangent stiffness matrix.  The eigenvalues and eigenvectors of the tangent stiffness 

matrix correspond to the load magnitudes and shapes of the possible wrinkling modes 

of the membrane.  

 

In standard buckling analysis of imperfection-sensitive structures, the 

imperfections that are seeded in the structure are normally obtained as linear 

combinations of the eigenvectors corresponding to the lowest eigenvalues.  The main 
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objective of the buckling analysis is to find the lowest eigenvalue, corresponding to 

the load which would cause the first wrinkle to form, since the first buckling forms 

almost as soon as the load is applied.  The main interest here is the evolution of the 

first buckling, leading to the formation of a second one, and so on until buckling takes 

place at a large number of locations to become the wrinkling pattern.  It is desirable to 

introduce in the membrane a general form of imperfection, e.g. a combination of 

many eigenvectors.  In cases where some features of the final wrinkling pattern are 

known, introducing eigenmodes that resemble this pattern in the imperfection shape, 

as well as several other eigenmodes, generally increases the speed of numerical 

convergence. 

 

After computing the buckling mode-shapes, a linear combination of all, or 

some selected eigenmodes is introduced into the structure as a geometrical 

imperfection in the form of out-of-plane deformations of the membrane as follows: 

ii
i

ww   (6-4) 

where iw  is the i -th eigenmode and i  is a scaling factor whose magnitude is chosen 

as a proportion of the thickness of the membrane.  The scaling values are between 1% 

and 5% of the thickness. 

 

6.1.3  Simulation of Wrinkle Growth.  
 

The simulations of wrinkle growth are performed in the same procedure as the 

key fabrication steps of the stiff thin film-compliant substrate system introduced in 

Chapter Two.  A geometrically nonlinear incremental analysis is performed under 

edge displacement incrementation.  The equilibrium path of a wrinkled membrane 
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includes many unstable branches, each corresponding to a localized snap-through due 

to the formation of an additional wrinkle.  A popular algorithm to compute the full 

response of the structure is an arc-length solution.  But all attempts to use the arc-

length solution method in here were unsuccessful, possibly because wrinkling is a 

highly localized type of instability.  Hence, monotonic displacement incrementation is 

the only viable option.   

 

In the nonlinear numerical simulation, it is assumed that the problem is stable 

at the beginning and that instabilities may develop in the course of incremental 

solution.  In order to compute the static equilibrium state, especially, after introducing 

the imperfections, the pseudo-inertia and pseudo-viscous forces are introduced at all 

nodes to help numerical convergence.  The fictitious viscous forces are calculated on 

the basis of the model’s response in the first iteration of the analysis step, by assuming 

that the energy dissipated is a prescribed fraction of the strain energy during the first 

step.  This fraction is called the damping intensity or stabilization factor in FEM.  

While the model is stable, viscous forces and, therefore, the viscous energy dissipated 

are very small.  Thus, the additional artificial damping has no effect.  If a local region 

goes unstable, the local velocities increase and, consequently, part of the strain energy 

then released is dissipated by the applied damping.  In this simulation, the value taken 

is 2×10−4 and the results are found to achieve good accuracy.  It is generally desirable 

to set this parameter to the lowest possible value for which convergence can still be 

achieved. 
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6.2  Simulation Results  
 

The experimental study of wrinkle formation in the fabrication process has 

been reported in Chapter Two.  Firstly, the substrate is elastically stretched to a 

certain prestrain value.  Then, it is brought into conformal contact with the silicon 

ribbon and the whole system is released to reach the equilibrium state.  Following the 

analytical solution (Chapter Three and Five), the fabrication mechanism is simplified 

as a 2D problem, and correspondingly, the 2-D stiff thin film-substrate FE model is 

constructed to simulate the single crystal silicon ribbons upon the PDMS substrate.  

This FE model consists of a thin (0.1 μm) and stiff (Young Modulus, fE = 130 GPa; 

Poisson ratio, f = 0.27) silicon ribbon and a thick (3 mm) and soft (Young Modulus, 

sE = 1.8 MPa; Poisson ratio, s = 0.48) substrate.  For all simulations, the horizontal 

displacement is set to be zero along the PDMS substrate bottom in the model, and 

periodicity conditions are prescribed along both edges of the substrate.  The numerical 

simulations are carried out using commercial software ABAQUS (2007).  

 

The simulation analysis is divided into three stages as discussed in Section 6.1.  

First, prestrain is applied to the substrate by prescribing a set of edge displacements, 

corresponding to the level of prestress required.  The nodes are fixed on the thin film 

upper surface to obtain the reaction force from the release of the prestrained substrate.  

The traction force is obtained from this stage.  Then the buckling analysis is 

performed by applying the reaction force obtained from the first step to the whole 

system so as to determine the buckling mode-shapes.  The first mode is then imposed 

as small, initial imperfections that trigger the formation of wrinkles in the subsequent, 

geometrically nonlinear simulation.  Finally, with the imperfection of the first mode 
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shape, the substrate in the absence of silicon is stretched according to the prestress 

required.  In the stressed condition, the silicon thin film is fully bonded to the 

substrate and the whole system is released to the equilibrium state by a geometrically 

nonlinear incremental analysis.  

 

6.2.1  Amplitude and Wavelength 
 

The amplitude and wavelength of wavy silicon thin film are simulated using 

FEM in this section.  Figure 6-2 shows the sketch of the FE model.  It shows that the 

prestrain energy from substrate is transferred to the silicon ribbon and causes the 

silicon ribbon to wrinkle.  Since the amplitude and wavelength of wavy silicon ribbon 

should be changed with the prestrain, the wrinkle formation and propagation within a 

finite length of silicon ribbon is simulated at the different prestrain values.  As 

mentioned provious, there are two challenges associated with this type of numerical 

analysis.  (1) Extremely large differences in the elastic properties of the films and 

substrates e.g. the film modulus is approximately 130 GPa and is five orders of 

magnitude higher than the substrate modulus which is approximately 1.8 MPa.  (2) 

Extremely large differences exist in the thickness of the films and substrates e.g. the 

film thickness is approximately 100 nm, and is four orders of magnitude smaller than 

the substrate thickness, approximately 3 mm.  In order to overcome these two 

challenges, a fine mesh is used near the thin film/substrate interface and a coarse 

mesh is used far away from the interface in the FE model.  The smallest element size 

is 0.4 m  0.4 m, and hence more than 160 thousands elements in total are required 

for the mesh.  The finite element mesh sensitivity has been carefully checked using a 

refined mesh i.e. convergence study.  To avoid element distortion in the event of large 



Chapter 6 Two-Dimensional Numerical Simulation for Single Crystal Silicon 

 112

deformation, the mesh is designed to incline to the prestrain direction (illustrated in 

Figure 6-2).  To do so, the elements become nearly rectangle during shrinking and 

numerical convergence is found to be easier.  In addition, very small computational 

increments of less than 10-2 are used to ensure that the results are convergent for 

systems involving vastly different elastic moduli. 

 

Figure 6-2  Illustration of FE model configuration 

 

The wrinkling of the thin film (silicon ribbon) is computed at different 

prestrain values.  Figure 6-3 shows the numerically simulated wrinkling patterns at 
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4%, 10% and 20% prestrain which resemble typical experimental observation in 

Figures 2-6 and 2-7.  From these simulation results, it is found that the wrinkle is 

formed at the middle of the silicon ribbon, where there are flat regions at the two ends 

of the silicon ribbon.  In the wrinkling region, the wave amplitude increases with 

prestrain and the wavelength decreases slightly.  The comparison between the FE 

simulation results and experimental data is shown in Figure 6-4.  Good agreement is 

observed between the numerical and experimental results.  For the wavelength and 

amplitude, the numerical error is less 3%.  The FEM can capture well the wrinkling of 

stiff thin film-compliant substrate system.  Thus, the validated FE model and 

procedure can be used in the next step to study post-buckling and edge effect.   
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Figure 6-3  Numerical simulation results for wrinkle patterns of silicon ribbon at 

different substrate prestrain values. 
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Figure 6-4  Comparison between numerical and experimental results for wavelength 

and amplitude at different prestrain 

 

6.2.2  Post-buckling simulation  
 

The numerical simulation of buckling presented in Section 6.1 is for stiff thin 

film-compliant substrate system subjected to prestrain.  The post-buckling behavior, 

i.e. the system subjected to the applied strain after buckling, is studied in this section. 

 

The numerical result can be used to determine the system 

stretchability/compressibility.  Figure 6-5 illustrates the buckled Si thin film and 

relaxed PDMS substrate of length L  (Figure 6-5a) and the system that is subjected to 

the applied strain applied  and has the length Lapplied )1(   (Figure 6-5b and c).  The 

numerical results are good agreement with the experimental and nonlinear analytical 
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results.  The comparison has been presented in Figures 5-5 and Figure 5-6 in Chapter 

Five. 

 

 

Figure 6-5  Illustration of FE model under applied strain 
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6.2.3  Edge Effect 
 

Section 6.2.1 demonstrates that the numerical model could accurately capture 

the effects of systems that are located far from the boundaries.  The results, however, 

do not apply to regions of the films that lie near the edges.  In these regions, the 

amplitudes of the waves decrease gradually to zero, as illustrated schematically in 

Figure 6-6 and by the optical images in Figures 6-7 and 6-8.   

 

 

Figure 6-6  Schematic illustration of process for fabricating buckled single crystal 

silicon ribbons (green) on PDMS (blue) substrate with edge effect. 
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Figure 6-7  Wavy single crystal silicon ribbons on PDMS substrate. 

 

Figure 6-8  Optical image of edge effect 
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Analytical solutions are not possible in the region near the edge, therefore 

necessitating the use of the numerical method to reveal the physics and the effect of 

film thickness, prestrain, and thin film and substrate materials properties.  The 

simulation study presented here aims to explain quantitatively the mechanical 

behavior of the system at and near the edge (i.e. the flat area).  This effect is not only 

observed for the particular system shown in Figures 6-6 and 6-7, but also for the more 

general case of thin films on compliant supports.  The FE model is schematically 

explained Figure 6-9. 

 

 

 

Figure 6-9  Illustration of finite element model for edge effect 

 

Srink! 

L 

Nearly strain free PDMS 

Ledge Ledge 

Deformed Mesh 

Mesh around edge 

L+ΔL 

3mm 

Strain free silicon 
(beam element) 

Pre-strained PDMS  
(plane strain element)

Fixed z-dir 

Sliding wall 
conditions 
All nodes’ 
x is same

Sliding wall 
conditions 
All nodes’ 
x is same

0.08mm 0.08mm 

 
y 

x 



Chapter 6 Two-Dimensional Numerical Simulation for Single Crystal Silicon 

 119

This edge effect can be seen clearly in atomic force microscope (AFM) images 

of Figure 6-10a for 100nm-thick ribbons of silicon with widths of 20 m and 

separations of 20 m, bonded to a 3.5 mm-thick PDMS substrate.  The frames on the 

left (images and line cuts) correspond to periodic structures that exist at regions far 

from the free edge: those on the right show regions near the free edge.  The buckled 

shape shown in Figure 6-10c is obtained from FE analyses that is described in the 

following paragraph.  In figure 6-10, the images in the left and right columns are 

correspond to the center part and edge of the silicon thin film, respectively. 

 

The modeled two-dimensional system consists of a 1.3 mm-long and 3 mm-

thick PDMS substrate subjected to a prestrain pre  imposed at its two edges.  A 

shorter ( L =1 mm-long) and much thinner (100 nm-thick) silicon thin film resides on 

and is coupled to the top surface of the stretched PDMS substrate.  The thin film 

covers the center part of the substrate surface, leaving bare regions of the substrate 

(uncovered by the film) near the two edges, as schematically shown in Figure 6-9.  

The thin film and substrate are modeled by beam and plane-strain elements, 

respectively. 

 

Young’s moduli and Poisson’s ratios of the silicon film and PDMS substrate 

are fE = 130 MPa, f = 0.27, sE = 1.8 MPa and s = 0.48, respectively.  The 

wavelength   and amplitude A  near the center of film (i.e. away from the edges) 

obtained from the FE analysis are shown as a functions of pre  in Figure 6-10 for the 

silicon thin film and PDMS substrate.  For comparison,   and A  determined by 
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AFM are also shown in Figure 6-10(a), where the prestrain, pre , has been obtained 

from experimental measurements, i.e. 

 /)(  contourpre   (6-5) 

where contour  is the contour length and   is the wavelength of the buckled film.   

 

 

Figure 6-10  (a) Images and (b) linecuts of atomic force micrographs, and (c) finite 

element results of buckled single crystal silicon ribbons on PDMS substrate.   

 

Figure 6-11 also shows the analytical solution of   and A  according to 

Equation (3-47).  The experimental and analytical solutions all agree well with the 

numerical results without any parameter fitting, therefore providing a validation of the 
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FE analysis again.  The wavelength   near the center of the film, as shown in Figure 

6-11, is approximately 14 m. 

 

0.0

0.5

1.0

1.5

2.0

0 5 10 15 20
0

5

10

15

0 5 10 15 20

A
m

pl
itu

de
 (
m

)

W
av

el
en

gt
h 

(
m

)

Prestrain (%)

  Experiments
  Finite element
  Analytical solution

A

 

 

Figure 6-11  Wavelength and amplitude around center part of buckled silicon thin 

film versus prestrain. 

 

The edge-effect length edgeL  is defined as the distance from the edge to the 

midpoint between the first peak and valley nearest to the free edge as shown in the 

inset of Figure 6-12.  edgeL versus pre , for Young’s modulus sE =3Mpa of the PDMS 

substrate is shown in Figure 6-12.  The experimentally measured edgeL  from Figure 6-

10 agrees well with the numerical results as shown in Figure 6-12, again without any 

parameter fitting.   
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Figure 6-12  Edge-effect length edgeL  versus prestrain 

 

Figure 6-13 shows the edge-effect length edgeL  versus the prestrain pre  for 

two different values of the PDMS modulus sE =1.8 MPa and 3MPa with same 

geometrical size.  The value of edgeL  for sE =1.8 MPa is higher than that for 

sE =3MPa, which suggests that the edge effect increases as the substrate modulus 

decreases.  In fact, by dimensional analysis the edge-effect length can be shown to be 

proportional to the film thickness t , 

),( crpreedge tfL   (6-6) 

where f  is a non-dimensional function of the prestrain pre  and buckling critical 

strain cr , and it decreases as pre  or cr  increases. 
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Figure 6-13  Edge-effect length edgeL  versus modulus of substrate  

 

The distribution of axial force in the buckled thin film, as shown in Figure 6-

14, explains the edge effect.  Except near the edges, the axial force is constant in the 

thin film, and it is this compressive force that causes the thin film to buckle.  

Nevertheless, this compressive force decreases to zero at the free edges and hence the 

film in these regions does not buckle.  Therefore, the flat region of the thin film 

results from the traction-free boundary condition at the edges. 
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Figure 6-14  Axial force in thin film  
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In summary, the FEM can capture well the wrinkling effect of the stiff thin 

film-compliant substrate system.  The results of 2D FE model are in good agreement 

with the experimental and analytical results in term of amplitude and wavelength of 

wrinkling wave vary associates with prestrain.  Therefore the FE model can be used 

for more complex scenario which the analytical method is difficult to solve e.g. near 

the edge.  The flat region around the edges of buckled thin films of compliant 

substrates is due to the traction-free edges.  The edge-effect length edgeL  is 

proportional to the thin-film thickness, and decreases with the increasing prestrain and 

substrate modulus.  These findings would provide useful design guidelines for 

implementation of the near edge regions in certain classes of applications in 

stretchable electronics and other areas, e.g. well-placed edges can lead to flat regions 

in a larger scaled buckled system where planarity is required for efficient photo 

detection.   
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Chapter Seven                                                                

Three-Dimensional Numerical Simulation for 

Integrated Circuits 

 

Three-dimensional numerical simulation by means of the FEM is needed to 

solve the problem of stretchable and foldable integrated circuits, which cannot be 

simplified to 2D analysis.  The numerical simulation will be carried out in the context 

of nonlinear mechanics.  The FEM can help to reveal key features of mechanics in 

buckling, such as the stress and strain distributions in different layers.  The results can 

be used to understand the formation of wave structures with non-linear buckling.  A 

challenge in 3D numerical analysis that is not present in 2-D analysis is that the thin 

film becomes a multilayer structure when modeling 3-D integrated circuits, in 

addition to the previous challenges mentioned in Chapter Six, i.e. large differences in 

material properties and geometrical size between the stiff thin film and compliant 

substrate. 

 

7.1  Three-Dimensional Finite Element Models 
 

A typical stretchable and foldable thin film with silicon integrated circuits has 

been shown in Chapter Three (Figure 3-2).  There are three main parts: p MOSFET, 

n MOSFET and interconnect lines in the single integrated circuits.  Each part is 

combined by different materials layer on different area of thin film and including 

combination of PI (Polyimide), SiO2, Si and Metal layer (chromium–gold–chromium).  

To model this type of thin film, a multilayer shell element should be used.  That is, the 
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p MOSFET and n MOSFET regions consist of five material layers 

(SiO2/metal/SiO2/Si/PI) with thicknesses of approximately 0.05 m / 0.15 m / 0.05 

m/0.25 m / 1.2m respectively, and the metal interconnects consists of four 

materials layers (SiO2/metal/SiO2/PI) with the thickness of approximately 0.05 m / 

0.15 m / 0.05 m / 1.2m, respectively.  The bending and membrane stiffness are 

important in determining the shape of the wrinkles.  Therefore, it is essential that the 

FE model should capture these wrinkling pattern details.   

 

In the FEM, shell elements are used to model structures in which one 

dimension, the thickness, is significantly smaller than the other two dimensions.  The 

action of shell depends on the ratio of the thickness to a characteristic dimension: 

 Very thick shell: 3D effects are significant. 

 Thick shell: membrane, bending and higher order transverse shear should be 

considered. 

 Moderately thick shell: membrane, bending and first order transverse shear are 

counted. 

 Thin shells: membrane and bending energy should be considered but 

transverse shear can be neglected 

 Very thin shells (also call membranes): dominated primarily by membrane 

effects. 

A typical thin film integrated circuit thickness is from 1.45 m to 1.7 m, and 

is much smaller than the width (300 m) and length (600 m) dimensions of the 

circuit.  Transverse shear deformation can be neglected.  Hence it is appropriate to 

consider thin shell for the numerical simulations as it accounts for the membrane and 
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bending energy, and this is consistent same the analytical model in Chapter Four and 

Chapter Five.  

Shell elements developed for the FEM can be classified into three main types: 

(1) constructing flat shell elements by combining plane stress and plate bending 

elements; (2) establishing shell elements degenerated from 3-D elements and 

considering transverse shear; (3) formulating curved shell elements based upon 

classical shell theory.   

 

Each of the above three shell element types has its pros and cons.  The first 

type is the simplest but the least accurate.  Thus for good accuracy, the shell structure 

has to be modelled using a relatively large number of flat elements.  The second type 

of shell element (first proposed by Ahmad et. al. 1970) is formulated from 3D 

continuum Mindlin-Reissner theory.  Reduced integration is employed to mitigate the 

shear locking problem.  It is relatively complex and higher order elements (9-nodes or 

12-nodes) are usually needed to provide accurate solutions with fewer numbers of 

elements.  But the overstiff solution may still occur in problems with highly 

constrained boundaries, and the stiffness formulation and solution equations for this 

element type can be very time consuming and may affect the overall efficiency.  

Special attention is required to treat the interface between thin film and substrate 

where elements meeting are coplanar.  The numerical accuracy could be affected due 

to interaction between thin film (shell element) and substrate (solid element).  Thus, 

the second type of shell element is not used in this simulation.  As for the third type of 

shell element, the geometrical description of the curved element is accurate, but it is 

difficult to construct displacement function of C1 continuity and C0 continuity is 

implemented instead.  When the FE mesh is designed well, for example the element 
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size is small enough, the good accuracy will be obtained.  The quadrilateral finite-

membrane-strain thin-shell element with multilayer section is chosen in this numerical 

simulation.  This is more computational efficient than using high-order elements.  In 

view of the fact that the film is very thin and transverse shear deformation can be 

neglected.  The formulating curved shell element with C0 continuity is able to capture 

well the thin shell behaviour in accordance with the Kirchhoff shell theory.  In this 

element (Figure 7-1), the normal rotations x  and y  are represented by using xw  /  

and yw  / as shear deformation is neglected.  Thus the shears xwx  / and 

xwy  / may reduce to zero for thin shells.  When the FE mesh is carefully 

designed, the good accuracy can be obtained.  If high-order shell elements (for 

example 9-nodes) are used for thin film, then the same high-order solid elements 

(with 27-nodes) have to be used for substrate to connect thin film mesh.  To do so the 

computational time will increase rapidly. 

 

Shell elements may be either of single variable (commonly displacement) or 

of multi-variables (hybrid element, mixed element and hybrid/mixed element).  The 

formulation of displacement based single-variable shell element is mainly based upon 

the Hellinger-Reissner variational principle while the hybrid /mixed methods are 

based upon Hu-Washizu variational principle (Belytschko et al. 2000). 

 

Figure 7-1  4-node quadrilateral element 
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where yixiwiviui NNNNN ,,,,  are shape functions.  The stiffness matrix is  


v

T dVEBBk  (7-2) 

where B  is the strain-displacement matrix and E  the stress-strain matrix.  

 

Typically, 4-node quadrilateral general purpose shell element is usually used 

with full integration.  But the 4-node reduced integration, thin-shell elements with five 

degrees of freedom per node is more computationally efficient.  Hourglass control is 

used to suppress mesh instability associated with spurious zero energy mode 

(Flanagan and Belytschko, 1981).   

 

Experimental observations (Kim, 2008) show that the buckling patterns are 

almost the same for each circuit (Figure 7-2).  Thus the FE model dimensions are 

chosen in such a way as to cover the substrate around only one typical circuit (Figure 

7-3 top).  Multi-layer shell elements depicted in Figure 7-4 are used to model the thin 

film which is bonded to the substrate surface.  The thickness is defined through the 

section property definition.  In the p MOSFET and n MOSFET regions, there are 

five material layers (SiO2/metal/SiO2/Si/PI) with thicknesses of 0.05 m / 0.15 m / 

0.05 m /0.25 m / 1.2 m.  The metal interconnects consists of four materials layers 

(SiO2/metal/SiO2/PI) with the thickness of 0.05 m / 0.15 m / 0.05 m / 1.2 m.   
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The manufacturing process results the presence holes in the thin film located 

between each integrated circuit (Figure 7-3), and no FE meshes are used in these 

locations as shown on the edge of thin film mesh in Figure 7-4.  The eight-node, 

hexahedral brick elements are used for the PDMS substrate (Figure 7-3 bottom).   

 

The deformation patterns show periodicity between each circuit.  Thus, sliding 

wall conditions are applied to the external surface of the substrate as same as the 

boundary conditions in 2D FE model.  This condition allows all surface nodes to have 

the same displacement in the direction of surface normal whereas the other two 

directions are unconstrained (Vonach and Rammerstorfer, 2000).  In addition, the 

nodes of the bottom substrate are constrained in the vertical direction.   

 

 

Figure 7-2  Overview of wrinkling pattern 
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Figure 7-3  CAD drawing and FE mesh of integrated circuits and substrate 

 

 

Figure 7-4  Finite element mesh of thin film 
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Each layer of thin film (Si-CMOS/PI system) is modeled as linear elastic and 

the PDMS (184-PDMS) substrate is modeled as nearly incompressible hyperelastic.  

This hyperelastic material model uses the Neo Hookean constitutive law which 

accounts for the nonlinearity of the stress-strain relation in a simple way (Figure 7-5).  

The material properties used in this study are shown in Table 7-1.  

 

 

Figure 7-5  Strain-stress curve of PDMS (Choi and Rogers, 2003) 

 

 

Table 7-1  Materials properties of the thin film and substrate 

Materials Young’s modulus (MPa) Poisson’s ratio 

PI 2,500 0.34 

Metal (Cr-Au-Cr) 78,000 0.44 

Si  130,000 0.27 

SiO2  70,000 0.17 

PDMS 1.8 0.48 
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7.2  3-D Simulation Process 
 

The numerical simulation studies performed in the same procedure as the key 

fabrication steps of thin film with ultrathin CMOS circuits.  Figure 7-6 shows the 

numerical simulation stages with finite element mesh used.   

 

The buckling mode shape is determined by an eigenvalue analysis using the 

3D FE model with a multilayer thin film (Si-CMOS/PI system) and compliant PDMS 

substrate.  To obtain wrinkling modes, the traction force is found using the same 

method as in the 2D simulation (Section 6.1.1).   

 

After computing the buckling mode-shapes, the selected eigenmodes are 

introduced into the structure as a geometrical imperfection.  The first eigenmode is 

used as an initial small geometrical imperfection to trigger the buckling of the system.  

The random combinations of various buckling modes are also used, and it is found 

that the values for the wavelength and amplitude are independent of the modes.  The 

scaling value of imperfection takes 1% to 5% of thin film thickness.  The substrate 

(without the thin film), with the effect of an introduced imperfection expands due to 

an increase in temperature (thermal loading).  When the temperature reaches 160 C 

(~3.9% prestrain in substrate), the multi-layer thin film (shell elements) forms a bond 

to the PDMS substrate (solid elements).  As the temperature decreases, the simulation 

shows that the thin film buckles with the shrinking of the substrate using the non-

linear analysis.   
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Figure 7-6  Finite element simulation process   

 

The first wrinkle forms almost as soon as the thermal load is applied, and this 

leads to the formation of a second one, and so on until a large number of wrinkles 

have formed.  As in the 2D simulation study, fictitious viscous forces are applied as 

the stabilization factor.  To achieve good accuracy this parameter is set to the lowest 

possible value for which numerical convergence can still be achieved.  The value used 

in 2D study, i.e.2×10−4, is found to be also suitable in this 3D simulation.  This model 

requires a higher number of elements to achieve reasonably good accuracy.  The size 

of the current finite element model is ~200 thousand elements and large enough to 
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accommodate for the buckling pattern i.e. wavelength and amplitude.  The element 

size is based on the 2D finite element model which convergence study has been done.  

These simulations give an insight into the formation of buckling patterns, the 

mechanical behavior of the thin film.   

 

7.3  Simulations Results 
 

The numerical simulations are performed on a SGI Altix 3700 BX2 consisting 

of 128 Intel Itanium 2 processors and 768GB of shared memory.  The computational 

time of 3D FE simulation ranges from 24 hours to a few days depending on prestrain 

value.   

 

7.3.1  Growth of Thin Film Wrinkles  
 

The wavy thin film within the silicon integrated circuit has complex patterns 

associated with nonlinear buckling physics in a mechanically heterogeneous system.  

Figure 7-7 shows the images of wrinkle forming and growing based on the results of 

3D FE analysis in comparison with scanning electron micrographs of an integrated 

circuit sample.  It can be found that the waves form most readily in regions of the 

smallest flexural rigidity: i.e. along the interconnect lines between the p MOSFET 

and n MOSFET sides of the inverter and the electronically inactive parts of the 

circuit sheet.  Then, upon substrate shrinkage, the waves begin to extend from these 

locations to other parts of the circuit, including the comparatively rigid device regions.   
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It should be noted that the etch holes, representative ones of which appear near 

the centers of these images, have a strong influence on the waves (Figure 7-8).  In 

particular, waves tend to nucleate at these locations; they adopt wave vectors oriented 

tangential to the perimeters of the holes, due to the traction-free edges at these 

locations.  Cracks could be formed, most commonly in the metal electrodes near the 

etch holes, when local strains rise to 1-2%.  
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(a) Numerical simulation    (b) Experimental images 

Figure 7-7  Wrinkle forming due to substrate shrinking 
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Figure 7-8  Wavy pattern around etch hole at pre =3.9% 

 

Figure 7-9 shows the comparison between the simulation of a wavy pattern 

and an experimental image.  The wavy Si-CMOS inverters formed with pre =3.9%.  

The simulation and experimental images for pre =2.7% and 5.7%, are shown in 

Figure 7-10, respectively.   

 

 

(a) Numerical simulation  (b) Experimental image 

Figure 7-9  Comparison of wrinkle pattern at pre =3.9% 

Etch hole

Experimental image Numerical Simulation 
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(a) pre =2.7%      (b) pre =5.7% 

Figure 7-10  Comparison of wrinkle pattern observed through numerical simulation 

(top) and experimental optical micrographs (bottom)  

 

Figures 7-7 to 7-10 show that the correspondence between the simulated and 

experimental results of the wrinkling pattern is remarkably good,  The slight 

differences that are present are due to the sensitivity of the buckling patterns to the 

precise location and detailed shapes of the etch holes, and some uncertainties in the 

mechanical properties of the various layers.  One may conclude that the wrinkle 

behaviour of this type of thin film is well represented qualitatively by numerical 

simulation using the FEM.  For quantitative comparison, the focus is on the 

wavelength and amplitude as presented in the next section.  
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7.3.2  Wavelength and Amplitude of Wrinkled Thin Film 
 

The wrinkling behaviour can be quantitatively captured using the FE 

simulation.  The available experimental data are wavelength and amplitude (Chapter 

Three), and thus they are used to validate the FEM results.  Numerical simulation 

indicates that the p MOSFET and n MOSFET regions adopt periods between 160 

and 180 m and that the metal interconnects adopt periods between 90 and 110 m, 

and the amplitude in the metal interconnects is around 6-8 m.  These observations 

are all quantitatively consistent with experimental results (Figure 7-11).  For a clearer 

view, the deformation scaling factor is set to 5 in Figure 7-11. 

 

 

Figure 7-11  Comparison of wavelength and amplitude between numerical results and 

experimental data for pre =3.9%  
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7.3.3  Stress and Strain in Wrinkled Thin Film 
 

It is necessary to determine the strain or stress of thin film, since the maximum 

strain or stress is an important failure criterion for the thin film under stretching.  The 

advantage of numerical simulation is that it can give insight into the details of wavy 

thin films, such as the stress and strain distribution in the materials used, unlike in 

experiments whereby such data are difficult to measure.  This will help researchers to 

understand and evaluate the behavior in the thin film in the whole process of 

fabrication.   

 

Figures 7-12 and 7-13 show the distribution of maximum principal strains on 

the top-surface in the metal and Si layer, respectively for three prestrains.  The strain 

limits are set at minimum = 0.0 % and maximum= 0.1 % in order to better visualize 

the strain variation.  The general trend is that the strain increases with increasing 

prestrain.  In the metal layer, the maximum principal strain is located along the edge 

of interconnect between the p MOSFET and the n MOSFET at the peak of the 

wave.  This is the sum of the membrane strain and the bending strain induced by the 

buckled geometry.  In the Si layer of the p MOSFET and n MOSFET, the 

maximum principal strain appears at edge of the n MOSFET, which is connected to 

the interconnect.  The maximum principal strain does not exceed 0.4% for both layers 

in the case of 5.7% prestrain.  
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(a) 2.7% prestrain 

 

(b) 3.9% prestrain 

 

(c) 5.7% prestrain 

Figure 7-12  Maximum principle strain on top-plane of metal layer 
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(a) 2.7% Prestrain 

 

(b) 3.9% Prestrain 

 

(c) 5.7% Prestrain 

Figure 7-13  Maximum principle strain on top-plane of Si layer  

 

As wrinkling is associated with the existence of stress, it is beneficial to 

consider the distribution of the Von Mises stress, shown in Figures 7-14 and 7-15 for 

the metal and Si layer.  The maximum Von Mises stress occurs at valley of wavy 

interconnect between p MOSFET and n MOSFET for metal layer and at the 

corner on Si layer of p MOSFET.  The stress values are 850 N/mm2 and 650 N/mm2 

for the metal and Si layers respectively, for 5.7% prestrain. 
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(a) 2.7% Prestrain 

 

(b) 3.9% Prestrain 

 

(c) 5.7% Prestrain 

Figure 7-14  Von Mises Stress on top-plane of metal layer 
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(a) 2.7% Prestrain 

 

(b) 3.9% Prestrain 

 

(c) 5.7% Prestrain 

Figure 7-15  Von Mises stress on top-plane of Si layer 

 

In this Chapter, 3D FE simulation of wrinkled thin film has been performed, 

and the accuracy of the resulting wrinkle patterns has been demonstrated for different 

prestrain values.  The geometrical imperfections seeded in the initially flat thin film 

are obtained by computing the initial buckling modes of a perfectly flat thin film.  The 
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quadrilateral finite-membrane-strain thin-shell element is found to be suitable to 

handle the combination of membrane and bending behavior associated with wrinkling.  

The mesh density, about ten elements over a completely wrinkled wave of length 

100m, is found sufficient to obtain accurate results.  The numerical simulation has 

accurately reproduced the experimental behavior of the thin films and enables us to 

compute the maximum strain and stress in the electronic device.  The numerical 

simulation results show this type of stiff thin film-compliant substrate system can 

geometrically accommodate large mechanical deformations without inducing 

significant strains and stress in the materials themselves.  The numerical strategy can 

be used to assist development of stretchable stiff thin film-compliant substrate system.  

The numerical simulation hence serves as a useful tool to allow engineers to design 

stretchable/compressible electronics for different applications.   
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Chapter Eight                                                                        

Conclusions and Recommendation for Further Work 

 

8.1  Conclusions 
 

The fabrication process of various types of stretchable silicon systems has 

been investigated for both single crystal silicon ribbon and silicon integrated circuits 

on compliant substrate.  It is shown that stiff thin films become unstable and buckle 

when the substrate shrinks in the fabrication process.  The traction forces at the 

interface between two materials contribute to thin film instability and form wavy 

patterns.  In particular, the wrinkle pattern has been monitored by optical images and 

scanning electron micrograph and measured experimentally by means of atomic force 

microscopy.  Experimental data revealed the wavelength and amplitude of wrinkled 

thin film, as well as other details of the mechanical behavior of buckled thin films on 

a compliant substrate.  It is shown that stretchability and foldability can be achieved 

in high performance integrated circuits by use of new structural configurations, even 

when using intrinsically brittle electronic materials.  The stretchable electronics 

systems use new material structures, rather than new materials, to accomplish the 

desired mechanical attributes.  Such material structures are designable and offer the 

possibility of direct integration of electronics with biological systems, medical 

prosthetics and monitoring devices, complex machine parts, and mechanically rugged, 

lightweight packages, etc.   

 

Theoretical studies are performed on the instability of stretchable stiff thin 

film-compliant substrate systems.  A linear analytical solution has been constructed 
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for single crystal silicon ribbon on a compliant substrate.  Theoretical modeling 

performed in a manner based on certain approximations implemented in the models of 

this class of system, e.g. infinite length for the silicon ribbon and plain strain for 

substrate.  The analytical results quantitatively reproduce the experimental 

observations.  The silicon ribbon is still rigid and brittle as an intrinsic material with 

“accordion bellows” geometry when bonded to a compliant substrate, but the overall 

structure is stretchable.  The strains in this structure are accommodated for through 

changes in the amplitude and wavelength of the buckled geometries.  These results 

and the detailed analyses are important for the many intended applications of wrinkled 

stiff thin film-compliant substrate system. 

 

A finite-deformation buckling theory is established for a stiff thin film on 

compliant substrates.  This analysis is different from linear buckling analyses in three 

aspects: finite geometry change, finite strain, and non-linear constitutive model.  A 

perturbation method is used to obtain an analytical solution, and this is validated using 

the finite element method (FEM).  The analytical solution and numerical results show 

that the wavelength and amplitude of the strain-dependent wrinkled thin film both 

agree well with experimental observation in the absence of any parameter fitting.  The 

peak and membrane strains in thin films are obtained analytically, so too are the 

stretchability and compressibility of the system.  These conclusions and the detailed 

analyses are important for the many envisioned applications for buckled stiff thin 

film-compliant substrate system.   

 

The amplitude and wavelength of an infinite length single crystal silicon 

ribbon, qualitatively obtained through analytical solution, agree well with 
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experimental observations.  However, for the more general case, analytical solutions 

are not possible in some regions, e.g. finite length silicon ribbon and the flat region 

around the edges of buckled thin films on compliant substrates resulting from 

traction-free edges.  Numerical analyses have to be performed using the FEM.  The 

finite element simulation results represent well the wrinkling effect in stretchable 

silicon systems.  Using two-dimensional FE simulation, it is found that the edge-effect 

length, edgeL , is proportional to the thin-film thickness and decreases with an increase 

in prestrain and substrate Young’s modulus.  Such results could provide useful design 

guidelines for implementation of these edge regions in certain classes of applications 

in stretchable electronics and other materials-based disciplines.  For example, well-

placed edges can lead to flat regions in a larger scale buckled system where, for 

instance, planarity is required for efficient photodetection or other similar functions.   

 

The three-dimensional FE simulation has been applied to a silicon integrated 

circuit on a compliant substrate.  The Si-CMOS/PI thin film system was analysed by 

numerical simulation, and the studies performed provide insight into the formation of 

buckling patterns, the mechanical behavior of the thin film and the nested hierarchy of 

the structure.  The simulation results exhibit similar buckling patterns as experimental 

observations and provide important information in the design of stretchable electronic 

systems.  For example, the expanded ranges of stretchability can reach up to 30% of 

their original dimensions.  These mechanical criteria could be used in the 

development of new classes of electronic devices.  

 

The wrinkling details in both single crystal silicon and silicon integrated 

circuits have been studied using analytical and numerical methods.  These classes of 
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stiff thin film-compliant substrate system can geometrically accommodate large 

mechanical deformations without causing significant strains in the materials 

themselves.  The study shows that the instability and buckling analysis of stretchable 

silicon systems is an interesting and important area with many exciting research 

possibilities and viable applications in the broader field of unusual electronics devices. 

 

8.2  Recommendation for Future Work 
 

The research reported herein shows that there are many intriguing aspects of 

instability in stretchable silicon systems, from fundamental theoretical work to 

electronic applications.  Future work is recommended to focus on the following areas:  

 

(1) Extension of mechanical concepts to expanded ranges of stretchability for 

other material types.  

(2) Application of alternative stretchable materials in new classes of electronic 

devices.  

(3) Exploration of mechanical theory applied to, for example, the deformation 

of a silicon strip under diagonal stretching caused by lateral buckling, and a 

delamination of a thin film after buckling.  

(4) Development of numerical methods to effectively simulate encapsulated 

integrated circuits.  

(5) Design optimization of stretchable silicon integrated circuits. 
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