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Summary

This thesis studies a number of topics in network information theory. Four channel
models in a wireless network, including the interference channel with common
information (ICC), the interference channel with degraded message sets (IC-DMS),
the interference channel with perfect feedback (ICF), and the relay channel with
generalized feedback, are investigated. Three major challenging issues in a wireless
network, correlated sources, interference, and feedback, are involved in these models.
New coding schemes are developed for each channel model, based on the existing
coding techniques: superposition coding, collaborative coding (also referred to as
rate splitting), Gel’fand-Pinsker coding, decode-and-forward (DF'), and compress-
and-forward (CF). Corresponding new achievable rates/rate regions are obtained
for these channels.

Specifically, a cascaded superposition coding scheme for the ICC is proposed,
and a new achievable rate region is obtained for the channel. The new achievable
rate region offers strict improvements over one existing rate region for the channel,
which is demonstrated using a Gaussian example. The new rate region is also
shown to be tight for a class of deterministic ICCs (DICCs) by establishing an
outer-bound of the capacity region that meets the inner bound defined by our new
rate region. For the IC-DMS, collaborative coding, Gel’fand-Pinsker coding, and
superposition coding are applied collectively to develop a new coding scheme for
the channel, which allows the senders and the receivers to collaborate in combating
against the interference, and also allows one sender to help the other through
cooperation. The obtained achievable rate region also offers strict improvements
over the existing results, which is shown by using Gaussian examples.

Causal perfect feedback and generalized feedback are then considered for the

interference channel and relay channel, respectively. For the ICF, partially-decode-

vi



SUMMARY

and-forward together with the collaborative coding is applied to exploit the feed-
back and induce cooperation between the senders. With the proposed block Markov
coding scheme, a new achievable rate region is obtained for this channel in the dis-
crete memoryless case. The relay channels with generalized feedback investigated
include two cases: 1) the source and the relay both operate in full duplex mode; 2)
the relay and the destination both operate in full duplex mode. Coding schemes
based on the ideas of DF and CF are developed for each case, aiming to fully ex-
ploit the feedback to improve the transmission rates between the source and the
destination. It is shown that the new achievable rates obtained for the first case
include the existing results on the relay channel with perfect feedback as special
cases, and the new achievable rates for the second case are asymptotically tight for

the extreme case.
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Chapter 1

Introduction

Wireless communication devices, ranging from mobile phones to laptops and other
hand-held devices, have gradually become ubiquitous in our modern daily life.
The unprecedented convenience and mobility brought by these devices are built on
various wireless networks, such as the GSM or 3G network, as well as wireless local
area networks. Although these wireless networks have been widely deployed and
used, it is generally an open question whether the current design of the network
is optimum in terms of either power efficiency or data transmission rate. Network
information is being developed with the aim to answer this question. On the other
hand, information theoretic study provides constructive insights on the design of
various coding strategies to achieve the limit and unleash the potential of a network.

This thesis investigates several topics in network information theory, including
the interference channel with common information (ICC), the interference chan-
nel with degraded message sets (IC-DMS), the interference channel with perfect
feedback (ICF), and the relay channel with generalized feedback. Several coding
schemes for these models are developed. With these coding schemes, achievability
results serving as the lower or inner bounds of the capacity or capacity regions

are derived. Moreover, the capacity region for a class of deterministic ICCs is

established.



1.1 Preliminary Background

1.1 Preliminary Background

In general, a network consists of multiple source nodes that have certain informa-
tion to transmit, and multiple destination nodes to which the information from the
source nodes are to be conveyed. Moreover, between the source nodes and desti-
nation nodes, there may exist a number of relay nodes that can aid the intended
transmissions between source nodes and destination nodes. The long standing
open problem in network information theory is how to characterize and determine
the fundamental performance limit of a general network. Efforts and advance-
ments have been consistently made by information theorists towards addressing
this problem.

Primary focuses are on relatively simple network models, including the two-way
channel (TWC) [1], the multiple access channel (MAC) [2], the broadcast channel
(BC) [3], the relay channel (RC) [4], and the interference channel (IC) [5], which

are typically considered to be the fundamental building blocks of a network.

(5 ®
®

Figure 1.1: A simple wireless network of six nodes.

A generic two-user MAC consists of three nodes: two senders and one common
receiver. Both senders wish to convey certain information to the common receiver.
As depicted in Fig. 1.1, when both node 1 and node 4 wish to send certain in-
formation to node 3, the three nodes form such a MAC. To date, amongst the

five elementary channels, the MAC is the most thoroughly studied one with the



1.1 Preliminary Background

capacity regions being found for both the generic case [2, 6] and most of its vari-
ants including the MAC with common information (MACC) [7], the MAC with
conferencing encoders [8], the Gaussian MAC with perfect feedback [9], and so on.
One of the remaining challenging open problem regarding the MAC is to find the
capacity region of the general discrete memoryless MAC with perfect feedback, for
which only achievable rate regions have been obtained in [10] and [11].

In contrast to the MAC, a generic two-user BC also consists of three nodes: one
sender and two receivers. In Fig. 1.1, node 3, node 2, and node 5 form a two-user
BC, when node 3 wants to simultaneously transmit two different messages to node
2 and node 5. For the general BC, the capacity region has remained open for many
years since the introduction of this channel [12] in 1972. The best achievable rate
region for the general BC was obtained by Marton in [13]. Capacity regions have
been established only for several special cases including the degraded BC [14, 15],
the BC with degraded message sets [16], etc. One of the very recent breakthroughs
is made on the Gaussian Multiple-Input Multiple-Output (MIMO) BC. Sum-rate
capacity for the MIMO BC has been found in [17, 18, 19], while the entire capacity
region has been established in [20].

Referring to Fig. 1.1, a simple RC is formed by node 4, node 3, and node 5,
when node 4 wishes to send certain information to node 5 with the aid from node
3. In such a three-node RC, node 4, node 3, and node 5 are usually termed as the
source, relay, and destination, respectively. Similar to the BC, the capacity of the
general RC has also remained an open problem for long since its invention [4] in
1971. Nevertheless, many results have been obtained on this channel. In particular,
two well-known coding strategies, the decode-and-forward (DF) strategy and the
compressed-and-forward (CF) strategy, were introduced in [21] for RC. A hybrid
of these two strategies leads to the best achievable rate for the generic RC [21, 22].
Both strategies have also been extended to large networks consisting of multiple
relays [23, 24]. Capacity results have been established for some special cases, e.g.,

the degraded RC and reversely degraded RC [21], the semi-deterministic RC [25],



1.2 Motivations and Challenges

the RC with phase fading [23], etc.

In Fig. 1.1, when node 3 and node 4 simultaneously transmit some information
to node 5 and node 6 respectively, they form a simple two-user IC. The two simul-
taneous transmissions would interfere with each other due to broadcasting nature
of wireless networks. The capacity region of the general IC is also not found, while
capacity regions have been characterized for a number of special cases, e.g., the
strong I1C (SIC) [26, 27, 28, 29, 30], a class of discrete additive degraded ICs [31],
and a class of deterministic ICs [32], etc. For the general case, various inner and
outer bounds of the capacity region have been obtained [28, 33, 34]. In particular,
the achievable rate region obtained in [28, 34| is by far the largest one, or the
tightest as an inner bound of the capacity region for the IC.

Notably, Gupta, and Kumar investigated the throughput and delay of a wireless
network consisting of a large number of randomly distributed but immobile nodes
[35] (a large scale wireless network) , which paves the way to a new research area
in network information theory. Following their seminal work, considerable research
attention has been received on the large scale wireless network (see [36, 37, 38, 39
and references therein).

This thesis will present our work on subjects in the domain of the conventional
network information theory rather than the new direction on the large scale wireless
networks. Specifically, several variants of the IC and the RC are investigated from

the conventional information theoretic perspective.

1.2 Motivations and Challenges

As mentioned earlier, the fundamental limit of a wireless network is the ultimate
question to be answered by information theoretic studies. Towards answering such a
question, three major challenging issues have to be addressed: 1) correlated sources,
2) interference, and 3) feedback [40]. As basic building blocks of a network, the
simple network models introduced in the previous section usually involve only one

or none of the three issues, i.e., the IC explicitly involves the issue of inference,
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1.2 Motivations and Challenges

while the MAC does not involve any of the three. Nevertheless, it is indeed a
common phenomenon to have two or three issues involved altogether in wireless
networks, especially the wireless sensor networks (WSN).

Emerged as one of the hottest research topics in recent years, the WSN [41]
refers to a type of wireless network consisting of a large number of small sensor
nodes that are equipped with three basic functions: sensing, data processing, and
wireless networking. The sensor nodes are usually randomly located. Each node
monitors its own nearby environment to capture the events in the monitored area,
and then conveys the information about the captured events to some other nodes or
a fusion center. These special characteristics make all the three challenging issues
prominent in a WSN, which urges us to consider following sensor network scenarios
and the related questions.

First, as the sensors are randomly located, it is likely that two neighboring
sensors are near enough such that the events or source messages that they captured
or obtained are correlated. Efficient schemes need to be designed to explore the
correlation and convey the correlated information through the channel.

Due to the inherent broadcasting nature of wireless channels, every node that
has a receiver will be affected by any signals that are being transmitted on the
air. For example, when two sensor nodes has two different messages to send to
two different receiver nodes, each receiver will suffer certain interference from the
non-pairing transmitting senor node. This is, in fact, the generic IC when the two
messages are statistically independent. This type of interference is the most com-
mon one in a wireless network, while in some other cases, the interference caused
by one transmitting node can be non-causally known at another transmitting node.
It is necessary to design coding schemes to allow the interfered receiving node to
reduce the effect of the interference to a certain extent, or allow the pairing sender
of the interfered receiving node to effectively utilize the non-causally known inter-
ference.

When some senor nodes are full duplex nodes, which can simultaneously trans-



1.3 Contributions and Organization of the Thesis

mit and receive signals, each of them will receive real-time feedback from the chan-
nel while they are trying to send certain information to other nodes in the network.
We term this type of feedback the passive feedback, as the transmitting sensor nodes
are passively receiving the feedback from the channel. The other type of feedback
is termed the active feedback, as a data collecting node or destination node can
actively send certain feedback to the nodes that are trying to convey information
to it. How to effectively exploit the passive feedback signals, how to design active
feedback schemes, and what information to be carried by the active feedback, are
interesting questions to be studied.

A detailed description of the problems motivated by the WSN and our respective

contributions are given the next section.

1.3 Contributions and Organization of the Thesis

The main contributions of this thesis can be summarized as developing new coding
strategies for various wireless channel models using some existing coding techniques
to effectively deal with the correlation, interference, and feedback, with the objec-

tive to achieve better transmission rates than existing ones.

Figure 1.2: A four-node WSN scenario: a common event is captured by two source
nodes.

In Chapter 2, we investigate a four-node network, where two sensor nodes mon-

itor the environment and capture the events in the respective monitored region,
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and try to send the information of the captured events to the respective destination
node. This communication scenario is shown in Fig. 1.2. We can see that node 1
detects two events Fy and F;, while node 2 detects Ey and E,. Both nodes have
captured a common event Ej besides the individual private event E; or E,. Node
1 is required to deliver the information about the events that it has captured to its
pairing destination node, node 3. Node 2 needs perform a similar task. In other
words, node 1 and node 2 need to send certain correlated information to node 3
and node 4, while the correlation is in the form of common information. We term
this type of channel as the interference channel with common information (ICC).
In Chapter 2, we first develop a cascaded superposition coding scheme for the
ICC, and obtain an achievable rate region for the channel in the general discrete
memoryless case.

The coding scheme effectively deals with the common information by allowing
the two source nodes to fully cooperate to send the common information. On top
of that, the coding scheme also allows the destination nodes to partially decode the
private information from the non-pairing source nodes, which aims to reduce the
effective interference suffered by each destination node. The corresponding achiev-
able rate region is shown to reduce to several known ones under the respective
channel settings. We also investigate two special classes of this channel, including
a class of channels where one sender has no private information to send, and a
class of deterministic channels. For the first special case, we obtain an achievable
rate region with simple description, and this rate region has been shown to be the
capacity region in a recent paper [42]. For the second special case, we establish
the converse for our achievable rate region, resulting a full characterization of the
capacity region of this class of channels. We also extend our achievable rate re-
gion from the discrete memoryless case to the Gaussian case, and we are able to
demonstrate strict improvement of our rate region over the existing result using a
numerical example.

In Chapter 3, we also investigate a four-node network, but the scenario is differ-
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Figure 1.3: A four-node WSN scenario: the event captured by one source node is
completely captured by the other source node.

ent. First, there is no common event captured by both node 1 and node 2, so the
two destination nodes need to decode E; or E, only. Second, node 2 is assumed
to be powerful enough such that it not only can capture the event E5, but also
can capture the event F;. A graphical model of this communication scenario is
presented in Fig. 1.3. Assume that both node 1 and node 2 would apply block
coding on the information to be sent through the channel, and assume that the
codebooks are revealed to all the nodes. We can observe that, although the signals
transmitted from node 1 would interfere the signal reception at node 4 (the pairing
destination node of node 2), node 2 has a priori knowledge of the interference that
node 4 would suffer from. At the same time, node 3 would also suffer the inter-
ference from node 2 which is trying to convey its intended information to node 4.
We refer to this type of channel as the interference channel with degraded message
sets (IC-DMS), which is also known as the cognitive radio channel or Genie-aided
cognitive radio channel [43]. In such a channel, two kinds of interference coex-
ists. We develop a coding scheme which are based on Gel’fand-Pinsker coding,
collaborative coding (or rate splitting), and superposition coding for the channel.
With resort to this coding scheme, we obtain a new achievable rate region for the
discrete memoryless IC-DMS, which generalizes several existing regions. We also

extend the new achievable rate region to the Gaussian case. One of the existing
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rate regions has been proven to be the capacity region for certain class of channels,
i.e., the weak IC-DMS or the IC-DMS in the low-interference-gain regime. Never-
theless, our achievable rate region offers strict improvement over those regions in
the high-interference-gain regime, which is demonstrated using Gaussian numerical
examples.

Having investigated the aspects of correlation (in the form of common informa-
tion) and interference in a four-node WSN model, we further study the situations
of perfect feedback and generalized feedback in a four-node network model and a
three-node network model in Chapters 4 and 5.

Specifically, we first study a four-node case with perfect feedback in Chapter 4.
Two sensor nodes monitor the nearby environment and send the information about
the detected events to their respective destination node, while we assume that the
two destination nodes are able to causally send the received channel outputs back
perfectly to their respective source node. This is termed as the interference channel
with perfect feedback (ICF). We develop a block Markov coding scheme based on
rate splitting and the DF coding strategy for the channel. The coding scheme
allows the senders to perform cross decoding of the information sent by each other
in one block, such that the two senders can fully cooperate to transmit the crossly
decoded information in the next block. We derive a corresponding new achievable
rate region for the discrete memoryless ICF.

A three-node wireless network, namely the RC, with generalized feedback is
considered in Chapter 5. We consider two difference feedback configurations. We
first assume that the source of the RC is a full duplex node, which not only can
transmit signals to other nodes, but can simultaneously receive signals induced by
transmissions in the channel. We develop several coding schemes for this configura-
tion which allow us to exploit the feedback received at the source node. The coding
schemes are mainly based on the ideas of DF and CF coding strategies developed
for the generic RC. Corresponding achievable rates are derived with the respective

coding schemes. We show that the derive achievable rates for this generalized feed-
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back setting reduce to the existing results for the perfect feedback setting under
the specific channel assumptions.

We then consider a different scenario, where the destination is assumed to be
a full duplex node. The destination can now actively send feedback to the relay.
For this configuration, we construct coding schemes based on the DF and CF
strategies as well. The achievable rates are shown to be asymptotically optimal,
i.e., our achievable rates become the capacity for the extreme case.

In Chapter 6, we summarize our contributions, and point out some of the pos-
sible extensions of the work in this thesis.

Notation: Throughout the thesis, we apply the notations described as follows.
Random variables and their realizations are denoted by upper case letters and lower
case letters respectively, e.g., X and x. Bold fonts are used to indicate vectors, e.g.,

X and x. Sets are denoted by calligraphic letters, e.g., X.

10



Chapter 2

Interference Channels With

Common Information

In this chapter, the ICC, in which two senders need deliver not only private mes-
sages but also certain common messages to their corresponding receivers, is inves-
tigated. An achievable rate region for such a channel is obtained by applying a
superposition coding scheme that consists of successive encoding and simultaneous
decoding. It is shown that the derived achievable rate region includes or extends
several existing results for the ICs with or without common information. The rate
region is then specialized to a class of ICCs in which one sender has no private
information to transmit, and a class of deterministic interference channels with
common information (DICCs). In particular, the derived rate region is found to
be the capacity region for this class of DICCs. Lastly, the achievable rate region
derived for the discrete memoryless ICC is extended to the Gaussian case, in which
a numerical example is provided to illustrate the improvement of our rate region

over an existing result.

2.1 Introduction

The generic 1C is one of the fundamental building blocks in communication net-

works, in which the transmissions between each sender and its corresponding re-

11



2.1 Introduction

ceiver (each sender-receiver pair) take place simultaneously and interfere with each
other. The information-theoretic study of such a channel was initiated by Shan-
non [1], and has been continued by many others [5, 26, 44, 45, 27, 46, 31, 28, 29,
32, 30, 47, 33, 48, 34]. So far, the capacity region of the general IC remains un-
known except for some special cases, such as the IC with strong interference (SIC)
[26, 27, 28, 29, 30], a class of discrete additive degraded ICs [31], and a class of
deterministic ICs [32]. However, various achievable rate regions serving as inner
bounds on the capacity region have been derived for the general IC [46, 45, 28, 48].

Notably, Carleial [46] obtained an achievable rate region for the discrete mem-
oryless IC by employing a limited form of the superposition coding scheme [3],
successive encoding and decoding. Subsequently, Han and Kobayashi [28] estab-
lished the best achievable rate region known to date by applying the superposition
coding scheme comprising of simultaneous encoding and decoding. Indeed, the im-
provement of the Han-Kobayashi (HK) region [28] over the Carleial region [46] is
primarily due to the use of the simultaneous decoding. This has been validated in
[48, 34], in which Chong et al. obtained a so called Chong-Motani-Garg (CMG)
rate region identical with the HK region but with a much simplified description, by
using a hybrid of the successive encoding and simultaneous decoding. Moreover,
Carleial [46] introduced the notion of the partial cross-observability of each sender’s
private information, which means that each receiver is able to decode part of the
private information sent from its non-pairing sender. The derivation of the HK
region and the CMG region followed this notion but Chong et al. have made the
important observation that the decoding errors of the crossly observed information
can be excluded in computing the probability of error [48]. With an introduction
of the partial cross-observability, the IC can be viewed as a compound channel con-
sisting of two associated MACs (strictly speaking, MAC-like channels), and thus
its achievable rate region can be obtained by exploiting existing techniques used
for MACs. However, the converse for either the HK region or the CMG region

has not been established. Very recently, a notable variant of the IC, namely the
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2.1 Introduction

IC-DMS [43, 49, 50, 51, 52], has attracted considerable research attention due to its
applicability to model certain realistic communication scenarios in cognitive radio
networks or wireless sensor networks. From an information-theoretic viewpoint,
the IC-DMS is fundamentally different from the IC since the capacity regions of
IC and IC-DMS,; if any, do not necessarily imply each other. In fact, we will also
investigate this channel in Chapter 3.

Most of the prior work on the ICs assumes the statistical independence of the
source messages [5, 26, 44, 45, 27, 46, 31, 29, 28, 32, 30, 47, 33, 48, 34]. However,
the assumption becomes invalid in an IC where the senders need transmit not only
the private information but also certain common information to their corresponding
receivers. Such a scenario is generally modeled as the ICC [53, 54, 55]. The ICC was
first studied by Tan in his original work [53], where inner and outer bounds on the
capacity region have been derived. In particular, when no common information is
present, the inner bound (the achievable rate region) in [53] reduces to the Carleial
region in [26]. More recently, Maric et al. [54] derived the capacity region for a
special case of the ICC, the strong interference channel with common information
(SICC), and showed that the derived capacity result includes the capacity region
of the strong interference channel (with no common information) [30] as a special
case. Parallel to the case of the IC, the study of the ICC is closely related to
the previous work on the MAC with common information (MACC) that has been
thoroughly studied by Slepian and Wolf [7] and Willems [56]. As an example, an
achievable rate region for the SICC is an intersection of the rate regions for its two
corresponding MACCs, and the capacity region of the SICC is the union of all such
achievable rate regions.

In this chapter, we begin with studying the general two-user ICC problem. We
propose an encoding scheme that extends the idea of the Carleial’s successive en-
coding for the ICC. With this encoding scheme, we allow the senders’ common
information to be conveyed through the channel in a cooperative manner. Exploit-

ing the proposed encoding scheme along with the simultaneous decoding scheme
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2.2 Channel Models and Preliminaries

[28, 48], we derive a new achievable rate region for the discrete memoryless ICC.
We show that the derived achievable rate region contains the one in [53] as a proper
subregion under some specific setting, and reduces to the CMG region [48] as well
as the capacity region of the SICC [54] in their respective channel settings. We
further investigate a class of DICCs, which can be viewed as a generalization of
the class of deterministic ICs in [32]. We show that under certain assumptions, our
achievable rate region is the capacity region for this class of the DICCs.

The rest of this chapter is organized as follows. In Section 2.2, we introduce the
channel models. In Section 2.3, we present the achievable rate region for the general
discrete memoryless ICC in both implicit and explicit forms. In Section 2.4, we
discuss the relations between our achievable rate region and several existing results
in [53, 54, 48, 57]. In Section 2.5, we investigate two special cases of the ICC. In
Section 2.6, we extend our achievable rate region for the discrete memoryless ICC

to the Gaussian case. Lastly, we conclude the chapter in Section 2.7.

2.2 Channel Models and Preliminaries

In this section, we present the channel models of the ICC, including the general
ICC and a modified ICC. The modified ICC serves to reveal the information flow
through its associated ICC, and facilitates the derivation of the achievable rate

region for the associated ICC.

2.2.1 Discrete Memoryless Interference Channel With Com-

mon Information

A discrete memoryless 1C is usually defined by a quintuple (X, Xo, P, Y1, Ys), where
X; and Y;, t = 1,2, denote the finite channel input and output alphabets respec-
tively, and P denotes the collection of the conditional probabilities p(y, y2|z1, z2)

on (y1,y2) € Y1 x Yo given (z1,x2) € Xy X Xo. The channel is memoryless in the

14



2.2 Channel Models and Preliminaries

sense that for n channel uses, we have

n

p(y1, yalx1,X2) = Hp<y1ia YailT1i, Tai),
i=1

where x; = (241, ..., 2,) € X7 and yy == (Yu1, -, Yn) € Y for t = 1,2. The

marginal distributions of y; and y, are given by

pi(yilzy, @2) = Z p(y1, Y|z, 22),

Y2€Y2

pa(yalz1, 2) = Z p(y1, Y|z, 2).

Yy1€%D
Channel
Encoders Decoders
w1 X1 (w(), w1) Y1 (ﬁio, 7«@1)
E—— fl S- SO I ) ——
A
Wo
P
Y A
wWa Xz(wm wz) Yo (wo, w2)
— f2 - > 02 I

Figure 2.1: Interference channel with common information.

Building upon an 1C, we depict an ICC in Fig. 2.1. Sender ¢, t = 1,2, is to send
a private message w; € M, := {1,2, ..., M;} together with a common message w, €
Mo :={1,2, ..., My} to its pairing receiver. All the three messages are assumed to
be independently and uniformly generated over their respective ranges.

Let C'denote the discrete memoryless ICC defined above. An (Mg, My, My, n, P,)

code exists for the channel C) if and only if there exist two encoding functions

fliMQXMlﬁng, f22MOXM2—>xg,
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2.2 Channel Models and Preliminaries

and two decoding functions
glzy?eMole, g2:y§—>MOXM2,

such that maX{Pe(ﬁ), Pe(g)} < P,, where Pe(;), t = 1,2, denotes the average decoding

error probability of decoder ¢, and is computed by one of the following expressions:

where Mpyoq := MoMiMs.
A non-negative rate triple (Ry, Ry, Ry) is achievable for the channel C'if for any
given 0 < P, < 1, and for any sufficiently large n, there exists a (280 2nf1 onkz

P.) code.

The capacity region for the channel C'is defined as the closure of the set of all
the achievable rate triples, while an achievable rate region for the channel C'is a

subset of the capacity region.

2.2.2 Modified Discrete Memoryless Interference Channel

With Common Information

Channel
Encoders Decoders
(711751) X1(n07n1,l1) Y1 (ﬁ(hﬁlail)
B fl - > J1 I
A
no
P
Y .
(nz, l2) X2(7Z0, na, lz) Yo (Tlo, Na, lz)
EE— - f2 - = g2 | e

Figure 2.2: Modified interference channel with common information.
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2.2 Channel Models and Preliminaries

The modified ICC, as depicted in Fig. 2.2, inherits the same channel character-
istics from its associated ICC, but it has five streams of messages instead of three in
the associated ICC. The five streams of messages ng, ni, l1, ng, and [y are assumed
to be independently and uniformly generated over the finite sets No := {1, ..., Ny},
Ny = {1,..,N}, Ly = {1,..., L1}, Ny := {1,..., No}, and Ly := {1,..., Lo}, re-
spectively. Denote the modified ICC by C,,.

An (Ny, Ny, Ly, Ny, Lo, n, P.) code exists for the channel C,, if and only if there

exist two encoding functions

Ji:Nox Ny x Ly — XY, fa: Ng x Ny x Ly — X7,
and two decoding functions

g1: Y7 = No x Ny x L1, g2:Y5 — No x Ny x Lo,

such that maX{Pe(q , (n)} < P,, where the average probabilities of decoding error

denoted by P(1 and P, 2) are computed as

n 1 A A7
Pe(,1) = Norod Z Pr((fg, ur, 1) # (no, 1, 1)[(no, na, b, nas 12)),

no,n1,l1,m2,l2

n 1 A A 7
Pe(,z) = Norog Z Pr((f0, N2, l2) # (no, na, l2)|(n0, n1, 11, m2, l)),

no,n1,l1,n2,l2

where NProd = NoNlLlNQLQ.
A non-negative rate quintuple (Ry, R12, R11, Ra21, Ra2) is achievable for the chan-
nel C,, if for any given 0 < P. < 1 and any sufficiently large n, there exists a

(2nfo gnftiz onfu onkar gnkz Py code for the channel C,.

Remark 2.1 It should be noted that compared with Fig. 2 in [28], our modified
channel depicted in Fig. 2.2 does not include the index ny (or ny) in the decoded
message vector at decoder 1 (or decoder 2). This is due to the observation made in

[48] that, although receiver 1 (or receiver 2) attempts to decode the crossly obseruv-
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2.3 Discrete Memoryless ICC

able private message ny (or ny), it is not necessary to include decoding errors of
such information in calculating probability of error at the respective receiver. This
is also the reason why we term the two associated channels of an ICC as MACC-like

channels instead of MACCs.

The following lemma is a straightforward consequence of the definitions of the

rate triple (R, Ry, Re) and the rate quintuple (R, Ri2, R11, Ro1, Ra2).

Lemma 2.1 If (Ro, Ria, R11, Ra1, Ro2) is achievable for the channel C,,, then (Ry, R12+

Ri1, Ry1 +Ras) is achievable for the associated ICC.

Remark 2.2 With the aid of Lemma 2.1, an achievable rate region for the modified

ICC can be easily extended to one for the associated ICC.

2.3 Discrete Memoryless ICC

In this section, we derive a new achievable rate region for the discrete memoryless
ICC introduced in Section 2.2. The derived rate region is presented in both implicit

and explicit forms.

2.3.1 An Achievable Rate Region for the Discrete Memo-

ryless ICC

We first introduce three auxiliary random variables Uy, Uy, and U, that are defined
over arbitrary finite sets Uy, Uy, and Uy, respectively. Denote by P* the set of all

joint probability distributions p(-) that factor as

p(ug, w1, Uz, T1, To, Y1, Y2) = p(uo)p(u1|u0)p(uQ|u0)

p(a|ur, uo)p(@a|ug, wo)p(yr, y2| 1, T2). (2.1)
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2.3 Discrete Memoryless ICC

Let R,,(p) denote the set of all non-negative rate quintuples (Ry, Rz, R11, R21, Ra22)

such that

Ry < I(Xy;Y1|Uo, Uy, Us), (2.2)

Rip + R < 1(Xy; Y1 |Up, Us), (2.3)

Ry + Roy < I(X1,Us; Y1|Up, Uy), (2.4)

Rig + Riy + Ry < I(Xy, Uy; 1|Up), (2.5)

Ro + Riz + Ruy + Ry < I(Up, X1, Us; Y1); (2.6)
Roy < I(Xy; Ya|Uy, Us, Uy), (2.7)

Ro1 + Rop < I(Xo; Ya|Uy, Uy), (2.8)

Ros + Ry < I(Xy, Uy; Ya Uy, Us), (2.9)

Ro1 + Ros + Ris < I(Xy, Uy; Ya|Uy), (2.10)
Ry + Ra1 + Ros + Riz < I(Uy, X2, Uy Ys), (2.11)

for some fixed joint probability distribution p(-) € P*. Note that each of the mutual

information terms is computed with respect to the given fixed joint distribution.

Lemma 2.2 Any element (R, Ri2, R11, Ra1, Ros) € Ry (p) is achievable for the

modified ICC C,, for a fized joint probability distribution p(-) € P*.

Remark 2.3 The lengthy proof is relegated to Appendiz A.1. Lemma 2.2 lays a
foundation for us to establish an achievable rate region for the general ICC. One can
interpret this achievable rate region as an intersection between the achievable rate
regions of the two associated MACC-like channels. Specifically, inequalities (2.2)—
(2.6) depict an achievable rate region for one MACC-like channel, and inequalities

(2.7)—(2.11) depict one for the other.

Theorem 2.1 The rate region R, is achievable for the channel C,, with

R = U R (p).

p(-)eP*
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2.3 Discrete Memoryless ICC

Remark 2.4 Theorem 2.1 is a direct extension of Lemma 2.2. The proof is straight-
forward and thus omitted. Note that the rate region R,, is convex, and therefore
no convexr hull operation or time sharing is necessary. The proof of the convexity

is given in Appendix A.2.

Let us fix a joint distribution p(-) € P*, and denote by Rimpi(p) the set of all the
non-negative rate triples (Ry, Ry, Ry) such that Ry = Rys+ Ry; and Ry = Ro1 + Rao
fOI' some (Ro, R127 R117 Rgl, RQQ) c :Rm(p)

Theorem 2.2 Rimp is an achievable rate region for the channel C with

:Rimpl = U :Rzmpl(p) .
p(-)eP*

Proof: 1t suffices to prove that Riy,pi(p) is an achievable rate region for C' for any
fixed joint probability distribution p(-) € P*, while the achievability of any rate
triple (Ro, R1, R2) € Rimpi(p) follows immediately from Lemma 2.1 and Lemma
2.2. |

Remark 2.5 The main idea, as mentioned before, is that we allow the common
information (of rate Ry) to be cooperatively transmitted by the two senders, on top
of which we treat the private information at each sender as two parts. One part
(of rate Ryo or Ray) of the private information at each sender is crossly observable
to the non-pairing receiver, but not the other part (of rate Ry1 or Ry )'. However,
for each receiver, the crossly observed information is not required to be decoded

correctly [48]. Details can be found in the proof of Lemma 2.2 in Appendiz A.1.

L After finishing the work in this chapter, we learned of independent work by Cao et al. [58].
The achievable rate region in [58] is essentially the same as ours, even though, compared with
the one presented in [58], the description of our achievable rate region is more compact in view
of the number of constraints involved.
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2.3 Discrete Memoryless ICC

Remark 2.6 One can observe that the rate of the common information, Ry, is
bounded by only one inequality at each decoder. This is similar to the case of the
MACC [7, 56], where the rate of the common information is bounded by only one
inequality. This is due to the perfect cooperation of the two senders in transmitting
the common information, and the simultaneous decoding. Details are illustrated in

the proof of Lemma 2.2.

Remark 2.7 The region Ry, is also convex, which can be proven by following the

same procedure in the proof of the convexity of R, in Appendix A.2.

2.3.2 Explicit Description of the Achievable Rate Region

In order to reveal the geometric shape of the region Ri,, depicted in Theorem
2.2, we derive an explicit description of the region by applying Fourier-Motzkin
elimination [59, 48, 57].

Let R(p) denote the set of all non-negative rate triples (R, R1, R2) such that

Ry < I(X1; Y3 |Us, Un), (2.12)

Ry < I(Xy; Ya|Up, Uh), (2.13)

Ro+ Ry < I(Uy, X1, Us; Y1), (2.14)
Ro+ Ry < I(Uy, X, Uy Ya), (2.15)

Ry + Ry < I(X1, Us; Y|Us, Uy) + I(Xa, Uy Ya|Up, Us), (2.16)

Ry + Ry < I(X1; Y1|Uo, Uy, Us) + I( X, Uy Ya|Up), (2.17)
Ro+ Ry + Ry < I(X1; Ya|Up, Uy, Us) + I(Uy, Xo, Uy; Ya), (2.18)
Ry + Ry < I(Xa; Ya|Uo, Uy, Us) + I(Xy, Uy: Y |Up), (2.19)
Ro+ Ry + Ry < I(Xo; Ya|Up, Uy, Us) + I(Uy, X1, Us Y7), (2.20)

2Ry + Ry < I(X1; Y1|Uo, Uy, Us) + 1( X1, Us; Y1|Uy) + 1(Xs, Uy Ya|Up, Us),
(2.21)
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2.4 Relations between Ri,p and Some Existing Results

Ry + 2Ry + Ry < I(X1; Y1|Uo, Uy, Us) + I(Ug, X1, Us; Y1) + 1(Xo, Uy; Ya|Up, Us),
(2.22)

Ry + 2Ry < I(Xy; Ya|Uy, Uy, Us) + 1(Xo, Uy; Ya|Uy) + I(X1, Us; Y| Uy, Uy),
(2.23)

Ry + Ry + 2Ry < I(Xy; Y5 |Uo, Uy, Us) + I(Up, Xo, Uy Yo) + 1( Xy, Us; Y| Uy, Un),
(2.24)

for some fixed joint distribution p(-) € P*, and define R := {J,()cp. R(p).
Corollary 2.1 The rate region R is achievable for the channel C, and R = Ry

Remark 2.8 The proof of this corollary is given in Appendiz A.3. In fact, the ex-
plicit rate region obtained by applying Fourier-Motzkin elimination on (2.2)—(2.11)

contains two extra constraints:

Ry < I(X1;Y1|Uy, Uy, Us) + 1(Xo, Uy; Ya|Uy, Us),

Ry < I(X2; Ys|Uy, Uy, Us) + 1(X1, Us; Y1 |Uy, Uy).

However, these two constraints are redundant and thus are excluded. This is shown
in the second part of Appendiz A.3 by applying the technique introduced in [34].
The close tie between the explicit CMG region and the capacity region of a class
of deterministic 1Cs in [32] was pointed out in [59]. Similarly, we will disclose that
the explicit region for the ICC is also closely related to the capacity region of a class

of DICCs investigated in Section 2.5.2.

2.4 Relations between Rj,; and Some Existing

Results

In this section, we discuss the relations between the achievable rate region derived

in the preceding section and several previously known results [53][54][48].
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2.4 Relations between Ri,p and Some Existing Results

2.4.1 Achievable Rate Region for the ICC by Tan

We show that the achievable rate region Riyp includes the one given in [53, The-
orem 1] as a subregion. Note that a similar result is presented in [58, Corollary
1].

Let Pi,,, denote the set of all the joint distributions p(-) that factors as

p(uo,ur, g, T1, T2, Y1, y2) = P(uo)p(ur |uo)p(ug|ue)p(x: |ur)p(w2|ug)p(y1, yo|r1, 22).

Let R

Tan

(p),i=1,2,3,4, denote the set of all non-negative rate triples (Ry, Ry, R)

satisfying

Ry < I(X;Yh|Uy, Us) + s,

Ry < I(X9; Ya|Uy, Us) +
t;
I(X2; Ys|Uy, Us) + ¢,

Ro+ Ry + Ry SI(U%Xl;}/l)a

S

Ry + Ry + -
’ ? I(X1;Y1|ULL Us) + s

Ry < I(Uy, X2 Ys);

where s; and t; are computed as

s1 = min{I(Uy; Y1|Up), I(Uy; Ya|Uo)},

t1 = min{/(Uz; Y1|Uo, Ur), I (Us; Ya|Up, Un) },
sz = min{1(Us; Y1|Up, Uz), I(Ur; Y2|Uy, Us) },
to = min{I(Uz; Y1|Uy), I(Us; Y2|Up) },

sz = min{I(Uy; Y1|Up), I(Us; Ya| Uy, Us) },

ts = min{I(Uy; Y1|Uo, U1), I(Us; Y2|Up)},

sy = min{I(Uy; Y1|Uy, Us), I(Uy; Ya|Up) },

ty = min{I(Us; Y1|Uy), I (Us; Ya|Uy, U) },

for a joint distribution p(-) € Pk, .
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2.4 Relations between Ri,p and Some Existing Results

Denote the closed convex hull operation' by co(-), and define

Rrun(p) 1= co (U R%an@)) .

In the following, we restate the achievable result obtained by Tan [53, Theo-
rem 1], and further show that our achievable rate region includes this result as a

subregion.

Corollary 2.2 ([53, Theorem 1]) Any rate triple

(Ro, Ry, Rs) € Ry, = U R 1an(p)
p(1)EP]

Tan

is achievable for the ICC, i.e., Ry C Rippi.

Proof: Tt suffices to show that each Ri, (p), i = 1,2,3,4, is achievable for any

Tan

joint distribution p(-) € Px,,.. Let R, (p) be the set of all rate triples (Rg, Ry, Ra)
such that Ry = Ris + Ry; and Ry = Ry + Rso with non-negative rate quadruples
(3127 Ry, Roy, R22) satisfying

Ry < I(Xy; Yq|Uy, Uy, Us),
Roy < I(Xy; Ya|Uy, Uy, Us),

Ris < sy,

F
N

2

Ry + Ri2 + Ry1 + Roy

IN

](U0>X1> U2;Y1),

Ry + Ro1 + Ras + Ry < I(Uy, X2, Uy Ys),

for a joint distribution p(-) € P*.

It is easy to check that for each ¢ € {1,2, 3,4}, the rate region R , (p) is a subset

sub

of our achievable rate region Rinpi(p). Note that PL, C P*. For a distribution

p(-) € Pk, the rate region R’ | (p) reduces to the region with (R, Ry, Ror, Roo)

Tan»

!The convex hull of a set 8§ can be described constructively as the set of convex combinations
of finite subsets of points from 8.
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satisfying

Ry < I(Xy; Y1|Uy, Us),
Roy < 1(Xy; Ya|Uy, Us),
Rip < s,
Ry < 14,

Ro + Rz + Riy + Ry < I(X4,Uz; Y1),

Ry + Roy + Rag + Rip < I(Xs, Uy; Ya).

This is due to the fact that p(-) € P4, induces a Markov chain Uy — (Uy, Us) —

Tan

(X1, Xy) — (Y1,Ys). Tt is now clear that R | (p) = R%, (p) for any joint distribu-

sub

tion p(-) € Pk Therefore, the rate region Ry, is achievable, and Rpan € Rimpl.

Tan*

[

It should be noted that the corollary does not indicate that the inclusion,
Rran € Rimpl, is strict. Whether this inclusion is strict deserves further investiga-
tion. However under some specific setting, the region Riy,p strictly contains Ry,
which can be justified as follows. In the case of no common information, Ry, (p)
reduces to Ry(Z) in Corollary 3.1 of [28], while Rippi(p) reduces to the CMG region
(or the HK region). When the channel is Gaussian and the time-sharing variable
is fixed as a constant, the HK region demonstrates strict inclusion over Ry(Z) in
[28]. We will show that under this setting, Ripp improves Ry, similarly in Section

2.6.2.

2.4.2 Strong Interference Channel With Common Informa-
tion

Let P, denote the set of all joint distributions p(ug, 1, s, y1,y2) that factor as

p(uo, 21, T2, Y1, Y2) = p(uo)p(x1|uo)p(zaluo)p(y1, ya|v1, T2).
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As defined in [54], an ICC is considered as a SICC if

I(X1; V1| X, Up) < 1(Xy; Ya| Xy, Up),

I(Xo; Y5 | X, Up) < 1(Xy; V1| Xy, Ub),

for all joint probability distributions p(-) € P,.

Let Rs(p) denote the set of all non-negative rate triples (R, Ry, R2) such that

Ry < I(X1: V1| Xs, Uy), (2.25)

Ry < I(X:; Ya| X1, Up), (2.26)

Ry + Ry < min{I (X1, Xo; Y1|Us), I(Xa, X1; Ya|Up) ¥, (2.27)
Ro+ Ry + Ry < min{I(Xy, Xo; Y1), I(Xa, X1; Ya)}, (2.28)

for a fixed joint distribution p(-) € Ps.

Corollary 2.8 ([54, Achievability of Theorem 1]) Any rate triple

(Ro, R1, IR2) € U Rs(p)
p(')ETs

15 achievable for the SICC.

Remark 2.9 By setting Uy = X;, t = 1,2, and Ry = Ray = 0 in (2.2)-(2.11),
and removing two redundant ones from the resulting inequalities due to the channel

assumptions of the SICC, we can easily obtain (2.25)-(2.28).

Remark 2.10 By letting Uy = X3, t = 1,2, we treat the private information at
each sender as a whole instead of two parts. This differs from what was mentioned
earlier in Remark 2.5. In this case the full private information at each sender is
allowed to be crossly observed by the respective non-pairing receivers due to the

strong interference.
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2.4.3 Interference Channel Without Common Information

We now consider the general IC (without common information) as a special case
of the ICC, and demonstrate that our achievable rate region for the ICC reduces
to the CMG region [48] for the IC.

Let () denote the time-sharing random variable, and P, denote the set of all

joint distributions that factor as

p(q7 Uy, U2, T1, T2, Y1, y2) = p(Q)p(Ul‘Q)p(UQ‘CD

~p(x1|u1, Q)p($2|uza Q)p(yla 3/2|~’U1, 952)-

Define R,(p) as the set of all rate pairs (Ry, Ry) such that Ry = Ry + Ry; and

Ry = Roy + Ryy with any non-negative rate quintuple (R, Ry, Ra1, Ras) satisfying

Ry < I(Xy;Y1|Ub, Us, Q) (2.29)

Riz + R < I(X1;Y1[Us, Q), (2.30)

Ri1 + Ry < I(X4,Us; Y1 |ULQ), (2.31)

Ri2 + Ri1 + Ry < I(X4,Us; Y1|Q); (2.32)
Roy < I(Xo; Y3|Us, Uy, Q), (2.33)

Rg1 + Rog < I(X;Ya|Uy, Q), (2.34)

Ros + Rip < (X, Uy; Y |Us, Q), (2.35)

Ryt 4 Ry + Rip < I(X5, U3 Y5|Q), (2.36)

for a fixed joint distribution p(-) € P,, and define R, := | Ro(p).

p(-)€EP, TTO

Corollary 2.4 ([48, Theorem 3]) R, is an achievable rate region for the IC.

Remark 2.11 Since no common information is involved, we can set Uy = Q) and
Ry = 0 in (2.2)-(2.11), and obtain (2.29)-(2.36). On the other hand, one can
readily obtain the explicit CMG region ([57, Theorem D] and [48, Theorem 4]) by
setting Uy = @ and Ry =0 in (2.12)-(2.24).
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Channel
Encoders Decoders
X1 (wo) Y1 Wy
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— f2 - > 02 — =

Figure 2.3: Asymmetric interference channel with common information.
2.5 Two Special Cases of the ICC

In this section, we specialize our achievable results in Section 2.3 to the following

two cases.

2.5.1 Asymmetric Interference Channel With Common In-

formation

We first introduce the channel model of this class of the ICCs, namely the asym-
metric interference channel with common information (AICC), where one sender
does not have private information to transmit. Without loss of generality, we as-
sume that sender 1 only has the common message wy to be transmitted to receiver
1, while sender 2 needs transmit both the common message wy and the private
message wy to receiver 2. Fig. 2.3 depicts the channel model for the AICC, which
we denote by C,. We follow the definitions introduced in Section 2.2, and define
the capacity region of the channel C, as the set of all achievable rate pairs (R, R2)
for this channel.

Let P, denote the set of all joint distributions that factor as

p(uo7$1,u2,9€27y1,y2) = p(uoﬂfl)p(uz,952\“0)29(3/17y2|331,9€2)-
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2.5 Two Special Cases of the ICC

Theorem 2.3 R, := Up(_)e% Ra(p) is an achievable rate region for the channel C,,

where R, (p) is the set of all non-negative rate pairs (Ry, R2) such that

Ry < I(Up, Usy; Y1),
Ry < min{I(Xy; Ys|Uy), I(Us; Y1|Up) + 1(Xa; Ya|Us, Uy) },

Ro + Ry < min{I(Uy, X2;Y3), I(Up, Us; Y1) + 1(Xo; Ya|Us, Up) },

for some fized joint distribution p(-) € P,.

Remark 2.12 1) It is straightforward to obtain Theorem 2.3 from Corollary 2.1 by
letting Ry = 0, Uy = Uy, and X, = Uy. 2) The coding strategy for this channel
remains basically the same as the one for the general IC'C: both senders first need
cooperate to transmit the common information, while sender 2 treats the private
information as two parts, of which only one part is crossly observable to receiver
1. 3) Although the description of this rate region appears simple, establishing the

converse is still extremely difficult.

In addition, by letting Uy = X; and U, = Xs, the rate region R, reduces to the
capacity region for the strong interference channel with unidirectional cooperation

(60, 52].

2.5.2 Deterministic Interference Channel With Common

Information

We next investigate a class of discrete memoryless DICCs as depicted in Fig. 2.4.
The major attributes of the DICCs remain the same as those of an ICC, i.e., the
source messages (wg, wy, ws), the channel input and output alphabets X; and Y,
t = 1,2, the encoding functions (fi(-) and f3(-)) and decoding functions (g;(-) and
g2(+)), the existence of codes, and the achievable rates are defined in the same way

as those for the general ICC. The distinction lies in the channel transition, which
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Encoders Decoders
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Figure 2.4: A class of deterministic interference channels with common information.

is governed by the following deterministic functions:

Vi=k(Xy), t=1,2

Y, = 01(X1, Vz)a and Yy = 02(X2, ‘/1)7

where V; and V5 represent the interference signals caused by X; and X, at the
corresponding receivers. Furthermore, we assume that there exist two more deter-
ministic functions, V5 = hy(Y1, Xy) and V] = hy(Ys, X5). We denote this class of
DICCs by Cy.

The channel defined above is similar to the one investigated in [32], but there is
a slight difference. In [32], it is assumed that H(Y;|X;) = H(V3) and H(Y5|Xs,) =
H (V) for all product distributions of X;X,. It has also been pointed out in [32]
that this assumption is equivalent to assuming the existence of Vo = hy (Y7, X;) and
Vi = ha(Ya, X3). Nevertheless, we assume the latter rather than the former since
the former is not satisfied in our case. We will demonstrate that Vo = hy (Y7, Xy)
and Vi = ho(Ys, X) are the actual governing conditions for this class of DICCs.

Let P, denote the set of all joint distributions p(-) that factor as

p(vo, 21, w2) = p(vo)p(w1[ve)p(w2|v0), (2.37)

where v is the realization of an auxiliary random variable V; defined over an
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2.5 Two Special Cases of the ICC

arbitrary finite set V.

(Ro, Ry, Ry) such that

Ry <
Ry <

Ry+ Ry <

Ry + Ry
R+ Ry
Ry + Rs
Ry + Ry + Ry
Ry + Ry
Ry + Ry + Ry
2R, + Rs
Ry + 2R, + Ry
Ry + 2R,

Ro+ R1 + 2R,

Let Ry4(p) denote the set of all non-negative rate triples

< H(Y1[Vo, Vi) + H(Y3|Vp, Va);

< HW\|Vp) + H(Ya|Vo, V1, Va),

< H(Y1) + H(Y2| Vo, V1, Va);

< H(Y1|Vo, Vi, Va) + H(Y2|V0),

< H(Y1|Vo, V1, Va) + H (Ya);

< H(1|Vo) + H(Y1|Vo, Vi, Vo) + H(Ya|Vy, V),
< H(Y1) + H(Y1|Vo, Vi, Va) 4+ H(Ya| Vo, Va);

< H(Ya|Vp) + H(Ya|Vo, Vi, Vo) + H(Y1| Vo, V1),

< H(Y2) + H(Ya|Vo, V1, V) + H(Y1| Vo, V1),

for some fixed joint distribution p(-) € P,.

(2.38)
(2.39)
(2.40)
(2.41)
(2.42)
(2.43)
(2.44)
(2.45)
(2.46)
(2.47)
(2.48)
(2.49)

(2.50)

Theorem 2.4 The capacity region of the channel Cy is the closure of Up(_)eipd Ra(p).

Proof: 1) [Achievability.] It suffices to show that R4(p) is achievable for the chan-

nel Cy for a fixed joint distribution p(-) € P4. As the joint distribution p(-) € Py

does not involve V; and V5, it appears difficult to directly apply the superposition

coding strategy developed for the general ICC to this channel. Nevertheless, be-

cause the interferences V; and V5 are determined by the channel inputs X; and X5,

we can extend the joint distribution in the form of (2.37) to one containing V; and
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2.5 Two Special Cases of the ICC

Vs as

p(vo,21, T2, V1, v2) = p(vo)p(w1|vo)p(w2|ve)d(v1 — ki(w1))d(va — ki(z2)),  (2.51)

where §(-) is the Kronecker delta function. Since X; and X, are conditionally
independent given Vj, the interferences V; and V5, also become conditionally inde-
pendent given Vj. Therefore, the extended joint distribution (2.51) can be factored

as

p(an«Tl, Ta, U1, Uz) = p(UO)p(Ul‘Uo)p(UQ‘UO)p(xl \Ul, Uo)p(ZUQ\Uz, UO)7

and the achievability of the region R,(p) follows readily from Corollary 2.1.

2) [Converse.] We first prove that for any non-deterministic (stochastic)
(Mo, My, My, n, PF) code for the channel, there exists a deterministic (Mg, M7, Ms,
n, P.) code such that P, < P*. We then upper bound the rates of any deterministic
code having P, — 0 as n — oo. The detailed steps of the derivations are presented
in Appendix A .4.

The upper bound meets with the inner bound (or the achievable rate region),
and thus the theorem follows. |

As mentioned earlier, we assume that there exist h(-,-) and hs(:,-) such that
Vo = hi(Y1, Xi) and V] = hy(Ys, Xo). With this assumption, we have two equalities,
H(V3Wy) = H(Y] | Wy, Wh) and H(V*|Wy) = H(Y|Wy, Ws). As can be observed
from the converse part of the proof in Appendix A.4, these two equalities are crucial
for us to establish the converse. Moreover, in the absence of common information
our assumptions reduce to those made in [32]. In this sense, our assumption is
slightly more general compared with the one made in [32]. Tt is also noteworthy
that in the case of no common information, the capacity region of this class of

DICCs reduces to the one obtained in [32].
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2.6 Gaussian Interference Channel With Common Information

2.6 Gaussian Interference Channel With Com-
mon Information

In this section, we show how to extend the achievable rate region R derived for
the discrete memoryless ICC to the Gaussian case. We also present a numerical
example to illustrate to what extent our region improves the Tan region in [53,

Theorem 1].

2.6.1 Channel Model for the Gaussian ICC

We consider a Gaussian ICC (GICC) in standard form since any GICC can be
transformed to one in standard form with the capacity region unchanged [46, 59,
49]. As depicted in Fig. 2.5, a GICC in standard form can be mathematically

expressed as

Y1 = Xl -+ \/C21X2 + Zla (252)
Y2 = XQ —+ \/C12X1 —+ ZQ, (253)

where Z;, © = 1,2, is the additive white Gaussian noise with zero mean and unit
variance, and ,/co; and /cio are the normalized channel gains of the respective

interference links.

Z
X1 (w0> wl) 1 Y1
VS
Vv C12
X2(w0> wz) Y2
1
Zy

Figure 2.5: Gaussian interference channel with common information.

In addition, the codewords used for this channel are subject to the average
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2.6 Gaussian Interference Channel With Common Information

power constraint given by >_1" | ||z ||?/n < P, i = 1,2. We only consider Gaussian
codewords X', ¢ = 1,2, for the GICC, since it is shown in the Maximum-Entropy
Theorem [40] that Gaussian inputs are optimal for Gaussian channels. Further-
more, we also fix the time-sharing random variable ) as a constant. Regarding
how the choice of ) affects the size of the achievable rate region, interested readers

are referred to [47] for a detailed exposition.

2.6.2 An Achievable Rate Region for the GICC

We first define the following mappings of random variables with respect to the joint

probability distribution (2.1):

M1) Wy, Wi, Wiy, Way, and Wa, distributed according to N(0, 1),
M2) X; = Vor PiWy + Vaa 1 PLWys + \/mWn,

M3) Xy = Vay PWy + /a5, Py Way + \/ngz,

M4) Uy = (Va1 Py + Vaa Py) W,
M5) U1 = v/ OZ1P1W0 + vV 0?151P1W12>
MG) U2 = v/ OZQPQWO -+ vV &252P2W217

where a;, 3; € [0,1], & =1 —, and B; =1 — f3;, fori = 1, 2.
Based on these mappings, and the channel model described by (2.52) and (2.53),

we obtain

Y= (\/alpl + \/021oz2P2)W0 +VaifiPiWia + 4/ a1 B PLW1 + /o108 PaWoy

+ \/ CQldQBQPQWQQ + Zl, (254)

Yy = (\/042P2 + \/012041P1)W0 + Qa5 PaWar + 4/ Qo By PosWoy + £/ c1201 B1 PLW 1o

+ \/ cm@lﬁlPan + ZQ. (255)

With the relations between the random variables defined by the mappings,

M1-M6, and the channel input-output relations described by (2.54) and (2.55), we
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2.6 Gaussian Interference Channel With Common Information

evaluate the mutual information terms /() in (2.12)—(2.24) as follows:

I(Xy; Y1|Uo, Uz) = (a1 P/ (ca1aa B2 Py + 1)), (2.56)
[(X3; Ya|Up, Uh) = y(@2 P/ (cr201 51 Pr + 1)), (2.57)
(U0, X0, Un: Yi) = (WalPl + ¢c02;f;21;_22);2++a11131 - c21@2P2) | (2.59)
(U0, X0 Us: Ya) = (Wasz + ¢c0112:0é111;_11);1++a12132 - 012641131) | (2.59)
(X1, Ug; Y1|Uo, Uy) = y((@1 51 Py + c210282Py) [ (co1t0 B2 Py + 1)), (2.60)
(X, Uy; Yo| Uy, Uz) = (G232 P2 + c1201 61 P) [ (cr201 51 Py + 1)), (2.61)
I(X1;Y1|Uo, Uy, Uy) = y(a1 81 Py / (co1a 32 Py + 1)), (2.62)
I(Xo; Ya|Up, Uy, Uy) = (a3 Po/ (c1201 31 Py + 1)), (2.63)
I(X1,Uy; Y1|Up) = (a1 Py + 210202 Py) [ (2100202 Py + 1)), (2.64)
(X2, Uy; Y2|Up) = v((@2 Py + 12001 51 Py) /(c120: 1 Py + 1)), (2.65)

where y(z) := $log,(1 + z).

Replacing each mutual information term in (2.12)—(2.24) with its corresponding
one from (2.56)—(2.65), we can obtain the Gaussian counterpart of R, namely G.

We next compare the obtained achievable rate region G, with G, the Gaussian
counterpart of Rr,,, in Fig. 2.6. It is difficult to show the comparison in a three-
dimensional (3D) plot. Thus, we slice the 3D rate regions § and Gr., at different
values of Ry, and obtain a number of sliced views as shown in Fig. 2.6. As can
be seen from Fig. 2.6, the improvement of § over G, for Ry = 0.0 is significant,
which matches exactly with the result presented in Fig. 10 of [28]. Tt can also be
observed that when Ry is relatively high (e.g., Ry = 1.0), the two regions coincide
with each other. This is because most of the power of the two senders is allocated
to transmit the high rate common information, while the remaining power for the
private information becomes relatively small such that the improvement, primarily
gained from allowing cross observation of the private information, diminishes. Note

that a similar example has also been given in [58].
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0.35
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Figure 2.6: P, =6, P, = 0.5, co; = 1, ¢12 = 0.25. The dashed lines characterize
the rate regions of Gr,, sliced at Ry = 0,0.4,0.8, 1, respectively, and the solid lines
characterize the rate regions of G sliced at Ry = 0,0.4, 0.8, 1, respectively.

2.7 Conclusions

We derived in this chapter a new achievable rate region for the two user discrete
memoryless ICC. We have shown that the derived achievable rate region contains
the one established in [53], and reduces to some other existing results developed for
the ICC or IC. We also investigated two special cases of the ICC. For the first case
in which only one sender has private information to send, we obtained an achievable
rate region with a fairly simple description; while for the second case, a class of
DICCs, we show that our achievable region is the capacity region. Nevertheless, in
a general ICC setting, the tightness of our achievable rate region as an inner bound

of the capacity region is unknown.
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Chapter 3

Interference Channels With

Degraded Message Sets

The IC-DMS refers to a communication model, in which two senders attempt to
communicate with their respective receivers simultaneously through a common
medium, and one sender has complete and a priori (non-causal) knowledge about
the message being transmitted by the other. A coding scheme that collectively has
advantages of cooperative coding, collaborative coding, and dirty paper coding,
is developed for such a channel. By resorting to this coding scheme, achievable
rate regions of the IC-DMS in both discrete memoryless and Gaussian cases are
derived. The derived achievable rate regions generally include several previously
known rate regions as special cases. A numerical example for the Gaussian case
further demonstrates that the derived achievable rate region offers considerable

improvements over these existing results in the high-interference-gain regime.

3.1 Introduction

The interference channel with degraded message sets (IC-DMS) refers to a commu-
nication model, in which two senders attempt to communicate with their respective
receivers simultaneously through a common medium, and one sender has complete

and a priori (non-causal) knowledge about the message being transmitted by the
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3.1 Introduction

other. Such a model generically characterizes some realistic communication sce-
narios taking place in cognitive radio networks or in wireless sensor networks over
a correlated field [43, 49, 50, 51, 52].

From an information-theoretic perspective, the IC-DMS have been investigated
in [43, 51, 49, 50, 52]. Specifically, several achievable results have been obtained
in [43, 51, 49, 50, 52], and the capacity regions for two special cases have been
characterized in [51, 49, 50, 52]. The main achievable rate region in [43, Theorem
1] was obtained by incorporating Gel’fand-Pinsker coding [61] into the well-known
coding scheme applied to the IC [46, 28]. In this coding scheme, each sender splits
its message into two sub-messages, and allows its non-pairing receiver to decode
one of the sub-messages. Knowing the two sub-messages and the corresponding
codewords which sender 1 wishes to transmit, sender 2 applies Gel’fand-Pinsker
coding to encode its own sub-messages by treating the codewords of sender 1 as
known interferences. It has been also shown in [43, Corollary 2] that, an improved
achievable rate region can be attained by time-sharing between the main rate re-
gion [43, Theorem 1] and a so called fully-cooperative rate point achieved by letting
sender 2 use all of its power to transmit messages of sender 1. A different coding
scheme was proposed in [49] and [50], in which neither of the senders splits its
message into sub-messages, and receiver 2 does not decode any transmitted infor-
mation from sender 1. Since sender 2 knows what sender 1 wishes to transmit,
sender 2 is allowed to: 1) apply Gel'fand-Pinsker coding to encode its own mes-
sage; and 2) partially cooperate with sender 1 using superposition coding. It has
been proven in [49, 50] that, this is a capacity-achieving scheme for the Gaussian
IC-DMS (GIC-DMS) in the low-interference-gain regime, in which the normalized
link gain between sender 2 and receiver 1 is less than or equal to 1.

However, in practice, due to the mobility of wireless users or random geo-
graphic distributions of wireless sensors, sender 2 may be located near to receiver
1, as illustrated in Fig. 3.1. It is likely, in such a situation, that the normalized

link gain between sender 2 and receiver 1 is greater than 1, which we term the
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R \
Receiver 2 ~_ .

Figure 3.1: An interference channel with degraded message sets in which sender 2
is close to receiver 1.

high-interference-gain regime. In fact, the findings in this chapter reveal that the
achievable rate region that has been proven to be the capacity region in the low-
interference-gain regime in [49] and [50], is strictly non-optimal for the Gaussian
IC-DMS in the high-interference-gain regime.

In this chapter, we develop a new coding scheme for the IC-DMS to improve
existing achievable rate regions. Our coding scheme differs from the one proposed
in [49, 50] in the way that, sender 2 splits its own message into two sub-messages,
and encodes both sub-messages using Gel’fand-Pinsker coding. Moreover, receiver
1 is required to jointly decode the message from sender 1 and one sub-message from
sender 2. Rate splitting is applied to enable receiver 1 to crossly observe partial
information from sender 2, thus reducing the effective interference at receiver 1,
whereas Gel’fand-Pinsker coding is applied to exploit the known interference at
sender 2. With this coding scheme, we derive an achievable rate region for the
discrete memoryless case, which is the main achievable rate result in the chapter.
We further show that our region includes several existing regions as special cases.
Lastly, we extend the obtained regions from the discrete memoryless case to the
Gaussian case, and show by a numerical example that our achievable rate region
strictly improves the existing ones [49, 50] in the high-interference-gain regime.

Recently, a similar coding scheme has been proposed for the IC-DMS in the
independent work [62, 63, 64]. The main differences between the coding scheme

(62, 63, 64] and our coding scheme can be described as follows: 1) rate splitting
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is employed at both senders in [62, 63, 64], whereas in our coding scheme rate
splitting is only employed at sender 2; 2) Gel’fand-Pinsker coding is applied twice
in a successive manner in [62, 63, 64|, whereas Gel’fand-Pinsker coding is applied
twice in a parallel manner in our coding scheme. However, it is not clear how the
differences in coding schemes affect achievable rate results.

The rest of the chapter is organized as follows. In Section 3.2, we introduce
the channel model of the IC-DMS, and the related definitions. In Section 3.3, we
present the main achievable result under the discrete memoryless setting. Detailed
proof is provided for this first theorem only, from which the proofs for other theo-
rems in this chapter can be easily obtained with minor modifications. In Section
3.4, we derive two subregions of our main achievable rate region, and the second
subregion is shown to be sufficient to include some existing results as special cases.
Lastly, in Section 3.5, we extend our results from the discrete memoryless case
to the Gaussian case, and illustrate improvements of the Gaussian rate results by

numerical examples.

3.2 Channel Model

Consider the IC-DMS (also termed as the genie-aided cognitive radio channel in
[43]) depicted in Fig. 3.2, where sender 1 wishes to transmit a message (or a message
index), wy € My := {1, ..., M1}, to receiver 1, and sender 2 wishes to transmit its
message, wy € My := {1,..., My}, to receiver 2. Typically, the discrete memoryless
IC-DMS is described by a tuple (X1, Xs, Y1, Y2, p(y1, y2|21, 22)), where X; and X
are the channel input alphabets, Y; and Y, are the channel output alphabets,
and p(y1, y2|x1, 22) denotes the conditional probability of (y1,y2) € Y1 x Yy given

(1, 22) € Xy x Xy. The channel is discrete memoryless in the sense that

p(yl,ta 3/2,t\9€1,t7 Tot, T1t—1, L2,t—1, ) = p(yl,ta y2,t\9€1,t, $2,t),

for every discrete time instant ¢ in a synchronous transmission.
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Figure 3.2: Interference channel with degraded message sets.

In view of the channel input-output relationship, the IC-DMS is the same as the
IC. However, in the IC-DMS, sender 2 is able to non-causally obtain the knowledge
of the message wy, which will be transmitted from sender 1. This is the key
difference between the IC-DMS and IC in terms of the information flow. We next
present the following standard definitions with regard to the existence of codes and

achievable rates for the discrete memoryless IC-DMS channel.

Definition 3.1 An (M, Ma,n, Pe(n)) code for the discrete memoryless IC-DMS con-

sists of

i) two encoding functions
f1:M1—>3C’f, and f2:M1XM2—>3C§;

i1) two decoding functions

g1 Y — My, and go : Y5 — Moy;

iii) the average probability of error

P = max{P"}, P

e elr»*e2 I

where Pe(z) denotes the average probability of error at decoder i, and is com-
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puted as

n 1 . _
P;Z-) = UM E Pr(w; # wy|(wy, ws) sent), i=1,2.
1Mo

w1,w2
Definition 3.2 A non-negative rate pair (Ry, Ry) is said to be achievable for the
IC-DMS, if there exists a sequence of (M, My, n, Pe(")) codes with

log M,

log M
&, and Ry < ’
n

n

R, <

such that P\ approaches zero as n — oo. The capacity region of the IC-DMS is
the set of all the achievable rate pairs, and an achievable rate region is a subset of

the capacity region.

3.3 An Achievable Rate Region for the Discrete

Memoryless IC-DMS

In this section, we present a new achievable rate region for the discrete memoryless
IC-DMS, which is the primary result in this chapter.

Consider auxiliary random variables W, U, V, and a time-sharing random
variable ) defined on arbitrary finite sets W, U, V, and Q, respectively. Let P

denote the set of all joint probability distributions p(-) that factor in the form of

p(Qa w, Ty, U,V, T2, Y1, y2) = p(Q)p(w7 xl‘Q)p(u‘w7 q)p(’u\w, q)

'p(9€2|U7’U,waQ)p(ylayzL’Ul,«?Uz)a (3-1)

where w, u, v, and ¢ are realizations of random variables W, U, V', and Q).

Let R(p) denote the set of all non-negative rate pairs (R;, R2) such that the
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following inequalities hold simultaneously

Ry < min{I(W; U, V1[Q), I(W, U3 V1| Q)}, (3.2)

Ry < I(UV:Y2[Q) + I(U; VIQ) — [(U:WIQ) — I(VsWIQ),  (33)
Ri+ Ry < I(W,UYAIQ) + I(V; U, Y3lQ) — 1(V:WQ): (3.4)
0 < I(U: Y2, VIQ) - I(U; WQ), (3.5)

0< (VY2 UIQ) — I(Vs Q). (3.6)

for a given joint distribution p(-) € P.

Let € denote the capacity region of the discrete memoryless IC-DMS, and let

R = U R(p).

p(-)eP

Theorem 3.1 The region R is achievable for the discrete memoryless IC-DMS, i.e.,

RCC.

Coding Scheme Qutline: our coding scheme is mainly based on the ideas of
superposition coding [3] and Gel’fand-Pinsker coding [61]. Specifically, sender 1
independently encodes its message w; as a whole; while sender 2 needs split its
message into two parts, i.e., wy = (ws, wqs), and encode them separately. Both
wsy and wyy are encoded using the Gel’fand-Pinsker coding scheme, but they are
processed differently at the receivers. The message wsys will be decoded by receiver
2 only, while wq; will be decoded by both receivers. Moreover, knowing the message
and the corresponding codeword which sender 1 is going to transmit, sender 2 not
only can apply Gel'fand-Pinsker coding to deal with the known interference, but
also can cooperate with sender 1 to transmit w; using superposition coding. Let

Ry and Ry denote the rates of wy; and way respectively, i.e., wy € {1,..., 2"}
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and wyy € {1,...,2""22} 1If receiver 1 can decode w; and receiver 2 can decode
both ws; and wey with vanishing probabilities of error, then (R, Ro; + Ra2) is an
achievable rate pair for the IC-DMS.

In the following proof, we will frequently use the notion of jointly typical se-
quences and joint asymptotic equipartition property [40, Section 14.2].

Proof: To prove that the entire region R is achievable for the channel, it is

sufficient to prove that R(p) is achievable for a fixed joint probability distribution

p(-) €P.

Random Codebook Generation

Consider a fixed joint distribution p(-) € P, and a random time-sharing codeword
q of length n. The codeword q that is revealed to both the senders and receivers,
is assumed to be generated according to [ [, p(g:)-

Generate 2" independent codewords W (j), j € {1,...,2""1} according to
[Ti-, p(wi|g:), and for each w(j) generate one codeword X (j), according to [[;_,
p(z14|wi(5), q:). Generate 2n(Fa1+(WiUIQ)+4) independent codewords U(ly), I; € {1,

., 2B (WUIQHY “according to [, p(ui|q:), and generate 2n(FzH (WiVIQ)+4e)
independent codewords V (ly), Iy € {1,...,2nB2HWVIQHY " qccording to [,
p(ve]q), where e denotes an arbitrarily small positive number. Lastly, for each
codeword triple (u(ly), v(la), w(j)), generate one codeword Xz (13, ls, j) according to
[T, p(zalus(ly), vi(la), w(5), ¢:). Now uniformly distribute the 2n(F+H(ViU|Q)+e)

codewords u(l;) into 2" bins indexed by k; € {1,...,2"%1} such that each bin

WiU|Q)+4e Roo+1(W;V|Q)+4e)

contains 2"( ) codewords, and uniformly distribute the 27
codewords v(ly) into 2" bins indexed by ky € {1,...,2"22} such that each bin
contains 2"UWiVIQ)+49) codewords. The entire codebook is revealed to both the

senders and receivers.
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3.3 An Achievable Rate Region for the Discrete Memoryless IC-DMS

Encoding and Transmission

We assume that two senders wish to transmit a message vector (wl,wgl,wgg) =
(7, k1, k2). Sender 1 simply encodes the message as a codeword x;(j) and sends the
codeword in n channel uses. Let A™ denote a jointly typical set. Sender 2 first
needs to look for a codeword u(ly) in bin k; such that (u(l,), w(j),q) € A and
a codeword v(ly) in bin ky such that (v(l), w(j),q) € A If sender 2 finds such

u(ly) and v(ly) successfully, the codeword xs(ly, 1, j) is sent through n channel

uses. Otherwise, sender 2 declares an encoding error.

Decoding

Receiver 1 first looks for all the index pairs (7, li) such that (w(j), u(lﬁl),yl7 q) €
AE"). If 7 in all the index pairs found are the same, receiver 1 declares w; = j
Otherwise, receiver 1 declares a decoding error. Receiver 2 will first look for all
index pairs (li, l:2) such that (u(li), V(?Q),YQ, q) € A" It lrl in all the index pairs
found are indices of codewords u(li) from the same bin with index &y, and l; in
all the index pairs found are indices of codewords V(?g) from the same bin with
index 152, then receiver 2 declares that the messages (way, wey) = (l%l,f@) were

transmitted. Otherwise, a decoding error is declared.

Evaluation of Probabilities of Error

We now derive upper bounds for the probabilities of the respective error events
which may happen during the encoding and decoding processes. Due to the sym-
metry of the codebook generation and encoding processing, the probability of error
is not codeword dependent. Without loss of generality, we assume that the mes-
sages (wy, w1, wee) = (1,1,1) are encoded and sent. We further assume that the
codewords u(l;) and v(l,) found in the respective bin 1 during the encoding process

are u(l) and v(1), respectively. Hence, x;(1) and x5(1,1,1) are transmitted. We
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3.3 An Achievable Rate Region for the Discrete Memoryless IC-DMS

next define the following four types of events:

EY, = (V(a), W(b),q) € A™,
Eup = (W(a),U(b),Yy,q) € A,

Eup = (Ula),V(b),Ys,q) € A™.

Let P.(enc2), P.(decl), and P,.(dec2) denote the probabilities of error at the encoder
of sender 2, the decoder of receiver 1, and the decoder of receiver 2, respectively.

[Evaluation of P.(enc2).] An error is made if 1) the encoder at sender 2 cannot
find u(l;) in bin 1 such that (u(l;), w(1),q) € AN, and/or 2) it cannot find v(l,)
in bin 1 such that (v(ly), w(1),q) € A The probability of error at the encoder

of sender 2 is bounded as

P,(enc2) < Pr< ﬂ (U(l), W(1),q) ¢ AE"))

U(l1)ebin 1
P () (V) W(D),a) ¢ A)
V(l2)€bin 1
= JI a-peEr )+ JI (-Pr(E))
u(ly)€bin 1 v(l2)€bin 1

U;W|Q)+4e VW |Q)+4e)

< (1—Pr(BEL))>" D (1= Pr(EY))* (3.7)

As the time-sharing sequence q is predetermined, we have

Pr(EY,) = ) Pr(U(1) = ug)Pr(W(1) = wlq)

(u,w,q)eAl””)

> ou(H(UW|Q—€)9—n(H(U|Q)+€)9—n(H(W|Q)+e)

— 9 n(I(U;W|Q)+3€)
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3.3 An Achievable Rate Region for the Discrete Memoryless IC-DMS

Similarly, we can obtain Pr(EY ) > 270(V:WIQF39) From (3.7), we have

Po(enc2) < (1 — 2-nIUWIQ30)2MICWIDH (g oon(I(VIW|Q)-+80) 271 (Vil12) 449

Y

where the first term can be upper bounded as

(1 - 27n(](U;W|Q)+36))QW(I(U?W\Q)+46) . eQn(I(U;W\Q)+4e) In(1—2- "I (UWIQ)+36))

(a) n H € —n H €
< 2 I(UsW[Q)+4e) (_g—n(I(U;W|Q)+3€))

=",

Note that (a) follows from the Mercator series of In(1+x) with z = —2 "((UsW|Q)+3¢)
being a negative real number that approaches 0. The same argument was used in
the proof of [65, Lemma 2.1.3]. Hence, we can readily conclude that P.(enc2) — 0
as n — oo.

[Evaluation of P.(decl).] An error is made if 1) Efl happens, and/or 2) there
exists some J # 1 such that Ej,fl happens. Note that the error events El,fl with
li # 1 are not considered as error events, and are excluded from the computation

of the probability of error, as it is unnecessary for receiver 1 to correctly decode [;.

The probability of error at the decoder of receiver 1 can be upper bounded as

P.(decl) < Pr(E.i1 U U#lE;,fI)

< Pr(Ef;) +) Pr(E. ;)

j#1
=Pr(Ef,)) + Y Pr(E;)+ Y Pr(E;)
j#1 G #1

S Pl"(Eil) -+ 2nR1Pr(E2’1) + 2n(R1+R21+I(U;W‘Q)+4E)PT(E'2’2). (38)
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3.3 An Achievable Rate Region for the Discrete Memoryless IC-DMS

The term Pr(E, ;) can first be upper bounded as

Pr(Eyn) = ) Pr(W(2) = wlg)Pr(U(1) = u, Y, = yi[q)

(W,ll,yl 7q)eA£n)

< on(H(W,UY1|Q)+e)9—n(H(W|Q)—e)g—n(H (U,Y1]Q)—¢)

_ 2—n(I(W;U,Y1‘Q)—35). (39)

Similarly, we obtain

Pr(Byp) = > Pr(W(2) = wl@)Pr(U(2) = ula)Pr(Y: = yi[q)

(w,u,y1,q)eA™

< on(H(WUY1|Q)+e)9—n(H(W|Q)—€)9—n(H(U|Q)—€)9—n(H(Y1|Q)—¢)

— 9 nI(WUN|Q)+I(W;U|Q)—4e) (3.10)

Substituting (3.9) and (3.10) into (3.8), we obtain

Pe(decl) S €+2—n(I(W;U,Y1‘Q)—R1—36) _l_2—n(I(W,U;Y1|Q)—R1—R21—56).

Since € > 0 can be arbitrarily small, P,(decl) tends to zero as n — oo if

Ry < I(W;U,11]Q), (3.11)

Ry + Ry < I(W,U; 11Q), (3.12)

are satisfied.

[Evaluation of P.(dec2).] An error is made if 1) Efl happens, and/or 2) there
exists some (li, l:2) in which either li or l; is not an index of any codeword from
the respective bin 1 such that Efl,fg happens. The probability of the second case

is upper bounded by the probability of the event, El: i for some (li, l}) # (1,1).
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3.3 An Achievable Rate Region for the Discrete Memoryless IC-DMS

Thus, the probability of error at the decoder of receiver 2 is bounded as

P.(dec2) < Pr(Eil U U(fl,fg);é(l,l)Efl,fg)

<P+ Y. P ;)

R l1,l2
(Z1=[2)7£(171)

=Pr(Ef,) + ) Pr(E; )+ ) Pr(E )+ ) Pk ;)
l1#1 Ia#1 (i1¢17i27é1)

< pr(Ef )+ Qn(Rm+I(W;U|Q)+e)pr(E2 1)+ Qn(R22+I(W;V\Q)+e)pr(E1 2)

I 2n(R21+R22+I(W;U\Q)+I(W;V\Q)+26)Pr(Ez 2). (3.13)

Following the same way as we derived upper-bounds of Pr(Ey;) and Pr(E,s,) in

(3.9) and (3.10), we upper bound Pr(E, ), Pr(E;,), and Pr(E,5) as

PY(EM) < 2 I(U;VY2|Q)=3¢) (3.14)
Pr(E ) < 2 nUViUx21Q)=89) (3.15)
PY(EZQ) < 9 U UVY2|Q+HI(UV[Q)—4e) (3.16)

Substituting (3.14)—(3.16) into (3.13), we conclude that P.(dec2) — 0 as n — oo if

Ry < (U3 V. Y3lQ) — I(W3 U|Q). (3.17)
Ry < I(V;U,Y35|Q) — I(W;V|Q), (3.18)

Ro1 + Ry < I(U,V;Y2|Q) + I(U; V|Q) — I(W; U|Q) — I(W; V[Q), (3.19)

are satisfied.

If (3.11)—(3.12) and (3.17)—(3.19) are satisfied, the average probabilities of error
at both decoders diminish as n — oo. We hence conclude that a (271 2n(fzitFzz)
n, P code with P™ — 0 exists for the channel. Furthermore, we obtain (3.2)—
(3.6) by applying Fourier-Motzkin elimination [57, 59, 66] on (3.11)—(3.12), (3.17)—
(3.19), Ry; > 0 and Ry > 0. Therefore, the rate region R(p) is achievable for a

fixed joint probability distribution p(-) € P, and Theorem 3.1 follows.
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3.4 Relating With Some Existing Rate Regions

Remark 3.1 The proposed coding scheme exploits three coding methods to achieve
any rate pair in the rate region, R. The first method is cooperation that is realized
by applying the superposition relationship between w and X9 via p(xs|u, v, w,q).
The second one s collaboration, by which we mean that sender 2 separates its own
message into two parts, i.e., wy = (W, Was), and encodes we at a possibly low rate
such that receiver 1 can decode it. By doing so, the effective interference caused by
the signals carrying the information from sender 2 may be reduced. The third one
is Gel’fand-Pinsker coding [61], which we apply to encode both messages, ws and
Wao, from sender 2 by treating the codeword w as known interference. This perhaps
allows receiver 2 to be able to decode the messages from sender 2 at the same rate

as if the interference caused by sender 1 was not present.

3.4 Relating With Some Existing Rate Regions

In this section, we will show that Theorem 3.1 includes the achievable rate regions
presented in [49, 50]. To demonstrate it, we first compromise the advantages of the

coding scheme developed in Section 3.3 to obtain the two subregions of R.

3.4.1 A Subregion of R

Let P* denote the set of all joint probability distributions p(-) that factor in the

form of

p(q, w, x1,u,v, 2,41, y2) = p(q)p(x1, w|q)p(ulg)p(v|w, q)

- plaalu, w, )p(yr, yol1, 22). (3.20)

Note that the joint distribution (3.20) differs from (3.1) in the way that U is now

independent of any other auxiliary random variables conditioned on ).
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3.4 Relating With Some Existing Rate Regions

Let Rgim(p) denote the set of all non-negative rate pairs (R, R2) such that

R, < I(W;Y1|U, Q), (3.21)
Ry < I(U,V;Ya|Q) = I(V; W[Q), (3.22)
Ry + Ry < I(W,U; YA|Q) + 1(V; Ya|U, Q) — I(V: W|Q); (3.23)
0 < I(Vini|U,Q) — I(V;WQ), (3.24)

for a joint probability distribution p(:) € P*. Furthermore, let

:Rsim = U :Rsim(p)'

p(-)eP*

Theorem 3.2 The rate region Ry, is achievable for the discrete memoryless 1C-

DMS, i.c., Rym C R C €.

Proof: The proof can be devised from the proof of Theorem 3.1 by customizing
the original coding scheme for the new joint distribution (3.20). We change the
encoding and decoding method for the message ws; (corresponding to U), i.e.,
the Gel'fand-Pinsker coding used in the proof of Theorem 3.1 is replaced by con-
ventional random coding. Specifically, we generate 27! independent codewords
U(ky), k1 € {1,...,2"21} "according to []}_, p(ui]g;). The encoding and decoding
are then adapted to the new codebook accordingly. Evaluating the probability of

error in the same way as was done in the proof of Theorem 3.1, we can obtain

Ry < I(W;Y1|U,Q), (3.25)
Ri + Ry < I(W,U; Y11|Q); (3.26)
Ry < I(U3Y2|V, Q), (3.27)
Roy < I(V;Y2|U, Q) = I(W; V[Q), (3.28)
Ryt + Ryy < I(U,V;Y5|Q) — I(W;V|Q). (3.29)

Again, for the purpose of simplification, substitute Ro; with Ry — Ras in the
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3.4 Relating With Some Existing Rate Regions

group of (3.25)—(3.29). By applying Fourier-Motzkin elimination on the resulting
inequalities to remove Rss, and adding the constraints that ensure the respective
rates Ry, Ro; and Ryy are non-negative, we can obtain (3.21)—(3.24). Therefore,

the region Ry (p) is achievable for a given p(-) € P*, and the theorem follows. W

Remark 3.2 Note that simultaneous decoding (simultaneous joint typicality) is ap-
plied at both decoders. The advantage of simultaneous decoding over successive
decoding is well demonstrated on the interference channel by Han and Kobayashi
in [28]. We next modify the coding scheme by applying successive decoding instead
of simultaneous decoding at both decoders to derive a subregion of Ry, which, of

course, is also a subregion of the achievable rate region R.

3.4.2 A Subregion of Ry,

Let Rque(p) denote the set of all achievable rate pairs (R;, Ry) such that

Ry < I(W;Yi|U, Q). (3.30)
Ry < min{ I(U; VA|Q), I(Us Y2|Q)} + I(V: YalU, Q) — I(V:WIQ),  (3.31)
0 < I(V;Yi|U, Q) — I(V:W[Q), (3.32)

for a fixed joint probability distribution p(-) € P*. Define

:Rsuc = U :Rsuc (p)

p(-)eP*

Theorem 3.3 The rate region R, is achievable for the discrete memoryless 1C-

DMS; i'ev :Rsuc g :Rsim g R g C.

Proof: The codebook generation, encoding and transmission remain the same as
those used to prove Theorem 3.2. The changes are made to the decoding at both

decoders. Both decoders try to decode wsq; first, and then try to decode w; and
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3.4 Relating With Some Existing Rate Regions

wayo respectively. We can easily arrive

Ry < I(U; YA|Q), (3.33)
Ry < I(W:Yi|U, Q). (3.34)
Ry < I(U; Y2|Q), (3.35)
Roy < I(V; Y3lU, Q) — I(W;V|Q). (3.36)

From (3.33)—(3.36), it is straightforward to obtain (3.30)-(3.32). Therefore, the

region Rg,(p) is achievable, and the theorem follows immediately. [ ]

Remark 3.3 Note that (3.33) is only necessary when successive decoding is applied.
This is because every decoding step in a successive decoding scheme is expected to

have a vanishing probability of error.

In what follows, we further specialize the subregion Rg,. to obtain two more
achievable rate regions Ry, and Rgps.
Let P7 denote the set of all joint probability density distributions p(-) that

factor in the form of
(g, w, 1,0, 2,91, y2) = p(g)p(1, wlg)p(v|w, @)p(wafw, @)p(yr, yol1, 22). (3.37)
Let Rp1(p) denote the set of all non-negative rate pairs (Ry, Ry) such that

Ry < I(W;Y31@), (3.38)

Ry < I(V;Y2|Q) = I(V; WIQ), (3.39)
for a fixed joint distribution p(-) € P;. Define

Rspl = U Rspl(p)'

p(-)€P;
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3.4 Relating With Some Existing Rate Regions

Corollary 3.1 The region Rs,; s an achievable rate region for the discrete memo-

ryless IC-DMS, i.e., Rep1 € Roue € Rgiy € R C C.

Proof: Fixing the auxiliary random variable U as a constant, we reduce (3.30) and

(3.31) to (3.38) and (3.39), and the corollary follows immediately. |

Remark 3.4 The achievable rate region Ry is identical to the region R, reported
in [50, Theorem 8.1], which is the discrete memoryless counterpart of the region
given in [49, Theorem 4.1] and [50, Theorem 3.5]. It is shown in both [49] and
[50] that R,y is the capacity region for the IC-DMS in the low-interference-gain

regime.

Let P35 denote the set of all joint probability distributions p(-) that factor in the

form of

p(q,w, x1,u, 2,y1,y2) = p(q@)p(z1, w|q)p(ulq)p(wa|u, w, )p(y1, yo|r1, 22).  (3.40)

Let Rp2(p) denote the set of all non-negative rate pairs (R;, R2) such that

Ry < I(W;1|U, Q), (3.41)

Ry <min{I(U; Y1|Q), I(U;Y2|Q)}, (3.42)
for a fixed joint distribution p(-) € P;. Define

Rsp2 = U Rsp2(p)'

p()EP;

Corollary 3.2 The region Rsyp is an achievable rate region for the discrete memo-

ryless IC-DMS, i.e., Rops € Roue € Rgiy € R C C.

Proof: The proof can be devised from the proof of Theorem 3.3 easily by fixing V'

as a constant. [ |
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3.5 Gaussian IC-DMS

Remark 3.5 The Gaussian counterpart of Rgpe includes the set of achievable rate

pairs in [49, Lemma 4.2] as a subset.

3.5 Gaussian IC-DMS

In the preceding sections, we obtain achievable rate regions for the discrete memo-
ryless IC-DMS. We now extend these results to obtain achievable rate regions for

the Gaussian IC-DMS (GIC-DMS).

3.5.1 Channel Model of the GIC-DMS

With no loss of the information-theoretic optimality, any GIC-DMS can be con-
verted to the GIC-DMS in standard form through invertible transformations [49,
59, 46]. Hence, we only need to consider the GIC-DMS in standard form described

in the following

Y = X5 +VeaXo+ 74,

Yo = Xo + /12X + 2y,

where Z;, i = 1,2, is the additive white Gaussian noise with zero mean and unit
variance, and /co; and /c19 are the normalized link gains in the GIC-DMS depicted
in Fig. 3.3.

7z

X (w1) ! ’éﬁ‘ Y1
\ C12
Xo(we, wy) >@—> Yo
1

Figure 3.3: Gaussian interference channel with degraded message sets.
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3.5 Gaussian IC-DMS

The transmitted codeword x; := (z1,...,%m), ¢ = 1,2, is subject to an average
power constraint given by n=!' >~ | |lzu||* < P, i = 1,2. Furthermore, we restrict
our attention to the Gaussian codewords X', ¢ = 1,2, for the convenience of

evaluation and comparison with existing results.

3.5.2 Achievable Rate Regions for the GIC-DMS

3.5.2.1 GGaussian Extension of R

Generally speaking, the achievable regions in Theorem 3.1, Corollary 3.1, and
Corollary 3.2 can be extended to the discrete time Gaussian memoryless case by
quantizing the channel inputs and outputs [67, Chapter 7]. In particular, the
Gaussian extension of the rate region Ry in Corollary 3.1 has been given in [49,
Theorem 4.1] and [50, Theorem 3.5]. We next outline how to extend R to its Gaus-
sian counterpart, while the Gaussian extension of Rg,s can be obtained in a similar
manner. We first map the random variables involved in the joint distribution (3.1)

to a set of Gaussian random variables with the following customary constraints:
P1) W, distributed according to N(0, 1),

P2) X, =P W,

P3) U, distributed according to N0, afPy),

P4) V, distributed according to N(0, a3 P),

P5) U =U+ MW,

P6) V =V + MW,

P7) Xy =U +V +VaRW,

where a, 3 € [0,1], a+a =1, 8+ =1, and A\, Ay € [0, +00). The variables
W, U, and V are assumed to be mutually statistically independent. The mappings
P3)-P6) are used to extend the Gel'fand-Pinsker coding to the Gaussian case. The

coefficient A\; (or Ay) determines the degree of correlation between the Gaussian
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3.5 Gaussian IC-DMS

random variables W and U (or V'), which plays the same role as the variable « in

[68]. The input-output relationship of the GIC-DMS can now be described by

Yi = (\/ P1 + C216£P2) w + \/0210 + \/021‘7 + Zl, (343)

2:~ % : )

We fix the time sharing random variable () as a constant. The issue of how this
time-sharing random variable affects the achievable rate region is well addressed
in [47]. The rate region R can be extended to its Gaussian counterpart, G, by
evaluating the respective mutual information terms in (3.2)—(3.6) with respect to
the mappings defined by P1)-P7), (3.43), and (3.44). The evaluation can be readily

done with the following two covariance matrices:

E{W?} E{WU} E{WYi}
Ywov, = | E{WU} FE{U?} E{UY:}
E{wyi} E{UVi} E{Y?}
1 A ™
=1 M afPy + A} VeaafBPy+m |

T corafPy+m ni+cnaly+1

E{U?}  E{UV} E{UY}
Yuovv, = | E{UV} E{V?} E{VY,}
E{UY2} E{VYa} E{Y;}}
O[ﬁpg + /\% )\1A2 Oéﬁpg + )\1772
= )\1)\2 OéBPQ + )\% OéBPQ + )\2772 )

Ozﬁpg + /\17’]2 OéBPQ + /\27]2 OéPQ + 7]% +1
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3.5 Gaussian IC-DMS

where

m = \/FlﬂL V Ca1a Py,

o 1= \/@P2+\/C12P1,

and E{-} denotes the expectation of a random variable.

3.5.2.2 Gaussian Extension of Rg,.

For illustration and comparison purpose, we next show how to obtain the Gaussian
counterpart of Ry, in detail. Following the first step in the previous derivation,
we also map the random variables involved in (3.20) to the Gaussian ones with the

following constraints:

M1) W, distributed according to N(0, 1),
M2) X; = VPW,

M3) U, distributed according to N(0, a5 P,),
M4) V, distributed according to N(0, aBP;),
M5) V =V + AW,

M6) Xo=U +V +VaPW,

where o, 3 € [0,1], a+a =1, 8+ 3 =1, A € [0,400), and W, U and V are
mutually independent. Using the mappings defined by M1)-M6), we express the

input-output relationship for the GIC-DMS as:

Y1 = (\/ P1+ Czl@Pz)W—F\/CQlU—i—\/CQlV—FZl, (345)

2 = |/ Y . .
Yo=U+V+ <\/@P2 n \/012P1> W+ Zs (3.46)
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3.5 Gaussian IC-DMS

Let Gsuc(a, B) denote the set of all non-negative rate pairs (Ry, Ry) such that

WP+ Venals) ) , (3.47)

1
Ry <=1 1 —
! —2 082 ( + Czlaﬁpg +1

1 = . 1 CglOéBPQ
Ry <z logy(1+ afP,) +min q ~log, | 1+ - ;
2 2 (VP + v C21541D2)2 + cnafPy +1

1log; <1 + abPy ) }
2" OZBP2+(\/O7P2+\/C12P1)2+1
(3.48)

Define
gsuc = U SSHC(O(7B)‘

a,6€[0,1]

Theorem 3.4 The region Ggue ts an achievable rate region for the GIC-DMS in

standard form.

Proof: Tt suffices to prove that Gg,.(a, 3) is achievable for any given «, 3 € [0, 1].
Since this region Y, is extended from Ry,., we need evaluate the mutual infor-
mation terms in (3.30) and (3.31). The righthand side of (3.47) can be readily
obtained through a straightforward evaluation of I(W;Y1|U, @) in (3.30). Recall
that @ is a constant. It is also fairly straightforward to compute I(U;Y;|Q) and
I(U;Ys|@) in (3.31) to obtain the second term (the term involved in the minimum
operation) in the righthand side of (3.48). We next evaluate the only remaining

term I(V;Y3|U, Q) — I(V; W|Q) for a constant (). Defining
Yo =V + (\/dp2+ 012P1>W+Z2>
we have

I(V:Ya|U) = I(V; W) = h(Y2|U) = h(Y|U, V) = I(V; W)

= n(Y3) = h(Y|V) = I(V; W)

99



3.5 Gaussian IC-DMS

— W(V2) + h(V) — h(Va, V) — T(V; ). (3.49)
With V = V + AW, we evaluate (3.49) as

H(V:Ya|U) — 1(V; W)

1 - 1
=3 log, (27T6 (aﬁPg + <\/dP2 + \/C12P1 + 1)) ) log, (2me(aBP; + \?))

1
=5 log, <(27T6)2

(a@g + <\/aP2 + \/012131) ) (afPy+ M2P)

’ 11 1 N
_5 Qg2< +@5P2)

(3.50)

- <OZBP2+)\<\/5ZP2+\/C12P1>>

Now, by simple calculus, we can find that when

afPy (VaP, + e Pr)

A= —
Oéﬁpg—i—l '

(3.51)
the term I(V;Y|U) — I(V; W) can be maximized, and the maximum value is
1 _
max[[(V; Y5|U) — I(V; W)] = 5 logy(1 4+ afPy). (3.52)

This is in parallel with the result in [68].
Therefore, the rate region Gg,.(cv, 3) is achievable for any pair a, 3 € [0, 1], and
the theorem follows. |
In the following, we obtain two corollaries by setting 7 = 0 and § = 1 in

Theorem 3.4, respectively.

Corollary 3.3 The rate region Gy, is an achievable rate region for the GIC-DMS

in standard form with

951)1 = U gsuc O[ O

a€l0,1]
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3.5 Gaussian IC-DMS

i.e., Gsp1 1S the union of the sets of non-negative rate pairs (Ry, Rs) satisfying

2
1 VP + e aP
Ry < =1log, 1+( 1 21 2) ’
2 C210[P2+ 1
1
Ry < alogQ(l +aby),

over all a € [0, 1].

Corollary 3.4 The rate region Gy is an achievable rate region for the GIC-DMS

in standard form with

931)2 = U gsuc(aal)a

a€(0,1]

i.e., Gspeo s the union of the sets of non-negative rate pairs (Ry, Ry) satisfying

1 2
R1 S 5 10g2 (1 + <\/ P1 —+ \/ CgldP2> ) s

1 P.
R2 S min {_ 1Og2 1 + 197 B ;
2 (\/Pl + v CgldP2> +1

1 OéPQ

—log, | 1+ 5 ,

2 (VaP, +VeaPr) ™ +1
over all a € [0, 1].

Remark 3.6 Corollaries 3.3 and 3./ correspond to the Gaussian extensions of Corol-
laries 3.1 and 3.2 respectively. Particularly, the rate region depicted by Corollary
3.3 is the same as the rate regions given in [49, Theorem 4.1] and [50, Theorem
3.5]. It has been proven in both [49] and [50] that the rate region Gy, is indeed the
capacity region for the GIC-DMS in the low interference gain regime, i.e., co; < 1.

In addition, Corollary 3.4 also implies Lemma 4.2 of [49].

3.5.3 Numerical Examples

We next provide several numerical examples to illustrate the improvements of our

achievable rate regions over the previously known results in [43, 49, 50]. We denote

61



3.5 Gaussian IC-DMS

15 ! ! !
1 -
)
2
N
[a'd
0.5
—— (i)
(ii)
—o— (ii)
O 1 1 !
0 0.5 1 1.5 2

R, (bits)

Figure 3.4: Achievable rate regions for GIC-DMS with setting: P, = P, = 6,
co1 = 0.3, c12 = 0. (i) gives the rate region Gqme1; (ii) gives the rate region Gameo;
(iii) gives our rate region Ggp1.

the achievable rate regions obtained in [43, Theorem 1] and [43, Corollary2] by
Samt1 and Gamea respectively.

Comparing with Rate Regions in [43]: Fig. 3.4 compares the rate regions Game1,
Gdme2, and Ggp1 for an extreme case in which receiver 2 does not experience any
interference from sender 1, i.e., ¢;3 = 0. As can be seen from Fig. 3.4, the rate
region Ggp1 strictly includes Game1, as well as Gqme2 Which is obtained through time-
sharing between Gg,t1 and the fully-cooperative rate point. The coding scheme
used to establish G417 Incurs certain rate loss due to the fact that sender 2 does
not use its power to help sender 1’s transmissions even though it has complete
and non-causal knowledge about the message being transmitted by sender 1. In
contrast, our proposed coding scheme allows sender 2 to use superposition coding

to help sender 1, and thus yields an improved rate region.
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3.6 Conclusions

Comparing with Rate Regions in [49, 50]: Fig. 3.5 compares the Gaussian
extensions of rate regions R, Ryy1, and Rgpe in the high-interference-gain regime,
ie, co1 > 1. Note that the Gaussian counterpart of Ry, includes the set of
achievable rate pairs in [49, Lemma 4.2] as a subset. As can be observed in Fig.
3.5, our achievable rate region in Theorem 3.1 offers considerable improvements

over the rate regions in [49] and [50] under two different parameter settings.

1.5

—S— (i)
—— (ii)
— {iii)

R, (bits)

0.5®

- Setting | (P‘2 =6)
Setting Il (P, =13

|

0 0.5 1 15 25 3
R, (bits)

Figure 3.5: Achievable rate regions for the GIC-DMS two different settings: (I)
PL=6,P =06,c =2,¢9=03; (II) , =6, P, =1, ¢co1 =2, c12 =0.3. (i)
gives the rate regions, G, Gaussian counter part of Theorem 3.1; (ii) gives the rate
regions Rep1; (1ii) gives the rate regions Rypo.

3.6 Conclusions

In this chapter, we have investigated the IC-DMS from an information theoretic
perspective. We have developed a coding scheme that combines the advantages of
cooperative coding, collaborative coding, and Gel'fand-Pinsker coding. With this

coding scheme, we have derived a new achievable rate region for such a channel,
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3.6 Conclusions

which not only includes two existing results as special cases, but also exceeds them

in the high-interference-gain regime.
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Chapter 4

Discrete Memoryless Interference

Channels With Perfect Feedback

In this chapter, we investigate the ICF, in which the receivers are able to send the
received channel outputs to their respective pairing sender perfectly. We develop
a block Markov coding scheme which exploits the perfect feedback at each sender
in order to achieve cooperation between the two senders. We also derive a corre-
sponding achievable rate region for the ICF by analyzing the probabilities of error
of the proposed coding scheme, and both the implicit and explicit descriptions of

the achievable rate region are presented.

4.1 Introduction

Since Gaarder and Wolf revealed in [69] that feedback can increase the capacity
region of a class of MACs, the information-theoretic study of multi-terminal net-
works with feedback has attracted considerable attention, and many results have
been obtained for feedback settings of MACs [10, 9, 70], BCs [71], RCs[21, 72] and
ICs [73, 74]. However, the capacity regions for those channels with feedback in
general settings remains open except for some special cases, such as the Gaussian
MAC with perfect feedback [9] and the degraded BC with perfect feedback [75].

For the IC, feedback has been considered mostly for the Gaussian case [73, 74],
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4.1 Introduction

while there were few achievable rate results obtained for the discrete memoryless
case prior to the work in this chapter.

We first review some well-known information-theoretic results on the genetic
IC without feedback. The to date best achievable result for the IC was obtained
by Han and Kobayashi in [28], which is recently simplified by Chong, Motani, and
Garg in [48]. Their result is attributable to Carleial’s notion [46] that each receiver
is allowed to crossly observe partial information from non-pairing senders, given
that the entire codebook is exposed to every receiver. One can interpret their
coding schemes in [28, 48| as a type of collaborative coding (in contrast with the
correlation induced cooperative coding) in the sense that, the senders sperate the
information to transmit into two parts and encode each differently such that each
receiver can decode the two part of information from its pairing sender and one of
the two parts from the other sender. Being able to decode part of the information
from the interference signal, each receiver can obtain a channel with weakened
effective interference for the intended information from its pairing sender. The
coding scheme is also sometimes termed as the rate splitting.

Without feedback, the current best achievable rate region for the IC is obtained
with the collaborative coding scheme described above. Now, we consider the dis-
crete memoryless ICF. When it has access to the channel output of its pairing
receiver, each sender is naturally more capable of decoding the crossly observable
information from the other sender than the its own pairing receiver, because the
sender knows what it transmitted as additional side information. Due to this, each
sender can now send the part of information, which is crossly observable, at a high
rate such that, the corresponding intended receiver is not able to decode at the end
of transmission of the current block but the other sender can. In the next block,
after decoding from the perfect feedback the crossly observable information trans-
mitted by the other sender, the two senders can cooperate to help the two receivers
to resolve the remaining uncertainty in the previous block. A block Markov coding

scheme can be developed for the discrete memoryless ICF based on this idea.
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4.2 Channel Model and Preliminaries

4.2 Channel Model and Preliminaries

A generic two-user discrete memoryless ICF is characterized by two finite input
alphabets, X; and Xs; two finite output alphabets, Y; and Y,; and the conditional
probabilities p(y1, y2|T1,x2) on (y1,y2) € Y1 X Yo given (zq,x2) € Xy X Xy. The

channel is memoryless in the sense that

p(y1,t, y2,t|$1,t> T2t L1t—1,L2t—1, ) = p(yl,t> y2,t|$1,t> $2,t) (4-1)

for every discrete time instant ¢ in a synchronous transmission. Each receiver is
assumed to feed back its received signal to the pairing sender in a causal and
noiseless manner.

As shown in Figure 4.1, sender 7, ¢ = 1, 2, wishes to transmit a message (message
index), w; € W; = {1, ..., M;}, to receiver i. The message W; is independently and

uniformly generated over its index set W,.

Delay
Channel
Encoders Decoders
w1 > l’? y? UA]1
B — fl L > gl —
p(ylyQ |$1$2)

I 48 (73 Wo

= [ - B -

Delay

Figure 4.1: Interference channel with perfect feedback.

Definition 4.1 We claim that an (M, Ms, n, Pe(n)) feedback code exists for the dis-
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4.3 An Achievable Rate Region for the ICF

crete memoryless ICF, if and only if there exists a collection of encoding functions

fl,t : Wp x {91,1, ---ayl,tfl} — xl,ta

f2,t : Wy x {92,1, ---7924&71} — xz,t,
where t =1, ...,n; and two decoding functions
a1 39?—”?\717 92393—>W27

such that maX{Pe(q ,P(" } < 2% , where Pm = 1,2, denotes the average decod-

e’

ing error probability of decoder i, and is computed by one of the following:

n 1 .
Pe(,l) RNYAYE Z Pr(wy # wq|(wy,we) were sent),

wiw2

n 1 A
Pe(,2) = M, M, Z PI"(UJQ #* w2|(’w1, wg) were sent).

w1 wa

Definition 4.2 A non-negative rate pair (R, Ry) is achievable for the discrete mem-
oryless ICF, if there exists a sequence of (2" 202 n Pe(n)) codes such that P\™ —

0 as n — 0.

Definition 4.3 The capacity region for the discrete memoryless ICF is defined as
the closure of the set of all the achievable rate pairs, while an achievable rate region

for the channel is a subset of the capacity region.

4.3 An Achievable Rate Region for the ICF

As mentioned in Section 4.1, we apply rate splitting at both senders, i.e., we let
wy = (Wi, wiy), wyz € {1,...,2"%2} € {1,...,2M1}: and wy = (way, wan),
woy € {1,..., 2"} wyy € {1,...,2"%22} We also follow Carleial’s notion that the
receivers are allowed to crossly observe partial information from the non-pairing
senders; and in our setting receiver 1 will be able to decode (wqa,wq1) as well as

wayy, while receiver 2 will be able to decode (way, was) as well as wyy similarly. If the
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4.3 An Achievable Rate Region for the ICF

receivers can successfully decode (wiq,wq1) and (way,wq) respectively with high
probability, we can claim that (R;, Re) = (Ri2 + Ri1, Ro1 + Ras) is achievable for
the discrete memoryless ICF. We present our main result as follows.

Denote by P* the set of joint probability distributions p(-) that can factor in

the form

p(ug, w1, Uz, T1, To, Y1, Y2) = p(uo)p(u1|u0)p(uQ|u0)

- p(w1|ur, wo)p(@2|ug, uo)p(y1, y2| 1, 22), (4.2)

where ug, u; and uy are realizations of three auxiliary random variables Uy, U; and
Us defined on arbitrary finite sets Uy, U; and Us.
Next, denote by fRS}YZL (p) the set of all non-negative quadruples (R12, R11, Ro1, Ra2)

such that

Ry < I(Uy; Y1| X4, Uy, Up), (4.3)
Ry < I(Xy;Y1|Uq, Uy, Uy), (4.4)
Rig + Ry < min{I(Up; Y1), I(Up; Ya)} + I(U1 Xy; Y1 |Us, Up), (4.5)

Riy + Ry < min{I(Up; Y1), I(Up; Ya)} + I(Uz, Xy; Y1|Us, Up), (4.6)

Ris + Riy + Ryy < min{I(Up; Y1), I(Up; Ya)} + 1(Us, Uy, X1; Y1 |Usp), (4.7)

for a fixed joint probability distribution p(:) € P*. Similarly, we denote by fRﬁZL (p)
the set of all non-negative quadruples (R, Ri1, Ro1, Ro2) such that inequalities
(4.3)—(4.7) with subscripts 1 and 2 swapped everywhere are satisfied for a fixed
joint probability distribution p(-) € P*. We define R¢(p) as the set of all rate pairs
(R1, Ry) such that (Ry, Ry) = (Ri2 + Ri1, Ro1 + Rao) and

(P2, Ry, Ror, Raa) € R;ln)m(p) N 325[277)1(27)7 (4.8)

for a given p(-) € P*.
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4.3 An Achievable Rate Region for the ICF

Theorem 4.1 The rate region

fRf = U IRf(p)

p(-)eP*

is an achievable rate region for the discrete memoryless ICF.

Proof: To prove the entire region R; is achievable, it is sufficient to prove the
region Ry(p) is achievable for some fixed joint distribution p(-) € P*. Let us fix
a joint distribution p(-) that factors in the form of (4.2). We construct a block
Markov coding scheme as follows. The coding scheme consists of B + 1 blocks of
transmissions, with each block consisting of n channel uses. We first generate two
statistically independent codebooks, by repeating the codebook generation process
described below twice. The two codebooks are used in an alternative manner such
that the error events that may happen during the decoding in two consecutive
blocks are independent of each other.

[Codebook Generation.] First, generate 2% independent codewords Uy(i), i €
{1,...,2"%} according to [];, p(uo.). At encoder 1, for each codeword ug(i), i €
{1,...,2"%} generate 212 independent codewords Ui(4, j), j € {1,...,2""2} ac-
cording to [ i, p(u1 ¢|uo.). Subsequently, for each pair of codewords (ug(7), uy (i, 5)),
i€ {1,..,2"M0} e {1,.. 22} generate 2" independent codewords X, (i, 7, k),
ke {1,...,2"n} "according to [[;—, p(@14|uw1 s, uo,). Similarly at encoder 2, for each
codeword (i), i € {1,...,2"%0} generate 2" independent codewords Usy(i, 1),
I € {1,...,2"21} according to []}_, p(uay|ugs). Subsequently, for each codeword
pair (ug(i),ug(i, 1)), i € {1,...,2"7} 1 € {1,...,2""2} generate 2”722 independent
codewords Xz(i,1,m), m € {1, ...,2""22} "according to [[\_, p(za+|uas, uoy)-

Note that the above codebook generation process is repeated twice.

Next, uniformly distribute the 2"(F12+£21) index pairs (4, 1) into 2% bins. The
entire codebook is then revealed to both receivers.

[Encoding and transmission.] Assume that transmission of block b — 1 is just

finished. Before the transmission of the next block, bth block, sender 1 will try
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4.3 An Achievable Rate Region for the ICF

to decode the message wéﬁ_l) sent from sender 2 in the (b — 1)th block from the

feedback y%bil), by looking for a unique 'ngfl) such that

(1o (i), u, (1072wl ™), %, (1072wl W),

(i, ), ") € A, (4.9)
If successful, sender 1 decodes wélfl) = wg’f”; otherwise, an error is declared.

Sender 1 then looks for the index =1 of the bin which contains the index pair

b—1 b—1
(w5 Wiy,

Similarly, sender 2 needs to decode the message from sender 1, wg 1), and

(=1 in a symmetrical manner.

obtain the same bin index i
Assume that (w%Q), w?) and (wzl) w?)) are the messages to be transmitted in

the bth block. Sender 1 will transmit x; (i1, wi*;’, wﬁ)), and sender 2 will transmit

xo (101 wé’?, wéQ)) The transmissions are assumed to be perfectly synchronized.
[Decoding.] At the end of the bth block transmission, receiver 1 tries to decode

the bin index i~ from the channel output of current block ylb) first. Receiver 1

declares @Y = ;&= if there exists a unique bin index =Y such that we have
(o (i), y1") € AL,

where A™ is the typical set [40]. Otherwise, an error is declared.

(b-1) (bfl))

Next, receiver 1 will decode (wyy 7, wy; ) = (W12, wW1y) if there exists a unique

triple (w12, 11, 1) such that (wis, W) are from bin with index ¢~ and
(UO (i(b_Q))a u, (i(b_2)7 le)a Xl(i(b_2)a UA}IQ) wll)) u2(i(b_2)7 le)) ygb_l)) S Agn)) (410)

otherwise, a decoding error is declared. Note that the bin index i*~? is assumed
to have been decoded successfully at the end of the (b — 1)th block transmission.
In a similar manner, receiver 2 will first decode the bin index i~ and then

decode the messages (wé’i 2 wg; 1)).
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4.3 An Achievable Rate Region for the ICF

[Evaluation of probability of error.] Assume that there is no decoding error

made by both senders and receivers at the end of transmission of the bth block,

i.e., sender 1 decodes wgll), . wgi Y and obtains i ...,i®1 and sender 2 decodes
wg, w§’; Y and obtains i i correctly; receiver 1 decodes iV, ..., (=2
and (wﬁ), wﬁ), wéll)) (w§’;‘2) wﬁ 2 wgg 2)) and receiver 2 decodes i), ..., (™2
and (w21), w%), wg)) (wgi 2 wégﬂ), wgﬂ)), correctly. Since the channel is sym-

metric, we can analyze the probability of error made by sender 1 and receiver 1
only. Similarly due to the symmetry of the codebook generation, the probabil-
ity of error is codeword independent. We further assume that the message vector

(@’;‘”, wﬁ_l), w§§‘1>,w§’;‘1)) = (1,1,1,1) was encoded and sent through (b — 1)th

block, and we assume that (w%ﬁl), wgfl)) = (1,1) are in bin 1, i.e., i®"1 = 1.

Before we proceed, we define the following events:

Fﬁl = (4,1) € bin b,
Ej,k,l =

(Up(i®2), U1 (i, 5), X, (i, 5, k), Up(i®72,1), YY) € AP

At the end of the transmission of the bth block, sender 1 needs to decode wgi)
correctly to sustain the block transmission. Decoding error occurs when one of the
following two events happens: 1) the codewords transmitted are not jointly typical

with the channel output sequence, i.e.,
b b b b n
(wo(1), wy (1, wiy) i (1, wiy wi) ), wo (L, wiy), yi”) f AL

2) sender 1 finds another wéﬁ) # wgi) such that

®) , ()

(uo(1), uy (1, w?), % (1, w0y, w), us (1, 08)), y) € A,

According to the asymptotic equipartition property (AEP), when the code length

n is sufficiently large, the probability of event 1 becomes arbitrarily small. The
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4.3 An Achievable Rate Region for the ICF

probability of event 2 also becomes arbitrarily small, when the code length n is

sufficiently large and the following is satisfied:
Ry < I(Us; Y1 | X0, Uy, Up).
Similarly, a constraint on the rate Rys:

Ry < I(Uy; Ya| Xo, Us, Up),

also needs to be satisfied such that sender 2 is able to decode w§’;> correctly.

b—1)

Receiver 1 first tries to decode the bin index i from ygb) and then de-

codes (w%ﬁl), wﬁfl), wgfl)) from yibil). Recall that we assume that (w%ﬁl), wﬁfl),
w§§‘1>) = (1,1,1,1) and i®"Y = 1. An error may be made by receiver 1 when one

of the following two situation occurs: 1) the transmitted codewords are not jointly

typical with the channel output sequence, i.e.,

(uo(1),y\") ¢ A,

2) receiver 1 finds another i®=) # 1 such that (ue(i® ), y\") € A™. According
to AEP, when the code length n is sufficiently large, the probability of situation 1
becomes arbitrarily small. To drive the probability of situation 2 also arbitrarily

small, the following rate constraint needs to be satisfied:
Ry < I(Ug; Y1).
Similarly, the rate constraint:

RO S ](UOa Yr?)a

also need to be satisfied for decoder 2 to successfully decode i1,

Next, receiver 1 tries to decode (wg_l), wﬁ_l), wéﬁ_l)) from the receiver output
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ygb_l). An error is made if one of the following two situation occurs: 1) the trans-

mitted codewords are not jointly typical with the received channel output sequence,

i.e.,

(uO (i(b72))7 u; (i(bima 1)7 X1 (i(biz)a 17 1)7 u2(i(b72)7 1)7 ygbil)) ¢ Agn)a

2) there exists another message vector (w?{”,wﬁ*%wé’f”) # (1,1,1) such that
the two events

Fl _ _ aIldEAb—lAb—1Ab—1
wg 1)@? 1) w§2 )wil )wé1 )

happen simultaneously. When code length n is sufficiently large, the probability
of situation 1 can be made arbitrarily small. The probability of situation 2 can be

bounded as follows:

Pr(situation 2)

= b U (Fégz-“w;ﬁ-“ A Ewﬁzwgmgz*”)
aiy VY ad )£,
< 2MePr(F) ) Pr(Eaq) + 2" Pr( By 01) + 2" Pr(FL,)Pr( B 1 2)
+ 2Bt R Py (B ) Pr(Byg ) + 2" 20 Pr( B Pr(E) 50)

+ 2n(R12+R21)P1"(F2172)P1"(E271,2) + 2”(R12+RU+R21)Pr(FQvQ)Pr(EQ,M). (4.11)
Since the index pairs (j,1) are uniformly distributed into 2"% bins, we have
Pr(F},) = Pr(Fy,) = Pr(Fy,) = 27", (4.12)

We next evaluate E2,1,17 E1’271, ELLQ, E2’271, E1’272, E271’2, and E2’272 by repeatedly
applying Theorem 14.2.3 in [40], and then substitute the results into inequality

(4.11). It follows that

Pr(situation 2) < gnii29—nRog—nl(U1,X1;Y1|U2,U0) 4 gnRiig—nl(X1;¥1|U1,U2,U0)
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+ 2nR21 2—nR02—nI(UQ;Y1‘Xl,Ul,Uo) + 2n(R12+R11)2—nR02—nI(U1,Xl;Y1|U2,U0)
+ 2n(R11+R21)2—nR02—nI(U2,X1;Y1\Ul,Uo) + 2n(R12+R21)2—nR02—nI(U1,X1,U2;Y1|UO)

+ 2n(312+R11+321)2*nR0 2*"I(U17X1U2§Y1 |Uo) . (4 13)

It is then straightforward to verify that when inequalities (4.7)—(4.3) are satisfied
and code length n is sufficiently large, Pr(situation 2) — 0. The same analysis is
applied to receiver 2 similarly.
Therefore, we can conclude that the region Rf(p) is achievable for some fixed
joint distribution p(-) € P*, and the theorem follows. |
The description of the achievable rate region given in Theorem 4.1 is in an
implicit form where Ry or Ry are not present explicitly. Nevertheless, an explicit

region can be obtained from the implicit one as follows.

Theorem 4.2 The rate region

fRf = U IRf(p)

p(-)eP*

is an achievable rate region for the discrete memoryless ICF, where Ry(p) is the

set of all rate pairs (Ry, R2) such that

Ry < Co+ I(Uy, X1; Y1|Us, Up), (4.14)

Ry < I(Uy; Ya|Xa, Us, Up) + 1(X1; Y1 |Us, Uy, Uy), (4.15)

Ry < Co + I(Us, Xo; Ya| Uy, Up), (4.16)

Ry < I(Us; V1| X1, Ur, Up) + 1(Xo; Yo Uy Us, Up), (4.17)
Ry + Ry < Cy + I(Uy, U, Xo: Ya|Up) + I(X1; Ya|UL, Us, Up), (4.18)
R+ Ry < Cy+ I(Us, Uy, X1: Yi|Us) + I(Xo; Ya|Us, Uy, Up), (4.19)
Ry + Ry < 20, + (U1, Xo; Yo|Us, Up) + I(Us, X1; Y4|UL, Us), (4.20)
Ry + Ry < Cy + I(Xo; Ya|Us, Uy, Up) + I(Uy; Ya| X, Us, Up)

+1(Uz, X1; Y1|Uy, Uo), (4.21)
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Ry + Ry < Cy + I(X1; Ya1|Uy, U, Up) + I(Us; Y| X3, Uy, Uy)

+ I(Uy, Xa; Ya|Us, Up),

Ry 4+ 2Ry < 2C) + 1(Xa; Ya|Us, Uy, Uy) + 1(Uy, Uz, Xo; Ya|Up)

+ I(Uz, X1;Y4|Uy, Uy),

2Ry + Ry < 2C) + I(X1; Y1|Uy, Us, Up) + 1(Us, Uy Xy; Y1|Up)

+ (U, Xa; Ya|Us, Up),

Co :=min{I(Up; Y1), I1(Up; Y2)}

for a fized joint distribution p(-) € P*.

(4.22)

(4.23)

(4.24)

(4.25)

Proof: The main task is to apply Fourier-Motzkin elimination to the following list

of inequalities:

Ra

Ry

Ris + Rny

Ri1 + R

Ry + Ry + Ry
Ry

Ra

R + Rz

Rag + Rio

Ro1 + Rz + Rip
Ry — Ris — Ry
Ry — Ra1 — R
— Rz

_Rll

< I(Uz; V1| Xy, Ur, Uy),
< I(X1; Y1|Uy, Ua, Uy),
< Co + I(Ur, X1; Ya|Us, Up),
< Co + 1(Uz, X1; Y1|U1, Up),
< Co + I(Us, Ur, X1; Y1 |Uo);
< I(Uy; Ya| X, U, Up),
< 1(X2; Ya|Us, Un, Uy),
< Co + 1(Uz, Xo; Ya|Us, Up),
< Co + I(Ur, Xo; Ya|Us, Up),

< Co+ 1(Uy, Uz, Xo; Y5 |Uy);

(4.26)
(4.27)
(4.28)
(4.29)
(4.30)
(4.31)
(4.32)
(4.33)
(4.34)
(4.35)
(4.36)
(4.37)
(4.38)

(4.39)
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—Ry <0, (4.40)

— Ry, <0, (4.41)

where Cy = min{I(Uy; Y1), 1(Up; Y2)}.

Specifically, the elimination takes four major steps to remove Ris, Ro1, Ry; and
Ras, respectively and successively. The first step is to remove Ri5. We exhaustively
combine (sum) any inequality with term +R;s with any one with —R;5, and keep
the resulting new inequalities and the inequalities which does not contain R15. The
second step operates on the remaining inequalities from the first step, and removes
Ry in the same way as step one does. The rest is done similarly. Finally, the
resulting inequalities become (4.14)—(4.24), and the theorem follows. Interested
readers can refer to Section 1 of Appendix A.3 for a detailed procedure of the

Fourier-Motzkin elimination applied on the implicit achievable rate region for the

ICC. |

Remark 4.1 The achievable rate region Ry is convex due to the existence of Uy,
therefore time-sharing is not necessary. Moreover, Ry includes the Han-Kobayashi

or Chong-Motani-Garg region for the IC as a special case.

4.4 Conclusions

In this chapter, we have investigated the discrete memoryless ICF. We have devel-
oped a block Markov coding scheme for the channel, which allows each sender to
partially decode certain information from the other such that cooperation can be
induced. We have also obtained a corresponding achievable rate region in its the
implicit form. Moreover, we have also obtained an explicit description of this rate

region by applying the Fourier-Motzkin elimination on the implicit rate region.
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Chapter 5

Relay Channels With Generalized
Feedback

This chapter considers the three-node relay channel with generalized feedback. In
particular, two generalized feedback configurations are investigated. In the first
configuration, the source operates in full duplex mode, thereby being able to receive
signals. The received signals at the source can be considered to be a form of
generalized feedback. In the second configuration, the destination operates in full
duplex mode, thereby being able to transmit signals. The transmitted signals from
the destination can be considered to be a form of generalized feedback. For both
configurations, coding schemes that are based on the ideas of decode-and-forward
and compress-and-forward, are developed to exploit the feedback in their respective
forms, and corresponding achievable rates are derived. It is shown that the derived
achievable rates include some existing results for perfect feedback settings as special

cases.

5.1 Introduction

Information theoretic study of the relay channel was initiated by van der Meulen
[4], and was further expanded upon by many others [21, 24, 23, 72]. In particular,

in the late 1970s Cover and El Gamal [21] developed two well-known coding strate-
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gies for the three-node relay channel: decode-and-forward (DF) and compress-and-
forward (CF), which are named according to the specific operations at the relay.
Both strategies involve block Markov coding. In the DF strategy, at the end of a
transmission block, the relay decodes the source message, and in the subsequent
transmission block, the relay forwards the decoded message to the destination;
knowing what the relay intends to transmit to the destination, the source coop-
erates with the relay to help the destination to resolve the uncertainty about the
message delivered in the present block. Such cooperation is not possible in the
CF strategy, as neither the source nor the relay knows what the other node will
transmit in the next block. In the CF strategy, at the end of a transmission block,
the relay compresses its channel output sequence instead of trying to decode any
information from it. The relay then forwards the compressed sequence to the desti-
nation in the subsequent transmission block. By providing the compressed channel
output sequence as side information for the destination to decode the source mes-
sage, the relay facilitates the transmission of the message. This approach is called
facilitation in contrast to cooperation. A hybrid coding strategy that combines the
DF and CF strategies was proposed in [21, Theorem 7].

After many years of relative quiescence, there has been considerable recent
interest in the relay channel, primarily due to the emergence of cooperative com-
munication networks [24, 23]. Another topic that has received considerable recent
attention is communication with feedback [75, 10, 72|, as it has been demonstrated
that feedback can be used to improve information throughput in various commu-
nication scenarios such as in multi-user networks. As an intersection of these two
topics, the relay channel with feedback was first investigated in [21], where com-
plete and causal knowledge about the channel output at the destination is assumed
to be available at both the relay and the source. Capacity is shown to be achieved
in this situation with the DF strategy. Such a feedback setting describes one of
the possible feedback configurations for the relay channel. Two other feedback

configurations for the relay channel were investigated in [72], including cases of
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perfect causal feedback from the relay to the source and perfect causal feedback
from the destination to the source. Several coding strategies based on DF and CF
were developed in [72], which shows improvements in the achievable rates for the
relay channel with partial feedback over the relay channel without feedback.

In this chapter, we consider the three-node relay channel with generalized feed-
back, in which the feedback is obtained in the same way as the intended information
is delivered, rather than assuming ‘perfect’ feedback to be causally available at the
source or the relay. In particular, we investigate two generalized feedback config-
urations. In the first configuration, the source is able to receive signals, while in
the second configuration the destination is able to transmit signals. Although they
have not been explicitly investigated in literature, these two settings can be con-
sidered to be component settings or partial configurations of the fully cooperative
broadcast relay channel [76] or the two-way relay channel [77, 78]. By extending
the respective results in [76, 77, 78] to the two feedback configurations investigated
in this chapter, we can obtain corresponding achievability results. However, the
results obtained in this way are the same as the achievable rates for the generic
relay channel [21], because the feedback is not exploited in the respective proposed
coding strategies of [76, 77, 78]. Aiming to improve the achievable rates by exploit-
ing the feedback at/from the respective nodes, new coding schemes are developed
based on the existing DF and CF strategies, which are the main contributions of
this chapter.

The rest of this chapter is organized as follows. In Section 5.2, we introduce
our channel models and related definitions. We also present three lemmas for
strong typicality, which are frequently applied in our proofs. In Sections 5.3, we
present our main results regarding the first feedback configuration, including three
achievable rates. We show that our results generalizes some existing results. In
Section 5.4, we present two achievable rates for the second feedback configuration.

Last, we conclude this chapter in Section 5.5.
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5.2 Channel Models and Preliminaries

In this section, we introduce two models of the three-node relay channel with
generalized feedback, in both of which the relay operates in full duplex mode. We
define the existence of codes and achievable rates for the channels. As preliminaries,
we discuss the notion of strong typicality and list several important lemmas which

will be used frequently in our proofs.

5.2.1 Relay Channel With Generalized Feedback at the

Source

With reference to Fig. 5.1, a discrete memoryless relay channel with generalized
feedback available at the source consists of a source (node 0), a relay (node 1), and a
destination (node 2). The channel is defined by a tuple (Xox X1, p(yo, Y1, Y2|To, 1), Yo X
Y1 x Yo) with X, ¢ = 0,1, denoting the channel input alphabet of node ¢, Y, t =

0, 1,2, denoting the channel output alphabet of node ¢, and p(yo, y1, y2| o, 1) denot-
ing the collections of probabilities of the channel outputs (yo, y1,¥2) € Yo X Y1 X Yo
being received conditioned on channel inputs (g, z1) € Xy X Xy being transmitted.
The channel is assumed to be memoryless in the sense that the channel outputs,
Yok Y1,k and ya i, in one channel use depend only on the channel inputs, xg, and
Tik, Le.,

k-1 | k=1 , k-1

p(yO,/m yl,ka y2,k|x(k);7 J’Jfa Yo ayl_ y Yo ) - p(yo,/m yl,kn y?,k|l‘0,k> xl,k)a k= 15 w1,

where l’f = ($t,17$t,2a'-'>xt,k)a = 1a27 and yf = (yt,l>yt,27"'ayt,k)7 L= 071a2'

Through such a channel, the source wishes to send a message w € W := {1, ..., M'}
to the destination. The message is further assumed to be generated uniformly over

its range. Let us denote this channel as Cgpg.

Definition 5.1 An (M,n, Pe(")) code exists for Cspp if there exist
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Node 1
Relay
A
Node O le Y1 Node 2
Xo R
w - Y, o w
—>| Source | p(Yo, Y1, Ya|To, 21) > Destination >
Yo

Figure 5.1: Three-node relay channel with generalized feedback available at the
source.

1. a set of encoding functions at the source

Jok IMX%_l — Xo, k=1,..,n,

2. a set of relaying functions at the relay
fl,k; :Hlf_l '_)xly k= 1,...,77/,
3. and a decoding function at the destination

g2 Yy — W,

such that the probability of decoding error is computed as

1
P = i > Pr(ga(Yy) # w|W = w).
weWw

Definition 5.2 A non-negative rate R is achievable for Cspp if there exists a se-

quence of codes (2" n, Pe(n)) such that P\") approaches 0, as n — co.
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5.2.2 Relay Channel With Generalized Feedback from the

Destination

Fig. 5.2 depicts the second feedback configuration that will be studied in the
chapter: the discrete memoryless relay channel with generalized feedback from the
destination. The channel is defined by a tuple (Xox Xy x Xo, p(y1, y2|To, X1, 22), Y1 X
Y2) with definitions analogous to those in Cgpp. The channel is also assumed to
be memoryless. Via this channel, the source wishes to send a message w € W =
{1, ..., M } to the destination. The message is assumed to be generated uniformly

over its range. We denote a channel with this feedback configuration by Cppg.

Node 1
Relay
Node O X Yi Node 2
, Yo y
w Xo - _— w
—>  Source > (Y1, Y2| 20, 71, 72) | Destination ——>
Xo

Figure 5.2: Three-node relay channel with generalized feedback from the destina-
tion.

Definition 5.3 An (M, n, Pe(")) code exists for Cppp if there exist

1. an encoding function at the source

fo: W= X7, (5.1)

2. a set of relaying functions at the relay

f1,k Yl Xy, k=10,

3. a set of feedback functions at the destination

f2,k; : 93_1 — Xy, k=1,..n.
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4. and a decoding function at the destination
g2 Y5 =W,
such that the probability of decoding error is computed as

1 o - .
P = 7 > Pr(ga(Yy) # W =),
WEW

Definition 5.4 A non-negative rate R is achievable for Cppy if there exists a se-

quence of codes (Q”R,n, Pe(")) such that Pe(") approaches 0, as n — o0.

5.2.3 Strong Typicality

In this chapter, we will frequently use the notion of strong typicality [40, Section
13.6]. As preliminaries, some basic results concerning strong typicality are given
as follows.

Let {Z1, Z3, ..., Z;n } denote a finite collection of discrete random variables with
some fixed joint distribution p(z1, 2o, ..., ;) for (21, 22, ..., 2m) € 21 X Lo X .. X Zypy.
Let S denote an arbitrary ordered subset of these random variables, and consider

a set S of n independent copies of S, i.e.,

Pr(S=s) = H Pr(S, = s;), s € 8",

t=1

where 8 is the alphabet of random variable S.
Define N(s;s) as the number of indices ¢ € {1,2,...,n} such that S; = s. By

the law of large numbers, for all s € 8, we have

N (s5:5) = pls), (52
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and

1 1<
——logp(s1, 82, 80) = —— ; log p(s;) — H(S). (5.3)

Convergence in (5.2) and (5.3) occurs simultaneously with probability one for all

subsets of the random variables S C {7, Zs, ..., Z, }.

Definition 5.5 The set AN of e-typical n-sequences (zy, 2o, ..., Zy,) s defined by

{(zl, 22y ey Zy) -
’1

€
EN(zl, 20y ooy Zmi 215 B2y eoey Zm) — D(21, 22, ey Zm)

= ||Zl X ZQ X ... X Z’mH’

i (21722,...,2m) € Zl X ZQ X ... X Zm},

where ||Z|| denotes the cardinality of the set Z.

For each non-empty subset S C {7y, Zs, ..., Z,}, the set Agn)(S) of e-typical
n-sequences s can be similarly defined with respect to their individual joint dis-
tributions. The following lemmas present some important properties of Agn)(S),

which will be frequently used in our proofs.

Lemma 5.1 For any e > 0, there exists an integer n such that
1. Pr(AM(8)) > 1 —¢,
2. 27 "HS)+) < Pr(S =) < 27HS)—9)

3. (1 —¢)2ntHS)=a) < HAE")(S)H < QuHS)+)  gng

4. if S1,S8y C{Z1,Za, ... Zm }, and (s1,82) € AE”’(& U Sy), then we have

27’I’L(H(SI|SQ)+26) < PI‘(Sl — Sl|S2 — SQ) < 27TL(H(51‘52)726).
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Lemma 5.2 Let Sy, S, and S3 be three non-empty subsets of the set of random
variables {7y, Zs, ..., Zm}y. Let Sy and Sy be conditionally independent given Ss

with the marginal distributions

PI‘(S; = 81|53 = 83) = ZP(Sh S2, 83)/]9(83), and

S2

Pr(S, = 59|55 = s3) = Zp(sl, S2,53)/D(83).

Let (S},S,,S3) be generated according to [[;_, p(s3)p(51.4|53.4)p(s0.4|534), with s; :=

(Si1sSi2y s Sin), 0 = 1,2,3. For sufficiently large n, we have

(1— 6)Q—n(I(SuSzISs)Jr?e) < Pr((S/l, S/Q, S;) c Agn)(sl’ Sy, 53)) < 9 n(I(51;52]83)=Te)

Lemma 5.3 (Markov Lemma, [65, Lemma 4.1]) Let Sy, Sa, and Ss form a Markov
chain, i.e., S — Sy — Ss5. Let (S1,S3) be generated according to [[;_, p(s1t, Sat)
with p(s1, s2) = Y, p(s1,52,53). Given (Sg,s3) € AE”)(S2, Ss), we have

Pr((sla 82753) € ‘Agn)(sh SQ, S3)) >1-— €,

for sufficiently large n.

5.3 Achievable Rates for Cgqrp

In this section, we present our achievablility results for the first feedback configu-
ration depicted in Fig. 5.1, in which the source operates in full duplex mode. It
can be observed that the feedback received at the source consists of signals from
itself and from the relay. Obviously, only the information contained in the signal
from the relay is useful to the source, as the source knows its own transmitted mes-
sage. Therefore, what the relay transmits determines whether the feedback can be

exploited and how the feedback can be used at the source.
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As mentioned earlier, the relay in a generic relay channel can perform either
DF or CF to aid the transmission between the source and destination via either
cooperation or facilitation. When the DF strategy is applied, the relay transmits
information sent by the source, and thus its transmission is known to the source.
Therefore, if we merely apply DF at the relay, the source can only obtain from the
feedback information which it already knows. As a result, the feedback is wasted
in the sense that the source is able to obtain the information contained in the
feedback in the absence of the feedback.

On the contrary, if we apply the CF strategy, what the relay transmits contains
certain information that the source is unable to obtain without exploiting the
feedback. This makes the feedback potentially useful to the source. We know that
in the generic relay channel, we can only achieve facilitation rather than cooperation
under the CF strategy [21], due to the fact that the source does not know which
codeword (carrying the compressed version of the channel output) the relay wishes
to send. Nevertheless, in the current feedback figuration, the source may decode
which codeword the relay wants to transmit, and thus cooperation between the two

nodes in transmitting this compressed information becomes possible.

5.3.1 Rates Achieved by Decode-and-Forward / Partially-

Decode-and-Forward

Based on the above discussion, we next present our first coding scheme in which
the source acts as a DF relay in the way that it decodes which codeword, as the
compressed version of the received sequence, the relay wishes to send, and then
cooperates with the relay to forward this information to the destination. The
destination then performs joint decoding over its own received sequence and the
compressed version of the received sequence at the relay to obtain the message sent
by the source. The following achievable rate can be established with such a coding
scheme.

Let U and Y; be auxiliary random variables defined over arbitrary finite alpha-
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bets U and Y, respectively. Let Py denote the set of joint distributions p(+) that

factor as follows

P(U, Zo, T1, Y0, Y1, Y2, ?31) = p(u)p($0|u)p($1|U)P(yo, y1>y2|$0, $1)P(?31|y17$1, U)
(5.4)

Theorem 5.1 For the discrete memoryless relay channel with generalized feedback

at the source, Cspp, the following rate is achievable:

Rsppo := sup 1(Xo;Ya, Yi|X1,U),
p(-)€Po

subject to the following two constraints

[(Ys; YA X3, U) < 1(X3; Yo| Xo, U) + (Y13 Yo, Xo| X3, U), and (5.5)

1Y Y1 X,,U) < I(Yy, X1, U3 ). (5.6)

Proof: We consider a block Markov superposition coding scheme consisting of
regular encoding and sliding window decoding [79]. Block Markov superposition
refers to the relation between two consecutive coding blocks with the later one
depending on the other, i.e., the later block is generated by superimposing the new
information onto the previous block, and all the encoded blocks form a Markov
chain. Sliding window decoding refers to the decoding method, where we apply a
window which takes three consecutive blocks of channel outputs, and perform the
decoding over these three blocks. After the decoding over the current window is
finished, we slide the window forward by one block, and so on and so forth.
Under our proposed coding scheme, the successive transmissions consist of B+2
blocks, each of which is of length n. In each of the first B blocks, a message
w € [1,2"fsre0] will be sent to the destination with probability of error approaching

0. The average rate of transmission is thus RsppoB/(B + 2), which is arbitrarily
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close to Rsppg as B — oo.

A random coding argument is applied to show the achievability of Rsppg. First,
fix a joint distribution p(:) € Py.

Random codebook generation: Generate three statistically independent
codebooks, namely codebook 1, codebook 2, and codebook 3, by repeating the

following procedures three times.

1. Generate 2" independent and identically distributed (i.i.d.) codewords

U(i), i € [1,2"%], according to the joint distribution [T, p(us).

2. For each U(i), i € [1,2"%], generate 2"%re0 iid. codewords Xo(i,7), j €

1, 2"fsreo] according to [, p(xo.|ue(i)).

3. For each U(i), i € [1,2"™] generate 2% ii.d. codewords X;(i,k), k €

[1, 2] according to [}, p(z1.¢us(i)).

4. For each codeword pair (U(i), X1(i, %)), i,k € [1,2"%] generate 2% ii.d.

codewords Y1 (i, k, 1), I € [1,2%], according to [/, p(Jr.eue(i), 21.4(, k).

Encoding and transmission: We use the three codebooks in a periodic man-
ner such that any adjacent three blocks are encoded using the three different code-
books respectively, i.e., we use codebook 1 to encode block 1, codebook 2 to encode
block 2, codebook 3 to encode block 3, and codebook 1 to encode block 4, and so
on. By doing so, the mutual independence of the error events among any three
consecutive blocks can be ensured [24].

Assume that the transmission of block b—1 has just ended, and the message w®
is to be transmitted in the current block, block b. Also assume that the following

information (the set of message indices) is now available at the respective nodes:

1. At the source: [, (@ 10=3): (D) @ p®),

?

2. At the relay: (D, (), 16=2),

ceey
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Table 5.1: Codewords transmitted in each block to achieve Rgppp.

Block 1 Block 2 Block 3 Block b
U(q) u(l) u(2) u(lM) . [ u(1®2)
Xo(7, ) xo(1,wM) [ x0(2,w®) | xo(ID, w®) | ... (l( =2 w®)
Xi(i k) | x1(1,2) x1(2,1D) [ x (1MW 1@ | L] %, (1072,10-D)
Y. (i, k1) | 0 y1(1,2,00) [ 31(2,1D,1) | .. | 3,109,102 10-D) [ |

[Source.] If the source decodes =) the index of the compressed version of the
channel output sequence ygb_Q), the source transmits the codeword x (12, w®)
with n channel uses in block b; otherwise it transmits xo(1,w®).

[Relay.] The relay first needs to compress the newly received channel output
sequence y1 by applying Wyner-Ziv coding [21]. If the relay successfully finds

a codeword of index [®~Y as the compressed version of ygbfl)

, then it transmits

x; (172 1= with n channel uses in block b; otherwise, it transmits x; (12, 1).
Table 5.1 lists the codewords transmitted in each block.
Decoding: [Source.] The source first needs to decode (=2 (or y, (10~ 10=3) [(6=2))),

the compressed version of the channel output sequence ygb_Q), from its channel out-

put sequence y(()bfl) received in block b — 1, by looking for an index [0=2) guch that

(@), xo(1073 D) 5, (1073 [0=2) yO=Uy e 40 anq

(S’l (l(b74)’ l(b73)’ Z(b72))’ yéb*2), u(l(b74)), Xo(l(b74)’ w(b72))’ X (l(b74)’ l(b73))) c .A(n).

€

If the index found is unique, the source declares {(*~2) = Z(b_Q); otherwise, an error
is declared. The probability of error can be shown to approach 0 for sufficiently

large n, when
Ry < I(X1; Yo| X0, U) + I(Y1; Yo, Xo| X1, U). (5.7)

[Relay.] The relay first needs to compress the newly received channel output

sequence y1 by applying Wyner-Ziv coding. To do so, the relay looks for an
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index (not necessarily unique) I®~Y such that

(yl(l(bfi’»)’ l(b*Q), j(bfl))’ ygbﬂ), u(l(bfii))’ Xl(l(bfi’»)’ l(b*Q))) c A

€

If any such index is found, the relay declares [(*-1) = Z(b_l); otherwise, an error is
declared. When n is sufficiently large, the probability of error approaches 0 if the

following constraint is satisfied:
Ry > I(Yy; 1| X1, U), (5.8)

which follows from [65, Lemma 2.1.3] directly.

[Destination.] We now describe the decoding procedure at the end of block b.
Assume that at this instant, the destination has already successfully decoded the
following information: 1) w™®, w®, .., w®3); and 2) 1MW 13 13,

Before decoding the message w®=?), the destination first needs to decode 1(*=2)
(equivalently, y(1¢=%,10=3) 1¢=2)) " the compressed version of ygb_Q)), from its
channel output sequences received in the last three blocks, yébiz), yébil), and yéb).

The destination declares (=2 = [®=2) if there exists a unique index 1=2) guch that

the following three events happen simultaneously

(u((®2),y) € A,
(1), x, (10 [0 yPVy e 4™ and

(yl (l(b_4), l(b_?’), Z(b—2))’ yéb—Q)’ ll(l(b_4)), X, (l(b_4), l(b—B))) c ‘A(n)7

€

otherwise, an error is declared. The probability of error in this step can be shown

to approach 0 for sufficiently large n, when the following holds:
Ry < I(U;Ya) + 1(X1; Ya|U) + 1(Y1; V2| X3, U). (5.9)

The destination lastly decodes the message w®=2 from y, (1= 10=3) (0=2)
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2)

and yéb_ . It is declared that w®=2 = w®=2 if 12 is the unique message index

such that

(1), xo (109, @2, x, (109, 10-3) 3, (10D, 1=3) 0=y y =2y ¢ g(m),

€

The decoding error probability of this step can be readily shown to approach 0 for

sufficiently large n, when
Rsppo < 1(Xo; Yz, V1| X1, U). (5.10)

Analysis of probabilities of error: We first list all the events that possibly
happen in the decoding process at the respective nodes as follows:

At the source:
1. Ep: (w109, x(10-3) w®=1), x, (10-3)10=2)) y =Dy ¢ 4,

2. Fy: (yl(l(b—zl), l(b—3)’ l(b—2)>’ y(()bf2)’ u(l(b—4)>’ Xo(l(b—4)’ w(b—2)>’ Xl(l(b—zl)’ l(b—3)))

¢ A,
3. Ey(I072): (u(I®9), xo(1®3), wlD), 5, (1¢-3) [6-2) y &=y ¢ g™,

n E4(f(b—2)): (91 (16, 106-3), i(b—2))’ yébfZ)’ u(16-9), x50 (16, w®=2)Y, x, (16,

10-9Y)) € 4™,
At the relay:
1 E5(l2(b71)): (yl(l(be)’l(b72)’lﬁ(bfl)%ygb—l))u(l(be)%Xl(l(be)’l(b72))) c AM.
At the destination:
1. Eg: (u(l®2),y®y ¢ 4™,
2. Er: (u(l®9),x,(10-3),10-2) y =Dy ¢ g0,
3. Fk: (yl(l(b74)’l(b73)’l(b72))’yg)—2)’u(l(b74))7xl(l(b74)7l(be))) @éAE”).

4. By(i02): (u(i®2),y) e AM.
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5. Ep((0=2): (u(i®=9),x, (109, [0-2), yDy e 4™,
6. En(ﬁH)): (Sfl(l(b"*),l(b’?’),i(b’z)),yéb_Z),u(l(b*‘*)),xl(l(b"*),l(b’3))) cA™.

7. Eig: (u(l®), %o (1079 =2 x, (10= 160=3)) 5, (104 j6=8) 1(b=2)) 02

¢ A™.

8. Eys(®2): (u(i®9), xo(10=Y, b)), x; (109, [6-3)) 5, (100=9) 1(=3) 1(6-2)),

yébf2)) c AW,

Note that (2) denotes an estimate of (-), e.g. [6-2) s an estimate of [0-2),
[Source.] When decoding 1"~%), the source may make a decoding error, which

must fall into one or more of the following three error events: 1) E; happens; 2) Ey

happens; 3) there exists 6= # 12 such that Eg(i(b_2)) and E4(i(b_2)) happen

simultaneously. Hence, we have the probability of error at the source expressed

and bounded as

Pe(source) = Pr {El U 12 U Uf(b—z)#z(b—z)) (E3(Z(b_2)) A E4(i(b_2))) }

(a) N

< Pr(Ey) + Pr(Ey) + 27Pr( B (102)Pr(Ey((02)),  (5.11)

where (a) follows from the union bound and the statistical independence between
the two events Eg(lA(bfz)) and E4(i(b*2)).

It follows from Lemma 5.1 that
Pr(E)) <, (5.12)
for sufficiently large n. For F5, we have
(vo ™ u(®), %o (107, w®=2), 5, (109, 1079)) € AP
by Lemma 5.1, and

(yl(l(b%)’ 16=3). l(b’Q)), u(l(b"*)), xl(l(b"*), l(b’B))) c AM

€
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according to the encoding scheme at the relay. Applying Lemma 5.3 (Markov
Lemma) to the case of S; = (Yp, X), Sy = (U, X;), and S3 = Y7, we have

Pr(E;) <e, (5.13)

when n is sufficiently large.
Next, applying Lemma 5.2 to the case of S; = X1, S, = (Y, Xo), and S5 = U,

we obtain

~
~

Pr(Eg(l(b_2))) S 2—n(I(X1;Y0,X0‘U)—7e) (i) 2—n(I(X1;Yo‘X0,U)—76)’ (514)

where (a) follows from I(X;; Xo|U) = 0 which is due to the Markov chain rela-
tionship X; — U — X,. Similarly, applying Lemma 5.2 to the case of S, = Vi,
Sy = (Yo, Xo), and S; = (U, X;), we have

~
~

Pr(E4(l(b’2))) < 9—n(I(Y1;Y0,Xo0|X1,U)~7¢) (5.15)

Applying the upper bounds (5.12)—(5.15) to the corresponding probability terms

in (5.11), we have
P.(source) < e + ¢ + 2nRog=n(I(X1Y0lXo,U)=Te) g =n(I(V1:¥0, X0 X1,U)=Te) < 3¢

when Ry satisfies the constraint (5.7) and n is sufficiently large.
[Relay.] Now consider the relay. An error will be declared at the relay when for
all [=1) ¢ [1,27%), event ES(I®~V) happens, where (-)¢ denotes the complement

of a set. We express and upper-bound the probability of error at the relay in the
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following:

~
~

P.(relay) = Pr{nN: )Eg(l(b*”)}

[(b—1

— (1= Pe{Bs(It- D)}
(2 (1-— 2_”(1(371;Y1\U,X1)+7e))2"Ro

. eano ln(lizfn(l(f/l;Yl\U,X1)+7e))

(d) -
onRyo—n(I(Y1:;Y1|U,X1)+7€)
<e ;

where (c) follows from Pr{E;(I{¢=1)} > 2-nIMMUX)+7). () follows from the
Mercator series of In(1 + x) with x = — 2~ (FVi[U,X1)+7e) being a negative real
number that approaches 0. Note that the same argument was used in [65, Lemma

2.1.3]. Hence, we conclude that we have
P, (relay) < e,

for sufficiently large n, as long as Ry satisfies the constraint (5.8).

[Destination.] The destination may make an error when it tries to decode (=2,

b—2)

and also when it tries to decode w®=2. By following the lines of the analysis of

P.(Source), the probability of error can be expressed and upper-bounded as follows

P.(destination)

< P.(decoding 1"?) + P.(decoding w®~?)

= Pr {EG UeJeU Uit o (Eg(ﬂb*?)) A E1o(f(b*2) A Ell(i(b—2)>)}
+Pr{ B | Ugoo g Bis (6072}

< de + 2" RPL{ By (I D) Pr{ By (I®2) Y Pr{ By, (I®2)}

+ 2”RSFBOPI»{E13(UAA}(1)_2))}' (516)
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Applying Lemma (5.2) repeatedly, we have

Pr{Ey(I0-2)} < 2-nIU¥2)=70), (5.17)
Pr{Ey(i¢-2)} < 2 n(ivalt)=7e) (5.18)
Pr{ By, (10-9)} < 2 U 0velXi0)=70) 5 q (5.19)
Pr{Ey(I¢2)} < 9=l (Xo¥a Wil 00)=7e) (5.20)

By substituting (5.17)—(5.20) into (5.16), we can conclude that when Ry satisfies
the constraint (5.9), and the information rate Rgppo satisfies (5.10), the probability

of error at the destination can be made arbitrarily small, i.e.,
P, (destination) < be,

as long as n is sufficiently large.
Therefore, any rate Rgppg < [ (XO;YQ,Yl\Xl, U) is achievable subject to con-
straints (5.7), (5.8), and (5.9) for a fixed joint distribution p(-) € Py. This completes

the proof of the theorem. [ ]

Remark 5.1 In the above, constraint (5.5) is applied such that the source is able
to fully decode Y., the compressed version of the channel output sequence Y.
Similarly, constraint (5.6) needs to be satisfied such that the destination is able to
decode Y, as well. Following [21, Theorem 6], with both its own channel output
sequence Yo and the compressed version of the channel output sequence at the relay,

Y., the destination can achieve rate I(Xo; Y, Yl\Xl, U).

Remark 5.2 It is easily observed that when constraint (5.6) dominates constraint

(5.5), ie.,

1(Y1, X1, U; Ya) < 1(Xy; Yo | Xo, U) + I(Y1; Yo, Xo| X1, U),
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5.3 Achievable Rates for Cqpp

we have Rsppo achievable subject to the single constraint
I(VisY1|X0, U) < 1(V1, X1, UsYo) = I(X1, Us Yo) + 1(Vis Yol X0, U). - (5.21)

Hence, the achievable rate Rsppy is potentially larger than the one in [21, Theorem

6/, since our constraint (5.21) is more relazed than the constraint in [21, Theorem

6):
](?1; Yi|Xy) < I(Xy;Ys) + [(Y1§Y2|X1)' (5.22)

Specifically, the relaxation is mainly due to the relationship I(Xy,U;Ys) > 1(Xq;Y3).
Having the uncertainty carried by (X1,U) or Xy resolved, the amount of remaining
uncertainty about Y: that we can extract from Yy should be the same for our coding
scheme and the one in [21, Theorem 6], i.e., 1(Y1;Ys| X1, U) = I(Y1; Y3|X1). Note
that U is the auxiliary random variable introduced to induce the cooperation between
the source and the relay in sending the codeword Y.

However, when the feedback channel from the relay and the source is weak such
that constraint (5.6) is dominated by constraint (5.5), the advantage of CF at the
relay would be undermined due to the requirement of fully decoding the codeword Y,
at the source. This is because in such a weak feedback situation, the pure CF strategy
without requiring the source to decode the compressed version of the channel output
sequence at the relay can enjoy a more relaxed constraint (5.22). This is similar to
the problem of the DF strategy when it is applied in a generic relay channel. When
the link from the source to the relay is weak, the rate achievable with DF could be
less than the capacity of the direct link from the source to the destination.

To overcome this problem, we propose an extended coding scheme of the one in
Theorem 5.1 to compress each received channel output sequence at the relay into
two different versions of different rates. One version will be sent via relaying by
the source in the manner of Theorem 5.1, while the other version will be sent solely

through the direct link from the relay to the destination in the same manner as in
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5.3 Achievable Rates for Cqpp

[21, Theorem 6]. This coding scheme establishes an improved achievable rate in

Theorem 5.2.

With a slight abuse of notation, we reuse some of the auxiliary random variable
names in each of the theorems in the rest of this chapter. Let U, V, }A/l, and Y; be
auxiliary random variables defined over arbitrary finite alphabets U, 'V, 91, and Y,

respectively. Let P; denote the set of joint distributions p(-) that factor as follows

p(ua U, Xo, L1, Yo, Y1, Y2, gla gl) = p(u)p(xo‘u)p(v‘u)p(xl‘v)

: (y07 Y1, y2|330, 371)29(@1‘3/1, U, U)p(ﬂl‘yu Ty, U, ’U)-

Theorem 5.2 For the discrete memoryless relay channel with generalized feedback

at the source, Cspp, the following rate is achievable

Rgppy i= sup I(Xo; Yy, Yy, V1| Xy, U, V), (5.23)
p(-)EP1

subject to the following three constraints:

(Y Yi|U, V) < I(V; Y| Xo, U) + (Y Yo, Xo|U, V), (5.24)
I(Y;;Y4|U, V) < 1(Y1,U,V:;Ys), and (5.25)
[(Yl;Yl‘XlaUaV) SI(Y17X1;)/§|U7V)- (5.26)

Proof: An outline of the proof is provided in Appendix B.1, based on which the
detailed proof can be obtained by following the lines in the proof of Theorem 5.1.
[ |

Remark 5.3 It can be observed that Y, serves as one compressed version of the
channel output sequence at the relay, Y1, and it is sent to the destination with
the aid of the source. On the other hand, being the other compressed version of

the channel output sequence at the relay, Y is sent to the destination through
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5.3 Achievable Rates for Cqpp

the link from the relay to the destination directly. With this coding flexibility, the
transmission of the compressed codeword Y, will not be bottle-necked even when
the feedback link from the relay to the source is weak. At the same time, the coding
scheme allows the source to cooperate with the relay in transmitting Y. to the

destination, which exploits the feedback at the source in the same manner as in

Theorem 5.1.

Remark 5.4 It is evident that when we set Y to a constant, and choose V = X,

Theorem 5.2 reduces to Theorem 5.1, i.e., Rsppy < Rsppi-

Remark 5.5 The coding scheme developed in Theorem 5.1 can be considered as
a fully-decode-and-forward scheme applied at the source with respect to the com-
pressed codewords \?1, while the coding scheme in Theorem 5.2 can be considered

as a partially-decode-and-forward one with respect to the compressed codewords

(Y1, Y,).

5.3.2 A Rate Achieved by Compress-and-Forward

In contrast with the two DF-alike coding schemes developed above, a coding scheme
similar to the CF coding strategy can also be developed at the source to exploit the
feedback and facilitate the relay in forwarding the compressed version of the channel
output sequence at the relay to the destination. An achievable rate established with
such a coding scheme is presented as follows.

Let U, Yy, and Y; be auxiliary random variables defined over arbitrary finite
alphabets U, 90, and 91, respectively. Let Py denote the set of joint distributions

p(-) that factor as follows

p(U7$0>$1>yo, Y1, Y2, Yo, ?31) = p(u)p($o|u)p($1)]9(yo7y1, y2|$0>$1)]9(?30|yoa U)p(?)ll,m, 901)-

Theorem 5.3 For the discrete memoryless relay channel with generalized feedback
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at the source, Cspg, the following rate Rspps ts achievable:

Rgsppy := sup [(Xo;Yz,Yl,Yo\XlaU)a
p(1)€P2

subject to the following constraints

[(Yo; YolU) < I(U;Ya) + I(Yo; Ya|U), and (5.27)
](?1; Y11X1) < I(Xy;Ya, %\U) + [(Yl; Yo, ?07 UlX1). (5.28)
Proof: An outline of the proof is presented in Appendix B.2. [ ]

Remark 5.6 The source acts as a CF relay that compresses the channel output
sequence Yo at the source to obtain Yo, and then forwards the compressed ver-
ston to the destination. The destination decodes \?1, the compressed version of
the channel output sequence at the relay, from both Yo and Yo. Lastly, the des-
tination decodes the source messages from its channel output sequence Yo, and
the two compressed channel output sequences, Y, and \A(O, which achieves the rate

I(Xo; Yo, Y1, Yo| X1, U).

Remark 5.7 In this coding scheme, the link from the relay to the source will not be-
come a bottleneck, since the source only needs to compress whatever it has received,
which does not impose any constraint on the rate of the compressed channel output

sequences at the relay.

5.3.3 Special Cases

By the definition of Csgp, p(yo, Y1, y2|xo, 21), the feedback at the source Yj is ar-
bitrarily correlated with Y} and Y5. It is therefore natural for us to consider the
following two special cases: 1) Yy = Y5, i.e., the feedback is the same as the channel
output at the destination; and 2) Yy = Y7, i.e., the feedback is the same as the

channel output at the relay. These two cases are in fact the two perfect feedback
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cases studied in [72]. In what follows, we show that Theorem 5.1 implies the results
in Theorems 1 and 2 of [72].

Consider the first case of Yy = Y5. We specialize the result in Theorem 5.1 by
substituting Yy with Y5 the corresponding terms, and we have an achievable rate
for this special case obtained as follows.

Let Py denote the set of joint distributions p(-) that factor as follows:

p(u, o, o1, Y1, Y2, U1) = p(w)p(xo|w)p(zi|w)p(yr, yo|zo, 21)p(F1|y1, 1, u).

Corollary 5.1 ([72, Theorem 1]) For the discrete memoryless relay channel with
perfect feedback from the destination to the source, i.e., Cspg with Yo = Y3, the

following rate is achievable:

REppo == sup I(Xo;Ya,Yi|X1,U),

p()EPP

subject to the following two constraints

I(Y; V4] X0, U) < I(Xy; Ya| X0, U) + I(Ys; Ya, Xo| X1, U), and (5.29)
1Y 4| X, U) < 1Yy, X4, U; Ya). (5.30)

Remark 5.8 First note that there is a slight difference between the notation used in
this chapter and that in [72]: we use Xy and X, to denote the inputs at the source
and relay respectively, while [72] uses X1 and Xs. Also note that constraints (5.29)
and (5.30) are equivalent to the corresponding two constraints in [72, Theorem

1]. We demonstrate this by transforming these two constraints as follows. For
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constraint (5.29), we have

](Xla )/2|X07 U) 2 [(Y/la )/1|X17 U) - [(Yl;Y%XO‘Xla U)
> —HW1|Y1, X1, U) + H(Y1|Ya, Xo, X1, U)
d ~ ~
D _HW|Y:, Ya, Xo, X1, U) + H(Y:|Va, Xo, X1, U)

= [(Y1; Y1|Ya, X0, X1, U),

where (d) follows from the conditional independence between Yy and (Y, Xo) given
(Y1, X1,U) such thatH(fﬂYl, Ys, Xo, X1,U) = H(}A/l|Y1, X1, U). Similarly, for con-

straint (5.30) we have

I(V1,X1,U;Ya) > I(Yy; V4] X1, U) —
[(X,,U;Ys) > I(Yy; Ya| X0, U) = I(Y1; V3| X, U)
= —H(Y:1|Y1, X1, U) + H(Y1|Ya, X1, U)
= —H|Y1,Ys, X1, U) + H(Y1|Ya, X1, U)

= I(Y}; Y1|Ys, X1, U).

We now consider the second case of Yy = Y;. By substituting Y, with ¥; and
letting U = X; in Theorem 5.1, we have the following achievable rate for this case.

Let P} denote the set of joint distributions p(-) that factor as follows:

p(xmxlaylay%gl) = p(xl)p(xo\%)p(yl,y2|3?073?1)p(@1\y17331)-

Corollary 5.2 ([72, Theorem 2]) For the discrete memoryless relay channel with
perfect feedback from the relay to the source, i.e., Cspp with Yo = Y1, the following

rate is achievable:

Rfipo == sup I(Xo; Yo, Y1|Xy,U),

p()ePF
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subject to the following constraint

](Yfl;YﬂXl) < [(Yth;Yz)- (5.31)

Remark 5.9 Note that the constraint (5.31) is equivalent to the corresponding one

in [72, Theorem 2], which can be shown by following the lines in Remark 5.8.

Remark 5.10 It has been shown in [72] that with perfect feedback, both achievable
rates RSppo and Riepy strictly improve the various achievable rates for the generic
relay channel under some specific settings. Since our result in Theorem 5.1 in-
cludes both Rip, and Riep, as special cases, we can claim that our coding scheme
in Theorem 5.1 indeed exploits the feedback, and can also achieve improved in-
formation rates over those for the generic relay channel under the same channel

settings. Note that Theorem 5.1 is included as a special case of Theorem 5.2.

5.4 Achievable Rates for Cppp

In this section, we consider the second feedback setting, Cppg, in which the desti-
nation works in full duplex mode whereas the source can only transmit signals but
not receive them. This feedback configuration can be considered as a generalization
of the perfect feedback case investigated in [21]. It has been shown in [21] that
when the feedback is perfect, i.e., the relay has perfect causal knowledge of Y5, the
channel output at the destination Y5 can be considered to be a degraded version of
the channel output pair available at the relay, (Y, Y2). Hence, this perfect feedback
configuration can be considered to be a degraded relay channel [21]. Consequently,
the capacity for the relay channel with perfect causal feedback from the destination
to the relay can be achieved by solely applying the DF strategy.

In our current feedback configuration Cppg, the destination may not be able to

send the perfect channel output Y5 to the relay, which depends on the condition
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of the channel from the destination to the relay. However, it is natural to apply
the CF strategy at the destination to send the compressed version of its channel
output sequence to the relay, and let the relay perform DF in the next block. We
present an achievable rate established by this coding scheme as follows.

Let Y, be an auxiliary random variable defined over an arbitrary finite alphabet

Y,. Let Pt denote the set of all the joint distributions p(-) that factor in the form

p(ﬂfo,xl,x%yby%@z) = P(%)p(xo\?Ul)P(«?Uz)p(yla3/2|1U07331,952)p(@2\y27332)-

Theorem 5.4 For the discrete memoryless relay channel with generalized feedback

transmitted from the destination, Cppg, the rate Rpppi @S achievable:

Rpppr == sup min{I(Xg, X;; Ya|Xy), [(Xo; Y1, Ya| X1, X5) 1,
p(-)eP}

subject to the constraint

](?2; Y| Xy) < I(Xo; V1| X1) + [(Y2;Y17X1‘X2)' (5.32)

Proof: By setting U = X in Theorem 5.5, the theorem follows immediately. A
detailed proof can be obtained by following similar steps in the proof of Theorem

5.5 provided in Appendix B.3. |

Remark 5.11 When the channel from the destination to the relay is strong enough

such that the following inequality holds:
H (Y| X5) < I(Xo; V1| X1) + I(Ye; Y1, Xa[ X)),

it follows that the channel output sequence of the destination Yo can be sent to
the relay without compression. Then, the rate Rpppi reduces to the capacily re-

sult in [21, Theorem 3] for the relay channel with perfect causal feedback from the
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destination to the relay.

Remark 5.12 On the other hand, when the channel from the source to the relay
and the channel from the destination to the relay are both weak, i.e., Y| and Ys
are both ‘noisy’ such that the term [(XO;Yl,}A/Q\Xl,Xg) is limited, requiring the
relay to fully decode the message from the source would result in a bottleneck for
the achievable rate Rppgpy. One possible way to overcome this is to let the relay

perform partially-decode-and-forward, and we have an extended result as follows.

Let U and Ys be two auxiliary random variables defined over arbitrary finite
alphabets U and Y,. Let P5 denote the set of all the joint distributions p(-) that

factor in the form

P(U,$o,$1,$27y1,y27@2) = p(iﬁl)p(u|$1)29(9€0|U)P($2)p(yla92\95073317332)29(@2\3/2,952)-
(5.33)

Theorem 5.5 For the discrete memoryless relay channel with generalized feedback

sent from the destination, Cppg, the following rate Rppgo is achievable:

Rprpe := sup min{](UaXle;)/2|X2>7[(U;Y17Y2|X27X1>+](X0;)/2‘X27X17U)}7

p()EP;

subject to the constraint

[(Ya; Ya| Xo) < I(X; V1| Xy) + I(Ya; Vi, X3 X). (5.34)
Proof: An outline of the proof is provided in Appendix B.3. |

Remark 5.13 In both Theorems 5.4 and 5.5, the destination compresses its chan-
nel output sequence to obtain Y, and sends it to the relay. The relay hence can
decode more information from both Y| and Y, than it can decode from Y1 only.
This allows more information to be sent to the destination through the cooperation

between the source and the relay, which improves the achievable rate.
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5.5 Concluding Remarks

In this chapter, we have derived achievable rates for the discrete memoryless relay
channel with generalized feedback, in which either the source or the destination
operates in full duplex mode. We have further shown that the derived achievable

rate results include several previously known results as special cases.

Node 1
Relay
A
Node O Xy Y Y Node 2
Xo Y, R
w - - . . w
— > Source | (Yo, Y1, 2|0, T1,72) | Destination ——>=
Yo Xy

Figure 5.3: Three-node relay channel in which all nodes are in full duplex mode.

An interesting problem, as a natural extension of the two configurations, is the
relay channel with all three nodes operating in full duplex mode, as illustrated in
Fig. 5.3. We can directly extend the coding schemes developed in this chapter
to this problem, but apparently the resultant coding scheme and achievable rate
would be rather complicated. It is hence interesting future work to develop new

and simpler coding schemes which can exploit the generalized feedback.
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Chapter 6

Summary of Contributions and

Future Work

Aiming to tackle the three challenging issues in wireless networks, correlated sources,
interference, and feedback, we investigated four different multi-nodal communica-
tion scenarios in the domain of wireless networks from an information theoretic
perspective. The first three scenarios or channel models can be considered as
variants of the IC: 1) ICC, 2) IC-DMS, and 3) the ICF. The last one that we in-
vestigated is the relay channel with generalized feedback, for which two different
feedback configurations are considered. In the following sections, we summarize
our contributions on each of these four channel models, and we also point out some

of the possible future work as extensions of our work in this thesis.

6.1 Summary of Contributions

We first investigated the ICC, in which two senders wish to transmit to their re-
spective receivers some private information as well as some common information.
We proposed a superposition coding scheme that consists of cascaded superposi-
tion encoding at the sender side and simultaneous decoding at the receiver side.
This coding scheme allows the common information to be transmitted to the re-

ceivers in a fully cooperative manner, upon which the private information is sent
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using the rate splitting technique. We derived a new achievable rate region for the
discrete memoryless ICC, which is shown to include a number of existing results
as special cases. We also extended our rate region to two special cases, a class of
ICCs in which one sender has no private information to transmit, and a class of
DICCs. We found that our achievable rate region is the capacity for this class of
deterministic channels, as we were able to establish the corresponding converse.
We further extended our result from the discrete memoryless case to the Gaussian
case. Moreover, we showed that our rate region strictly improves an existing result
using a Gaussian example.

We then investigated the IC-DMS (also termed as the cognitive radio channel),
in which two senders wish to send some private information (without common
information) to their respective receivers, whereas one sender (sender 2) is assumed
to have the a priori knowledge of the information that the other one wishes to
send. In such a channel, two different types of interference are involved: 1) receiver
1 suffers the first type of interference from the sender 2’s transmissions of its own
information; 2) receiver 2 suffers the other type of interference, as the interference
is non-casually known at the sender 2. We proposed a new coding scheme for this
channel. In this coding scheme, sender 1 encodes its message independently, while
sender 2 first performs rate splitting, and then applies Gel’fand-Pinsker coding
to encode the two sub-messages by treating the codeword to be transmitted by
sender 1 as known interference. Receiver 1 is required to perform a joint decoding
of the intended message from sender 1 and a sub-message from sender 1, whereas
receiver 2 only needs to decode the two intended sub-messages from sender 2. We
derived a new achievable rate region for the discrete memoryless IC-DMS with the
proposed coding scheme. We showed that our rate region includes two existing
results as special cases. We also extended our rate region to the Gaussian case,
and we further demonstrated that our rate region offers strict improvements over
the existing ones in the high-interference-gain regime using Gaussian examples.

We then considered the discrete memoryless ICF. This channel model is ob-
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tained by assuming that in an IC, the channel outputs of the receivers are made
causally and perfectly available at the respective senders. We proposed a block
Markov coding scheme for the channel based on partially DF strategy and rate
splitting. The coding scheme allows the two senders to partially decode the infor-
mation sent by each other from the feedback such that, the two senders can then
cooperate with each other to resolve the remaining uncertainty at the receivers.
We derived a corresponding new achieved rate region for the discrete memoryless
ICF, for which both the implicit and explicit descriptions were presented.

We lastly investigated the relay channel with generalized feedback. Two differ-
ent feedback configurations were considered. In the first configuration, the source
is assumed to be able to operate in the full duplex mode, i.e., both the source and
the relay can receive and transmit signals simultaneously. We proposed to let the
relay perform CF strategy, such that the source can extract new information from
the feedback in order to exploit the feedback. We proposed three coding strategies
for this feedback configuration, by allowing the source node to act as a relay to
the original relay in the channel. The resultant achievable rates were shown to
include existing results for the relay channel with perfect feedback as special cases.
In the second configuration, both the relay and the destination are assumed to
operate in the full duplex mode, but not the source. Our proposed scheme for this
channel allows the destination node to perform CF, which facilitates the relay to
decode more information from the source. The relay then performs DF or partial
DF to cooperate with the source to resolve the remaining uncertainty at the desti-
nation about earlier block transmissions. We demonstrated that the corresponding

achievable rates are asymptotically optimal for the extreme case.

6.2 Future Work

We note that the IC-DMS contains the BC as a special case, but our achievable rate
region for the IC-DMS does not include the best achievable rate region, Marton’s

region [13], for the BC as a special case. This problem is mainly due to the fact that
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we are still viewing the IC-DMS as a variant of IC, and thus we have applied the
coding technique invented for the IC, the rate splitting technique. This problem
also suggests that there is certain room for us to improve our current coding scheme.
A further investigation of the IC-DMS under the BC framework could potentially
lead to a new or better achievable rate region. Trying to integrate both the IC and
BC frameworks may result in an even better result.

To the other end, we also suspect our achievable result for the IC-DMS could
be optimal for a certain class of channels in the high-interference-gain regime. This
requires us to investigate the outer bounds of the IC-DMS, or derive new outer
bounds for the channel. This could be another possible direction of extension for
our current work on the IC-DMS.

It can be observed that our achievable rates derived for the relay channel with
generalized feedback all involve multiple auxiliary random variables such that, it
becomes very hard to perform evaluation of the respective rate region’s Gaussian
counterpart. We may wish to construct simpler coding schemes, which can also ex-
ploit the generalized feedback but involve fewer auxiliary random variables. Also,
as mentioned in Section 5.5 of Chapter 5, the relay channel with three full duplex
nodes would be an interesting extension of our work on the two feedback config-
urations. However, direct extension of our current coding schemes could lead to
much more complex coding schemes for the setting with three full duplex nodes.
This still urges us to seek for simpler coding schemes that can help to exploit the

generalized feedback at/from each node.
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Appendix A

Appendices to Chapter 2

A.1 Proof of Lemma 2.2

As the following lemma will be frequently used, we state it before the proof of

Lemma 2.2.

Lemma A.1 ([40, Theorem 14.2.3]) Let A™ denote the typical set for the proba-

bility distribution p(s1, 2, S3), and let

n

Pr(S] =s1,8; =52, 8; = 53) = HP(Su|83i)p(82i|83z‘)]9(83z‘),

i=1
then Pr{(S}, S}, S4) € A™} = 2-n((S1:521S3)%60)

Proof of Lemma 2.2: [Codebook Generation.] Let us fix a joint distribution
p(+) that factors in the form of (2.1). We first generate 2" independent codewords
Uy (i), i € {1, ...,2""0} according to [];_, p(uo,). At encoder 1, for each codeword
uy(i), generate 2"%12 independent codewords U,(i,j), 7 € {1,...,2"%2} accord-
ing to [[;—, p(u1|uos). Subsequently, for each pair of codewords (ug(7),u; (7, 7)),
generate 2% independent codewords X (4, j, k), k € {1,...,2"11} according to
[T, p(x1¢|ur e, uoy). Similarly at encoder 2, for each codeword ug(i), generate
2m21 independent codewords Us(i, 1), [ € {1, ..., 2""21} according to [ 1, p(ua.|uoy)-

Subsequently, for each codeword pair (ug(i), us(4,1)), generate 2" independent
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A.1 Proof of Lemma 2.2

codewords Xy(i,l,m), m € {1,...,2"22} according to [[;_, p(zas|uas, uos). The
entire codebook consisting of all the codewords ug(i), ui(,7), x1(4,7, k), us(i, 1)
and, xo(i,l,m) with ¢ € {1,...,2"%} 45 € {1,.. 22} k e {1,.., 2"} | ¢
{1,...,2"81} "and, m € {1, ..., 2"22} is revealed to both receivers.

[Encoding & Transmission.] Suppose that the source message vector gener-
ated at the two senders is (ng, n1, (1, no, l2) = (4, j, k,1,m). Sender 1 transmits code-
word x1(i, 7, k) with n channel uses, while sender 2 transmits codeword x5(7, 1, m)
with n channel uses. The transmissions are assumed to be perfectly synchronized.

[Decoding.] Each receiver accumulates an n-length channel output sequence,
y1 (receiver 1) or ys (receiver 2). Let A™ denote the typical sets of the respective
joint distributions. Decoder 1 declares that (i, 7, k) is received, if (7,7, k) is the
unique message vector such that (uo(i), wi(i, ), x1(i, j, k), us(i, 1), y1) € A™ for
some [; otherwise declare an error. Similarly, decoder 2 looks for a unique message
vector (i,1,m) such that (ug(2), us(i,1),x2(2,1,m), wi(i,7),y2) € A" for some j;
otherwise declare an error.

[Analysis of the Probability of Decoding Error.] Because of the sym-
metry of the codebook generation, the probability of error does not depend on
which message vector is encoded and transmitted. Since the messages are uni-
formly generated over their respective ranges, the average error probability over
all the possible messages is equal to the probability of error incurred when any
message vector is encoded and transmitted. We hence only analyze the proba-
bility of error at decoder 1 in details, since the same analysis can be performed
for decoder 2. Without loss of generality, we assume that a source message vec-
tor (ng,ny,l1,n2,le)=(1,1,1,1,1) is encoded and transmitted for the subsequent

analysis. We first define the event
Ejjir = {(Uo(i), Ur(i. j), Xa(i, j k), Uz (i, 1), Y1) € A"}

The possible error events can be grouped into two classes: 1) the codewords

transmitted are not jointly typical, i.e., E,;; happens; 2) there exist some (i, j, k) #
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A.1 Proof of Lemma 2.2

(1,1,1) such that E;;5 happens (I may not be 1). Thus the probability of error at

decoder 1 can be expressed as
P =Pr(E5y, | Yiimzain Bir). (A1)
By applying the union bound, we can upper-bound (A.1) as

P" < Pr(ES ) + Pr(Ugmzcn Ea)

< Pr(Efy) + Z Pr(Ein) + Z Pr(Eiu) + Z Pr(Eqj1)

i#1 i#1,1£1 j#1
+ Z Pr(Eyju) + Z Pr(Eyg) + Z Pr(Ey) + Z Pr(E;jn)
G#£LI#£1 k#1 k#£1,1#£1 i#£1,j#1
+ Z PI"(EZ']'U) -+ Z Pl"(Eﬂkl) + Z Pr(Eilkl)
i£1,j#£1,1#£1 i£1,k£1 i#£1,k#£1,1#£1
+ Z Pr(Eljld) + Z Pr(Eljkl) + Z Pr(Eijkl)
j#£1,k#1 AL k#£11#£1 i#£1,j#£1 k%1
+ ) Pr(Eyu) (A.2)
i£1,5#1,k#1,1£1

Due to the asymptotic equipartition property (AEP) [40], Pr(Ef,;) in (A.2) can
be made arbitrarily small as long as n is sufficiently large. The rest of the fourteen
probability terms in (A.2) can be evaluated through a standard procedure, which
is demonstrated as follows. To evaluate Pr(E;111), we apply Lemma A.1 by letting
S| = (Uo(i), Uy (4,1), X4(4,1,1), Uy(i, 1)), S5 = Yy, and S; = () with () denoting
the empty set. Since the assumption of Lemma 3 on the joint distribution of Sf,

S5, and S is satisfied, we have

Pr(Eilll) < 2—n(I(U0,U1,X1,U2;Y1)—66) @ 2—n(I(U0,X1,U2;Y1)—66)'

Note that (a) follows from the fact that I(Uy; Y1|Uy, Us, X3) = 0, which is because
Ui, (Up,Us, X;), and Y; forms a Markov chain U; — (U, Us, X1) — Y;. Since
the case with S} = () seems not archetypal, we evaluate one more probability

term, P(Eyj;1). Again, we use Lemma A.1 by letting S} = (Uy(1,5), X4(1, 4, k)),
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A.2 Proof of the Convexity of R,,

S, =Y, and S} = (Uy(1), Uy(1,1)) to obtain
Pr(Eljk.l) S 27”’([(U17X1;Y1|U07U2)766).

By repeatedly applying Lemma A.1, we obtain upper-bounds of the remaining
twelve probability terms. Further, we employ these bounds to derive an upper-

bound of the probability of error at decoder 1 as

Pe(ﬁ) <e+ onRog—n(I(Uo,X1,U2¥1)=6¢) | on(Ro+Ra1)g—n(I(Uo,X1,U2Y1)—6e)
+ 9nB129—nI(X1;Y1|Uo,U2)—6¢) 4 gn(Riz+Ra1)9—n(l(X1,U2;Y1|Uo)—6e)
4 9nRug=n(I(X1;Y1|Uo,Us,Uz)=6¢) | gn(Rii+Rat)g—n(l(X1,U2;Y1|Uo,U1)~6¢)
4 9n(Ro+Ri2)g—n(I(Uo,X1,U2:¥1)~6¢) | on(Ro+Ria+Ra1)9—n(I(Uo,X1,U;Y1)~6c)
4 9n(Ro+Ri1)g—n(I(Uo,X1,U2:¥1)~6¢) | on(Ro+Ri1+Ra1)g—n(I(Uo,X1,Uz;Y1)~6c)
4 9n(Raz+Ru)g—n(I(X1:¥1|Uo,U2)~6€)  on(Riz+Rir+Ra1)g—n(l(X1,Us;Y1|Uo)~6¢)
+ 9(Ro+Riz+R11) 9—n(I(Uo,X1,U2;¥1) ~6e)

4+ on(Ro+Riz+Rii+Rar) 9—n(I (U, X1,U2;Y1) —6€) (A.3)

It is now easy to check that when (2.2)-(2.6) hold and n is sufficiently large, we

have Pe(ﬁ) < 15e. By symmetry, we have Pe(g) < 15¢ for decoder 2, when (2.7)-
(2.11) hold and n is sufficiently large. Hence, maX{Pe(ﬁ), Pe(g)} < 15¢, and Lemma

2 readily follows. [ ]

A.2 Proof of the Convexity of R,

Let (R, Riy, Riy, Ry, RY,) and (R%, R%,, R?,, R3,, R3,) be two arbitrary rate quin-
tuples belonging to R,,. It suffices to show that for given any o € [0, 1], (aR}+
(1—a)R%, aRl,+(1—a) Ry, R} +(1—a)R?,, aRY +(1—a) R3,, a Ry, +(1—) R3,) €
R, Note that the rate region R,, is the union of regions R,,(p) over all p(-) € P*.

Thus, there must exist two sets of auxiliary random variables, namely (U}, U}, U})
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A.3 Proof of Corollary 2.1

and (UZ,U?,U3) such that their joint distributions p;(-) and ps(+) factor as

pl(u(lh U%, u%a L1, T2, Y1, yQ) = p(ué)p(uﬂué)p(u%\ué)
-p(21 \U%a Ué)ﬁ(«fzwéa U(l))P(yh Ya| 1, T2),
p2(u?)7 U%, uga Z1,T2,Y1, 3/2) - p(ug)p(u%‘ug)p(ug‘u?»

-p(|ui, ug)p(walus, ug)p(yr, yoler, 72).

Let T be the independent random variable, taking the value 1 with probability «
and 2 with probability 1 — a. We define a new set of auxiliary random variables
(Uy, Uy, Us) such that Uy = (UF,T), Uy = UL, and Uy = U, and then their joint

distribution ps(-) can factor

p3(U07 Ui, U2, 1, T2, Y1, yz) = p(uo)p(ul\uo)p(u2|uo)

: (%\Ul, uo)p(x2|u2, Uo)p(yla 3/2|£U17 $2)-

Since p3(-) € P*, we have R, (p3) C R,,. It is easy to show that (aR} + (1 —
a)R: aRl,+ (1—a)R%,, aRi,+ (1 — )R}, aRy, + (1 —a)R3,, aRl,+ (1—a)R3,) €
R (ps) by following the steps used to prove the convexity of the capacity region for
the MACC in Appendix A of [56]. Therefore, we conclude (aR}+(1—a)R2, aRi,+
(1=a) Ry, aRiy +(1—a) Ry, aRy +(1—a) Ry, aRy+(1—a) R3,) € Ry(ps) C Ry,

which proves the convexity.

A.3 Proof of Corollary 2.1

1. Fourier-Motzkin Elimination

We next show in details, how to apply Fourier-Motzkin elimination to obtain the

explicit rate region depicted by (2.12)-(2.24).
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A.3 Proof of Corollary 2.1

Step 1: By defining

ay := I(Xy; Y1|Uy, Uy, Uy),
by = I(Xy; Y1|Us, Ua),
c1 = 1(Xy, Uy; Y1|Up, Uh),
dy = 1(Xy, Us; Y1|Uy),
ey := 1(Uy, X1, Us; Y1),
ag := I(Xa; Ya|Uy, Ua, Uy),
by == 1(Xy; Ya|Uy, Un),
cy 1= 1(Xo, Uy; Ya|Up, Uz),
dy := I(X2,U1§Y2|U0)>

ey := I(Up, Xo, U3 Ys),

and substituting R;; with Ry — Rio and Ry with Ry — Ro, we can rewrite the

implicit rate region (2.2)—(2.11) for a fixed joint distribution p(-) € P* as

Ry — Rz < ay, (A4)

Ry < by, (A.5)

Ry — Rig + Ry < ¢, (A.6)
Ry + Ry < dy, (A7)

Ro + R1 + Ry < ey; (A.8)
Ry — Ry < ay, (A.9)

Ry < by, (A.10)

Ry — Ryy + Rip < ¢, (A.11)
Ry + Riz < ds, (A.12)

Ro+ Ry + Ria < e3; (A.13)
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A.3 Proof of Corollary 2.1

—Ryy <0, (A.14)
—Ri+ Ry <0, (A.15)
— Ry <0, (A.16)
— Ry + Ry <0, (A.17)

Categorize (A.4)—(A.17) into the following three groups such that the inequali-
ties in group 1 do not contain the R;5 term, those in group 2 contain the negative

Ry5 term, and those in group 3 contain the positive Rjs term.

Ry < by, (A.18)
Ry + Ry < dy, (A.19)
Ro + R1 + Ry < ey; (A.20)
Ry — Ry < ay, (A.21)
Ry < by, (A.22)
—Ro1 <0, (A.23)
—Ry + Ry < 0 (A.24)
and
Ry — Ris < ay, (A.25)
Ry — Ryp + Roy < ¢y, (A.26)
—Ryy < 0; (A.27)
and
Ry — Ro1 + Ryp < ¢y, (A.28)
Ry 4 Ryy < dy, (A.29)
Ro+ Ry + Ry < e, (A.30)
—Ry + Ryy < 0. (A.31)

Step 2: By adding each inequality from (A.25)—(A.27) and each one from
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A.3 Proof of Corollary 2.1

(A.28)—(A.31), we eliminate R;5 and obtain the following new inequalities

Ry + Ry — Ryy < ay + o9,

R + Ry < ay + do,

Ry + Ry + Ry < a; + ey,
0 < a;

R+ Ry < 1 + ¢,

R+ Ry + Ry < ¢ + do,

Ry + R1+ Ry + Roy < 1 + e,

Ry < ey

Ry — Ro1 < ¢,
Ry < dy,

Ry + Ry < e,
—R; <0.

(A.32)
(A.33)
(A.34)
(A.35)
(A.36)
(A.37)
(A.38)
(A.39)
(A.40)
(A.41)
(A.42)

(A.43)

Observing that (A.35) always holds, we exclude it first. It is straightforward

to verify that (A.41) is implied by (A.22), and (A.40) is implied by (A.21). We

therefore also exclude both (A.41) and (A.40). We then categorize the remaining

inequalities in (A.18)-(A.24) and (A.32)-(A.43) into the following three groups

according to the different involvement of Ry;:

Ry < by,

Ry < by,
Ry + Ry < ay +dy,
Ry 4+ Ry < 1 + ¢y,
Ro+ R1+ Ry < a1 + eg,

_Rl S 07

(A.44)
(A.45)
(A.46)
(A.47)
(A.48)

(A.49)
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A.3 Proof of Corollary 2.1

Ry + Ry < eo; (A.50)
and
Ry — Ry < ay, (A.51)
—Ry <0, (A.52)
Ri + Ry — Ryt < aq + ¢ (A.53)
and
Ry + Ry < dy, (A.54)
Ro+ Ri + Ry < e, (A.55)
—Ry + Ry <0; (A.56)
Ry + Ry + Roy < 1 +do, (A.57)
Ry + Ri+ Ry + Ry < ¢q + e, (A.58)
R < (A.59)

Step 3: By adding each inequality from (A.51)—(A.53) and each one from

(A.54)—(A.59), we eliminate Ry, and obtain the following new inequalities

Ry + Ry < as +dy, (A.60)
Ro+ Ri + Ry < as + ey, (A.61)
0 < as, (A.62)

Ri 4+ 2Ry < ag+ 1 + ds, (A.63)
Ro+ Ri + 2Ry < as + ¢1 + ea, (A.64)
Ry < ag + ¢y (A.65)

R, < di, (A.66)

Ro+ R < e (A.67)

—Ry <0, (A.68)

Ry + Ry < ¢1 + ds, (A.69)
Ro+ Ri + Ry < ¢1 + €9, (A.70)
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A.3 Proof of Corollary 2.1

0<c; (A.71)

2R + Ry < aq + co + dy, (A.72)

Ro+ 2R + Ry < ay + ¢ + ey, (A.73)
Ry < ay + ¢, (A.74)

2Ry + 2Ry < ay + o + ¢ + do, (A.75)
Ro+ 2R + 2Ry < ay + ¢y + ¢1 + €9, (A.76)
Ry + Ry <aj+cy+cy. (A.77)

We now group (A.44)-(A.50) and (A.60)—(A.77) together, and we can observe
that: 1) (A.62) and (A.71) always hold, ii) (A.66) is implied by (A.44), iii) (A.69)
is implied by (A.46), iv) (A.77) is implied by (A.47), v) (A.75) is implied by (A.46)
and (A.47), vi) (A.70) is implied by (A.48), and vii) (A.76) is implied by (A.47)
and (A.48). By removing the redundant inequalities and reordering the remaining

ones, we have

Ry < by, (A.78)

Ry < ay + o, (A.79)

Ry < b, (A.80)

Ry < ap + ¢y, (A.81)

Ry + Ry < ey, (A.82)

Ro + Ry < es, (A.83)

Ry + Ry < ¢1 + ¢, (A.84)

Ry + Ry < ay + do, (A.85)
Ro+ Ry + Ry < aq + eq, (A.86)
Ry + Ry < as + dy, (A.87)
Ro+ Ry + Ry < as + ey, (A.88)

120



A.3 Proof of Corollary 2.1

2R + Ry < ay + ¢ + dy, (A.89)

Ry + 2R + Ry < ay + ¢ + ey, (A.90)
Ry + 2Ry < as + ¢ + do, (A.91)
Ro+ Ri 4+ 2Ry < as + ¢1 + e, (A.92)
—R; <0, (A.93)

—Ry < 0. (A.94)

Let R*(p) denote the rate region defined by (A.78)-(A.94) for a fixed joint

distribution p(-) € P*, and let R* be defined as

R* = U R*(p).
p()eP*
Note that R*(p) has two additional rate constraints (A.79) and (A.81), com-
pared with R(p) (explicitly given in Corollary 2.1). We next show that both (A.79)

and (A.81) are redundant by establishing the following equivalence:
R= |J ®Rp)=r= ] R(p). (A.95)
()P ()P

2. Equivalence between R and R*

For any fixed joint distribution p(-) € P*, R*(p) involves two additional rate con-
straints compared to R(p). It implies that R*(p) C R(p) and U, yep R*(p) C
Up()ep- R(p). To show the equivalence, we need prove U, )cp- R(p) € U, ()ep- R*(p)-

It is sufficient to show that for any given joint distribution p(-) € P*, we have

R(p) € R*(p) UR*(p1) UR*(p2), where p; () and po(-) are defined as

pl(UOa Uz, L1, T2, Y1, yQ) = § p(u07ula Uz, L1, T2, yl>y2)7
u1 €Uy

pQ(UOaulaxlaanylﬂyQ) = § p(u07u1au27$17$2ay17y2)'

uz €Uz
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Without loss of generality, suppose that (RO, él, Rg) is a rate triple such that

(Ro, Ry, Ry) € R(p) and (Ry, Ry, Ry) ¢ R*(p) due to

[(X1; V1| Uy, Ur, Up) + 1( Xy, Uy; Ya|Up, Us) < Ry,

for the same given joint distribution p(-) € P*.

Since (R, Ry, Ry) € R(p), from (2.12), we have

R < I(X1; Y1|Uo, Uy).

From (2.17) and (A.96), we obtain

Ry < 1(Xy,Ur; Ya|Up) — 1(Xa, Uy; Ya|Us, Un)
= 1(Uz, X5, Uy; Ya|Up) — 1(X2, Ur; Ya|Uy, Us)
= I(Uy; Y2|Up)
< I(Uz, X3; Y2|Up)

= I(X; Ys|Up).

From (2.16) and (A.96), we have

RZ < I(Xy, Uy Y1|Uo, Uyr) — 1(X1; Y1|Up, Uy, Uy)
:[(U23Y1|U07U1)

< I(Xy, Uy Y1|Up, Uy) + 1(Xa; Ya|Up, Us).

From (2.14), we immediately have

Ry+ R, < I(Uy, Uz, X1; Y1).

(A.96)

(A.97)

(A.98)

(A.99)

(A.100)
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From (2.18) and (A.96), we obtain

Ro+ Ry < I(Uy, X1, Us; Yy) — I( Xy, Uy; Ya|Us, Uy)
= I(Uy, Uy, X1, Uy Y1) — I( Xy, Uy; Ya|Uy, Us)
= I(Uy, U; Y1)
< I(Uo, Uz, Xo; Y1)

From (2.21) and (A.96), we obtain

Ry + Ry < I(Xy, Uy Y1|Up)

S I(Xl,UQ;YHU())+I(X2;YV2|U0,U2). (A102)

Similarly, from (2.22) and (A.96), we have

Ro + R1 + R2 < I(Uy, X1,Us; Y1)

< I(Uy, X1, Ug; Y1) + I(X2; Ya|Up, Us). (A.103)

Setting Uy = 0 in (A.78)—(A.94), we obtain R*(p;) with (R, Ry, Rs) satisfying

Ry < I(Xq; Ya|Uo, Ua),

Ry < I(X3; Yo|Up),

Ry < I(Xa; Ys|Uo, Uz) + I(Xy, Uz; Y1|Up),
Ry + Ry < I(Up, X1,Us; Y1),
Ry + Ry < I(Up, Xo;Y5),
Ry + Ry < I(Xy, Uz Y1[Up) + 1(Xa; Y2|Uo, Ua),

Ro+ Ry + Ry < I(Uy, X1, Up; Y1) + I(Xo; Ya|Up, Us).

Since the rate triple (Ry, Ry, Ry) satisfies (A.97)-(A.103), we have (Ry, Ry, Ry) €
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R*(p1).

Similarly, if (Ro, Ry, Ry) € R(p) and I(Xs; Ya|Uy, Uy, Us)+1( Xy, Us; Y1 |Up, Uy) <
R, ie., (éo, él,Rz) ¢ R*(p), then we have (RO, Ry, ég) € R*(p2).

Hence, we have R(p) € R*(p)UR* (p1)UR*(p2) and U,y ep- R(P) € U, )ep- R*(p)-

The equivalence is thus proven.

A.4 Proof of the Converse Part of Theorem 2.4

1. Nondeterministic Codes and Deterministic Codes

In this part, we show that for any nondeterministic (or stochastic) (Mo, My, My, n,
P¥) code for the ICC, there exists a deterministic (Mo, My, Ma, n, P,) code for the
same channel such that P, < P’ by applying the technique introduced in [80].

Assign each codeword x; € X7 an index u; € J,, = {1,2,...,|X;|"}, ¢ = 1,2,
assign each channel output sequence y; € Y an index v; € J,, = {1,2, ..., %"},
i = 1,2, and assign each message pair (wg, w;) an index ¥; € J,,, = {1,2, ..., Mo M, },
i=1,2

Consider one nondeterministic (Mo, My, My, n, PY) code with the encoders and

the decoders being defined by the following probability matrices

Encoder i : Pg,(p;]9;), i =1,2,

Decoder i : Pp (0;|v;), i =1,2.
We next show that there exist the following lists of random variables

A%oMi = (Ag, (1), A, (2), ..., Ap,(MoyM,;)), i = 1,2,

AR (Ap (1), Ap,(2), . Ap, ([Ys]"), i = 1,2,

such that the encoding and decoding functions of the nondeterministic (Mg, My, Ma,
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n, PY) code can be expressed as

wi = fi(Vi, Ag, (0;)), i = 1,2,

~

Ui = gi(vi, Ap,(13)), i =1,2.
Let all the elements of A%oMi and Agzln’ i = 1,2, be independent of each other

and all other random variables, and uniformly distributed over the interval [0, 1).

With respect to encoder 1, for each ¥, € J,, and each m € J,, we define

m

Bg, (ﬁlam) - Zp(jwl)’ and BE1(19170) =0.

j=1

Suppose that a message pair (o, w;) indexed by Y, is to be encoded. We let
f1(-) output py = t, if Ag,(¥;) falls into the interval [Bg, (U1,t — 1), B, (91,1)).

Hence, we have
Pr (Ap, (1) € | By, (91,¢ = 1), By, (31,)) ) = p(t]01),

which means that the constructed encoding function fi(+) is equivalent to the orig-
inal encoding probability matrix Pg, (41]t). Similar constructions can be done for
encoder 2 and the two decoders.

We define the random variable A := (A%OMI, AgOMQ, A‘gi'n, A‘gjln), which has
a joint probability distribution p(a) over range A.

The probabilities of error in decoding the given nondeterministic (M, My, My,

n, PY) code can now be expressed as

P.; = Pr((Wo, W) # (Wo, W)

_ / Pr((Wo, W) # (Wo, W)[a)da, i = 1,2.
acA
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A.4 Proof of the Converse Part of Theorem 2.4

Therefore, there always exists some a € A such that
Pr((Wo, Wi) # (Wo, W)|a) < max{PY, P%W}, i =1,2. (A.104)

Let P, = maX{Pe(ﬁ), Pe(g)}. From (A.104), we have a deterministic (Mg, My, Ms,
n, P.) code. By the definition of the (My, My, My, n, PF) code, we have

maX{Pe(ﬁ), Pe(g)} < PJ,
and thus the claim follows immediately.

2. A Converse Based on Deterministic Codes

Based on the discussion in the previous section, it suffices to show that for any
deterministic (2nfo, 2nf onk2 Py code with P, — 0, the rate triple (Ry, Ry, Ry)
must satisfy (2.38)—(2.50) for some joint distribution p(vg)p(x1|ve)p(z2|vg), to es-
tablish the converse.

Consider a deterministic (2% 2nft onf2 p Py code with P, — 0. Note that
P, — 0 implies Pe(ﬁ) — 0 and Pe(g) — 0. Applying Fano-inequality [40] for decoder

1, we obtain
H(Wo, Wi [YT) < n(Ro + R)PY + (P := ney,,

where h(-) is the binary entropy function. Note that €;,, — 0 as Pe(ﬁ) — 0. It easily

follows that
H(W1|Y1n, Wo) S H(W(), W1|Y1n) S NEp. (A105)
By symmetry, we also have

H(W2|Yén, Wo) S H(W(), W2|Yén) S Negy,. (A106)
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We now expand the entropy term H(Y]*, V3'|Wy, W) as

HY? Vi Wo, W) @ H(Y? VX, Wo, W)

b
(:) H(V’2H|X1n’ WOa Wl) + H(Y1n|‘/2na X{La W07 Wl)

—

D H Y |XE, W, Wh) + H(VEYE, X, We, W),

where (a) follows from the fact that X7 = f1(Wy, W;) is a deterministic func-
tion of Wy and W, for a given (2nfo 2nfi onke Py code, and both (b) and
(c) are based on the chain rule. Since Y; is a deterministic function of X; and
Vo, H(YMVY, X7, Wo, Wp) = 0. Similarly, due to Vo = hy(Y7, X;), we have
H VYT, X7, Wy, W;) = 0. Hence, we obtain the following

H(‘/QR|X{L> WOa Wl) - H(Yin|X{1, W(), Wl),
H(VP Wo, Wh) & H (Y W, W),

b
H (V3 Wo) & H(YP |Wo, Wh), (A.107)

where (a) follows from the deterministic relation between X7 and (Wy, W;), and
(b) follows from the conditional independence between V3" and W, given Wy. Anal-

ogously, we have
H(V"|Wo) = H(Y3'|Wo, Wa). (A.108)

Before proceeding to the main part of the converse, we need show the following

two inequalities

T(Wy; Y W) < T(Wy; Y, V|V, W), (A.109)

T(Wo; YJH W) < T(Wo; Yor, VR VY, Wh). (A.110)
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Inequality (A.109) can be derived as follows:

T(Wy Y [Wo) = H(Wh [Wo) — H(Wh YY", W)
(a)
< HW V', Wo) — HWA Y, Vy', W)
()
S H(W1|‘/2n> WO) - H(W1|Y1n> ‘/171’ ‘/2717 WO)

- I(Wla }/171’ ‘/1n|‘/'2n’ WO))

where (a) follows from the facts that H(W;|Wy) = H(W;|Vy', Wy) which is due
to the conditional independence between W; and V3" given Wy, and “conditioning
reduces entropy”, i.e., H(Wy|Y{", Vo', Wy) < H(W4|Y", W), and (b) follows from
“conditioning reduces entropy” as well. Similarly, we can obtain (A.110).

We now prove each of (2.38)—(2.50) by using (A.105)—(A.110).

For (2.38), we have

nRy = H(Wy) = H(W,|W)
< HW W, V3)
= I(W3; Y7 [Wo, V3') + H(WA[YT, W, V)
& HOP W, V) — HOP W, W3, V) + e,
9 B Wo, V3) + ner

< ZH(YM\V%,WO) + néqp, (A.111)

i=1

where (a) follows from the fact that W) and V3" are conditionally independent given
Wy, (b) follows from H (W4 |Y", Wy, Vi) < H(W1|Y]", Wy) < neyy,, and (c) follows
from H (Y] |Wo, Wi, Va¥) = H (Y| X, Var, W, Wi) = 0.

Analogously, for (2.39) we have

i=1
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A.4 Proof of the Converse Part of Theorem 2.4

Regarding (2.40), we have

n(Ro + Rl) = H(Wo, Wl)
= I(Wo, Wi; Y1") + I(Wo, W1 [YY")
(a)
< I(Wo, Wi YT") + new,

< H(Y") + ner,

< Z H(Y1;) + nern, (A.113)

i=1

where (a) follows from (A.105).

Similarly, for (2.41) we have

n(Ro+ Ry) <Y H(Ya) + nean. (A.114)

i=1

With respect to (2.42), we have

= [(Wy; Y{" [Wo) + HWL YY", Wo) + T(Wa; Y3 W) + H(Wa|Yy', Wo)

(a) n n n n

< H(Y{"|Wo) — H(Y{ [Wo, W) + H(Y5' |Wo) — H(Y3' [Wo, Wa) + n(ern + €2n)
b

(:) H(Y1n|WO) - H(V;‘WO) + H(Y2"|WO) - H(V{L\WO) + n(€1n + €2n)

< HY, V' [Wo) — H(V* [Wo) + H(YS", Vy' [Wo) — H(Vy' [Wo) + n(ern + €2,)

= H(}/ln“/ln7 WO) + H(}/én“/éna WO) + n(eln + €2n)

< H(Yy[Vi, Wo) + 3 H (Yail Vai, Wo) + n€rn + €an), (A.115)

i=1 i=1

where (a) follows from inequalities (A.105) and (A.106), and (b) follows from equal-
ities (A.107) and (A.108).
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Regarding (2.43), we have

n(Ry + Ry) = H(W,|[Wy) + H(Wa| W)

INE

T(Wy Y W) + T(Wa; Y3 [Wo) + n(ern + €2,)

b
< T(Ws Y Wo) + T(Was Yo', Va' [V, Wo) + n(€rn + €an)

—
=

- ‘[(W17 Y1n|WO) + I(W27 ‘/2n|‘/1n7 WO) + I(W27 Y'2n|‘/'1n7 ‘/'271’ WO) + n(eln + €2n)
< H(Y{"[Wo) — H(Y{" [WoWh) + H (V3" V)", Wo) — H(V5'|[VY", Wa, W)
+ H (Y5 |V Vo', Wo) — H(YS' |V, V!, Wa, Wo) + n(€rn + €20)

D B W) + HYZ IV VS, Wo) + nein + €2n)

< Z H(Y1,|Wo) + Z H (Y2 Vii, Vai, Wo) 4 nl€1p + €20), (A.116)

i=1 i=1

in which (a) follows from (A.105) and (A.106), (b) follows from (A.109), and
(c) follows from H(Y]"|Wo, W) = H(V3 V", W), H(V|V*, Wy, Wy) = 0 which
is because V' is determined by XJ and X7} is determined by (W, Ws), and
H()/Qn“/ln? Vy', Wa, WO) = H()/2n|X§L> Vit Vet Wa, WO) = 0.

Similarly, we have
n(Ry+ Ry) <Y H(Yai|Wo) + Y H(Yii|Vayg, Vai, Wo) + nern + €2n),  (A117)
=1 =1

which corresponds to (2.45).
For (2.44), we obtain

n(Ry + Ry + Ry) = H(Wy, Wy) + H(W,|[Wp)

(W Was ) + T(Was Y2 W) + nean + €01)

& T(Wo, Wis V) + T(Woas Y3 VIV, Wa) + e + e20)

— (W, Wi V1) + 1(Wa3 VIV, Wo) + 1(Was Y3V, Vi, W)

+ n(ern + €2p)
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< H(Y") = HY['[WoWh) + H(V3' V", Wo) — H (V' [V, Wa, Wo)
+ HYS VIV Wo) = H(YS' |V, Va', Wa, Wo) + nlern + €2n)

D HYP) + HYPVE, VL Wo) + nlen + €2n)

< Z H(Yy) + Z H (Y2 |Vii, Vai, Wo) + nl€ern + €21), (A.118)

i=1 i=1

where (a), (b), and (c) follow from the same arguments for (A.116). Note that the
proof for (A.118) and the one for (A.116) only differ in the first few steps, and the
rest follows from the same set of arguments and procedures.

Instead of expressing n(Ro+ Ry + Rg) as H(Woy, Wy)+ H(W,|Wy), we set n(Ro+
Ry + Ry) = H(Wy|W1) + H(Wy, Ws). Following the similar steps used in deriving
(A.118), we obtain

n(Ro + Ry + Ry) < Z H(Ya) + Z H(Y13|Vii, Vai, Wo) + n(ern + €20), (A.119)

i=1 i=1

which corresponds to (2.46).

Now for (2.47), we have

n(2Ry + Ry) = H(Wi|[Wo) + H(W1|Wo) + H(Wa|Wo)

& IOV VP W) + T3 YT [Wo) + T(Was YEIWh) + n(2ery + enn)

& (W0 YR {Wo) + T(Was Y VEIVE Wo) + T(Wa; Y{1W0)
+ n(2€1, + €2,)

= (W3 YT Wo) + (Wi VE[VEWo) + T(Was YRV, Vi, W)
+ I(Wo; Y3 W) + n(2€1, + €2,)

= H(YPWo) — H(YPWo, W) + H(VP|VE, Wo) — H(VR|VZ, Wo, W)
T HYPIVE VL We) — HOYP VP, V3 W, W3) + H(YZ|Wo)

— H(}/én‘WO, Wz) + n(2€1n + €2n>
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9 H (Y (Wo) — H(YPWo, W) + HYP |V, Vi, Wy)
+ H(Yy'[Wo) + n(2€1, + €,)

D H Y Wo) = H(VWo) + HYP |V, Ve, Wo)
+ H(Yy'[Wo) + n(2€1, + €n)

< H(Y]'|Wo) — H(VJ|Wo) + HYP VY, V', Wo)
+ H(Yy", Vo' [Wo) + n(2€1, + €on)

= H(YWo) + H(YP VP, V3, Wo) + H(YP|V3', W)

-+ n(261n —+ €2n)
<N HYUWo) + > H(Yiil Vai, Vai, Wo) + > H(Yai| Vai, W)
i=1 =1 =1

-+ n(261n —+ Ezn), (A120)

where (a) follows from (A.105) and (A.106), (b) follows from (A.109), (c) follows
from the facts that H (V{*|Vy, Wo) = H(V|Wo) = H(Y3 |(Wo, Wa), H(V*|Var, Wy, W1) =
H(VP|XT, V3, Wo, Wh) = 0, and H(YP[VP, Vi, Wo, Wi) = H(YP|VE, XP, Vi, Wo, W) =
0, and (d) follows from H (V'|Wy) = H(Y*|Wy, W1). Following similar procedures,

we obtain

n(Ry+2Ry) < Y H(YaulWo) + Y | H(Yail Vi, Vi, Wo) + Y H(Yis| Vi, Wo)

1=1 =1 =1

+ 7’L(€1n + 2€2n), (A121)

n(Ro+ 2Ry + Ry) <> H(Yy) + > H(Yy[Vii, Vai, Wo) + > H (Yai|Vai, W)

=1 =1 =1

+ n(2€1, + €2,), (A.122)
n(Ro+ Ry +2Ry) <> H(Ya) + > H(Yoi|Vii, Vai, Wo) + > H (Y1, Vi, W)

=1 =1 =1

+ n(eln + 2€2n)7 (A123)

which correspond to (2.49), (2.48), and (2.50) respectively.

We have derived a number of inequalities (A.111)—-(A.123) which upper bound
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the rate triple (Ry, Ry, Ry) of a given code for the DICC channel. We now adopt
the technique which was used to prove the converse of the capacity region of the
MACC in [7] and [56]. Define Vi = Wy, equivalently p(vy;) = p(wp), i.e., Vj or Vg, is
an auxiliary random variable uniformly distributed over the common message set
Wo = {1,..., My}. Since X; and X, are conditionally independent given Wy, i.e.,
p(l“u, 952i|’w0) = p(9€1i|wo)p(9€2i|wo), we can write p(l“lz', 332@'\U0i) = p(9€1i|’00@')p(9€2i|’00@')-
Due to the introduction of Vj, the region inherits the convexity from the achievable
rate region for the general ICC. We now can conclude that the rate of the given code
(Ro, Ry, Ry) is upper bounded by (2.38)—(2.50) for some choice of joint distribution

p(vo)p(21|vo)p(x2|vp). This completes the proof of the converse.
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Appendix B

Appendices to Chapter 5

B.1 Proof of Theorem 5.2

To show the achievability of Rgspp;, we develop a block Markov supposition coding
scheme consisting of regular encoding and sliding window decoding. The successive
transmissions consist of B + 2 blocks, and each of n symbols. In each of the
first B blocks, a message w € [1,2"%r51] is encoded and sent to the destination
with probability of error approaching 0. The average rate of transmission is thus
Rspp1 B/ (B + 2), which approaches Rgpp; as B — 00.

Let us fix a joint distribution p(-) € Py.

[Random Codebook Generation.] Generate three statistically independent code-

books by repeating the following procedures for three times.

1. Generate 2" iid. codewords U(3), i € [1,2"%], according to the joint

distribution [[}, p(u:).

2. For cach U(i), i € [1,2"%0], generate 2"fs7e1 iid. codewords X (i, j), j €

[1,2ns7m1] according to []1; p(xo4|u(i)).

3. For cach U(3), i € [1,2"%], generate 2" iid. codewords V(i k), k €

[1,27%0]  according to []7_, p(veus(i)).

4. For each V (i, k), i,k € [1,2”1%0], generate gnfio iid. codewords Xy (i, k,1),
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B.1 Proof of Theorem 5.2

I € [1,2%], according to [T, plx (i, k).

5. For each codeword pair (U(i), V(i,k)), i,k € [1,2"%], generate 2% ii.d.

codewords ?1(1', k,mq), my € [1, Q”RO], according to

n

[ p(nlue(), vli, k).

t=1

6. For each codeword triple (U(4), V (i, k), X1(4, k, 1)), 1, k € [1, QnR()]’ lel, Qnﬁ‘to],

generate 270 i3 d. codewords Y. (i, k,1,ms), my € [1, Q"RO], according to

n

L1 PG el (i), v, k), (i, K, 1)),
t=1
[Encoding and Transmission.] We use the three codebooks in a periodic manner
such that any adjacent three blocks are encoded using the three different codebooks
respectively, to ensure the mutual independence of the error events among any
consecutive three blocks.
Assume that at the end of the transmission of block b — 1, a new message w®
is to be transmitted by the source in block b. Further assume that the following

messages are now available or have been decoded at the respective nodes:

1. At the source: m(ll), m§2), " mgb—:s); w(l)’ w(2), - w®
2. At the relay: m(ll), m?), - mgb—Q); mgl), m§2), . mgb—Q)'
The source first needs to decode m!" (equivalently , y; (mgb_‘l)’ mgb—3)’ m(1b_2))),

the compressed version of the channel output sequence yibiz), from its received

(-1

channel output sequence y, ) in block b— 1. To do S0, it looks for an index m(lb‘”

such that

(u(m(lb_g)),xo(mgb_‘g),w(bfl)),v(m(lb_g),m(lb_2)),y(()b—1)) € .Ag"), and

. b—4) _ (b-3) . (b-2 b—2 b4 - -
Gr(m™D, D gDy Y02 o by o o) 6-2)y

V(i mi"™)) € A,
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(1b_2) = Th(lb_2); otherwise, it

If the index found is unique, the source declares m
declares an error. The probability of error approaches 0 for sufficiently large n,

when the following constraint holds:

Ry < I(V;Yo| X0, U) + I(Y1; Yo, Xo|V, U). (B.1)

If the index m{"? is successfully found, the source transmits the codeword xo(m(lb_2),

w®) in block b; otherwise, it sends xo(1,w®)).
The relay first needs to apply Wyner-Ziv coding twice to compress the newly

received channel output sequence ygb_l) into two different versions:

b3 b—2 b—1 b3 b—2 b—2 b—1
m(1)()() ()()()())'

S’l( y My ) )a and yl(ml y My y Mg ) My

The relay looks for an index MY such that

N b—3 b—2 ~ (b—1 b—1 b—3 b—3 b—2 n
(31 (m P m2 )y am ), vm m 7)) e A

(b—1) (b—1)

If such an index is found, the relay declares m =1m, ’; otherwise, an error is
declared when there is no such index found. The probability of error tends to 0 for

sufficiently large n, as long as
Ry > 1(Yy; 4|V, U). (B.2)
The relay next looks for an index MY such that

- b—3 b—2 b—2) . (b—1 b—1 b—3 b—3 b—2
(yl(mg )7mg )7mg )7m§ ))7y§ )7u(m§ )>7V(m§ )7m§ ))7

X1 (m"™ m 2 )y e A,

Similarly, if such an index is found, the relay declares mdY = mg”‘”; otherwise

an error is declared. The probability of this error tends to 0 when n is sufficiently
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large, as long as
Ro > I(V3; Vi|X,,V,0). (B.3)

If both mgbfl) and mébil) are successfully determined, the relay transmits the code-

word xl(m(lb_2), m(lb_l), mgb_l)) in block b; otherwise, it sends x; (mgb_m, 1,1).

In Table B.2, we list all the corresponding codewords being sent in each block
for the current coding scheme.

[Decoding.] Assume that the transmission of block b is just finished, and assume

that the destination has successfully decoded the message indices: 1) w®, w®),

, w®; 2) mgl), m&Z), cey mgb_‘g); and 3) mél), mg), cey m(Qb_g). To decode the

(b—2) (b—2) (b—2) .

message w , the destination first needs to find the indices m and m,

Equivalently, it needs to determine the codewords y; (mgb%),mgb*g),mgb*z)) and

Vi (mgb_4), m(lb_g), m(zb_g), mgb_Q)), which are the two compressed versions of ygb_Q),

from the channel output sequences yébiz), yébil), and yéb).

(b-2) _ . (b
1

-2) . . . : - (b2
=y ) if there exists a unique index m(1 )

The destination declares m
such that the following three events happen simultaneously

A b— b n
("), y) e AP,

€

(u(mgb_‘g)),V(mgb_3),mgb_2)),y§b_l)) e A™  and

€

N b—4 b—3) A (b—2 b—2 b—4 b—4 b—3 n
(Y1(m§ )am(l )am; ))7Y§ )7u(m§ ))av(m(l )’m(l ))) G.Ag )

Otherwise, an error is declared. The probability of error can be shown to approach

0 when
Ry < I(U;Ys) 4+ I(V; Ya|U) + 1(Yy; Ya|V, U), (B.4)
as n — oo.
Upon finding m§b*2’, the destination declares m&y ™2 = mg’*z’ if there exists a
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(b=2)

unique index m such that the following two events happen simultaneously

(b_B)),V(m(b_3) m(b—Z))’ ( (6-3) (b_2),m(b_2)),y(b_1)) c AM

(u(m, 1 > Xi{my 7,1y 2 2 , and

. b—4 b—3 b—3) A (b—2 b—2 b—4 b—4 b—3
(Y1(m(1 )am(l )amé )amé ))ayé ),u(mg )),V(mg )amg ))a

xi(mi"Y, m{"Y m{Y)) e AL,
Otherwise, an error is declared. The probability of error can be shown to approach

0 when

as n — 0o.
Finally, the destination decodes the message w®=? from the compressed ver-
sions of the channel output sequences at the relay and its own channel output

(b—4) (b—-3) (b—2) (b—4) (b—-3) (b—-3) (b—2)

e . (b-2)
sequence:  yi (ml , My , My )7 Y1 (ml , My ; My ; My )7 and Yo :

It declares that w®=? = w2 if (=2 is the unique message index such that

(u(m), xo(m ™, @ 2) v(m" mE), sy (mY m md ),

yl (mgb*4)’ mgb*3)’ m§b72)>7 571 (mgb*4)’ mgb*3)’ méb*3)’ méb*2)>’ y§b72)> € ‘Agn)a

otherwise, an error is declared. For sufficiently large n, the decoding error proba-

bility of this step can be readily shown to approach 0 when
RSFBI S I(XOa }/Qa YAia Y/1|X1a ‘/a U)

Therefore, any rate Rgpp; < I(XO;YQ,YﬂXl, U) is achievable subject to con-
straints (B.1)—(B.5) for a fixed joint distribution p(-) € Py, and the theorem follows.
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B.2 Proof of Theorem 5.3

A block Markov coding scheme consisting B+ 2 block transmissions is developed to
achieve the rate Rgpps. Regular encoding and slide window decoding are applied.
Fix a joint probability distribution p(-) € Ps.

[Codebook Generation.] Generate three statistically independent codebooks by

repeating the following procedure for three times.

1. Generate 2" iid. codewords U(i), i € [1,2"™] according to the joint

distribution []}_, p(us).

2. For each U(i), i € [1,2"%] generate 2"r52 iid. codewords Xg(i,7), j €

[1, 2n48s7m2] - according to [}, p(xo4|u(i)).

3. For each codeword U(i), i € [1,2"%], generate 2" i.i.d. codewords yo(i, k),

k € [1,2"0] according to [, p(¥o.|ue(7)).

4. Generate 2" iid. codewords Xi(l), 1 € [1,2"R3], according to the joint

distribution [}, p(x1.).

5. For each X;(1), | € [1,2”1%], generate 978 iid. codewords Y. (I,m), m €

[1,2"%], according to [}, p(J1.¢|z1.4(1)).

[Encoding and Transmission.] Of the B + 2 blocks, any three adjacent blocks
are encoded using the three different codebooks in a periodic manner, to ensure
the mutual independence of the error events among any consecutive three blocks.

Consider the encoding procedure at the end of the transmission of block b — 1.
At the respective nodes, we assume that the following messages are available or

have been successfully decoded:
1. At the source: w®, w®@, . w®: kO @ E0-2),
2. At the relay: m®, m®, . m®-2),

To encode w® and transmit the corresponding codeword, the source first needs

to compress its channel output sequence yéb_l) received during block b—1 to obtain
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Table B.1: Codewords transmitted in each block to achieve Repps.

Block 1 Block 2 Block 3 ... | Block b
U(i) u(1) u(kM) u(k®) .. [ u(ktD)
Xo(i,7) || xo(1,w™) (k(l) @) | x0(@,w®) | ... | xo(k® D, w®)
X (1) x1(2) x; (m") x1(m®) x; (m®~Y)
Yo(i, k) || 0 Vo1, kD) | yo(kW M) Vo (k=2 EO-1)
Yi(l,m) | 0 yi(2,mD) | yi(m, m®) yi(m 2 ,m®1)

Yo(k®=2 EG=D) The source looks for an index k@~ such that

(S’o(/f(b_Q), /;(b—l)), yébfl)’ u(k(b—2)>> c A

€

If such an index is found, the source declares k(=1 = l%(”_l), and transmits the
codeword xo(k®~1 w®) through n channel uses; otherwise an error is declared,
and it sends the codeword xq(1,w®). The probability of not being able to find

such an index approaches 0 as the code length n — oo, if the following holds:
Ry > I(Yy; YoU). (B.6)

The relay needs to compress its received channel output sequence ygbfl) as well.

It looks for an index m(®Y such that
(51(m® 2, im0 D)y x, (m®2)) € AW,

If successful, the relay declares m®=1 = m =1 and sends x; (m®~) with n channel
uses. The probability of not being able to find such an index m®~1 approaches 0

for sufficiently large n, when R, satisfies
Ry > 1(Y3; Y| Xo). (B.7)

The codewords being sent in each block for this coding scheme is listed in Table

B.1.
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B.2 Proof of Theorem 5.3

[Decoding.] At the end of transmission of block b, three-step successive sliding

b=2) gent

window decoding is applied at the destination to determine the message w'
in block b— 2 as follows. Assume that the destination has successfully decoded the
following information:1) w™®, w®, ..., w®=3; 2) kW @ kb2 and 3) m®),
m(2), vy m(=3),

The destination first looks for a unique index k®=1 such that

(u(l%(bfl)),yéb)) c A™ and

€ Y

(§o(k®2, k0D y P q(k0-2)) e 4™,

If successful, the destination declares k(1) = l%(b_l); otherwise it declares an error.
The probability of this decoding error can be shown to approach 0 for sufficiently

large n, when the following is satisfied:
Ry < I(U:Y,) + I(Yy:; Ya|U). (B.8)
The destination next looks for a unique index 7"~ such that

(e (), 7§, 3o (k2 K070), u (k7)) € AP and

F1(m2, @), g2 5o (kD E02) 1 (mPD), u(kD)) € AP,

If successful, the destination declares m®=2 = m(®=2) i.e., the codeword y;(m®=3,

(0-2)
1

m=2)) is the compressed version of y . Otherwise, an error is declared. As

n — oo, the probability of error in this step approaches 0 when the following

inequality is satisfied:

Ry < I(X1; Y2, Yo|U) + I(Yy; Y, Yo, UIX). (B.9)
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B.3 Proof of Theorem 5.5

Lastly, the destination looks for a unique message index w2 such that

(XO(k(big)a UAJ(b?Q))a yéb*2)’ yl (m(big)a m(b72)>7 yO(k(big)a k(biz))a X1 (m(b73)>’

u(k®3)) e AM.

If such a message index is found and is unique, the destination declares w2 =
w2 otherwise, an error is declared. It can be readily shown that when the

information rate satisfies
Rgrpa < I(X1§Y2>Y1>YO|X1>U)>

the probability of decoding error approaches 0 as n — oo.
Therefore, any rate Rgppas < I(X7; Y, Vi, %|X1, U) is achievable subject to the

constraints (B.6)—(B.9), and the theorem follows. [

B.3 Proof of Theorem 5.5

We also consider a block Markov supposition coding scheme consisting of regular
encoding and sliding window decoding. The successive transmissions again consist
of B+2 blocks, each of which has length n. In each of the first B blocks, a message
w = (Wa, ws), wy € [1,2"] wy € [1,2"%], such that R, + Rs = Rprpa, will be
sent to the destination with probability of error approaching 0. The average rate
of transmission is thus RpppaB/(B + 2), which approaches Rpppy as B — 0.

We apply a random coding argument to show the achievability of Rppp,. First
fix a joint distribution p(-) € P;.

[Random Codebook Generation.] Generate three statistically independent code-

books by repeating the following procedures three times.
1. Generate 2" ii.d. codewords X; (i), i € [1,2"%], according to [];_, p(x14).
2. For each X, (i), i € [1,2"%] generate 2"%> iid. codewords U(i,j), j €
[1,2"%] according to [ i, p(us|x1,.(7)).

142



B.3 Proof of Theorem 5.5

3. For each U(i,j), i,j € [1,2"%], generate 2"% ii.d. codewords Xo(i, j, k),

k € [1,2"%5], according to [, p(zo.|ve(i, 7))
4. Generate 2" ii.d. codewords Xz(1), I € [1,2"0], according to [}, p(wa.).

5. For each Xy(l), [ € [1,2"R0], generate 2"F0 iid. codewords Ys(I,m), m €

1,270 according to [[i; p(gailzas(l)).

[Encoding and Transmission.] To ensure the mutual independence of the error
event among any consecutive three blocks, the three previously generated code-
books are applied in a periodic manner such that three adjacent blocks are encoded
with three independent codebooks.

Assume that at the end of the transmission of block b — 1, a source message

w® = (w&b),wg))) is to be sent in block b. The source transmits the codeword

Xo(w&bﬂ), w?, wg’)) using n channel uses.

Assume that the relay has successfully decoded: w&l), w&z), e wéf’*?”; mM, m®),

b—2)

..., m®=3) The relay first needs to decode m(=?), or equivalently yo(m®=3), m®=2),

the compressed version of the channel output sequence yébd), from its own channel
output sequences accumulated during the previous two blocks, ygb_2) and ygb_l). It

declares m®=2 = m®=2) if 17(=2 is the unique index such that the following two

joint typicality are satisfied simultaneously:

(XQ(m(b’Q)), yibil),xl(wff’:s))) € AE"), and

(§2(m®=2 =)y x, (@), %0 (m ) € AL,

€

otherwise, an error is declared. The probability of error in this step approaches 0

for sufficiently large n, if the following constraint is satisfied:

Ry < I(X2, Y| X1) + 1(Ya; Y, X[ Xo). (B.10)
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B.3 Proof of Theorem 5.5

Next, the relay determines W = 2

) 2)

if W is the unique index such that

(u(wg’_‘l), w((lb—2))’ Xl(w(()lb_4)), ygb—2)7 yQ(m(b—B)’ m(b—2))7 X, (m(b—B))) c .A(n).

€

An error is declared if no such index found or the index found is not unique. As
n — oo, the probability of decoding error approaches 0 when the following is

satisfied:

R, < I(U: Y1, Y| X1, X5). (B.11)

=2 s successfully decoded, the relay sends x; (w&bﬂ)) with n

If the message w
channel uses in block b; otherwise x;(1) is sent.
The destination performs CF on its newly received channel output sequence,

y;b—1). Assume that it has decoded the indices: m™M, m® .. m®=2. The desti-

nation first looks for some index =Y such that
(§2(m® 2, D) y & x,(m®?)) € AW

otherwise, an error is declared. As n — oo, the probability of finding such an index

approaches 1 when the following inequality holds:
Ry > 1(Ys, Ya| Xs). (B.12)

If one such index is found, the destination declares yo(m®=2 m®=1) as the com-

) b-1) _ 45, (-1)

pressed version of yébi with m/ =m , and sends x,(m®V); otherwise,
x5(1) is sent.

Table B.3 lists the codewords transmitted in each block using the current coding
scheme.

[Decoding.] The decoding procedures at the end of the transmission of block
are described in the following. Assume that the destination has the following

information available or decoded: 1) wél), wg), - w((lb_3); 2) wg), wéf), - wg)_g);
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B.3 Proof of Theorem 5.5

and 3) mM, m®, . mOb,

(b—2) )

The destination first decodes w = if there exists a unique index

wé“’ such that we have

(xl(wg”z)),yéb),xg(m(bfl))) c A" and

€ )

(u(w((lbfz;)’ w(b72)>’ yébﬂ)’ X, (w(b74)>’ XQ(m(be))) c Agn);

« «

otherwise, an error is declared. As n — oo, the probability error of this step

approaches 0 when the following inequality holds:

The destination next decodes wg’ﬂ) = wg’*’ if there exists a unique message

index u?(b_Q) such that

(xo(wd ™, wl ™, iy ™) u(wl™, wl ),y x (@), %, (m)) € AP;

otherwise, an error is declared. As n — oo, the probability error of this step

approaches 0 when the following inequality is satisfied:
Rs < I(Xo; Ya| X1, X2, U). (B.14)

Therefore, subject to constraint (B.10) and (B.12), the sub-rates R, and Rg
satisfying (B.11), (B.13), and (B.14) are achievable for a given joint distribution

p(+) € P5. The theorem follows. |
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Table B.2: Codewords transmitted in each block to achieve Rgpp;.

Block 1 Block 2 Block 3 Block b
u(1) u(2) u(my{") u(m{"?)
) xo(1,wM) | x0(2, w®) xo(mt”, w®) xo(m"™ 2 w®)
k) v(1,2)  [v(2m) v(m{' %mﬁ”) v(m{"” my ")
102, k, 1) x1(1,2,3) x1(2,m§1),mg)) (m1 ,ml ,méz)) xl(mgb 2) mgb_l),mgb_l))
L kom) |0 n(2m") [ 1 ,ml ) i, m{ m{ Y
(i, K, ms) | 0 v1(1,2,3,m5) |12, m, mSY, m?) y1(m! 9 D

vl

Table B.3: Codewords transmitted in each block to achieve Rpppa.

Block 1 Block 2 Block 3 Block b
X (4) x1(1) x1(3) ) x (Wl )
U@i,j) | u(,wd) u(3, wl?) u(wd, wd) a(w® P, )
Xo(i, 7, k) Xo(l,wg}),wg)) xo(3, ws, W) | xo(wl, W, w xo(wd 2, wl w?)
X(1) X2(2) x2(mW) x9(m®) | xa(m® 1))
[ Ys(lm) [0 y22,m®) [ ya(m®, m®) [ 32(m® 2 mD)

g'g WeI0dY ], JO Jooid £'g
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