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Summary

In the 1980’s, significant and remarkable breakthroughs were achieved in the areas of
error-correcting codes and Cryptography with the introduction of Goppa codes and El-
liptic Curve Cryptosystems respectively [19, 20, 21, 5]. These two constructions, though
specific to two distinct applications of Mathematics, employ a similar Mathematical ob-
ject, namely algebraic curves over finite fields with sufficient number of rational points, or
equivalently in the language of algebraic function fields, global function fields with a large
number of rational places relative to their genera. Indeed, the theory of algebraic curves
over finite fields and their associated function fields has attracted much devoted research
by renown geometers and number theorists alike since the middle of the 20th century.
Their research concentrated primarily on abstract and theoretical results, thereby giving
rise to numerous advanced ideas in Mathematics. For instance, in 1948, Weil proved the
analogue of the famous Riemann hypothesis for function fields and consequently showed
that for a given prime power ¢ and positive integer ¢ > 0, the number of rational points
on an algebraic curve over the field F, of genus g cannot exceed ¢ + 1 + 2¢¢*/?. However,
proofs of this bound, more commonly known as the Hasse-Weil bound, and other results
on algebraic function fields tend to be non-constructive, and it remains to be proven if
algebraic curves with large numbers of rational points do exist.

With an increasing number of direct applications for algebraic curves with many ratio-
nal points as compared to their genera, the search for such curves becomes an important
and worthwhile challenge for researchers. The celebrated number theorist, J. P. Serre
initiated the work in the 1980’s [66, 67], and thereafter, many other mathematicians took
up the challenge as well. In particular, using machinery from diverse areas including

Kummer and Artin-Schreier theory, elliptic modular curve theory, class field theory and

v



Drinfeld modules of rank 1, various mathematicians seek to construct algebraic curves
containing as many rational points as close to the Hasse-Weil bound as possible, and in
a few cases, to give explicit equations of such curves. A comprehensive account of these
approaches and research results in these aspects which include applications of algebraic
curves with many rational points is well covered by the book of Niederreiter and Xing
[55].

This thesis essentially extends the work by Niederreiter and Xing in a series of papers
in the late 1990’s [41, 42, 43, 44, 46, 48], to continue the search for such curves. More
specifically, we will employ results from class field theory together with the theory of
Drinfeld modules of rank 1 to construct global function fields with many rational places.
In fact, by introducing a new construction of linear codes over finite fields based on global
function fields, the genera and splitting behaviour of rational places in subfields of certain
classes of cyclotomic function fields can be explicitly expressed. With the aid of some
mathematical software packages, these results will help us construct numerous curves
having more rational points than the currently-known curves for certain values of ¢ and
g.

Further, this thesis delves into a slightly different but related topic, namely, we will
explore the lower bounds of A(g) which is the asymptotic bound of the ratio N,(g)/g as
g tends to infinity. Here, N,(g) denotes the maximum number of rational points that an
algebraic curve over F, of genus g can have. Some improvements of A(g) for prime values
of ¢ including ¢ = 2,5, 7, 11 are established. Such asymptotic bounds are significant since
they have a direct impact on coding theory, leading to sequences of codes with increasing
lengths exceeding the asymptotic Gilbert-Varshamov bound, the classical benchmark for

good families of linear codes. The result of A(2) > 0.257979 which improves the previously



established bound of A(2) > 0.2555... is of particular interest as codes over the binary
alphabet have the most practical use.

The first three chapters of this thesis aim to provide an overview of the background
materials that are crucial to introduce the main results. More precisely, we will begin
with a survey of the theory of algebraic function fields which serve as a starting point
of our research. In Chapter 2, we will discuss some well-known examples of algebraic
function fields. Using results from general class field theory, we will classify the finite
abelian extensions of algebraic function fields in Chapter 3 and describe some of their
fundamental properties. In Section 3.5, the general construction of global function fields
as subfields of narrow ray class fields that possibly contain many rational points will be
presented.

Next, we establish a connection between error-correcting codes and global function
fields with many rational places in Chapter 4, which in turn leads to some new function
fields. Equipped with all these results, we will then examine the genera and splitting
behaviour of places in subfields of cyclotomic function fields, thereby obtaining several
more function fields with many rational places. Finally, Chapter 6 will be devoted to the
investigation of the asymptotic bounds of A(¢) and a couple of new bounds will be given.

Many of the notations used throughout this thesis resemble closely those introduced

in [55].
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Chapter 1

Algebraic Function Fields

Following the approach pursued in most of the existing literature on algebraic curves and
their corresponding number of rational points, this current research will treat this subject
via the equivalent language of function field theory. This is possible due to inherent
1-1 correspondence between algebraic function fields and smooth, absolutely irreducible
projective curves over finite fields. As such, this first chapter attempts to present a concise
summary of the theory of algebraic function fields, the primary Mathematical objects of
this thesis.

As the theory of algebraic function fields is rich in its own right, we shall concentrate
on results that are applicable to this thesis. Most assertions will be merely stated without
proofs. A detailed analysis of the theory of algebraic function fields is covered by books
such as those of Stichtenoth [72], and Michael Rosen [61]. Many of the developments
in algebraic function fields have their analogs in algebraic number fields. Readers may
therefore refer to books on algebraic number theory including Cassels and Frohlich [8],

Koch [31], Neukirch [40] and Weiss [87] for useful background as well.
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Throughout this thesis, p will always denote a prime number while ¢ = p" will refer

to an integral power of p.

1.1 Basic definitions

Let K be an arbitrary field. An algebraic function field of one variable over K is
a finitely generated field extension of K of transcendence degree 1, i.e. there exists an
element x € F such that the degree [F' : K(x)] is finite but F' is transcendental over K.
K is often called the field of constants of the function field and the function field will
be simply denoted by F/K. If the algebraic closure of K in F' is K itself, we call K
the full constant field of F//K. Further, if K is the finite field F,, which will be the
case henceforth, F'/K is known as a global function field. In other words, we will always
assume that K is finite and is the full constant field of the function field F/K. *

For a global function field F//F,, a valuation ring O is a proper subring of F' con-
taining F, with field of fractions F. It is a principal ideal domain with a unique maximal
ideal. This unique maximal ideal P = O — O* is known as a place of F, where O* is the
group of units of O.

A normalized discrete valuation of an algebraic function field F' over F, is a
surjective map v : ' — Z U {oo} which satisfies:

(i) v(z) = oo if and only if x = 0;

(ii) v(zy) = v(z) + v(y) for all x,y € F;

(iii) [Triangle inequality] v(z 4+ y) > min(v(x),v(y)) for all z,y € F. Equality holds if

'Most of the results in this chapter apply to any arbitrary field K but for practical purposes, concen-

trating on a finite full field of constants suffices.
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v(x) # v(y).

(iv) v(a) = 0 for any a € F}.

For a normalized discrete valuation v of F//F,, it can be directly checked that O =
{z € F :v(x) > 0} is a discrete valuation ring with the place P = {z € F : v(z) > 0}. In
fact, there is a bijective correspondence between all the places and the normalized discrete
valuations of F'/F,.We will denote by vp and Op the normalized discrete valuation and
discrete valuation ring, respectively that correspond to a place P. Further, the element
m € P for which vp(m) = 1 is called the local parameter or the uniformizer at P.
Hence, P = O.

Given any place P of F) the field Fp = Op/P is called a residue class field of F' at
P and it can be identified with a finite extension of F,. The degree of the field extension
[Ep : F,] is known as the degree of P and is denoted by deg P. If deg P = 1, i.e. Fp = F,,
P is said to be Fy-rational or simply rational.

Similarly, given any place P of a global function field F'//F,, the completion of F' at
P, commonly known as the P-adic completion of F, will be denoted by Fp. We will again
denote the unique extension of vp to Fp by vp with corresponding discrete valuation ring
Op and place P. It can be verified that the residue class field of Fp at P is isomorphic to
Fp.

The set of all places of F'is denoted by Pr. Given any positive integer d > 0, we will
use the notation P% for the set of all places in Pr of degree d. We have the following

lemma.

Lemma 1.1.1 For a global function field F/F,, Pr is an infinite set but P is finite for
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any d > 0.

For a place P € Pp, let m be a local parameter at P. Then, for any nonzero f € Fp

with vp(f) = v, there is an infinite sequence {a,}°2, of elements of Fp with a, # 0 and

[e.e]
f= Z a,m".
r=v

Such an expansion is called the local expansion of f at P. Conversely, every such series
converges to an element of Fp. Consequently, Fp = Fp[[r]]. In particular, the elements of

the valuation ring in Fp can be represented as
Op = {ag+ a7+ aym® + -+ : a € Fp for all i > 0}.
More generally, for any positive integer n > 1, the ring
Op/P" ={ay+a1m+ - + @17 *mod P" : ag, ay,...,a,_1 € Fp}. (1.1)

The next theorem, the proof of which is contained in [72], shows that we may approx-

imate an element at several places of F.

Theorem 1.1.2 (i) [Weak Approzimation Theorem: | Let S C P be finite. For each
PeS, letxp € F and np € Z be given. Then there exists an element x € F such
that

vp(r —xp) =np

for every P € S. In particular, there exists x € F with vp(x) > 0 for all P € S.

(ii) [Strong Approximation Theorem:] Let S be a proper nonempty subset of Pr and
Py, ..., P, be s distinct places in S. Then for any x1,...,xs € F and integers
ni,...,ns, there exists an element x € F such that vp,(x—x;) = n; foralli =1,...,s

and vp(x) >0 for all P S —{Py,..., P}.
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Let S be a finite subset of Pg. Then, the formal sum

D=> up(D)P,

where vp(D)’s are nonzero integers, is called a divisor of F. S is known as the support
of D, usually written as supp(D). If S = (), then D = 0 is the zero divisor of F. We will

occasionally write D in the form

where mp’s are integers and mp # 0 for finitely many places P. In this case, § =
supp(D) = {P € Pp : mp # 0}. The set of all divisors of F' will be denoted by Dp.
The degree map on P is extended by linearity to Dg, namely, we have

deg( »  wp(D)P)= > wp(D)degP.

Pesupp(D) Pesupp(D)

Clearly, deg : Dp — Z is a surjective homomorphism. We define a partial ordering on
Dr as follows: For two divisors Dy and Dy € Dp, Dy < (respectively >) D, if vp(D;) <
(respectively >) vp(Ds) for all P € supp(D;) Usupp(Ds). A divisor is called positive or
effective if D > 0.

Given a place P of F' and a nonzero element x of F', the place P is called a zero
(respectively pole) of z if vp(x) > 0 (respectively < 0). It is clear that a constant
element in F, has neither poles nor zeros. However, for z € F'—F,, z has at least one but
finitely many zero places. Since a zero place of z is a pole place of 27!, every z € F — F,
has at least one but finitely many pole places as well. Thus, the following is well-defined.

Let z € F*. The principal divisor of z is given by

div(z) = Z vp(z)P.

PePrp
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For z € F —F,, div(z) can be written as the difference of two positive divisors, i.e.
div(z) = ()0 — () oo,

where supp((z)o) (respectively supp((x)s)) is the set of all zero (respectively pole) places

of x. We have the following proposition.

Proposition 1.1.3 For any x € F' — F,
deg(x)o = deg(x)oo = [F : F,(2)].
In particular, degdiv(z) = 0.
For a divisor D of F, we form the Riemann-Roch space to be the vector space
L(D)={x € F*:div(z)+ D > 0} U {0}.

Then £(D) can be shown to be finite-dimensional over F,, and we denote its dimension

by I(D). The next result presents the relationship between deg D and (D).

Lemma 1.1.4 For a global function field F'/F, there exists a constant integer ¢ such that
for all divisors D € Dp,

degD — (D) <ec.

Lemma 1.1.4 allows us to define the genus of F' which can be considered as the most

important invariant of a function field. More specifically,

Definition 1.1.5 The genus of a function field F//F, is the integer
9= g(F) = max (deg D — (D) + 1),

where the maximum is extended over all divisors D of F. By putting D = 0 in this

definition, we see that the genus of F' is nonnegative.
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As such, for any divisor D of F)
(D) >degD+1—g.

In fact, the well-known Riemann-Roch theorem states that equality holds when deg D >
2g — 1.

Next, let K’ O K =F, and let F'/K" and F/F, be two global function fields with F”
being an algebraic field extension of F. We say that F'/K' is an algebraic extension of
F/F, and simply write it as F'/F. For a place P' € P, the restriction P = PN F C P’
is a place of F. We describe this instance by saying that P’ lies over P or P lies under
P’ and we will denote it by P’|P. Furthermore, the restriction of vp: to F produces a

positive integer e(P’|P) such that
vp/(x) = e(P'|P)vp(x)

for every x € F. In particular, e(P’|P) = vp/(m), where 7 is the local parameter of F' at
P. e(P'|P) is called the ramification index of P’ over P. Further, the residue class field
Fpi of P’ is a finite field extension of Fp and the degree of this extension f(P’|P) is called

the relative degree of P’ over P. From the definition of the degree of places, we obtain
deg P'[K' : F,| = deg Pf(P'|P). (1.2)

The following proposition is an important equation involving the ramification index

and the relative degree of places.
Proposition 1.1.6 Let F'/K' and F/F, be as above and let P € F. Then,

> " e(P|P)f(P'|P) =[F': F).

P'|P
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Proposition 1.1.6 shows, in particular, that for every place P of F) there is at least
one but at most [F” : F] (and hence finitely many) places of F’ lying over it.

Let S be a nonempty proper subset of Pr and 7 the subset of Pg that consists of all
places of F’ lying over places in S. Then 7 is called the over-set of S with respect to
the extension F'/F'. Refer to Section 1.4 for the definition of Og. The integral closure of

Os in F” is given by
Or={z€F :vp(z) >0foral P €T}

We now introduce the complementary set of O7 and its properties. We refer the reader

to [55, 72] for details and the definition of a 7-ideal.

Lemma 1.1.7 Suppose that S is a nonempty proper subset of Pr and T the over-set of

S with respect to F'/F. Define the complementary set of Or by
co(Or) ={z € F' : Trp;p(2071) C Os},

where Trp//p is the trace function from F' to F. Then:

(i) co(Or) is a T -ideal of F' containing Or;

(i) (co(O7))~t is an integral ideal of O.

(iii) If S consists of a single place P € Pp, then co(Or) = tOr for some t € F' with

vp(t) <0 for every P € T.
Definition 1.1.8 The different of O with respect to Og is defined by
Ds(F'/F) = (co(O7))~".

If S is a set consisting of one place P of F', we denote Dgs(F’/F") simply by Dp(F'/F).
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We can now define the different exponent of a place P’ lying over P.

Definition 1.1.9 Let the place P’ of F’ lie over the place P of F. Then the different

exponent of P’ over P is defined by
d(P'|P) = vp/(Dp(F'/F)),
where vp (Dp(F'/F)) = min{vp (z) : © € Dp(F'/F)}. In particular, if co(Or) = tOr as
in Lemma 1.1.7 (iii), then d(P'|P) = —vp(t).
The next proposition gives some properties of different exponents.
Proposition 1.1.10 For places P'|P just as before, we have:
(i) d(P'|P) is a non-negative integer;

(ii) d(P'|P) > e(P'|P) — 1. Further, d(P'|P) = e(P'|P) — 1 if and only if e(P'|P) is
relatively prime to p.
Propositions 1.1.6 and 1.1.10 motivate the following definitions describing the behav-

iour of the places P’|P in the field extension F’/F. We summarize the definitions in the

table below.
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Behaviour of Behaviour Characteristics

P’ unramified e(P'|P)=1

P’ ramified e(P'|P)>1

P’ tamely ramified | e(P’|P) > 1,ged(e(P'|P),p) =1

P’ wildly ramified e(P'|P) > 1,gcd(e(P'|P),p) =p

P’ totally ramified e(P'|P)=[F':F|

P unramified e(P'|P) =1 for all P'|P

P ramified e(P'|P) > 1 for some P'|P

P totally ramified | exactly 1 P'|P;e(P'|P) = [F': F|

P splits completely | e(P'|P) = f(P'|P) =1 for all P'|P
or exactly [F” : F] places P'|P

It follows from Proposition 1.1.6 that for a place P € Pp, only a finite number of
places P’ € Py can be ramified in F”/F. Moreover, by Proposition 1.1.10, if e(P'|P) =1
for some P'|P, d(P'|P) = 1—1 = 0. We can therefore define the global different divisor
of F'/F as the positive divisor

Diff(F'/F) = Y Y d(P'|P)P' € Dp.

PEPp P'|P

We can now state the Hurwitz Genus Formula that relates the genera of two

function fields.

Theorem 1.1.11 (Hurwitz Genus Formula) Suppose that F'/K' is a finite separable
extension of F/F,. Then

[F': F]

29(F") — 2 = m

(29(F) — 2) + deg(Diff (F/ F)),

where g(F") and g(F') are the genera of F' and F, respectively.
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For a separable field extension F’/F, we can define a norm map from Dp to Dp by

N(F'/F): Y mpP' =YY f(P'|P)mpP.

P’EPF/ PePp P’|P

Lemma 1.1.12 (i) For an element z € F’,
N(F'/F)(div(z)) = div(Np,p(2)),

where Ngr /g on the right hand side denotes the usual norm of elements for field extensions.

(ii) For a divisor D € D,
[K': Fy]deg D = deg N(F'/F)(D).

Corollary 1.1.13 Let F'/F be a separable extension of global function fields with full

field of constants F,. Define the discriminant of F'/F by
D(F'/F) = N(F'/F)(Diff(F'/F)).

Then
29(F') — 2 =[F": F](29(F) — 2) + deg D(F'/F),

where g(F') and g(F) are the genera of F' and F, respectively.

Theorem 1.1.11 readily shows that if F” and F' have the same full constant field F,,
then the genus of F' cannot exceed that of F”. This follows from the fact that Diff (F’/F)
is a positive divisor.

Before we conclude this section, we present a few results that will aid the calculation of
the ramification index and different exponent in certain situations. The first proposition

is concerned with a tower of function fields.
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Proposition 1.1.14 For a field tower F C F' C F" and a corresponding place tower
P"|P'|P, we have

(i)  e(P"|P) = e(P"|P")e(P'|P).

(i) f(P'IP) = f(P"|P)(P'|P).

(ili)  d(P"|P) = e(P"|P")d(P'|P) + d(P"|P").

Corollary 1.1.15 Let F1/F and F»/F be finite separable extensions and let F' = F1F,,
the compositum of Fy and Fy. Fori = 1,2, let S; = {P € Pp : P is ramified in F;/F}.
Given any P € Pp, let P' be a place of F' lying over P and define P; = P' N F;, where
i =1,2. Suppose that S N Sy = 0. Then, the following hold:

(i) [F':F]=[F: Fl[F;: F];

(ii) e(P'|P)=e(P|P) forany P € S;i=1,2;

(iii) d(P'|P)=d(P]|P) forany P € S;,i=1,2.

Proof: All the assertions follow from Proposition 1.1.14 and the fact that F} and F3

are linearly disjoint. U

We have a generalization of this corollary as stated below.

Lemma 1.1.16 (Abhyankar’s Lemma) Let Fy/F and Fy/F be finite separable exten-
sions of function fields and let F' = F\F,. Let P’ be a place of F' and P a place of F
lying under P'. Fori = 1,2, define P, = P' N F,. Then, P, € Pg, and P)|P fori = 1,2.

Suppose that at least one of P; is tamely ramified in F;/F. Then,
e(P'|P) = lem(e(Py|P), e(P|P)).

The following theorem gives an example of totally ramified extensions. First of all,
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we recall the definition of an Eisenstein polynomial. More specifically, a polynomial
f(t) = aptt +ap_1t* 1+ +a;t +ag € F[t] is called an Eisenstein polynomial if there

exists a place P such that one of the following conditions is satisfied:

1. vp(ag) = 0,vp(a;) > vp(ag) >0 for 1 <i <k —1and ged(k,vp(ag)) = 1;

2. vp(ag) =0,vp(a;)) > 0for 1 <i<k—1, vp(ag) <0 and ged(k, vp(ap)) = 1.
In either case, we also say that f(t) is Eisenstein at P.

Lemma 1.1.17 Let f(t) be an FEisenstein polynomial at a place P as defined above and
let y be a root of f(t). Consider the field extension F' = F(y). Then, f(t) is irreducible

in F[t] and [F': F] = k. Further, P is totally ramified in F'/F.

Notice from Proposition 1.1.10 (iii) that the different exponent is easily obtained when
a place is tamely ramified. We now provide a method of calculating the different exponent

in the case of total ramification.

Proposition 1.1.18 Let F'/F be a finite separable extension of function fields with cor-
responding places P'|P as usual. Suppose that P’ is totally ramified in F'/F. Let m be a

local parameter at P' and let f(t) be the minimal polynomial of m over F. Then,
d(P'|P) = vp(f'(m)),

where f'(t) denotes the derivative of f(t). Moreover, for any other place @ of F, the

different exponent of a place Q' of F' lying over it satisfies d(Q'|Q) < v (f'(7)).
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1.2 Some Algebraic Extensions

In this section, we explore some general algebraic extensions of global function fields. As
before, F'/F, is a global function field and K’ O F,,.

Let F' = FK'. Then, it can be checked that F’ is an algebraic extension of F' and
F'/K’ is a function field with full constant field K'. F’/F is called a constant field
extension of F'. It is an unramified extension, that is, all places of F' are unramified
in F'/F. Suppose further that K’ = Fy» is finite. Then, [F’ : F] = [K’ : K] = n and
Gal(F'/F) = Gal(F,/F,) = Z/nZ. Consequently, the Hurwitz genus formula yields

g(F") = g(F).

Lemma 1.2.1 Let F'/F be a constant field extension such that F' = FF . Let P be a
place of F' with degree deg P = d. Then,

(i) There are ezactly ged(d,n) places of F' lying over P.

(ii) Each place P’ of F' lying over P has degree deg P' = d/ged(d,n) and relative

degree f(P'|P) =n/ged(d,n).

Proof: The proof follows from the fact that Fpr = EFp - F . for any place P'|P. Since
Fp =F,, Fp =F,, where | = nd/ ged(d, n). O

Corollary 1.2.2 Let F'/F be a constant field extension such that F' = FF . Then,
every rational place of F remains rational in F' and a place of degree n splits into n

rational places in F'.

For the remaining of this section, we assume that F” is a normal and separable exten-

sion over F'. We further assume that [K’: K] is finite which in turn implies that [F” : F
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is finite. In this case, the extension F’/F is called a Galois extension.
Once again, let P be a place of F' and P’ be a place of F’ with P'|P. Let G be the

Galois group Gal(F’/F). For every o € G, it can be directly verified that
O'(Op/) = Og(p/) = {0(.23) T E Op/}

is a discrete valuation ring of F’ containing Op with place o(P’). Hence, o(P’) is a place

of I’ lying over P and we have
Vo(pry(0(x)) = vp(x)

for every x € F”. In this way, G acts on the set of places lying over P. In fact, this action
is transitive, i.e. for any two places P, and P, of F’ with P;|P and P;|P, thereisa o € G

such that P, = o(P;). The next lemma is a direct consequence of this transitive action.

Lemma 1.2.3 Let F'/F be a Galois extension and let Py, and Py be any two places of F’

lying over P. Then,

e(P1|P) = e(P,|P);

f(Pl‘P):f(PﬂP)%

d(P{|P) = d(P,| P).

Proposition 1.1.6 can now be simplified to:
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Corollary 1.2.4 Let F'/F be a Galois extension and let P be a place of F. Suppose that

Py, P, ..., P, are distinct places of F' lying over P. Then,

Ze(RIP)f(B\P) = ke(P'|P)f(P'|P) = [F": F],

where P’ is any of the P;’s.

Next, we explore some subgroups of G = Gal(F’/F). Let P be a place of F' and P’
a place of F’ lying over P. For any integer ¢ > —1, define the i th-lower ramification

group of P’ over P by
Gi(P'|P)={c€G:vp(o(x)—x)>i+1forall z € Op}.
If 7 is a local parameter at P’, then we may also define G;(P’'|P) as
Gi(P'|P)={0c€G:vp(o(m)—m) >i+1}.

Obviously,
G2 GA(PIP) 2 Go(P|P) 2 Gy(P/|P) 2 -+ 2 {1},

By Galois theory, we have corresponding ¢ th-lower ramification fields
FCFL(P|P)C R(P|P)C---CF,

where F;(P'|P) is the fixed field of G;(P’|P).
We summarize the main properties of the ¢ th-lower ramification groups in the theorem

below.

Theorem 1.2.5 For any integer i > —1, let G;(P'|P) be the ith-lower ramification

groups defined above.
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(i) For any o € G,G;(c(P")|P) and G;(P'|P) are conjugate groups, i.e. G;(c(P")|P) =
oG (P'|P)o~ .
(ii) G;i(P'|P) = {1} for sufficiently large i.
(iii) G_1(P'|P) has cardinality e(P'|P)f(P'|P) and Go(P'|P) is a normal subgroup of
G_1(P'|P) with cardinality |Go(P'|P)| = e(P'|P).
(iv) G1(P'|P) is a normal subgroup of Go(P'|P) and the factor group Go(P'|P)/G1(P’'|P)
18 cyclic with order relatively prime to p.
(v) Gi(P'|P) are p-elementary abelian groups for i > 1.

Let us take a closer look at the first two ramification groups, namely, G_;(P’|P) and
Go(P'|P) known respectively as the decomposition group and the inertia group of
P’|P. The corresponding ramification fields are then called decomposition field and

inertia field. Note that Go(P'|P) ={o € G : o(P’) = P'}.
Proposition 1.2.6 With the notations above, we have
(i) For each o € G_{(P'|P), let & € Gal(Fp//Fp) be defined by
a(z) =o0(z)+ P

for all z € Op:. Then the map that sends o +— @ is a surjective homomorphism from
G_1(P'|P) to Gal(Fp//Fp) with kernel Go(P'| P). Consequently, G_,(P'|P)/Go(P'|P)
= Gal(ﬁp//ﬁp).

(ii) P splits completely in F_yppy/F, i.e. if P_y is a place of F_i(P'|P) lying over P,
then

e(P|P) = f(P.|P) = 1.
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(iii) Let P_y be any place of F_1(P'|P) lying over P. Then, P’ is the only place of F’
lying over P_y. Moreover, if Py = P'NFy(P'|P), then e(Py|P-1) = 1 and e(P'|Py) =
e(P'|P) = [F': Fy(P'|P)].

Corollary 1.2.7 Let L be an intermediate field of F'/F. Let P' be a place of F' lying
over P € Pr and let Q € Py, be the place lying under P'. Then we have:

(i) P is unramified in L/F if and only if L C Fy(P'|P);

(i) @ is totally ramified in F'/L if and only if L O Fo(P'|P);

(iii) P splits completely in L/F if and only if L C F_1(P'|P);

(iv) P’ is the only place of F' lying over Q if and only if L O F_1(P'|P).

Corollary 1.2.8 Suppose that Li/F and Ly/F are two finite separable extensions and L
1s the compositum of Ly and Ly. Then for a place P € Pr, we have:

(i) P splits completely in L/F if and only if P splits completely in both Li/F and
Ly/F;

(ii) P is unramified in L/F if and only if P is unramified in both L,/F and Ly/F .

Now, suppose that P is unramified in F’/F, i.e. the inertia field Fy(P'|P) = F'. By
Proposition 1.2.6 (i), the decomposition group G_;(P’|P) is isomorphic to the cyclic group
Gal(Fpi/Fp) which is in turn isomorphic to Z/fZ, where f = f(P'|P). Consequently,

there is a unique o € G_1(P'|P) such that

deg P

o(z) =27 modP
for all z € Opr. Observe that o depends only on P’|P and it is called the Frobenius

F'/F
P/

symbol of P’ over P. We denote it by [ ] and it has the following properties:
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Theorem 1.2.9 Suppose that the finite Galois extension F'/F is unramified at P € Pp
and let P’ be a place of F' lying over P. Assume that L is an intermediate field of F'/F
and R € Py, is the place lying under P'. Then we have:

(i) For any T € Gal(F'/F),

kel

A

(i)

P | | P

[FVL” {FVF]KRH'

(iii) If L/ F is a Galois extension, then the restriction of [%} to L is equal to [L/TF]

Proof: (i) This follows from Theorem 1.2.5 and the uniqueness of the Frobenius
symbol.
(ii) This can be easily seen from the definitions of the respective Frobenius symbols

and that the residue class field Fr = Fyer, where f = f(R|P).

(iii) Let o = [FI;/,F] . By the definition of the Frobenius symbol, we have

o(z) = 2% mod P’

for all z € Op, where d = deg P. Clearly Og C Opr. Thus, the above equation charac-
terizing the Frobenius symbol is again satisfied for all 2 € Ogr. The uniqueness of the

Frobenius symbol yields our desired result. ([

If in addition, F'/F is an abelian extension, then it follows from Theorem 1.2.9 (i)

FIID/,F} does not depend on P’, but rather, it depends only on

that the Frobenius symbol [

the place P of F lying under P’. It is thus unambiguous to write the Frobenius symbol

as [F%F}, which is called the Artin symbol of P in F'/F.
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Proposition 1.2.10 Let F'/F be a Galois abelian extension and let L be a subfield of
F'/F. Suppose that F'/F is unramified at P € Pr. Then P splits completely in L/F if
and only if the Artin symbol [LAF} belongs to Gal(F'/L).

Proof: Now, P splits completely in L/F if and only if the decomposition group of
P is trivial if and only if the Artin symbol [L/TF] is trivial and by (ii) of the preceding
theorem, this holds if and only if the restriction of [%] to L is trivial if and only if

[F—ﬂ lies in Gal(F'/L). O

1.3 Upper Ramification Groups and the Hilbert’s Dif-
ferent Formula

We continue to let F’/F be a Galois extension of function fields with G = Gal(F'/F).
Further, suppose throughout this section that F’/F' is an abelian extension. Fix a place
P of F and a place P’ € Pp lying over P.

Consider the P-adic completion Fp and the P’-adic completion Fp, of F' and F’
respectively. Given any o € G, o induces an isomorphism ¢’ between Fp, and F) P
keeping Fp fixed. Thus, if 0 € G_1(P'|P), ¢’ becomes an automorphism of Fp,. In
fact, the map 6 sending o € G_1(P'|P) to o' € Gal(F},/Fp) is an isomorphism. As a

consequence, Fp, /Fp is Galois and

[Fp : Fp] = |G (P'|P)] = e(P'|P)f(P'|P).
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For all integers ¢ > —1, we define the i th-lower ramification groups of F},/Fp by
Gi(Fp /Fp) ={7 € Gal(Fp, /Fp) : vp:/(1(a) —a) > i+ 1 for all a € Op/},

where vp: and Ops refer to the normalized discrete valuation and the valuation ring of
F., respectively.

One sees easily that the map 6 induces an isomorphism between G;(P'|P) and G;(F'}. /Fp)
for all ¢ > —1. In view of this, we simply write G; = G;(P'|P) for G;(F},/Fp) and let
9 = |Gil.

Define the map 7 : [-1,00) — [—1,00) by

U if —1<u<0,

mnu) =
() g1+g2+- 4G +(u—[u))g|u 41

go

otherwise

(Here, |z | refers to the greatest integer <= x.)
We summarize some facts on the function 7 in the next lemma. The reader may refer

to [65] for their proofs.

Lemma 1.3.1 Letn:[—1,00] — [—1,00] be the map defined above. Then,
(i) n is piecewise linear, continuous, strictly increasing and concave on the interval
[—1,00]. Hence, the inverse map 1 = n~! is well-defined on [—1, o0.
(ii) ¢ is piecewise linear, continuous, strictly increasing and conver on [—1,00].
(iil) If u is an integer, then ¥(u) is an integer too.
(iv) [Hasse-Arf Theorem] If u is an integer such that G, # Gyui1, then n(u) is an

mnteger.
For any integer i > —1, we define the i th-upper ramification groups by

G' = G'(P'|P) = Gy
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and the i th-upper ramification fields I = F'(P'|P) as the corresponding fixed

fields of G*. This definition makes sense according to Lemma 1.3.1 (iii). Again, we have
G'2G'2G 2.,

and G* = {1} for sufficiently large u. Moreover, we see directly from the definition that
if L is an intermediate field with ' C L C F’ and Py, is a place of L lying under P’, the
restriction map that sends Gal(F’/F) to Gal(L'/F) sends G*(P'|P) onto G*(Pr|P).

By letting lp = 0, let the numbers 1 <[} <y < --- < be such that G;,;1 = G, 12 =
G, # G

=G i=0,1,...,s—1and G;,41 = {1}. Likewise, define the numbers

i+1) i1
ug = 0, uy,us, ..., u; for the upper ramification groups.
Observe that by combining Lemma 1.3.1 (iii) and (iv), we must have n(l;) = u; for all

J which further implies that s = t.

Lemma 1.3.2 Forj=0,...,s —1,
[GO . Guj+1] _ lj+1 - lj ]
Uj+1 — Uy
Proof: From the definition of n and the preceding remark, it follows by induction

that for j =0,1,...,5s — 1,

gi;
(a1 = L) =25 = wjn — ;.
9o
Hence,
G : G = [Gy: Gy,
_ 9
Il
i1 =1
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We can now present the Hilbert’s different formula that calculates the different expo-

nent of P’ over P.

Theorem 1.3.3 (Hilbert’s Different Formula) Let F'/F be a finite Galois extension

and let P’ be a place of F' lying over P € Pp. Then, the different exponent d(P'|P) is

given by:
(i) [Lower index] N
aPIP) =3 (1G] - 1),
(i) [Upper index] N
d(P'|P) = Z(!GOI - [G": @),

Proof: (i) This is derived from Proposition 1.1.18. Refer to [72, Chapter III] for
details.

(ii) From (i),
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[e.e]

d(P'|P) = Y (6= 1)

=0

= go— 1+ Z(lj+1 — i) (g, — 1)

= |G -1 +Z 1 — )G = 1)
s—1

= G =1+ ) (L = (G = [G°: G /[G° - G
7=0
s—1

= G =1+ Y (jar — uy)(IG°] — [G° : G+1))
=0

= Z(|GO| _ [GO . Gz])

=0

The integer us + 1 defined above is usually denoted by ¢(P’|P) and is called the
conductor exponent of P’|P. In other words, ¢(P’|P) is the smallest integer j for which
G’ = {1}. Notice that as F'/F is an abelian extension, the ¢ th-upper ramification groups
are independent of the choice of P’ lying over P. Thus, the conductor exponent is the
same for all P’|P and we will simply write cp for the conductor exponent ¢(P’|P). Since
GY is the inertia group, it follows immediately that ¢(P’|P) = 0 if and only if P'|P is
unramified. This makes it meaningful to define the conductor of F’/F as the positive
divisor

Con(F'/F) = Z cpP.

PePp
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Corollary 1.3.4 Let F'/F be an abelian Galois extension with the same constant field

F,. Then, the genus of F' is given by

cp—1
29(F') =2 = [F": F](29(F) —2) + |G| deg Con(F'/F) — > > G Gl deg P.
Pesupp(Con(F’/F)) j=0
Equivalently,
cp—1
29(F")—2 = [F': F](29(F)—2)+[F" : F]degCon(F'/F)— [F7: F)deg P.

Pesupp(Con(F’/F)) j=0

Proof: For each P € Pp, we have

> f(P'|P)P=[G:G|P

PP

since G is the inertia group of P’|P. The result now follows from Corollary 1.1.13. [

Corollary 1.3.5 Let F'/F be an abelian Galois extension of global function fields with
full constant field Fy. Let P be a place of F' with conductor exponent cp = n. Suppose that

G"! = G. Then the genus of F' is given by
29(F') —2=[F": F](29(F) — 2+ ndeg P) — ndeg P.
In particular, if P is totally ramified in F'/F and cp < 2, then
g(F'Y=1—deg P+ [F': Fl(g(f) +deg P — 1).

Proof: Since G° = G! = ... = G"! = G, the first result is a direct consequence of
Corollary 1.3.4. The second assertion is trivial for cp < 2. So suppose cp = 2. Since P is to-
tally ramified, we conclude from the properties of ramification groups that Go = G; = G.
Clearly, G = G; = G. Hence the assumptions for the first assertion hold and the genus

formula follows. U
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1.4 Divisor Classes and Divisor Class Groups

Recall that for a global function field F'/F,, we have defined Dp to be the set of all
divisors of F. In fact, Dp is a free abelian group on the set of places Pr under the
following operation:

Z mpP + Z npP = Z (mp+np)P.

PePr PePp PePp

Hence, the degree map deg : D — Z is a group homomorphism and its kernel is denoted
by DY.

According to Proposition 1.1.3, for every z € F*, the principal divisor div(z) has
degree 0. Let Princ(F) be the subgroup of Div’(F) consisting of all principal divisors
div(z). Then, the factor group C1(F) = Div’(F)/Princ(F) is finite and its cardinality is
commonly known as the divisor class number of F, denoted by h(F).

More generally, for a subset 7 of Pp, let Divy(F') be the group of divisors of F' with
support away from 7. Since Z is a principal ideal domain, there exists a positive integer
d = deg T such that the degree map restricted to Divy(F') has image dZ. In particular, if
T' = Pr—T is finite, then d is the ged of the degrees of all the places in 7”. Divy(F) will
again refer to the group of divisors of Divs(F') of degree 0. For a positive divisor D of F,
we will write Divp(F) and Div},(F) for Diviyppn)(F) and Divgupp(D)(F), respectively.

Let S be a subset of Pr such that &’ = Pr — S is nonempty and finite. Define the
integral ring Og to be the intersection

Os = () Or,

PeS

i.e. Og consists of all the elements of F' with poles only in &’. The unit group O% is called

the group of S-units of F.
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Theorem 1.4.1 (Dirichlet Unit Theorem) Let S be a subset of Pp such that S' =

Pp — & is nonempty and finite. Then, O%/F; is a free abelian group of rank |S'| — 1.

Os is in fact a Dedekind domain with prime ideals PNOg, P € S and field of fractions

F.

Lemma 1.4.2 Let n be a positive integer and let P € S. The map p : Os — Op/P"
defined by

x—x+ P"
1s surjective with kernel P™ N Og.

Proof: Clearly, i is a well-defined map with kernel Og N P™. It remains to show that
w is onto. Let z 4+ P™ € Op/P™. Since S is a proper subset of Pr, we may apply the
strong theorem to obtain an 2’ € F such that

(i) vp(z' — x) > max(n,vp(z));

(ii) vo(2’) > 0 for all Q € S — {P}. Then, 2/ € Og and 2/ — x € P". Hence,
w(x')y=a2"+ P"=x+ P™. O

We define the S-ideal class group C1(Ogs) to be the quotient of the group of S-fractional
ideals of Og by the group of principal ideals of the form zOg, z € F*. One can show that
the S-ideal class group has finite order h(S).

Next, let D = pcp, mpP be an effective divisor of I with supp(D) C S. Observe
that D can be identified with the ideal J] pey,,p(p) (PN Os)™", and thus, D will represent
the corresponding ideal under this identification too. We say that an element z € F™* is

equivalent to 1mod D, written as z = 1 mod D if for all P € supp(D),vp(z —1) > mp.
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An ideal J of Og is prime to D if all prime ideals @ of Og that divide J (or equivalently,
the places in the support of J as a divisor) are not in supp(D). Clearly, the principal ideal
20g is prime to D for z = 1mod D. Let Ip(Os) be the group of all fractional ideals of
Os that are prime to D and Princp(S) be the group of principal ideals of the form zOg
such that z = 1mod D. The quotient group Ip(Ogs)/Princp(S) is denoted by Clp(Og).
This group is called the S-ray class group mod D. Notice that when D = 0, we obtain
the S-ideal class group defined above.

In addition, let Princp(F) be the group of principal divisors div(z), where z =

1mod D. With all these notations, we have the following proposition.

Proposition 1.4.3 (i) Clp(Os) is isomorphic to Div(F)/(Dive(F) + Princp(F)).

(ii) We have the following exact sequence:
0 — Div%(F)/(Div&(F) N Princp(F)) — Div), (F)/Princy(F) — Div),(F)/(Divg(F) +
Princp(F)) aeg Z/deg SZ.

Proof: (i) Define a map 0 that sends the divisor 3 pcp, o, ppp) mrP € Div},(F) to
[[pzs(PNOs)™7Princp(S). It is clear that 6 is onto and has kernel Dive(F) +Princp(F).

Thus, 0 induces the isomorphism as required.

(ii) All the maps are canonical. O

Corollary 1.4.4 If S consists of a single rational place, then CI(F) ~ Cl(Os). In par-
ticular, h(F) = h(Os).

Proof: Put D = 0 in the above proposition. Then Div%(F) = F; and degS = 1.

The desired isomorphism follows. 0
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Let D be as above. Suppose that oo is a fixed rational place of F' with oo & supp(D).

Define Clp(F') to be the factor group
Clp(F) = Div},(F)/Princp(F).
We represent the elements of Clp(F) by the equivalence classes [C], where C' € Div),(F).

Lemma 1.4.5 Every element of Clp(F') can be written in the form [H — (deg H)oc] for
some positive divisor H of Div),(F). Moreover, for a finite subset T of Pr such that

7 Nsupp(D) =0, H can be chosen such that supp(H) NT = ().

Proof: Let [C] be an arbitrary element of Clp(F). Write C' = » pp cpP. Let
S = Py — {o0}. By the strong approximation theorem (Theorem 1.1.2 (ii)), there exists

an element z € F* such that
(1)
vp(z) = —cp

for all P € supp(C);
(i)

vp(z—1) > mp
for all P € supp(D);
(iii)

for all P € 7, P ¢ supp(C); and
(iv)

vp(z) >0
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for all P € S —supp(C) —supp(D) — 7. Let H = C + div(z). Then, [C] = [H] with H

having the desired form. 0

As a consequence of Lemma 1.4.5, we can identify an element [], 00, Pésupp( D)(P N
Os)™?Princp(S) € Clp(Os) when & = {oo} with the divisor > p_ . pacupp(py mPP —
2 Potoo, Pgsupp(p) M deg Poo+Princp (F) € Clp(F). This identification will be made often

throughout the thesis, depending on the more convenient form for the particular context.

1.5 Upper Bounds for Number of Rational Places

This thesis is primarily concerned with the search of global function fields with large
number of rational places relative to their genera. How large can this number be? In this
section, we will present some well-known upper bounds for the number of rational places
that a global function field of fixed genus can have. First, we need to introduce the zeta
functions and the L-polynomials of F.

Recall from Lemma 1.1.1 that for any integer d, the set P% of all places of F of degree
d is finite. It is therefore obvious that given any integer k, the number of positive divisors

of F of degree k is finite. The following definition is now meaningful.
Definition 1.5.1 For a global function field F'//F,, we define the zeta function of F' by
Zp(t) = Z(t) = Y _ Apt* € C[t],
k=0
where Aj, is the number of positive divisors of F' of degree k.

In fact, Zp(t) is a rational function according to the following theorem.
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Theorem 1.5.2 For a global function field F/F,, the zeta function Zp(t) can be written

Zp(t) = Le(t)/(1 = 1)(1 - qt),

where Lp(t) is a polynomial over Z of degree 2g, g being the genus of F.

The polynomial Lg(t) in the above theorem is called the L-polynomial of F' and it

satisfies the following properties.

Lemma 1.5.3 Let F//F, be a global function field of genus g with Lr(t) as its L-polynomial.
Write Lp(t) as

29

Lp(t) =) a;t' € Z[t).

i=0
Then,
() Le(t) = @ Le(})
(ii) ap=1 and agy_; = ¢ *a; for all 0 <i < g. Thus, asy = ¢°.

(iii) ?io a; = h(F), where h(F') denotes the divisor class number of F.

For a positive integer n, let F,, be the constant field extension F, = FF ;.. We can
similarly define the zeta function and L-polynomial over F,,, denoted by Zp, (t) and Lg, (t),

respectively.

Lemma 1.5.4 With notations as abowve,
(i)
Ze, (") = [ 2r(ct),

¢r=1

where the product is taken over all nth roots of unity.

(i) w is a root of Lg(t) if and only if w™ is a root of Lk, (t).
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In 1948, Weil proved the analog of the famous Riemann hypothesis for algebraic func-

tion fields, namely,

Theorem 1.5.5 Let Lp(t) be the L-polynomial of a global function field F/F, of genus

g. Suppose that the complex numbers 1/wy,1/ws, ..., 1/ws, are the roots of Lg(t). Then,

|wi| = \/q for 1 < i< 2g.

Remark 1.5.6 We can prove the preceding theorem in several ways. For instance, Bombieri’s
elementary proof is discussed in [72, Chapter V] while the l-adic cohomology approach is

presented in [23, Appendiz C].

An immediate consequence of Theorem 1.5.5 yields an upper bound for the number

of rational places of F, denoted by N(F).

Theorem 1.5.7 (Hasse-Weil Bound) Let F/F, be a global function field of genus g.

Then the number N(F) of rational places of F//F, satisfies
IN(F) = (¢ +1)| < 2g¢'/%.

If N(F) attains the Hasse-Weil bound, F' is called a maximal function field. Obvi-
ously, F' can only be maximal when ¢ = 0 or ¢ is a square. Moreover, the proposition

below holds (refer to [13], [96] and [12] for more details).

Proposition 1.5.8 Let F'/F, be a mazimal function field. Then the genus g of F' satisfies
one of the following:
(i)
9="(—-v1)/2
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or (ii)
9<(Va—1)"/4.
Proposition 1.5.8 shows, in particular, that the Hasse-Weil bound is not sharp for large

genus relative to g. Serre improved the bound for nonsquares ¢ as follows.

Theorem 1.5.9 (Serre bound) Let F//F, be a global function field with genus g. Denote

by N(F) the number of rational places of F. We have
IN(F) = (¢ + 1| < g[2¢'"?].

Next we fix ¢ and an integer g > 0. Consider all global function fields F'/F, of genus
g. Let N,(g) be the maximum number of rational places contained in all such fields, i.e.
N,(9) = max{N(F)}, where the maximum is extended over all global function fields
of genus g. A function field F//F, of genus ¢ is said to be optimal if N(F) = N,(g).

According to the Serre bound,
Ny(9) < q+1+g[24'].

This bound can be improved by the so-called “explicit Weil formulas’ introduced by Serre

[66] which will now be presented.

Theorem 1.5.10 For k > 1, suppose that ¢y, ..., c, are k nonnegative real numbers such

that at least one of them is not equal to zero and the inequality
T+ M(t) + () >0

holds for all t € C with |t| = 1, where A (t) = S.F_, ct™. Then we have

g Ae(g'?)

1
Ar(g=172) * Ai(g=172) -

q(g) <



Chapter 1: Algebraic Function Fields 34

for any q and g.

Remark 1.5.11 The optimization of the explicit Weil formulas can be carried out via
linear programming as suggested by Oesterlé in an unpublished manuscript to Serre (see
[69]). Hence, the upper bound of Ny(g) obtained by this method will be called the Oesterlé

bound.

In fact, the exact values of N, (1) and N,(2) are known for all prime powers ¢ (refer
to [66]). However, for larger values of g, there have yet been explicit formulas to describe
N,(g). Instead, tables containing upper and lower bounds on N,(g) obtained through
various means have been tabulated by several mathematicians. A comprehensive and
updated survey of bounds on N,(g), where ¢ is a small power of 2 and 3, and g < 50 is
maintained by Van Der Geer and Van Der Vlugt [82]. For bounds on N;(g), we may refer

to [55].
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Examples of Function Fields

After developing some general concepts of global function fields, we are now ready to
explore explicit examples of these function fields. As such, this chapter introduces four
of the most common global function fields, namely, rational function fields, cyclotomic
function fields, as well as Kummer extensions and Artin-Schreier extensions of global
function fields. These function fields are of particular interest as their genera, and in
some cases, their defining equations can be explicitly obtained. Many of the results in
the first three sections will be quoted without proofs, and readers may refer to [72] for
further details. As cyclotomic function fields play a critical role in subsequent chapters,

we will present its theory with greater depth.

2.1 Rational Function Fields

By merely looking at its definition, an obvious example of a global function field is the

rational function field F' = F (x), where x is an indeterminate. Indeed, it is one of the

35
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most fundamental global function fields since it has genus g(F') = 0. Moreover, one can
show that any global function field with genus 0 is a rational function field.

Let us examine the places of F. For a monic irreducible polynomial p(x) of F,[z], we
may define a surjective function v,) : F' — Z U {oo} by setting v,)(f(x)) to be the
power of p(z) occuring in f(x) for every f(x) € F. It can be directly verified that v, is

a normalized discrete valuation with corresponding valuation ring

Opa) = {f(2)/g9(x) € F: g(x) # 0, ged(p(x), g(x)) = 1}

with place

Byy = () Opay = {f(2)/9(x) € F: g(x) # 0,p(x)| f(x) and ged(p(z), g(z)) = 1}.

The residue class field is isomorphic to the finite field Fy[z]/(p(z)) which implies that
deg P = deg p(x).!

Next, by extending the degree function —deg on F,[z] to the whole of F (x), we
obtain another normalized discrete valuation v.,. More specifically, for all f(x)/g(z) €
Fo(x), g(z) # 0,

veo(f(2)/9(2)) = deg g(x) — deg f(x).

Since its valuation ring

Ow ={f(z)/9(x) € F : g(x) # 0,deg f(r) < degg(z)}

has place

P ={f(z)/g(x) € F: g(z) # 0,deg f(x) < deg g()},

n this thesis, we often let p(z) denote the place Py () corresponding to a monic irreducible polynomial

p(x) € Fola].
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it follows that its residue class field is isomorphic to F,. Consequently, P, is a rational

place of F.

Theorem 2.1.1 The places corresponding to p(z), where p(z) is a monic irreducible poly-

nomial of F,[z] together with P, described above constitute all the places of F.

Proof: Refer to [72, Chapter I]. O

Remark 2.1.2 The places p(x) are often referred to as the finite places of F' while Py,

which 1s in fact a pole of x, is called the infinite place of F.

Corollary 2.1.3 The rational function field F' = Fy(x) is mazimal.

Proof: By Theorem 2.1.1, all the finite rational places of F' correspond to monic
linear polynomials of F, that is, they are of the form x — a,a € F,. Therefore, there are ¢
finite rational places of F. Together with the infinite place P, F' has ¢+ 1 rational places

in all, which is precisely the Hasse-Weil bound for g = 0. U

Let f(z) be a nonconstant element in F. Write f(z) = a [[._, pi(z)% € F where p;(z)’s
are monic irreducible polynomials over Fy, o € F, and e; are integers. It is clear that the

principal divisor of f(x) is given by

div(f(z)) = Z eipi(r) — deg f(x) Poo

which verifies Proposition 1.1.3 stating that degdiv(f(z)) = 0.
Since the genus of F' is 0, the L-polynomial of F'is Lg(t) = 1 according to Lemma

1.5.3. Consequently, F' has class number 1, i.e. every divisor of F' of degree 0 is principal.



Chapter 2: Examples of Function Fields 38

Finally, we prove that every extension of the rational function field with genus > 0

must be ramified, namely,

Lemma 2.1.4 Let F'/F be an algebraic separable extension of global function fields with
F being the rational function field F(x). Suppose that the genus of F' is positive. Then

there must exist a place P € Pp such that P is ramified in F'/F.

Proof: Suppose to the contrary that all places of F' are unramified in F’/F. This
implies that the different Diff(£’/F") is 0. By the Hurwitz genus formula, the genus of F”
is given by

2g(F")—2=[F": F)(29(F) —2) = =2[F": F] < —2.

This clearly gives g(F”") < 0 which contradicts our assumption. 0

In the next two sections, we will discuss the properties of two of the most well-known
Galois extensions of a global function field, one of which has degree relatively prime to
p while the other has degree a power of p. For both of these extensions, F' will denote a

global function field of genus g(F).

2.2 Kummer Extensions

Throughout this section, let n be a positive integer that divides ¢ — 1, in which case there
exists an element ¢ € F, such that ¢" = 1. Since F is a cyclic group, we may assume
that ¢ is a primitive n-th root of unity, that is, (" =1 and ¢* # 1 for 1 <i < n.

For an element f € F, f is said to be nth Kummer non-degenerate if f cannot

be written in the form f = g™ for some g € F and m|n, m > 1. The next lemma gives a
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sufficient condition for f to be n-th Kummer non-degenerate.

Lemma 2.2.1 Suppose that there is a place P € Pp such that gcd(vp(f),n) = 1. Then,

f is nth Kummer nondegenerate.

Proof: Suppose not. Write f = g™, where g € F' and m|n,m > 1. Then,

vp(f) =vp(g™) = mvp(g)

which implies that ged(vp(f),n) = m, a contradiction. O

Theorem 2.2.2 Let f be an nth Kummer nondegenerate element of F'. Suppose that y is
a root of the polynomial h(t) = t" — f. Then the extension F' = F(y) is called a Kummer
extension and the following hold:

(i) h(t) is the minimal polynomial of y over F. Thus, [F': F| =n.

(ii) The extension F'/F is Galois and cyclic. Furthermore, Gal(F'/F) = {0 : o(y) =
Cy,i=1,2,...,n}.

(iii) Let P be a place of F' and P’ a place of F' lying over it. Then e(P'|P) =
n/ ged(vp(f),n).

(iv) Suppose that there exists a place Q of F such that ged(vg(f),n) = 1, d.e. Q is

totally ramified in F'/F. Then F, is the full constant field of F".

Corollary 2.2.3 Let F'/F be a Kummer extension as in Theorem 2.2.2. Assume further
that there exists a place Q of F' that is totally ramified in F'/F. Then the genus of F' is
given by

o(F) = L+ nfg(F) 1)+ 5 3 (0= ged(wp(f),n)) deg P

PePp
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Proof: Let P be a place of F' and P’ a place of F” lying over it. Since ged(n,p) = 1,
it follows from Theorem 2.2.2 and Proposition 1.1.10 that d(P'|P) = n/ ged(vp(f),n)— 1.

Further,
> f(P'|P) =n/e(P'|P) = ged(vp(f),n).

P/|P

Thus, the discriminant of F’/F is
D(F'/F) = > ged(vp(f),n)(n/gcd(vp(f),n) = 1)P = > (n—ged(vp(f),n))P
PePp PePp

and the genus is obtained from Corollary 1.1.13. O

Corollary 2.2.4 Let q be odd. Let F be the rational function field F ,(z) and let f € F,[x]
be a product of distinct monic irreducible polynomials. Suppose that F' = F(y) = Fy(x,y)
with y*> = f(z). Then all conditions in Theorem 2.2.2 are satisfied and the genus of F' is
given by

(deg f —1)/2 if deg f is odd,

(deg f —2)/2 if deg [ is even

Proof: Write f = api(z)pa2(x)...p(z) as a product of monic irreducible polyno-

g(F') =

mials py(r),...,pi(x) and a € F}. Since v),)(f) = 1 for all i = 1,...,¢, f is Kummer
nondegenerate. Let P,, denote the infinite place of F. Then vp_(f) = — deg f. Hence,

Corollary 2.2.3 yields

g(F)=1+20-1) Zdegpz + (2 — ged(2,deg f))

which gives the result. O
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Remark 2.2.5 Suppose that deg f = 3 in Corollary 2.2.4. It follows that the genus of F’

is 1. Such fields are known as elliptic function fields.

In order to investigate the splitting behaviour of unramified places in such extensions,

the following theorem may be helpful.

Theorem 2.2.6 Let F' be a global function field and F' = F(y), with h(t) being the
minimal polynomial of y over F. Let P be a place of F' that is unramified in F'/F. Suppose
that h(t) € Op[t], where Op is the valuation ring of P in F. Factor h(t) into a product of
irreducible factors over Fp, namely,
h(t) = H%(t)ei mod P.
i=1
Let T';(t) € F[t] be such that ';(t) = ~i(t)mod P fori = 1,...,s. Then ¢, = 1 for all
1 =1,...,5 and there are exactly s places Py, ..., Ps lying over P, where P; is uniquely

defined by the condition T';(y) € P,. Further, f(P;|P) = deg~i(t) for each i.

Proof: This is in fact a special case of the Kummer’s theorem (refer to [72, Chapter

I11)). 0

Example 2.2.7 Let F be the rational function field F7(z). Consider the field F' = F(y),
where

v = f(x) = 2° + 42® + 3z + 2.

According to Theorem 2.2.2, F'/F is a Kummer extension with [F’ : F] = 2. Applying
Corollary 2.2.3, it is easy to see that g(F") = 1, i.e. F’ is an elliptic function field. Next,

we explore the splitting behaviour of the places of F' in the extension. Since f has odd
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degree, oo is ramified in F”/F. Clearly, we have the following congruences:

f(1) = 3mod7,

f(3) = f(5) =2°mod 7,

~

—
BO

~—
Il

f(6) =1*mod 7.

~

—
e~

N—
Il

By Theorem 2.2.6, x+-6 is unramified and has a unique place @ lying over it with f(Q|(z+
6)) = 2. All other finite rational places split completely in the extension. Consequently,

F’ has 13 rational places. F’ is optimal since according to the Serre bound,
N:(1) < 8+ [2¢/(7)] = 13.

Similarly, we can check that the following places of degree 2 split completely in F'/F :
P, = 224+1, P, = 2244, P, = 22 4+20+3, Py = 224+ 22+5, Py = 2246243, Py = 22 +62+4.

Together with the place lying over = + 6, F’ has 13 places of degree 2.

Kummer extensions over different base fields have been used to construct global func-

tion fields with many rational places. See [55], [81] and [14] for some of these constructions.

2.3 Artin-Schreier Extensions

Apart from the Kummer extension, another field extension widely used in the construction
of global function fields with many rational places is the Artin-Schreier extension ([77],
[80] and [55]). We will now proceed to introduce this extension.

Define the Artin-Schreier operator on F' by

p(z)=2z—-2z€ L.
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An element f € F is called Artin-schreier non-degenerate if f is not in the image of

0.
For a place P of F, we define the Artin-Schreier reduced valuation of an element f € F
by

vp(f) = max{vp(f — p(2)) : z € F}.

Lemma 2.3.1 Let f € F and let P be a place of F. Then either vy(f) > 0 orged(vh(f),p) =

1. Hence, we may define the integers mp associated to P by

—vi(f) otherwise

mp =

As in Lemma 2.2.1, one checks easily that a sufficient condition for f € F to be

Artin-Schreier nondegenerate is that there exists a place P of F' such that mp > 0.

Theorem 2.3.2 Let f be an Artin-Schreier nondegenerate element of F. Consider the
polynomial h(t) =t? —t— f € F[t]. Lety be a root of h(t). Then the extension F' = F(y)
15 called an Artin-Schreier extension and the following properties hold:

(i) h(t) is the minimal polynomial of y and [F" : F| = p.

(ii) The extension F'/F is Galois and cyclic. Further,
Gal(F'/F)={o:0(y) =y+1i,i=0,1,...,p—1}.

(iii) For a place P of F, P is unramified in F'/F if and only if mp < 0.
(iv) For a place P of F, P is totally ramified in F'/F if and only if mp > 0. Let P’ be
a place of F' lying over P. Then, for 0 < j < mp, the ramification groups G;(P'|P) and

GI(P'|P) are all equal to G. In particular, the conductor exponent cp = mp + 1 and the
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different exponent

d(P'|P) = (p— 1)(mp +1).

(v) Suppose that there is a place P of F that is totally ramified in F'/F. Then F is
the full constant field of F' and the genus of F' is given by
—1
g(F') = pg(F) + pT (—2 + > (mp+1)deg P) .
PePp
According to Theorem 2.3.2, a place P is unramified in the Artin-Schreier extension

exactly when v5(f) > 0. The next proposition gives the condition for P to split completely

in F'/F.

Proposition 2.3.3 Let F'/F be the Artin-Schreier extension with F' = F(y) described

in Theorem 2.3.2. Then a place P splits completely in F'/F if and only if vi(f) > 0.

Proof: First, suppose that v5(f) > 0. By definition, there is an element z € F' with
vp(f —p(2)) > 0. Let f" = p(y — z). We have

ve(f) =vp(ly —2)" = (y = 2)) = vp(f — 9(2)) > 0,

ie. f'=0modP. Since z € F,F' = F(y) = F(y — z) and the minimal polynomial of
y — z over F'is

h(t)=t" —t — f'.
We can now apply Theorem 2.2.6 to conclude that P splits completely in F”/F. Conversely,
assume that P splits completely in F'/F. Then v5(f) > 0 since P is unramified in F’/F.

Therefore, there exists z € F with F' = F(y—=z) and vp(f —p(z)) > 0. Let f' = f—p(2).

Clearly, v5(f) = vp(f') and the minimal polynomial of y — z over F' is h'(t), where h'(t) is
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defined as before. Since vp(f’) > 0, using Theorem 2.2.6, 1'(t) mod P has a root 2’ € Fp.

Thus,

vp(f') Z ve(f' = p(#)) > 0

and the proof is complete. 0

Remark 2.3.4 Similarly, we can define Artin-Schreier extensions of order p* for some
integer k. In this case, we define the Artin-Schreier operator by letting p(z) = A(z), where

A(z) is a linearized polynomial in z. (See [72] for details.)

2.4 Cyclotomic Function Fields

We pointed out in the introduction that algebraic function fields are analogs of algebraic
number fields. In this section, we discuss the cyclotomic function fields which, in many
aspects, have properties that mirror those of cyclotomic number fields. In fact, the theory
of cyclotomic function fields owes its origin to a paper by Carlitz in 1938 that introduced
the Carlitz module [6]. Motivated by this idea, Hayes constructed the cyclotomic function
fields and showed that these fields describe all the maximal abelian extensions of rational
function fields [24].

In what follows, let F' be the rational function field F' = F (x) and R the ring of
polynomials F,[z]. Let F' denote a fixed algebraic closure of F.

Our first aim is to endow the additive group of F' with an R-module structure. To do

this, let p be an endomorphism on £ defined by

plz) = 21+ 22 = pi(2) + pa(2)
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for all z € F. Observe that p; and p, are themselves endomorphisms on £ which satisfy

the relationship

P10 p2 = P30 pi.

Now define a map R — End(F') by setting x +— p, and then extending it to the whole

of R, namely,

f=p(f)

for all f € R. Further, we define the following R-action: Given any z € F,f € R, let

2l = f(p(2)) and for any a € F,, let 2* = az.

Lemma 2.4.1 The R-action defined above turns the additive group of F into an R-

module.

Next, we wish to express z/ as a polynomial in z explicitly. In the remainder of
this section, M will always denote a monic polynomial in R. Moreover, let M have the

factorization
t
M = H P&
i=1

where the P;’s are distinct monic irreducible polynomials in R.

Lemma 2.4.2 zM can be expressed in the form

d

M= Z[M,i]zqi,

i=0
where d = deg M and each [M,1i] is a polynomial in x satisfying the following properties:
(i) [M,i] =0 1ifi <0 ori>d;
(i) [M,0] = M and [M,d] = 1;
(iii) [M, 1] has degree ¢'(d —i) for 1 <i<d—1.
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Proof: In view of Lemma 2.4.1, we will only show this lemma for the case M = z

for some integer [. We prove it by induction on [. The cases [ = 0 and [ = 1 are trivial.

Assume that the result holds for [ — 1. Write

I—

1
2 = Z[xl’l,i]zqi.
=0

1=

Then,
le — (lefl)x

-1

= > (=)
1=0
-1 -1

= Q_ (" hie") +a Y (o i)
=0 1=0

= ([0 — 17 + o[zt 4]) 27
i=0
Thus, [2!,i] =0 for i < 0 and i > . For 0 <i <1,

[, 1] = [o"71 0 = 1)7 + 22" 0],

Using our induction hypothesis, it is straightforward to check that (ii) and (iii) hold for (. OJ

Consider the set Ay to be the subset of F consisting of all the M-torsion points, i.e.
Ay ={z€F:z"=0}

As R is commutative, A, is an R-module as well. Our task in the next proposition is

to give a more precise structure of Ay;.

Proposition 2.4.3 (i) Ay is finite and is a vector space over Fy of dimension deg M.
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(i) Apr = @§=1 APfi-

(iii) Apr is a cyclic R-module isomorphic to R/(M).

Proof:

(i) Writing 2™ as a polynomial in 2 as in Lemma 2.4.2, we see that its derivative is

M deg M

M which is nonzero. Hence, 2" is separable and has exactly ¢ roots in F'. Since A,
is a module over F, it is a vector space over F, of dimension deg M.

(ii) Since each Ape; is a P-primary component of Ay, the result follows directly from
the general theory of modules over principal ideal domains.

(iii) We will show that each Ape is cyclic and is isomorphic to R/(F*) as an R-
module. The general result can be deduced from (ii) above. For simplicity, we show that
A pe is cyclic and isomorphic to R/(P¢), where P is a monic irreducible polynomial in R of
degree d. We prove by induction on e. From (i), Ap is the finite field F « which is certainly
cyclic and isomorphic to R/(P). So we assume that the result is true for e — 1. Define
amap ¢ : Ape — Ape—1 such that a — af. 1) is clearly surjective with kernel Ap. By
our induction hypothesis, Ape-1 is cyclic. Let A € Ape be such that () is the generator
of Ape-1. Now, pick any a € Ape. Then there exists f € R with of = (A\F)/ = X'/,
Thus, (o — A\)? = 0 which implies that o — A/ lies in the kernel of v». We have already
shown that Ap is cyclic and it is easy to see that AP generates Ap. Consequently,
a— N =\ = NPT for some ¢ € R.

This shows that Ape is cyclic and we are done. Finally, the map that takes f mod P°¢

in R/(P°) to A € Ape is an isomorphism between the R-modules. O

Lemma 2.4.4 (i) The set of generators of Ayy isin 1 to 1 correspondence with (R/(M))*.
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More specifically, Suppose that X\ is any generator of Ay f € (R/(M))* if and only if N/

s also a generator of Ay.

(i)

t

(M) = [(R/(M))*| = [J(g™e" — 1)gierie.

i=1

Proof: (i) Let f € (R/(M))*. Since ged(f, M) = 1, there exist polynomials u and v

such that fu 4+ vM = 1. Hence,
A= )\uf+vM _ )\uf_'_)\vM _ )\uf

Therefore, A/ is a generator of (R/(M))*. Conversely, suppose that A/ is a generator of Ay,
for some f € R. We need to show that ged(f, M) = 1. Suppose not. Let ged(f, M) = u.

We then have
A\ M/u — (/\f)M/u — ()\M)f/u =0,

contrary to our assumption that A/ is a generator of \;;. Consequently, f € (R/(M))*
and the bijection is established.
(ii) This is trivial. O

Let F’ = F(Ays) be the splitting field of 2™ over F. Then, F'/F is an abelian, finite
and separable extension by Proposition 2.4.3. In fact, F'/F is a simple extension, namely,

we can write F' = F(\) for some generator A € Ay.

Definition 2.4.5 The splitting field of ™ over F is called the cyclotomic function
field with modulus M.

Lemma 2.4.6 F(Ay) is a compositum of the fields F'(Aper), ..., F(Apet).
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Proof:  Since for each 4,1 < @ < ¢, Apss C Ay, the field F(Ape) is a subfield of
F(Apr). This implies that F'(Ape ) F(Apez) ... F(Apet) is a subfield of F/(Ay). Conversely,
by Proposition 2.4.3 (ii), if A is a generator of Ay, we can find A\y,..., A\, \; € Apiei such
that A = Ay +---+ A\. Thus, F(Ay) is a subfield of the compositum of the fields and the

lemma is proved. [l

In view of Lemma 2.4.6, we will next investigate F'(Ap») for a monic irreducible poly-
nomial P of degree d and positive integer n. Note that for a monic irreducible polynomial

Q of R, we will also denote by @ its zero place.

Lemma 2.4.7 Let F' = F(Apn). Let X be any generator of Apn. Then vpi(X) > 0 for
any place P" of F' lying over P and vp/(\) is identical for any \. Further, if Q is a place
of F different from P, then, vg/(X) =0 for any place Q" of F' lying over Q.

Proof: According to Lemma 2.4.2, we can express A" as

dn

M= PN [P N 4+ M =0

Since each [P",i] is a polynomial in x, vp/([P™,i]) > 0. Suppose that vp/(A) < 0. Then
it is clear that vp/(X"") < vp([P™, A7) for all 0 < i < dn — 1. By the strict triangle
inequality, this yields vp(A\") < 0 # oco. Thus, vp/(\) > 0. Now, let A/ be another

generator of Ay;. By Lemma 2.4.4, ged(f, P) = 1. As before, we write

deg f

M= A+ N

Assume first that vp(X\) > 0. Since vpi(f) = 0,vp(fA) < vp([f,i]A7) for all 0 < i <

deg f and so vp (M) = vp/(A\) by the strict triangle inequality. On the other hand, if
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vpr(A) = 0, vp(A) must be 0 for otherwise, replacing A by A/ and from what we have
just established, vpr(A) > 0.

Similarly, we can show that for a place @) of F' different from P, vg/(X) > 0. Suppose
that v (\) > 0. Since v (P") = 0,vg/(P")\) < v ([P, iA") for 1 < i < dn. Once
again by the strict triangle inequality, we have v/ (A") = vg(A) < oco. Consequently,
vg (A) =0. [

The above lemma helps us to study the ramification behaviour of places in the exten-

sion F'/F.

Theorem 2.4.8 Let A be a fixed generator of Apn.

(i) v(z) = fo% is Fisenstein at P. In particular, P is totally ramified in F(Apn)/F
and [F(Apn) : F] = (¢% — 1)¢*™Y. X is a local parameter at P’ for the unique place P'|P
with v(z) as its minimal polynomial.

(ii) Gal(F'(Apn)/F) is isomorphic to (R/(M))*.

(iii) Any other place Q of F different from P is unramified in F(Apn)/F.

(iv) Let Q be any place of F different from P. Then the Artin symbol (c.f. page 19)
of Q sends \ to \¥.

Proof: (i) For any f € (R/(P"))*, since A is a generator of Ap. by Lemma 2.4.4,
Y(M) = 0. As |(R/(P™))*| = ®(P") = (¢¢ — 1)¢*™ Y, after a comparison of degrees, we
deduce that v(z) can be expressed as

W= I G-
fe(R/(Pm))*

Note that AP" = (AP"" )P = PAP™" 4 .. and it is therefore easy to see that the
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constant term in y(z) is P. By comparing the constant terms of the expressions of 7(z)
yields

p=+ [ V. (2.1)

FE(R/(P™))*
Since vp(P) > 0, it follows that at least one, and hence all of the A/ € P’. Consequently,

all the coefficients in v(z), except for the leading coefficient, lie in P’. But v(2) € R[]
which implies that these coefficients actually lie in P. As a consequence, y(z) is Eisenstein
at P. From equation (2.1), we obtain vp/(P) = ®(P") = ®(P")vp/(A). Thus, vp/(A) =1,
i.e. A is a local parameter at P. The remaining assertions follow from

Lemma 1.1.17.

(ii) Let 0 € Gal(F(Apn)/F). Then o()) is a root of y(z) and so o(\) = M for some
f € (R/(P"))*. It can then be directly verified that the map sending ¢ to f provides an
isomorphism between Gal(F(Apn)/F) and (R/(P™))*.

(iii) Replacing A by « for any a € Apr in the proof of Lemma 2.4.7, we can likewise
show that v (a) = 0. Since v'(A) = [c(r/(pnyy (A — M), v (7//(N) = 0. Applying
Proposition 1.1.18 gives us our result.

(iv) Let o denote the Artin symbol of Q. Suppose that o(\) = M\ for some f € R.
By the definition of Artin symbols, A = A% mod Q', where ()’ is a place of F’ lying
over (Q and d’ = deg@. From the proof of (i), we can conclude that for any monic ir-
reducible polynomial Py € R, Py|[F},i] for all 0 < i < Ideg Py — 1 and any positive
integer [. Hence, \¢ = A7 mod Q'. Since vg(A\Y — M) = v/ (A7) =0 for Q # f, ie.
M mod Q # A\¢mod @, we conclude that Q = f. O

Remark 2.4.9 As in the cyclotomic number field case, we can show that the integral
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closure of Op in ¥’ is Opr = Op[\] for any generator A\ of Apn.

By employing the technique of Newton polygons, we can determine the ramification
behaviour of the infinite place oo of F. For a proof of the next theorem, we refer the reader

to [24] or [55].

Theorem 2.4.10 The decomposition group and inertia group of oo are both isomorphic

®(P")
=

— places of F(Apn) lying over oo, each of

to ¥,. More precisely, there are exactly

which has ramification index ¢ — 1.

We have developed the necessary results to calculate the genus of F'(Apn) which we

shall proceed to do.
Theorem 2.4.11 (i) Let P’ be the unique place of F(Apn) lying over P. Then,
d(P'|P) = ¢ V(ng® —n —1).

(ii) The genus of F(Apn) is given by

d_
29(F(Ap)) = 2= ¢"" ((gdn S L d> .
q_

Proof: (i) From Proposition 1.1.18 and Theorem 2.4.8, d(P'|P) = vp/(7'(A\)). Now,
differentiating the equation

= 2P ()

yields
YA =Pt AP

Therefore,

vp(Y/(N) = n®(P") — ¢ = ¢4 (ngt —n - 1).



Chapter 2: Examples of Function Fields 54

(ii) The only other ramified place in the extension is oo, which by Theorem 2.4.10 has
ramification index e(Py|00) = g — 1 for any place Py, lying over co. Since g — 1 is coprime
to p, d(Px|oo) = ¢ — 2 and the genus of F’ can now be obtained via the Hurwitz genus

formula. O

Finally, we return to the general case where M is any arbitrary monic polynomial.
Lemma 2.4.6 tells us that F'(Ay) is the compositum of the subfields F(Apei),i =1,...,t.
Since P; is ramified only in the component F(Ape ), each F(Ape) is disjoint from the

compositum of the remaining fields. Armed with this fact and the results we have attained

so far, the following assertions can be directly established.

Theorem 2.4.12 Consider the cyclotomic function field F' = F(Ayy).

(i) [F": F]=®(M) and Gal(F'/F) = (R/(M))*.

(ii) Only the places Py, ..., P, are ramified in F'/F. If P! is a place of F' lying over
Pui=1,....t, e(P|P) = &(P).

(iii) The decomposition group and the inertia group of oo are both isomorphic to F.

(iv) The genus of F' is given by
_9 ¢
29(F) — 2 = @([-2+ L5 + 3 (deg P)g PO e 5 — e — 1) 0P
i=1

We will conclude this section by providing an example of a cyclotomic function field

in which the number of rational places it contains is relatively large.

Example 2.4.13 ¢g(F'/Fy) = 78, N(F'/F5) = 49. Let F be the rational function field
F =Fy(z). Let M = (23 + 2+ 1)(2® + 2% + 1) € Fy[z]. Then, ®(M) = 49. Let F’ be the
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cyclotomic function field with modulus M, i.e. F' = F(Ay). By Theorem2.4.12 (iv),
g(F") = 49(—2+3(6)/7 + 3(6)/7) = 78.

Since ¢ — 1 = 1, 00 splits completely in F’/F. Consequently, N(F") > [F' : F| = 49. The
Osterl‘e bound for Ny(78) is 57. Therefore, x and x 4+ 1 cannot split in F’ and we have

N(F") = 49. This example improves the lower bound of 48 given in [55, Table 4.5.2].



Chapter 3

Examples of Explicit Class Fields

The task of finding global function fields with many rational places was initiated by
Serre who used methods from general class field theory to exhibit such fields [66], [67].
Later, several researchers including Schoof [63], Auer [2], [3], [4], Lauter [32, 33, 34, 35],
Niederreiter and Xing [41, 42, 43, 44, 46, 48, 55], as well as many others employ some class
fields, namely ray class fields and narrow ray class fields to seek for more constructions.
The aim of this present chapter is to summarize some of the main properties of ray
class fields and narrow ray class fields. Most of the details have been left out since they
can be readily found in the literature. As in the preceding chapters, we follow many of

the notations used in [55].

3.1 General results of Class Field Theory

Before we can delve into the various class fields, we need some general results from class

field theory. For background and further results on class field theory, we refer to the books

o6
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of Cassels and Frohlich [8], Neukirch [40], Serre [65], and Weil [86].

We will continue to work with a global function field F'/F,. For any place P of F,
recall that Fp is the P-adic completion of F' at P. For the valuation ring Op of Fp, let
Up = O} be the unit group of Fp. Then for any positive integer n, we define the nth unit

group of P to be the subgroup of Up such that
U](D”) ={r € Op:vp(x—1)>n}.

We also write U}(DO) for Up. Clearly, Up = F} x US).

Definition 3.1.1 An ideéle a of F'is an element of [[pcp . F such that if a = (ap)pep,,
then ap € Up for all but finitely many P € Pr. The group of all ideles of F'is known as

the idele group of F' and is denoted by Jg.

Since each element f € F* has finitely many zero and pole places, we can embed F*
into Jp diagonally and identify F* with the image of this embedding. The factor group
Jr/F* is called the idéle class group of F' and will be denoted by Cp.

For a finite abelian extension F’ of F, the idele group Jr can be considered as a
subgroup of Jp by identifying each element o = (ap) € Jp with 8 = (8g) € Jpr, where
Bgo = ap for all Q|P. Since JpN F™* = F*,Cp can be viewed as a subgroup of Cp as well.

The norm map Ngr/p from F’ to F' can be extended to Jp to Jp, (also denoted by
Npi ) by defining

Nryr((Be)) = (T [ Nevyr(Be)) € Jr
QP

for all (B3g) € Jp. Clearly, Ng//p induces a norm map Ngr/p : Cpr — Ch.

Theorem 3.1.2 Let F'/F be a finite abelian extension with P'|P as before. There exists

a local Artin reciprocity map 0 /r, : Fp — Gal(Fp /Fp) = G_1(P'|P) such that:
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(1) Ker(0r, /) = Npyr((Fp)*),  im(0p,/rp) = Gal(Fp /[ Fp).

(i) If Fp/Fp is unramified, i.e. Go(Fp,/Fp) = {1}, then 05, /pp(x) = 7P@) for all
x € Fp, where m is the Frobenius automorphism.

(1i1) GFI’D,/FP maps the i th unit group Ul(f) of Fp onto the i th upper ramification group
G'(Fp, /Fp) = G'(P'|P) for all integers i > 0.

Notice that since F'/F is abelian, the choice of P’ is immaterial and we can write 6p
to mean 0pr /. From (iii) of the above theorem, we see immediately that a place P of F'
is unramified in F’/F if the local Artin reciprocity map sends the unit group Up to {1}.

Next we define the global Artin reciprocity map to be the product of the local
Artin reciprocity maps, namely 0z /p : Jp — Gal(F"/F) such that

0= [] 0r
PePr

With this definition, for a = (ap) € Jp,

HF//F(Oé): H ep(ap).

PePp

This definition is well-defined since 6p(ap) = 727 *) when P is unramified, and vp(ap) =

0 if ap € Up. So Op(ap) =1 for all but finitely many P € Pp.

Theorem 3.1.3 The global Artin reciprocity map Op/p is a surjective homomorphism

from Jp to Gal(F'/F). It has kernel F*Ngi p(Jpr). Hence, it induces a surjective map
(F'/F):Cp — Gal(F'/F)

with kernel NF’/F = F*NF//F(JF/>/F* = F*NF//F<CF/)
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Definition 3.1.4 (-, F'/F) defined in Theorem 3.1.3 is known as the norm residue

symbol of F'/F.

The following is an important theorem relating finite abelian extensions of F and

subgroups of Cg.

Theorem 3.1.5 (i) (Artin Reciprocity) For any finite abelian extension F'/F of global

function fields, there is a canonical isomorphism
CF/NF’/F ~ Gal(F’/F)

induced by the norm residue symbol (-, F'/F).

(ii) (Ezistence Theorem) For every (open) subgroup X of Cp of finite index, there
exists a unique finite abelian extension F' of F such that F' is contained in the abelian
closure F** of F and N jp = X.

(iii) Given two finite abelian extensions Ey/F and Ey/F in F*, we have Ey C Ey if

and only ifNEl/F ) NEQ/F, i.e. if and only if F* - Np,/p(Jp,) 2 F* - Ng,/r(JE,).

Proposition 3.1.6 Let X be an open subgroup of Cr of finite index and let I’ be the
finite abelian extension of F' so that Npjp = X. Suppose that H is a subgroup of Jp such
that X = H/F*. For a place P € P, the following hold:

(i) P is unramified in F'/F if and only if Up C H;

(ii) P splits completely in F'/F if and only if F, C H.
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3.2 Ray Class Fields

We have seen in Section 3.1 that open subgroups of the idele class group give rise to finite
abelian extensions of F. Our goal in this section, as well as the next, will be to define
suitable subgroups of C'r and study the properties of the corresponding class fields. Note
that all subgroups of C'r considered here will be open.
Let S be a subset of Pr so that S’ = Pr — S is nonempty and finite. For an effective
divisor D of F with supp(D) NS’ = 0, we define JZ to be the group
JE=T1] Fp = [JUpr™

PeS’ PeS
and

CL =FJl/F.
Clearly, CZ is a subgroup of Cr and we call it the idele S-ray class group with modulus
D.

From these definitions of J and C%, we easily obtain the following lemma.

Lemma 3.2.1 Let T C Pp with 7' = Pr — T nonempty and finite. Suppose that D' is
another positive divisor of F' such that supp(D’) C 7.

() If SC T and D < D', then C2" C C%.

(i) CRCP = C?%I}(D’D,), where the minimum 1is taken coefficientwise.

(iil) J$/JE = T peaupp(n) Up/UYP) and has order ®(D), where ®(D) is as defined

in Lemma 2.4.4.

Recall that Of is the group of S-units of F.
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Proposition 3.2.2 (i) The sequence
05 — Js/JE — Cp/CE = Jp/ (F*- JE) — Cp/CE = Jp/(F* - Jso) — 1

18 exact.

(ii) Cp/CE is isomorphic to Clp(Os).

This proposition immediately implies that the group C¥ is of finite index in Cr. Thus,

by Theorem 3.1.5, there exists a field FY of F with Galois group
Gal(F?P/F) = Cr/CE = Clp(0s).

We call such a field the ray class field with modulus D. By Proposition 3.1.6 and the
definition of CF¥, every place in &’ splits completely in F¥/F and all places outside the
support of D are unramified in this extension. In fact, we can determine the conductor

of the extension too.

Lemma 3.2.3 Let F'/F be a finite abelian extension of global function fields. Suppose
that S C Pr is such that 8" = Pr — S is nonempty and finite and that all places in S’
split completely in F'/F. Then the conductor of F'/F is the smallest positive divisor D

with support in S such that F' C F. In particular, the conductor of FL is D.

We record all the main properties of F£ in the next theorem.

Theorem 3.2.4 [Properties of ray class fields]

(i) F2 is the largest finite abelian extension F' of F in which all places in 8" split
completely in F'/F and the conductor of F'/F < D.

(ii) The Galois group Gal(F2/F) = Clp(Os).



Chapter 3: Examples of Explicit Class Fields 62

(iii) All places of F outside the support of D are unramified in F2/F and for each
such place P, its Artin symbol corresponds to the residue class of P in Clp(Og) under the
correspondence in (ii).

(iv) The full constant field of FZ is ¥, where d = deg S.

(v) Let T and D' be as in Lemma 3.2.1. If S C T and D < D', then FY C FP'.

D D' _ ppmin(D,D’)
Moreover, Fg N Fy¥ = Fgor .

In the case when D = 0, F2 is, by the preceding theorem, characterized by the property
that it is the largest finite abelian unramified extension of F' in which all places in S’ split
completely. This is the S-Hilbert class field discussed in [60]. The S-Hilbert class field
will usually be denoted by Hp,. Suppose that S’ consists of a single rational place oco.

From Theorem 3.2.4 (ii) and Corollary 1.4.4, the Galois group of Hp,/F is
Gal(Hp,/F) = Cl(Os) = CI(F)
and consequently, [Ho, : F] = h(F), the class number of F.

Example 3.2.5 We have seen from Lemma 2.1.4 that all extensions of the rational func-
tion fields are ramified. Consequently, the S-Hilbert class field of Fy(z) is F,a(x), where

d = degS.

Next, we wish to provide a formula to help us calculate the genus of the S-ray class
field F2. Looking at Corollary 1.3.4 suggests that it suffices to know the degrees [F" : F],
where F™ is the nth upper ramification field of P with respect to the extension FZ/F
and P is a place in the support of D.

Write D as D = ) p.p, mpP. We use the notation D\ P to refer to the positive divisor

D —mpP.
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Lemma 3.2.6 For a place P in the support of D and a positive integer n > 0, the nth

upper ramification field F™ is given by

J - Fé)\P—i—nP )

Proof: Let P € supp(D) be any place. Observe that a field F” is a subfield of
F™ if and only if its Galois group Gal(F’/F) O G", the nth upper ramification group
of P with respect to the field F¥/F, which is in turn true if and only if the nth upper
ramification group of P with respect to the field F’/F is trivial. Equivalently, it follows
that the conductor exponent of P in F’/F is at most n and by Theorem 3.2.4 (i), this is
precisely the case when F’ C Fg \P4nP e desired claim then follows. O
With this lemma and the aid of Corollary 1.3.4, we can easily write down the genus

formula for F¥ in terms of the genus of F.

Theorem 3.2.7 The genus of FL satisfies:

29(F§) —2=[F§ : F](2g(F) —2+deg D) — ) i [FPVPHE . F) deg P.

Pesupp(D) =0

3.3 Narrow Ray Class Fields

We will assume in the remainder of this chapter that I’ has more than one rational place
and we distinguish a rational place co. Since oo has degree 1, the residue class field of oo
in the oo-adic completion F is the field F,,.

We define a sign function sgn: I, — F} as a multiplicative group homomorphism

on F7 such that:
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(i) sgn(a) = a for any o € F};

(ii) sgn(UL)) = {1}.

Indeed, we can show that there are exactly ¢ — 1 distinct sign functions on F. From
now on, we will fix one such sign function and denote it by sgn.

Define a subgroup of £ by
F¥' ={x e F :sgn(z) =1}

which is the kernel of the sign function. Since the sign function is onto, [FZ : F3"] = ¢—1.
Let D be an effective divisor of F' with support being a subset of S, where & =
Pr — {o0}. We define a subgroup of Jg by

JD<OO) — Fs§n % H U1(3VP(D))
PeS

and a subgroup of Cr by
CP(00) = F*JP(c0)/F*.
As in the study of ray class groups, we wish to give Cr/CP?(00) a group interpretation.
Refer to the definitions of I (Ogs) and Princp(S) in Section 1.4. Here, we further define
Princ},(8S) to be the group of principal ideals 20s, where z = 1mod D and sgn(z) = 1.
The factor group Ip(Ogs)/Princh(S) which we denote by C¢5(Og) is called the narrow

ray class group with modulus D with respect to the sign function sgn.

Proposition 3.3.1 With the notations above,
(i) Princ;(Os) is a subgroup of Princp(Os) and Princp(Os)/Princ) (Os) ~ F;.

(ii) We have the isomorphisms

Cl};(0s)/F; ~ Cl5(0s)/(Princp(Os) /Princ,(Os)) ~ Clp(Os).
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By verifying the isomorphism
Cr/CP(00) = ClAH(Os),

we can once again identify the factor group Cr/CP(c0) with the ideal group C¢}(Os).
From (ii) above, we conclude that Cr/CP(00) is finite. Invoking the existence theorem
from global class field theory tells us that there exists a finite abelian extension FP(o0o)
of F such that the induced norm residue symbol has kernel Cr/CP(c0).

FP(c0) is called the narrow ray class field with modulus D. It is easy to verify that
FP is a subfield of FP(c0) and [FP(00) : FP] = g— 1. We summarize the main properties

of the extension F'P(c0)/F in the theorem below.

Theorem 3.3.2 [Main properties of narrow ray class fields]
(i)
Gal(FP(00)/F) = Cl5(Os).

(ii) F2 is both the decomposition field and the fived field of oo in FP(c0). In particular,
Gal(FP(c0)/F§) = F;.

(iii) All places not in supp(D) and different from oo are unramified in FP(oco)/F. For
such a place P, its Artin symbol is given by the residue class in CU5(Os) under the
correspondence in (i).

(iv) The conductor of FP(c0)/F is D + min(q — 2, 1)oo.

(v) F, is the full constant field of FP(c0)/F.

From property (ii), we conclude that there are exactly [FZ : F| places lying over oo,

each with ramification index ¢ — 1. Indeed, FP(oc0) is completely characterized by the



Chapter 3: Examples of Explicit Class Fields 66

property that it is the largest finite abelian extension of F containing F¥ as a subfield
and with the ramification index e(Ps|oo) = ¢ — 1 for any place Py, of F'P(00) lying over
0o. Mimicking the proof of Lemma 3.2.6, the nth upper ramification field of any place
P in the support of D with respect to the extension F'P(c0)/F can be shown to be the

narrow ray class field FP\"#"P(00). As such, we obtain the genus of F'”(00) as follows.
Lemma 3.3.3 The genus of FP(c0) satisfies:

29(FP(0)) =2 = [FP(00): F}(Zg(F)—2+degD+Z:—i)

mp—1

+ Z Z[FD\PHP(OO):F]degP,

Pesupp(D) =0

where D =} pep mpP.

3.4 Drinfeld Modules of rank 1

The narrow ray class field with modulus D just described can be constructed in a different
way, namely, by the so-called Drinfeld module of rank 1. This construction was introduced
by Hayes (see [25, 26]) as a generalization of the cyclotomic function fields (Section 2.4)
with the base field F' being any arbitrary global function field having more than one
rational place.

Let oo be a fixed rational place of F' and sgn a fixed normalized sign function of F.
With § as the set of places of F' other than oo, let A denote the integral ring Og and let
H 4 be the S-Hilbert class field of F'. Denote by 7 : ¢ — P the Frobenius endomorphism
of H,. Consider the left twisted polynomial ring H[7m| whose elements are polynomials

in 7 with coefficients from H,4 written on the left; but multiplication in H4[n] is twisted
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by the rule

mz = 27 for all z € Hyu.

Let Drin : Halr] — H, be the map which assigns to each polynomial in H 4[] its
constant term.

A Drinfeld A-module of rank 1 over Hy4 is a ring homomorphism ¢ : A — H4[r],
a — ¢g, such that:

(i) The image of ¢ contains some nonconstant polynomials in H 4[7];

(ii) Drin o ¢ is the identity on A;

(iii) deg(pa) = —mrs(a) for all nonzero a € A, where ¢, denotes the twisted polyno-
mial associated with a by ¢. deg(¢,) is the degree of ¢, as a polynomial in 7. Further, ¢
is sgn-normalized if sgn(a) is equal to the leading coefficient of ¢, for all a € A.

Let M = [[po.(P N A)™" be an ideal of A, or equivalently, a positive divisor D =
> proo MPP—(3_ ps, mp deg P)oo of F' under our usual identification. Roughly speaking,
the field extension Fy; = H4(Ay(M)) (or equivalently, H4(A4(D))), determined by a sgn-
normalized Drinfeld A module ¢ of rank 1 over H, is constructed by adjoining the M-
torsion points of ¢ to H,4 in a fixed algebraic closure of H4. For the detailed construction
and the definition of the M-torsion points, we refer the reader to [27]. Indeed, to avoid
introducing more concepts and definitions, we will not delve further into the theory of
Drinfeld modules. A comprehensive treatment of this subject is contained in [27] and [22].
Instead, we will quote, in the following theorem, some of the main properties that will be

useful in the subsequent chapters.

Theorem 3.4.1 Let Fyy = Ha(Ay(M)) = Ha(Ay(D)) be as defined previously. Then:

(i) Fyr is F-isomorphic to the narrow ray class field FP(c0).
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(ii) Fyy is independent of the specific choice of the sgn-normalized Drinfeld A-module
¢ of rank 1 over Hy.
(iii) Fis/F is unramified away from oo and the places P € supp(D).

(iv) The extension Fjs/F' is abelian and there is an isomorphism
o: ClH(A) — Gal(Fy/F),

determined by o3¢ = J * ¢ (see [27, Section 4] for the notation) for any nonzero ideal J
of A coprime to M, and A = ¢;(\) for any generator A of the cyclic A-module Ayg(M).
Moreover, for any prime ideal P of A that is coprime to M, the corresponding Artin
symbol in Fy;/F is exactly op. Furthermore, if M = P" for some prime ideal P of A
and n > 1, then both the decomposition group and the inertia group of oo in Fj,/F are
isomorphic to Fy.

(v) The multiplicative group (A/M)* is isomorphic to Gal(Fy;/H4) by means of
b ObA,

where b € A satisfies sgn(b) = 1 and is coprime to M.
(vi) Suppose that M = P" for some prime ideal P of A and n > 1. Let X be a
generator of the cyclic A-module Ay(M). Then Fj; = H4(\) and the minimal polynomial

of X over Hy, is

_ 9pn(2)
7(2) - ¢Pn—1(2).

Moreover, (z) is an Eisenstein polynomial at any place @ of H, lying over P. Thus, @
is totally ramified in F;/H4 and vg(A) = 1 for the place R of F); lying over Q.

(vii) Let M = My M, be a product of two coprime ideals. Then, Fyy is the compositum
of Fa, and Fi, and Fiy, N Fy, = Ha.
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Remark 3.4.2 In view of (ii) of Theorem 3.4.1, we can omit the symbol ¢ in the notation
Ha(Ap(M)) and simply write Fry = Ha(A(M)).

Since [Ha : F] = h(F), it follows from (v) of Theorem 3.4.1 that
[Eae = F] = h(F)[(A/(M))*] = h(F)S(M).

This, together with Lemma 3.3.3 allows us to write down explicitly the genus of the
narrow ray class field Fyy = F'P(00), which we will now proceed to do. We will give the
formula only for D = nP, where P is a place of F' of degree d. The general formula can

be established likewise.

Theorem 3.4.3 With D = nP, the genus of F'P(c0) is

2g(FP(00)) — 2 = h(F)q""™" [(qd - 1(2g(F) -2+ Z_Ti +nd) —d
Proof
29(FP(c0)) =2
= Rh(F)®(P")(29(F) — 2+ q%i +nd) — ih(F)@(Pi)
= h(F)(g" - 1)g"" D (2g(F) -2+ % +nd) — h(F)d — dh(F ni (q* — 1)g"=

=1

= h<F>(qd—1>qd(”‘1)(2g(F)—2+Z%i+nd) d — d(g"™V — 1)

= Rh(F)¢®™ Y |(¢? = 1)(29(F) — 2 + Z:—i + nd) — d} :
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Example 3.4.4 Consider the rational function field F' = F (x) with oo being the infinite
place of F'. Then we have seen in Example 3.2.5 that A = Fy[z] and Hy = F = F,(z). A
Drinfeld A-module ¢ of rank 1 over F' is uniquely determined by the image ¢, of z. By

the definition we must have
Drin(¢,) = (Drin o ¢)(x) = z.

Hence, ¢, is a nonconstant polynomial in 7 with the constant term x. Since deg(¢,) =
—TrVso(x) = 1, it follows that ¢, is of the form x + f(7)7 + 27" for an element z € F* and
f(m) € Fr] with deg(f(m)) <r — 2. By letting z = 1 and f(7) = 0 produces the Carlitz
module that we have discussed in Section 2.4. As such, the cyclotomic function fields are

in fact narrow ray class fields over the rational function fields.

3.5 Subfields of Narrow Ray Class Fields

The primary goal of this thesis is to search for function fields having as many rational
places as close to the best known upper bounds as possible. From 1.2, it is obvious that for
an extension F’/F, a rational place of F remains rational in F” if it splits completely in the
extension. Moreover, a review of Proposition 1.2.10 suggests that a possible approach to
find fields with many rational places is to construct subfields L of suitable field extensions
F’/F in which the Artin symbols of sufficient rational places of F' are contained in the
Galois group Gal(F'/L).

As such, ray class fields and narrow ray class fields provide good candidates to carry

out our search since their Galois groups and Artin symbols of places are explicitly known

(Theorems 3.2.4 and 3.3.2).
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Let & be the set {oo, P, ..., P;} for distinct places P, ..., P, and §* = & — {0},
According to Theorem 3.2.4 (v), F¥ C I, _{ooys Where § = Pp — §" and D, is as usual,

a positive divisor of F. By Proposition 1.4.3, since degS =1,
Gal(FY/F) = Clp(Os) = Clp(F)/(Divg(F)/(Divg(F) N Princp (F))).

Let A = Op,_{o0}. Denoting (§*)p as the subgroup of Clp(A) generated by the places
in 8*, and since oo has degree 1, this can be written as Gal(F?/F) = Clp(A)/{(S*)p.
Further, by Proposition 3.3.1, C{},(A)/F; = Clp(A). Putting all these together, we can

establish the following construction.

Theorem 3.5.1 Let D =} p.p mpP be a positive divisor of F. Let F' = FP(x0) =
HA(A(D)) be the narrow ray class field determined by a sgn-normalized Drinfeld A-module
of rank 1 over the Hilbert class field Ha. Suppose that 8* = {P, Py, ..., P} is a set of
k distinct rational places of F different from oo and let Gp be the subgroup of CU}(A)
generated by F; and the places in S*. Let L be the subfield of F' fived by Gp. Then, L

h(F)®(D)(k+1)

has at least Ters rational places. The genus of L is given by

mp— 1
®(D O(D\P + P
2g(L) — 2 = h(F) ( )(Qg(F)—2+degD)— E g SD\P +iP)
|GD| Pesupp(D) =0 |GD\P+ZP|

Proof: By the fact that F is the decomposition group of oo in F” and by consider-
ation of the Artin symbols of Py, ..., P, it is clear that oo, Py, ..., Py split completely in
L/F. Hence, we conclude from the characterization of F¥ that L is a subfield of the ray
class field F¥, where § = Prp — {00} — 8*. Further since C¢},(A)/Gp = Clp(A)/(S*)p,
it follows from our earlier discussion that L is indeed the ray class field F¥. The genus is

now obtained via Theorem 3.2.7. O
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We observe from this theorem that it is crucial to determine the orders of the subgroups
of Cl}(A) generated by a set of rational places of F. Our next result shows that this
problem is connected to having knowledge of the relationship between the places. Here,
we will only consider the case when D = nP.

For any positive integer n, denote by n; the smallest integer [ such that n < p' and
n, = p". Let 8* = {P, P,,..., P} be a set of any k places of F as before. We write
(S*)n = (P1,..., Pr)n to be the subgroup of (A/P")* generated by F; and the places
P, P, ... P

Proposition 3.5.2 Suppose that there is an integer i such that Py € (Py,..., Py_1); but
Pk € <p1, ey Pk—l>i+1- Then

Py Pl = [(Pry ..., Po_t)al (/1)

Proof: If n < i, then the result is obvious. So we will assume that n > i. For an
integer j, let G; = (P1, Py, ..., Py_1);. It is clear that |(Py),| = an,, where a = |[(Pg)1].
Since P, € G, it follows that |G, N (P),| = ap' for some integer [. We claim that
I = ny — (n/i);. Indeed, by our assumption, P, € G; and thus, P” € G, as in, > n.
So l > ny — (n/i);. If P,fj € G, for j < (n/i);, we will have Py € G|,/ > 4. Thus,

I <ny — (n/i); and equality holds. Consequently,

[(PL, Pa, o, Podal = [ Hal [(Pe)al /1" = [Hal (0/7)p-



Chapter 4

Error-correcting Codes and

Algebraic Function Fields

One of the most important applications of global function fields is in the construction of
Goppa codes [19, 20, 21]. Shortly after, algebraic curves with many rational points are
used to construct algebraic-geometric codes and their generalizations [9, 10, 57, 75, 90,
94, 95]. In this chapter, we introduce a different construction of error-correcting codes
via global function fields, which will in turn assist us in finding function fields with many

rational places.

4.1 A brief Introduction to Error-Correcting Codes

We will first briefly recall some of the fundamental notions in the theory of error-correcting
codes. [39, 83, 91] are excellent references for materials in this section.

Let A be a finite set with g symbols. A block code C' of length N over A is a nonempty

73
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set of N tuples with coordinates in A. Any element of C' is known as a codeword of C.

The number of codewords in C' is the size of the code and is denoted by |C|.

Definition 4.1.1 Let ¢ and d be any two codewords of a code C. The Hamming dis-
tance of C, denoted by d(c,d), is defined as the number of positions in which ¢ and d
differ. Then the minimum distance of C is d(C) = min{d(c,d) : c,d € C,c # d}.

As in all practical applications, A will be the finite field F, in this thesis, that is, C
will be a subset of F(JIV. If C'is a subspace of F(JIV, we call C' a linear code. In this case,
the dimension x of C' is the dimension of C' over F, as a vector space. We usually say
that a code C' is a [N, k, d]-code over F, to mean that C' is a linear code of length N,

dimension x and minimum distance 9.

Definition 4.1.2 Let ¢ be a codeword of a code C. The support of ¢, denoted by supp(c)
is the set of coordinates in which c is nonzero. |supp(c)| is called the Hamming weight

of ¢ and is denoted by w(c).

Lemma 4.1.3 For a linear code C, the following are true.
(i) For any two codewords ¢ and d in C, d(c,d) = w(c —d).

(ii) The minimum distance of C' is given by
d(C) = min{w(c) : c € C,c # 0}.

For an [N, k, d]-code C, we define the dual code C* to be the dual space of C' in F v,
ie.

Ct={ceF):c-d=0foralldeC},

where the dot represents the usual inner product.
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Thus, C* is an [N, N — k]-linear code over F,.

Definition 4.1.4 For an [N, k,d]-code C, any N x x matrix over F; whose rows form
a basis of C is called a generator matrix of C. A generator matrix of C* is called a

parity-check matrix of C.

Let G and 'H be the generator matrix and the parity-check matrix of C' respectively.

Then, the codewords of C' can be represented in one of the following ways:

C={c-G:ceF};

C={ceF]:c-H" =0},
where HT is the transpose of H.

Our next result shows how we can determine the minimum distance of C' from its

parity-check matrix.

Theorem 4.1.5 Let H be the parity-check matriz of a linear code C' of length N. Then C'
has minimum distance ¢ if and only if every d — 1 columns of H are linearly independent

and there exist  columns of H that are linearly dependent.

Proof: Let ¢ be a codeword of C' with w(c) = w. Without loss of generality, we may
assume that the first w coordinates of ¢ are nonzero. Write ¢ = (c1,c¢a,...,Cw,0,...,0).

Let the columns of H be uy, us, ..., un. Since ¢ € C, by (ii) above, ¢ - HT = 0, i.e.

w

Z c;uy — 0.

=1
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Consequently, the w columns are linearly dependent. On the other hand, if there exist
w columns of H that are linearly dependent, there must exist w columns of ‘H and w

nonzero constants in F, such that

w
E cl-juij =0.
J=1

Thus the vector ¢ with ¢;; in its 4;th position and 0 everywhere else is a codeword of C

with weight w. Our desired result follows. ([l

Similarly, we may determine the minimum distance of C' from its generator matrix as

we show below.

Definition 4.1.6 Two codes C' and C’ are said to be equivalent if there exist nonzero

constants ay, a, ..., ay € F} such that C' = {(a;¢;, a2¢s,...,anen) : (¢1,...,cn) € CF.

Clearly, equivalent codes have the same parameters.

Definition 4.1.7 Let ¢ be a nonzero codeword of a linear code C. The residual code
with respect to c, denoted by C. is the code obtained from C' by deleting the coordinates

in supp(c) from all the codewords of C.

Lemma 4.1.8 IfC is an [N, k, 6]-code over Fy and c € C is a codeword of weight §, then
Ceis an [N — 6,k —1,0"]-code, where &' > [§/q]. (Here, [z] refers to the smallest integer

>x.)

Proof: By replacing C' with an equivalent code if necessary, assume that the first
0 coordinates of c are all equal to 1. The length of C, is trivially N — §. Let 7 be the

map that deletes the first § coordinates from each codeword in C. Clearly, 7 is a linear
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transformation from C' onto C,. Since the kernel of 7 contains the nonzero codeword c,
the rank of 7 must be at most x — 1. If the rank is strictly less than x — 1, then there
exists a nonzero codeword ¢’ € C such that ¢’ is not a multiple of ¢ and 7(c’) = 0. Let
¢ =(cs,c0,...,¢5,0,...,0). Then the codeword ¢’— ¢;c € C and has weight less than
0, contradicting to d being the minimum distance of C. Hence, C. has dimension x — 1.
Next, we wish to show that ¢’ > [§/q]. Let ¢’ € C such that ¢’ is not in the kernel of 7.
Observe that by the pigeonhole principle, there must be an o € F, such that at least ¢ /¢

coordinates of ¢’ are equal to «. Let u = ¢’ — ac € C. Then we have
d <w(u) <w(r(u)) +d—d/q

which yields
0" = w(r(u)) = [d/q].

Corollary 4.1.9 Let G be the generator matriz of an [N, k]-linear code C. If C' has mini-
mum distance 9, there must exist N —9 columns of G with rank k — 1. Conversely, suppose
that there are N —§ columns of G with rank kK — 1. Then, C' must have minimum distance
at most o. In particular, C' has minimum distance 0 if and only if every N —6+1 columns

of G have rank k and there exists N — & columns of G of rank k — 1.

Proof: First, suppose that d(C') = §. Let ¢ be a codeword of C of weight §. By
Lemma 4.1.8, the residual code C. has dimension x — 1. Since the submatrix obtained
from G by deleting the columns of G corresponding to the coordinates in supp(c) is a

generator matrix of C., the N — § columns in this submatrix must have rank x — 1.
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Conversely, suppose that there exist N — § columns of G of rank x — 1. Without loss of
generality, we assume that these columns are from the first N — ¢ columns of G. Write
G = [G'uNn_s41-..un], where G’ consists of the first N — § columns of G. Since G’ has

rank £ — 1 and G’ has k rows, there exists a nonzero v = (vy,...,v,) such that
vG = 0.

It follows that vG is a codeword of C' of weight at most ¢. Hence, d(C) < § as required.

The last assertion is an immediate consequence. O

One of the primary goals of coding theory is to construct codes with large minimum
distances relative to their lengths and sizes. This is essentially because large minimum
distances positively influence the error-correction and error-detection capabilities of the
codes. Unfortunately, for a fixed N and &, the minimum distance § cannot grow too large
according to several well-known bounds that relate these parameters. We will present one

such bound in this thesis.

Theorem 4.1.10 (Griesmer bound) For an [N, k,d]-code over F,,,

Nz Y5/

Proof: The proof follows by induction on . The claim is trivial for k = 1. So suppose
that it is true for k — 1, where kK > 1. Let ¢ be a codeword of C' such that w(c) = d. By
Lemma 4.1.8, C. is an [N — 0, k — 1, §']-code with ¢’ > [d/q]. By our induction hypothesis,

this implies that
-2

N - Z [6'/4'] >ZWM

=0
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Hence, N > 3% '[§/¢'] and the induction is complete. O

Next, we turn our attention to some important families of linear codes.

Definition 4.1.11 A code C is called a cyclic code if a cyclic shift of every code-

word lies in C' as well. More specifically, (cy_1,co,¢1,...,cy-2) € C if and only if

(co,c1, ... N2, en—1) € C.

It is easy to verify that the dual code of a cyclic code is itself a cyclic code. For the
remaining of this section, we will concentrate on cyclic codes that are linear codes.

For an integer N, consider the ring Ry = Fy[z]/(z" —1). Define a map I' : F}’ — Ry
by

Clearly, I' is a bijection satisfying I'(c + ¢’)= I'(c)+ I'(¢’) for all ¢,c¢’ € C and I'(ac)
=al'(c) fora € F, and c € C.

Moreover, by observing that a cyclic shift of ¢ corresponds to multiplication by x to
['(c), we can show that a cyclic code C' corresponds to an ideal I'(C') of Ry and vice
versa. Since Ry is a principal ideal domain, there exists a unique monic polynomial
g(z) € Fy[z] of smallest degree such that I'(C') = Ryg(z). This polynomial g(x) is called
the generator polynomial of C. We state the following results on cyclic codes and their

generator polynomials without proof.

Proposition 4.1.12 With the notations above, we have
(i) C' has dimension k if and only if g(x) has degree N — K.

(ii) c € C if and only if c(x) = I'(c) is a multiple of g(x).



Chapter 4: Error-correcting Codes and Algebraic Function Fields 80
(iii) The generator polynomial of C* is given by
h(z) = 2N g(1/x).

h(x) is also known as the parity-check polynomial of C.

(iv) A generator matriz of C' is given by

In particular, let N = ¢ — 1 for some positive integer m. Recall that a monic irre-
ducible polynomial m(x) divides 29" ~! — 1 if m(z) is the minimal polynomial of some
B € Fy.. Since Fy(3) is a subfield of Fym, m(x) has degree v where v|m. If we write
m(z) = Z;):_ol a;x',a; € Fy, it is easy to see that m(ﬁqj) =0forall j=1,...,v. In
otherwords, 37,1 < j < v are all the roots of m(z).

Now, let a be a primitive element of F7.., i.e. a®l=1butal #£1forl1<i<qm—2.
For 1 <i < ¢™ — 2, let m;(z) denote the minimal polynomial of o*. From what we have

just said, m;(x) is also the minimal polynomial of oi? for any integer j.

Definition 4.1.13 A narrow-sense BCH code over F, of designed distance J; is a

cyclic code of length ¢™ — 1 with generator polynomial

g(x) = lem(my(x), ma(x), ..., ms_1(x)).

Theorem 4.1.14 A narrow-sense BCH code of designed distance o9 has minimum dis-

tance at least dy.
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Proof: Refer to [39]. O

Remark 4.1.15 (a) The letters B, C and H refer to the names of the founders of the

BCH code, namely, Bose, Chaudhuri, and Hocquenghem respectively.

(b) Narrow-sense BCH codes are a special case of primitive BCH codes in which the

generator polynomaial s

9(x) = lem(mq(z), . .., Matsy-1(7))
for some integer a, where dqy is the designed distance of the code.

In order to determine the dimension of a BCH code, we need to know the degree of
the generator polynomial according to Proposition 4.1.12. To simplify our discussion, we
will let ¢ = p in the following.

Given any integer ¢, we define the cyclotomic set of p modulo p™ — 1 containing ¢
as the set

C; = {ip’ modp™ —1:j € Z}.
Lemma 4.1.16 For any integer v, let C; be the cyclotomic set of p modulo p™ — 1 con-
taining 1.
(i) C; is finite and |C;| divides m.

(ii) Let v = p™ — p™ 1. Then,

,
Uci={12....pm—2}.
=1
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(iii) Suppose that m is even, say m = 2mg. Then, all the C;’s are distinct for 1 <i <
2p™0 ged(i, p) = 1,1 # p™ +1 and |C;| = m for each such i. Furthermore, |Cymoy1| = my
and 2p"™ 4+ 1 € C; for some 1 < i < 2p™o.

(iv) Suppose that m is odd, say m = 2mgy + 1. Then, all the C;’s are distinct for
1 <i<pmtlocd(i,p) = 1 and |C| = m for each such i. Furthermore, for p™ ™! < j <

p™tt 4 p 5 e C; for some 1 < i < pm™otth

Proof: (i) Let m;(z) be the minimal polynomial of a’. Since for each j € C;, o/ is a

root of m;(z) and all roots of m;(x) are obtained this way, we have
|C;| = deg m;(x) which divides m.

(i), (iii) and (iv) are easily deduced by representing an integer j as an m-digit number in
the p-adic completion of Z and observing the fact that multiplying j by p modulo p™ — 1
is a cyclic shift of this representation. For example, we show (ii). Here, it suffices to
show that for any integer j with p™ — p™~! < j < p™ — 1, there exists an i < p™ — p™~!
with j € C;. Write j = 27;61 aipt = (ag,ay,...,am_1), where 0 < a; < p — 1 and
am_1 = p — 1. Since j # p™ — 1, there exists an index k for which a; < p — 1. Then,

i=j3p™ 1 Fmodp™ — 1 = (aps1, .- Am_1,00,-..,a;) < j and j € C;. O

Example 4.1.17 1. Let p = 2 and m = 5. Then, the cyclotomic cosets of 2 modulo
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31 are:
Co = {0},
C; = {1,2,4,8,16},
Cy = {3,6,12,17,24},
Cs = {5,9,10,18,20},
C; = {7,14,19,25,28},

Cn = {11,13,21,22,26}.

2. Let p =3 and m = 2. Then the cyclotomic cosets of 3 modulo 8 are:

Co = {0},
Cc, = {1,3},
Cy = {2,6},
Cy = {4},
o= {57},

Corollary 4.1.18 Let C be a [p™ — 1, k]-BCH code over F,, with designed distance &.
(i) Suppose that m = 2myq is even. Then, k = p™ — 1 — K/, where K’ satisfies
m(do —1—[(6 —1)/p)) if b0 < p™,
K= mo—2— (60— 1)/p)) +mo if p™ < by < 2p™,
m(6o —3— (o —1)/p]) +mo if bg =2p™ + 1
(ii) Suppose that m = 2mg+ 1 is odd. Then k = p™ — 1 — K/, where K’ satisfies
) m(d — 1 —[(do —1)/p] if b < pmott,

m(dg—1—i—[(6g—1)/p]) ifdo=pm™ +i1<i<p
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4.2 Linear Codes Constructed from Function Fields

In this section, we describe the construction of linear codes using places of global function
fields to form the columns of the generator matrix of the code.

As in Chapter 3, let oo be a fixed rational place of a global function field F'/F,. Let
A = Og, where S = Pr — {00} be the integral ring consisting of all elements of F' with
poles only at co. For every place P # oo, we will, for simplicity, also denote by P the
prime ideal P N A of A. In this way, a divisor of F' with support not containing oo may
be identified with a fractional ideal of A as explained at the end of Section 1.4.

We first establish a useful result pertaining to the p-rank of an abelian group.

Definition 4.2.1 Let [ be a prime number. For an abelian group G, the [-rank of G is

defined as the dimension of the Fj-vector space G/G! and is denoted by d;(G).

Lemma 4.2.2 Let () # oo be a place of F with deg Q) = d. Then for any positive integer

n, the p-rank of the abelian group (A/Q™)* isrd(n —1— |(n—1)/p|), where ¢ = p".

Proof: By Lemma 1.4.2, A/Q™ = Og/Q" = {Z;:Ol a7 modQ" : a; € FQ,O <i<
n — 1}, where 7 is a local parameter at (). Hence,

n—1

(A/Q™)" = {Zaﬂrimon” ca; € Fp,0<i<n—1,a#0}

1=0
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and has cardinality (¢¢ — 1)¢?™V. Further,

n—1

((A/Q™M)" )P = {Z a;mPmod Q™ : a; € Fp,0 <i<n—1,a9# 0}
i=0

n/

= {Zami”mon":ai € FQ,Ogign’—l,ao#O},

1=0

where n’ = [(n —1)/p]. This gives [((A/Q")*)"| = (¢* — 1)¢* " which implies that
[(A/Q™)/((A/Q™) )| = " ).

Consequently, the dimension of the vector space (4/Q™)*/((A/Q")*)P) is rd(n — 1 —n’)

as desired. O

Corollary 4.2.3 Let D = H§:1 PS be a fractional ideal of A, where P,’s are distinct
places of F' with degree deg P; = d; and e;’s are positive integers. Then, the p-rank of
(A/D)* is given by

t
dp((A/D)) =1 dilei =1 = [(e; = 1)/p)).
i=1
Proof: By the Chinese Remainder Theorem of rings, we have the isomorphism

(A/D)* = ﬁ (A/ Py,

Our result follows from Lemma 4.2.2. OJ

Now, consider a fixed positive divisor D of F' with support not containing oo as in
the preceding corollary. Let F” be the narrow ray class field H4(A(D)) determined by a

sgn-normalized Drinfeld module of rank 1 with modulus D defined over the Hilbert class



Chapter 4: Error-correcting Codes and Algebraic Function Fields 86

field Ha. Recall that Gal(F'/F) = C¢}(A) and Gal(F'/H4) = (A/D)*. Hence, (A/D)*
can be identified with a subgroup of C¢5(A). Let Vp be the F,-vector space obtained by

taking the quotient of C'¢},(A) by its maximal abelian subgroup, i.e.
Vp = CUL(A)/CUE(A)P,

Since the p-rank of an abelian group is also equal to the number of summands in the
direct product of its p-Sylow subgroup into cyclic components, the dimension  of Vp is
at least as large as that of (A/D)*/((A/D)*)? which, by Corollary 4.2.3 is 7 >"_, d;(e; —
1= (e = 1)/p)).

Let S be a finite subset of P — {0}, say S = { Py, P, ..., Py}. Clearly, each element
of S can be viewed as a k-vector in Vp. Write each element of S as a s-tuple over F,.
We again denote the vectors by Py, ..., Py. Let G(S, D) be the matrix whose columns
are the vectors Py, Ps, ..., Py. Then, G(S, D) is a £ X N matrix over F, of rank at most
k. Define C(S, D) to be the linear code generated by the rows of G(S, D). Further, let
C (S, D)* be the dual code of C(S, D). Then, C(S, D)t is an [N, k*]-linear code over F,

with k* > N — k and
N
C(S, D) ={(c1,¢2,...,cn) €F) ZCiPi = 0}.
i=1

Lemma 4.2.4 Suppose that there are | columns of G(S, D), say P;,, ..., P, of rank x' <
k. Then there is a subfield L of F' such that [L : F] = p** and oo, Py, ..., P, split

completely in L/F.

Proof: By assumption, there is a subgroup G of C¢},(A) containing P, ..., P, and
Cl5(A)P such that [C5(A) : G] = p**. Let L be the fixed field of G in F’/F. Then,

[L : F] = p** and by a consideration of the Artin symbols, it follows that P, ..., P,
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split completely in L/F. Moreover, since the ramification index of oo in F'/F is ¢ — 1

which is coprime to p, oo splits completely in L/F. O

With this lemma, we can estimate the minimum distance of C(S, D) as the following
theorems and examples show. For the moment, D will be the divisor 2P (or equivalently,

the prime ideal P? of A), where P is a place of F different from oco and deg P = d.

Theorem 4.2.5 Let F' be a global function field with genus g and N(F') rational places.

Let
1 ifd=1,

0 fd>1
For N < N(F)—1—¢,let S CPp—{P, 00} consist of N distinct rational places. Assume
that S generates CU5(A) and that Ny(pg —p+1) < Ny(pg + (d — 1)(p — 1)). Then, the
code C(S, P?) constructed as described above is an [N, k,d]-code over F,, where k > rd

and § satisfies
Ny(pg+(d-1)(p—1)) —¢
p

§>N4+1-| .

Proof: The length N is trivial. So let 6 be the minimum distance of C(S, P?). By
Corollary 4.1.9, there must exist N — § columns of G(S, P") of rank x — 1. Let S” be the
set of places represented by these N — ¢ columns. By Lemma 4.2.4, we can construct a
subfield L of F” such that [L : F| = p and all the places in S” as well as oo split completely
in L/F. As such, L has at least p(N — § + 1) rational places. It remains to calculate the
genus of L. Observe that P can be either unramified or totally ramified in L/F. In the

former case, the Hurwitz genus formula gives

g(L)=1+4+plg—1)=pg—p+1.
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In case P is totally ramified in L/F, since the conductor of P in L/F < 2, the genus of

L is, according to Corollary 1.3.5, given by
g(L)=1—d+plg—1+d) =pg+(d—-1)(p—1).

Since
Nq(pg —-p+1)< Nq(pg +(d-1)(p—1))

by our assumption, the maximum number of rational places in L/F is N,(pg+(d—1)(p—

1)). Consequently,
PN =6+1) < Ny(pg+ (d—1)(p—1)) —e

and our desired bound on ¢ follows. Finally as S generates C(},(A), £ > rd. O

The next corollary looks at a special case of Theorem 4.2.5.

Corollary 4.2.6 Let F' be the rational function field F' = F,(z). Suppose that all other
notations are as in Theorem 4.2.5. Then, the code C (S, P?) is an [N, k,d]-linear code

over F,, where

o > N+1_LNq((p—1);d_1))_€

|.
In particular, for d =1 and N = q —i,1 < i < p, the code C(S, P?) is optimal.

Proof: Since F is the rational function field, ¢ = 0 and N(F) = ¢ + 1. Further,
ClL,(A) = (A/P?)* which gives k = rd. Since any intermediate field of F'/F must
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be ramified, the first assertion follows from Theorem 4.2.5. Now, let d = 1 and N =
q—1i,1 <i<p. Since g(L) =0, L is also a rational function field. Therefore, C(S, P?) is

alg—i,r,q—i+1—q/p]=[p" —i,r,p" '(p—1)— i+ 1]-linear code over F,. Since

r—1 —1 . r—1
pitp—1)—i+1, ; .
S - Y- -
=0 =0
= p’l’ —_ Z
= N,
the Griesmer bound implies that C(S, P?) is optimal. O

Example 4.2.7 1. Let d = 2 and ¢ = 64 in Corollary 4.2.6. Since Ng4(1) = 81, we

obtain binary [64,12,25] and [63, 12, 24] linear codes which are best known.

2. Let d = 2 and ¢ = 256 in Corollary 4.2.6. Since Nas6(1) = 289, we obtain binary

[256, 16, 113] and [255, 16, 112] linear codes which are best known.

Theorem 4.2.8 Let F' = F,(x) be the rational function field. Suppose that N = %.
Let S C Pp consist of N distinct places of F' of degree p and let P be a place of S with

degree deg P = d # p. Then, the code C(S, P?) is a [N,rd,d|-linear code over F,, where

. N + [qurp*NqP;(Qd*l)(P*l))‘l Zfd > 1’

(p—12)qp ifd=1

p
Proof: Let § be the minimum distance of C(S, P?). Then, Corollary 4.1.9 implies
that there are N — § columns of the generator matrix G(S, P?) of rank x — 1, k being the
dimension of C(S, P?). Denote by S’ the set of all places represented by these columns.

By Lemma 4.2.4, there exists a subfield L of F’/F such that [L : F] = p and all places in
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S" as well as oo split completely in L/F. Further, assume that ¢’ rational places split in
L/F. Then L has p(N — ) + ¢+ 1 — § + € places of degree p and pd’ + € rational places,

where
1 ifd=1,

0 ifd>1
Let L' be the constant field extension L' = LF ,». Since every place of L of degree p splits
into p rational places in L' and every rational place of L remains rational in L', L' has at

least
NL)=p*(N =68 +plg+1—6 —¢)+pd +e=p*(N—=6)+plg+1)+e(p—1)

rational places. Since P is the only ramified place in L with conductor < 2, the Hurwitz

genus formula yields
g(L) = g(L) = (d=1)(p—1).

Thus we have N(L') < Ny ((d —1)(p — 1)) which yields our desired assersions. O

Example 4.2.9 Let p =2 and d = 1 in the preceding theorem. We obtain binary linear
codes with parameters [2"71(2" — 1),r,2?"7?]. By the Griesmer bound, these codes are

optimal.

Remark 4.2.10 The above constructions can be similarly generalized to any positive di-
visor D in which oo is not in the support of D. Notice further that if D = e P) 4+ eo Py +
-+ 4e. Py, where Py, ..., P, are distinct places of F' different from oo, then the code C(S, D)
can be viewed as a direct sum of the codes C(S, P{*),...,C(S, P*).
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The next theorem examines the minimum distance of the dual code C(S, P")* for any

integer n.

Theorem 4.2.11 Let S C Pp — {P, 00} consist of all the rational places of F different
from oo and possibly P when deg P = 1. Then, the code C(S, P")* has minimum distance
o', where
nd+1—2g(F) if p|n,
(n—1)d+1—2g(F) otherwise
Proof: Let ¢ be a codeword of C(S, P")* with w(c) = w. Without loss of generality,
we may assume that the first w coordinates of ¢ are nonzero. Writec = (¢;,..., ¢y, 0,...,0).

Since G(S, P") is a parity-check matrix of C(S, P")*,
CQ(S,P”)T = (Cl,...7Cw,0,...,0)[P1P2...PN] = 0,

ie.
=1

This implies that there is a divisor D’ of F' such that the divisor X = Zci(Pi — )
i=1

and X' = pD’' — pdeg D’'oo are equivalent in the group C/,(F). Furthermore, by Lemma

1.4.5, we may assume that D’ is effective and Supp(D')N{co, P, P, ..., Py} = 0. We can

therefore find an element z € F with
X — X' =div(z)

and z = 1modnP. Consider the subfield I, = F,(z). We claim that the extension F/F;
is separable. Suppose not. Then, z € FP, i.e. there is a u € F with z = «P. This means
that

div(z) = div(u?) = pdiv(u) = 0 mod p.
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Thus X — X’ = 0mod p which shows that p|c; for all 1 < i < w. This clearly contradicts
our assumption that c is nonzero. Consequently, F'/Fy is separable. Since div(z) =
ZerF, vo(%)Q, the ramification index of any place @) in Supp(div(z)) lying over the
zero place of z is just |vg(z)|. Hence, Proposition 1.1.10 yields the corresponding different

exponents dg for ) lying over z as follows:

Z Ci_lai:]-a"'7w7
dg > pdegQ for Q € Supp(D’),

dew > |pdegD’ — ZC" —1.

i=1

Similarly, the ramification index of P lying over the place z — 1 is at least n which makes

the different exponent dp to be dp > n’, where

n if p|n,

n—1 otherwise

Applying the Hurwitz genus formula, we obtain

29(F)—2 = [F:F)(-2)+ Y dodeg@Q
QePp

> —2|pdeg D' — ch\ + Z(Cl — 1) +pdeg D' + |pdeg D' — ZCZ’ —1+n'd
i=1 i=1 i=1
> —w+n'd+1.

As a result, w > n’d + 1 — 2¢g which in turn implies that the minimum distance of C

must satisfy

d>n'd+1-—2g.
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Remark 4.2.12 The dual codes C(S, P")* are introduced by Xing in [88] for n = p.

4.3 Function Fields Constructed from Linear Codes

We have seen how the minimum distance of the codes C'(S,D) can be estimated from
bounds on the number of rational places of suitable global function fields. Conversely, by
using the same construction discussed in the previous section, we can use known bounds
on the minimum distance of codes to estimate the number of rational places that the
associated global function fields contain. In some cases, these global function fields have
sufficiently many rational places as compared to their genera.

In this section, we will use two examples to illustrate how this can be achieved. In
both of our examples, the global function fields constructed have more rational places
than currently known ones with the same genera.

We first quote, without proof, a lemma from [55, Chapter 1].

Lemma 4.3.1 Let F/F, be a global function field of genus g. Suppose that for some

integer d > 2 we have

' = 299" > > (¢ +299"").
rld,r<d

Then there exists at least one place of F of degree d.

Example 4.3.2 ¢g(L/F3y) =52, N(L/F3) > 36. Consider the function field /'/F5 in which

g(F) =19 and N(F) = 20. Such an F exists by [82]. Fix a rational place oo € P} and
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let S = PL—{co}. By Lemma 4.3.1, we can find a place P of F' with degree 15. Then the
code C(S, P?) is a binary code with length 19 and dimension at least 15. Consider the
parity-check matrix H(S, P?) of C(S, P?). Clearly, H(S, P?) is a t x 19 matrix over F,
with ¢t < 4. As there are at most 15 distinct nonzero t-tuples, we conclude from Theorem
4.1.5 that C(S, P?) has minimum distance at most 2. Consequently, by Corollary 4.1.9,
there are 17 columns of G(S, P?) of rank at most 14. With d = 2 and using these 17
columns, construct the field L as in Lemma 4.2.4. Then, all the 17 places represented by
these columns as well as oo split completely in L/F. Thus, L has at least 2(17 + 1) = 36

rational places. By the proof of Theorem 4.2.5, the genus of L is
g(L)=2(19—-1) =36

or

g(L) = 2(19) + 14 = 52.

Since N3(36) = 31 < 36 according to the table in [82], we conclude that g(L) = 52.
The Oesterlé bound for Ny(52) is 42. Note that this example improves the bound of

N5(52) > 34 given in [55, Table 4.5.2].

Example 4.3.3 g(L/F125) = 13, N(L/F125) > 308. Consider the function field F'//F1s5 in
which g(F) =4 and N(F) = 215. Such an F exists by [82]. Fix a rational place co € P},
and let S = PL — {co}. By Lemma 4.3.1, we can find a place P of F with degree 6. Then
the code C'(S, P?) is a binary code with length 214 and dimension at least 42. Now, by
Brouwer’s table [7], the lower bound on the minimum distance of a [214,42]-code is 61
while the upper bound is 82. Let § be the minimum distance of C'(S, P?). Thus, ¢ < 82.

By Corollary 4.1.9, there are 214 — § columns in the matrix G(S, P?) with rank at most
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41. With these 214 — § columns, construct the field L as in Lemma 4.2.4. Then all the
214 — 0 places represented by these columns as well as oo split completely in L/F. Tt
follows that

N(L) > 2(215 — §) = 430 — 20 > 266.

From the proof of Theorem 4.2.5, the genus of L is given by
g(L) =2(4-1) =6

or

g(L) = 2(4) +5 = 13.

Since Nyog(6) < 258 according to the table [82], we conclude that g(L) = 13. Now, since
the best known code of length 214 and dimension 42 has minimum distance 61, we may
assume that ¢ < 61. In this case, N(L) > 308. By the Oesterlé bound, Njs(13) = 428.
Since [428/v/2] = 299, the field L constructed here has more rational places than the

criteria for the lower entry of Njpg(13) in [82].

Remark 4.3.4 In Example 4.3.3, notice that for 61 < § < 65, L has sufficient rational
places that meet the criteria for the lower entry of Niog(13) in [82]. In this case, both
the code C(S, P%) and the field L are better than the existing code and field with the same
parameters. For 66 < 6 < 82, the code C(S, P?) has minimum distance that improves the

current lower bound.



Chapter 5

More on Cyclotomic Function Fields

Thus far, we have developed numerous results on cyclotomic function fields, particularly
in Chapters 2 and 3. We recall that cyclotomic function fields are special examples
of narrow ray class fields with the base field being the rational function field. In this
present chapter, we will make use of these results, as well as the interplay between error-
correcting codes and function fields established in the preceding chapter, to construct
subfields of cyclotomic function fields, thereby obtaining several new global function fields
with improved lower bounds on the number of rational places for various genera.

The idea of using cyclotomic function fields to construct global function fields with
many rational places was first suggested by Quebbemann [59]. Subsequently, extensive
search among this family of class fields was conducted by a number of other researchers,
including Niederreiter and Xing [41, 42, 46], Keller [30], Lauter [34] and Gebhardt [38].
In particular, Keller carried out an exhaustive search for cyclotomic function fields over
F, while Gebhardt extended the search to fields over F, for small powers of 2, 3 and 5.

An advantage of using cyclotomic function fields is that its Galois group can be explic-

96



Chapter 5: More on Cyclotomic Function Fields 97

itly expressed, namely, it is the unit group of the ring of polynomials factored by its mod-
ulus. More specifically, using all the notations introduced in Section 2.4, the cyclotomic
function field F' = F(Ay/) with modulus M has Galois group Gal(F'/F) = (R/(M))*.
Thus, all rational places can be identified with linear polynomials and our problem is now
reduced to finding the orders of subgroups generated by a set of linear polynomials S* in
this group.

Besides those notations of Section 2.4, we fix a few more notations to be used through-
out this chapter. S* will always denote the set of rational places (excluding co) that will
generate the subgroup G, of (R/(M))*. For any factor M’ of M, Q(M") will denote the
ratio ®(M')/|Gar|, where Gy is the subgroup of (R/(M'))* generated by the places in

S§* and Fy. Finally, L will be the fixed field of Fj; generated by the group G .

5.1 Cyclotomic Function Fields over F,

First of all, we let ¢ = p and concentrate on cyclotomic function fields over the prime field
F,. In this case, I has p rational places apart from oo.

The three examples below illustrate the construction in Theorem 3.5.1.

Example 5.1.1 g(L/F3) = 44, N(L/F3) = 48. Let F' = F3(x) be the rational function
field. Let

M= (2> +1D*(2* + 2+ 2)*(2z* + 2% + 22+ 1) = P?P}P; € Fslx].

Consider the set §* = {z,z + 1,2 + 2}. Then, the following give the relevant values of
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Q(M'):
Q(M) =12, Q(P2P?) = 3, Q(P, Py Ps) =4,
Q(PyPs) =2, QPIPP;) =4,Q(P2P;) = 1.
By Theorem 3.5.1, we have
2g(L)—2=12(-2+412)—4-3—-2-4—-2-1—-2-4—-2-2 = 86,

thereby giving g(L) = 44. Moreover, N(L) > 4[L : F| = 4 - 12 = 48. The Oesterlé bound
gives N3(44) = 61. Since [61/+/(2)] = 44, the field just constructed meets the criteria for

the lower entry of the table in [82].

Example 5.1.2 g(L/F;) = 4, N(L/F7) = 24. Let F = F;(x) be the rational function
field. Consider

M=2"—1=(z+3)(x+5)(z+6) € Frlz].

Then, ®(M) = 6% = 216. Since z* = 1mod M, |G| = 18 and so [L : F] = Q(M) = 12.

Direct computations show that
Q(z+3)(x+5) =2(z+3)(x+6)) = Q(x+5)(z+6)) =2.
Therefore, Theorem 3.5.1 gives
g(L)=1+ %(12(—2) +3(12) —2—-2-2)=4
and N (L) = 24. The Oesterlé bound for N7(4) is 25.

Example 5.1.3 ¢g(L/F7;) = 7,N(L/F7) = 32. Let F' = F;(x) be the rational function
field. Let M = (2% + 2)(2% + 4) € F;[z]. Consider §* = {x,z + 1}. Clearly, ®(M) = 482.
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Since |G| = 288, we have [L : F| = Q(M) = 8. Further, direct computations show
that Q(2? 4+ 2) = Q(22 + 4) = 1 and Gy contains the rational places x,z + 1 and z + 5.

Consequently, by Theorem 3.5.1,we have
1
g(L)=1+ 5(8(—2) +4(8) —2(1) —2(1)) =7
and N (L) = 32. The Oesterlé bound for N(7) is 36.

Using a similar approach as the above examples, we record, in Table 5.1.1 below, some
cyclotomic function fields over F'; for several other genera. Note that the fields listed have
more number of rational places than those constructed from subfields of Hilbert class fields
and having the same genera (see [74]). In the table, S* always denotes the minimum set of
linear polynomials that generate the group G for a modulus M. The number [(S*) refers
to the number of linear polynomials in the group Gj;. Hence, N(L) = (I(S*) + 1)[L : F].
To allow for comparison, we provide the Oesterlé bound N7(g) for the genus g in the last

column.

Table 5.1.1. Bounds for N7(g)
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M s* Us*) | [L:F] | g | N(L) | Nz(9)
6+ a3 {z} 1 12 4 | 24 25
1+ 222 + a2+ ab {z,z+ 1,2+ 2} 5 4 5 24 29
1+ 3z + 222 + 323 + 24 {x} 2 8 6 | 24 32
14 622 4 x4 {z,z+ 1} 3 8 7 | 32 36
2423 {z} 1 19 9 | 38 42
14322 4+ 23 + 32° + 25 {z,z+ 1} 5 12 10 | 36 45
34 62 + 622 + 423 + z* 4 b {z,z+1} 2 12 11 | 36 49
26 {z+1,z+2,2+3,2+4} | 4 7 12 | 36 52
14z + 522 + 623 4 62* + 225 + 26 | {z} 4 8 14 | 40 57
4+ 2x + 322 + 223 + z* {z} 2 16 15 | 48 60
6 + 6 + 522 + 323 + x4 {z} 1 16 16 | 48 63
5+ 5z + 32° + 2* {z} 1 16 20 | 48 74
6 + 2z + 32* + 625 + 6 {z,z+ 1,2+ 2} 3 16 21 | 64 7
14 4z + 222 + 4a° + 2* {z,z+ 1} 2 24 22 | 72 79
3+ x + 522 + 623 + 224 + 2% + 2 {z} 3 16 23 | 64 82
2+ 3z + 22 + 62 + x° {z,z+ 1} 2 24 25 | 72 87
3 4 3z 4 223 + 2* {z} 1 36 28 | 72 95
3+ 42 + 5z + 22° {z,z + 1} 2 24 29 | 72 98
2+ 2 + 323 + z* + 26 {z,z+1} 4 19 36 | 95 117

Next, let us consider the case when M = P" for a certain place P of I’ of degree d.

Definition 5.1.4 A finite set S* C Pp—{P, 0o} is said to be independent mod P" if it
is F',,/-linearly independent in the vector space Vpn (refer to Section 4.2 for the definition

of Vpn.)

Let S consist of all the rational places of F' other than co and possibly P, when
deg P = 1. As such, |S| = p — ¢, where

1 ifd=1,

0 otherwise.
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Consider the code C(S, P"). Then, C(S,P")isa[p—e€,k < d(n—1—[(n—1)/p|]-code
over F,. First, consider n < [(p —€)/d] + 1 < p. Now by Theorem 4.2.11, C(S, P")* has
minimum distance at least (n—1)d+ 1. Applying Theorem 4.1.5, and since the number of
linearly independent vectors cannot exceed the dimension x < d(n — 1), we can conclude
that C'(S, P")* has minimum distance exactly (n — 1)d + 1. Consequently, any subset of
< d(n — 1) rational places of F' must be independent mod P" and x = d(n — 1). On the
other hand, for n > |(p — €)/d| + 1, it is clear that the generator matrix G(S, P") is a
(p — €) X (p — €) invertible matrix, i.e. all p — e rational places are independent mod P™.

Together with Proposition 3.5.2, we can easily prove the following lemma.

Lemma 5.1.5 Let S* C Pr — {00, P} consist of k rational places of F, where k < p — e.

Write k = ad 4+ b, where 0 < b < d. Then for any positive integer n > 1, we have

Q(P") = (n/(a+1)5 Tz, (n/d)d’

where w = Q(P).

Proof: Let S* = {P,, P,,..., P;}. For i = 1,...,d, it is clear from Proposition 3.5.2

that [(P;),| = win,, where w; = |(P;)1|. Thus,

(Py,..., Pyl = w'n?

"
where w' = |(P,..., P;)1]. From our above discussion, Py € (P, ..., P;)s but Pyyq &
(P1, ..., Pyg)s. Applying Proposition 3.5.2 yields [(P, . .., Pyi1)n| = W' [(P1, ..., Pa)n|(n/2), =
w'nd(n/2),. Continuing in this way for i = d + 2,...,k and recalling that ®(P") =

(p? — 1)p¥™=1), we obtain
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Consequently,
Q(PTL) = w pr;il a N\ ?
(n/(a+ 1));) HiZI(n/Z)p

where w = (p? — 1)/’ = Q(P). O

With these computations, the genus and number of rational places of the field L

constructed in Theorem 3.5.1 can be written down explicitly.

Corollary 5.1.6 Let S* C Pr—{o0, P} consist of k rational places of F, where k < p—e.
Write k = ad 4+ b, where 0 < b < d. Then the subfield L of the cyclotomic function field

F(Apn)/F constructed as the fized field of Gpn has genus

29(L) — 2 = Q(P")(dn —2) — d(1 + ni: Q(PY),

plG=1)

where Q(P?) = Q(P) T TGy Jor m = 2. Further, L has ezactly

N(L)=(k+1)Q(P") +¢€
rational places.

Example 5.1.7 Put d =1 in the above corollary. Then

n—1 n—1

O S S
9(L) 2Hf:1(”/@p< ) j;QHf:l(j/i)p

and

(k+1)+ 1.
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5.2 Cyclotomic Function Fields over F

In this section, we return to the situation of ¢ = p". We will construct several subfields
of cyclotomic function fields in which the number of rational places improves the lower
bounds given in [82].

We begin with an example.

Example 5.2.1 g(L/Fi5) = 29, N(L/F16) = 162. Let F' be the rational function field
F = Fi(z) and let a be a primitive element of Fjs with a* + o +1 = 0. Put M =
(z + a")?(x + a®)?(z + a')? = (22 + a)(2® + o) (2? + o). Consider the cyclotomic
function field Fyy = F(Ay). With 8* = {z +a': 0 <i <6} U {x}, construct the field L

as in Theorem 3.5.1. We compute the relevant values of Q(M’) below.

QM) = |[L:F]=16,
Uz +a)(z+a®)(z+a)’) = Q@+a)(@+a")) =2,
Q(z+ ) (x+a®)(z+a™)?) = Qz+a")?(z+a)?) =1,

Q(z+a")(z+ o) (@ +a') = Qz+a")(z+a¥)?) =1
Thus, the genus of L is given by
1
g(L):1—|—5(16(—24—6)—2—2—1—1—1—1):29.

Further, it can be checked that apart from the places in S*, Gy; contains x + o'? as well.

Since both z + o® and x + «'* are totally ramified in L/F,
N(L) = 10(16) + 2 = 162.

This example improves the lower bound of N14(29) > 161 given in [82].
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Next for a positive integer n > 2, consider M = x™. Let a be a fixed primitive element
of F;. We denote by P; the zero of z —a',i = 0,...,q — 2. Let S = {Fy, P,..., Px_1},
where N = ¢ — 1 and construct the code C(S, z™). Write the generator matrix of C'(S,z")
as

Q(S, (L’n) == [P(]Pl - -PN—1]~

We will prove in Proposition 5.2.3 that C'(S,z") is the dual of a narrow-sense BCH
code. To do this, let us first recall the Newton’s formulas involving the sums of powers of

roots of a polynomial.

Lemma 5.2.2 (Newton’s formula) Let f(z) = S.\_, Biz* be a polynomial over F,, with

reciprocal roots o, ao, ..., qq, i.e.

For any integer u, let y, = 22:1 af. Then

Sﬁs + Z ﬁiys—i =0
=1

for any positive integer s.

Proposition 5.2.3 The code C(S,2™)* is a narrow-sense BCH code with designed dis-

tance g = n.

Proof: Let ¢ = (cg,cq,...,cy_1) € C(S,x™)*. We need to show that a® is a root
of c(x) = Y et for all s = 1,2,...,n — 1. Since G(S,2") is a parity-check matrix of

C(S,2™)*, we have
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By identifying ¢; € F,, with the corresponding integer ¢; € Z, it follows that there exists

a polynomial f(x) € (F,[z]/(2"))* such that

Factoring out the constants, the above is equivalent to

N-1

H (1 —a'z)% = f'(2?) mod (p, z™)

i=0
for some f'(z). Now write [[,' (1 —a'z)% = > % Bz’ Clearly, 5 = 1 and §; = Omod p

forall j=1,...,n—1 and ged(j,p) = 1. We claim that for integers s =1,...,n — 1,

N-1
cla®) = Z ca® = 0.
=0
We prove this by induction on s < n. By the Newton’s formulas,

B = —foc(a) = —c(a) = 0mod p.

The result is thus true for s = 1. So assume that the result holds for all positive integers

< s —1 < n. By the Newton’s formulas again,
sfs = — Z Bic(a® ) mod p.
j=1

By our induction hypothesis, this becomes ¢(a®) = —sf; mod p. But sf; = Omodp for
all s < n. Hence our claim is shown. Consequently, C'(S,2")* is a narrow-sense BCH
code with designed distance at least n. By the arguments just discussed, it is clear that
if ¢(x) is the lem of all the minimal polynomials of o/ for j = 1,...,n — 1, then the
codeword ¢ corresponding to ¢(z) is a codeword in C'(S,2")t. From the definition of a

narrow-sense BCH code, this shows that the designed distance of C(S, ™)+ is exactly n. O
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Corollary 5.2.4 C(S,z") is a cyclic code with generator polynomial g(x) = 2N h(1/z),
where

h(z) = lem(mq(x),...,m,_1(z)).

Proof: This is an immediate consequence of Propositions 5.2.3 and 4.1.12. ([l

Corollary 5.2.5 The code C(S,x") has dimension k = r(n—1—|(n—1)/p|) if n < pl"/2l.

Proof: By Corollary 4.1.18 and our assumption on n,, C(S,z")* has dimension
g—1—r(n—1—|(n—1)/p]). Hence, the dimension of C(S,z")isr(n—1—[(n—1)/p]).
0

Remark 5.2.6 The rank of C(S,z") was first shown by Lauter in [34] using generalized

Witt vectors. However, our proof follows that given in [2].

In Section 4.3, we have seen that upper bounds on the minimum distances of the codes
C(S, D) can be used to estimate the number of rational places of the fields constructed by
means of Lemma 4.2.4. Unfortunately, this method does not often lead to “good’ global
function fields as large minimum distances necessarily result in fewer rational places (see
for example Theorems 4.2.5 and 4.2.8).

For the codes discussed in this section, we have shown that their structures are explic-
itly known. As such, we can exploit Mathematical software packages such as Mathematica
or magma to look for subsets of S of different ranks, and then construct fields based on

Lemma 4.2.4. Lemma 4.1.8 suggests how we can search for good subsets.
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More specifically, we define recursively the codes Cy, C, ... and their respective fields
Lo, Ly, ... as follows. Let Cy = C(S,2"),Sy = S,00 = d(Cp), and ¢q € Cy with weight
w(co) = dp. Construct Ly by the method in Lemma 4.2.4 with S* = S — supp(co) as
the generating set. Now, assume that C;, 5;,;,c; and L; have been constructed. Let
Siv1 = S; — supp(c;), Cit1 be the residual code of C; at ¢, §;1 = d(Ciy1),¢i01 € Cina
with w(ciy1) = diy1 and L;yq as the field constructed with S* = S;,; — supp(ci+1) as the

generating set.

Proposition 5.2.7 Suppose that C(S,z") has dimension n — 1 — [(n — 1)/p|. With

C;, S;, 65, ¢y and L; as above, the following are true.
(i) Fori=0,...,r—1,[L;: F] = p'*'.

(i) All places in S;y1 split completely in L;/F. In particular, L; has (|S;1]| +1)p'+1 =

(¢ —2_y 8:)p™t! + 1 rational places
(iii) The genus of L; is given by
9(Li) < (p' = D(n —2)/2
and equality holds if the places in Sy, generate C(S, 2" 1).

Proof: All the assertions can be proven by induction on ¢ by using Lemma 4.2.4 and

Lemma 4.1.8. For the genus, we apply the genus formula given in Theorem 3.5.1. 0

With this procedure, we use the Mathematica to determine the sequences (dg, d1, . .. )
and their respective sets (Sp, S1,...) for ¢ = 27,32,64,81 and 128. The following new

function fields are obtained. As in [82], we restrict our search for fields with genus at
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most 50. In addition, we give values for No7(51), No7(52), Ng1(51) and Ng;(52). Note that
to compute the genus of L;, we need to know the rank of the places in S;;; with respect
to the codes C(S,27),j < n. Clearly, if the places in S;,1 generate C(S,z7), they generate
C(S,27") for all j' < j. In Table 5.2.1, ; refers to the rank S;;; with respect to the code
C(S,27). In the last column, we give the range of N,(g) taken from [82]. In the case where

no entry is entered in that table, we provide the Oesterlé bound for comparison.
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Table5.2.1. Improved lower bounds on N,(g)

q |n|i|(do,...,0) (Kn—1,Kn—2,-..) | g | N(L) | Ny(9)

64 |6 | 2] (16,8,8) (12,...) 14 | 257 241 — —284
64 |8 |2 (14,7,6) (18,...) 21| 297 | 281 — —396
64 |8 |3 (14,7,6,5) | (17,17,12,...) |44 |513 | 695

128 | 6 | 3| (48,24,14,7) | (13,13,7,...) |29 | 561 | 785

27 1621 (9,3,3) (8,6,...) 510361 | 423

27 16 121(9,3,1) 9,...) 52 | 379 430

81 |3 ]2 (48,16,6) (4) 13 | 298 256 — 312
81 |8 |1/ (30,10) (15,15,12,...) |22 |370 | 478

81 [ 8 |1](30,10) (16,...) 24 | 370 | 514

81 |3 |3 (48,16,6,2) | (3) 39 | 730 769

81 |6 | 2] (30,15,8) (11,8,...) ol | 757 923

81 |6 |2|(30,10,13) | (12,...) 52 | 757 | 936




Chapter 6

Bounds on A(q)

In this final chapter, we turn to a somewhat different topic, namely, we will investigate

the behaviour of the ratio N,(g)/g as g tends to infinity.

6.1 Some general results on A(q)

In [28], Thara introduced the following quantity

A(q) = limsup Nq—@.
g

g—00
This asymptotic quantity, which we simply refer to as A(q) is of interest as it has significant
and direct applications to the construction of good algebraic-geometric codes.

As a consequence of the Serre bound on Ny(¢)(1.5.9), we immediately obtain an upper

bound on A(q), namely,
A(g) < [24'7]

for all prime powers ¢q. Vladut and Drinfeld established an improved upper bound on

110
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A(q) in [84]. They showed that for all g,
Alg) < ¢% - 1.

By constructing an explicit tower of class fields, Garcia and Stichtenoth proved that this
bound is in fact sharp when ¢ is a square [13], [15].

However for nonsquares ¢, the exact value of A(q) remains a challenge. As such,
Mathematicians have concentrated on providing general results on the lower bounds on
A(q). For instance, by employing class field towers, Serre [66, 69] showed that there is a
constant ¢ > 0 such that A(q) > clogq. This was later improved by Li and Maharaj [37]
and Temkine [73] who proved that there exists an effective absolute constant ¢ > 0 such

that for any prime power ¢ and any integer m > 1, we have

. em?(log q)?

A(gm) > olosal

logm + log q

Moreover, Zink [97] gave a lower bound on A(p*) for any prime p, which states that
2(p* — 1)

A(p?) >
(p°) > b2

For more classes of composite ¢, Perret [58] proved that if m is a prime and ¢ = p” is a

prime power with ¢ > 4m + 1 and ¢ = 1 (mod m), then

m'2(qg — 1) —2m
m—1 '

A(g™) >

Subsequently, Niederreiter and Xing generalized and improved this bound to the following

(refer to [50, 55]) :

Theorem 6.1.1 (i) If ¢ = p” with an odd prime p and an odd integer r > 3, then

20 4 7] 1

A(q) >

where m s the least prime dividing r.



Chapter 6: Bounds on A(q) 112

(ii) If ¢ = 2" with an odd composite integer r > 3, then

g/m™ 41
[2(2¢1/™ 4 2)1/2] 42

Alq) =

where m s the least prime dividing r.

Further refinements of the above theorem are given in Li and Maharaj [37] and in
Niederreiter and Xing [50].

So far, no general results on lower bounds on A(p) for primes p have been established.
Instead, attempts have been made to provide explicit lower bounds on A(p) for small

primes p. In the next section, we will present improved lower bounds on A(p) for p = 2,5, 7

and 11.We summarize the results in the table below.

Table 6.1.1. Lower bounds on A(p)

p | Existing bound | Source | Improved bound
2 0.2555... 48] 0.257979...

3 0.4705. .. [1], [73]

5 0.7272 ... [1], [73] 0.7333 ...

7 0.9 [37] 0.9375

11 1.0909. .. [37] 1.1666. . .

13 1.333. .. [37]

17 1.6 [37]

Finally, we will discuss, in the next section, an improvement to Theorem 6.1.1 (i), i.e. the

lower bound on A(q) for odd, composite and nonsquares g.
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6.2 Improved lower bounds on A(q)

The proofs on the lower bounds of A(q) that follow will essentially depend on the lower

bounds for the [-rank of fractional ideal class groups as the next theorem shows.

Theorem 6.2.1 Let F/F, be a global function field of genus g(F) > 1 and let S be a
subset of Pr such that 8" := Pr — S is a nonempty set of rational places of F'. Suppose

that there exists a prime number | such that
di(Cl(Os)) > 2+ 2(|S'| + &i(q)) /2,

where £,(q) = 1 if l|(g — 1) and &,(q) = 0 otherwise. Then we have

S|
Alq) > ————.
@ g(F)—1
In view of this theorem, it is obvious that a good lower bound on the [-rank of the
S-ideal class group will inevitably lead to better lower bounds of A(g). As such, the next

result, proven by Niederreiter and Xing using cohomology in [48], or alternatively proven

by Li and Maharaj via the properties of narrow ray class fields [37], will be useful.

Proposition 6.2.2 Let F'/F, be a global function field and F'/F a finite abelian exten-
sion. Let T be a proper subset of Pr such that T' := Pr — T is finite and let S be the

over-set of T with respect to F'/F. Then for any prime number | we have

d(Cl(0s)) 2> di(Gp) = (IT'| = L+ &(q)) — di(G),

where €,(q) is defined as in Theorem 6.2.1, G = Gal(F'/F), and Gp is the inertia group
of the place P in F’/F. The sum is extended over all places P of F.
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A close examination of Proposition 6.2.2 reveals that a larger [-rank of the S-ideal
class group requires a sufficient number of ramified places, but this will in turn increase
the genus of the field. Since the lower bound of A(q) given in Theorem 6.2.1 depends on
both the [-rank and the genus, we need to construct the fields carefully to achieve better
bounds. In fact, all the improved bounds have been achieved by looking for function fields
with a bigger ratio of |S’| to the genus g(L).

In the ensuing examples, cyclotomic function fields will be employed to construct our

field when p = 2 while all other fields will be constructed from Kummer extensions.

Proposition 6.2.3
A(2) > 97/376 = 0.257979. . ..

Proof: As in [48], our field is constructed as the compositum of the subfields of

cyclotomic function fields. Let F' = Fy(x) be the rational function field.

(i) Let Iy = F(Ay), with the modulus M = (z* + 23 + 22 + 2 + 1)? and let L; be
the subfield of F}/F fixed by the subgroup of (Fa[z|/(M))* generated by z. Since
O(M) = 240 and 2'° = 1mod M, it follows that Q(M) = [L; : F] = 24. Since

Q(x* + 23 + 22 + z + 1) = 3, the genus formula in Theorem 3.5.1 gives
1
g(L1) = 1+ 5(24(~2+8) —4-3—4) = 65.

Notice that since x and oo split completely in L;/F, Ly has 48 rational places, with

24 places lying over each of x and oo.

(i) Next consider the cyclotomic function field Fy = F(Ay), where N = z*. Let Ly be

the subfield of F fixed by the subgroup of (Fa[z]/(N))* generated by z* + 1. Since
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(2 + 1)* = 1mod z*, it follows that Q(N) = [Ly : F] = 4. In addition, we have
Q(23) = Q(2?) = 2 and Q(x) = 1. So if P denotes a place of Ly lying over x, we see

from Theorem 1.3.3 and the fact that x is totally ramified in Ly/F that
dPlz)=4-4—-2-2—-1-1=10.
Observe that Gal(Ly/F) is isomorphic to (Z/2Z)%.

Now, let L be the compositum of L; and L,. By considering the ramification behaviour
of x, it is clear that both L; and Ly are linearly disjoint. Further, only the places of L,
lying over x can ramify in L/Ly. If 1 is a place of L; lying over z, and @ is a place of
L lying over @)y, it follows from (ii) and the tower formula for different exponents that

d(Q|Q1) = 10. Hence, the genus of L can now be calculated as
1
g(L) = 1+ 5(4(2- 65— 2) +24-10) = 377.

Let 7" C Py, consist of all the 24 places lying over co as well as 1 place lying over x
and let " be the overset of 7’ with respect to L/L; so that |7'| = 25 and |S’| = 97. By

Proposition 6.2.2,
d2(Cl(Og)) > 24(2) — (25— 1) =2 =22 > 2+ 24/|5|.

Since the condition in Theorem 6.2.1 is satisfied, we may apply its result to yield

S| 97
AQ)> 21 7L o
()_g(L)_1 576 = 0257979
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Proposition 6.2.4
A(5) > 11/15 =0.7333...

Proof: Let I be the rational function field Fj5(z). Consider the field F' = F(y),
where

y? = f(x) = 2° + 4o + 1.

Then, F’ is a Kummer extension of F as in Theorem 2.2.2. Since deg f is odd and
f(a) = 1mod5 for all a € F5, Corollary 2.2.3 and Theorem 2.2.6 imply that g(F") = 2
and all the 5 finite rational places split completely in F’/F while oo is totally ramified in

F'/F. Further, the following five places of degree 2 split completely in F'/F as well:

P=x*+2 P=2*>+zx+1, Py=2x2>+2x+3,

Pi=2?+3c+3, Ps=a22+4x+1.

Let

22 = g(l’) = (L’(.I' + 1)(1’ + 3)P1P2P3P4P5

and put L = F'(z).L/F’ is again a Kummer extension with [L : F'] = 2. From Theorem
2.2.2 again, we see that all the 16 places lying above x,x + 1,2 + 3, P;, 1 < ¢ < 5 ramify

in L/F’. Thus the genus of L is given by
2(L) —2=2-2-(2—1)+2-3+2-10,

thereby yielding g(L) = 16. Now, let 7’ be the set consisting of the following 6 places of
F
(i) The two places lying above x + 2;

(ii) The two places lying above = + 4;
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(iii) P, the unique place lying above oo
(iv) One of the places lying above . Since 22 = 1 (mod x+2) and 22 = 4 (mod x+4),

the 4 places lying over x 4+ 2 and x + 4 split completely in L/F’. Moreover, since

v (9(2)) = 2w (g(z)) = ~26

which is even, P, splits completely in L/F’ too. Hence, if S’ is the overset of 7’ with

respect to the extension L/F’, we apply Proposition 6.2.2 to obtain
dy(Cl(Og)) >16—6—-1=9>2+2y2-5+1+1=_8.9282.

Consequently, we conclude from Theorem 6.2.1 that

S| 11
A(B) > — 1 = — —0.7333...
(5)_g(L)_1 [ = 0.7333

We use a similar approach in Proposition 6.2.4 to prove the next two propositions.

Proposition 6.2.5
A(7) > 15/16 = 0.9375.

Proof: Let I’ be the elliptic function field in Example 2.2.7. Then, F' has 13 rational

places and 13 places of degree 2. Let
22 =z(z+1)(x+ 3)(z + 6)P P, P3P, Ps Ps,

where P;,1 < i < 6 are as in the example. Put L = F'(z). L/F’ is a Kummer extension

with [L : F'] = 2. Then, we have 19 places ramifying in L/F’. By the Hurwitz genus
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formula, the genus of L is given by
2g(L)—2=2-2-(1-1)+2-3+2-13,

thus yielding g(L) = 17. Let 7" be the set consisting of 7 places of F” lying over z + 2,
x+4, v+5 and co together with one place above x. It can be easily verified that all places
in 7" apart from the place above z split completely in L/F’. Hence, if S’ is the overset of

7' with respect to the extension L/F’, Proposition 6.2.2 gives
do(Cl(Os)) > 19— 8 —1=10>2+2v2 -7+ L + L.

Consequently, Theorem 6.2.1 yields

S| 15
(7)_9(L)_1 = = 0.9375

Proposition 6.2.6
A(11) > 7/6 = 1.1666...

Proof: Let F' be the rational function field Fy;(z). Consider the field F' = F(y;,y2),
where

y: = 2z(2* + Tx + 2)

and

ys = 2z(z — 10)(2* + 92 + 5).

Then, for 1 <14 < 8, the place x — i splits completely in F’/F. Moreover, the place oo is

totally ramified in F(y;)/F and splits completely in F’/F(y;). Thus, F’ has genus 4 and
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34 rational places. Next, let
2= (x—1)(r—3)(z—4)(z—5)(z—6)(x—7)

and put L = F'(z). Noting that there are 24 rational places of F”’ ramifying in L, and
using the Hurwitz genus formula, we obtain g(L) = 19. Let 7" consist of the 8 places of
F’ lying above x — 2 and x — 8, 2 places above oo together with 1 place above = — 1, i.e.
|7"| = 11. Since all the places in 7" except the place above x — 1 split completely in L/F,
S’ has 21 places, where &’ is the overset of 7’ with respect to the extension L/F’. Now,

from Proposition 6.2.2,
dy(Cl(Og)) >24—-11-1=12>2+2v2-10+ 1+ 1 =11.381.
Consequently, Theorem 6.2.1 yields

A(11) > 21/18 = 7/6 = 1.1666...

To conclude, we apply the method in the examples to give a general lower bound for

A(q™), where ¢ is an odd prime power and m is a prime.

Theorem 6.2.7 Let g be an odd prime power and m an odd prime. Suppose that m' is
the largest integer such that 1 < m' < m —1 and 2,/[2m'q+ 3] + 3 < q. We have

2m'q + 2

[2¢/2m/qg +3] +1
Proof: Put F = Fym(x) and let n = [2¢/2m/q+3]+3 < ¢. Let 5 € Fm —F, s0

A(q™) >

that ¢ # (. For each a € F, let f,(z) = (v +a+ §)(x+a+ §?) € Flz]. Pick n distinct
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elements oy, o, ..., a, € F, and consider the fields L; = Fm (2, y;), where

y7,2 = fa:(),
fori=1,2,...,n. Then, [L; : F| =2 and Gal(L;/F) = Z/2Z for each i = 1,2,... ,n. Let
L be the compositum field L = LyLy--- L,,. Since the L;’s are linearly disjoint,
Gal(L/F) = [ [ Gal(Li/F) = (Z/2Z)".
i=1

Now, consider the field F’ = F(y), where

92 = H fai ().
i=1

Notice that by putting y = y192...vy,, F’ can be considered as a subfield of L with
[F": F| =2 and Gal(L/F') = (Z/2Z)"~'. Furthermore, the genus of F’ is

g(F')=n—1=1[2y2m'q+ 3] + 2.

Now, for 1 < k£ < m — 1, let s be the inverse of kmodm, i.e. sk = 1modm so that

Bq‘gk = (7. Let sy = 09+ +--- + 5q(s_l)k € F . Consider the set
T={a+s,:acF,1<k<m’}

and let 7/ = {P, = o — v : v € T} U {oo}, where oo denotes the pole of z. Hence,
|7'| = m/q + 1. We wish to show that every place in 7" splits completely in L/F. For
1=1,2,...,n, we have
fala+s,) = (+a+F+sp)(o+a+ B4 sy)
= (ai+a+5+$k)(04i+a+8k+5q5k)
= (u+a+8+s)(+at (B+s)7)

= (i +a+B+s)?
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which is a nonzero square in Fym since ¢* + 1 is even. As oo splits completely in
L;/F, every place in 7’ spits completely in L;/F, and hence, in L/F. Since only the places
T —a;+ [ or x —a; + (9 ramify in L/F with ramification index 2 and each of these places
has ramification index 2 in L;/F, it follows that L/F” is an unramified extension. Now,

let S’ be the overset of 7’ with respect to the extension L/F’. Hence, |S'| = 2m/q+ 2 and

d(CL(Os)) > do(Gal(L/F')) =n — 1 =2+ [2/2m/q + 3] > 2+ 2(S| + 1).

Consequently, Theorem 6.2.1 yields

“g(FY—1 [22miq+3|+1
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