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Summary

This thesis centers on the control theories of Finite Interval Learning (FIL) and In-
finite Interval Learning (IIL) for nonlinear systems with deterministic uncertainties.

The main contributions of this thesis lie in the following three aspects:

e Contraction Mapping (CM) Based FIL for Systems with Nonsmooth

Nonlinearities

Traditional Iterative Learning Control (ILC), based on CM principle, is an
effective way for FIL and has been successfully applied to a variety of repeat-
able control problems. However, the application is limited to smooth system
dynamics. Considering the wide existence of nonsmooth nonlinearities in real
control systems, in this thesis CM-type FIL, i.e. ILC, has been extended to
nonlinear discrete-time systems with input deadzone or backlash. Based on
the scheme we proposed, only if both the control target and the dynamic sys-
tem are repeatable, the unknown deadzone or backlash can be compensated
automatically via learning and perfect tracking over the entire time interval
can be obtained iteratively. This new methodology provides a simple way to

deal with such kind of high nonlinearities.

e Composite Energy Function (CEF) Based FIL

CEF-type FIL was introduced to fully consider the impact of system dynam-
ics, based on which FIL was extended to Non-Global Lipschitz Continuous
(NGLC) systems. Benefiting from CEF, we have developed several FIL and
robust FIL schemes to deal with systems with norm-bounded uncertainties
which may be Global Lipschitz Continuous (GLC) or NGLC. Furthermore,
uniform learning convergence for all the developed algorithms can be guaran-

teed.

vil



Conventional FIL schemes are only applicable to uniform trajectory tracking
problems. To overcome this limitation, we have constructed a new kind of
CEF-type FIL approaches to enable the learning from non-uniform tracking
control tasks in the presence of time-varying and/or time-invariant parametric
uncertainties. Therefore, the target trajectories of any two consecutive itera-

tions can be completely different, which greatly widens the application areas

of FIL.

To further extend the implementation of FIL, a novel Fuzzy Logic Learning
Control (FLLC) scheme has been outlined in this thesis. The FLLC approach
integrates two main control strategies: Fuzzy Logic Control (FLC) as the basic
control part and FIL as the refinement part. The incorporation of FIL into
FLC ensures the capability of improving control performance through learning

1terations.

CEF Based IIL

By taking the advantage of CEF analysis method, we further extended FIL to
IIL for both parametric and norm-bounded uncertainties, which includes the

conventional Repetitive Control (RC) as a special case.

In CEF-type FIL/IIL schemes, system states are assumed to be available. To
facilitate the practical application, this thesis provides a kind of observer-based
IIL algorithm for a class of nonlinear uncertain systems with unknown system
states. Based on the state estimation and periodic updating, the proposed
ITIL scheme guarantees the asymptotical convergence of the output tracking
in the presence of system nonlinearity and periodic time-varying parametric
uncertainties. Furthermore, the observer based IIL can be applied to FIL

directly.

viil
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Chapter 1

Introduction

1.1 Background

In a control system design, if all the information about the controlled process is
known a priori, vast majority of conventional control techniques can be used. How-
ever, in most practical instances, the systems to be controlled are unknown or in-
completely known. One general approach is to design a controller which is able to
estimate the unknown information and a control action is further added based on
the estimated information. As a result, if the estimated one converges to the true
case gradually, the controller design eventually becomes same as the case when all
the information is known a priori. Because of the capability of progressively im-
proving the control performance , such kind of control systems are called learning

control systems (Hklansky, 1966; Fu, 1970).

In this thesis, we will focus on a certain category of learning control systems where
the controlled process and/or the tracking tasks are of a repetitive or periodic nature.
Ultimately, high tracking performance, i.e. perfect tracking, is our control target.

This kind of control problems is often encountered in many industrial processes, such



Chapter 1. Introduction 2

as industrial robots on assembly processes, batch reactors, IC welding processes and
wafter processes. The main idea of such class of learning control is to improve the
tracking performance in an iterative manner by using the information obtained from
previous iteration or period, which is similar to the learning methodology of human

beings.

According to the time domain nature of a system, and the requirement from a
control task, we classify this kind of learning into Finite Interval Learning (FIL)

and Infinite Interval Learning (IIL).

1.1.1 Finite Interval Learning Control (FIL)

FIL refers to the learning over a fixed finite time interval [0, 7], during which both
the controlled system and the control target are repeatable. The goal of FIL control
system design is to get the control signal iteratively which ensures the system output
could follow the desired trajectory perfectly over the whole time interval even in the

presence of deterministic system uncertainties.

Lots of nonlinear control approaches, such as adaptive control and robust control,
have been proposed to cope with the tracking problems of uncertain systems, how-
ever in most cases only bounded tracking error or asymptotic convergence can be
obtained. Hence, precise tracking along entire span of trajectory is impossible.
Therefore, FIL complements the existing control methods in the sense that it tar-

gets at perfect tracking in a finite time interval.

The basic idea of FIL comes from Iterative Learning Control (ILC), which is used
to deal with repeated tracking control problems or repeatable disturbance rejection
problems over finite time interval. In the past two decades, ILC has been developed

to a typical method of FIL.
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The concept of ILC was first proposed and formulated by (Arimoto et al., 1984). So
far, all kinds of ILC control schemes have been proposed and investigated (Bien and
Chung, 1980; Hwang et al., 1991; Moore, 1993; Fang and Chow, 1998; Kurek and
Zaremba, 1993; Saab, 1995; Xu, 1997; Chien, 1998; Bien and Xu, 1998; Bien et al.,
1999; Chen and Wen, 1999; Wang, 2000; Park and Bien, 2000). Moreover, ILC has
been widely applied to mechanical systems such as robotics, electrical systems such
as servo motors, chemical systems such as batch reactors, as well as aerodynamic

systems, etc.

Briefly speaking, the strategy of ILC is to update the control inputs iteratively to

generate the required outputs. Fig. 1.1 shows the basic ILC schematic diagram. In

Figure 1.1: Basic structure of Iterative Learning Control.

addition to the standard feedback loop, memory components are used to record the
preceding control signal w;(t) and error signal e;(¢) which are incorporated into the
present control u;1(t). Here time t € [0,7] and ¢ € Z, 2 {0,1,---} denotes the
iteration number. From the control point view, the memory components are used to
realize the feedforward compensation. It can be clearly seen that, when y; = y4, the
tracking error is zero and the control feedback part is also zero. However, to track a
target trajectory and reject a persistent disturbance, a non-zero control profile will

be demanded. Therefore, due to the implementation of the memory components,
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it is possible to achieve perfect tracking over the whole time interval [0,7]. The
necessity of incorporating feedforward loop can be justified in terms of “Internal
Model Principle” (IMP). According to the IMP (Francis and Wonham, 1975), to
achieve perfect tracking, the control signal must contain a suitably reduplicated

model of the target trajectory and deterministic disturbance.

Hitherto, lots of FIL schemes, including ILC, have been proposed. In the following,
let us review and summarize the numerous methodologies of FIL according to three
different categories — analysis methods for FIL, uncertainties addressed by FIL and

tracking tasks of FIL.
Analysis Methods for FIL

Differing from many existing intelligent control methods such as fuzzy logic control
and neural network control, the effectiveness of FIL schemes is guaranteed rigorously
with convergence analysis. There are several theories which can be employed to

analyze the convergence property of FIL.

e Analysis Methods for ILC

Basically, the analysis methods for classical ILC schemes contain Contraction

Mapping (CM) principle and two-dimensional (2-D) system theory.
CM Principle

Let S be a closed subset of a Banach space and let A be a mapping that maps
S into S. Suppose that|[A(x) — A(y)|| < «|x —y||, where 0 < a < 1 and
X,y € S, then there exists a unique point x* € S such that A(x*) = x* and z*
can be obtained by the method of successive approximation starting from any

arbitrary initial point in S. This is the famous CM Principle (Khalil, 1990).

CM-type method is a systematic and traditional way to analyze the learning

convergence of ILC and most of the ILC works are based on it so far. However,



Chapter 1. Introduction 5

the use of CM principle in learning control has two folds. On one hand, it
achieves geometric convergence speed with very little system knowledge; on
the other hand, it is hard to incorporate available system knowledge, whether
parametric or structural, into the learning controller design, hence it can only
handle limited classes of nonlinear uncertain systems, i.e. Global Lipschitz
Continuous (GLC) systems. The reason is that in the presence of Non-Global
Lipschitz Continuous (NGLC) nonlinearities, finite escape time phenomenon
may occur and CM principle is no longer applicable. Consequently, further
extension of CM-type ILC to more general class of nonlinear systems is very

difficult.
2-D System Theory

2-D systems are those systems in which the inputs, outputs and states de-
pend on two independent variables. Roesser first presented a two-dimensional

discrete state-space model in mid 70’s (Roesser, 1975).

2-D system theory has been applied to analyze ILC in both discrete-time
systems (Zheng et al., 1990; Kurek and Zaremba, 1993; Fang and Chow, 1998;
Fang et al., 2002) and continuous-time systems (Chow and Fang, 1998; Chow
and Fang, 1998). The basic idea is to set up the mathematical model for the
entire learning control system including the dynamics of the control system
and the behavior of the learning process. Although 2-D system theory provides
a useful tool to ILC design and analysis, almost all the schemes based on it

are only applicable to linear time-invariant/time-varying systems.

Note that in all the ILC algorithms, the Identical Initial Condition (1.1.C.),
i.e. €;(0) =0, is essential. It means that the controlled process is required to
return to the same initial configuration after each learning trial. The I.I.C. is

one of the main limitations for further applications of ILC.

e EF/CEF-type FIL
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Recently, FIL under the frame of Energy Function (EF)/Composite Energy

Function (CEF) acquired much attention.

EF-based method evolves from Lyapunov function theory, which is a basic
analysis tool in nonlinear control design, and is subsequently extended to the
leaning domain of FIL. In (Ham et al., 1995; Park et al., 1996), the energy
function with respect to iterations has been set up to facilitate the leaning

design and analysis.

In CEF-type FIL schemes (Xu and Tan, 2002), a CEF which reflects the en-
ergy in both the time domain and the iteration domain is defined. Hence,
the convergency of CEF guarantees not only the finiteness of system states,
but also the convergence of tracking error along the learning axis. The main
advantages of CEF-type FIL have been summarized in (Xu and Tan, 2002):
(1) the learning convergence along the learning horizon and the system perfor-
mance along time horizon can be considered concurrently; (2) because of the

incorporation of system states information, the learning control approach can

handle both GLC and NGLC systems.

Moreover, based on CEF analysis method, if x4(0) = x4(T), the L.I.C. may
be replaced by a less restricted initial condition - alignment condition, i.e.
X;+1(0) = x;(T). In (Xu, 2002), the learning convergence with the alignment
condition for a certain class of systems was derived under the framework of

CEF.

All in one, EF/CEF analysis method greatly widens the application areas of
FIL.

System Uncertainties Addressed by FIL

The unknown system information addressed by FIL may be either the parameters

only or the form together with parameters which describe a deterministic function.
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Here, we classify the system uncertainties into the following two cases.

e Parametric Uncertainty

The parametric uncertainty is only time-related and can be either constant or

time-varying.

In (Xu, 2002; Xu and Tan, 2002), the parametric uncertainties have been
expressed as 0(t)€(x,t) € C(R™™ [0,T]) where 0(t) is a set of unknown
time-varying uncertainties and &(x,t) € R™ is a set of known functions of
states. Here ny is an appropriate integer specifying the dimension. Note that
here &(x,t) can be GLC or NGLC. It has been clearly shown in (Xu and
Tan, 2002) that , if £(x,t) is NGLC, although CM-type ILC fails to work, the

CEF-type FIL still can ensure the learning convergence.

e Norm-Bounded Uncertainty

For norm-bounded uncertainty, neither its structure nor its parameters are
known. The only available information is its bounding function. Obviously,
constructing FIL algorithm for norm-bounded uncertainties is much more dif-

ficult.

The norm-bounded uncertainties can be either GLC or NGLC. For GLC case,
even without knowing its bounding function, CM-type ILC can handle it effec-
tively. However, for NGLC case, CM-type ILC can not be applied any more.
Therefore, how to handle NGLC norm-bounded uncertainties needs further

investigation.

From another point of view, the norm-bounded uncertainties can be classified
into the following two different kinds: one is that the uncertainties will vanish
as the tracking error approaches to zero; the other is that the uncertainties will
not be zero even if the tracking error approaches zero. In (Qu et al., 2001) EF-

based FIL for systems with both parametric uncertainties and norm-bounded
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vanishing uncertainties has been proposed. How to deal with norm-bounded

nonvanishing uncertainties is still an unknown area.

Tracking Tasks of FIL

Tracking control tasks over finite interval can be classified into uniform and non-

uniform cases.

e Uniform Tracking Control Problem

Hitherto, most FIL schemes, including both classical ILC and EF /CEF-type
FIL, are only valid for uniform trajectory tracking problems, i.e. the control
target must be strictly repeatable over [0, T]. Therefore, if any change occurs
due to the variation of control objectives or task specifications, the control

system has to start learning process from the very beginning.

e Non-Uniform Tracking Control Problem

From a practical point of view, we often face non-uniform trajectory tracking

tasks, i.e. the desired tracking targets are different from iteration to iteration.

In (Saab et al., 1997), D-, PD- and PID-type ILC algorithms were presented for
tracking trajectories “slowly” varying in the iteration domain. In that work,
the difference between two consecutive iterations is assumed to be bounded by
a small constant. Due to the presence of non-parametric system uncertainties,
only a bounded tracking error is guaranteed if the target trajectory keeps

changing along the iteration axis.

To partially solve non-uniform tracking problems, Direct Learning Control
(DLC) and Recursive Direct Learning Control (RDLC) schemes were devel-
oped to make use of previously obtained control information to design the con-
trol input for a new trajectory (Xu et al., 1996; Xu, 1997; Xu and Song, 2000).

The basic idea behind these schemes is as follows. The control input of the
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Table 1.1: Brief summary for the background of FIL.

system can be partitioned into a basis function vector and a known matrix
reflecting the relations between different trajectories. Based on the knowledge
of the desired control inputs for the different trajectories, it is possible to iden-
tify the basis function vector. The batch processing nature of the DLC leads
to some implementation difficulties such as the long computation time and
singularities. Therefore, RDLC was proposed to overcome the difficulties in
DLC. Although good learning results are obtained by DLC and RDLC, they
are only limited to trajectories with different magnitude scales or different

time scales.

Recently, high-order iterative learning update laws were also suggested for
iteration-varying references or disturbances and evidenced only by simulation

results (Moore and Chen, 2002).

Obviously, how to deal with non-uniform trajectories learning is still worthy

of further study.

To clearly show the background of FIL, the main points are summarized in Table

1.1.
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1.1.2 Infinite Interval Learning Control (IIL)

IIL represents the learning over infinite time interval [0, c0). As the continuity of the
system states can be observed in most real control systems, extending the results in

FIL to IIL is very constructive.

Repetitive Control (RC) is a typical method of IIL, which was first introduced
by (Inoue et al., 1981) for SISO plants in continuous time. RC approach is the
design of a controller to track periodic reference commands and/or reject periodic
disturbance with a fixed but known periodicity 7. Unlike FIL, the learning process
of RC is continuous, i.e. the initial state at the start of each period is equal to the

final state of the preceding period.

The basic structure of RC scheme can be described in Fig. 1.2.

Figure 1.2: Basic structure of Repetitive Control.

From Fig. 1.2, it can be seen that the control signal is calculated using the informa-
tion of the previous period. With consecutive iterations, it is expected that the RC
system has the potential to substantially decrease the tracking error, and perfect
tracking can be obtained eventually. The basis of RC is IMP which implies that a

generator of periodic signals and a stabilizing controller, i.e. a controller that sta-
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bilizes the resulting closed-loop system, are needed to obtain the perfect tracking.
As any periodic signal with period T" can be generated by the free time-delay sys-
tem with an appropriate initial function, a delay with positive feedback around it is
used as an internal model in Fig. 1.2. Therefore, the perfect asymptotic tracking of

periodic references can be achieved, provided that the closed loop system is stable.

So far lots of works have been finished about the theories and applications of RC ap-
proach. The modified RC designs were proposed in (Hara et al., 1988; Sadegh, 1991)
to relax the requirement for zero relative degree. The tradeoff between system sta-
bility and tracking performance has been considered in (Hara et al., 1988; Srinivasan
and Shaw, 1991). RC approaches for discrete time systems were discussed in (Nakano
and Hara, 1986; Tomizuka, 1987; Middleton et al., 1989). The stability analysis was
enhanced in (Curtelin and Caron, 1993) and the robustness analysis was conducted
in (Srinivasan and Shaw, 1991; Hara et al., 1994; Liu and Tsao, 2001). Moreover, RC
schemes have been successfully applied in a number of areas, such as robot manip-
ulators (Hara et al., 1987), disk drive systems (Sacks et al., 1995), casting processes

(Manayathara et al., 1996) and satellite systems (Broberg and Molyet, 1992).

Next let us focus on the following three aspects.

e Plant Properties of 1IL

In most existing RC algorithms, the system internal stability and the learning
convergence are guaranteed under the assumption of linearity or linearizability
of the dynamic systems. Works for nonlinear RC are very limited. In (Hikita et
al., 1993), sliding mode control has been used to eliminate nonlinearities, thus
the problem can be reduced to a linear one. In (Khalil, 1994), a robust control
was first applied to bring the tracking error close to zero and then depended on
the internal model servomechanism to work locally to bring the error to zero.

A feedback linearizable nonlinear system has also been considered in (Alleyne
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and Pomykalski, 2000). Obviously, how to extend RC approach to nonlinear

dynamic systems deserves further investigation.

e Analysis Methods of 1L

Traditionally, the analysis of RC schemes is based on the small gain theorem
which can be regarded as the extension of CM principle to infinite time horizon.
Hence, it can be named as CM-type IIL. Recently, Lyapunov-based techniques
have been applied to analyze the RC properties (Sadegh et al., 1988; Dixon et
al., 2002) and we call them EF-type IIL. In (Sadegh et al., 1988), by using the
passivity properties of robot manipulators, based on EF-type RC, the system
stability and the learning convergence can be obtained without requiring any
assumption about the linearity of the system. Moreover, by taking advantage
of EF-type RC, many other Lyapunov-based techniques can be easily fused

and the stability analysis is straightforward.

e Tracking Tasks of IIL

In all the developed RC schemes, it is required that the reference input signals
and/or disturbances must be periodic. Hence, IIL for non-periodic reference

signals is still an open area.

The background of IIL is summarized in Table 1.2. We can see that there is much

space for us to further investigate the theories of IIL.

1.1.3 Learning for Nonsmooth Nonlinearities

In real control systems, many physical components contain nonsmooth nonlinear-
ities, such as saturation, relay, deadzone, backlash and hysteresis. This kind of

nonlinearities is especially common in actuators used in practice, such as motors,



Chapter 1. Introduction 13

Table 1.2: Brief summary for the background of IIL.

gear and hydraulic servo valves. The existence of these nonsmooth factors severely

decreases the control accuracy or causes oscillations, even leads to system instability.

As the nonsmooth nonlinearities are usually unknown and even vary with operation
conditions, conventional controllers, such as PD or PID controllers, exhibit poor
performance. Therefore, the study of methods to deal with nonsmooth nonlinearities
has been of interest to control engineers for some time. Next we will briefly review

the works on the control of systems with deadzone or backlash.

e Systems with Deadzone

The mathematical model of deadzone is a typical kind of nonsmooth non-
linearity, which is important not only in itself, but also to other nonsmooth
nonlinearities, such as hysteresis and stiction, which can be modelled using
deadzones (Recker and Kokotovi¢, 1991). The standard techniques to over-
come a deadzone include variable structure control (Utkin, 1978) and dithering
(Desoer and Sharuz, 1986). Motivated by the limitations in these approaches,
such as chattering in sliding mode control, several adaptive inverse approaches

were proposed (Recker and Kokotovié, 1991; Tao and Kokotovié, 1994; Tao
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and Kokotovié¢, 1996; Tao and Kokotovi¢, 1997), which employed an adaptive
inverse for canceling the effect of an unknown nonlinearity and a fixed (or adap-
tive) linear control law for a known (or unknown) linear dynamics. Recently,
soft computing such as fuzzy logic and neural network based control algo-
rithms has also been applied to handle problems relevant to deadzones. Fuzzy
logic based controllers were developed in (Kim et al., 1994; Lewis et al., 1997).
Fuzzy precompensation schemes for PD controller and PID controller were
proposed in (Kim et al., 1993) and (Kim et al., 1993) respectively. Neural net-
work schemes (Cetinkunt and Domez, 1993; Lee and Kim, 1994; Selmi¢ and

Lewis, 2000) were also given to identify and compensate an unknown deadzone.

e Systems with Backlash

Backlash is another kind of highly practical-relevant control problem. Compar-
ing with deadzone which is memoryless, backlash has an element of memory.

Hence, overcoming backlash is more difficult.

The control of systems with backlash has been studied since 1940. Linear
controllers, such as PI, PID and observer-based controllers, were first investi-
gated. By now, many works have been finished. Approximating the inverse
of the backlash has often been suggested as an effective way. The inverse
compensation methods were proposed in (Tao and Kokotovi¢, 1993; Dean et
al., 1995) based on online identification of backlash parameters; Switched con-
trol (Nordin and Gutman, 2000), dithered control (Desoer and Sharuz, 1986),
Taylor’s SIDF method (Taylor and Lu, 1995) and etc. have also been ap-
plied to avoid the harmful effect of backlash. Due to the capability of learn-
ing any nonlinear functions, neural networks have been used to identify and
compensate backlash. A recurrent neural network with unsupervised learn-
ing by genetic algorithm was developed in (Shibata et al., 1993). In (Seidl et

al., 1995), a neural network was proposed to handle gear backlash in precision
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position-controlled mechanisms.

In almost all the proposed learning schemes for nonsmooth nonlinearities, the algo-
rithms are quite complicated and only bounded tracking error or asymptotic con-
vergence can be guaranteed. Moreover, if the parameters of deadzone or backlash
are time-varying, the compensation based on adaptive control fails to work. On
the other hand, according to Sections 1.1.1, FIL has been widely applied due to
its simplicity and effectiveness. As a complement to the existing methods, the con-
trol target of FIL is perfect tracking over the entire finite time interval. However,
the implemented areas of FIL are only limited to smooth systems so far and the

application to unknown nonsmooth nonlinearities is absent.

1.2 Objective of This Thesis

Although both FIL and IIL schemes have been developed for quite a long period,

there are a number of problems which hinder the further applications.

So far, the application of FIL is only limited to smooth nonlinearity. Is it

possible to extend FIL to systems with unknown nonsmooth nonlinearities?

e How to deal with norm-bounded nonvanishing uncertainties which maybe

NGLC?

e How to handle non-uniform trajectories learning is worthy of further investi-

gation.

e Can we add the FIL scheme to some existing effective control methodology

such that the original control approach also has learning ability?

e The implementation of IIL is very limited. How to further relax the limitation

and widen its application areas?
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e Many FIL and IIL approaches are under the framework of EF/CEF, in which
the system states are assumed to be available. If the system states are not
measurable, can we combine state estimation with the proposed CEF-type

learning control approaches?

In this thesis, the major efforts are to develop theories to solve the above problems.

The main contributions are summarized as follows.

e FIL for Systems with Nonsmooth Nonlinearities

Under the framework of CM principle, FIL has been extended to discrete-time
systems with unknown high nonlinearities such as input deadzone and input
backlash. Based on the simple learning law, the unknown input deadzone or
backlash can be compensated effectively and the perfect tracking can eventu-

ally be obtained iteratively.

e FIL for Systems with Norm-Bounded Uncertainties

CEF-type FIL for systems with norm-bounded uncertainties has been dis-
cussed and several schemes have been proposed. A FIL approach for SISO
dynamic systems with GLC norm-bounded uncertainties has been first out-
lined. A novel robust FIL scheme which combines robust control with CEF-
type FIL has been proposed to deal with SISO dynamic systems with NGLC
norm-bounded uncertainties. The basic idea of robust FIL is that the robust
control is employed to guarantee that all the system states belong to a compact
set, subsequently FIL is applied to improve the tracking performance gradu-
ally. Furthermore, FIL for systems with norm-bounded uncertainties under
alignment condition is also considered. Finally, based on the discussion for
SISO dynamic systems, the robust FIL approach has been extended to MIMO

dynamic systems with norm-bounded NGLC uncertainties.
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e FIL for Non-Uniform Tracking Problems

Novel FIL algorithms have been introduced for non-uniform trajectory track-
ing problems in the presence of time-varying and/or time-invariant parametric
uncertainties. The proposed approaches can learn from different motion pat-
terns and are capable of generating the control profile for any new motion
pattern, thus retaining the main advantages of DLC over ILC. On the other
hand, the new methods require no a priori control knowledge, which overcomes
the main limitation of DLC. Rigorous proofs based on CEF analysis method

have been given to validate the proposed approaches.

The proposed new FIL scheme includes the FIL approach for parametric un-
certainties as its subset when the trajectories to be learned are identical over
iterations. Obviously, the new developed approach could be applied to much

broader nonlinear control systems.

e Fuzzy Logic Learning Control (FLLC)

Although Fuzzy Logic Control (FLC) is an effective way to deal with nonlinear
system uncertainties, experts have to spend a long time on re-adjusting the
parameters when the tracking task changes. One way to partially tackle this

problem is to offer the FLC system a learning mechanism.

In this thesis a new modular approach - Fuzzy Logic Learning Control (FLLC)
has been proposed, which integrates two complementary control approaches,
FLC and FIL, and improves the tracking performance through tasks repeti-
tions. The incorporation of the learning function into fuzzy controllers ensures
exact tracking because it completely nullifies the effects of reference signal and

periodic disturbances on the tacking error.

Through rigorous proof based on EF, we show that the proposed FLLC system
achieves the following novel properties: (1) the tracking error converges uni-

formly to zero; (2) learning control sequence converges to the desired control
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profile almost everywhere.

o [IL for Systems with Parametric Uncertainties

By taking the advantage of CEF analysis method, the CEF-type FIL for sys-
tems with parametric uncertainties has been further extended to the IIL case.
It has been shown that, only if the parametric uncertainty is periodic, based on
the known periodicity 7', the perfect tracking can be realized asymptotically.
Moreover, in the proposed IIL schemes, the tracking tasks can be either pe-
riodic or non-periodic which greatly widens the application of IIL. This work

can also be treated as an extension of FIL for non-uniform tracking problems.

o [IL for Systems with Norm-Bounded Uncertainties

The CEF-type FIL for systems with norm-bounded uncertainties has been ex-
tended to infinite time interval [0, cc0). To clearly show the basic idea, IIL for
SISO dynamic systems with both GLC and NGLC uncertainties have been
discussed in the first place, followed by implementing IIL to MIMO dynamic
systems with NGLC uncertainties. It has been shown that, when the uncer-
tainty is periodic in time ¢ and the tracking target has a common periodicity,
the learning convergence can be guaranteed even in the presence of norm-

bounded uncertainties.

e Observer Based IIL for Systems with Parametric Uncertainties

In all the CEF-type learning control schemes, the system states are assumed
to be available. To facilitate the practical application, the observer based IIL
algorithm, which combines the state estimation with IIL, has been proposed
for systems with parametric uncertainties. Based on the state estimation,
the perfect tracking can be assured as time proceeds. Moreover, if the [.I.C.
or alignment condition is satisfied, the algorithm can be directly applied to

CEF-type FIL for systems with parametric uncertainties.
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1.3 Thesis Organization

The thesis consists of 10 chapters, organized as follows.
Chapters 2-6 cover the theories of FIL and Chapters 7-9 focus on the theories of IIL.

In Chapter 2 and Chapter 3, the CM-type FIL is extended to nonlinear systems
with input deadzone and input backlash. Because of the singularity property of
the systems with input deadzone or backlash, in Chapter 2-3 we consider a kind of

discrete-time control system described as:

x(k+1) = f(x(k),k)+ bu(k)
u(k) = Wlo(k)]

yk+1) = cx(k+1),

where x € R™ is the system state; y € R is the measurable system output; u € R
is the plan input, but not available for control; v € R is the actual system input;
k € K and W x| represents the input deadzone (W = DZ) or the input backlash

(W = BL);

From Chapter 4 to Chapter 9, different kinds of CEF-type learning control schemes
are proposed. In all these chapters, the following nonlinear systems with matched

uncertainties are considered.
x(t) = f(x,t) + B(x,t)[u(t) + d(x, )], (1.1)

where x € R" is the state vector, u € R™ is the control input vector, d(x,t) is
the system uncertainties and ¢ either belongs to [0,7] (Chapter 4-6) or to [0, 00)

(Chapter 7-9).

According to the different proposed schemes, several subsets of system (1.1) are

discussed in different chapters.
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Chapter 4 develops novel CEF-type FIL approaches for nonlinear systems with
norm-bounded uncertainties d(x,¢) which can be GLC or NGLC. Rigorous proofs

are provided therein. The control system we discussed in Chapter 4 is:
X(t) = £(x,t) + Bo(t) H (x, 1)[u(t) + d(x, 1)], (1.2)

where By(t) € R™™ and H(x,t) : R" x Ry — R™™. We can see that in (1.1), if

n #m, B(x,t) = By(t)H (x,t) is needed where H(x,t) is square.

New FIL schemes suitable for non-uniform trajectories in the presence of parametric
uncertainties are proposed in Chapter 5. The convergence analysis based on CEF is
presented and the effectiveness of the new schemes is validated by simulation results.

In Chapter 5, the following high-order MIMO system is considered.

%n(t) = £(x,1)+ B(x,t)u(t) + di(z,1)] (1.3)

A
where x, € R, k=1,--- ,m; x = [x],x},-- - xL]T € R"™; u € R and d;(x, 1)

is the parametric uncertainty.

Note that all the approaches outlined in Chapter 5 are also valid for system (1.2)
with the assumption that d(z,t) is a kind of parametric uncertainty. Similarly, the
schemes proposed in Chapter 4 can also be applied to system (1.3) if d;(x,t) is a
kind of norm-bounded uncertainty. Therefore, we give two different kinds of control

systems to which our FIL approaches can be implemented.

Chapter 6 is devoted to a PD type FLLC approach which adds the FIL mechanism
to the existing fuzzy logic controller in an additive form. Both theoretical analysis
and simulation results are provided. According to the properties of FLC and FIL,

we only consider the following nonlinear dynamic system.

i’lz.fg

To = f(x,t)+b(xy,t)u (1.4)
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where x = [r1,15] € R? u € R and f(x,t) and b(x;,t) are nonlinear uncertain

functions. Obviously, the system (1.4) is also a subset of (1.1).

CEF-type FIL approaches for systems with parametric and norm-bounded uncer-
tainties are extended to IIL in Chapter 7 and Chapter 8 respectively. All the algo-
rithms given in Chapter 7 are suitable either to (1.2) or to (1.3) if both d(x,t) and
d;(x,t) are parametric uncertainties and ¢ € [0,00). In this thesis only the results
for system (1.3) are given and the results for system (1.2) can be obtained directly.

While in Chapter 8, we discuss more restrictive control systems:
x(t) = f(x,t) + B(t)[u(t) + d(x,t)], (1.5)

where x € R™, u € R", B(t) € R"*", and d(x,t) is the norm-bounded uncertainty.
It clearly shows that IIL for systems with norm-bounded uncertainties is the most

difficult control problem.

The observer based IIL for system with parametric uncertainty is presented in Chap-
ter 9. Considering the requirement of an observer design, we proposed the IIL

algorithm for the following MIMO system.

x = Ax+ Blu(t) +d(x,1)]
y = 0Ox,
where x € R" is not measurable; y € R™ is the physically accessible output vector;

u € R™; d(x,1) is the parametric uncertainty and A, B and C' are constant matrices

of appropriate dimensions.

Chapter 10 summarizes the fulfilled work and gives recommendation on the future

research.

Finally, to clearly show the background and the contributions of this thesis, the

main results related to the theories of FIL and IIL are summarized as Table 1.3.
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Table 1.3: Summary of the Main Results Related to FIL and IIL.




Chapter 2

FIL for Systems with Input

Deadzone

2.1 Introduction

FIL, such as ILC, has been widely applied to repeated tracking control and repeat-
able disturbance rejection in the past two decades due to its simplicity and effective-
ness. However, only the smooth nonlinearity is considered hitherto and the absent

from these results is the application of FIL to unknown nonsmooth nonlinearity.

The mathematical model of deadzone is a typical kind of nonsmooth nonlinearity.
In practice, the parameters of the model are poorly known and even vary with

operation conditions. Therefore, it is a challenge to control engineer.

The goal of this chapter is to investigate the control problem for a class of uncertain
nonlinear systems with input deadzone. A possible alternative but much simpler
approach making use of FIL is outlined to deal with a certain class of systems with
input deadzone. It will be shown that even if the width of the deadzone is completely

unknown, only by using the tacking error of previous learning cycle, the deadzone

23
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compensation can be conducted automatically. Hence, as the learning iteration
approaches to infinity, the system tracking error converges to zero. Moreover, we
assume that the system itself also has some nonlinear uncertainty which is totally

unknown but GLC.

Many systems with deadzones can be modeled in discrete time. Furthermore, for im-
plementation in digital controllers, a discrete-time deadzone compensator is needed.

Therefore, in our work, we focus on a class of discrete-time systems.

This chapter is organized as follows. In Section 2.2 FIL for the static mapping
of a deadzone is analyzed. The FIL for dynamic systems with input deadzone is
presented in Section 2.3. Section 2.4 contains an illustrative example. The proposed
scheme has been applied to a linear piezoelectric motor and the experimental results

are given in Section 2.5. Finally, conclusion is drawn in Section 2.6.

2.2 Preliminaries

Lemma 2.1. Let two sequences be {z;} C R and 6; C R, with i € Z,. Assume
that ¥Yi € Z,, the inequality |zi11 — a| < 7|z — a| 4+ |;| holds, where a € R and

0 <~y < 1. Then lim z; = a can be derived if lim |0;] = 0.

Lemma 2.2. Separate the entire real axis R into three intervals: I 2 (—00,a),
L2 [a,b] and I3 2 (b,00), where a <b. Assume Vi € Z,, the following relations

are valid:

Zf Zi 6]1, 71(Zl—a)—|5l| SZZ+1—CL§’}/1(ZZ—CL)+|(SZ|, (21)
if z € I3, Yo(zi = b) = [0 < 241 — b < ya(zi — b) + (64, (2.3)

where 0 < 1 < 1, 0 < v < 1, sup |§;| is finite and lim |0;] = 0. For any finite
i€z i—00
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Figure 2.1: The deadzone nonlinearities u(k) = DZ[v(k)].

20 € R, under the mappings (2.1) — (2.3), lim z; € Iy can be derived.

The proofs for Lemma 2.1 and Lemma 2.2 are given in Appendix A.

2.3 FIL for A Pure Deadzone Component

Consider the following static mapping of a deadzone,

myv(k) —n] v(k) € Ig
u(k) = DZ[v(k)] = 0 v(k) e lp (2.4)

where v(k) € R is the input of the deadzone; u(k) € R is the output of the deadzone;

=

ek 2 {0,1,2,--- N} and N is a finite integer; Ir 2 (,00), Ip = [m,n,] and

A
I, = (—o0,m); my >0, m, >0, <0, n >0 are constant parameters;

The static relationship can be described in Fig. 2.1. Note that the deadzone can be
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nonsymmetric.

The following assumption is first made for the deadzone (2.4).

Assumption 2.1. The upper bound of m; and m, is known and denoted as B; >
max{m;, m,}.

The control objective is to find a sequence of appropriate control signal v;(k), such

that u;(k) converges to the target uq(k) iteratively.

The learning law is constructed as

wlk) = w1 (k) + Bouiy(k), (2.5)

0 < 1-pBy <1,

where du;_1(k) = uq(k) — u;—1(k) and B > 0 is the learning gain. As m;, m, and
(G are all positive, 0 < 1 — By < 1 implies that 0 < 7 21 OGm; < 1 and

O<%é1—ﬁmT<1.

Let v_1(k) = u_1(k) = 0, based on FIL law (2.5), the following result can be

obtained.

Theorem 2.1. For the static mapping (2.4), under Assumption 2.1, the control law

(2.5) guarantees that, Vk € IC, du;(k) converges to zero as i approaches to infinity.

Proof:
Given any k € K, when i = 0, we have vy(k) = fugq(k) from (2.5).

If ug(k) = 0, according to (2.5), it can be derived that Vi € Z,, v;(k) = 0, hence

u;(k) = uq(k) = 0 can be guaranteed for any iteration.

Now let us discuss the case when uy(k) # 0. Here we assume u4(k) > 0. The result

for ug(k) < 0 can be derived analogously.
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According to (2.4) and (2.5), a finite iteration number p; > 0 can be found such
that vy, (k) = (pr + 1)Bua(k) € Ig and Vi < py v;(k) = (i + 1)Bua(k) € Ip. Next we

will show Vi > py., v;(k) € Ir can be derived. The induction method is used here.
1. n=p

Let i = py, vy, (k) = (pr + 1)Buq(k) € Ig.
From (2.4) and considering v,, (k) = prSuq(k) & Ir, we have

Oup, (k) = ua(k) —my[vp, (k) — ]
= ua(k) — my(px + 1)Bua(k) + myn,
= yua(k) +me[n, — prBua(k)]
= yua(k) +me[n, — vp—1(k)] > 0.

2. Vn > py, assume v, (k) € Ir and du, (k) > 0.

According to updating law (2.5) and considering the positiveness of 8 and du,(k),

it can be derived that

Un1(k) = vu(k) + Bou, (k) > v,(k) > n,.

Furthermore, from (2.4) and considering 7, > 0, we have

Otuni1(k) = 0un(k) + un(k) — tny1(k)
= Gun(R) + malon(k) — 1] — s () —
= Oun(k) + m,[v, (k) — vpp1 (k)]

= 7, 0un(k) > 0. (2.6)
Hence, v,11(k) € Ir and du,41(k) > 0 can be derived.

3. Therefore, Vi > py, v;(k) € Ig and du;(k) > 0 can be guaranteed. Furthermore,
(2.6) is always valid. As 0 < 7, < 1, according to (2.6), u;(k) converges to uq(k) as

1 approaches to infinity:. [ |
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2.4 FIL for Dynamic Systems with Input Dead-

zone

Consider the following dynamic system
x(k+1) = f(x(k),k)+ bu(k)
u(k) = DZ[v(k)]
yk+1) = cx(k+1), (2.7)
where x € R™ is the system state; y € R is the measurable system output; u € R
is the plan input, but not available for control; v € R is the actual system input;

f:R"xK—R"beR"and c € R k € K and DZ[#] is defined same as in
(2.4).

The following assumptions are made for the dynamic system (2.7).

Assumption 2.2. f(x(k), k) is GLC with respect to x(k), i.e. |[f(x1(k),k) —

f(x2(k), k)|| < lg||x1(k) — x2(k)||, where l¢ is an unknown global Lipschitz constant.

>

Assumption 2.3. System (2.7) satisfies the I.I.C., i.e. 0x;(0) = x4(0) — x;(0) =0,

hence ¢€;(0) 2 ya(0) — 4;(0) = 0, where i € Z,.

Assumption 2.4. The prior information with cb € R is its sign and its bound

By > |cb|. Without loss of generality, assume cb > 0 in this chapter.

Remark 2.1. From the practical point of view, the L.I.C. (Assumption 2.3) is difficult
to be met in practice. A possible way to solve the problem is to modify the target
trajectory at the initial stage by making an appropriate interpolation (Sun and

Wang, 2002), in the sequel guarantee e;(0) = 0.

The ultimate control target is to find the control signal v;(k) iteratively such that

y;(k) converges to the desired output y,4(k) as i — oo, where y,(k) can be described
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ya(k) = cxq(k) = cf (x4(k — 1),k — 1) + cbuy(k — 1). (2.8)

Remark 2.2. According to (2.4), when ug4(k) # 0, the unique desired input vy(k)
exists. However, when uq(k) = 0, vg(k) is not unique any more and could be any

value belonging to Ip.

The FIL law is
vi(k) = wviea(k) + Beima(k+ 1), vo(k) =0 (2.9)
0 < 1-0B1B;< 1.
Similarly, 0 < 1 — 8B1B, < 1 leads to 0 < ~/ 2 1 — Bcbm; < 1 and 0 < 7. =

1 — Bcbm, < 1.

According to (2.7) and (2.8) and considering Assumption 2.2, Vk € K, we have
[l (k)

< [[fa(k — 1) = £i(k = D[l + [[b[|dui(k — 1)]

< lel|oxi(k = D + |[bl[[0wi(k — 1)1, (2.10)
where f3(k—1) = f(xq(k—1),k—1), fi(k—1) =f(x;(k—1),k—1) and du;(k—1) =
uqg(k — 1) —u;(k — 1). By using (2.10) repeatedly, we obtain

lox;(R)[I < T lloxi () + ¢~ [ bll|ows(0)] + 1§ ~2|[bll|dus(1)]
+- o+ [bll[dui(k — 1)

k-1
= [ > 16wl (2.11)
§=0

Moreover, from the above equation, the following can be derived straightforwardly.

lei(R)l < llelllloxi (k)]
k-1

< elllbll Y 1 6w ()]- (2.12)
j=0

To simplify the proof of the main result, two Lemmas are given first.
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Lemma 2.3. Assume lim |0u;(k)| = 0 where k = 0,---,m and 0 < m < N — 1.
Under Assumptions 2.1 -2.4 and the control law (2.9), the system input v;(m+1) €

Ir will always be guaranteed after finite iteration if ug(m + 1) > 0.

Proof:

Since ug(m + 1) > 0, two arbitrarily small constants €, and p can be found such

l m A = m—j
that ug(m + 1) > % + p, where T, = ||b]| Zlf €.
=0

AsVk €{0,---,m}, lim |du;(k)| = 0, for any given ¢,,, a finite constant p/, can be

found such that Vi > p! | |0u; (k)| < €.
According to (2.11), we have
[6x:(m + DI} < [bIS e = Do (2.13)
=0
Therefore, considering Assumption 2.2, for any i > p/ |

—lel|ox;(m + Dl < fa(m + 1) = £i(m + 1) < lel|oxi(m + 1)]]

Ty < fa(m+1) = f(m+1) < [Ty (2.14)

The rest of the proof contains two parts. Par A shows that the control law (2.9)
maps vo(m+ 1) into I in finite iteration p,,. In Part B, we will prove that Vi > p,,,

the control law (2.9) maps v;(m + 1) from Ig to Ig.
Part A
Substituting (2.9) into (2.7) yields
x;(k+1) =£;(k) + bDZ[v;_1 (k) + fe(xa(k + 1) — x;-1(k + 1))].

Considering f;(k) is GLC, N is finite, vy(k) = 0 and the definition of DZ[%|, it can
be derived that for any finite iteration, the system state x;(k), the control input

v;(k) and the system output y;(k) are all bounded.
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lf”CHFm

As ug(m+1) > + p >0 and cb > 0, from (2.8), it can be derived that

ya(m +2) —cfy(m+1) = cbug(m+1)

T
. ep(leil
C

= Ig/|c||Tm + cbp. (2.15)

Vi > pl, assume v;(m + 1) & Ir. From updating law (2.9), it can be derive that

vipiim+1) = v(m+1)+ Be;(m+2)
= vi(m+1) + f{ya(m + 2) — cfi(m + 1) — cbDZ[v;(m + 1)]}
= vi(m+1)+ B{ya(m + 2) — cfy(m + 1) + cfy(m + 1)

—cf;(m+1) — cbDZ[v;(m + 1)]}.
Considering (2.14) and (2.15), we can obtain that

visi(m+1) > vi(m+ 1)+ B(l|c||Thm + cbp) — Blgl|c||Ty, — febDZ[v;(m + 1)]

= v;(m+ 1)+ fcbp — fecbDZ[v;(m + 1)].
As vi(m+1) & Ig, DZ[v;(m + 1)] < 0. Considering Scb > 0, we have

vip1(m+1) > v;(m + 1) 4+ Bcbp. (2.16)

As p; is finite, v, (m) is bounded. According to (2.16), there exists a finite iteration

Pm > D), such that v, (m+1) € Ig.
Part B

From Part A, v, (m+ 1) € Ig. Next we will prove that Vi > p,,, if v;(m +1) € I,

vit1(m + 1) € Ir can be derived. As ug(m + 1) > 0, the uniqueness of vy(m) is

lf”CHFm lf||c||Fm

cbm,

ensured. Moreover, ug(m +1) > + p leads to vg(m +1) > n, + ;2 +
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According to the updating law (2.9), we have
viprim+1) = vi(m+ 1)+ Be;(m + 2)
= vi(m+ 1)+ Blcfs(m + 1) + cbm,vg(m + 1)
—cf;(m + 1) — cbm,v;(m + 1)]
= v;(m+ 1)+ pcbm,dv;(m + 1) 4+ Bc[fy(m + 1)
t(m+1)
> febmyvg(m + 1) + yv(m + 1) — Blg||c||T,
> Bebmyvg(m 4+ 1) + yin,. — Ble||c||Ty. (2.17)

where dv;(m + 1) = vg(m + 1) — v;(m + 1).

Considering vg(m + 1) > n, + ;& + %, (2.17) can be rewritten as

le||c||Tm
waalm 1) 2 b, (g + L+ T

= 1+ Bcbp >,

)+ e — Ble|c|| T,

Therefore, Yv;(m + 1) € I (i > py,), the control law (2.9) always maps it into Ig.

Remark 2.3. Analogous to Lemma 2.3, under the same assumptions, the control

law (2.9) ensures that the system input v;(m + 1) € I after finite iterations if

uq(m +1) <O0.

According to Remark 2.2, if ug(k) = 0, v4(k) is not unique. Next we will show

that in such situation, lim du;(m + 1) = 0 can be derived directly if lim du;(k) =0

1— 00 1— 00

(k=0,---,m) and lim v;(m+1) € Ip.

11— 00

Lemma 2.4. Assume lim éu;(k) = 0 where k = 0,---,m. If ug(m +1) = 0,

lim du;(m + 1) =0 and lim v;(m + 1) € Ip can be derived.

Proof:
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Similarly to Lemma 2.3, €,, and p!, can be found such that Vi > p! , |6u;(k)| < €

(k=0,---,m). Moreover, (2.13) is still valid.

Let us check the system input v;1(m+ 1) (i > p/,,) according to the following three

cases.
Case 1: vi(m+1) € Igr (i > pl,)

UiJrl(m + 1) - N
=v;(m+ 1)+ pe[fy(m + 1) — £;(m + 1)] + Beblug(m + 1) — u;(m + 1)] — 7,
=v;(m+ 1)+ Be[fy(m + 1) — £;(m + 1)] + Bcbm,[n, — v;(m + 1)] — n,

= Y lvi(m + 1) = n,] + Be[fa(m + 1) — fi(m + 1)].

From (2.11), we have

lvilm +1) = 0] = Ag(m) S vipa(m+1) =0, < yfoi(m + 1) —n,] + Ai(m)2.18)
where Aq(m) 2 fielcl bl S 5 |5u(7)|.

=0
Case 2: vi(m+1) € I, (i > pl,)
Analogous to Case 1,
viri(m+1) = = yfvi(m + 1) — ] + Belfa(m + 1) — fi(m + 1)],

and

Avi(m + 1) =] = A(m) < viga(m 4+ 1) — g < Affv(m 4+ 1) — m] + Ai(m)(2.19)
Case 3: vi(m+1) € Ip (i > p.,)

visim+1) = v(m+1)+ Be[fy(m+ 1) — f;(m + 1)] + Beblug(m + 1) — u;(m + 1)]

= vi(m+ 1)+ Be[fa(m+1) — £;(m + 1)].
Hence,

vim+1)—A;(m) <via(m+1) <v(m+1) + Ay(m). (2.20)



Chapter 2. FIL for Systems with Input Deadzone 34

Considering (2.18), (2.19) and (2.20), as lim A;(m) = 0 and vy (m+1) is bounded,

i—00

according to Lemma 2.2, it can be derived that lim v;(m + 1) € Ip. Consequently,

1— 00

lim w;(m + 1) = ug(m + 1) = 0. |

Theorem 2.2. Under Assumptions 2.1-2.4, the learning law (2.9) guarantees that
y;(k) and u;(k) converge to yy(k) and uq(k) respectively for any k € IC. Moreover, the
system input signal v;(k) converges to vq(k) if uq(k) # 0, otherwise v;(k) converges

to ID.

Proof:

We will prove this theorem by induction on k£ € K. The convergence property of
u;(0) and y;(1) is first derived in Part A. Assume wu;(k) and y;(k + 1) converge to
uq(k) and yq(k + 1) respectively, where k = 0,--- ,nand 1 <n < N —1. Part B
shows the convergece of u;(n+1) and y;(n+2). Therefore, Vk € K, as i approaches to

infinity, w;(k) and y;(k) approach to us(k) and y4(k) respectively can be guaranteed.
Part A

If ug(0) =0, y4(1) = cf(x4(0),0). Assume v;(0) = 0, from (2.9) we have

vir1(0) = 0i(0) + Blya(1) — (1))
= B{ya(1) — cfi(0) — cbDZ[v:(0)]}
= Blya(1) — cfa(0)]

= 0. (2.21)
As vp(0) =0, from (2.21), v;(0) = 0 can always be ensured.
Since y;(1) = cf;(0)+cbDZ[v;(0)], 2;(0) = 24(0) and v;(0) = 0 lead to y;(1) = ya(1).

Hence, Vi € Z,, v;(0) =0 € Ip, u;(0) = ug(0) and y;(1) = y4(1).
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(2) ua(0) #0

Assume u4(0) > 0 which implies v4(0) > 7,. Considering vy(0) = 0 and x((0) =

x4(0), we have

vi(0) = vo(0) + Blya(1) — yo(1)]
= [[cfs(0) 4+ cbug(0) — cfy(0) — cfug(0)]
= [cbugy(0).
As Vi € Z,, x;(0) = x4(0), if v;(0) € Ip, v;41(0) = v;(0) + Fcbugy(0) can be

derived analogously. Hence, a finite iteration number py can be found such that

Upo—1 = (po — 1)Bcbug(0) < n, and v,, = pofcbuy(0) > n,.
Moreover, Vi > py, if v;(0) > 7,, we have
vi+1(0) = vi(0) + Blecbmy(va(0) — ;) — cbmy(vi(0) — ;)]
= %vi(0) + Bcbm,vq(0)

> e + Bebmgn,

= 1
Hence, considering v,, > n,, for any i > py, v;(0) > 7, can be guaranteed.

According to (2.9), the following can be derived for any ¢ > py.
5Ui+1(0> = 51)@(0) — Bel(l)

= 0v;(0) — Bc[fy(0) — £(0)] — Bcbm,.0v;(0)

= ~.00v;(0). (2.22)
As 0 <. <1, lim 6v;(0) = 0, hence lim éu;(0) = 0.

1— 00

Moreover, from (2.12), we have

le: (W1 < [le[lblZe[ou(0)].
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Hence, lim du;(0) = 0 leads to lim e;(1) = 0.

i—00 i—00

For u4(0) < 0 the same result can be derived straightforwardly.
Part B

Assume lim du;(k) = 0 and lim e;(k+1) = 0, where k =0,--- ,nand 1 <n < N—1.

1—00

Let us check the convergence propery for k =n + 1.
(1) ug(n+1)=0

If ug(n+1) =0, from Lemma 2.4, it can be derived that lim u;(n + 1) = ug(n + 1)

and lim v;(n 4+ 1) € Ip. Consequently, according to (2.12), lim e;(n 4 2) = 0.

(2) ua(n +1) # 0

If ug(n +1) < 0 or ug(n + 1) > 0, according to Lemma 2.3 and Remark 2.3, a
finite iteration number p,, can be found such that v;(n 4+ 1) € I, or v;(n 4+ 1) € Iy

respectively.

Assume ug4(n + 1) > 0. According to updating law (2.9) and considering (2.11), for
any ¢ > pp, we have
ipi(n+1) = dv(n+1)— Pei(n+2)
= ov(n+1)—pPclfy(n+1)—£;(n+ 1)] — Becbm,.dv;(n + 1)

< ydvi(n+ 1) + Blellell[b] Y ir 15w ().

=0
Therefore,
[§vis1(n + 1)| < 7ildvs(n+ 1) + Blellel b Y iF~ |6us(5)]. (2.23)
=0
According to Lemma 2.1, lim |[du;(k)] =0 (k=0,---,n) leads to lim |[dv;(n+1)| =

0. Consequently, lim |du;(n+1)| = 0 can be ensured. From (2.12), lim |e;(n+2)| =0

is further derived.

For ugs(n 4+ 1) < 0, the same result can be obtained similarly. [
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Next let us consider system (2.7) again, but DZ[x] is defined as
my(k)[v(k) —m(k)]  v(k) € IL(k)
u(k) = DZ[v(k)] = 0 v(k) € Ip(k) - (2.24)
my(k)[v(k) — e (K)] - v(k) € Tr(k)
where Yk € K my(k) > 0, m.(k) > 0, m(k) < 0 and n,(k) > 0. Note that in
(2.24), all the parameters of the deadzone are time-varying and satisfy the following

assumption.

Assumption 2.5. The upper bound of m;(k) and m,(k) is known and denoted as

B;.

Based on the same learning law (2.9), the following corollary can be obtained.

Corollary 2.3. Under Assumption 2.2 - 2.4 and 2.5, the learning law (2.9) guar-
antees that u;(k) and y;(k) converge to uq(k) and yq(k) respectively for any k € K.
Furtherfmore, the system signal v;(k) converges to vy(k) if uq(k) # 0, otherwise

lim Uz(k’) S ID.

1—00

The proof for Collorary 2.3 is exactly same as the proof of Theorem 2.2.

2.5 Illustrative Example

The following systems with input deadzone is considered.
ZL‘l(k’TS + TS) = ZL‘Q(I{?TS)
xo(kTs + 1) = 0.7x1(kTs) 4+ 0.1529(kTs) + DZ[v(kTs)]
y(kTs + Ts) = x2(kTs + Ts)a

where the deadzone parameters are n;(k) = —0.6 — 0.12sin(kT}), n.(k) = 0.9 +

0.13sin(kTs), my(k) = 0.8+ 0.15sin(kTs) and m,. (k) = 1.2+ 0.1sin(kTs). Note that



Chapter 2. FIL for Systems with Input Deadzone 38

16

141 .

0 | | T + + . L L
0 10 20 30 40 50 60 70 80 90 100
Iteration Number

Figure 2.2: Learning convergence of y4; — y; for system with input deadzone.

my, m,., m and 7, are all time-varying. The desired output is y4(k) = 10sin3(kT}),

k=0,1,---,6283. To satisfy Assumption 2.3, let z1,; = x5,(0) = 0.

Assume the known bound of m;, m, and cb are By = 1.5 and By = 1.5 respectively.

Choose 8 = 0.2 to guarantee 0 < 1 — 3B; By < 1. Let T, = 0.001s.

By applying the control law (2.9), the simulation result is shown in Fig. 2.2. The

horizon is the iteration number and the vertical is |yq — ¥i|sup 2 sup |ya(k) — i (k)|
kek
Fig. 2.3 shows the control signal v; at the 100th iteration.

To demonstrate how the input deadzone is learned by FIL, next we focus on the
learning performance during £ = 0,1,---,200. In Fig. 2.4, the control signals of
different iterations are given. Obviously, the system input deadzone is overcome

gradually just by iterations.

From the simulation results, it can be clearly seen that although all the parameters
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Figure 2.3: Control signal at the 100th iteration.
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Figure 2.4: Control signal v; in different iterations.
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Figure 2.5: Structure of the control system.

of the deadzone are time-varying, the proposed FIL scheme still works quite well.

2.6 Experimental Results

In order to verify the effectiveness of the proposed algorithm, experiments have been
carried out using a linear piezoelectric motor which has many promising applica-
tions in industries. The piezoelectric motors are characterized by low speed and
high torque, which are in contrast to the high speed and low torque properties of
the conventional electromagnetic motors. Moreover, piezoelectric motors are com-
pact, light and operates quietly. They can’t be affected by external magnetic or
radioactive fields. However, the accurate mathematical model of piezoelectric mo-
tors are unavailable and their control characteristics are highly nonlinear. Therefore,

precision control of piezoelectric motors is a challenge to control engineers.

The configuration of the whole control system is outlined in Fig. 2.5. Approximately,



Chapter 2. FIL for Systems with Input Deadzone 41

the driver and the motor can be modeled as:

y(t) = z(t) (2.25)

where x; is the motion position, x5 is the motion velocity, M = 1kg is the moving
mass, kf, = 144N is the velocity damping factor and K; = 6/N/Volt is the force

constant.

Choose the sampling time to be T = 0.004s. Substitute the system parameters and

the discretized model of (2.25) is:

zi(k+1) = x1(k)+0.003z5(k) + 6.662 x 10 %u(k)
To(k+1) = 0.5621x5(k) + 0.003u(k)

ylk+1) = x(k+1). (2.26)

The dominant linear model (2.26) does not contain the nonlinear effects which are
caused by frictional forces and high-order dynamics etc. Note that here the piezo-
electric motor’s deadzone is not only non-symmetry but also affected by the motor’s

position.

Although the proposed ILC algorithm can be implemented to (2.26) directly, the
learning speed is very slow as (2.26) is an open-loop system and the tracking error at
first iteration is very large. In practice, to improve the learning speed, a P controller
may be applied first, which could be treated as a part of f(x(k), k). Then the ILC
part can be further added to the closed-loop system. Therefore, in our experiments,

a simple discrete P controller, i.e., u(k) = kye(k), is used, where k, = 1.5 and

e(k) = ya(k) — y(k).

Let T = 6s, hence k € {0,1,---,1500}. The system is repeatable over [0,T]

with a repeatability of 0.1um. The desired tracking trajectory is: yq(k) = [20 +
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Figure 2.6: Comparison of different tracking errors.

50sin(0.001k)|mm, k € {0,--- ,1500}. To satisfy Assumption 2.3, the system ini-
tial condition is set to be x1(0) = 20mm and x2(0) = 0, which is realized by a PI
controller in the experiments. Choose § = 0.6. The tracking errors of the 1st and

20th iterations are given in Fig. 2.6. For comparison, the control performance of

a discrete PI controller, ie., u(z) = (1.5 + 10X

z

Je(z), is also shown in Fig. 2.6.
Obviously, the proposed ILC scheme can effectively compensate the system input
deadzone and greatly reduce the tracking error. The control signals for ¢ = 1, i = 20

and the PI controller are provided in Fig. 2.7.

To demonstrate the learning process, the maximum dynamic tracking error, i.e.,

max le(k)| where Ky 2 {0,---,100}, and the maximum steady tracking error, i.e.,
ex1

max le(k)| where Ky 2 {101, ---,1500}, of each iteration are recorded and given in
€K
Fig. 2.8. We can see the convergence speed of the steady tracking error is much

faster than that of the dynamic tracking error. The maximum steady tracking
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Figure 2.7: Comparison of different control signals.

error is below 0.01mm after only 15 iterations. The slower convergence speed of the
dynamic tracking error implies the difficulty in the learning of a deadzone. However,
the dynamic tracking error still can be reduced to around 0.02mm after 20 iterations.
On the other hand, the dynamic tracking error is defined on [0, 0.4s] which is very

short comparing with [0, 6s]. Therefore, the learning performance is satisfying.

To clearly explain how the input deadzone is compensated by ILC, we focus on
the time interval k£ € {0,---,150}. The control signals and the tracking errors of
different iterations are given in Fig. 2.9 and Fig. 2.10 respectively. Obviously,
based on the iterative updating, the system input goes out of the input deadzone

by iterations and the tracking error is reduced accordingly.

Here we only gave the experimental results for a tracking problem. The proposed
ILC algorithm can also be applied to regulation control problems and the better

control performance can be achieved. The experimental results show that the steady
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Figure 2.10: The tracking errors of different iterations.

state error can be reduced to 1lpm within 20 learning iterations for a regulation

control problem.

2.7 Conclusion

In this chapter, FIL is applied to a class of discrete-time systems with nonsmooth
nonlinearity, i.e. a input deadzone. Therefore, if the controlled system and the
control traget are repeatable, the input deadzone can be compensated by the learning
iteration. Rigorous proof for the convergence property based on CM principle is
given and the illustrative example and experimental results show the effectiveness

of the proposed approach.



Chapter 3

FIL for Systems with Input

Backlash

3.1 Introduction

In Chapter 2, FIL for systems with input deadzone has been proposed and analyzed.
As a continuity of it, FIL will be extended to the dynamic systems with input
backlash in this chapter. Backlash is another kind of highly practical-relevant control
problem. Comparing with deadzone which is memoryless, backlash has an element

of memory. Hence, overcoming backlash properly is a more difficult problem.

In this chapter, the simple FIL approach will be applied for systems with input
backlash to achieve the perfect tracking over the whole finite time interval iteratively.
Through rigorous proof based on CM principle, it is clearly shown that the FIL
algorithm can address the unknown input backlash effective by iterative learning.

The perfect tracking can be obtained as the iteration number approaches to infinity.

This chapter is organized as follows. In Section 3.2 FIL for a pure backlash com-

ponent is proposed and analyzed. Based on it the FIL for dynamic systems with

46
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input backlash is presented in Section 3.3. Section 3.4 gives an illustrative example
to show the effectiveness of the proposed FIL algorithm. Finally, conclusion is given

in Section 3.5.

3.2 FIL for A Pure Backlash Component

Consider a class of backlash described by the following equation

mylvi(k) —m]  v(k) € Ip(k—1)
ui(k) = BL[v;(k)] = ui(k —1)  v(k) € Ip(k—1) - (3.1)

myvi(k) —n.] v(k) € Igi(k—1)

where m; >0, m, > 0,7, <0,n. >0, ke, i€ Z.;I,(k—1) = (—o0, vi(k—1)),

Ipi(k—1) £ [op(k—1),v,5(k—1)] and T (k—1) £ (v,4(k—1), 00) with vy;(k—1) =

ui(k—1)

my

ui(k—1)

+ and Ur,i(k — ].) = T + Ny

The characteristic of the backlash can be described as Fig. 3.1. Obviously, unlike
deadzone which is memoryless, backlash has an element of memory and is, in a

certain sense, dynamic.

The control objective is to find a sequence of appropriate control signal v;(k) such

that u;(k) convergence to the target uq(k).
Including Assumption 2.1, the following I.I.C. is further made for the backlash (3.1).

Assumption 3.1. Vi € Z, du;(0) 2 uq(0) — u;(0) = 0.

The FIL law is

’UZ(/{) = Ui,l(k)+ﬁ(5ui,1(k), (32)

0 < 1-pB;1 <1 (3.3)
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Figure 3.1: The backlash nonlinearities u(k) = BL[v(k)].

where 5 > 0 is the learning gain and Vk € K v_y(k) = u_1(k) = 0. From (3.3),

O<y=1—pm<land 0<~,=1-pBm, <1 can be ensured.

To facilitate the explanation, Vk € IC and ¢, > 0, the following notations are defined

first.
Bal) 2 (o), ) = A 4y
Toal) 2 (e®o0) vaglh) = 5
Ipa(k) 2 [vai(k), var(k)]
Talk) 2 (coouu(R), (k) = var(k) =
Tealh) = (0h,(k),00), 0 (k) = var(k) +

The main result can be summarized as the following theorem.

Theorem 3.1. For the backlash (3.1), under Assumption 2.1 and 3.1, the control

law (3.2) guarantees the convergence of u;(k) to uq(k) for any k € K as i — oo.
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Proof:
1. k=0
From Assumption 3.1, we have u;(0) = u4(0) is valid for all iterations.

2. Assume that lim u;(m) = ug(m), where 0 < m < N. We will show lim u;(m +

1—00 1—00

1) = ug(m + 1) can be derived.
(A) ua(m + 1) = uq(m)

If ug(m + 1) = ug(m), as Vk € K v_y(k) = u_1(k) = 0, according to (3.1) and
(3.2), v;(m) = v;(m+ 1) and u;(m) = u;(m + 1) can always be ensured. Therefore,

lim w;(m + 1) = ug(m + 1) can be derived directly.

(B) wa(m + 1) # ua(m)

As ug(m + 1) # ug(m), two arbitrarily small constants €,, > 0 and p > 0 can be
found such that |ug(m + 1) — ug(m)| > €,, + p. Here we only consider ug(m + 1) >
ug(m) + €m + p. For ug(m + 1) < ug(m) — €,, — p, the same result can be derived

similarly.

As lim u;(m) = ug(m), for any given ¢,,, a finite constant p/, can be found such

1—00

that Vi > pl | |ug(m) — u;(m)| < €, hence, v, ;(m) < véyr(m).
First we will show v;(m+1) € I}, ;(m) can be realized within finite iteration p,, > p,.

Vi > pi,, assume vi(m + 1) € I 4,(m). According to (3.2), it can be derived that

vipr(m+1) = v(m+ 1)+ Blug(m + 1) — u;(m + 1)]

= vi(m+ 1)+ Blua(m + 1) — BL[v;(m + 1)]]. (3.4)
Next let us examine the term —BL[v;(m+ 1)] according to the following three cases.

Case 1: v;(m+1) € I ;(m)
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Since v;(m + 1) < v;(m) < W + 1, it can be derived that
—BLv;(m+1)] = —mylvi(m+1) —n]
> —ug(m) — €. (3.5)
Case 2: vy(m+1) € Ip;(m)
—BL[vi(m + 1)] = —u;(m) > —uq(m) — €. (3.6)
Case 3: vi(m + 1) € Ip;(m) — I 4(m)
—BLv;(m+1)] = —m.[vi(m+1)—n,]
> —mylvg,(m) — ]}
= —ug(m) — €. (3.7)

According to (3.5), (3.6) and (3.7), Vi > p},,, if v;(m) & Iy 4(m), —BL[vi(m + 1)] >

—ug(m) — €.

Considering ug(m + 1) —ug(m) > p + €5, (3.4) can be rewritten as

vipim+1) > v(m+ 1)+ Blug(m + 1) — ug(m) — €]

> vi(m+ 1)+ Bp.

Hence, a finite iteration p,, > p, can always be found such that v, (m + 1) >

U&m(m), le. vy, (Mm+1) € [}M(m).

Next we will show Vi > py,, vi(m + 1) € I} ;(m) is guaranteed.

As ug(m + 1) — ug(m) > €, + p, the uniqueness of vg(m + 1) can be ensured and

ug(m + 1) = m,[vg(m + 1) — n,]. Hence,

ug(m+1) > ug(m) + €, + p

= mr[vd(m + 1) - 777’] Z mr[vd,r(m) - 777’] + €m + 1Y

€m

= vg(m+1) > vg,(m) + — + P
m, M,
p

= va(m+1) = vy, (m) + —.

(3.8)
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Vi > pp, if vi(m + 1) € I 4(m), according to (3.2), we have

vip(m+1) = v(m+1) + {m,[va(m + 1) =] = m,[v;(m + 1) — 0]}
= v(m+ 1)+ fm.ov;(m+ 1)

= PBmyvg(m+1) +yvi(m+1) (3.9)

Substituting (3.8) into (3.9) yields

vena(m+1) > Byl (m) + L]+ 0, (m)

= )+ Bp > vl (m).
As vy, € I 4(m), Vi > pm, vi(m + 1) € I} 4(m) can be derived.

Furthermore, the following can be derived for any i > p,,.

= dug(m+1) +m[vi(m + 1) = vipr(m + 1))

= you;(m+1). (3.10)

As 0 <, <1, from (3.10), lim u;(m + 1) = ug(m + 1) can be obtained.

1— 00

3. According to the induction method, Vk € K, lim u;(k) = uq(k). [ |

1— 00

3.3 FIL for Dynamic Systems with Input Back-

lash

In this part we will discuss FIL for the dynamic systems with input backlash. Con-

sider the following dynamic system
x(k+1) = f(x(k),k)+ bu(k)
u(k) = BL[v(k)]

ylk+1) = cx(k+1), (3.11)
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where BL[*] is the input backlash defined as in (3.1). It is assumed that the backlash

output u(k) is not accessible.

The same Assumptions 2.1-2.4 are made for the system (3.11) and the backlash
(3.1). The control target is to find the control signal v;(k) iteratively such that y;(k)
converges to the desired output y4(k) as i — oo. To meet the control objective the

following learning law is used.

Ul(k) = ’Uz;l(k) + 6€i,1(k + 1) (312)

0 < 1—BBlBQ<]_,

which is same as (2.9). Note that the proposed control law is quite simple, however,
it can deal with both the input deadzone and the input backlash. 0 < 1-38B1B; < 1

leadst00<71’é1—ﬁcbml<1and0<7;é1—ﬁcme<1.
To facilitate the analysis, two Lemmas are given first.

Lemma 3.1. Assume lim |du;(k)| = 0 wherek =0,--- ;m and0 <m < N—1. For

system (3.11), under the learning law (5.12), the system input v;(m + 1) € Iy, 4(m)

will always be quaranteed after finite iteration if ug(m + 1) > ug(m).

Proof:

Since ug(m + 1) > ug(m), two arbitrarily small constants €, and p can be found

lellellT'm
cb -

such that ug(m + 1) — ug(m) > €, + p+

Same as the proof in Lemma 2.3 of Chapter 1, there exists a finite iteration number
pl, such that Vi > pl , |0u;(k)| < €, where kK =0,--- ,m. Moreover, (2.10) - (2.14)

are also valid.

The following proof contains two parts. Part A shows that a finite iteration p,, can
be found such that vo(m + 1) is mapped into I} ;(m) and Part B proves that for

any i > py,, the control law (3.12) always maps v;(m + 1) from Iy 4(m) to I 4(m).
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Part A

Analogous to the Part A of Lemma 2.3, for finite iteration, the boundedness of v;(k),

u;(k) and y;(k) can be guaranteed.
Vi > p),, assume v;(m + 1) & I ;. According to (3.12), we have

vipi(m+1) = v(m+1)+ Be;(m+2)
= v(m+1)+ Be[fy(m+ 1) — f;(m + 1)]

+08cbou;(m + 1). (3.13)
Considering (2.14), it can be derived that
viri(m+ 1) > vi(m + 1) = Blg||c||Tn + Beb{uq(m + 1) — BL[v;(m + 1)]}. (3.14)
Now let us check the term —BL[v;(m + 1)] according to the following three cases.
Case 1: vi(m+1) € I, ;(m)
From (3.1) we have

—BLv;(m+1)] = —mylvi(m+1) —n]

> —mylv(m) — ni]

— —u;(m)
> —ug(m) — e (3.15)
Case 2: v;(m+1) € Ip,(m)
— BL[vi(m + 1)] can be expressed as
—BL[v;(m + 1)] = —u;(m) > —ua(m) — en. (3.16)

Case 3: vi(m + 1) € [Igi(m) — Iy 4(m)]
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From (3.13), it can be derived that
—BL[vi(m+1)] = —m,(vi(m+1)—mn,)
> —my(vy,(m) = ny)
— —ug(m) — em. (3.17)
According to (3.15), (3.16) and (3.17), it can be concluded that when v;(m + 1) ¢
[}M(m), —BL[v;(m +1)] > —ug(m) — €.

lellelT'm
cb

Considering ug(m + 1) —ug(m) > €, + p + (3.14) can be rewritten as

vipr(m+1) > vi(m+ 1) — Blg||c||Ty, + Beblug(m + 1) — ug(m) — €]
> vi(m+ 1)+ Bcbp > v;(m + 1).

Therefore, as v, (m + 1) is bounded, v;(m + 1) € I 4;(m) can be obtained in finite

iteration p,,.
Part B

As ug(m 4+ 1) — ug(m) > €, + p + % > 0, the uniqueness of vy(m + 1) can be

ensured and ug(m + 1) = m,[vg(m + 1) — n,]. Hence,

le[lc]| T
cb

= m[va(m + 1) —n] > m.[ve,(m) —n] + em +p+

ug(m +1) > ug(m) + €, + p+

lellc]| T
cb

€m lellc Fm
= va(m+1) 2 Ud,r(m)+—+i+&
my my Cbmr
p . lellelllm
bz, m. . cbm. 3.18
= wvg(m+1) > v),.(m) + et e (3.18)

Vi > pm, if vi(m + 1) € I 4(m), from (3.13), we have
vieiim+1) = v(m+1)+ peffy(m+1) — £f;(m + 1)]

+pcbm,.dv;(m + 1)

v

vi(m + 1) — Blgl|c||Ty, + Becbm,.dv;(m + 1)

= fcbmyvg(m + 1) + ylv;(m + 1) — Blg| [Ty,

v

pebmyvg(m 4 1) + 7,0 ,.(m) — Ble|[c||Tr. (3.19)
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Substituting (3.18) into (3.19) yields

lellc||T,,
vea(m 1) 2 Bebm, [, (m) + A Pyt () — Bigle]T,

— 4, (m) + febp > v, (m).

As vy, € I 4(m), Vi > pm, vi(m + 1) € Iy 4(m) can be derived. |

Remark 3.1. Analogous to Lemma 3.1, under the same assumptions, updating law
(3.12) guarantees that the system input v;(m + 1) € I} 4(m) can be realized after

finite iteration p,, > pl,, if ug(m + 1) < ug(m).

According to (3.1), if ug(k + 1) = uq(k), the control signal vg(k + 1) is not unique.

Next we will show that when ug(m+1) = ug(m), lim du;(m+1) = 0 can be ensured

1— 00

if lim du;(k) =0 (k=0,---,m).

1—00

Lemma 3.2. Assume lim du;(k) = 0 where k = 0,...,m. If ug(m + 1) = ug(m),

lim du;(m+1) =0 and lim v;(m + 1) € Ip4(m) can be derived.

Proof:

Analogous to the proof of Lemma 2.4, Vi > p! . the following relationships can be

derived:

if vilm+1) €lpi(m),  ylvilm+1) = vpi(m)] — Ay(m)

< vipr(m+ 1) = vpi(m)

< e[vilm + 1) = vpa(m)] + Ai(m); - (3.20)
if vilm+1)€lpi(m),  vilm+1) = vi(m)] — Ay(m)

< viga(m+ 1) = vi(m)

< ylvilm + 1) = vgi(m)] + Ai(m); (3.21)
if vilm+1)€lIp;(m), v(m+1)—A;(m)
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According to (3.20), (3.21) and (3.22) and considering lim A;(m) = 0, from Lemma

i—00

2.2, we have, lim v;(m) € lim Ip;(m) = Ipq(m). Hence, lim u;(m) = lim w;(m —

1—00 1—00 1—00 1—00

1) =ug(m — 1) = ug(m). |
The main result for the control law (3.12) is summarized as the following theorem.

Theorem 3.2. For system (3.11), under Assumptions 2.1-2.4, Vk € K, the learning
law (3.12) guarantees that w;(k) and y;(k) converges to uq(k) and yq(k) respectively
as i approaches to infinity. The control signal v;(k) converges to vy(k) if uq(k) #

uq(k — 1), otherwise lim v;(k) € Ipq(k —1).

1—00
Proof:

Analogous to Theorem 2.2, Part A shows the convergence of u;(0) and y;(1). Assume
the convergence of u;(k) and y;(k + 1), where £ = 0,--- ,nand 1 <n < N — 1,
the convergence of w;(n + 1) and y;(n + 2) is proven in Part B. From the induction

method, it can be derived that, for all & € K, u;(k) and y;(k) converge to uy(k) and

yd(k’)-
Part A

As 2;(0) = 24(0), we assume that z;(—1) = z4(—1) and u;(—1) = u4(—1) for all

i€ Z,.
(1) ua(0) = ua(—1)

If ug(0) = ug(—1), Lemma 3.2 leads to du;(0) = 0 and lim v;(0) € Ip4(0). As

z;(0) = x4(0), according to the system dynamic (3.11), lim e;(1) = 0 can be derived.

(2) ua(0) # ua(=1)

If ug(0) # uq(—1), according to Lemma 3.1 and Remark 3.1, a finite constant p_,

can be found such that Vi > p_ v;(0) € I} 4(—1) or v;(0) € I 4(—1).
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Assume u4(0) — ug(—1) > 0. Analogous to Theorem 2.2, (2.22) can be derived
for any @ > p_; which leads to lim v;(0) = v4(0) and lim u;(0) = u4(0) . As the

relationship (2.12) is still valid, lim y;(1) = y4(1) can be guaranteed.
For uy(0) — ug(—1) < 0, the same result can be derived straightforwardly.
Part B

Assume lim du;(k) = 0 and lim e;(k+1) =0, where k =0,--- ,nand 1 <n < N—1.

1— 00

Let us examine the property for £ =n + 1.
(1) ua(n +1) = ua(n)

From Lemma 3.2, lim du;(n + 1) = 0 and lim v;(n + 1) € Ip4(n). According to

1— 00 1— 00

(2.12), zlggo ei(n+2) =0.
(2) wa(n +1) # ua(n)

According to Lemma 3.1 and Remark 3.1, there exists a finite constant p,, such that

Vi > pn, vi(n + 1) € I 4(n) or vi(n + 1) € I} 4(n) respectively.

Assume ug(n + 1) — ug(n) > 0. Analogous to the proof Theorem 2.2, (2.23) can be

obtained for any ¢ > p,. Therefore, lim dv;(n + 1) = 0, lim du;(n + 1) = 0 and
lim e;(n +2) = 0 can be ensured.

1—00

For ug(n 4+ 1) — ug(n) < 0, same result can be obtained. |
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3.4 Illustrative Example

To illustrate the effectiveness of our FIL method, the following system is considered.

ZL‘l(k?TS + TS) = JZQ(ICTS)
zo(kTs +Ts) = 0.4sinfxy(kTy)] + 0.1529(kTy) + BL[v(kTs)]

y(kTs +Ts) = xo(kTs + Ty),
where the backlash parameters are n, = —1.3, n, = 1.5, m; = 1.1 and m,, = 1.0. The

desired output is y4(k) = 10sin3(kTy), k = {0,1,---,6283}. To satisfy Assumption

2.3, let 259,(0) = y4(0) = 0 and z;,; = 0.

Assume the known bound of m;, m, and cb are By = 1.2 and By = 1.2 respectively.

Choose 8 = 0.6 to guarantee 0 < 1 — BBy < 1. Let T, = 0.001s.

By applying the control law (3.12), the simulation result is shown in Fig. 3.2. The

horizon is the iteration number and the vertical is |ya — ¥i|sup-

Fig. 3.3 shows the control signal v; at the 100th iteration.

3.5 Conclusion

In this chapter, FIL is further extended to dynamic systems with input backlash.
It has been shown that the learning convergence can be guaranteed by the simple
proposed FIL control law. The illustrative example verifies the effectiveness of the

developed FIL scheme.
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Figure 3.3: Control signal at the 100th iteration.



Chapter 4

FIL for Systems with

Norm-bounded Uncertainties

4.1 Introduction

Traditional FIL approaches are based on the CM principle and their applications are
limited to GLC systems. Recently, CEF-type FIL was proposed (Xu and Tan, 2002),
hence much broader classes of nonlinearities can be easily addressed. In terms of
CEF, we can evaluate the tracking performance along time axis by a Lyapunov
function, meanwhile evaluate the learning performance along learning axis by a £2

functional.

CEF is a general concept and can be implemented to systems with both parametric
and norm-bounded uncertainties. However, in (Xu and Tan, 2002), the research was
focused only on FIL for systems with parametric uncertainties. Therefore, there
exists in a more challenging problem: can we learn and deal with norm-bounded

uncertainties?

In this chapter, CEF-type FIL will be extended to address norm-bounded uncer-

60
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tainties. FIL algorithms for SISO systems with both GLC and NGLC uncertainties
are proposed in Section 4.2. The robust FIL is further applied to MIMO dynamics
in Section 4.3. Simulation results are given in Section 4.6 to show the effectiveness

of all the developed FIL schemes.

4.2 FIL for SISO Systems with Norm-bounded

Uncertainties

To clearly explain the basic idea, FIL for the following SISO dynamic system is

considered first.
T = u+d(x,t), t€]|0,T] (4.1)

where x € R is the measurable system state, u € R is the control input and

d(xz,t) : R x Ry — R is the lumped uncertainty.

Both the system dynamics (4.1) and the tracking task z4(t) € C'[0,T] are assumed
to be repeatable over [0,7]. Moreover, as part of the repeatability, the following

LI.C. is made.
Assumption 4.1. Vi € Z, x;(0) = x4(0).
The ultimate control objective is to find a suitable control profile iteratively so as
to track the following given target trajectory z4(t)

tq(t) = ug(t) + d(zg,t) t€[0,7T], (4.2)
where uy is the desired control input.
From the system dynamics (4.1) and the control target (4.2), we have

5“@' = (:L‘d — dd) — (I‘Z — dz) — ez + dz - dd (43)
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where du; = ug — w;, dg = d(xq4,t), d; = d(x;,t) and e; = x4 — x;.

In the rest part of this section, two FIL schemes will be developed according to the
different properties of d;. If d; is GLC, the boundedness property of the dynamic
system over a finite time interval [0,7] can be guaranteed. Hence, a simple FIL
control algorithm is constructed. When d; is NGLC, robust control is incorporated to

ensure the finiteness of the system state, which leads to a new robust FIL approach.

4.2.1 FIL for Systems with GLC Uncertainties

The following assumption is first made for the system uncertainty d.

Assumption 4.2. The system uncertainty d(x,t) is GLC, i.e. |d(z1,t) — d(xe,t)| <

lg|r1 — x2|, where the Lipschitz constant l; is completely unknown.

The learning law is designed as

w; = projlui_1] + PBe;,  u_1(t) =0 (4.4)
) A ) | < w
proj-] = ,
sign(-)u* | -] > u*

where # > 0 is the learning gain and u* is a projection bound which is sufficiently

large such that u* > sup |ug(t)|. In practice, u* is either a physical process limita-
t€[0,T]

tion or a virtual saturation bound which can be arbitrarily large but finite.

The main result for the proposed FIL control law (4.4) is summarized as the following

theorem.

Theorem 4.1. For system (4.1), under Assumptions 4.1 and 4.2, the control law
(4.4) guarantees that the tracking error e; converges to 0 uniformly and the control

signal u; converges to ug almost everywhere as i approaches to infinity.

Proof:
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To facilitate the derivation and analysis of the learning properties, define the fol-

lowing time-weighted CEF for the ith iteration:

1 1/
Ei(t) = ae*’ve? + ﬁ/o e ouidr, (4.5)

where A is a finite positive constant.

The proof consists of three parts which address respectively the boundedness of the
system internal signals, the monotone decrease of the CEF along the learning axis

7, and the uniform convergence of the tracking error.
(1) Boundedness Property
Substituting the control law (4.4) into the system dynamics (4.1) yields
& = d; + projui—1] + B(zqg — ;). (4.6)

Since d; — Px; is still GLC, z4(t) is bounded, and proju;_1] is also bounded by u*,
considering the I.I.C., we can immediately derive the boundedness of x; for any 1.
In the sequel the RHS of (4.6) is bounded, i.e. @; is bounded. Further from (4.4)

the boundedness of u; is straightforward.
(I1) Difference of E;(t)

The difference of F;(t) is

AE(t) £ Ei(t)— Eiy(t)
= lef)‘te2 + - /t e M (0u} — duf y)dr — 167}\%2 (4.7)
2¢ T a5 ), P 2 '

The first term on the RHS of (4.7), with the I.I.C., can be rewritten as

1 A t t
—e M2 = ——/ e eldr —I—/ e Meiédr. (4.8)
2 2 Jo 0

We can easily verify the property (a — b)? > [a — proj[b]]?, for any quantities b and

la| < a*, where a* is the bound of the projector. Hence, the second term on the
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RHS of (4.7) can be expressed as
¢
/ e (6u? — oul |)dr
R
< / e [6u? — (ug — projlu;_1])*)dr
0
t
= / e M [=20u;(u; — projlui_1]) — (u; — proj[ui_i])*]dr. (4.9)
0
Substitute (4.3) and (4.4) into (4.9), we have
37 / T(6u? — Su? |)dr
t B t
< —/ TéedT +/ e\ dy — dj||e;|dr — —/ e eldr
0 0 2 Jo
t ﬁ t
< —/ e Téeidr + (Ig — —)/ e Meldr. (4.10)
0 2" Jo
Substituting (4.8) and (4.10) into (4.7) yields
A ¢ 1
AE;(t) < —(z+ b_ ld)/ e etdr — —e Me? .
S ; 2
There exists a sufficiently large A\ such that A > 2l; — 3 to ensure that
1 1
AE;(t) < —§€_>\t6?_1(t) < —§€_>\T6?_1(t) <0, (4.11)
which implies the monotonically decreasing property of F;(t).
(I1I) Uniform Convergence
By using (4.11) repeatedly, we have
E;(t) < Eo(t) ATZe (4.12)

According to (4.12), from the boundedness of Eo(t) and the positiveness of F;(t), we

can derive that lim e;(¢) = 0 pointwisely. Therefore, lim |d; — d4| < lim ly]e;| = 0.

1— 00

Using (4.3) and the boundedness of é; we further derive

1 t
lim E;(t) = lim —e e + lim ﬁ/ e N oudr

= 1 e (& 4+ d; — dg)*dr
;fgggg/ (éi + )
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Since é; is bounded, zliglo e; = 0 leads to zliglo E;(t) = 0 pointwisely. Therefore we
first acquire the convergence properties: e;(t) — 0 pointwisely and u; — w4 almost
everywhere as i — co. On the other hand, as i is bounded and x4 € C'[0, T, we can
derive the boundedness of é;(t), which assures the uniform continuity of e;(¢) in the

interval [0, T]. According to Barbalat Lemma (Khalil, 1992), e;(¢) — 0 uniformly as

1 — 00 can be derived. [ |

4.2.2 FIL for Systems with NGLC Uncertainties

System (4.1) is considered again, however, a different assumption is made for the

lumped uncertainty d(z,t).

Assumption 4.3. System uncertainty d(z, t) is only local Lipschitz continuous, nev-

ertheless, it is bounded by a known smooth bounding function n(x, t), i.e. |d(x,t)| <

n(x,t).

We will show that even if with NGLC uncertainty, only if the system repeats, the

learning convergence can also be guaranteed.

The underlying idea is as follows. Since the system is only Local Lipschitz, robust
control is employed to ensure that the system state is bounded by a compact set.
Consequently, the dynamic system is Lipschitz continuous on the compact set. Thus,
by adding the FIL, the perfect tracking can be obtained iteratively. This leads to a

new FIL strategy — robust FIL.
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The robust FIL scheme can be described as

up = projui] +ur; (4.13)
urg = (piki + 1)e (4.14)
pPi = \/ft?l+5+ni

Ve2+ 3824 8

(V2 + 32 +¢)?

where € is a positive constant and 7; = n(x;,t). Both p; and k; are smooth functions

of e; and ¢.

Remark 4.1. In the robust controller design, there is a tradeoff between the value of
e and the control performance. The smaller the € is, the smaller the tracking error is.
However, if the € is too small, the control signal will become chattering which is not
practical in real control systems. Hence, the perfect tracking can not be obtained

only by Robust Control.

In our scheme, a larger € can be chosen to guarantee the smoothness of the control
signal in the first iteration. Then based on the FIL, the tracking error can be
reduced iteratively. Eventually, the perfect tracking and a smooth control signal

can be ensured.

The main result of the proposed learning algorithm is given in the following theorem.

Theorem 4.2. For system (4.1), under Assumptions 4.1 and 4.3, the control law
(4.13) and (4.14) ensure that e; converges to 0 uniformly and the control signal u;

converges to ug almost everywhere as i — o0.

Proof:

To analyze the convergence property of the proposed robust FIL, the following time-

weighted CEF is used.

t
Ei(t) = e Me? +/ e Suldr. (4.15)
0
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Analogous to Theorem 4.1, the proof also contains three parts.
(I) Boundedness Property

Define a Lyapunov function V; = 1e?

5¢; - Note the following fact provided that |e;| > e,

€2 +3e% + 2 + 2ev/e? + 3e2 — \/e? + 3e2e;| — 8ele
(Ve? + 3e2 +¢)?

e? +4g% + 2e\/e? + 3e2 — \/e2|ei| — 8ele]
- (Ve + 3e2 +¢)?

4e? + 4ele;| — 8eley

(Ve + 32+ ¢)?
de(e — |eil)

(Ve +3e2+4¢)?

< 0. (4.16)

1-— lii|€i| =

Consequently it can be derived that, if |e;| > e,
Vi = eié;
= ei(tq —di — uy)

= ei{da — di — projlui] — [(\/ &5 + € + i)k + e}

2

< eilldal + leslm + leilu” — gl mie] — mirie] — €;
< eilut — € + (1 = wile]) (|| + mi)les]
< eg|lut — e?

= —lel(fes] —u?).

Therefore, |e;| is Globally Uniformly Bounded (GUB) by max{e, u*}. Hence z; € X

where X is a compact set.

Since x; is bounded and d; is local Lipschitz, there exists a Lipschitz constant [y =
od;
sup < 00, such that
(@s,t)exx[0,1] | 0T

Moreover, according to the control law (4.13) and (4.14) the boundedness of z;

guarantees the finiteness of u,; and u,;. Therefore, #; and é; are also finite on X.
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From the definition of k; and p;, it can be derived that there exists a finite constant

d(piki
c1 = sup pik; + 1 and a finite constant cy = sup (pitii) .
(z:,t)€X x[0,T] (z:,t)€XX[0,T] dt

(11) Difference of E;(t)
From (4.15), the difference of F;(t) is

t

AE; = e ™Me? + / e M(ou? — du? )dr — e Me? . (4.18)
0

Obviously, both (4.8) and (4.9) are still valid. Furthermore, (4.9) can be rewritten

as
t t
/ e”\T(éu? —uZ )dr < / e”\T[—Q(Suium - uii]dT. (4.19)
0 0
Substituting (4.3) and (4.14) into (4.19) and dropping the u?, term, we have
t
/ e (0u? — dul |)dr
0
t t
S —2/ e*)‘f(di — dd)(pzﬁz -+ 1)€idT — 2/ eiAT(pi:‘iZ’ -+ 1)€z€sz
0 0
t t t
< 2/ e Mlglrg — xi|01\ei\d7—/ e M pikid(e?) — 2/ e e é;dr
0 0 0
t t t
< 2ld/cl/ e_’\Te?dT — e_)‘T,omie? —1—/ e_)‘Te?d(pi/ii) — )\/ e_)‘Te?pi/{idT
0 0 0
t
—2/ e*)‘TeZ-éZ-dT
0
t t t
< 2ld/cl/ e eldr +/ e ed(pik;) — 2/ e e édr
0 0 0
t t
< (2lgcy + 02)/ e eldr — 2/ e eéidr. (4.20)
0 0
Substituting (4.8) and (4.20) into (4.18) and considering (4.17), yield
t t
AE;(t) < —)\/ e Teldr + (g +CQ)/ e eldr — e Me? |
0 0
t
= —(A=2lgcy — ) / e e2dr — e Me? .
0
There exists a sufficiently large A such that A > 2lyc; + ¢ to ensure that

AE(t) < —e el () < —e e, (1),
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(I1I) Uniform Convergence

Analogous to the Part (III) in Theorem 4.1, it can be proven that e;(¢) converges

to 0 uniformly and wu; converges to uy almost everywhere. [ |

4.3 FIL for Norm-bounded Uncertainties under

Alignment Condition

LLI.C. is an essential requirement for FIL, however it is difficult to be satisfied in
many practical engineering systems. By taking advantage of the concept of CEF,
the L.I.C. may be relaxed to alignment condition for systems with parametric un-
certainties (Xu, 2002). The alignment condition is z;41(0) = z;(7T"), which can be
easily perceived: restart from wherever stopped at. Under the alignment condi-
tion we need not do extra work to bring the system back to a specific place after
every iteration. In this section, we will explore the possibility of replacing [.I.C. by

alignment condition in FIL for systems with norm-bounded uncertainties.
Consider (4.1) again and the following assumption is further made for z4(t).

Assumption 4.4. For the desired trajectory zq4(t) € C0,T], x4(0) = x4(T) is

guaranteed.

The control target is same as in Section 4.2 and we also discuss the problem according

to the property of d(z,t).

4.3.1 FIL for GLC Systems under Alignment Condition

Assume the system uncertainty d(x,t) satisfies the following assumption.
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Assumption 4.5. The system uncertainty d(z,t) is GLC and the Lipschitz constant

lq or its bound is known a priori.

By using the same learning law (4.4), the following theorem can be obtained.

Theorem 4.3. For system (4.1), under Assumptions 4.4 - 4.5 and alignment condi-
tion, if B > 2(lg+1) the learning law (4.4) ensures that the tracking error e; converges

to 0 uniformly and the control signal u; converges to uq almost everywhere.
Proof:
The following CEF is defined.

1 1

Ei(t) = —e + — téu?(T)dT. (4.21)

Same as Part (1) of Theorem 4.1, the boundedness of x;, #; and w; can be ensured

for any i € Z,. Next let us check the difference of F;(t).

1 1 1 [
AB() = St - iet 1<>+% (su? = ou)dr
1, o
= 56i(0)+/0 e;ié;dr — 2 e; 4 ( Qﬁ/ — 6u? ))dr. (4.22)

According to (4.10) and letting A = 0, the last term on the RHS of (4.22) can be

expressed as

L[, 2
ﬁ/o (6u; — ouy_q)dr
t ﬁ t
< —/ e;é;dr + (lg — —)/ ezdr. (4.23)
0 2" Jo

Substituting (4.23) into (4.22) yields

AE(t) < %ei(O)Q - %ei_l(t)Z +(la— g) /O e2dr.

From the alignment condition, it can be derived that e;(0) = e;—1(7). Hence,

choosing t = T" and considering 3 > 2(l; + 1), we can obtain

T
AE(T) < — / erdr. (4.24)
0
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Analogous to the Part I11 of Theorem 4.1, as Ey(T') is bounded and F;(t) is positive,
T

(4.24) leads to lim e;dr = 0. Furthermore, the uniform continuity of e; implies
11— 00 0

the uniform convergence of e;, i.e. lim |e;|s,, = 0. Hence, according to the definition
1— 00

of E;(t), u; converges to uy almost everywhere can also be derived. |

4.3.2 FIL for NGLC Systems under Alignment Condition

Including Assumption 4.3, the following assumption is further made for the system

uncertainties d(z,t).

Assumption 4.6. |d(z1,t) — d(z2,t)] < 1/(x,t)|x; — 22| where n/(z,t) is a known

bounding function.

Remark 4.2. Assumption 4.6 implies that the variation of the norm-bounded uncer-

tainty is within an acceptable range.

The new FIL scheme for systems with NGLC uncertainties under alignment condi-

tion is constructed as

wi(t) = wi(t) + vi(t) (4.25)
wi(t) = projlwi1(t)] + Bei(t) (4.26)
wlt) = (o + Deslt) +enlt), (4.27)

where 7' = 1/(z,t) and p; and k; are same defined as in (4.14).

The main result for control laws (4.25) - (4.27) is summarized in the following

theorem.

Theorem 4.4. For system (4.1), under Assumptions 4.3, 4.4 and 4.6 and the align-
ment condition, the control laws (4.25) - (4.27) guarantee that e; converges to 0

uniformly and u; converges to ug almost everywhere.
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Proof:

The following CEF is used in the proof.

1 1 [t
Ez(t) = 56?(?5) + % ; (Ud — U}i)QdT

(1) Boundedness Property

According to the Part I of Theorem 4.2, if |e;] > €, 1 — k;|e;|] < 0. Therefore, by

defining the same V;, we have

Vz’ = €z'(i"d —d; — proj [wifl] — Pe; — Uz’)
< eslw' — (1 + B)ed + (1 — kalea]) (l2a + ns)es]
< elw* — (1+ B)ef

= —lel[(X+ B)]ei| —w, (4.28)

where w* is the projection bound of w;. Hence, |e;| is GUB by max{e, w*/(1 + )}
and x belongs to a compact set X'. Moreover, the boundedness of z; leads to the

finiteness of w;, v;, u;, &; and é;.
(II) Difference of CEF
Analogous to (4.22), the difference of CEF is
Lo .y L,
AE;(t) = —e(0)+ [ eiéidr —=ei (1)
P ; 2
1 t
+ / [(ug — w;)? — (ug — w;_1)?]dr. (4.29)
26 Jo
The second term on the RHS of (4.29) can be rewritten as

t
/ €; €Z dr
0

t
= / ei(dd — dZ + Ug — W; — ’Ui)dT
0

t t t t
< / n)|es|*dr —|—/ ei(ug — w;) — / (piki + 1)eidT — / nieZdr
0 0 0 0

t t
< / ei(ug — w;)dr — / erdr. (4.30)
0 0
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From (4.9), by letting A = 0 and u; = w;, the last term on the RHS of (4.29) can be

described as
1 /t[( )2 ( )2]d
i Ug — W;)" — (Ug — w,;— T
268 Jo ! ‘ 1
1 t
< —— (g — w;)(w; — projlw;—1])dr
B Jo
t
0

Substituting (4.30) and (4.31) into (4.32) and considering the alignment condition,

it can be derived that
T
AE(T) < — / erdr. (4.32)
0
(I1I) Uniform Convergence

Analogous to Theorem 4.3, based on the results of Part I and Part II, it can be
derived that as ¢ approaches to infinity, the tracking error e; converges to 0 uniformly

and the control signal u; converges to uy almost everywhere. [ |

4.4 Robust FIL for MIMO Systems with NGLC

Uncertainties

In this section, the robust FIL will be extended to the following MIMO nonlinear

system.
X = f(x,t) + Bo(t)H(x, t)[u(t) + d(x, t)] (4.33)

where x € R" is the measurable state vector; u € R™ is the control input vector;
f(x,t) : R" x Ry — R" is known; By(t) € R™™ and H(x,t) : R" x Ry — R™™

are known functions with full rank; d(x,t) : R" x R, — R™ is system uncertainties.

To facilitate the analysis of the control performance, an extended tracking error

o(x;,t) : R" x Ry — R™, which is linear to x;, is defined at the ith iteration.
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The control objective is: for a given desired trajectory x4 € C'[0, T}, o 2 o(x;,t) —
0 and x; — x4 uniformly can be obtained as the iteration number ¢ approaches to
infinity.

Differentiating o; with respect to time ¢ and considering system dynamics (4.33),

o; = GoX; + h; = Gof; + h; + a;(u; + d;) (4.34)

>

where Go = Go(t) = 9%, by - h(x;, t) = 2%i f = f(x;,t), oy = GoBoH (x;,t) =

ox; ot

GoBoHZ' and ClZ é d(XZ,t)
The dynamic system (4.33) and the extended tracking error o; satisfy the following
assumptions.

Assumption 4.7. The known functions f;, h; and H; are all GLC, ie. Vp €
{f;,h;, H;}, ||pa — pill < lpllxa — xi||. The uncertainty d; is only locally Lipschitz

continuous but bounded by a known function, i.e. ||d;|| < n;.

Assumption 4.8. Both H; and GyB, are invertible. Moreover, if x; belongs to
a compact set X, the boundedness of Hi_l, a; and o ! can be guaranteed. @ =

By(GoBy)™! and % are assumed to be finite over [0, 7.

Assumption 4.9. The dynamic system (4.33) will repeat itself under the L.I.C., i.e.
x;(0) = x4(0) and 6;(0) =0 Vi € Z,.
From (4.34), it can be derived that
w; = —a; 'Gof, — a;'h; — d; + a; 'o;. (4.35)
Let o; = 0 and the desired control signal u,; can be expressed as
uy = —a;lGofd — a;lhd —dy. (4.36)
Substituting (4.35) and (4.36) into (4.33), we have

X, = f£5— QGofs — Qhy. (4.38)
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The robust FIL scheme is constructed as

w, = projlu_i] +u,, (4.39)

u,;, = —(piki+ 1o o (4.40)

S NTviedt n;
Vi0aTo|? + 32 + 8¢
(Ve ai]]? + 32 +¢)?

Ri

where € > 0. Both p; and k; are the smooth functions of ¢ and o;.

For a given matrix A € R"*™, the operator proj|-| is defined as
g P

projlA] = {projlai]}nxm

. aij |ai;| <aj;
proj [aij] = )
ay; - signfaij) |ag| > aj;

with aj; the known bound.

The following CEF is defined to analyze the convergence property of the proposed

learning scheme.
t
Ei(t) = e M| oy|)? —1—/ e || 6w, ||PdT (4.41)
0
where du; = ug — u;.

First, two lemmas will be given, which reveal the boundedness relationships among

quantities o;, x; and u;.

Lemma 4.1. For the system (4.33), under Assumptions 4.7-4.9, the control laws

(4.39) and (4.40) guarantee that o; is bounded for any i € Z, .

Proof:
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Define a Lyapunov function V; = %Haiﬂz. If |afo;|| > ¢,

1— kil o]
_ |alo||? + 4% + 2e/[|aloi|? + 3e2 — ||al'oi|| /] al'oi|? + 3¢ — 8| al'o)|
(Valo|]> + 3% +¢)?
< |alo||? + 4% + 2e/[|aloi|? + 3ol o[ — ol o]/ |lalo;|]? — 8z||al o]
- (VlaTo|]? + 3% +¢)?

de(e — |laf o))
(Ve oil]? +3¢2 +¢)?
<0. (4.42)

Consequently, when |afo;|| > &,

Vi = O';-Fd'z'

< laiailllvill + lleg ailln: — sipillai o4]|* — |l oil|* + [log o] w”

< lleg ailllvill + lleg ailln — sl vill +mi)lle @)il|* — [lai oil* + [|o 0w

= (1 —=rllad o )il + m)lled o:ll = o &4l|* + || o[ u*
< —lafoill(laf o —u").
|lo;|| is globally uniformly bounded by max{e, u*}/\/ Amin(c;al’). [ |

Lemma 4.2. For the system (4.33), under Assumptions 4.7-4.9, the control laws
(4.39) and (4.40) ensure that X;, w,;, &; and X; are all bounded for any i € Z..

Moreover, we have
t
1xa = x| < bolloil| + bz/ lovi||dr (4.43)
0

where bg and by are finite positive constants defined in Appendiz B.

The proof of Lemma 4.2 can be found in Appendix B.
According to (4.35) and (4.36), we can obtain

Su; = —a; toy — (4.44)
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where 7y, = a;lGofd + acjlhd +dg — a;lGofi — a;lhi — d;. Under Assumptions

4.7-4.9, we have
17l < bsllxa — xill, (4.45)
where b3 is a finite constant. The finiteness of b, can be derived as follows.
Y, = aglGofd + aglhd + dd - ai_lG()fZ‘ - a;lhz - ClZ
= (ag' —a;)Gofs+ o 'Go(fs — £i) + (ag' — a7 )hg + ;' (hy — hy)
+d; —d;
= Hgl(HZ - Hd)HflGofd + a;lGo(fd - fz) -+ Hgl(HZ - Hd)Hflhd
—f-a;l(hd — hl) +dy —d;.

Vp e {H ', Go,a !, £5,hy}, define b, 2 sup ||p||. Then,
X x[0,T]

lvill < bslixa = xill,

where by = b3, _1bg,be,lg + boy-1bcbi-1le + b3, 1bn, Ly + boy-1ln + la. According to

Assumptions 4.7 -4.8, the finiteness of b3 can be guaranteed.
Now the main result for the robust FIL is given in the following theorem.

Theorem 4.5. Consider the nonlinear system (4.33) satisfying Assumptions 4.7-
4.9. Under the control laws (4.39) and (4.40), oi(t) and x;(t) uniformly converge
to 0 and x4(t) respectively. Furthermore, the control signal u;(t) converges to ug(t)

almost everywhere.

Proof:
(I) Boundedness Property

Lemma 4.1 and Lemma 4.2 clearly show that the finiteness of x;, o;, u;, @; and o,

for any i € Z,.
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(11) Difference of E;(t)
¢
AE(t) = e[lo]f? +/ e~ ([|owil|* — flow;—a]|*)dr — e [leri1[|*. (4.46)
0
The first term on the RHS of (4.46) can be rewritten as
¢ ¢
e M|oy]|? = —)\/ e || o)) ?dr +/ 2e N oi6dr. (4.47)
0 0
The second term on the RHS of (4.46) can be expressed as
t
| e ol — 6ui]2)ar
0

t
S/O 7,\7(”51%”2_ ”ud—pTOJ[UZ 1]” )

t
§/ e_)‘T(—QuZiéui — [, ||*)dr. (4.48)
0

According to Lemma 4.2 and the definition of p;x;, there exist a finite constant

d(piki
by = sup p;k; + 1 and a finite constant b5 = sup (pits:) )
te[0,T] t€[0,7] dt

Substituting (4.40) and (4.44) into (4.48), we have

t

6‘”(|l5uz‘ll2 — [lowi1[|*)dr

S—

t
< -2 T(piri + 1)o7} & dT—Q/ e (piti; + 1)o7 ary,dr
0 0

| /\

t
9 / N0 dr — purl| il Pe + / ol d(pire)
0 0

2bsbabs / N ol lxa — xldr

0
t t
< —2/ e /\TGTUZdT+b5/ e ||oi||2dr
0 0
t
+2b4babg(bQ+bQT)/ 67/\7—”0'1‘”2(17'. (449)
0

Substituting (4.47) and (4.49) into (4.46) and considering (B.3), it can be derived

that

t
AEZ S —(A—b6)/ €_>\T||O'Z‘||2d7'—€_>\t||0'i_1||2 (450)
0
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where bg = bs+2b4bb3(bg +b2T"). There exists a sufficiently large A such that A > bg

to ensure that

AEZ(t) S —6_)\t||0'l‘_1||2 S —€_>\T||O'Z‘_1||2. (451)

(I1I) Uniform Convergence

By using (4.51) repeatedly, the following can be obtained.

Ei(t) < Ey(t) —e M Z i |- (4.52)

Since both x¢(t) and uy(t) are bounded, Ey(t) is bounded. From the positiveness
of E;(t) and (4.52), we can derive that Zli)rglo |loi]| = 0 pointwisely. Moreover, the
boundedness of &; implies the uniform continuity of o; which leads to the uniform
convergence of ;. According to Lemma 4.2, x;(¢) uniformly converges to x4(t) can

also be derived.

Next from (4.45)
lim [l < lim bs|xq — x| = 0.
Thus using (4.44) and the boundedness of &; we further derive

t
lim E;(t) = lim e_)‘t||0'z‘||2 + lim / G_M||5uz‘||2d7'
1—00 1—00 =30 Jo
t
= lim [ e |ay]

1—00

el edr

1— 00

t
S hm ba/ eiATd'idO'Z'
0
= 0.
Hence, u; converges to u, almost everywhere as i — oc. |

4.5 Illustrative Examples

Case 1. FIL for SISO Dynamic Systems



Chapter 4. FIL for Systems with Norm-bounded Uncertainties 80

Consider system (4.1) with the target trajectory x4 = 1.5sin%t, t € [0, 27].
(1) d(z,t) = 3zsint and ;(0) = x4(0)

Obviously, d(x,t) is GLC. Choose 8 = 10 and u* = 10. Applying the control law
(4.4), the simulation result is shown in Fig. 4.1. The horizontal axis denotes the
iteration number ¢, and the vertical axis denotes the sup-norm |e; sy 2 sup lei(t)].

t€[0,27]

0.7

0.6

0.5

0.2

0.1

0 1 1 1 1 \ L L
0 1 2 3 4 5 6 7 8 9 10

Iteration Number

Figure 4.1: Learning convergence for SISO system with GLC uncertainty ¢ € [0, T].

(2) d(x,t) = 3x?sint + 5% and x;(0) = x4(0)

d(z,t) is NGLC. Assume the known bounding function n(z,t) = 10x?. Choose
e = 0.25 and u* = 20. Applying the robust learning laws (4.13) and (4.14), Fig. 4.2

demonstrates the learning convergence.

Case 2. FIL Under Alignment Condition
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0.02
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Figure 4.2: Learning convergence for SISO system with NGLC uncertainty ¢ € [0, 7).

The same desired trajectory x4 = 1.5sin3t, t € [0,2] is used, which obviously

satisfies Assumption 4.4.
(1) d(z,t) = 3xsint and x¢(0) = 0.1 # 24(0)

Assume the known bound of [; is 4. Choose § = 10 and u* = 10. Under the
alignment condition, z;41(0) = x;(7T), the simulation result is shown in Fig. 4.3.
Comparing with Fig. 4.1, it can be clearly seen that, under the alignment con-
dition, the learning becomes more difficult, however, the convergence still can be

guaranteed.
(2) d(z,t) = 3x?sint + 52 and x¢(0) = —0.2 # 24(0)

Assume the know bounding functions are n(x,t) = 10z? and n/(z,t) = 20x. Choose
e =0.25, f =10 and v* = 20. The learning convergence of the tracking error under

the proposed FIL control laws (4.25) - (4.27) is given in Fig. 4.4.
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0.7
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Ieilsup

T
1

0.3

0.1r 4

0 10 20 30 40 50 60

Iteration Number

Figure 4.3: Learning convergence for GLC system under alignment condition ¢ €

[0, T7].
Case 3. Robust FIL for MIMO Dynamic Systems
Consider the following deterministic system

i‘lzl'g

Ty = 2mysinzy + (£ 4+ 1)(1 + sin’zy) (u + 5atsint + 33), (4.53)

which is repeatable over [0 27]. In this case, f = [1y 2wysinas]’, By =[0 2 + 1]
and H = 1 + sin®z; are known functions. d = 5x?sint + 3x3 is NGLC with the

known bounding function n = (3z1 + 25)%.
The desired trajectory to be followed is
Tiq=sin*t x94=1i14, t€J0,2n7] (4.54)

The extended tracking error is chosen as 0; = (21,4 —21,) +3(22,4—22,). Let e =0.3

and u* = 10. Apply the robust FIL laws (4.39) and (4.40). The simulation result is
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Figure 4.4: Learning convergence for NGLC system under alignment condition ¢ €

[0, 7).

shown in Fig. 4.5.

4.6 Conclusion

In this chapter CEF-type FIL is extended to handle systems with norm-bounded
uncertainties which may be GLC or NGLC. The possibility of replacing I.I.C. by
alignment condition has been discussed. Rigorous proofs based on CEF for all FIL
methodologies are given. Illustrative examples clearly show the effectiveness of the

proposed FIL schemes.
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Figure 4.5: Learning convergence for MIMO system with NGLC uncertainty ¢ €
[0,T].



Chapter 5

FIL for Non-Uniform Tracking
Tasks in the Presence of

Parametric Uncertainties

5.1 Introduction

In most of the works on FIL, it is required that the target trajectory must be
invariant in all iterations. If there is a change in the target trajectory due to the
variation of control objectives or task specifications, no matter how small it might
be, the control system will have to start the learning process from the very beginning

and the previously learned control input profiles can no longer be used.

Can a control system learn consecutively from different tracking control tasks? To
answer this question, we need to make the learnability of FIL clear. A typical FIL,
in the time domain, is under a simple closed-loop or even open-loop control. The
novel learning functionality comes from the extra updating activity in the iteration

domain. Indeed, the iterative learning mechanism, whether derived from CM ap-

85
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proach or EF /CEF approach, is in essence a pointwise integration along the learning
axis. This pointwise integration imposes certain conditions on what we can learn
— learn an invariant set in the iteration domain. If we define a time axis and an
iteration axis, whatever to be learned must be a constant along the iteration axis,
as far as the pointwise integration is employed. A simple example of a pointwise

integrator that characterizes the FIL mechanism is
wi(t) =wi—1(t) + fia(t), te€[0,T], i€z,

where w;(t) is to learn some unknown function 7(t), and f;_1(¢) is a correcting term.
Clearly, for each t, w;(t) is a discrete integrator in the iteration domain with the

objective to approach n(t) which is an invariant set in the iteration domain.

Next question is, what is this invariant set n(¢) that is learnable? Although there
is no definite conclusion made hitherto in this aspect, we can summarize from the
numerous publications in traditional CM-based FIL, that the target trajectory must
be invariant, i.e. repeatable, in the iteration domain. This limitation arises because
of the existence of the non-parametric uncertainties in the system nonlinear dynam-
ics. Suppose we are going to compensate or cancel a lumped nonlinear unknown
function, n(x), of the system state, z(¢). In the ideal case, we wish to capture
the nonlinear uncertain function with the argument being the desired system state,
z4(t).If however the target trajectory varies in the iteration domain, i.e. x4;(t) is i-
dependent, the unknown function will vary accordingly as n(z4,). As a consequence,
CM-type FIL is not able to work because the function to be learned, n(x,;), is no

longer an invariant set in the iteration domain.

When the system uncertainties can be represented as parametric types, 6(t), which
are invariant in the iteration domain, it is possible for us to conduct learning even
if the target trajectory varies from iteration to iteration. The reason is simple:

now we need only to learn unknown parameters, which can be time-varying, but
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iteration-invariant.

In this chapter we present a novel FIL method that can fulfill the challenging objec-
tive. The new learning control law consists of a feedback term and a learning term.
The learning term is updated, by a learning mechanism, pointwisely in the time axis
and iteratively in the iteration axis. To facilitate the learning control design and
convergence analysis, a CEF is employed, which consists of a Lyapunov function to
evaluate the tracking performance in the time axis, and a functional to evaluate the

learning performance in the iteration axis.

In practice, often we know that some of the system parameters, though unknown,
are unlikely time-varying, such as the inertia of a robotic link and the stiffness of a
flexible link. In such circumstance, it would be far-fetched to treat them as time-
varying ones. If a parameter is invariant in both the time and the iteration axis,
the pointwise integration mechanism can be simplified into a conventional integrator
working consecutively in the iteration axis. However, for time-varying uncertainties,

an integrator along the time axis such as adaptive control fails to work.

This chapter is organized as follow. The dynamic system and the tracking control
task are formulated in Section 5.2. Section 5.3 presents a new FIL method for
systems with time-varying parametric uncertainties. Based on it, the FIL scheme
is extended to systems with both time-varying and time-invariant uncertainties.
Section 5.5 applies the proposed learning control approaches to a one-link robotic

arm and gives the simulation results.
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5.2 Problem Formulation

To clearly explain the main idea, here we only consider the following simple nonlinear

dynamic system

T =0°(t)&%(x,t) + b(t)u

z(0)=xy te€l0,T], (5.1)

where x € R is the measurable system state, u € R is the system control input,
b(t) € C' ([0,T]) is the perturbed gain of the system input, 8°(t) € C (R™™,[0,T])
is a vector of unknown time-varying parameters, and £°(x,t) € R™ is a known
vector-valued function. The elements of £€°(x,t) are assumed to be local Lipschitz
continuous with respect to x. Here n; is an appropriate integer specifying the

dimension.
The following assumption is made for the system input gain b(t).

Assumption 5.1. The prior information with regards to b(t) is that the control
direction is known and invariant, that is, b(t) is either positive or negative and

non-singular for all ¢ € [0, T7.

Without loss of generality, assume that b > 0 Vt € [0, 7.

Since the target trajectories could be different from iteration to iteration, the target

trajectory in the i-th iteration is denoted as xq4;(t) € C*[0, T.
Define the tracking error e; = x4; — ;. The error dynamics at the i-th iteration is

& = Tai— T
= .’i’dﬂ' — 005? — bul
= b(biljl'dvi — b*10°£§’ — Ul> (52)

61(0) = ZL‘d,Z‘(O)—IL‘Z‘(O),
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where 0° = 6°(t), & = £°(x;,t) and b = b(t). The control objective is to track the
trajectories by determining a sequence of control input u;, such that the tracking

error converges to zero as the iteration number ¢ approaches infinity.
As is common in FIL field, the following I.I.C. is assumed.

Assumption 5.2. Vi € Z, ¢;(0) = 0 is satisfied.

5.3 FIL Configuration and Convergence Analysis

The proposed learning control law at the i-th iteration is
w = ke +0:€;, (5.3)

where £ > 0 is the feedback gain, 0; € R>(m+2 ig to learn the time-varying
parametric uncertainty consisting of 8 = [b=', —b7'0°, b7 2b € R™(M*2 and
& = [ta;, &, —ie]" € RMH+2xL g the known vector-valued function.
The updating law for 0, is

0, = 0,_,+p3t"e;, O6_,(t)=0 Vtel|0,T] (5.4)

where 3 > 0 is the learning gain.

The convergence property of the proposed learning controller is derived in the fol-

lowing theorem.

Theorem 5.1. For system (5.1), under the Assumptions 5.1-5.2, the learning con-
trol law (5.3) and the updating law (5.4) guarantee that the tracking error converges

to zero pointwisely over [0, T| when the iteration number i approaches to infinity.

Proof:



Chapter 5. FIL for Non-Uniform Tracking Tasks in the Presence of Parametric
Uncertainties 90

To evaluate the learning property, define the CEF at the i-th iteration as
E(t)—lzflu 1/t¢¢Td (5.5)
i) =3 € 26 J, PPy T, :

where @, 29 0;. Note that %b‘le? is a quadratic type Lyapunov function used to
evaluate the tracking performance in the time axis. The functional, the second term
on the RHS of (5.5), is essentially an £2-norm reflecting the parametric learning

error.

The proof consists of two parts. Part A derives the difference of the CEF, and Part

B proves the pointwise convergence of the tracking error.

Part A: Difference of CEF

Consider the difference of E;(t) at the i-th iteration.

AE;(t) = Ei(t)— Eia(t)
1 1 [t 1
= 517_16? + ﬁ/o (¢Z¢ZT - ¢i71¢iT—1)d7' - 517_16?—1' (5.6)

Let us examine the first term on the RHS of (5.6). According to the L.I.C. (Assump-
tion 5.2), the error dynamics (5.2) and the control law (5.3), the following can be

derived.
—1 | Lo1oy2
b~ eié;dr — = | b “be;dr + =b"(0)e; (0)
2, 2
L[t
ei(b g — b10°E) — w;)dr — 5/ b~ 2beldr
0

t t
= —k‘/ 6?d7’+/ o€, e.dt
0 0
t

t
= —k:/ 6?d7’+/ Gdr, (5.7)
0 0

I |
— s— 5 —

where ¢; = ¢,&,€e;.
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According to the updating law (5.4), the following can be obtained.

1
%(@@T — ¢ 19 )
1 . . .
= ﬁ(az —0,.1)(0,+ 6,1 — 29)T
1 A A o 1 . A A A
= _6(0 - 02)(01 - Oz—l)T - ﬁ(ez - 02—1)(02' - 02—1)T
IS
= —¢ e — 5”51”26?
5
= i~ Sl 5:5)
Substituting (5.7) and (5.8) into (5.6) yields
t B t 1
AB(t) — —k/ e2dr — —/ I, |Pe2dr — Sp1e2
. 2 o 2
1
< bl (5.9)

Part B: Convergence of Tracking Error

According to (5.9), it can be derived that the finiteness of E;(t) is ensured for any
iteration provided Fy(t) is finite. In the following we will show the finiteness of

Ey(t). From the definition of E;(t) in (5.5), we have
Ly, L [ 0
Ey(t) = §b €+ 23 ; Gopo dT.

Hence, the derivative of Ey(t) is

. R 1
Eo(t) = b_leoeo — §b 2b63 + %¢O¢g

From (5.7) it can be derived that
IR SR 2
b €o€o — 5[9 beo = —keo + <.

From (5.8) and the fact @_; = 0, we have

1 1

1
ﬁ‘ﬁoﬁbg = ﬁ(‘ﬁoq’)g — ¢ 19") + ﬁqbfqul
1
— - SlelPe + 506" (510)
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Consequently,

. 1 1
Ey(t) = —ked — §||50| %ed + ﬁ49¢9T < ﬁ¢9¢9T.

Because 6 is continuous, it is bounded over the time interval [0, T']. Therefore there

exists a constant

Considering ey(0) = 0, we have
¢
Eoft) < B+ [ Ealr)ar
¢ "
< [ IEalar
Ot
< / Ldr < LT < oc.

0

The finiteness of Ey(t) implies that E;(t) is finite, hence both x;(t) and [, ||6;|%dr

are bounded for all © € Z,.

Using (5.9) repeatedly we have

E() < Elt)— 2603 )
2 “
1 i—1
lim E;(t) < Eo(t)— b '(t) lim » e3(t)
1—00 2 z%ooj:()
1 i—1
< Eot) = e im 3 (8),
7=0

where by, = max b(t) < oc.
te[0,7]

Since Ey(t) is finite and E;(t) is positive, Z e2(t) converges. From the convergence
=0
theorem of the sum of series, lim e?(t) = 0, Vt € [0,T), is guaranteed. Hence e;(t)

converges to zero pointwisely as ¢ approaches infinity.

Since &; is continuous with respect to x;, the boundedness of x; leads to the bound-
edness of ;. Therefore, according to the control law (5.3) and considering the

boundedness of fot 10,]|2dr, the control signal u; is bounded in £2-norm. |
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Remark 5.1. By substituting the updating law (5.4) into the control law (5.3), we

can reach the following FIL law including wu;

ui(t) = ui—1 (t) + f(ei-1, éz‘—l, € 1,&)+g(ei &),
where g = ke; + ﬁE?ei, and f = —ke;_1 — ﬁﬁf,leiq + éi_l(Ei - E¢_1)T~

It can be interpreted that the new FIL is updated consecutively between wu; and
u;_1, but with a nonlinear feedback term and a general nonlinear correcting term.
On the contrary, the traditional ILC updating law u;(t) = u;—1(t) + Be;—1(t), though
simple and linear, could not capture the nonlinear structure characteristics of the

system.

Remark 5.2. It is known mathematically that the pointwise convergence does not

guarantee the convergent sequence to have a fixed upperbound, for instance
ei(t) = i*te™™ (5.11)
If possible, the uniform convergence should be targeted.

Note that in the above learning control design, we do not need the system knowledge
regarding the parameter bounds. Without knowing those bounds, robust control
methods cannot be applied. On the other hand, in many control problems, the
upper and lower bounds of unknown system parameters are known a priori. In such

circumstance, the updating law (5.4) can be modified as

A A

0; = proj[0;,_1] + BEle;. (5.12)

Here the question is, by incorporating the additional system bounding information
in the learning control, can we improve the control performance? In the following
we show that the control law (5.3) and the updating law (5.12) lead to the uniform

convergence of the tracking error, instead of the pointwise convergence.
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Corollary 5.2. For system (5.1), under the Assumptions 5.1and 5.2, the learning
control law (5.3) and the updating law (5.12) quarantee the uniform convergence of

the tracking error sequence over [0,T|, when the iteration approaches to infinity.

Proof:

Define the same CEF in (5.5), the relations (5.6) and (5.7) can be derived straight-
forward. Let us look at the relation (5.8), which may be affected by the introduction
of the projection operator. Using the updating law (5.12), and comparing with (5.8),
we have
1
26
1 T A Y, T
< 551 =10 = projl0ialllf — projlfill"}

(¢! — Pi1b;i1)

1 L .
= ﬁ(ez‘ — projl0;_1])(0; + proj[6;_1] — 20)

g
—Si — §”£z| 2e, (5.13)

which turns out to be the same as (5.8). Consequently, substituting (5.7) and (5.13)

into (5.6) yields the same result as (5.9)
' B[ 2,2 L1 o
0 0

In the sequel, the pointwise convergence of e; can be obtained according to Theorem

0.1

According to the system dynamics (5.1), the control law (5.3) and the updating
law (5.12), the boundedness of x; ensures the finiteness of 8;, u;(t) and ;(t). The
boundedness of #;(¢) implies the uniform continuity of x;(t), thereafter the uniform

continuity of the tracking error e;, as x4, € C 10, T). Therefore

lim |e;(t)] =0 = lim |e;|sup = 0. (5.15)

1— 00
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Remark 5.3. In our work, b is related to time only. If b is a function of system states,
but factorable into by (t)by(x,t) where by(x,t) is known, our approach still applies.

If by(x,t) is unknown, the learning control problem is still open.

5.4 FIL with Mixed Updating Laws

Often we have some prior knowledge about the system parametric uncertainties, for
instance we may know that some unknown parameters are time-invariant, whereas
the rest are time-varying. This is a non-trivial case, as the more we know, the
better we should be able to improve the control performance. It would be far-
fetched if we still apply the difference updating to those constant parameters, and the
traditional integrator based adaptation is more suitable (Moore, 1989; French and
Rogers, 2000). Indeed, differential updating mechanism may generate a smoother

profile comparing with the difference type.
Instead of Assumption 5.1, the following assumption is made for system (5.1).

Assumption 5.3. 6°€° can be separated into 8°€° = 07(t)&7(x,t) + 05£5(x, 1),
where 69(t) € C (R'™,[0,T]) is an unknown time-varying parameter vector, 5 €
R'™™ is an unknown time-invariant parameter vector and both £{(z,t) € R™ and
£9(x,t) € R are known continuous vector-valued functions, and are local Lipschitz
continuous with respect to z. n; and ny are integers specifying dimensions. In addi-
tion, the system input gain b is an unknown constant and the only prior knowledge

is that its sign is known.

In fact, if b is time-varying, according to the definition of the vector @ in the preceding

section, all parameters to be learned are time-varying .
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Now the error dynamics can be expressed as

€ = Db dg; — b OT(1)ET (i, t) — b7 O5E5 (i, 1) — il
= 0(0:& + 026, — w;) (5.16)
where 0; = —b7'07(t) € R™>™, & = &7,(zi,t) € R™, 0, = [b7!, —b7'03] €
R4 and &y, = [da,, &€5(z;,t)T]T € RM™FD. 0, presents all the time-varying

parametric uncertainties, while @5 represents all the time-invariant parametric un-

certainties.

The learning control law is constructed as
up = ke;+ él,iEl,z’ + éQ,i€2,i’ (5.17)

where k > 0 is the feedback gain, él,i € RY™ is to learn 0;, and ég’z‘ € RWx (2t g

to learn 6.

For the time-varying uncertainty 61, the preceding difference type updating law is

used

)

éli == élﬂgl —|— ﬁlﬁfiei, élvfl(t) - 0 Vt E [O,T] (518)
For the constant part 8., the traditional differential type updating law is employed
025 = Ba€3sei,  03(0) = 05 1(T),  B20(0) =0. (5.19)

Both 3 > 0 and [ > 0 are the learning gains.

Remark 5.4. Note the difference in the initial conditions of the difference type up-
dating law (5.18) and differential type updating law (5.19). In fact, since ¢;(0) = 0,
él,i(O) = ( for all iterations, namely, the difference type updating mechanism has
an resetlting action along the iteration axis. On the contrary, the differential type
updating mechanism has a consecutive initial condition along the iteration axis, that
is, the end value of preceding iteration becomes the initial value of the present iter-

ation. The reason that accounts for the difference is, that a constant parameter will
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hold the same value at ¢ = 0 and t = T', whereas a time-varying parameter may not.
If 6,(0) # 6,(T), it would be meaningless to apply the consecutive initial condi-
tion. The consecutive initial condition is applicable to the difference type updating

mechanism, only if we have additional knowledge that 6,(0) = 6,(T").

The main result of the above learning control approach is summarized in the follow-

ing theorem. Here we also assume b > 0.

Theorem 5.3. For system (5.16), under the Assumptions 5.2 and 5.3, the learning
control law (5.17) and the updating laws (5.18) and (5.19) guarantee that the tracking

error converges to zero in L2-norm over [0,T] as iteration number i approaches to
infinity.
Proof:

Define a CEF as

Eit) = 5b" 2+2—51/ by ¢ +

A ~ A ~
where ¢1,i = 01 — 0171‘ and ¢2,i = 02 — 0271‘.

6 ¢2 z¢2 ,0) (520>

Because of the involvement of the mixed difference-differential updating, the proof
becomes more complicated, and consists of three parts. Part A derives the difference
of the CEF; Part B proves the convergence of the tracking error; Part C examines

the boundedness property of the system state and the control signal.
Part A: Difference of CEF

The difference of F;(t) is

AEi(t) = Qb_l 2+2—51/(¢11¢11 ¢1,z‘—1¢{,z’71)d7—

1 1. _
+ (¢2z¢2z - ¢2,i71¢2T,i—1) —5b 16?—1' (5.21)
203, 2

Let us examine the terms on the RHS of (5.21) separately.
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According to the LI.C.; the error dynamics (5.16) and the control law (5.17), the

first term on the RHS of (5.21) can be expressed as

1 t 1
Lyt b—l/ esésdr + 571(0)e2(0)
2 o 2
t
= / €i(01&1; + 0265, — w;)dr
0

t t t
= —k/ e?dT—i-/ ¢17i§17¢€¢d7+/ $s,i&2€:dT
0 0 0
t t t
= —k:/ eng—l—/ §1,Z~d7'—|-/ S2,dT, (5.22)
0 0 0
where ¢ ; = ¢17i£17i€i and ¢; = ¢2,i£2,i€i'

Analogous to the derivation of (5.8), from the updating law (5.18) the second term
on the RHS of (5.21) is

1 T T
Qﬁl (¢1,z¢1,z ¢1,z71¢1,z—1)
1 . 1 . - P P
= —Efm (01— 61 1) — Tﬁl(el,z 01-1)(01; — 01-1)
= —¢ 816 — %”611”2612
- Biiy s
= —CLi — 5”511” €i- (5.23)

From the updating law (5.19), the third term on RHS of (5.21) is

1
2—52(¢2,i¢g,i - ¢2,z'71¢2T,i—1)

[t 1 1

= | Buabridr + 5 0n,0)85,0) — 5o 10
t 1 1

= _/0 ¢2,i€2,ieid7- + 2—52¢21(0)¢gz(0> - 2—52¢2,i71¢g,i—1
(it Lo 60— Lo o
= /o o, dT + 25, ¢2,i(0)¢2,i(0) 25, ¢2,i71¢2,i—1' (5.24)

Substituting (5.22), (5.23) and (5.24) back into (5.21) yields
! 2 51 ! 2 2 1 T
AEi(t) = —k e;dr — — ||511|| e;dT + —¢2,i(0)¢2,i(0)
0 2 Jo 203,
1

1
—Q—ﬁz¢2,zel(t)¢2T,i—1(t) - 55_16?—1@)' (5.25)
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Considering the consecutive initial condition ég,i(O) = 9271-,1(T), at the time instant

! g (" 1
AE(T) = —k / Gdr — 2 / 1€, I2dr — b2 (T)
0 2 Jo ’ 2
T
< —k:/ ezdr < 0. (5.26)
0

Part B: Convergence of the Tracking Error

According to (5.26), it can be derived that the finiteness of F;(T) is ensured for any

iteration provided FEy(T) is finite. In the following we will show the finiteness of

The derivative of Ey(t) is

. _ . 1 1 -
EO(t) = b 16060 + —¢1,0¢F£0 + _¢2,0¢2T,0~
2064 B2
From (5.22), it can be derived that
b_le()éo = —k:e?) + $1,0 + $2,0-

Analogous to the derivation in (5.10), from (5.23) we have

1 o3 1
25 Prodlo = —s0 = S & ollel + 5-0:67
According to the updating law (5.19) and using 6, = 0, it can be derived that
1 - T
E¢2,0¢2,0 = _¢2,0£2,o€0 = —G2,0-
Therefore,
: b 1 1
Ey(t) = _ke(Q) - 5”51,0”26(2) + 2—51910? < 2—61019?-
Since 6, is continuous, it is bounded over the time interval [0,7]. There exists a
constant
1
L = max (==6,07) < co.

te[0,1] 231
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Considering ey(0) = 0, 8,,(0) = 0 and the boundedness of 85, the following can be

derived.

Eo(t) < |Eo(0)] +) / Eo(r)dr]

1 t

< ——0.,07 E

< 2529202+/0\ o(7)ldr
1 t

< —0 0T+/ Ldr

T 20 202 0
1

< —0,07 + LT < .

2[5

The finiteness of Ey(t) implies Ey(T") is bounded, hence E;(T') is finite for all i € Z,.

According to (5.26), we obtain

E(T) < EO(T)—kEZj /Teidn

J=1

{ T
lim E;(T) < EoT)—k lim Z/ 6?d7’.
71— 00 1— 00 0

The finiteness of Ey(T') and the positiveness of E;(T) lead to lim ezdr = 0.

Hence e; converges to zero in £2-norm.
Part C: Boundedness Property

Finally, let us check the boundedness property of the system state x; and the control
signal u;. Note that, up to now we only prove the boundedness of F;(T), from which

we need to further derive the boundedness of E;(t) for any ¢ € [0, 7.

According to the definition of E;(t) and the finiteness of E;(T'), the boundedness of
fOT ¢17i¢1T’id7' and ¢21(T)¢52(T) is guaranteed for all iterations. Therefore, Vi € Z, |

there exist finite constants M; and M, satisfying

t T
/ ¢1,i¢’£id7— < / ¢17i¢fid7' < M1 < 0
0 0

¢2,i+1(0)¢2T,z'+1(0) = ¢2@(T)¢2TZ(T) < M, < .
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Hence, from (5.20), we have

Ei(t) < S07e2() + My + — gy (0)T(0). (5.27)
2 28,77 ’

On the other hand, from (5.25), we have

1 1 1 _
AEin(t) < 2—52¢2,¢+1(0)¢2T,i+1(0) - 2—ﬁ2¢2,i(t)¢§,z‘(t) — b
1 1
< My = ot ()a,(t) — b7 el(H). (5.28)
Do 2
Adding (5.27) and (5.28) leads to
Ein(t) = Ei(t)+AE(t)
< 167162 + M, + Lq’) .q’)TA + M, — L(ﬁ ‘¢T. _ 167162
— 2 3 1 2/32 2,@ 2,2 2 2ﬁ2 2,1 2,1 2 K3
= M, + M. (5.29)

As we have shown that Fy(t) is bounded, hence E;(t) is finite for all i € Z, | which
implies the boundedness of z;, f(f 10, .]|>dT and @,(t). Because €, ; and &,; are
local Lipschitz continuous with respect to x;, the boundedness of z; leads to the
boundedness of & ; and §,;. Hence, from learning control law (5.17), it can be

derived that wu; is bounded in £2-norm. |

Remark 5.5. Analogous to Corollary 5.2, if the bound of 8, ; is known a priori, the

updating law (5.18) can be modified as

~

0,;=proj(0:, 1)+ (1€ €

Consequently, the boundedness of 9172- can be ensured, which leads to the bounded-
ness of u; and ;. The finiteness of &; implies the uniform continuity of z;. Hence,

the uniform convergence of the tracking error is guaranteed.

Remark 5.6. To clearly explain the basic idea, only a first-order system is consider
in this chapter. However, the proposed FIL approaches can be easily extended to

the following class of systems,

xj = ijrla jzlaan_l

T, = 0°()&°(x,t) + b(t)u,



Chapter 5. FIL for Non-Uniform Tracking Tasks in the Presence of Parametric
Uncertainties 102

where x = [z, -+ ,z,]T € R™

Define the extended tracking error o = Z cje;(t) (cn, = 1), where e;(t) = xffﬁl)(t) -
j=1
zj(t) and ¢; (j =1,---,n) are coeflicients of a Hurwitz polynomial. The derivative

of o(t) with respect to time ¢ is

n—1
o(t) = Z cjej1 + 9'5&") — 0°6°(x,t) — bu
j=1

n—1
= DY ejei + 07t — b710%€%(x, 1) — ul,
j=1

which has a similar form as equation (5.2). Therefore, the proposed FIL algorithm
can be applied directly and the convergence of ¢ is guaranteed which leads to the

convergence of x(t) to x4(t).

5.5 Illustrative Examples

In this section, the following one-link robotic manipulator is considered

Ty 0 1 Ty 0
= + [u — gl cosxy + M),

g 1
T2 00| | w1

where x; is the joint angle, x5 is the angular velocity, m is the mass, [ is the length,
I is the moment of inertia, u is the joint input and 7; = 522 sin®(5¢) is a disturbance.

Let xo be the control target and the desired trajectories for the i-th iteration is zq;.
Throughout simulations the following two functions are chosen as target trajectories:
Class 1 w4, = r;sin®(0.5t), i is odd,

Class 2 xq; = £;0.05e7(2mt3 — t*) (2w — t), @ is even,

where ¢t € [0,27], and k; is generated randomly from the interval of [—1,0) U (0, 1]

for each iteration . The desired trajectories for the first four iterations are shown in
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Figure 5.1: Desired trajectories for the first four learning iterations.

Fig. 5.1. Obviously, there is little similarity in the target trajectories between any
two consecutive iterations, except for the fixed interval T = 27. Define b = ﬁ
and the extended tracking error o = 3e; + e3. Then the dynamics of the extended

tracking error at the i-th iteration is

o; = 3e1;+éa;
= 3eg;+ da; — blu; — glcosxy; + M)

= b(3b leq; + b ag; — u; + glcosTy — M) (5.30)

Case 1: b is time-varying.

The system parameters are chosen as: m = (3 + 0.1sint)kg, | = 1m and [ =
0.5kg-m?. bis assumed to be unknown and the only available information is that b(t)

is positive. The system initial condition is: z1;(0) = 0 and x2,(0) = 0. In this case,

—lO'Z‘]T.

0= [3b"', b=', gl, —5sin’®(5t), b*Qi)] and & = [eg;, D44, COST1;, T, —3
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Figure 5.2: Convergence of the extended tracking error o; in Case 1.

Choose k = 5 and $ = 20. Applying control law (5.3) and (5.4), the learning
convergence is shown in Fig. 5.2. The horizon is the iteration number and the

vertical is the sup-norm |o;|syy-
Case 2: b is time-invariant.

The system parameters are: m = 3kg, [ = 1m and I = 0.5kg - m?. b is an unknown

positive constant. The system initial condition is the same as in Case 1.

The system uncertainty can be expressed as 61 (£)€, ;+02€, ;, where 8, = [—5sin®(5t)],
0, = [3b7", b7l gl &, = [23,] and &; = [es;, £as cosxi]”. Choose
pf1 = Po = 20. Applying the control laws (5.17), (5.18) and (5.19), the learning
convergence is shown in Fig. 5.3. The tracking error reduces to 1% of |og|sy, after

a number of iterations.

The simulation results in both Case 1 and Case 2 demonstrate clearly the ability of
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Figure 5.3: Convergence of the extended tracking error o; in Case 2.
the learnability from different motion patterns.
Case 3. Learning for identical trajectory.

For comparison purpose, here the tracking control is conducted for a fixed target
trajectory x4y = sin(0.5t) t € [0,2x]. Applying the same control design as in Case
2, Fig. 5.4 gives the simulation result. Since the identical trajectory tracking task
is a special case of non-identical trajectory tracking problems, obviously it is much

easier to learn.
Case 4: Comparison with the differential-type updating.

If we are not sure whether a parametric uncertainty is time-varying or time-invariant,
the safe way is to treat it as time-varying. In the following, we show that the

differential updating law alone fails to work for time-varying uncertainties.

Again consider Case 2, but treat the term —5sin®(5¢) as time-invariant. Hence



Chapter 5. FIL for Non-Uniform Tracking Tasks in the Presence of Parametric
Uncertainties 106

14n

1.2 7

sup o

o]

0.4

T
1

0.2 7

L ‘

0 20 40 60 80 100 120
Iteration Number

Figure 5.4: Convergence of the extended tracking error o; in Case 3.

only the differential updating law is applied to all parameters. Choose controller
parameters k and (5, to be same as in Case 2, the simulation result is shown in Fig.

2.5.

From Fig. 5.5 we can see that the tracking error retains at a rather high level in
comparison with the previous case, due to the lack of the learnability of a differential-

type updating mechanism to time-varying parameters.

Case 5: Comparison with the traditional ILC approach

The following traditional D-type ILC is applied,

u; = Ui—1 + [B0i_1.

Use the same model and parameters as in Case 2 and let § = 0.1, the simulation
result is given in Fig. 5.6. It is clearly shown that if the desired trajectories are

non-uniform, the learning convergence cannot be guaranteed by the traditional ILC
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Figure 5.6: Extended tracking error o; in Case 5.
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any more.

5.6 Conclusion

A novel FIL control method has been developed in this chapter. The new method is
able to learn from different tracking tasks, that is, possessing the learnability along
learning axis for non-identical trajectories. Through detailed discussions and rigor-
ous analysis, we show that the system learnability comes from pointwise integration
iteratively, and that the learnable part must be invariant along the iteration axis,
which in our case is the time-varying but iteration-invariant parametric uncertain-
ties. By introducing the CEF, it is convenient to derive the convergence property
of the tracking error, and boundedness property of the system signal. Simulation

results demonstrate the effectiveness of the proposed FIL method.



Chapter 6

Fuzzy Logic Learning Control

6.1 Introduction

Fuzzy Logic Control (FLC) was originally advocated by Zadeh (Zadeh, 1973) and
Mamdani (Mamdani and Assilian, 1974) as a means of collecting human knowledge
and experience to deal with uncertainties in the control process. In recent years,
Fuzzy Logic Controllers have been widely used for industrial processes owing to their
heuristic nature associated with simplicity and effectiveness especially for nonlinear
uncertain systems. When a control task is given, a FLC is customized suitable for
the task by experienced experts or skilled operators who “learn” to develop the FLC

wherever the control task repeats.

The effectiveness of a FLC is mainly because of its structured nonlinearity. Many
FLCs are essentially fuzzy PD-, fuzzy PI- or fuzzy PID-type controllers associated
with nonlinear gains (Ying et al., 1990; Ying, 1999; Lee, 1990; Malki et al., 1994;
Xu, 1998). Because of the nonlinear property of control gains, this kind of FLCs
possesses the potential to improve and achieve better system performance. For

instance, the farther the system error or change of error is off the equilibrium point,

109
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the higher the control gain is. Thus the closed-loop system will respond faster to
the set-point change and recover faster from the load disturbance comparing to the

conventional PID control.

Generally speaking, the nonlinear structure property of a heuristically designed FL.C
cater well to the characteristics of the industrial process under control. However
when a new control task is given, it is always imperative to re-adjust the FLC
so as to produce reasonable responses. It will naturally take experts or operators
long time and great efforts to re-adjust the FLC suitable for the new task through
trial and error. A simple and feasible idea is to retain the well established FLC
nonlinear structure and only tune the FLC parameters such as the input-output
scaling coefficients. FLC auto-tuning methods (Xu, 1998; Xu, 2000) have been
proposed which work effectively and can satisfy the specified gain margin and phase
margin. The main limitation of FLC auto-tuning is that the auto-tuning schemes
are only applicable to simple control tasks such as set-point control or step-type
load disturbance rejection. It would be a challenging work for a FLC to perform

complicated tracking control tasks.

One way to partially address the trajectory tracking problem is to offer the FLC
system a learning mechanism. Instead of letting experts learn to adjust, it is better
to let FLC incorporate adaptive or learning functions to adjust itself to best meet
the control task, which would be much more efficient and more accurate. Applying
neural network into the FLC (Lin and Lee, 1991; Ichikawa et al., 1992; Ng and
Trivedi, 1998; Behera and Anand, 1999; Chien, 2000) is one such possible approach.
However, a neural controller tends to be over complicated due to its large number
of nodes and weights. On the other hand, a simple neural network may not achieve
sufficient tracking precision. As a kind of input-to-output mapping approaches,
most neural controllers will reconstruct the whole control system, which is neither

practical from control engineering point of view, nor advisable from the FL.C point
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of view where the “good” nonlinear structure is to be retained.

In this chapter we propose a new modular approach - Fuzzy Logic Learning Control
(FLLC), which integrates two complementary control approaches, FLC and FIL,

and improves the tracking performance through tasks repetitions.

In the configuration, FLLC consists of two control modules in an additive form: a
simple fuzzy logic controller, and a learning mechanism which updates the current
control profile from the previous control sequence. Such a construction does not alter
the existing FLC which is heuristic and proved effective from expert’s experience.
From the control point of view, FL.C provides feedback and the learning mechanism
realizes feedforward compensation. Now if the control environment is repeatable or
more or less repeatable over a finite duration, the proposed FLLC can provide a

simple and effective way to possess such an internal model.

In this chapter we limit our discussion to a simple PD-type FLC. The proposed
FLLC method based on the Fuzzy PD focuses on learning for the repeatable control
tasks. The nonrepeatable factors such as random disturbance are assumed to be
very small, consequently negligible. Through rigorous proof based on EF, we show
that the FLLC system achieves the following novel properties: (1) the tracking error
sequence converges uniformly to zero; (2) learning control sequence converges to the

desired control profile almost everywhere.

The chapter is organized as follows. In Section 6.2, problem formulation and con-
trol objective are introduced. The structure and properties of a PD-type FLC are
derived in Section 6.3. In Section 6.4, FLLC with learning updating is introduced
with rigorous convergence analysis. Simulation work is presented in Section 6.5 to
demonstrate the effectiveness of the proposed scheme. Finally, Section 6.6 gives the

conclusion.
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6.2 Problem Formulation

In this chapter, we consider the second order nonlinear dynamical system described

by

.I"l = T2
(6.1)
to = f(x,t) + b(x1,t)u

where y(t) = x1(t), x = [z1, 2o] € R? is the physically measurable state vector, and

w is the control input. f(x,t) and b(z,t) are nonlinear uncertain functions.
For this system we make the following assumptions:

Assumption 6.1. f(x,t) is bounded by a known function f,..(x,t), and 0 <

binin < b(21,1) < bae Where by, and by, are known constants.

Assumption 6.2. Vq € {f,b}, q(x,t) € C(R* x [0,T]) and q(x,t) satisfies the
Lipschitz condition, ||g(x1,t) — q(x2,t)|| < l,]|x1 —x2l|, Vt € [0, T] and Vx;, x5 € R%.

Here the positive constant , < oo.

Given a finite initial state x;(0) and a finite time interval [0,7] where ¢ denotes
the iteration sequence, the control objective is to design a FLC combined with FIL
approach such that, as ¢ — oo, the system state x; of the nonlinear uncertain system
(6.1) tracks the desired trajectory x4 = [z41,242] € R? which is generated by the

following dynamics over [0, T

Td1 = Td2

(6.2)
.’i’d72 = Oé(Xd, t) + ’I"(t)

where a(xg4,t) € C(R?x[0,T]) is a known function and r(t) € C([0,T)]) is a reference
input. As part of the repeatability condition, the LI.C., i.e. x;(0) = x4(0), is

available for all trials.
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Figure 6.1: Overall structure of the FLC closed-loop system.

6.3 Properties of A Fuzzy PD Controller

For a large class of FLCs, fuzzy input variables are the error e and the change of error
é. The fuzzy rule table is then established on the phase plane (e, é). In essence, these
fuzzy controllers are fuzzy PD-, fuzzy PI- or fuzzy PID-type controllers associated
with nonlinear gains. Because of the nonlinear property of control gains, FLCs
possess the potential to improve and achieve better system performance. Due to the
existence of nonlinearity, it is usually difficult to conduct theoretical analysis and

find out appropriate design methods.

Consider a typical class of fuzzy PD controllers (Ying, 1993) and the control system
is shown in Fig. 6.1. The inputs of the fuzzy rule base are the normalized error (wee)
and the normalized change of error (wgé) where w, and w; are weighting factors. The

error and the change of error are defined as

The membership functions used to fuzzify the inputs are triangular in shape shown
in Fig. 6.2 and, consequently, there are four simple fuzzy control rules (Table 6.1)

used in the FLC. The reasons to choose this type of FLC are (1) theoretical analysis
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Figure 6.2: The membership functions of inputs (wee, weé) and output.

Table 6.1: Fuzzy control rules. N: negative; P: positive; Z: zero.

Rule 1 If error is N and change of error is N, control action is N
Rule 2 If error is N and change of error is P, control action is Z
Rule 3 If error is P and change of error is N, control action is Z

Rule 4 If error is P and change of error is P, control action is P

is possible owing to the known structural knowledge; (2) the nonlinearity of the
simplest fuzzy PD controller is the strongest in the case of linear distributed rules
(Buckley and Ying, 1989); (3) it is highly desirable to make the FLCs as simple as
possible and leave the performance refining task to learning control, i.e. maximize
the automated learning and minimize the heuristic learning efforts in deriving FLC

rules.

The fuzzy output variables have trapezoidal shape membership functions and the
lengths of their upper and lower bases are 24 and 2H (Fig. 6.2), respectively.
Zadeh’s AND (MIN) and Lukasiewicz’s OR are used in the fuzzy inference and
the most general inference method, the Mamdamni’s minimum inference method
(Xu et al., 1998), is considered in the discussion. By using the center of gravity

(COQG) defuzzification method, (Ying, 1993) has discussed the control property when
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Figure 6.3: Control surface u (left) and nonlinear control gain k (right) produced

by FLC (Unsaturated region).

A < 0.5H, and the overall control output can be obtained (inside the unsaturated

region of the universe of discourse)

ur = k(e,é)(wee + weé) (6.3)
0.5Hw,[(1+6) 4+ 0.5(1 — 0)|wee — weel]

Mo = Gro) — [0+ Omardel,weé)) £ 051 — O)((wee + (@)

where § = 4 and k(e, €) is the nonlinear part of the FLC output.

Let H=1,60=0.5 and w, = w; = w, = 1, the control surface of the FLC and the

surface of k(e, é) of the unsaturated region are shown in Fig. 6.3.

In most cases, we find that the two-dimensional rule table has the skew-symmetry
property (Choi et al., 1999). The unsaturated phase plane is divided into two semi-
planes by means of a switching line o. Within the semi-planes positive and negative
control outputs are produced respectively. While outside the unsaturated region,
the output of FLCs will be partially or fully saturated. In general we can choose w,
and w, to ensure that the control task can be fulfilled by the FLC in the unsaturated

region. From (6.3), the PD-type FLC can be expressed as

ur = k(e é)o



Chapter 6. Fuzzy Logic Learning Control 116

where 0 = w.e + wyé is the switching line, 0 < Ky, < k(e, €) < kg and |ug| is

bounded by ug.

Remark 6.1. Note that k(e, é) is a bounded function of the arguments e and é. Thus,
uy = 0 whenever the system is at its equilibrium e = é = 0. However, from (6.1) we

can see that the desired control input at the equilibrium is
Ug = bil(xd,la t) ['jjd,Q - f(Xd7 t)]

which may not be zero Vt € [0, T]. This shows the essential problem of all kinds of
feedback control inclusive of FLCs due to the lack of “internal model”. Learning

control, as one of the most effective feedforward methods, complements FLCs.

6.4 Fuzzy Logic Learning Control

The proposed FLLC is given below

up = projlui—] +ug,  u_q(t) =0 (6.4)
uf,i = k:(ei, 61)0'Z (65)
g; = We€; + Wééi (66)

where ¢ denotes the iteration sequence, u; is the system input and 0 < k. <
k(e;, é;) < kpmaz. Moreover, it is assumed that the original FLC based on heuristic
knowledge should ensure the system stability, though may still yield a large tracking

error with respect to the tracking task specified by (6.2).

To evaluate the learning performance, the following time-weighted £2 norm of u; —ug

is used
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The difference of J;(t) between two successive trials can be derived as

A1) 2 J(t) = Jia(d)
¢ ¢
- / e (u; — ug)?dr — / e (w1 — ug)*dr
’t O
< / e (u; — ug)?dr — / e (projui_1] — uq)?dr
0 0

t
= / e [u; — projlu;_1]|[u; + projlu;_1] — 2ugq|dr
0

¢
= / e‘“{u% + 2ugi[projlui—1] — uql}dr. (6.8)
0

First we derive the expressions of projlu;—1] — ug and u; — ug4. From (6.6) we can

obtain
O = Weli + Wil = We(Tg1 — 1) + we(Taz — T2). (6.9)
Differentiating (6.9) with respect to t yields
0i = we(Ta1 — 1) + we(Tao — o). (6.10)
Substituting (6.1) and (6.2) into (6.10) gives

0; = We(Tag — Toq) + we(a(xXa,t) +1(t)) — hi — liu;

where h; £ we f(xi,t), 1; = web(w14,t), gi - We(Ta2 — T2;3) + ga, Ga - wear(Xq,t) +
wer(t).

Then
wi =~ + 17 g — 17 . (6.11)

Let ¢; = 0, consequently ;(t) = 0;(0) = 0. According to (6.11), the desired control

18

Ug = l;lgd — lglhd



Chapter 6. Fuzzy Logic Learning Control 118

where hy = ws f(Xg, 1), la = web(xgq,t).

It can be derived that

u—ug = ;76— (6.12)
projlui—] —ug = w—up; —ug = —us; — l;ldi — Vi (6.13)

where
vi= (g 90 =1 g0) = (I ha — 17 ha). (6.14)

Here ~; is the equivalent system uncertainties. From (6.14) we know
v = (90 =17 g:) = (15 ha = 17 ).
It can be derived that
vl < 1 g0 — 1 ga+ 1 ga — U gl + 11 ha — 1 ha 4 1 ha — 17 By
< L = 4] Ngal + 87 N9 = gil 17N Nl = Gl - [hal + 17 ha = hal-
Since gq — gi = we(Ta2 — x;2), we have
194 — il < wellxa =%

Under Assumption 6.1, b; ' is bounded by b, so I;! and l;l are also bounded by

min’

(Webmin) ™', Since hg and gg are both bounded, we denote that hy = sup hg(t) and

telo, T
ga = sup gq(t). Using the Lipschitz condition described in Assumption 6.2 we can
telo, T
obtain
il < ellxa = x| (6.15)
where

c= wéb;%n(wélbwébmingd + we + wéb;énwélbﬁd + a)élf)

which is a finite positive constant.

To facilitate FLLC analysis, we give three propositions which reveal the bound

relationships among the quantities o;, x;, and 7;.
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Proposition 6.1. For system (6.1), given the desired trajectory (6.2) and the FLLC

laws (6.4) and (6.5), the following stands

Xd—Xi = A(Xd—XZ‘) +pal, (616)
t
xa=xll < w7 Al [ Jou(r)le T 4w o (6.17)
0
0 1 T
where A = cmdp:{() wé—l] .
0 —w; we

Proof:
Combining (6.1) and (6.2) yields
Ta1l — Ti; = Tgo — T, (6.18)
Rearranging (6.10) gives
Fgp — Toi = —w} we(Tgo — Ta;) + w; a;. (6.19)

Combining (6.18) and (6.19) gives (6.16). Integrating both sides of (6.16) and notic-

ing 0;(0) = 0 and x;(0) = x4(0) obtain
¢
Xg — X; :A/ (x4 — x;) dT + po;.
0
Taking the norm of the above and since ||p|| = w; !, the following stands
t
%2 =i < [|A] /0 Ixa = xilldr + w; " |o].

Applying Bellman-Gronwell Lemma I (Ioannou and Sun, 1996), we can obtain

(6.17). u

Proposition 6.2. For system (6.1), given the desired trajectory (6.2) and the FLLC

laws (6.4) and (6.5), the following stands

t t
/ |0y (1)] - () ldr < (cwr + cwy | ATEMAIT) / o2 (r)dr. (6.20)
0 0
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Proof:

It can be obtained from (6.15) and (6.17) that
t
< A [ @I + oo o) (6:21)
0

SinCGOSVSTStST,thQDOST—I/STSTaDd—%TS—%l/. Using Holder

inequality (Ioannou and Sun, 1996), it can be obtained from (6.21) that
t
| el putrlar
t T t
</ [ | st o) |oi<u>|du} ar+ [ e okrdr
o LJo 0
t T t
< el [ [ | e |oi<u>|du} r+ [ ewste ok ryr
o LJo 0
t N t N t
= cwé_1||A||e”A”T/ e 270y (7)| [/ 6_5T|az~(y)|du] dT—I—/ cwé_le_)‘Ta?(T)dT
0 0

0

¢ ¢ ¢
< cwé_1||A||e”A”T/ 6_%T|0i(7)| {/ 6_%V|O'i(l/)|dV:| dr —|—/ cwé_le_)‘Ta?(T)dT
0 0

0

t 2 t
= cw; || Al e4IT [/ 6/2\T|O'i(7')|d7':| +/ cw; te o (1)dr
0 0
t t t
< cw; | Al AT [/ 6/\T0'i2(7')d7':| [/ 12d7} +/ cw; te Mo (1)dr
0 0 0
t
< (ewg + cw Y| A||TelAITY / e o?(1)dr.
0
|

Proposition 6.3. For system (6.1), given the desired trajectory (6.2) and under

the control laws (6.4) and (6.5), the following stands

1

1% — Xall < braeTT2IE(T), (6.22)
i < bynae (W2 4+ w2)2eTT2J2 (T). (6.23)

where | 2 max(A, || Al + bpazc)-

Proof:

From (6.12), it can be obtained that

0; = liug — liu; — ;.
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Substituting the above into (6.16) yields
Xq — X; = A(Xq — xi) + p(liua — lLiu; — liy;)

Since x;(0) = x4(0), ||p|| = w;* and from Assumption 6.1 l; < wWebyaz, it can be

obtained from the above that

t t
Ixa—xll < [IAl / I — i lldr + b / ; — wgldr
0 . 0
_'_bmax/ |P)/z‘d7— (624)
0

Substituting (6.15) into (6.24) yields

t t
Ixa — il < (LAl + braac) / I — i lldr + B / s — aldr.
0 0

It can be obtained by the Hélder inequality and Bellman-Gronwall Lemma 11 (Ioannou

and Sun, 1996) that

t t
|xa — x| < ll/ de—xinT—i-bmax/ |w; — ugldr
0 0
t
S /bmamel(t_T)|ul,i_ud|dT
0

T
< bmamelT/ e_lT|ul,Z~—ud|dT
0

T 51 T 3
< baze'’ {/ e’le(uM — ud)QdT} {/ 12d7}
0 0
T 3
bmamelTT% {/ e_)‘T(ulyi — ud)2d7'}
0

1 1
= e T2 J(T) (6.25)

IN

where I} = ||A]| + byazc and = max (A, l1). From (6.5) we have

0; = [ We we r (xa — ;) (6.26)

|0s] < (W2 + w?)2||xa — x| (6.27)

Hence from (6.25) and the above, we can obtain (6.23) which completes the proof.
|
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In the following, we first give the convergence property of the proposed FLLC when

the FLC part works within the unsaturated region.

Theorem 6.1. Consider the nonlinear system (6.1) satisfying assumptions Assump-
tion 6.1 and Assumption 6.2, together with the desired trajectory x4 defined in (6.2).
Under the control laws (6.4) and (6.5), as i — oo, u; converges to ug almost every-

where, o; converges uniformly to 0 and x; converges uniformly to xg .

Proof:
Substituting (6.13) into (6.8) gives
t
AJZ(t) S / e*)‘T(—u?i — 2Uf7ll;10'1 — 2Uf7l’}/l)d7'
0
Then

AJi(t)

IN

t
/ eiAT(—Qkil;ldiOxi — 2]{:101%)(17'
0

t t
= —/ 267)\7]{]@1;10'@'(}@'(17' —/ 267)\7]{7@'0'1"‘)/1‘617—-
0 0

Since b(x1,t) is bounded, I; € [Webmin, Webmaz),

o} (t)

AJi(#)

IN

t
i (Wibas )~ / e Mdo? 4 2 / 03| e
0

0
t

_kmin(wébmax>7lei/\taz‘2 - )\kmin(wébmax)l/ ei/\TUiQdT
0

IN

t
+2kmaz/ 6_)\7|0-i||’7i|d7—’
0

Using Proposition 6.2, we can derive

t
AJi(1) < —Emin(Webmaz) " e 0?2 — Mepin (Webmaz) ™" / e Maldr
0

¢
+2k‘mw(cwé_1 + cwé_1||A||Tfe”A”T) / €_>\TUZ~2(T)dT

0
== _kmin(Wébmam)ilei)\to'i2

t
—min (Webmaz) " / (A = 2kmack ) bae (¢ + c|| A|| Tl e 262 (1) dr.
0
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Since 2Kazk b bmaz (¢ + c||A||TelAIT) is a finite positive constant, there exists a

min

sufficiently large A such that A\ > 2kackit byaz (¢ + | A|TelAT) + k1 (Webpaz) to
ensure
t
AJ;i(t) < —l{:mn(u)ébm(w)_16_’\1571‘2 —/ e_)‘TUZ-QdT. (6.28)
0
According to (6.7), J;(t) > 0, then from (6.28) we have

0< Ji(t) < Jiq(t) < -+ < Ji(t).

From (6.28), taking the summation over j =1 to i obtains
Ji(t) = Ji(t) € —Epin(Webmaz) e i ajz(t)
=1
As J; > 0, we have from the above that J
lim Z o (t) < kmin (Webmaz )€™ 1 (1)
=1
which concludes that J

lim o;(t) = 0,Vt € [0, T].

1— 00

As lim 0;(t) = 0, from (6.5) and (6.17), lim uy; = 0 and lim x; = x4. According to

1—00 1—00 i—00

(6.15), lim ~; = 0.

From (6.12) and (6.7), it can be obtained

t
lim J(t) = lim | e u(r) — ug(r))dr
Ot
= lim €_>\T (Wébi)_Qd’?dT

1—00 0
o(t)
= lim e (web;) 26do;. (6.29)
1— 00 0
From (6.5) we can obtain
(j'i = weéi+wééi

= We(Ta1 — &1,) +we(Taz — T24)

= u)e(fL‘d’g — 1‘271‘) + u)é(l"dg — fz — bul) (630)
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As wu; is bounded, considering Proposition 6.3, d; is bounded. Since e’)‘f(wébi)’2di

is bounded and lim o;(t) = 0, we can obtain

1—00

lim J;(t) = 0, V¢ € [0,7] (6.31)

1—00

and u; converges to ug almost everywhere.
From Proposition 6.3 and (6.31), both x; and o; are bounded. We have

lim sup |o;| =0, lim sup ||xg—x| =0,
1—00 tE[O, T] 100 tE[O, T}

o; and x; are uniformly convergent.

From (6.5) and e;(0) = 0, by solving the differential equation (6.1) with the FLLC,

we can reach that e; and é; uniformly converge to zero as i — oo. |

Now let us consider the circumstances where FLC may enter its saturated or semi-
saturated regions. Note that k(e, é) is undefined or is zero where (wee > 1) N (weé <
—1) or (wee < —1) N (weé > 1) because of the null control action in these two
regions. Nevertheless, we can still prove that the FLC part will re-enter and remain
in the unsaturated region after finite iterations. Consequently, FLLC will converge

uniformly as ¢ — oo.

Theorem 6.2. In the presence of FLC saturation, consider the nonlinear system
(6.1) satisfying Assumption 6.1 and Assumption 6.2, together with the desired tra-
jectory xq defined in (6.2). Under the control laws (6.4) and (6.5), as i — 00, u;
converges to ug almost everywhere, o; converges uniformly to 0 and x; converges

uniformly to xg.

Proof:

Rewrite the system (6.1) as

x = f(x,t) + b(x, t)u
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where f(x,t) = [z2 f(x,t)]T and b(x,t) = [0 b(z1,t)]". The desired system is
Xd = f(Xd, t) + b(Xd, t)ud.
Then

&(t) = %4—%

= f(xq4,t) — f(x,t) + b(xq, t)ug — b(x,t)u
where e = [e, ¢]T 2 [e1, ).
From Proposition 6.3 we can obtain

lell = lIxa — x|l

1
where J?(T') is bounded according to (6.4) and (6.7).
From (6.1), it can be derived

é1:€2

és = f(xa,t) — f(x,t) +b(xgq,t)uq — b(xy1, t)u.

Then
el = Jeal
< el
< b TT2J2(T) (6.32)

|€2| < Lf||e(t)||+2bmamumam

1 1
< 2Lgbnmae€ T2 J2 (T) 4 2bmaztmaz (6.33)

where U, = upr + up is the bound of the system input and Lg is the Lipschitz
constant of f(x,t). The relations (6.32) and (6.33) show that both e; and e, in the

worst case, have finite divergent speed.
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As the initial state €;(0) = 0 is available for all the trials and its divergent speed
is limited, at least one non-infinitesimal time interval [0,7}] exists such that FLC

works in the unsaturated region (Jweei| < 1) N (Jweea] < 1), ie.

Tl = M'm(tl, 7'1)

where
1-0
ty, = —//——
we|€1|maa:
1-0
n = — .
wé|€2|maa}

According to Theorem 6.1, Vt € [0,T1], e1;(t) and ey ;(t) uniformly converge to zero
as i — 00. It means there always exists a non-infinitesimal quantity ¢; and a finite
integer Ny, such that |weep; ()] < €1 << 1 and |wees; (1) < €1 << 1 (Vt € [0,T1])

when iteration number ¢ > NVj.

Analogously, there exits another time interval [T}, T3] such that FLC works in the

unsaturated region for any iteration ¢ > V.

TQ = T1+Min(t2,72)

where
]__
fy = —
we|€1|maa:
1—61
T = —F/.
wé|€2|maa}

Applying Theorem 6.1 again, we can obtain V¢ € [0, T3], e1,;(¢) and ey ;(t) uniformly
converge to zero as ¢ — 0o. In other words, there always exists a non-infinitesimal
quantity e; and a finite integer Na, such that |wee;;(t)] < €2 << 1 and |weeq;(t)] <

€a << 1 (Vt € [0,T3]) when iteration time i > Ns.

Since [0, 7] is a finite interval, by repeating the above procedure for finite times K,

a time interval [Tx_1,Tx] (T > T) can be found in which the FLC works in the
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unsaturated region.

TK = TK71+M’in(tK,TK)

where
1 —ex_
Ik = 7.€K !
we|61|maa:
1—ex
TK = —Y/.
wé|e2|maa}

Eventually the FLC will work in the unsaturated region over the whole cycle [0, T,
because each interval [T}, T;:41] (j = 1,-- -, K) is a non-infinitesimal interval. Ac-
cording to Theorem 6.1, V¢ € [0,T], e1,(t) and eq;(t) uniformally converge to zero

as 1 — 00.

From the above derivation, it can be clearly seen that even if FLC works in the
saturated region during some iterations, the FLC part will re-enter the unsaturated
region and remain in it. As i — 00, we can still derive that u; converges to uy almost

everywhere, o; converges uniformly to 0 and x; converges uniformly to x,. |

6.5 Illustrative Examples

In this section, the FLLC will be applied to a simple nonlinear mass-spring-damper
mechanical system (Wang et al., 1996) as shown in Fig. 6.4. The behavior of this

system can be described by
Mi+ g(z, @)+ f(x) = ¢(2)u (6.34)
g(z,7) = D(c1x+ cod + c3d?)
f(z) = cyx+csa®
o(2) = 1+ cgi + cri® + cgsind

where M is the mass and u is the force. f(z), g(z, %) and ¢(&) describe the spring,

the damper and the input nonlinearity and uncertainty respectively. The control
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Figure 6.4: Mass-spring-damper system.

task is to track the desired trajectory
rq = 1.728 x 5in®*(0.7t) t € [0,9)].
Case 1

The system parameters are set to be: M = 1.0, D = 1.0, ¢; = 0.01, ¢o = 0.1, c3 = 0,
cs =0.01, c5 =0, cg = 0.01, ¢ =0, cg = —0.01. The plant (6.34) can be rewritten

as
i =—0.12 — 0.02z + (1 — 0.01sind + 0.01)u. (6.35)

Consider the FLC described in Section 4.3. Since there is no systematic way to fine
tune the three FLC parameters (we, we, wy), for demonstration purpose six sets of
parameters are randomly chosen within the range of [4,8]. The FIL is further added
to the FL.C to improve the tracking performance. To demonstrate the effectiveness of
the proposed FLLC, the maximum tracking error of each iteration (e,,,,) is recorded
and shown in Table 6.2. We can see that the incorporation of FIL can dramatically
reduce the tracking error even if only one iteration is performed. After a number of
learning iterations, the maximum tracking error can be reduced to less than 0.001

regardless of the FL.C parameters settings.

Case 2
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Table 6.2: Comparison of FLLC with different FLC parameters (Case 1).

We We Wy FLCEmror  emaz(i=1) emaz(i=2) emaz (i=3) e€maz (i=4) i (emaz <1073)

5 5 4 0.1678 0.0423 0.0161 0.0073 0.0038 12
6 6 5 0.1035 0.0175 0.0041 0.0019 0.0010 )
T 7T 6 0.0791 0.0097 0.0017 0.0007 0.0006 3
8§ 8 7 0.0624 0.0057 0.0008 0.0003 0.0002 2
4 4 8 0.1152 0.0186 0.0040 0.0017 0.0008 4
8§ 8 4 0.1028 0.0174 0.0054 0.0022 0.0011 )

The system parameters are chosen to be: M = 1.0, D = 1.0, ¢; = 0.01, ¢ = 0.1,
c3 =0.15, ¢4 = 0.01, ¢5 = 0.1, ¢ = 0.01, ¢; = 0, cg = —0.6. The plant (6.34) can be

rewritten as
i = —0.1& — 0.022 — 0.153> — 0.12° + (1 — 0.6sind + 0.014)u.

Applying FLLC with the same parameters as in Case 1, the tracking control results

are summarized in Table 6.3.
The FLLC can work equally well in the presence of stronger nonlinearities.
Case 3

From Table 6.2 and Table 6.3, we can observe that the larger the (we, we, wy), the
smaller the FLC tracking error. However, it is not advisable to reduce the tracking
error only through increasing the FLC gains. Due to the discrete-time control nature,
the FLC gains are limited by the system sampling period. Again consider the plant
given in Case 1, but with a larger sampling period of 10ms. Choosing w, = 7,
we = 7, w, = 5 and applying FLLC, Fig. 6.5 shows the control signal and the

tracking error after six iterations.
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Table 6.3: Comparison of FLLC with different FLC parameters (Case 2).

We We Wy FLCEmror emaz(i=1) emaz(i=2) emaz (=3) emas (i=4) i (emaes <1073)

5 5 4 0.2061 0.0700 0.0395 0.0241 0.0145 33

6 6 5 0.1400 0.0429 0.0208 0.0106 0.0054 12

T 7T 6 0.1077 0.0251 0.0109 0.0048 0.0024 8

8§ 8 7 0.0854 0.0139 0.0062 0.0023 0.0014 6

4 4 8 0.1528 0.0305 0.0215 0.0111 0.0067 16

8§ 8 4 0.1399 0.0418 0.0178 0.0080 0.0046 11
3 T

Control Signal
1
Output Error
o
1

Figure 6.5: Control signal and output error of FLLC with low gain.
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Figure 6.6: Control signal and output error of FLC with high gain.

For comparison purpose, choosing higher FLC gains w, = 15, w, = 15, w,, = 20 and

only applying FLC, Fig. 6.6 shows the control signal and the tracking error.

Due to large (we, we, wy), control chattering phenomenon occurs (Fig. 6.6), yet the
tracking error is about 100 times larger than that of FLLC. Obviously, in practice it
is difficult for such a simple FL.C to obtain accurate tracking performance. FLLC, on
the other hand, can obtain much better tracking performance and much smoother

control profiles with only a few iterations.

6.6 Conclusion

In this chapter, a novel control scheme - Fuzzy Logic Learning Control (FLLC) is
proposed for repeatable tracking control tasks. The new FLLC is constructed in an
add-on fashion: FIL mechanism is added to the existing FLC without changing the
FLC structure and settings. Both theoretical analysis and simulations show that the
FLLC method possesses the capability of improving control performance through

learning iterations. Through rigorous proof, we reach the conclusion that, by means
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of the proposed FLLC, the tracking error uniformly converges to zero, the system
states converge to the desired trajectory and the learning control profile converges

to the desired one almost everywhere.



Chapter 7

IIL for Systems with Parametric

Uncertainties

7.1 Introduction

In Chapters 2— 6, theories of FIL have been discussed and several FIL schemes have
been proposed. From this chapter, the learning over finite time interval [0,7] is

extended to [0, 00).

Adaptive control is a systematical design method for nonlinear systems with time-
invariant parametric uncertainties. Based on a parametric adaptation mechanism,
the asymptotic tracking convergence can be guaranteed in the presence of constant
parametric uncertainties. However, it is difficult to extend the traditional adaptive
control into nonlinear systems with time-varying parametric uncertainties. RC is an
effective way to handle systems with periodic time-varying uncertainties. However,
most of the RC schemes are only applicable to linear/linearizable systems and the

requirement for the periodicity of the control target is essential.

If the parametric uncertainties are periodic, can we find a novel learning algorithm

133
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by taking the advantage of the repeatability property?

Based on the concept of CEF, a new IIL approach is developed in this chapter for
systems with time-varying but periodic parametric uncertainties. Through rigorous
proof, it will be shown that, only if the periodicity of the time-varying parametric
uncertainty is known a priori, the learning convergence can be obtained, even if the

desired tracking trajectory is non-periodic.

Comparing with CM-type IIL, i.e. RC, the new IIL can be applied to systems with
NGLC nonlinearities and the control target can be periodic or non-periodic. Hence,

the developed IIL scheme greatly widens the application area of learning control.

This chapter is organized as follows. In Section 7.2, a CEF-type IIL scheme for
a class of SISO system with parametric uncertainty is first analyzed. Based on
it, the IIL approach is further extended to high-order MIMO systems in Section
7.3. Illustrative examples are given in Section 7.4. Finally, Section 7.5 draws the

conclusion.

7.2 IIL for SISO Systems with Parametric Uncer-

tainties

Consider the following simple dynamic system:
T =u(t)+0(t)(x,t), x(0) =g (7.1)

where 0(t) € C°(R, [0,00)) is an unknown time-varying parametric uncertainty and

E(z,t) : R x Ry — R is a known function which may be GLC or NGLC.
It is assumed that the system uncertainty 6(¢) satisfies the following assumption.

Assumption 7.1. The system uncertainty () is periodic with a known period of
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T, ie. 0(t) =0t —T).

The ultimate control objective is to find an appropriate control signal u(t), such
that the system state x converges to the desired trajectory z4 € C*(R, [0, 00)) in L%
norm, where the £2 norm of a function h(t), t € [t—T,t), is defined as [, |h(7)[?dr.

Note that the desired trajectory xz can be non-periodic.

The CEF-type IIL is constructed as follows.

~

o - | wEn  teon) -

~

Ot —T)—~Ee(t) tel[T,o0)

where £ = £(z,t), 7 > 0 is a constant learning gain for ¢ > T and ~(¢) is a
continuous and strictly increasing function satisfying vo(0) = 0 and (7)) = 7.
The special design for the learning gain of the first period, 7o(t), is to ensure the

continuity of é(t) in the neighborhoods centered around ¢ = 71" where © € Z,.

Substituting the control law (7.2) into the dynamics (7.1) yields the error dynamics

e = x’d—ﬁf—u
= —ke—¢¢ (7.4)

e(0) = z4(0) — xo,
where ¢ =60 — 0.

The main result for the proposed IIL approach is summarized in the following the-

orerml.

Theorem 7.1. For system (7.1), under Assumption 7.1, the control laws (7.2) and

(7.3) ensure that the tracking error e(t) converges to 0 in the sense of L% norm.

Proof:
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The following CEF will be adopted to analyze the learning convergence:

B(t) = %é(t) + % /tT 62(r)dr. (7.5)

The proof contains three parts to address the difference of the defined CEF, the
learning convergence and the boundedness property of the controlled system respec-

tively.
(I) Difference of CEF

Let us first derive the difference of the CEF over one period for any ¢t > T

1>

AE(t) 2 E(t)-E(t-T)

1, 1, 1 ¢ 2 2
- 30 -5 -D 5 [ B -G =T (19

Looking into the first two term on the RHS of the AF and using the error dynamics

(7.4), we have
—e%(t) — %62(15 -T) = /ttT eédr
= /t (—ke? — ¢e)dr. (7.7)
=T

Using the algebraic relationship (a — ) — (a — ¢)* = (¢ — b)[2(a — b) + (b — ¢)] and
the periodicity 6(t) = 6(t — T'), by substituting the parameter updating law (7.3),

the third term on the RHS of (7.6) can be expressed as

1 [t ) )
% th[gb (7) = ¢"(r = T)ldr

_ % [ 0t =1) = Br200(r) = 8(7)] + 6(r) = (7 = T)}ar

B /t_T[(b(T)g(T)e(T) —5€ @l (7.8)

Substituting (7.7) and (7.8) into (7.6) yields

t t t
AB(t) = —k/ e2dr — 1/ 2e2dr < —k/ edr < 0. (7.9)
t—T 2 t=T t=T
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(II) Convergence Property

Applying (7.9) repeatedly for any ¢ € [nT, (n + 1)T], and denoting tqg =t — nT', we

have
n—1
E(t) = E(to)) + Y _ AE(t —iT)
=0
and

lim E(t) < E(ty) — lim kZ/ (7.10)

Considering the positiveness of E(t), if E(ty) is bounded, the tracking error e(t)
converges to zero asymptotically in £2 norm, i.e.

t

lim e2dr = 0.
t—o0 —T

(111) Boundedness Property

Now we will prove the finiteness of E(ty). The finiteness property is necessary, as
¢(x,t) may be a local Lipschitz continuous function and finite escape time phenom-

€non may occur.

From the system dynamics (7.1) and the proposed control laws (7.2) and (7.3), it
can be derived that the RHS of (7.1) is continuous with respect to all the arguments.
According to the existence theorem of differential equation (Yoshizawa, 1996), there
exists a solution in an interval [0,77) C [0,T"), where T} is not infinitesimal. There-
fore, the boundedness of E(t) over [0, T3] can be guaranteed and we need only focus

on the interval (7, 7).
For any t € [T1,T), the derivative of E(t) is
: o Lo 2 Loy
E=eé+ —¢° = —ke” — pe + —o°. (7.11)
27y 27y

< is ensured in the time interval

Since 7o(t) is strictly increasing in [0, 7)),

1 1
v ~0(t)
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[T1,T). Therefore, by substituting the learning law (7.3), we have

1 2 1 2
— ¢ <
2" = 2% (t)
1 1 . 1 .
— 0> — O — 6
270(t) Yo(t) 270(t)
1
< 0% — pce. 7.12
SO 23 (7.12)
Substituting (7.12) into (7.11) yields
E < —ke* + 6%, 7.13
- 270(t) (7.13)

The boundedness of # leads to the boundedness of E. As E(T}) is finite, V¢ € (T3, T)

the boundedness of E(t) is obvious.

From (7.10), as E(ty) is bounded, E(¢) is finite for any ¢ € [0, 00), which implies
the boundedness of e(t) and the £2. boundedness of 6(t). Hence, the boundedness

of z(t) and the £2 boundedness of the control input u(t) can be derived. |

7.3 IIL for MIMO Systems with Parametric Un-

certainties

7.3.1 Problem Formulation

Consider a high-order MIMO nonlinear dynamic system described by

Xj = Xj+1, .7:177m_1
X, = f(x,t)+ B(x,t)u(t) +di(x,1t)] (7.14)
where x; € R, j = 1,-- - m; x 2 (xT xT .- xL]T € R™ is the physically

measurable state vector of the system; u € R" is the control input vector of the

system; B(x,t) : R™ x Ry — R™™ is a known function with full rank; f(x,¢) :
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R™ x Ry — R™ is a known mapping; and d;(x,t) : R™ x Ry — R" is the system

uncertainties.

The desired trajectory for x; is denoted as x14 which is defined on the [0, 00). x14 is
differential with respect to ¢ up to the mth order and all its higher-order derivatives
() &

J) = ;o
X4 _X(j+1)d7 J _Oa' s,

are available over t € [0, 00).

For the mth order dynamic system (7.14), an extended tracking error is defined as
o(t) = chej(t), Cm =1
j=1

where e;(?) 2 X;q(t) — x;(t) and ¢; (j = 1,- - -,m) are coefficients of a Hurwitz

polynomial.

Taking derivative of o (t) with respect to time t yields
> X Z ¢Xjp1 —f— Blu+dy) (7.15)
i=1 j=1

where f = f(x,t), B = B(x,t), u=u(t) and d; = d;(x,?).

The following assumption is made first.

Assumption 7.2. There exist a C'! Lyapunov function V : R"® — R, and functions
1, Y2 and 3, where 1, 72 belong to class- KR and 73 belongs to class- K, such that
for a vector ¢ € R"

0 < (€l < VI(C(®) < (<l

S BE0 < —ulich. (7.16)

According to Assumption 7.2, the extended error dynamics (7.15) can be rewritten

as

o(t) =g(o,t) — Blu+d+ B 'g(o,1)] (7.17)
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m m—1
where d £ d, + B7'[f — chx(j+1)d + chxj+1] are the system uncertainties
j=1 g=1

satisfying following assumption.
Assumption 7.3. The system uncertainties d can be represented as
d = O(t)&(x,x4,t), O €RP™ £&R™

where n; is an appropriate number of dimension. ©(¢) is an unknown continuous
time-varying parameter matrix with a known period 7', i.e. O(t —T) = ©(t), and &

is a known vector function.

m m—1
Remark 7.1. Although the second term in d, B~![f — Z CiX(j+1)d + Z ¢jXjy1], 1s
j=1 j=1

known, it is treated by learning control. In this way the learning capability can be

maximized.

The control objective is to track the desired trajectories by determining the control
input u € R", such that the tracking error converges to zero in £2 norm as time ¢

approaches to infinitely.

7.3.2 IIL Configuration and Convergence Analysis

The proposed CEF-type IIL algorithm is
u(t) = —O(t)¢ — B 'g(o,1), (7.18)

where &€ = £(x,x4,t). Here © is to learn © and updated pointwisely as

é(t) _ ) _'VO(t)a(X’ t)€ te [0’ T)
Ot —T) — ya(x, t)&" t e [T, o)
al(x,t) 2 aa—‘(/:B, (7.19)

where 7o(¢) and v are defined same as in (7.3). The convergence of the proposed

control scheme is given by the following theorem.
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Theorem 7.2. For system (7.14), under the Assumptions 7.2 and 7.3, the learning
control law (7.18) and the updating law (7.19) guarantee the convergence of the

tracking error in L% norm.

Proof:

Define a non-negative CEF as:

E@::w(m+%/ trace[®T () (r)dr

where V(o (t)) is a Lyapunov function which satisfies Assumption 7.2 and ®(t) =
o(t) — O(t).

The proof consists of three parts. Part I derives the difference of the CEF, Part IT
eximines the boundedness property of the controlled system and Part 1] proves the

convergence of the tracking error.
(1) Difference of the CEF

Vt > T, the difference of E(t) over one period is
AE(t) = / {trace[® (7)®(7)] — trace[®" (r — T)®(t — T)]}dr
—V(o(t— (7.20)

According to Assumption 7.2, control law (7.18) and updating law (7.19), the fol-

lowing can be derived.

Vi) - V(e(t—T)) = / NV s

T@a’
vVt vVt
_-/nggaﬂM—lJBFBmﬂMﬂwr

<~ [ sullelir— [ a"xre(meds

[ wlle - [ crar (72)

Similarly, the following relationship is valid.

1>

Vie(1) < —(llol) — (). (7.22)
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According to updating law (7.19) and considering ©(t—T') = O(t), it can be derived

that

%{tmce[@T(T)@(T)] — trace[®” (r — T)®(r — T)]}
_ % trace{[O(t — T) — O(1)]Td(t)}
—trace{[O(t — T) — O [O(t — T) — (1))}
= o B¢ — (. 1) €]

= <(t) — Sl Ol (7.23)

The following properties of trace have been used in the above derivations. For

A17A27A4a W e Rnxnl’ Wi € Rnla and Wa € Rn’

P1° trace[(A; — Ax)T(Ay — Ay)] — trace[(A; — AT (A; — Ay)]
= 2trace[(Ay — A2)T2(A; — Ay)] — trace[(Ay — A2)T (A4 — A2)]

pP2° trace(wiwa W) = wa Wwy.

Substituting (7.21) and (7.23) into (7.20) yields

ap(0) < = [ aullelar= [ Haten)Plelar

< o (7.24)
(1) Boundedness Property

From (7.24), it can be derived that the finiteness of E(t) is ensured for any learning
iteration provided that E(t) is finite over [0,7"). Analogous to the Part 1] of Theo-
rem 7.1, a non-infinitesimal interval [0, 7;] can be found such that E(t) is bounded

and Vt € [T}, T), the derivative of CEF E(t) is

Et) = %d’—k%trace[@T(t)@(t)]

ovr, 1 -
50 + QVO(t)trace[@ (t)D(t)]. (7.25)

IN
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The second term on the RHS of (7.25) can be rewritten as

trace[®” (t)®(t)]

270(t)
! T —meeA —mee )T E
= mtr@ce(@ ©) %(t)t (00) 270(t)t (070)
1 T
< mtr@ce(@ ©) + (). (7.26)

Substituting (7.22) and (7.26) into (7.25), for any t € [T}, T), we have,

E(t) < —wu(lel)+ trace(©'0O)

1
270(t)
trace(©70). (7.27)

270(1)
Therefore, the boundedness of O(t) leads to the boundedness of E(t) over [Ty, T).
Considering the finiteness of E(T}), for any ¢ € [0,7"), the boundedness of E(t) can

be guaranteed.

Moreover, the boundedness of E(t) implies that x; (j = 1,-- -, m) is bounded and
0 is £2 bounded over [0, 00). Hence, the £2 boundedness of the control signal u(t)

can be ensured.
(111) Convergence Property

Simiarly to the Part IT of Theorem 7.1, from (7.24), for any ¢t € [nT, (n + 1)T], we

have
lim E(t) < E(ty) — lim g / s(||le||)d (7.28)
t—o0 n—oo (z+1)T

t
Since E(t) is positive and FE(ty) is finite, tlim/ v3(||e]|)dT = 0 which leads to
—Jt-T
t t
lim / |lo||dr =0 and lim / ||lej||dr = 0. |
t—oo [y, 1 t—oo [, p

Remark 7.2. If the bound for each element of © is known a priori, Vt > T, the

learning law (7.19) can be modifed as

~

O(t) = projlO(t — T)] — ya(x, 1)¢".
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According to control laws (7.18)-(7.19) and system dynamics (7.14), the bounded-
ness of x ensures the finiteness of ©(t), u(t) and x(¢). Consequently, the boundedness

of x(t) implies the uniform continuity of x(t).
Since x;(t) is uniformly continuous,
tim [l (8)] = 0 = I fle;(t) .y = 0. (7.20)

Therefore, as t approaches infinity, x; uniformly converges to x;4 and the tracking

error e; uniformly converges to 0.

7.4 Illustrative Examples

Case 1: IIL for SISO Dynamic System

Consider the following system
=0t +u 2(0)=0.2 (7.30)

where 6 = |2sin(z7t)|. Obviously, the learning period is T' = 3. The desired tracking
trajectory is 4 = 2sin 2t which has no common period with 6(¢). Choose k = 1,
v =1and 1(t) = Z and apply the proposed IIL laws (7.2) and (7.3). We use |€|sy,
to record the maximum absolute tracking error during the i-th period and Fig. 7.1

shows the maximum tracking error over each period. The effectiveness can be seen

clearly.
Case 2: IIL for MIMO Dynamic System
The following high-order MIMO dynamic system is considered

.I"l = T2

21(0) = 0.2; x9(0) =0.3, (7.31)
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Figure 7.1: Learning convergence for SISO Dynamic System ¢ € [0, 00).

where b = €™ and f = 9(1 — cost) are known functions. System uncertainties

dy = 4sin3tcosz, is unknown.
The desired tracking trajectory is z14 = sin®(2t).
Define the extended tracking error as
0 = Tyqg — Ty + 5(x14 — x7).
Then
0 = do9qg— I+ 5(T1g — T1)

= g—bu+d+b'g

where the system unknown part d = d; + b_l( f+bxe —bxog — T9q) can be factorized
as O&. Here © = [4sin®t 9(1 — cost) 5] and & = [cosz; € 5" (xy — w9q —

T3q/5)e 51T Hence the learning period is T' = 2.
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Figure 7.2: Learning convergence for MIMO dynamic system ¢ € [0, 00).

Construct g as ¢ = —60 and choose V' to be V = 502 Let v = 8 and 7o(t) = Z.
The maximum extended tracking error o is recorded for each period and Fig. 7.2

shows the convergence property.

7.5 Conclusion

In this chapter, a new CEF-type IIL control approach is developed to deal with time-
varying parametric uncertainties. The novel scheme is applicable to the unknown
parameters which maybe time-varying and the only prior knowledge needed is the
periodicity. Validity of the proposed approach is confirmed through theoretical

analysis and numerical simulations.



Chapter 8

IIL for Systems with

Norm-bounded Uncertainties

8.1 Introduction

FIL for systems with parametric uncertainties has been extended to IIL case in Chap-
ter 7. Can we further extended FIL for systems with norm-bounded uncertainties
to IIL? It is a challenge problem, as norm-bounded uncertainties are state-related

and much more complicated than parametric uncertainties.

In this chapter, we will focus on IIL for systems with norm-bounded uncertainties.
Analogous to Chapter 4, the system nonlinearities under consideration are classified
into two categories: GLC and NGLC. For both GLC and NGLC systems, when
unknown, a CEF, which consists of a quadratic term of the tracking error and a
L2 term of the learning error, can be found to unify the theoretical analysis and

controller design.

The chapter is organized as follows. In order to clearly demonstrate the underlying

idea of the new nonlinear IIL, the simplest system dynamics — first-order and SISO

147
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system is discussed in Section 8.2. Based on it, IIL for MIMO dynamic systems with
NGLC norm-bounded uncertainties are described in Section 8.3. Simulation results

are given in Section 8.4.

8.2 IIL for SISO Systems with Norm-bounded Un-

certainties

Consider the following dynamic system
t=u+d(z,t), te]0,00) (8.1)

which is similarly to the SISO dynamic system (4.1) in Chapter 4 except that the
finite time interval [0, 7] is extended to [0,00). Hence, the following assumption is

further needed.

Assumption 8.1. The system uncertainty d(z,t) and the tracking target x, are
both periodic with respect to t. A common periodicity T can be found such that

d(z,t = T) =d(z,t) and z4(t — T) = x4(1).

Note that according to (8.1), Assumption 8.1 implies that ug(t — 1) = ug4(t).

The control target is to find an appropriate control signal u(t), such that the system

state z uniformly converges to the periodic tracking task z4 € C'[0, o)

a(t) = ua(t) + d(za, t). (8.2)

8.2.1 IIL for Systems with GLC Uncertainties

First the system uncertainty d(z,t) is supposed to satisfy the following assumption.
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Assumption 8.2. The system uncertainty d(z,t) is GLC, i.e. |d(z1,t) —d(xg,t)| <

lg|z1 — x2|. The Lipschitz constant [, or its bound is known.

The proposed IIL law is

Yo(t)e(t tel|0,T

o o(t)elt) 0.7) o)
projlu(t = T)] +e(t) t € [T, 00)

where e(t) = z4(t) — x(t), v > 0 is the learning gain for ¢t € [T, 00) and 7 (¢) is the

learning gain for the first period [0,7"). Note that 7o(t) is chosen to be same as in

(7.3) which can guarantee the continuity of the control signal u(t) at ¢ = i7" where

1€ Zy.
From (8.1) and (8.2), we have

du(t) = é(t) +d — dg, (8.4)
where du = ug — u, d = d(x,t) and dg = d(xq,t).
The following theorem gives a sufficient condition for the learning convergence over
[0, 00).

Theorem 8.1. For system (8.1), under Assumptions 8.1 and 8.2, the control law
(8.3) ensures that the tracking error e(t) converges to 0 uniformly over [0,00) if

Yy Z 2(ld—‘r— 1).

Proof:

CEF for IIL is defined as

B(t) = 56(1) + % /tT Su2(7)dr. (85)

Note that the time-weighted CEF (4.5) is not suitable for infinite horizon problems.

The proof contains three parts. The system boundedness property is analyzed in
Part I, Part II derives the difference of the CEF; and the uniform convergence of

the tracking error is shown in Part I11.
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(I) Boundedness Property

For the first period t € [0,T"), according to (8.3), we have

#(t) = d +yo(t)[za(t) — x(t)]. (8.6)

As both 70(t) and z4(t) are bounded and d is GLC, the boundedness of z, v and &

over [0,7") can be derived straightforwardly.

vVt > T, the closed-loop system can be written as

#(t) = d + proj[u(t — T)] + ve(t). (8.7)

Choose a Lyapunov function V(t) = 1e(t), we have

vV o= eltq —d—projlu(t —T)] — ve]
= eltg—dg+ (dg — d) — projlu(t — T)] — ~el.

Since x4 € C'[0, 00) and d is GLC with respect to the argument z, z4 —d is globally

uniformly bounded (GUB) and |dg — d| < l4le].
Therefore, considering v > 2(l; + 1), we can obtain
V = eliq—dg+ (dg—d) — projlu(t — T)] — ~e]

< e(dg — dg)| + lge? + leju* —2(1g + 1)e?

= [[&a = da| + " = (la + 2)[e]]]e]. (8.8)

Hence, e(t) is GUB by (|24 — dg4| + u*)/(lg + 2). Consequently z(t) and d(z,t) are
GUB, which implies that & is bounded. The boundedness of & warrants the uniform

continuity of the differentiable state variable z(t).

(11) Difference of E(t)
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For any t > T, the difference of E(t) is
AE{t) £ E()—E(t-T)
= 0+ 5 [ ) — 60~ D - - T)
=3 2 u (T u”(T T e
t 1 t
= / e(t)ée(r)dr + — [6u?(7) — 6u*(r — T)]dr. (8.9)
t-T 27 Jer
Considering ug(t — T') = ug4(t), similarly to (4.9), we have
t
/ [6u?(T) — du(T — T)]dr
/ {0u*(7) — [ug(T — T) — projlu(r — T)]]*}dr
/ {—26u(7)[u(r) — projlu(r — T)]]
(7) = projlu(r — T)])*}dr. (8.10)
Substitute (8.3) and (8.4) into (8.10) yields
t
/ [6u?(7) — du (T — T))dr
=T
t t t
< —27/ e(T)é(T)dr + 27ld/ e*(1)dr — 72/ e(r)dr
=T =T T
t t
= —27/ e(T)e(r)dr — (72 — 27ld)/ e*(r)dr. (8.11)
=T 0
Substituting (8.11) into (8.9) and considering v > 2(l; + 1), we can obtain
N t t
AE(t) < —(= —ld)/ e*(r)dr < —/ e*(r)dr < 0. (8.12)
2 =T =T

(I1I) Uniform Convergence

Applying (8.12) repeatedly for any t € [nT, (n + 1)T], and denoting ty =t — nT we

have

n—1

E(t) = E(to)+» AE(t—iT)

1=0

IN

E(ty) —ni /t IR TR

i—0 Jt—(+1)T

(8.13)
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Let n — oo which is equivalent to ¢ — oo, we obtain

n—1 t—iT
lim E(t) < E(to) — lim ) / e2(1)dr. (8.14)
t—o00 n—0o0 0 t—(i+1)T
¢
Since E(t) is positive and E(ty) is finite, tlim e*(t)dr = 0. Analogous to the
—Jt-T

Part III of Theorem 4.1, as é(t) is bounded, e(t) converges to 0 uniformly and w(t)

converges to ug(t) almost everywhere when ¢ approaches to infinity. [

8.2.2 1IL for Systems with NGLC Uncertainties

Similar to the FIL for GLC uncertainties, the robust FIL for NGLC systems can also
be extended to the periodic tasks defined in the infinite interval [0, 00). Including

Assumption 8.1, the following assumptions are further made for d(z, ).

Assumption 8.3. The system uncertainty d(z,t) is NGLC with a known smooth
bounding function n (x,t).

Assumption 8.4. d(xq,t) —d(xq,t) = %(f)(xl —y), where £ = x5+ 7(21 — x2) and

T € [0,1]. We assume |8d8—gf)| < ma(x,t) and ne(x,t) is a known bounding function.
Remark 8.1. Assumption 8.4 implies that the variation of the non-parametric un-

certainty is within an acceptable range.

To deal with the NGLC uncertainties, the robust control is incorporated to ensure

the system boundedness. Hence, the robust IIL scheme is constructed as

u(t) = w(t)+ov(t) (8.15)

wit) — Yo(t)e(t) te[0,7) (8.16)
projlw(t —T)] +ve(t) t €T, o0)

v(z,t) = (pk+1)e(t) + ne(t) (8.17)

p = \JIi+e+m
Ve2(t) + 3e2 + 8¢

(Ve2(t) + 32 + )2
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where n; = mi(z,t), 72 = ma(x,t) and € > 0 is a constant. The main result is

summarized in the following theorem.

Theorem 8.2. For system (8.1) under Assumption 8.1 and Assumptions 8.3 - 8.4,
the learning control laws (8.15), (8.16) and (8.17) guarantee the tracking error e(t)

converges to 0 uniformly as t approaches to infinity.

Proof:

The CEF is defined as

(1) Boundedness Property

e?. Analogous to (4.16), when |e| > &, 1—xle| < 0

Define a Lyapunov function V = 1

can be derived. Consequently V¢ > T', we have

V o= eé
= e(tg—d—u)

= elia—d—projlw(t =T)|] - ve —v]

IN

le|w* — (14 7)e* + (1 — &le|)(|da] + m)lel

IN

lelw” — (1+7)e* = —lel[(1+7)]e] —w].
le] is uniformly bounded by max{e, w*/(1+ )} and = € X.

For the first period, |e| is uniformly bounded by e¢ and x € X can be derived

analogously.

According to the control laws (8.15), (8.16) and (8.17), the boundedness of z leads
to the finiteness of w, v and u. Therefore, © and é are also finite on X'. Moreover,

the boundedness of & leads to the uniform continuity of the system states x(t).
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(II) Difference of CEF
For any ¢ > T, the difference of E(t) is
AE(f) = /t_ e(7)é d¢+—/ {[ua(r) — w(r)?
—[ug(t = T) —w(r — T))*}dr. (8.18)

The first term on the RHS of (8.18) is

/t jT e(r)é(r)dr

_ /tT e(r)(dg — d + ug — u)dr

¢ ¢
< / |e||dd—d|d7—|—/ e(ug —w —v)dr
t—T t—T

t t t t
< / nae2dr + / e(ug — w)dr — / (pr + 1)ePdr — / noe?dr
=T =T T T

- /ttT e(ug — w)dr — /ttT(pI{ +1)e2dr. (8.19)

According to (8.10) and (8.16) and letting u(t) = w(t), we obtain

1 t
2y Ji_r

< /t_T—[udm — w(r)le(r)dr. (8.20)

[(wa() = w(T))* = (ug(r = T) —w(r — T))*Jdr

Substituting (8.19) and (8.20) into (8.18) yields
t
AE(t) < —/ e*(r)dr < 0. (8.21)
t—T
(111) Convergence Property

Similarly to Theorem 8.1, tlim e*(7)dr = 0 can be guaranteed. Considering
—Jt-T

the boundedness of é(t), we can derive that e(t) converges to 0 uniformly and u(t)

converges to uy(t) almost everywhere as ¢ approaches infinity. [ |
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8.3 IIL for MIMO Systems with NGLC Uncer-

tainties

In this section, the robust IIL for NGLC systems will be extended to the following

MIMO dynamic systems.
x = f(x,t) + B(t)[u(t) + d(x,1)], (8.22)

where x € R" is the measurable system state vector, u € R" is the system control

input, B(t) € R™", and d(x,t) : R" X Ry — R" is the system uncertainty.
The following assumptions are made for the system dynamic (8.22).

Assumption 8.5. f(x,t) is GLC and the Lipschitz constant l¢ or its bound is known.

B(t) is invertible and bounded, i.e. bg 2 sup ||B]] < oo and by 2 min | B]| # 0.
teR teER 4+

The system uncertainty d(x,t) is NGLC with the known bounding function 7, (z, t),

ie. ||d(x,t)]] < m(x,t) . Moreover, it is assumed that ||d(x;,t) — d(xo,t)|| <

na(x, t)|| BT (t)(x1 — x2)]|, where na(x, t) is known.
Assumption 8.6. f(x,t), B(t), d(x,t) and x4(¢) are all periodic in time ¢ with a

known common periodicity 7.

The control objective is to track the periodic desired trajectory xg4:
xq = f(x4,t) + B(t)[uq(t) + d(x4, )], (8.23)

by determining the control input u(t), such that the tracking error converges to zero

uniformly.
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The IIL control law is described as

u(t) = w(t)+v(t) (8.24)

w(t) vo(t)BTe(t) tel0,7T) (8.25)
projlw(t —T)] +~yB"e(t) te[T,0)

v(t) = [p(x,t)k(x,t) + 1]BTe(t) + ny(x,t) B e(t) (8.26)

p(x,t) = V(B71%)T(B~'%a) + € + m(x, 1)

VI Be(t)]|2 + 3€2 + 8¢

K(x,t) =

(VI Be(®)[? + 3¢ + )2

Theorem 8.3. For system (8.22), under Assumptions 8.5 and 8.6, the control laws

(8.24), (8.25) and (8.26) guarantee the system states x(t) converges to the desired

2

by,

states x4(t) uniformly, if v >

Proof:

The CEF is defined as

B() = eI + 5 [ lhuar) — win)Far

2y

(1) Boundedness Property

Vit € [T, 00), define a Lyapunov function V(t) =

1e’e. Similarly to (4.42), when
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|B(t)e(t)|| > €, 1 — k|| Be|| < 0. Therefore, we have

vV = e'eé
= e'[xq —f(x,t) — Bw — Bv — Bd]
= el[xy—f(xq4,t) + f(x4,t) — f(x,t) — Bproj[w(t — T)] — yBB"e

—pkBBYe — BB"e — 1,BB"e — Bd]

< elxy—ef(xq,t) +l¢lle|® + || B e|w* — (y +1)|| B e|?
—pk||BTe|* — e Bd

< [|B%e|[l B~ %4l — "f(xa,t) + lelle]|* + | BTe[w" — (v + 1)[| B e|?
~(1B™ %4l +m)xl|B"e|* + | B"e[m

= —e'f(xq,t) +lsllel* +[|BTe[lw” — (v + 1) BTe|?
+(1 = x| B e ) (| B~'%4ll +m)|| B e]|

< lell[lif(xa. )l + Lelle]| + Bw* — (v + 1)bg]le]]

= llell{l[f(xa,t) + bpw" — [(7 + 1)bj — Ir]llell}

< llelllIf(xa,t) + bpw™ — (b + le)le]l].

Therefore, ||le|| is GUB by max{e/bg, [f(xq,t) + bpw*]/(b% + l¢)} which leads to the
boundedness of x(¢) and d(¢). Moreover, x is also finite, hence x(t) is uniformly

continuous.

For t € [0,T], the boundedness of e and w can also be derived analogously, which

leads to the finiteness of E(t) (t € [0,T]).
(1I) Difference of E(t)

Vit > T, the difference of E(t) over one period is

AE(t) = /t_T Todr + /t_T[Hud(T> _w(n)|?
gl — T) — w(r — T)|dr. (8.27)
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The first term on the RHS of (8.27) is

t
/ elédr
—T

t
= / e’ [f(xq,7) — f(x,7) + B(ug —u) + B(dy — d)]dr
-7
tt t
< / Ielle|[2dr +/ &" Bluy — w)dr
t—T t—T

t t t
—/ e’ B(pr +1)B edr — / no|| BT e||*dr + / no|| BT e||2dr
t—T t—T t—T

t t t
S/ lf||e||2d7-+/ e’ B(uy —w)dT—/ b%|e||*dr.
=T t—T =T

The second term on the RHS of (8.27) is

> / lat) = WD = st = T) — w(r = T)|Flds
<y / (20w (r) = projiwi(r - T))us(r) — wir)

—|lw(7) = projlw(r — T)]||*}dr

t t
:/ —eTB[ud(T)—w(T)]dT—l/ | Be|?dr
t—T 2 t—T
t

' T b 2
< —e' Bluy(1) — w(1)]dr — - |e||“dr.
t—T =T

Therefore,

t 7b2
AB() < / (e — b% — 228 |le| 2.
t—=T 2

2lf

by’

Considering v > we have

t
AE(t) < —sz/ i le||*dr < 0. (8.28)
t_

(I1I) Convergence Property

Similarly to the Part III of Theorem 8.1, according to (8.28) and considering the
system boundedness property, it can be derived that e(t) converges to 0 uniformly

and u(t) converges to uy(t) almost everywhere as ¢t approaches to infinity. |
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8.4 Illustrative Examples

Case 1. IIL for SISO Dynamic Systems
Consider system (8.1) with the target trajectory z4 = 1.5sin3t where t € [0, 00).
(a) d(z,t) = 3zsin(2t) and x(0) = 0.6 # 4(0).

The learning period should be T' = 2. Suppose the known bound of I; is 4. Choose

6yt/T te0,T/6]
u* =10, v =10 and vy = . Applying control law (8.3), the
v te|T/6,T)

maximum error for each period is recorded in Fig. 8.1. The effectiveness is obvious.

0.6 b

051 b

sup

lel

0.2r h

0.1r h

O 1 1 . . |
0 5 10 15 20 25 30

Period Number

Figure 8.1: Learning convergence for SISO system with GLC uncertainty ¢ € [0, o).

(b) d(z,t) = 3z%sint + 522, t € [0,00) and z(0) = 0.3 # z4(0).

d(z,t) is NGLC with the known bounding functions 1; = 102% and 7, = 18x. The
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learning period is 7" = 27. Choose € = 0.3 and w* = 20. v and 7y(t) are same as
in Part (a). Applying control law (8.15), (8.16) and (8.17), the maximum error for

each learning period is shown in Fig. 8.2.

0.25 b

0.2 b

sup

lel

0.15 b

0.05 b

O | | | | + L
0 10 20 30 40 50 60 70

Period Number

Figure 8.2: Learning convergence for SISO system with NGLC uncertainty ¢t €
[0, 00).
Case2. IIL for MIMO Dynamic Systems

Consider system (8.22) and let f = [zy 2xysinzy)T, B(t) = [1 0;0 1+ 0.5sint] and
d = [2? + cost w?sint + 2x3]. Assume Iy = 3, by = 1 and the known bounding

functions are: n; = 2(z? + x3) and 1y = 44/2? + 3.
The desired trajectory to be followed is

Tiq=sin*t x9q=1i14 t€[0,00). (8.29)
The learning updating period is 2.

Let € = 0.3 and w* = 10. 7 and ~(t) are same as in Case I which guarantees that
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0.35F 7

0.3r 7

|ellsup

0.2r 7

0.15F b

0.05F b
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Figure 8.3: Convergence of e; for MIMO system with NGLC uncertainties ¢ € [0, o).

v = ]i—lgf By applying the control laws (8.24) - (8.26), the convergence properties
B

of ey = 2149 — 21 and ez = 294 — x2 are clearly shown in Fig. 8.3 and Fig. 8.4

respectively.

8.5 Conclusion

In this chapter IIL schemes are extended to address systems with norm-bounded
uncertainties. It is clearly shown that the proposed IIL approaches work effective
no matter the uncertainties are GLC or NGLC. Rigorous proofs based on CEF are

given and simulation examples demonstrate the validity.
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Figure 8.4: Convergence of e for MIMO system with NGLC uncertainties ¢ € [0, 00).



Chapter 9

Observer Based IIL for Systems

with Parametric Uncertainties

9.1 Introduction

CEF suggests a new avenue, which shortens the gap between FIL and IIL, removes
the limitations such as [.I.C., GLC and zero relative degree, and enables both FIL
and IIL for GLC and NGLC systems with parametric or non-parametric uncertain-
ties. Note that In all the CEF based learning schemes, the system states are assumed
to be available. Hence we will consider a new challenging problem: can FIL and IIL

deal with output tracking tasks where the system state information is not available?

In this chapter, we combine the state estimation with IIL control to address pe-
riodic parametric uncertainties. The difficulty in this kind of problems lies in the
presence of the product terms in the system dynamics, which consist of the unknown
time-varying parameters and the state functions which are also unknown due to the
lack of the state information. In such circumstance, the product of unknown para-

meters and state-dependent functions cannot be treated simply as parametric type

163
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uncertainties. Many otherwise effective observers, such as the Luenberger observer,
adaptive observer, robust observer (sliding mode observer), are difficult to apply. In
our work IIL is combined with a specific observer (Yang and Wilde, 1988; Darouach
et al., 1994), which is able to nullify the influence from input disturbances without
any extra robust feedback, provided that the system linear nominal part is observ-
able. In addition to the time-varying parametric uncertainties, we will consider
two classes of nonlinearities: the GLC function of state variables, and the NGLC

function of output variables.

Comparing with the RC which also uses only output information, the observer based
ITL control applies to more general nonlinear uncertain systems, and to more general

control tasks such as tracking non-periodic target trajectories.

The chapter is organized as follow. Section 9.2 focuses on the observer based IIL
control for systems with state-dependent GLC nonlinearities. The observer based
IIL control for system with output-dependent NGLC nonlinearities is discussed in

Section 9.3. Illustrative examples are given in Section 9.4.

9.2 Problem Formulation

Considering the following uncertain nonlinear system

x = Ax+ Blu(t) + O(t)&(z,t)]

y = 0%, (9.1)

where x € R" is the system state vector; y € R™ is the physically accessible output
vector; u € R™ is the system input vector; O(t) € C°(R™*™ [0, 00)) represents the
time-varying parametric uncertainty; and &€(z,t) € R™ is a known vector-valued
function with z being either the state x or output y. A, B and C are known

constant matrices of appropriate dimensions.
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The system (9.1) satisfies the following assumptions.

Assumption 9.1. For system (9.1), (A, C) is observable and rank(CB) = m. The

invariant zeros of (A, B, (') lie in the left-half complex plane.

Assumption 9.2. ©(t) is periodic with a known period of T', i.e. O(t) = O(t—1T).

Clearly, from Assumption 9.2, ||©(¢)]] is bounded over [0, 00): 6,, 2 1©()]|sup < 0.

Regarding the system nonlinearities, we have

Assumption 9.3. When z = x, £(x,t) is GLC, ie. Vx;,x3 € R", [|€(x1,t) —

&(x2,t)|| <I||x1 — Xa||. When z =y, &(y,t) is only local Lipschitz continuous.

The ultimate control objective is to find an appropriate control signal u(t), such
that the system output y converges to the target y; € C'{R™,[0,00)} in £% norm

as t approaches to infinity. Note that the desired trajectory y4 can be non-periodic.

The following observer is used to obtain the estimated system states X (Fang and

Wilde, 1988; Darouach et al., 1994).

X = v—Dy

v = (FA-LC)v+|[L(I,+CD)— FADly, (9.2)
where v € R", D = —B(CB)™! € R™™ and F = I, + DC € R™". Here we can

arbitrarily choose v(0) = 0. By defining the estimation error dx = x — X, it can be

easily derived
0x = (FA— LC)éx, (9.3)

i.e. the observer is independent of the input uncertainty. Under Assumption 9.1,
according to the Theorem 2 in (Darouach et al., 1994), (F'A, C) is detectable. Hence,

there exists a matrix L € R™*"™ such that FFA — LC' is asymptotically stable. Given
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a positive definite matrix ) € R™*", there exists a unique positive definite matrix

P € R™" satistying the following Lyapunov equation
(FA—LC)Y'P+ P(FA— LC) = —Q. (9.4)

Therefore, —wTQw < —\||w|* holds for any w € R", where A is the minimum

eigenvalue of the matrix @).

9.3 Observer Based IIL for GLC System

9.3.1 Observer Based IIL With Known 6,, And [

First, we assume that the bound of the time-varying uncertainty 6,,, and the Lip-

schitz constant [ are known a priori.

Define e = y; — y, the observer based IIL control scheme is constructed as

u = —0£+ (CB) (y4— CA%x + Ke), (9.5)

o) = —To(t)(CB)Teg tel0,7) | 96)

N

O(t—T) —T(CB) et te|T,o0)

where € = £(x,t); K € R™™ is a positive definite matrix with the minimum
eigenvalue v; I' € R™*™ is a diagonal, positive learning gain matrix for ¢ > T
Lo(t) € C{R™™,[0,T)} is a diagonal, positive learning gain matrix for the first
period [0,T") satisfying I'4(0) = 0, I'o(T") = T, and each element of I'¢(¢) is chosen
to be strictly increasing. The purpose of choosing such a I'y(t) is to ensure the
continuity of @(t) at the instants t = jT' j € Z,, when the algebraic updating law

(9.6) is used.

UCAIICEIen | |

The error feedback gain K is chosen to satisfy that v >
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According to (9.1) and (9.5), the output tracking error dynamics is

e = y,—Cx
— y4— CAx — CBlu+ ©¢]

— —Ke— CAéx — CB[O¢ — OF]

1>

—Ke + g — CB®E, (9.7)
where £ 2 £(x,1), ® =0 — O and g = —~CAJx — CBO(£ — &).

It should be noted that the controller (9.5) and the observer (9.2) work concurrently,
and the observer (9.2) will not be able to work if the input uncertainties in (9.1)
grow unbounded. Further, although the original system (9.1) is GLC, the closed-
loop system with state estimation is no longer GLC, a finite escape time may exist.
Consequently the separation principle does not hold, even if the estimation error
dynamics (9.3) appears to be independent of the input uncertainties. The following
theorem exhibits the convergence and boundedness of the closed-loop control system

with state estimation.
Theorem 9.1. The system (9.1), under the learning laws (9.5) and (9.6), achieves
the convergence of € and 0x in the sense of L2 norm.

Proof:

To evaluate the convergence property, we define the following CEF

1 1/t
E(t) = 6x Pox + §He|]2 +5 / trace[®” (1) ~'®(7)]dr. (9.8)
t=T

The proof consists of three parts. Part I derives the difference of the CEF; Part I
proves the convergence of the tracking error; and Part I1] examines the boundedness

property of the system.

(I) Difference of CEF
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For any ¢t > T, the difference of the CEF over one period is

>

AE(t) 2 E(t)—E({t—T)

= oxT(R)Pox(t) — 6" (t — T)Pox(t — T) + 3 lle(®)]> ~ 3 lelt ~ )|
/ {trace[®” (1)[ 1 ®(7)]
—trace[® (r — T)I (7 — T)]}dr. (9.9)
The first two terms on the RHS of (9.9) can be rewritten as
5xT () Pox(t) — ox (t — T)Pox(t — T)
= /ttT[5XT(T)P5X(T) + oxT (1) Pox(7)]dr. (9.10)
From (9.3), we have
§xT (1) Pox(t) + oxT (t) Pox(t)
= ox"()[(FA— LC)'P + P(FA — LC)]ox(t)
< —\|Jox|%. (9.11)
Therefore
5xT (t)PoxT(t) — oxT(t — T)Pox(t — T) < =) /:T |6x||*d. (9.12)

Similarly, the third and the fourth terms on the RHS of (9.9) can be rewritten as

1

Sl = lett =D = [ e (recryar (9.13)

According to (9.7), it can be derived that
e’ (t)e(t)
= —el(t)Ke(t) + e'g — T CBDE
< el + lelllg] - ¢"C BOE. (9.14)

Let us evaluate the bound of ||e||||g]|. According to Assumptions 9.2 and 9.3,

lellligll < llellllcAsx|| + ICBO||[I€ - &I

< ([CAI[ + lCBl[6mD)llelllox]]-
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Let us further seek the upper-bound of the cross term |le||||0x|| in quadratic form
1
using Young’s inequality ab < ca® + -b? with ¢ > 0. Set ¢ = T a= (ICA|l +

|CB||0m1)]le]|, and b = ||6x]|, it is straightforward to derive

CA| + | CB|0ml)? A
fellg < UCAFICBIOIT oo 4 2 g (9.15)
A
< (v =Dllel* + Z llox]. (9.16)
In the sequel
\ .
eT(e(t) < el + Jox|? — eTCBYE, (9.17)
and
1 2 2
S lle®I” = lle(t =)

t \ [t t R
< —/ le||?dT + —/ |6x||2dr —/ e’ CBOEdr. (9.18)
t—T 4 Jir =T

Regarding the last term on the RHS of (9.9), using the learning law (9.6) we first

derive

trace{[®T ()L 7' ®(t)] — trace[®T (t — T)T'®(t — T)]}
= trace{[O(t — T) — O(t)]TT120(t) — (O(t — T) — O(t))]}
< trace{2€[(CB)"e]"®}

— 2¢" CBOE. (9.19)

Since the relation (9.19) holds for any ¢, integrating both sides leads to

% /t B trace{[®" (r)I7'®(7)] — trace[®" (7 — T)I'®(r — T)]}dr

t
< / e’ CBOEdr. (9.20)
t—T

Substituting (9.12), (9.18) and (9.20) into (9.9) yields

! 2 3)\ ! 2
AEB{) < — | elPdr — 22 [ |lox|*dr. (9.21)
T 4 Jir
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(II) Convergence Analysis

Fort € [iT, (i+1)T), denote t = iT+ty where ty € [0,7) and i = 1,2, ---. Obviously,

when ¢ — 00, i — co. Applying (9.21) repeatedly, we have

E(t) = E(t) +ZAE (T + to)
7T +to GT+to
< B(t) - Z/ le|2dr — 22 Z/ I6x|2dr. (9.22)
(j—1)T+to 1)T+to
The above relationship holds for any ¢, thus
3T +to 5
lim E(t) < E(ty) — lim / |e||“dT
t—o0 1—00 Z ] 1 T+t0
3)\ ]T+t0
— lim == Z/ |0x]|2dr. (9.23)
3T+t
As E(t) is positive, if E(ty) is finite, it can be derived both llm Z/ le||*dr
(_] 1 T+t0

i T+
and lim Z / |6x||*dT converge. According to the convergence theorem of
1—00
j=1 ( 1)T+t0

t t

the sum of series, lim / |le||*dT = 0 and lim / |6x||?dT = 0. Therefore, as t
t—o00 —T t—00 —T

approaches infinity, X converges to x and y converges to y; asymptotically in £2

norm.

Now let us check the finiteness property of E(t) for the first period t € [0,T"). From
the system dynamics (9.1) and the proposed control law (9.5) and (9.6), it can
be derived that the RHS of (9.1) is continuous with respect to all the arguments.
According to the existence theorem of differential equation, there exists a solution in
an interval [0, 77) C [0,T), where T} is not infinitesimal. Therefore, the boundedness

of E(t) over [0, 7)) can be guaranteed and we need only focus on the interval [T, T).
For any t € [T, T), the derivative of E(t) is

. 1
E(t) = (0x" Péx + 6x" Pox) +e’é + §tmce(<I>TF’1q)). (9.24)
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Note that in above equation, the first and second terms on the RHS have been

derived and given in (9.11) and (9.17) respectively. Let us concentrate on the third

term on the RHS of (9.24). Since I'y(t) is diagonal and each diagonal element is
-1

strictly increasing in [0, 7)), trace(T™!) < trace(Ty") is ensured in the time interval

[T1,T). Therefore, by substituting the learning law (9.6),

1
étmce(CIDTF’lq))

1
< itrace(q)TFach))
1 - 1 . .
= itrace(@ngl@) — trace(©'T'y'®) — itrace(@ngl@)
1 .
< étrace(@Tfal@) + e’ CBoE. (9.25)

Substituting (9.11), (9.17) and (9.25) into (9.24) yields
. 2 3\ 2 1 Tr—1 1 Tpr—1
E < —|e|* - ZH(SXH + §tmce(@ [0 < 5157“@06(@ [y70). (9.26)

The boundedness of © leads to the boundedness of E(t). As E(T}) is bounded,

Vt € [T}, T) the finiteness of E(t) is obvious.
(111) Boundedness Property

According to preceding derivations, E(t) is bounded for any ¢ € [0, 00), which leads
to the boundedness of y(t) and 0x(t). According to the structure of the observer
(9.2), a stable FA — LC and bounded y ensures the boundedness of v, in the sequel
the finiteness of X. As both dx and x are finite, the system states x are bounded.
On the other hand, the boundedness of E(t) implies the £2 boundedness of ©.

Therefore, according to the control law (9.5), u is bounded in the £2 norm. [
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9.3.2 Observer Based IIL With Unknown 6,, and [

In this section, #,, and [ are supposed to be finite but completely unknown. The

proposed IIL control law is

u = —O(t)¢+ (CB) ' (ya— CAX + Ke + e) (9.27)

o - 1 _To(t)(CB)Teé tel0,7) 925

Ot —T)—T(CB)Teé telT, o)
le]” 5(0) =0, (9.29)

VAP
I

(ICA] + ICB||6ml)*

where © is to approximate © and § is to estimate a constant s = )

where 6,,] is unknown.

Similarly to (9.7), according to the control law (9.27), (9.28) and (9.29), the output

tracking error dynamics is
é=—Ke+g— CBPE — 3e. (9.30)

Theorem 9.2. The control law (9.27), the algebraic learning law (9.28) and the
adaptation law (9.29) ensure the convergence of the state estimation and the output

tracking in L3 norm.

Proof:

The following CEF is used to evaluate the convergence property.
T Lo 1 T -1 1,
E(t) = 0x” Péx + §||e|| + 5 trace[® (7)I'™"®(7)|dT + 55 (9.31)
=T

where §(t) = s — §(t).
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For any ¢t > T, the difference of the CEF over one period is

AE(t)

1>

E(t)— E(t—T)

[0xT (t) Pox(t) — ox" (t — T)Pox(t — T)] + %[He(t)ﬂ2 — lle(t = T)|’]
—I—% tiT{trace[CbT(T)F_lcb(T)] — trace[® (1 — T)[*®(1 — T)|}dr

%[5%) — &t —1T)]. (9.32)

There are four terms on the RHS of (9.32): the first is concerned with the state

estimation error; the second is concerned with the output tracking error; and the

third and fourth are concerned with the parametric estimation errors respectively.

For the first term, (9.11) and (9.12) are still valid. For the second term, (9.13) can

be derived. Therefore, from (9.30), we can obtain

e’ (t)e(t)
= —e"(t)Ke(t) + eg — e’ CBDE — §|e]?

< —llel® + llelllgll — " CBYE — 3>

On the other hand, (9.16) can be rewritten as

Hence,

and

(ICAI+ [CBI6D2, 1, A
lelllgll < ! el + 2 o
sllell? + 2 o
. Y o
F(Nelt) < —lle|?+ 2ox|? ' CBOE+ slel’,  (9.39)

lle(®)l* — lle(t = T)|]

' At t .
<= [ Neltar+ 5 [ oxlpar— [ eTcpogar
t=T 4 t—T t—T

t
+/ 5le||dr. (9.34)
t=T

1
2
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Regarding the third term on the RHS of (9.32), (9.19) and (9.20) are valid.

Now let us check the last term on the RHS of (9.32). First, it can be rewritten as

() — Rt —T)] = /t_Tg(T)s*(T)dT. (9.35)

1
2
Since s is a constant, according to the adaptation law (9.29), we have
55 = —55 = —5|e||*. (9.36)

Therefore, from (9.35) and (9.36), it can be obtained that

L)~ (- T)] = - /tT§||e||2dT. (9.37)

Substitution of (9.12), (9.20), (9.34) and (9.37) into (9.32), V¢t > T, yields a negative

difference of CEF

3N [*

t
AB@W < [ feltar =25 [ joxiar (9.38)
t=T

t=T

Analogous to the Part Il and Part II] in the Theorem 9.1, the convergence and the

boundedness properties can be guaranteed. [ |

9.4 1IIL for NGLC Systems

Now let us consider z = y and &(y,t) is local Lipschitz continuous. The same

observer (9.2) is used for state estimation, and the IIL control law is constructed as

u = —O¢&+ (CB) ! (yq— CAX + Ke + 8e) (9.39)
brt) = —To(t)(CB) et te[0,T) (0.40)
Ot —T)—-T(CB)Tet” te [T, )

lel? 5(0) =0, (9.41)

VAP
Il
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where € = £(y, t). The proposed IIL scheme is analogous to the preceding learning
control laws (9.27), (9.28) and (9.29), except for the replacement of the nonlinear

term &(x,t) by €(y,t). As a consequence, the error dynamics is
é=—-Ke+g — CBPE — se. (9.42)
where g’ = —C Adx.

The convergence of the proposed control scheme is summarized in the following

theorem.

Theorem 9.3. The control laws (9.39), (9.40) and (9.41) ensure that both the state

estimation and the output tracking, i.e. x and e, converge in L3 norm.

Proof:

The proof is much the same as Theorem 9.2, the only difference lies in between the
two functions g and g’. In Theorem 9.2, g is expressed as —C' Adx — CBO[&(x,t) —

&(x,t)] and is upper bounded by

gl < (I[CAll + |CBomL)llox]],

(ICA]l + ICB|l0ml)?
X :
—(C Adéx, which is upper bounded by

which leads to s = On the other hand, in (9.42), g’ =

lg’ll < ICAllllox]]

ICAl”

Therefore, simply let s = — in the CEF (9.31), all the derivations and conclu-
sions in Theorem 9.2 hold with regards to the learning convergence property and

boundedness property. [ |
Remark 9.1. If the bound for each element of © is known a priori, Vt > T, the

learning laws (9.6), (9.28) and (9.40) can be modified as

~ AT

O(t) = proj[O(t — T)] = T(CB)"et



Chapter 9. Observer Based IIL for Systems with Parametric Uncertainties 176

and

N

O(t) = proj[0(t — T)] — T(CB) et .

Consequently, the boundedness of © can be ensured, which lead to the boundedness
of u, x, y and x. The finiteness of y and 0x implies the uniform continuity of y and
0x. Hence, the uniform convergence of the tracking error e and the state estimation

error 0x is guaranteed.

9.5 Illustrative Examples

Consider the circuit model (Fig. 9.1). The system parameters are: resistors Ry = 1€
and Ry, = 1€2, inductors L; = 0.36H and L, = 0.5H, and the mutual inductor
M = 0.15H. 7; and iy are the loop currents, u is an input voltage, and 7 represents

the input perturbation. Defining 1 = iy and x5 = is, the circuit can be formulated

as
i __ RiL RoM T Lo—M
1 - LiLa—M?  LiLy—M? 1 4 LiLy—M? [u(t) + 1
j? R1M . R2L1 T LI*M
2 L1Lo— M2 L1Lo—M? 2 L1Lo— M2

The physically measurable output is y = z;. The target trajectory is yg = sin®(t).
Case 1: nis GLC and 0,, and [ are known.

The input perturbation 7(x,t) = x5 sin® ¢ + 0.8 sin ¢ sin 2, is state-related and GLC.
It can be factorized as 8¢ where @ = [sin®t 0.8sin’t] and & = [vo sinz;]T. Note
that the period of @ is T" = 27 which has no common period with y,4(¢). The initial

conditions are set as: x1(0) = 0.3, 22(0) = 0.2, 21(0) = 0 and 22(0) = 0.

Let L = [3.5 4]T, the eigenvalues of FA — LC are —3.50 and —2.86 respectively.
Assume the known bound 6,, = 1.5 and [ = 1. Choose K = 5. The learning gains

are chosen to be I' = 50 and 'y = 50t /7.
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Figure 9.1: The circuit network.

Applying the learning control law (9.5) and (9.6), the simulation results are shown
in Fig. 9.2 and Fig. 9.3. The horizon is the number of periods and the vertical
quantities are |yq — y|sup and |zp — Zilsup (K = 1,2) respectively. It can be seen,
that observer converges very quickly. The rapid learning convergence can also been

observed.
Case 2. nis GLC and 6,, is unknown.

Choose the same L, I'g(f) and I'. Let K = 1. Based on the control law (9.27), (9.28)
and (9.29), Fig. 9.4 and Fig. 9.5 show the achieved results. From the simulation
results, it can be seen that both the estimated state error and the output tracking

error have been reduced greatly after a number of periods.
Case 3: i is NGLC.

Assume 1 = 0.2ysin®t + 0.1y%sint, which is output-dependent and NGLC. Here
0 = [0.2sin*t 0.1sint] and € = [y »?]T. The learning control design is the same as
Case 2. Based on learning control law (9.39), (9.40) and (9.41), Fig. 9.6 and Fig.
9.7 show the achieved results. From the simulation results, it can be seen that
although the system nonlinearities are NGLC, the learning convergence of both the

estimated state error and the output tracking error still can be guaranteed.
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9.6 Conclusion

This chapter has developed a new IIL methodology for systems with time-varying
parametric uncertainties, global and non-global Lipschitzian nonlinearities. Based
on the state estimation and periodic updating, the proposed IIL scheme guarantees
the asymptotical convergence of the output tracking in £2 norm and the bounded-
ness of the system states. Simulation results clearly demonstrate the effectiveness

of the observer based IIL approach.



Chapter 10

Conclusion

10.1 Conclusion

This thesis was centered on the control theories of FIL and IIL for nonlinear systems

with deterministic uncertainties.

e Theories of FIL

— CM-type FIL
In Chapter 2, CM-type FIL was extended to discrete-time systems with
input deadzone which is a typical kind of non-smooth nonlinearities. It
has been shown that although the parameters of the input deadzone are
completely unknown, only if the control environment and the tracking
target are repeatable, the proposed simple FIL can automatically com-
pensate the input deadzone by iteration. It is assumed that, including
the unknown input deadzone, the dynamic system may also have some
unknown but GLC uncertainties. Moreover, the parameters of the input

deadzone can be constant or time-varying. Via rigorous proof based on

182
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CM principle, it is clearly shown that, in the presence of all the uncer-
tainties, the perfect tracking can be obtained as the iteration approaches
to infinity.

Chapter 3 was a continuity of Chapter 2. In this chapter, CM-type FIL
was further applied to handle discrete-time systems with input backlash
which is also a class of practice-relevant high nonlinearity. However, back-
lash is much more complicated due to its property of memory. Analogous
to Chapter 2, based on CM principle, it has been proved that, in the pres-
ence of unknown backlash and unknown but GLC system dynamics, the
developed FIL can cancel the harmful effect of all the uncertainties and

guarantee the perfect tracking iteratively.

— CEF-type FIL

In Chapter 4, CEF-type FIL schemes were presented for continuous-time
systems with norm-bounded uncertainties. It has been shown that, for
GLC norm-bounded uncertainties, which may be handled by CM-type
FIL, CEF-type FIL can also work effectively. On the other hand, for
NGLC norm-bounded uncertainties, which can not be addressed by CM-
type FIL, the proposed robust FIL, combining robust control with CEF-
type FIL, still can guarantee the learning convergence. Moreover, bene-
fiting from the concept of CEF, the L.I.C. for systems with norm-bounded

uncertainties may be replaced by the alignment condition.

In Chapter 5, we explored the possibility for FIL to learn from nonuni-
form tracking trajectories for continuous-time systems with time-varying
parametric uncertainties. Based on CEF, two novel FIL approaches were
introduced for tracking non-uniform trajectories in the presence of time-
varying and both time-varying and time-invariant parametric uncertain-

ties respectively. In the proposed algorithms, the time-varying parametric
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uncertainties are handled by CEF-type FIL, while the known system dy-
namics related to the different tracking targets are canceled by the control
signal. It has been proven that the tracking error uniformly converges to

zero as the iteration time approaches infinity.

A new FIL control approach - FLLC was outlined for repeatable tracking
control tasks in Chapter 6. FLLC integrates two main control strategies:
FLC as the basic control part and FIL as the refinement part. The new
FLLC is constructed by simply adding a FIL mechanism to a PD-type
fuzzy logic controller in additive form. Through rigorous proof based on
EF, it has been shown that the tracking error of the proposed FLLC

system converges uniformly to zero iteratively.

e Theories of IIL

By taking the advantage of the concept and the analysis method of CEF, most

of the theories of FIL can be extended to IIL.

In Chapter 7, FIL for systems with time-varying parametric uncertainties (Xu
and Tan, 2002) was first extended to IIL case. Only if the parametric un-
certainties are periodic, the proposed IIL scheme can guarantee the perfect
tracking as time approach infinity, no matter the tracking trajectory is peri-
odic or not. Therefore, this chapter can also be treated as an extension of
Chapter 5. Moreover, both the GLC requirement in CM-type FIL and the
LI.C. in almost all FIL can be removed, which greatly widens the application

of learning control.

As a counterpart of Chapter 3, IIL for systems with norm-bounded uncer-
tainties was discussed in Chapter 8. Only if the norm-bounded uncertainties
are periodic in time and the desired trajectory has a common period, FIL for
systems with norm-bounded uncertainties can be extended to IIL case. It has

been shown that, even with norm-bounded uncertainties, no matter they are
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GLC or NGLC, the perfect tracking can be realized asymptotically

To facilitate the implementation of CEF-type learning approaches, observer
based IIL for systems with time-varying parametric uncertainties was proposed
in Chapter 9. Based on the state estimation, the learning convergence still can
be guaranteed even if the system states are not available. Moreover, if the [.I.C.

is satisfied, observer based IIL can be applied to FIL directly.

10.2 Recommendation for Future Research

Based on the prior research, the following points deserve further investigation.

e CM-type FIL has been extended to deal with systems with GLC uncertainties
and input deadzone or input backlash. Is it possible to further apply it to
the other non-smooth nonlinearities, such as hysteresis? As we have seen, in
Chapter 2 and Chapter 3, the I.LI.C. and GLC are essential as the proposed
FIL schemes are based on CM principle. If the CEF based design and analysis
method can be applied, the GLC can be removed accordingly. Moreover,
based on CEF, the FIL for non-smooth nonlinearities may be extended to IIL
case. How to apply CEF concept to systems with non-smooth nonlinearities

is worthy of further study.

e FIL/IIL for systems with either parametric uncertainties or norm-bounded
uncertainties have been discussed. If both parametric and norm-bounded un-
certainties exist, we need to find an appropriate way to integrate the methods

proposed in this thesis.

e In Chapter 5, FIL from different tracking targets for systems with parametric
uncertainties was discussed. Extending it to systems with norm-bounded un-

certainties is a quite interesting future work. Similarly, how to apply observer-
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based FIL/IIL proposed in Chapter 9 to systems with norm-bounded uncer-

tainties could also be a future study.

e In the IIL, the learning updating is based on the known common period 7'
If T is unknown or not accurately known, what will the effect be and how
to eliminate the harmful effect? If all the uncertainties are periodic, how-
ever, a common period 7' can not be found, how to construct the learning

approaches?

e In this thesis, several CEF-type FIL/IIL have been proposed for continuous-
time systems. How to implement CEF based learning to discrete-time uncer-

tain systems will be the future work.

e Through rigorous proof, it has been clearly shown that the learning conver-
gence can be guaranteed in all the proposed FIL/IIL schemes. However, it
is only a steady state property. In classical control many indices are used
to specify transient performance such as setting time, overshoot and oscilla-
tory response. Is it possible for us to quantify similar performance indices to
describe the transient properties along learning axis? How to conduct quanti-

tative evaluation and design in learning domain is a meaningful work.

e Including CM principle, 2-D theory and CEF theory, is it possible to find some
other analysis method which could extend FIL/IIL to more general systems?
Lyapunov functional is a good candidate. Lots of future studies needed to

answer this question.

All in one, there are still many open problems in FIL/IIL for further investigation

and study.
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Appendix A

Appendix for Chapter 2

A.1 Proof of Lemma 2.1

Proof:

>

Define a new sequence 0 = {&,d1,---,0;}, where 6, = sup{|6,|, |0ns1l, - |6}

Obviously, 6, > 6,41 > 0 and 9, > |9,]. As Zlgglo |0;| =0, Zlgglo d; = 0 can be derived.
By using |z;11] < v|zi| + || repeatedly, the following equation can be derived.
2l < 2ol + 9" G0l + TR0 ] + - A ]dica] + 1051 ]
< ylzol + 97 0+ 0 A -+ Y00 + Gimr. (A.1)
If i is even, (A.1) can be rewritten as

|zi] < 7i|2‘0\+7i7150+'“+7%5
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Therefore,

S

= 0.

- 1
ZO|+%50)+ lim ¢ 7

lim [z < lim ~3( lim 4
1—00 1—00 1—o00 2 — f}/

198
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Similarly, when i is odd, (A.1) can be expressed as

1] < Alaol 7 T oA Y T O Y T b+ b+ i

2

< AF (bt 0 )+ 0 (YT ey +1)
i+1
i+l 1—1- = 1=~
< 72 (Jaol + 50)+5§ﬁ~
Therefore,
: i—1 1—5%
lim |z < lim 7%(|Zo| + &) + lim 51’—71 1 T .
1—00 1—00 1—00 —”y

A.2 Proof of Lemma 2.2

Proof:

Define the same sequence 0 as in the proof of Lemma 2.1. The mapping (2.3) can

be rewritten as

if zel, m(zi—a)—06 < (zip1—a) <z —a)+d; (A.2)
’lf 2 € [2, Zi — 5@ S Zi+1 S Zi + g@, (A3)
if zi€ly, Yoz —b) — 8 < (zig1 — b) < a2 — b) + ;. (A4)

For any finite n € Z, if §, = 0, Vi > n, §; = 0 can be derived. Hence, Vi > n, the

relations (A.2)- (A.4) can be rewritten as

if zme€h, mz—a)<(zip—a)<nz—a); (A.5)
’lf Zi € [2, Zitl = Zi; (AG)
’lf Zi € [3, ")/Q(Zi — b) S (ZfiJrl — b) S ’}/Q(ZZ' — b) (A7)

Obviously, as i — oo, z; € I5.
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Next let us check the convergence property if for any finite i, 6; > 0. The proof

contains three parts. Part A shows Vn € Z,, if z, is bounded, a finite constant

On ;o

A
¢n can be found such that z,.,, € I/, = [a],V)] where a], = a — e O =

n’-n

b+ m. Part B proves that z; € I, is guaranteed for any ¢ > n + ¢,. The

convergence property of z; is given in Part C.
Part A
For any finite n € Z,, assume z, ¢ I/, which implies z, > b/, or z, < a,.

Suppose 2, > b,. According to Lemma 2.1 and (A.4), as 2, is bounded, 6, > 0 and
lim 9; = 0, a finite iteration number g, can be found such that Zntqn—1 > U, and

/
2n+Qn S bn

On the other hand, as z,4q,-1 > b, Zpig,—1 > b+ % can be derived. Therefore,

from (A.4), we have

ZnJrqn - b Z VZ(ZnJrqnfl - b) - 5n+qn71

On =
Yo— — 5n
Y2

= 0.

v

Hence, 2,44, € [b,0),] C I.

Similarly, for z, < a, a finite constant ¢, can also be found such that z,,,, €

[al a] C I.

Hence, there exists a finite ¢, such that z,.,, € I can be realized.

Part B

As 2,44, € 1), the property of z,4,,+1 can be analyzed in the following three cases.
Case 1. zp4q, € 12

According to (A.3) and considering 0 < 73 < 1 and 0 < 79 < 1, it can be derived
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that
a, < a—06, < a—0nrg < Znsguil <O+ Opig, <b+6, <. (A.8)
Obviously, zn4q,41 € 1),
Similarly, for any i > n + gy, if z; € Is, 2,41 € I can be derived.
Case 2. zp4q, € (b, V]

O<Z?’L+qn_b< g

S s Ty CAn be derived directly. Therefore, from (A.4), we have

n

b < 2 —b< o
+an = Antqntl =72 min{7z, 1 — 72} T Ontqgy
_ o _
= b_5n§2n+qn+1§b+’y2 . +5n
min{7ys, 1 — ¥}
= d <z, <b - On. A9
Ap > Zpdgp+1 > + /YQHliH{’}/Q, 1 — 72} + ( )

If 0 < 92 < 0.5, min{vs, 1 =92} = 72 and 712 > 2, which leads to b/, = b—l—i—; > h426,,.

Hence, (A.9) can be rewritten as

5, ]
an < zZnigoi1 <b+7y— +0, =b+ 20, <b,. (A.10)
2
If0.5 < 79 < 1, min{7s, 1 — 72} = 1—~5, which implies that &/, = b+ lf"w. Therefore,
(A.9) can be expressed as
: On = On
ay < Znggut1 < b+ 72 + 6, =b+ =10, (A.11)
L= L=

According to (A.10) and (A.11), 2zy44,+1 € I, is guaranteed.

Vi > n+ qy, only if z; € (b, )], the above proof is still valid, hence, z;;1 € I] can be

derived.
Case 3. zp4q, € [a),,a)

Analogous to the proof in Case 2, it can be derived that, Vi > n+ q,, if z; € [a),, a),

/
Zi+1 € [n
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According to the results of Case 1, Case 2 and Case 3, we can conclude that z; € I,

can always be ensured for any i > n + q,.
Part C

Considering the finiteness of 2, and &y, from the results of Part A and Part B, it can
be derived that, a finite gy can be found such that, Vi > ¢, z; € [). Consequently,

Vi € Z,, the boundedness z; can be guaranteed.

For every € > 0, as zlg?o 9; = 0, there exists a finite N’ such that for any i > N’,
8; < ve where v = min{min{~;,1 — v}, min{7s, 1 — 72} }. According to Part A and
Part B, a finite N = N'+ ¢y can be found such that Vi > N, the following equation
is valid.
) )
‘T min{%,Nl -}t sasht min{%,Nl — Y}

Considering §; < e, we have

YE

ve
- <b+e
min{vy;,1 — 7}

<z <b+ — <
min{7ys, 1 — v}

a—e<a-—

Hence, for every € > 0, a finite N can be found such that Vi > N, z; € [a — €, b+ €].

According to the definition of limitation, lim z; € Iy can be derived. [ |

1—00
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Appendix for Chapter 4

B.1 Proof of Lemma 4.2

Proof:
From (4.37) and (4.38), it can be obtained

Xq — X = ¢; — Q0 (B.1)
where

¢, = f4—£i—Q(fy —fi) — Q(hg — hy)

< lellxg — x| + bolel|xa — xil| + boln||xa — x|

bil|xa — x| (B.2)

where bg = sup |Q(t)] and ¢; = l¢ + bgls + boln. As x;(0) = x4(0) and o,(0) = 0,
te[0,7

integrating both sides of equation (B.1), we can obtain that
t t
xa=xll < [ ol [ Qo
0 0
t t dQ
< b [ i+ 1Qaul + [ |52 ar
0 0 T
t t
< b [ la—xildr +bolol + bag [ [
0 0
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dQ
where bag = sup |—|.
a mw”ﬁ

Applying Gronwall-Bellman Lemma we have

[%q — x|
t t
< bollorall + ba / loralldr + bube / lollettdr
dt 0 0
t T
tbibag / ( / lollds)en ¢ dr
dt 0 0
t t t
< tolloul| + (bag + ™) [ lllar +bibag [ eneir [ o ar
dt O dt 0 O
t t
< bglloi| + (baa +ble€b1T)/ ||‘7z‘||d7+b1b@T€blT/ ;||
dt 0 dt 0
t
~tollosl +b2 | llldr

where by = bag + bleeblT + bibagTe" ™. Therefore, the boundedness of o; leads to
dt dt

the finiteness of x; since x,4 is bounded, i.e., x; € X.

Since x; is bounded and d; is local Lipschitz, there exists a Lipschitz constant

A od;
= sup
(@s,t)eX x[0,T] OX;

la |<oo VieZ,

such that
ld; — dal| < laljxi — x4]|. (B.3)

Moreover, from the control law, the boundedness of x; guarantees the finiteness of

u,; and u;. Consequently, x; and &; are also finite. [ |
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