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Summary

This thesis presents a structural decomposition technique for singular linear systems. Such
a decomposition can explicitly display the finite and infinite zero structures, system in-
vertibility structure, invariant geometric subspaces, as well as redundant states of a given
singular system. It is expected to be a powerful tool in solving singular system and con-
trol problems as its counterpart for nonsingular linear systems. To illustrate its potential
applications, the structural decomposition technique is finally applied to solve disturbance

decoupling problem of singular systems.

Firstly, after giving necessary background materials, we present a structural decomposition
technique for single-input and single-output (SISO) singular systems. The decomposition
results show that it is efficient in displaying internal structure features of a given system.
And compared with its counterpart for linear nonsingular systems, the decomposition

technique for SISO singular systems has more properties in revealing the redundant states.

The results for SISO singular systems give us important clues for the structural decompo-
sition form of multi-input and multi-output (MIMO) singular systems, but the situation
of multivariable case is much more difficult. To propose the structural decomposition for
MIMO singular systems, a constructive algorithm is developed in decomposing the given
singular state space into several distinct subspaces. The structural decomposition tech-

nique is given in equation form and compact matrix form. The decomposed subspaces also



include redundant states and states of linear combination of system input and its deriva-
tives of different orders. Moreover, such a structural decomposition can explicitly display
all its structure properties such as invariant zero structure, infinite zero structure, invert-
ibility structure, as well as stabilizability and detectibility features. Numerical examples
show that the structural decomposition is a powerful tool in revealing and understanding

structure features of singular systems.

Furthermore, to give the geometric interpretations for the structurally decomposed sub-
spaces, we define several invariant geometric subspaces for singular systems. And with
these definitions, we show that the structural decomposition technique can also explicitly
display the invariant geometric subspaces of the given singular system. These invariant
geometric subspaces also give geometric interpretation of the structurally decomposed

subspaces.

After completing the theory of the structural decomposition technique. We explore its ap-
plication in solving disturbance decoupling problem of singular systems. With a sufficient
condition, we show that the structural decomposition can give an easier understanding
and a clearer solution for such problems. This enhances the expectation of its poten-
tial applications in solving singular system and control problems as its counterpart for

nonsingular systems.

Finally, to make this thesis more complete, we include main MATLAB codes for the
realization of the structural decomposition in the appendix. Such codes are essential in

the applications of this technique.
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Chapter 1
Introduction

1.1 Introduction

Linear singular systems, also commonly called generalized state space systems or descrip-
tor systems in the literature, appear in many practical situations including engineering
systems, economic systems, network analysis, and biological systems, to name a few but
far from complete (see e.g., Dai [29], Kuijper [45] and Lewis [47]). To be more specific, a
linear singular system generally can be expressed in the following state space form,
Ei=Axz+ Bu, x(0)=ux

3 { (1.1)

y=Cx+ D u,
where x € R™ represents internal state variable, y € RP is the system output, u € R™ is

the system input and rank(F) < n. When the rank of matrix E is equal to n, the system

> is called a linear nonsingular system.

Further, when |sE — A| is not always equal zero, the matrix pencil (F, A) will be called
regular. Unique (classical) solutions are guaranteed to exist if (E, A) is regular. Hence

without loss of any generality, we assume that the matrix pencil (E, A) is always regular



throughout this thesis.

In fact, many systems in the real life are singular in nature. They are usually simplified
as or approximated by nonsingular models because it is still lacking of efficient tools to
tackle problems related to such systems. However, a singular system model represents
more practical information, and such information like interconnection relationships, will
be crucial to the whole system in some critical situations. This makes it an important
research topic in the last three decades and motivates us to develop an innovative technique

for singular systems.

To develop an efficient tool for singular systems, structural properties are essential. From
those earlier days, they have received much attention in the literature. Weierstrass [77]
firstly gave a fundamental study for regular cases and Kronecker [44] extended the study
to non-regular cases by introducing structural indices. Gantmacher [35] systemically de-
scribed Kronecker Canonical Form and made it a popular tool in analyzing singular sys-
tems. Along this line, Kokotovic et al. [43] analyzed the relationship of fast subsystem and
slow subsystem in Weierstrass decomposition form. While Verghese et al. defined a strong
system equivalence using a trivial augmentation and deflation technique. Further, Misra
et al. [59] and Liu et al. [53] have presented their algorithms to compute the invariant
structural indices of singular systems. On the other hand, in the literature of geometric
approaches, Malabre [58] presented a new way of introducing invariant subspaces for sin-
gular systems and defined their structure indices like the one presented by Morse [60] for
nonsingular systems. Geerts [36] also defined and analyzed several geometric subspaces
by means of a fully algebraic distributional framework. However, as a matter of fact, all
of these methods for structural properties of singular systems are simply focusing either
on merely structural indices or on only some special parts of state space but have not
give a full image of the whole state space. The objective of this thesis is to develop an

efficient technique for decomposing the whole state space into several distinct subspaces



corresponding to special structural features such as invariant zero structures, infinite zero

structures, redundant states, system invertibility and so on.

Most techniques for singular systems, generally speaking, are natural extensions of their
counterpart for nonsingular systems. Since Kalman [41] and other people [42] [37] pre-
sented state space model in 1960’s, nonsingular systems have been intensively researched
and many techniques have been presented in the literature. Among these methods, there
is a structural decomposition technique [70] [67] [19] which can explicitly display the zero
structures, invertibility and invariant geometric subspaces of a given nonsingular system.
It has been used in the literature to solve many system and control problems such as the
squaring down and decoupling of linear systems (see e.g., Sannuti and Saberi [70]), linear
system factorizations (see e.g., Chen et al [11], and Lin et al [51]), blocking zeros and
strong stabilizability (see e.g., Chen et al [12]), zero placements (see e.g. Chen and Zheng
[15]), loop transfer recovery (see e.g., Chen [10], Chen and Chen [16], and Saberi et al
[68]), H2 optimal control (see e.g., Chen et al [13, 14], and Saberi et al [69]), disturbance
decoupling (see e.g., Chen [18], and Ozcetin et al [63, 64]), Ho optimal control (see e.g.,
Chen et al [11] and control with saturations (see e.g., Lin [50]). The list here is far from

complete.

The applications of the structural decomposition technique for nonsingular system prove
that it is a powerful tool. The main objective of this thesis is to extend this structural
decomposition technique to singular systems. We will focus on developing a structural
decomposition technique for singular systems to capture all structure properties, such as
invariant zero structures, infinite zero structures, invertibility structures, invariant geo-
metric subspaces, as well as redundant dynamics of a given singular system. Moreover,
we will exploit its applications in solving singular system and control problems, such as
disturbance decoupling, almost disturbance decoupling, Hs optimal control, H,, control

and model reduction, as its counterpart for nonsingular systems.



1.2 Notations

Throughout this thesis, we shall adopt the following notations:

the set of real numbers,

the entire complex plane,

the open left-half complex plane,

the open right-half complex plane,

the imaginary axis in the complex plane,

an identity matrix,

an identity matrix of dimension k x k,

the transpose of X,

the rank of X,

the set of eigenvalues of X,

the null space of X,

the range space of X,

the dimension of a subspace X,

the inverse image of C, where X is a subspace and C' is a matrix ,

the v-th order derivative of a function u(t),

a singular system characterized by (F, A, B,C, D) ,

a singular system characterized by (Ey, Ay, By, Cx, Dy) ,

the orthogonal complement of the space spanned by the columns of a matrix M,
a matrix with orthogonal columns spanning the right null space of a matrix M,

a matrix with orthogonal columns spanning the right null space of M7,



1.3 Preview of Each Chapter

This thesis can naturally be divided into three parts. The first part includes Chapter 1
and Chapter 2 and gives some preliminary results and background materials. Chapter 1
gives the background and motivations of this thesis. Chapter 2 recalls some basic linear
system tools on system structure such as the Jordan Canonical Form, some controllability
decomposition form and the structural decomposition method for nonsingular systems. All
of these techniques will play essential roles in the later chapters. Chapter 2 also provides
a comprehensive study on singular systems and its properties. Some distinct features
of singular systems such as impulsive mode will be presented and discussed. The initial
conditions of a given singular system is discussed intensively before introducing some
important tools for singular systems such as Kronecker Canonical Form and invariant
structural indices. The last section of Chapter 2 lists some basic definitions such as

stability, stabilizability, detectibility and so on.

The second part is the core of this thesis and consists of Chapter 3 to Chapter 5. Chap-
ter 3 gives our research results on structural decomposition for linear single-input and
single-output (SISO) singular systems. This is the first step of our research on extending
the structural decomposition technique to singular systems. The results present a clear
view of the technique for singular systems. Chapter 4 is the most important section of
this thesis because it presents the structural decomposition technique for general multi-
variable singular systems. The properties of this technique show that it has a distinct
feature of explicitly displaying the zero structures, invertibility, stabilizability and de-
tectibility properties of the given systems, just as its counterpart in nonsingular systems.
Chapter 5 defines the invariant geometric subspaces of singular system in state space form
and presents the properties of our structural decomposition in displaying the invariant

geometric subspaces.



The last part of this thesis focuses on the applications of our structural decomposition
technique. In Chapter 6, we apply the structural decomposition technique to solve dis-
turbance decoupling problem of singular systems with state feedback. It shows that the
structural decomposition technique is powerful in eliminating the influence of disturbance.
With a sufficient condition, we can see that the whole algorithm is based on decompos-
ing the system into several subspaces, and we can use the state feedback algorithm to
eliminate the corresponding disturbance in those subspaces. Moreover, Chapter 7 gives
concluding remarks on this thesis and propose our future work in the applications of this

structural decomposition in solving singular system and control problems.

Finally, in the appendix part, main MATLAB codes are given for the constructive al-
gorithm on computing the structural decomposition form. All essential procedures are
illustrated in detail. And complete source codes for those main functions are attached for

references.



Chapter 2

Background Materials

2.1 Introduction

This chapter intends to recall necessary background material for the main work of this
thesis, the structural decomposition of singular systems and its applications. Such pre-
liminary materials include mathematical tools of matrix decomposition, the structural
decomposition for nonsingular systems, and a brief introduction of singular systems. All
of these are crucial in deriving, proving and understanding our structural decomposition

technique and its properties.

Mathematical tools for decomposing matrices and matrix pairs are widely used in linear
system theories. In this thesis, they are applied to constructively decompose state space
into several distinct subspaces displaying internal structural features of the given linear
system. Such tools include Jordan canonical form, controllability canonical form, as well

as block diagonal control canonical form.

The structural decomposition for nonsingular systems has a distinct feature of explicitly



displaying a given nonsingular system’s internal structural properties such as invariant
and infinite zero structures, system invertibility, invariant geometric subspaces and so on.
This technique was first proposed by Sannuti et al. [70] and Saberi et al. [67] while
Chen [19] proved all of its properties and further decompose several subspaces, and more
important, gave clear geometric interpretations for the subspaces with a list of invariant
geometric subspaces. Our work in this thesis is to extend this powerful technique for

singular systems and apply it in solving singular systems and control problems.

At last, a brief knowledge on singular systems is recalled to make this thesis more self-
contained. Moreover, such knowledge is necessary in proving our structural decomposition
theorem and its properties, as well as its application in solving singular systems and
control problems. The background knowledge ranges from several basic definitions, such
as stabilizability, invariant zero structure and system invertibility, to very well known

Kronecker canonical form and invariant structural indices.

2.2 Mathematical Tools for Linear System Decomposition

Matrix decomposition is a must-go step in structural decomposition of linear systems. This
section recalls some important tools which will be used intensively in decomposing a given
singular system into its structural decomposition form. Firstly, the theorem on Jordan and
Real Jordan Canonical Form will be introduced, which can show the structural properties
of a given matrix according to its eigenvalues. Then some Controllability Canonical Forms

will be recalled for the decomposition of system matrix pair (A, B).

The following subsections give these important tools for matrices and matrix pairs.



2.2.1 Structural Decomposition of (A, B)

This section recalls two important Controllability Canonical Forms, that is, Controllability
Structural Decomposition (CSD) and Block Diagonal Control Canonical Form (BDCCF).
All the canonical forms are presented for a linear system characterized by a matrix pair

(A, B) and display its controllability information in different ways.

Controllability canonical form is a very well-known tool in the literature. It decomposes
a given system into controllable and uncontrollable parts with an invertible coordinate
transform. Controllability structural decomposition form is generally called Brunovsky
canonical form in the literature, and in fact it is due to Luenberger [56] in 1967 and
Brunovsky [6] in 1970. Block diagonal control canonical form was presented by Chen [20],
it gives a totally new and powerful canonical form and its MATLAB software realization
can be found in Chen [17]. All these tools will pay key roles in the derivations of our

structural decomposition technique for singular systems.

The following theorem conducts a controllability structural decomposition for a matrix

pair (A, B).

Theorem 2.2.1 (CSD) Consider a pair of constant matrices (A4, B) with A € R™*" and
B € R™™, Assume that B is of full rank. Then, there exist nonsingular state and input

transformations Ty and T} such that (A, B) := (T, ' AT, T, ' BT}) has the following form,

[A, O 0 - 0 0 17 [O - 07
0 0 Igy—1 --- O 0 0o --- 0
* K * % * 1 --- 0
, , (2.1)
0 0 0 e 00 I, 0o --- 0
B * S % * 1 LO .-+ 1]
where k; >0, i=1,---,m, A, is of dimension n, :=n — > ", k; and its eigenvalues are



the uncontrollable modes of the pair (A, B). Moreover, the set of integers, C(A, B) :=

{n(h kla T

-, km }, is referred to as the controllability index of (A, B). 0

Proof. See Luenberger [56]. The software realization of such a canonical form can be

found in Lin and Chen [52].

At last, the theorem on block diagonal control canonical form is given in the following.

Theorem 2.2.2 (BDCCF) [20] Consider a constant matrix pair (4, B) with A € R"*"

and B € R™™ and with (A, B) being completely controllable. Then there exist an integer

k < m, a set of k integers ki, ko, - -

-, ks, and nonsingular state and input transformations

T, and T; such that (A, B) can be transformed into the following block diagonal control

canonical form,

rA4; 0 0 0 7
0 A, O 0
A=T AT, = | 0 0 As 0|, (2.2)
L0 0 O A ]
and
rB1 x % * K]
0 By % * %
B=T/'B;=|0 0 B *x x|, (2.3)
L0 0 O B, xJ
where s represent some matrices of less interest, and A; and B;, i = 1,2, ---, k, have the

10



following control canonical forms,

r 0 1 0 0 7 r07
0 0 1 0 0
A; = , B;= ) (2.4)
0 0 0 N | 0
_—afﬁi —a};rl —a};if2 —ail_ L1
for some scalars aﬁ, aé, e a};i. And it is obvious that 7 | k; = n. O

The block diagonal control canonical form plays a key role in the derivation of our struc-
tural decomposition for singular systems. This will be introduced in detail in the Chapter

4 and 5.

2.2.2 Structural Decomposition of Linear Nonsingular Systems

Structural properties, such as invariant zero structures, are essential in understanding
the internal states of linear systems, which is the first step in solving linear systems and
control problems. Hence a good technique in displaying the structural properties is crucial
for us to find a better solution. And after so many years’ intensive research, there are a
large number of techniques for nonsingular systems in the literature to reveal their internal
structural features (see e.g., Lewis [47], Chen [20]). However, a better way to display the
structural properties is to decompose the whole state space into several distinct subspaces
each of which corresponding to special system structural properties. This has been proven
to be a successful technique in solving real applications by the structural decomposition

technique for nonsingular systems (see e.g. Chen et al. [13]).

In this section, structural decomposition for nonsingular systems is presented briefly. The
decomposition can explicitly display the zero structures, invertibility and geometric sub-

spaces of the given nonsingular system. And It has been proved to be a powerful tool in

11



solving nonsingular system and control problems. Our structural decomposition technique

for singular systems is a natural extension of this method.

The structural decomposition for nonsingular systems was first presented by Sannuti and
Saberi [70] and Saberi and Sannuti [67]. Chen [19] proved the essential properties of the
structural decomposition technique and moreover, and linked them for the first time with

invariant geometric subspaces of geometric control theories, thus completing this theory.

Let us first consider a linear time-invariant (LTI) system X, characterized by a matrix
quadruple (A, By, Cy, D,) or in the state space form,
T = A, v+ By u,
Y

y=Cix+ D, u,

(2.5)

where z € R, u € R™ and y € RP are the state, the input and the output of X,. Without
loss of any generality, we assume that both [B. D.]" and [C, D,] are of full col and

row rank respectively. The transfer function of X, is then given by
H,(s) = Cy(sI — A,)"'B, + D,, (2.6)

It is well-known that there exist non-singular transformations U and V such that

I, 0]

0 0

UD,V = (2.7)

where myg is the rank of matrix D,. Without loss of generality, it is assumed that the
matrix D, has the form given on the right hand side of (2.7). One can now rewrite system

Y, of (2.5) as,

ug
T = A* T + [B*,O B*,l] ( ) s
uy
(2.8)
<y0> Cy0 Iy O ] (u())
= T + ,
Y1 Cin 0 O Uy

where the matrices By, By 1, Cso and C, 1 have appropriate dimensions. We have the

following theorem.

12



Theorem 2.2.3 [20] Given the linear system X, of (2.5), there exist

+

1. Coordinate free non-negative integers n_ , ng, Ny, Np, Ne, Nd, Mg < m —mp and ¢;,

i=1,---,mq, and

2. Non-singular state, output and input transformations I's, I, and I'; which take the
given Y, into the structural decomposition form that displays explicitly both the

invariant and infinite zero structures of X,.

The structural decomposition can be described by the following set of equations:

x=Ts2, y=Toy, u=Tjaq, (2.9)
La, xr1
Ty
Th T2
T = , o= | 20 |, mq= ‘ , (2.10)
Te :
ry
| Tmy
1 Ul
Yo )
5 Y2 _ U2
Y=Y |>¥% = . s U= | uq |, uq= _ , (2.11)
Yb Ue
Ymq Umg
and
T, = AgaTy + Boayo + L_4ya + Ly, (2.12)
iy = AQ,x0 + Boayo + Laaya + Ly, (2.13)
if = ALar 4+ Blyo + Liya + Ly, (2.14)

13



tp = Apbp + Bopyo + Lvayd,  yb = Cpn, (2.15)

e = Accc + Bocyo + Levy + Leaya + Be [Enzy + Eg, + Efzt] + Beue, (2.16)

yo = Coce + Cpur, + Ca;xg + Ca;x:{ + Coazq + Copxy, + uo, (2.17)
and for each i = 1,---,my,
mq
T; = Aqil’i + Li()y() + Lz‘dyd + qu Ui + Finta + Eipxy + Eicxe + Z Eijxj , (2,18)
j=1
Yi = Cqwi,  ya = Cazq. (2.19)

0

+
a?n

x:, Th, e and xq are respectively of dimensions n; , n o,

Here the states z , 20

a’ nb7

ne and ng = Z?idl ¢;, while x; is of dimension ¢; for each ¢ = 1,---,mq. The control
vectors ug, uq and u. are respectively of dimensions mg, mq and me = m — mg —mq while
the output vectors yg, yq and yp, are respectively of dimensions py = mg, pg = mq and

Pb =D — po — pd- The matrices A, By, and C¢; have the following form:

0 Iy 0
Ay = , By = , Cu=[1 0 --- 0]. (2.20)
0 0 1
Assuming that x;, ¢ = 1,2, --,mgq, are arranged such that ¢; < ¢;+1, the matrix L;q has
the particular form
Lia=[La L -+ Li1 0 --- 0] (2.21)

Also, the last row of each L;q is identically zero. Moreover,
MAL) CC™, AAY) cC A4S, cct. (2.22)

14



Also, the pair (Acc, Bc) is controllable and the pair (App, C},) is observable. O

The software toolboxes that realize the continuous-time structural decomposition can be
found in LAS by Chen [9] or in MATLAB by Lin [49]. The realization of this unified

structural decomposition can be found in Chen [17]. n

We can rewrite the special coordinate basis of the quadruple (A, By, Cy, Dy) given by

Theorem 2.2.3 in a more compact form,

A* - Fs_l(A* - B*,OC*,O)FS

i A;a 0 0 L;be 0 L;dCd'
0 A%, 0 LY Gy, 0 L% Cq
0 0 Af, LiC, 0  LLCq
= : (2.23)
0 0 0 App, 0  LpaCq
B.E;, BcE}, B.Ef, LaCh  Ace  LeaCy
—BdEd_a BdE(El)a BdE(—ii_a BdEdb BdEdc Add |
By, 0 07
BY), 0 0
. Bf, 0 0
B. = IT'[B.g B.i]li= : (2.24)
Bg, 0 0O
Byse 0 B
Bog Bg O
Coa Cln Cia Cob Coc Coa
~ *,0
C. ;! =0 0 0 0 0 Cqlf, (2.25)
C*,l
o 0 0 C 0 0
Img 0 0
D, = I;'D,y=| 0 0 0]. (2.26)
0 00



We note the following intuitive points regarding the special coordinate basis:

1. The variable u; controls the output y; through a stack of g; integrators (or back-

ward shifting operators), while x; is the state associated with those integrators (or
backward shifting operators) between u; and y;. Moreover, (Ay,, By,) and (Ag,, Cy,)
respectively form controllable and observable pair. This implies that all the states

x; are both controllable and observable.

. The output g, and the state x}, are not directly influenced by any inputs, however,
they could be indirectly controlled through the output y4. Moreover, (Apy, Cp) forms

an observable pair. This implies that the state xy, is observable.

. The state z is directly controlled by the input u., but it does not directly affect any
output. Moreover, (Acc, B:) forms a controllable pair. This implies that the state

Z. is controllable.

. The state x, is neither directly controlled by any input nor does it directly affect

any output.

In what follows, we state some important properties of the above structural decomposition

for nonsingular systems.

Property 2.2.1 The given system X, is observable (detectable) if and only if the pair

(Aobs, Cobs) is observable (detectable), where

and where

Aaa 0 COa C’Oc
Agps 1= , Cops i= , (2.27)
BcEca Acc Eda Edc
A, O 0 7
A= 0 A 0|, Coa:=[C,, CF Cil, (2.28)
0 0 Af

aa —
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Eq:=[E;, ES, E, Ew:=[E, E Ef]. (2.29)

Also, define
A e Asa LapCh B Boa  Laa | (2.30)
0 A Bob  Lpa
By, Loy Laa
Boa:= | B§, | » Lab:= | L% |, Laa:= L% |- (2.31)
By, Loy, Log

Similarly, 3, is controllable (stabilizable) if and only if the pair (Acon, Beon) is controllable

(stabilizable). O

The invariant zeros of a system X, characterized by (A, By, Cx, D,) can be defined via the
Smith canonical form of the Rosenbrock system matrix [66] of X, defined as the polynomial

matrix Py, (s),
sl — A, —DB.

Py, (s) := (2.32)

Cx D,

We have the following definition for the invariant zeros (see also [57]).

Definition 2.2.1 (Invariant Zeros). A complex scalar a € C is said to be an invariant
zero of X, if

rank { Py, (o)} < n+ normrank {H,.(s)}, (2.33)

where normrank { H,(s)} denotes the normal rank of H,(s), which is defined as its rank

over the field of rational functions of s with real coefficients. O

The special coordinate basis of Theorem 2.2.3 shows explicitly the invariant zeros and the

normal rank of ¥,. To be more specific, we have the following properties.

Property 2.2.2
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1. The normal rank of H,(s) is equal to mgy + mq.

2. Invariant zeros of X, are the eigenvalues of A,,, which are the unions of the eigen-

o AV and A}, Moreover, the given system ¥, is of minimum phase

values of A
if and only if A,, has only stable eigenvalues, marginal minimum phase if and only
if A, has no unstable eigenvalue but has at least one marginally stable eigenvalue,

and non-minimum phase if and only if A,, has at least one unstable eigenvalue. O

In order to display various multiplicities of invariant zeros, let X, be a non-singular trans-

formation matrix such that A,, can be transformed into a Jordan canonical form, i.e.,
X' ApaXa = J = blkdiag {Jl, Jo, -, Jk}, (2.34)

where J;, 1 =1,2,---,k, are some n; x n; Jordan blocks:

0 Imfl

J; = diag{ai,ai,---,ai}Jr (2.35)

0 0
For any given o € A(Ay,), let there be 7, Jordan blocks of A,, associated with a. Let
N1, Na,2s *** Na,r, De the dimensions of the corresponding Jordan blocks. Then we say

« is an invariant zero of 3, with multiplicity structure S*(3,) (see also [68]),

SH(3s) = {na,l,nm, . mﬂﬁa}. (2.36)

The geometric multiplicity of « is then simply given by 7, and the algebraic multiplicity
of a is given by Y 7*, ng,;. Here we should note that the invariant zeros together with
their structures of ¥, are related to the structural invariant indices list Z;(X,) of Morse

[60].

The special coordinate basis can also reveal the infinite zero structure of 3,. We note that
the infinite zero structure of X, can be either defined in association with root-locus theory
or as Smith-McMillan zeros of the transfer function at infinity. For the sake of simplicity,

we only consider the infinite zeros from the point of view of Smith-McMillan theory here.
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To define the zero structure of H,(s) at infinity, one can use the familiar Smith-McMillan
description of the zero structure at finite frequencies of a general not necessarily square but
strictly proper transfer function matrix H,(s). Namely, a rational matrix H,(s) possesses
an infinite zero of order & when H,(1/z) has a invariant zero of precisely that order at
z = 0 (see [27], [65], [66] and [75]). The number of zeros at infinity together with their
orders indeed defines an infinite zero structure. Owens [62] related the orders of the infinite
zeros of the root-loci of a square system with a non-singular transfer function matrix to
C* structural invariant indices list Z, of Morse [60]. This connection reveals that even
for general not necessarily strictly proper systems, the structure at infinity is in fact the
topology of inherent integrations between the input and the output variables. The special
coordinate basis of Theorem 2.2.3 explicitly shows this topology of inherent integrations.

The following property pinpoints this.

Definition 2.2.2 [69] The system ¥ possesses an infinite zero of order k if the associated
rational matrix C(%I — A)71B has a invariant zero of precisely that order at z = 0. If
each ¢; of ¢y > -+ > ¢, > 1 corresponds to an infinite zero of system ¥ with order ¢;,

then Soo(X) = {q1, -, qm,} is called the infinite zero structure of system . O

Property 2.2.3 ¥, has mg = rank (D,) infinite zeros of order 0. The infinite zero

structure (of order greater than 0) of 3, is given by

S%(24) = {QI7Q27"'7de}- (2.37)

That is, each g; corresponds to an infinite zero of ¥, of order ¢;. Note that for a single-
input-single-output system X, we have S¥ (3.) = {q1}, where ¢ is the relative degree of

DINR d

The structural decomposition can also exhibit the invertibility structure of a given system

>«. The formal definitions of right invertibility and left invertibility of a linear system
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can be found in [61]. Basically, for the usual case when [B, D.] and [C. D.] are of
maximal rank, the system X, or equivalently H.(s) is said to be left invertible if there

exists a rational matrix function, say L.(s), such that

L.(s)H.(s) = L. (2.38)

Y, or H,.(s) is said to be right invertible if there exists a rational matrix function, say
R.(s), such that
H,(s)R.(s) = 1. (2.39)

>« is invertible if it is both left and right invertible, and ¥, is degenerate if it is neither

left nor right invertible.

Property 2.2.4 The given system X, is right invertible if and only if x}, (and hence yy,)
are non-existent, left invertible if and only if z. (and hence u.) are non-existent, and
invertible if and only if both x}, and z. are non-existent. Moreover, Y, is degenerate if

and only if both z}, and z. are present. O

The special coordinate basis can also be modified to obtain the structural invariant indices
lists Zo and Z3 of Morse [60] of the given system X,. In order to display Z(X,), we let X,
and X; be non-singular matrices such that the controllable pair (A, Bc) is transformed

into Brunovsky canonical form (see Theorem 2.2.1), i.e.,

r0 Ipy—1 -+ 0 0 7 r0 - 07
* * e % * 1 -0
X1 AeXe= |0 0 : . X7'BX;= | oo t], 0 (240
0 0 0 Iy, 1 0 0
L x * * * L0 1.

where x’s denote constant scalars or row vectors. Then we have

Ir(%4) = {61, o ﬁm} (2.41)
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which is also called the controllability index of (Acc, Bc). Similarly, we have

I3(34) = {m,---,upb}, (2.42)

where {1, -+, fip, } is the controllability index of the controllable pair (Af,,C}).

By now it is clear that the special coordinate basis decomposes the state-space into several

distinct parts. In fact, the state-space X is decomposed as
X=X 0X0X0X 0 XA, (2.43)

Here X, is related to the stable invariant zeros, i.e., the eigenvalues of A_, are the stable
invariant zeros of .. Similarly, X and X are respectively related to the invariant zeros
of X, located in the marginally stable and unstable regions. On the other hand, A}, is
related to the right invertibility, i.e., the system is right invertible if and only if A}, = {0},
while A, is related to left invertibility, i.e., the system is left invertible if and only if

X. = {0}. Finally, Xy is related to zeros of X, at infinity.

There are interconnections between the special coordinate basis and various invariant
geometric subspaces. To show these interconnections, we introduce the following geometric

subspaces:

Definition 2.2.3 (Geometric Subspaces V* and §*). The weakly unobservable sub-

spaces of ¥, V*, and the strongly controllable subspaces of ¥, S*, are defined as follows:

1. Vx(X,) is the maximal subspace of R™ which is (A,+ B, F)-invariant and contained
in Ker (Cy + D.F,) such that the eigenvalues of (A, 4+ B.F\)|Vx are contained in

Cx C C for some constant matrix F.

2. Sx(X,) is the minimal (A, + K.Cy)-invariant subspace of R" containing Im (B, +
K.D,) such that the eigenvalues of the map which is induced by (A, + K.C.) on

the factor space R™/Sx are contained in Cx C C for some constant matrix K.
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Furthermore, we let V™= Vx and S~ = Sx, if Cx=C~ UCY V*=Vx and St = Sx, if

Cx=CT; and finally V*=Vx and S*=S8x, if Cx=C. O

Various components of the state vector of the special coordinate basis have the following

geometrical interpretations.

Property 2.2.5

1. X @ X0 X, spans V™ (%,).

2. X @ X. spans VT (Z,).

3. X7 @ X2 @ X @ X, spans V*(X,).
4. X & X, ® Xy spans S~ (Z.).

5. X7 @ X2 @ X. @ Xy spans ST(X,).

6. X.® Xy spans S*(3,). O

This property relates structural decomposition to invariant geometric subspaces, and thus

give a clear geometric interpretation for the distinct subspaces of structural decomposition.

2.3 Linear singular systems

Linear singular system, or alternatively called generalized linear system or linear descriptor
system [29] [47], is a better system model than nonsingular system since it represents more
general information of a real system. Roughly speaking, most real systems in this world
are singular in nature. Such systems include biological system, financial system, social

system, power system and electrical system, to name just a few. According to this fact,
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most real systems should be characterized as singular systems. However, due to lacking
of efficient tools, they just simply be treated as nonsingular systems in many cases. To
propose a new powerful tool for singular systems, we present the structural decomposition

in this thesis.

In general, most definitions and techniques for singular systems are natural extension of
their counterpart for nonsingular systems. This will be seen clearly in the following when

this section gives a brief introduction of definitions for singular systems.

Let us first look at the following example of an electrical circuit (see also [47] [29]).

Figure 2.1: A simple electrical circuit.

Now we have at least two methods to model this circuit. First one is using nonsingular

system model, and we will have

_R1+R2 1

Jo = — 2 —— Ut 2.44
Uc R1R20U0+R10U(), (2.44)

where Uq(t) is the voltage across the capacity.

We can see that some internal information can not be represented by (2.44), such as
the relationship between Uq(t) and I(t). While such information will be revealed in the

following singular system description.

0 077 I(t)

U(t). (2.45)

0 C| U



It is clear that the whole circuit’s information has been included in the singular system
of (2.45). And in general, singular systems provide more internal information of the real
systems. This is the reason that the singular system has been in attention for so many

years.

Generally, a singular system can be expressed in the following state space form,

Ei=Ax+ Bu, z(0)=ux

3 (2.46)
y=Cx+ D u,

where x € R, y € RP, 4 € R™ and rank(FE) < n.

2.3.1 Impulsive Mode and Initial Conditions

Linear nonsingular system, or alteratively called nonsingular system, is a simple expression
characterizing many real systems. And it has received an intensive research during last
three decades. A lot of methods have been presented in literature to solve system and
control problem in large variety. However, a singular system is a more natural model for
most real systems in this world. It is more general than a linear nonsingular system, simply
because it contains more complete information of the objects it characterized, which can
be seen clearly in its state space expression of (2.46) that a linear nonsingular system is

merely a special case of singular systems.
Further, singular systems have their own system features. One of these is impulsive mode.
Consider the following singular system,
[0 1 ] [j:l ] [ 1 0]
0 0] Lo 0 1

we can find its state variable as
T1 =1
(2.48)

0
] u, (2.47)
1
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It is clear that there is an input derivative in the state variable xq, thus it will have a

impulse response factor §(t) if the input is a function of unit step function wu(t).

Hence the state x1 will have impulsive behavior at the starting point if the initial conditions
are not consistent, that is, if x2(0) # 0 or z1(0) # w(0). And actually this is quite like
the jump behavior in nonsingular systems when their initial conditions are not consistent.
Furthermore, if there is a jump in the input or even the input function is continuous, the
system response may also have impulsive modes or jump behaviors. All of such behaviors
are caused by the input derivatives, which is caused by the special structure properties of
singular systems. And this forms a distinct feature for singular systems which is totally

different from nonsingular systems.

In order to lay off those unnecessary discussion on initial conditions, and without loss of
any generality, we assume the initial conditions are consistent in this thesis, just like what
have happened in nonsingular systems. And if it is not consistent in some cases, we can

treat them case by case.

Then the only cause of impulsive behavior is the structural property of singular system

after the above general assumption on their initial conditions.

2.3.2 Restricted System Equivalence

Singular systems are also called descriptor systems, implicit systems or generalized state
space systems in the literature. As one of the main research topics in system and control
theories, singular system has been of attraction for more than three decades. This directly
result in the large number of techniques presented for singular systems. Among these
methods, one important group is about system equivalence. Because most other methods

are simply based on system equivalence to begin their development.
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An equivalent relationship between two systems possesses reflexivity, transitivity and in-
vertibility. While restricted system equivalence give more rigorous conditions and can be

defined as follows,

Definition 2.3.1 (see also [85] [38]) Two singular systems X(F, A, B, C) and X(E, A, B, C)
are restricted equivalent if there exist two invertible matrices P and @ such that

E=PEQ, A=PAQ, B=PB, C=CQ. (2.49)

Restricted equivalent singular systems have many identical properties such as structural
features. And here we recall two restricted equivalence forms very often used in the

literature.

Lemma 2.3.1 (see also [29]) For any singular system ¥ of (2.46), if it is regular, there

exist an invertible coordinate transformation,

T
r=Qr=Q , o1 €R™, 9 € R™, (2.50)
T2
and an invertible matrix P such that
In1 0 Al O Bl
PEQ = , PAQ = , PB= , CQ=[C1 C9], (2.51)
0 N 0 I, By

and the original system ¥ is decomposed into and restricted equivalent to the following

system,
Z1=A1r 21+ B u, 21(0) =210
2 { (2.52)
y1 =C1 21+ D u,
N 1;2 = In2 Tro + BQ u, l‘Q(O) = T20
2 { (2.53)
y2 = Ca x3,

where y = y; + 32 and N is a nilpotent matrix with an index of h, that is, N* = 0 while

Nh=1 £,
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This decomposition gives a restricted equivalent singular system, and it also called Weier-
strass decomposition or slow-fast decomposition in the literature. Such a decomposition
separates a nonsingular subsystem from another singular subsystem, and thus play an

important role in developing many techniques for singular systems.

For such a decomposition, we also have the following theorem,

Theorem 2.3.1 (see also [29]) Suppose ¥1(1,,, A1, B1,C1, D) and ¥5(N, I,,, Ba, Co,0)
are the two subsystems decomposed from ¥ by Lemma 2.3.1 with invertible P and @,
while 1 (I, A1, B1,C1, D) and X5(N, I5,, Ba, Co,0) are the two subsystems decomposed
from ¥ by Lemma 2.3.1 with invertible P and @, then there exist two invertible transform

matrices U € R™"*™ gnd V € R™2*"2 gych that

Uu o0 U o0

P = P, Q=Q

)

0V 0 Vv
A, = UAU', N=VNV !

By = UB,, C,=CU!,

By, = VBQ, CQZCYQ‘/il. (2.54)

This theorem shows that different decompositions by Lemma 2.3.1 are similar to each

other.

Now we can look at another kind of system equivalence for singular systems.

Lemma 2.3.2 [29] For any singular system X of (2.46), if it is regular, there exist an

invertible coordinate transformation,

T
r=QT=Q , w1 €RY 1y e R (2.55)
T2
and an invertible transform matrix P such that
I, 0 A Ap B,
PEQ = , PAQ = , PB= , CQ=[C1 Co], (2.56)
0 0 Ag1 A By

27



and the original system 3 is decomposed into and restricted equivalent to the following

System,
¥1 = A1 x1 + A2 22 + By u,

Y3 0 = Aoy 1 + Agg 29 + By wu, (2.57)

y =0C 21+ Cy z9 + D u,

This restricted equivalent decomposition shows the physical meaning of singular system
clearly. The first equation is of dynamic state variables and the second equation is a
algebraic one and represents the constrains among the internal state variables. Such a
decomposition shows that a singular system is a combination of several interconnected

subsystems.

2.3.3 Stabilizability and Detectability

Stabilizability and detectability are two essential properties of linear systems. Stabliizabil-
ity gives the possibility that we can revise a linear system while remaining its stability at
the same time. If it is totally stabilizable, we can design feedback controllers to improve
system’s performance and retain its internal stability as well. And we can not change
internal states if they are uncontrollable. Similarly, we can get the information of internal
state variables if the given system is detectible, otherwise we have to estimate them before

designing a feedback controller.

Before defining stabilizability and detecbility, we first give the definition on controllability

and observability.

Definition 2.3.2 (Controllability) [84] [26] A singular system X of (2.46) is said to
be controllable if, for any ¢; > 0, (0) € R™ and w € R", there exists a control input
u(t) € (Cg_1 such that z(¢;) = w. Here Cg_l represents the (h — 1)-times piecewise

continuously differentiable function set.
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From the definition of controllability on system states, we can see that if a state is con-
trollable, we can use a control input to set its value as we like. This is critical in designing
singular systems. Generally, a linear system is said to be controllable if and only if all its

states are controllable.

The following theorem gives a general criterion on controllability.

Theorem 2.3.2 [29] Singular system X is controllable if and only if

rank[sE— A B]=mn, and rank[E B]=n, (2.58)

for all finite s € C.

This theorem is a simple rule for us to determine whether or not a given singular sys-
tem is controllable. There are also many other methods on judging a singular system’s

controllability, but basically they are all equivalent to this one.

Now we recall a theorem on the stabilizability of singular systems.

Theorem 2.3.3 [29] Singular system X is stabilizable if and only if

rank [sE — A B]=mn, (2.59)

for all finite s € C.

Dual to controllability, observability is also a critical concept in system and control the-
ories. Observability of a singular system shows how much internal state information we
can get to design output feedback controllers. This is essential for the success of designing
a good controller because internal state information is the basis of design. In general,

people design an observer to estimate internal state information when the given system is

29



unobservable. However, such an estimation will have error for more or less and can not

perform as well as the internal states themselves.

We now give the definition on observability in following.

Definition 2.3.3 (Observability) [29] A singular system is said to be observable if its
initial condition x(0) can be uniquely determined by its input u(t) and output y(¢) for

0<t<o0.

The observability states that the state of observable system may be determined by ob-
serving the initial condition x(0), followed by constructing the state response at any time

t.

The following theorem gives matrix form judgement rule on observability.

Theorem 2.3.4 [29] A singular system X is observable if and only if,

E sE— A

rank =mn, and rank =n (2.60)

C C

for all finite s € C.

And the following theorem is for detectibility.

Theorem 2.3.5 [29] A singular system ¥ is detectible if and only if,
sE— A

rank

=n, (2.61)

C
for all finite s € C.

Controllability and observability, or stabilizability and detectibility are basis for our later

discussions. They play essential roles in solving singular system and control problems.
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2.3.4 Zero Structures

Zero structures play essential roles in understanding internal structural information of a
singular system. Invariant and infinite zero structures have been widely used in solving
various system and control problems. And they are proved to be efficient in representing

given systems’ structural features.

The definition of invariant zeros of singular systems can be done similarly as that for
nonsingular systems (see e.g., Chen [19] and MacFarlane and Karcanias [57]) or in the

Kronecker canonical form associated with ¥ (see e.g., Malabre [58]).

Definition 2.3.4 (Invariant Zeros) A complex scalar o € C is said to be an invariant

zero of the singular system X of (2.46) if
rank{Px(a)} < n + normrank{H (s)}, (2.62)

where normrank{(H (s)} denotes the normal rank of H(s) = C(sE — A)™'B + D, which
is defined as its rank over the field of rational functions with real coefficients, and Ps(s)

is the Rosenbrock system matriz associated with ¥ and is given by

A—-sE B

Pg(s) = (2.63)

C D

The infinite zero structure of the given system X can be either defined in association with
the Kronecker canonical form of Py (s) or as Smith-McMillan zeros of the transfer function
from @ to §j, say H(s), at infinity. The indices defined by these two methods are identical.
To define the zero structure of H(s) at infinity, one can use the familiar Smith-McMillan
description of the zero structure at finite frequencies of H (s). Namely, a rational matrix
H(s) possesses an infinite zero of order k when H(1/z) has a finite zero of precisely that
order at z = 0 (see [27], [65] and [75]). The number of zeros at infinity together with their

orders indeed defines an infinite zero structure.
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2.3.5 System Invertibility

The invertibility structure of a given singular system ¥ is useful and it is an important
structural property of singular systems. And the definition of system invertibility for

singular systems are also similar to that for nonsingular systems [61].

Basically, for the usual case when [B’ D’] and [C D] are of maximal rank, the system
Y or equivalently H(s) is said to be left invertible if there exists a rational matrix function
L(s) such that

L(s)H(s) = In,. (2.64)

H(s)R(s) = I,. (2.65)

Moreover, ¥ is said to be invertible if it is both left and right invertible, and ¥ is non-

invertible if it is not invertible.

2.3.6 Kronecker Canonical Form and Invariant Indices

The Kronecker canonical form plays an important role in the structural analysis of singular
systems. It exhibits the invariant zeros and infinite zeros of the system, and also shows
the left and right null-space structure. We recall that two pencils sM; — Ny and sMs — No
of dimension m X n are strictly equivalent if there exist constant nonsingular matrices P
and @ such that

Q(SMl - Nl)P = SM2 - NQ. (266)

It is showed in [35] that any pencil sM — N can be reduced, under strict equivalence, to

a canonical quasidiagonal form, which is given by
S(sM — N)T = blkdiag{R;,,..., R, Li,,..., Ly, I —sH,sl — J}, (2.67)
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with Ry and Ly being the k x (k+ 1) and (k + 1) x k bidiagonal pencil respectively,

Rk = s Lk = . . (268)

S

J is in Jordan canonical form, and sI — J has the following E?:ldi pencils as its diagonal
blocks,

[s—=0 -1 ]
SIm@j_Jmi’j(ﬁi) = y j:L...,dz‘, 221,,5
S — ﬁz —1

L 5 — 3 |

(2.69)
H is nilpotent and in Jordan canonical form, and I — sH has the following d pencils as

its diagonal blocks,

I,

J

—8Jp;(0) := X , j=1,....d. (2.70)
—s

1

Then, {(s — £;)™,5 = 1,...,d;} is finite elementary divisors at 3;, i = 1,...,0. The
index sets {r1,...,mp} and {l1,...,l;} are right and left minimal indices respectively.

{(1/s)%,j =1,...,d} are the infinite elementary divisors.

The definition of structural invariants of singular systems is based on invariant indices of
its system pencil. For singular systems, the right and left invertibility indices of singular
system are right and left minimal indices of system pencil respectively, and the invariant
and infinite zero structures of singular system are relate to finite and infinite elementary

divisors of system pencil.

Several methods have been developed to compute the structural invariants of singular

linear systems under algebraic setting. In the algebraic approaches, the row and column
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compressions of a matrix are often used in the decomposition, i.e.,

H,

UH := , HV :=[H. 0], (2.71)
0

where H is an arbitrary m X n matrix, U and V are unitary matrices, H, and H. have

full row and column rank respectively. By using the row and column compression, Van

Dooren et al. [31, 32] reduce an arbitrary pencil sM — N to the form

[ sM; — N; * * * 1
0 sMy — Ny * *
U(sM — N)V = , (2.72)
0 0 sM; — N; *
L 0 0 0 sM, — N, |

where * is polynomial of s. sM;— N; and sM, — N,. are nonsquare pencils with the informa-
tions of Kronecker indices of sM — N; sM; — N; and sM; — Ny are regular pencils with the
infinite and finite elementary divisors of sM — N respectively. Varga [73] presents several
condensed Kronecker-like forms which exhibit either the complete Kronecker structure or

only a part of the Kronecker structure of the system pencil.

For the singular system X(E, A, B, C, D), by using the transformations U and V such that
UEV = blkdiag{F11,0}, where Fj; is invertible, a “compressed generalized state space
system” ¥, (E11, A, B, C, D) is introduced [59]. The transformations are conducted on the

base of the compressed system,

N1 — SM1 *
QP (s)P = : (2.73)
0 Ny — sMy
where
'Nﬁj Nﬁjfl—sMﬁjfl NﬁQ—sMﬁQ Nﬁl—sMﬁl 7
0 Nj 151 Nj 1o = sMj15 Njyq—sMjy,
N2 - SMQ = 0 0
N2C,2 N§,1 - SMzc,l

L 0 0 . 0 NY J

(2.74)
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and where M;1; has full row rank, lei has full column rank, and N1 —sM; and Ny —sMy
have the similar structure. From the structure of the pencil, the structural invariants can

be obtained.

2.4 Conclusions

In this chapter, we recall a series of crucial tools for linear systems, which include Jordan
and Real Jordan Canonical Form, Controllability Canonical Form (CCF), Controllability
Structural Decomposition (CSD), Block Diagonal Control Canonical Form (BDCCF) and
the structural decomposition for nonsingular systems. Such tools have been used in the
literature to solve many system and control problems such as the squaring down and
decoupling of linear systems (see e.g., Sannuti and Saberi [70]), linear system factorizations
(see e.g., Chen et al [11], and Lin et al [51]), blocking zeros and strong stabilizability (see
e.g., Chen et al [12]), zero placements (see e.g. Chen and Zheng [15]), loop transfer
recovery (see e.g., Chen [10], Chen and Chen [16], and Saberi et al [68]), Ha optimal
control (see e.g., Chen et al [13, 14], and Saberi et al [69]), disturbance decoupling (see
e.g., Chen [18], and Ozcetin et al [63, 64]), H optimal control (see e.g., Chen et al [11]

and control with saturations (see e.g., Lin [50]). The list here is far from complete.

The main objective of this thesis is to extend the structural decomposition technique to
singular systems and apply it to solve singular system and control problems as its coun-

terpart in nonsingular systems. All of these will be introduced in the following chapters.
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Chapter 3

Structural Decomposition of SISO

Singular Systems

3.1 Introduction

Singular systems, also commonly called generalized or descriptor systems in the literature,
appear in many practical situations including engineering systems, economic systems,
network analysis, and biological systems (see e.g., Dai [29], Kuijper [45] and Lewis [48]).
In fact, many systems in the real life are singular in nature. They are usually simplified
as or approximated by nonsingular models because there is still lacking of efficient tools
to tackle problems related to such systems. The structural analysis of singular systems,
using either algebraic or geometric approach, has attracted considerable attention from
many researchers over the last three decades (see e.g., Van Dooren [31, 32], Geerts [36],
Loiseau [55], Malabre [58], Misra et al. [59], Verghese [76], Zhou et al. [85], Chu et al. [21]
[22] and the references cited therein). Generally speaking, almost all the research work

dealing with singular systems is the natural extension of those results for nonsingular
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counterparts, although it is much harder in obtaining solutions associated with singular

Systems.

It has been extensively demonstrated and proven for nonsingular systems that the system
structural properties, such as the finite zero and infinite zero structures as well as the
invertibility structures, play a very important role in solving related control problems
including Ho, H, control and disturbance decoupling (see e.g., Chen [20] and Saberi et
al. [69]). In this chapter, we present a structural decomposition of general single-input
and single-output singular systems, which is capable of capturing and displaying all the
structural properties of the given system. Our method can be regarded as a natural
extension of the work of Sannuti and Saberi [70]. However, it will be seen shortly that
the structural decomposition of a singular system is much more complicated than that of
a nonsingular system. Such a decomposition technique is expected to be a powerful tool
and play an important role in solving control problems for singular systems, such as Hs

and H, control, model reduction and disturbance decoupling, to name just a few.

To extend the structural decomposition for singular systems, we first focus on single input
single output case because it is easier to find a solution and can bring us hints for general

singular systems.

In this chapter, we first presents the structural decomposition theorem for general single-
input and single-output singular systems. Such a decomposition is a natural extension
of structural decomposition for nonsingular systems. As its counterpart for nonsingular
systems, it is expected to be a powerful tool in solving control problems for singular
systems. And in Section 3, we will show that the decomposition technique also has a
distinct feature of capturing and displaying all the structural properties, such as the finite
and infinite zero structures and redundant dynamics, of the given system. All proofs
for the main theorem and its properties are shown in Section 4. Further, an illustrative

example will be given in Section 5 to show the constructive decomposition procedure and
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verify its important properties. And finally, a conclusion will be draw in Section 6.

3.2 Structural Decomposition Theorem

We first consider a linear time-invariant system X characterized by
Ei=Axz+ Bu, z(0)=ux
(3.1)
y=Cux
where x € R, u € R and y € R are respectively the state, input and output of the system,
and F, A, B, C' and D are constant matrices of appropriate dimension. The system
is said to be singular if rank(F) < n. As usual, in order to avoid any ambiguousness

in solutions to the system, we assume that the given singular system X is regular, i.e.,

det(sE — A) £ 0, for all s € C.

In this section, we will present a constructive algorithm that decomposes the state of the
system x into several distinct parts, which are directly associated with the finite zero
dynamics and infinite zero dynamics of the given system. It is interesting to note that our
decomposition will automatically and explicitly separate the redundant dynamics of the

system as well.

We present in the following the main results of the paper, i.e., the structural decomposition

of the singular system (3.1).

Theorem 3.2.1 Consider the singular system X of (3.1) satisfying the reqularity as-
sumption, i.e., det(sE — A) #Z 0 for s € C, and its transfer function is nontrivial, i.e.,

H(s)=C(sE—A)"'B#0 for s € C. There exist
1. non-negative integers ng, Na, nd, Ne and v; and
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2. nonsingular state, input and output transformations I's € R™™™ T € R and T, € R,
and a nonsingular constant matrix T'e € R™ ™, which together give a structural

decomposition of ¥ and display explicitly its finite and infinite zero structures.

The structural decomposition of 3, or the transformed system, can be described by the

following set of equations:

Te Zd1
Ty Zd2
x=Tsz, zy=Tsz(0), = , Tq = , y=Toy, u="Tw, (3.2)
Ty
xq LTdng

where xo € R x, € R x, € R™ x4 € R™, and

Case 1: If ng > 0,
Te = 11(”),
xz, =0,
Ta = AaaTa + Lad¥a,
Tq1 = Tq2, ; (3.3)

Td2 = Td3,

Gdang = MaaTa + Laaya + @Y, §=ya = za1,

Case 2: If ng = 0,

2. = a,
x, =0, . (3.4)

Ta = ApaZa + Boay, y = C_1553, + Da(v)

A constructive proof of the structural decomposition in Theorem 3.2.1 will be given later
in the next section. Figure 3.1 gives a block diagram interpretation of the dynamics of the

structurally decomposed system in Case 1 of Theorem 3.2.1. In the figure, a signal given
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Laqya

La,

a® [ xdnd@ [ Tdng—1 T2 Td1 = Yd

Figure 3.1: Block diagram representation of dynamics of the structurally decomposed
system.
by a double-edged arrow is some linear combination of output yq, whereas a signal given

by the double-edged arrow with a solid dot is some linear combination of all the states.

The structural decomposition technique decomposes the state space X into several distinct
subspaces. Such subspaces are associated with special structural properties of the given

singular system. The next section will give more details on this.

3.3 Properties of Structural Decomposition

As mentioned earlier, the structural decomposition of Theorem 3.2.1 has distinct feature
of revealing the structural properties of the given singular system Y. In what follows,
we will study how the system properties of 3 such as the stabilizability, detectability,
invertibility, as well as finite zero and infinite zero structures, can be obtained from our

decomposition.

We have the following property.
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Property 3.3.1 (Stabilizability and Detectability) The given system % of (3.1) is
stabilizable if and only if the pair (Acon, Beon) is stabilizable. X is detectable if and only
if the pair (Aops, Cobs) is detectable. Here Acon := Aaa and Agps := Aaa. Moreover,

Beon := Laq and Cops := Mg, in Case 1 while Beoyn := Boa and Cyps := C in Case 2.

The definition of invariant zeros of singular systems has already been given in Chapter
2, which can be done similarly to that for nonsingular systems (see e.g., Chen [19] and
MacFarlane and Karcanias [57]) or in the Kronecker canonical form associated with ¥ (see

e.g., Malabre [58]).

The following property shows that the invariant zeros of X2 can be obtained in the structural

decomposition in a trivial matter.

Property 3.3.2 (Invariant Zeros) The invariant zeros of ¥ are the eigenvalues of Aaa.

The infinite zero structure of ¥ can be either defined in association with the Kronecker
canonical form of Ps(s) or as Smith-McMillan zeros of the transfer function H(s) at

infinity. This has been shown in Chapter 2 in detail.

Property 3.3.3 (Infinite Zero Structure) The infinite zero structure of the singular
system X is given by {nq—v}, i.e., ¥ has an infinite zero of order or relative degree ng—v.
However, ¥ has an infinite elementary divisor of order ng in its corresponding Kronecker

canonical form.

Again, the rigorous proofs to all these properties are given in the next section.
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3.4 Proofs of Main Results

We are ready to give proofs to the main results of our paper, i.e., the structural decom-

position of Theorem 3.2.1 and its properties.

3.4.1 Proof of Theorem 3.2.1

The following is a step-by-step constructive procedure for the structural decomposition of

3.

Step 1 (Preliminary Decomposition): It follows from Lemma 2.3.1 or Dai [29] that there

exist two nonsingular matrices P € R™*™ and @ € R™ " such that

In1 0 A]_ O B]_

PEQ = , PAQ = , PB= , CQ=[C1 (1],

0 N

0 In, B,

(3.5)
where Ay, By, By, C1 and C5 are matrices with appropriate dimensions, and N is
a nilpotent matrix with an appropriate nilpotent index, say h, i.e., N*~1 £ 0 and

N" = 0. Equivalently, > can be decomposed into the following two subsystems:

i1 = A1 1 + By u, xl(O) = 10
) { (3.6)
y1 = C1 11
and
N 29 = T9 + Bs u, .CCQ(O) = Z20
Yo { (3.7)
y2 = Cy 2

where 1 € R™ and x2 € R™ with n; +n92 =n, and y = y1 + yo.

Step 2 (Decomposition of ¥g): If By = 0, we have xg = 2, ng = na, o = 0, ne = 0 and
v = 0. For this case, the following procedure does not apply. We go directly to Step

3.

For the case when By # 0, it follows from Brunovsky [6] and Luenberger [56] (see

also Chen [20]) that there exists a nonsingular transformation 75 and o # 0 such
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that

Tyl
Ty )
T9 =Th , T, €eR™ gz, eR% g, = : , (3.8)
Ty
Tvog
and
1 JCO Ncé 1 B2c
T, "NTp = , T, By = , Oy = [CQC 025], (3.9)
0 Ino 0

where (Jeo, Ba2c) is a completely controllable pair. Since N has all its eigenvalues at
0 and Bs, is a column vector, (Jeo, B2c) can actually be written as,

0 Ivd—l
JCO =
0 0

and By, =

0
] : (3.10)
-1/«

Also note that J,, has all its eigenvalues at 0. As such, it is simple to verify that

Y9 is decomposed into the following two subsystems:
Inotz =2, == x,=0, (3.11)
and J.oZv + N, = Ty + Bsocu, which is equivalent to J.gzy = v + Bacu or
U= Qlyyy, Tyoy = Tyog—1, - Ev2 = Ty, (3.12)

which implies

1
Te 1= Tyl = au(”) and ne =1, (3.13)

and where v = max(0,vq — 1). The output y2 can then be expressed as

Y2 = Cocxy 4+ Coe, = Cocy. (314)

Step 3 (Decomposition of the Finite and Infinite Zero Structure): Observing the results

in (3.6), (3.7), (3.11), (3.12), (3.13) and (3.14), we can obtain the following trivial
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System,
1 = A1z + aBiTyy,,

1
Tyl = Te = Eu(v)v

'%"VQ - éu(v)7
(3.15)
i'V'ud = Tyyg—1,
z, =0,
y = Cr1x1 + Cocy,
which is equivalent to Y if the following initial conditions are satisfied,
21(0)
I 0
z,(0) | = Q . (3.16)
Tyt
2,(0)

Furthermore, it can be seen that the impulsive modes of ¥ are also reserved since

these impulsive modes are introduced by the derivatives of the input.

Next, let us partition

CQC = [Cvl Cv2 - Cyyg ] . (3.17)

Thus, the nonsingular system (3.15) can be rewritten as,

r=Az+ Ba
- - (3.18)
y=Cz+Da
where
1 'Al 0 --- 0 0 aBiT r07
Tyo 0o 0 --- 0 O 0 1
T = , A= , B= (3.19)
Tyog—1 0 0 1 0 0 0
Tyoy LO O 0 1 0 | L0 J
and
1 _ _
U= —u(”), C=[C1 c2 - Cog-1 Gy, D=cu. (3.20)

a

Note that H(s) is nontrivial. We have the following two distinct cases.
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1°: D = 0 and it is corresponding to Case 1 of Theorem 3.2.1. It follows from the
result of Sannuti and Saberi [70] that there exist nonsingular transformations I's and
I’y such that when we apply the following changes of coordinates,
_ _ [ Ta
7=l =T oy =To7, (3.21)
Id

to the system in (3.18), and in view of (3.13), we have

. Aaa LadCd 0
i= i+ o tu® (3.22)
BaMg,  Aaq By
and
g=[0 Cqlz, (3.23)

where Agqq, Bq and Cyq have the form as given in (3.31). Let

u=Tii=oi = o W =aW, (3.24)

Furthermore, noting the coordinate transforms in (3.5), (3.8), (3.20) and (3.21), we

have,
Te
Te €1
T, (I 0 ] I 0
T = = ~ Ty :[ B T xv
Ta |0 T ] 0 It
T T,
T4
(I 0 ] I 0
= T Q 'z =T, (3.25)
Lo 74 Lo Tyt

where T is an n X n permutation matrix.

And from the results in (3.16) and (3.25), we can get the following initial condition
for the decomposed system,

#(0) = T . (3.26)

2°: D # 0 and it is corresponding to Case 2 of Theorem 3.2.1. In this case, it is

simple to obtain zq = 0, nq =0, o = T, ny = n1 + v and
ia=(A—BD 'C)xy + BD 'y = Ayaza + Boay (3.27)
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and

y = Czo+ Do 'u®) = Ca, + Dal, (3.28)
if we let v =T'u = at.

Moreover, similar to that in 1°, there exist,

I 0

r;l=r QY To=1, #(0) =T a. (3.29)

S

0 T,"

This complete the algorithm for the structural decomposition of 3.

Actually, we can rewrite the structural decomposition of ¥ in a compact matrix form,
which will be handy in proving the properties of the structural decomposition. For sim-
plicity, we will only focus on Case 1 of Theorem 3.2.1, i.e., nqg > 0. The compact form for

Case 1 of Theorem 3.2.1 is given by 0 Eo 0 0

i 0 Jog 0 O
E=T;lET, =
0 Ew In O
_0 Ed() 0 Ind_
[ 0 Ae() Nea Ned i
_ 0 In, 0 0
A=T ATy = ;
0 Aa  Aaa LaaCa (3.30)
| B4 Aaqo BaMaa  Aaaq |
F B
N 0
B=T;!BT; = :
0
L 0
C=T;'CTy=[0 Cy 0 C4], )

where J,, is in a Jordan canonical form with all its diagonal elements being equal to 0, and
Nea, Neq and are sub-matrices with appropriate dimensions, and B, # 0. Furthermore,

matrices Aqq, Bg, Cq are in the following forms:

0 Ipny1 0

, Ba=| |, Cq=[1 0 --- 0]. (3.31)

1

Aga = [
* 0
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3.4.2 Proof of Property 3.3.1

It follows from Dai [29] that the singular system X of (3.1) is stabilizable if and only if
rank [sE — A B]=mn, (3.32)

for all s € C° UCT. Let us again focus on Case 1 of Theorem 3.2.1. In the structural

decomposition form

rank [sE — A B] = rank [sE—A B]
[0 5Ee0 — Aeo —Nea —4Ved Be ]
0 Sdng — In, 0 0 0
= rank

0 San — AaO SIna — Aaa _LadCd 0

—By sEqo—Aqy —BaMaa slp, —Aqa 0

[0 0 0 0 B
0 sJuy — In, 0 0 0
= rank
0 0 Slna - Aaa —LadCd 0
| — B4 0 0 slp, — Agga 0 |

Noting that B. # 0 and the special structures of Jy,,, Aqq, Cq and By, it is straightforward
to show that X is stabilizable if and only if (Aaa, Laq) is stabilizable. Results for Case 2

of Theorem 3.2.1 can be shown in a similar way.

Similarly, the proof for the detectability can be done in a dual fashion. This completes

the proof of Property 3.3.1.

3.4.3 Proof of Property 3.3.2

Again, we prove this property for Case 1 of Theorem 3.2.1. Observing that for a € C, we

have

rank {Pg(oz)} = rank{Pi(oz)}
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r 0 Aeo — aE Nea Neq B. T
0 Iny — adng 0 0 0
= rank 0 AaO - Ozan Aaa - Oéfna Lad(]d 0

By Aq—aFEq  BaMg, — Aga —aln,, 0

L 0 Co 0 Cyq 0 J
r 0 0 0 0 B¢
0 Iny — adng 0 0 0
= rank | 0 0 Apa — aly, 0 0
Bj 0 0 Aga —ad,, 0
L 0 0 0 Cyq 0
= N+ Mng+nqg+1+rank {Aaa — aIna}. (3.33)

Obviously, the rank of Ps, drops if and only if o« € A\(Aaa). Hence, the invariant zeros of
3 are given by the eigenvalues of A,,. In fact, the eigenstructure of A,, defines the finite

zero structure of . This completes the proof of Property 3.3.2.

3.4.4 Proof of Property 3.3.3

It is well known that the infinite zero structure or relative degree of ¥ is nothing more than
the number of integrators that are inherent in between the system input u and the system
output y. As all transformations involved in our structural decomposition are nonsingular,
the number of inherent integrators remains unchanged under such transformations. It
follows from the constructive proof of Theorem 3.2.1 (see also Figure 3.1) that there are
nq integrators in between @) and g, where v = max(0,vqg — 1). Thus, the number of
inherent integrators in between u and y is nq — v. Hence, the result of Property 3.3.3

follows.
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3.5 An Illustrative Example

In this section, an example is presented to illustrate the structural decomposition proce-

dure and its properties. We consider a singular system of (3.1) with

rlL 0 0 0 07 1 0 0 0 07 [17 r17
0 00 11 01 0 00 0 1

E=|000 10|, A=[0 0 1 0 0|, B=|1|, 2= |1, (3.34)

000 0O 0 00 10 0 1
LO 0 1 1 0J L0 0 0 0 14 L0 L1
and
c=[2 0 -2 1 -1], D=0. (3.35)

Step 1 (Preliminary Decomposition). The given system is already in the forms of (3.5),

i.e., we have

1= T+ u
Y1 (3.36)
y1=2m
and _ ) ) ) o
0 0 1 1 i‘g 1 0 0 O X9 0
0O 01 0 T3 0O 1 0 O T3 1
0 0 0 O Ty 0 0 1 0 x4 0
5y 10 1 1 0] Ts5 L0 0 0 1] x5 L 0 | (3'37)
x2
x3
y =[0 -2 1 -—1]
T4
\
Ts5

with n1 =1 and ngy = 4.
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Step 2 (Decomposition of ¥3). Using the toolbox of Lin and Chen [52], we obtain a

nonsingular transformation

[1 0 0 07
0 010
T, = , (3.38)
0 0 01
101 0 0]
which transform X5 to the following canonical form
01 0|1 0
L 00 1|1 . 0
T, N, = CTB= ||, Cszz[o 1 _21},
0 0 01 1
0 0 0|0 0

(3.39)

with vq = 3 and ng = 1. Thus, ne =1 and v = 2.

Step 3 (Decomposition of the Finite and Infinite Zero Structures). Following from the

results of (3.15) to (3.18), we obtain an auxiliary nonsingular system

r=AT+ B
- - (3.40)
y=C2x+Du
with
1 0 -1 0
A=10 0 0|, B=|1]|, C=[2 -1 =2], D=0 (3.41)
01 0 0

Again, using the toolbox of Lin and Chen [52], we obtain
—0.3333 —0.7071 O

T,=| 0.6667 0 1|, To=-1 and T;=1, (3.42)

-0.6667 —0.7071 0

which transform the nonsingular system (3.40) into the so-call special coordinate

basis,
-1 0 -3 0

LAT, = 0 0 14142|, T

0.6667 0 2 1
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with n, = 2 and ng = 1.

Finally, putting all the sub-transformations together, we

obtain
rl 0 —0.3333 —-0.7071 07 r0 0 —0.3333 —0.7071 07
0 0 0.6667 0 1 1 0 0 0 0
Fe=1(1 0 0 0 0|, I's=1]0 0 -0.6667 —0.7071 0],
0 1 0 0 0 0 1 0 0 0
L0 0 —0.6667 —0.7071 04 L0 0  0.6667 0 1.
(3.44)
and I'c = -1, T =1.
The transformed system is then given by
Te =1, x,=0, (3.45)
-1 0 -3
Ta = Ta + Yd, (3.46)
00 1.4142
-1 A
1
q1 = [0.6667 O0]za+2yq+i, §=vyq=zq, z(0)= 0 ) (3.47)
—1.4142
L1
or in the following compact form
0 1 0 0 07
0 00 0 0
E=T'Ery= |0 —6 1 0 0|, C=r;'Ccrs=[0 -1 0 0 1], (3.48)
0 42426 0 1 O
L0 5 0 0 1.
and
r0 0 —0.6667 —0.7071 07 M1
0 1 0 0 0 0
A=T]'ATy= [0 0 ~1 0 -3|, B=T.'BIy= |0 (3.49)
0 0 0 0 1.4142 0
L1 0  0.6667 0 2 L0
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It is simple to see now from the above decomposition that there are two invariant zeros
are s1 = —1 and s = 0, and the infinite zero structure or relative degree of 3 from i to y
is equal to 1. Thus, ¥ has a relative degree of —1 from u to y. These results can be easily

verified from the transfer function of 3,

H(s)=C(sE—A)™'B = S(Ssjll) (3.50)

Finally, we note that it can be shown that there is an infinite elementary divisor of order

nqg = 1 in the the Kronecker canonical form associated with X.

3.6 Conclusions

We have presented in this chapter the structural decomposition technique for general
single-input and single-output singular systems, which has a distinct feature of explicitly
capturing and displaying the structural properties, such as the finite and infinite zero
structures, of the given system. As its counterpart in nonsingular systems, the technique
is expected to play an important role in solving many control problems related to singular
systems. This will actually be the subject of the following chapters. The next chapter
will give the structural decomposition technique for multi-input and multi-output singular

systems.
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Chapter 4

Structural Decomposition of
Multivariable Singular Linear

Systems

4.1 Introduction

Last chapter describes our work on the structural decomposition technique for single input
single output singular linear systems. The technique and its essential properties show that
it can explicitly display the given system’s internal structural features with decomposed
distinct subspaces. In this chapter, we will further extend this technique for multivariable

singular linear systems.

The internal structural features of multi-input and multi-output (MIMO) singular systems
are much more complex than those of single-input and single-output (SISO) singular

systems. This largely dues to the increasing number of input and output. And compared
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to a SISO singular system, a MIMO singular system has more internal structural features
such as system invertibility and so on. However, although the structural decomposition
technique for a MIMO singular system may be more complex and difficult to be derived, it
also has the similar and even more properties in revealing the internal structural features.
As we have described before, such a decomposition has a distinct feature of capturing
and displaying all the structural properties, such as the finite and infinite zero structures,
invertibility structures, redundant dynamics, and the invariant geometric subspaces of the
given system. As its counterpart for nonsingular systems, we believe that the technique
is a powerful tool in solving control problems for singular systems, including Hs and Hso

control, model reduction, disturbance decoupling problems, to name a few.

In this chapter, we will give some existing research results in Section 2. Such prelimi-
nary results include the invariant structure indices for singular systems and some other
efforts in revealing internal structural properties of a given MIMO singular system. And
Section 3 will give our main result of this chapter, that is, the main theorem of the struc-
tural decomposition for MIMO singular systems and its essential properties. Moreover,
in Section 4, a constructive decomposition algorithm is presented to prove our main the-
orem of structural decomposition. After that, the essential properties of this structural
decomposition technique will be proved in Section 5. To give a clear understanding of
the structural decomposition technique and its properties, an illustrative example will be

given in Section 6. And finally in Section 7, a concluding remark will be drawn.

4.2 Preliminary Results

As we have pointed out in the last chapter, since it is a better model for most real systems,
the singular system has attracted many researchers in the last three decades. And just

like the nonsingular system, its structural features are crucial in solving systems and
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control problems. To find a good technique for revealing such structural features, many
efforts have been presented in the literature (see e.g., Dooren [31, 32], Geerts [36], Loiseau
[55], Malabre [58], Misra et al. [59], Verghese [76], Zhou et al. [85], and the references
cited therein). Generally speaking, almost all the research works dealing with singular
systems are the natural extensions of their nonsingular system counterparts, although

these extensions are usually non-trivial.

In this section, we try to give some important preliminary results which will be essential
in our derivation in the following sections. Such results include essential knowledge on

strictly equivalence based on Kronecker canonical form.

To be more specific, we consider a linear time-invariant system ¥ characterized by
EFEi=Az+ Bu, x(0)=ux,

PR { (4.1)

y=Cux+ D u,

where £ € R”, u € R™ and y € RP are respectively the state, input and output of the
system, and F, A, B, C and D are constant matrices of appropriate dimensions. Tradi-
tionally, the Kronecker canonical form, a classical form of matrix pencils under strictly
equivalent transformation, has been used extensively in the structural analysis of singular
systems. Malabre [58] presents a geometric approach and introduces structural invariants
of singular systems. In that paper, some definitions are shown to be consistent with other

ones directly deduced from matrix pencil tools. It extends many geometric and structural

results (see e.g., Wonham [83]) from the nonsingular systems to singular systems.

The Kronecker canonical form exhibits the finite- and infinite-zero structures (i.e., invari-
ant indices) of the system, and shows the left and right null-space structures. And first

we recall the following lemma on strictly equivalent.

Lemma 4.2.1 (Strictly Equivalence) Two singular systems 3; and Y, are strictly

equivalent if they have same Kronecker canonical forms.
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The result of this lemma is obvious in the literature [74] [76]. And it is clear that two
strictly equivalent singular systems have the same structural features because they have

the same Kronecker canonical form of their system matrices.

4.3 The Structural Decomposition Theorem

It has been extensively demonstrated and proven for nonsingular systems that the system
structural properties, such as the finite and infinite zero structures and the invertibility
structures, play a very important role in solving various control problems including Ho,
H, control and disturbance decoupling (see e.g., [20] and [69]). The structural properties
of singular systems and their applications to the control problems of singular systems are
however less emphasized in the literature. In their recent work, He and Chen [39] have
developed a technique that gives a structural decomposition for single-input and single-
output (SISO) singular systems. The technique is capable of revealing all the structural
properties, including the finite and infinite zero structures. In this section, we present
a structural decomposition technique for general multivariable singular systems. Again,
such a technique can be used to capture and display the structural properties of general
singular systems. Our work generalizes the result of He and Chen [39]. It can also be
regarded as a natural extension and counterpart of the work of Sannuti and Saberi [70] for
nonsingular systems. However, it will be seen shortly that the structural decomposition

of a general multivariable singular system is much more involved.

Here we first summarize the structural decomposition of general multivariable singular
systems in the following main theorem. All its properties and its connection to the concept
of geometric spaces will also be given. The constructive algorithm for the structural
decomposition and proofs of all these properties will be separately given in Section 4 and

Section 5 for clarity of presentation.
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We have the following theorem.

Theorem 4.3.1 Consider the general multivariable singular system 3 of (4.1). Then,

1. there exist non-negative integers n;, Ne, Na, Nh, Ne, Nd, Md, Mg, Me, Pb, and positive

integers p;, i = 1,2, -+, ne, if ng >0, and ¢;, i = 1,2,---,mq, if mq > 0; and

2. there exist nonsingular state and output transformations I's € R"*" and I', € RP*P,
and a nonsingular transformation I'c € R"*" as well as an m xm input transforma-
tion T'i(s), whose inverse has all its elements being some polynomials of s (i.e., its
inverse contains various differentiation operators), which together give a structural

decomposition of 3 and display explicitly its structural properties.

The structural decomposition of ¥ can be described by the following set of equations:

r=0sz, y=Tsy, wu=Ti(s)a, (4.2)
and
Ly
Te
Yo Uup
La,
T = s y=|w |, u= ue |, (4.3)
Th
Yd Uq
Tc
Tq
Zd1 Yai Udi
Zd2 Yaz Ud2
xrq = . , Yd = X , Ud = . ) (44)
xdmd ydmd udmd
and
x, =0, (4.5)
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Ze = Beouo + Beclic + Bequg, (4~6)

Ta = AaaTa + Boayo + Laayd + Labyb, (4.7)
@y, = ApbTp + Bobyo + Lbayd,  yb = Cpn, (4.8)
¢ = Acee + Bocyo + Leaya + Lebyp + BeMeaTa + B, (4.9)
yo = Coaa + Copxp, + Cocxe + Coazq + uo, (4.10)
and for eachi =1, 2,---,mg,

my
da; = Agxai+ Lioyo + Liata+ By, | tai + Miaa + Mapy + Micxe + Y Mijza; |, (4.11)
j=1

Yai = Cq%i,  yYa = Caza, (4.12)

for some appropriate dimensional constant submatrices. Here the states x,, Te, Ta, Tb, Tc
and xq are respectively of dimensions n,, Ne, Na, N, Ne and ng = 4 q;, while xq; is of
dimension ¢; for each i =1, 2,---,mgq. The control vectors ug, uq and u. are respectively
of dimensions mg, mq and m. = m — mg — mq while the output vectors yg, yq and yp, are
respectively of dimensions mg, mq and p, = p—mqy—mq. The pair (Ayy, Cy) is completely
observable, the pair (Acc, Bc) is completely controllable, and the triple (A, By, Cy,) has

the following form:

0 Iy 0
Ay, = . By,=| |, Cp,=[1 0 --- 0]. (4.13)
0 0 1
Assuming that x;,i = 1,2,---,mgq, are arranged such that q; < q;11, the matrix L;q will
be in the following particular form:
Liq=[Lia Li - Ly 0 - 0], (4.14)

with its last row of L;q being all zeros. Finally, the initial condition of the transformed

system o = I'y L2o. O

A constructive proof of the structural decomposition in Theorem 4.3.1 will be given later

in the next section. Figure 4.1 gives a block diagram interpretation of the dynamics of the
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structurally decomposed system. In the figure, a signal given by a double-edged arrow is
some linear combination of output y4, whereas a signal given by the double-edged arrow

with a solid dot is some linear combination of all the states.

In what follows, we illustrate the essential features of the structural decomposition of

general singular systems given in Theorem 4.3.1.

1. The state x, is purely static and identically zero for all time ¢. It can neither be

controlled at all by the system input nor be affected by other states.

2. The state z, is again static and contains a linear combination of the input variables
of the system and their derivatives of appropriate orders. It contains the impulse
modes of Y, if any, as impulse modes are caused by the derivatives of the system

input.

3. The state x, is neither directly controlled by the system input nor does it directly

affect the system output.

4. The output 1, and the state zy, are not directly influenced by any input, although
they could be indirectly controlled through the output yq. Moreover, (Apy,, Cy,) forms

an observable pair. This implies that the state x}, is observable.

5. The state z. is directly controlled by the input u., but it does not directly affect
any output. (Acc, B:) forms a controllable pair. This implies that the state x. is

controllable.

6. The variables ug; controls the output yg; through a stack of ¢; integrators. Further-

more, all the states xq4; are both controllable and observable.

We mentioned earlier that the structural decomposition of Theorem 4.3.1 has the distinct

feature of revealing the structural properties of the given singular system . We are now
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O
Boeug + Beelle + Baettd O Te
Boayo + Laby + Ladyd
La,
Aaa
Bobyo + Lpaya
Th Yo
Ch
App,
Levbys + Bocyo + Leaya
Ue + Meay Tc
) .
Al
Uo Yo
) .
Tdis Tdiy = Ydi

Figure 4.1: Block diagram representation of dynamics of the decomposed system.
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ready to study how the system properties of ¥, such as the stabilizability, detectability,
finite zero and infinite zero structures, and invariant geometric subspaces, can be obtained

from the decomposition.

The definitions of stability, stabilizability and detectability of singular systems have been
recalled in Chapter 2. And the following property gives our structural decomposition

technique’s function in reflecting the given system’s stabilizability and detectability.

Property 4.3.1 (Stabilizability and Detectability) The given system ¥ of (4.1) is
stabilizable if and only if (Acon, Beon) i stabilizable, and is detectable if and only if

(Aobs, Cobs) Is detectable, where

Aaa Labe BOa Lad
Acon i = , Beon i = , (4.15)
0 App, Bon  Lpa
and
Aaa 0 C(]a COC
Aobs = y Cobs = (416)
BCMca Acc Mda Mdc

Again, the definition of invariant zeros of singular systems has already been given in detail
in Chapter 2. The following property shows that the invariant zeros of ¥ can be obtained

in the structural decomposition in a trivial manner.

Property 4.3.2 (Invariant Zeros, Normal Rank) The invariant zeros of the given

singular system Y. are the eigenvalues of A,,. The normal rank of ¥ is equal to mgy + mgq.

In fact, in many applications, it is handy and necessary to further separate the state
variable associated with the invariant zero dynamics, i.e., x,, into a stable part, an unstable

part and the part associated with invariant zeros on the imaginary axis. It is simple to

61



note that there exists a nonsingular transformation, say T,, such that

Ty A, O 0
=Ty | 20 |, T7'A.Tn=1] 0 A% o0 |, (4.17)
xy 0 0 Af

where \(A,,) C C™, i.e., the stable invariant zeros, A\(A2,) C C° i.e., the invariant zeros

on the imaginary axis, and A\(A;,) C C~, the unstable invariant zeros.

The infinite zero structure of the given system Y can be defined as the structure associated
with the corresponding block in the Kronecker canonical form of its system matrix Ps(s).

It can also be defined using the well-known Smith-McMillan form.

Property 4.3.3 (Infinite Zero Structure) ¥ has my infinite zeros of order 0. The

infinite zero structure (of order greater than 0) of ¥ is given by

Sgo(z) = {q17q2;"'7de}, (418)

ie., for eachi=1,2,---,mq, ¥ has an infinite zero of order g;, respectively.

Our structural decomposition can also exhibit the invertibility structure of a given singular
system Y. As its counterpart in nonsingular systems, the following property shows that
the invertibility of a singular system is associated with the decomposed subspaces x}, and

Te.

Property 4.3.4 (Invertibility Structure) The singular system ¥ is right invertible if
and only if xy, and hence 1, are non-existent, left invertible if and only if x. and hence u.

is non-existent, and invertible if and only if both xy, and x. are non-existent.

There are also interconnections between the structural decomposition form and invariant

geometric subspaces. The definitions of various invariant geometric subspaces for singular
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systems and their relation with the structurally decomposed subspaces will be given in

detail in the next chapter.

Finally, we can conclude that the structural decomposition separates the state-space into

several distinct parts. In fact, the state-space X is decomposed as
X=X0X0X 0X'0X 00X 0 X ® Xy (4.19)

Here X, is related to the state that is identically zero and X, is related to the state that
is a linear combination of the system input. X, is related to the stable invariant zeros,
i.e., the eigenvalues of AL, are the stable invariant zeros of ¥. Similarly, X2 and X
are respectively related to the invariant zeros of 3 located in the marginally stable and
unstable regions. On the other hand, A}, is related to the right invertibility, i.e., the system
is right invertible if and only if A}, = {0}, while X, is related to left invertibility, i.e., the
system is left invertible if and only if X, = {0}. Finally, Xy is related to zeros of ¥ at

infinity.

4.4 A Constructive Algorithm for the Structural Decompo-

sition

We now present a constructive proof for the main results of the previous section, i.e.,
Theorem 4.3.1. The following is a step-by-step algorithm for the structural decomposition

of general multivariable singular systems.

STEP 1 (PRELIMINARY DECOMPOSITION): This step is to separate the given singular
system into a nonsingular subsystem and a singular subsystem with a special struc-

ture. It follows from Campbell [8] (see also Dai [29]) that there exist two nonsingular
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matrices P € R™"™ and ) € R™*"™ such that
Inl 0 Al 0

PEQ: 5 PAQ: ; CQ:[CI 02]7

0 N

0 I, By

(4.20)
where Ay, B1, By, C1 and C5 are matrices with appropriate dimensions, and N is
a nilpotent matrix with an appropriate nilpotent index, say h, i.e., N*~1 # 0 and

N" = 0. Equivalently, ¥ can be decomposed into the following two subsystems:

1= A1 21+ B1u
Y1 { (4.21)
y1=Cirx1+ D u
and
N 29 = To + By u
y2 = Co 22

where £1 € R™ and x9 € R™ with nqy +ns =n, y = y1 + ys.

To conduct the above decomposition, one can follow such procedures in the following

(see also Dai [29]).

First, since (E, A) pair is regular, thus there exists a numerous « such that | E+A| #

0. Now we can construct the following pencil with this «,
E=(aE+A™'E, A= (aE+ A)'A, (4.23)

and it is clear that A = I — oF.

Secondly, it is obvious that there exists an invertible transform matrix 7" such that

Ey 0

T-YET = , (4.24)

0 £
where E; € R™*™ is nonsingular and Fy € R™2%"2 is nilpotent.

Moreover, since Es is nilpotent and hence we have a nonsingular (I — aFs) to

construct the following two transformation matrices,

B! 0

P= T Y aE+A)™, Q=T (4.25)

0 (I— C(Eg)il
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Remember that A = I — aF, we can verify the decomposition as follows,

B!
PEQ =
0
B!
PAQ =
0

0 I,, O
) T YaE+A)™'ET = ,
(I — aFy)™! 0 N
0 A0
) T YaE + A)™'AT = , (4.26)
(I —aky)™t 0 In,

where N = (I — aFy)~ 1By is nilpotent and A; = E7 (I — aFy).

The above algorithm is simple in decomposing a given singular system into its canon-

ical form.

STEP 2 (DECOMPOSITION OF z, AND z.): The key idea is to separate the controllable

and uncontrollable parts of the pair (N, By) in ¥o. It will be simple to observe that

some of the state variables of Yo are identically zero and some are the derivatives

of the system inputs. It follows from Chen [20] (see e.g., Theorems 2.3.1 and 2.3.2)

that there exist following nonsingular coordinate transformations

such that
Ty
Tog =
Ty
where
Ty € Rpiv Tyi =

vy = Tuds, u=Ti, (4.27)
Uy
Tv1
Us
Ty2 .
, Ty = , T, €R™ 4= : , (4.28)
U,
Tyne
Uy
Lvi, 1
Lvi,2
) 1=1,2,-+,ne, P1§p2§"'§]9ne7 (429)
xViapi
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and

M Jvi 0 e 0 le T
0 ']V2 te 0 N2z
A JV NZV . . . .
N =T7'NT, = = i o, (4.30)
0 Jyn,
0 0 te JVTLe Nnez
L 0 0o - 0 I, |
rBi1 Bi2 -+ Bip. By
0 DBy -+ DBy, By
N BV
By =T, 'BoT, = = : (4.31)
0
0 0 -+ Bpm. Bna
L 0 o .- 0 0 J

and where (Jy, By) is completely controllable. Furthermore, N being nilpotent im-
plies that J; and J,, have all their eigenvalues at 0, and J,; and B;; have the

following control special forms,

[0 1 -+ 07 [0 [ biza ]| [ bij1 ]
Jvi = , Bii= , Biz = , Bij =
o o0 --- 1 0 biz,pi—l bijapi_l
L0 0 0 0] L1 ] L 0 | L 0 |

As such, by the transformation of (4.27), ¥ is decomposed into the following sub-

systems:
In, iy =x, — x,=0, (4.33)
and fort =1, 2,-- -, ne,
Ne
Jyvitvi + Nig, = Ty + Byt + Z B;jij + By, (4.34)
j=it+1
which is equivalent to
Ne
Jyidvi = Tvi + Butli + Y Bijil + Bigil.. (4.35)
j=it1
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Owing the special structure of Jy;, we have for i =1, 2,- -+, n,,
Ne
Tyi2 = Tyil + 5 bij 1l + big 174
j=i+1
e
Tyi3 = Tyi2 + g bij ol + iz 2l
j=i+1 (4.36)
Ne
Tyip; = Tvip;—1 + E bijpi—10j5 + big p,—1Usx
j=i+1
’lli = _{I:vi’pi (437)
and
Pt R~ 0N~ (k)
~(pi—1 N ~
Tyil = —U; T — E E bijr10; " — § bigkr1Usx - (4.38)
k=0 j=i+1 k=0

Let us define a new input variable

Ui = Tvi,1 = Yi(s), (4.39)

for an appropriate vector 1;(s) whose elements are polynomials in s. Then, we can

rewrite (4.36) as follows
Ne Ne
Tyip = — E bij vy p; + biz1ts + Ui + E bij 11,
j=i+1 & p;>1 j=i+1 & pj=1
Ne Ne
Tyi3 = Tyi2 — E bij2Tvjp; + biz 2l + E bij 21,
j=i+1 & p;>1 Jj=i+1 & p;=1
Ne Ne
Fvipi = Tvipi 1 — Y bijpaBeip +bip 1+ Y bijp il
j=it+1 & pj>1 j=it+1 & pj=1 (4.40)
Next, define
(1 Ty11
() Tyl
To — Tl = | 7. (4.41)
’LVLnC Tyvne,l

It is now straightforward to verify that the transformed system of Y as given in
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(4.22) can be rearranged into the following form
z, =0
Te = Ue

. § 3 5 (4.42)
T = Agdo + Boclie + Boslis

y2 = O + Daclle
where Zo consists of all the state variables of x, that are not contained in x., and
Ag, BQe, Bg*, Cy and Do, are constant matrices with appropriate dimensions. Fur-
thermore, 37 of (4.21) can be rewritten as follows
i1 = A1x1 + A1o¥a + Bietie + Bt
3 3 3 (4.43)
y1 = C121 + C1222 + Dictlle + D14
for some appropriate dimensional constant matrices /112, B1e, Bl*, C’lg, D1 and

Dy..

STEP 3 (FORMATION OF A NONSINGULAR SYSTEM AND FINAL DECOMPOSITION): The
key idea is to form a nonsingular system from the subsystems (4.42) and (4.43), and
then apply the result of nonsingular systems to obtain a structural decomposition
for the original system given in (4.1). Following (4.42) and (4.43), we obtain a

nonsingular system

B r=Az+ Bua
DI B B (4.44)
y=Cz+ Du
where
I ’lle
7= - , (4.45)
To Uy
_ Ay Al? _ Ble Bl*
A= 5 , B=| _ 5 (4.46)
0 A2 B2e BZ*
and
O:[Cl C'Q—i-élg], D:[Dle-i-Dge Dl*] (4.47)

It then follows from the result of Sannuti and Saberi [70] and Saberi and Sannuti

[67] that there exist nonsingular transformations I's € R?*" where 7 = n — ne — ny,
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[, € RP*P and T € R™*™ such that when they are applied to X, i.e.,

La,
Yo Uug
_ Th _ _ _ _
T =TI , y=Log=Ts |y |, au=Twa=1] u |, (4.48)
Tc
Yd Uq
Tq

where z, € R", z, € R™, z. € R 14 € R™ g € R™, u, € R™, uqg € R™d,

Yo € Rn()’ Yb € prv Ya € Rmda

Zd1 Yai Ud1
Zd2 Yaz Ud2
za=| . |, va=| |, wa=| . | (4.49)
xdmd ydmd udmd
we have
To = Aaaxa + BanO + Ladyd + Labyba (450)
@y = Apprp + Bopyo + Lbayda,  yb = Cpa, (4.51)
Te = Accl'c + BOcyO + Lcdyd + chyb + B, [uc + Mcama] 5 (452)
Yo = CoaTa + Copxt, + Cocte + Coaxg + uo, (4.53)
and

mq
tq; = Ag;xai + Lioyo + Liaya + By, |vdi + MiaTa + My, + Micxe + Z Mijzq;| ,

j=1
(4.54)
Yai = Cqzai,  Ya = Caza, (4.55)
with (Ag,, By, Cy,) having the following special form as given in (4.13).
This completes the proof of Theorem 4.3.1. |

For future use, we can rewrite the structural decomposition of Theorem 4.3.1 in its compact

form. This compact form will be handy in developing many applications of the theory.
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It will be frequently used later in the next section to prove the structural properties of
the system. The following corollary gives the compact matrix form of the structural

decomposition.

Corollary 4.4.1 (Compact Form) The structural decomposition in Theorem 4.3.1 can

also be given as the following compact matriz transformation form,

Ewp 0 I, 0 0 0
By, 0 0 I, 0 0

E, 0 O 0 I, 0

Egw 0 0 0 0 I,

0 0 Aaa L,Cy 0 L.qaCq
0 0 0 App 0 Ly,qCq

0 0 BcMca ch Cb Acc Lcd Cd

0 0 BgMiga BaMa, BaMg. Adga |

n [0 0 Coa Cob Coe Coal + A,
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F 0 0 0 7
BOe Bde Bce
- ) 5 B By, O 0 ~
B=TI, BFi(s) = chp + Bk(S) = + Bk(s),
By, 0 0
BOC 0 Bc
LBoa Ba 0 ]

C=T,'CTy=Cemp+Cr=|Cq, 0 0 0 0 Cq|+Ck (456)

Img 0 0
D=T,'DIi(s) = Demp + Di(s) = | 0 0 0| + Dy(s), (4.57)
0 0 0
where
AyZ + Bi(s)i =0, CyxZ + Dy(s)a = 0. (4.58)

Proof: Although the constructive decomposition process has been given in the proof of
Theorem 4.3.1, the process is in equation form and thus not direct when we want to
compute it with a computer program. The following algorithm proves this corollary and

gives a different form of decomposition in the view of compact matrix computation.

First, observing (4.20) to (4.41) in the constructive decomposition procedure, we can
combine the Step 1 and Step 2 with coordinate transform matrices I'e;, I's1 and Tjq.

These transform matrices decompose the original singular system . as,

U1
Ly
: Ue
r=Tgt=Tg| 2 |, u=TIy0="Iy =TIy ( ) : (4.59)
ﬂne Uy
xy
Uy
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and ¥ is transformed into the following 3,

rJ,, 0 0
X (I,, 0 ] (I,, 0]
E = TgETy=U PEQ V=|E, 0 0],
L0 Tt L 0 Ty
LEy, 0 I,
rl,, 0 O
R (I,, 0 ] (I, 0]
A = TaAlg =U PAQ V=[]0 0 A,
L0 Tt L0 Ty
L0 A, Af
0 0
) I, 0
B = TaBTy=U PBT,= |I,, 0|,
0 7;1!
0 B
R I,, O
C = CTy=CQ V=[C, Co Ct],
0 T
D = DI'y=DT,=[D. D], (4.60)

where U and V are permutation matrices. And it is obvious that the original singular

A~

system X : (E, A, B,C, D) is equivalent to R (E,A,B,C’, ﬁ)

Next, noting (4.39) and (4.41), we have the following input transformation,
Ue
, (4.61)
U

Te = le. (4.62)

Ui(s) Wa(s)

0 Imfne

and

Now if we apply the input transformation @ = I'js(s)@ to the transformed system i], we

will have,

Ey, 0 I,

I, 0 0 0 0 0

A = A+A=]0 I, 0|+|0 —I, A
0 0 A 0 A 0



= 0 0 Agl,
0 A A
0 0 0 0
BT' = B+ DB(s)= I, 0|+ |Ui(s)— L. Wis)
As B — A, 0
0 0

0 By
C = C+C=[C, 0 Cr—DAg]+[0 Co D.Ag]

= [Cz Ce Cf]7
DT '(s) = D+ Dy(s)

= [Ce Di]+[De¥i(s) = Ce DeW3(s)]

= [DeVi(s) DeWs(s)+ Dr]. (4.63)
Here 1
. Wi(s) Wa(s)]~ Wi(s) Wi(s)
' (s) = = (4.64)
0 Imfne O Im*ne
Now the system 3 has been further transformed into the following system 3,
_ (E# = A% + Bu+ AyZ + By(s)a,
5. T ] (4.65)
y = Ci& + Du+ CyZ + Dy(s)a,
where & = 2.
And noting (4.33), (4.59) and (4.60), we have the following equation in system 3,
Agxs + e = 0. (4.66)
Then after the input transformation of (4.64), (4.66) becomes,
Agze + [Ui(s) W3(s)]a=0. (4.67)
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Now with (4.67), and check (4.63), we have

Ak:ﬁ + Bk(s)a =0, Oki + Dk(s)’[b =0. (4.68)

And thus the singular system 3 : (E VA, B, C, ﬁ) is equivalent to the following transformed

system ¥ : (E, A, B,C, D),

At last, according to the decomposition procedure (4.44) to (4.48) in Section 4.4, we have

I, 0 0 I, 0 0

et
I
@)
3
]
s
)
5
)
I
ot
Q
:
kel

i I’I’LZ 0 0 Inz 0 0
A= 10 L 0 |(A+4)|0 I, 0
Lo o Tt 0 0 Ty
= Acmp + Ak
[I,, O 0 0 0 0
0 I, 0 0 0 0

0 0 Aaa Labe 0 LadCd
0 0 0 Ay, 0 LyaCq
0 0 BCMca chCb ACC Lchd

0 0 BqMgy, BaMga, BaMg. Aga |
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o5

Q)

[0 0 Coa Cop Coc Coq]+ A,

Lo o Tt
chp+Bk(3)
0 0 0 7
BOe Bde Bce
BOa 0 0 ~
+ Bx(s),
Boy, 0 0
Boc 0 B.
L Boa Ba 0 |
w00

0 0 0|+ Dy(s), (4.69)
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where

70 0 0
Ak == O Ine Agfs I
L0 T;'4. 0
i 0 0
Bk(s) = \111(8) Ine \112(3) flv
| -I7tA, 0
Cr = [0 Ty 'Ce Ty 'DeAgly],
Di(s) = [Ty '(=Ce+ DoUy(s)) Ty 'DoWsy(s)]Th, (4.70)
This completes the proof of Corollary 4.4.1. n

We also have the following corollary,

Corollary 4.4.2 (Strictly Equivalence) The structurally decomposed system in equa-

tion form, or in compact form, is strictly equivalent to the original singular system X.

Proof: Actually, from the computation algorithm for the compact form of the structural
decomposition, we can easily get that the structural decomposition is nothing more than

an invertible transformation on the original system’s system matrix, that is,

Acmp — 8Fcmp  Bemp A—sE B
Pi(s) = _ _ =T, Ps(s)[q =T} Ly, (4.71)
Cemp Denp C D
and
[I,, O 0 0 T [1n, 0 0 07
I, 0 0
0 I 0 0 0 I, 0 0 P 0
Iy = . Ul 0 TS_1 0
0 0 Iy 0 0 0 I,, 0 0 I,
- 0 0 I
| 0 0 0 ' " 1L0 —-D. 0 1]
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1, 0 0 0
0 I. 0 0
0 0 | S
0o -1, 'D, 0 T,
I, 0 0

Q 0
0 T. 0|V

0 I,

I,, 0
vl o 17!
0 0
n 0 0 0
0o 0 0 I,
0 0 I, 0
0 I, 0 0
Lo 0 0 0
17, 0 O
0 I, 0
0 0 I
0 0 0
Lo 0 0
I, 0 0
0 0 0
0 0 I,
0 I, —Ag
Lo 0 0

J—

Here nf = n —n, —ne and I', and I'; can be clearly computed from the above algorithm

in proving Corollary 4.4.1.

And thus according to the definition of strictly equivalence, the decomposed system X :

(E, A, B,C, f)) is strictly equivalent to . So its Kronecker canonical form will remain

unchanged and all of its structural properties are reserved.
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4.5 Proofs of Properties of Structural Decomposition

We present in this section the proofs of all the properties of the structural decomposition
given in the previous sections. The following lemmas are essential and instrumental to

our proofs of the structural properties of singular systems.

Lemma 4.5.1 Consider a singular system Y characterized by (E, A, B,C, D) or in the
state space form of (4.1). Then, for any state feedback gain F' € R™*" satisfying det(sF —
A — BF) # 0, ¥y as characterized by (E,A + BF,B,C + DF,D) has the following

properties:

1. X5 is stabilizable if and only if 3 is stabilizable;

2. the normal rank of Xy is equal to that of ¥;

3. the invariant zero structure of Xy is the same as that of 3;
4. the infinite zero structure of Yy is the same as that of 3;

5. Xy is (left or right or non) invertible if and only if ¥ is (left or right or non) invertible;

Proof. Item 1 is obvious. In view of the following reductions,
Hy(s):=(C+ DF)(sE — A— BF)"'B+ D
= (C+DF)(sE—A) ' [I-BF(sE—-A)~']'B+D
= (C+ DF)(sE—A)"'B[I - F(sE—A)"'B]"' +D
=[C(sE—A)"'B+D]|[I-F(sE—A)~'B]!

—H(s)[I-F(sE—A)"'B|™", (4.72)

Item 2 follows. Next, noting that

A+BF —-sE B A—-sE B I 0

: (4.73)

C+ DF D C D] \|F I
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and the fact that the invariances of Ps(s) are strictly equivalent under nonsingular con-

stant transformations, the results of Items 3, 4 and 5 follow.

This completes the proof of Lemma 4.5.1. n

Lemma 4.5.2 Consider a singular system Y characterized by (E, A, B,C, D) or in the
state space form of (4.1). Then, for a constant output injection gain K € R"*P satisfying
det(sE — A — KC) # 0, Y as characterized by (E,A+ KC,B + KD,C,D) has the

following properties:

~

. Y Is stabilizable if and only if ¥ is stabilizable;

2. the normal rank of Xk is equal to that of X;

3. the invariant zero structure of Yk is the same as that of ¥;
4. the infinite zero structure of Xk is the same as that of X;

5. Y is (left or right or non) invertible if and only if ¥ is (left or right or non) invertible.

Proof: It is a dual version of Lemma 4.5.1. |

We now proceed to prove the properties of the structural decomposition. Noting the
properties in Corollary 4.4.2, and without loss of generality, we assume throughout the

rest of this section that the given system ¥ has been transformed into the structural
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decomposition of Theorem 4.3.1 or into the compact form of (4.57), i.e.

J. 0 0 0 0
E, 0 O 0 0
Ew O I, 0 0
E—
EbZ 0 O Inb 0
Ew 0 0 0 I
| Fy, 0 O 0 0
I, 0 0 0 0
0 I, 0 0 0
0 0 Aga L.p,Ch 0
A=
0 0 0 App 0
0 0 BcMca chcb ACC
L 0 0 BgMg, BaMa, BaMgc
and
0 0 Coa Co, Coc
C=1(0 0 0 0 0
0 0 0 Chy 0

and

Bq = blkdiag{B,,, - - -

where Ay, By, and Cy,, 1 =1,2, -

Alq = blkdiag{A,,, -

, By, }, Caq = blkdiag{Cy,, -

0
0

Cod

Cq

0

110 -

F 0
Boe
Boa
Bop

BOC

Boa

I,

D=1 0

0
We further note that A},, Bq and Cq have the following forms:

Agoy b

? “Hdmg

-,mq, are as defined in (4.13).

0

Bde

Bq

0

C,

’ M dmy }’

C'Oa

9y

Cob

(4.74)

Coc  Cod]

(4.75)

(4.76)

(4.77)

(4.78)

The following proofs of the properties of the structural decomposition for singular systems

follow pretty closely to those given in Chen [19] for nonsingular systems.
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4.5.1 Proof of Property 4.3.1

It follows from Dai [29] that the singular system X of (4.1) is stabilizable if and only if
rank [sE — A B]=mn, (4.79)

for all s € CO UCt. Let us define a state feedback gain matrix
0 0 Coa Cob Coc Coa
F=—10 0 M Mg Mg Maq |, (4.80)
0 0 M O 0 0

which gives
[1,, O 0 0 0 0

0 Inc Nea Neb Nec Ned
Aaa Labcb 0 LadCd

A+ BF = : (4.81)

0 0 0 Abb 0 Lded

0 0 0 ch Cb ACC Lcd Cd

o 0 0 0 0 A ]

where Nea, Nep, Nec and Ngq are constant matrices with appropriate dimensions.

Noting that (Acc, Bc) is completely controllable, we have for any s € C° UCt,

rank [sE — A— BF B]

(sJn, —In, 0 0 0 0 0 0 0 0 7
0 _InC _Nea —1Veb _Nec —1Ved BOe Bde Bce
SEy, 0 sly,—Asa —LapCh 0 —L,qCq  Boa 0 0
=rank
sEy, 0 0 anb —App 0 —I11,qCq By 0 0
sEe, 0 0 —L,Cy  sly, —Ace —LegCq  Boe 0 B
L sEy, 0 0 0 0 and—Azd Boqa Bg 0 |
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(s, —In, 0 0 0 0 0 0 0 0 7
0 —1In, 0 0 0 0 0 0 0
0 0 sl —Asa —LapCh 0 —LCq Boa 0 0
=rank
0 0 0 81y, — Apb 0 —I1,qCq Bop, O 0
0 0 0 0  slp—Ae 0 0 0 B
L0 0 0 0 0 sly,—A% Bog Bq 0 |
5y, —In, O 0 0 0 0 0 07
0 —In, 0 0 0 0 0 0
= rank 0 0 sI—Acon O BeoniCa Beono 0 0|,  (4.82)
0 0 0 slh—Ae 0 0 0 B
L 0 0 0 0  sly,—A% Bog Bq 0.
where Agz = Ajld - de(]d and
Asa LapyCy Boa  Lag
Acon - ; Bcon - [Bcono Bconl] - (4-83)
0 App Bon,  Lpa

Also, noting the special structure of .J,,, and the properties of (A}4, Cq, Bq), it is simple to
verify that [sE — A — BF B] is of maximal rank if and only if [s] — Acon  Beon | is of
maximal rank. By Lemma 4.5.1, we have that X is stabilizable if and only if (Acon, Beon)

is stabilizable.

Similarly, the property of detectability of the system can be proved in an output injection

way. This completes the proof of Property 4.3.1. |
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4.5.2 Proof of Property 4.3.2

To prove this property, we first define a state feedback gain matrix F' as in (4.80) and an

output injection gain matrix K as follows:

BOa
Boy
BOC

Bog

Lad
Lypa
Lcd

Laa

and noting the results in (4.81), we thus have,

o
Ee,
FEay
Ey,

ECZ

Edz

A, =A+BF+KC+ KDF =

B, =B+ KD =

0 0

0 0

0 -
0
Ly
. |
Ly,
0
0 0 0°
0 0 o0
0 0 o0
L, 0 0|
0 I, 0
0 0 I,
0 0 0
Nea Nepb  Nec
A 0 0
0 Ay 0
0 0 A
0O 0 0
0 017
Bge Bee
0 0
0 0|
0 B
By 0 ]

*k
Add -

(4.84)

(4.85)

(4.86)

(4.87)



and

000 0 0 0 Imy, 0 0
C,=C+DF=1|0 00 0 0 Cq|, D,=D=]0 0 0]. (4.88)
000C, 0 0 0 00

Next, it can be shown by some matrix manipulations that the transfer function of the

singular system 3, characterized by (E,, Ay, By, Cyx, D,) is given by

I, 0 0
H,(s)=Cy(sBxy — A) "By + Dy = | 0 Cq(sly, — A%q)'Ba 0], (4.89)

0 0 0

with L
91
Cy(sln, — ASg) 'Bq = : (4.90)
1
SLZmd

By Lemma 4.5.1 and Lemma 4.5.2, we have

normrank { H(s)} = normrank { H,(s)} = mo + mq. (4.91)

Next, noting the special structure of the triple (A}, B4, Cq), and the properties of (App, Ch)

and (Ace, Be), we have, for a complex scalar «,

rank { Py, ()}
(A, —aFE, B,
= rank
L Cy *
I,,—ady, 0 0 0 0 0 0 0
0 —aFy, Aja—aly, 0 0 0 0 0
alb, Ine Nea Neb Nec Ned Boe Bge
—akFy, 0 0 App —Oéfnb 0 0 0 0
= rank —akb,, 0 0 0 Ace—aldy, 0 0 0
—OéEdZ 0 0 0 0 Add — aInd 0 Bd
0 0 0 0 0 0 Imo 0
0 0 0 0 0 Cyq 0 0
| 0 0 0 Cy 0 0 0 0
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I,,—ad,, O 0 0 0 0 0 0
0 I, 0 0 0 0 0 0
0 0 Aja—aly, 0 0 0 0 0
0 0 0 App—aly, 0 0 0 0

= rank 0 0 0 0 Acc—aly, 0 0 0 B.

0 0 0 0 0 Aga—al,, 0 By
0 0 0 0 0 0 Iy O
0 0 0 0 0 Ca 0 0
0 0 0 Ch 0 0 0 0

= n, + ne + rank {Aay — aly, } + np + ne + ng + mo + mq.

It is clear that the rank of P,(«) drops below n + mg + mq if and only if a@ € A(Aaa).
Hence, by Lemmas 4.5.1-4.5.2, the invariant zeros of ¥ are given by the eigenvalues of

Aaa. This completes the proof of Property 4.3.2. n

4.5.3 Proof of Property 4.3.3
Observing (4.89) and (4.90), we can easily see that 3, or equivalently by Lemmas 4.5.1—

4.5.2 the given singular system Y, has mg infinite zeros of order 0 and has mgq infinite

zeros of orders ¢; respectively, where ¢ = 1,2, ---,myq. |

4.5.4 Proof of Property 4.3.4
Following from the results of Lemmas 4.5.1-4.5.2, we have that X or H(s) is (left or right

or non) invertible if and only if ¥, or H,.(s) is (left or right or non) invertible. Then, the

results of Property 4.3.4 follow explicitly from the properties of H,(s) in (4.89). |
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4.6 An Illustrative Example

We now present a numerical example to illustrate the structural decomposition technique

and the properties. We consider a singular system of (4.1) characterized by

1 00 0 0O 0 1 10
0 01 01 0 -1 -1 1 1
0 00 0 0O 0 1 00
E=10 00 010 0|, A=1;, B= 0 0 1], (4.93)
0O -1 0 0 1 1 -1 -1 0 1
0 01 01 0 -1 -1 2 1
0 -1 00 1 1 —1] -1 0 1]
and
1 0 0 0 0 O 1 01 0
C = , D= . (4.94)
0 -1 1 0 2 1 -2 0 0 O

Step 1 (PRELIMINARY DECOMPOSITION). The given system is already in the form

of (4.20), i.e., we have

T = r1+ [1 1 0] u
31 (4.95)
1 0 1 0
Y= r1 + U
0 0 0 O
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and

(0 1 0
0 0 0
0 0 0
-1 0 0
0 10
-1 0 0

22: -

with n1 = 1 and ny = 6.

T
T3
T4
T5
Tg

7

Y2

-1 1 0 2 1

0

x2

x3

T4

Iy

T6

T

T2

T3

0 00 0 1 T4

-2 x5

L6

T

(4.96)

Step 2 (DECOMPOSITION OF z, AND z.). Using the toolbox of Lin and Chen [52],

we obtain two nonsingular transformations

[1 0

0

0

0

1

0

1

1

0

0

0

0 0 0 0]

0
1
0
0
0

0

0

1

0

0

0

0

1

1 0

1

0

0

1

1

which transform Yo to the following canonical form

T7INT, =

0

1

0

0

0
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00 0 1 0]1
CoTy = : (4.98)

010010

As such, s is decomposed into:

= @7 =0, (4.99)
and
/&/1 = _xvlzv
(4.100)
jjv].g = Xv1; + Ug + a?w

Uz = _':UV237
Tyoy = Tya, + U3, (4.101)

x"v22 = Tv2; + ﬂg,

Thusn, =1, ne=2,p1 =2, p2 =3, vg=p2—1 =2 and

Tel = —U1 — Uy — U3 = —U1 + U — uz — us,

Tey = —lUp — U3 — g = —iiy + U1 — U3 +uy — us. (4.102)

Step 3 (FORMATION OF A NONSINGULAR SYSTEM AND FINAL DECOMPOSI-

TION).

According to the input transformation in (4.98), and noting the results in (4.100)

and (4.101), we can rewrite ¥; as:
i?l =12+ ﬂl + fLQ =T1 — Tyl — Ty2,- (4.103)

Now, combining the results of (4.100), (4.101) and (4.103), we obtain an auxiliary

nonsingular system

tr=AZ+ Ba
- - (4.104)
y=Czi+Dua
with
X1
Tel
Tyvlo
T = , u=| ze2 |, (4.105)
Tyv2y
U3
Tyv23



and

1 -1 0 —17 0 0 07

oo 0o —1| |1 01 101 0]

A= , B= , C = , D=0. (4.106)
0 0 0 0 01 1 010 1
0 0 1 0 00 1

Again, using the toolbox of Lin and Chen [52], we obtain

[ 0.7746 0 0 07
0 0.2 —-0.8944
—0.2582 —-0.3162 0 0.6
Fs == ) Fi - 1 0 0 ’ FO - I2’
—0.5164 03162 1 04
0 04 0.4472

0.2582 0.3162 0 0.4 ]

(4.107)
ng=1,n, =0,nc. =1, ng = 2,
i 1 0 0 —1.29107
o —1.4697 1 1.8974  2.3190
[JUAL = : (4.108)
1.2910 —0.3162 ~1  —1.4000
| —0.7746 0 1 0
and ) i
00 0
o 0 0 1.4142 o 00 1 0
[ 'BT; = , TJI0T = : (4.109)
10 0 0001
[0 1 0]

Finally, the structural decomposition of the given singular system is given by

z, =0, (4.110)
0.8944 0 -0.2 U1
Te = Ue + Ug, Ug = , (4.111)
0 -1 0 Ug2
o =2+ [0 —1.2910]ya, (4.112)
Te = xc — 1.4697x, + [1.8974  2.3190] yq + 1.4142u,, (4.113)
and
Zq1 1.2910 —0.3162 -1 -1.4 Zq1
= Ty + ZTe + Yd +ud, Yd = .
o —0.7746 0 1 49
(4.114)

89



It is simple to see now from the above decomposition that the given system is right
invertible with one invariant zero at s = 1 and two infinite zeros of order 1. The given
system has one state variable, which is identically zero, and two state variables, which
are nothing but the linear combination of the system inputs and their derivatives.
These state variables are actually redundant in the system dynamics. All of these
properties can be verified clearly from the following Kronecker canonical form of its

system matrix,

A—-sE B
ry I, = 0 0 00 0 1 —s 0 0 Of, (4.115)
C D
0 0O 00 0 O 1 0 00
0 0o 00 0 0 O 1 00
0 o 00 0 0 O 010
| 0 0 00 0 0 0 0 0 1]
with
1 1 -1 0 -2 -1 2 0 1]
0 2 0 0 -1 -1 1 00
11 -2 1 -4 -1 3 0 1
0 1 o 0 0 -1 0 1 0
ry = o 2 0 0 0 -1 1 0 0f,
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-1 -2
0
-2
-1 -1
Iy =
-1 -3
-1 -1
0 -1
0

0 0 0
2 0 1
0 0 O
0 1 1
0 0 1
2 0 1
0 0 1
0 0 O
0 0 O
-1 0 -1

0 O
-1 2
0 0
0 1
0 1
-1 3
0 1
0 0
0 -1
1 -1

(4.116)

Finally, for completeness, we give below all the necessary transformation matrices:

01

0 0

and
s+1

Fi(S) = —s—2

0.8944s — 0.4472 0.8944

1

1

0

0

0

2

0

0.7746 0 0 O]
—0.2582 —0.3162 0 0.6
0 00 O
—-0.5164 03162 1 04
0.2582 0.3162 0 04
—0.2582 —-0.3162 0 0.6
0.2582 0.3162 0 04
0.7746 00 O
0 00 O
—0.2582 -0.3162 0 0.6
—0.2582 -0.3162 0 0.6
—0.5164 03162 1 04
0.2582 03162 0 0.4
0.5164 03162 1 0.4
—s2  —s—177"
-1 -1 , T
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(4.118)

(4.119)



Finally, we note that the s-dependent input transformation I'j(s) simply implies that

Ue 0 —1 0 1 0 —1 1 0 ~1

ug [ =10 0 ofa+ -1 0 0|a+ -2 -1 —1 | w.

Uqo 0 00 08944 0 0 —0.4472 0.8944 1.3416
(4.120)

And the structurally decomposed system is strictly equivalent to the original system.

This can be verified by the following transformations.

A—-sE B
C D
A—-—sE B
= Ip Iy
C D
[1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 —0.2000 0.8944
0 0 1 0.0000 —0.0000 0 0 —1.0000 0 0
0 0 O 1.0000-—s 0.0000 0 —1.2910 0 0 —0.0000
= 0 0 0 —1.4698 1.0000— s 1.8975 2.3192 0.0000 0 1.4143
0O 0 O 1.2910 —0.3162 —1.0000 —s —1.4000 1.0000 0 0.0000
0 0 0 —0.7746 0 1.0000 -8 —0.0000  1.0000 0
1 0 0 —0.0000 0.0000 1.0000 0.0000  —0.0000 0 0
|0 0 0 0 0 0 1.0000 0 0 0
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where

0 0
0 0
0.0000  —1.0000
1.2910 1.2910
I'p =1 -1.0542 —3.5842
1.0000  1.0000
—0.0000  2.0000
—0.0000  1.0000
. 0 0
and
[0 0 0
0 0 0
1 0 0
0 0 0
0 0 0
Iq=
1 0 0
1 0 0
0 1.0000 0
0 0 1.0000
L0 1.0000 0

4.7 Conclusions

0

1.0000

—0.0000

—1.2910

1.0542

—2.0000

0.0000
0.0000
0

0.7746
0
—0.2582
—0.2582
—0.5164
0.2582
—0.5164
0.2582
—0.2582

0.2582

0
1.0000
0
0
0

0
0
—0.3162
—0.3162
0.3162
0.3162
0.3162
0.3162
—0.3162

0.3162

—1.0000
1.0000
1.0000

—2.5820
5.2709

—4.0000
0.0000

—1.0000

0

1.0000

1.0000

0
0

0
0
1.0000
—1.2910
2.3192
—1.0000
—1.0000
—1.0000
0

0
0
0.6000
0.6000
0.4000
0.4000
0.4000
—0.6000
—0.4000

—0.6000

1.0000 0
—~1.0000 0
—~1.0000 0
2.5820 0
—3.3734 0
3.0000 0
1.0000 0
1.0000  1.0000
0 0
(4.121)
0 0
0 0.2000
0 0
1.0000 0
0 0
0 0.2000
0 0
0 —0.2000
—1.0000 0
0 0.2000
(4.122)

We have presented in this chapter a structural decomposition technique for general multi-

variable singular systems, which has a distinct feature of explicitly capturing and display-

ing all structural properties, such as the finite and infinite zero structures, invertibility
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0
—0.8944
0
0
0
—0.8944
0
0.8944
0

1.3416



structure, as well as redundant states of a given singular system. And all the properties of
the structural decomposition can be verified by the Kronecker canonical form of its system
matrix. As its counterpart in nonsingular systems, the technique is expected to play an
important role in solving many control problems related to singular systems. This will
actually be the subject of our future research. And Chapter 6 will give an example of the

potential applications of the structural decomposition technique.
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Chapter 5

Geometric Subspaces of Singular

Systems

5.1 Introduction

Geometric approach for linear systems firstly appeared in the literature when Basile and
Marro [3], [4], [5] and Wonham and Morse [81], [82] presented the notations of (A, B)-
invariance and (C, A)-invariance in the late 1960’s. From then on, more geometric invariant
subspaces have been proposed, such as (C, A, B)-pair introduced by Schumacher [71] and
almost invariant subspaces by Willems [78], [79], [80]. Geometric invariant subspaces and
pairs play core roles in geometric approach since they can be used to characterize structural
properties of linear systems such as controllability, observability, system invertibility and
so on. In general, the essence of geometric approach is to characterize a system or control
problem as a verifiable property of some constructible state subspaces. Then a specific

solution will be derived from a set of such state subspaces and their generations.
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For singular systems, geometric approach is also a powerful tool and has been widely used
in the literature [58], [45]. And this chapter is to give geometric interpretations of the

structural decomposition technique through those invariant geometric subspaces.

The structural decomposition technique for singular systems is a natural extension of its
counterpart for linear nonsingular systems [70] [67]. Its initial ideas are structure prop-
erties and system equivalence, which have been intensively researched in the literature.
Campbell [8] presented an effective structural decomposition method and got the corre-
sponding equivalent system, while Verghese et al. [76] defined a strong system equivalence
using a trivial augmentation and deflation technique. On the other hand, structural in-
variants also received intensive research in literature. Further, Misra et al. [59] and Liu
et al. [53] have presented their algorithms to compute the invariant structural indices of
singular systems. More recently, He and Chen [39] and He et al. [40] have developed a
structural decomposition method for single-input single-output and multivariable singular
systems respectively. Such a structural decomposition can not only give the invariant
structural indices but also explicitly display the structural features, such as the finite and
infinite zero dynamics, invertibility structures and redundant dynamics of the given sys-
tems. And it is expected to be a powerful tool in solving system and control problems as

its counterpart in nonsingular linear system [13].

In this chapter, we first give the definitions of several geometric subspaces for singular
systems. Then the geometric subspaces will be alternatively expressed in matrix form by
some theorems and lemmas. And finally, the relations between structurally decomposed

subspaces and those geometric subspaces will be presented and proved.
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5.2 Geometric Subspaces of Singular Systems

The definitions of many geometric subspaces have already been presented in the literature
by Malabre [58] in geometric form, and Geerts [36] in the so called algebraic distributional
framework. However, to our best knowledge, there are still some problems in their defini-
tions in algebraic frame. Thus we first try to give the definitions of geometric subspaces

in an algebraic framework in this section.

The following definitions are natural extensions from those for nonsingular systems (see

e.g., Trentelman et al. [72]).

Weakly unobservable subspace is a superset of unobservable subspace, which is generally
denoted as (Ker C' | A). It is associated with system zeros and thus become a very useful

tool of geometric approach.

Definition 5.2.1 (Weakly Unobservable Subspace V*) For a singular system X, an
initial point xg € X is called weakly unobservable if there exists an input function u such
that the corresponding output y,(t1,x9) = 0 for all t; > 0. The weakly unobservable

subspace V* of X is the set of all its weakly unobservable points.

Based on the above definition, strongly controllable subspace is contained in the control-

lable subspace ( A | Im B). And it is also widely used in geometric approach.

Definition 5.2.2 (Strongly Controllable Subspace S§*) For a singular system ¥, an
initial point zg € X is called strongly controllable if there exists an impulsive input
function u such that x,(t1,29) = 0 for all t; > 0. The strongly controllable subspace &*

of 3 is the set of all its strongly controllable points.
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The following two definitions are generally extension of weakly unobservable subspace and

strongly controllable subspace.

Definition 5.2.3 (Controllable Weakly Unobservable Subspace R*) For a singu-
lar system 3, an initial point zg € & is called controllable weakly unobservable if there
exists an input function v and 7" > 0 such that the corresponding output y,(t1,z9) = 0
for all t; € [0,T] and z,(T,z¢) = 0. The controllable weakly unobservable subspace R*

of 3 is the set of all its weakly unobservable points.

Definition 5.2.4 (Distributionally Weakly Unobservable Subspace W*) For a sin-
gular system X, an initial point x¢g € X is called distributionally weakly unobservable if
there exists an distributionally impulsive input function u such that the corresponding
output y,(t1,z9) = 0 for all £; > 0. The distributionally weakly unobservable subspace

W* of 3 is the set of all such points.

After defining these subspaces, we give their relationship in the following. Since they are

quite obvious, we do not need to prove them here.

Remark 5.2.1 [t can be seen clearly that V* is dual to S* from their definitions.

Further, we have the following lemma on the relationship of the above four geometric

subspaces.

Lemma 5.2.1 The relationship of geometric subspaces can be characterized as:

R*=V'NS*, W' =V'US*h (5.1)
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5.3 Geometric Expression of the Subspaces

The definitions in Section 5.2 are direct but not in geometric form. This section will

express the definition in geometric form and prove their equivalence.

We first give the geometric description of weakly unobservable subspace in the following

theorem.

Theorem 5.3.1 V*(X) is the largest subspace V of X for which there exists a constant

matriz F such that

(A+ BE)WCEV and (C+ DF)V=0. (5.2)

Or alternatively, V*(X) is the largest subspace V of X such that

A EV B

YV C + Im

c 0 D

This theorem gives a direct way in finding the weakly unobservable subspace for a given

singular system Y. To prove it, we first need the following lemma.

Lemma 5.3.1 If 2o € V*(X) and let u be an input function such that the corresponding
output function satisfies yyu(xo,t) = 0 for all t > 0. Then the associated state satisfies

xy(zo,t) € VX(X) for allt > 0.

The proof of this lemma is similar to its counterpart in nonsingular systems which is found

in the literature (see e.g. Trentelman et al. [72]).

Proof of Theorem 5.3.1:
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Let zg € V*(0) and let u be such that y,(zo,t) = 0 for all ¢ > 0. Since V*(o) is a linear

subspace of X', we have

U 7t_
(0%) = lim ZF0:) = 20

lim ; eV (X). (5.4)

Now because Ei(0") = Az + Bug and Cxg + Dug = 0, we see that for any given zg €
V*(0), there exists a vector ug € U such that Azg + Bug € EV*(X) and Czy + Dug = 0.

Equivalently, the subspace V = V*(X) satisfies

A £y B

YV C + Im (5.5)

C 0 D

And now let V be any subspace of X with the property (5.5). Choose a basis z1, - - -, =, for
X such that x1, - -, z, is a basis for V with » < n. And by (5.5), there are vectors u; € U
such that for ¢ = 1,2,---,r we have Azx; + Bu; € EY and Cx; + Du; = 0. Let F: X — U
be any linear map such that Fa; = u; for i =1,2,---,r. Then we have (A+ BF)x; € EV
and (C+ DF)z; = 0. Since z1, - - -, o, is a basis of V, we conclude that there exists a map

F : X — U such that

(A+ BE)WCEV and (C+ DF)V=0. (5.6)

Now we can use (5.5) and (5.6) to prove Theorem 5.3.1. First, we have already shown that
V = V*(X) satisfies (5.5). Now let V be an arbitrary subspace satisfies (5.5), according
to the above, there exists an F' such that (5.6) holds. Let zyp € V and apply the feedback
control u(t) = Fx(t). The resulting trajectory x,(xo,t) then remains in V for all ¢ > 0.
Hence,

Yu(x0,t) = (C' + DF)xy(x0,t) =0 (5.7)

for all ¢ > 0. This means that zop € V*(X) and thus V C V*(%).

On the other hand, we also already showed that there exists an F' such that (5.6) holds

with ¥V = V*(X). Now let V be any subspace such that (5.6) holds for some F. It can
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be seen immediately that V satisfies (5.5). According to what we have proved above, this

implies that V C V*(X).

In this way, we complete the proof for Theorem 5.3.1.

Similarly, for the strongly controllable subspace &* of the given singular system X, we

have the following theorem,

Theorem 5.3.2 S*(X) is the smallest subspace S of X for which there exists a constant

matriz K such that

(A+ KC)S CES and Im(B+KD)CS. (5.8)

Again, its proof is similar to that for nonsingular systems.

The following lemmas show that the weakly unobservable subspace and strongly control-

lable subspace are invariant according to state feedback and output injection.

Lemma 5.3.2 The weakly unobservable subspace V*(X) of a given singular system ¥ is

invariant under state feedback and output injection.

Proof: Firstly, from Theorem 5.3.1, it is obviously invariant under any state feedback

laws.

Next, for any subspace V that satisfies the following conditions:
(A+ BF)Y C EV, and (C+ DF)V =0, (5.9)
we have an output injection matrix K and
(A+ (B+ KD)F + KC)V
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— (A+BF+K(C+ DF))V
— (A+ BF)V+K(C+ DF)V

— (A+BF)VCEV (5.10)

So V* is also invariant under any output injection laws. This complete the proof.

Lemma 5.3.3 The strongly controllable subspace S*(X) of a given singular system ¥ is

mwariant under state feedback and output injection.

Similarly, the proof of this lemma can be derived accordingly.

5.4 Geometric Interpretation of Structural Decomposition

As its counterpart for nonsingular systems, our structural decomposition for singular sys-

tems also has the following geometrical interpretations.

Theorem 5.4.1 Suppose that the state-space X is structurally decomposed into the fol-

lowing distinct subspaces,

X=X, DX DX, DX, DX D Xy, (5.11)
we have
(T 0 0 T
Nea Nec
I, 0
V*(¥) =Im , (5.12)
0 0
0 I,
(L O 0
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and

"0 0
Nec Ned
0 0
S*(X) =Im , (5.13)
0 0
I, 0
L 0 Ind 4 7
where
Nea = BOeCOa + BdeMda + BceMcaa
Nec = BOeCOc+BdeMdca
Nea = BoeCod + BaeMaq- (5.14)
Proof:

First, without loss of any generality, we assume throughout the rest of this section that
the given system ¥ has been transformed into the structural decomposition or into the

compact form as follows,

[ Jn, 0 O 0 0 0 7 0 0 0 7
E, 0 O 0 0 0 Boe Bge Bee
Ew 0 I, 0 0 0 Boa 0 0
By 0 0 I, 0 0 By, 0 0
Ew 0 0 0 I. 0 Boe 0 B
By, 0 0 0 0 Iy, Boa By 0 |
[ I,, O 0 0 0 0O 7 T 0 7
0 L. 0 0 0 0 0
0 0 Asa LapChy 0 LaqCq Boa
A= + [0 0 Coa Cob Coc Cod]
0 0 0 App 0 L,aCyq Boy,

0 0 BcMca chcb Acc Lcd Cd BOC

0 0 BqMaa BaMg, BaMga. Adq |
(5.16)
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and

Co, 0 Coa Cop Coc Coq Iy 0 0
c=|cy, 0 0 0 0 C4|, D=|0 0 0. (5.17)
Cv, 0 O Chy 0 0 0 0 O

Now we begin to prove the invariant geometric subspace V*(X), i.e.,

0 0 7)
Nea Nec
I,, O
V*(X) =Im . (5.18)
0 0
0 I
L0 0 1)
Firstly, we need to prove that
[0 0 1)
Nea NEC
I,. O
Im C V(D). (5.19)
0 0
0 In
L0 0 .

It follows from Lemma 5.3.2 that V*(X) is invariant under output injection laws. Thus

first we can choose an output injection gain matrix K as

0 0 0 7
0 0 0
BOa Lad Lab
K=-— , (5.20)
Bo, Lpa 0
BOC Lcd ch
| Boa Laa 0
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then we have

A=A+ KC

Wdz

0

0

BCMCa

ByMgs,

0

By Mgy,

ByMgc

0

0

Ajq + BaMgyq |

where Wy, Wy,., W, and Wy, are matrix blocks with less interest and

B=B+ KD

0
Boe

0

0

0

0

0
Bie
0
0
0

Bq

0
Bee

0

B.

0

. (5.21)

(5.22)

Let 3 be a system characterized by (/1, B,C, D). Then it is sufficient to show the property

of V*(¥) by showing that

"0 01
Nea NeC
. I,, O
V*(¥) =Im
0 0
0 In,
L0 0.

First, let us choose a state feedback gain matrix F as

0 0 C()a Cob COC

F=—10 0 Mda Mdb Mdc

0 0 Mg O 0

105

Coa

Maq |

(5.23)

(5.24)



then we have

I, 0 0 0
0 I, —Nea —Ngp
L Wa O Aqa 0
A+ BF =
Wy, 0 0 App
We O 0 0
| Wy, O 0 0
where
Nea = BoeCoa + BaeMaa + BeeMca,
Ner, = BoeCopb + BaeMap,
Nec = BoeCoc + BaeMac,
Nea = BoeCod + BaeMdd-
and
Co 0 0 O
C+DF=|Cq 0 0 O
C,, 0 0 Gy
Now it is simple to see that for any
- 0 0
Nea  Nec
I, 0
¢ €lIm
0 0
0 In
L 0 0 |
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0 0
C X,
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(5.26)
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we have

Ce
Ca

Ce

And since ¢ € X, it should satisfy

which implies that

and thus,

Ce
- Ca
0

Ce
0

Moreover, we have

A¢ + BF¢ = EC,

Ce = NeaCa + NecCc;

0 (T 0 0 T
0 Nea Nec
AaaCa Iﬂa 0
€ Flm
0 0 0
ACCCC 0 Inc
0 L O 0 |
0
Ce
Ca
(C+ DF) =0.
0
Ce
0

107

= Im

(5.29)

(5.30)

(5.31)

(5.32)

(5.33)



Thus, by Theorem 5.3.1, we have

0 oA
Nea Nec
I, 0 )
Im C V(D). (5.34)
0 0
0 I,
L 0 0 1)

Conversely, for any ¢ € V*(3), by Theorem 5.3.1, there exists a gain matrix F' € R"™*"
such that

(A+ BF)¢ € EV*(%), (5.35)
and

(C+ DF)¢ =0. (5.36)

Noting that EV*(3) C V*(5), we can get from (5.35) and (5.36) that, for any ¢ € V*(),

(C+DE)YA+BF)f¢=0, k=0,1,---,n—1. (5.37)

Thus, (5.37) and (5.34) imply

"0 o
Nea Nec
R Y S
(C + DEF)(A+ BF)k =0, k=0,1,---,n—1. (5.38)
0 0
0 I
L0 0.

Now if we partition F as follows:

Fo Fo Fap—Coa Fio—Cop Feoo—Coc Fao—Coa
F=|Fq Fuq Fua— My, Fu— My, Foq— Mg Fag— M|, (5.39)

cm Fec Fac_Mca Fbc FCC ch
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we will have

* P Fao Fro Feo Fao
C+DF=|Cy 0 0 0 0 C4
Cy, O 0 ¢, 0 0
and
[ 1, 0 0 0 0
* * * * *
- x 0 Aaa 0 0
A+ BF =
* 0 0 Abb 0
* BcFec BcFac Bchc Acc + Bchc
L *  Baleq BaFaq BafFpa ByFeq

where xs are some matrices of not much interest and A%, = A}, + BaFaa.

Then, using (5.38) with a positive integer k together with (5.40), we have

*x X

(C+DE)YA+BF)f= 1% 0

* *

0 *

* *

0 Ca(Af)"

x 0 0 CplAy)* 0 0

Now, for any

there exists

G
Ce
Ca
b
Ce
Cd

Cz
Ge
Ca .
€ V*(%),
Ch
Ce
Cd
0
Te
La,
€ Im ,
Th
Tc
zd
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0

Bchc

ok
Add -

=0.

(5.40)

(5.41)

(5.42)

(5.43)

(5.44)



because V*(2) and X are in the same coordinate and V*(3) € X, we thus have ¢, = 0.

Furthermore, for any

it follows from (5.38) and (5.42) that

Ce
Ga
b
Ce
G

Ch(App)"¢, = 0,

which implies (;, = 0 because (Ayp, C}) is completely observable, and
Ca(A58) Ca+ - ¢ = Ca(AT)"¢a = 0,

which implies (q = 0 because (A%3, Cq) is also completely observable.

Thus, for any ¢ € V*(2), there exists

¢ €Im

and we finally have

V*(2) C Im

>

€V (%),

k=01, ,n—1,

k=01,

(5.45)

(5.46)

(5.47)

(5.48)

(5.49)



Obviously, (5.34) and (5.49) show the result. Similarly, one can follow the same procedure

as in the above to show the property about strongly controllable subspace.

5.5 Conclusions

In this chapter, we introduced and defined important geometric subspaces for singular
systems. Moreover, the internal relationship between these geometric subspaces and our
structural decomposition was presented and proved. Such relationship shows that the
structural decomposition technique can explicitly display the invariant geometric sub-

spaces of a given singular system.
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Chapter 6

Disturbance Decoupling of

Singular Systems via State

Feedback

6.1 Introduction

Among the problems of singular system and control, disturbance decoupling plays a crucial
role in robust control of singular systems. Let’s consider the following time-invariant

continuous singular system,
EFEi= A 2 +Bu+Gw, z(0)=ux,

X Yy =z, (6.1)

h= C =z,
where rank(E) < n and z € R”, u € R™ and y € RP are respectively the state, input and

output of the system while w € R? is the system disturbance, which may represent noise
or errors from measuring and modelling. And E, A, B, C and G are constant matrices

of appropriate dimensions. As usual, in order to avoid any ambiguity in the solutions to
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the system, we assume throughout this paper that the given singular system X is regular,

ie., det(sE — A) #0, for all s € C.

Now the disturbance decoupling problem of singular systems by state feedback is to find a
constant state feedback matrix F' such that the closed loop system is internally stable and
the influence of disturbance to system output is eliminated. The problem of disturbance
decoupling for singular systems was first formulated and solved by Fletcher and Aasaraai
[34] but with an extra assumption that the output is independent of input disturbance
in the sense that there is a set of admissible initial conditions such that the system’s
response is zero. After that, with geometric concepts of sliding and coasting subspaces,
Banaszuk et al. [2] gave necessary and sufficient conditions for solving the disturbance
decoupling problem of implicit discrete-time systems while Lebret [46] presented structural
equivalent characterization to solve the same problem. Then Ailon [1] considered the
standard disturbance decoupling problem for singular systems and formulated a solution
in state space form. And more recently, Chu and Mehrmann [23] developed a numerically
stable solution for the problem and Liu and Ho [54] designed a constructive method for
the disturbance decoupling problem of linear time-varying singular systems. All of these
researchers’ work has improved the understanding for the disturbance decoupling problem
and their solutions are effective under the accordingly conditions, however, to our best
knowledge, such solutions are either cumbersome or too technical to be applied in the real

controls.

This chapter intends to present a easy and clear solution for the disturbance decoupling
problem of singular systems by state feedback. The solution is based on structural de-
composition technique and a sufficient condition is proposed to guarantee the feasibility
of such a solution. It should be pointed out that the solution presented in this chapter is
far from complete in solving the disturbance decoupling problem since it needs a sufficient

condition and the necessary condition is skipped. However, the objective of this chapter is
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to illustrate how the structural decomposition technique can be applied in solving singular
system and control problems. Furthermore, the full solution including both necessary and

sufficient conditions is on researching and the result will be completed soon.

Without loss of any generality, we also assume throughout this chapter that the matrix B

in ¥ is of full collum rank and C is of full row rank.

The organization of this chapter is as follows. Section 6.1 gives background and formu-
lation of the disturbance decoupling problem for singular systems. To make this chapter
more self-contained, some essential preliminary materials are included in Section 6.2. In
Section 6.3, our main results are presented by a constructive algorithm for solving the
disturbance decoupling problem and a sufficient condition is also proposed. And a numer-
ical example is given in Section 6.4 to show the detail of the application of the structural

decomposition. Finally, a concluding remark is drawn in Section 6.5.

6.2 Preliminary Materials

In this section, we briefly introduce necessary background materials for solving distur-
bance decoupling of singular systems by state feedback. First, the necessary and sufficient
conditions for the existence of a state feedback matrix to get a regular and impulse free
closed-loop system are remembered. To make this chapter more self-contained, we also
include the necessary and sufficient conditions for the existence of a state feedback for dis-
turbance decoupling. And further more, several essential definitions are also introduced

in this chapter.

We first recall the following lemma on regularity by state feedback.

Lemma 6.2.1 (See [29]) For the system in (6.1), there exists a state feedback matrix
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F € R™ ™ such that (E, A+ BF) is regular if and only if

rank [sE — A B]|=n. (6.2)

Here is another lemma on both regularity and impulse free through state feedback.

Lemma 6.2.2 (See [7] [73]) For the system in (6.1), there exists a state feedback matrix

F e R™ ™ such that (E, A+ BF) is regular and impulse free if and only if

rank [E ASw(E) B]|=n. (6.3)

a

Here Soo(M) denotes a matrix with orthogonal columns spanning the right null space of

a given matrix M.

For the disturbance decoupling of singular systems by state feedback, many researchers
have presented their solutions. Recently, Chu and Mehrmann [23] proposed their solution
for this problem and presented the necessary and sufficient conditions. To give their

solution here, we need some background materials as following.

Lemma 6.2.3 (See [30]) There exist orthogonal matrices U and V such that a matrix

pencil (E, A) can be decomposed into the following form:

[sE11 — A1 sEip— Aig sEi3— Az sEq — Ay
0 sEoy — Aoy sEogz — Az sEay — Agy
U(sE — A)V — (6.4)
0 0 sE33 — A3z sE3y — Az
i 0 0 0 sEyq — Ay |

Here Fq1,A11 € Rn1><l17 FEoy, Ago € Rn2><l2, and furthermore oo, Ao, F33 and Ags are

quare matrices. And sFE11— A1 and sE 44— A4y contain all left and right singular Kronecker
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blocks of (sE — A) respectively. Moreover, sFEayy — Ao and sFs33 — Ass are regular and

contain the finite and infinite structures of (sE — A) respectively.

Basing on the above lemma, we have the following definitions.

a

Definition 6.2.1 (see [30]) Given a matrix pencil (F, A) and orthogonal matrices U and

V with U(sE — A)V in the form of (6.4), we can define,

1. The left reducing subspace Vy_;[E, A] corresponding to the finite spectrum of (E, A),

is the space spanned by the leading nq + ny columns of UT.

2. The right reducing subspace V;_,.[E, A] corresponding to the finite spectrum of

(E, A), is the space spanned by the leading 1 4 lo columns of V.

a

Then some necessary computation can be conducted with the definitions introduced above.

II

I

Ay

Ay

As

B G
TOO( )7 V= TOO(G)a
0 0
0 vT'E v’ wTA
y FQZ 5
0 0 0 0
T 2 T A
Vi [l i ],
0 C
E A
V[t 7 B
0 C
I 0
RISIY ;
0 A
E A
AT Ap, Ay :i=AT A,,
0
B
AT ;A= (Vi [T, To)) TV [Ty, T,
0
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where Too (M) denotes a matrix with orthogonal columns spanning the right null space of

M7,

Furthermore, the following computations are also necessary,

0 vTE TR 9T/
7 = dim(Vy| , 1,
0 0 0 C
. vI'p 9TE 0 vTA
o= dlm(vf—r[ D
0 0 0o C
vI'p 9TE 0 vTA
n = dim(Vy | , - (6.6)
0 0o C

Now we can remember the following lemma on the necessary and sufficient conditions for

the disturbance decoupling problem of singular systems by state feedback.

Lemma 6.2.4 (see [23]) For the singular system in (6.1) with disturbance, there exists a
state feedback matrix F’ such that the disturbance is decoupled if and only if the following

conditions are satisfied,

1. rank[E AS(E) Bl=mn;
2.7+ pu<n—p;
3. rank(A;) + rank(A4) = rank(E);

Now we have finished introducing the necessary and sufficient conditions for disturbance
decoupling of singular systems by state feedback. Chu and Mehrmann [23] have also
presented an algorithm for computing the state feedback matrix F', however, the process
is too complex and is not transparent in physical meaning. In the next section, we will

find that our structural decomposition technique can be used to find the state feedback
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matrix F' in a clear way. The detailed algorithm will be presented in the following section

and a numerical example will be given in the section after that.

6.3 A Constructive Solution for the Disturbance Decou-

pling of Singular Systems

In this section, we try to give a novel solution for the disturbance decoupling of singular
systems. Such a solution uses the structural decomposition technique and need a special
sufficient condition. Although this kind of solution is far from complete due to the sufficient
condition may be more rigorous than that in Lemma 6.2.4 and the necessary condition
is skipped. However, such a solution is a good example in illustrating how the structural
decomposition technique can be used in solving such problems. And what is more, the full
necessary and sufficient conditions for the disturbance decoupling of singular systems by
the structural decomposition technique still remains in our research topics and the results

will be completed soon.

To illustrate how the structural decomposition technique can be applied in solving linear
system and control problems, we present a constructive algorithm in solving the distur-
bance decoupling problem step by step. And during this process, a sufficient condition is

proposed to guarantee the feasibility of such a solution.

Step 1:

For the singular system 3 with disturbance, according to the structural decomposition

technique in Chapter 4, there exist transform matrices I'e and I'y such that X can be
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coordinately transformed into the following form,

Jn, 00 I, 0 0
E = T'Elg=|Fy, 0 0|, A=T'ATq=]0 0 A4,
Ey, 0 I, 0 A A,
0 0 G,
B = T}'B=|L, 0|, G=T,'G=|G.]|,
0 B, Gy
C = Cry=[C, C. C], (6.7)

where Fe,, E,, Ag, Ae, Ay, By, G, Ge, Gt, C,, Ce and C, are matrices with appro-
priate dimensions. And the transformation matrices can be computed by the following

manipulations.

I 0 I 0

a1 =U P Tg=Q V, (6.8)

0 Tt 0 T,

where the transformation matrices can be found in the constructive decomposition proce-

dure in Chapter 4.

Step 2:

Now for the transformed system in (6.7), we can find a constant state feedback matrix F'

as in the following,
0 I, -4,

F= , (6.9)

0 —-F. F,

where B, F, = A.. And it can be proved that such a Fj is existent because B is full collum
rank and thus B, is full collum rank, and furthermore, from the decomposition process in
Chapter 4, we can get that A, is also full collum rank and every collum of A, has only

one non-zero element.

Then the feedback matrix F' further change the system in (6.7) into,

Jn, 0 0 I,, 0 0
E = |Eywz 0 0|, A+BF=|0 I, 0 ,
E., 0 I, 0 0 A,+B.F,
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0 B, Gy
C = CIy=[C, C. Cf (6.10)
Step 3:
Now if we set
sJ—1 0
H,=sI—-A,—B,F,, Hy= , (6.11)
sEey, —In,
and
G,
Ck=1[C, C.], Gy = , (6.12)
Ge

then according to the formulas on inverse of block matrix, it is simple to compute that

the transfer function from disturbance to output is

Tyn = O H 'Gy — C,H ' [sE, 0] H 'Gy + C.H,'G.. (6.13)

Step 4:

Now it can be seen clearly from ( 6.11) and ( 6.12) that

(sJ—1)~! 017G,

O H 'Gy = [C, C.]

$Bey(sJ — )7t —I] |Ge
= Cy(sJ = I)7'Gy + CesEey(sJ — I) 711Gy — CoGe,

G,
C.H ' [sE, O]Hk_le = C.H;'[sE, 0]

Ge
= C*(SI — A, — B*F*)ilsE*(SJ - I)ile’

C*H*_IG* = C*(SI - A* - B*F*)_IG*- (614)
Thus we have,

Twn = OWH'Gy—C.H'[sE, 0]H_'Gy+C.H'G,
= [CosFey(s] —I)7G,) + [Cu(s] — I)1G, — C.G.
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- C*(SI - A* - B*F*)ilsE*(SJ — I)ile] -+ [C*(SI — A* _ B*F*)*lG*]

= T,+T.+C.H'G,. (6.15)
where
T, = CesEe,(s]—1)7'G,,
T, = Cu(sJ—1)"'G, — CeGe — Ci(sI — A, — B,F,) " 'sE,(sJ —I)"'G,. (6.16)
Step 5:

Now it is clear that all entities of T}, are strictly non-proper polynomials while all entities
of C,H'G, are strictly proper polynomials, and all entities of 7, are polynomials with

orders different from those in 7}, and C,H la,.

Thus a sufficient condition for Ty, = 0 is,

T,=0, T.=0, C.H'G,=0. (6.17)

And if we want the closed-loop system to be internally stable, the non-proper entities
should not exist in final system. Furthermore, for the nonsingular system C,H, G,
according to the structural decomposition technique presented in Chapter 2, we can find

Iy, I'yi and 'y, such that it is decomposed in the structural decomposition form.

And if we set,
G

G 1a0
Got
Ilc, = , (6.18)
G*b

G*C

G*d

then the sufficient condition will be,
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Lemma 6.3.1 For the given singular system > with disturbance, its disturbance can be

decoupled if the following conditions are satisfied,

1. (A, By) is stabilizable;
2. (As, Cy) is detectable;
3. EBe, =0, E, =0 and Cy,(sJ — I)71G, = CoGl;

4. Goa+ =0, G0 =0, G4, =0 and G,q = 0.

This Lemma is obvious according to the above decomposition procedures and the results

for nonsingular systems [20].

Step 6:

This last step is to finish constructing the feedback matrix F', the only part left in (6.9)
is F, which is the feedback matrix for nonsingular system (A, By, Cy, Gy). There have
been many research results in this in the literature [24] [33] [28] and it is easy to design

such a F,.

6.4 An Example

In this section, we give a numerical example to show the detail process of applying the

structural decomposition technique in solving disturbance decoupling problems.

Let us consider the following singular system with disturbance,

—0.5 0.5 0.5 05 05 0.5
E = o o0 o0, A=| 0 o0 1|,
—0.5 0.5 0.5 05 1.5 0.5
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B = |1 0|, G=1|2|, C=[-05 15 —-05]. (6.19)

1 1 1

Now according to the structural decomposition technique and the constructive decomposi-

tion algorithm presented in Chapter 4, we can find the such two invertible transformation

matrices,
1 0 1 1 1 0
T'eqg=11 1 0, Tsgs=1]0 1 1]/, (6.20)
0 1 1 1 0 1

such that the given system in (6.19) can be decomposed into,
r0 0 07
E = TJ'ETg=|0 0 0/,

LO O 1.
rl1 0 07

A = T 'ATg =10 0 1],

C = CTg=[-1 1 1]. (6.21)

Now we can check the sufficient condition in Lemma 6.3.1. It can be easily seen that

A* = 17 B*:17 0*217 G*:O,

C, = -1, G,=1, Co=1, Ge=1. (6.22)

Hence the sufficient condition in Lemma 6.3.1 is satisfied. Thus we can find the following

state feedback matrix according to (6.9),

F:

0 1 -1
]. (6.23)

0 -1 -2
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Furthermore, we can compute Ty by the following manipulations.

Tw, = C[sE—A-BF|G

= 0. (6.24)

It is clear that with such a F, the influence of the disturbance is eliminated and the

closed-loop system is also internally stable.

This simple example illustrates in detail the process of applying structural decomposition
technique in solving disturbance decoupling problem of singular systems. It is obvious

that such a technique may be powerful in solving disturbance decoupling problems.

6.5 Conclusions

In this chapter, we give an example on how to apply the structural decomposition tech-
nique in solving singular system and control problems. The structural decomposition
technique for disturbance decoupling of singular systems has been illustrated and a suffi-
cient condition is given. Although it is still a great distance to a complete solution, the
sufficient condition and the state feedback matrix show in detail the procedures in how to
analyze the problem using the structural decomposition technique. The complete solution
by the structural decomposition technique is still on going and it will further be used to
solve many other problems such as all most disturbance decoupling, Ho and H,, optimal

control of singular systems, to name just a few.
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Chapter 7

Conclusions and Future Work

This thesis presents a structural decomposition technique for linear singular systems and
its applications in solving system and control problems. The main focus is the structural

decomposition theorem and the constructive algorithm for the decomposition.

Firstly, the structural decomposition for single-input single-output (SISO) linear singular
systems is proposed. The results show that there are two situations, one is with x4 and
the other is with yg5. However, both situations can explicitly display the internal structural
properties of the given linear singular system. Such structural properties include invariant
zero structure, infinite zero structure, stabilizability and detectability. To illustrate the
decomposition process, a numerical example is given and all properties are verified after

the decomposition.

The results of structural decomposition for SISO linear singular system provide a clearer
view for that of multi-input multi-output (MIMO) linear singular system. But the MIMO
case is much more complex largely because it has more system inputs. To prove our struc-

tural decomposition theorem for MIMO linear singular systems, a constructive algorithm
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is deduced. This algorithm gives details of decomposition process and its MATLAB codes
have been attached in the appendix for reference. As its counterpart for linear nonsingular
systems, the structural decomposition technique we presented for MIMO linear singular
systems can explicitly display all structure properties such like invariant zero structure,
infinite zero structure, invertibility structure, stabilizability and detectability of the given
linear singular system. Furthermore, it can also clearly reveals the redundant states of
the given system, such redundant states are either static and equal to zero or are linear

combinations of system inputs and their derivatives in different orders.

Moreover, we define several invariant geometric subspaces and use them to find the re-
lationship between these subspaces and the structurally decomposed subspaces. It has
been showed that our structural decomposition technique can also explicitly display the

invariant geometric subspaces of the given linear singular system.

To show the potential applications of the structural decomposition technique in solving
linear singular system and control problems, we use it to solve disturbance decoupling
problem of linear singular systems. A sufficient condition is presented after decomposing
the given system into several subspaces. Although the solution is not complete because it
has no necessary condition, it shows in detail how the structural decomposition technique

can be used in solving practical questions.

The structural decomposition technique has been widely used in solving linear nonsingular
system and control problems. Our future work includes applying this technique to solve
linear singular system and control problems, such as Hy optimal control, H,, control,
almost disturbance decoupling and etc. Moreover, its application for nonlinear systems

will also be studied in the future.
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Appendix A

MATLAB Codes for Realization of

the Structural Decomposition

In this appendix, we list realization codes for several main functions. This software package
enhances the power of the structural decomposition technique as a useful tool in solving

singular systems and control problems.

To illustrate it in a clearer way, we list the functions according to their mutual relationship,
that is, a main function will be presented first and followed by its subfunctions. For those
important functions but not essential in this thesis, we only give their algorithms here

while their full codes can be found in Lin and Chen [52].

1. StructuralDecomposition.m

This is the main function, that is, the structural decomposition function for general
multivariable singular systems. The function transforms the given singular system
(E, A, B,C, D) into its structural decomposition in compact form (E,A,B,C’,D),

which can explicitly display all the structural properties, such as the finite and
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infinite zero structures, invertibility structures and even redundant dynamics of the

given system. All other procedures are sub-programs of this main function.

function [Ge,Gs,invGi,Go,Ev,Av,Bv,Cv,Dv,nz,ne,na,nb,nc,nd]
=StructuralDecomposition(E,A,B,C,D,tol)

%———--Structural Decomposition for singular systems-----
%-—-—-[Ge,Gs,invGi,Go,Ev,Av,Bv,Cv,Dv,nz,ne,na,nb,nc,nd]
Yf—————————————— =Structural-Decomposition(E,A,B,C,D,to0l)

% decomposes the system (E,A,B,C,D) into its

% structurally decomposed form (Ev,Av,Bv,Cv,Dv).

%

yA Inputs:

% E, A, B, C, D : state space matrices of a given system.

yA Outputs:

% Ev, Av, Bv, Cv, Dv : state space matrices in an

A structurally decomposed form.

% Ge, Gs, Go, invGi : an invertable transform matrix and

% state, output and input transformations
A respectively.

% nz, ne, na,nb nc, nd : dimensions of Xz, Xe, Xa, Xb, Xc, Xd
b respectively.

pA

pA

% Minghua He, NUS, Kent Ridge, Singapore, Sept. 24, 2002.

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

if nargin<6
tol=1e-5;
end

%---—-define the dimensions
n=size(A,1); m=size(B,2); p=size(C,1);
%-——-decompose it to sys_hat and separate the redundant states

[E_hat,A_hat,B_hat,C_hat,D_hat,Ge_1,Gs_1,Gi_1,
nz,ne,nf,Gi_es,Psi_1,Psi_2]=RedundantSeparation(E,A,B,C,D,tol);

%-——--seperate A_e, A_g, and C_e, D_e

Ag=A_hat(nz+1:nz+ne,nz+ne+1:n); Ae=A_hat(nz+ne+l:n,nz+1l:nz+ne);
Ce=C_hat(:,nz+1:nz+ne); De=D_hat(:,1:ne);

Ak=zeros(n,n); if ne>0,
Ak (nz+1:nz+ne,nz+1:nz+ne)=-eye(ne) ;
Ak (nz+1:nz+ne,nz+ne+l:n)=Ag;
Ak(nz+ne+1:n,nz+1:nz+ne)=Ae;

end

Bk=zeros(n,m); if ne>0,
Bk (nz+1:nz+ne, 1:ne)=2%eye(ne) ;
Bk(nz+ne+1:n,1:ne)=-Ae;

end
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Ck=zeros(p,n); if ne>0,
Ck(:,nz+1:nz+ne)=Ce;
Ck(:,nz+ne+1:n)=Dex*Ag;

end

Dk=zeros(p,m); if ne>0,
Dk(:,1:ne)=De-Ce;
end

%-——--construct an nonsingular system----
A_chk=A_hat-Ak; A_bar=A_chk(nz+ne+l:n,nz+ne+1:n);

B_chk=B_hat-Bk; B_bar=B_chk(nz+ne+1:n,:);

C_chk=C_hat-Ck; C_bar=C_chk(:,nz+ne+l:n);

D_chk=D_hat; D_bar=D_hat-Dk;
[As,Bs,Cs,Ds,G1,G2,G3,qv,rv,dims]=scb(A_bar,B_bar,C_bar,D_bar,tol);
na=dims (1) +dims (2)+dims(3); nb=dims(4); nc=dims(5); nd=dims(6);
Gs_bar=G1; Gi_bar=G3; Go_bar=G2;

Gs_2=eye(n); Gs_2(nz+ne+l:n,nz+ne+1:n)=Gs_bar;

opg=eye(ne); for i=nz+l:nz+ne,
for j=1l:ne,
Tmp(i,j)=Psi_1(i-nz,j)+opq(i-nz,j);
end
for j=ne+l:m,
Tmp (i, j)=Psi_2(i-nz, j-ne);
end
end

for i=1:nz,
for j=1:m,
Tmp (i, j)=0;
end
end

for i=nz+ne+1:n,
for j=1:mne,
Tmp(i,j)=-Ae(i-nz-ne,j);

end
for j=ne+l:m,
Tmp (i, j)=0;
end
end
Bk=Tmp;

Dd1=DexPsi_1; Dd2=Dex*Psi_2;

for i=1:p,
for j=1:mne,
Bmp(i,j)=Dd1(i,j)-Ce(i,j);
end
for j=ne+l:m,
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Bmp(i,j)=Dd2(i, j-ne);
end
end
Dk=Bmp;

Ak_v=inv(Gs_2)*Ak*Gs_2; Bk_v=inv(Gs_2)*Bk*Gi_bar;
Ck_v=inv(Go_bar)*Ck*Gs_2; Dk_v=inv(Go_bar)*Dk*Gi_bar;

Ge=Ge_1xGs_2; Gs=Gs_1*Gs_2; Gi=Gi_1*Gi_es*Gi_bar;
invGi=inv(Gi_bar)*inv(Gi_es)*inv(Gi_1); Go=Go_bar;

Ev=inv(Ge) *ExGs; Av=inv(Gs_2)*A_chk*Gs_2;

Bv=inv(Gs_2)*B_chk*Gi_bar; Cv=inv(Go_bar)*C_chk*Gs_2;
Dv=inv(Go_bar) *D_chk*Gi_bar;

. RedundantSeparation.m

This is an essential function which separates two kinds of redundant states from the
original system state. One kind of such redundant states are static and identical
zero all the time, whereas the other redundant states are linear combination of
appropriate order of system input’s derivatives. Such states are associated with the
so called impulse modes, which are introduced by the derivatives of the system input.

The main algorithm for this function is the following transformations.

Le
Ue
r=Igt=0Tg |z |, u=Tya="q ; (A1)
Uy
xf
and
Jn, 00
E = TaElgy=|E, 0 0], (A.2)
LBy, 0 T
I 0 0
A = TgATg =10 0 A, (A.3)
L0 A A
00
B = TgyBTy= |1 0], (A.4)
L0 B
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¢ = CTy=[C. C, Ci], (A.5)

D = DI'y=[D. Di]. (A.6)

Here the states x, = 0 and z, are redundant states in the structurally decomposed

form.

function
[E_hat,A_hat,B_hat,C_hat,D_hat,Ge_1,Gs_1,Gi_1,
nz,ne,nf,Gi_es,Psi_1,Psi_2]=RedundantSeparation(E,A,B,C,D,tol)

=== decompose system to x-> (x_z,x_e,x_f)’

if nargin<6
tol=1e-5;
end
%-—--determine the dimensions of state,input and ouput
n=size(A,1); m=size(B,2); p=size(C,1);
%——-perform the Weitress decomposition

[P,Q,n1,n2,A1,B1,C1,N,B2,C2]=Weierstrass(E,A,B,C);

%—-—-find Ts and Ti and transform (N,B2) into
%---Controllability Canonical Form

Ts=eye(n2); Ti=eye(m);
Y= trans (N,B2) into controllable and non-controllable subspaces

% [Nbar,Bbar,Cbar,T,k] = ctrbf(N,B2,C2)
% Abar = T x* A *x T> , Bbar =T * B, Cbar = C * T’

yA and the transformed system has the form

A | Anc 0 | | 0|

% Abar = -—————————- , Bbar = --- , Cbar = [Cnc]| Cc].
A | A21 Ac | [Bc |

% The number of controllable states is SUM(K)
[Nbar,Bbar,Cbar,T,k] = ctrbf(N,B2,C2); sumk=sum(k); Ts=T*Ts;
%-——-transform x_z to jordan form

if sumk™=n2,

nz=n2-sumk;
Nz=Nbar(1:nz,1:nz);
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[Nt,Ttt,xindex]=r_jordan(Nz,tol);
Tt=eye(n2);
Tt(1:nz,1:nz)=inv(Ttt);
Ts=Tt*Ts;

else
nz=0;

end

%-——transform controllable part to control canonical form

if sumk™=0,
Nc=Nbar (nz+1:n2,nz+1:n2) ;
Bc=Bbar (nz+1:n2,:);
[Nc,Bc,Ts_c,Ti_c,ks]=bdccf (Nc,Bc,tol);

Tt=eye (n2);
Tt (nz+1:n2,nz+1:n2)=inv(Ts_c);

Ts=Tt*Ts;
Ti=Ti*Ti_c;

ne=length (ks);

V=eye(m); dog=0;
for i=1:ne,
dog=dog+ks (i) ;
for j=i+l:m,
if abs(Bc(dog,j))>tol,

Vt=eye (m) ;
Vt(i,j)=-Bc(dog,]);
V=V*Vt;
Bc=Bcx*V;
end
end
end
Ti=Ti*V;
else
nz=n2;
ne=0;
end
Y%————-construct transform matrix Gie(s)
syms s;
for i=1:n2-nz,
for j=1:m,
Bc (i, j)=round(Bc(i,j)*10000)/10000;
end

end

row_pos=1; for i=l:ne,
for j=1:m,
tmp=0;
for k=0:ks(i)-1,
dog=Bc (row_pos+k,j) ;
tmp=tmp-(dog) *s~ (k) ;
end
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invGie(i, j)=tmp;
end
row_pos=row_pos+ks(i);
end
for i=ne+1l:m,
for j=(ne+1):m,
invGie(i, j)=1;
end
end
Gi_es=inv(invGie);
Psi_1=Gi_es(l1:ne,1:ne); Psi_2=Gi_es(l:ne,ne+1:m);
%—-——-construct the transform matrices---
Ge_l=eye(n); Ge_1(nl+l:n,nl+1:n)=Ts; Ge_1=Ge_1%P;
Gs_l=eye(n); Gs_1(nl+l:n,ni+1:n)=inv(Ts); Gs_1=Q*Gs_1;

Gi_1=Ti;

%-—-separate xe,xz and xf--------—----

== combine the dynamics in x_1 and x_2 to x_f

%--Permutation Step-1:

%
% X -> x_

h -

Lol B
H N ©

V=eye(n); pos=1; ttt=0; for i=1:ne,
V(i,i)=0;
V(i,nl+nz+pos)=1;
if nl+nz+pos>ne+nz,
ttt=ttt+1;
V(nl+nz+pos,ttt)=1;
V(nl+nz+pos,nl+nz+pos)=0;
end
pos=pos+ks(1,i);
end

for i=1:nz,
V(ne+i,ne+i)=0;
V(ne+i,nl1+i)=1;
if nl+i>ne+nz,
ttt=ttt+1;
V(nl+i,ttt)=1;
V(nl+i,n1+i)=0;
end
end

%——\vt{x}=Vx

disp(’---Permutation Step-1: set sequence of x_e,x_z,x_f--’)
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Ge_1=V*Ge_1; Gs_1=CGs_1x*inv(V);
EE=Ge_1*ExGs_1; AA=Ge_1*A*Gs_1; BB=Ge_1*B*Gi_1; CC=CxGs_1; DD=D;
%-—-rearrange the sequence to x_z->x_e->x_f

V=zeros(n,n); V(1:nz,ne+l:ne+nz)=eye(nz);
V(nz+1:nz+ne,1:ne)=eye(ne); V(nz+ne+l:n,nz+ne+l:n)=eye(n-nz-ne);

Ge_1=VxGe_1; Gs_1=Gs_1*xinv(V);
EE=Ge_1*ExGs_1; AA=Ge_1*A*Gs_1; BB=Ge_1*B*Gi_1; CC=C*Gs_1; DD=D;

%--Permutation Step-2:

yA | 0 x 0 | | 0 % * | | T O |
% E-> | 0Jo0 | A->]101I0| B->100|
yA | 0 %I | | * * * | | * * |
U=eye(n); for i=ne+nz+1l:n,
Tt=eye(n) ;
for j=1:m,
if EE(j,i)>1-tol,
if jv=i,
Tt(j,1)=1;
Tt(i,j)=1;
Tt(i,1)=0;
Tt(j,j)=0;
end
end
end
EE=Tt*EE;
U=Tt*U;
end
disp(’---Permutation Step-2: unify matrix E------ ’)
Ge_1=UxGe_1;

EE=Ge_1*ExGs_1; AA=Ge_1x*A*Gs_1; BB=Ge_1*B*Gi_1; CC=C*Gs_1; DD=D;
%--Permutation Step-3:

b I
b E-> |
b I

I I
I A > |
I |

[eNeoNe]
* G *
HOO
* OO
* H %
* O %

I
| B —> |
I

O OH
* O O

%-—-substitute u_e in x_f by x_vh and unify B

U=eye(n); for i=1l:me,
for j=1:mn,
if j7=(nz+i),
if abs(BB(j,i))>tol,
Ut=eye(n) ;
Ut (j,nz+i)=-BB(j,1i);
U=Ut*U;
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BB=U*BB;
end
end
end

end
disp(’---Permutation Step-3: unify matrix BB------ )
Ge_1=UxGe_1;
Ge_1=inv(Ge_1);

E_hat=inv(Ge_1)*E*Gs_1; A_hat=inv(Ge_1)*Ax*Gs_1;
B_hat=inv(Ge_1)*B*Gi_1; C_hat=C*Gs_1; D_hat=D;

nf=n-nz-ne;

. Welierstrass.m

This one is to perform a fast-slow decomposition (see e.g., [29] for more details)
for the given singular system. With two constant transform matrices P and @,
it transforms the given singular system into two subsystems, one is nonsingular

and the other is singular. The decomposition can be characterized as the following

transformations,
]nl 0 Al 0
PEQ = ; PAQ == )
0 N 0 I,
By
PB = , CQ=[C1y Cq], (A.7)
By

where N is a nilpotent matrix.

function [P,Q,nl1,n2,A1,B1,C1,N,B2,C2]=Weierstrass(E,A,B,C,tol)

h=—————= perform the Weitress decomposition for a singular system-----
o

o | T0 | | A1 O |

b loN2 |, | 0O Il = P (EA Q

T

=== He Minghua, Sept.5, 2002, Kent Ridge, Singapore

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

%---set the toleratio

if nargin<5,
tol=1le-5;

end
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%-—-determine the dimensions of state,input and ouput
n=size(A,1);

%-—-find P,Q and make a Weierstrass decomposition
h————- Step 1: find an nonsingular alpha*E+A
alpha=0; Ealp=eig(E); Aalp=eig(A); for i=1:n,
alpha=alpha+Ealp(i)+Aalp(i);
end alpha=alpha/(2#%n);
h=———- Step 2: compute E_hat
E_hat=inv(alpha*E+A)*E;
Hh————- Step 3: decompose E_hat and get E_1 and E_2
[J,T,xindex]=r_jordan(E_hat,tol) T=inv(T);
SizeJordan=size (xindex) ;
nl1=0; n2=0;
start=1; pos=0; s2=1; for i=1:SizeJordan(1l),
for j=1:SizeJordan(2),
pos=pos+xindex(i,j);
if xindex(i,j)~=0 & abs(J(pos,pos))<tol,
n2=n2+xindex (i, j);
H=J(start:start+xindex(i, j)-1,start:start+xindex(i,j)-1);
E_2(s2:s2+xindex(i,j)-1,s2:s2+xindex(i,j)-1)=H;
s2=s2+xindex(i,j);
start=start+xindex(i,j);
end
end
end
nl=n-n2;

E_1=J(n2+1:n,n2+1:n);

Yo—————= construct P and Q
n=n nl=nl n2=n2

U=zeros(n,n); U(1:n1,n2+1:n)=eye(nl); U(nl+l:n,1:n2)=eye(n2);
T=U*T;
Q=inv(T);

P=zeros(n); P(1:n1,1:n1)=inv(E_1);
P(ni+1l:n,n1+1:n)=inv(eye(n2)-alpha*E_2); P=P*T*inv(alpha*E+A);

EE=P*Ex(Q; AA=PxAx(Q; BB=Px*B; CC=CxQ;
%-——-Seperate the two sub systems----

A1=AA(1:n1,1:n1); B1=BB(1:n1,:); C1=CC(:,1:nl1);

145



N=EE(ni+1:n,nl+1:n); B2=BB(ni+1:n,:); C2=CC(:,n1+1:n);

%-——-the end of code-————---—---—"—---—————

. Kronecker.m

The function transform the given system’s system matrix Ps(s) to its Kronecker

Canonical Form with two constant transform matrices M and N, that is,

Ps(s) = M Ps(s)N
A—sE B

=M N

C D
= blkdiag{sl — J, Ry, ..., Rey, Lyy, ..., L, I — sH}.

Here every block of the diagonal entries in 152(3) is associated a series of distinct

structure indices.

. CCF.m

The function transform a matrix pair (A4, B) into its control canonical form as follows,

Ac AC(‘: Bc

T 'AT = T'B= : (A.8)

)

0 As 0
where (A, Bc) is completely controllable while (Ag,0) is totally uncontrollable.

. BDC.m

This function decomposes a complete controllable pair (A¢, B.) into a special block
controllability canonical form [20], in which every submatrix block corresponds to a

distinct input channel. The decomposition process can be described as follows,

g, 0 - 0]

0 Jo -+ 0
R_IACR = . ’
| 0 0 0 Ji
[B1  Bi2 By, By
. 0 B Bs By
R_ BC - ’ (A 9)

0 0

L O 0 0 By By |




where J;, ¢ =1,2,---,k are Jordan blocks with zero eigenvalue and

0 i
0 *
L1 L0

7. StrictEquivalence.m

This function is used to find two invertible transform matrices I', and I'q. It can be
showed that the structural decomposition for singular systems is nothing more than
an invertible transform on the given singular system’s system matrix. This can be

illustrated as the following equation,

A—sE B
Pe(s) = _ _
2 ¢ D
= T,Pu(s)Ty
A—sE B
=T, T, (A.11)
Cc D

where Pi(s) is the system matrix of structurally decomposed system.

8. CancelledParts.m

This procedure computes the cancelled parts Ay, By(s), Cx and Di(s) in (4.57).

The algorithm for computation is in the following,

0 0 0
A, = |0 I, ~ AT |,
L0 —I'7'A4e 0
r 0 0
Bi(s) = | =Wyi(s) =1, —Wy(s)|Ty,
I B N 0
Cr = [0 —I, 'Ce - 'DeAGT:],
Di(s) = [Ty '(Ce— DeWi(s)) —Iu 'DeWo(s)] T,

where I', T and T, are invertible transform matrices from the following SCB.m for

decomposing a nonsingular system into its structural decomposition form.
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9. SCB.m

This is the function of structural decomposition for linear nonsingular system. The
function was developed by Lin and Chen [52], and it decomposes a given linear
system (A, B,C, D) and explicitly displays its structural properties. The function

Structural-Decomposition.m is its natural extension to singular systems.

10. Jordan.m

This function transforms a real matrix A to its Jordan canonical form. It is more

reliable and accurate than the one provided by MATLAB.

The functions introduced here are only some main procedures, for the codes of other

functions, there are more details in Lin and Chen [52].

148



Appendix B

Author’s Publications

[1] M. He and B. M. Chen, “Structural decomposition of linear singular systems: The
single-input and single-output case,” Systems and Control Letters, Vol. 183, pp.

61-68, 2002.

[2] M. He, B. M. Chen and Z. Lin, “Structural decomposition of general linear mul-
tivariable singular systems”, submitted to publish on the International Journal of

Control.

[3] M. He, B. M. Chen and C. C. Ko, ”Chinese character recognition using natural
stroke sequence”, Proceedings of the Sixth International Conference on Control,
Automation, Robotics and Vision (CD-ROM), TM1.4, 5 pages, Singapore, Dec.

2000.

[4] M. He and B. M. Chen, ”Structural decomposition of single-input single-output
linear singular systems”, Proceedings of the Forth Asian Control Conference (CD-

ROM), TM5-5, 6 pages, Singapore, Sept. 2002.

[5] M. He, B. M. Chen and Z. Lin, Structural decomposition and its properties of

general multivariable linear singular systems, Proceedings of the 2003 American

149



Control Conference, Denver, Colorado, USA, Page 4494-4499, June 2003.

[6] M. He and B. M. Chen, ”Computation of the structural decomposition of general

linear singular systems”, finished and on submitting

150



