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Summary

In this thesis, we focus on the cubic nonlinear Schrédinger equations (NLS) with
variable coefficients. First, we consider the Cauchy problem for the vector-valued
NLS with space- and time-dependent coefficients on RY and TV. By an approx-
imation argument we prove that for suitable initial maps, the Cauchy problem
admits unique local solutions, which preserve the regularity of the initial data.
Particularly, if the initial map is smooth, the solution is smooth. We also discuss
the global existence in the cases N = 1,2 and prove that the solutions are global
when N = 1 or when N = 2 provided the L?-norms of initial data are small
enough and the coefficients satisfy certain additional conditions. We remark that
the cubic nonlinearity is critical in the latter case.

Second, we study blow-up solutions to the Cauchy problem of the inhomoge-
neous scalar NLS with spatial dimension two. On R2?, we make use of so-called
virial identities and the ground state solution to construct a family of blow-up
solutions. We also present non-existence results and investigate qualitative prop-
erties, namely, L?-concentration and L2-minimality, of blow-up solutions when
they exist. These results are related to, and in some cases, extend the work of
Merle [29] and Nawa-Tsutsumi [33]. On T?, we obtain an L*-concentration in
terms of the ground state solution on R2. It is remarkable that there is no re-
striction on the L%norms of initial data which is required in [2]. In particular,
in each case, a sufficient condition for global existence of solutions is provided
and the singular points of the L2-minimal blow-up solutions can be located if the

coefficients satisfy certain conditions.

il



Chapter 1

Introduction

1.1 Background and motivation

In the past two decades, tremendous progress has been made in the study of the

nonlinear Schrodinger equation (NLS),
i0wu+ Au+ [ul”u=0, (t,z)€[0,00)x M, (1.1)

where ¢ > 2 is a constant and M is the base space RY or T. (Here and after,
the reader is referred to Section 1.2 for the explanation of general notations.) The
Cauchy problem of the above equation has been used as a mathematical model
in a variety of physical contexts. Although there are still many open problems, a
satisfactory analysis of the wave phenomena associated with the equation could be
accomplished by answering questions like existence and uniqueness of solutions,
regularity properties of solutions, continuity with respect to initial data, and blow-
up behavior. For blow-up solutions, some interesting qualitative properties such
as L?-concentration have been discovered; and the characterization of the L2-
minimal blow-up solutions has been exploited when the exponent of the nonlinear
term is critical for blowup, i.e, 0 = 4/N + 2. There are two important conserved

quantities associated with solutions of the equation, known as (L?-) mass and
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energy, respectively:
/|u(t,a:)|2d3: = /]uo(x)|2dx, (1.2)
E(u(t)) = E(uo),

where

—5 [ Vu@Pdc s> [ juds (14)

These conservation laws combined with the Strichartz inequalities play a crucial
role in the discussion of existence and blow-up. The reader is referred to the
surveys [5, 17, 30, 37, 7, 8] and the references therein for more details.

Recently, considerable interest on Schrodinger type equations with variable
coefficients has arisen among both mathematicians and physicists, and some re-
markable progress on the well-posedness of the Cauchy problem has been made,
see [14, 15, 16, 19, 20, 24, 40] and references therein. In the linear case, several

authors have studied the equation

Za ( (%k) thw —c(t,x)u= f(t,x), (15

where (t,2) € [0,00) x RY, and typically, a;i(z) € B®(RY), ajr(z) = a(z),
bi(t,x),c(t,z) € C°([0,T); B*(RY)), and aj;, satisfy the uniform ellipticity con-

dition
ATHEP < agn(x)g8 < MEP,  for any z,€ € RY, (1.6)
7.k

for some positive constant A. In particular, Ichinose [20] and Hara [19] provided
necessary conditions on b;(t,z) for the well-posedness of the Cauchy problem
in L2(RY) and H*(RY). Doi [15] also studied such equations on Riemannian
manifolds.

Staffilani and Tataru [38] studied the Cauchy problem of the following linear

Schrodinger equation with nonsmooth coefficients:

) 0 )
ia—? > (ajk@,x)a—;;) =0, zeRY, t>0, (1.7)
gk Y
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where a;x(t, x) € [L®(CH)NCOH (LX) (RXRY). When aji(t, x) is a C? compactly
supported perturbation of the identity and the Hamiltonian system associated
with the Hamiltonian function
N
(@, &) = > aplt,w)E&,
k=1

has empty trapping set, they used the so-called FBI transformation to construct
a micro-local parametrix for the equation and consequently established Strichartz
estimates.

Tsutsumi [41] considered the initial-boundary value problems for the following

NLS in an external domain  C R3:

O <~ O ou

ot " 2 o (“m(x)a—%) = Ata)lul e+ fta), 20 (L)

k=1
When the coefficients satisfy certain conditions and v > 4, he addressed the global
existence of solutions with small initial values by making use of the asymptotic
vanishing property of solutions to the corresponding homogeneous equation in
L>(Q) and a generalized Pohozaev estimate.

Merle [29] considered the Cauchy problem of the following scalar critical NLS

on RY:
Ou =1 (Au + k(m)]uﬁu) :

where k(z) is a real-valued function on RY. He studied the existence of blow-up
solutions as well as the nonexistence of L2-minimal blow-up solutions.

Lim and Ponce [27] studied the Cauchy problem of the general quasi-linear
Schrodinger equation in one space dimension

O = ia(u, U, Oyu, 0,1)0%u + ib(u, U, Oyu, 0,1)0>U
+c(u, 4, Opu, 0pu)0pu + d(u, u, Opu, 0pu)0,u + f(u,u), x € R.

Under certain conditions on the coefficients a, b, ¢, d and f, they established local

existence and uniqueness results in H*(R) and H*(R) N L?(|z|"dz) respectively.
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Also of relevance is the inhomogeneous Heisenberg spin system (see, for in-
stance, [10]) and its generalization — the inhomogeneous Schrodinger flow ([34,
35, 42, 43]):

0

8—1‘ = o(2)J (W) (u) + Vo(z) - J(u)Vu, z€ M. (1.9)
In the above, M is a Riemannian manifold, u : M x [0,00) — N where N is
a Kahler manifold with complex structure J, ¢ is a positive smooth real-valued
function, and 7(u) is the tension field at u. In the case M = R or T, N is
a Riemann surface, for instance, under a generalized Hasimoto transform ([11]),

the flow (1.9) yields the focusing nonlinear Schrédinger equation with variable

coefficients

0
8_: =1 <a(x)vm + 20,0, + MM?U + r(t, x)v) : (1.10)
where £ is the Gaussian curvature of A and r(¢, z)v is the residual term.

Presently we would like to consider the Cauchy problem of the following non-

autonomous nonlinear Schrédinger equation (NNLS henceforth):

% :i{f(t,x)Au +pVf(t,z)- Vu—{—k(t,x)]u\zu}, t>0, xeM,

u(0, ) = up(x),

(1.11)

where p is a fixed real constant, f and k are appropriately smooth real-valued
functions on [0,00) x M and u € C™. We note that when f(t,2) = 1 and
k(t,x) = constant, (1.11) is just the ordinary (homogeneous) cubic NLS, which
has been extensively studied, see [2, 5, 7, 8] and references therein.

We will first discuss the local existence of solutions to the Cauchy problem
(1.11). Moreover, we will prove that the solutions are global when N = 1, and
for small initial data when N = 2. Inspired by [12], our strategy is to approxi-
mate (1.11) by parabolic systems. To prove convergence, we will derive uniform
estimates for these approximating systems by an energy method. In the consider-

ation of global existence, to highlight the difference between the non-autonomous
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and the autonomous (even inhomogeneous) case, we stress that in the latter case,
there are conservation laws which have no counterpart in the former case.
Then we will focus on the Cauchy problem of the scalar cubic inhomogeneous

Schrodinger equation with spatial dimension two:

Ou =i (f(x)Au+Vf(z)  Vu+k(@)ulu)
U(O, ) = uO(')?

(1.12)

where f(z) and k(z) are real-valued functions on M (= R? or T?) and ug € H*(M).
Clearly this is the special case of (1.11) with m =1, N =2 and p = 1. Also, this
equation is the generalization of the NLS of critical nonlinearity on R? and T2.
We are interested in the singular solutions of (1.12) in the inhomogeneous case,
i.e., f(x) or k(x) are not constant functions.

We first conduct our analysis on R? and discuss some qualitative properties
of blow-up solutions to the Cauchy problem (1.12) under certain conditions on
f(z) and k(z). We obtain an L*-concentration result and consequently a sharp
condition for global existence. We make use of so-called virial identities and the
ground state solution to construct a family of blow-up solutions. Then we focus
on L?-minimal blow-up solutions, locate their singular points if they exist and
the coefficients satisfy appropriate conditions, and give a sufficient condition of
nonexistence. Finally we investigate the blow-up solutions of (1.12) on T?. We
describe the L?-concentration and L?-minimality in terms of the ground state
solution and locate the singular points of the L?-minimal blow-up solutions as

well. Particularly, a sufficient condition of global existence of solutions is given.

1.2 Notations

We shall use the generic symbols C, C; and ¢; (j € Z) to denote positive constants
depending on specified arguments, and € to denote various small positive quan-

tities. M is either the N-dimensional Euclidean space RY or the N-dimensional
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flat torus TV (N =1,2,---). W* (0 < k < 00,1 < ¢ < 00) denote usual Sobolev
spaces on specified domains, H* = Wk2 HY = [2) H> = N2, H*; B> denotes
the space of complex-valued smooth functions with all derivatives bounded.

We normally use x = (21, -+ , ) to denote the space variable, and ¢ to denote
the time variable. |y — x| denotes the distance between two points z,y € M,
B(z,r) = {y € M|ly — x| < r} and J, denotes the Dirac J-function at z. If
is a variable of integration, we use dx to denote Lebesgue measure. An integral
over all of M is simply denoted by [ dz. When referring to the function u defined
on [0,T) x M, we will use the shorthand u(t) and w(z) for u(t¢,-) and u(:,z),
respectively.

Derivatives with respect to z; and ¢ are denoted by V,; = 9/0x; and 0; = 0/0t
respectively. Sometimes, we denote O;u by u;. V denotes the spatial gradient, A
is the Laplace-Beltrami operator on M. For the multi-index o = (v, -+, ay) of
length |af := Zjvzl a;,

Vo=Vt VoN,

In this notation, the norm of the Sobolev space H*(M) is given by

k
fulle = > [ Vau(o)f de

laf=0
We say that two multi-indices satisfy 5 < a if and only if 3; < «; forall 1 < j <
N, and write « — 3 = (o; — (1, -+ ,ay — Oy) when § < a.

C™ is the m-~dimensional complex space with the standard real inner product
(u,v) = Re (u-v), where 0 is the conjugate of v. Clearly (u,iu) = 0. We say two
nonnegative functions g;(z) ~ go(z) if there exist positive constants c¢;, ¢y such
that c191(z) < go(z) < cog1(x) for all x € M. Finally, [s] denotes the integral

part of the positive number s.



Chapter 2

Non-autonomous NLS: Existence

and Uniqueness

In this chapter, we study the the Cauchy problem of the NNLS:

% =i {f(t,x)Au+pVf(t,x) Vu+k(t z)|u*u}, t>0, v M, 2.1)
u(0, ) = up(x),
where p is a fixed real constant, f and k£ are appropriately smooth real-valued
functions on M x [0,00) and u € C™.
We will also be referring to the following assumptions:

(A1) There exists a positive continuous function L(t) such that

inj\f/[]f(t,xﬂ > L(t), forall 0 <t < oc;
TEe

(A2) fis C' with respect to ¢t and there exists a positive continuous function
U(t) such that
10: f(t, )| ze < U(t), forall 0 <t < oo;

(A3) (p—1)0:f <0 and there exists a positive constant ¢ such that
lf7P(t )lee <c and sup|f(t,x)] <cinf |[f(t,z)], forall 0 <t < oo.
xeM zeM

Our main results are as follows:
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Theorem 2.1 Let M be either RN or TV (N > 1) and let ko = [§]+1. Suppose
so > ko + 2 is an integer and f € CV*0T1([0,00) X M) is a positive function satis-
fying (A1)-(A2), f(t,-) € WoTLo(M) and k(t,-) € W (M) for all 0 < t < co.
Then, given any initial map ug € H* (M), the Cauchy problem of the NNLS (2.1)
admits a unique local solution w € L*>([0,T"), H**(M)) where T" = T'(||uol| gro)-
Moreover the solution is global in the sense that u € L2.([0,00), H*°(M)) when

N =1, or when N = 2 provided f satisfies (A3) and ||ug||z2 is small enough.

Theorem 2.2 Let M be either RN or TV (N > 1). Suppose f € C1([0, 00) x
M) is a positive function satisfying (A1)-(A2) and f(t,-), k(t,-) € B>¥(M) for
all 0 <t < oo. Then, given any initial map uy € H*(M), the Cauchy prob-
lem of the NNLS (2.1) admits a unique local solution v € L*([0,T), H>*(M))
where T = T(||uo||gro). Moreover the solution is global in the sense that u €
L2 ([0,00), H*(M)) when N = 1, or when N = 2 provided f satisfies (A3) and

lluo||z2 is small enough.

As the proof of Theorem 2.2 is similar to that of Theorem 2.1, we will only
provide the proof of the latter in this chapter. We address uniqueness and local
existence, and global existence, respectively, in the subsequent two sections. To
minimize technicalities, we shall assume k(¢,x) = 1 in the sequel. For general

coefficient k(t, z), only a simple modification is needed.

2.1 Uniqueness and local existence

First of all we address the uniqueness of solution for the Cauchy problem of the

NNLS (2.1).

Proposition 2.1 Suppose that T < oo and f € CY (M x[0,T)) is a real function
satisfying (A1)-(A2). Let u € L>([0,T), H*2(M)) be a solution to the Cauchy
problem of the NNLS (2.1). Then u is unique.
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Proof. The proof for the case M = R being almost the same, here we give the
proof for M = TV only. Without loss of generality, we may assume that f > 0.
Let u,v: [0,T) x M — C™ be two solutions to (2.1) with the same initial map
at t = 0. Then

Oh(u—v)=i(fAu—v)+pVf-V(u—0v)+ [uu—|v]v).
From this equation we obtain
p—1
th/]u v P da
= /(@(u —v),u—v)fPrdr+ (p—1) / lu —v2fP~20,f dx
= /(u—l—v,u—v><iu,u—v>fp_1dx+ (p— 1)/|u—v|2fp_28tfdx

SC/\U—U\2fp1d:1:, (2.2)
where the constant C' only depends on
sup [lullzeoanys SUP [VlZean, 0 ([fllZenn, and sup [0 f (2w
te[0,T) te[0,T) te[0,T) te[0,T)

By the Gronwall’s inequality and the assumption u(-,0) = v(+,0), we obtain
/]u—v\zfpl dr =0 vVt e [0,7),

which implies that u(t,z) = v(t,z) for all (t,x) € [0,T) x M. O

In the remainder of this section, we establish the local existence result for
the Cauchy problem of the NNLS (2.1). For this, we will study the following
approximating Cauchy problems parameterized by e:

Ou = (e+ 1) (div(fVu)) +i(p — 1)VSf - Vu+iul’u, ¢>0, z€ M,
(2.3)

u(z,0) = up(x).
If f e Cht1(][0,00) x M) is a positive function satisfying (A1), and f(¢,-) €
Weotlee (M) for all 0 < ¢ < oo, then it is easy to see that (2.3) is a second-

order uniformly parabolic system on [0,7] x M. Thus, by the standard theory
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of parabolic equations, for each 0 < e < 1, given any initial map ug € C5°(M),
the Cauchy problem (2.3) admits a unique local smooth solution ([1] Remark
10.7; [39] p.327). In fact, from the following discussions we will see that u¢ €
C([0,T.), H*(M)) N L>=([0,T.), H**T(M)). Now, we need to establish some uni-

form a priori estimates and a uniform lower bound for 7T, with respect to e.

Lemma 2.1 Suppose f € C*0F1([0,00) x M) is a positive function satisfying
(A1)-(A2), and f(t,-) € WTL(M) for all 0 < t < oo. Let u = uf be a
solution of (2.3) in C([0,T.), H*(M)). Then there exists T = T(||ugl|gr) > 0,
which is independent of €, such that for any integer 0 < I < sq , there exists
Cy = Cy(m, ug, f) such that

sup ||ul|lg < C. (2.4)
te[0,7

Proof. For an integer 0 < [ < sy and a multi-index « with |«| = [, we consider

the integral
I(t) = / |V ul? fdu,

where ¢ = [ + p — 1. First, we note that

1d -
2dt/\Vau\f dx

-1 / Voul* f1 0 f do + / (Vadiu, Vou) f* do
_ g / IV 2 f210, f da + /((e + 1)V (div(fVu)), Veu) /¢ dz
+(p—1) / (iVa(Vf - V), Vau) f*dz + / (iVa(lul*u), Vou) f* dz
= AO —|— Al + AZ _|’ A37 (25)

where Ag, Ay, As, A3 denote the integral terms in the sum as given above. We will
compute these terms separately.

First, by the assumptions on f, it is clear that
Ay = g/\vau|2f‘1‘18tf dx

< o) [Watar<cin Y [ IWatar (26)

|a|=l
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For the second term Ay, integration by parts yields
A, = / (€ +0) Vo (div(FVW)), Vou) 1 dz
N
- -y / (e + )Vl fV50), VoV ) £ da
j=1

N
0 ) [{e+ DValrTsu), Va9, do

N

= - Z /((e +i)VaVjiu, Vo Viu) f1 da
j=1

N
N Z Z /<<E +4)V3fVagVju, Vo Vju) fTdx

J=1|8|=1,8<

N
N Z Z /<(E +1)VpfVagVju, Vo Vju) f1dx

J=18|22,8<c

N
_q2/<(6+i)Vanu,Vawfqvjf dx
j=1

N
-y > /<(e + )V VagVju), Vou) f11V, f do

J=1|8|=21,8<a

= All + A12 + A13 + A14 + A15. (27)

By direct computation, we have, term by term,
N
Ay = - Z /((e + )V Viu, Vo Vu) f7 d
j=1

N
_ —62/|Vavju|2fq“da: < 0 (2.8)
=1
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N
A = =) ), / (€ +1)V 5 VaupV jtt, VoV ju) f1 da

J=118|=1,8<c

N
=> > {gflva—avjufvﬂfqvﬁf) dx

J=1|B|=1,p<a

+ / (iVaV ju, Va_gViu) fIV 5 f dx}

N
CHINullze+d - D /<z’vavju,vaﬁvju>fqvﬁfdx; (2.9)

j=1 |g|=1,8<a

IN

N
A = =) Y / (e + )V 3fVa gV u, Vo Vu) fdx

J=118|22,8<c

= i > {/<(6+@')V5ijvagvju,vawfqu

J=118122,8<a

+ / (€ + D)V fVa_sAu, Vou) f dx

+q / (e +9)VfVagVju, Vou) f11V; f da;}
< CHllullz, (2.10)

where the last inequality follows from the Hoélder’s inequality;

N
Ay = —qz/((e+i)vavju,vau>fqvjfdx
j=1
N
- > {% 1Vl (519,0) de =g 69,550,V 0,5 dx}
=1
’ N
< oPllult—a3 / (V¥ s, V) fV, f do (2.11)
j=1

and

N
Ay = —QZ Z /<(€+i)vﬁfva—ﬁvju)’v“u>fq_1vjfdx

J=118|21,8<a

< C(Hllullz. (2.12)
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Substituting (2.8)—(2.12) into (2.7), we obtain

N
A4 <) Y / (iVo YV, Vo_gu) fIV s f dz

J=118l=1,8<c

N
0> [ Va0,V V55 o+ CU
j=1
For the term A,, a direct computation leads to
Ay = (p—1) /(iva(Vf -Vu), Vau) f9dz
N
— -1y / IV, Va0, Vo) f da

j=1

+p-1) Y / (iV sV, [V a5V, Vou) f da

18122,8<c

N
< -1 [ GV Vau) 19, f do + Ol
j=1

Hence, it follows from (2.13) and (2.14) that
> {Ar+ Ay} < C(f)lull3p
la|=l
Note that here we have used the facts that ¢ =1+ p — 1 and

N
SN Y [V Ves Vi f1Vas da

o=t j=1 |8|=1,8<a

N
=1y > / (iVaVju, Vou) f1V, f dz.

o=t j=1

13

(2.13)

(2.14)

(2.15)

(2.16)
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To complete the proof of the Lemma, we need an estimate on the term As.

We will do so by making use of a technique of [13]. First, we note that
Ay = /<¢va(|u|2u),vau>fﬁdx

< on{ [ Wbl st Y [ Gl 90190l fulds

B+y=a

18l,1v[=1
+ ) IVoul - [Vaul - |Vyul - [Voul dg:}
B+y+0=a
1BL,171,1601=1
= C(f){Agl + A32 + Agg}. (217)

The remainder of the proof comprises two cases:

Case I: [ <ky. From the Sobolev imbedding theorem we have
[ulle < C(N)[[ull gro, (2.18)

where C'(N) is the Sobolev constant which depends only on the dimension N.
Thus,

As = /|Vau|2|u|2da:
< HUH%m/\Vau\zdl“ < CV)lullgeo- (2.19)

Now we assume [ > 2 and note that the term Az does not appear unless this

is the case. Given 1 < s1,80 <1 —1<kg—1, s1+ 89 =1, since

1 s;—1 ko—1 1
0 — 4 — < = =1, 2
=5t N N g ST
and )
1 S]—l ko—l l 2]{)0 1
_ _ :1 —_— < =
;(2+ N N ) +N N 2’

we can choose ps;’s such that

1 Sj—l

11
> — > -
3TN by 277N N
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and
L1
Psi Dss 2
Then, by the Gagliardo-Nirenberg inequality [3], there exist Z’O—j <r; <1 such

that for any multi-index p with |p| = s,
(/ IV, u

where the constants C' = C'(N, s;,ps;, ko, ;) are independent of u, f and e.

1/ps;
" dx) < O (JJullgro)™ ([[Vullg2) "

< Clullgs, =1, 2, (2.20)

Now let s; = |3] and sy = |y|. Then by Hélder’s inequality and the above

argument,

Ao = 3 [ [Vl [Vl V] ] da
B+y=a

1Bl,lv1>1

1/2
< X e ([ Do)
Bty=a
18L,1v1>1
1/ps; 1/psq
: (/ |V gulP= da:) (/ |V u|Pez dx)
< O fulln (2.21)

Similarly, for the term Ass, let s; = |3], so = |7| and s3 = |#|. Then given
1<51,82,83 <1 —1<ko—1, 51+ 82+ s3 = [, we can choose positive p,,’s such

that
1 1 Sj —1 ko —1
N > — J—
Ds, 2 + N N

J=1, 2,3,

and
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By the same argument as above, we have

Asz = Z /|V“u| VPl - [Vl - [Vl da
B+y+0=a
181, 11:161>1
1/2 1/ps;
< (/ IV qul? dac) (/ |V gu|P dI)
B+y+0=a
181, 1v1:161>1
1/p52 1/p53
: (/ |V u|Pe2 dx) (/ |VoulPss dx)
< OVl (2.22)

Combining the estimates (2.19), (2.21) and (2.22), we conclude that
A < C(f){As + Asa + Az} < C(N, f)llull g (2.23)

for the case | < k. Consequently, taking summation over |o| = [ and [ =

0,1,--+ , ko in (2.5) and using the estimates (2.13), (2.15) and (2.23), we obtain

d [ & .
ALY [Iwupsan) < O (ol + Juli) - 229

1=0 |a|=l

Finally, by the hypothesis of the Lemma, all the constants depending on f in
this proof are finite when ¢ < oo. Therefore, the ordinary differential inequality
(2.24) implies that for any constant K > [ug||%,, we can find T* = T*(K) such
that

lull, < K (2.25)

for all ¢ € [0, 7*]. This completes the proof of the Lemma in Case .

Case II: | > ko + 1. We argue inductively on [. Suppose that there is a
constant Cj_; = C;_1 (N, K, ug, f) such that

[l — for all ¢t € [0, T™]. (2.26)
From (2.18) and (2.25) we can see that

Ay = /yvau\2|uy2dx

IN

- / VeuPde < CN)KJul% (2.27)
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To estimate the terms A3y and Ass, we proceed similarly as in Case 1.
Suppose [ > 2,1 < 89 < 81 <[l—1and s;+ sy = 1. Then s 2%> 1 and

32§%<l—1. As

1+51—1 l—l_l 82<1

2 N N 2 N 2’
1 s5—1 [—-2 1 s-1 1
2 N N N

and

we can choose positive p.’s such that

1 Sj—l 1 1 51—1 l—j .
- > — > = - =1, 2
2 TN p, 27N TN 7o
and
1+1 1
psl p82 2

Then, by the Gagliardo-Nirenberg inequality, for any multi-index p with |u| = s;

we have

(fe

where r; satisfies

1/ps;
" dx) < C (fullgrer-s)7 (|Vul2)' 77, j=1,2,  (2.28)

Sj—]_

l=J

1 s1—1 1 -y 1
[ — = = — —(1 — 7r;).
ij N Tj (2 N > + 2( r])

We emphasize that the constants C' in (2.28) are independent of w, f and e.

S?"j < 1,

and

Without loss of generality, assume |3| > |y|. Denote s; = |3, s2 = |y|. Using the

Holder inequality and the above inequalities, by virtue of the assumption (2.26)
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we have
A = 3 [ [Vl [l V] ] da
Bty=a
1Bl,1v1>1
1/2

< 5 ol ([ 1Vauar)
B+y=a
1Bl,1v[>1

1/p81 1/p32

. (/ |V gulPe dx) (/ |V uPe dx)

< C(N, K, ug, f,Cr1)|Jull3:- (2.29)

For the case ko + 1 <[ < 2, which necessarily arises from [ =2, N = 1 and

S = s1 = 1, which is not covered above, we note that, as in (2.21), we have

Az < /]Vau] Vul? - ul do

1/2 1/2
. ( / rvauﬁdx) ( / |w|2dx)
1

Culfy 19 ulr (1920 o)

IN

IA

Combining (2.29) and (2.30), we conclude that for I > ko + 1,
Aszy < C(N, K, ug, f,Cr_1)||ull3:. (2.31)

Now we turn to the term Ass. For positive integers si, s, and s3 with s; >
S9 > 83, 1 < 81,89,83 <1 —2and sy + sy + 53 =1, it is easy to see

1 s —1 1-1, 1 s—1 1-2 1 s—1 1-2
R iy S Ry iy A

) <

1
5
Therefore, by choosing py,’s suitably and using the same argument as in (2.31),

we may employ the interpolation inequality to get
Asz < C(N, K, ug, f,Cr1)||ul3- (2.32)
Hence by (2.27), (2.31) and (2.32),

Ay < C(f){As1 + Asy + Ass} < C(N, K, ug, f,Cro)||ull?y (2.33)



2.1 Uniqueness and local existence 19

for | > ko + 1. Consequently, substituting (2.15) and (2.33) into (2.5), summing

over || = [, and using the assumption (2.26), we have, for any integer | > ko + 1,

d
% Z/lvau‘2fl+p—1 dr

|ar|=l

< C(N,K,ug, f,Ci_1) Z/\Vau|2dx+1 (2.34)

|a|=l

for all t € [0,7*]. In view of the hypothesis (A1), the Gronwall’s inequality tells
us that

Z/\Vau\de < O(N,K,ug, f,Ci_1) (2.35)

|a|=l
for all t € [0, 77]. Combining this estimate with the assumption (2.26), one obtain
constants C; = Cj(m, K, ug, f) such that for [ > ko + 1

lul2e < G, Ve[0T, (2.36)

By fixing K > |ug||3,, and letting 7' = T*(K), the proof of the Lemma is now

complete. O

Remark 2.1 We emphasize that, in the above estimates, the dependence on ug

is only on the Sobolev norm of wg. In particular 7" depends only on ||ug||gwo-

Now we are in the position to establish the local existence result. We first
consider smooth initial maps uy € C§°(M). From Lemma 2.1 we know that
there exist 7" > 0 and a positive constant Cy, (N, ug, f) such that u¢ is defined on
[0,T] x M and
o0 < Cso (N uo, f) (2.37)

sup |[|u‘|
t€[0,T]

uniformly for the parameter e. Therefore we can select a sequence {e;}, ¢, — 0,
such that u% — wu [weakly”] in L*°([0,T], H**(M)). Obviously u is a solution of
the Cauchy problem (2.1).
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For general initial maps ug € H* (M), one can use a sequence of smooth maps
{uo,; € C§(M)} to approximate ug in H*. From the argument above and Remark
2.1, the Cauchy problem (2.3) admits local smooth solutions u§ on [0, T'] x M with

initial maps ug ; respectively and

20 < Cs(N,ug, f)  Vj, Y0<e<l. (2.38)

sup ||uj]
t€[0,T]

Therefore, after relabelling if necessary, there exists a subsequence {uj} such that

€

uj — uS  [weakly*] in  L>([0,T]; H*(M)). (2.39)

It is easy to see that the limit u€ is a classical solution to (2.3) with the initial map
up and the estimate (2.37) holds true for any € € (0,1]. Then the same limitting
procedure as in previous paragraph gives a local solution u of the Cauchy problem

(2.1).

2.2 Global existence

In the previous section, we have established that, given an initial map uy €
H? (M), the Cauchy problem of the NNLS (2.1) admits a unique, local solution.
In this section, we will show that this solution can be extended to all times when
N =1 and also when N = 2 for suitable initial maps ug. As we have explained
earlier, the main difference between the non-autonomous and the autonomous
(even inhomogeneous) case is the absence of conservation laws in the former case.
Thus, to establish global existence in the non-autonomous case, we will need to
establish some a priori estimates on the Sobolev norms of the solutions. These

estimates will play the role of the conservation laws in arguments used in [42] (see

also [12, 35]).

Lemma 2.2 Let M be either RY or TV, N =1,2. Suppose that f(t,x) > 0 is a
CH function satisfying (A1)-(A2), and f(t,-) € L>(M) for allt € [0,T). If u is
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a solution to (2.1) such that u(t,-) € H*2(M) for all t € [0,T), then

sup. [k < O, £7). (2.40)

telo, T

Moreover, when N =1,
sup /|Vu]2fpdx < C(N,uo, f,T). (2.41)
te[0,T)

If f satisfies (A3) and ||ugl|r2 is small enough, (2.41) also holds when N = 2.

Proof. 1t is easy to see that
d
A e e R
< () [P,

from which (2.40) follows from the Gronwall’s inequality. In particular, if f sat-

isfies (p — 1)0;f < 0 (part of the condition (A3)), then for any ¢t > 0

/|u(t,x)|2fp_1(t,x) dr < /|u0(x)|2fp_1(x,0) dx. (2.42)

We also note (c¢f the second conservation law in the inhomogeneous case [42])

%{/|VU\2fpdx—%/|u|4fp_1dx}

— p/\Vu\zfp18tfda:—]%1/|u|4fp26tfda:.

that

By the Gagliardo-Nirenberg inequality and the estimate (2.40),
e
<c(f) [ luftds

N/2 (4—N)/2
<o) ([1vapars [par) ([ utar)
N/2 (4—N)/2
< C(N, f) </ [Vul?f? dx + / ul? /P71 dm) </ || 27! dx)

N/2
< C(N,ug, £.T) (/ |Vu\2fpdx> + C(N,ug, £.T). (2.43)
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Thus, as N < 2,
[ 1vutt )P seorde = 5 [ futeosy st ds
< [ 19wl 07— 5 [ lult .00 ds

+ C(N,ug, £,T) /0 / (-, s)2f? duds + C(N, uo, £, T)t.  (2.44)

When N = 1, (2.41) follows immediately from (2.44) and the Gagliardo-Nirenberg
inequality (see also (2.43)). For the case N = 2, by the assumption (p — 1)0,f <
0 (A3), we have the uniform estimate (2.42). Therefore, applying again the

Gagliardo-Nirenberg inequality, we have

[ty s

It 7 o [ a1 do

S N S e R TP R P R R
([ 1wttt o) + Cun 1)

o [ wutoprerac)  [lutopseora)

+C(u07 fa T)? (245)

IN

IN

where the positive constant C, by the assumption (A3), is independent of ¢t. We
can see easily that on the left hand side of (2.44), the second term can be absorbed

by the first term as long as ||ug||z2 is small enough. In this case,
/yvu(t, Vfrdr < C(N,uo f,T) /t / V-, s) 7 duds
+C(N, up, f, T)?f + C(N,ug, f,T), (2.46)
and the desired estimate (2.41) follows from the Gronwall’s inequality. O

In order to establish global existence in the case N = 2, we will need to derive
some a priori estimates for the H?-norm of the solution u (see Remark 2.1). To
do so, we refer to the following result due to Brezis and Gallouet ([6], Lemma 2

with slight modification):
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Lemma 2.3 Let M be either R?2 or T2. Then

[ollimqn < OO (14 g1+ lloll )
for every v e H*(M) with ||[v]| gy < 1.

Now we are ready to complete the proof of Theorem 2.1:
Proof of Theorem 2.1. Let u be the solution of the Cauchy problem (2.1) existing
on the maximal time interval [0,7") such that u(t,-) € H*(M) for all t € [0,T).
Suppose T' < oo. We will derive contradictions in the one- and two-spatial-

dimensional cases separately.

Case A: N = 1. From Lemma 2.2, we know that there exists a positive
constant C(ug, f,T) such that
sup |[ullz < C(uo, f, 7). (2.47)
tel0,T)
Then, for 0 < § < T, by the local existence result of Section 3, the NNLS (2.1)

for us satisfying the initial data
us(x, T —6) = u(x,T —9)

has a solution us on the time interval [T — §,T — ¢ + ) for some 7 > 0. Since we
have uniform bounds (independent of §) on ||u|| g1 if T' < oo as given in (2.47), by
Remark 2.1, it follows that 7 is independent of §. Thus, if we choose ¢ sufficiently
small, we have

T—6+n > T.

However, by Proposition 2.1, us and u coincide on M x [T'—§,T'), and therefore s

extends u beyond the maximal time interval of existence. This is a contradiction.
Case B: N =2. Lemma 2.2 shows that if ||u||z2 is small enough, then there

exists a positive constant C(ug, f,T'), such that

sup |[ullm < Cluo, f, 7). (2.48)

te[0,T)
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Similar to the proof of Lemma 2.1 (let € = 0 in that argument), we have

a (5 2 prip1
3 19t
=0 |a|=l
< C(f) (lullzze + Mulwll e - lullzz) - (2.49)
In view of the Gagliardo-Nirenberg inequality, it is easy to verify that

Mul*ullzz < CllullZe flull - (2.50)

From Lemma 2.3 and the estimate (2.48) we deduce that

lull~ < € (14 v/log(T+ ullm))
Hence with the assumptions (A1)-(A3), the inequality (2.49) leads to
lu(®)|[f= < C'+ C/Ot lu(s)l72 (1 +log(1 + [lu(s)lln2)) ds, ¥t € [0,T), (2.51)
where C' = C(ug, f,T'). Denoting the RHS of (2.51) by G(t), we have
G'(t) = Cllu®)llf (1+log(l+ [[u®)]n2)) < CG(t)(1+1og(1+G(1)).
Consequently
D og(1 +1og(1 + G1)) < C, Ve 0,T),

dt

and we find an estimate for ||u|| g2 of the form
[u(@)[[2 < explerexp(est)), vt e[0,T),

where ¢; and ¢y are constants. Thus ||u||g2 remains bounded on every finite
time interval. A contradiction can now be derived as in Case A and the proof of

Theorem 1 is complete. O

Finally, we remark that there has been a lot of interest in the Ginzburg-Landau

equation (see [9, 21, 22] and references therein)

div(a(x)Vu) + (1 — |u|*)u =0 in R?
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for a complex order parameter with a variable coefficient arising in a macroscopic
description of superconductivity associated with the inhomogeneous Ginzburg-

Landau functional

1 1
E(u) = 3 |, |Vul?a(x)ds + 1 /RZ(l — |ul?)?d.

We point out that, for suitable a(z), our method can be used to address the global

existence of the following Schrédinger flow corresponding to this functional:

% =i (div(a(z)Vu) + (1 — [ul*)u), (t,2) € [0,00) x R? or [0,00) x T?,

u(x,0) = ug(x).



Chapter 3

Inhomogeneous NLS: Blow-up
Analysis

In this chapter, we study the Cauchy problem of the inhomogeneous Schrodinger
equation with spatial dimension two:

Do = i (f(2)Au + Vf(z) - T+ k(z)[ul?u),

u(0,-) = uo(+),

where u takes values in C, f(z) and k(z) are positive real-valued functions on M

(3.1)

(= R? or T?) and uy € H'(M). As observed in Chapter 1, this equation is the
special case of the NNLS when m = 1, N = 2 and p = 1; and the nonlinearity is
critical for blowup. First of all, we recall the following existence and uniqueness

result for the above problem established in Chapter 2.

Theorem 3.1 Let so > 4 be an integer. Suppose f € COTL(M) N WL (M)
and k € C(M)NW?#2°(M) are real functions and inf,cps f(z) > 0. Then, given
uy € H*(M), the Cauchy problem (3.1) admits a unique local smooth solution
u € L*([0,T), H*(M)). Moreover the solution is global in the sense that u €
L2 ([0, 00), H*(M)) provided ||ug||z2 is small enough.

loc

From this result, a natural question arises: How small does the L?-norm of the

initial data have to be to guarantee global existence? The answer will be provided

26
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in this chapter in Corollaries 3.1 and 3.3. Furthermore, we will show that under

appropriate conditions on f and k, we will have
li t =
lim [|u(t)]| 2 = 00

for some 0 < T" < oo. Such a solution is called a blow-up solution and 7' is
called the blow-up time. In the rest of this chapter, we suppose the existence and
uniqueness of the solution and only focus on the behavior of blow-up properties.

We also note that, as in the homogeneous case, one can easily check that

solutions of (3.1) obey conservation of mass and energy as follows:

/|u(t,x)|2dzx:/|u0(x)|2da:, (3.2)

Epr(u(t)) = Epr(uo), (3.3)

where

Brau) =5 [ 1@IVu(e)P o~ § [ K@luo)*de

3.1 Blow-up analysis on R?

In this section, we investigate the blow-up phenomenon of the Cauchy problem
(3.1) on the plane R?. We will study some qualitative properties, namely, L2-
concentration and L?-minimality, of blow-up solutions. For this, we will be refer-

ring to the following conditions:
(H1) 0<L=infgre f(x) < f(z) < supyere f(x) < 00, Vz € R?;
(H2) |z-Vf(2)|+|Vf(z)| <C, Vo € R? for some C > 0;
(H3)  there is x such that f(z) = L.
(H1) 0 <inf,ere k(z) < k(x) < sup,ege k(z) = K < 00, Vz € R

(H2) |z-Vk(z)| + |Vk(z)| < C, Vo € R?, for some C > 0;
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(H3)" there is x( satisfying (H3) such that k(x¢) = K.

As in the homogeneous case, the blow-up solutions of the inhomogeneous equa-

tion can be described in terms of the unique radially symmetric positive solution

Qr.x of
LAQ + K|QFPQ=@Q, inR?

called the ground state solution (see [36] for existence and [25] for uniqueness).

Our main results are as follows:

Theorem 3.2 (L?-concentration) Assume that f(x) and k(x) satisfy (H1)-(H2)
and (H1)'-(H2)" respectively. Let u(t) be a blow-up solution of the Cauchy problem
(3.1) and T its blow-up time. Then

(i) there is x(t) € R? such that VR > 0

liminf/ lu(t, z)|*dr > |Qr.xl72; (3.4)
a7 Jjz—a(t)|<R

(ii) there is no sequence {t,} such that t, T T and u(t,) converges in L?(R?) as

n — o0.

Theorem 3.2 implies that blow-up solutions have a lower L2-bound, namely,
lu(t)||zz > ||@rk|lr2- Therefore, as a consequence of the conservation of mass,
we have a sufficient condition for the global existence of solutions. This result is

sharp in the sense described in Theorems 3.4 and 3.5.

Corollary 3.1 Assume that f(x) and k(z) satisfy (H1)-(H2) and (H1)'-(H2)" re-
spectively, then the solution u(t) is globally defined in time provided ||uo||rz <

|Qr.x L2

Theorem 3.3 (L*-concentration: Radial case) Let f(x) and k(z) be radial with
respect to xg i.e., f(x) = f(|lz—wzo|) and k(x) = k(|z — o), and satisfy (H1)-H(2)
and (H1)’-(H2)" respectively. Let u(t) be a blow-up solution with radial (w.r.t.
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xg) initial data ug, and T its blow-up time. Assume in addition that there ezists

po > 0 such that for |x — xo| < po,
(x —x) - Vk(z) <0< (x —x) - Vf(x). (3.5)
Then the following are equivalent:

(A) lu(t, )| = |luol|3204, in the distribution sense ast 1 T;

(B) |z — wolug € L*(R?)  and ltlTr%l ||z — zolu(t)||z2 = 0.

Theorem 3.4 (Existence) Suppose f(x) and k(z) satisfy (H1)-H(3) and (H1)'-

(H3)" respectively. Assume in addition that

Curl(glj — xo) =0 (integrability condition), (3.6)
f(z)
(x —x0) - Vf(x) >0 forallx € R* or (3.7)
(x —x0) - Vf(x) >0 for0<|x—ux| <po forsome py>0, (3.8)
and
(x — o) - VE(2) <0 for all v € R? or (3.9)
(x —x9) - Vk(z) <0 for0<|x—x| <py for some py> 0. (3.10)

Then there exists €9 > 0 such that Ve € (0, ¢), there is ¢ € H' such that

(@) ll9ell> = 1Qrkllz + €,
(b) ue blows up in finite time where u. is the solution of (3.1) with initial data
Pe.

Moreover, ey = oo if f(x) and k(zx) satisfy (3.7) and (3.9) respectively.

Remark 3.1 Let b(z) = (b1(x),ba(x)) be a smooth map from R? into R?. If

oby  Oby

1 = je, — = =
curl(b(z)) =0, ie., Oy 02y’
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then there exist a function a(z) with Va(x) = b(z). In particular, the integrability
condition (3.6) implies that there exists ¢ such that Vi) (z — xo) = (x — o)/ f(x).
It is also easy to check that if f is radial with respect to xg, then (3.6) is fulfilled

automatically. Also, the assumption (3.8) can be weakened to

(x —x) - Vf(x) >0 for |z — x| < po
(x —x9)-Vf(x) >0 onlS,

where S is a closed curve (hypersurface for higher dimension) contained in {|z —

To| < po} with g in its interior, and (3.10) can be weakened similarly.

Theorem 3.5 (L?-minimal blow-up solutions) Assume ||uo||z2 = ||Qr k|12 and
u(t) is the solution of (3.1). Let f(x), k(z) satisfy (H1)-H(2) and (H1)’-(H2)’
respectively. Suppose there are vy > 0, Ry > 0 such that

f(z) > L+~ for |x] > Ry, and M = {z; f(x) = L} is finite (3.11)
or k(z) < K —~q for |z| > Ry, and M' = {x; k(x) = K} is finite.  (3.12)

(i) If u(t) blows up in finite time T, then there exists yo € M N M’ such that
lu(t,z)|> = ||QLx||5204, in the distribution sense ast 1T,

o~ goluo € L) andlim|[z ~ yolu(t, )|z = 0.

(ii) Assume in addition that for each yo € M N M', there are py > 0, o € (0, 1),

co > 0 such that for |x — yo| < po

(. —yo) - Vf(x) > colz —yo|' ™ or (z—yo)- Vk(z) < —colz — yo|' T,
(3.13)

then u(t) does not blow up in finite time.
As a direct consequence of the above theorem, we have:

Corollary 3.2 Under the same assumption as in Theorem 3.5. If MN M’ =0,

then there is no blow-up solution to (3.1) with ||uo||zz = ||QL.x| L2
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Remark 3.2 Note that, in contrast with Theorem 3.3, in Theorem 3.5, the initial
data wug, the functions f(x) and k(x) are not assumed to be radial with respect
to yo. For the general initial data ug with |jug||z2 > ||Qr kL2, it is not known

whether the concentration point of the blow-up solution is a critical point of either

f(z) or k(z).

Remark 3.3 Our arguments are also essentially valid for the general setting on

R for the inhomogeneous NLS
O =i (f(@)du+ Vf(2) - Vu+ k(@)lulFu)

Note that the above equation is in general not conformally equivalent to the

equation
Oyu =1 (Au + /%(x)]uﬁu) :
which was studied by Merle [29].

To minimize technicalities, we shall assume k(z) = 1 in the sequel. The proofs
for the non-constant function k(x) follow essentially the same arguments with
some modifications. Notationally, we write ; = Q11 and Ey = E;; when no
confusion arises, we sometimes denote Ey simply as /. We note that solutions of

(3.1) satisfy Fp(u) < E(u).

3.1.1 Preliminaries

In this section, we collect a few basic results which will be used in the subsequent

sections.

Lemma 3.1 Let u(t) be a solution of (2.1), and let ¢,v € C*R?) be functions

with compact support (up to constants) that satisfy

Vi(z — xo) = W.
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Then,

%/zﬁ(m — xo)|u(t,z)[* dr = 2 Im/ngS(a: — o) - Vu(t, z)u(t, z) dz,
and
% /@(m — o) |u(t, z)|* dx
= —/Agb(:c — x0)|u(t, z)|* do
+4 Re /(VQQb(ZE —x9) - Vu(t,x)) - Vau(t,z) f(x) dz (3.14)
- 2/V¢(x — 0) - V()| Vult, o) dz
- /(A2¢($ —x0) + VAG(z — 70) - V£(2))|ult, 2)|* dz.

Proof. By a straightforward computation,
2 / O — ao)lut,e)Pde = 2 Re / Bo — zo)urlt, 2)alt, x) de
— 9m / D — zo)div (F(2)Vult, 2)) a(t, ) da
— 2m / V(e — z0) - Vu(t, )u(t, o) dr.
Differentiating again,
) % m / Vo(r — z0) - Vu(z)a(z) da
— 2m / V(e — 20) - Vus(a)a(x) do + 2 Tm / Vole — 20) - Vule)un(x) da
— 4Im / V(e — 20) - Vule)a(z) e — 2 Im / Ad(z — wo)u(x)a(z) da
— _4Re / Vo(r — z0) - Vu(z)|u(z) 2a(z) d
4 Re / Vo(z — z0) - Va(2)V (f(z)Vi(x)) do
_9 Re/Agb(m — 2 V(@) Vaulz))i(z) dr — 2 Re/Agb(x ~ wo)lu(z) [ dz
__ / Ad(z — zo)|ule)|* dz + 4 Re / (V20(z — o) - Vulz)) - Vii(e) f(x) da
4 Q/qu(x — 20) - V(| Vu(@)P)f(2) da + 2 / Ad(a — 20) f(2)| V()2 dz
+ [ V0 ) V(o)) (o) do
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from which (3.14) follows upon integration by parts. O

Lemma 3.2 Letu(t,x) be the solution of (3.1) fort € [0,T). Suppose |x—xo|uy €

L2, (x) > 0 and Vi(z — xo) = xfzxfio' Then, fort € [0,T),

s /w x — x0)|u(t, z)|* do
= 8E(up) — 2/(3: —x0) - Vf(2)|Vu(t, z)|* dz.

Proof. As for the previous Lemma, the proof is a straightforward computation.

(3.15)

We remark that ¢(z — zg) ~ |x — 20|? and the regularity (at least H?) of u
guarantees that the left hand side of (3.15) makes sense. O

Lemma 3.3 Let n(z) € CYRY) N WL (RY) and Q = supp(n). Then there is a
constant ¢(N) > 0 such that, for allve H'(RY),

/|v )& 22 (2) de < C(N)</Q”2(l‘)dx>2m
{/Q ()| Vo(z )de+\|vn”m/ z(x)dx}_

Q
Proof. See [32] (Appendix A) or [28]. O

Lemma 3.4 ([44]) For any v € H',

£ 1_( [[v]| 2 )2
2 1Qcllz2

Lemma 3.5 There are positive constants ¢, and cy such that

IVollZ: < E(v).

IVQrx(z)] < crexp(—elz|), VreR.

Proof. 1t suffices to prove the result for Q = Q1. We follow the idea of [4]. From
[36], we know that @) decreases exponentially. Thus, for r = |z| large enough, say
r>re >0, |Q?Q — Q < 0. Hence

sz d*Q 1dQ

3 ST 5@ o= QPQ - Q <0.
It follows that, for » > ry + 1, one has
022> [1 %545 = Q(r) - Qr 1) = ~Cexp(~C(r — 1),

dr ,_y1 dr
which implies the result. O
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3.1.2 L2?-concentration

For the homogeneous NLS, blow-up phenomena have been observed in L? as well
as in H'. Particularly, concentration occurs in L? for blow-up solutions. This
phenomenon persists in the inhomogeneous case and the corresponding results
are stated in Theorems 3.2 and 3.3. We investigate this in detail and give the

proofs of these results in this section.

General case First of all, we introduce a crucial lemma which is essentially
due to Merle [29] (Propositions 2.4, 2.5 and Corollary 2.7) (see also [45] for the
second part). For the reader’s convenience, we shall give a sketch of the proof

here.

Lemma 3.6 ([29]) Suppose f(z) satisfies (H1)-(H2) and let {u,} be such that

|lunllz2 < c1 and Ep(uy,) < co;

A = ||Vug |2 /|| VQL| L2 — 00 as n — oo.

Then there exist x,, € R? such that for all R > 0,

HunHLQ(B(mn,R)) >

lim inf
n—co  ||Qfa, |2

Moreover if ||uy||z2 — |QL||z2 as n — oo, then there exist T,, € R% 0, € R such

that

1. T, _
—ew"un( e ) — Qr(+) in H' asn — oo.

Sketch of the proof. We follow the idea of [29] and [18]. First of all, we introduce

the following non-vanishing result.

Lemma 3.7 Assume that v, € H' such that

/\vn(x)Ide < ¢, /\an(x)|2dx < ¢o, /|vn(x)]4 > 3.
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Then there exist a constant ¢y = cy4(cy, ¢, c3) > 0 and a sequence {x,, € R*} such

that

/| o v, (2)|2dz > cy. (3.16)
T—Tn|<

Proof. Clearly there exists {x, € R?} such that for all n,

/S fo(2) 'z > 5 / (V0a(2) + () P,

Sn

where S, is the unit square of center z,, and ¢5 = c3/(2¢; + 2¢2), for if not, we
would obtain ¢3 < ¢5(c; 4 ¢2) < ¢3/2 which is a contradiction. Therefore it follows

from the Sobolev inequality that
1/2
([ tiar) < [ (90 + )P
Sn Sn
which implies
/ v, (7)|*dz > ¢ > 0, (3.17)
Sn

where ¢, cg are independent of n.
To see (3.16), assume by contradiction that there is a subsequence {v,} (rela-

belled) such that
; v, (7)|?dz — 0 as n — oo,
which implies
Vp(zn ++) — 0 weakly in L?(S;) as n — oo, (3.18)
where Sy is the unit square centered at the origin. Moreover we can assume that
VT, +-) — v weakly in H'(Sp) as n — oo,

for some v € H'(Sp). Then

Vp(2, + ) — v strongly in L*(Sp) as n — oo. (3.19)
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Thus it follows from (3.18) and (3.19)

v, (7)|*dz — 0 as n — oo,
Sn

which is a contradiction to (3.17). The lemma is proved. O

The proof of the second part of Lemma 3.6 can be found in [45], hence is
omitted here. In the following, we verify the first part of Lemma 3.6 by making
use of the concentration compactness principle. For simplicity, we will only prove
a weak version of the result. The proof of the strong version is essentially the

same and makes use of the observations that

sl = L2

lim sup [f(=-) — f(-L)| =0, VR>0,

n—=00 I _yi<R . An

where A, = |[|Vu,||r2 — 0o as n — 0.

Lemma 3.8 Suppose f(x) satisfies (H1)-(H2). Let {u,} be such that ||u,l|/3. <
Ci1, Er(u,) < Cy, and ||Vuy| 2 — o0 as n — oo. Then there exists {x,} such

that for all R > 0,

lim 1nf Hun HLQ(B(CEMR))
n—oo Q|

Proof. We argue by contradiction. Suppose there are Ry > 0,7 > 0 and a

> 1.

subsequence {u,} (relabelled) such that

sup ( / |un<y>12dy) < Q0 — 0.
z€ER? |z—y|<Ro

Consider the scaling
Un(®) = Ay un (A, '),
where \, = |[|Vu,||z2. It is easy to verify that

1UallZe = llunllz < Cr (VU2 = 1,

Ep(uy,
i B3 (0) = it 5 <0

s ([ ) <1QulE . W0 < R R
lz—y|<R

zeR?
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Therefore, extracting a subsequence (still labelled by U, ), we have

/ \Up(2)[*dz > 2L/ |VU,(2)|?dx — L = L, for large n, (3.20)
lim inf (sup/ |Un(y)|2dy) < |1Qcllzz — v, VR >0. (3.21)
n—o0 \zeR2 Jiz—y|<R

Applying the concentration compactness principle, by Lemma 3.7 (and its proof),

we have the dichotomy

such that, for a sequence {z! € R?} and some ¢, € H',

Ul(xl +-) — 1 weakly in H', locally (strongly) in L* and L? as n — oo,
/ U, (2)[*dz > C,  and / UL (z)|2dz > i,
lz—a}|<1 |lz—zl|<1

where C' and 7, are positive constants depending only on C and L.

On one hand, from (3.21) we have

liminf/ UL () Pz < | Qul%e — 70, VR >0,
|lz—z}|<R

n—oo

By usual techniques of concentration compactness method, we have a suitable

choice of U! such that

U + 1T = 1Ual|Z2 — 0 asn — oo, (3.22)

< lall3e = tim U2 < 1QuIs — o (3.23)
On the other hand,

Er(¢1) + liminf B (U})

n—oo

IN

liminf(EL(UY) + EL(T)))

< liminf E,(U,) < 0
Therefore, by Lemma 3.4 and (3.23),

liminf B (U}) < —EL(¢) < 0.

n—oo
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Thus, extracting a subsequence (still labelled by U!), we have

T2, - CL < Cy— and liminf EL(U}) < 0.

n—oo

Redefine the sequences
Ao = VU2 and Uy (x) = N\ UL, ).
Then, extracting a subsequence if necessary, we have

|Unll72 = C} < Cy =y, liminf B (U,) <0,

n—oo

lim inf <sup/ |Un(y)|2dy> <|Qcll32 — v, VR > 0.
lz—y|<R

n—oo z€ER?

[terating the same procedure we can get

where, for some {z? € R?},

/ U2(2)Pdz > .
|lz—x2|<1

38

Define p as the number such that —py; +C1 < ||QL||3.. Applying the same pro-

cedure at most p times, we can find j < p and a function UJ such that (extracting

a subsequence if necessary) for large n
Er(U)) <0 and [[U7[72 < |Qul7z-

This contradicts Lemma 3.4 and completes the proof.

O

With Lemma 3.6 and the conservation of mass and energy in hand, we can

prove Theorem 3.2 easily.

Proof of Theorem 3.2. The proof makes use of the observation that Fr(u) < E(u).

Part (i) follows directly from Lemma 3.6 and the conservation of mass and energy.

Part (ii) is essentially the same with that of Proposition 1 in [31].

O



3.1 Blow-up analysis on R? 39

Radial case Throughout the remainder of this subsection, we assume that
f(z) and the initial data ug are radial (w.r.t. o), f(z) satisfies (H1)-(H2) and
(3.5) holds.

Let u(t) be a blow-up solution with blow-up time 7". By the uniqueness of the
solution, it is easy to see that u(t) is also radial. We first establish some useful

estimates by making use of Lemma 3.1.

Lemma 3.9 Suppose that property (A) in Theorem 3.3 holds. Then for any R >

0, there exists a constant ¢(R) > 0 such that

/0 (T — 1) /| Vult.a) s < o(R) (3.24)

T
/ (T — t)/ lu(t, z)|*dzdt < c(R). (3.25)
0 |z—z0|>2R
Moreover, ¢(R) can be chosen to be decreasing in R.

Proof. As in [33], we choose an auxiliary function ¢ with certain smoothness on

R such that

T, 0<r<l,
B r—(r—1)3, 1<r<1+1/V3,
#lr) = smooth with ¢’ <0, 1+1/\/§§r<2,
\O, r > 2.

Define, for R > 0,
vr(r) = Ro(r/R)
and
o) = [ oo,
It is easy to see that
Apr(z) =2 for |z| <R
IVAGr(z — x0) - V()| 4 V(2 = Adp(z — x0))/?| < % for all z € R?

|A2¢p(z)| < % for all z € R?.
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Since f(z) is radial, we can find nonnegative radial functions 1) such that for all
x € R?,

_ Vor(r — xo)
flx)

Taking ¢ (x) = ¢g(z — 20) in Lemma 3.1, and using the identity

Yr(r —xo) ~ ¢r(x — 29) and Viog(z — x0)

(V36R(r) - V) - Vit = @ly(nln]? = () [Vl
we obtain for any ¢ € [0,T),
[ vale = au)lutt, )P
—{ [ vnte - awluato) P
+ 2t Im /ngR(x — x0) - Vug(z)to(z)dx + 4E(u0)t2}
+ [6=9] [- doute - rauts. o)t
+ [ Aehlle = aal) = DF@)ITu(s, )P s
- Q/Ot(t - s)/ngR(x — w0) - V@) |Vuls, o) Pdxds

_ /0 (t— ) /(A2¢R(x — 20) + VAGR(x — w0) - VF(&)|uls, z)2dwds
= I+ 1T +I1I1+1V. (3.26)

First, we note that
1 1
V| <Ct | =+ = t T). 2
v <cC <R+R2)’ Vit € [0,T) (3.27)

Next, we observe that it suffices to prove this lemma for small R, say, R < pg/2.

In view of the fact that

Orjr —x0]) =1 <0< 2— Adgr(x — x0)
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and that these functions are supported in Qg = {|z — x| > R}, it follows from

Lemma 3.3 that

/(2 — A¢p(x — x0))|u(t, z)|*dx

< Cllu®)l1z2(p) /(2 — Adr(z — 0))|Vu(t, ) dz
+Clu(t) |22, IV (2 = Agr(z —20)) 2|7 (3.28)

By (3.28) and (3.26), for any 0 <t;, <t < T,

[ (t—s) [ {401 = Gl — zo))f(2)

Qr
—Cllu(s) 720 (2 — Adr(r — 20)) }|Vu(s, )| *dzds

< / Vnlx — 20)|ulte, 2)|2dz + AB(u)(t — t)?
L2t — to) Tm / Von(x — x9) - Vult, 2)ilto, z)dx
_ Q/t (t 3)/V¢R(x—:}c0)-Vf(m)|Vu(s,x)|2dxds

- / (t—s) /(A2¢R(a: — 10) + VA¢r(x — 20) - Vf(2))|u(s, )|*dxds

to

+O[u(®)]| 720 V(2 = Adr(e — 20)) |7 (t — to)*. (3.29)
As supp(¢r) = {|r — zo| < 2R} and 2R < py and, by (3.5),
Vor(x —x0) - Vf(x) >0, VreR?
we have, for all ¢ € [0,7),

/ (t— ) / Von(z — z0) - V F(2)|Vu(s,z)dzds > 0.

to

Moreover, analogous to (3.27) we have

/t (t— ) /(A%R(:@ — 20) + VAGR(x — o) - VF(@)|uls, z)2dwds

11
< —t)? =4+ —=].
< Ot —to) <R+R2>
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By the property (A), for any € > 0, there exists 0 < t, = t.(R, €) < T such that
/ lu(t,z)?dx <€, Vt.<t<T.
le—zo|>R
It is obvious that
/|Vu(t,x)|2dm < C(ty) for 0 <t <ty

also, it is easy to check that

(1= (e — wo]) ()
e 2 Adnle—z) 2O

2 — A¢p(r —x9) =2, for |z — x| > 2R.

Therefore choosing € > 0 small enough and ¢, = t, in (3.29), we obtain (3.24)
for R < po/2 as t — T. As the left hand side of (3.24) is decreasing in R, the
inequality holds for all R > 0. The proof of (3.25) is similar. O

Lemma 3.10 Suppose in addition that property (A) holds. Then
T
/ (T — 1) / (z — 20) - V£ (2)|Vult, 2)2dwdt < C (3.30)
0 |z—x0|<po
for some positive constant C' which may depend on py.

Proof. Choosing R = pg in (3.26), we have

¢
2/ (t—s) / (x — x0) - V£(2)|Vu(t, z)*dzds
0 lz—z0|<po
< I+11+1V

- /ot“ =) /| Vipo(x — o) - Vf (2)|Vult, 2) *dads,

which implies (3.30) in view of Lemma 3.9. O

Proof of Theorem 3.3. First of all, (B) implies (A) by the conservation of mass
and the inequality

1
/| ) < ﬁ/\x — woPlult, 2)[dx, VR > 0.
T—xTo|>
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Now we prove that (A) implies (B). By our construction of the auxiliary functions,

it is easy to see that

IVor(z — 20)]* = 0k (Jx — 20]) < 20r(2 — 20) < Chr(r — 20).
Thus by (3.26), (3.27), Lemmas 3.9 and 3.10, Holder’s inequality, and the fact
that |Vog(z—1x0) - Vf(z)] < C (which follows from (H2)), we obtain, for R > po,

/¢R(SE — o) |u(t, z)Pdx

1/2
> /@Z)R(x — o) |ug(z)|*dw — 2T <C/1/)R(x — x0)|u0(x)|2dx) | Vug|| L2
— 4 |BE(up)|T* + T + 1V

T

— 2/0 (T — s)/_ ; Vor(z — x0) - V()| Vu(s,z)|*dzds
T

- 2/0 (T —s) /I_IM Von(z — z0) - VI(2)|Vuls, z) 2dzds

> O /wR(x — x0) |ug(z)|Pdw — Cs, (3.31)

where the constants C', 5 are independent of R.

If |x — zo|up ¢ L?, then (3.31) leads to

lim lim inf/l/JR(I — o) |u(t, z)Pdr = co.

R—oo 1T

but this contradicts

. . 2 _
ltlTI%l/l/JR(x xo)|u(t, z)|*de =0

which is a consequence of property (A). Hence |z — xo|ug € L?.

Let ¥(x) > 0 be such that

r — X9

Vip(x —x9) = o)

Then, by Lemma 3.2, we have
/w(aj — xo)|u(t, z)Pdx
= /¢(m — o) |ug ()| Pdxw + 2t Im/(z — 1) - Vug(x)tg(z)dz (3.32)

+ 4B (up)t* — 2/0 (t—s) /(x — 20) - Vf(2)|Vu(s, z)[*dxds.
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Furthermore, we note that 1 is radial and v, ©)g may be chosen such that

¥(0) = ¥r(0) = 0,
which implies
]%im Vr(r — 30) = ¥(x — 70), VI €RZ

Subtracting (3.26) from (3.32), we have

/(1/’@ — x9) — Yr(z — x0))|u(t, z)|*dx
= /(@/)(f —x0) — Yr(T — 30))|Uo(7)|*dx
+2t Im/((l' —x9) — Vogr(r — x0)) - Vug(x)to(x)dx

—2/0 (t—s) /((a: —x0) — Vor(z — 20)) - Vf(2)|Vu(s, x)|*dvds
I -1V, (3.33)

It is clear that

lim |(z —x¢) — Vor(x — x0)| = 0. (3.34)

R—oo
By Lemma 3.9 and the Lebesgue dominated convergence theorem, for all t € [0, 7)),
lim I1 =0
R—oo
t
I%im (t—s) /((a: —20) — Vor(z — 70)) - Vf(2)|Vu(s, x)|*drds = 0.
— 00 O

Hence, by (3.33), (3.34) and (3.27),

i { sy [0t~ 20) = vae = aulutt. 0P b =0
R—oo | 0<i<T
Therefore for any € > 0, there exists R > 0 such that

/w(x — o) |u(t, 2)Pdx < /1/13@ —xo)|u(t,z)]Pdr +¢, t€[0,T),

and the desired limiting behavior follows. O
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3.1.3 Existence

In this subsection, we construct blow-up solutions under appropriate assumptions
on the function f(z) and the initial data and prove Theorem 3.4. Throughout
this subsection, we assume f(z) satisfies (H1)-(H3) and that (3.6) holds. Hence

we can find a nonnegative real function ¢ (x) such that

T — X9

flx)

The proof of Theorem 3.4 is now presented in the following two cases:

(& —x0) ~ |x —wo* and  Vi(z —x0) =

Case of global minimum We first consider the case where x is a global
minimum of f, i.e., (3.7) holds. The proof of Theorem 3.4 in this case is direct
and elementary but useful.

First, we assume that ug satisfies that |z —zo|ug € L? and E(ug) < 0. Suppose

u(t, x), the solution of the Cauchy problem (3.1), is defined for all time. Consider

o) = [ vle = zo)lutt.o)Pde = o
By Lemma 3.2 and (3.7), we have, for all £ > 0,

y(t) = y(0) +ty'(0) + 4t*E(uo)

- 2/0 (t—s)/(m—xo)-Vf(x)|Vu(s,x)|2dmds,
< y(0) 4ty (0) + 4t* E(uy).

Since F(up) < 0, the right hand side of the above inequality is negative provided
t is large enough, which is a contradiction. Hence u(t, x) blows up in finite time.

Now, for all € > 0 and A > 0, define
wea(z) = (1+ N QL (N Nz — 20)). (3.35)
Then we have

[weallzz = (1 + €)[|QLllz2
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and

Bllos) = Exlwa) + 5 [ (7(2) = f(ao)) [V (@) do.

By a scaling argument,

Bulwes) = (1+0*55Fu(Qr)
H1+ 0 = (14955 [ 1Qula)ltde
Since Er(Qr) = 0, there exists ¢(¢) > 0 such that
Erwoy) < -9 waso. (3.36)
By Lemma 3.5 and the assumption (H2), we have
3 [ G0~ fe) Voalds

< C'/|x—x0|]VwE7)\(x)|2d:U

< C(l+e)? KE—Je_C?§dx

C >
< S(+er (3.37)

Thus, it follows from (3.36) and (3.37) that for € > 0, E(w. ) < 0 for A small
enough, say 0 < A < A(e). Consequently ¢ = we x() satisfies the conclusions of

Theorem 3.4. In particular ¢y = oo.
Case of local minimum Now, we consider the case where z( is a local

minimum, i.e., (3.8) holds.

By the argument for the global minimum case, we have the following:

Lemma 3.11 Ve € (0,1), for all A(e) > 0, there is a ¢. € H* such that
(@) [[@cllz = Qrllz2 + €,
(b) E(¢e) = —Ale),
(c) /|x — 20|?|de(2)|?dx < ¢, where c is independent of € and Ale),
(d) ‘/(m —20) - Vo (2) ¢ (x)dx| < ¢, where c is independent of € and A(e),

(e) ¢c(x)is real for all x,

(f) as e — 0,||Vo.||r2 — oo, and |¢€(ZL‘)‘2 — ||QL||%25$0 in the distribution sense.
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The rest of this subsection will be devoted to proving the following claim from

which Theorem 3.4, in the local minimum case, follows.

Claim For A(e) sufficiently large and e sufficiently small, the solution w.(t) with
Cauchy data ¢, blows up in finite time.

We argue by contradiction. Suppose that, as € — 0, A(e) — oo and wu,(t) is

globally defined in time. First, we make the following observation:
Lemma 3.12 Lett, — oo as € — 0. Then
IVue(te)||pz2 — 0o ase— 0.
Proof. Suppose there exists a sequence {¢,} such that
Ve, (t, )|z < C ase, — 0.
Then by the Gagliardo-Nirenberg inequality and the conservation of energy,
|E(¢e,)| = [E(uc, (te,))] < gl!VUen(ten)lliQ + illuen(tm)llizx <C,
which contradicts the fact that

|E(¢e,)] = A(en) — 00 as n — o0.

The proof of the Claim follows in three steps:

Proposition 3.1 (Concentration properties of u(t)) For all € > 0, there exists

€0 > 0 such that Ye € (0,¢y) and Vt > 0,

/ |u5(t,x)|2dx—/Q%(x)dx <€, (3.38)
|x—xo| <€’

and

<. (3.39)

/ (£, 2)|2d
|x—x0|>€



3.1 Blow-up analysis on R? 48

Proof. The proof is based on the fact that z( is a local minimum, and Lemmas

3.6 and 3.12. First, by the assumption (H1) we can find v > 0 such that

fz
Qsols = 12T > 2y, v e B2 (340

For each € > 0 and 0 <7 < po/4, let

T... = sup{t € B: [uc(t) 3o = 1Qul2 — 7} (3.41)

By Lemma 3.11, it is easy to see that T, , > 0 for 0 < € < ¢y where ¢y > 0 is some
constant possibly dependent on 7 and v. In fact, T¢, = oo provided e is small
enough.

Indeed, suppose, on the contrary, that for a sequence ¢, — 0, T, , < co. Let
un(x) = ue, (1t r, ). Then, by Lemmas 3.11 and 3.12, u,, satisfies the assumptions

of Lemma 3.6. Therefore there exists {x,} such that
VR >0, liminf (lunll 2B, ) 1Qf @I z2) = 1. (3.42)
Now, for sufficiently large n, we have
|20 — o] < 21 < po; (3.43)
for, if not, by (3.40)—(3.42), we have

lim inf [ju,[|7: > Hminf [Ju[|7e g ) + 50t w7z ge- g
n—oo n— oo n—aoo

v

1QLlZ — v+ lim inf [un |72 (B0 )

> [|QullZ: +
which is a contradiction to Lemma 3.11. Furthermore
Tn, — Tp asn — 0. (3.44)

To see this, from (3.42) we have Vé > 0 and for n sufficiently large

eIz = lualll: = (1= Qs iz

= (- oL
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Since ||¢e, |32 — ||QLll32 as n — oo, and € is arbitrary, we have

limsup f(z,) < L= inf f(z),

n—00 z€R2
from which (3.44) follows in view of (3.43) and (3.8). As a result of (3.44), (3.42)
implies that

hﬂg)lf ||Uen (Tenar>||2L2(B(x0,r)) Z hgligolf ||u6n (Ten,r) H%Q(B(zn’%))
- liif_l)icgf ||Un|’%2(3(xn,g))
> [ Qrll7z,

which is a contradiction to the finiteness of 7¢,. Therefore there exists ¢, > 0
such that for 0 < € < ¢, T¢, = 0.
Now we are in the position to conclude the proof of the proposition. Suppose

there exist ¢ > 0, €, — 0 and ¢, such that

/|HO|<€,|“n(f”>|Zd~”’f— / Q. (x)2dx

where u,(x) = u,, (t,, ). By the conservation of mass and Lemma 3.11, this is

> e,

equivalent to

| ) < [1Qua)Pds — ¢, (3.45)

Choosing r = min{¢’, py/4} and v = min{€'/2, ||Q[|3./2} in (3.41), since T, , = o0
for 0 < e < ¢y(r,y) we get

6/

[ u@)Pde > fenlBaqogey o = N2l = 5,
|x—xo| <€
which is a contradiction to (3.45). 0

Proposition 3.2 (Energy estimates away from the concentration point) For

0 < B < R < po, there exists €y > 0 such that Ve € (0,¢y) and ¥Vt > 0,

/ (t— s)/ |Vue(s, z)|*dzds
0 |z—wo|>R . (3.46)
< ¢+ (o + csE(u))t? + cle) /0 (t — 8>/5 \Vuc(s, z)|*dxds,

<|lz—z0|<R

where ¢; are independent of €, c(€) > 0 and c(e) — 0 as e — 0.
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Proof. The proof follows from Lemma 3.1 by choosing suitable functions ¢ and

¢. Indeed, consider a radial function ¢ € C*(R?) N W4 (RR?) satisfying

20(z) = o for |z[<p,

20(z) < |af* for |z > 5,

o(r) = ¢ for || > R,
Vo(x)-x > 0 for all z,
Ap(z) < 2 for all =z,
and, for 3 < |z| < R and Vv € C?,
(Jo]* = (V?¢-v) - 1) > 0. (3.47)

The existence of such a ¢ can be proved easily (see Section 3.1.2), hence the proof

is omitted. In view of (3.6) and the fact that ¢(x — xy) is radial, it is easy to see

that the integrability condition CUII(W) = 0 holds. Thus we can find a
nonnegative function ¢ (z) such that
Y(x — x9) ~ |z — z0[* locally, and  Vi(z — z) = W.
T

We note, in particular, that ?ﬁ(x) is a positive constant for |z| > R.
By Lemmas 3.1 and 3.11, integrating w.r.t. x and ¢, we have Ve > 0 and
Vit > 0,

0 < /zz(x—mo)me(t,x)ﬁdx
_ / B — 70)| 6. (x)2dz + 2t Tm / Vo(r — 1) - Vb (2)e(2)da
+ /0 (t 5){— / Aoz — 20)|uc(s, z)|'dz .
44 Re/(v2¢<g;  29) - Vu(s,2)) - Vai(s, o) f(x)dz
- 2/V¢(m — wo) - V(@) |Vaud(s, )|2de
_ /(A%(x — 20) + VAG(@ — o) - VF())]ues, :c)|2da:}ds.
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By the conservation of mass, Lemma 3.11 and the properties of @ and ¢, there

exist positive constants ¢, co independent of € such that

— C1 — C2t2

SL[G—Q{—/AMw—%WM&@PM
+4Rg/ﬂﬂﬂx—%fVm@Jﬂ-Vmﬁwﬁ@Mx

—Q/VMx—myVﬂ@Wm@JWM}M
- A?v—@{&ﬂm>+/;%E;2—wa—xww%@wﬂwx

+ 4 Re/ (V2¢(x — 0) - Vue(s, 7)) - V(s, ) f(x)dz
le—z0|>8

(3.49)

—14 |Vu(s,2)|* f(z)dx

|x—x0|>3

- Q/ng(m — ) - Vf(x)|Vue(s,x)|2da:}ds.
By (3.47) and the fact Vo(x — xp) - V f(x) > 0, this implies that
L 2
4/0 (t —s) /|x_x0>R |Vu(s,x)|” f(x)dzds

< e+ (e +4E(u))t?
-5 2 — Aj(x — x0))|ue(s, z)|*dzds. 3.50
AR ECERCCEETAe) (3.50)

Since Q = supp(2 — Ag(z — zg)) = R?*\ B(xy, ), it follows from Lemma 3.3 that

- a6tz - zoplutt.o)f'a

< Cllu®)llzzo) /(2 — Ag(z — x0))|Vult, z)|*dz
+ Cllu(t)|120) IV (2 = Ag(z — 20)) 2| 7. (3.51)

The following observation, which follows from Proposition 3.1, then completes the

proof:

sup/ luc(s, z)*dz — 0 ase— 0.
20 J|z—z9|>R
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Conclusion of proof of claim and proof of Theorem 3.4. By (3.8), the fact
(x —x0) - Vfx) >C>0 for 0<f<|z—x0 <Ry < po,
and the hypothesis (H2), we note that
|(z — @) - Vf(z)] < C.
Consequently, Proposition 3.2 implies that for small € > 0
t
/ (t—-s) / (z — 20) - V£(2)|Vu(s, z)*dzds
0 |z—x0|>Ro
< ¢+ (e + c3B(u))t?
t
vetd [-9) [ (v = 20) - V(@) Vue(s, ) Pdads,
0 B<lz—wo|<Ro

where ¢; are positive constants independent of €, and c(e) > 0 with ¢(e) — 0 as

e — 0. Hence, by Lemma 3.2, for all ¢ > 0 and 0 < € < ¢ (small enough), we

arrive at
0 < /w(x—xo)|u€(t,x)|2dx
— [t~ w06 @)Pde + 1B )7
+ 2t Im/(m —x0) - Vo (2) ¢ ()dw
-2 t—s r —x0) - Vf(2)|Vu(s, z)|*dxds
/0t< [ ) VI Tudsa)
— 2/ (t—s) (z — ) - Vf(2)|Vue(s, )| *dzds
0 lz—z0|>Ro

< o+ et — c3A(e)t?,
where c; are positive constants independent of €. It is obvious that this inequality
is a contradiction to the assumption that A(¢) — oo as € — 0. The claim is thus

established, and the proof of Theorem 3.4 is complete. O

3.1.4 L’-minimality

We have seen in Corollary 3.1 that if ||ug||zz < ||@QL||z2, then the solution wu(t)
of the Cauchy problem (3.1) is globally defined. On the other hand, in previ-

ous section, with suitable assumptions on f(x) and sufficiently small €, we have
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constructed a family of initial data such that ||¢c||;2 = ||QL||z2 + € and the cor-
responding solutions blow up in finite time. If the solution u(t) of (3.1) blows up
in finite time with |lug||z2 = ||@QL||z2, it is called an L?-minimal blow-up solution.
In this subsection, we focus on such solutions and prove Theorem 3.5. First, we

give some preliminary results.

Lemma 3.13 ([28]) Let u, € H'(R?), ¢y > 0 and Ry > 0 be such that Er(u,) <

co, lunllZs <NQLIP, V|2 — 0o as n — oo, and
/ |un(:l:)|2 de < C,
|z|>Ro

where C' is independent of n. Then, there exists a positive constant C depending

only on Ry and cq such that, for all n,
/ |V, (z)> dz < C.
|z|>4Ro
Lemma 3.14 For allt € [0,T),
/(f(x) — L)|Vu(t, z)]*dr < 2E(uy).
Proof. The result follows from Lemma 3.4 together with the observation
E(uo) = E(u(t)) = Er(u(t)) + /(f(x) — L)|Vu(t, )|*dx.

O

Lemma 3.15 Let u(t) be the solution of the Cauchy problem (3.1) with ||ug||r2 =
|Qcrllz2 and |u(t,z)|* — ||QL||7204, in the distribution sense ast 1 T. Then there
exist x(t) € R? and 0(t) € R such that z(t) — o and

ﬁew(ﬂu(t, x(t) + ' j\égt)> — Qr(-) in H ast — T, (3.52)

where \(t) = ||Vu(t)||12/||VQL| 2 — o0 ast — T.
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Proof. This follows from Lemma 3.6. O

Proof of Theorem 3.5 (i). The proof comprises the next three propositions.
Proposition 3.3 (Concentration) There exists x(t) € R? such that

lu(t,z + 2(t))|* — |QLl|3200, in the distribution sense ast 1 T. (3.53)
Furthermore, for each r > 0, there exists a c(r) such that for allt € [0,T),

/ \Vu(t, z)]2dz < c(r). (3.54)
|lz—z(t)|>r
Proof. By Lemma 3.6, there exists z(t) such that for all R > 0
fim inf lu()l r2(B),r) = Q| z2-

In view of the assumption that ||u(t)||zz = ||uol|z2 = ||@Ll|z2, we get the concen-
tration result (3.53).
For r > 0, by (3.53), there exists ¢, < T such that for all t € [¢,,T),

/ lu(t,z + x(t))*dz < C,
|z|>r/4

where C' is given in Lemma 3.13. Furthermore, we have a constant C(r) > 0 such

that for all t € [¢,,T),
/ \Vu(t, z + z(t))[*de < C(r).
|| >r
The estimate (3.54) now follows from the observation that V¢ € [0,¢,],

/ |Vu(t,z + x(t))Pdr < /|Vu(t,x)\2d:r; <C.
|z|>r

O

Proposition 3.4 (Location of concentration point) There is a yp € M such that

z(t) —yo ast—T.
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Proof. Suppose M = {z;}/_;. We first note that

d(t) = minp{|x(t) —zj|} —0 ast—T. (3.55)

]:17 ).

Indeed, suppose, by contradiction, that there are t, — T as n — oo and v > 0
such that

d(t,) >~y and min|z; — x| > 27.
7k

Denote

D =R*\ ¥_ B(z;,7/2).

By the assumption f(x) > L+~ for |x| > Ry in Theorem 3.5, there is 73 > 0
such that
fx) = L>x, VoeD.

Clearly B(xz(t,),~/2) € D for all n. Thus by Lemma 3.14,
/ IVu(t,, z)*dr < / |Vu(t,, v)|*dr < c(v),
lz—z(tn)|<v/2 D
for all n. Choosing r = /2 in (3.54), we get a contradiction to the fact

|Vu(ty, z)||zz — 00 asn — oo.

Therefore d(t) — 0ast — T.
By the concentration (3.53) and the conservation of mass ||u(t)||r2 = ||uol|z2 =
|Qrl| 2, we can see that there is one point yo € M such x(t) — yp as t — T
Indeed, following the idea in [29], let p = § min;.{|z; — a|; zj, 2, € M} and
¢ € C*(R?) be a cut-off function such that

o(r) = 1 for |z| < p,

<

—

&
Il

0 for |z| > 2p.
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By (3.54), (3.55) and the computations in Lemma 3.1, we have

d 2
G [ ota = aplutt.)Pas

< 2 ‘Im/f(x)qu(x —x;) - Vu(t,z)u(t, v)dx

1/2
< ¢ / \Vu(t, z)|[*dx < c
p<lz—x;|<2p

Therefore there exists e; > 0 such that

/ < /gb(x - Ij)|u(t,x)|2dx —e; ast—T,
lz—z;|<p

which obviously implies the desired result in view of the initial mass. This con-

cludes the proof. O

We remark that by the k(z)-version of Lemma 3.6, it can be shown that
o >
hlﬂ%nfk(x(t)) > K,

hence yp € M’ (the assumption (3.12) is not needed).
The proof of Theorem 3.5 (i) concludes with the following proposition whose

proof is similar to those of Lemmas 4.6 and 4.7 in [29] and is hence omitted here.
Proposition 3.5 Assume yy € M such that x(t) — yo ast — T. Then we have
|z — yol [uo ()| € L7,

and

/ |z — yol*|u(t, x)’dz — 0 ast —T.

Now, we turn to the nonexistence of L?-minimal solutions. Let x, be such that

f(xo) = L, and suppose that there exits ¢y > 0 such that
(z —20) - Vf(2) > colz — 2|7 for z near o,
where ag € (0,1). This implies in particular that
f(x) = L > colz — xo|' T for |z — 20| < po, (3.56)

for some constant pg > 0. More generally, we can claim the following result:
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Proposition 3.6 Assume that f(x) satisfies (3.56) and ||uo||r2 = ||Qrllz2- Then
there is no blow-up solution u(t) of (3.1) such that |u(t,z)|* — ||QLl|3204, in the

distribution sense ast T T, for any T < oo.

Proof. We argue by contradiction. Suppose u(t) is such a blow-up solution. We

claim that
/(f(x) L) Vu(t,2)Pdr — 00 ast— T,

which will be a contradiction to Lemma 3.14. The proof of the claim is based on
the profile of the L?-minimal blow-up solutions described in Lemma 3.15.

For A > 0 and 0 <t < T, denote
Dx(t) ={z e R*| |z — z(t)| < %Aa (z —x(t)) - (o — 2(t)) < 0}
It is easy to see that
|x — xo| > |z —x(t)| for all z € D,(t).

For ¢ close to T', |x(t) — x| < po/2, D1(t) C B(xo, po), and from Lemma 3.15 we

have

[ 2O

> colz — xo) | Vu(t, z)[*dx
|z—z0|<po

> / colr — z()|' T\ Vu(t, z — x(t) + 2(t))|*dx
Dy ()

x_—‘r(t)1+oéo U x_‘r(t) x 21.
= [l s e o)

_ 1 x — x(t)
> eA(t) T ———|Vu(t, 2% + z(t))Pdz
Daen\Di(t) At)? At)
> At VQu ()
D2 (t)\D1(t)
> eA(t) T,

where A(t) = ||Vu(t)||p2 — oo as t — T'. This establishes the claim, and the proof

of the proposition is complete. O

Proof of Theorem 3.5 (ii). The desired result is a corollary of Proposition 3.6
and Theorem 3.5 (i). O
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3.2 Blow-up analysis on T?

In this section, we focus on the space-periodic blow-up solutions of the Cauchy
problem (3.1) with spatial dimension two, i.e., on T?. We will be referring to the
following condition:

(H) f(x), k(x) € C'(T?) are positive functions with L = min etz f(z) and
K = maxger2 k(7).

It is interesting that the L?-concentration and L?-minimality still can be de-

scribed in terms of the ground state solution Q)r, x of
LAQ + K|QI’Q = Q, inR?%

In the sequel, all the omitted underlying domains are supposed to be T?, except

that the L2-norm of Q .k is taken over R?. Our main results are as follows:

Theorem 3.6 (L*-concentration) Assume that f(x), k(z) satisfy (H). Let u(t)

be a blow-up solution of the Cauchy problem (3.1) and T its blow-up time. Then

(i) there is x(t) € T? such that for all (small) R > 0

liminf/ lu(t, z)]Pde > ||Qr k||72; (3.57)
B(z(t),R)

a7

(ii) there is no sequence {t,} such that t, T T and u(t,) converges in L*(T?) as

n — o0.

Theorem 3.6 implies that blow-up solutions have a lower L?-bound, namely,
lu(t)|lr2 > [|Qr.k|lz2- Therefore, as a consequence of the conservation of mass,

we have a sufficient condition for the global existence of solutions.

Corollary 3.3 Assume that f(z), k(z) satisfy (H), then the solution u(t) is glob-

ally defined in time provided ||ug||r2 < [|Qr k|| L2
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Theorem 3.7 (L?-minimal blow-up solutions) Assume ||uo||zz = ||Qrx||r2 and

u(t) is the solution of (3.1). Let f(x), k(x) satisfy (H). Then
(i) there exist O(x,t) € R, z(t) € T? such that

it

e el bt 3 + () = Qua)  strongly in 'R ast 1T,

where \(t) = [|[Vu(t)||22/|IVQr.xllzz and ¢(x) is a cut-off function on R?* which
1s identically equal to 1 for x close to 0;

(i) suppose moreover

M ={z; f(x) = L} is finite (3.58)
or M’ ={z;k(z) = K} is finite, (3.59)

then there ezists yo € M N M’ such that
lu(t,z)|> — ||QLkl|7204, in the distribution sense ast 1T,
As a direct consequence of the above theorem, we have:

Corollary 3.4 Under the same assumption as in Theorem 3.7. If M N M’ = (),

then there is no blow-up solution to (3.1) with ||ug||r2 = [|QrL k|| L2

Remark 3.4 Our arguments are also essentially valid for the general setting on

TV for the inhomogeneous NLS
Bpu = i (f(x)Au+Vf(x)-Vu+k(g:)|u|%u>. (3.60)
Also, the following lemma will be used in our argument.

Lemma 3.16 ([26]) Let {f.} be a bounded family in LY(RY) (0 < ¢ < o0) such
that f, — fa.e. in RN. Then

lim . fn ()| = [f(@)|" = [fu(x) = f(2)]*|dx = 0.

n—oo
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To minimize technicalities, we shall assume k(x) = 1 in the sequel. The
proofs for the non-constant function k(x) follow essentially the same arguments
with some modifications. T? is represented by the unit square [—1/2,1/2]* with
the proper identifications. Thus the functions on T? can be viewed as space-
periodic functions on R2. Also, we shall use the same convention as in the last
section (see the paragraph before Subsection 3.1.1). Particularly, we still have
that Ep(u) < E(u).

We first establish some useful results.

Lemma 3.17 (Non-vanishing) Let ©,, = [=)\,/2,\./2]? be the square of size
A\, € ZF. Assume that v, € H(,) such that

/ v, (2)Pdz < ¢, / Vo, (2))?de < ¢y, / v (2)|* > cs.
O Q, O

Then there ezist a constant ¢y = cq4(cq,ca,c3) > 0 and a sequence {x, € \,} such

that

/ o (2)2dz > 4. (3.61)
|le—xn|<1
Proof. Clearly there exists {z,, € Q,} such that for all n,

@)t = 5 [ (Toa @ + fon(z) )
S'"/ Sn
where S, is the unit square of center z,, and c5 = c3/(2¢; + 2¢3), for if not, we

would obtain ¢3 < ¢5(c; 4 ¢2) < ¢3/2 which is a contradiction. Therefore it follows

from the Sobolev inequality that

(/Sn |vn(l‘)|4dx> V2 < c/sn(|vvn(x)|2 o (@)P)de,

which implies

v, (2)|*dz > ¢ > 0, (3.62)
Sn

where ¢, ¢ are independent of n.
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To see (3.61), assume by contradiction that there is a subsequence {v,} (rela-

belled) such that
/s v, (2)*dz — 0 as n — oo,

which implies

Vp(zp ++) — 0 weakly in L*(Sy) as n — oo, (3.63)
where Sy is the unit square centered at the origin. Moreover we can assume that

Vp(2n ++) — v weakly in H'(Sp) as n — oo,

for some v € H'(Sy). Then

Vp(x, + ) — v strongly in L*(Sp) as n — oo. (3.64)
Thus it follows from (3.63) and (3.64) that
/ |vn(2)|*dr — 0 asn — oo,

which is a contradiction to (3.62). The lemma is proved. O

Lemma 3.18 Suppose f € C'(T?) with L = minget2 f(z). Let {u,} be such that
lunl2: < Ci1, Ep(u,) < Cs, and ||Vuy|lr2 — 0o as n — oo. Then there exists

{x, € T%} such that for all (small) R > 0,

lim ing V2B @0 R) > 1.
n—o0 QL 2

Proof. We argue by contradiction. Suppose there are Ry > 0,7 > 0 and a

subsequence {u,} (relabelled) such that

sup ( / |un<y>|2dy) < Q2% .
z€T? B(z,Ro)

Consider the scaling

Un(r) = Aglun()‘;l*r%
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where \, = [||Vun|r2] ~ [|Vun| 2. It is easy to verify that U, € H*(R?*/(\,Z?))

and

UBagoy = luallZe < o Y [ VUl = 1.
L 1 Ey(un)
3 [ v [t = 2,

sup (/ IUn(y)I2dy) < ||Qcll72 — v, Y0 < R < \,Ry,
lz—y|<R

LEEQn

EL(UTL> =

where €, is the square of size \,. Therefore, extracting a subsequence (still

labelled by U,,), we have

L
/ U () [*dz > QL/ VU, (2)|*dx — 5 > L, for large n, (3.65)
n Q"l
lim inf (sup / |Un(y)|2dy) <|1QLll3z — v, VR>0. (3.66)
n—00 €0y, |£E y|<R

By Lemma 3.17, there exists a sequence {z} € ,,} such that

/ |Un(:1:)|2da: > 7,
|lz—zl|<1

where 7, is a positive constant depending only on € and L. Moreover, we can

decompose U, as follows:
Un(ay + ) = Up(-) + Up(-)
where
(i) Ulz) = 0 if |z| > 2R,, Ulx) = 0 if |z| < R,, with R, — oo and
R,/An — 0 as n — oo;
(ii) / Un(zl +2) >+ | VUL (z) + 2) > + |Upn(zl + 2)[* — 0 as n — oo;
Rn<|z|<2R,
(iii) / UL (x)|*dw +/ UL () 2dx — / U (z)Pdz — 0 as n — oo;
(9% Qn

(iv / VUL )|2dx+/ VO () dx—/ VU, (2)2dz — 0 as n — oo;
Q Qn

/|U 4dx+/ UL (x 4dx—/ \Un(z)*dz — 0 as n — oo.
Qn
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Therefore, there exists 1, € H'(R?), such that, after extraction of a subse-

quence, as n — 00,

Ul(zl +-) — ¢ weakly in H'(R?), locally (strongly) in L* and L.

Consequently, we have

Tim VU ey — 1901 12me) = IVUE = Vb1 [Zaqee) } =0,

and by Lemma 3.16,

l / HUn1|q_ ’w1|q_ ’Ui_wlyq’dx:()a (q:274>
n—0oo [p2
Thus we have

lim {E(U,) = Er(¢1) — EL(U, —t1)} = 0.

Since R, /A, — 0 as n — oo, by (3.66) we have, for large n,

370

U, () [72re) < N1QLII72 — e

which, by virtue of (3.68), implies

Yo 70
10U = 1 ll72rey < 1Qcl72 — 5 and m< [nllz: < 1Qrll7 — -

2

Therefore, by Lemma 3.4 and (3.70),

Er(¢n) +liminf EL(U}) < liminf(EL(U})) + EL(U)))

n—oo

< liminf E,(U,) < 0

Hence, by Lemma 3.4 and (3.70) again,

liminf B, (U}) < —Ep(¢) < 0.

n—oo

Thus, extracting a subsequence (still labelled by Unl), we have

|TH2, - CL < Cy—v and  liminf EL(U}) < 0.

n—oo

(3.67)

(3.68)

(3.69)

(3.70)

(3.71)
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Define
in(z) = MU (Mpz), x € R?/72.

Redefine the sequences
Ao = [IViin|lz2] and U, (z) = XM\, z).

If A\, < oo for all n, then it is easy to see that liminf,,_ EL(Unl) = 0, hence
by (3.71) we have Ef(¢1) < 0 which contradicts Lemma 3.4. Thus the Lemma is
proved. If A, — 0o as n — o0, then, extracting a subsequence if necessary, we
have

lim 1Unll720,) = C1 < Cr—m,  liminf E1(U,) <0,

n—oo

lim inf (sup / |Un(y)|2dy) <|Qcllzs — v, VR>O0.
lx—y|<R

n—oo z€Q,

Therefore, we can iterate the same procedure. Since —pvy; + C7; < 0 for some
finite integer p, applying the same procedure at most p times, we can reach a

contradiction. The proof is complete. O

As in the case in R?, the above Lemma can be strengthened by making use of

the observation that

Qs = X2 iz

lim sup |f(~) — f(L)] =0, VR>0,

nRlayl<k " An
where A, = [|[Vuy,||r2 — 0o as n — co. Namely, we have
Lemma 3.19 Suppose f € CY(T?) with L = min,cr= f(z). Let {u,} be such that

lunl2: < C1, Ep(u,) < Cs, and ||Vuy|lr2 — 0o as n — oo. Then there exists

{x, € T%} such that for all (small) R > 0,

lim Hlf Hun HLQ(B(wn,R))

> 1.
n—oo Qe |2
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Now we are in the position to prove Theorems 3.6 and 3.7.

Proof of Theorem 3.6. The proof makes use of the observation that Fr(u) < E(u).
Part (i) follows directly from Lemma 3.18 and the conservation of mass and energy.

Part (ii) is essentially the same with that of Proposition 1 in [31]. O

Proof of Theorem 3.7. (i) We view u as a space-periodic function on R?. Let

©(x) be a cut-off function as defined in Theorem 3.7. Define
w(z,t) = p(x)u(t,z + x(t)) = |u(t, x)|e—i0(t,x)’

where {z(t)} is from Theorem 3.6. It is easy to see that &« € H'(R?) and
la(t) 2 < ||u(t)||r2re)y = [|@Lllz2- Furthermore, by Theorem 3.6, Lemma 3.13

and Lemma 3.4, we have
IVa(t)| 2wy /|IVu(t)|| =1 ast 1T

and

0< Er(|lu]) <Ep(a) <C

which implies that [|iV0||2r2)y < C and
V@)l 2@ /IIVu@)| — 1 astTT.

Now, define
1 T 1
= — t _) = — 77 t J—

where ¢, T T as k — oo and A, = ||[Vu(ty)||r2r2)/|VQL| r2. Clearly

A
k )

Prll2rey TI1QLIL2, I VIdklll2rey — |VQL| 12

and

0 < Eyfjon) = PR < 2D

Therefore there exist 1 € H'(R?) such that |¢p| — 1 weakly in H'(R?). By a

— 0 as k — oo.

similar argument as in the proof of Lemma 3.18 (see (3.67)-(3.69)), we have

Er(loxl) — EL(¥) — EL(|ox] —¢) — 0 as k — oo,
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which implies E7(¢) < 0, hence Er(¢) = 0 since [[¢]2r2) < [|Qr|z2. Thus,
]l 12(r2y = ||Qcllz2 and || — ¢ strongly in L*(R?). By Gagliardo-Nirenberg
inequality, |¢r| — ¢ strongly in L*(R?), hence strongly in H'(R?) since £ () =
0. In view of the variational characterization of )y, we then can claim that
Y(x) = Qr(x + xp) for some zy € R?. After redefining x(t), we can set xq = 0.
Finally, the desired result follows from |¢y(z)| = qbk(x)eie(t’“ﬁ).

ii) By Lemma 3.19, there exists 2(t) € T? such that for all small R > 0,
(i) By

lim inf w122 5. r)

> 1.
AT Qs |7

Since [|Qf@)ll72 = @ |Qcl|%2, by the conservation of mass and the assumption
that |Jugllz> = [|QLllz2, we obtain limsup,,; f(x(t)) < L. The desired result is
then easy to be verified by a similar argument as in the proof of Proposition 3.4

and the remark followed. O
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