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Summary

The question of whether a positive semidefinite polynomial can be written as a sum of
squares of rational functions was posed by Hilbert in the early 1900s, and this question,
together with some related questions regarding positivity of polynomials have been of in-
terest to many. Polya gave a constructive proof with certain conditions: if the polynomial
p is both positive definite and even, then for sufficiently large N, p- (>_ 22)" has positive
coefficients. (3_ 2?)" is termed as a uniform denominator, and we are interested in several
related questions to Pdlya’s theorem, such as: are there polynomials which can be written
as a sum of rational functions but not with a uniform denominator? An effective bound
for the exponent N has been given by Reznick, but can this result be extended for positive
semi-definite polynomials? What about real-valued positive semi-definite bihomogeneous

polynomials on C"?

We conduct a survey of results on the relations among certain subsets of real and
complex positive semi-definite polynomials which are relevant to the above questions. In
particular, we determine the minimum degree at which we have strict inclusion for number
of variables up to 4, and collate them in tabular form. We also modify existing results of
Reznick for effective aspects of real-valued bihomogeneous positive definite polynomials.

Lastly, we obtain necessary as well as sufficient conditions for Pélya semi-stability of

vil



viii Summary

positive semi-definite polynomials with effective estimates.



Statement of Author’s Contribution

Chapter 2 is a literature survey of the relations among certain subsets of positive semi-
definite polynomials, and presented in tabular forms. As far as we know, this is the first

time such tables have been compiled.

Chapter 3 contains modifications to known results by Bruce Reznick, and they are new.
As for Chapter 4, Section 4.1 to Section 4.5 have been included in a joint paper by the
author and A/P To Wing Keung, which has been accepted by Journal of Complexity.
The author also illustrates an application of the results of Section 4.1-4.4 in Section 4.6

for certain positive semi-definite real-valued bihomogeneous polynomials.
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Chapter

Introduction

1.1 Overview

In 1900, Hilbert asked whether a real positive semi-definite (psd) polynomial in n
variables can be written as a sum of squares of rational functions, and this was known
as Hilbert’s 17th problem. It was well-known by the late 19th century that the set of
real homogeneous polynomials (forms) that are positive semi-definite is equal to the set
of real forms that can be represented as a sum of squares of polynomials (sos) when the
number of variables is 2 or when the degree of the polynomials is 2. Hilbert also proved
that every real positive semi-definite form of degree 4 in 3 variables can be written as a
sum of three squares of quadratic forms, hence leading to his question above.

In 1920s, Artin solved Hilbert’s 17th problem in the affirmative by a non-constructive
method, and later Pdlya [18] presented a proof in a special case: if p is both positive
definite and even, then for sufficiently large N, p- (3. 2?)" has positive coefficients, i.e.,
it is a sum of squares of monomials. This implies that p is a sum of squares of rational
functions with uniform denominator (>~ z2)".

The above leads to some closely related questions: Are there real psd polynomials

which can be written as a sum of rational functions but not with the uniform denominator
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(3= 22)N? What about a psd polynomial that is not a sum of squares of polynomials? If
we were to extend the results for real positive semi-definite polynomials to their complex
analogues, that is, real-valued bihomogeneous psd polynomials, what will they be? What
is the minimum degree for which we have strict inclusion for the set of sos in the set of
psd polynomials in n variables?

Chapter 2 gives a survey of the literature on current results of the above questions,
and we present them in a tabular form (Table 2.1). We also construct examples for
the cases where we have strict inclusions. We investigate the relationships between the
following sets: the set of psds, the set of psds which can be written as a sum of rational
functions, the set of psds which can be written as a sum of rational functions with uniform
denominator (3_ 2?)", and the set of sos. Table 2.1 presents the above inclusions for the
cases n = 2,3 and for n > 4.

For Table 2.2, if set A is a strict subset of set B in Table 2.1, we show, with examples,
the minimum degree for which there is a polynomial p that belongs to set B but not A.
We show the minimum degree for the cases n = 2, 3,4, for the above-mentioned sets of
psd polynomials as in Table 2.1, in both real and complex n variables. The case (ii) of
Table 2.2, where we investigate the minimum degree at which there exists an example in
4 real variables that is a psd which can be written as a sum of rational functions but not
with uniform denominator, is an exception as we are unable to give a conclusion to the
exact degree.

For a positive definite form p of degree d, Reznick [23] has proved effectively that
(3= 22)Np is a positive linear combination over R of a set of (2N + d)-th powers of linear
forms with rational coeffcients, and hence it is also a sos. The restriction to positive
definite forms is necessary, as there exist psd forms p in n > 4 variables such that (> z2)Vp
can never be a sum of squares of forms for any /N, due to the existence of bad points, which
was studied by Delzell [8]. In a paper by Reznick [25], he showed that there is no single
form h so that if p is a psd form, then hp is sos. Furthermore, there is not even a finite

set of forms so that if p is a psd form, then any h from this finite set of forms will ensure



1.1 Overview

that hp is sos. The proofs for these two results require the existence of forms which are
psds but not sos. Hence if we are able to show the existence of forms which are positive
definite but not sos, then the above results will hold for positive definite forms. This is
shown in Section 3.1, for the case of real variables as well as their complex analogues.
For a real positive definite form p of degree m in n variables, Reznick [23] has shown

that if
nm(m—1) n+m
Z Wog2)ey) 2

where €(p) is a measure of how ‘close "p is to having a zero, then (>~ 22)¥p is a sum of

(1.1)

(m 4+ 2N)-th powers of linear forms, and hence sos. Then using the method by Reznick
23], To and Yeung [30] have shown that for a real-valued bihomogeneous positive definite

polynomial of degree m in n complex variables, if

N, > mem -1 (12)
e(p)log2

then ||z||*Vep is a sum of 2(m+ N,)-th powers of norms of homogeneous linear polynomials.
For a real-valued bihomogeneous positive definite polynomial in n complex variables, p
can be written as a difference of squared norms, i.e., p = ||g||*> —||h||?. Furthermore, there
exists some real constant ¢ < 1 such that ||h||* < c||g||?. Using this, we modify the proof
of ([23], Theorem 3.11) in Section 3.2 of this thesis and see that the bound N, can be
slightly improved for some values of c.

Lastly, in an attempt to find an effective bound for the exponent N for a real-valued
bihomogeneous psd polynomial p in n complex variables such that ||z||?"p is a sos, we turn
our attention to Pdélya’s theorem, which says that if f is real, homogeneous and positive
definite on the standard simplex A,,, then for sufficiently large IV, all the coefficients of
(r1 + -+ + z,) f are positive. Such a polynomial f is said to be Pélya stable. In 2001,
Powers and Reznick [20] have found an effective bound for N, and more recently also for
the case when p has simple zeros (zeros only at the vertices of A,), in [21] and [22].

Polya’s theorem and Powers and Reznick’s effective bound can be extended to a result

for certain psd bihomogeneous polynomials in C", where their real analogues satisfy the
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conditions of Pélya’s theorem.

In Chapter 4 of this thesis, we show the necessary conditions (Theorem 4.2.2) for a
positive semi-definite real polynomial p to be Pdlya semi-stable, as well as the sufficient
conditions with effective estimates (Theorem 4.3.10). We also show that these necessary
and sufficient conditions coincide for the case when the set of zeros of p is finite and the case
when n = 3, hence obtaining a characterization of such Pélya semi-stable polynomials.
Section 4.5 also shows an application of Theorem 4.3.10 for a general simplex. The
contents of the sections 4.1-4.5 have been written in the paper ‘Effective Pdélya semi-

)

positivity for non-negative polynomials on the simplex This paper is a joint effort
between the author and Associate Professor To Wing Keung, and it has been accepted
for publication in Journal of Complexity.

Similar to the extension of Pélya’s theorem for certain bihomogeneous psd polynomials
in C", we can extend the necessary and sufficient conditions with effective estimates in

Chapter 4 to a result for certain bihomogenous psd polynomials in C". This will be the

content of the last section, Section 4.6.

1.2 Some Notations and Definitions

Let Z>( denote the set of non-negative integers. For positive integers n and d, we consider
the index set Z(n,d) == {y = (y1,--- , ) € Z% | |7| = d}, where |y| =y + -+ 7. A

homogeneous polynomial (form) f of degree d in R™ is given by

flzy, e xy,) = Z a,z”, (1.3)

v€Z(n,d)

where each a, € R, and 27 := z]'z* - - 2)*. A homogeneous polynomial is known as a

form, and the set of homogeneous polynomials on R™ of degree d is denoted by Hy(R").
Also, we denote by H;(C") the complex vector space of homogeneous holomorphic poly-

nomials on C" of degree d. A real-valued bihomogeneous polynomial on C" of degree d
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in z and Zz is of the form

plz)= > ' (1.4)

1,JET(n,d)
where c¢;; are complex coefficients such that c¢;; = ¢;7 and the set of such polynomials is

denoted by BHy4(C").

The cone of positive semidefinite forms in Hy(R") is denoted by
Py(R™) ={p € Hq(R") | p(x) > 0 Vx € R"}, (1.5)

and the cone of real-valued positive semidefinite bihomogeneous polynomials on BH;(C")

is similarly denoted by
Py(C™") ={p € BH4(C") | p(z) > 0Vz € C"}. (1.6)
For positive definite forms in Hy(R™) (resp. BHy(C")), we have

PDy(R™) = {pe€ HyR") | p(z) > O0Vx € R"}, (1.7)

PDy4(C") = {pe€ BH4C")|p(z) > 0Vz € C"}. (1.8)

The sets of sum of squares (sos) and sum of squares of rational functions in Hy(R") are

denoted by
SaRY) = {pe HyR") [p=> hi}. (1.9)
PQuR™) = {pe HaR") | O _gp=>Y_f} (1.10)
7 k

for hy, fi,9; € Hao(R™). Similarly, the set of sums of squared norms and the quotients

of squared norms in BHy4(C") are denoted by
$a(C") = {p€ BH4C") |p=7_ Im[*}, (111)
k
PQ(C") = {p€ BHJC") | X _lg;I"p =D Ifl*}- (1.12)
j k

for hk?fkvgk < Hd<cn)

We also denote

PQD4(R™) = {p € HyR") | Y _a})"p = i} (1.13)
7 k
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to be the set of sums of squares of rational functions with uniform denominator, and

similarly, the set of quotients of squared norms with uniform denominator is denoted by
PQD4(C") = {p € BHaC") | (Y_ |=1")"p =D Iful*}- (1.14)
i k

We note that all the sums mentioned are finite sums.



Chapter 2

Subsets of the Set of Positive Semi-definite

Polynomials

In the first section of this chapter, we consider the inclusion of the subsets of the set of
positive semi-definite homogeneous real (resp. complex) polynomials with respect to the

number of variables n. The four subsets (defined in Section 1.2) are

e the set of positive semi-definite forms Py(K"),

e the set of forms in P,;(K") that are sums of squares of rational functions (resp.

quotients of squared norms) PQ4(K"),

e the set of forms in P;(K™) that are sums of squares of rational functions with uni-

form denominators (resp. quotients of squared norms with uniform denominators)

PQD;(K"), and

e the set of forms in Py(K") that are sums of squares of monomials (resp. sum of
squared norms) 3,4(K").
Here K =R or C.
In the second section, we again consider the inclusion of the above mentioned subsets
and select the cases in which we have strict inclusions. We then determine the minimum

degree my at which examples occur.
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2.1 Table of subsets of PSD - w.r.t variables

The table below shows the inclusion of subsets of the set of positive semi-definite forms
(in n real and complex variables), with ‘E’ signifying that the two sets in the leftmost
column are the same set, while ‘S’ means that we have strict inclusion for the two sets in
the leftmost column. The symbol R indicates that we are looking at real polynomials for
a column, while C indicates that we are looking at real-valued bihomogeneous complex
polynomials. The letters in parenthesis in the table indicates the part of the proof for
each entry. For example, ‘PQDy; C PQg, n = 3, C, S (g) > means that for 3 complex
variables, PQDy(C?) is a proper subset of PQ4(C?) and the proof is in part (g).

PQ,CP; |E(a)|S() |E(a)|S (D) E(a)|S(b)
PQDyC PQq | E(c) |E(d) | E(e) | S(g)|S(e)|S(h
24 CPQDy [E(c) | S(H) [ S@H) |SEH [SH) ]SO

Table 2.1: Inclusion table for subsets of PSDs - w.r.t variables

Proof.  (a) This is basically Hilbert’s Seventeenth problem which was solved affirma-
tively by Artin in the 1920s. Hence for n > 2, all positive semidefinite forms must

be a sum of squares of rational functions for real variables.

(b) For n = 2, the Hermitian function
p(z1,22) = (|21 = |22]*)? (2.1)

is a positive semi-definite form in P»(C?), but not a quotient of squared norms.
Clearly, since p is a square it is greater than or equal to zero. There are two methods
to see why p is not a quotient of squared norms. Firstly, based on the fact that if

a Hermitian function P is a quotient of squared norms, then the zero set of the
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function must be a complex analytic set, and it is easy see that the zero set of p is a
circle which is not a complex analytic set, implying that p is not a quotient of squared
norms. Secondly, we can use the jet pullback method introduced by D’Angelo [12].
Choose the curve z(t) to be t — (1,1 +1t), then z *p = 2|t|* + t* + > + ---. The
presence of terms in z * p of lowest order 2 other than 2|¢|* causes the jet pullback
property to fail, and hence p is not a quotient of squared norms.

For n = 3, the Hermitian function
q(21, 22, 23) = |21|*|22)?® + |21)?|22]* + |23]° — 3|z12223] € P3(C?), (2.2)

is positive semi-definite, by using the arithmetic geometric mean inequality. How-
ever, it is not a quotient of squared norms as there exists a curve given by z(t) :
t — (t,t +t%t) such that z * ¢ = 2|t[® + t?|t|® + £?|t|® + - - - violates the jet pullback
property.

For n = 4, the Hermitian function

(21, 22, 23, 24) = |21 22 ?|2a)? + |20)| 22|} | 2a]? + |23]%|2a]? — 3|21202324)% € P5(C*),
(2.3)
is psd as well, since r = |24|?q where ¢ is as in (2.2) and |z4|? is nonnegative. Again,
it is not a quotient of squared norms as there exists a curve given by z(t) : t —
(t,t 4+ t2,t,t) such that z * r = 2[t|10 + ¢2|t[8 + £2|t|8 + - - - violates the jet pullback

property. Clearly, for n > 4, the Hermitian function

Tn(Zla"",Zn) = |Zl|4|22|2|24|2"'|Zn|2+|21’2|Z2|4|Z4|2“'|Zn|2 (2.4)

+|25° 24 ]? - - |2n]? = Blz1222324 - - 20 ] (2.5)

is positive semi-definite, since r, = |24|>- - - |2,|2¢ where g is as in (2.2) and |z4)? - - - |2,
is nonnegative. It is not a quotient of squared norms by the jet pullback property,
since there exists a curve given by z(t) : t — (t,t + ¢ t,t,--- ,t), (where there are
(n — 1) t terms) such that z * r = 2[t|*" 2 + ¢2[¢[*" + £2|¢|*" + - -+ violates the jet

pullback property.
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(c)

If p(z,y) € Py(R?), then let f(t) = p(t,1) > 0 for all real ¢, so that the roots of
f can be seen to be either real with even multiplicity, or complex conjugate pairs.
Hence f(t) = A(t)*(Q(¢) +iR(t))(Q(t) — iR(t)) = (A(1)Q(t))* + (A(t)R())*. Upon
homogenization of f, p(z,y) is also a sum of two polynomial squares. This shows
that P;(R?) = ¥4(R?). Clearly, such forms in P;(R?) can be written as a sum of

squares of rational functions with (3" 27)™ =1 as the denominator, for N > 1.

We refer to Theorem 2 of D’Angelo’s paper [13]:

([13], Theorem 2). Let R be a positive semi-definite Hermitian symmetric polyno-
mial in one complex variable. Then R is a quotient of squared norms if and only if
one of the following three distinct conditions holds:

(1) R is identically zero.

(2) R is positive definite and a quotient of squared norms, - - -

(3) The zero set of R is finite, and

R(2) = [[1s = w1 (2)

where r is postive definite and a quotient of squared norms.

The above theorem considers the case when n = 1, but is equivalent to the result in
the bihomogeneous case when n = 2. Given a positive semi-definite polynomial R,
if it is a quotient of squared norms, then we can have the factorized representation
in point (3) of the theorem. By point (3) of Theorem 2, r(z) is positive definite and
a quotient of squared norms. Hence by an earlier result of Catlin and D’Angelo (see
Theorem 0 of [13]), for positive definite r(z), there is an integer k£ and a holomorphic
homogeneous polynomial vector-valued mapping A such that

_ AG)IP

r(z) = e (2.6)

We multiply R with uniform denominator ||z||*® for some integer d > k, and obtain:

N
121PR(2) = [ ] 12 = wiPr(2)] 12> (2.7)
j=1
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We combine (2.6) and (2.7), and we have:

N
(AP
lAPRE) = TTle = (G 1P
j=1

N
= 11z = wlP AP,
j=1

Since the product of sos is sos, and |z — w;| has even powers, the right hand side
of the above equation is sos. This gives the result that for n = 2, all positive

semi-definite forms that are quotient of squared norms have uniform denominators.

By Artin’s result [1], any positive semi-definite form can be written as a sum of
squares of rational functions for real variables. For n = 3, it is a consequence of [6]
that there are no bad points for a form A, such that for any positive semi-definite
form f, h?f is a sos. Hence by Scheiderer ([7], Cor 3.12), such a form h" can be the
uniform denominator (3 2?)". This enables us to see that all positive semi-definite
forms that can be written as a sum of squares of rational functions are forms with
uniform denominators.

On the other hand, for n = 4, such bad points are known to exist. Take for example,
p(x,y, z,w) = w(aty® + 2%yt + 25 — 32%y22?) € By(RY).

It can be shown that (1,0, 0, 0) is a bad point for p(x, y, z, w), i.e, there does not exist
any form h such that h%p is a sos. Specifically, it can be shown that p(x,vy, z,w) -
(22 +y* + 2% + w?)" is not a sos for any r. In a similar manner, for a n variable real

polynomial
P($’ Y,2,%1,- - axn—3) = (xl T xn—3>2(x4y2 + I2y4 + ZG - 3$2y222)7

(1,0,---,0) is a bad point, and there does not exist any form A such that h?P is
sos. Specifically, the uniform denominator (3 x?) with any exponent r multiplied

with P is also not sos. Hence for n > 4, PQD4(R") is a proper subset of PQ,(R").
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(f)

The following is an example of a polynomial in PQD4(C?) but not in 4(C?):
r(z1.22) = (| + |2*)? = blaf* |z, (2.8)

which is similar to an example given by D’Angelo [12]. We write z = |2|* and
y = |29/, and obtain 7, = (z + y)? — bxy. Clearly, r, is non-negative when b < 4
and positive away from the origin when b < 4. By point (d) of Table 4.1, if 7} is
bihomogeneous and positive definite, then it is a quotient of squared norms with
uniform denominator. We can also show that r;, is not a quotient of squared norms
when b = 4. To do so, we show that the jet pullback property fails when b = 4. Let
2(t) = (1 +t,t), then

zary(t,t) = (|1 4+t + [t)2 — 41+t =2t + 2+ + - -

Inspection of the coefficient of the term |21 2,|* will show that r, is sos when b < 2.
Hence for 2 < b < 4, 1, is a positive semidefinite polynomial that can be written as

a quotient of squared norms with uniform denominator but not as a sos.

We claim that PQD4(C?) is a proper subset of PQ4(C?), and consider the following

example which is an element in PQ4(C?) but not an element in PQD4(C?).
p(2) = plar 20, 2) = L2l (122 4 220 = blz1zaf) = [z (r(2))

where 2 < b < 4, and 7,(2) is as defined in (2.8). From point (f), r, is a quotient of
squared norms but not sos. Then p(z) is also a quotient of squared norms but not
sos. Suppose p(z) is a quotient of squared norms with uniform denominator, which

means

(21 + [z + )Y - p(2) = D Ihal?

for some N € N, h; € Hs,,(C?). Let the monomial in each |h;|* with |23*™2" be

|h|2| 2322 . By comparing coefficients of |23, we have

|Z3|2+2N p(z) _ Z |Bi|2|23|2+2N
%
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This implies p(z) is sos which is a contradiction. Hence p(z) is a quotient of squared

norms but not a quotient of squared norms with uniform denominator.
(h) We consider the following polynomial

p(Zl7ZQ,Z3,Z4> - |Z4| ( (2172272:3))

242 (112l + 1Pl + al® = (3= 212250 (2.9)

where 0 < € < 3, and M, is a complex analogue of Motzkin’s polynomial with
a modification in the coefficient of |z12923|%. By arithmetic-geometric inequality

a+b+c>3(abe)s, we let (a,b,c) = (Jz1]*|22)2, |21]2|22]%, |23]°), and obtain
|21 |*| 22| + |21 22|* + |23]® > 3|z12023]2 > (3 — €)|212023] (2.10)

Hence M., is positive semi-definite and p is positive semi-definite as well because
|z4|? is non-negative. Next, if we were to write p as a difference of squared norms,
we have p = ||g||* — [|1[]*, where [|g||* = |21|*|22|* + |21[*|22[* + |25]°, and [|A]* =
(3 — €)|z12223]2. By (2.10), clearly there exists a constant 0 < ¢ < 1 such that
|h]|? < ¢||g||*>. This is equivalent to saying there exist a constant C' (which can be

written in terms of ¢) such that

[lg|[* + [|2]*
LT <0, (2.11)
[lg[I* = l|A]]?

for all points of C* which are not zeros of p. Hence by Varolin’s result [9], M. is a
quotient of squared norms which implies p is a quotient of squared norms as well.

Then we will show that although p is a quotient of squared norms, there is no integer
r such that the uniform denominator is ||z||*". We prove by contradiction. Suppose
pe (|21 + 222 + |23 + |24]?)" = D |hi|? is sos for some r € N, h; € Hy,.(C*). Then
the component of p - (|z1]* + |22/ + |23]* + |24]?)" with the highest degree of |zy] is

24| T2 M, (21, 7, 23). Let the monomial in each |h|? with |z |22 be |hy|2]z4]>+2.

By comparing coefficients, we have

|z |27"+2M 21,22,2‘3 Z|h| |Z |27’+2
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This implies that we have M.(z1, 29, z3) as a sos. To see that M, is not sos, simply set
|2;]? to 22, and by the term inspection method in the real case which shows that the
Motzkin polynomial is not sos, similarly, we have 0 > —(3 —¢) = >, F? ([24], page
7). Hence M. is not sos, and by contradiction, p does not have a representation as
a quotient of squared norms with the uniform denominator. By similar arguments,

we can generalize the above counterexample p(z) for n > 4:

P (21, 22, 23, 24, + , 2Zn)
= |Z4 Zn|< (21722723)>

= Jzaee 2l (|l + Pl + 12 = (3 =€) 21z )

By above, since M, is a quotient of squared norms, then p, is also a quotient of
squared norms. However, ||z||" is not the uniform denominator for p,, for all r. We

prove by contradiction. Suppose
p- (2 + [zl + [z + [zl + -+ [za) = D [l

is sos for some r € N, h; € H,,,,(C"). Then the component of p - (|z1]* + |22|* +
|23]% + |24|* + -+ + |24]?)" with the highest degree of |z;| is |zx|* ™2 M,.(21, 22, 23),
for 4 < k < n. Let the monomial in each |h;|? with |2;|22 be |h|?| 2|2 2. By

comparing coefficients, we have
| 21|22 M (21, 20, 23) Z|h| | 2|22

Hence we have M.(z1, 22, 23) as a sos, which has been shown to be false. In con-
clusion, there are counterexamples in n > 4 variables where they are quotient of

squared norms but not with uniform denominator.

For a fixed degree d, as the sets Py(R?), PQ4(R?) and PQD4(R?) are equal by points
(a) and (e) of Table 4.1, we only need to show an example which is positive semi-

definite but not sos to justify the claim that 34(IR?) is a proper subset of PQDy(IR3).
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The counter example is the celebrated Motzkin’s polynomial:
M(z,y, 2) = a'y* + 2%y* + 2° — 327222 (2.12)

This polynomial has been shown in [24], by arithmetic-geometric inequality and

term inspection to be positive semi-definite but not sos.

Consider the polynomial
Me(21, 22, 23) = || *|20]? 4 [21 ] 20| + [23]° = (3 — €) 212023

in (2.9), where 0 < € < 3. In point (h) of Table 4.1, we have already shown that M.
is not sos, hence we only need to show that M, is a quotient of squared norms with

uniform denominator, that is
(l22]* + [22]? + |23]*)™ Mo (21, 29, 23) (2.13)

is sos for some integer m. We do the following substitution: z = |2|?, y = |22/ and

z = |z3]?, then we check that the resulting polynomial of (2.13) in z,y and z:
(x+y+2)"(2%y +2y* + 2° — (3 — €)wy2) (2.14)

has nonnegative coefficients for some integer m. Using Matlab, Figure 2.1 shows
the graph of m against €, while Figure 2.2 shows the graph of log(m) against log(e)
with values of € near 0, with best fitted linear line y = —1.0163z + 2.6468. Hence

we have approximately,

(26468
For example, the form in (2.14) with ¢ = 0.1 and m = 146 has nonnegative

coefficients and hence is a sos, which implies that M, is a quotient of squared

norms with uniform denominator but not a sos.

From Parrilo’s thesis [19], we see that Motzkin’s example when multiplied with the

uniform denominator (z? + y* + 2%) has the following explicit decomposition into
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Graph of m against epsilon
T T T
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Figure 2.1: Graph of m against € Figure 2.2: Graph of log(m) against

log(e)
sum of squares:

(z* + y* + 2*)M(z,y, 2)

= (22 +y* + ) (a"y? + 2%yt + 2% — 32%y%2?)

1
— y222($2 - 22)2 =+ x2z2(y2 o 22)2 + (x2y2 o 24)2 + Zx2y2(y2 o 182)2
3
—l—szyQ(xQ +y? — 22%)? (2.16)

To obtain a form in 4 real variables such that when multiplied with the uniform
denominator, it is a sos, we simply substitute 2 = t* + s* into (2.16), and obtain

the following sum of squares:

(2% +y? + % + 2 My(z,y,t, )
— (PP 1) (R (2 4 2) — 30+ 82)
— P24 )P — = 2 2 4 ) — £ — 52)?
a2y — (12 4 2P+ inyz(yQ _ )2y Z$2y2(x2 Lo 2 - 282
(2.17)

Clearly, My(x,y,t,s) as defined in (2.17) is positive semi-definite. This can be

seen by applying arithmetic-geometric inequality “2+¢ > (abc)s to (a,b,c) =

(xty?, 2%y, (12 + s?)3). Next, we claim that M, is not sos. Suppose not, then
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My = > h?(x,y,t,s) for some h;. Let s = 0 and assume that the rest of the vari-
able are nonzero. Clearly, My(z,y,t,0) = M(z,y,z) = > h#(z,y,t,0), implying
that Motzkin’s example in three variables M (x,y, z) is sos. Hence we get a contra-
diction. Then My(x,y,t, s) is positive semi-definite which is not sos but a sum of
squares of rational functions with uniform denominator.

For n > 4, the same argument for the case n = 4 applies, and we have

([[2 + y2 + Z% + -+ 2721—2)Mn<x)y7 21yttt 7Zn—2)
= (P4 +a++ R )+ ()]

=327y (2] 4+ 2))

= PE R A - Ay
Fat (42 )Y = = )P (@ - (A 2 )
1 3
+Z—lx2y2(y2 — 2?2 + Zx2y2(x2 oy =227 — =222 )2

Clearly, M, is a positive semi-definite polynomial which is not a sos, but a sum of

squares of rational functions with uniform denominator.
Consider the polynomial
Mye(z1, 22, 23, 21) = | 21| *|20]* + |21 [22|* 4 (|25 + 2] = (3 = €)| 2122 (| 23] + | 2a]?)

which is a generalized form of M, in point (j) of Table 4.1. Clearly, M. is also not
sos, and we only need to show that M, is a quotient of squared norms with uniform

denominator, that is
(lz1? + |22 + |23]° + |24]*) " Muc(21, 22, 23, 24)

is sos for some integer m. Again, we do the following substitution: = = |z|?

y = |2|% 2z = |23]* and w = |2)?, and show that

(x+y+z+w)™(@®y+ 2> + (2 +w)® — (3—)ay(z +w))
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has nonnegative coefficients for some integer m. Using Matlab, we obtain (2.15) as
in point (j), and see that exponent m of the uniform denominator has an exponential
relationship with € as € approaches 0. In fact, the polynomial M. can be generalized

to n variables:

Mnc(Zb 29,23, " 7Zn)

= |al'la +la ol + (sl + -+ 2al)’ = B = lanl (sl + - + |l?)

and the same argument follows. Hence for n > 4, there exist examples of positive
semi-definite forms that are quotient of squared norms with uniform denominator

but not sos.

2.2 Table of subsets of PSD - w.r.t degree

We consider further the cases in Table 4.1 where the inclusion is strict and obtain the
minimum degree d,,,;, where set A is a proper subset of set B, i.e., suppose A is a proper
subset of B, then we determine the minimum degree at which a polynomial p is an element
of B but not an element of A. The key to the following table is: for n real (resp. complex)
variables, each entry in the table shows the minimum degree d,,;, for A ; B and the part
of the proof in parenthesis, where A and B are sets in the leftmost column. The word
‘Equal’ indicates that the two sets are equal. We remark that part (ii) is the only case

that is not determined precisely, i.e., we do not know whether d,;, is 4 or 6.

Proof. (i) We are interested in complex polynomials in z = (21, - -+, z,) (n variables)
that are real-valued. This is equivalent to saying that the matrix of coefficients of
such a polynomial is Hermitian. For d = 1 and for all n, we show that the set of psds
is equal to the set of ¥; for complex polynomials that are real-valued. For every
Hermitian matrix H, it is a known fact that it can be orthogonally diagonalized —

H = UCU*, with U as a unitary matrix where the column vectors are orthogonal
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n=2 n=3 n=4

R C R C R C

PQsC P; | Equal | (i)2 | Equal | (i) 2| Equal | (i)2

—

)
PQD,; C PQ, | Equal | Equal | Equal | (i) 2 | (ii) 4 or 6 | (i) 2
)

Sy C PQDy | Equal | ()2 | (i) 6| (1) 2| (i) |()2

Table 2.2: Inclusion table for subsets of PSDs - w.r.t degree

eigenvectors of H, and C' is a real diagonal matrix. If p is a real-valued positive
semidefinite bihomogeneous polynomial in n complex variables, then we can write
p = zHz* where z is a row vector. Then it is clear that a change of basis (under
the unitary transformation U) will enable us to write p as a difference of squared
norms —p =Y. | fi* = ;195 2, where f;, g; are orthogonal linear polynomials. This
implies that f; and g; have common zeros, otherwise p is not positive semi-definite.
However, since f; and g; are orthogonal they would not have common zeros. Hence
p is a sum of squared norms.

We note that since P;(C") = ¥;(C™) for all n, and we have the following examples
for n = 2, 3,4 with degree 2 respectively, the containment P, C P, is strict in the

first row of Table 2.

p2(21722) = (|Z1|2 - |22|2)27
p3(21722723) = |Z3|2(121|2 - |Z2|2)27
pa(21, 22, 23, 24) = ’2'324|2(|Zl‘2 - 12212){

with z3 and z; as constants in ps and p4, the argument is the same as Table 4.1
(b), showing that PQ4(C") is a proper subset of P,(C") for n = 2,3, 4 respectively.

Also, there are forms for n = 3 and n = 4, d = 2, which show that the containment

19
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(i)

PQDy(C™) C PQ2(C™) is strict in the second row of Table 4.2. They are

rap(21, 20, 23) = |23 (|21)® + |22P)? — blzs]|z122]?,  and

rap(21, 22, 23, 24) = |Z’324|2(|Z1|2 + |Z2|2)2 — b|23|2|2122|27

where 2 < b < 4, and the argument follows from point (f) of Table 4.1. For
the last row in Table 4.2, the following forms for n = 2,3,4 with degree d = 2
respectively show that the containment ¥o(C") C PQDy(C") is strict. For n = 2,
let 7, = (|21|> + |22]%)% — blz122)%, 2 < b < 4. The argument in Table 4.1 (h) tells us
that it is a positive semi-definite form with a representation as a quotient of squared

norms but not a sos. Next, for n = 3, let
Ry = (|21” + |22f” + [23]%)% = blz12a]? = 7 + 2]23*(|21]? + [ 22]?) + | 28],

where 2 < b < 4. Similar to the argument in Table 4.1 (h), R, is non-negative when
b < 4 and positive definite when b < 4. Hence it is a quotient of squared norms with
uniform denominator when b < 4. It is also not a quotient of squared norms when
b = 4 by jet pullback property with z(t) = (1 +¢,¢,1). Inspection of the coefficient
of the term |z;25|* will also show that Ry is not sos when b > 2. Lastly, for n = 4,
let Ry = (|21] + |22)® + |23]* + |24/*)? — b|z122]*. The argument is the same as the

n = 3 case.

For d = 2, any positive semi-definite n-ary quadratic form p can be diagonalized as
a sum of rank(p) < n squares of linear forms. We also have a counterexample for the
strict containment PQDg C PQg, which is Table 4.1 part (e), with w as a constant.
As there are no known examples for n = 4, we are unsure at the moment whether

the containment PQ D, C PQ), is strict. Hence the minimum degree is either 4 or

6.

It is clear that for a positive semi-definite polynomial to be a sos, the degree has to be

even. It is also easy to prove that X, o = P, 2. By 1888, Hilbert gave the result that
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Y34 = P34 is the only case in which they are equal, and there are counterexamples
in P3¢ and P4 in which they are not sos. A famous one for n = 3 is Motzkin’s
polynomial M (z,y, z), and we can observe that it is a quotient of sos with uniform
denominator by the explicit decomposition of (224124 22)(zy? +x2y* +2° —322y?2?)
into a sos in Table 4.1 part (k). For n = 4, we have the following example by Choi
and Lam [3]:
22y? 4+ 2222 + 2% + w?t — dwayz

which is positive semi-definite by arithmetic-geometric inequality but not sos. A
survey of such examples and history can be found in the survey paper [24]. The soft-
wares Yalmip (http://control.ee.ethz.ch/~joloef/wiki/pmwiki.php) or SOSTOOLS
(http://www.cds.caltech.edu/sostools/) will also show the existence of a sos decom-

position of (2 + y? + 2% + w?)?(2?y? + 2222 + y?2% + w? — dwzyz).






Chapter 3

Uniform denominators and their effective

estimates

In this chapter we consider some modifications to theorems in two papers by Reznick and

write the complex analogues for these results.

3.1 On the absence of a uniform denominator

3.1.1 For real variables

Reznick [25] gave the following theorem and corollary for positive semidefinite forms p:
Theorem 1. Suppose the set Py(R™) \ X4(R™) is not empty. Then there does not exist a
non-zero form h so that if p € PD4(R™) then hp is sos.

Corollary 2. Suppose the set Py(R™) \ ¥X4(R™) is not empty. Then there does not exist
a finite set of non-zero forms H = {hy, -+ ,hy} so that p € Py(R"™) then hyp is sos for
some hy € 'H.

We can see that the above theorem and corollary can be adapted so that it applies to
p € PD4(R™), and the proof is the same as the one given in [25]. It is clear that we only

need to verify that PDy(R™)\ X4(IR™) is non-empty, which is shown by the example below.

23
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Example 3.1.1. Motzkin’s example x%y? + 2%y* + 25 — 322y22? is well-known as a positive
semi-definite form but not a sos. To modify this example so that it is positive definite,
we add e(z° + y%) to Motzkin’s example, where € > 0. Firstly, p = 2%y* + 22y* + 2¢ —
32%y?2% + (2% 4 yb) is positive definite since €(2% +y°%) > 0, and the zero set of p is trivial
as it contains only the origin. Next, we want to show that p is not a sos. We prove by
contradiction. Assume that p is a sos, that is, p = >, hi(z,y, z) would hold for suitable
hy € H3(R?). Similar to the proof in ([24], p. 257), we write p as a ternary sextic, and hy,

as follows:

hi(z,y,2) = Apz® + Bpay + Cray® + Dy’ + Epa’z

+Eayz + Gry’z + Hyx2® + Ly2* + J,.2°

The coefficient of 2 is €, hence the corresponding coefficient in Y, h7, >, A7 is bounded
by e. Hence, for all k, Aj, < e. Next, the coefficient of z*2? in p is zero, hence for 3, h3,
S (B + 2A,Hy) is zero. Since each Ay is bounded by e, for arbitrary value of Hy, Ej
must also be small for all k. Continuing, we compare the coefficients of z?2* in )", h}
and p, where we obtain >, (2ExJ;, + Hf) = 0. Here we observe that Ej, is small, and Jj,

is bounded by 1, hence Hj, is small.

Using similar arguments, when taking a small value for e such that Hy, I}, E; and G}, are

small as well, we compare the coefficient of z*y*z* in ), ki and p. We have:
> " 2CwH + 2B Iy, + 2E,Gy, + F = =3,
k

By the above, if Hy, I, Ex and Gy are small, then we see that Y, FZ < 0. This is a

contradiction, hence p is not a sos.

In conclusion, Example 4.1.1 shows that PDy(R™)\ 34(R") is non-empty, and we have
Theorem 1 and Corollary 2 of [25] for p € PD4(R").
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3.1.2 For complex variables

We also show the complex analogue of Theorem 1 and Corollary 2 as in Section 4.1.1,

along the lines of the proof in [25].

Theorem 3.1.2. Suppose the set Py(C") \ ¥4(C™) is not empty. Then there does not

exist a non-zero form h so that if p € PD4(C") then hp is sos.

Proof. We prove by contradiction. Suppose such a non-zero form h exists, and hence
there exists a point w € C" such that h(w) # 0. By making an invertible linear change
of variables, take w = (1,0,---,0). Without loss of generality, it can be assumed that
h(z1,0,--+,0) = a|z |*™, where |a| > 0 and m is even. Let p € PD4(C") \ £4(C"). Then
by assumption,

h(z1, 29, 2n)p(21, 722, -+ ,T2p)
is an sos for r € N. The change of variables z; — z;/r for i > 2 gives
h(zi,m Y2, 2))p(21, 20, 5 20)
as an sos as well. Clearly,
Tli_glo h(zi, 7 20, 1 2,) = (21,0, -+ ,0) = a|z|*™

and since ¥,,,4(C") is a closed cone, then

hm h(Zl, T_1227 e 7T_1Zn)p(zl7 29y >Zn> - a’21|2mp<217 29yt 7Zn)
r—00
is an sos. Hence p € ¥4(C"), which is a contradiction. O

Corollary 3.1.3. Suppose the set PDy(C") \ £4(C") is not empty. Then there does not
exist a finite set of non-zero forms H = {hy,--- , hx} so that if p € PD4(C"), then hyp is

sos for some hy € H.

Proof. Suppose there exists a finite set of non-zero forms H, and by assumption, for

each k < N, there exists a non-zero p € PD4(C") \ £4(C") where hgp is sos, that is,
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hiyp = Zj |f;]? for some homogenous holomorphic polynomial f;(z). Since p is positive
definite, by Catlin and D’Angelo’s result ([5], Theorem 2), there exists an integer m such
that ||z||*™p is a squared norm. Hence p can be represented as a quotient of squared
norms of holomorphic homogeneous polynomials, that is,

_ Zz |gi|2

IIEIRS

for some g;(z) € Hyu1a(C™). Then clearly, hy can be represented as follows:

I T Il P Vil
op el ST gif?

B

by,

By above, each hy is a quotient of squared norms (also positive semi-definite), and there
exist a squared norm ||G||? so that ||Gy||*hy is sos. We define h =[], ||Gx|[*hg, and see

that

= (TLIGHER) -G - b
14k

This shows that hp is a product of sos factors and hence is sos for every p € PD,y(C").
This contradicts Theorem 4.1.2 and hence proving the non-existence of the finite set of

non-zero forms H in this corollary. ]

Remark 3.1.4. Since the above set H does not exist for PD;(C™), then consequently

such a set does not exist for P;(C") since PDy(C™) C Py(C™).

3.2 Effective estimates for complex variables
Let p € PD,,(C™). Then To and Yeung [30] have given an effective bound s, such that
1211p(2) € Zinys(C), (3.1)

for any integer s > s,, adapted from the methods of Reznick [23]. Explicitly, the bound
is
_nm(2m — 1)

Sp 1= TogDelp) n+m, (3.2)
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where

inf{p(u) |u € S} .
sup{p(u) | v € 5?1} €R™. (3.3)

e(p) ==
For z = (21,29, ,2,) € C", by writing z;, = z; + vV—1ly;, 1 < i < n, we obtain
an identification C* ~ R?" given by (21, -+ ,2,) «— (21, ,Tp, Y1, * ,Yn). In this
section, by the above identification, we modify Theorem 3.11 of [23] to obtain a slightly

improved bound compared to (3.2) for complex variables. Firstly, we need the following

remark and lemma:

Remark 3.2.1. A complex polynomial p € BH4(C") can be written as a difference of

squares of norms, i.e,

p=D1gil> =D 1hal* = [lgll* = [In|P,

where g = (g1,---,9;) and h = (hy,---, hi) are tuples of holomorphic homogeneous
polynomials. If p is positive definite, it can be seen that ||h||* < c||g||?, for some real

constant ¢ < 1. For u € S*"~1 it is easy to see that

Iy

L (1 —¢) max [[g(u) Ik

< max p(u) < max [[g(u)

2. (1= c) min ||g(u)[|* < min p(u) < min ||g(u)|]*

Combining the two points above will give the following:

1
1—c¢

(1= c)e(llgll*) < e(p) < e(llgll*) (3.4)

We recall that A(p(z)) = 3. 25, the Laplacian that is the sum of all unmixed second

i@x%’

partial derivatives.

Lemma 3.2.2. Let p = ||g||> — ||h]|>. Then for all I, Al(||g||?) > 0 and A'(||h[*) > 0.
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Proof. We have ||g||* = 3", |¢:|*, and we let g; = u; + iv; where u; and v; are the real and

imaginary parts of g; respectively. Then

A(llgll") = ZA l9:) ZAU +7)

B 2n 82 ) )
= ; ; 8_x?(u7’ + ;)

<! A, A,

2n 8uz (92ui c%i 8%2-
= X (o) o 2 )

Since g; is holomorphic, u; and v; are harmonic with respect to each pair of variable xor_1,

Tap, and hence

82ui 82ui 0 d 821}1' 82’02'
= an

2 2 2 2
Oxyy, Oy, Ory,_,  Oxyy

-0, Vk

Hence,

aul 81)1- 9
>
A(llgl) ZZ (G +(gp)) 2 0
Similarly, A(]|k]]?) > 0. Since A(||g]|?) is a squared norm, then by induction, Al(||g||?)
is also a squared norm. Hence Al(||g||?) > 0 and A'(||h[?) > 0. O

Before we give the modification of Theorem 3.11 from [23], as aforementioned, by the
identification of C" ~ R?", we replace p(z,z) € BH4(C") by p(z) € Py(R?*"). Also, we

need the following theorem, which is Theorem 3.9 from [23].

Theorem 3.2.3. If p € Hyq(R?") and s > 2d, then

1\
(I)s_l(p) = (52422 ; 221“(2 _:l — 1)ZAl(p)Glzn (3.5)

where G, (21, -+, Zn) = (2] + -+ + 23,)".

Now, we give the modification to Theorem 3.11 of [23].
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Theorem 3.2.4. Suppose p € PD,,,(R*). If

S nm(2m — 1) n (3.6)
s —n+m, .
N sinhfl(ﬁ([( —cV/1+ K?))

where K = (1 — ¢)e(||g]|?) + ¢, ¢ and €(||g||?) are as in Remark 4.2.1, then ®;!(p) €
Py, (R?™).

Proof. Since €(||g]|*) = €(Allg]|*), we scale ||g||* such that 1 > [|g(u)|[* > €(||g][*) for

u € 5?1 We want to show that ®;(p) > 0. By Theorem 4.2.3, we have

1= (928 0)) ()
B (—1)'Al(p)(u)GY, (u)
= plw) - 5221 22Ul (n 4+ s —1);

() A(llglP? = IA1P)(w) | A%(llgl]> = [IA]*) ()
p 2(n+s—1) 2121(n + 5 — 1),
> (L—c)e(llgll*) — QQA&@S)%) N 242!((71@‘3)_@1))2

(by Remark 4.2.1 and Lemma 4.2.2)

v

4o (since Gzn(u) = 1)

m

21) 21 (2m) 41 M, m n)2(2m)y M,
- N ( .
(1= o)e(lg]?) ; T3 Dt s ] Z n+s—1> (3.7)

v

where ‘||g||2(u)) < M, =1 and ‘||h||2(u)‘ < M, and the bounds for Al(||g||?)(u) and
A(|h]?)(u) are from Theorem 4.14 of [23]. Next, we apply the following inequalities to
(3.7):

@2m)y < (2m)*(2m —1)%,
(2m)y_o < (2m)*'©2m - 1)*"! and
n+s—1) > (n+s—=D'>(n—m+s). (3.8)

Thus we have

9 1 nm(2m — 1)\ 2i-1 nm(2m — 1
]Z(l_c)e(Hg“)_MQZ(QZ—I)!((nEm—I—s) h; 20)! <n—m+s))>
(3.9)
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Let A = mn(Q—ml By letting the sum go to infinity, we have strict inequality:

(n—m+s) *

o A2l 1 A2l
I > (L=o)(lgll*) MZ Z
>1
> (1—e)e(||g]]?) — M, sinh(A) — M, [cosh(A) - 1]
(By Taylor series of sinh and cosh)
> (1—c)e(||g|]?) — sinh(A) — c[cosh(A) - 1] (3.10)

<since M, is scaled to 1, c||g||* > ||h]|*, we have cM, > M, hence —M,, > —c.)

From the lower bound of s as given in (3.6), we can rearrange, using the trigonometric

identity cosh?(x) — sinh?(z) = 1, to get:

nm(2m — 1)

A= (n—m+s)

< sinh~! ((1 —o)e(llglP?) + c) ~ tanh™}(c) (3.11)

By using trigonometric identity sinh(6 + A) = sinh(#) cosh(A) + cosh(#) sinh(A) where

0 = tanh™'(c), we have
sinh(f + A) = sinh(A) + ccosh(A) (3.12)
Substitute (3.12) into (3.10), we have
1> (1= c)e(|lg]|*) —sinh(6 + A) +¢ >0

where the last inequality can be seen by substitution of (3.11). Hence ®;'(p) € Py, (R*").
[

With this theorem replacing Proposition 2.2.3 of [30] ([23], Proprosition 3.11), the

proof of (3.1) will follow accordingly.

Remark 3.2.5. We would like to compare the bound s; in (3.6) with the following two

bounds, for n complex variables and degree m in z and Z:

nm(2m — 1)

€(p)In(2)

Sg > —n+m, (3.13)
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—n+m, (3.14)

where s, is the bound from [30], and s3 is simply a variation of the denominator in ss.
As the three bounds si, ss, and s3 are different only in the denominator, we shall plot
only the denominator to see which bound is larger. Here we write €(p) = (1 — ¢)e(||g]|?)
for all three bounds for purpose of comparison. The plots in Figure 3.2.5 show that the

denominator of s; is larger than the denominators of sy and sz for small c. Graphically,

Figure 3.1: s; and sg, all three bounds, s; and s3

we can observe that as €(||g||?) (x-axis) increases, the denominator of s; is larger than
denominators of s, and s3 for increasing values of ¢ (y-axis). This implies that s; has a
lower bound, for these values of c. For example, when €(]|g]|?) = 0.6, s; is greater than
sy and s3 for 0 < ¢ < 0.32, whereas, when €(||g||?) = 0.8, s; is greater than s, and s3 for

0<c<041.






Chapter I

Effective Polya Semi-stability for

Non-negative Polynomials on the Simplex

Let f € R[xy, -+ ,x,] be a homogeneous polynomial which is positive on the standard
simplex

A, ={r= (21, ,x,) ER" |2; >0,i=1,--- ,n;Zx,-zl},
i=1

i.e., f(x) > 0 for all z € A,. Pdlya [18] showed that there exists a positive integer N,

such that all the coeflicients of
(a:1+--~+xn)Nf(m1,--- , Ty (4.1)

are positive for all positive integers N > N,. As such, we simply say a polynomial f is
Pdlya stable if it satisfies the above property. Powers and Reznick [20] gave an explicit
lower bound for N, (see related works in [2], [10], [11], [15], [16], [17], [28]), and Catlin and
D’Angelo ([4], [5]) have generalized it to a result for several complex variables. Pdélya’s
theorem and the effective estimates of NN, in [20] has a wide range of applications in the
works ([14], [26], [27], [29]), among others (see [21] for a description of these applications

and the aforementioned related works). Powers and Reznick have further investigated

33
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([21] and [22]) analogous properties of f when f is non-negative on A with corner zeros.
Hence we would like to investigate analogous properties of f when f is not necessarily

positive on A,,.

In this chapter, we consider homogeneous polynomials f € R[zy,- -+ ,x,] which are
non-negative on A,, and obtain necessary and/or sufficient conditions for such an f
to be Pdlya semi-stable, that is, for some positive integer N,, all the coefficients of
(r1 + -+ + x,)V f are non-negative for all integers N > N,. We are also interested
in obtaining effective estimates on N,. We explain our approach as follows: First we see
that one only needs to consider those polynomials f such that Z(f)NA, consists of faces
of A,,. Note also that any polynomial f admits a unique decomposition into “positive” and
“negative” parts according to the signs of the coefficients of its monomial terms. Roughly
speaking, the necessary (resp. sufficient) conditions for Pélya semi-stability amount to
the following: for each face in Z(f) N A,, and each negative monomial term of f, there
exists a corresponding positive monomial term of f with lower (resp. strictly lower) van-
ishing orders along the face. The main difficulty in deriving the effective estimate for N,
lies in the coefficients of those monomial terms of (4.1) whose exponents, upon suitable
normalizations, are close to Z(f)NA,,. The sufficient conditions allow us to handle these

coefficients by using an iterative process involving induction on the dimensions of the

faces in Z(f) N A,,.

The first section in this chapter consist of some preliminaries such as notations and
definitions. Our second section in this chapter gives some necessary conditions for such an
f to be Pélya semi-stable. These necessary conditions are expressed in terms of vanishing
orders of the monomial terms of f along the faces of A,, (see Theorem 4.2.2 for the precise

statement).

Next, Section 4.3 gives sufficient conditions for such an f to be Pdlya semi-stable,
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and we also obtain explicit lower bound on N, under such conditions. These sufficient
conditions are given in Theorem 4.3.10. Using these results, in Section 4.4 we obtain a
simple characterization of the Pdlya semi-stable polynomials in the low dimensional case
when n < 3 as well as the case (in any dimension) when the zero set Z(f) of f in A,
consists of a finite number of points (cf. Corollary 4.4.1 and Corollary 4.4.3). In Section
4.5, we give an application of our results to the representations of non-homogeneous
polynomials which are non-negative on a general simplex (cf. Corollary 4.5.1). Lastly,
Section 4.6 shows that the necessary as well as sufficient conditions obtained in Theorem
4.2.2 and Theorem 4.3.10 can be extended to certain complex analogues of the positive
semidefinite forms on R"™.

The contents of sections 4.1-4.5 have been written in the paper ‘Effective Pélya semi-

Y

positivity for non-negative polynomials on the simplex ’. This paper is a joint efffort

between the author and Associate Professor To Wing Keung, and it has been accepted

for publication in the Journal of Complexity.

4.1 Preliminaries

Let P;(A,,) be the set of homogeneous polynomials in Hy(R™) which are non-negative on
A, ie.,
Pi(A,) ={f € HiR") | f(x) >0VzeA,}.

The set of polynomials in Hy(R™) that have only non-negative coefficients is denoted by

STR™) :={f € HiR") | f(z) = Z a,x” with each a, > 0}.

vEZ(n,d)

Note that we always have X7 (R") C Py(A,). For each f = Z a,x” € Hy(R™), we let
vEI(n,d)

AT = {a€Z(n,d)|a, >0},

A = {Bfe€Z(n,d)|as <0},
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and we write bg = —ag > 0 for each 8 € A7. Then it is easy to see that f admits the

following unique decomposition into ‘positive’ and ‘negative’ parts given by

f = ft—f", where
[t o= Zaaxa and f~ ::Zbﬂxﬁ. (4.2)

acAt BeA—
Note that both f*, f~ € ¥ (R"), and we have f € P,(A,) if and only if f*(x) > f~ ()

for all x € A,,.

For each index set [ ; {1,2,--- ,n}, one has an associated face F of A, given by
Fr={x=(xy, - ,z,) € A, | z; =0 forall i € I'}.

We also call F; a k-face of A,,, where k = n — |I| — 1. Here |I| denotes the cardinality
of the set I. In particular, a O-face is simply a vertex of A,. We can identify F; as the
standard simplex Ay, of R¥! by setting the coordinates x; = 0 for i € I. Note that
the boundary of the simplex A,, in the hyperplane z; + --- + z, = 1 in R” consists of n
(n — 2)-faces. Clearly, the boundary of each i-face (identified as A;; ) consists of i + 1
(1 — 1)-faces.

L3

Fla,9)

T / F{g} \CEQ

Figure 4.1: Ag, with three faces shown
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Example 4.1.1. Figure 4.1 shows Az with axes x1, o and x3. The boundary of Aj

clearly consists of the lines
T1+22o=0; 294+23=0; z1+23=0

and each of them is Ay. The three vertices (0,0, 1), (1,0,0) and (0, 1, 0) are also simplexes.
For x5 = 0, we see that Fyy is the line x; + 23 = 0 by definition. Also, another face is

Fp1,9y which is the the vertex (0,0, 1), with 1 = x5 = 0, as shown in Figure 2.1.
It is also easy to see that faces of A, satisfy the following properties:
(i) If I C J, then F; D F).
(il) Fy N Fy= Fp,.
Proof. (i) Given I C J for indexes I and J with |/| = k and |J| = [. We have {1,--- ,n} =
TU{iy, - iy} and {1,--- ;n}=JU{j1, - ,Jn}. Clearly,
I"={ir, - yink} D {1 Jn} =7

by the inequality k& < [. Since A,,_; C A,_r, we have F; D F}.
(ii) F; N Fy can be described by the equation >z, = 1, for all m ¢ J, m ¢ I. Hence the
index for FyNFEFyis TUJ. O

For each fixed f = Z a,x” € Hy(R™), we denote its zero set by
vE€Z(n,d)

Z(f) = {xeR"| f(z) =0}, so that
2N, = {aeAr| f(@) =0},

To facilitate the comparison of vanishing orders of monomial terms of f along faces of

A,,, we introduce the following definition.

Definition 4.1.2. Let o = (a1,--- ,a,,) and 8 = (51, -+ , 3,) be n-tuples in ZZ,, and let

I c{1,2,---,n}. Then we say that

B =7 aif and only if 8; > «a; for all i € 1. (4.3)
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Moreover, we say that
B =1 « if and only if 8 = o and there exists iy € I such that 3;, > «,. (4.4)

Definition 4.1.3. Let f € Hy(R"). Then f is said to be Pélya semi-stable if (x; + - -+
7,)" f has only non-negative coefficients for all sufficiently large positive integers N, i.e.,

there exists a natural number N, such that
(21 + -+ 2)N f € B 4(RY),
for all N > N,,.

Remark 4.1.4. Since x; + ---+ x, = 1 on A,, it is easy to see that if f € Hy(R"™)
is Pélya semi-stable, then f € P,;(A,). Thus, in discussing necessary and/or sufficient

conditions for f € Hy(R") to be Pdlya semi-stable, we only need to consider the case

when f € Py(A,).

4.2 Necessary conditions for Pélya semi-stability

Lemma 4.2.1. Let g € 37(R"). Then Z(g) N A, consists of a finite union of faces of

A,,. More precisely, we have

where @ :={I G {1,--- ,n} [a>;(0,---,0) Voo € A*}.

Proof. Since g € ©F(R"), we may write g = > 1+ aaz® (ie., we have A~ = 0). First
we show that Z(g) N A, D Uleq,g F;. Let xz € UIG% F;. Then = € F; for some I €
®,. For any a = (aq,---,,) € AT, it follows from the definition of ®, that a >
(0,---,0), which implies that «; > 0 for some i = i(a) € I. It follows readily that

o a1
AqX™ = QqXq" Ty

-z = 0. By varying o € AT, we conclude that g(x) = 0. Thus
we have Z(g9) N Ay D Ujep, Fi- Next we proceed to show that Z(g) N A, C Ujeq, F1-

Let x = (x1, -+ ,x,) € Z(g) N A,, so that g(z) = 0. Since a,z* > 0 with a, > 0 for each
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a € AT it follows that x® = 0 for each o € A*. Thus, for each o = (o, -+ , ) € AT,
there exists ¢ = i(a) with 1 < i < n such that ; = 0 and o; > 0. Let I = {i | 2; = 0}.
Then it follows readily that I # (), z € Fy, and a =7 (0,---,0) for all @ € AT (which
implies that I € ®,). By varying z, we have Z(g) N A, C Ujcq, FT- O

Let f=fT—f" = Z ar” — Z bgz® € Py(A,) be as in (4.2). For each N > 0

aeAt BeA—
and y € Z(n, N + d), we denote by AY the coefficient of 27 in (21 4 - - + x,)"V f, so that

we have

(w1 4+ +a,)V f = Z Ala. (4.5)

~EZI(n,N+d)

Furthermore, we denote the coefficient of 27 in (x1+- - -+z,)Y fT (resp. (w14 +x,)V f7)

N+ N,—
by A2 (resp. B}"7), so that we have

(14 +a,)Vft = Z ANJr and
YEL(n,N+d)

(w14 +z)f = > BV
~EZ(n,N+d)

(Clearly, for each N and 7y, we have
AN = AN+ — B, (4.6)

Similarly, for each o € A* and 8 € A, we also write

(x1+ -+ a:n)N canrt = Z Afy’c‘x”’
vEI(n,N+d)

(14 an) b’ = Z B,
~EZ(n,N+d)

One easily sees that each AJVV @ > () and Bév B > 0. Moreover, one has
Aft = 3" AN and BYm =Y BN (4.7)
a€AT BEA—

From the calculations by Pdélya and given in ([20], p. 223), it follows that for each
a= (o, a,) €AY, B= (01, ,0,) €A and vy = (71, ,7m) € Z(n, N +d), one



40 Chapter 4. Effective Pélya Semi-stability for Non-negative Polynomials on the Simplex

has

= T () () (5D,

py = S T () ) - (). o

The following theorem gives the necessary conditions for a polynomial to be Pdlya

semi-stable.

Theorem 4.2.2. Let f € Py(A,) be Pdlya semi-stable. Then f satisfies the following

two properties:

(Z1) Z(f) N A, consists of a finite union of faces of A,,, and

(Z2) For each face F; C Z(f) N A, and each § € A, there exists o = «(8,I) € AT

depending on § and [ such that 3 >; a.

Proof. Let f € Py(A,) be Pdlya semi-stable. Then there exists N € Zs( such that
(@1 + -+ 2,)V [ € B 4(RY).
Since Y x; = 1 on A, it follows that
Z((x1+ - +2)V)NA, = Z(f)NA,.

Together with Lemma 4.2.1 (applied to (2, +- - -+x,)" f), it follows readily that Z(f)NA,
is a finite union of faces of A,,. Hence f satisfies (Z1). Next we prove (Z2) by contradiction.
Suppose (Z2) does not hold. Then there exist a face F; C Z(f) N A, and § € A~ such
that

B#ra foral aeA”, (4.10)

i.e., there exist ig = ig(e,3,1) such that o, > [;,. Now we fix an integer i; €
{1,2,---,n} \ I. For each positive integer N > 1, we let v = v(N) = (71, , V)
be defined by

Bi if @ # 41,

Vi 1= (4.11)
N+ 8, ifi=i.
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It is easy to see that v € Z(n, N +d). For each o € AT, since there exists ig € I such that
iy > Biy = iy, it follows that one of the factors in (4.8) is zero, i.e., we have AY* = 0.

Together with (4.7), it follows that we have
Nt _
ANF = . (4.12)

On the other hand, it follows from (4.11) that v; > §; for all 1 < j < n. Together with
(4.9), it follows that B"# > 0. Since we also have Bév’ﬁ' > 0 for any other 3 € A~ it
follows from (4.7) that we have B)'~ > 0. Together with (4.12) and (4.6), it follows that
AN < 0. Thus for each N > 1, we have constructed a v = 7(N) € Z(n, N + d) such that

Al <0, which contradicts the Pélya semi-stability of f. Hence f satisfies (Z2). O

We construct a polynomial in P;(Ay4) which satisfies (Z1) and (Z2) but is not Pélya
semi-stable. This illustrates that the necessary conditions (Z1) and (Z2) in Theorem 4.2.2

for Polya semi-stability are not sufficient conditions for Pélya semi-stability.
Example 4.2.3. Let f € R[x,y, 2z, w| be given by

flz,y, z,w) = 2°+ay? +22° + 2w + 2y + y° + y2® + yw® — 2w2w — 2yzw

= (@+y)(@”+y" +(z —w)).
Clearly, f € P3(Ay4). It can be easily seen that
Z(f)NAs={(z,y,z,w) € Ay |z =y =0} = F1 9.

Hence f satisfies (Z1). Moreover, the three faces of Ay in Z(f) N Ay are F; = Fyi 93,
Fy = Fpupsy and Fx = Fyy243. We list the 4-tuples in AT and A~ as follows:

AT = {(3,0,0,0),(1,2,0,0),(2,1,0,0),(0,3,0,0),
(1,0,2,0),(1,0,0,2),(0,1,2,0), (0,1,0,2)}.

A~ = {(1,0,1,1),(0,1,1,1)}.
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Clearly, for each f € A~ and each I, J or K, there exist a([), a(J), a(K) € AT (depending
also on (3) such that g = a(I), B =; a(J) and B >k a(K). As an example, when

B =1(1,0,1,1), it is easy to check that one may let
a(l) = (1,0,2,0),  a(J)=(1,0,0,2) and a(K)=(1,0,2,0).

The case when § = (0, 1,1, 1) is similar and will thus be left to the reader. Hence we see
that the polynomial f € P3(A,) satisfies (Z2). On the other hand, for each even positive
integer N = 2m, we let v = (1,0,m+1,m+1) € Z(4, N + 3) and consider the associated
monomial Ajvvxzm“w””r1 in (z+y+2+w)"f. Then the terms in f contributing to this

monomial are zz?, zw? and —2xzw, and we have

N (2m)! (2m)! (2m)!
A = 0= Dm0+ Dim = 1)1 2 00t
B 2-(2m)!
~ ml(m+ 1) =

Hence f is not Pélya semi-stable.

4.3 Sufficient conditions for Pdlya semi-stability with
effective estimates

In this section, we establish the sufficient conditions for Pélya semi-stability with effective

estimates. Let f be in P,(A,) satisfying (Z1) and the following condition:

(Z2") For each face F;y C Z(f) N A, and each § € A~, there exists « = «(f,I) € AT

depending on § and [ such that 3 > a.

In subsection 4.3.1, we will show that AJWV > 0 for all sufficiently large N and all v €

Z(n, N +d) such that 1 is sufficiently close to Z(f) N A, where AY is as in (4.5). This

will be achieved by an iterative process which involves induction on the dimensions of the
faces in Z(f)NA,. In subsection 4.3.2, we will handle those 7’s such that 1 stays away
from Z(f)NA,. Lastly, we establish the sufficient conditions for Pélya semi-stability with

effective estimates.
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4.3.1 5 being sufficiently close to Z(f)N A

Lemma 4.3.1. Let f € P;(A,) be such that f satisfies (Z1). Then we have
Z(HNA,=Z(fH)NA,. (4.13)

Proof. For any € Z(ft) N A,, since f € Py(A,), we have 0 = fT(z) > f~(z) > 0,
and thus fT(x) = f~(x) = 0. Hence f(z) = 0 and z € Z(f) N A,. Thus we have
Z(fHNA, C Z(f)NA,. Conversely, since f satisfies (Z1), we may write Z(f) N A, =
U co F1 for an index set ®. Recall from section 4.1 that for each face F; C Z(f)NA, with
the associated index I C {1,2,--- ,n}, F; can be identified with the standard simplex A,
of R*¥ with k = n — |I| by setting the coordinates z; = 0 for all i € I. Then one easily
sees that the restriction f|gx € Hg(R¥), and f|gs vanishes on A, = Fy. Together with
the homogeneity of f|gk, it follows that f|gs vanishes on the non-empty open cone in R¥
defined by Ay. Hence f|gr is the zero polynomial, and it follows that fT|ge = f~|gx = 0.
Thus, F; C Z(fT) N A,. By varying I € ®, we see that Z(f)NA, C Z(fT)NA,. ]

Let f=fT—f = Z Ao T — Z bz’ € Py(A,) be as in (4.2). Note that if f~ = 0,
aeAT BeEA—
then f € X7 (R"), and thus f is necessarily Pélya semi-stable. Therefore, when considering

sufficient conditions for Pélya semi-stability, we will always assume that f~ # 0 (and thus

also fT #0). Then we have

max = Hé%ii g >0, Qmin := IIel}\I}_ ao >0, and bpay = gg\u{ bs > 0. (4.14)
(07 (0% -

Also, we define

c=c(f):= sup <1 (4.15)

T€ANZ(F) fr(z)
For any f € P,;(A, satisfying (Z1), we let k = k(f) be the maximum dimension of the
faces of A, that lie in Z(f) N A, i.e.,

k:=n—1—min{|I| | F;CZ(f)NnA,} <n-—2. (4.16)
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Let F7 be the face of A, associated to an index set I C {1,2,--- ,n}. For r > 0 we

consider the following tubular neighbourhood of F; in A, given by
Fi(r)={z=(z1,-- ,zn) € Ay | z; <1 Vie I} (4.17)

From now on, we fix an f € P;(A,) such that f satisfies (Z1) and (Z2"). By (Z1), we may
write

Z(f)NA, = F,bUF U---UFy, (4.18)

where k is as defined in (4.16), and for each 0 < ¢ < k, E is the finite union of the ¢-faces
in Z(f)NA,. For each 0 < ¢ < k, we let &, be the set of indexes corresponding to the

(-faces in Z(f)NA,, so that we have F, = U F;. For r > 0, we also denote the following
Ied,
tubular neighborhoods of the F}’s as well as that of Z(f) N A, in A, by

F(r): = UF](T), and

k
Z(NHr): = |JE0). (4.19)
/=0

To carry out the iterative process, we define two finite sequences of numbers {¢; fo<i<
and { Ny }o<s<k recursively (see (4.27) below), so that for all N > N, and all v € Z(n, N+d)
such that 15 € Fy(e;), one has Al >0, where AT is as in (4.5). First we consider the

case when ¢ = 0 in the following lemma.

Lemma 4.3.2. Let

Qi 2d
= = d Ny:=——d. 4.2
|A_ |bmax + ndamin 7 o 0 €o ( O)

€ -

Then for any N > Ny and any v € Z(n, N + d) satisfying 1 € Fy(ep), we have Al >0.

Here |A7|, amin and b,y are as in (4.14).

Proof. We fix a positive integer N > Ng and a v € Z(n, N + d) satisfying 1 € ﬁo(eo).

Recall from (4.19) that Fy(eo) = Urea, Fr(€0). Thus we have 1o € Fi(e) for some

I € &,. Note that |I| = n—1, since F} is a 0-face (vertex) of A,,. Upon permuting the x;’s
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if necessary, we will assume without loss of generality that I = {1,2,--- ;n—1}. Then for
each 8= (0, -, 0,) € A7, it follows from (Z2') that there exists a = (ay, -+ ,a,) € AT

and 1 satisfying 1 < iy < n — 1, depending on (3, and such that
Big > iy, and B >a; for 1 <i#ip<n-—1. (4.21)

Note that it follows from (4.21) that we necessarily have 3, < «a,. We estimate Bév .
by bounding each Bév #_ For this purpose, we will only consider those nyv #’s which are
positive. Note that for such Bév B £ 0, it follows from (4.9) that we must have ~; > f3; for

all 1 <4 <n. Formally it follows from (4.8) and (4.9) that

BY? by Tr i e 1
e S v . 0 . 4.99
A']YV’O‘ [H]H N+d} [j N—i—d} an_l’}/ —j’ ( )
7 o =y, n
o H N +d
where for each 1 <i # iy < n — 1, the factor H] al X}M is understood to be 1 if a; = f;.

Since 3; < v; < N + d for each 7 and ijrd < ¢ for 1 <i < n—1 (in particular, one has

% <€), it follows that one has
T 6 =91 11 Y
0<[ ! ][ 20 ]< ) 4.23
= H HWNtgl L v gl= (423)
;;7}) J=a J:aio

Note that since F; C Z(f) N A,, it follows from Lemma 4.3.1 that a,z® vanishes on F7.

This implies that one has a,, < d — 1. Since v € Z(n, N + d) and = € Fj(ep), it follows

N+d

that for each 3, <j < a, —1<d—1, one has

N
E N+d_(n—1)60 (since i dgeoforlgign_l)
& d : 2d
Z T —(n—1)ey (since N > Ny = g_d)
€0
1
— 1—(n—§)60>0, (4.24)

where the last inequality follows readily from (4.20). Recall that the Bernoulli inequality

implies that (1 — )™ > 1 — mx > 0 for any non-negative integer m and any z such that
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x < =. It is also easily seen from (4.20) that (n — 1)ey < 755. Together with (4.24), we

have
T4 o 1 a4
Mg 2 00 go)
> 1 (d- D e
> 1 —nde > 0, (4.25)

where the inequality 1—ndey > 0 follows readily from (4.20). Together with (4.14), (4.22),
(4.23), (4.25), and noting that AJ-* < AN+, we have

B']yVﬁ B’]}/Vﬂ bmax - €0

< < .
A:]yv7+ o A»]yV’a o CLmin(l - ndEO)

(4.26)

Upon summing (4.26) over each 5 € A~, we have

N,—

_ b " €0
’;/V7+ S ‘A ‘ max
Y

Qmin ° (1 — ndE())

:1’
A

where the last equality follows from (4.20). Hence nyv < Aév + and we have Afy >0. O

Next we define two sequences of numbers {€;}o<s<r and {Ny}o<o<k recursively as fol-

lows: Let €y and Ny be as in (4.20). For 1 < /¢ <k, let

L. d—1
Goin o1y g N, = 20 g, (4.27)

€y = min {65_1, m 1

It is easy to see that ¢g > €1 > -+ > ¢, while Ny < N; < --- < N

Proposition 4.3.3. For a given fixed integer ¢ satisfying 0 < ¢ < k, let N, and ¢, be
as in (4.27). Then for any positive integer N > N, and any v € Z(n, N + d) satisfying

v € Fy(€), we have Al >0.

Proof. We prove this proposition by induction on ¢. This proposition in the case when ¢ =
0 was proved in Lemma 4.3.2. Next we make the induction hypothesis that Proposition
4.3.3 holds for the cases when the running indexes take the values 0,1,--- ,¢ — 1. Now

we let N be a positive integer such that N > N, and we let v € Z(n, N + d) be such
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that € Fy(e,). Write Fy(e) = Ures, Fi(ee) as in (4.19). Then € Fi(e) for some

N+d N+d

I € ®,. Since FT C Z(f) N A, it follows readily that F;; C Z(f) N A, for any J D I.

-1
Thus we have U Fj(erq) C U ]:;](ej) In particular, since N > N, (and thus N > N;
I2r j=0

for all j < ¢), it follows from the induction hypothesis that we must have A{YV > 0 if
~ia € U Fj(€r—1). Tt remains to consider the case when - € Fr(e/) \ U Fy(ei—r). It

J2I J2I
is easy to check that

7(€ \UFJ 1) ={x e, |z; <eforiel, and x; > € fori & I'}. (4.28)

J2I
As in the proof of Lemma 4.3.2, we estimate B~ by bounding each non-zero B, which
from (4.9), must satisfy the inequality v; > ; for each 1 < i < n. Recall also that for
each § € A™, it follows from (Z2') that there exists a = a(3) € AT and i € I such that

Biy > i, and f; > «; for all ¢ € I. Formally and as in (4.22), it follows from (4.8) and

(4.9) that
TT -
Bi—1 . Big—1 . H

By’ﬁ:b_ﬁ[n %'—9}.[ i %0—3}.%”0]\[% (4.29)
AV ag N +d A N +d a;—1 '

icl j=a; J=ag ’71

1#£io

¢l j=0

As in (4.23), it follows from the inequalities §; < v; < N +d, 1 < i < n, and ]Jijd < ¢

that one has

Bi—1 . 51'071 ”y j Bi—1 ’y j
o J|. L 4.30
[HHN+d] [ N+d] H N+d—6 (4.30)
el j=a; J=ay, ¢l j=

1#10
For each i ¢ I and each 0 < j < a; — 1 < d, it follows from (4.28) that ~; > €,_1, and

thus as in (4.24), we have

ViTd oS d
N+d = ' N+d
. 2d
> €1 — = (since N> Ny=— —d)
P €r—1
€r—1

& (4.31)
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As in Lemma 4.3.2, since F; C Z(f) N A,, it follows that there are at most d — 1 factors

alfl

in the product H H Ji ]. Together with (4.29), (4.30), (4.31) and as in (4.26), we
¢l j=0
have
BN# - BNA 1 24=1p
Lﬁ S 7\/,04 S — € € a—1 ntliaxleé' (432)
A Ay Qmin ( 2*1) Amin€y_q
Then by summing (4.32) over § € A~, we have
BN h 21-1p €y
< AT T L 4.33
AN+ | | ammﬁg % — ( )
where the last equality follows from (4.27), and it follows that we have AY > 0. O
Lemma 4.3.4. For each 0 < ¢ < k, we have
Qi 5 1—)2_1 (d 1)¢
€y 2 min { (m) 1} (434)

(The exponent “Y=1L=1 1) is understood to be equal to ¢ when d = 2).

Proof. First we remark that the inequality in (4.34) in the case when ¢ = 0 is obvious. It

is easy to see from (4.20) and (4.27) that ¢, < 1 for all 0 < ¢ < k. Let k := BTy e —

Then for 1 < ¢ < k, we have, from (4.27),

e = min{k- 5@ e}

min{x, 1} - ¢/~ (since ¢,_1 < 1)

v

min{x, 1} - (min{/-@, 1}621:21> (by iterating the above inequality)

v

v

min{/g 1}1+(d—1)+~~~+(d—1)(4’—1) .g(gd_l)e

v

(d— 1)71 dfle
mm{fi d-2 ,1}'6((] ’,

In summary, we have
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Proposition 4.3.5. Let f be in P;(A,) satisfying (Z1) and (Z2’). Let

(d-1)k—1
. Gmin -2 (d=1)F — 2_d —
€7 :=min { <—2d1|A‘bmaX> 1} e and Ny := o d. (4.35)

—~—

Then for any positive integer N' > Nz and any v € Z(n, N +d) satisfying 2 € Z(f)(ez),

we have AJWV > 0.

Proof. From Lemma 3.4 and (4.27), we easily see that €z < ¢, < -+ < ¢,1 < €, and
thus Nz > N, for each 0 < ¢ < k. Then the proposition follows readily from Proposition
3.3 and the inclusion Zf/)(ez) C Uo<r<k Fy(eq). O

4.3.2 5 being away from Z(f)NA

Next we consider those v € Z(n, N 4 d) for sufficiently large N and such that - stays

N+d
away from Z(f)NA,.
Definition 4.3.6. We define a metric on A,, by the following:
dlSt(yJ Z) = Hy - ZH, \V/?J; KAS An (436)
where || - || is the Euclidean norm. Then the distance between a point x and a set of
points say S is
dist(z,S) = ;22 dist(z,z) = ;Ielg ||z — z||. (4.37)

Proposition 4.3.7. Suppose f € P;(A,) satisfies (Z1) and (Z2'). For every ¢ > 0, there
exists 0 > 0 such that if dist(z, Z(f) N A,) < 0, then
[~ (=)
f* (@)

In particular, we have ¢ < 1, where ¢ = ¢(f) is as defined in (4.15).

<e. (4.38)

Proof. Since f satisfies (Z1), we may write Z(f) N A, = Fy U Fy U --- U Fy, with each
F, = Ule% Fy as in (4.18). Suppose we have a sequence of numbers dg, - - - , d;, and we

take = min{dy,- -+ ,dx}. Then for a given point z,

dist(z, Fr(9)) < dist(z, Fi(ds)) (4.39)
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where Fy is an (-face of Z(f)NA,. From the decomposition of the tubular neighborhoods
of Z(f) N A, in (4.19), it is easy to see that to prove (4.38), it suffices to show that for
any given € > 0, there exist positive numbers d,, 0 < ¢ < k, such that

f(z)
f* ()

<e Vae F6)\ Z(f). (4.40)

Let ¢ > 0 be a given number. To prove (4.40) by induction on ¢, we define the d,’s

recursively as follows: Set

Ain€
5 . — min d
0 |A~ [bax + ndamine’ o
min 5d_1
d¢: = min {5g_1, %} for 1 < /¢ <k. (4.41)

First we consider the case when ¢ = 0. Take x = (z1,--- ,2n) € Fo(8) \ Z(f). Then
x € Fy(dp) for some I € ®q. Upon permuting the z;’s if necessary, we will assume without
loss of generality that I = {1,--- ,n—1}, and thus we have 0 < z; < g for 1 <i<n-—1,
which implies that x, > 1 — (n — 1)dg. For any 8 = (B, -+, 5,) € A~ it follows from
(Z2') that there exists a = (aq, -+, @) € AT and iy with 1 < iy < n — 1 and satisfying

(4.21), and in particular, one has 3, < a,. Then similar to (4.22), (4.23) and (4.25), we

have
bﬁl‘ﬁ b,gl‘ﬁ bﬁ nl Bi—ay Bin —a; 1
< — P, i [e73 . ‘ZO 0,
f+(1:) - CLaIa aa (H xl ) xlo x%nfﬁn
iig
bmax 1
- Qmin 0 (]_ — (TL — 1)6o)d_1
bmax(SO

< (by Bernoulli inequality). (4.42)

Amin(1 — (d — 1)(n — 1))

Upon summing (4.42) over 5 € A~, we have

[~ ()
f* ()

bmaxéo < |A_ ‘bmaxaﬂ
min(l — (d — 1)(7’L — 1)50) amin(l — d?’L(S())

<A~ =, (4.43)

where the last equality follows from a simple calculation using (4.41), and thus (4.40)

holds for the case when ¢ = 0. Now we make the induction hypothesis that (4.40) holds
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for the cases when the running index takes the values 0,1,--- ;£ —1. Then to prove (4.40)
for the case when the running index is ¢, it follows from the induction hypothesis and the
arguments in the beginning of the proof of Proposition 4.3.3 that we only need to consider
those points z = (zq,- - ,x,) € <F](5g) \ UJ%I FJ((Sg_l)) \ Z(f) for some I € &, so that
as in (4.28), one has x; < ¢, for i € I and x; > 0,1 for i ¢ I. Then for each 5 € A~ (and
a corresponding a = () € AT arising from (Z2') as mentioned above), a consideration

similar to (4.42) (cf. also (4.29), (4.30), (4.31) (4.32)) leads readily to the following:

bgl’ﬁ bglﬂ bmax 1
< < Oy —— 4.44
F@) S e a5 (4.44)

Upon summing (4.44) over § € A~ we have

f_(l') _ bmax5€
< | Dm0t o 4.45
) T se (4:45)

where the last inequality follows from (4.41). This finishes the proof of (4.38). Finally, it

follows from (4.18) that the function g defined by

_ (@)
g(x) = @)

extends to a continuous function on the compact set A,, which we denote by the same

re A N\Z(f)NA,,

symbol, such that g(x) = 0 on Z(f) N A,. By the extreme value theorem, we may take
¢ = g(xg) for some g € A, \ Z(f) N A,. Then f(zg) > 0 and thus f*(zg) > f~ (o),
which implies ¢ = g(xg) < 1. O
Lemma 4.3.8. Let 0 < r < 1, and suppose f € P,(A,) satisfies (Z1). Then for any
reN,\ Z/f)(r), we have

) > amnr®

—_~—

Proof. For any fixed = (1, -+ ,x,) € A\ Z(f)(r), welet J={j|z; <r}. If J#0
and the associated face F; of A, is a subset of Z(f)NA,, then we have = € va(r) which

contradicts ¢ Z(f)(r). Thus, J =0, or F; ¢ Z(f)NA, = Z(f*) N A,, where the

last equality follows from Lemma 4.3.1. In either case, it follows readily that there exists
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a = (ag, - ,a,) € AT such that a; = 0 for each j € J. In other words, one has z; > r

whenever a; > 0. Hence, we have
fH(@) > aga™ - 29" > ampinr?.
m

Similar to ([20], p. 223), for any given real number ¢, we introduce the following

polynomials associated to f™ and f~ respectively given by

n

fif(@) = ZaaHfBi<xi_t>"'<l’i—(Oéi—l)t) and (4.46)
fr@) = ) bg il =) (i — (B = 1)), (4.47)
BeEA— i=1

where = (z1,- -+ ,x,). From now on, we will always let ¢t = ﬁ. Then from (4.8), one

N

easily sees that

ak (N+d> £ and AN = N!(N—Fd)df{( ). (4.48)

ANt =
1!yt N + d) K Y1l ! N +d

Proposition 4.3.9. Suppose f € P;(A,) satisfies (Z1) and (Z2’). Let R be any given

real number satisfying 0 < R < 1, and let

d(d — 1)amax

Np =
R 2(1 = ¢)amin R?

—d. (4.49)

Then for any positive integer N > Np and any v € Z(n, N + d) satisfying 5 € A, \

—_~—

Z(f)(R), we have ALY > 0.

Proof. For any given 0 < R < 1 and any N > Ng, we let v = (71, ,7) € Z(n, N +d)

be such that = € A, \ 2(\/]“)(]%) Then by (4.6) and (4.48), we have

DAY = )~ ()
NI(N 4 d)d" ! N+d PN +d
+ -7 + v
B (f (N+d) ! (N—+d>> (f (N+d) Je (N—+d)>
I () — o). (4.50)
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By Lemma 4.3.7 and (4.15), we have

L 7
P — ) 2 (1= O () 2 (= awn B (451)
From (4.46), it is easy to see that
_ . O i —k
I )~ ) = 30 1 (753) -1 (22)]  us

Note that if 3; > 7; for some j, then we have Hﬁ;‘ol <N+d

) = 0, since one of the factors

N\ Bi _
in the product is zero. It follows readily that we have ( Nvi d) ’ > 5; 01 < NT d) for each

B = (P, -+ ,0n) € A~ and each 1 < j < n. Hence we have

Fr(—=) = (-

N d ) > 0. (4.53)

N —|— d
Then following the argument in ([20], p. 223-224), we have

Py~ )
- > [ﬁ(N+d) ﬁg(%;’;)] (a5 in (452)
n . o n a1 =
<o ¥ ST THT )
a€Z(n,N+d) j=1 j=1 k=0
d—1
< o[- T )
d(d—1)

< g ) 4.54
= Gmax 5N T q) (4.54)

where the second last line follows from the multinomial theorem and the iterated Vandermonde-
Chu identity as given in ([20], p. 224), and the last line follows from the well-known
inequality that JJ(1 —w,) > 1 — > wp if 0 < w, < 1. Finally, upon combining (4.50),
(4.51), (4.53) and (4.54), we have

,}/1'7’0' N d d(d_ 1)amax
o A > (1- min R YZN
NN = (1 mmnR = Sy = 40

d(d — 1)amax

> (1= ¢)ammR? — (since N > Ng)

2(Ng + d)
= 0 (by (4.49)).
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O

The next theorem gives the sufficient conditions for f € P;(A,) to be Pélya semi-stable

with effective estimates as follows:

Theorem 4.3.10. Let f € P4(A,,). Suppose f satisfies (Z1) and (Z2’). Then there exists

an effective constant N, = N,(n,d, tmax @max ¢ L A=) such that (21 + - + 2,)Vf €

? @min ' @min

S a(R™) for all positive integers N > N, (cf. (4.14), 4.15), 4.16)). In particular, f is

Polya semi-stable. Explicitly, let

21 A [ A By \ @1
@ = max{ (|—|> BN} (nd + ||—> . (4.55)
QAmin Gmin
Then N, can be given by
-1 d
N, := max{2dp, Ad = a1 }—d. (4.56)

2(1 = ¢)amin

Proof. Let f be in Py(A,) satisfying (Z1) and (Z2’), and let €z, Nz be as in Proposition
4.3.5. Let Ng be as in Proposition 4.3.8, and set R := €z. Then it is easy to see from
(4.55), (4.20) and (4.35) that g = L. Together with (4.56), (4.35) and (4.49), it follows

-
readily that one has
NO = maX{Nz, NR}

For any positive integer N > N, and any v € Z(n, N + d), let AL be as in (4.6). If

g € Z(f)(ez), then by Proposition 4.3.5, we have AY > 0. On the other hand, if

—_~—

voa € An \ Z(f)(ez), then we also have Al > 0 by Proposition 4.3.8. Hence (z1 +--- +

)V f € > n . a(R"). This finishes the proof of Theorem 4.3.9. O

Remark 4.3.11. (i) The bound N, in Theorem 4.3.10 is obtained by taking maximum
of two values. The first value can be considered as arising from the zero set Z(f) of
f, while the second value can be considered as arising from the strict positivity of f
in the complement of some tubular neighbourhood of Z(f)NA,, in A,,, reminiscent

of the strictly positive case in [18] and [20].
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(ii) One can drop the dependence of N, on the parameteres k and |A~| by replacing
them by max{n—3,0} and ("jl"_izl) — 1 respectively in (4.55) and (4.56). To see this,

we first note that the value of the expression for N, increases with the values of k,

|A~| and d. Since A* # 0, it follows that one always has [A7| < ("1/]") — 1. Also,
we always have & < n — 2 as in (4.16). On the other hand, an (n — 2)-face of A,
corresponding to the equation x; = 0 lies in Z(f) N A, if and only if z; is a factor
of each monomial term of f (cf. Lemma 4.3.1). Thus, when n > 3 and k =n — 2,
by factoring out all the common factors of the monomial terms of f, one may write
f=a 29" f with oy, , 0, € Zsg and such that Z(f) N A, consists of faces of
dimensions < n — 3, i.e., k(f) < n — 3. Note that (21 4 --- 4+ 2,)f € Shia®RY) if
and only if (214 -+ +z,)f € S Ntdeoy—oo, (R™). Thus the value of N, = N,(f) in

A

Theorem 4.3.10 can be replaced by that of N,(f), which means that in (4.55) and

(4.56), d is replaced by d — o1 — + -+ — 0, k is replaced by k(f) < n — 3, while the

values of the other parameteres remain unchanged.

The following example illustrates a polynomial which is Pélya semi-stable, and satisfies
(Z1) but does not satisfy (Z2’). This implies that the sufficient conditions (Z1) and (Z2’)

are not necessary conditions for Pélya semi-stability.
Example 4.3.12. Let
p(x1, T2, T3, T4) = TIT3T4 + ToT3T4 + T1ToT3 + T1T2T] — T1ToT3T4 (4.57)

be a polynomial in P;(R?*). Clearly, by arithmetic-geometric inequality, p is positive semi-
definite. Also, by the expansion of (x; + 9 + x3 + z4)p(21, T2, T3, T4), We can see that all
the coefficients of (x1 + xo + 3+ x4)p(21, T2, 23, 4) are non-negative. Hence p(x) is Pdlya

semi-stable. The zero set of p(z) is

{(x1, 20, 23,24) €Ay | @1 =29 =0;23 =124 =0;21 =23 = 0;

r1=24=0;20 =23 =0;29 =24 =0;} (4.58)
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and we have

AT = {(2,0,1,1),(0,2,1,1),(1,1,2,0),(1,1,0,2)}, (4.59)

AT = {(1,1,1,1)). (4.60)

Clearly, there exists a face F; and € A~ such that 3 £, o for all @ € A*. Take Fyz 4y,
and we can see that (1,1,1,1) %34 « for all &« € A*. Hence p(z) does not satisfy (Z2’),
and (Z2’) cannot be a necessary condition for Pélya semi-stability.

Next we construct a family of polynomials {h.} C Py(A,) to illustrate that the growth

1

— as ¢ — 1, is sharp.

order of N, with respect to ¢ in Theorem 4.3.10, namely, N, ~
Each h, will be such that Z(h.) N A, consists of a union of 0-faces and 1-faces of Ay, i.e.,

kE=1.
Example 4.3.13. For 0 < € < 4, consider the polynomial in Rz, y, z, w] given by
he(z,y, z,w) := %yz + zy’z + vy2* + w* — (4 — e)zyzw.

By the arithmetic-geometric mean inequality, one easily sees that h. € P;(A4), and one
has Z(h) N Ay = {(z,y,z,w) € Ay | x = w = 0} U {(z,y,z,w) € Ay | y = w =
0} U{(z,y,z,w) € Ay | z = w = 0}. Hence h, satisfies (Z1). Clearly there are three
1-faces Fy,, Fr,, Fr, and three O-faces Fp,, Fi,, Fi, in Z(h.) N A4 with associated indexes
given by

L ={1,4}, L = {2,4}, I3=1{3,4},

Li={1,2,4}, I, = {1,3,4}, Is={23,4}.
We list the 4-tuples in A and A~ as follows:

AT = {(2,1,1,0),(1,2,1,0),(1,1,2,0),(0,0,0,4)}.

AT = {(1,1,1,1)}.

Let = (1,1,1,1). It is easy to see that for each face F7y,, there exists a(l;) € AT

Yy

such that 5 =5, «(l;), i = 1,---,6 (as an example, one may take a(ly) = (1,1,2,0)).
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Hence h. satisfies (Z2'). One can also easily check that n =4, d =4, |[A~| =1, k =1,

Umin = Omax = 1, bpax = 4 — €, c=1—%. For 0 < € < 3, the constant N, in Theorem

4.3.10 is then given by

68 (4—¢€)1(20 — )2

€

N, = max {64(4 — €)(20 — ¢),

)

6-84.44.2012
€

As € — 0 (or equivalently ¢ — 1), N, is asymptotically ~ (or equivalently

6'84'14#). Thus N, has growth order N, ~ ﬁ as ¢ — 1. Let N = 4m for some positive

integer m. Then the coefficient of a™*tymTlmHlym+lin (2 +y + 2 + w)Vh, is

N (4m)! /1 3m —1)(m—2)
A(m+1,m+1,m+1,m+1) (m|>4 (m + 1 (m + 1)3 - (4 - E))
< (4m)! ( 3m g )
— €
- (mhr\m+ 1 m+ 1
(4m)! ( >
= €—
(m!)* m+ 1
Thus if (x +y + 2z +w)Vhe € Z}H(R“) we must have € — —= > 0, which implies that
N =4m > 16 — 4 (or equivalently ;== — 4), and hence the minimum growth order of N

is at least 1—_0, as ¢ — 1. Therefore the growth order of N, in Theorem 4.3.10, namely

N, ~ 1%0, is sharp.

Remark 4.3.14. Powers and Reznick [21] have earlier constructed a similar family of
polynomials such that the zero set of each polynomial in A,, consists of only 0-faces, and

for which one can easily check that the minimum growth order of IV is also at least %

4.4 Characterization of Pdélya semi-stable polynomi-
als in some cases

In this section, we use Theorem 4.2.2 and Theorem 4.3.10 to deduce our characterization
of Pélya semi-stable polynomials in the case when Z(f) N A, consists of a finite number

of points and as well as the case when n = 3.
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Corollary 4.4.1. Let f € Py(A,) be such that |Z(f) N A,| is finite. Then f is Pdlya
semi-stable if and only if f satisfies (Z1) and (Z2). (Note that in this case, Z(f) N A,

necessarily consists of a union of vertices of A,,.)

Proof. Let f € Py(A,) besuch that |Z(f)NA,]is finite and f satisfies (Z1), so that Z(f)N
A,, consists of O-faces of A,,. It is obvious that Corollary 4.4.1 will readily follow from
Theorem 4.2.2 and Theorem 4.3.10 if one can show that such an f satisfies (Z22) if and only
if it satisfies (Z22'). Clearly if f satisfies (Z2), then it satisfies (Z2). Conversely, suppose
f satisfies (Z2) but not (Z2'). Then it follows that there exists a = (g, -+, ,) € AT,
8= (P, ,0n) € A~ and a O-face F; C Z(f)NA, such that § = «, but 8 % . Upon
permuting the coordinates of A,, if necessary, we will assume without loss of generality
that I = {1,--- ,n — 1}. Then we have (3; > «a; for all 1 < i < n — 1, but there does
not exist 7o with 1 <14y < n — 1 such that 3;, > «;,. Hence we must have 3, = «; for all
1 <i<n—1. Since |a| = |F| = d, it follows that 3, = «,. Thus we have o = 3, which

is a contradiction, since the sets AT and A~ are disjoint by construction. m

Remark 4.4.2. In the case when |Z(f) N A,| is finite, Powers and Reznick ([21] and
[22]) showed the characterization of Pélya semi-stable polynomials with ‘simple zeros’ at
vertices of A,, (with effective estimates). It is easy to see that such a polynomial with
simple zeros at vertices of A,, necessarily satisfies (Z1) and (Z2') but not vice versa (see

[21] for the definition of ‘simple zeros’).

When n = 2, it is easy to see that f € P;(A,) is Pdlya semi-stable if and only if f can

be expressed in the form
flar,x) = 2 a2 f,
with 01,09 € Zso and such that f(x) > 0 on Ay. When n = 3, Theorem 4.2.2 and

Theorem 4.3.10 lead to a simple characterization of Pdlya semi-stable polynomials as

follows:

Corollary 4.4.3. Let f € P;(A3). Then f is Pélya semi-stable if and only if f can be
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expressed in the form

flay, 2o, x3) = a7 25223 f, (4.61)

for some o, 09, 03 € Zisp and an f € Py_y,_gy—os(A3) such that [Z(f) N Ayl is finite and
f satisfies (Z1) and (Z2).

Proof. First we remark that if f € Py(As) is factored into the form f = z7'25225* f as
given in (4.61), then it is easy to see that f is Pdlya semi-stable if and only if f is Pélya
semi-stable. The ‘if” part of Corollary 4.4.3 then follows as a direct consequence of the
above remark and Corollary 4.4.1 (applied to f) Conversely, suppose f € Py(A3) is
Pélya semi-stable. Then by factoring out all the common factors of the monomial terms
of f, one can write f = :E‘flxg%?’f with o1, 09,03 € Z>( and such that the monomial
terms of f have no common factors. By the aforementioned remark, f is necessarily Poélya
semi-stable, and thus by Theorem 4.2.2, f satisfies (Z1) and (Z2). Moreover, it follows
from a simple dimension consideration that Z( f) N Az necessarily consists of a union of
0-faces and 1-faces of Az. Since the monomial terms of f have no common factors, it
follows that Z(f)NAs cannot contain any 1-faces. Hence Z(f) N Az consists of a union of

O-faces, and thus it is a finite set. This finishes the proof of the ‘only if” part of Corollary
4.4.3. O

4.5 Application to polynomials on a general simplex

Following the methods of Powers and Reznick ([20], Theorem 3), we proceed to show the
upper bound for the degree N of a representation of a non-negative polynomial f on a
general simplex S as a positive linear combination of powers of the barycentric coordinates
of S.

Let S be a general n-simplex in R™ and let {vg,--- ,v,} be the set of vertices of S. If

for some point x € S, we have

No(z) + -+ Ao(2)x = Xo(2)v1 + - - - + A (2) 0y, (4.62)
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and > Ai(x) = 1, then {)Ag, -+, A\, } is the set of barycentric coordinates of S. We can
also see that {\, -+, A\, } is a set of linear polynomials in « and we also have \;(v;) = d;;.
Let f € Rlxy, -+, 2, be a (non-homogeneous) polynomial of degree d in R™. Then we
can find a homogenization f € R[yo, - - -, y,] of degree d such that f(Xg, -+, \,) = f(x).
f can be constructed as follows: Given f (x) = Z|a| <4 0a®®, then we rewrite as
= 3 () (X a) (4.63)
o <d i=0

and we have

Flyor---vum) = D aa<zv@yz) (iyi)d_la. (4.64)

|a|<d
If f is non-negative on S, then it is easy to see that f € Py(A,41). An immediate

consequence of Theorem 4.3.10 is the following:

Corollary 4.5.1. Let S be a general n-simplex in R", {vg, - ,v,} be the set of vertices
of S, and {\g, -+, \,} be the set of barycentric coordinates of S. Let f € Rlxy, -+, x,)]
be of degree d and non-negative on the simplex S, and let f € Rlyo, - ,yn] be the
homogenization of f. Suppose f satisifes (Z1) and (Z2’). Then f admits a representation
of the form

f= Z an A - - an™ (with each a, > 0) (4.65)

n
lo|<N

for some N < N,, where N, = No(f) is as given in Theorem 4.3.10.

Proof. We can apply Theorem 4.3.10 to f which satisfies (Z1) and (Z2) by assumption,
and see that there exists N such that (3" v;)" f(y) has non-negative coefficients,

O )N flw) = > bay’, (4.66)

|Bl=N
where bz > 0 for all 3. Substituting A; for y; gives f(z) on the left hand side of (4.66),

and a representation of degree N on the right hand side. O]

Remark 4.5.2. Using the approach in ([20], p. 226) which treated the case of positive

polynomials on a convex compact polyhedron, we might ask whether the above Corollary
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4.5.1 can be generalized to the case of polynomials which are non-negative on a convex
compact polyhedron. However, no such generalization is possible, as the example by

Handelman ([11], pg 57) shows.

4.6 Generalization for certain bihomogeneous poly-
nomials

Let p(z) be a real-valued bihomogeneous complex polynomial which has the following

representation:
() =3 aa I 1o, (4.67)
a =1
where a, € R for each @ = (ay,---,,) and the associated real polynomial p of p is
defined as

p(x) == Z U H zt (4.68)

In other words, p is obtained from p by replacing each |z;]|? is replaced by z; in (4.67).

Example 4.6.1. Let p(z1, 20, 23) = |21]*|22|* + | 21|?|22]* + |23|% — 3| 212223|%. Clearly, it is a
real-valued bihomogeneous complex polynomial of the representation in (4.67). Moreover,

the associated real polynomial is p(zy, Tq, 3) = 22wy + 1123 + 23 — 3317973,

Proposition 4.6.2. Let p(z) be a positive semi-definite bihomogeneous real-valued com-
plex polynomial on C™ which satisfies (4.67). Then p € PQDy(C") if and only if p is

Pélya semi-stable.

Proof. If p is Pélya semi-stable, then it is clear to see that (3" x;)Vp € ZEM(R”) for

sufficiently large N, and the substitution of z; by |z;|? enables us to see that the associated
real-valued bihomogeneous complex polynomial p is in PQu(C™), by definition. On the

other hand, suppose p € PQD,(C"™), and this means

O 0 = 3 bilgs P (4.69)
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where g; are of the form g; = > 5 cj 37", b; are all non-negative real numbers and N is

some sufficiently large integer. By expanding each |g;|* in (4.69), we have

n

(D 1=Vp(z) =D 0,3 cis2”) (D cio?P)- (4.70)
iB E

i=1

From (4.67), it is clear that we may write

O () = 3 A T 1 (4.71)

where each A, € R. Then on comparing the coefficients of [[}_, |z]* in (4.70) and
(4.71), we have A, = > . b;(>_, |cj~|?), which is clearly non-negative. On replacing each

|2;]? with z; in (4.71), we obtain
(14 -+ 2,)Vp(z) = Z Az (4.72)
B!
hence showing that p(z) is Pdlya semi-stable. O

Corollary 4.6.3. Let p(z) be a positive semi-definite bihomogeneous real-valued complex

polynomial on C" which can be expressed as in (4.67). Suppose the associated real

polynomial p of p satisfies (Z1) and (Z2’), then p € PQD4(C").

Proof. Since p(z) satisfies (Z1) and (Z2’), then by Theorem 4.3.10, it is Pélya semi-stable.
By Proposition 4.6.2, we have p € PQDy(C"). Furthermore, (3>_7 | |2:[*)Vp(z) is a sum
of squared norms for all N > N,, N, as defined in Theorem 4.3.10. n

Example 4.6.4. Consider the polynomial M,(21, 22, 23) = |21|*|22]*+ |21 || 22|*+] 23] — (3—
€)|z12223]%, 0 < € < 3, which was introduced in Section 2.1 (j). From the proof in Chapter
2, we have shown M., to be a quotient of squared norms with uniform denominator. Now,

we consider the associated real polynomial M, of M., and we have
M, = 222y + 1122 4 23 — (3 — €) 212973 (4.73)

It is clear that M, satisfies (Z1) and (Z2’), hence by Corollary 4.6.3, we can conclude that
M., is a quotient of squared norms with uniform denominator, which coincides with the

results in Chapter 2.
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