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SUMMARY  

 

Many backcalculation algorithms based on multi-layer elastic theory and plate theory 

were developed to backcalculate the layer moduli of a flexible and rigid pavement 

system, respectively. Unfortunately, they do not always give the unique answer due to 

the use of iterative trial and error approach in developing the algorithms. In this study, 

a development and evaluation of closed-form backcalculation algorithms was 

proposed. The aims of this research were to examine the merits of currently available 

closed-form backcalculation algorithms, and develop a procedure to derive the 

composite modulus of subgrade reaction (composite k value) for a rigid pavement with 

a subbase layer using a suitable closed-form backcalculation algorithm; and to develop 

a closed-form backcalculation algorithm for multi-layer flexible pavement system. The 

results showed that the closed-form backcalculation algorithm, NUS-BACK, was 

suitable to evaluate the layer moduli of an infinite- and finite-slab rigid pavement 

system. The next result produced was the relationship of two radius of relative 

stiffness of different foundation model, namely lk-lEs and lk-lEs/sb relationship, was 

suitable to determine k and composite k values from their respective layer moduli Es; 

and Es and Esb. Another important achievement was the proposed closed-form 

backcalculation algorithms for three- and four-layer flexible pavement developed in 

this study, 3L-BACK and 4L-BACK, could produce slightly more accurate 

backcalculated moduli than those of other iterative-based backcalculation programs.
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CHAPTER 1 

INTRODUCTION 

 

 

1.1 Definition of Pavement Systems  

Most pavements could be broadly classified into two categories, namely 

flexible and rigid pavements.  A rigid or concrete pavement consists of a rigid slab 

typically designed based on a theoretically related analysis involving some empirical 

modifications to the Westergaard (1925) approach. Flexible pavements are represented 

by a pavement structure having a relatively thin asphalt wearing course overlying 

layers of granular base and subbase which are installed to protect the subgrade from 

being overstressed. 

 

1.2 Rigid Pavement System 

1.2.1 Background 

 A rigid pavement is in practice commonly constructed of Portland cement 

concrete slabs supported on a granular subbase overlying the subgrade soil. It is 

designed to withstand heavy axle-loads over a relatively long service life of as much 

as 40 years. The subgrade is an important part of the rigid pavement system having a 

major influence on the level of performance of the pavement, and how long the 

pavement can last without major repairs. 

 There are two approaches that are commonly used to model the subgrade soil, 

namely the dense liquid model and the elastic solid model. These two models 

represent the two extreme ends of the spectrum of behavior of the real soil. The liquid 

foundation, also called Winkler foundation, assumes that the vertical displacement of 
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the subgrade surface at any point is proportional to the vertical stress at that point, 

without shear transmission to its adjacent areas. The elastic solid model, first proposed 

by Boussinesq in 1885 (Huang, 2003), considers the soil as an elastic, homogenous 

and isotropic material. According to this model, a load applied to the surface of the 

foundation produces a continuous and infinite deflection basin. 

 In 1925, Westergaard introduced the term “modulus of subgrade reaction”, 

widely known as the k value today, which is equal to the applied pressure required to 

produce a uniform unit deflection under a specified loaded area (Westergaard, 1925). 

In the early years, k was only used to represent the elastic characteristics of subgrade. 

However, after the first full-scale road test conducted in Arlington, USA, in 1930s, k 

was also used to characterize other layers above the subgrade, such as the subbase and 

base layers (Darter et al., 1995).  

 

1.2.2 Significance of k Values in Design and Evaluation of Rigid Pavements 

 The concrete slab of a rigid pavement system is stiff and can distribute the 

applied load over a wide area. Because of its rigidity and ability to distribute the 

applied load effectively, structurally no additional layer is required between the slab 

and the subgrade.  

In the early days of applications of rigid pavement systems, the design of the 

rigid pavement generally only consisted of two layers, i.e. concrete slab and subgrade 

soil. However, because of the joint pumping problem, this design became uncommon 

later. All rigid pavements today are practically constructed with a subbase layer to 

serve as a drainage layer and to protect the subgrade soil against pumping and other 

moisture-related distresses. Therefore, to take into account the contribution of the 

subbase layer in a rigid pavement system, the use of composite k value in pavement 



3 

design, instead of using only the k value of the subgrade soil, becomes a necessity 

today. Several major design methods in highway pavement, such as the AASHTO 

(1972) and PCA (1984), have used composite k values for the purpose of either new 

structural design or rehabilitation and overlay design (AASHTO, 1972, 1986, 1993; 

PCA, 1984). This indicates that the concept of composite k value is quite important in 

those types of design.  

 Because of the simplicity in its use and the input data required, the employment 

of the k value-based design methods are very popular. Generally, only two or three 

input parameters are required: some require only the modulus of subgrade reaction and 

the thickness of subbase (AASHTO, 1972; PCA, 1984); while others also require the 

modulus of subbase (AASHTO, 1986, 1993). For new construction design, the 

determination of the input data could be conducted by destructive methods (field test 

or laboratory test) and nondestructive methods (by measuring the responses of the 

pavement system under a test load).  However, the results of composite k value 

determination using the different design methods are not consistent since each method 

only developed based on experimental experience for specific locations and for certain 

material types.  

 For rehabilitation and overlay design, the use of nondestructive test to determine 

the composite k value is more popular than destructive tests, because destructive tests 

are not practical for this type of design. In this type of design, the responses of the 

pavement under a test load will be employed as input to backcalculation analysis for 

the determination of the composite k value. Many backcalculation procedures and 

algorithms are available today. However, they tend to give different answers because 

of different simplifications and assumptions made in the modeling of the real 

pavement system.  
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1.3 Flexible Pavement System 

1.3.1 Background 

Boussinesq in 1885 introduced a theory of flexible pavement structure which 

was considered as a homogenous half-space. It means that the pavement system is 

only consisted of one layer which is infinite in its vertical and horizontal directions. 

The original theory by Boussinesq (1885) was based on a concentrated load applied on 

the system. 

In 1943, Burmister developed a solution for multi-layer system by introducing a 

two-layer system (surface layer and subgrade) to represent a more appropriate model 

for flexible pavements that have more than one layer with better materials in the upper 

layers.  

 In 1945, Burmister extended the concept of multi-layer system by introducing a 

three-layer system (Burmister, 1945b). The system has an intermediate layer, namely 

base layer, between the surface layer and subgrade in order to construct economically 

a sufficiently thin thickness of surface layer and to provide adequate support against 

heavy loads by spreading the pressure over a weaker subgrade. 

 

1.3.2 Multi-layered System in Design and Evaluation of Flexible Pavements 

 Theoretically, the assumptions mentioned in the previous section are only used to 

simplify the structural model of flexible pavement. It is known that the materials of 

base layer and subgrade are not homogenous and also nonlinear. It is also true that the 

surface layer should have weight, and not weightless at all. However, the use of those 

assumptions has a merit in developing the flexible pavement structure model. In 

contrast to rigid pavement system, all layers in flexible pavements are characterized by 

the same engineering parameter, i.e. the modulus of elasticity, E, rather than two 
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different parameters, that is, elastic modulus of concrete slab (Ec) and k, in rigid 

pavement systems.  

 Today, a flexible pavement consisted of three- or four-layer is used extensively. 

The use of three-layered models in pavement design can represent three layers with 

different ranges of elastic moduli, that is, surface layer (commonly contains asphalt 

materials), base layer (contains granular material) and subgrade (contains fine-grained 

soils). The use of an intermediate layer, which represents two layers, i.e. base layer 

and the subbase layer, in a three-layer model is also applicable. The second layer in the 

intermediate layer contains a lower-quality granular material and has purposes similar 

to the subbase layer in a rigid pavement system, that is, to minimize the intrusion of 

fines from subgrade into upper layer and to act as a drainage layer.  

 The four-layered system is more preferable to represent a multi-layer flexible 

pavement in practice. For new construction, the four-layer model is better than a three-

layer one to represent the four layers commonly found in practice, i.e. surface layer, 

base layer, subbase layer and subgrade. Furthermore, a four-layer model is also more 

suitable to be used in overlay design, by assigning the overlay layer as top layer, 

followed by existing asphaltic-material layer as second layer, combination of base and 

subbase layers as the third layer and subgrade as the last layer.  

 Similar to the determination of composite k value in rigid pavement design, there 

are two methods to determine the layer elastic modulus E, i.e. destructive and 

nondestructive methods. For the destructive method, two tests are commonly used, 

namely triaxial compression test (for granular materials and fine-grained soils) and 

indirect tensile test (for asphaltic materials), while the deflection-based 

backcalculation algorithm is the most popular method to determine E in a 

nondestructive manner. Many backcalculation algorithms based on multi-layer elastic 
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theory have been used to backcalculate the layer moduli. Unfortunately, similar to the 

case of backcalculation analysis for rigid pavements, they do not always give the same 

answer due to the use of different approaches in developing the algorithms. 

 

1.4 Objectives and Scope of Work 

The main objectives of this research are: (a) to examine the merits of currently 

available closed-form backcalculation algorithms, and develop a backcalculation-

based procedure to derive the composite k value for a rigid pavement with a subbase 

layer using a suitable closed-form backcalculation algorithm; and (b) to develop a 

closed-form backcalculation algorithm for a three-layer flexible pavement system, and 

another for a four-layer flexible pavement system.   

The scope of work consists of the following components: 

1. To evaluate the available existing closed-form and non-closed-form 

backcalculation algorithms for rigid pavements and assess their suitability for 

nondestructive determination of composite k value, addressing the issues of slab 

size, the choice of seed modulus values, and the choice of the forward deflection 

computation method. 

2. To propose a procedure based on the backcalculation approach to determine the 

composite k value of a rigid pavement by means of deflection matching of 

equivalent pavement systems. 

3. To perform a validation of the computed composite k value by the proposed 

procedure against actual measured field data reported in the literature.  

4. To develop a forward calculation program for three- and four-layer flexible 

pavements respectively and perform a verification to examine the robustness of 

the program using hypothetical data. 
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5. To develop closed-form backcalculation methods of three- and four-layer 

flexible pavement systems respectively.  

6. To perform verification of the proposed backcalculation algorithms of three- and 

four-layer flexible pavements using hypothetical data. 

 

1.5 Organization of Thesis  

Chapter 1 presents the background of the study highlighting the need for a 

rational analytical procedure to determine the composite k value of a rigid pavement 

and elastic modulus E of a multi-layer flexible pavement. The objectives and the main 

scope of work of this research are also presented. 

Chapter 2 reviews the existing literature on k and E values, such as its 

definition, the methods of determination and factors affecting their determination. 

Special focus is placed on the determination of composite k value of rigid pavements 

and backcalculated E values of multi-layer flexible pavements, and the issues 

involved.  

Chapter 3 presents comparisons of several closed-form backcalculation 

computer programs of concrete pavement using measured deflections from the 

database of the USA Long Term Pavement Performance (LTPP) Project (Elkin et al., 

2003).  The effect of finite slab size in backcalculation analysis of concrete pavement 

using the selected closed-form backcalculation program and four other different 

backcalculation programs are evaluated.  

Chapter 4 presents the examination of existing k-Es (Es stands for elastic 

modulus of subgrade) relationships on rigid pavement system used in practice and the 

development of proposed k-Es relationship by means of equivalent concepts, i.e. 
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equivalent k-model and equivalent Es-model, and also equivalent k-model and 

equivalent Es-model with subbase. 

Chapter 5 presents the derivation of forward calculation solution for the 

determination of deflections of the three- and four-layer flexible pavement system, 

addressing the issue of robustness of the solution and comparing the results of the 

solution with that of other similar forward calculation programs. 

Chapter 6 reviews the development of backcalculation algorithms for the 

determination of elastic moduli of the three- and four-layer flexible pavement system, 

respectively, addressing the issue of robustness of the program and comparing the 

results of the program with that of other backcalculation programs. 

Chapter 7 presents the summary of research findings and recommendations for 

further research works. 
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CHAPTER 2   

LITERATURE REVIEW  

 

 

2.1 Introduction 

In 1867, Winkler provided the conceptual model of a plate supported by a dense 

liquid foundation, with the assumption that this foundation will deflect under an 

applied vertical force in direct proportion to the force, without shear transmission or 

deflection to adjacent areas of the foundation not covered by the loaded area (Darter et 

al., 1995). The deflection under the load is assumed to be constant over the loaded area 

(see Figure 2.1). 

The behavior of this type of foundation under a load is similar to that of a slab 

that is placed on an infinite number of spring, or that of water under a boat.  According 

to Archimedes’s principle, the weight of the boat is equal to the weight of water 

displaced. In other words, the total volume of displacement is proportional to the total 

load applied. 

Using the analogy of this elastic spring behavior, Westergaard (1925) introduced 

the term “modulus of subgrade reaction”, k, as the spring constant in the relationship 

between the contact pressure p at the bottom surface of the slab and the deflection of 

the foundation surface w,  as given in Equation (2-1). 

p  =  k . w (2-1) 

Because of the simplicity of the concept k value and its ability to simulate the 

actual behavior of rigid pavements with sufficient accuracy adequate for practical 

applications, liquid foundation is still being used widely today by pavement 

engineering practitioners and researchers. Researchers (Darter et al., 1995, 
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Khazanovich and Ioannides, 1993) have reported that for slabs on a natural soil 

subgrade or a granular subbase, the model can calculate accurately the responses of 

slab at its edges and corners, which are where the most critical stresses in the 

pavement would be located. 

In the event that a subbase layer is provided, the use of Equation (2-1) in 

pavement design or overlay design requires that a composite k value that combines the 

structural response of the subgrade and the subbase layer to be evaluated. Practically 

all concrete pavements constructed today comprise a subbase layer to facilitate 

subsurface drainage and prevent joint pumping. The determination of composite k 

values is an important element of the concrete pavement design process. 

On the other hand, the concept of elastic layered theory was introduced by 

Burmister (Burmister, 1943) as an improvement to the theory of flexible pavement as 

a homogenous half-space by Boussinesq (Boussinesq, 1885). The elastic layered 

theory is more appropriate to represent the actual pavement system since a flexible 

pavement system should not be consisted of only one layer of a homogenous mass, but 

should have multi layers with better materials on top because the intensity of stress is 

high on the upper layer of the pavement system, and inferior materials at the bottom 

where the intensity is low.  

 Firstly, Burmister introduced a concept of a pavement system with two layers in 

1943 (Burmister 1943; 1945a), and then the concept was extended to a three-layer 

pavement system in 1945 (Burmister 1945b). The concept of the three-layer flexible 

pavement system could be extended to n-layer pavement system, but the following 

basic assumptions of the multi-layer pavement system should be satisfied (Burmister, 

1943; 1945a): 
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a. each layer is homogenous, isotropic, and linearly elastic with an elastic modulus 

E and a Poisson ratio µ; 

b. the surface layer is weightless and infinite in extent in the horizontal direction, 

but finite in vertical direction. The subgrade is infinite in extent in both 

horizontal and vertical directions; 

c. the surface layer should be free of shearing stress and normal stress beyond the 

surface loading. The subgrade should be free of stress and displacement at 

infinite depth; and 

d. continuity conditions at layer interfaces are satisfied. 

 The use of an assumption that layered elastic theory is infinite in the horizontal 

direction means that this theory cannot be applied to evaluate the rigid pavement 

system with transverse joint. This theory is also inapplicable to rigid pavement when 

the loads are less than 0.6 or 0.9 m from the pavement edge (Huang, 2003). 

   

2.2 Determination of Layer Moduli 

2.2.1 Direct Test Methods 

2.2.1.1 k and Composite k Value of Rigid Pavement System 

Destructive methods are the earliest approach used to measure the modulus of 

pavement layer, especially the modulus of subgrade reaction, i.e. the k value. By these 

methods, all layers above the subgrade must be removed to form an open pit before a 

measurement can be made. A common procedure used in the early days is the plate 

load test that includes the non-repetitive static plate load test (ASTM D1196-93 and 

AASHTO T222-81) and the repetitive static plate load test (ASTM D1195-93 and 

AASHTO T221-90).  One main drawback of these methods is that a simulation of 
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subgrade at various moisture contents and densities to find out the worst condition of 

subgrade is almost impossible.  

Besides k value, the composite k value also can be determined using these two 

tests, particularly for the design of new road construction. There are several methods 

used to determine composite k value based on the measured layer moduli, such as the 

AASHTO (American Association of State Highway and Transportation Officials) and 

PCA (Portland Cement Association) methods described in the following paragraphs. 

The AASHTO method is one of the most widely used methods in pavement 

design today. The early version of AASHTO method (the 1972 AASHTO Interim 

Guide) provided a procedure to determine composite k value using a nomograph with 

subbase stiffness and modulus of subgrade reaction as its input values (see Figure 2.2). 

The later version of the AASTHO method (the 1986 Design Guide and then replaced 

by the 1993 Design Guide) modified the nomograph by replacing one input value, that 

is, the modulus of subgrade reaction with the subgrade resilient modulus (MR), and 

adding a new input value, thickness of subbase layer (Figure 2.3). The resilient 

modulus used to compute the composite k value is based on a plate load test using a 

base of 30-in (762 mm) diameter. Huang (2003) stated that this procedure is 

misleading and will result in stresses and deflections that are too small. 

The PCA procedure expresses the composite k value as a function of the 

subgrade soil k value, base thickness, and base type (granular or cement treated) (PCA, 

1984). Tables 2.1 and 2.2 list the PCA recommended composite k values for untreated 

base and cemented treated base respectively. The values shown in Table 2.1 were 

derived by applying the Burmister (1943) theory of two-layer systems to the results of 

plate load tests on subgrades and sub-bases of full-scale test slabs (Childs, 1967).   
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This method has a main drawback in that the accuracy of the composite k values 

interpolated from the values in the tables is not known, and extrapolation beyond the 

range of the given values is questionable. Another disadvantage of this method is that 

the modulus of subbase is unknown for both types of subbase (untreated and cemented 

treated subbase).  

 

 2.2.1.2 Elastic Layer Moduli of Flexible Pavement System 

 All materials in a flexible pavement system are typically characterized by elastic 

modulus or resilient modulus. The resilient modulus (MR) is the elastic modulus based 

on the recoverable strain under repeated loads (Huang, 2003), defined as 

r

d
RM

ε

σ
=    (2-2) 

in which σd is the deviator stress and εr is the recoverable strain. 

 Under traffic loading, most pavement materials are considered to behave 

elastically since the deformation under the small load (compared with the strength of 

material) and repeatable loading is nearly completely recoverable. This is the reason 

why the term elastic modulus is more frequently used than resilient modulus. 

 Different procedures are adopted to measure the elastic moduli of different 

materials, such as the resilient modulus test for unbound granular base/subbase 

materials and subgrade soils using the repeated load triaxial test (AASTHO T 294-92 

or known as SHRP Protocol P46), and the resilient modulus test for asphalt mixtures 

using indirect tension test (ASTM D4123-82 and the revised ASTM WK3751).  

 The use of elastic modulus to characterize pavement materials has practical 

benefits, especially for determining the elastic modulus of the subgrade. The resilient 

modulus test is faster and less expansive than plate loading test. In addition, the same 
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sample of the layer materials can be used for many tests under different loading and 

environmental conditions. This might be the reason for the AASHTO method to 

replace the use of the modulus of subgrade reaction in the 1972 Interim Guide with 

resilient modulus in the 1986 and 1993 Design Guide. 

 

2.2.2 Correlation with Other Engineering Properties 

Since the destructive methods are time-consuming and expensive, nowadays the 

k value is generally estimated by correlation to properties that can be determined by 

simpler tests. These include such the California Bearing Ratio (CBR) (Darter, 1995; 

Hall et al., 1995), the elastic modulus (E) and resilient modulus of the subgrade (MR).  

The correlation between k value and CBR developed by the Corps of Engineers, 

USA, was first published by Middlebrooks and Bertram (1942). Approximate 

relationships between the k value and CBR were also provided by PCA (1966), as seen 

in Figure 2.4. The relationships between k value and other soil properties are also 

depicted in the figure. 

 The correlation between the modulus of subgrade reaction (k value) and the 

elastic modulus of subgrade (E) is practically useful. For instance, k value can be 

related to elastic modulus and Poisson’s ratio of the solid foundation (Ef and µf) so that 

the property of a liquid foundation can be derived from elastic analysis, thus resulting 

in a simplification in calculation and saving of computational time. Vesic and Saxena 

(1974) suggested the use of the following correlation: 

( )hE

E

E
k

f

f

c

f
2

3/1

1 µ−



=  (2-3) 

in which Ec is the elastic modulus of concrete and h is the thickness of the slab. This 

equation is applicable only to loads in the interior of a slab (Huang and Sharpe, 1989). 
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For computing deflections, Vesic and Saxena (1974) suggested that the k value be 

taken as 42% of the value obtained from Equation (2-3). 

 The correlation between k value and the resilient modulus of subgrade can be 

derived using the definition of k value, that is, the ratio between an applied pressure 

(p) and the deflection (w) as shown by Equation (2-4). 

 
w

p
 k =  (2-4) 

The deflection of a plate on a solid foundation at the center of the slab (w0) can be 

determined by the following equation: 

( )
E

pa
w

2

1 2

0
µπ −

=  (2-5) 

Substituting Equation (2-5) into (2-4) and replacing E with MR will yield the following 

equation: 

 ( )aM
 k R

21

2

µπ −

=  (2-6) 

in which µ is the Poisson’s ratio of the foundation and a is the radius of the plate. 

 Another important correlation is one between resilient modulus and other 

engineering properties, as developed by Van Til et al. (1972) (see Figure 2.5). This 

correlation is important especially if only empirical tests, such as CBR test, 

stabilometer test, and so forth, are available. However, great care should be exercised 

since such empirical tests measure the strength of the materials and not their elastic 

properties. In addition, this empirical correlation is derived based on local conditions. 

  

2.2.3 Non-destructive Test (NDT) Methods   

NDT methods, as the name implies, leave the pavement structurally intact. 

Deflection based methods are by far the most commonly adopted approach today. In 
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these methods, deflection basins could be produced using NDT equipment such as 

steady-state vibratory devices or falling load deflectometers that produce impulse 

loads (Fwa, 2006). With the measured deflection basins, appropriate backcalculation 

algorithms can be employed to estimate the engineering properties of various 

pavement layers, including the subgrade soil. A detailed description of the different 

backcalculation approaches in use today is presented in Section 2.3. NDT methods 

have been used to evaluate the structural capacity of in-situ pavements (Pradhan, 

1999), the load transfer efficiency across joints and cracks in concrete pavements 

(Jackson et al., 1994; McCullough and Taute, 1982), layer properties of in-service 

concrete pavements (Li et al., 1996), and to detect the locations and extents of voids 

under concrete slabs (Crovetti and Darter, 1985).  

 Past studies have indicated that the results of NDT in the determination of the 

layer moduli could be affected by the rate of loading, as well as other loading 

conditions such as the magnitude and duration of loading. The moduli in certain soil 

types, such as cohesive saturated soils, may be substantially higher under rapid loading 

(e.g. moving vehicle) than under slow loading. This is because under rapid loading, 

pore water pressure is not fully dissipated. In NDT methods, the application of 

inappropriate loading rate may occur and yield unexpected results. For instance, the 

modulus of subgrade reaction determined from static load tests may not adequately 

represent the actual condition under moving traffic (Darter et al, 1995). Hall and 

McCaffrey (1994) applied NDT at an airport and indicated that failure in the pavement 

evaluated was due to the application of a faster rate of loading on the pavement used 

as a parking area. Matsui et al. (2000) found that the measured data based on static and 

dynamic loads actually were not significantly different although this finding was 

contrary to what they obtained using numerical simulations. Roesset and Shao (1985) 
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reported that differences produced by static and dynamic loadings were insignificant 

when the subgrade thickness was more than 11.48 m. 

Under the real condition, pavement structures are subjected to different 

magnitudes of loads. However, under different loading, the layer moduli would not be 

significantly different if the pavement system was truly linear elastic (Grogan et al., 

1998). Grogan et al. (1998) stated that for rigid pavements, the layer moduli tend to be 

independent of load level, but not for flexible pavement. Similar results are also found 

by Hall et al. (1996) that if the load level is sufficiently large, k value usually does not 

depend on the load level.  

The measured layer moduli may also be dependent on the duration of loading. 

Subgrade deformation may be time-dependent. Teller and Sutherland (1943) observed 

that for a given load applied to the bearing plate of the load testing apparatus, the 

displacement of the plate continued for a long time before a complete equilibrium was 

reached. It follows then that in reality, the selection of the duration of the test load 

must be carefully made in order to obtain an appropriate evaluation of the k value. 

 It is important for a NDT device to apply a loading condition (magnitude and 

duration) similar to that of the actual traffic. It is generally agreed that among all the 

currently available NDT devices, the Falling Weight Deflectometer (FWD) is the best 

device developed so far to simulate the magnitude and duration of actual moving loads 

(Lytton, 1989).  

 

2.3 Backcalculation Algorithms for Layer Moduli 

 One of the most useful applications of NDT testing is to backcalculate the elastic 

moduli of pavement components. Backcalculation analysis can be classified into 

several categories, depending on the type of load representation and the type of 
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material characterization. Among all the types of backcalculation methods, the static 

linear backcalculation is generally preferred in the majority of pavement 

backcalculation studies because of its simplicity and acceptable error ranges (Goktepe 

et al., 2006). 

Fwa (1998), Harichandran et al. (1994) and Goktepe et al. (2006) provided 

detailed descriptions of the various approaches of the static linear backcalculation 

currently available for the purpose of backcalculation analysis. One approach makes 

use of theoretical closed-form solutions to directly compute the elastic modulus of 

each layer by using layer thickness and deflections from one or more sensors (Li et al., 

1996; Fwa et al., 2000). Another approach of backcalculation applies some form of 

iterative process that varies the various pavement layer moduli until a sufficiently 

close match between the computed and measured deflections is obtained (Hall et al., 

1996; Khazanovich et al., 2000; Almedia et al., 1994). A third approach relies on an 

appropriate database that pre-calculates solutions based on measured deflections for a 

large number of pavement sections, and stores them in an organized database.  The 

pavement structure in the database that has its deflection basin that best matches the 

measured deflection basins is picked as the solution. This approach is often termed as 

database search algorithm (Lytton, 1989; Uzan, 1994; Tia et al., 1989). The fourth 

approach is regression-equation based methods that relate surface deflections to 

pavement layer moduli using statistical regression techniques (Fwa and 

Chandrasegaran, 2001; Harichandran et al., 1994).  

Huang (2003) commented that most of the second and third approaches of the 

backcalculation programs generally calculate the elastic modulus of the subgrade first 

using the outer sensor deflections, as it is known that the subgrade properties affect 

almost entirely the deflection measured by the sensor farthest from the load (Irwin et 
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al., 1989; Almedia et al., 1994). Once the elastic modulus of the subgrade is 

calculated, it is used as an input for the backcalculation of the moduli of the overlying 

layers.  

Brief descriptions of backcalculation algorithms for both rigid and flexible 

pavements are given in the following sub-sections. 

 

2.3.1 Closed-form Algorithms  

2.3.1.1 ILLI-BACK  

ILLI-BACK is a closed-form algorithm proposed by Hoffman and Thompson 

(1981) for calculation of pavement properties of an infinite rigid pavement slab 

supported directly on the subgrade. It is also known as the AREA method. AREA is a 

parameter defined by following equation: 
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in which wi is the measured deflection at point i (i = 0, n), n is the number of FWD 

sensors minus one, and ri is the distance between the center of the load plate and the 

sensor at point i. The AREA parameter is not truly an area, but has a dimension of 

length since it is normalized with respect to one of the measured deflections in order to 

remove the effects of load magnitude. Ioannides et al. (1989) found the following 

unique relationship between AREA and the radius of relative stiffness (l ), 
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in which the values for A, B, C and D are given in Table 2.3. 
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Using this relationship, the layer moduli (Ec and k values) can be calculated 

using the following formulas, 
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in which P is the applied NDT load; dr is the measured deflection at radial distance r; 

dr*  is a non-dimensional deflection coefficient for radial distance r; µ is the Poisson’s 

ratio of the concrete slab; and x, y and z are numerical constants as shown in Table 2.4. 

Using a four-sensor configuration, Ioannides et al. (1989) developed a closed-

form backcalculation computer program known as ILLI-BACK for a two-layer 

concrete pavement system. Hall et.al. (1996) applied the same approach using both a 

four- and a seven-sensor configuration to backcalculate pavement layer moduli for 

rigid pavements. The Strategic Highway Research Program (SHRP) (Hall et al., 1995) 

adopts a seven-sensor configuration with sensors located at 0, 203, 305, 457, 610, 914 

and 1524 mm from the center of load and a four-sensor configuration with sensors 

located at 0, 305, 610 and 914 mm from the center of load. For convenience, ILLI-

BACK4 and ILLI-BACK7 are used to denote the ILLI-BACK computer programs 

based on the four- and seven-sensor configuration, respectively. The ILLI-BACK7 

based on the seven-sensor configuration has been adopted by the 1993 AASHTO 

Guide (AASHTO, 1993). 

 The ILLI-BACK algorithm offers a straight-forward computation for 

backcalculation of rigid pavement properties and gives good results in conditions 

similar to that established for the algorithm. However, several limitations related to its 



21 

rigid solution scheme and its inability to handle measurement errors effectively were 

identified by Li et al. (1996) as follows: 

a. Equation (2-7) shows that the parameter AREA is normalized by deflection w0. 

The reason for ILLI-BACK to choose w0 as the normalizing deflection value is 

unclear. Li et al. (1996) has demonstrated that the selection of other deflection as 

normalizing deflection value could affect the computed results. 

b. The use of equations in ILLI-BACK algorithm, such as Equations (2-8) and (2-

10), is limited to certain sensor locations, as shown in Table 2.3 and 2.4. Any 

interpolation to estimate non-dimensional deflection coefficients for radial 

distances not listed in Table 2.4 is not advisable.  

c. ILLI-BACK formulation has a built-in weighting scheme represented by the 

deviation of sensor offset from the center of the load plate (see Equation (2-7)). 

In real-life situations where measurement errors are involved in deflection input, 

it is unlikely that the scheme of weighting factors used by ILLI-BACK would 

always produce the best results (Li et al., 1996). 

 

2.3.1.2 NUS-BACK 

NUS-BACK is another closed-form solution for backcalculation of rigid 

pavement properties (Li et al., 1996). Like ILLI-BACK, it considers a two-layer 

system of an infinite slab supported on either a Winkler or a solid foundation. The 

Poisson’s ratio and layer thicknesses of the pavement system are assumed to be 

known. The two remaining unknowns, the elastic modulus of the pavement slab and 

the k value, can be calculated using any two measured deflections provided by a NDT 

device, as shown in the following equations, 

)(k,Efw cimi =  (2-12a) 
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)(k,Efw cjmj =         (i ≠  j)  (2-12b) 

in which wmi and wmj are surface deflections measured by sensors i and j respectively.   

To backcalculate the pavement layer properties, the following two equations are 

considered,  

wmi - wci = 0  1 ≤ i ≤ N  (2-13a) 

wmj - wcj = 0  1 ≤ j ≤ N,  i ≠ j (2-13b) 

in which wci and wcj are the calculated deflections for points i and j, respectively. The 

formulas for computing wci and wcj are as follows, 

kici F
aπk

P
w

2  
=  (2-14a) 

kjcj F
aπk

P
w

2  
=  (2-14b) 

dt
t

t
a

Jt
r

J
a

F

i

ki ∫∞ +







= 0 4

10

1

ll

l
 (2-15a) 

dt
t

t
a

Jt
r

J
a

F

j

kj ∫∞ +









= 0 4

10

1

ll

l
 (2-15b) 

in which P is the applied load; a is the radius of loading plate; r i and rj are the 

horizontal distances of sensor i and j respectively from the load; Fki and Fkj are the 

deflection factors; J0 and J1 are the Bessel functions of the first kind of order zero and 

order one, respectively; l  is the radius of relative stiffness; and t is a dummy variable. 

For N number of sensors, Equation 2.13 gives N(N-1)/2 number of independent 

nonlinear equations as follows,  

wmiFkj - wmjFki = 0 (2-16) 
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Solving these nonlinear equations will give N(N-1)/2 numbers of l  values.  N(N-1)/2 

pairs of k and Ec can be calculated using Equation (2-11).  The last step is to calculate 

the mean values of backcalculated k and Ec, respectively.  

It is important to note that, even though it is possible to use N(N-1)/2 number of 

two-sensor configurations, the choice of sensor configuration becomes important when 

errors are involved in the deflection measurements. Two different two-sensor 

configurations are introduced in backcalculating moduli using NUS-BACK. The first 

configuration is the use of deflections from a combination of the first sensor and any 

other sensor to backcalculate slab modulus. This configuration is proposed because the 

deflections measured by sensors closer to the load are dominated by the effect of slab 

properties. On the other hand, for the sensor furthest away from the load, the 

deflection depends almost entirely on the subgrade properties (Irwin et al., 1989; 

Almedia et al., 1994). Hence a combination of the last sensor and any other sensor is 

often used to backcalculate the k value.  

NUS-BACK offers speedy computation for backcalculation rigid pavement 

properties by solving directly two unknowns in the deflection equation shown in 

Equations (2-12a) and (2-12b). It always gives a unique solution. However, due to the 

flexibility of the algorithm to use any two-sensor configuration, engineering judgment 

of the user is sometimes required to select a two-sensor configuration that provides the 

best result among N(N-1)/2 combinations.  

 

2.3.1.3 2L-BACK 

The backcalculation program 2L-BACK (Fwa and Rani, 2005) gives closed-form 

backcalculated solutions of layer moduli of a two-layer flexible pavement.  It is based 

on the forward solution developed by Burmister (1943; 1945a) that permits one to 
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compute the deflection, wi, of a point i in the pavement surface at the radial distance, 

r i, from the center of the loaded area by the following expression, 

wi ri E1 = i 
4

3
F

P

π
 (2-17) 

where E1 is the elastic modulus of the surface layer of the pavement, P the total 

applied load, and Fi a deflection factor which is a function of the thickness of the 

surface layer, the radial distance ri, and the ratio of the elastic moduli of the pavement 

surface layer and the subgrade, as given by the equation below, 
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where Jo(x) is the Bessel function of the 0th order, m is a continuous variable of 

integration, h the thickness of the surface layer, and θ  the ratio given by (E2/E1), E2 

and E1 are respectively the elastic moduli of the subgrade and the overlying pavement 

structure.   

The program 2L-BACK solves for the two unknown E1 and E2 by considering 

the deflection equations at any two points i and j as follows,  

wi ri E1 = i4

3
 F
π

P
                    (2-19) 

wj rj E1 = j4

3
 F
π

P
                    (2-20) 

Combining the two equations, we have  

wi Fj – wj Fi = 0  (2-21) 

It is noted that in the above equation, θ is the only unknown which can be solved 

by the bisection method (Matthews and Fink, 2004). Once θ is known, E1 can be 

computed from either Eq. (2-19) or Eq. (2-20), and E2 is given by θ times E1.  The 
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execution time of the backcalculation analysis on personal computer Pentium 4 with a 

clock speed of 2.4 GHz is less than one second.   

The 2L-BACK program is applied for analysis of pavement by representing a 

typical multi-layer flexible pavement as an equivalent equal-thickness two-layer 

system as shown in Figure 2.6.  While the subgrade representation is identical to that 

in the actual pavement, the overlying pavement structure is now represented in the 

equivalent pavement system by an equivalent structural layer with an elastic modulus 

of Ee, a Poisson’s ratio of µe and equivalent thickness (ht).  The thickness ht of the 

equivalent pavement structure is equal to the sum of the layer thicknesses of the actual 

pavement, i.e. ht = (h1 + h2 + h3). In a similar manner, to evaluate the surface layer, 

the surface representation is identical to that in the actual pavement and the underlying 

pavement structure is represented by an equivalent pavement layer with characterized 

by equivalent elastic modulus Ee, a Poisson’s ratio of µe, and infinite thickness. As a 

two-layer pavement model, 2L-BACK cannot be used to estimate the moduli of 

intermediate layers between surface and subgrade.   

  

2.3.2 Trial-and-Error Best Fit Algorithms  

The trial-and-error best fit method is an iterative optimization backcalculation 

method with an objective function to minimize an error function. Equation (2-22) 

shows a common form of error function used in backcalculation of rigid pavement 

properties. 

( ) ( )2
0

, ∑
=

=
n

i
imciick  - ww α  E,kF l  (2-22) 

where αi are weighting factors, wci is the calculated deflection for point i, wmi is the 

measured deflection at point i, and n is the total number of sensors. Different best fit 
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backcalculation algorithms have been used by highway agencies and researchers. The 

following subsections highlight three such algorithms. 

 

2.3.2.1 ERESBACK 

ERESBACK is computer program that solves for a combination of the radius of 

relative stiffness of the pavement slab and the modulus of subgrade reaction that 

produces the best possible agreement between the predicted and measured deflections 

at each sensor (Hall et al. 1996, Khazanovich et al., 2000).  

ERESBACK sets the weighting factors defined in Equation (2-22) equal to 1 or 

(1/wmi)
2. Using the relationship between the calculated deflection, wc, and load, p, an 

error function F of the following form was adopted: 

( ) ( )
2

0

 ∑
=




= n

i
imkiik  - wlf

k

p
 α  ,kF l  (2-23) 

To obtain the minimum value of the error function F, the following conditions 

should be satisfied: 

0  =
∂
∂

k

F
 (2-24a) 

0  =
∂
∂

k

F

l
 (2-24b) 

Substitution of the error function equation into Equations (2-24a) and (2-24b) 

yields the following equation for the k value and the radius of relative stiffness, 
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Hall et al. (1996) and Khazanovich et al. (2000) found that the best fit algorithm 

based on four sensors (0, 305, 610 and 914 mm) was better than other sensor 

configurations. Hall et al. (1996) compared the results produced by ERESBACK, and 

those by the two AREA backcalculation algorithms, ILLI-BACK4 and ILLI-BACK7 

(see Section 2.3.1). In all the cases analyzed, it was found that the AREA methods 

produced slightly higher k values than the best fit method. Between the results by the 

two AREA-based backcalculation algorithms, those produced by ILLI-BACK7 

exhibited closer relationship with those by ERESBACK. ILLI-BACK7 was 

recommended to be used if the ERESBACK program is not available. 

 ERESBACK developed the backcalculation method with a sound theoretical 

basis. However, the use of four sensor configuration in this program becomes an 

important issue. It is not proved yet that the use of four sensor configurations in this 

program is rigorous enough to handle the deflection basins that are not following the 

gradually decreasing pattern. Therefore, the users have to examine the pattern of the 

deflection basins before using this method. 

 

2.3.2.2 MICHBACK 

 MICHBACK is a multi-layer elastic theory backcalculation program developed 

by Michigan State University. It adopts CHEVRONX (an enhanced version of the 

widely-used CHEVRON program) as its forward-calculation program and uses a 

modified Newton’s method to improve the speed of convergence (Harichandran et al., 

1994). The modification of the Newton’s method consists of a logarithmic 
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transformation of the surface deflections and layer moduli. In this method, the ith 

incremental corrections to the logarithm of the unknown moduli and layer thicknesses 

are obtained by computing the least-squares solution of the over-deterministic system 

of linear equations as follows. 

[ ] ( ){ }
{ } { } { }i

i

i
i ww

t

E
G ˆloglog

log −=







∆
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 (2-27) 

where: 

 

[G] i  =  

 

  { } { }iEE ˆ= , { } { }itt ˆ=  

  (2-28) 

 = gradient matrix of partial derivatives of the logarithm of the m surface 

deflections, with respect to the logarithm of the n unknown moduli 

and p unknown layer thickness; evaluated using the current 

moduli,{ }iÊ , and thicknesses, { }it̂ ; 

{∆(log E)} i = vector of corrections to the logarithm of the ith estimate of the moduli; 

{∆t} i = vector of corrections to the ith estimate of the thicknesses; 

{log w} = vector of logarithm of measured surface deflection; 

{log ŵ } i = vector of logarithm of surface deflections computed by a mechanistic 

analysis program using the i th estimate of the moduli and thicknesses. 

 One technique for solving the least-squares problem is to solve the n x n normal 

equations. 
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 The gradient matrix is computed numerically and requires (n + p + 1) calls to the 

forward calculation program during each iteration. The iteration is terminated when 

the changes in the layer moduli are sufficiently small. 

 MICHBACK program requires seed moduli to initiate the backcalculation 

process. The program has two options regarding with the determination of the seed 

moduli, that is, by internal program or by user-input. A minimum of five deflections is 

required by MICHBACK program for backcalculation process 

 The use of modified Newton method is easy to be developed for any type of 

problems to optimize the objective function. The main shortcoming of this method is 

that the multi-dimensional surface represented by the objective function may have 

many local minima, and as a result the minimum to which a numerical procedure 

converges may depend on the selection of the initial seed moduli (Harichandran et al., 

1994) 

 

2.3.2.3 EVERCALC 

 EVERCALC is a backcalculation program using a nonlinear least-squares 

optimization technique with CHEVRONX as the forward calculation program. An 

efficient and general minimization method (Levenberg-Marquardt algorithm) has been 

implemented in EVERCALC, which makes it converge quickly with only a small 

number of calls to the mechanistic analysis program (Sivaneswaran et al., 1991). The 

algorithm of EVERCALC program is as follows. 

 If the relative error at location i is represented by 
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where ( )hEdc
i ,  is the calculated deflection at location i based on E and h, E is the 

unknown layer moduli, h is the unknown layer thicknesses, and m
id is the measured 

deflection at location i. After multiplying by the constant n for convenience, the 

criterion function can be expressed as: 

( ) ( )[ ] rrhErhEf T
n
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i == ∑

=1

2,,  (2-31) 

in which r is the relative error (residual) or {r1, r2, r3, …, rn}. Then the gradient of the 

criterion function is given by 

∇f (E,h) = 2Ar (2-32) 

where A = {∇r1, ∇r2, ∇r3, …, ∇rn}, and the Hessian can be expressed by 

H = ∇2f (E,h) = 2AAT + 2 i

n

i
i rr 2

1
∇∑

=

 (2-33) 

 As the second part of the Hessian may be negligibly small, Equation (2-33) could 

be approximated by 

H ≈ 2AAT (2-34) 

 A solution can be obtained by incorporating the approximated Hessian into the 

Levenberg-Marquardt algorithm (Lavenberg, 1944; Marquardt, 1963). 

 The program produces a solution when the summation of the absolute values of 

the discrepancies between the measured and theoretical surface deflection falls within 

a predetermined allowable tolerance. Similar to the MICHBACK backcalculation 

program, a set of seed moduli is required to start the backcalculation analysis. The 

seed moduli may be determined by internal program or by user-input. However, 

EVERCALC only permits user to generate the seed moduli using the internal program 
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if the number of pavement layer in the backcalculation process equals or less than 

three layers. 

 The drawbacks of this program are as follows. 

a. Like most of other iterative optimization method, the results produced by this 

method are sometimes not the global optimal solution. 

b. Engineering judgment is required to determine the seed moduli if the pavement 

system consists of more than three layers. 

 

2.3.3 Regression Method 

 The use of regression method to backcalculate k value allows almost 

instantaneous computation of the moduli once the measured deflections are known 

(Fwa and Chandrasegaran, 2001; Harichandran et al., 1994). 

 In their application of the regression technique to backcalculate k value, Fwa and 

Chandrasegaran (2001) employed the NUS-BACK algorithm to backcalculate the 

radius of relative stiffness (l) based on the dimensionless ratios of measured 

deflections at different points of the deflection basins. Having computed l, the k value 

was determined as a function of l, the measured deflections, and the applied load, P as 

follows, 

( )76543211 ,,,,,, dddddddf=l  (2-35a) 

( )76543212 ,,,,,,,, dddddddPfk l=  (2-35b) 

in which d1, d2, d3, d4, d5, d6 and d7 are the measured deflections at radial distances of 

0, 300, 600, 900, 1200, 1500 and 1800 mm respectively from the center of loading. 

 The database for the development of the regression model was established by 

forward computation of deflections for the practical ranges of the various pavement 

properties. The final regression models take the following forms, 
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 The statistical coefficients of multiple determinations R2 for these two models 

are 0.986 and 0.999, respectively. 

 Although the regression method is one of the fastest methods to backcalculate 

pavement layer moduli, this method has several drawbacks. It achieves high accuracy 

only for the materials and sites for which the method is developed. Its transferability to 

other regions with different site conditions is questionable. 

  

2.3.4 Database Search Algorithm (DSA) Method 

 The DSA method matches the measured deflection basin with those in a database 

of deflection basins computed in advance for a variety of layer moduli. The 

application of this method was demonstrated by Tia et al. (1989) who developed the 

program DCONPAS (Data Base for Concrete Pavement Systems) using a database of 

analytical results generated by the forward-calculation computer program FEACONS 

(Finite Element Analysis of Concrete Slabs). MODULUS is another DSA based 

program, but it is for flexible pavement (Scullion et al., 1990). This program uses a 

forward calculation BISAR to generate the database. The main functions in the DSA 

method are as follows, 

a. It collects and stores computed FWD deflections together with pavement 

properties in the database. In certain DSA programs such as DCONPAS, a 

regression analysis is performed by relating the deflections to the pavement 

properties stored in the database. 
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b. It generates analytical deflection basins using the pavement parameters in the 

database. 

c.  It estimates pavement properties by comparing the measured FWD deflection 

data with the analytical deflections stored in the database. 

 The use of database in backcalculation method is very convenient since the 

database could be expanded and updated easily. To expand the database, it is 

important to know the range of pavement properties (thickness and moduli values), 

since the backcalculated results are valid only within the range of pavement properties 

used to develop the database. Another advantage of this method is its efficiency in 

terms of computation time. However, the accuracy of the backcalculated pavement 

moduli depends on the quality of regression equation and the prediction model used in 

the program. The application of a database to pavement structures of a different 

pavement design or of different material types is not advisable. 

  

2.3.5 Summary  

 An ideal backcalculation procedure is one which has a sound theoretical basis, 

and provides an accurate estimation of the pavement layer properties efficiently with a 

relatively short computation time. Computational time can be reduced by either 

developing a database or using a regression equation based on known spectrum of 

pavement properties. But the results produced by these methods sometimes cannot 

match closely with the actual values. In addition, the use of these methods is only 

applicable for the locality where the data were collected to develop the database or the 

regression equation. In general, they cannot be transferred to another region with 

different pavement conditions. 
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 In terms of transferability over different sites and pavement conditions, the 

closed-form and best-fit methods are the preferred methods. The closed-form method 

can produce a unique solution and no iterative process is required. However, closed-

form solutions are usually available only for relatively simple systems. For systems 

having many pavement layers and complex material properties, the use of closed-form 

method might not be possible. To overcome this difficulty, the best fit method offers 

an alternative solution to handle the problem by performing iterative search of a good 

solution to minimize a predetermined error function between the measured and 

computed deflections. However, more than one solution is possible with this method, 

depending on the choice of seed layer moduli that are used to start the search process. 

Therefore, the selection of seed moduli becomes an important aspect of this method. 

 In the best fit method, the more number of deflections used in the method, the 

longer is the time needed to back-calculate the layer moduli, although with the 

advancement in computer technology, computational time in the iterative process is no 

longer an important issue anymore. 

 

2.4 Research Issues in Determination of Layer Moduli  

The literature review presented in this chapter highlights several research issues 

that need to be addressed in the determination of the composite k value of a rigid 

pavement system and the layer moduli of a multi-layer flexible pavement system.  

a. The use of plate load test to determine composite k value is possible and has 

been conducted by PCA and AASHTO using full-scale tests. However, this 

approach has obvious limitations in practical applications, such as the high cost 

and the long time required. Because of these two reasons, this test is seldom 

conducted in actual construction projects. For in-service roads, this test also 
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requires the surface layer of the road to be removed before the test can be 

performed.  

 The determination of resilient moduli by means of laboratory or field tests 

becomes more popular as another method to characterize the layer moduli. 

Although this procedure also can be used to determine the subgrade modulus as 

another alternative to the conventional plate load test, the relationship between k 

value and the resilient modulus is still difficult to be established due to the 

difference of the characteristics of the parameters measured. 

 NDT methods have become a logical choice in the determination of pavement 

layer moduli today. This method can be used for either new road construction or 

in-service pavements. The selection of the method to evaluate nondestructive test 

result is an important decision. There exist many nondestructive evaluation 

methods based on backcalculation analysis. However, because of the complexity 

of the characteristic of pavement systems to be modeled, the performance of the 

backcalculation methods could vary considerably. A careful analysis is necessary 

to identify the best method that can produce backcalculated layer moduli which 

matches closely with measured layer moduli. 

b. The AASHTO and PCA methods have simplified the process of determination of 

composite k value for easy application in pavement design. However, the 

recommended charts or tables of values are not accurate enough for the purpose 

of condition evaluation of pavement sections. It needs an analytical method that 

can give better accuracy, offer important information such as the factor of safety, 

load transmission and its mechanism; and take into account the interaction of 

subgrade, subbase and pavement slab. 
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c. The regression method is also not an ideal backcalculation approach because the 

method lacks theoretical mechanistic basis. It depends on the correlation among 

various problem parameters. A regression model is only applicable for 

environment in which the model is developed. It does not provide any insight 

into the mechanism involved.  

 In summary, there is a need to develop an analytical procedure with sound 

theoretical basis for determining the layer moduli for the design of new pavements as 

well as the rehabilitation design of existing in-service pavements. This is in line with 

the latest research trend towards establishing a mechanistic design for new and 

rehabilitated pavements. Nondestructive evaluation techniques based on FWD tests 

and backcalculation analysis appear to be the most promising approach in this regard. 

This is the approach to be adopted in the present research to establish a theoretically 

sound analytical procedure for the determination of the composite k value of a 

concrete pavement with a subbase layer, and the determination of layered moduli of a 

flexible pavement system. 
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Table 2.1: Effect of Untreated Subbase on k Values (PCA, 1984) 

Subbase k value, MN/m3 (pci) Subgrade  

k value,  

MN/m3 (pci) 

0.102 m 

(4 in.) 

0.152 m 

(6 in.) 

0.203 m 

(8 in.) 

0.254 m 

(10 in.) 

13.5 (50) 17.6 (65) 20.3 (75) 23.0 (85) 29.7 (110) 

27 (100) 35.1 (130) 37.8 (140) 43.2 (160) 51.3 (190) 

54 (200) 59.4 (220) 62.1 (230) 72.9 (270) 86.4 (320) 

81 (300) 86.4 (320) 89.1 (330) 99.9 (370) 116.1 (430) 

 

 

Table 2.2: Design k Values for Cement Treated Subbases (PCA, 1984) 

Subbase k value, MN/m3  (pci) Subgrade  

k value,  

MN/m3 (pci) 

0.102 m 

(4 in.) 

0.152 m 

(6 in.) 

0.203 m 

(8 in.) 

0.254 m 

(10 in.) 

13.5 (50) 45.9 (170) 62.1 (230) 83.7 (310) 105.3 (390) 

27 (100) 75.6 (280) 108.0 (400) 140.4 (520) 172.8 (640) 

54 (200) 126.9 (470) 172.8 (640) 224.1 (830) - 

     

 



38 

Table 2.3: Values for coefficient A, B, C and D in Equation (2-8)  
(Ioannides et al., 1989) 

 
AREA A B C D 

A7 60 289.708 -0.698 2.566 

A5 48 158.40 -0.476 2.220 

A4 36 1812.279 -2.559 4.387 

A3 24 662.272 -2.122 4.001 

Remark:  A7, A5, A4 and A3 are AREA parameter with 7, 5, 4 and 3 sensor configurations, 
respectively. 

 

Table 2.4: Values for coefficient x, y and z in Equation (2-10) (Ioannides et al., 1989) 

Radial Distance  

(m / in.) 

x y z 

0 / 0 0.12450 0.14707 0.07565 

0.203 / 8 0.12323 0.46911 0.07209 

0.305 / 12 0.12188 0.79432 0.07074 

0.457 / 18 0.11933 1.38363 0.06909 

0.610 / 24 0.11634 2.06115 0.06775 

0.914 / 36 0.10960 3.62187 0.06568 

1.524 / 60 0.09521 7.41241 0.06255 
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Figure 2.1: Representation of Dense Liquid Foundation 
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Figure 2.2: Chart for Estimating Composite k value Based on  
1972 AASHTO Interim Guide (AASHTO 1972) 
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Figure 2.3: Chart for Estimating Composite k value Based on 1993 AASHTO Guide 
(AASHTO, 1993) 
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Figure 2.4: Approximate Relationship between k values and Other Soil Properties 
(PCA, 1966) 
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Figure 2.5: Approximate Relationship between MR and Other Soil Properties 

(Van Til et al., 1972)
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(a) Subgrade as the layer of interest in calculation 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

(b) Surface layer as the layer of interest in calculation 
 
 

Figure 2.6:   Representation of multi-layer pavement structure  
as equivalent two-layer system 
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CHAPTER 3 

EVALUATION OF BACKCALCULATION ALGORITHMS  

FOR RIGID PAVEMENT SYSTEM 

 

 

3.1 Introduction 

In this chapter, two main aspects of pavement analysis using backcalculation 

algorithms for rigid pavement system are examined. The first aspect concerns with the 

selection of the most appropriate backcalculation algorithm for evaluating infinite 

rigid pavement systems. This is presented under Section 3.2. The second aspect, 

presented in Section 3.3, addresses the issue of the effect of finite slab size in 

backcalculation analysis of concrete pavements. 

 

3.2 Selection of Backcalculation Algorithm for Rigid Pavements  

3.2.1 Background 

In the nondestructive determination of pavement properties by means of 

backcalculation algorithms based on deflection measurements, different answers can 

be obtained depending on the backcalculation algorithm employed.  This is because of 

the differences in (a) the theoretical models employed to represent the pavement 

system and its structural behavior under load, (b) the search algorithms applied in the 

backcalculation analysis, and (c) the criteria of matching the computed and measured 

deflections.  This presents a problem to pavement researchers and engineers alike on 

how one should go about selecting the most suitable backcalculation algorithm for 

their applications.   
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Regardless of the theory applied and the backcalculation algorithm adopted, a 

logical basis of selection of the backcalculation procedure for practical applications 

would be to assess if the backcalculated pavement properties provide good estimates 

of the actual pavement properties.  Today, the ease and convenience of access to the 

Long-Term Pavement Performance (LTPP) database (Elkins et al., 2003) of actual 

measured data enables a highway agency to adopt this approach to select a 

backcalculation algorithm that meets its needs.  This section presents a demonstration 

on how this approach was applied to evaluate the relative merits of different 

backcalculation algorithms for concrete pavements by comparing the computed 

concrete pavement properties, namely the elastic modulus of concrete pavement slab 

and the modulus of subgrade reaction, against the LTPP measured values.   

 

3.2.2 Evaluation Procedure of Backcalculation Algorithms 

 The evaluation of backcalculation algorithms consists of the following main 

steps:  

a. Identify suitable pavement sections that have the required pavement data and 

deflection test measurements, as well as appropriate measured pavement 

properties; 

b. Select backcalculation algorithms to be evaluated; 

c. Perform backcalculation analysis using the backcalculation algorithms selected; 

d. Assess the relative performance of different backcalculation algorithms by 

comparing their respective computed pavement properties with the 

corresponding measured values. 

Practically all the common design methods for rigid pavements today employ the 

Westergaard model that assumes the support to be a Winkler foundation (i.e. liquid 
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foundation).  In this model, the structural behavior of rigid pavements under vertical 

loads are dependent mainly on two key structural pavement properties, namely the 

elastic modulus of the concrete slab, and the effective modulus of subgrade reaction.  

The effective modulus of subgrade reaction refers to the total composite modulus of 

subgrade reaction of the pavement foundation.  The Poisson’s ratio of the concrete 

slab and that of the foundation material usually do not have much influence on the 

structural response of the pavement system.   

 For backcalculation analysis to estimate the elastic modulus of the concrete slab 

and the effective modulus of subgrade reaction, the required data are pavement slab 

thickness, deflection test parameters and deflection measurements.  The deflection test 

parameters include the magnitude and location of the applied load, the diameter of the 

loading plate, and the number and positions of deflection sensors.   

The backcalculation algorithms to be evaluated are ILLI-BACK4, ILLI-BACK7, 

NUS-BACK, and the LTTP best-fit method.  The theoretical basis and backcalculation 

procedure adopted in each of these four algorithms have been described in detail in 

chapter 2.  

Except for NUS-BACK, the other three backcalculation algorithms employ 

measured deflections given by a prescribed sensor configuration. ILLI-BACK4 and 

LTTP best-fit method selected D1, D3, D5, and D6, whereas ILLI-BACK7 used 

deflections measured by all 7 sensors. The deflection data selected by NUS-BACK 

depend on the pavement layer for which the properties are to be backcalculated. It is 

known that the influence of the properties of the subgrade on measured deflections 

increases at points further away from the center of loading plate, while the elastic 

modulus of the pavement slab has relatively more important effects on measured 

deflections at points nearer to the center of loading plate.  It is thus appropriate to 
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identify the best pair of measured deflections to be used in NUS-BACK analysis to 

backcalculate Ec and k respectively.   

 The selection of the best pair of sensor deflections can be made by performing a 

deflection-pair backcalculation sweep using NUS-BACK.  For a given deflection basin 

with 7 sensor deflection readings, there are 21 possible pairs of deflection 

combinations and the backcalculation sweep involves analyzing each using NUS-

BACK.  The backcalculation sweep to select the best pair of measured deflections for 

NUS-BACK backcalculation of Ec and k respectively is conducted using the 26 

pavement sections listed in Table 3.1.  To analyze the results, two root-mean-square 

percent errors (RMSPE) are computed for each according to the following formulas.   

RMSPE1 = 
2N
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where xi is the measured property value for pavement section i, Xi in Equation (3-1) is 

the average backcalculated property value of pavement section i which is the mean of 

the backcalculated values obtained from all the measured deflection basins of the 

pavement section, Xij in Equation (3-2) is the  backcalculated property value for 

deflection basin j of pavement section i, n(i) is the total number of measured deflection 

basins in pavement section i, N is the total number of pavement sections studied, and 

m is the total number of deflection basins analyzed.   

 Based on the RMSPE values computed as summarized in Table 3.2, the results 

suggest that deflections D4 and D7 produce the lowest RMSPE for the estimated k 

values; while deflections D1 and D3 produce the lowest RMSPE for the estimated Ec 

values.  Hence, for the NUS-BACK backcalculation analysis performed in this study, k 
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is estimated based on the measured deflections D4 and D7, and Ec is computed based 

on the measured deflections D1 and D3.   

 

3.2.3 Long-Term Pavement Performance (LTPP) Program  

The LTPP program was one of six strategic research areas recommended by a 

Strategic Highway Research Program (SHRP) in 1984 (Elkins et al., 2003). Since mid-

1992, the Federal Highway Administration (FHWA), USA, has assumed the 

management and funding of the LTPP program (Jiang and Tayabji, 1998). The main 

objective of the LTPP program is to assess the long-term performance of pavements 

under various loading and environmental conditions over a period of 20 years. 

 The LTPP program includes two fundamental classes of studies: the General 

Pavement Studies (GPS) and the Specific Pavement Studies (SPS). The GPS 

experiments are a series of selected in-service pavement studies structured to develop 

a comprehensive national pavement performance database. These studies are restricted 

to pavements that incorporate materials and designs representing good engineering 

practice and that are in common use across the United States and Canada. The GPS 

program includes experiments on all pavement system types, such as on Asphalt 

Concrete (AC) on Granular Base (GPS-1) and on Bound Base (GPS-2), Jointed 

Concrete Pavements (JCP) (GPS-3 and GPS-4) and Continuously Reinforced Concrete 

Pavement (CRCP) (GPS-5). The SPS program involves the study of specially 

constructed, maintained, or rehabilitated pavement sections incorporating a controlled 

set of experimental design and construction features. The category of SPS experiments 

includes pavement maintenance (SPS-3 and SPS-4), pavement rehabilitation (SPS-5 to 

SPS-7) and environmental effects (SPS-8) (Elkins et al., 2003). 
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 Generally, each GPS and SPS test section consists of a 152-meter (500-ft) 

monitoring portion with transition zones between two test sections. For jointed rigid 

pavements, the number of panels in those sections can vary from as few as 9 or 10 to 

as many as 35 or more (Jiang and Tayabji, 2000). 

 As will be demonstrated through the analysis presented in this study, the LTPP 

database offers an excellent source of information and data for the selection of suitable 

backcalculation algorithm for an intended application. 

 

3.2.4 Input Parameter and Assumptions Used in Analysis  

As the purpose is to evaluate backcalculation algorithms by comparing the 

backcalculated and measured values of Ec and k, only pavement sections that contain 

measured values of Ec or k, or both are considered.  As it turned out, only 26 JCP 

pavement sections in the LTPP database contain k values measured directly using plate 

loading test, as listed in Table 3.1.  The data for these JCP pavement sections also 

contain measured Ec values, which are listed in Table 3.3 together with another 24 

randomly selected JCP pavement sections for the purpose of backcalculation 

evaluation of Ec.  In addition, 76 CRCP sections listed in Table 3.4 were randomly 

selected from the LTPP database for the purpose of backcalculation evaluation of Ec.  

There are altogether 281 deflection tests recorded in the 26 pavement sections in Table 

3.1, 746 deflection basins in the 50 pavement sections in Table 3.3, and 1,437 

deflection basins in the 76 pavement sections in Table 3.4.   

 The measured deflection data for all the pavement sections selected were 

obtained by falling weight deflectometers (FWD). However, only the average of the 

deflection data is employed, since averaging the results of multiple drops at a 
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particular point will enhance the accuracy of the deflection data (Irwin et al., 1989) 

and can minimize random errors on measurements (Fwa, 1998). 

 There were seven deflection readings per deflection basin, D1, D2, D3, D4, D5, D6, 

and D7 measured at 0, 203, 305, 457, 610, 914 and 1524 mm, respectively, from the 

center of a loading plate of 300-mm diameter.  Three load levels of the FWD tests (40, 

53.3 and 71.1 kN) are considered, and all the deflection basins recorded are obtained 

for the condition where the load was applied on the interior of the slab. 

  

3.2.5 Comparison of Backcalculation Algorithms 

3.2.5.1 Basis of Comparison 

 Each of the measured deflection basins of the LTPP pavement sections listed in 

Tables 3.1, 3.3 and 3.4 is analyzed by the backcalculation algorithms ILLI-BACK4, 

ILLI-BACK7 and NUS-BACK.  The Ec and k values backcalculated by the LTPP 

best-fit method are obtained from the LTPP database directly.  The relative 

performance of the four backcalculation algorithms with respect to their ability to 

predict the measured Ec and k values satisfactorily is assessed based on the following 

comparisons: 

(a) The RMSPE for Ec and k, respectively, computed using the pavement-section 

average backcalculated property values, as defined by RMSPE1 of Equation (3-

1); 

(b) The RMSPE for Ec and k, respectively, computed using the backcalculated 

property values from individual deflection basins, as defined by RMSPE2 in 

Equation (3-2); 

(c) Frequency distribution of absolute percent errors computed using the pavement-

section average backcalculated property values; and  
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(d) Frequency distribution of absolute percent errors computed using the 

backcalculated property values from individual deflection basins. 

(e) Coefficient of correlation between the calculated and measured deflections 

 The absolute percent errors in items (c) and (d) refer to the absolute difference 

between the computed and measured pavement property, as a percentage of the 

measured value.   

 

3.2.5.2 Results of Comparative Analysis 

 A summary of the results of backcalculation analysis by the four backcalculation 

algorithms for different applied load levels is given in Tables 3.5(a) and 3.5(b). Since 

the trends of variation of backcalculated properties with respect to their corresponding 

measured properties are similar for the three load levels analyzed, only the results for 

the 71.1 kN load level are plotted. Figure 3.1 plots the backcalculated k against the 

measured k for the JCP sections of Table 3.1, Figure 3.2 plots the backcalculated Ec 

against the measured Ec for the JCP sections of Table 3.3, and Figure 3.3 plots the 

backcalculated Ec against the measured Ec for the CRCP sections of Table 3.4.  Table 

3.5(a) summarizes the RMSPE1 and RMSPE2 for the backcalculated Ec and k.  Figure 

3.4 presents the frequency plot of the absolute percent errors of backcalculated k for 

the JCP sections of Table 3.1, Figure 3.5 presents the frequency plot for the absolute 

percent errors of backcalculated Ec of the JCP sections of Table 3.3, and Figure 3.6 

presents the frequency plot of the absolute percent errors of backcalculated Ec for the 

CRCP sections of Table 3.4. 
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Comparison Based on RMSPE 

 The RMSPE values in Table 3.5(a) represent quantitatively the deviations of the 

backcalculated Ec or k from their corresponding measured values.  The following 

observations may be made:  

a. For all load levels, NUS-BACK yielded the lowest RMSPE values.  The LTPP 

best-fit method produced the next lower RMSPE values.  Between the ILLI-

BACK7 and ILLI-BACK4, the former performed better for k, but poorer for Ec.  

The following paragraphs provide possible reasons for these differences. 

A basic difference in the four backcalculation algorithms lies with their 

deflection matching criteria.  The LTPP best-fit method seeks to minimize a pre-

defined error function between the set of measured point deflections and the 

corresponding computed deflections, while ILLI-BACK4 and ILLI-BACK7 

compute the estimated Ec and k by matching weighted cross-sectional area of the 

deflection basin.  On the other hand, NUS-BACK derived the backcalculated 

pavement properties based on two selected measured deflections of the 

deflection basin.  Theoretically speaking, the four backcalculation algorithms 

should give the same answers if the following conditions are met: (i) the real 

pavement behaves as a perfect elastic system in the manner described by the 

elastic theory adopted by the backcalculation algorithms, and (ii) there are no 

measurement errors in the measured deflections.  Unfortunately, both conditions 

are known not satisfied in the real world.   

For instance, it is known that the theoretical deflection basin of a rigid slab 

resting on a liquid foundation is different from that of a rigid slab resting on an 

ideal solid foundation, and the actual deflection basin of a real pavement differs 

from both.  It is for this reason that one may not obtain better results in 
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backcalculation analysis by imposing a stricter requirement on conformance of 

the measured deflection shape with a theoretical deflection shape.  ILLI-BACK4 

and ILLI-BACK7 have the strictest deflection basin conformance requirement by 

matching of the cross-sectional area of the deflection basin.  The LTPP best-fit 

method is next with the criterion of matching all the measured deflection points, 

while NUS-BACK has the least conformance control by relying on matching of 

two most relevant deflection points.  In other words, NUS-BACK offers the 

flexibility to choose the best pair of sensor deflections (among 21 possible pairs 

out of the 7 sensor deflections) that would produce the backcalculated pavement 

property closest to the corresponding measured value.    

b. The magnitudes of RMSPE of the backcalculated k are larger than the 

corresponding RMSPE of the backcalculated Ec, regardless of the 

backcalculation algorithm adopted.  This could possibly be attributed to two 

reasons: 

• The times of measurements of k and Ec were different from the times of 

deflection tests.  k values are affected more because compared to Ec, they 

tend to vary more with the environmental factors which often change with 

the season and climate.   

• The locations of k or Ec measurements were likely to be different from the 

points of deflection tests.  This location effect would have a higher impact 

on k than Ec because k varies with the soil condition along the pavement 

section while Ec of the concrete slab does not vary significantly within a 

pavement section.     

• The models employed in the backcalculation algorithms did not give exact 

representations of the actual pavement (systematic error) in terms of 
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material model, response characteristics under loads, etc. (Fwa, 1998; 

Stoelle and Parvini, 2001). 

c. The magnitude of percent errors of Ec for either CRCP or JCP are of the same 

order of magnitude.  It appears that the four backcalculation algorithms, which 

were all developed based on the infinite slab theory, were also applicable to JCP 

as long as the deflection test was conducted at an interior point of the slab.  

 

Comparison Based on Frequency Distribution of Percent Errors 

 The frequency distribution plots of percent errors are presented in Figures 3.4, 

3.5, and 3.6 for k, Ec of JCP, and Ec of CRCP respectively.  A backcalculation 

algorithm that produces more cases of percent errors in the lower range is preferred.  

The relative performance of the four backcalculation algorithms derived from these 

figures supports the assessment based on RMSPE presented in the preceding sub-

section: 

a. Based on percent errors of backcalculated k, the ranking that places the best 

performing algorithm first is: NUS-BACK, LTTP best-fit method, ILLI-BACK7, 

and ILLI-BACK4.  

b. Based on percent errors of backcalculated Ec, the ranking that places the best 

performing algorithm first is: NUS-BACK, LTTP best-fit method, ILLI-BACK4, 

and ILLI-BACK7.  

 

Comparison Based on Coefficient of Correlation  

 Because of the rather narrow ranges of the values of pavement properties (i.e. k 

and Ec) concerned, and the relatively wide deviations of the calculated properties from 

the measured values, the values of the coefficient of correlation between calculated 
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and measured properties are known to be low (Hall et al., 1996; Rufino et al., 2002), 

and are generally not used as a main criterion for comparison of backcalculation 

algorithms.  Nevertheless, for completeness sake, the coefficients of correlation are 

also presented here for the four algorithms.  Based on the average backcalculated k and 

Ec for each pavement section (see Figures 3.1, 3.2 and 3.3), the coefficients of 

correlation between the calculated and measured properties are summarized in Table 

3.5(b).       

 

Comments on Effect of Load Level    

 Khazanovich et al. (2001) stated that the result of backcalculation for concrete 

pavements usually did not depend on load level if the load level was sufficiently large. 

Kim and Park (2002) reported that it was necessary to apply a load level more than 

53.3 kN (12 kip) to cause significant non-linearity in the behavior of subgrade soils.  

The results of the presented study as presented in Table 3.5(a) appear to provide 

some indirect support to their observations. The tendency of the RMSPE for k values 

to increase with the load level was probably caused by the increasing deviation of the 

soil behavior from linearity as indicated by Kim and Park (2002) and Stubstad et al. 

(1994). On the other hand, the RMSPE for Ec values did not follow the same trend. 

The RMSPE for Ec values in fact showed a tendency to decrease with load level. 

Besides the fact that concrete exhibited less nonlinear behavior at the load range 

analyzed, another possible contributing factor is the decreasing influence of 

measurement errors at higher load levels which generated larger deflections. 
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Comment on Effect of Sensor Configuration 

 The analysis of this study clearly shows the significant effects of (i) the choice of 

the number of sensor used in the backcalculation analysis, and (ii) the locations of 

sensors selected.  The following points may be noted:  

a. Comparison between ILLI-BACK4 and ILLI-BACK7 

ILLI-BACK7 performed better in estimating k, but not so in estimating Ec.  

Several factors may have contributed to the seemingly conflicting results.  The 

inclusion of sensor deflections D4 and D7 (best for estimating k as indicated in 

Table 3.2) in ILLI-BACK7 may have led to its better performance in estimating 

k.  On the other hand, the less stringent deflection basin matching requirement of 

ILLI-BACK4 could be the reason for its better performance in estimating Ec. 

b. Comparison between ILLI-BACK and LTPP best-fit method 

The main difference between the LTPP best-fit method and the two ILLI-BACK 

algorithms is their deflection matching criteria.  With the less stringent point 

matching of deflections, as opposed to area matching of the two ILLI-BACK 

algorithms, the LTPP method yielded lower percent errors than ILLI-BACK 4 

and ILLI-BACK 7.      

c. Comparison between NUS-BACK and the other algorithms  

As explained in an earlier section, the better performance of NUS-BACK could 

be attributed to its flexibility in selecting the best pair of sensor deflections for a 

given pavement property.  Another significant aspect on the performance of 

NUS-BACK is worth mentioning at this juncture.  There has been reservation to 

the use of D7 in backcalculation due to its very small value, because of the fact 

that a small error in the measured values may cause significant changes in the 

backcalculated results.  Fortunately the NUS-BACK algorithm has the flexibility 
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to permit the user choices to overcome this problem: (a) As can be seen from 

Table 3.2, instead of using sensor deflections D4 and D7, the user could pair 

deflections among D4, D5, D6 and D7 without suffering much loss in the resulting 

RMSPE; (b) Alternatively, the concept of deflection-pair backcalculation sweep 

introduced earlier may be employed.  The user may apply NUS-BACK to 

perform a backcalculation sweep using different pairs of sensor deflections to 

determine whether the sensor deflection pair D4 and D7 gives consistent results 

with the next few best pairs.  This backcalculation sweep could identify faulty 

sensor readings and provide the necessary “quality” check of the backcalculated 

results.  The closed-form NUS-BACK algorithm is highly efficient 

computationally.  The backcalculation computation inclusive of the pair-wise 

sweep could be completed in less than a second.     

 

Comments on Effect of Temperature on Backcalculation Results 

 It is noted that temperature differentials in concrete slabs have been known to 

have significant effects on the behavior of concrete slabs and their load-deflection 

characteristics. The measurement of the deflections generally would not be performed 

at mid day to avoid the concrete slabs curl up and cause the loss contact between 

concrete slab and subgrade or subbase. In this study, the selection of the deflections 

basins for 50 JCP sections and 76 CRCP sections did not consider the effect of 

temperature on the concrete slab. To take into account this issue, an examination was 

conducted on all selected pavement sections from LTPP database, and it was found 

that 25% and 20% of deflection basins in the JCP and CRCP sections, respectively, 

were measured at mid day (around 11 am – 2 pm). To evaluate the effect of 

temperature differentials in concrete slab, a comparison between RMPSE without 
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temperature consideration and RMPSE with temperature consideration is presented in 

Tables 3.6 (a) for RMSPE on Ec and 3.6 (b) for RMSPE on k. The RMSPE without 

temperature consideration was calculated after omitting the pavement sections whose 

layer properties based on deflections measured at mid day. From the table, it seems 

that there is a significant difference of RMSPE on Ec only for two ILLI-BACK 

programs. This may be contributed by the use of weighted cross-sectional area as 

deflection matching criteria in their algorithm. In addition, CRCP pavement sections 

were less affected by this issue as the presence of reinforced steel in the CRCP 

pavement could minimize the curling effect. 

Table 3.6 (b) indicates that the RMSPE on k increases after the pavement sections 

whose layer properties based on deflection measured at mid day are dropped. It is 

proved that the temperature differentials have insignificant influence on subgrade. The 

high deviation between measured and computed k is more affected by the difference of 

times and location of measurements.  

 

3.2.6 Summary  

 This section has presented an analysis to compare the relative performance of 

four backcalculation algorithms in estimating the pavement slab elastic modulus Ec 

and the modulus of subgrade reaction k of concrete pavements.  The LTPP database of 

deflection test data and measured pavement properties were used as the basis for 

assessing the relative suitability of different backcalculation algorithms for specific 

practical applications.  The relative performance of four backcalculation algorithms 

were evaluated by comparing the backcalculated Ec and k against the corresponding 

measured values.  
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 The four algorithms examined in this section differ in the number of sensors and 

sensor configuration used in the backcalculation analysis, as well as their criteria for 

matching the calculated and measured deflections.  ILLIBACK4 and ILLIBACK7 

have the most stringent criteria in matching the weighted cross-sectional area of the 

measured deflection basin, followed by the LTTP best-fit method that matches the 

computed point deflections with the corresponding measured deflections.  The 

NUSBACK has the most flexible requirement as it permits the selection of two most 

suitable deflection points for backcalculating each pavement property.    

 The analysis presented in this section illustrates that the choice of sensor 

configuration (i.e. the number of sensors included as well as the locations of the 

selected sensors) has significant effects on the performance of the backcalculation 

algorithms.  Since the actual pavement system does not deform exactly in the manner 

described by the elastic theory, forced matching of the computed and measured 

deflection basins does not necessarily produce the best results in backcalculation 

analysis.  This point has been illustrated by the analysis presented in this study.  The 

stringent requirements imposed by the two ILLIBACK algorithms did not lead to 

better performance.  The relatively superior performance of NUSBACK indicates that 

although the theoretical and measured deflection basins are not the same, it is possible 

to identify selected sensor deflections for backcalculation analysis and produce 

satisfactory results.  A concept of deflection-pair backcalculation sweep using 

NUSBACK was also introduced.  It serves to identify the most suitable deflection pair 

for backcalculation of a particular pavement property, and to provide a quality check 

on the presence of faulty sensor readings.  

 According to the results produced in this section, NUS-BACK backcalculation 

program was recommended to be used for the evaluation of the rigid pavement system. 
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3.3 Consideration of Finite Slab Size in Backcalculation Analysis of Rigid 

Pavements 

3.3.1 Background 

 Practically all of the backcalculation algorithms developed so far for jointed 

concrete pavements are based on the assumption of a slab of infinite plane dimensions 

resting on dense-liquid foundation.  The issue of finite slab size, and that of the 

associated load transfer across joints, are usually avoided by having the test load 

applied in an interior point of the slab concerned so that their effects can be 

minimized.   

 There have been studies that attempted to include the effect of slab size in 

backcalculation analysis with the intention to improve the accuracy of computed 

pavement properties.  For instance, Crovetti developed a slab size correction for a 

square slab (Croveti, 1994; Hall et al., 1996; Khazanovich et al., 2001), while Korenev 

derived an alternative correction procedure by generalizing Westergaard’s solution of 

an infinite slab to the case of a circular slab (Hall et al., 1996; Khazanovich et al., 

2001; Korenev, 1954).  However, the applications of such corrections are not 

commonly adopted in practice, possibly due to one or more of the following reasons:  

a.  A backcalculation procedure that considers the effect of slab size may require the 

load transfer efficiency (LTE) of the joints as input.  In such a case, the actual 

LTE values (which are likely to be different between transverse and longitudinal 

joints) of all the joints have to be determined for each slab tested.  This could 

present a practical problem as such information requires additional field tests and 

is not easily available; 

b. Instead of LTE, some backcalculation procedures may require the joint 

dimensions, joint reinforcement details, and actual field conditions of the joints 
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as input.  The same practical problem as mentioned under item (a) will be 

encountered. 

c. The actual slab dimensions will have to be recorded.  This is not an issue as 

critical as items (a) and (b), but could be a problem on a road section with 

variables joint spacing. 

d. To obtain correct backcalculation answers in applying the corrections, the 

specific location of the applied test load, with respect to each of the four joints, 

will have to be recorded for every slab tested.  Though not difficult to measure 

on site, this requirement may significantly slow down the field test operation, 

which is undesirable as the speed of testing is a critical issue of the 

nondestructive deflection test from the following standpoints: test efficiency, 

traffic delay, traffic safety, and safety of the field test personnel. 

 While the consideration of actual slab size and field conditions of load transfer at 

joints is desirable for theoretical exactness point of view, there are practical issues 

involved as highlighted above.  This section assesses the practical need for considering 

finite slab size in backcalculation analysis by examining the improved accuracy 

achievable with the incorporation of the effect of slab size in the analysis.   

 

3.3.2 Methods of Backcalculation  

 This section describes the following five backcalculation methods adopted in the 

present study:  

a. A closed-form backcalculation algorithm for an infinite pavement slab based 

on the NUS-BACK program (Fwa et al., 2000);  

b. A backcalculation algorithm for a single rectangular finite slab using a closed-

form forward deflection calculation program ONE-SLAB (Li et al., 1996); 
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c. A backcalculation algorithm for the central slab of a nine-slab system using a 

closed-form forward deflection calculation program NINE-SLAB developed 

by Liu and Fwa (2007); 

d. A backcalculation algorithm for a finite pavement slab using parameters 

corrected by Crovetti’s method (Crovetti, 1994) as input to infinite slab 

backcalculation analysis; and  

e. A backcalculation algorithm for a finite pavement slab using correction by 

Korenev’s method (Korenev, 1954) based on an infinite slab backcalculation 

program.      

 The theoretical basis and backcalculation procedure adopted by infinite-slab 

algorithm have been described in detail in chapter 2.  

 

3.3.2.1 Backcalculation Procedure for One-slab and Nine-slab Algorithm (ONE-

BACK and NINE-BACK) 

Formulation  

 In this research, both ONE-BACK and NINE-BACK backcalculation algorithms 

were developed using the Gauss-Newton method (Matsui et al., 1990). The Gauss-

Newton method is an iterative method was used to solve nonlinear least squares 

problems, as stated in Eq. (2-22) as follows. 
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 To solve the problem, the Gauss-Newton needs the user to provide an initial 

guess (seed) for the parameter vector p.  
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 Given an estimate for a set of unknown parameters {P} and the adjustment vector 

{∆P}, the subsequent guesses px for the parameter vector are then produced by the 

recurrence relation as follows. 

{P}x = {P} x-1 + {∆P} (3-3) 

where x is the number of iteration. 

 In this research, the unknown parameter represents layer moduli to be 

backcalculated. The adjustment vector {∆P} is obtained by solving the following 

simultaneous equations (Almedia et al., 1994): 

{S} {∆P} = {R} (3-4) 

where: 

{S} = sensitivity matrix, with a generic term given by: 
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{R} = vector of residuals, with a generic term given by: 
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in which i is the sensor index; n is the number of measured deflection; wi is a 

weighting coefficient; wm and wc are the  measured and calculated deflections, 

respectively.  

 In this backcalculation algorithm, the forward calculation program ONE-SLAB 

and NINE-SLAB will be called to compute wc as many as two times per iteration, that 

is, to calculate the adjustment vector using Eq. (3-5) and (3-6) and to examine the error 

function as to whether this function has fulfill the convergence or stopping criterion. 

According to Eq. (3-5) and (3-6), the first and the second derivatives of wci with 

respect to pg were performed using the numerical differential method (Zha and Xiao, 
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2003). According to the definition of derivatives and the given increment of pg, named 

as h, where h equal to 0.001pg, the approximations of the first and second derivatives 

can be assumed as: 
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Hence, from Eq. (3-3) and by setting the weighting coefficient (wk) equal to one, 

the adjustment vector {∆P} for each layer modulus is as follows. 
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 This procedure is iterative. At step x of the computation, after Eq. (3-4) has been 

solved, the unknown parameters (layer moduli) are updated by using Eq. (3-3). 

 

Error Function 

In this research, the error function used is based on an output error criterion in 

the form of the sum of the square relative errors. This form of errors constitutes one of 

three common basic forms of output errors used in pavement back-analysis problem so 

far (Fwa, 1998). This error has a form as shown in Eq. (2-16). 
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in which αi are weighting factors; wci and wmi are computed and measured deflections 

at point i, in which the computed deflection is a function of the radius of relative 

stiffness, the modulus of subgrade reaction and the elastic modulus of concrete slab. In 



66 

this research, each point is assumed to have same weight; therefore, αi is set to be 1 for 

all points of measurements.  

 

Iterative Search Algorithm 

In this research, the backcalculation procedure will be conducted iteratively until 

one of the two following requirements is fulfilled: (i) the iteration has reached the 

maximum number specified, and (ii) the error function produces a value that is less 

than the pre-determined convergence criterion. Although the requirement to terminate 

the program could be selected from the two requirements above, the termination of the 

backcalculation program caused by the second criterion is preferred.  

The selected terminating condition selected should be sufficient to ensure that 

the backcalculation layer moduli have converged.  Sometimes a very small 

convergence criterion or a very high iteration number is not a good terminating 

criterion since it could increase the computation time, although this indicates that the 

backcalculation results are highly accurate. 

 Initially, the maximum error produced by ONE-BACK was set to maximum 

value at 10-24 mm2 for the iterative backcalculation program to exit, or alternatively, 

the program may converge after performing 999 loops. As the set minimum error is 

highly conservative, it serves to ensure that the program searches the smallest possible 

error within the range of the number of loops. For practical applications, the maximum 

error at 10-10 mm2 is sufficient to state that the program has converged. Since the unit 

of deflection used in the error function is millimeter and the error form used is square 

error, therefore, the deviation of computed and measured deflection of the order of 10-5 

millimeter or 10-2 micrometer is assumed to be small enough.  
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 Because of this reason and also to cut off the computation time, the maximum 

error of 10-10 mm2 then was used by the NINE-BACK backcalculation program 

algorithm.  The number of iteration in NINE-BACK is set to equal to 9999. The 

selection of this iteration number is just to assure that the program could reach the 

convergence criterion before the maximum iteration number is attained. 

 

Seed Moduli 

As mentioned previously, all programs based on the Gauss-Newton iterative 

method require seed values of layer moduli. The determination of the initial moduli is 

important because it can help to reduce the computational time and that the results 

would converge to the correct answer. 

The backcalculated programs ONE-BACK and NINE-BACK in this research use 

initial layer moduli as their seed value. Both programs have the same seed moduli, but 

there are some slightly differences in their usage. ONE-BACK program determines 

seed moduli based on three ranges of average measured deflection as follows. 

a. For average measured deflection < 0.045 mm, seed value of elastic modulus of 

concrete slab Ec = 40 GPa, and seed value of k = 200 MN/m3 

b. For average measured deflection ≥ 0.045 mm and < 0.1 mm, seed Ec = 30 GPa 

and seed k = 150 MN/m3 

c. For average measured deflection ≥ 0.1 mm, seed Ec = 20 GPa and seed k = 13 

MN/m3 

 NINE-BACK only employs one pair of seed moduli, i.e. Ec = 20 GPa and k = 13 

MN/m3, in its initial iteration and they will be adjusted after evaluating the 

backcalculated moduli resulted after the program is terminated. The 

backcalculated moduli at the end of program run should be in the range of 20 to 
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42 GPa for Ec and 13 to 220 MN/m3 for k value. If the backcalculated moduli fall 

beyond the range of moduli, the seed moduli have to be adjusted using another 

pair of seed values given, Ec = 30 GPa; k = 150 MN/m3 or Ec = 40 GPa; k = 200 

MN/m3.  

 

3.3.2.2 Backcalculation Using Crovetti’s Corrections for Finite Slab Size 

 To take into account the effect of finite slab size, Crovetti developed a slab size 

correction for a square slab based on the results of finite element analysis (Crovetti, 

1994).  Crovetti and Crovetti (1994) applied the proposed correction in the 

backcalculation of Ec and k for concrete pavements of square slabs.  This procedure 

was subsequently examined in a study conducted to backcalculate k by Hall et al. 

(1996) who also applied the procedure to rectangular slabs by taking the smaller slab 

dimension, length or width, in the correction factor calculation. Crovetti (2002) 

reported the use of the correction factors in backcalculation analysis of the quality of 

support beneath jointed concrete slabs.   

 The backcalculation procedure essentially applies corrections to selected 

parameters computed from a closed-form infinite-slab backcalculation algorithm to 

obtain revised estimations of Ec and k.  The infinite-slab backcalculation algorithm 

used is that employed in the ILLI-BACK backcalculation program developed by 

Ioannides et al. (1989).  The steps involved in the backcalculation procedure as 

described by Crovetti (2002) based on data of deflection tests using a 30-cm diameter 

loading plate are as follows: 

a. Calculate deflection basin parameter AREA by Equation (3-10) using surface 

deflections at 0, 30.48, 60.96 and 91.44 cm from the center of loading plate. 

           [ ]6531
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 where D1, D3, D5 and D6 are measured deflections at 0, 305, 610 and 914 mm 

respectively from the center of loading plate. 

b. Estimate the radius of relative stiffness lest from Equation (3-11) based on 

infinite-slab backcalculation analysis, 
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c. Calculate adjustment factors for deflection D1 and lest from Equations (3-12a) 

and (3-12b), 
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d. Calculate adjusted D1 as (D1)adj = Cd (measured D1) 

e. Calculate adjusted l as ladj = C
l
 lest 

f. Calculate Ec and k by Equations (3-13a) and (3-13b), 
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where  P = applied test load 

      a = radius of applied load, expressed in the same unit as ladj 

      µ = Poisson’s ratio of concrete 

      H = thickness of concrete slab 
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3.3.2.3 Backcalculation Using Korenev’s Correction for Finite Slab Size 

 Hall et al. (1996) proposed some refinements to Crovetti’s correction procedure 

to more closely represent the effect of rectangular pavement slabs.  The refinements 

were based on the work of Korenev (1954) who developed an analytical solution for 

interior loading by generalizing Westergaard’s solution for deflection of an infinite 

slab to the case of a circular slab.   

 Hall et al. (1996) adopted the following changes to the Crovetti’s correction 

procedure described in the preceding section: 

a. For slabs with its length less than or equal to twice the slab width, L in Equations 

(3-12a) and (3-12b) is computed as  

  Width)(Slab ) ( LengthSlabL =  (3-14) 

b. For slabs with its length more than twice the slab width, L in Equations (3-12a) 

and (3-12b) is computed as  

  Width)(Slab 2=L  (3-15) 

c. The corrected k value is computed as  

 
2
l

CC

k
k

d

est
=       (3-16) 

The corrected Ec is computed from Equation (3-13b) using the corrected k value 

obtained from Equation (3-16). 

 

3.3.3 LTTP Database and Input Parameter Used in Evaluation 

 The data for this study were extracted from the database of LTPP program 

(Elkins et al., 2003). These data included deflection test data and measured pavement 

properties for some pavement sections.  Because the purpose of this study was to 

evaluate the effect of slab size on jointed concrete pavement (JCP), only JCP 



71 

pavement sections having measured Ec or k, or both were considered. The properties of 

JCP pavement sections evaluated are listed in Tables 3.1 and 3.3. 

 Seven deflection readings per deflection basin, D1, D2, D3, D4, D5, D6, and D7 

measured at 0, 203, 305, 457, 610, 914 and 1524 mm, respectively, from the center of 

a loading plate of 300-mm diameter and the load level 71.1 kN of the FWD tests, 

applied on an interior point of the slab, was considered in this study.  

  

3.3.4 Analysis of Effects of Finite Slab Size  

3.3.4.1 Results of Backcalculation Analysis 

 The results of backcalculation analysis are found in Figure 3.7 in which the 

backcalculated values of k or Ec are plotted against the corresponding measured values 

extracted from the LTPP database.  It is noted more than one deflection basins are 

recorded for each pavement section in the LTPP database, although only one measured 

Ec and one k value are reported per pavement section.  In other words, while only one 

value each of the measured Ec and k are available in one pavement section, more than 

one backcalculated Ec and one k values respectively are obtained for the same 

pavement section.  Parts (a) and (b) of Figures 3.7 compare the measured k values with 

the corresponding pavement-section average backcalculated values, while parts (c) and 

(d) compare them with the backcalculated values obtained from individual deflection 

basins.  The same arrangement of plots is presented in parts (e), (f), (g) and (h) of 

Figure 3.7 for Ec. 

 

3.3.4.2 Basis of Evaluation 

 The assessment of the relative performance of the five backcalculation methods 

is made based on similar indicators as previous section, that is, RMSPE1 (errors 
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computed using average backcalculated property values), RMSPE2 (errors computed 

using individual backcalculated property values), frequency distribution of percent 

errors for both average and individual backcalculated property values; and statistical 

significance tests to determine if there are significant differences between the 

pavement-section average backcalculated values and the measured values for each of 

the five backcalculated methods. 

 

3.3.4.3 Results of Evaluation Analysis 

 The data presented in Figure 3.7 were used to compute the RMSPE1 and RMSPE2 

for the backcalculated Ec and k values by the five backcalculation methods.  Table 3.7 

summarizes the outcomes of the RMSPE analysis.  The frequency plots and frequency 

distribution of the percent errors of the backcalculated Ec and k values are presented in 

Figures 3.8 and 3.9.   

 

Comparison of Backcalculation Programs Based on RMSPE 

 The RMSPE values computed in Table 3.7 represent quantitatively the deviations 

of the backcalculated Ec or k values from their corresponding measured values.  The 

following observations may be made: 

a. Overall, NINE-BACK yielded the lowest RMSPE values, although the 

differences between the performance of NINE-BACK and NUS-BACK are 

relatively small.  There are practically no differences in the RMSPE of 

backcalculated k values by the two backcalculated programs, although NINE-

BACK appears to outperform NUS-BACK in the prediction of Ec.   

 The basic difference between the NINE-BACK program (based on a nine-slab 

model of jointed pavement system) and the NUS-BACK program (based on an 
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infinite slab without joints) is the presence of joints in the model of the former 

program representing a discontinuity that allows only the transfer of load but not 

bending moments.  The results suggest that the consideration of joints have 

produced some positive improvements in the prediction of Ec, but there are 

practically no effects on the backcalculated k values. 

b. The ONE-BACK backcalculation program based on the theoretical solution of a 

single slab with free edges, and the two finite-slab backcalculation programs 

based on Crovetti’s and Korenev’s correction factors respectively, all produce 

much higher RMSPE values than those of either NINE-BACK or NUS-BACK.  

The finite-slab method with Korenev’s correction factors gives the highest 

RMSPE values for backcalculated k, while the method with Crovetti’s correction 

factors results in the highest RMSPE values for backcalculated Ec. 

 It is noted that an infinite-slab model and a single-slab model represents the two 

theoretical extreme conditions of a jointed rigid pavement system.  An actual in-

service concrete pavement under load is likely to produce responses in between 

the predicted responses by the two models.  In the case of backcalculation 

analysis, with a set of given deflections of an actual in-service pavement, an 

infinite-slab model will tend to under-estimate the load bearing properties of the 

pavement whereas a single slab model will tend to over-estimate the same 

properties.  In other words, the infinite-slab model gives the lower-bound 

solutions of the backcalculated properties, while the single-slab model gives the 

upper-bound solutions.  The results of Table 3.7 indicate that, for the cases 

analyzed in this study, the infinite-slab and the nine-slab models provide better 

representations than the single-slab models.   
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 Comparing the RMSPE values of the ONE-BACK program and the other two 

finite-slab programs, better results are obtained with the ONE-BACK 

backcalculation program.  This suggests that the application of Crovetti’s and 

Korenev’s correction factors respectively, which may be considered to be 

partially empirical in nature, appear to have resulted in over correction and led to 

higher deviations than the upper bound represented by the theoretical ONE-

BACK solutions.     

c. The magnitudes of RMSPE of the backcalculated k are larger than the 

corresponding RMSPE of the backcalculated Ec, regardless of the 

backcalculation algorithm adopted.  This could possibly be attributed to two 

reasons: 

• The times of measurements of k and Ec were different from the times of 

deflection tests.  k values are affected more because compared to Ec, they 

tend to vary more with the environmental factors which often change with 

the season and climate.   

• The locations of k or Ec measurements were likely to be different from the 

points of deflection tests.  This location effect would have a higher impact 

on k than Ec because k varies with the soil condition along the pavement 

section while Ec of the concrete slab, which is a manufactured and 

controlled material, does not vary significantly within a pavement section.     

 

Comparison Based on Frequency Distribution of Percent Errors 

 Two types of frequency plots are prepared.  The cumulative frequency 

distributions of absolute percent errors backcalculated k and Ec are presented in Figure 

3.8.  The frequency distributions of the algebraic percent errors are presented in the 
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bar-chart plots of Figure 3.9 for the backcalculated k and Ec values.  The following 

observations may be made: 

a. In terms of the absolute percent errors of backcalculated k, Figures 3.8(a) and 

3.8(b) show that the infinite-slab model, the nine-slab model and the one-slab 

model exhibit more or less similar error trends, outperforming the two finite-slab 

solutions with Crovetti’s and Korenev’s corrections respectively. 

b. In terms of the absolute percent errors of backcalculated Ec, Figures 3.8(c) and 

3.8(d) show that the nine-slab model marginally outperforms the infinite-slab 

model, the one-slab model and the finite-slab model with Korenev’s corrections.  

The finite-slab model with Crovetti’s corrections produced much larger errors 

than the other four methods. 

c. The bar-chart plots in Figure 3.9 offer a qualitative assessment of the biasness of 

the predicted values of the five backcalculation methods.  Based on the 

percentage of cases of over- and under-estimation respectively as summarized in 

Table 3.8, it may infer that more cases of the infinite-slab and the nine-slab 

backcalculated solutions tend to under-estimate k and Ec, while more cases of the 

one-slab and the two finite-slab backcalculated solutions tend to over-estimate 

the same properties (with the only exception that the finite-slab model with 

Korenev’s corrections has marginally more under-estimation cases for Ec).  

 

Comparison Based on Statistical Characteristics of Errors 

 Since each pavement section studied has a measured k or Ec value and an average 

backcalculated k or Ec value by a given backcalculation method, a statistical test on the 

pair-wise differences of the measured and backcalculated values can be conducted to 

determine if the backcalculation method would provide a good estimation of measured 
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values.  The Student’s t test is a suitable statistical hypothesis test for this purpose 

(Montgomery and Runger, 2003).  Table 3.9 summarizes the results of the hypothesis 

testing.  The null hypothesis is that there is no difference between the backcalculated 

and measured values.  The following observations may be made: 

a. At a level of significance of 0.05 (i.e. 95% level of significance), the hypothesis 

that there is no difference between the backcalculated and measured k values is 

accepted for the following three solutions: infinite-slab solution by NUS-BACK, 

nine-slab solution by NINE-BACK, single-slab solution by ONE-BACK.  The 

hypothesis is rejected for the two solutions using Crovetti’s and Korenev’s 

corrections respectively.   

b. At a level of significance of 0.05 (i.e. 95% level of significance), the hypothesis 

that there is no difference between the backcalculated and measured Ec values is 

accepted for the following four solutions: infinite-slab solution by NUS-BACK, 

nine-slab solution by NINE-BACK, single-slab solution by ONE-BACK, and 

finite-slab solution with Korenev’s corrections.  The hypothesis is rejected for 

the solution using Crovetti’s corrections.   

c. A further statistical test can be conducted to check if any of the backcalculation 

methods had under- or over-estimated the k or Ec value.  This involves an 

alternative hypothesis by means of a one-tailed t test.  It was found that both the 

finite-slab methods with Crovetti’s and Korenev’s corrections over-estimated k 

at 95% confidence level, while the single-slab method based on ONE-SLAB 

over-estimated k at 90% confidence level.  As for Ec, only the finite-slab method 

with Crovetti’s corrections was found to over-estimate the property at 95% 

confidence level. 
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Summary Remarks on Choice of Backcalculation Methods 

 The comparisons of the measured and backcalculated values of k and Ec by the 

five backcalculation methods highlight the following points regarding the issue of 

considering finite slab size in backcalculation analysis: 

a. The results of backcalculation analysis confirm that the infinite-slab and one-slab 

solutions offer the lower and upper bound values, respectively, of the pavement 

properties.  As indicated by the error analysis based on RMSPE, frequency plots 

and statistical hypothesis testing, the theoretical one-slab solutions tend to over-

estimate k and Ec.  On the other hand, although the infinite-slab solutions show 

some tendency to under-estimate the two properties, the differences between the 

measured and backcalculated values were found statistically not significant.   

b. In comparison with the infinite-slab solutions, the theoretical nine-slab model 

provides some improvements in the prediction of Ec, and comparable quality of 

backcalculated k values.  In general, the error analyses performed indicate that 

there were little differences in the relative performance of the two 

backcalculation solutions.  However, the need for additional input information on 

slab dimensions and joint load transfer details presents a major practical hurdle 

for the use of nine-slab model in practice.  Since the nine-slab model represents 

an interior slab without major joint defects, one may suggest that unless there are 

serious joint defects, it is practical and logical to apply the infinite-slab model to 

provide conservative estimations of k and Ec.  

c. The results of the backcalculation analysis have shown that the finite-slab 

solutions based on either Crovetti’s or Korenev’s corrections produced the 

largest errors with respect to measured k and Ec values.  Statistical tests also 



78 

indicate that the two solutions tend to over-estimate the pavement properties, 

which is undesirable in terms of pavement evaluation and rehabilitation analysis. 

 

3.3.5 Summary 

 This section has presented an analysis to compare the relative performance of 

five backcalculation methods to study the effects of considering finite slab size in 

backcalculation analysis of the modulus of concrete slab (Ec) and modulus of subgrade 

reaction (k) of concrete pavements.  The LTPP database of deflection test data and 

measured pavement properties were used as the basis for the analysis.  The relative 

performance of the five backcalculation methods was evaluated by comparing the 

backcalculated k and Ec with the corresponding methods. 

 The analysis based on field measured data indicated that the theoretical solutions 

of the infinite-slab backcalculation model and the one-slab backcalculation model can 

be used to provide the lower and upper bound values, respectively, in the estimation of 

k and Ec.  Comparisons of the results of the two models showed that the infinite-slab 

model produced superior solutions with much smaller errors as compared with the 

one-slab model.   

 The use of the nine-slab model, considering the exact slab size and load transfer 

across joints, did not create nay noticeable differences in backcalculating k as 

compared with the infinite-slab solutions, but did achieve some improvements in the 

estimation of Ec.  However, the differences or improvements were marginal and found 

not significant statistically.  It shows that for jointed concrete pavements with normal 

functioning joints, the infinite-slab model is adequate in providing sufficiently 

accurate backcalculated k and Ec for practical applications. 
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 Since the detailed joint properties and joint reinforcement data required for an 

accurate nine-slab representation are not readily available, the findings of the study 

suggest that for normal nondestructive deflection testing and evaluation analysis of 

jointed concrete pavements with non-defective joints, it is practical to adopt the 

infinite-slab backcalculation model as it provides sufficiently accurate and yet 

conservative estimations of k and Ec.  The use of backcalculation methods that 

consider the finite slab dimensions and incorporate the effect of joint load transfer, 

such as the nine-slab model, would be practically justified only in detailed field 

investigation of pavements with defective joints where the load transfer function of the 

joints has been affected.  

 The use of the two finite-slab models with Crovetti’s and Korenev’s corrections 

respectively, for backcalculation analysis is not recommended based on the findings of 

this study.  Both models produced lager errors than the other three models considered, 

and tended to over-estimate k and Ec.  The solutions with Crovetti’s corrections were 

found to over-estimate k and Ec at 95% confidence level, and the solutions with 

Korenev’s corrections over-estimate k at the same confidence level. 
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Table 3.1:   Measured Properties of 26 JCP Sections for Analyzing k 
 

1 Colorado 0213 11 114.76 24.50 4.27 4.57

2 Colorado 0214 10 122.09 33.12 3.66 4.57

3 Colorado 0215 10 103.09 29.33 3.66 4.57

4 Colorado 0222 10 73.25 32.09 3.66 4.57

5 Delaware 0201 10 80.03 - 3.66 4.57

6 Delaware 0203 10 51.55 29.74 4.27 4.57

7 Delaware 0204 10 74.61 30.34 3.66 4.57

8 Delaware 0205 10 47.48 - 3.66 4.57

9 Delaware 0206 9 65.11 37.12 4.27 4.57

10 Delaware 0207 10 54.26 27.74 4.27 4.57

11 Delaware 0208 10 54.26 28.94 3.66 4.57

12 Delaware 0259 11 59.69 37.76 3.66 4.57

13 Iowa 0213 11 39.61 32.66 4.27 4.57

14 Iowa 0219 10 17.36 35.36 4.27 4.57

15 Iowa 0223 10 12.21 39.05 3.66 4.57

16 Michigan 0214 10 130.22 34.16 3.66 4.57

17 Michigan 0215 10 69.18 33.12 3.66 4.57

18 Michigan 0217 10 62.40 - 4.27 4.57

19 Michigan 0219 11 105.81 27.26 3.66 4.57

20 Michigan 0220 10 92.24 32.43 3.66 4.57

21 North Carolina 0203 20 92.24 30.71 4.27 4.57

22 North Carolina 0204 10 61.04 35.06 3.66 4.57

23 North Carolina 0205 10 50.19 29.33 3.66 4.57

24 North Carolina 0208 20 40.70 32.70 3.66 4.57

25 Texas A807 10 86.82 34.50 3.35 4.57

26 Texas A808 8 86.82 35.19 3.35 4.57

Measured k-value  

(MN/m3)

Measured Ec 

(GPa)
Lane Width 

(m)
Joint Spacing 

(m)
Case State/Province

Test Section 
Code

Number of 
Deflection Basins

 
Remarks: 
-     : data not available 
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Table 3.2:   Root-Mean-Square Percent Errors for k and Ec Backcalculated Using 
NUS-BACK (Load Level = 71.1 kN) 

 

Sensor RMSPE1 Sensor RMSPE1 Sensor RMSPE1

Configuration Value Configuration Value Configuration Value
47 75.97 13 41.92 13 25.49
57 76.25 14 52.87 12 31.04
45 76.31 12 56.55 14 35.00
37 76.32 15 68.03 15 49.11
46 76.40 16 88.08 24 65.18
27 76.60 23 94.73 16 66.63
56 77.04 24 94.74 25 75.57
17 78.23 25 96.46 26 87.08
36 78.77 26 112.64 34 87.45
26 80.13 35 118.58 35 89.72
35 82.86 17 124.17 17 91.50
67 82.96 36 125.96 23 94.82
25 85.97 46 136.60 36 96.73
16 88.17 34 142.59 46 106.46
34 92.41 27 146.47 27 108.73
24 97.11 45 148.70 56 113.91
15 105.36 56 150.24 45 116.00
23 124.22 37 157.40 37 117.81
14 130.41 47 172.00 47 129.89
13 182.98 57 186.36 57 143.89
12 279.09 67 6142.79 67 2544.56

Ec (JCP)k Ec (CRCP)

 
 

 
 
 
 



 

8
2

 

 
   

               

Table 3.3:   Measured Properties of 50 JCP Sections for Analyzing Ec 

1 Arizona 7614 19 30.71 3.658 4.572 26 Michigan 0220 9 32.43 3.658 4.572

2 Arkansas 3059 18 24.50 3.658 13.716 27 Minnesota 3013 20 37.61 4.267 4.572

3 Colorado 0213 10 24.50 4.267 4.572 28 Missouri 4069 20 24.15 3.658 18.745

4 Colorado 0214 10 33.12 3.658 4.572 29 Nebraska 3023 20 26.22 3.658 4.724

5 Colorado 0215 10 29.33 3.658 4.572 30 Nevada 3013 20 37.43 3.658 4.724

6 Colorado 0222 10 32.09 3.658 4.572 31 New Jersey 4042 11 36.05 3.658 23.835

7 Colorado 7776 20 27.60 3.658 3.962 32 New Mexico 3010 20 41.06 3.658 4.115

8 Connecticut 4008 11 34.16 3.658 12.192 33 New York 4017 16 25.01 3.658 19.355

9 Delaware 0203 10 29.74 4.267 4.572 34 New York 4018 10 27.08 3.658 19.355

10 Delaware 0204 9 30.34 3.658 4.572 35 North Carolina 0203 10 30.71 4.267 4.572

11 Delaware 0208 10 28.94 3.658 4.572 36 North Carolina 0204 10 35.06 3.658 4.572

12 Delaware 0259 11 37.76 3.658 4.572 37 Ohio 3801 19 25.88 3.658 6.096

13 Iowa 0213 10 32.66 4.267 4.572 38 Oklahoma 3018 20 30.71 3.658 4.572

14 Iowa 0219 10 35.36 4.267 4.572 39 Oklahoma 4162 20 40.54 3.658 4.572

15 Iowa 0223 10 39.05 3.658 4.572 40 Texas A807 10 34.50 3.353 4.572

16 Iowa 3006 20 31.57 3.658 6.096 41 Texas A808 8 35.19 3.353 4.572

17 Iowa 3009 25 31.22 3.658 6.096 42 Utah 3010 11 31.22 3.658 4.572

18 Iowa 3028 18 30.36 3.658 6.096 43 Vermont 1682 13 33.12 3.658 4.572

19 Iowa 3055 20 23.98 3.658 6.096 44 Washington 3011 20 36.40 3.658 3.505

20 Kansas 4054 10 28.98 3.658 9.144 45 Washington 3014 20 32.43 3.658 3.505

21 Louisiana 4001 14 37.78 3.658 17.831 46 Washington 3019 20 34.16 3.658 3.505

22 Maine 3014 20 23.29 3.658 6.096 47 Washington 3813 20 36.40 3.658 4.572

23 Michigan 0214 12 34.16 3.658 4.572 48 Washington 7409 21 23.63 3.658 3.505

24 Michigan 0215 10 33.12 3.658 4.572 49 Wisconsin 3008 20 46.92 3.658 4.724

25 Michigan 0219 11 27.26 3.658 4.572 50 Wisconsin 3009 20 43.30 3.658 4.663

Test Section 
Code

Measured Ec 
(GPa)

Lane Width 
(m)

Joint 
Spacing (m)

No of Deflection 
Basins

Case State/Province
Lane Width

 (m)
Joint 

Spacing (m)
Case State/Province

Test Section 
Code

Measured Ec 
(GPa)

No of Deflection 
Basins
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Table 3.4:   Measured Properties of 76 CRCP Sections for Analyzing Ec 
 
 
 
 
 

1 Alabama 3998 19 47.61 39 Oklahoma 5021 20 34.16

2 Alabama 5008 20 37.95 40 Oregon 5006 21 27.60

3 Arizona 7079 21 27.60 41 Oregon 5008 21 31.40

4 Arkansas 5803 19 33.81 42 Oregon 5021 18 24.50

5 Arkansas 5805 19 27.60 43 Oregon 5022 21 22.43

6 California 7455 11 32.43 44 Oregon 7081 21 27.26

7 Connecticut 5001 15 41.40 45 Pennsylvania 1598 16 42.78

8 Delaware 5004 13 23.12 46 Pennsylvania 1617 19 40.37

9 Georgia 5023 17 36.57 47 Pennsylvania 5020 15 49.34

10 Idaho 5025 20 30.71 48 South Carolina 5017 20 20.01

11 Illinois 5020 20 24.15 49 South Carolina 5034 20 21.74

12 Illinois 5843 20 41.75 50 South Carolina 5035 20 19.67

13 Illinois 5849 20 26.91 51 South Dakota 5020 20 25.53

14 Illinois 5854 20 27.60 52 South Dakota 5025 20 27.95

15 Illinois 5869 20 45.20 53 South Dakota 5040 20 31.74

16 Illinois 5908 20 22.43 54 Texas 3719 17 44.85

17 Illinois 9267 20 43.82 55 Texas 3779 20 29.33

18 Indiana 5022 20 41.40 56 Texas 5024 20 31.74

19 Indiana 5043 20 36.92 57 Texas 5035 18 28.64

20 Iowa 5042 20 27.95 58 Texas 5154 20 33.47

21 Iowa 5046 20 32.09 59 Texas 5274 19 38.30

22 Iowa 9116 19 34.16 60 Texas 5283 18 32.43

23 Maryland 5807 17 33.19 61 Texas 5284 18 30.71

24 Michigan 5363 20 31.74 62 Texas 5287 20 22.43

25 Minnesota 5076 21 37.95 63 Texas 5301 20 37.26

26 Mississipi 5006 20 32.09 64 Texas 5310 20 34.85

27 Mississipi 5025 20 30.71 65 Texas 5317 17 35.54

28 Mississipi 5803 19 32.09 66 Texas 5323 20 30.71

29 Mississipi 5805 20 38.99 67 Texas 5328 20 26.57

30 Missouri 5047 20 37.26 68 Texas 5334 20 37.95

31 Nebraska 5052 20 24.50 69 Texas 5335 20 36.57

32 North Carolina 5037 19 19.32 70 Texas 5336 20 29.67

33 North Carolina 5826 16 32.43 71 Virginia 2564 18 24.84

34 North Carolina 5827 16 21.05 72 Virginia 5008 20 24.15

35 Ohio 5003 20 25.53 73 Virginia 5009 16 20.70

36 Oklahoma 4155 19 30.02 74 West Virginia 5007 15 20.36

37 Oklahoma 4158 18 33.12 75 Wisconsin 5037 20 36.23
38 Oklahoma 4166 11 34.50 76 Wisconsin 5040 20 43.82

Measured 
Ec (GPa)

Case State/Province
Test Section 

Code
Number of 

Deflection Basins
Measured 
Ec (GPa)

Case State/Province
Test Section 

Code
Number of 

Deflection Basins
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Table 3.5:   RMSPE of Backcalculated Pavement Properties and Coefficient of 
Correlation with Measured Values from Four Different Methods 

 
 

(a) Root-Mean-Square Percent Error (RMSPE) 

CRCP JCP CRCP JCP

NUSBACK 69.95 71.33 51.56 40.71 61.31 51.81
ILLIBACK4 99.49 107.72 67.59 51.93 74.67 61.26
ILLIBACK7 83.69 88.34 84.79 68.05 86.96 73.02
LTPP Best-Fit Method 77.83 82.23 55.29 48.93 57.99 53.48

NUSBACK 72.54 74.85 35.53 34.54 48.46 46.95
ILLIBACK4 102.13 107.53 55.11 49.43 63.55 56.88
ILLIBACK7 86.79 90.73 74.93 65.54 79.91 68.48
LTPP Best-Fit Method 81.73 85.88 49.59 46.41 54.15 49.92

NUSBACK 75.97 78.39 41.92 25.49 47.14 33.02
ILLIBACK4 107.70 111.15 66.63 43.26 66.02 49.56
ILLIBACK7 91.51 94.52 85.17 59.08 86.13 64.16
LTPP Best-Fit Method 81.38 82.91 49.59 43.89 52.59 42.83

RMSPE2 Backcalculation Program
k 

Load = 40 kN

Load = 53.3 kN

Load = 71.1 kN

Ec

RMSPE1 RMSPE2
RMSPE1

 
Note :  The number of pavement sections used in calculation is as follows: 

(a) For k: 26 sections (NUS-BACK and ILLI-BACK) methods, 15 sections (LTTP Best-Fit 
Method)  

(b) For Ec of CRCP: 76 sections (NUS-BACK and ILLI-BACK) methods, 75 sections (LTTP 
Best-Fit Method)   

(c) For Ec of JCP: 50 sections (NUS-BACK and ILLI-BACK) methods, 43 sections (LTTP 
Best-Fit Method) 

 
 

(b) Coefficient of Correlation 

CRCP JCP

NUSBACK 0.353 0.429 0.173
ILLIBACK4 0.288 0.434 0.192
ILLIBACK7 0.313 0.406 0.139
LTPP Best-Fit Method 0.367 0.404 0.349

NUSBACK 0.377 0.276 0.088
ILLIBACK4 0.323 0.351 0.151
ILLIBACK7 0.343 0.338 0.117
LTPP Best-Fit Method 0.298 0.385 0.348

NUSBACK 0.367 0.399 0.362
ILLIBACK4 0.304 0.381 0.323
ILLIBACK7 0.327 0.373 0.232
LTPP Best-Fit Method 0.326 0.377 0.331

Ec 

Load = 53.3 kN

Load = 71.1 kN

Backcalculation Program
Coefficient of correlation

k

Load = 40 kN
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Table 3.6:   RMSPE of Backcalculated Pavement Properties  
with Temperature Consideration 

 
(a) RMSPE on Ec 

CRCP JCP CRCP JCP CRCP JCP CRCP JCP

NUS-BACK 41.92 25.49 47.14 33.02 40.56 25.34 47.90 33.02

ILLI-BACK4 66.63 43.26 66.02 49.56 69.80 37.96 67.01 44.98

ILLI-BACK7 85.17 59.08 86.13 64.16 89.37 50.52 88.50 55.97

LTTP Best Fit 49.59 43.89 52.59 42.83 49.78 44.48 52.33 43.55

Backcalculation 
program

RMSPE without temperature consideration RMSPE with temperature consideration

RMSPE1 (%) RMSPE2 (%) RMSPE1 (%) RMSPE2 (%)

 
Note :  The number of pavement sections used in calculation is as follows: 

(a) For Ec of CRCP without temperature consideration: 76 sections (NUS-BACK and ILLI-
BACK) methods, 75 sections (LTTP Best-Fit Method) 

(b) For Ec of CRCP with temperature consideration: 61 sections (NUS-BACK and ILLI-BACK) 
methods, 60 sections (LTTP Best-Fit Method) 

 (c) For Ec of JCP: 50 sections (NUS-BACK and ILLI-BACK) methods, 43 sections (LTTP 
Best-Fit Method) 

 (d) For Ec of JCP: 39 sections (NUS-BACK and ILLI-BACK) methods, 33 sections (LTTP 
Best-Fit Method) 

 
 

(b) RMSPE on k 
RMSPE without temperature consideration RMSPE with temperature consideration

NUS-BACK

ILLI-BACK4

ILLI-BACK7

LTTP Best Fit

Backcalculation 
program RMSPE1 (%) RMSPE2 (%) RMSPE1 (%) RMSPE2 (%)

75.97

91.51

107.70

83.33

120.33

101.98

81.38

78.39

111.15

94.52

82.91 85.26

86.50

126.88

106.63

88.89  
Note :  The number of pavement sections used in calculation is as follows: 

(a) For k without temperature consideration: 26 sections (NUS-BACK and ILLI-BACK) methods,  
  15 sections (LTTP Best-Fit Method) 
(a) For k with temperature consideration: 20 sections (NUS-BACK and ILLI-BACK) methods, 

13 sections (LTTP Best-Fit Method) 
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Table 3.7:   RMSPE of Backcalculated Pavement Properties  
from Five Different Methods  

 

RMSPE1 (%) RMSPE2 (%) RMSPE1 (%) RMSPE2 (%)

Infinite-slab model
using NUS-BACK
Single-slab model
using ONE-BACK
Nine-slab model
using NINE-BACK
Finite-slab model with
Crovetti's Correction
Finite-slab model with
Korenev's Correction

20.596

39.545

31.500

26.069

46.046

35.232

75.969

121.870

146.088

82.295

125.627

148.584

41.46929.60693.898100.529

75.975 78.391 25.485 32.988

k Ec
Backcalculation Program

 
Note :   The number of pavement sections used in calculation is as follows: 26 sections for k  
 and 50 sections Ec. 
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Table 3.8:   Percentages of Over-Estimation and Under-Estimation Cases 

(a) Results for Backcalculated k values 
Pavement-Section Average 

 Backcalculated k 
Individual Deflection-Basin 

 Backcalculated k 

 
 

Backcalculation 
Method % Under- 

Estimation 
Cases 

% Over- 
Estimation 

Cases 

% Under- 
Estimation 

Cases 

% Over- 
Estimation 

Cases 

Infinite-slab model 
using NUS-BACK 

69% 31% 73% 27% 

Nine-slab model  
using NINE-BACK 

62% 38% 63% 37% 

Single-slab model  
using ONE-BACK 

42% 58% 46% 54% 

Finite-slab model 
with Crovetti’s 
corrections 

39% 61% 39% 61% 

Finite-slab model 
with Korenev’s 
corrections 

27% 73% 33% 67% 

 

(b) Results for Backcalculated Ec values 
Pavement-Section Average 

 Backcalculated Ec 
Individual Deflection-Basin 

 Backcalculated Ec 

 
 

Backcalculation 
Method % Under- 

Estimation 
Cases 

% Over- 
Estimation 

Cases 

% Under- 
Estimation 

Cases 

% Over- 
Estimation 

Cases 

Infinite-slab model 
using NUS-BACK 

56% 44% 57% 43% 

Nine-slab model  
using NINE-BACK 

54% 46% 56% 44% 

Single-slab model  
using ONE-BACK 

46% 54% 53% 47% 

Finite-slab model 
with Crovetti’s 
corrections 

28% 72% 30% 70% 

Finite-slab model 
with Korenev’s 
corrections 

54% 46% 51% 49% 
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Table 3.9:  Statistical Tests on Pairwise Differences between Backcalculated and 
Measured Pavement Properties 

 

(a) Test on hypothesis that there is no difference between  
backcalculated and measured k 

 
Property 

 

Infinite-
Slab 

Solution 

 

Nine-Slab 
Solution 

 

One-Slab 
Solution 

Solution 
with 

Crovetti’s 
Correction 

Solution 
with 

Korenev’s 
Correction 

Mean 
Difference 

-5.06 5.26 28.16 52.28 73.99 

Standard 
Deviation 

75.81 75.59 96.50 110.09 125.97 

t statistic -0.34 0.35 1.49 2.42 3.00 
Critical t at 
α = 0.05 * 

± 2.06 ± 2.06 ± 2.06 ± 2.06 ± 2.06 

Conclusion Accept Accept Accept Reject Reject 
Note: (1) α is the level of significance.  Test is conducted at confidence level of 95% 

for α = 0.05. 
          (2) The degree of freedom is (26 – 1) = 25 

 

(b) Test on hypothesis that there is no difference between  
backcalculated and measured Ec 

 
Property 

 

Infinite-
Slab 

Solution 

 

Nine-Slab 
Solution 

 

One-Slab 
Solution 

Solution 
with 

Crovetti’s 
Correction 

Solution 
with 

Korenev’s 
Correction 

Mean 
Difference 

-0.94 -3.33 1.60 21.07 1.72 

Standard 
Deviation 

25.47 20.32 29.56 33.47 31.45 

t statistic -0.19 -0.84 0.28 3.21 0.28 
Critical t at 
α = 0.05  

± 2.01 ± 2.01 ± 2.01 ± 2.01 ± 2.01 

Conclusion Accept Accept Accept Reject Accept 
Note: (1) α is the level of significance.  Test is conducted at confidence level of 

95% for α = 0.05. 
          (2) The degree of freedom is (50 – 1) = 49 
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(b) Based on backcalculated k values of individual deflection basins 

Figure 3.1:   Comparison between Measured and Backcalculated k values of JCP (Load Level = 71.1 kN) 
from Four Different Methods 
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(b) Based on backcalculated Ec values of individual deflection basins 

Figure 3.2:   Comparison between Measured and Backcalculated Ec values of JCP (Load Level = 71.1 kN) 
from Four Different Methods 
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(b) Based on backcalculated Ec values of individual deflection basins 

Figure 3.3:   Comparison between Measured and Backcalculated Ec values of CRCP (Load Level = 71.1 kN) 
from Four Different Methods 
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(b) Based on backcalculated k values of individual deflection basins 

Figure 3.4:   Absolute Percent Errors of Backcalculated k values (Load Level = 71.1 kN) 
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(b) Based on backcalculated Ec values of individual deflection basins 

Figure 3.5:   Absolute Percent Errors of Backcalculated Ec values of JCP (Load Level = 71.1 kN) 
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(b) Based on backcalculated Ec values of individual deflection basins 

Figure 3.6:   Absolute Percent Errors of Backcalculated Ec values of CRCP (Load Level = 71.1 kN) 
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(a) Comparison of Theoretical Solutions Based on Pavement-Section Average Backcalculated k 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

 

 

 

(b) Comparison of Solutions with Correction Factors Based on Pavement-Section Average 
Backcalculated k 

 
 

Figure 3.7:   Comparison between Backcalculated and Measured of k and Ec 
from Five Different Methods 
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(c) Comparison of Theoretical Solutions Based on Individual Deflection-Basin Backcalculated k  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

(d) Comparison of Solutions with Correction Factors Based on Individual Deflection-Basin 
Backcalculated k 

 
 

Figure 3.7:   Comparison between Backcalculated and Measured of k and Ec 

 from Five Different Methods (continued) 
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(e) Comparison of Theoretical Solution Based on Pavement-Section Average Backcalculated Ec  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

(f) Comparison of Solutions with Correction Factors Based on Pavement-Section Average 
Backcalculated Ec  

 
 

Figure 3.7:   Comparison between Backcalculated and Measured of k and Ec 

 from Five Different Methods (continued) 
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(g) Comparison of Theoretical Solution Based on Individual Deflection-Basin Backcalculated Ec 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

(h) Comparison of Solutions with Correction Factors Based on Individual Deflection-Basin 
Backcalculated Ec 

 
 

Figure 3.7:   Comparison between Backcalculated and Measured of k and Ec 

 from Five Different Methods (continued) 
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(a) Plot for  Pavement-Section Average Backcalculated k 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

(b) Plot for Individual Deflection-Basin Backcalculated k 
 

Figure 3.8: Cumulative Frequency Plots for Backcalculated k and Ec  
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(c) Plot for  Pavement-Section Average Backcalculated Ec 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

(d) Plot for Individual Deflection-Basin Backcalculated Ec 
 

Figure 3.8: Cumulative Frequency Plots for Backcalculated k and Ec (continued) 
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(a) Comparison of Theoretical Solutions Based on Pavement-Section Average Backcalculated k 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

(b) Comparison of Solutions with Correction Factors Based on Pavement-Section Average 
Backcalculated k  

 
Figure 3.9:  Frequency Distributions of Percent Errors of Backcalculated Value of k 

and Ec 
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(c) Comparison of Theoretical Solutions Based on Individual Deflection-Basin Backcalculated k  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

(d) Comparison of Solutions with Correction Factors Based on Individual Deflection-Basin 
Backcalculated k 

  
 

Figure 3.9:  Frequency Distributions of Percent Errors of Backcalculated Value of k 
and Ec (continued) 
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(e) Comparison of Theoretical Solution Based on Pavement-Section Average Backcalculated Ec  
  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

(f) Comparison of Solutions with Correction Factors Based on Pavement-Section Average 
Backcalculated Ec  

 
Figure 3.9:  Frequency Distributions of Percent Errors of Backcalculated Value of k 

and Ec (continued) 
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(g) Comparison of Theoretical Solution Based on Individual Deflection-Basin Backcalculated Ec  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

(h) Comparison of Solutions with Correction Factors Based on Individual Deflection-Basin 
Backcalculated Ec 

  
 

Figure 3.9:  Frequency Distributions of Percent Errors of Backcalculated Value of k 
and Ec (continued) 

 

0

10

20

30

40

50

60

< (-60) (-60) - (-30) (-30) - 0 0 - (+30) (+30) - (+60) > (+60)

Percent Errors on Ec (%)

P
er

ce
nt

 o
f c

as
es

Infinite-Slab Solution

Single-Slab Solution

Nine-Slab Solution

0

10

20

30

40

50

60

< (-60) (-60) - (-30) (-30) - 0 0 - (+30) (+30) - (+60) > (+60)

Percent Errors on Ec (%)

P
er

ce
nt

 o
f c

as
es

Nine-Slab Solution

Solution with Crovetti's Correction

Solution with Korenev's Correction



 

105 

CHAPTER 4 

DEVELOPING k-Es RELATIONSHIP OF RIGID PAVEMENT SYSTEM  

USING BACKCALCULATION APPROACH 

 

 

4.1 Introduction 

The examination of a relationship between two subgrade soil models, i.e. dense 

liquid and elastic solid model (known as k-Es relationship), on rigid pavement system 

was presented in two sections in this chapter. In Section 4.2, the examination of 

different k-Es relationships on two-layer rigid pavement system was conducted, while 

the examination of the k-Es relationships on rigid pavement system considering the 

presence of intermediate layer between concrete slab and subgrade was presented in 

Section 4.3. 

 

4.2 Examining k-Es Relationship of Pavement Subgrade Based on Load-

 Deflection Consideration 

4.2.1 Background 

Most rigid-pavement design methods in use today adopt the Westergaard’s 

approach (1925) that considers the case of a pavement slab resting on a dense liquid 

foundation.  In the theoretical model adopted by this approach, the pavement slab is 

characterized by its elastic modulus and Poisson’s ratio, while the pavement subgrade 

is characterized by a single parameter k, the modulus of subgrade reaction. The 

commonly accepted method of measuring k is by means of a standard plate loading 

test conducted in the field (ASTM, 2006).  However, the field plate loading test is 

elaborate and time consuming, and it is impractical to conduct this test on in-service 
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pavements in the case of structural rehabilitation or overlay designs.  As a result, in 

practice the k value of a subgrade soil is usually estimated through its correlation with 

other soil properties.   

Empirical correlations between k and soil properties such as the CBR (California 

bearing ratio), stabilometer resistance value, modulus of elasticity Es, and soil 

classification type (PCA, 1966) have been used to estimate k.  These correlations are 

approximate and it is not advisable to apply these correlations under conditions 

different from those they were first derived for.  To overcome this problem, it has been 

of special interest to pavement engineers and researchers to establish a relationship 

between k and the modulus of elasticity Es of the pavement subgrade.  This is because 

Es is a fundamental engineering property of pavement subgrade materials and that 

there exists various test methods for determining Es either in the field or in the 

laboratory.  For instance, the AASHTO Pavement Design Guide (1986, 1993), and the 

Mechanistic-Empirical Pavement Design Guide (MEPDG) (ARA Consulting Group 

Inc., 2004) all apply direct k-E relationships to convert the input value of subgrade Es 

to a k value.   

In this study, a review of several k-Es relationships derived by past researchers is 

first performed by examining the theoretical basis adopted and assumptions made in 

each.  Next, an attempt is made to study the relationship between k and Es by means of 

an equivalency concept that identifies an equivalent k-model (a theoretical model of 

pavement slab supported by a dense liquid foundation) and an equivalent Es-model (a 

theoretical model of pavement slab supported by an elastic solid foundation) for a 

given actual rigid pavement  structure.  The equivalency is established using 

backcalculation analysis based on load-deflection considerations. An illustration of the 

approach is made using the measured data of the LTPP (Long Term Pavement 
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Performance) database.  A comparison is made with other existing k-Es relationships 

to asses the reasonableness of the proposed approach.  

 

4.2.2 Review of k-Es Relationship by Past Researchers 

Four k-Es relationships derived by past researchers are presented in this section.  

They are: (a) the k-Es relationship adopted by AASHTO (1986, 1993), (b) the k-Es 

relationship derived by Khazanovich et al. (2001), (c) the k-Es relationship derived by 

Vesic and Saxena (1974), and (d) the k-Es relationship derived by Ullidtz (1987).   

 

4.2.2.1  k-Es Relationship by AASHTO (1986, 1993) 

  In the 1986 edition of the AASHTO Pavement Design Guide (AASHTO, 1986), 

and again in the 1993 edition (AASHTO, 1993), the value of k is calculated from a k-

Es relationship derived by matching the surface deflections calculated for the 

following two theoretical pavement systems:  

(i)  A uniformly distributed load is applied over the entire surface area of a circular 

perfectly-rigid plate of radius a supported on a dense liquid foundation.  The 

maximum surface deflection (wmax)k under this condition is given by  

   
k

q
)w( kmax =                                                                                (4-1) 

where q = applied distributed load, and k = modulus of subgrade reaction. 

(ii) A uniformly distributed load is applied on a circular surface area of radius a of 

an elastic solid foundation.  The maximum surface deflection (wmax)E under this 

condition is given by  

( )
s

E E

qa
w

2

1
)(

2

max

µπ −
=                                                                (4-2) 
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where µ = Poisson’s ratio of subgrade, a = radius of loaded area, and Es = elastic 

modulus of subgrade.   

Equating the above two maximum deflection expressions gives, 

( )aE
k s

21

2

µπ −
=  (4-3) 

For µ = 0.45 and a = 15 in. (0.381 m),  

8.18

)(
)(

psiE
pcik s
=     or   

477.0

)(
)/( 3 MPaE

mMNk s
=  (4-4) 

Instead of matching the maximum surface deflections, AASHTO (1986, 1993) 

equated the volumes of soil displaced under the loading area for the theoretical 

pavement systems.  This is equivalent to equating the deflection of the rigid plate (as 

given by Equation (4-1)) with the average surface deflection calculated for the case of 

uniform loading on an elastic solid foundation.  This leads to the following 

relationship recommended by AASHTO (1986, 1993), 

419

)(
)(

.

psiE
pcik s
=     or  

4920
)/( 3

.

(MPa)E
mMNk s
=   (4-5) 

A main issue that can be raised with the derivation of Equations (4-4) and (4-5) 

is the implicit assumption that a pavement slab can be represented by a finite circular 

plate, regardless of the actual dimensions of the real pavement slab.  The validity of 

this assumption has been questioned by several researchers.  Noting that the k value 

calculated from Equation (4-3) is dependent on the value of loading radius a, Huang 

(2003) commented that by setting a = 15 in. (0.381 m), both Equations (4-4) and (4-5) 

would “give a k value that is too large”.  This is because the actual equivalent a of an 

actual rigid pavement system would be larger than 15 in. (0.381 m).  By analyzing 

actual pavement deflection test data, the equivalent a of actual pavements is obtained 
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varying from about 0.3 m to more than 2.0 m.  This suggests that Equations (4-4) and 

(4-5) are likely to over-estimate the value of k.     

 

4.2.2.2 k-Es Relationship by Khazanovich et al. (2001) 

Khazanovich et al. (2001) analyzed the deflection data of falling weight 

deflectometer tests from the LTPP (Long Term Pavement Performance) database.  

Backcalculation analyses were performed on these deflection data to estimate k and Es 

by considering the following two theoretical rigid pavement systems (termed as the k-

model and the Es-model for easy reference): 

(i) k-model: a theoretical pavement system of an infinite pavement slab supported 

on a dense-liquid foundation; and  

(ii)  Es-model: a theoretical pavement system of an infinite pavement slab supported 

on an elastic solid foundation.   

In the estimation of k and Es values respectively, Khazanovich et al. (2001) 

adopted a best-fit approach based on the trial-and-error approach to match the 

theoretical and measured surface deflections.  The following relationship was 

obtained:    

k (MN/m3) = 0.296 Es (MPa)   (4-6) 

with statistical coefficient of determination R2 = 0.872 and standard error = 9.37 

MN/m3. 

The Mechanistic-Empirical Pavement Design Guide (MEPDG) (ARA 

Consulting Group Inc. 2004) contains a software to perform an “Es-to-k” conversion.  

An analysis of Es and k generated by the software indicates that the k-Es relationship 

can be closely represented Equation (4-6). 
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4.2.2.3 k-Es Relationship by Vesic and Saxena (1974)  

Vesic and Saxena (1974) derived an expression for the relationship between k 

and Es of pavement subgrade by equating the radii of relative stiffness of the k-model 

and Es-model.  For the k-model, the radius of relative stiffness lk is given by, 

4/1

k k

D 


=l  (4-7) 

where: 
)1(12

hE
D

2
c

3
cc

µ−
=    (4-8) 

D = flexural rigidity of pavement slab, Ec= elastic modulus of pavement slab, hc = 

thickness of pavement slab, µc = Poisson’s ratio of pavement slab. 

 The corresponding equation for the radius of relative stiffness lE of the E-model 

is, 

3/12 )1(2 



 −=

s
E E

D µ
l                                                    (4-9) 

where µ = Poisson’s ratio of subgrade, Es = elastic modulus of subgrade, and D is as 

defined in Equation (4-8).   

By setting lk = lE, Vesic and Saxena (1974) arrived at the following k-E 

relationship, 


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3/1

µ
  (4-10) 

The main basic assumption involved in the derivation of Equation (4-10) is the 

equating of the two radii of relative stiffness.  This assumption apparently does not 

represent the actual conditions in the field exactly, as Vesic and Saxena (1974) 

suggested that to yield a good agreement with measured deflections, only 42% of the 
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value obtained from Equation (4-10) be used to estimate k.  That is, the k value should 

be adjusted as follows, 







−



=

c

s

c

s

h

E

E

E
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)1(
42.0

2

3/1

µ
                        (4-11) 

 

4.2.2.4  k-Es Relationship by Ullidtz (1987) 

 Based on the equation for adjusted k given in Equation (4-11), Ullidtz (1987) 

made a further modification by introducing the concept of equivalent thickness of the 

concrete slab with respect to the subgrade.  The equivalent thickness is defined as the 

thickness of subgrade material having the same flexural rigidity as that of the 

pavement slab (see Equation (4-8)).  It is given in Equation (4-12) below, 
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     (4-12) 

The revised approximate relationship proposed by Ullidtz (1987) is given as Equation 

(4-13). 

Revised from Equation (4-11)  



=

e

s

h

E
kAdjusted 54.0  (4-13) 

The incorporation of the equivalent thickness concept into the estimation of k from Es 

is not likely to introduce any major changes in the calculation.  The values of k 

computed from (4-13) are not expected to be much different from the corresponding k 

values calculated using Equation (4-11).  
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4.2.3 Proposed Procedure for Deriving k-Es Relationship  

4.2.3.1 Main Considerations 

 The following are the main considerations that form the basis of the proposed 

procedure: 

(a)  The k-model and the Es-model are two theoretical rigid pavement systems having 

different load transmission mechanisms.  Under an identical applied load, the 

two surface deflection basins produced by the models will have different 

deformed shapes and magnitudes of deflections.  This means that the two 

deflection basins do not match, and artificially equate their deflections at selected 

points or the volumes of deflection basins produced by the two models is 

unlikely to correctly identify the equivalency of the k- and Es-models. 

(b) The k-model and the Es-model are employed by researchers to simulate the 

structural responses of rigid pavements under loads, although neither of the two 

models could exactly represent the actual structural behaviors of the real-life 

rigid pavement.  The common approach in pavement engineering is to apply 

backcalculation analysis of the deflection test data of the real pavement, for the 

purpose of identifying the k-model parameter values (or Es-model parameter 

values if the Es-model is used) that could best represent the structural behaviors 

of the real pavement.  That is, by means of load-deflection backcalculation 

analysis, it is possible to identify an equivalent k-model and an equivalent Es-

model, respectively, with respect to a real pavement system.  This equivalency 

concept is depicted in Figure 4.1. 

 Based on the above considerations, the proposed approach adopted in this 

research does not match the deflections or model parameters of the two theoretical 

models directly, but aims to derive a relationship between k and Es of pavement 
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subgrade by examining the properties of the backcalculated equivalent k-model and 

equivalent Es-model.  Figure 4.2 depicts the main steps involved in this approach.     

 

4.2.3.2 Backcalculation of Equivalent k-Model and Es-Model 

For the purpose of this study, closed-form backcalculation algorithms are 

adopted to derive the equivalent k-model and equivalent Es-model respectively.  The 

main reason for doing so is obvious because closed-form backcalculation algorithms 

provide unique solutions of the k-model and Es-model, respectively, for a given set of 

deflection test data, thereby providing a unique pair of equivalent k- and Es-models for 

each of the pavement sections analyzed.  The closed-form backcalculation software 

NUSBACK and NUSBACK2 (Li et al., 1996, Fwa et al., 2000) for k-model and Es-

model, respectively, is ideal for this purpose.   

For the k-model, NUSBACK backcalculates the modulus of subgrade reaction k 

and pavement slab elastic modulus Ec of a rigid pavement system represented by an 

infinite pavement slab resting on a dense liquid foundation.  It considers any two 

deflection measurements, wi and wj, at horizontal distances r i and r j respectively from 

the center of loading area, and solve the following two equations,   

)r,(F
ak

P
w ikk2i l

π
=   (4-14a) 

)r,(F
ak

P
w jkk2j l

π
=  (4-14b) 

where P = applied load, a = radius of loaded area, lk = radius of relative stiffness of k-

model (see definition given in Equation (4-7)), Fk = deflection factor which is a 

function of lk and horizontal distance r.   

For the Es-model, NUSBACK2 backcalculates the subgrade elastic modulus Es 

and pavement slab elastic modulus Ec of a rigid pavement system represented by an 
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infinite pavement slab resting on an elastic solid foundation.  It considers any two 

deflection measurements, wi and wj, at horizontal distances r i and r j respectively from 

the center of loading area, and solve the following two equations,   

( )
),(

1 2

iEE
Es

i rF
E

P
w l

l

µ−
=   (4-15a) 
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1 2

jEE
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n rF
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P
w l

l

µ−
=  (4-15b) 

where lE is the radius of relative stiffness of Es-model (see definition given in 

Equation (4-9)), FE is deflection factor which is a function of lE and horizontal 

distance r, all other variables are as defined in Equations (4-14a) and (4-14b).   

Readers are referred to the references (Li et al., 1996, Fwa et al., 2000) for the 

detailed analytical solutions for both.  NUSBACK provides closed-form solutions for 

k, lk and Ec by solving Equations (4-14a) and (4-14b), while NUSBACK2 provides 

closed-form solutions for Es, lE and Ec by solving Equations (4-15a) and (4-15b).  

These parameter values are used in the comparison of the k-model and Es-model for 

the purpose of examining the relationship between k and Es. 

 

4.2.4 Derivation of k-Es Relationship Using LTPP Data 

The proposed approach as described in the preceding section and depicted in 

Figure 4.2 requires the use of actual pavement test data to establish the relationship 

between k and Es.  For the present study, the falling weight deflectometer test data 

from the LTPP (Long Term Pavement Performance) (Elkin et al., 2003, LTPP 

DataPave Online, 2007) are used for this purpose.  This section presents the derivation 

using the LTPP data. 

 



 

115 

4.2.4.1 LTPP Database 

 From the LTPP database, falling weight deflectometer deflection measurements 

of the General Pavement Study (GPS) and the Specific Pavement Study (SPS) were 

obtained for the analyses presented in this study.  Deflection basins obtained for three 

applied load levels, i.e. 40, 53.3 and 71.1 kN, were included in the analysis.  50 JCP 

(jointed concrete pavement) sections were selected from the LTPP database for the 

purpose of this study.  All the 50 sections contain measured Ec values, but only 26 of 

the road sections also contain measured k values.  There are altogether 2,238 

deflection basins (746 per load level) in the 50 JCP sections having measured Ec 

values, and 738 deflection basins (246 per load level) in the 26 JCP sections having 

measured k values.  In addition, 75 CRCP (continuously reinforced concrete 

pavement) sections with measured Ec values were randomly selected from GPS road 

section database. There are 4,236 deflection basins (1,412 per load level) in the 75 

CRCP sections.  The deflection data were measurements of falling weight 

deflectometer tests performed at the center of each slab tested.  Tables 4.1 and 4.2 list 

the selected details of the JCP and CRCP road sections.   

 

4.2.4.2 Comparing of Equivalent k-Model and Equivalent Es-Model 

As explained earlier, given a real rigid pavement structure, it is meaningful to 

compare the theoretical equivalent k-model and the equivalent Es-model because they 

each in their own way represents the same pavement structure based on load-

deflection considerations.  It is clear from Equations (4-14a) and (4-14b) that for the k-

model, the surface of deflections and the shape of deflections basin under a given load 

are dependent on the parameters k and lk; while for the Es-model, the governing 

parameters are Es and lE as can be inferred from Equations (4-15a) and (4-15b).  
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Hence, the following two comparisons are made in this study to assess their respective 

suitability for use in deriving the relationship between k and Es:   

(i)   Direct regression of k and Es values to determine if a simple relationship 

involving these two properties can be established. 

(ii)   Comparison of the lk and lE values to examine how they are related, and whether 

there exists a lk-lE relationship that can be used as a basis to link k with Es. 

 

Direct Regression Equation for k and E 

As presented earlier under the literature review section, this is the approach 

adopted by AASHTO (1986, 1993), Khazanovich et al. (2001), and MEPDG (ARA 

Consulting Group Inc., 2004) for the purpose of estimating k from Es.  In the present 

study based on the concept of equivalent k-model and Es-model, the computed k and Es 

values from the 2,238 JCP and 4,236 CRCP deflection basins are plotted in Figure 4.3.  

The following regression equation is obtained: 

k (MN/m3) = 0.259 Es (MPa) - 6.512        (4-16) 

with statistical coefficient of determination R2 = 0.941 and standard error = 8.317 

MN/m3. Equation (4-16) is slightly superior to Equation (4-6) obtained by 

Khazanovich et al. (2001) in terms of R2 and standard error.    

 

Relationship Between lk and lE 

The backcalculated lk and lE values for the 2,238 JCP and 4,236 CRCP 

deflection basins are plotted in Figure 4.4.  It is observed that there exists a well 

defined relationship between the 6,474 pairs of backcalculated values of lk and lE.  

The relationship is nonlinear.  It can be closely described by the following second-
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order polynomial regression equation with a statistical coefficient of multiple 

determination R2 value close to unity,  

lk = 0.183 lE
2 + 0.887 lE + 0.4008       R2 = 0.998, standard error = 7.344 x 10-3 m  

 (4-17) 

where both lk and lE are measured in m. 

The well-defined relationship between lk and lE is of practical significance in 

establishing the relationship between k and Es for the purpose of estimating k from the 

known subgrade Es value of a rigid pavement structure.   

It is of interest at this juncture to provide a further examination of assumption of 

lk = lE set by Vesic and Saxena (1974) in deriving the k-Es relationship.  Vesic and 

Saxena’s assumption of lk = lE plus the introduction of adjustment factor 0.42 is 

equivalent to setting lE = (0.42)1/4
lk, i.e.  

lE = (0.42)1/4
lk = 0.805 lk  (4-18) 

Figure 4.5 shows that Vesic and Saxena’s equivalent assumption of Equation (4-18) 

together with the lk-lE relationship derived in this study.  It suggests that the 

equivalent linear lk-lE relationship assumed by Vesic and Saxena is a simplified 

approximation of the non-linear lk-lE relationship derived from field data.   

 

4.2.4.3 Proposed Methods of Estimating k from Es based on Equivalent k-Model 

and Es-Model  

The findings of the preceding sections suggest that, based on the concept of 

equivalent k-model and Es-model, there are two possible methods of estimating k from 

Es:   
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� Equivalent model k-Es regression equation: Direct computation of k from the 

linear regression equation of k and Es given by Equation (4-16).   

� Equivalent model lk-lE relationship: Based on the lk-lE relationship of Equation 

(4-17), with known values of Ec, hc, µc and µ (as defined in Equations (4-8) and 

(4-9)), compute k with the following steps: 

(i) Calculate lE from given values of Ec, hc, µc and µ; 

(ii)  Calculate lk from lk-lE relationship of Equation (4-17); and  

(iii)  Calculate k from lk using Equation (4-7).  

 The applicable parameter ranges of the k-E regression relationship of Equation 

(4-16) and the lk-lE relationship of Equation (4-17) are identical and are as follows: 

8.5 MN/m3 ≤ k ≤ 280 MN/m3, 72 MPa ≤ Es ≤ 995 MPa, 16 GPa ≤ Ec ≤ 95 GPa, 0.185 

m ≤ hc ≤ 0.32 m, µc = 0.15 and 0.2 ≤ µ ≤ 0.45.  The next section will compare these 

two k-E relationships with those existing k-E relationships reviewed earlier. 

 

4.2.5 Comparison of Different k-Es Relationships  

4.2.5.1 Comparison with Measured k Values 

In the JCP records of the LTPP database, 26 pavement sections contain measured 

k values.  These measured k values are used as the basis for comparing the various k-Es 

relationships.  The k value reported for each of the 26 pavement sections is the average 

values measured by means of on-site plate bearing tests.  Figure 4.6 shows the 

comparison of the measured k values with the estimated k values by various k-Es 

relationships.  The predicted k values in each plot of Figure 4.6 are obtained for the 

individual deflection basins in each pavement section, and plotted against the 

backcalculated Es values. 
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The following observations may be made from Figure 4.6: 

(a) Figure 4.6(a) indicates that the k-Es relationship recommended by AASHTO 

(1986, 1993) over-estimates the k values by big margins, and the errors increase 

for higher Es and k values. 

(b) Figure 4.6(b) shows that the k-Es relationship by Khazanovich et al (2001) 

derived from backcalculation analysis of actual pavements offers a much better 

matching with the measured k values than the AASHTO k-E relationship. 

(c) Figure 4.6(c) plots the predicted k values by the non-adjusted k-Es relationship 

derived by Vesic and Saxena (1974), which deviate significantly from the 

measured values for Es values greater than about 200 MPa, and k values higher 

than about 150 MN/m3. 

(d) Figure 4.6(d) presents the case for the adjusted k-Es relationship derived by Vesic 

and Saxena (1974).  A markedly improved matching is achieved with the use of 

the adjustment factor 0.42.  This result confirms the separate finding by Vesic 

and Saxena of the need to apply an adjustment factor in order to better match 

field measured data. 

(e) Figure 4.6(e) indicates that the thickness equivalency concept introduced by 

Ullidtz (1987) to modify the adjusted k-Es relationship did not bring about 

noticeable improvements to the predicted k vales.  In fact, compared with the 

results of Figure 4.6(d), Ullidtz’s adjustment produces somewhat higher 

deviations of k for Es values higher than about 300 MPa.      

(f) Figure 4.6(f) shows the k values predicted using the k-Es regression equation 

derived by the present study based on the concept of equivalent k- and Es-

models.  This method provides improved estimation of k, especially for values of 

Es higher than about 350 MPa. 
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(g) Figure 4.6(g) presents the k values computed using the lk-lE relationship derived 

in this study.  Compared with the other methods described, this method produces 

very good matching of measured and computed k values for Es values higher 

than about 350 MPa.  

Table 4.3 shows the root-mean-square errors (RMSE) of the predicted k values 

with respect to the measured values for the 7 methods presented in Figure 4.6.  

Overall, the statistics suggest that the AASHTO k-Es relationship and the unadjusted k-

Es relationship derived by Vesic and Saxena should not be used because of the large 

errors involved.  The magnitudes of errors of the other 5 methods are approximately of 

the same order, although the Ullidtz’s method and the adjusted k-Es relationship by 

Vesic and Saxena tend to produce relatively higher errors.  In terms of the magnitude 

of RMSE, the following three methods have the best performance: the method of 

equivalent k- and Es-models based on lk-lE relationship, the k-Es relationship by 

Khazanovich et al. (2001), and the k-Es regression equation derived from the method 

of equivalent k- and Es-models.     

 

4.2.5.2 Choice of Method to Estimate k from Es 

Based on the analysis presented in the preceding section, it appears that either of 

the following two approaches can be used to estimate k from Es: (i) Direct estimation 

of k from Es by the use of an appropriate k-Es regression equation, or (ii) Estimation of 

k from Es through an appropriate lk-lE relationship.  There are, however, some basic 

differences between the two methods as highlighted below:  

� The simple k-Es regression equation gives a unique k value for each Es value, 

regardless of the geometric and structural properties of the pavement slab.  On 

the other hand, in the method based on lk-lE relationship, there is no unique one-
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to-one correspondence of k and Es values.  Instead, besides the Es value, the 

value of k is also dependent on the properties of the pavement slab, including Ec, 

hc and µc. 

� The k-Es regression equation is a linear monotonously increasing function.  The 

field measured data in Figure 4.6 suggest that this may not be the case.  This 

could be the reason why the k-Es regression methods shown in Figure 4.6 tend to 

over-estimate k values for large values of Es.  It is noted that the method based on 

lk-lE relationship does not suffer from this problem. 

� Being derived from statistical regression analysis, the k-Es regression equation in 

actual fact provides a form of mean estimate of k value for a given Es value.  As 

can be seen from Figure 4.3, it gives a mean response (i.e. predicted k value) for 

every Es value, and is thus an approximate representation of the original actual 

response.  In contrast, the method based on the well defined lk-lE relationship 

provides a better representation of the original pavement response.  This 

difference between the two methods is not reflected in the RMSE comparison 

computed in Table 4.3 because the given measured k values are the mean values 

of the pavement sections.  Table 4.4 computes the RMSE by the two methods for 

the backcalculated individual deflection basin data of Figure 4.3, and shows 

clearly that the method based on lk-lE relationship out-performs the method of k-

E regression equation in estimating k values.   

� A comparison of the two methods can also be made by examining their 

respective 95% confidence intervals for the estimated k.  For the k-Es regression 

equation (Equation 4-16), the 95% confidence interval is k ± 16.3 (MN/m3), 

which is about k ± (10.95%)k for a mid-range k value of 150 MN/m3.  For the 

method based on lk-lE relationship, the corresponding 95% confidence interval is 
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about k ± (3.84%)k for the same mid-range k value of 150 MN/m3, which 

presents a good improvement over the k-Es regression method. 

In summary, it may be concluded that while the method of k-Es regression 

equation and the method based on lk-lE relationship can both be applied to estimate k 

from Es, the latter method provides better estimates of k from Es, and is able to give a 

more representative estimated k value by taking into consideration the total load-

deflection response of the entire pavement system. 

 

4.2.6 Summary 

This study has presented an approach to establish k-Es relationship based on an 

equivalent model method.  The equivalent model method establishes equivalency 

between two theoretical pavement models, a model of pavement slab supported by a 

elastic solid foundation (termed as Es-model) and a model of pavement slab supported 

by a dense liquid foundation (termed as k-model).  The equivalency is established 

based on load-deflection consideration by means of backcalculation analysis, with 

respect to the structural response of actual pavements.  Closed-form backcalculation 

algorithms are employed to obtain a unique pair of k and Es for each pavement section 

analyzed. 

Applying the equivalent model method to the deflection test data of the LTPP 

(Long Term Pavement Performance) database, it is found that two procedures can be 

employed to estimate k from Es.  One is to develop a regression equation between k 

and Es, and estimate k from Es directly.  It ignores the effects of pavement slab on load 

transmission in a rigid pavement system.  Although simple and easy to apply, this 

regression equation is a simplified representation of the actual pavement response and 

could only provide a “mean” estimate of k for a given Es value.   
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The second procedure, which is the recommended procedure of this study, relies 

on a well defined relationship between the radii of relative stiffness of the two 

theoretical rigid pavement systems, i.e. lk and lE.  The lk-lE relationship is found valid 

for both JCP and CRCP, and for different applied loads levels.  This procedure 

computes k from a known Es value by establishing equivalency between the k-model 

and Es-model based on the lk-lE relationship.  Analyses presented in the study have 

demonstrated that, compared with the method of direct k-Es relationship, this 

procedure provides an improved estimation of k from Es.   

 

4.3 Examining k-Es Relationship of Rigid Pavement System by Considering 

Presence of Subbase Layer 

4.3.1 Background 

In the early days of applications of rigid pavement systems, the design of the 

rigid pavement generally only consisted of two layers, i.e. concrete slab and subgrade 

soil. However, because of the joint pumping problem, this design became uncommon 

later. All rigid pavements today are practically constructed with a subbase layer to 

serve as a drainage layer and to protect the subgrade soil against pumping and other 

moisture-related distresses. Therefore, to take into account the contribution of the 

subbase layer in a rigid pavement system, the use of composite k value in pavement 

design, instead of using only the k value of the subgrade soil, becomes a necessity 

today. Several major design methods, such as the American Association of State 

Highway and Transportation Officials/AASHTO (1986, 1993), Portland Cement 

Association/PCA (1984), and Federal Aviation Association/FAA (1995, 1996), have 

used composite k values in their charts or tables for the purpose of either new 
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structural design or rehabilitation and overlay design. This indicates that the concept of 

composite k value is quite important in those types of design.  

 Because of the simplicity by means of its use and the input data required, the 

employment of the k value-based design methods is very popular. Generally, only two 

or three input parameters are required: the modulus of subgrade reaction, the thickness 

of subbase (AASHTO 1972; PCA 1984; FAA 1995, 1996) and the modulus of subbase 

(AASHTO 1986, 1993).  

 The first aforementioned design methods can only be employed for the purpose 

of new structural design since they require measured subgrade k value for their input 

data. Unfortunately, subgrade k value is not easy to obtain since the plate loading test 

is costly and time-consuming. On the other hand, unlike the k value, the elastic 

modulus of subgrade, i.e. the subgrade modulus used by 1993 AASTHO method, can 

be easier to obtain since it can be measured directly by means of laboratory tests using 

samples of the pavement materials. In this sense, 1993 AASHTO method is preferable 

because of the ease to obtain the input data rather than the other methods.  

However, some discrepancies are found in using those design methods: (i) the 

results of composite k value determination using the different design methods are not 

consistent since each method was developed based on specific experimental 

experience at a limited area and for certain material types, therefore, the use of the 

methods beyond the range of their specified parameter values is not possible, (ii) it is 

not advisable to interpolate parameter values in the tables and charts provided by the 

methods since they were developed based on empirical relationship among the 

parameters (subgrade and subbase moduli and subbase thickness), therefore, the 

interpolation results obtained are only approximation, and (iii) all the methods were 

developed based on empirical plate loading test with 30-in. (762-mm) plate diameter. 
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The small radius used in the test causes the result of the method is extremely high and 

not reasonable (Huang, 2003).  

To overcome this problem, a proposed method was introduced in this study. This 

method extended the use of the equivalency concept of the two models of soil 

foundation, namely the k-model (a theoretical model of pavement slab supported by a 

one-layer dense liquid foundation) and the Es-model (a theoretical model of pavement 

slab supported by a one-layer elastic solid foundation), as depicted in Figure 4-8, by 

adding subbase properties into the Es-model. To obtain the subbase properties, the Es-

model with subbase (termed as Es/sb-model) is introduced. Similar to the approach in 

Section 4.2, the equivalency is established using backcalculation analysis based on 

load-deflection considerations. In the following section, the approach is illustrated 

using the measured data of the LTPP (Long Term Pavement Performance) database, 

and a comparison is made with other design methods to asses the reasonableness of the 

proposed approach.  

 

4.3.2 Determination of Composite k Value by Existing Method  

4.3.2.1 Determination of Composite k by AASHTO (1972, 1986, 1993) 

 The AASHTO method is one of the most widely used methods in pavement 

design today because of the convenience and ease of use of the charts, including one 

for determining composite k value. The 1972 AASHTO Interim Guide specified a 

procedure to determine the composite k value on top of the subbase (AASHTO 1972). 

It provides nomographs developed using elastic layer theory, to determine composite k 

values from input values of subbase stiffness and modulus of subgrade reaction, which 

is based on a subgrade of infinite depth.  
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 The later 1986 Design Guide and the subsequent 1993 Design Guide contain 

several modifications to the k value guidelines of the 1972 Interim Guide. They 

include an equation for k value for an unprotected subgrade, a depth adjustment to a 

rigid foundation, a seasonal adjustment procedure for k and a loss-of-support 

procedure (Hall et al. 1995; AASHTO 1986; AASHTO 1993). 

 The revised nomographs in the 1986 and 1993 Design Guide require the 

following input parameters to determine k value: subgrade resilient modulus (to 

replace k value in the previous guide), thickness and elastic modulus of the subbase 

layer. The laboratory determined resilient modulus of the subgrade was assumed equal 

to the in-situ elastic modulus. The computation of composite k values was applicable 

for values of parameter within the following range: subgrade resilient modulus 1,000 

to 20,000 psi (6.9 to 137.9 MPa), elastic modulus of subbase 15,000 to 1,000,000 psi 

(103.43 to 6,895 MPa) and thickness of the subbase 4 to 20 inch (0.102 to 0.508 m). 

 Although the AASHTO method is one of the most widely accepted methods, 

there are several discrepancies involved in the procedure as indicated below: 

a. Hall et al. (1995) stated that the composite k values produced by incorporating 

the effect of subbase layers sometimes are lower than those if the subbase layer 

does not exist in the pavement structure.  

b. The resilient modulus (MR) used to compute the composite k value is based on a 

plate load test using a base of 30-in (762 mm) diameter, applied on a two-layer 

system. Huang (2003) stated that this procedure is misleading and will result in 

stresses and deflections that are too small. 
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4.3.2.2 Determination of Composite k by PCA (1984) 

The PCA procedure expresses the composite k value as a function of the 

subgrade soil k value, base thickness, and base type (granular or cement treated). The 

values obtained using PCA method were derived by applying the Burmister theory of 

two-layer systems to the results of plate load tests on subgrade and subbase of full-

scale test slabs (PCA 1984). The ranges of parameter values used in the PCA method 

are as follows: modulus of subgrade reaction and base thickness 50 to 300 pci (13.57 

to 81.42 MN/m3) and 4 to 14 inch (0.102 to 0.356 m) respectively for untreated 

subbase; and 50 to 200 pci (13.57 to 54.28 MN/m3) and 4 to 12 inch (0.102 to 0.305 

m) respectively for cement-treated subbase. 

 The use of PCA method to determine the composite k value is straightforward as 

far as the data available are similar to those listed in PCA’s field data. However, 

extrapolation beyond the range of the given values is questionable. Another 

disadvantage of this method is that the modulus of subbase is unknown for both types 

of subbase (untreated and cemented treated subbase). It means that the subbase used in 

this method is assumed to have passed the specification requirements for the road 

construction and its material has the same quality as that used by PCA in its full-scale 

tests. 

 

4.3.2.3 Determination of Composite k by FAA (1995, 1996) 

 The FAA publishes advisory circulars to provide guidance on airport pavement 

design for pavement thickness determination with the subgrade k value as a main input 

parameter. For a pavement system having a subbase layer, FAA requires the 

determination of a composite k value termed as the effective k value.  
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For unstabilized granular subbase, the composite k values associated with 

various thicknesses of subbase of different materials, such as well graded crushed 

aggregate and bank-run sand and gravel. For stabilized subbase, the effective or 

composite k value is determined by multiplying a stabilized layer by a factor of 1.2 to 

1.6 to determine the equivalent thickness of well-graded crushed aggregate in 

increasing the subgrade modulus. It is applicable to cement stabilized, Econocrete and 

bituminous stabilized layers. To determine the effective k value, the method specified 

the following range of values to be used: modulus of subgrade reaction 50 to 300 pci 

(13.57 to 81.42 MN/m3) and base thickness 4 to 14 inch (0.102 to 0.356 m) and 4 to 12 

inch (0.102 to 0.305 m) for unstabilized and stabilized subbase respectively. 

The use of the FAA method is straightforward, since only two data are required 

to determine the composite k value: the subbase thickness and the subgrade k value. 

The main drawbacks of this method are: 

a. There are only 4 levels of k values represented in the method, i.e. 50, 100, 200 

and 300 pci (13.57, 27.14, 54.28 and 81.42 MN/m3). The accuracy of the results 

is unknown if the user has to interpolate using two aforementioned k values. 

b. The FAA method also does not mention the value of subbase modulus used in 

the method, although it is stated that the material used in subbase layer should 

fulfill the material specifications specified by the FAA method before it can be 

used. 

 

4.3.3 Proposed Procedure to Determine Composite k Value 

4.3.3.1 Main Consideration 

 The use of k-model and Es-model in representing a rigid pavement with two-

layer foundation (subbase layer overlaying subgrade soil) involves different 
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considerations. The addition of subbase layer in the pavement system is easier to be 

considered in Es-model since the stiffness of subbase layer is commonly represented in 

term of elastic modulus. However, it is not possible to match directly the Es-model 

with subbase (i.e. the Es/sb-model) with k-model to obtain a composite k value, because 

of the difference in the way the two models represent the composite form of the two-

layer foundation. 

 To derive the relationship between the composite k and the Es/sb-model, a 

matching between k-model and Es/sb-model must be made. To do so, it is necessary to 

first transform a two-layer solid foundation into an equivalent one-layer solid 

foundation. In this study, this is achieved by means of backcalculation analysis as 

shown in Figure 4.8. Three equivalent models now have to be considered as will be 

explained in the following two sub-sections.  

Similar to the development of the k-Es relationship presented in Section 4.2, the 

development of the k-Es/sb relationship also requires the use of actual data from LTPP 

(Long Term Pavement Performance) database (Elkin et al. 2003, LTPP DataPave 

Online 2007). The brief description about the actual data from LTPP database used in 

this study is presented in the LTPP Database section. 

 

4.3.3.2 Backcalculation of Equivalent k-Model, Es-Model and Es/sb-Model 

Two closed-form backcalculation algorithms and one forward-calculation 

algorithm were applied in this study to derive the new approach. The closed-form 

backcalculation programs NUSBACK and NUSBACK2 (Li et al. 1996, Fwa et al. 

2000) for k-model and Es-model, respectively, and the forward calculation program 

NUS-DEF3 (Li et al. 1997) for  Es/sb-model are selected for the purpose of this study. 
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The two closed-form backcalculation programs, NUSBACK and NUS-BACK2, 

backcalculate two unknowns of a rigid pavement system represented by an infinite 

pavement slab resting directly on a dense liquid and elastic solid foundation.  The two 

unknowns backcalculated by NUS-BACK and NUS-BACK2 are the elastic modulus 

of concrete slab (Ec) and the modulus of subgrade reaction (k) for the case of dense 

liquid foundation, and elastic modulus of concrete slab (Ec) and elastic modulus of 

subgrade (Es) for the case of solid foundation. Both programs consider any two 

deflection measurements, wi and wj, at horizontal distances r i and r j respectively from 

the center of loading area, and solve the following deflection equations (as derived by 

Panc (1975) and Losberg (1960)), 
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P = applied load (kN) , a = radius of loaded area (m), Fk and 
1s

EF  = deflection factors 

of k-model and Es-model respectively, µc and µs = Poisson ratio of concrete slab and 

subgrade respectively, hc = thickness of concrete slab (m), and  lk and 
1s

El = radius of 

relative stiffness of k-model and Es-model respectively (m). The closed-form solutions 

for NUS-BACK and NUS-BACK2 can be obtained by solving Equations (4-19) and 
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(4-20).  For rigid pavements with slab thickness varying within the common range of 

150 to 600 mm, it is found that k was best estimated based on the measured deflections 

D4 and D7. 

 The forward calculation program NUS-DEF3 calculates surface deflections 

from three known moduli of a rigid pavement system, i.e. elastic modulus of concrete 

slab (Ec), subbase (Esb) and subgrade (Es). Based on the work of Burmister (1945) and 

Panc (1975), the deflection wi at horizontal distances r i from the center of loading area 

is given by the following equation: 
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µsb = Poisson ratio of subbase, µs = Poisson ratio of subgrade, 
bssE /

l = radius of relative 

stiffness of Es/sb-model (m) and 
bssEF

/
 = deflection factor of Es/sb–model and all other 

variables are as previously defined. 

 

4.3.3.3 Derivation of k- Es/sb relationship 

As depicted in Figure 4.8, the k-model, Es-model and Es/sb-model are three 

different theoretical structural representations of the pavement foundation. Because 

each model has a different way to represent the same pavement structure, direct 

matching between the backcalculated k values and the backcalculated 
1s

E  values is not 

possible. Based on Equations (4-19) to (4-25), it is obvious that the properties of the 
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pavement system for the two foundation models can be represented by their radii of 

relative stiffness parameter, lk, 
1s

El  and 
bssE /

l . The computation of composite k is 

made through establishing the relationship between 
1s

El and lk, as depicted in Figure 

4.8. 

lk is a function of Ec and k, 
1s

El  is a function of Ec and 
1s

E , and 
bssE /

l is a 

function of Ec and Esb. However, the relationship between lk and 
bssE /

l  is more difficult 

to be developed because while lk directly influences pavement deflections (see 

Equation (4-19) and k-model of Figure 4.8), 
bssE /

l  does not influence pavement 

deflections in the same way (see Equation (4-23) and Es/sb-model of Figure 4.8). The 

parameter 
1s

El  (see Equation (4-20) and Es-model of Figure 4.8) has to be derived first 

from the Es/sb-model, in order to derive a relationship between 
bssE /

l  and k. To link 

between 
bssE /

l , 
1s

El  with kl , the following  procedure was developed in this study. A 

forward calculation program NUS-DEF3 was applied in this study to calculate the 

deflection basins that corresponding with the known pavement properties, i.e. Ec, Esb 

and Es. Using the deflection basins, the radius of relative stiffness of Es-model can be 

backcalculated by NUS-BACK2. In this case, the radius of relative stiffness 
1s

El  is 

related to Ec and 
1s

E  which is a function of Esb, Es and the thickness of subbase. The 

final step is to develop a relationship between 
1s

El  and lk, which can then be used to 

compute the composite k. 
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4.3.3.4 Relationship between lk and 
sbsE /

l  

The relationship between lk and 
sbsE /

l was derived in this study by using the 

2,238 JCP and 4,236 CRCP deflection basins. After filtering the backcalculation 

results based on the acceptable range of slab modulus between 20 to 50 GPa, the total 

deflection basins used in this study was 4211. The new relationship obtained by 

applying the above procedure using 4211 deflection basins is given by the following 

second-order polynomial regression equation at 95% confidence level. 

lk (m) = 6.178*10-1 
sbsE /

l  
2 (m) + 3.644*10-1 

sbsE /
l  (m) + 5.702*10-1 (4-26) 

R2 = 0.675, standard error = 8.7 x 10-2 m 

 Next, a more refined statistical relationship is explored by considering the 

properties of the two foundation models.  The following equation was obtained. 

lk(m) = - 1.99 + 2.16 
sbsE /

l  (m) – 5.75*10-3 Ec (GPa) + 8.46/Esb (MPa)  

 + 5.97*10-1 log Es (MPa) + 1.01*10-1/hc (m) – 1.39*10-1 hsb (m) (4-27) 

R2 = 0.797, standard error = 7.2 x 10-2 m 

where hc and hsb are the thickness of the pavement slab and the subbase layer 

respectively (m), and all other variables are as defined earlier.  The increase of the 

coefficient of multiple determination R2 from 0.675 in Equation (4-26) to 0.797 in 

Equation (4-27), gives a more improved representation of the relationship between the 

two sets of backcalculated pavement foundation parameters.  For easy reference in the 

subsequent sections, the Equations (4-26) and (4-27) are referred to models A and B, 

respectively. 
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4.3.3.5 Proposed Method of Estimating Composite k from Esb and Es Based on 

 Equivalent k-model and Es-model 

Based on findings in the preceding sections, the proposed method to estimate 

composite k from Esb and Es is as follows: 

� Calculate 
sbsE /

l from Equation (4-25) from given values of Ec, Esb, hc, µc and µsb.  

� Calculate lk from lk - 
sbsE /

l  relationship of Equation (4-26) or (4-27) (models A 

and B); and 

� Calculate k from lk using Equation (4-21). 

 The applicable parameter ranges of the lk - 
sbsE /

l relationship of Equations (4-26) 

and (4-27) are identical and are as follows: 13.24 MN/m3 ≤ k ≤ 417.63 MN/m3, 120.67 

MPa ≤ Esb ≤ 28,299 MPa, 65.89 MPa ≤ Es ≤ 1,417.81 MPa, 20 GPa ≤ Ec ≤ 50 GPa, 0 

m ≤ hsb ≤ 1.267 m and 0.183 m ≤ hc ≤ 0.323 m.   

 

4.3.4 Comparison of Composite k Values by Proposed Method and Existing 

Design Methods 

In this section, a comparison of computed composite k values by the proposed 

method and the existing design methods is conducted. 26 JCP sections containing 270 

test points with measured k value were selected for this purpose.  

 The proposed method and the existing design methods required pavement 

properties (Ec, Esb and Es) as input data. Backcalculation analysis of the 270 deflection 

basins of the JCP sections with measured k was conducted using NUS-BACK3, i.e. the 

backcalculation program for NUS-DEF3.  Especially for PCA and FAA methods, the 

methods require the elastic modulus of subgrade (Es) to be converted into modulus of 

subgrade reaction (k) before the modulus can be used in the chart or table provided by 
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the methods. To convert Es to k, a well-define k-Es relationship (Equation 4-17) was 

adopted.  

 

4.3.4.1 Comparison Based on Under- and Over-estimation of Composite k 

Values 

Figure 4.9 shows the comparison of the measured composite k values with the 

estimated composite k values by the proposed method and the existing design 

methods.  The predicted composite k values in each plot of Figure 4.9 are obtained for 

the individual deflection basins in each pavement section. However, since each 

method has applicable ranges of parameter values (as mentioned earlier in the section 

of description of proposed method), not all of the pavement sections can be used in the 

comparison. Based on the applicable ranges of parameter values, the final number of 

pavement sections employed by each method is as follows: 267, 43, 63 and 24 

pavement sections for the proposed method, PCA method, FAA method and AASHTO 

method respectively. Therefore, the numbers of pavement sections analyzed for the 

comparison study are 267 to 43, 63 and 24 for PCA, FAA and AASHTO methods, 

respectively. 

Figure 4.10 depicts the number of cases of predicted k which under- and over-

estimate the measured k from the 5 methods evaluated. The following observations 

may be made from Figures 4.9 and 4.10: 

(i) Figure 4.9(a) plots the comparison between predicted k produced by the 

proposed method with models A and B with respect to measured k values and 

shows that most of the cases from both models under-estimate the k values. From 

Figure 4.10(a), it seems that both models produced similar number of under-

estimation cases, i.e. 70.78% and 72.28% for models A and B respectively. It is 
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noted that the preferable method should produce more cases of under-estimation 

of measured k. 

(ii) Figure 4.9(b) plots the comparison between the proposed method with models A 

and B and PCA method. Some cases produced by PCA method over-estimate the 

k values, as indicated by 23% of the total cases, as seen in Figure 4.10(b). 

Compared with the predicted k values by PCA method, all cases of the proposed 

method under-estimate k values.  

(iii) Figure 4.9(c) shows the comparison between FAA method and the proposed 

method with models A and B. The relationship by FAA method offer a better 

matching with the measured k values than that of PCA method. Figure 4.10(c) 

indicates that only 6% of the total cases produced by FAA method over-estimate 

the measured k values, while all cases of the proposed method under-estimate the 

k values. 

(iv) Figure 4.9(d) presents the comparison between AASHTO method and the 

proposed method with models A and B. From Figures 4.9(d) and 4.10(d), it is 

observed that AASHTO method over-estimate k values for all cases. On the 

other hand, all cases of the proposed method under-estimate the measured k. 

 

4.3.4.2 Comparison based on RMSE and RMSPE 

To evaluate the statistical significance of differences between the predicted and 

measured k values, two indicators were employed in this study, namely root-mean-

square errors (RMSE) and root-mean-square percent errors (RMSPE). The RMSE and 

RMSPE of the predicted k values with respect to the measured values are tabulated in 

Table 4.6. Overall, PCA and AASHTO produce very large errors compared with other 

methods. If all 267 pavement sections were used in the comparison, the magnitude of 
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errors of the proposed method with models A and B are approximately of the same 

order. The errors produced by the proposed method also are better than that of PCA 

and AASHTO methods. It is noted that the errors produced by FAA method 

outperform the proposed method, but that is only applicable for the comparison of 

one-fourth of the total pavement sections used in this study. The comparison of the 

errors for the rest of the pavement sections is not possible since the limitation of the 

range of parameter values used by the charts developed by FAA. 

 

4.3.4.3 Summary Remarks on Method to Estimate Composite k from Es and Esb 

The comparison of the proposed method with two models, model A (simple 

quadratic lk - 
bssE /

l relationship) and model B (multiple linear lk - 
bssE /

l  relationships 

with consideration of pavement properties) and the three existing design methods, 

PCA, FAA and AASHTO methods, highlights the following points regarding the issue 

of estimating composite k from Es and Esb: 

� The two existing design methods, PCA and AASHTO methods were found to 

produce large errors in their estimation of composite k values. Another design 

method, FAA method, produces better results in terms of RSME and RSMPE 

than that of the proposed method. However, a main drawback of the design 

methods is the limited range of pavement properties required as input data. In 

this aspect, the proposed method is superior to the three design methods as it is 

applicable for a very wide range of input parameter values.  

� The proposed model B is recommended to be used since some analysis results, 

such as analysis of under- and over-estimation, and analysis of RMSE and 

RMSPE, indicated that model B is better than model A.  
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4.3.5 Summary 

This study presented a proposed method to estimate composite k from Es and Esb 

based on an equivalent model method.  This relationship is developed to take into 

account the role of subbase layer in pavement system and adoption of the k-Es 

relationship developed in Section 4.2. The equivalent concept establishes an 

equivalency of the three-layer pavement system into two theoretical pavement models: 

an equivalent model of pavement system constructed of concrete slab over a 

composite dense liquid foundation characterized by k value parameter, and an 

equivalent model of pavement system constructed of concrete slab over composite 

solid elastic foundation which each layer is characterized by its elastic modulus. 

Two models of lk - 
sbsE /

l relationship to estimate composite k from Es and Esb are 

employed by the proposed method, namely model A (direct relationship between lk 

and 
sbsE /

l ) and model B (relationship among lk ,
sbsE /

l and parameters of pavement 

properties). Three existing design methods, i.e. PCA, FAA and AASHTO method, 

were employed for comparison with the two proposed models.  

The results showed that the procedures for estimating composite k in the existing 

design methods have much limited applicable range compared with the proposed 

methods. The PCA and AASHTO methods of composite k calculation tend to over-

estimate the measured values, while FAA method produced the best estimates 

compared with other methods although it is only applicable to about one-fourth of the 

cases analyzed. 

A comparison was conducted between the composite k produced by model A and 

B and indicated that model B is preferable than model A in terms of analysis of under- 

and over-estimation, and analysis of RMSE and RMSPE.  
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Table 4.1:   Properties of 50 JCP Sections 

 Case
Test Section 

Code
Measured Ec 

(GPa)
Measured k 

(MN/m3)
Joint Spacing 

(m)
Slab Thickness 

(m)

1 4 - 7614 30.71 - 4.572 0.246
2 5 - 3059 24.50 - 13.716 0.239
3 8 - 213 24.50 114.76 4.572 0.221
4 8 - 214 33.12 122.09 4.572 0.213
5 8 - 215 29.33 103.09 4.572 0.290
6 8 - 222 32.09 73.25 4.572 0.221
7 8 - 7776 27.60 - 3.962 0.272
8 9 - 4008 34.16 - 12.192 0.264
9 10 - 203 29.74 51.55 4.572 0.297
10 10 - 204 30.34 74.61 4.572 0.279
11 10 - 208 28.94 54.26 4.572 0.307
12 10 - 259 37.76 59.69 4.572 0.259
13 19 - 213 32.66 39.61 4.572 0.216
14 19 - 219 35.36 17.36 4.572 0.284
15 19 - 223 39.05 12.21 4.572 0.297
16 19 - 3006 31.57 - 6.096 0.226
17 19 - 3009 31.22 - 6.096 0.269
18 19 - 3028 30.36 - 6.096 0.244
19 19 - 3055 23.98 - 6.096 0.254
20 20 - 4054 28.98 - 9.144 0.241
21 22 - 4001 37.78 - 17.831 0.249
22 23 - 3014 23.29 - 6.096 0.262
23 26 - 214 34.16 130.22 4.572 0.226
24 26 - 215 33.12 69.18 4.572 0.284
25 26 - 219 27.26 105.81 4.572 0.277
26 26 - 220 32.43 92.24 4.572 0.282
27 27 - 3013 37.61 - 4.572 0.203
28 29 - 4069 24.15 - 18.745 0.251
29 31 - 3023 26.22 - 4.724 0.305
30 32 - 3013 37.43 - 4.724 0.211
31 34 - 4042 36.05 - 23.835 0.226
32 35 - 3010 41.06 - 4.115 0.201
33 36 - 4017 25.01 - 19.355 0.224
34 36 - 4018 27.08 - 19.355 0.239
35 37 - 203 30.71 92.24 4.572 0.284
36 37 - 204 35.06 61.04 4.572 0.284
37 39 - 3801 25.88 - 6.096 0.234
38 40 - 3018 30.71 - 4.572 0.226
39 40 - 4162 40.54 - 4.572 0.234
40 48 - A807 34.50 86.82 4.572 0.211
41 48 - A808 35.19 86.82 4.572 0.312
42 49 - 3010 31.22 - 4.572 0.239
43 50 - 1682 33.12 - 4.572 0.206
44 53 - 3011 36.40 - 3.505 0.244
45 53 - 3014 32.43 - 3.505 0.264
46 53 - 3019 34.16 - 3.505 0.251
47 53 - 3813 36.40 - 4.572 0.203
48 53 - 7409 23.63 - 3.505 0.236
49 55 - 3008 46.92 - 4.724 0.272
50 55 - 3009 43.30 - 4.663 0.218
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Table 4.2:   Properties of 75 CRCP Sections 
 

 

 

1 1 - 3998 47.61 0.208 39 41 - 5006 27.60 0.203
2 1 - 5008 37.95 0.234 40 41 - 5008 31.40 0.206
3 4 - 7079 27.60 0.229 41 41 - 5021 24.50 0.274
4 5 - 5803 33.81 0.203 42 41 - 5022 22.43 0.325
5 5 - 5805 27.60 0.203 43 41 - 7081 27.26 0.264
6 9 - 5001 41.40 0.208 44 42 - 1598 42.78 0.236
7 10 - 5004 23.12 0.229 45 42 - 1617 40.37 0.239
8 13 - 5023 36.57 0.213 46 42 - 5020 49.34 0.236
9 16 - 5025 30.71 0.211 47 45 - 5017 20.01 0.226
10 17 - 5020 24.15 0.218 48 45 - 5034 21.74 0.211
11 17 - 5843 41.75 0.264 49 45 - 5035 19.67 0.196
12 17 - 5849 26.91 0.183 50 46 - 5020 25.53 0.201
13 17 - 5854 27.60 0.254 51 46 - 5025 27.95 0.206
14 17 - 5869 45.20 0.226 52 46 - 5040 31.74 0.203
15 17 - 5908 22.43 0.224 53 48 - 3719 44.85 0.201
16 17 - 9267 43.82 0.216 54 48 - 3779 29.33 0.213
17 18 - 5022 41.40 0.249 55 48 - 5024 31.74 0.282
18 18 - 5043 36.92 0.191 56 48 - 5035 28.64 0.206
19 19 - 5042 27.95 0.203 57 48 - 5154 33.47 0.208
20 19 - 5046 32.09 0.211 58 48 - 5274 38.30 0.211
21 19 - 9116 34.16 0.198 59 48 - 5283 32.43 0.259
22 24 - 5807 33.19 0.229 60 48 - 5284 30.71 0.282
23 26 - 5363 31.74 0.254 61 48 - 5287 22.43 0.211
24 27 - 5076 37.95 0.231 62 48 - 5301 37.26 0.259
25 28 - 5006 32.09 0.208 63 48 - 5310 34.85 0.295
26 28 - 5025 30.71 0.211 64 48 - 5317 35.54 0.203
27 28 - 5803 32.09 0.201 65 48 - 5323 30.71 0.211
28 28 - 5805 38.99 0.208 66 48 - 5328 26.57 0.203
29 29 - 5047 37.26 0.211 67 48 - 5334 37.95 0.203
30 31 - 5052 24.50 0.193 68 48 - 5335 36.57 0.236
31 37 - 5037 19.32 0.198 69 48 - 5336 29.67 0.229
32 37 - 5826 32.43 0.203 70 51 - 2564 24.84 0.201
33 37 - 5827 21.05 0.206 71 51 - 5008 24.15 0.211
34 39 - 5003 25.53 0.246 72 51 - 5009 20.70 0.211
35 40 - 4155 30.02 0.246 73 54 - 5007 20.36 0.211
36 40 - 4158 33.12 0.262 74 55 - 5037 36.23 0.208
37 40 - 4166 34.50 0.257 75 55 - 5040 43.82 0.213
38 40 - 5021 34.16 0.241

Case
Test Section 

Code
Case

Measured Ec 

(GPa)
Slab 

Thickness (m)
Slab 

Thickness (m)
Measured Ec 

(GPa)
Test Section 

Code
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Table 4.3: RSME of Estimated k Values with Respect to Measured k Values 
 

Methods RMSE (MN/m3) 
AASHTO (1986, 1993) 462.89 
Khazanovich et al. (2001) 34.77 
Vesic and Saxena (1974)  
- without correction factor 0.42 162.05 
- with correction factor 0.42 40.55 
Ullidtz (1987) 49.64 
Equivalent k- and E-models based on k-E correlation 35.81 
Equivalent k- and E-models based on lk-lE relationship 34.23 

 
 
 
 

Table 4.4: RSME of Estimated k Values with Respect to Backcalculated k Values 
 

Methods RMSE (MN/m3) 
Khazanovich et al. (2001) 39.32 
Equivalent k- and E-models based on k-E correlation 24.77 
Equivalent k- and E-models based on lk-lE relationship 6.76 

 

 

Table 4.5: RSME and RMSPE of Estimated Composite k Values with Respect to Measured k 
Values from Different Methods 

 
Test points Methods RMSPE (%) RMSE (MN/m3) 

The proposed method – model A 0.765 39.04 267 

The proposed method – model B 0.798 37.89 

PCA method (1984) 0.805 75.02 

The proposed method – model A 0.604 66.65 

43 
  

The proposed method – model B 0.589 64.89 

FAA method (1995, 1996) 0.411 47.39 

The proposed method – model A 0.631 63.97 

63 
  

The proposed method – model B 0.631 63.42 

AASHTO method (1986, 1993) 2.569 169.57 

The proposed method – model A 0.727 73.18 

24 
  

The proposed method – model B 0.708 71.18 
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Figure 4.1: Equivalent k-model and Equivalent E-model 

Concrete slab 

Subgrade 

Concrete slab 
(Ec , µc) 

Solid Foundation 
(Es , µs) 

 

Concrete slab 
(Ec , µc) 

Liquid Foundation 
(k) 

 

Equivalent  
E-Model Applied Load 

Equivalent 
 k-Model 



 

143 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 4.2: Proposed Approach for Deriving Relationship between k and Es 
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Figure 4.3: k-Es Relationship Derived from Equivalent k-model and Equivalent Es-model 
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Figure 4.4: lk-lEs Relationship Derived from Equivalent k-model and Equivalent Es-model

lk (m) = 0.183 lE
2 + 0.887 lE (m) + 0.4008 

R2 = 0.998 
Standard error = 7.344*10-3 m 
Number of data points = 6474 
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Figure 4.5: Comparison of Different lk-lEs Relationship 
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Note:  Units of variables in the equations are 

k in MN/m3, E in MPa, Ec in GPa and 

hc in m. 

 

 

 

Figure 4.6: Estimating k from Es by Different Methods 
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Figure 4.7: Equivalent k-model and Equivalent Es-model 
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Figure 4.8: Equivalent k-model, Es-model and Es/sb-model 
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Figure 4.9: Comparison between Predicted and Measured k values
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Figure 4.10: Frequency Distributions of Percent Errors of Predicted k Values 
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CHAPTER 5 

DEVELOPMENT OF FORWARD CALCULATION SOLUTIONS  

FOR THREE- AND FOUR-LAYER FLEXIBLE PAVEMENT SYSTEMS  

 

 

5.1 Introduction 

 The analytical solution of three-layer flexible pavement system was derived by 

Burmister in 1945. The solution is an extension of the solution for two-layer flexible 

pavement system developed earlier by Burmister (1943, 1945a). The intention was to 

overcome the practical problem in finding out an economical pavement with sufficient 

thickness over a weak subgrade to provide adequate support for heavy aircraft wheel 

loads. For this purpose, a granular layer is added between the surface layer and 

subgrade.  

Today, an asphalt pavement system consisted of four layers is commonly 

encountered in practice. A four-layer pavement system generally has two different 

granular materials which form two different pavement courses between the surface 

layer and subgrade, namely as base and subbase courses.  

The use of granular materials in the pavement system, either in a three- or four-

layer system, usually has a purpose for economy, although they also may contribute to 

protect the subgrade by reducing the stress intensity through spreading the applied 

load over a larger area. In general, the use of granular material in the pavement system 

is to serve as a transition of two materials in the pavement system, i.e. surface layer 

and subgrade, which have a large difference in their structural capacity. In addition, 

the subbase also has a function as a filter to prevent the subgrade materials from 

infiltrating into the base course. 
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 In this chapter, solutions for surface deflections of a three- and four-layer 

flexible pavement system are developed based on an extension of the theoretical 

solutions by Burmister for two- and three-layer pavement system (Burmister, 1945a; 

1945b), respectively. The theoretical solutions are presented in this chapter, together 

with computer programs, 3L-DEF and 4L-DEF, developed in this study to compute 

surface deflections of a three- and four-layer pavement system under the action of a 

vertical load. 

 

5.2 Solution for Surface Deflection 

5.2.1 Determination of Surface Deflection Equation  

Consider a flexible pavement system consisted of three layers, namely surface 

layer, subbase layer and subgrade (Figure 5.1) and another flexible pavement system 

consisted of four layers, i.e. surface layer, base layer, subbase layer and subgrade 

(Figure 5.2). Each of the layers is characterized by two engineering parameters: elastic 

modulus (E) and Poisson ratio (µ). A point load (P) is applied on the top of the surface 

layer. The first two layers for the three-layer flexible pavement system (i.e. surface 

and subbase layers) have thicknesses h1 and h2, respectively, and the first three layers 

for the four-layer flexible pavement system (i.e. surface, base and subbase layers) have 

thickness h1, h2 and h3, respectively. The general solution of a three- and four-layer 

flexible pavement system should fulfill the assumptions and boundary conditions as 

stated in the preceding section (Section 2.1). 

 

5.2.1.1 Boundary Conditions for Three-layer Flexible System  

 Based on the assumptions and general boundary conditions, Burmister (1943) set 

the boundary and continuity conditions for each interface, as given below. 
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 Boundary conditions at the surface of the ground, z = -h1 

a. Distribution of surface loading, σz = -mJ0(mr) 

-mJ0(mr){A1m
2

1mhe− +B1m
2

1mhe -C1m(1-2µ1+mh1) 1mhe− +D1m(1-2µ1-mh1) 1mhe  }  

= -mJ0(mr) (5-1) 

b. Shearing stress at the surface, τrz = 0 

mJ1(mr){A1m
2

1mhe− -B1m
2

1mhe +C1m(2µ1-mh1) 1mhe−  +D1m(2µ1+mh1) 1mhe  } = 0 

 (5-2) 

 

Continuity Conditions at the Interface between layer 1 and layer 2, z = 0 

a. Normal Stress, σz1 = σz2 

{A1m+B1m-C1(1-2µ1)+D1(1-2µ1)} = {A2m+B2m-C2(1-2µ2)+D2(1-2µ2)} (5-3) 

b. Shearing Stress, τrz1 = τrz2 

{A1m-B1m+2C1µ1+2D1µ1} = {A2m-B2m+2C2µ2+2D2µ2} (5-4) 

c. Vertical settlement, w1 = w2 

{(1+µ1)/E1} {A1m-B1m-2C1(1-2µ1)-2D1(1-2µ1)} 

= {(1+µ2)/E2} {A2m-B2m-2C2(1-2µ2)-2D2(1-2µ2)}  (5-5) 

d. Horizontal displacement, u1 = u2 

{(1+µ1)/E1} {A1m+B1m+C1-D1} = {(1+µ2)/E2} {A2m+B2m+C2-D2} (5-6) 

 

Continuity conditions at the interface between layer and layer 3, z = +h2 

 At infinite depth, stresses and displacement in layer 3 must be equal to zero. 

Therefore there are no coefficients A3 and C3 in the following equations. 
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a. Normal Stress, σz2 = σz3 

{A2m 2mhe +B2m 2mhe−  -C2(1-2µ2-mh2) 2mhe  +D1(1-2µ1+mh2) 2mhe−  }  

= {B3m 2mhe−  +D3(1-2µ2+mh2) 2mhe−  } (5-7) 

b. Shearing Stress, τrz2 = τrz3 

{A2m 2mhe -B2m 2mhe−  +C2(2µ2+mh2) 2mhe +D2(2µ2-mh2) 2mhe−  } 

 = { -B3m 2mhe−  +D3(2µ2-mh2) 2mhe−  } (5-8) 

c. Vertical settlement, w2 = w3 

{(1+µ2)/E2} {A2m 2mhe -B2m 2mhe−  -C2(2-4µ1-mh2) 2mhe  -D2(2-4µ2+mh2) 2mhe−  } 

= {(1+µ2)/E2} {A2m-B2m-2C2(1-2µ2)-2D2(1-2µ2)}  (5-9) 

d. Horizontal displacement, u2 = u3 

{(1+µ2)/E2} {A2m 2mhe +B2m 2mhe−  +C2(1+mh2) 2mhe  -D2(1-mh2) 2mhe−  } 

 = {(1+µ3)/E3} {B3m 2mhe−  –D3(1-mh2) 2mhe−  } (5-10) 

 

5.2.1.2 Determination of Three-layer System Coefficients 

 All the coefficients of Equations (5-1) – (5-10) were determined to satisfy the 

boundary and continuity conditions, as follows. 

 

Interface between layer 2 and layer 3, z = +h 

 The continuity conditions at this interface are satisfied by solving Equations (5-

7) to (5-10)  to obtain A2 and C2 represented by B2 and D2 as follows. 

2A2m = 2B2mK(1-4µ2-2mh2) 22mhe− -D2L 22mhe− +D2K(1-4µ2-2mh2)(1-4µ2+2mh2) 22mhe−   

  (5-11) 

C2 = 2B2mK 22mhe− +D2K(1-4µ2+2mh2) 22mhe−  (5-12) 
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where: 







−+
−=

)k4µ(31

k1
K

2

 (5-13) 







+−
−−−=

k)4µ(3

)k4µ(3)4µ(3
L

3

23  (5-14) 







+
+=

)µ(1E

)µ(1E
k

32

23  (5-15) 

 

Interface between layer 1 and layer 2, z = 0 

 By solving Equations (5-3) to (5-6) simultaneously with Equations (5-11) and (5-

12), the continuity conditions for the interface between layer 2 and layer 3 at z = +h 

were satisfied. 

4A1m
2h2KT 22mhe− +2B1mT+2B1m 





−
−

1

2

µ1

µ1
K 22mhe−  

+2B1m 



−

−−−−
)µ(1

)µ(1)4µ)(3µ(1

1

112 KT 22mhe− -C1-C1(1-4µ1)KT(1+2mh2) 22mhe− -

2C1KT 22mhe− -C1 





−
−

1

2

µ1

µ1 [ ])T4µ(31 1−+ K 22mhe− +D1(1-4µ1)T+2D1KT 22mhe− + 

D1(1+2mh2)K 22mhe− - [ ] 22
1

1

2112 )43(1
)1(

)43( mhKeT −−+
−

−+ µ
µ
µµµµ

 = 0 (5-16) 

2A1mLT 22mhe− -4A1m
2h2(1-4µ2-2mh2) KT 22mhe− +2A1m 





−
−

1

2

µ1

µ1
 

+2A1m 



−

−−−−
)µ(1

)µ(1)4µ)(3µ(1

1

112 T-2B1m 





−
−

1

2

µ1

µ1
(1-4µ2-2mh2)K 22mhe−  

-2B1m(1-4µ2)T-2B1m 



−

−−−−
)µ(1

)µ(1)4µ)(3µ(1

1

112 (1-4µ2-2mh2)KT 22mhe−  
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-4C1µ2-C1(1-4µ1)LT 22mhe− +C1(1-4µ1) (1+2mh2) (1-4µ2-2mh2)qK 22mhe−  

+C1
)1(

)43(

1

2112

µ
µµµµ

−

−+
+C1 




−
−−−−+

)µ(1

)µ(1)4µ)(3µµµ(µ

1

1122 243 11 T 
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




−
−

1

2

µ1

µ1
K 22mhe− +C1 
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

−
−−+−

)µ(1

)4µ)(3µ(µ)µ(1

1

121 12
KT 22mhe−

 

+4D1µ2(1-4µ1)T+D1L 22mhe− -D1 (1+2mh2) (1-4µ2-2mh2)K 22mhe−  

+D1 



−
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)µ(1

)µµµ(µ

1

22 11 43
(1-4µ2-2mh2)K 22mhe− +D1 
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−
−−+−

)µ(1

)4µ)(3µ(µ)µ(1

1

121 12
T 

+D1 
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


−
−

1

21

µ1

µµ
+D1 




−
−−−−+

)µ(1

)µ(1)4µ)(3µµµ(µ

1

1122 243 11 (1-4µ2-2mh2)KT 22mhe− = 0 

   (5-17) 

where: 







−+
−=

)q4µ(31

q1
T

1

 (5-18) 







+−
−−−=

q)4µ(3

)q4µ(3)4µ(3
J

2

12  (5-19) 







+
+=

)µ(1E

)µ(1E
q

21

12  (5-20) 

 

Surface of layer 1, z = -h1 

 By solving boundary conditions in Equations (5-1) and (5-2), the coefficients A1 

and B1 can be presented in C1 and D1 as given by: 

2A1m
2= 1mhe +C1m(1-4µ1+2mh1)-D1m 12mhe   (5-21) 

2B1m
2= 1mhe− +C1m 12mhe− -D1m(1-4µ1-2mh1) (5-22) 
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 Substitute Equations (5-21) and (5-22) into Equations (5-16) and (5-17) and 

solve them to obtain the coefficients C1 and D1 as follows: 

( ) ( )
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 To obtain the deflection equation at surface (z = -h1), substitute Equations (5-21) 

- (5-25) into the Equation (5-26) and solve them. 

{ }mz
11

mz
11

mz2
1

mz2
10

1

1 mz)e4µm(2Dmz)e4µm(2CemBemA(mr)J
E

µ1
w −− +−−−−−−

+
−=

 

  (5-26) 





−=

rDenominato
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E

)µ(1
(mr)Jw

1

2
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0   (5-27) 
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It is known that Poisson’s ratio has only a relatively small effect on the pavement 

response (Huang, 2003), therefore it could be assumed that the Poisson’s ratio has the 

same value that equals to 0.5 for all material, or µ1 = µ2 = µ3 = 0.5, and Equations (5-

13) – (5-15) and (5-18) – (5-20) could be simplified as follows: 
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Thus,  

L = K = B = 
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Thus,  

J = T = A = 
21

21

EE

EE

+

−
 (5-31) 

 For an arbitrary loading as a superposition of loadings having a 

distribution ( )mrpmJoz −=σ , which was equivalent to a concentrated load P at the 
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surface of layer 1 (Burmister, 1943), the deflection equation at the surface of the 

ground, Equation (5-27), could be simplified as follows: 
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To ensure that the derivation is correct, the following two checks were made: 

a. If the thickness of layer 1 (H) equals to 0, then E2 = E1, µ2 = µ1 and k =1, A = 0, 

so that the numerator and denominator of Equation (5-27) will reduce into the 

following form: 

 Numerator = mhmh eBmhBe 42241 −− −+  (5-28) 

 Denominator = ( ) mhmh eBehmB 42222  421 −− ++−  (5-29) 

b.  If the thickness of layer 2 (h) becomes infinite, then E3 = E2, µ3 = µ2 and n =1, 

B = 0, again, the numerator and denominator of Equation (5-27) will reduce into 

the following form: 

 Numerator = mHmH eAmHAe 42241 −− −+  (5-28) 

 Denominator = ( ) mHmH eAeHmA 42222  421 −− ++−  (5-29) 



 

162 

 The numerator and denominator at point (a) and (b) are similar with the 

numerator and denominator of the deflection equation of two-layer pavement 

system at the surface of the ground as stated by Burmister (1945a).  

  

5.2.1.3 Boundary Conditions for Four-layer Flexible System  

 Based on Burmister’s assumption and general boundary condition in Section 2.1, 

the boundary and continuity conditions that are set for each interface are given below. 

 

Boundary conditions at the surface of the ground, z = -h1 

a. Distribution of surface loading, σz = -mJ0(mr) 
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 (5-32) 

b. Shearing stress at the surface, τrz = 0 
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 (5-33) 

 

Continuity conditions at the interface between layer 1 and layer 2, z = 0 

a. Normal stress, σz1 = σz2 

( ) ( ){ } ( ) ( ){ }222222111111 21212121 µµµµ −+−−+=−+−−+ DCmBmADCmBmA    

 (5-34) 

b. Shearing stress, τrz1 = τrz2 

{ } { }222222111111 2222 µµµµ DCmBmADCmBmA ++−=++−   (5-35) 
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c. Vertical settlement, w1 = w2 
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d. Horizontal displacement, u1 = u2 
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Continuity conditions at the interface between layer 2 and layer 3, z = h2 

a. Normal stress, σz2 = σz3 
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b. Shearing stress, τrz2 = τrz3 
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c. Vertical settlement, w2 = w3 
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d. Horizontal displacement, u2 = u3 
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Continuity conditions at the interface between layer 3 and layer 4, z = h2+h3 

a. Normal stress, σz3 = σz4 
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b. Shearing stress, τrz3 = τrz4 
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c. Vertical settlement, w3 = w4 
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d. Horizontal displacement, u3 = u4 
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5.2.1.4 Determination of Four-layered System Coefficients 

 All the coefficients of Equations (5-32) – (5-45) were determined to satisfy the 

boundary and continuity conditions, as follows: 
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Interface between layer 3 and layer 4, z = h2+h3 

 The continuity conditions at this interface are satisfied by solving Equations (5-

42) – (5-45) to obtain A3 and C3 represented by B3 and D3 as follows: 

C3 = 2B3mNe-2mH + D3N(1-4µ3+2mH)e-2mH  (5-46) 

2A3m = 2B3mN(1-4µ3+2mH)e-2mH + D3N(1-4µ3+2mH) (1-4µ3-2mH)e-2mH-D3Le-2mH   

  (5-47) 

where: 
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H = h2 + h3  (5-51) 

 

Interface between layer 2 and layer 3, z = h2 

 The continuity conditions for the interface between layer 2 and layer 3 at z = h2 

are satisfied by solving Equations (5-38) – (5-41) to constants A3, B3, C3 and D3 

represented by A2, B2, C2 and D2 as given by: 

( ) ( ){ } ( )( )
( ){ }( ) ( ){ }( )[ ]
( ) ( ){ } ( )( )( )[ ] 2

2

222

2322232

2322232

2323233

24124114343

24114324143

2411243218

mh

mh

mhmhmh

emhmhkkD

emhkmhkC

emhkmBekmAemA

−

−

−−−−−+−−−+

−−+−−−−+−−

−−−++−=−

µµµµ
µµµµ
µµµ

 (5-52) 

( ) ( )( ) ( ){ }
( ) ( ){ } ( )( )( )[ ]
( ){ }( ) ( ){ }( )[ ] 2

2

222

2322232

2322232

3223233

24114324143

24124114343

4322411218

mh

mh

mhmhmh

emhkmhkD

emhmhkkC

ekmBemhkmAemB

−

−−

+−+−−+−+−+

+−−−−+−−−−

+−++−−=−

µµµµ
µµµµ

µµµ
 (5-53) 

( ) ( ) ( ){ }
( )( ) 2

222

222

22233

2411

1431214
mh

mhmhmh

emhkD

ekCekmBeC
−

−

+−−+

+−+−=−

µ
µµ

  (5-54) 



 

166 

( ) ( ) ( )( )
( ){ } 2

222

143

24111214

22

222233

mh

mhmhmh

ekD

emhkCekmAeD
−

−

+−+

−−−+−−=−

µ
µµ

  (5-55) 

( )
( )32

23

1

1

µ
µ
+

+
=

E

E
k   (5-56) 

 

Interface between layer 1 and layer 2, z = 0 

 By solving Equations (5-34) to (5-37), the continuity conditions for the interface 

between layer 1 and layer 2 at z = 0 were satisfied. 
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( ) ( ) ( ){ } ( )( )1111122 4111431214 µµµ −−++−−−=−− qDqCqmBC   (5-59) 

( ) ( ) ( )( ) ( ){ }1434111214 1111122 +−+−−−−=− µµµ qDqCqmAD   (5-60) 
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Surface of layer 1, z = -H 

 By solving boundary conditions in Equations (5-32) and (5-33), the coefficient 

A1 and B1 can be presented in C1 and D1 as given by: 

( ) 11 2
1111
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1 2412 mhmh meDmhmCemA −+−+= µ  (5-62) 

( )111
2

1
2

1 2412 11 mhmDmeCemB mhmh −−−+= −− µ   (5-63) 

 Burmister (1945a) stated that the deflection equation for layer 1 could be 

determined using the following equation. 
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 Substitute Equations (5-62) and (5-63) into Equation (5-64), the deflection 

equation at the surface of the ground, for a surface loading with distribution σz = - 

pmJ0(mr) (which was equivalent to a concentrated load P at the surface of layer 1), 

could be obtained as follows.  
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 Two coefficients C1 and D1 were determined by substituting Equations (5-57) – 

(5-61) into Equations (5-51) – (5-56), and then substitute the results into Equations (5-

46) and (5-47) to obtain two equalities, as given by: 

c1C1 m+ d1D1 m+ const1 = 0 (5-66a) 

c2C1 m+ d2D1 m+ const2 = 0 (5-66b) 

Thus,  
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where: 
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Z = (2mh2-2mH) (5-77) 

where m is a dummy variables; E1, E2, E3, and E4 are elastic moduli of layers 1, 2, 3, 

and 4; µ1, µ2, µ3, and µ4 are Poisson ratio of layers 1, 2, 3, and 4; J0 is Bessel function 

of the first kind of zero order, and the rest is as described previously. The final terms 

of two constants C1 and D1 can be seen in Appendix A. 

The infinite integral in Equation (5-65) was evaluated by means of numerical 

integration using composite Simpson rule (Matthews and Fink, 2004). A computer 

program called 4L-DEF was written to conduct the calculation of the deflections.  

 

5.2.2 Comparison of Solutions with Other Methods 

A forward-calculation program, CHEVRONX, developed by Michigan State 

University (Harichandran et al., 2001), was evaluated for purpose of comparison with 

3L-DEF and 4L-DEF. Table 5.1 presents four cases to compare the deflections 

produced by 3L-DEF and CHEVRONX. The details of the four cases are as follows: 

a. Case 1 (the original state):  E1 = 1,379.3 MPa (200 ksi), E2 = 758.6 MPa (110 ksi), 

E3 = 206.9 MPa (30 ksi), h1 = 0.127 m (5 in.), h2 = 0.254 m (10 in.), P = 71.1 kN 

(15,985 psi) 

b. Case 2 (change the moduli of subbase and subgrade): E2 = 206.9 MPa (30 ksi), 

and E3 = 103.4 MPa (15 ksi), the rest of the data is same with case 1. 
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c. Case 3 (change the layer thicknesses): h1 = 0.254 m (10 in.), h2 = 0.635 m (25 

in.), the rest of the data is same with case 1. 

d. Case 4 (change the magnitude of the load): P = 44.5 kN (10 ksi), the rest of the 

data is same with case 1 

Table 5.2 presents three cases used to compare the surface deflections produced 

by the 4L-DEF and CHEVRONX. The details of the three cases are as follows. 

a. Case 1 (the original state):  E1 = 2,758 MPa (400 ksi), E2 = 827.4 MPa (120 ksi), 

E3 = 517.1 MPa (75 ksi), E4 = 206.9 MPa (30 ksi), h1 =  0.127 m (5 in.), h2 =  

0.254 m (10 in.), h3 =  0.381 m (150 in.), and P = 71.1 kN (15985 lbs). 

b. Case 2 (change the moduli of surface and subbase) : E1 = 2,413.3 MPa (350 ksi), 

E3 = 344.8 MPa (50 ksi), the rest of the data is same with case 1. 

c. Case 3 (change the layer thicknesses): h1 = 0.305 m (12 in.), h2 = 0.432 m (17 

in.), h2 = 0.559 m (22 in.), the rest of the data is same with case 1. 

 Five sensors with distance r1, r2, r3, r4 and r5 equal to 0.203, 0.305, 0.457, 0.61 

and 0.914 m (or 8, 12, 18, 24 and 36 in.), respectively, from the load are adopted. The 

surface deflections listed in Table 5.1 and 5.2 are computed with assuming a non-slip 

interface between layers. 

It is observed from Tables 5.1 and Table 5.2 that the deflections produced by 3L-

DEF and 4L-DEF, respectively, developed based on a theoretical deflection by 

Burmister (1945), deviate slightly from that of the CHEVRONX program. The largest 

deviation between 3L-DEF and CHEVRONX programs is around 3.5% and the largest 

deviation between 4L-DEF and CHEVRONX programs is less than 2%, both at sensor 

1 of case 3. It summarizes that 3L-DEF and 4L-DEF are sufficiently accurate to 

calculate the surface deflections of a three- and four-layer flexible pavement, 

respectively. 
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5.3 Comment on the Effect of Temperature on Asphalt Layer 

 It is known that asphalt layer has been recognized as an anisotropic material, but 

the degree of anisotropy and its implications for pavement design and analysis have not 

been well understood. In the development of forward solution based on Burmister’s 

theory, the characteristics of the asphalt layer was simplified by assuming that the 

asphalt layer has uniform material characteristic in all directions (isotropic) and is not 

temperature-dependent. This assumption is not fully correct, but it is still partially 

applicable in the horizontal direction. The simplification on the derivation of forward 

solution in this study is necessary to be performed in order to ease in developing the 

closed-form backcalculation algorithm, as describe in Chapter 6.  

 

5.4 Summary 

A forward solution for a three-layer flexible pavement system, consisted of 

surface layer, granular subbase layer and subgrade, was developed by Burmister in 

1943. In this study, a forward solution for a four-layer flexible pavement system was 

developed by extending the theoretical solutions by Burmister for three-layer 

pavement system. The development of these solutions could give a closer 

approximation to the actual multi-layer flexible pavement system constructed in 

practice. Computer programs 3L-DEF and 4L-DEF were developed using the 

respective forward solutions.  

The verification of 3L-DEF and 4L-DEF programs were conducted by 

comparing the programs with a forward solution, namely CHEVRONX. The results of 

comparison show that they compare well with discrepancies within 4%. It is concluded 

that 3L-DEF and 4L-DEF could estimate accurately the surface deflections of three- 

and four-layer flexible pavements. 
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Table 5.1:  Comparison of Computed Surface Deflections on Three-layer Flexible 
System 

 

3L-DEF 0.2844 0.2330 0.1824 0.1475 0.1014

CHEVRONX 0.2896 0.2339 0.1826 0.1471 0.1011

3L-DEF 0.6720 0.5319 0.3899 0.2994 0.1963

CHEVRONX 0.6680 0.5309 0.3912 0.2997 0.1963

3L-DEF 0.1796 0.1520 0.1259 0.1092 0.0868

CHEVRONX 0.1862 0.1532 0.1260 0.1087 0.0861

3L-DEF 0.1779 0.1458 0.1141 0.0923 0.0634

CHEVRONX 0.1811 0.1463 0.1143 0.0919 0.0632

  Note: d1, d2, d3, d4, d5 and d6 are deflections at radial distance 0.203, 0.305, 0.457, 0.61, and 0.914 respectively from the load

Case 1: original state (E1=1,379.3 MPa, E2 =758.6 MPa, E3 =206.9 MPa, h1=0.127 m, h2=0.254 m, P=71.1 kN)

Case 2: change the subbase and subgrade moduli (E2 =206.9 MPa,  E3 =103.4 MPa), all other data are the same as case 1

Case 3: change the thicknesses (h1=0.254 m, h2=0.635 m), all other data are the same as case 1

Case 4: change the load (P =44.5 kN), all other data are the same as case 1

d4 (mm) d5 (mm)Methods d2 (mm) d3 (mm)d1 (mm)

 

 

Table 5.2:  Comparison of Computed Surface Deflections on Four-layer Flexible 
System 

 

Case 1: original state (E1=2,758 MPa, E2=827.4 MPa,  E3=517.1 MPa, E4=206.9 MPa, h1=0.127 m, h2=0.254 m, h3=0.381 m, P=71.1 kN)

4L-DEF 0.2243 0.1843 0.1472 0.1238 0.0936

CHEVRONX 0.2258 0.1852 0.1476 0.1237 0.0935

Case 2: change the surface and subbase layer moduli (E1=2,413.3 MPa, and  E3=344.8 MPa), all other data are the same as case 1

4L-DEF 0.2472 0.2037 0.1617 0.1338 0.0973

CHEVRONX 0.2489 0.2045 0.1621 0.1336 0.0970

Case 3: change the thicknesses (h1=0.305 m, h2=0.432 m, h3=0.559 m), all other data are the same as case 1

4L-DEF 0.1446 0.1284 0.1106 0.0974 0.0786

CHEVRONX 0.1473 0.1285 0.1105 0.0973 0.0782

  Note: d1, d2, d3, d4 and d5 are deflections at radial distance 0.203, 0.305, 0.457, 0.61 and 0.914 m respectively from the load

d3 (mm) d4 (mm) d5 (mm)Methods d1 (mm) d2 (mm)
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Figure 5.1: Schematic of Three-layer Flexible Pavement under Concentrated Load 

 

 

 

 

 

 

 

 

 

Figure 5.2: Schematic of Four-layer Flexible Pavement under Concentrated Load 
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CHAPTER 6 

DEVELOPMENT OF CLOSED-FORM BACKCALCULATION ALGORITH M 

FOR MULTI-LAYER FLEXIBLE PAVEMENT SYSTEM 

 

 

6.1 Introduction 

 Currently, no closed-form backcalculation algorithms are available for multi-

layer flexible pavement systems with more than two pavement layers, including the 

subgrade. As highlighted in the previous chapter, all flexible pavements constructed 

today consist of three or more pavement layers, with four-layer pavement system 

being the most common. 

In this chapter, two closed-form backcalculation algorithms are developed. The 

first close-form backcalculation algorithm, called 3L-BACK, is developed for a three 

layer flexible pavement system using the forward solution 3L-DEF. Another closed-

form backcalculation algorithm, known as 4L-BACK, is developed for a four-layer 

flexible pavement system, using the forward solution 4L-DEF. 

This chapter presents the theoretical basis, formulation and the development of 

the computer programs 3L-BACK and 4L-BACK. 

 

6.2 Development of Backcalculation Procedure 

6.2.1 Proposed Procedure 

In the backcalculation analysis of layer moduli of a three- and a four-layer 

flexible pavement system, there are two known parameters (thickness layer and 

Poisson ratio) for each pavement layer. There are three unknowns (E1, E2 and E3) for a 

three-layer system and four unknowns (E1, E2, E3 and E4) for a four-layer system. To 
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solve for the unknowns, the number of measured deflections required from different 

locations should be at least equal to the number of unknowns. For a three-layer 

system, at least three measured deflections from three different locations are required. 

The three measured deflection required to solve the three unknowns are given by 
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where w31, w32 and w33 are the measured deflections of a three-layer pavement system 

at distance r1, r2, and r3 respectively from the load P; k and q are the moduli ratios as 

stated by Equations (5-15) and (5-20), and F31, F32, and F33 are deflection factors each 

is a function of k and q. 

 The same assumption is also valid for solving for the four unknown layer moduli 

of a four-layer system. Four measured deflections are required, as given by 
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where w41, w42, w43 and w44 are the measured deflections of a four-layer pavement 

system at distance r1, r2, r3, and r4 respectively from the load P; n, k, and q are the 
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moduli ratios as stated by Equations (5-50), (5-56) and (5-61), and F41, F42, F43, and 

F44 are deflection factors each is a function of n, k and q. 

All the equations above are composed of infinite integrals of product of Bessel 

functions. It is difficult to solve them directly. To overcome this problem, this study 

simplified the equations by dividing the two of them by the third one (for a three-layer 

system) or the three of them by the fourth one (for a four-layer system) to obtain two 

nonlinear equations with two unknowns k and q (for a three-layer system) or three 

non-linear equations with three unknowns n, k and q (for a four-layer system). For a 

three-layer system, the simplification of the equations can be performed by dividing 

Equations (6-1b) and (6-1c) by (6-1a) and this results in, 

Y31 = w31F32(q,k) – w32F31(q,k) (6-3a) 

Y32 = w31F33(q,k) – w33F31(q,k) (6-3b) 

 The similar simplification could also be performed for four-layer system, by 

dividing Equations (6-2b), (6-2c), and (6-2d) by (6-2a) and the following equations are 

obtained. 

Y41 = w41F42(q,k,n) – w42F41(q,k,n) (6-4a) 

Y42 = w41F43(q,k,n) – w43F41(q,k,n) (6-4b) 

Y43 = w41F44(q,k,n) – w44F41(q,k,n) (6-4c) 

To obtain the roots (n, k, and q) from the nonlinear equations above, the Nelder-

Mead optimization method was used. A brief introduction of this method is given in 

the subsequent section. 

 

6.2.2 Nelder-Mead Optimization Method 

 The Nelder-Mead algorithm or simplex search algorithm, originally published in 

1965 (Nelder and Mead, 1965), is one of the best known algorithms for 
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multidimensional unconstrained optimization without derivatives.  The method is 

robust and only needs a relatively small number of function evaluations in obtaining a 

good reduction in the function value. 

To enable minimizing a function with several variables, Nelder and Mead (1965) 

devised a simplex method for finding a local minimum of such function. A simplex S 

in Rn is defined as the convex hull of (n+1) vertices. For example, a simplex in R2 is a 

triangle, and a simplex in R3 is a tetrahedron, as seen in Figure 6.1. For a case of two 

variables, the simplex S in R2 is consisted of 3 vertices x0, …, xn ∈ 2
xR and y0, …, yn 

∈ 2
yR . If three variables are involved in the analysis, each vertex contains three 

coordinates, x0, …, xn ∈
3
xR ; y0, …, yn ∈

3
yR and z0, …, zn ∈

3
zR . 

The Nelder-Mead method begins with a set of (n+1) vertices that are considered 

as the vertices of a working simplex S, and the corresponding set of function values at 

the vertices fj for j = 0,…, n, where n is the number of variables considered. For the 

case of two variables, the function values at the vertices x0, …, xn ∈ 
2
xR and y0, …, yn ∈ 

2
yR are fj = f(xj,yj) for j = 0,.., 2; while for three variables, the function values at the 

vertices is fj = f(xj,yj,zj) for j = 0,.., 3. 

The method then performs a sequence of transformations of the working simplex 

S with the aim to decrease the function values fj at its vertices. At each step, the 

transformation is determined by computing one or more test points together with their 

function values, and by comparison of these functions values with those at the vertices. 

This process is terminated when the working simplex S becomes sufficiently small, or 

when the function values fj are close enough.  

One iteration of the Nelder-Mead method consists of the following three steps.  
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1. Ordering. To start, it is necessary to evaluate the function values of the three 

vertices and the subscripts are then reordered to fulfill the following sequences: 

f1<f2<f3. The f1, f2 and f3 are function values of the vertices notated as B (for best 

vertex) = (x1, y1), G (for good vertex) = (x2, y2) and W (for worst vertex) = (x3, 

y3), respectively. 

2. Calculate the midpoint M of the best side, that is, the midpoint of the line 

segment between B and G, given by following equation: 
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3. Transformation. Compute the new working simplex from the current one. There 

are three possible transformations used in the method, reflection, expansion or 

contraction (see Figure 6.2). First, try to replace only the worst vertex W with a 

better point by using one of the transformations with respect to the best side. All 

test points lie on the line defined by worst vertex W and midpoint M, and at most 

two of them are computed in one iteration. If this succeeds, the accepted point 

becomes the new vertex of the working simplex. If this transformation fails, 

shrink the simplex towards the best vertex B. The new point R (reflection) and E 

(expansion) is determined using the following equation. 

 R = M + (M – W) = 2M – W (6-6) 

 E = R + (R – M) = 2R – M (6-7) 

 While the contraction point C and shrink point are computed using the following 

equations (see Figure 6.2) 

 C1 = 0.5 (W + M) or  C2 = 0.5 (M + R) (6-8) 

 S = 0.5 (B + W) (6-9) 
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 The logical decision of each step in the Nelder-Mead method could be 

summarized as follows. 

(1) If fR < fG, then perform case (i), otherwise perform case (ii) 

 

Case (i) 

(2a) If fB < fR, then replace W with R, otherwise perform (3a). 

(3a) Compute E and fE.  

 If fE < fB, then replace W with E, otherwise replace W with R. 

 

Case (ii) 

(2b) If fR < fW, then replace W with R, otherwise perform (3b). 

 Compute C1 and C2; and perform C = min (C1,C2) 

 If fC < fW, then replace W with C, otherwise compute S and fS; and replace W 

with S and G with M. 

(3b) Compute C1 and C2; and perform C = min (C1,C2) 

 If fC < fW, then replace W with C, otherwise compute S and fS; and replace W 

with S and G with M. 

 

 If there are three variables in the analysis, the first two step of Nelder-Mead 

iteration should be adjusted as follows (see Figure 6.2). 

1. Ordering. The function values of the four vertices of tetrahedron are evaluated 

and the subscripts are then reordered to fulfill the following sequences: 

f1<f2<f3<f4. The f1, f2, f3 and f4 are function values of the vertices notated as B 

(for best vertex) = (x1, y1, z1), G (for good vertex) = (x2, y2, z2), P (for poor 

vertex) = (x3, y3, z3) and W (for worst vertex) = (x4, y4, z4), respectively. 
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2. Calculate the midpoint M of the best side, that is, the midpoint of the three 

vertices B, G, and P given by following equation: 
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 The last step of the procedure and also the logical decision of each step of 

Nelder-Mead method for three variables is the same as those for two variables. 

 

6.2.3 Determination of Unique Solution  

 In this study, the Nelder-Mead method will minimize the absolute value of the 

functions Y31 and Y32; and Y41, Y42, and Y43 stated in Equations (6-3) and (6-4), 

respectively, from a specified range of moduli ratios. It forms two curves of minimum 

value in a two-dimensional space and three curves of minimum value in a three-

dimensional space, as shown in Figures 6.3 and 6.4, for three- and four-layer systems, 

respectively. For the three-layer system, a range of moduli ratios between 0 and 0.8 

with increments of 0.05 for both moduli ratio k and q is selected as seed moduli ratio 

to be used in the Nelder-Mead optimization. A different range of moduli ratios, that is, 

between 0 and 0.6 with increments of 0.05 (for modulus ratio q) and between 0.2 and 

0.6 with increments of 0.1 (for moduli ratio n and k) were selected for the four-layer 

system. The selection of a different range of moduli ratio and its increment in the four-

layer backcalculation algorithm is caused by the different sensitivity among the three 

modulus ratios. The modulus ratio q is more sensitive than the other two ratios. 

  A moduli-ratio deviation value of 10-8 is selected as the minimum value at which 

the Nelder-Mead algorithm stops. The two curves Y31 and Y32 intersect in one point in 

the space at which the roots k and q are obtained. After the values of k and q are 

determined, the modulus of the surface layer is calculated by using Equation (6-1) and 
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the moduli of subbase and subgrade are obtained by using Equations (5-20) and (5-

15), respectively. 

With a similar procedure using the Nelder-Mead algorithm, for a four-layer 

system, the three curves of minimum deviation value of moduli-ratio, Y41, Y42, and Y43 

may intersect in one point in the space at which the roots q, k, and n are obtained. 

However, it is difficult to obtain an intersection point of three curves in a three-

dimensional space. Therefore, the algorithm will minimize the distances among three 

points which is located in the three curves Y41, Y42, and Y43. The three points in the three 

curves having the minimum distance will be averaged and considered as roots of the 

three curves, that are, q, k, and n. After the values of q, k, and n are determined, the 

modulus of the surface layer is calculated from Equation (6-2) and the moduli of base, 

subbase and subgrade were determined from Equations (5-61), (5-56) and (5-50), 

respectively.  

 

6.3 Comparison of the Backcalculated Moduli with Other Backcalculation 

Programs 

For comparison with the closed-form backcalculation algorithms developed in 

this study, two other backcalculation programs were evaluated. They are EVERCALC 

(Sivaneswaran et al., 1991) and MICHBACK (Harichandran et al., 2001). Both 

programs use CHEVRONX as their forward calculation program. As previously 

mentioned in Chapter 2, EVERCALC and MICHBACK programs are backcalculation 

methods that use iterative methods to find the best result by matching the computed 

deflections with measured deflections. Both programs require seed moduli to initiate 

the backcalculation process. For MICHBACK, there are two options for selecting the 

seed moduli. The seed moduli may be determined by an internal program or by user-
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input. The selection of the option of the seed moduli generation does not depend on 

the number of layers evaluated. Therefore, the seed moduli generated by the internal 

program were selected for MICHBACK program for both three- and four-layer 

backcalculation analyses. On the other hand, EVERCALC only permits user to 

generate the seed moduli using the internal program if the number of pavement layers 

in the backcalculation process equals or less than three layers. Therefore, for three-

layer backcalculation analysis, the seed moduli generated by the internal program were 

selected, while for four-layer backcalculation analysis, a set of user-input seed moduli 

was employed. 

As stated by several researchers (Mahoney et al., 1989; Uddin and McCullough, 

1989), the determination of seed moduli could affect the results of the backcalculation. 

In this study, the seed moduli for EVERCALC program used by Watson and 

Rajapakse (2000) were adopted. The error obtained by using the seed moduli by 

Watson and Rajapakse (2000) were around 1 – 2%.  The seed moduli recommended 

by Watson and Rajapakse (2000) are as follows: 10,000 MPa, 300 MPa, and 100 MPa 

for asphalt concrete, base and subgrade, respectively. In this study, a seed modulus of 

200 MPa for subbase layer was added. 

The backcalculation process in the two backcalculation programs, EVERCALC 

and MICHBACK, will run iteratively and it will stop if the predetermined error is 

satisfied or if the specified number of iteration is exceeded. In this study, an error of 

0.1% and a number of maximum iteration of 1,000 were set as the termination criteria. 

MICHBACK backcalculation program requires a minimum of five deflections 

for backcalculation process; while the number of deflections required by EVERCALC 

is depended on the number of layer properties to be determined. As mentioned 

previously, 3L-BACK and 4L-BACK need three and four deflections, respectively. 



 

183 

For the sake of comparison, five deflections were used in verification. To do so, 

EVERCALC and MICHBACK performed directly the backcalculation process using 

five deflections; while 3L-BACK and 4L-BACK require a multiple backcalculation 

runs of three- and four-combinations from 5 deflections, respectively. This results in 

10 and 5 backcalculation runs, for 3L-BACK and 4L-BACK respectively, each case 

with 5 deflections. The comparison of the backcalculated moduli was performed 

between the backcalculation moduli produced by EVERCALC and MICHBACK and 

the average value of the backcalculation moduli from the 10 and 5 backcalculation 

runs of 3L-BACK and 4L-BACK programs respectively.  

 Two comparisons of backcalculation results were conducted in this study: (a) 

comparison using exact deflections from the respective forward-calculation algorithms 

of the backcalculation programs; and (b) comparison using deflections with 

measurement errors.  

 

6.3.1 Comparison Using Exact Deflections 

The comparison of the methods evaluated was conducted by using the exact 

deflections produced by the respective forward-calculation algorithms of the 

backcalculation programs.  

Table 6.1 presented the backcalculated moduli of three-layer flexible pavement 

systems using the exact forward computed deflections. The comparison among three 

backcalculation programs in Table 6.1 indicates that the backcalculated modulus 

values deviate from the actual values by not more than 5% for all cases. It can be 

concluded that all three backcalculation programs perform equally well when the input 

deflections are exact as computed from their respective forward calculation 

algorithms. 
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The backcalculated moduli of four-layer flexible pavement system using the 

exact deflections are presented in Table 6.2. The results showed that the three 

backcalculation programs evaluated compared well in Case 1 where the 

backcalculated modulus values deviated by not more than 2%. In Case 2, EVERCALC 

produced larger deviations than the other two programs. In Case 3, 4L-BACK program 

could produce closer results to the true moduli than EVERCALC and MICHBACK. 

Overall, it may be concluded that 4L-BACK outperforms EVERCALC and 

MICHBACK in backcalculation analysis of four-layer flexible pavements when the 

input deflections are exact. 

 

6.3.2 Comparison Using Deflections with Random Measurement Errors 

 In this section, surface deflections with measurement errors are considered to 

examine how the performances of the three backcalculation programs are affected by 

the presence of imperfect deflection measurements. For this purpose, thirty random 

deflections were generated using Pronk formula (1988) as follows. 
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in which dm is the measured deflections (micrometers), dt is the true deflections 

(micrometers); and r1 – r4 are random numbers between 0 and 1. The errors generated 

by Equation (6-10) were limited to within the range of around ± 2% to simulate the 

common deflection measurement errors produced by FWD (Irwin et al., 1989). The 

thirty sets of generated measured deflections for each backcalculation method are 

listed in Tables 6.3 and 6.4 for three- and four-layer flexible pavement systems, 

respectively. 
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 Tables 6.5 and 6.6 present the results of the 30 sets of backcalculated layer 

moduli by the three backcalculation methods for the three- and four-layer flexible 

pavement systems, respectively. The statistics presented in the table measure the level 

of dispersion from the true elastic moduli. They consist of the maximum value, 

minimum value, mean value, standard deviation, coefficient of variation and root 

mean square error (RMSE). The root mean square error is defined as follows. 

RMSE = [ ]2N

1i
i 

1 ∑
=

− ixX
N

 (6-11) 

where Xi is the computed moduli, xi is the true moduli, and N is the number of cases. 

Figure 6.5 plots the deviations of backcalculated moduli from their corresponding true 

moduli for the case of three-layer flexible pavement system. The corresponding plot 

for the case of four-layer flexible pavement system is shown in Figure 6.6. The 

following observations can be made: 

a. 3L-BACK outperformed EVERCALC and MICHBACK in all the measures of 

dispersion shown in Table 6.5, including the range of backcalculated moduli, 

standard deviation, coefficient of variations, and RMSE. The 3L-BACK 

backcalculated solutions have a narrower range, lower standard deviation, lower 

coefficient of variation, and smaller RMSE. The differences are most obvious for 

elastic modulus E1 of the surface layer.  

b. 4L-BACK also outperformed EVERCALC and MICHBACK. It was the method 

with the least dispersion in terms of the range of backcalculated moduli values, 

standard deviation, coefficient of variation (CV) and RMSE, as seen in Table 6.6. 

There were relatively little differences between the backcalculated results by 

MICHBACK and EVERCALC as indicated by the statistical dispersion 

measures. 4L-BACK was also more accurate in estimating the true values of 
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pavement layer moduli than the other two methods as shown by the values of 

RMSE. The RMSE of the backcalculated moduli by 4L-BACK is less than half of 

the corresponding errors produced by EVERCALC and MICHBACK 

respectively. 

c. Figures 6.5 and 6.6 present clearly the dispersion of the elastic moduli computed 

by the three backcalculation programs for each set of deflections consisting 

measurement errors. These figures also presented qualitatively the accuracy of 

each backcalculation method in estimating the corresponding true value of the 

moduli (as represented by the horizontal line in each chart). Figures 6.5 and 6.6 

show that the layer moduli calculated by EVERCALC and MICHBACK vary 

over larger ranges than those by 3L-BACK and 4L-BACK. 

d. It is interesting that the modulus of the subgrade was not affected much by the 

measurement errors in the deflections. This is because the determination of 

subgrade modulus only depends on deflection produced by sensors further from 

the load, while the determination of the modulus of the overlying pavement 

layers depends on the inner deflections and also modulus of underlying 

pavement layers. In other words, the variation in determining the subgrade 

modulus is only affected by the errors in the outer measured deflections, while 

the variation in determining the overlying pavement layers is affected by the 

accumulation of errors involved in the several deflections used in 

backcalculation process.  

 

6.4 Summary 

Two closed-form backcalculation algorithms for three- and four-layer flexible 

pavement were developed based on Burmister’s theoretical model for multi-layer 
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flexible pavement systems. The two backcalculation programs, 3L-BACK and 4L-

BACK, were solved using the Nelder-Mead optimization method. This method was 

used to minimize the absolute value of the functions Y31 and Y32 for the three-layer 

flexible pavement system; and Y41, Y42, and Y43 for the four-layer flexible pavement 

system. A specified range of moduli ratios was considered in defining two curves of 

minimum value in a two-dimensional space for the case of three-layer flexible 

pavement system, and three curves of minimum value in a three-dimensional space for 

the case of four-layer flexible pavement system. The two curves Y31 and Y32 intersect 

in one point in the space at which the moduli ratios k and q are obtained. In a similar 

manner, the three curves Y41, Y42, and Y43 intersect in one point in the space at which 

the moduli ratios q, k, and n are obtained. Since it is more difficult to obtain the 

intersection point of three curves in a three-dimensional space, the algorithm 

minimizes the distances among three points which is located in the three curves Y41, 

Y42, and Y43. Three points in the three curves having the minimum distance will be 

averaged and considered as the roots of the three curves, that is, q, k, and n.  

The proposed algorithms were verified using two types of deflections, that is, 

exact deflection and deflections with measurement errors. A comparison between the 

proposed algorithms and two other backcalculation algorithms was performed. Two 

backcalculated programs based on the iterative optimization approach, EVERCALC 

and MICHBACK, were selected for this purpose. 

The results of verification using exact deflections showed that both closed-form 

programs could produce slightly more accurate backcalculated moduli than those the 

other two programs. Similar results were also obtained when the deflections with 

random measurement errors were used in the backcalculation analysis, where the two 

closed-form programs could estimate the true values of the layer moduli better than the 
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other two programs. This indicates that the two closed-form backcalculation programs 

are more reliable in backcalculating layer moduli than EVERCALC and MICHBACK. 

 



 

189 

Table 6.1: Comparison of Backcalculated Layer Moduli for Three-layer Flexible 
Pavement System by Different Methods 

 

E1 E2 E3 E1 E2 E3

Case 1: original state (E1=1,379.3 MPa, E2 =758.6 MPa,  E3 =206.9 MPa, h1=0.127 m, h2=0.254 m, P=71.1 kN)

3L-BACK 1,381.6             758.5                206.8                0.19 0.01 0.00

EVERCALC 1,395.4             760.9                206.8                1.19 0.33 -0.03

MICHBACK 1,344.8             758.9                206.9                -2.48 0.06 0.01

Case 2: change the subbase and subgrade moduli (E2 =206.9 MPa,  E3 =103.4 MPa), all other data are the same as case 1

3L-BACK 1,373.0             208.3                103.3                -0.44 0.69 -0.09

EVERCALC 1,379.1             206.9                103.4                0.01 0.00 0.00

MICHBACK 1,325.7             208.6                103.5                -3.87 0.84 0.03

Case 3: change the thicknesses (h1=0.254 m, h2=0.635 m), all other data are the same as case 1

3L-BACK 1,379.8             758.4                206.9                0.06 0.00 0.00

EVERCALC 1,382.0             758.2                206.9                0.22 -0.03 0.00

MICHBACK 1,375.1             756.8                207.2                -0.28 -0.22 0.15

Case 4: change the load (P =44.5 kN), all other data are the same as case 1

3L-BACK 1,380.6             758.5                206.8                0.11 0.00 0.00

EVERCALC 1,445.7             755.6                206.9                4.84 -0.38 0.03

MICHBACK 1,320.9             758.9                206.9                -4.21 0.06 0.02

Methods
Backcalculated moduli (MPa) Deviation with the true moduli (%)

 
 
 

Table 6.2: Comparison of Backcalculated Layer Moduli for Four-layer Flexible Pavement 
System by Different Methods 

 

E1 E2 E3 E4 E1 E2 E3 E4

Case 1: original state (E1=2,758 MPa, E2=827.4 MPa,  E3=517.1 MPa, E4=206.9 MPa, h1=0.127 m, h2=0.254 m, h3=0.381 m, P=71.1 kN)

4L-BACK 2,761.6         828.3            516.5            206.9            0.13 0.11 -0.12 0.05

EVERCALC 2,790.8         819.4            523.8            206.4            1.19 -0.97 1.29 -0.23

MICHBACK 2,799.7         819.4            523.9            206.3            1.51 -0.96 1.32 -0.26

Case 2: change the surface and subbase layer moduli (E1=2,413.3 MPa, and  E3=344.8 MPa), all other data are the same as case 1

4L-BACK 2,473.1         826.7            345.3            206.7            2.48 -0.09 0.16 -0.06

EVERCALC 2,533.9         841.7            335.6            207.7            5.00 1.73 -2.64 0.40

MICHBACK 2,464.0         827.7            342.2            207.2            2.10 0.04 -0.75 0.19

Case 3: change the thicknesses (h1=0.305 m, h2=0.432 m, h3=0.559 m), all other data are the same as case 1

4L-BACK 2,731.8         844.4            491.1            209.7            -0.95 2.06 -5.04 1.40

EVERCALC 2,893.7         759.4            607.0            200.7            4.92 -8.22 17.39 -2.97

MICHBACK 2,720.4         880.4            440.0            214.0            -1.36 6.40 -14.91 3.44

Notes: Seed moduli used in the backcalculation programs: 4L-BACK (not required), EVERCALC (E1 = 10,000 MPa, E2 = 300 MPa, 

E3 = 200 MPa, E4 = 100 MPa) (Watson and Rajapakse, 2000), and MICHBACK (provided by internal program)

Methods
Backcalculated moduli (MPa) Deviation with the true moduli (%)
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Table 6.3: Deflections with Random Measurement Errors for Three-layer Flexible 
Pavement System  

 

d1 d2 d3 d4 d5 d1 d2 d3 d4 d5

1 0.2882 0.2342 0.1853 0.1440 0.1038 0.2935 0.2351 0.1855 0.1436 0.1035

2 0.2847 0.2361 0.1816 0.1490 0.1007 0.2899 0.2370 0.1818 0.1486 0.1004

3 0.2833 0.2353 0.1820 0.1513 0.1036 0.2884 0.2362 0.1823 0.1508 0.1033

4 0.2818 0.2320 0.1829 0.1461 0.1029 0.2870 0.2329 0.1831 0.1457 0.1026

5 0.2802 0.2321 0.1808 0.1446 0.0988 0.2852 0.2330 0.1810 0.1442 0.0985

6 0.2820 0.2308 0.1802 0.1478 0.1052 0.2871 0.2317 0.1804 0.1474 0.1049

7 0.2865 0.2356 0.1822 0.1429 0.0980 0.2917 0.2365 0.1824 0.1425 0.0978

8 0.2818 0.2355 0.1824 0.1461 0.1027 0.2869 0.2365 0.1826 0.1457 0.1024

9 0.2846 0.2344 0.1836 0.1487 0.0986 0.2898 0.2354 0.1839 0.1482 0.0983

10 0.2809 0.2328 0.1836 0.1463 0.0986 0.2860 0.2337 0.1838 0.1458 0.0983

11 0.2857 0.2317 0.1810 0.1485 0.1019 0.2909 0.2326 0.1812 0.1481 0.1016

12 0.2876 0.2352 0.1840 0.1447 0.0998 0.2928 0.2361 0.1842 0.1443 0.0995

13 0.2837 0.2362 0.1828 0.1476 0.1009 0.2889 0.2372 0.1831 0.1472 0.1006

14 0.2805 0.2336 0.1820 0.1480 0.1009 0.2856 0.2345 0.1822 0.1475 0.1006

15 0.2856 0.2359 0.1824 0.1485 0.1005 0.2908 0.2368 0.1826 0.1480 0.1002

16 0.2844 0.2354 0.1834 0.1447 0.0989 0.2896 0.2363 0.1836 0.1443 0.0986

17 0.2860 0.2317 0.1851 0.1481 0.1012 0.2912 0.2326 0.1853 0.1476 0.1009

18 0.2806 0.2313 0.1841 0.1458 0.0985 0.2857 0.2322 0.1843 0.1453 0.0982

19 0.2858 0.2348 0.1839 0.1459 0.1014 0.2910 0.2358 0.1841 0.1454 0.1011

20 0.2829 0.2339 0.1798 0.1497 0.1042 0.2881 0.2348 0.1800 0.1493 0.1039

21 0.2823 0.2319 0.1828 0.1491 0.1024 0.2875 0.2328 0.1830 0.1486 0.1021

22 0.2852 0.2315 0.1828 0.1481 0.1012 0.2904 0.2324 0.1830 0.1476 0.1009

23 0.2804 0.2325 0.1818 0.1480 0.1028 0.2855 0.2334 0.1820 0.1476 0.1025

24 0.2828 0.2328 0.1814 0.1490 0.1024 0.2880 0.2337 0.1816 0.1486 0.1021

25 0.2883 0.2362 0.1848 0.1494 0.1025 0.2936 0.2371 0.1850 0.1489 0.1022

26 0.2872 0.2355 0.1846 0.1495 0.1030 0.2924 0.2364 0.1848 0.1490 0.1027

27 0.2842 0.2347 0.1829 0.1475 0.1022 0.2894 0.2356 0.1831 0.1470 0.1019

28 0.2858 0.2307 0.1829 0.1467 0.1001 0.2911 0.2316 0.1831 0.1462 0.0998

29 0.2843 0.2326 0.1841 0.1511 0.1021 0.2895 0.2336 0.1843 0.1506 0.1018

30 0.2818 0.2314 0.1805 0.1496 0.1036 0.2870 0.2323 0.1807 0.1492 0.1033

   Note: The true deflections for d1, d2, d3, d4, and d5 are 0.2844, 0.2330, 0.1824, 0.1475, and 0.1014 mm for 3L-BACK; 

   0.2896, 0.2339, 0.1826, 0.1471, and 0.1011 mm for EVERCALC and MICHBACK

Set

Random deflections for each backcalculation program (mm)

3L-BACK EVERCALC and MICHBACK
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Table 6.4: Deflections with Random Measurement Errors for Four-layer Flexible 
Pavement System  

 

d1 d2 d3 d4 d5 d1 d2 d3 d4 d5

1 0.2271 0.1851 0.1497 0.1206 0.0959 0.2287 0.1861 0.1501 0.1206 0.0957

2 0.2247 0.1869 0.1466 0.1251 0.0930 0.2262 0.1878 0.1470 0.1251 0.0928

3 0.2234 0.1861 0.1468 0.1272 0.0958 0.2250 0.1870 0.1472 0.1272 0.0956

4 0.2220 0.1837 0.1477 0.1227 0.0951 0.2235 0.1846 0.1481 0.1226 0.0949

5 0.2212 0.1838 0.1459 0.1214 0.0911 0.2227 0.1847 0.1464 0.1213 0.0909

6 0.2223 0.1823 0.1455 0.1241 0.0972 0.2238 0.1832 0.1460 0.1241 0.0970

7 0.2263 0.1865 0.1470 0.1197 0.0904 0.2278 0.1874 0.1475 0.1196 0.0902

8 0.2224 0.1864 0.1474 0.1228 0.0948 0.2239 0.1874 0.1479 0.1227 0.0947

9 0.2242 0.1854 0.1479 0.1249 0.0910 0.2257 0.1863 0.1484 0.1248 0.0908

10 0.2217 0.1839 0.1480 0.1228 0.0909 0.2232 0.1848 0.1485 0.1228 0.0907

11 0.2255 0.1829 0.1462 0.1250 0.0941 0.2270 0.1838 0.1466 0.1249 0.0940

12 0.2268 0.1857 0.1483 0.1213 0.0921 0.2284 0.1867 0.1488 0.1213 0.0919

13 0.2236 0.1870 0.1477 0.1239 0.0930 0.2251 0.1879 0.1482 0.1238 0.0928

14 0.2208 0.1848 0.1465 0.1240 0.0932 0.2223 0.1858 0.1469 0.1239 0.0930

15 0.2256 0.1864 0.1472 0.1245 0.0929 0.2271 0.1873 0.1477 0.1244 0.0927

16 0.2240 0.1860 0.1483 0.1215 0.0912 0.2256 0.1869 0.1487 0.1214 0.0911

17 0.2259 0.1833 0.1496 0.1241 0.0933 0.2274 0.1843 0.1501 0.1241 0.0931

18 0.2212 0.1826 0.1484 0.1224 0.0908 0.2227 0.1835 0.1488 0.1224 0.0906

19 0.2257 0.1859 0.1486 0.1222 0.0935 0.2272 0.1868 0.1490 0.1221 0.0933

20 0.2230 0.1852 0.1452 0.1259 0.0964 0.2245 0.1861 0.1456 0.1258 0.0962

21 0.2223 0.1837 0.1474 0.1253 0.0945 0.2238 0.1847 0.1478 0.1252 0.0943

22 0.2249 0.1830 0.1473 0.1241 0.0933 0.2265 0.1840 0.1477 0.1240 0.0931

23 0.2211 0.1840 0.1464 0.1244 0.0951 0.2226 0.1849 0.1469 0.1244 0.0949

24 0.2232 0.1840 0.1465 0.1251 0.0945 0.2248 0.1849 0.1469 0.1250 0.0944

25 0.2215 0.1867 0.1470 0.1258 0.0968 0.2230 0.1876 0.1474 0.1257 0.0967

26 0.2252 0.1865 0.1464 0.1201 0.0933 0.2267 0.1874 0.1469 0.1200 0.0931

27 0.2242 0.1857 0.1478 0.1237 0.0945 0.2257 0.1866 0.1482 0.1236 0.0943

28 0.2253 0.1826 0.1477 0.1232 0.0923 0.2268 0.1835 0.1482 0.1231 0.0922

29 0.2240 0.1838 0.1483 0.1271 0.0942 0.2255 0.1847 0.1488 0.1270 0.0940

30 0.2224 0.1824 0.1454 0.1257 0.0957 0.2240 0.1833 0.1458 0.1257 0.0956

   Note: The true deflections for d1, d2, d3, d4, and d5 are 0.2243, 0.1843, 0.1472, 0.1238, and 0.0936 mm for 4L-BACK; 

   0.2258, 0.1852, 0.1476, 0.1237, and 0.0935 mm for EVERCALC and MICHBACK

4L-BACK EVERCALC and MICHBACKSet

Random deflections for each backcalculation program (mm)
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Table 6.5: Summary of Statistics of Backcalculated Layer Moduli from Different Methods 
for Three-layer Flexible Pavement System 

 

E1 E2 E3 E1 E2 E3 E1 E2 E3

Maximum value (MPa) 3,680.1   827.6      212.0      3,953.4   829.1      213.3      3,987.8    820.8      213.3      

Minimum value (MPa) 1,548.8   629.5      201.8      472.4      630.3      203.1      472.3       628.9      201.8      

Mean (MPa) 2,344.4   747.0      208.7      1,887.8   732.6      207.2      2,026.0    731.6      207.0      

Standard Deviation (MPa) 555.57    50.68      2.59        962.90    59.90      2.84        1,042.74  58.56      3.00        

Coefficient of Variation (%) 23.70      6.79        1.24        51.01      8.18        1.37        51.47       8.00        1.45        

RMSE (MPa) 1,109.3   51.1        3.1          1,056.4   58.2        2.9          1,211.8    63.5        3.0          

3L-BACK EVERCALC MICHBACK
Properties

 
Notes: The true moduli values, E1 = 1,379.3 MPa, E2 = 758.6 MPa, and E3 = 206.9 MPa
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Table 6.6: Summary of Statistics of Backcalculated Layer Moduli from Different Methods for Four-layer Flexible Pavement System 

E1 E2 E3 E4 E1 E2 E3 E4 E1 E2 E3 E4

Maximum value (MPa) 4,760.7   973.1      582.9      225.1      7,683.4   1,014.9   1,181.2   223.6      7,734.2   995.0      1,212.8   221.3      

Minimum value (MPa) 1,493.0   768.1      398.2      196.6      803.3      274.4      374.8      188.9      1,285.1   267.2      379.0      188.4      

Mean (MPa) 2,795.2   844.1      482.5      212.7      3,497.7   766.9      578.1      205.3      3,701.4   748.3      590.6      204.5      

Standard Deviation (MPa) 869.1      47.9        47.6        6.3          1,811.8   187.5      172.0      9.8          1,781.8   182.6      172.0      9.0          

Coefficient of Variation (%) 31.09      5.68        9.87        2.97        51.80      24.45      29.75      4.78        48.14      24.41      29.12      4.41

RMSE (MPa) 855.3      50.0        58.3        8.5          1,927.8   193.9      179.7      9.8          1,988.8   196.1      184.3      9.2          

Properties
4L-BACK EVERCALC MICHBACK

Notes: The true moduli values, E1 = 2,758 MPa, E2 = 827.4 MPa, E3 = 517.1 MPa, and E4  = 206.9 MPa. 
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Figure 6.1: Geometries of Nelder-Mead Method: (a) 2-simplex (R2),  
and (b) 3-simplex (R3)  
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Figure 6.2:  Procedures of Nelder-Mead Algorithm: 
(a) and (b) determination of midpoint for R2 and R3, (c) reflection, 

(d) expansion, (e) contraction, and (f) shrink
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Figure 6.3 Illustration of Root Searching of Two Curves in Two Dimensional Spaces 
in the Proposed Procedure 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 6.4:  Illustration of Root Searching of Three Curves in Three Dimensional 
Spaces in the Proposed Procedure 
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Figure 6.5:  Comparisons between true and computed moduli of three-layer pavement 

system from different methods (The true value of the moduli: (a) E1 = 1,379 MPa,  
(b) E2 = 758.5 MPa, and (c) E3 = 206.9 MPa) 
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Figure 6.6:  Comparisons between true and computed moduli of four-layer pavement 

system from different methods (The true value of the moduli: (a) E1 = 2,758 MPa,  
(b) E2 = 827.4 MPa, (c) E3 = 517.1 MPa, and (d) E4 = 206.9 MPa) 
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CHAPTER 7 

CONCLUSIONS AND RECOMMENDATIONS 

 

 

7.1 Introduction 

 In this chapter, several conclusions are highlighted to address the objectives of 

the study, i.e., to evaluate the existing backcalculation algorithms in determining k 

value and to develop a backcalculation-based procedure to determine the composite k 

value for a rigid pavement with a subbase layer (summarized in Section 7.2 and 7.3); 

and to develop closed-form backcalculation algorithms for a three- and four-layer 

flexible pavement system (summarized in Section 7.4). At the end of this chapter, 

several recommendations are also presented. 

 

7.2 Backcalculation of Layer Moduli of Rigid Pavement 

7.2.1 The Use of Infinite-Slab Backcalculation Algorithm to Evaluate Layer 

Moduli 

In this study, several existing backcalculation programs were evaluated to 

examine their suitability to be used in practice. They are ILLI-BACK4, ILLI-BACK7, 

NUSBACK (closed-form backcalculation algorithm), and LTPP Best Fit (iterative-

based backcalculation algorithm). For this purpose, actual data extracted from LTPP 

database were employed. Several aspects can be highlighted as follows. 

a. Although all of the programs were developed based on plate theory and modeled 

using similar assumptions, the comparison between computed layer moduli 

produced by the programs and measured layer moduli yielded different results. 

This may be attributed by three factors: (i) deflection matching criterion used by 
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the program, (ii) the number of sensor used in the corresponding forward 

calculation, and (iii) the selection of sensor location. 

b. Since the measured deflections lie in between the range of deflections of rigid 

slab resting on liquid foundation and on solid foundation, and the deflection 

basin itself could contain measurement errors, the application of a strict matching 

deflection criterion between the computed and measured deflection and the use 

of many sensors could give a worse solution.  

c. Among the four programs, NUS-BACK is the backcalculation program that has 

the least conformance control of deflection matching criterion by offering the 

flexibility to choose the best pair of sensor deflections. As a result, NUS-BACK 

could produce the least errors among the other backcalculation programs. 

Therefore, it is recommended to use NUS-BACK as the infinite-slab model for 

backcalculation. 

 

7.2.2 The Use of Finite-Slab Backcalculation Algorithm to Evaluate Layer 

Moduli 

 Two finite-slab models, i.e. one-slab and nine-slab model, together with two 

adjusted infinite-slab model using Crovetti’s correction factor (Crovetti, 2002) and 

Korenev’s correction factor (Korenev, 1954), respectively, were compared with the 

results of the infinite-slab model, NUS-BACK, to evaluate the use of finite-slab 

backcalculation algorithm in practice. The following aspects may be highlighted. 

a. The use of nine-slab model was expected to be able to simulate better the real 

rigid pavement system. However, since the detailed data of joint properties and 

joint reinforcements are not readily available, the use of the nine-slab model 

could face difficulty in practice. 
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b. The results of the evaluation proved that since there was no significant 

differences in the backcalculated layer properties between the infinite-slab and 

the nine-slab backcalculated programs, it was recommended that the infinite-slab 

model is adequate in providing sufficiently accurate backcalculated k and Ec for 

practical applications. 

c. Another finding from the study is that the use of Crovetti’s and Korenev’s 

correction factors could produce larger errors than the other models considered 

(infinite-slab, one-slab and nine-slab) and are prone to over-estimate k and Ec. 

Therefore, those correction factors were not recommended to be employed in 

practice. 

d. In summary, the NUS-BACK program was used for this research based on the 

findings in this evaluation that the infinite-slab model is adequate to provide 

accurate backcalculated layer moduli and the NUS-BACK program is the 

preferable infinite-slab backcalculation program. 

 

7.3 Development of k-Es Relationship on Rigid Pavement System 

7.3.1 k-Es Relationship on Two-layer Rigid Pavement System 

 This section summarizes the results of the development of k-Es relationship for 

two-layer rigid pavement system based on backcalculation approach by establishing 

equivalency between a model of pavement slab supported by a dense liquid foundation 

(k-model) and one supported by an elastic solid foundation (Es-model). The following 

observations may be made. 

a. Two equivalent models were considered. The first model is a regression equation 

between k and Es, which allows k to be estimated from Es directly.  It ignores the 

effects of pavement slab on load transmission in a rigid pavement system.  
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Although simple and easy to apply, this regression equation is a simplified 

representation of the actual pavement response and could only provide a “mean” 

estimate of k for a given Es value.   

b. The second model is a relationship between the radii of relative stiffness of the 

two equivalent theoretical rigid pavement systems, i.e. lk and lE.  This procedure 

computes k from a known Es value by establishing equivalency between the k-

model and Es-model based on the lk-lE relationship.  Analyses presented in the 

study have demonstrated that, compared with the method of direct k-Es 

relationship, this procedure provides an improved estimation of k from Es. 

 

7.3.2 k-Es Relationship on Three-layer Rigid Pavement System with 

Consideration of Subbase Layer 

A further development of k-Es relationship for three-layer rigid pavement system 

based on equivalency concepts was conducted using backcalculation approach to take 

into account the role of subbase layer (Esb) and subgrade (Es) in estimating composite 

k. A comparison between the proposed relationship and three existing design methods 

(PCA, FAA and AASHTO methods) was also presented. The following aspects may 

be highlighted. 

a. Two models of lk - 
sbsE /

l relationship were proposed, i.e. a direct relationship 

between lk and 
sbsE /

l  (model A) and a relationship among lk ,
sbsE /

l and pavement 

properties (layer moduli and thicknesses) (model B).  

b. A comparison between both models indicated that model B is preferable to 

model A in terms of RMSE, and by the results of over- and under-estimation 
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analysis. In addition, model B showed a more comprehensive representation of 

all the parameters used in the analysis. 

c. Another comparison between the proposed relationship and the existing k-Es 

relationships in the design methods revealed that the k-Es relationships used by 

FAA, PCA and AASHTO were not comparable with the new proposed k-Es 

relationships, in terms of accuracy and the range of input data specified. The 

performance of k-Es relationships of PCA and AASHTO were less satisfied than 

that of the proposed k-Es relationship, although the FAA relationship performed 

better for its applicable range of data. 

 

7.4 Closed-form Backcalculation of Layer Moduli of Flexible Pavement 

 In this study, two forward solutions based on Burmister theory for three- and 

four-layer flexible pavement systems, namely 3L-DEF and 4L-DEF respectively, were 

proposed. Both solutions were verified using another forward calculation program, 

CHEVRONX, developed by Michigan State University. Two closed-form 

backcalculation programs, 3L-BACK and 4L-BACK, were developed using the 

respective forward solutions 3L-DEF and 4L-DEF. The verification of the proposed 

backcalculation programs was conducted by using two iterative backcalculation 

programs, EVERCALC and MICHBACK, which use CHEVRONX as their forward 

solution program. The verification results are summarized as follows. 

a. A comparison between 3L-DEF and 4L-DEF, and CHEVRONX showed that the 

deflections produced based on Burmister theory compared well with those by 

CHEVRONX program. The largest discrepancies were around 3.5%.  

b. Two comparisons were performed between each of the two closed-form 

backcalculation programs (3L-BACK and 4L-BACK) and the iterative 
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optimization programs (EVERCALC and MICHBACK), using exact deflections 

and deflections with measurement errors. The first comparison resulted that 3L-

BACK and 4L-BACK can produce relatively better solutions with much smaller 

errors as compared with EVERCALC and MICHBACK.  The second 

comparison using deflection with measurement errors revealed that the closed-

form backcalculation programs were less sensitive to errors as indicated by 

smaller values of measures of dispersion such as range, mean, standard 

deviation, coefficient of variation and RMSE values, as compared with those of  

EVERCALC and MICHBACK programs. 

c. Between the two closed-form backcalculation programs, 3L-BACK could 

produce better results than those of 4L-BACK in determining the layer moduli. 

This is because it is easier to locate the global minima in two-dimensional space 

than the three-dimensional space in the case of 4L-BACK. For complex systems 

having many equations and constraints to be solved, the use of closed-form 

method is more difficult to be implemented. 

 

7.5 Recommendation for Further Research 

 This section identifies some areas for further research to enhance the efficiency 

and accuracy of backcalculation algorithms for estimating pavement layer properties 

of rigid and flexible pavement systems. 

a. The assumption of the subgrade used in this research is that the subgrade has an 

infinite thickness. The backcalculation algorithms developed are unable to 

handle a case where a stiff layer is present within the pavement system. This 

applies for both rigid and flexible pavements.  
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b. This research has developed a solution of a four-layer flexible pavement system. 

Today, the actual pavement can consist of more than four layers, especially in 

developing countries where the technology of recycled pavement is still not 

available. Therefore, a solution of a pavement system consisted of more than 

four layers might be necessary to be developed. However, the development of a 

closed-form backcalculation algorithm would be extremely complex. One 

alternative is the use of genetic-algorithm approach to solve for more than four 

unknowns of the layer moduli. 

c. The research so far separated the development of backcalculation algorithm into 

two parts, that is, the development of backcalculation algorithm on rigid 

pavement as one part, and the development of backcalculation algorithm on 

flexible pavement as another part. In the future, it may be necessary to develop a 

backcalculation algorithm for a composite structure (e.g. a flexible layer on top 

of a rigid pavement).  

d. To take into account the effect of temperature on asphalt layer, the application of 

three- and four-layer backcalculation algorithm at different temperature-load 

conditions is recommended to be performed. 
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APPENDIX A 
 

FINAL TERMS OF CONSTANTS C1 AND D1 
 
 

According to Equations (5-67) and (5-68), the final terms of constants C1 and D1 are as 
follows. 

 
A.1 Final terms of constant C1 
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mHmhmh eeeSTYKLNSTYZmhLNK

mhVYTKLNmhVYZmhTLNKSTVYZmhLNKCNum

3622
2

22

1
222

12
222

1
22

261

212

212122 

−−−−

+−+−−=

 
 



 

225 

( ) { } ( ) { }
{ } ( ) ( ) ( )

( ) ( )
{ }

( ) { } ( ) ( )
( ) ( ) ( )
( ) ( )

( ) { } ( ) { }
{ } ( ) { } ( ) ( )

( ) { }( )
{ } { } { }

{ } ( )
mHmhmh eee

mhXZKNVhmKNSTXhmLNZSTKKNVYVXKNS

LNZKVLNZVSKKNSTYNVXYVXKNSNSTXYLNZKST

NVYZmhKNSTVYZKmhLNZVKTmhVYZNTK

hmVYZNTKmhmhLNZVTKhmhmLNZVTK

LNZVKmhmhLNZVKmhVYKNT

NSTYZmhKmhhhVYZmNTKmhVYZmhNTK

mhmhXKNVmhXKNVmhhmVXKNT

mhVXYNTmhmhLNZVKTmhYZNVKYZmhNT

KNSTVXZmhKNSTVXZhhXYmNThhmXKNThhmLNZKT

hhXZmKNTmhmhKNSTVXhhmYKNTmhVXZmhKNT

hmVXZmhKNTmhhhVXZmKNTmhmhLNZTK

hmLNZTKhhYZmNTKmhmhLNZSTVKCNum

21 2

1
22

2
222

2
223222

22232222

2
22

1
22

1
22

2
1

222
11

2232
1

22
2

2223

233
12

223
1

22

2
2

121
222

12
22

12
22

1
23

1
2
2

222

1
2

11
22

1
22

1
2

121
223

21
422

1
222

2
21

32
12

2
21

222
12

2

2
1

2
2

2
121

22
12

223

3
2

2232
21

322
12

23

*

2184

221212

412218414

2212212

4218412

412212218

21221212

843224

242144218

414412218

3816212
271 

−−

−+−+−−−

+−+−−−−−+−

−+++−+−

+−−+−++−

+−++−+−

−−−+−

+−+−+−

+−++−+−−

−−++++

−+++−+

++++−+−

+++++=

 

 

( ) ( ) ( ) ( )
( ) mHmhmh eeeKSVXTYTXKSKTVXmhmhYT

mhhXmKTmhXKTVmhXmhKSTCNum

322
21

3

1
2
2

23
1

2
12

2
281

21221

214212212 

−−−−−−+−

+−+−+=
 

 

( ) { }( ) ( )
( ) ( ) { }

( )
{ }

mHmhmh eee

YSVXNhhZmXTVKNKLNSVXLNZKNSVXZmhXSVKN

hhZmXTVKNTVXYZmhNKNTVZmhmhXKLNTVhhYmTVXN

hhKLNTVXmhhmLNZKNTVXmhYXTVNmhXmhKLNTV

mhmhXZTVKNmhLNZXKNTVCNum

−−−

−+−+−−

+−−+−+

−+++−−−

+−++−=

21 2

22
2

2
1

32222
1

222

21
2222

1
2

11
2

21
222

21
2

21
22

1
222

11
2

11
222

1
22

291

*

164

622414

4421212

21221 

 

( ) ( ) { }( )
{ } { }

mHmhmh eeeKNSVXYhhXZmNTVK

LNZSVKXZmhNSVKKNTVYZmhhhmLNZTVK

mhLNZTVKhhKNTVXYmmhXYKNTVCNum

21 4
21

222

22
1

22
121

222

1
222

21
2

1
2

301

212

224

218212 

−−−+

+−−−++

++−++−=

 

 

( ) ( ) ( ) ( )
( )

mHmhmh eeeKSTYKVYVXSK

hSTXmKhhYmKThhXmTKmhSTVXmhKXmhVK

mhVYKTmhXVKmhhVXmTKCNum

3422

2
2

22
21

223
21

422
12

2
2

22

1
2

1
32

1
2
2

222
311

21

44162122

21221214 

−−−−−

−++++−

+−+−+−=

 

 

( ) ( ) mHmhmh eeeSVYKhhTVYmKmhYTVKCNum 362
21

22
1

22
321

21421 −−−++−=  

 



 

226 

( ) { } ( ) ( )
( ) ( ) ( ) ( )

( ) { }( ) { }
( ) ( ) ( )

( ) ( )
( ) { } ( ) { } ( )
( ) ( ) { }( )

( ) { }
{ }

{ } { }
mHmh ee

NSVXZmhKTXNShmNTXLNZTNTXZmhmhLNZTK

KNTYZmhLNZTSKNSVXNTYTXYKNShKNTXYm

KNTYZmhhNTXZmKKNSVXYLNZSVKmhNTVXZmhNTVX

YZKNSTmhLNZTmhhmXNTmhXZmhNT

mhmhLNZTKhmhmLNZTKmhXNTV

KNTVXYmhmhYNTmhhXYmKNThXZmNSTK

mhXZmhNTVKmhYZmhKNTmhhXZmNTK

mhLNZTVKhhmNTVZKmhLNZTVKmhXYKNTV

mhKNTVYZmhXZNSTmhmhXNSTmhhNTVXZmK

NSVKmhXYmhKNSTmhmhLNZSTKCNum

1*

2444

424

22212

21214214

218414212

22122144

212216218

24212212

2121212214

2212212 

2
2222

2
222

22
22

2
2222222

2
2

2
3
2

3222
12

2

2
1

23
1

2
2

223
12

3

11
2322

1
22

2
2232

1
22

21
23

1
2
2

232
2

222

12
22

12
3

1
3
2

332

2
22

21
222

1
222

1
2

11
2

12
22

1
2
2

22

22
12

2
12

222
331

−

−−−+−++−

−+−−−−−

−−−+−−+−

+++−+−++

−+−++−+−

−+−+−+

+−+−+−

+−+++−+−

+−+−+++−

−++++=

 
 

( ) ( ) mHmh eeSTXmhVXTCNum 3
1

2
341

121 −−+−=  
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( ) { } ( ) ( )
{ }

{ } ( ) ( )
( )

( ) ( )
{ } { }

{ } { }( )
{ } { } ( )

{ }
( ) ( )

{ } ( ) { }( )
( ) ( ) ( )

{ } { }( ) { }( )
{ } ( )
( ) { } ( ) ( )
{ } ( ) { }( )
( ) ( ) ( )

( )

{ } { }
{ }

( ) mHmh eeSTXZNZmhSTXNmhZXVN

mhLNZNVZKVYZKNZmhSTXNhmSTXNhLNSTXmK

hmLNZNSTXKVXYNSVXNLNVXLNZVXNSK

LNSTXSTXYNKLNSTYVXLNSKmhXVNVXYZmhKN

XYZmhKNVXYZmhKNSTVXYZmhKNmhhhmVXTN

mhXVNmhVXYTNmhSTVXYZKN

mhLNZVYKNTSTXYZmhKNmhmhLNZVZNTK

mhXmhLNVKmhmhLNZXNVKmhVYKLNT

XYZVKNhXmLNVKXLNVKmhmhLNZXNVK

mhLNZXNVKhmLNZVXNTmhLNZZNVK

mhhhVXYZmTKNmhVXYZmhTKNmhhhVXmLNTK

mhLNZVXmhNTKhmhmLNZVXNTK

mhhVXmLNTKmhhhmVXZTNK

mhLNZZNTZmhSTVXNZSTVXNZmhYTN

mhmhLNZVXNThmVXZTNVXLNTmhLNZVXNT

mhLNZZNTKhmLNZZNTKhhYmKLNThhmYZTKN

mhLNZNSTVZKhhmXTNhhmXZTNhhmLNZXNT

mhhZmXTNhZmXTNmhmhSTVXN

hhmXYTNhmZmhVXTNhhZmVXTN

mhZVXTNhXmLNTKmhmhLNZXNTK

LNZhXmNTKhhXYZmTKNhhmSTVXZNK

mhLNSTVXmhKmhmhLNZNSTVXKCNum

−−++−+

+−−−−−

+−−−−+−

−−−−−+

−−++−

+−+−−+

++−−++−

−−++−+−

−+−++−

−+−++−+−

−−+−−−

−+−++−

−−++

+−−−−

−+−−−+−

−+++−+−

+−++++

−−−++

++++

−++−+−

+++−

++++=

122
2

22
1

222

2
2222

2
222

2
2322

2
22

2
2

2222232222

2222
2

322
2

2

2
2

1
2

1
2

121
2322

1
332

1
222

1
2

1
22

2
2

12
222

12
22

12
222

1
2

222
1

23232
11

232

1
2322

1
222

1
222

121
222

12
22

1
2
21

322

1
2

1
222

1
22

2
2222

1
2
2

222
1

2
21

32222

1
22

1
2222

1
222

11
222

1
22222

1
22

1
2222

2
2222

21
22

21
2222

1
223

21
4322

21
2222

21
222

1
2
2

22222
2

2222
12

32

21
22222

1
2

2
222

21
2222

1
2223

2
322

12
222

23
2

3222
21

322
21

2222

12
2

12
22

351

221

2244

4

22

442214

2121241

214212

21221221

4212

21412

214216218

218414

214218

282

21242

214448

21884

2188212

44148

21416218

8164

212212 

 

( ) ( )

mHmh ee

ZmhXSVNhhZmXTVNSVXLNhmZXTVNmhZXTVN

hhZmXTVNTVXZmhLNhhmLNTVXmhXTVLNCNum

3

1
323

2
2
1

3323222
1

22223
1

2223

21
2323

1
2

21
22

1
222

361

1*

2842

42421 

−−

−+−−−

+−++−=

 

( ) { } mHmhmh eeeXZmhKNSTLNZKSTXYNSTCNum 21 23
2

2222
371 22 −+++=  

 

( ) { } { } { }
{ } { } { }

{ }
mHmhmh eeeLNSTVYKhXmKLNTKLNSTVXYLNTYXSTN

hYmXTNXYZmhTNYSTVXNYTNVXYZmhTNhZmXTKN

hmXZTKNZmhSTVXKNZmhYTKNhhmVXZTKNLNZYNT

hmYZTNKLNZNSTVYKLNZKNSTVXhmLNZYNTK

mhLNZZKNThmLNZZNTKmhLNZNSTVZKCNum

−−+++++

+−++++

−+++++

+++++++

+++++=

21 2322
2

222222

2
2

2222
2

2222322
1

223
2

3222

2
2

2222
2

22
2

222
21

222222

2
2

222222222
2

2222

2
223

2
322

32
23

381

4

4448

8268

84

282 

 



 

228 

( )
mHmhmh eeeTVXZmhKLNhmTVXKLN

XSVKLNYZmhXTVNTVXYLNhhmZXTVKNCNum

323
2

22
2

222

222
1

2232
21

22223
391

2124

428 

−−++

+++=
 

 

( )
mHmhmh eeeYKLNSTYLNST

XYSTNYZSTKNZmhKLNSTXYZmhSTKNmhZSTNKCNum

−−++

++++=

21 4322

222222
2

2
2

22
2

3222
401 222 

 

( )

mHmhmh eeeXYTKLNYTLN

ZmhVXYTNhhmVXYZTKNhXZmTLNKSTVXZmhLNK

YZmhTKLNhhmVXYZTKNhhmVXZTNKSTVXYKLNCNum

34322222

1
223

21
22233

2
3222

2
22

2
22

21
22232

21
332322

411

214

2482

2442 

−−++

++++

+++=

 

( ) mHmhmh eeeYSTKLNYZmhSTLNKCNum 363222
2

222
421

212 −−+=  

 

( )
{ } { } { }

mHmhmh eee

KNTVXZmhLNZSVKhmLNZTVKXZmhKNTVLNZKTV

hmKNTVXNTVYZmhKKNTVYNTVXYXKNSVCNum

21 23

2
2222

2
223

1
22

2
2

22
2

2222
431

*

4442

86222 

−−

−+++++++

++++=

 

( ) mHmhmh eeehXmKTYTKSTVXCNum 3232
2

222
441

2142 −−++=  

 

( ) mHmhmh eeeYXVNXZVKNXKLNVZmhXVKNCNum −−−+++= 21 232222222
1

232
451 24  

 

( ) { } mHmhmh eeeXZmhNVKLNZVKXYKNVCNum 21 43
1

322222
461 22 −−+++=  

 

( ) mHmhmh eeehTVXmKXSVKKTVYCNum 3432
2

2222
471

2142 −−++=  

 

( ) mHmhmh eeeYVKCNum 36322
481

21 −−
=  

 

( )
{ } { }

mHmh eehXYmKNThXZmNTKNSTVXZmhKhmXNT

LNZTXZmhNTVXZmhNThmLNZTKLSTVK

YZmhKNTNSTVZKKNSTVXYYNTNSTVXCNum

132
2

223
2

322
2

22
2

222

22
2

2
1

22
2

22222

2
222222

491

4824

4242

62222 

−++++

++−++++

++++=

 

 

( ) mHmh eeXSTCNum 332
501

1 −
=  

 



 

229 

( ) { }
{ }

{ } mhmh eeLNZKNTVYmhTVZNK

hLNTVXmKhmTVXNZmhTVXNhmNTVXZKXLNSVK

LNZXNSVKTVXYZmhKNXYZmhTVKNhhmXZTVNK

LNTVXLNZNTVXZmhXTVNTVXYNCNum

−−+++

++−++

+++++

++++=

1

1

32
2

322

2
2

222
2

232
2

222
2

22222

222
2

222
21

22222

2
1

22222
511

2

8444

648

42 

 

 

( ) mHmh eeXVLNZmhXVNCNum 33222
1

333
521

12 −−+=  

 
A.1.2 The list of Denominator C1 

 

( ) ( ) mHmhmh eeeKNVXZmhXZmhKNVLNZKVNVXYCDenom 21 22
21

22
11 222 −−+−−=  

 

( ) ( )
( ) ( ) ( )

( )
( )

( ) ( )

mHmhmh eeehhLNTVYmKhKLNTXmSVXZKNTVXYZmhN

hhYmTVXNhYmTXNTYNTYZNTXYZmhN

SVYZNKZmhTYKNhZmTXKNZmhTYKNZmhSVXKN

mhLNZKNTZhmTXZKNmhLNZNSVZKhmTYZNK

hmLNZNTZKhhZmTVXKNZmhTVYKNZmhXSVKN

hhmTVXZKNmhLNZZNSVKhhmTVYZNK

hhmLNZNTVZKhmLNZNTYKhhmLNZKNTVX

YSVXNLNSVYKmhLNZKNTVKLNSVXLNTYCDenom

−+−−−

+−−−+

−−−−−

+−++−−

+−−−−

−+−−

+−+−++

−−+−−−=

21 42
212

22
2

222
1

2

212
222

2
2223222

2
2

222
2

223
2

322
2

22
2

22

2
22

2
222

2
232

2
2222

3
2

3232
21

322
1

22
1

222

21
222

1
223

21
2222

2
21

3232
2

222
21

22

222
1

2
21

442

444

4822

2828

8822

828

844

22422 

 

( )

mHmhmh eeeSTXZmhKLNVXSKLNhmSTXKLNYZmhTLN

hhXZmTKLNhhXZmTKLNhhXYmTLNhhmSTVXKLN

hhmXTKLNSTVXZmhKLNSTXYLNCDenom

322
2

22222
2

222
1

22

2
21

3222
21

322
21

222
21

222

3
21

4222
1

22
31

21242

8844

1642 

−−−−−

−−++

+−−=

 

( ) ( )
( ) mHmhmh eeeVXYNVYZKNVXYZmhKNmhLNZNVZK

XYZmhVKNmhLNZZNVKKLNVYCDenom

−−−−+−

−+−−=

21 422222
2

2
2

22

1
22

1
222

41

22

222 
 

 

( )

mHmhmh eeehhTVXYmKLN

TYLNhTXYmKLNTYZmhKLNSVXZmhLNKhTXZmLNK

XZmhSVLNKhhTVXZmLNKTVYZmhKLNSVYZKLNCDenom

342
21

22

222
2

22
2

2
2

223
2

322

1
2222

21
322

1
22

51

214

4228

2842 

−+

−−−−−

−−−−=

 

( ) mHmhmh eeeVYKLNVYZmhLNKYZmhVLNKCDenom 36222
2

22
1

222
61

2122 −

−−−=  
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( ) ( )
( ) ( )

( ) ( ) ( )
mHmhmh eee

NSTVYZmhKYZmhNTKNSTVXZmhhhXYmNTKNSTXZmh

LNZVSKhmLNZSTKhhmYKNThhmLNZKT

hhmLNZSTVKhhYZmNTKhhmLNZTK

NSTYZmhKhhXZmKNTVXKNShmKNSTXhhmKNSTVX

NSTXYhhmXKNTKNSTYLNZKSTCDenom

21 22

1
2

1
2

121
22

2

2232
2

223
21

222
21

222

21
2232

21
3223

21
4223

2
22

21
32222

2
22

21
22

3
21

42222
71

*

22244

444

41616

624288

23222 

−

−−−++

+++−+++

++++−

−−−−+

−+−+−=

 

( ) mHmhmh eeehhKTVXmhKTXmKSVXCDenom 322
21

22
2

2
81

21442 −+−−=  

 

( ) ( ) ( )
( )

mHmhmh eee

TXKLNShhXmKLNSTYTXSNXYZmhSTNmhLNZZKNST

hhYmXSTNLNZTXKShhmLNZXKNSTCDenom

−−

−+−−+−

++−+=

21 22

2
21

22222
1

22
1

22

21
222222

21
222

91

*

422

44 

 

( ) ( )
( ) mHmhmh eeeYZmhKNSTLNZTSK

hhmLNZSTKhhXYmKNSTTXYKNSCDenom

21 42
1

2222

21
2222

21
222

101

2

482 

−−+−

+++−=
 

 

( )
mHmhmh eeehSTXmK

VXSKhhXmTKhhYmTKhhSTVXmKKSTYCDenom

3422
2

22

223
21

422
21

222
21

22
111

214

16442 

−−

−+++−=

 

( ) mHmhmh eeeTYSKhhYmSTKCDenom 36222
21

222
121

214 −

−=  

 

( ) ( )
( ) ( ) ( )

mHmh eeNTVXZmhhhmNTVXhKNTXYmhNTXZmK

NSVXZmhKhhNTVXZmKKNTVYZmhXZmhNSVKhhKNTVXYm

hhmLNZTVKhmNTXLNZTNTXZmhhmLNZTK

LNZSVKKNTYZmhKNSVXYNTYNSVXCDenom

12
121

222
2

23
2

32

2
22

21
32

11
22

21
2

21
2222

22
22

22
222

22
2

22
131

2448

28224

4444

26222 

−+−−

−−−−+

++−+−++−
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( ) mHmh eeVXCDenom 32

141
1 −=  
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( ) ( ) ( )
( ) ( ) ( )
( ) ( )

( )
( )

( )
( )

mHmh ee

mhLNZNSTZKSTVXYZmhKNKLNSTYVXLNSKhLNSTXmK

hhYmKLNThhLNSTVXmKhhXmLNTKhmSTXNVXSN

ZmhSTXNhhZmXTNZmhYTNZmhSTVXNmhLNZZNT

hhmXZTNhhmYZTKNhhmLNZZNTKhhmXTN

hhmXYTNhhmSTVXNhhmLNZXNThhZmXTN

hhXYZmTKNhhmLNZNSTVXKmhLNZNSTVZK

LNZVXNSKhmLNZNSTXKhhmLNZXNTK

STXYZmhKNLNZKNSTYSTXYNNZNSTXCDenom

−

+−−−−−

+++−−

+−−−+−

+−+−+

++++−

++++−

+−+−++

−+−−+−=

12

2
22

1
2222

2
22

21
22

21
223

21
4222

2
232322

2
222

21
3222

1
222

1
22

1
22

21
2222

21
22222

21
32223

21
4322

21
2222

21
232

21
2222

21
3222

2
21

322
21

222
1

22

2222
2

2223
21

4222

2
22222

15

*

224

44164

48222

88816

44416

1644

416

6212 

 

( ) mHmh eeTXSLNXZmhSTLNhhmXSTLNCDenom 32222
1

22
21

2222
161

124 −

−−=  

 

( ) ( ) ( )
( ) ( )

( )( ) ( )
( ) mHmhmh eeehmVXZmhKNT

hhmZKNTLNZKSThmLNZVKTKNSTVXZmhYTXSN

LNZTXKNSXYZmhSTNmhLNZZKNSThhYmXSTN

hhmLNZXKNSTKNSTXZmhhmVXYNTNSTXYCDenom

21 222
1

2
1

2

21
22222

1
2222

22
1

22
1

22
21

2222

21
222

2
2
1

22
171

412

4412212

224

444123 

−+−

−+−++−−−

+−−+−+

++−+−−=
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( )
( )
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( )
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( )( ) ( )( )
( ) ( ) ( )

( )
mHmhmh eeehhYmXSTNhhLNTVYmKhhYmTVXN

ZmhTVYKNZmhYSTKNhmhYmXTNTYZSNK

hmYTNhmZmhYTKNhmXYZmhTN

hmLNZhYmNTKhmLNZYNTVKTZmhLNSK
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