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SUMMARY

Many backcalculation algorithms based on multi-tagtastic theory and plate theory
were developed to backcalculate the layer modula dfexible and rigid pavement
system, respectively. Unfortunately, they do netagls give the unique answer due to
the use of iterative trial and error approach inedieping the algorithms. In this study,
a development and evaluation of closed-form backdatfion algorithms was
proposed. The aims of this research were to exathmenerits of currently available
closed-form backcalculation algorithms, and develbpprocedure to derive the
composite modulus of subgrade reaction (comp@&sidue) for a rigid pavement with
a subbase layer using a suitable closed-form b#mietion algorithm; and to develop
a closed-form backcalculation algorithm for muétiser flexible pavement system. The
results showed that the closed-form backcalcula@gorithm, NUS-BACK, was
suitable to evaluate the layer moduli of an inéniind finite-slab rigid pavement

system. The next result produced was the relatipnsh two radius of relative
stiffness of different foundation model, namély/es and /x-lessp relationship, was

suitable to determink and composité values from their respective layer modml
and Es and Eg, Another important achievement was the proposexsed-form
backcalculation algorithms for three- and four-laflexible pavement developed in
this study, 3L-BACK and 4L-BACK, could produce glity more accurate

backcalculated moduli than those of other iteratimeed backcalculation programs.

Vi
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CHAPTER 1

INTRODUCTION

1.1 Definition of Pavement Systems

Most pavements could be broadly classified into teaiegories, namely
flexible and rigid pavements. A rigid or concrgigvement consists of a rigid slab
typically designed based on a theoretically relaedlysis involving some empirical
modifications to the Westergaard (1925) approatdxible pavements are represented
by a pavement structure having a relatively thiphas#t wearing course overlying
layers of granular base and subbase which arelledst® protect the subgrade from

being overstressed.

1.2 Rigid Pavement System
1.2.1 Background

A rigid pavement is in practice commonly consteactof Portland cement
concrete slabs supported on a granular subbasdyiogethe subgrade soil. It is
designed to withstand heavy axle-loads over aivelgtlong service life of as much
as 40 years. The subgrade is an important patteofigid pavement system having a
major influence on the level of performance of fevement, and how long the
pavement can last without major repairs.

There are two approaches that are commonly usedotiel the subgrade soil,
namely the dense liquid model and the elastic soliddel. These two models
represent the two extreme ends of the spectrunetwdibor of the real soil. The liquid

foundation, also called Winkler foundation, assurined the vertical displacement of



the subgrade surface at any point is proportionahe vertical stress at that point,
without shear transmission to its adjacent arehs.€élastic solid model, first proposed
by Boussinesq in 1885 (Huang, 2003), considersstileas an elastic, homogenous
and isotropic material. According to this modelload applied to the surface of the
foundation produces a continuous and infinite deibe basin.

In 1925, Westergaard introduced the term “modubfissubgrade reaction”,
widely known as thé value today, which is equal to the applied pressaquired to
produce a uniform unit deflection under a specifieaded area (Westergaard, 1925).
In the early years was only used to represent the elastic charatitarisf subgrade.
However, after the first full-scale road test coctéd in Arlington, USA, in 1930k
was also used to characterize other layers ab@veubgrade, such as the subbase and

base layers (Darter et al., 1995).

1.2.2 Significance of k Values in Design and Evaltian of Rigid Pavements

The concrete slab of a rigid pavement system ifé atd can distribute the
applied load over a wide area. Because of its itigidnd ability to distribute the
applied load effectively, structurally no additibayer is required between the slab
and the subgrade.

In the early days of applications of rigid pavemsystems, the design of the
rigid pavement generally only consisted of two fayé.e. concrete slab and subgrade
soil. However, because of the joint pumping probléms design became uncommon
later. All rigid pavements today are practicallynstructed with a subbase layer to
serve as a drainage layer and to protect the sdbégail against pumping and other
moisture-related distresses. Therefore, to take atcount the contribution of the

subbase layer in a rigid pavement system, the tiseropositek value in pavement



design, instead of using only the k value of thbgsade soil, becomes a necessity
today. Several major design methods in highway peve, such as the AASHTO
(1972) and PCA (1984), have used compdsitalues for the purpose of either new
structural design or rehabilitation and overlayigiegAASHTO, 1972, 1986, 1993;
PCA, 1984). This indicates that the concept of cositpk value is quite important in
those types of design.

Because of the simplicity in its use and the ingatia required, the employment
of the k value-based design methods are very popGlanerally, only two or three
input parameters are required: some require omlyrtbhdulus of subgrade reaction and
the thickness of subbase (AASHTO, 1972; PCA, 19@&djle others also require the
modulus of subbase (AASHTO, 1986, 1993). For newstoction design, the
determination of the input data could be condutigdiestructive methods (field test
or laboratory test) and nondestructive methods ri®asuring the responses of the
pavement system under a test load). However, e¢lsalts of compositék value
determination using the different design methodsret consistent since each method
only developed based on experimental experiencspiecific locations and for certain
material types.

For rehabilitation and overlay design, the useaidestructive test to determine
the compositék value is more popular than destructive tests, imzaestructive tests
are not practical for this type of design. In thipe of design, the responses of the
pavement under a test load will be employed astitgpiackcalculation analysis for
the determination of the composikevalue. Many backcalculation procedures and
algorithms are available today. However, they tendive different answers because
of different simplifications and assumptions made the modeling of the real

pavement system.



1.3 Flexible Pavement System
1.3.1 Background

Boussinesq in 1885 introduced a theory of flexiplevement structure which
was considered as a homogenous half-space. It nihahshe pavement system is
only consisted of one layer which is infinite is ¥ertical and horizontal directions.
The original theory by Boussinesq (1885) was based concentrated load applied on
the system.

In 1943, Burmister developed a solution for mudiyer system by introducing a
two-layer system (surface layer and subgrade) pieesent a more appropriate model
for flexible pavements that have more than onerlayth better materials in the upper
layers.

In 1945, Burmister extended the concept of malger system by introducing a
three-layer system (Burmister, 1945b). The systamdn intermediate layer, namely
base layer, between the surface layer and subgnaaleler to construct economically
a sufficiently thin thickness of surface layer @ondprovide adequate support against

heavy loads by spreading the pressure over a weakgrade.

1.3.2 Multi-layered System in Design and Evaluationf Flexible Pavements
Theoretically, the assumptions mentioned in tleipus section are only used to
simplify the structural model of flexible pavemeiitis known that the materials of
base layer and subgrade are not homogenous andaiBpear. It is also true that the
surface layer should have weight, and not weightsall. However, the use of those
assumptions has a merit in developing the flexide&ement structure model. In
contrast to rigid pavement system, all layersénxifile pavements are characterized by

the same engineering parameter, i.e. the moduluslasticity, E, rather than two



different parameters, that is, elastic modulus ofcrete slabH;) andk, in rigid
pavement systems.

Today, a flexible pavement consisted of threefoar-layer is used extensively.
The use of three-layered models in pavement desagnrepresent three layers with
different ranges of elastic moduli, that is, suefdayer (commonly contains asphalt
materials), base layer (contains granular mateasiad) subgrade (contains fine-grained
soils). The use of an intermediate layer, whichre@eents two layers, i.e. base layer
and the subbase layer, in a three-layer modessabplicable. The second layer in the
intermediate layer contains a lower-quality granateaterial and has purposes similar
to the subbase layer in a rigid pavement systeat, i) to minimize the intrusion of
fines from subgrade into upper layer and to aet dsainage layer.

The four-layered system is more preferable toasgmt a multi-layer flexible
pavement in practice. For new construction, the-fayer model is better than a three-
layer one to represent the four layers commonlyndoin practice, i.e. surface layer,
base layer, subbase layer and subgrade. Furtherandoer-layer model is also more
suitable to be used in overlay design, by assigtimegyoverlay layer as top layer,
followed by existing asphaltic-material layer as@®l layer, combination of base and
subbase layers as the third layer and subgradedadt layer.

Similar to the determination of compodit@alue in rigid pavement design, there
are two methods to determine the layer elastic nusd&, i.e. destructive and
nondestructive methods. For the destructive methwed, tests are commonly used,
namely triaxial compression test (for granular mate and fine-grained soils) and
indirect tensile test (for asphaltic materials), ileth the deflection-based
backcalculation algorithm is the most popular mdthto determineE in a

nondestructive manner. Many backcalculation algorg based on multi-layer elastic



theory have been used to backcalculate the layeulindJnfortunately, similar to the

case of backcalculation analysis for rigid pavemetitey do not always give the same

answer due to the use of different approachesvaldping the algorithms.

1.4 Obijectives and Scope of Work

The main objectives of this research are: (a) mare the merits of currently

available closed-form backcalculation algorithmsd adevelop a backcalculation-

based procedure to derive the compokitalue for a rigid pavement with a subbase

layer using a suitable closed-form backcalculatdgorithm; and (b) to develop a

closed-form backcalculation algorithm for a thragdr flexible pavement system, and

another for a four-layer flexible pavement system.

1.

The scope of work consists of the following compuse

To evaluate the available existing closed-forrmd anon-closed-form
backcalculation algorithms for rigid pavements assdess their suitability for
nondestructive determination of compoditealue, addressing the issues of slab
size, the choice of seed modulus values, and thieelof the forward deflection
computation method.

To propose a procedure based on the backcatoulpproach to determine the
compositek value of a rigid pavement by means of deflectioatahing of
equivalent pavement systems.

To perform a validation of the computed compokitvalue by the proposed
procedure against actual measured field data mgbartthe literature.

To develop a forward calculation program forethr and four-layer flexible
pavements respectively and perform a verificatm®xamine the robustness of

the program using hypothetical data.



5. To develop closed-form backcalculation methodstloee- and four-layer
flexible pavement systems respectively.
6. To perform verification of the proposed backa&ton algorithms of three- and

four-layer flexible pavements using hypotheticaiada

1.5 Organization of Thesis

Chapter 1 presents the background of the study highlighting heed for a
rational analytical procedure to determine the cosite k value of a rigid pavement
and elastic modulug of a multi-layer flexible pavement. The objectivaasd the main
scope of work of this research are also presented.

Chapter 2 reviews the existing literature ok and E values, such as its
definition, the methods of determination and fastaffecting their determination.
Special focus is placed on the determination of masiiek value of rigid pavements
and backcalculatede values of multi-layer flexible pavements, and tissues
involved.

Chapter 3 presents comparisons of several closed-form bémKesion
computer programs of concrete pavement using medsdeflections from the
database of the USA Long Term Pavement Perform@nideP) Project (Elkin et al.,
2003). The effect of finite slab size in backc#tion analysis of concrete pavement
using the selected closed-form backcalculation mammgand four other different
backcalculation programs are evaluated.

Chapter 4 presents the examination of existikges (Es stands for elastic
modulus of subgrade) relationships on rigid paveansgstem used in practice and the

development of proposelEs relationship by means of equivalent concepts, i.e.



equivalent k-model and equivalenEs-model, and also equivalerk-model and
equivalentEs-model with subbase.

Chapter 5 presents the derivation of forward calculationusoh for the
determination of deflections of the three- and flayer flexible pavement system,
addressing the issue of robustness of the solaah comparing the results of the
solution with that of other similar forward calctitan programs.

Chapter 6 reviews the development of backcalculation alpomg for the
determination of elastic moduli of the three- aadrflayer flexible pavement system,
respectively, addressing the issue of robustneghefprogram and comparing the
results of the program with that of other backcttan programs.

Chapter 7 presents the summary of research findings and mne@sdations for

further research works.



CHAPTER 2

LITERATURE REVIEW

2.1 Introduction

In 1867, Winkler provided the conceptual model gfi@e supported by a dense
liquid foundation, with the assumption that thisufidation will deflect under an
applied vertical force in direct proportion to tfaece, without shear transmission or
deflection to adjacent areas of the foundationcoekred by the loaded area (Darter et
al., 1995). The deflection under the load is assutode constant over the loaded area
(see Figure 2.1).

The behavior of this type of foundation under adlo@ similar to that of a slab
that is placed on an infinite number of springthat of water under a boat. According
to Archimedes’s principle, the weight of the boatequal to the weight of water
displaced. In other words, the total volume of Bispment is proportional to the total
load applied.

Using the analogy of this elastic spring behawdigstergaard (1925) introduced
the term “modulus of subgrade reactiok; as the spring constant in the relationship
between the contact pressuyrat the bottom surface of the slab and the defieobif
the foundation surfacs, as given in Equation (2-1).
p=k.w (2-1)

Because of the simplicity of the concéptvalue and its ability to simulate the
actual behavior of rigid pavements with sufficieadcuracy adequate for practical
applications, liquid foundation is still being usesidely today by pavement

engineering practitioners and researchers. ResmarcliDarter et al.,, 1995,



Khazanovich and loannides, 1993) have reported filatslabs on a natural soll
subgrade or a granular subbase, the model canla@accurately the responses of
slab at its edges and corners, which are wherentbst critical stresses in the
pavement would be located.

In the event that a subbase layer is provided, use of Equation (2-1) in
pavement design or overlay design requires thatgpositek value that combines the
structural response of the subgrade and the sulidgeseto be evaluated. Practically
all concrete pavements constructed today comprissuldbase layer to facilitate
subsurface drainage and prevent joint pumping. déermination of compositk
values is an important element of the concrete paw design process.

On the other hand, the concept of elastic layehedry was introduced by
Burmister (Burmister, 1943) as an improvement ®ttieory of flexible pavement as
a homogenous half-space by Boussinesq (Boussiri&®p). The elastic layered
theory is more appropriate to represent the agiagement system since a flexible
pavement system should not be consisted of onlylay®s of a homogenous mass, but
should have multi layers with better materials op because the intensity of stress is
high on the upper layer of the pavement system,imfiedior materials at the bottom
where the intensity is low.

Firstly, Burmister introduced a concept of a pagahsystem with two layers in
1943 (Burmister 1943; 1945a), and then the conegs extended to a three-layer
pavement system in 1945 (Burmister 1945b). The epinof the three-layer flexible
pavement system could be extendedhayer pavement system, but the following
basic assumptions of the multi-layer pavement systould be satisfied (Burmister,

1943; 1945a):
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a. each layer is homogenous, isotropic, and ligegldstic with an elastic modulus
E and a Poisson ratja

b. the surface layer is weightless and infiniteextent in the horizontal direction,
but finite in vertical direction. The subgrade isfinite in extent in both
horizontal and vertical directions;

c. the surface layer should be free of shearirgsstand normal stress beyond the
surface loading. The subgrade should be free @sstand displacement at
infinite depth; and

d. continuity conditions at layer interfaces arésiad.

The use of an assumption that layered elastiayhisanfinite in the horizontal
direction means that this theory cannot be appiee@valuate the rigid pavement
system with transverse joint. This theory is alsapplicable to rigid pavement when

the loads are less than 0.6 or 0.9 m from the paweedge (Huang, 2003).

2.2 Determination of Layer Moduli
2.2.1 Direct Test Methods
2.2.1.1 k and Compositek Value of Rigid Pavement System

Destructive methods are the earliest approach tesedeasure the modulus of
pavement layer, especially the modulus of subgradetion, i.e. th& value. By these
methods, all layers above the subgrade must beveino form an open pit before a
measurement can be made. A common procedure uséd arly days is the plate
load test that includes the non-repetitive statidepload test (ASTM D1196-93 and
AASHTO T222-81) and the repetitive static plateddast (ASTM D119%3 and

AASHTO T221-90). One main drawback of these meghisdthat a simulation of
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subgrade at various moisture contents and densitieed out the worst condition of
subgrade is almost impossible.

Besidesk value, the compositk value also can be determined using these two
tests, particularly for the design of new road taetion. There are several methods
used to determine composkevalue based on the measured layer moduli, sutheas
AASHTO (American Association of State Highway angisportation Officials) and
PCA (Portland Cement Association) methods desciibéige following paragraphs.

The AASHTO method is one of the most widely usedhmés in pavement
design today. The early version of AASHTO methduk (1972 AASHTO Interim
Guide) provided a procedure to determine compdsitelue using a nomograph with
subbase stiffness and modulus of subgrade reaamsias input values (see Figure 2.2).
The later version of the AASTHO method (the 198&iDe Guide and then replaced
by the 1993 Design Guide) modified the nomographepyacing one input value, that
is, the modulus of subgrade reaction with the sadbgrresilient modulusVig), and
adding a new input value, thickness of subbaser l@iyggure 2.3). The resilient
modulus used to compute the compokitealue is based on a plate load test using a
base of 30-in (762 mm) diameter. Huang (2003) dtateat this procedure is
misleading and will result in stresses and deftetithat are too small.

The PCA procedure expresses the compdsitealue as a function of the
subgrade sok value, base thickness, and base type (granutaaroent treated) (PCA,
1984). Tables 2.1 and 2.2 list the PCA recommemaeapositek values for untreated
base and cemented treated base respectively. Thesvahown in Table 2.1 were
derived by applying the Burmister (1943) theorywwb-layer systems to the results of

plate load tests on subgrades and sub-bases-stchl# test slabs (Childs, 1967).
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This method has a main drawback in that the acgurhthe composité values
interpolated from the values in the tables is naivin, and extrapolation beyond the
range of the given values is questionable. Anotlgadvantage of this method is that
the modulus of subbase is unknown for both typesubbase (untreated and cemented

treated subbase).

2.2.1.2 Elastic Layer Moduli of Flexible Pavement stem
All materials in a flexible pavement system aredgily characterized by elastic
modulus or resilient modulus. The resilient modyMs) is the elastic modulus based

on the recoverable strain under repeated loadsn@jD03), defined as

Mg _%d (2-2)
&y

in which oy is the deviator stress agdis the recoverable strain.

Under traffic loading, most pavement materials amnsidered to behave
elastically since the deformation under the snaddl (compared with the strength of
material) and repeatable loading is nearly completecoverable. This is the reason
why the term elastic modulus is more frequentlyduan resilient modulus.

Different procedures are adopted to measure thstielmoduli of different
materials, such as the resilient modulus test fobound granular base/subbase
materials and subgrade soils using the repeatetti@ial test (AASTHO T 294-92
or known as SHRP Protocol P46), and the resilieodlutus test for asphalt mixtures
using indirect tension test (ASTM D4123-82 andrgndsed ASTM WK3751).

The use of elastic modulus to characterize pavemsterials has practical
benefits, especially for determining the elasticdoas of the subgrade. The resilient

modulus test is faster and less expansive thae fdading test. In addition, the same
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sample of the layer materials can be used for nt@sig under different loading and
environmental conditions. This might be the reasmnthe AASHTO method to
replace the use of the modulus of subgrade reaatidhe 1972 Interim Guide with

resilient modulus in the 1986 and 1993 Design Guide

2.2.2 Correlation with Other Engineering Properties

Since the destructive methods are time-consumidgeapensive, nowadays the
k value is generally estimated by correlation toperties that can be determined by
simpler tests. These include such the Californiarlg Ratio CBR (Darter, 1995;
Hall et al., 1995), the elastic modulls @nd resilient modulus of the subgraditx).

The correlation betweekvalue andCBR developed by the Corps of Engineers,
USA, was first published by Middlebrooks and Barirg1942). Approximate
relationships between tlkevalue andCBRwere also provided by PCA (1966), as seen
in Figure 2.4. The relationships betwelervalue and other soil properties are also
depicted in the figure.

The correlation between the modulus of subgradetien K value) and the
elastic modulus of subgrad€&)(is practically useful. For instanck,value can be
related to elastic modulus and Poisson’s ratitnefdolid foundationHs andx) so that
the property of a liquid foundation can be derifien elastic analysis, thus resulting
in a simplification in calculation and saving ofneputational time. Vesic and Saxena
(1974) suggested the use of the following correfati
k :(E_me Efz (2-3)

— pf
in which E¢ is the elastic modulus of concrete dni the thickness of the slab. This

equation is applicable only to loads in the integba slab (Huang and Sharpe, 1989).
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For computing deflections, Vesic and Saxena (1%i#@jgested that thie value be
taken as 42% of the value obtained from Equatie8)(2

The correlation betweenvalue and the resilient modulus of subgrade can be
derived using the definition & value, that is, the ratio between an applied piress

(p) and the deflectionn) as shown by Equation (2-4).
k=P (2-4)
W

The deflection of a plate on a solid foundatiorthet center of the slalwg) can be

determined by the following equation:

2
W =J—L” L- 4 Jpa (2-5)

0 2E
Substituting Equation (2-5) into (2-4) and repladiwith Mg will yield the following
equation:

2M g

T —,u2

kK = (2-6)

in which x is the Poisson’s ratio of the foundation and the radius of the plate.
Another important correlation is one between resil modulus and other
engineering properties, as developed by Van Tale(1972) (see Figure 2.5). This
correlation is important especially if only empaictests, such as CBR test,
stabilometer test, and so forth, are available. él@x, great care should be exercised
since such empirical tests measure the strengtheomaterials and not their elastic

properties. In addition, this empirical correlatisrderived based on local conditions.

2.2.3 Non-destructive Test (NDT) Methods
NDT methods, as the name implies, leave the paversiacturally intact.

Deflection based methods are by far the most conyrextopted approach today. In
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these methods, deflection basins could be produsety NDT equipment such as
steady-state vibratory devices or falling load eefbmeters that produce impulse
loads (Fwa, 2006). With the measured deflectionnsasppropriate backcalculation
algorithms can be employed to estimate the engimgeproperties of various

pavement layers, including the subgrade soil. Aaitet description of the different

backcalculation approaches in use today is predenté&section 2.3. NDT methods
have been used to evaluate the structural capa€iin-situ pavements (Pradhan,
1999), the load transfer efficiency across jointsl a&racks in concrete pavements
(Jackson et al., 1994; McCullough and Taute, 1988)er properties of in-service

concrete pavements (Li et al., 1996), and to ddatextocations and extents of voids
under concrete slabs (Crovetti and Darter, 1985).

Past studies have indicated that the results of NDthe determination of the
layer moduli could be affected by the rate of loagdias well as other loading
conditions such as the magnitude and duration aditey. The moduli in certain soll
types, such as cohesive saturated soils, may stasuially higher under rapid loading
(e.g. moving vehicle) than under slow loading. Tisivecause under rapid loading,
pore water pressure is not fully dissipated. In NDiEthods, the application of
inappropriate loading rate may occur and yield peexed results. For instance, the
modulus of subgrade reaction determined from statid tests may not adequately
represent the actual condition under moving traffarter et al, 1995). Hall and
McCaffrey (1994) applied NDT at an airport and cated that failure in the pavement
evaluated was due to the application of a faster e&loading on the pavement used
as a parking area. Matsui et al. (2000) found tiraimeasured data based on static and
dynamic loads actually were not significantly di#fat although this finding was

contrary to what they obtained using numerical $ations. Roesset and Shao (1985)
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reported that differences produced by static anthdhic loadings were insignificant
when the subgrade thickness was more than 11.48 m.

Under the real condition, pavement structures aubjested to different
magnitudes of loads. However, under different lngdihe layer moduli would not be
significantly different if the pavement system wasly linear elastic (Grogan et al.,
1998). Grogan et al. (1998) stated that for rigaggments, the layer moduli tend to be
independent of load level, but not for flexible pment. Similar results are also found
by Hall et al. (1996) that if the load level is ficiently large,k value usually does not
depend on the load level.

The measured layer moduli may also be dependetiheuration of loading.
Subgrade deformation may be time-dependent. TafdrSutherland (1943) observed
that for a given load applied to the bearing platehe load testing apparatus, the
displacement of the plate continued for a long teéore a complete equilibrium was
reached. It follows then that in reality, the sé@tat of the duration of the test load
must be carefully made in order to obtain an apate evaluation of thk value.

It is important for a NDT device to apply a loaglinondition (magnitude and
duration) similar to that of the actual traffic.i$t generally agreed that among all the
currently available NDT devices, the Falling Wei@rgflectometer (FWD) is the best
device developed so far to simulate the magnitundiedaration of actual moving loads

(Lytton, 1989).

2.3 Backcalculation Algorithms for Layer Moduli
One of the most useful applications of NDT tesimtp backcalculate the elastic
moduli of pavement components. Backcalculation yamislcan be classified into

several categories, depending on the type of legesentation and the type of
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material characterization. Among all the types atkralculation methods, the static
linear backcalculation is generally preferred ine ttmajority of pavement
backcalculation studies because of its simplicitg acceptable error ranges (Goktepe
et al., 2006).

Fwa (1998), Harichandran et al. (1994nd Goktepe et al. (200¢rovided
detailed descriptions of the various approacheshef static linear backcalculation
currently available for the purpose of backcaldalatanalysis. One approach makes
use of theoretical closed-form solutions to dineatbmpute the elastic modulus of
each layer by using layer thickness and deflectimm one or more sensors (Li et al.,
1996; Fwa et al., 2000). Another approach of backtation applies some form of
iterative process that varies the various paveneydr moduli until a sufficiently
close match between the computed and measuredti®ile is obtained (Hall et al.,
1996; Khazanovich et al., 2000; Almedia et al.,4)9A third approach relies on an
appropriate database that pre-calculates solubased on measured deflections for a
large number of pavement sections, and stores themm organized database. The
pavement structure in the database that has itsctieh basin that best matches the
measured deflection basins is picked as the salulibis approach is often termed as
database search algorithm (Lytton, 1989; Uzan, 19% et al., 1989). The fourth
approach is regression-equation based methods réfae surface deflections to
pavement layer moduli using statistical regressitechnigues (Fwa and
Chandrasegaran, 2001; Harichandran et al., 1994).

Huang (2003) commented that most of the secondtl@mtl approaches of the
backcalculation programs generally calculate tlasted modulus of the subgrade first
using the outer sensor deflections, as it is kntiat the subgrade properties affect

almost entirely the deflection measured by the sefathest from the load (Irwin et
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al., 1989; Almedia et al., 1994). Once the elastiodulus of the subgrade is
calculated, it is used as an input for the backdaton of the moduli of the overlying
layers.

Brief descriptions of backcalculation algorithmsr fboth rigid and flexible

pavements are given in the following sub-sections.

2.3.1 Closed-form Algorithms
2.3.1.1 ILLI-BACK

ILLI-BACK is a closed-form algorithm proposed by fiman and Thompson
(1981) for calculation of pavement properties of iafinite rigid pavement slab
supported directly on the subgrade. It is also kmas the AREA methodAREAIs a

parameter defined by following equation:
AREA= 1 {Wo o+ (nfwi (r.,, - rl)j + w, (r, - rn_l)} (2-7)
2 W, i1

in which w; is the measured deflection at poini = 0, n), n is the number of FWD
sensors minus one, andis the distance between the center of the loat glad the
sensor at point. The AREAparameter is not truly an area, but has a dimaensfo
length since it is normalized with respect to ohtéhe measured deflections in order to
remove the effects of load magnitude. loannideale(1989) found the following

unique relationship betwe&REAand the radius of relative stiffness)(

In( A- AREA) D
/= B

C (2-8)

in which the values foh, B, C andD are given in Table 2.3.
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Using this relationship, the layer moduk.(and k values) can be calculated

using the following formulas,

k= {:‘;;J (2-9)
r

(2-10)

025
yo | Eeh (2-11)
12(1- 42)k

in which P is the applied NDT load]; is the measured deflection at radial distance
d* is a non-dimensional deflection coefficient fodied distance; « is the Poisson’s
ratio of the concrete slab; ardy andz are numerical constants as shown in Table 2.4.

Using a four-sensor configuration, loannides et(hH89) developed a closed-
form backcalculation computer program known as {BACK for a two-layer
concrete pavement system. Hall et.al. (1996) agpghe same approach using both a
four- and a seven-sensor configuration to backtatieypavement layer moduli for
rigid pavements. The Strategic Highway Researclgiaro (SHRP) (Hall et al., 1995)
adopts a seven-sensor configuration with senscegdd at 0, 203, 305, 457, 610, 914
and 1524 mm from the center of load and a foura&enenfiguration with sensors
located at 0, 305, 610 and 914 mm from the cerftédoaal. For convenience, ILLI-
BACK4 and ILLI-BACK7 are used to denote the ILLI-BAC computer programs
based on the four- and seven-sensor configuratespectively. The ILLI-BACK7
based on the seven-sensor configuration has beeptead by the 1993 AASHTO
Guide (AASHTO, 1993).

The ILLI-BACK algorithm offers a straight-forwardcomputation for
backcalculation of rigid pavement properties andegigood results in conditions

similar to that established for the algorithm. Heee several limitations related to its
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rigid solution scheme and its inability to handleasurement errors effectively were

identified by Li et al. (1996) as follows:

a. Equation (2-7) shows that the param&BEAis normalized by deflectionp.
The reason for ILLI-BACK to choose, as the normalizing deflection value is
unclear. Li et al. (1996) has demonstrated thas#étection of other deflection as
normalizing deflection value could affect the corgalresults.

b. The use of equations in ILLI-BACK algorithm, $uas Equations (2-8) and (2-
10), is limited to certain sensor locations, aswshin Table 2.3 and 2.4. Any
interpolation to estimate non-dimensional deflattiooefficients for radial
distances not listed in Table 2.4 is not advisable.

c. ILLI-BACK formulation has a built-in weightingckeme represented by the
deviation of sensor offset from the center of thedl plate (see Equation (2-7)).
In real-life situations where measurement erroesiavolved in deflection input,
it is unlikely that the scheme of weighting factarsed by ILLI-BACK would

always produce the best results (Li et al., 1996).

2.3.1.2 NUS-BACK

NUS-BACK is another closed-form solution for badkcdation of rigid
pavement properties (Li et al., 1996). Like ILLI-BX, it considers a two-layer
system of an infinite slab supported on either akidr or a solid foundation. The
Poisson’s ratio and layer thicknesses of the pawmémsgstem are assumed to be
known. The two remaining unknowns, the elastic naslwf the pavement slab and
thek value, can be calculated using any two measuridctiens provided by a NDT
device, as shown in the following equations,

Wi = fi(K.Eg) (2-12a)
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W = fi(KE) (=1) (2-12b)
in whichw,, andw,,; are surface deflections measured by serisamslj respectively.

To backcalculate the pavement layer propertiesfahewing two equations are

considered,
Wmi-Wej =0 1<i<N (2-13a)
Wmj - Wej = 0 I<j<N, i #] (2-13b)

in which wg; andw; are the calculated deflections for pointndj, respectively. The

formulas for computingv;; andwg; are as follows,

P
Wei = 5 Fi (2-14a)
Ta
Wei = —— Fy (2-14b)
° k7 a® :
JO(ZtJJl(?tJ
a
Fk' =— dt (2-158.)
L ISO 1+t%
r.
Jo| Lt Jl[atj
Fi =2 ! E (2-15b)
SIREY 1+t4

in which P is the applied loada is the radius of loading plate; and r; are the

horizontal distances of sensoandj respectively from the loadyj andF; are the

deflection factorsJ, andJ; are the Bessel functions of the first kind of erdero and
order one, respectively; is the radius of relative stiffness; anid a dummy variable.

For N number of sensors, Equation 2.13 gingbl-1)/2 number of independent
nonlinear equations as follows,

WmiFkj - WmFki = 0 (2-16)
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Solving these nonlinear equations will giMEN-1)/2 numbers off values. N(N-1)/2

pairs ofk andE¢ can be calculated using Equation (2-11). Thedtesi is to calculate
the mean values of backcalculatedndE, respectively.

It is important to note that, even though it is bk to useN(N-1)/2 number of
two-sensor configurations, the choice of sensofigoration becomes important when
errors are involved in the deflection measuremefwo different two-sensor
configurations are introduced in backcalculatingdmousing NUS-BACK. The first
configuration is the use of deflections from a comation of the first sensor and any
other sensor to backcalculate slab modulus. Tmfiguration is proposed because the
deflections measured by sensors closer to thedoadlominated by the effect of slab
properties. On the other hand, for the sensor dstttaway from the load, the
deflection depends almost entirely on the subgnaabperties (Irwin et al., 1989;
Almedia et al., 1994). Hence a combination of & kensor and any other sensor is
often used to backcalculate thealue.

NUS-BACK offers speedy computation for backcaldolat rigid pavement
properties by solving directly two unknowns in tbeflection equation shown in
Equations (2-12a) and (2-12b). It always gives igu solution. However, due to the
flexibility of the algorithm to use any two-sensmnfiguration, engineering judgment
of the user is sometimes required to select a ems@r configuration that provides the

best result amoniy(N-1)/2 combinations.

2.3.1.3 2L-BACK
The backcalculation program 2L-BACK (Fwa and R20105) gives closed-form
backcalculated solutions of layer moduli of a twgdr flexible pavement. It is based

on the forward solution developed by Burmister (3;94945a) that permits one to
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compute the deflectiony;, of a pointi in the pavement surface at the radial distance,
ri, from the center of the loaded area by the folimnéxpression,

WirE = PF (2-17)
A

where E; is the elastic modulus of the surface layer of plaement,P the total
applied load, andr; a deflection factor which is a function of theckmess of the
surface layer, the radial distangeand the ratio of the elastic moduli of the pavetne

surface layer and the subgrade, as given by thatiequbelow,

© ~2m N\ 2,-4m : _
Foo ]| —me T e 00 dx, with x= 10 andN ==
x=ol 1—=2N @+ 2m“)e <M + N~ ™" h 1+0
(2-18)

where Jy(x) is the Bessel function of the"Oorder, m is a continuous variable of
integration,h the thickness of the surface layer, ahdhe ratio given byH,/E;), E,
andE; are respectively the elastic moduli of the subgradd the overlying pavement
structure.

The program 2L-BACK solves for the two unknowp and E; by considering

the deflection equations at any two poingsdj as follows,

wiri B = E Fi (2-19)
Az
Az

Combining the two equations, we have
wF—wF=0 (2-21)

It is noted that in the above equatidhis the only unknown which can be solved
by the bisection method (Matthews and Fink, 20@ce 6 is known, E; can be

computed from either Eq. (2-19) or Eq. (2-20), &ds given by timesE;. The
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execution time of the backcalculation analysis erspnal computer Pentium 4 with a
clock speed of 2.4 GHz is less than one second.

The 2L-BACK program is applied for analysis of panent by representing a
typical multi-layer flexible pavement as an equerdl equal-thickness two-layer
system as shown in Figure 2.6. While the subgraegessentation is identical to that
in the actual pavement, the overlying pavementcsire is now represented in the
equivalent pavement system by an equivalent straictayer with an elastic modulus
of E., a Poisson’s ratio ofi and equivalent thicknes$x). The thicknes$y of the
equivalent pavement structure is equal to the siutheolayer thicknesses of the actual
pavement, i.eh; = (h; + hy + hg). In a similar manner, to evaluate the surfacerlaye
the surface representation is identical to thahéactual pavement and the underlying
pavement structure is represented by an equivakeregment layer with characterized
by equivalent elastic modull®, a Poisson’s ratio ofe, and infinite thickness. As a
two-layer pavement model, 2L-BACK cannot be usedestimate the moduli of

intermediate layers between surface and subgrade.

2.3.2 Trial-and-Error Best Fit Algorithms
The trial-and-error best fit method is an iteratimetimization backcalculation
method with an objective function to minimize amoerfunction. Equation (2-22)
shows a common form of error function used in battkdation of rigid pavement
properties.
n 2
F (Kk,k, Ec) = 2.0 (Wci 'Wmi) (2-22)
i=0

where ¢; are weighting factorsy; is the calculated deflection for pointwy, is the

measured deflection at pointandn is the total number of sensors. Different best fit
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backcalculation algorithms have been used by highaggencies and researchers. The

following subsections highlight three such algarith

2.3.2.1 ERESBACK

ERESBACK is computer program that solves for a doatiion of the radius of
relative stiffness of the pavement slab and the utusd of subgrade reaction that
produces the best possible agreement between eédéetad and measured deflections
at each sensor (Hall et al. 1996, Khazanovich.e2800).

ERESBACK sets the weighting factors defined in Emum(2-22) equal to 1 or
(1Mmi)? Using the relationship between the calculatededgbn, w,, and loadp, an

error functionF of the following form was adopted:

F(tok) = Yo (—p £.(,)- wmijz (2-23)

i \k
To obtain the minimum value of the error functiBnthe following conditions

should be satisfied:

F o (2-24a)
oK

F (2-24b)
o,

Substitution of the error function equation intoutions (2-24a) and (2-24b)

yields the following equation for tHevalue and the radius of relative stiffness,

I ™M=

ai (f; ()
0
fi (1x)

(2-25)

?\_
I
©

s
=
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o i (lk)fil(lk) ioai Wi fil(lk)

= (2-26)

G (fi(lk))2 iai Wy, (Ik)

i=0

]
o

Hall et al. (1996) and Khazanovich et al. (200@)rfd that the best fit algorithm
based on four sensors (0, 305, 610 and 914 mm) be#ier than other sensor
configurations. Hall et al. (1996) compared theautssproduced by ERESBACK, and
those by the two AREA backcalculation algorithmd, 1 BACK4 and ILLI-BACK7
(see Section 2.3.1). In all the cases analyzedag found that the AREA methods
produced slightly highek values than the best fit method. Between the tefyl the
two AREA-based backcalculation algorithms, thosedpced by ILLI-BACK7
exhibited closer relationship with those by ERESBACILLI-BACK7 was
recommended to be used if the ERESBACK progranoisawailable.

ERESBACK developed the backcalculation method vatlsound theoretical
basis. However, the use of four sensor configunatio this program becomes an
important issue. It is not proved yet that the as&ur sensor configurations in this
program is rigorous enough to handle the defledtiasins that are not following the
gradually decreasing pattern. Therefore, the usave to examine the pattern of the

deflection basins before using this method.

2.3.2.2 MICHBACK

MICHBACK is a multi-layer elastic theory backcalation program developed
by Michigan State University. It adopts CHEVRONXn(anhanced version of the
widely-used CHEVRON program) as its forward-caltiola program and uses a
modified Newton’s method to improve the speed afwesgence (Harichandran et al.,

1994). The maodification of the Newton's method dstss of a logarithmic
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transformation of the surface deflections and layeduli. In this method, thé"
incremental corrections to the logarithm of the mmkn moduli and layer thicknesses
are obtained by computing the least-squares salutidhe over-deterministic system
of linear equations as follows.

[G] {{A(I(_)g E)y } = {logw} - {log W}! (2-27)
{atf

where:
0(logwy)  o(logwy) o(logw)  5(logwy)
d(logE;) “a(logE,) oty ot
[G] = ; : :
d(logW)  d(logwiy) d(logwm)  o(log win)
o(logE;) “o(logE,) oty T étp
i i
- I E-E -0
(2-28)
= gradient matrix of partial derivatives of thg&ithm of them surface
deflections, with respect to the logarithm of theinknown moduli
and p unknown layer thickness; evaluated using the otirre
moduli,{lé}I ,and thicknesses{f}i ,
{A(log E)}' = vector of corrections to the logarithm of iffleestimate of the moduli;
(At} = vector of corrections to th# estimate of the thicknesses;
{log w} = vector of logarithm of measured surface deftact
{log W}’ = vector of logarithm of surface deflections cornguliby a mechanistic

analysis program using th'8 estimate of the moduli and thicknesses.
One technique for solving the least-squares prolideto solve ther x n normal

equations.
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brp%§$wEw}=bFme}ﬂmwﬂ (2-29)

The gradient matrix is computed numerically andunexs f + p + 1) calls to the
forward calculation program during each iteratidihe iteration is terminated when
the changes in the layer moduli are sufficientham

MICHBACK program requires seed moduli to initiatke backcalculation
process. The program has two options regarding thighdetermination of the seed
moduli, that is, by internal program or by userttipA minimum of five deflections is
required by MICHBACK program for backcalculatioropess

The use of modified Newton method is easy to beclbped for any type of
problems to optimize the objective function. Theimshortcoming of this method is
that the multi-dimensional surface represented Hey dbjective function may have
many local minima, and as a result the minimum tactv a numerical procedure
converges may depend on the selection of the lisgiad moduli (Harichandran et al.,

1994)

2.3.2.3 EVERCALC

EVERCALC is a backcalculation program using a mwdr least-squares
optimization technique with CHEVRONX as the forwardlculation program. An
efficient and general minimization method (Levempbtarquardt algorithm) has been
implemented in EVERCALC, which makes it convergdacily with only a small
number of calls to the mechanistic analysis prog(8maneswaran et al., 1991). The
algorithm of EVERCALC program is as follows.

If the relative error at locatianis represented by
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where df(E,h) is the calculated deflection at locatiomased orE andh, E is the

unknown layer modulih is the unknown layer thicknesses, aiis the measured

deflection at location. After multiplying by the constanh for convenience, the

criterion function can be expressed as:
n

f(E,h)= Y [r(ENP=rTr (2-31)
i=1

in whichr is the relative error (residual) ori{ry, r3, ..., rp}. Then the gradient of the
criterion function is given by
Vi (E,h) = 2Ar (2-32)

where A = {Vry, Vry, Vr3, ..., Vry}, and the Hessian can be expressed by

n
H =V (Eh) = 28AT + 23 1,V 2r, (2-33)
i=1

As the second part of the Hessian may be negyigiflall, Equation (2-33) could
be approximated by
H~ 2AAT (2-34)

A solution can be obtained by incorporating theragimated Hessian into the
Levenberg-Marquardt algorithm (Lavenberg, 1944; ddardt, 1963).

The program produces a solution when the summatidhe absolute values of
the discrepancies between the measured and tredratirface deflection falls within
a predetermined allowable tolerance. Similar to MECHBACK backcalculation
program, a set of seed moduli is required to dtetbackcalculation analysis. The
seed moduli may be determined by internal programbyo user-input. However,

EVERCALC only permits user to generate the seedulading the internal program

30



if the number of pavement layer in the backcalcoiaprocess equals or less than
three layers.
The drawbacks of this program are as follows.
a. Like most of other iterative optimization methdlke results produced by this
method are sometimes not the global optimal salutio
b. Engineering judgment is required to determiree sbed moduli if the pavement

system consists of more than three layers.

2.3.3 Regression Method

The use of regression method to backcalculktevalue allows almost
instantaneous computation of the moduli once theasmed deflections are known
(Fwa and Chandrasegaran, 2001; Harichandran @1984).

In their application of the regression techniqudackcalculaté& value, Fwa and

Chandrasegaran (2001) employed the NUS-BACK algaorito backcalculate the

radius of relative stiffness/) based on the dimensionless ratios of measured
deflections at different points of the deflecticasns. Having computed thek value

was determined as a function/fthe measured deflections, and the applied IBas

follows,
¢=f,(d,,d,,d,,d,,dg,dg,d,) (2-35a)
k=f,(,P,d,,d,,d,,d,,dg,dg,d,) (2-35h)

in whichdy, d, ds, s, 5, ds and d; are the measured deflections at radial distances of
0, 300, 600, 900, 1200, 1500 and 1800 mm respégfiren the center of loading.

The database for the development of the regressiotel was established by
forward computation of deflections for the pradticanges of the various pavement

properties. The final regression models take tHeviing forms,
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log¢ = 0.023- 0.251log(d, / d, ) - 0.003log(d, / d, ) + 0.030log(d, / d, )

2.36
+0.429l0g(d, /d, ) 0.003log(d, /d, )~ 1.360l0g(d, /d, ) (2-362)

logk = —-0.902—-2.001log / + 0.999log P- 0.413log d, —0.319logd,
—-0.363logd, -0.136logd, +0.128log d. + 0.136log d, -0.033log d,

(2-36b)
The statistical coefficients of multiple determioas R for these two models
are 0.986 and 0.999, respectively.
Although the regression method is one of the fsteethods to backcalculate
pavement layer moduli, this method has several blaaks. It achieves high accuracy

only for the materials and sites for which the noeltins developed. Its transferability to

other regions with different site conditions is gtienable.

2.3.4 Database Search Algorithm (DSA) Method
The DSA method matches the measured deflectian bath those in a database
of deflection basins computed in advance for a epariof layer moduli. The
application of this method was demonstrated bye€fial. (1989) who developed the
program DCONPAS (Data Base for Concrete PavemesteB)s) using a database of
analytical results generated by the forward-catomtacomputer program FEACONS
(Finite Element Analysis of Concrete Slabs). MODW.Us another DSA based
program, but it is for flexible pavement (Scullieh al., 1990). This program uses a
forward calculation BISAR to generate the databd$e main functions in the DSA
method are as follows,
a. It collects and stores computed FWD deflectidogether with pavement
properties in the database. In certain DSA programsh as DCONPAS, a
regression analysis is performed by relating th#edigons to the pavement

properties stored in the database.
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b. It generates analytical deflection basins ugshg pavement parameters in the
database.

c. It estimates pavement properties by compariteg measured FWD deflection
data with the analytical deflections stored in diagabase.

The use of database in backcalculation methodery ¢onvenient since the
database could be expanded and updated easily.xppan@ the database, it is
important to know the range of pavement propertibckness and moduli values),
since the backcalculated results are valid onljwithe range of pavement properties
used to develop the database. Another advantagieisomethod is its efficiency in
terms of computation time. However, the accuracythef backcalculated pavement
moduli depends on the quality of regression eqoadiad the prediction model used in
the program. The application of a database to pawerstructures of a different

pavement design or of different material typesasadvisable.

2.3.5 Summary

An ideal backcalculation procedure is one whick hasound theoretical basis,
and provides an accurate estimation of the paveftagat properties efficiently with a
relatively short computation time. Computationahdi can be reduced by either
developing a database or using a regression equbtieed on known spectrum of
pavement properties. But the results produced kgehmethods sometimes cannot
match closely with the actual values. In addititme use of these methods is only
applicable for the locality where the data werdemted to develop the database or the
regression equation. In general, they cannot besfeared to another region with

different pavement conditions.
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In terms of transferability over different siteadapavement conditions, the
closed-form and best-fit methods are the prefemethods. The closed-form method
can produce a unique solution and no iterative ggeds required. However, closed-
form solutions are usually available only for relaty simple systems. For systems
having many pavement layers and complex materggaties, the use of closed-form
method might not be possible. To overcome thigaliffy, the best fit method offers
an alternative solution to handle the problem bfgeing iterative search of a good
solution to minimize a predetermined error functibatween the measured and
computed deflections. However, more than one smiu possible with this method,
depending on the choice of seed layer moduli treiuaed to start the search process.
Therefore, the selection of seed moduli becomamanrtant aspect of this method.

In the best fit method, the more number of deites used in the method, the
longer is the time needed to back-calculate therlayjoduli, although with the
advancement in computer technology, computatiomad tn the iterative process is no

longer an important issue anymore.

2.4 Research Issues in Determination of Layer Modul
The literature review presented in this chaptehldpts several research issues

that need to be addressed in the determinatiomefcomposite&k value of a rigid

pavement system and the layer moduli of a multetdiexible pavement system.

a. The use of plate load test to determine compdésitalue is possible and has
been conducted by PCA and AASHTO using full-scasts However, this
approach has obvious limitations in practical aggilons, such as the high cost
and the long time required. Because of these tvasams, this test is seldom

conducted in actual construction projects. ForenAge roads, this test also
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requires the surface layer of the road to be remhdwefore the test can be
performed.

The determination of resilient moduli by means lalhoratory or field tests
becomes more popular as another method to chaesctdre layer moduli.
Although this procedure also can be used to deterriie subgrade modulus as
another alternative to the conventional plate lteesd, the relationship betweé&n
value and the resilient modulus is still difficutt be established due to the
difference of the characteristics of the parameatezasured.

NDT methods have become a logical choice in therdenation of pavement
layer moduli today. This method can be used fdreginew road construction or
in-service pavements. The selection of the metbaa/aluate nondestructive test
result is an important decision. There exist mamydestructive evaluation
methods based on backcalculation analysis. Howdesquse of the complexity
of the characteristic of pavement systems to beetedd the performance of the
backcalculation methods could vary considerablgafeful analysis is necessary
to identify the best method that can produce bdcktated layer moduli which
matches closely with measured layer moduli.

The AASHTO and PCA methods have simplified thecpss of determination of
compositek value for easy application in pavement design. élmv, the
recommended charts or tables of values are notraecanough for the purpose
of condition evaluation of pavement sections. kdgan analytical method that
can give better accuracy, offer important informatsuch as the factor of safety,
load transmission and its mechanism; and take actmount the interaction of

subgrade, subbase and pavement slab.
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c. The regression method is also not an ideal lzcltation approach because the
method lacks theoretical mechanistic basis. It ddpeon the correlation among
various problem parameters. A regression model ¢y @applicable for
environment in which the model is developed. Itsloet provide any insight
into the mechanism involved.

In summary, there is a need to develop an analyficocedure with sound
theoretical basis for determining the layer modaitithe design of new pavements as
well as the rehabilitation design of existing imsee pavements. This is in line with
the latest research trend towards establishing ehamestic design for new and
rehabilitated pavements. Nondestructive evaluatemhniques based on FWD tests
and backcalculation analysis appear to be the proshising approach in this regard.
This is the approach to be adopted in the pres=garch to establish a theoretically
sound analytical procedure for the determinationtted compositek value of a
concrete pavement with a subbase layer, and tleendietation of layered moduli of a

flexible pavement system.
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Table 2.1: Effect of Untreated Subbasekdralues (PCA, 1984)

Subgrade Subbasé value, MN/n7 (pci)
k value, 0.102 m 0.152 m 0.203 m 0.254 m
MN/m? (pci) (4in.) (6in.) (8in.) (20in.)
13.5 (50) 17.6 (65) 20.3 (75) 23.0 (85) 29.7 (110)
27 (100) 35.1(130)  37.8(140)  43.2(160)  51.3 190
54 (200) 59.4 (220) 62.1 (230) 72.9 (270) 86.4 320
81 (300) 86.4 (320) 89.1 (330) 99.9 370)  116.10J43

Table 2.2: Desigk Values for Cement Treated Subbases (PCA, 1984)

Subgrade Subbasé value, MN/n? (pci)

k value, 0.102 m 0.152 m 0.203 m 0.254 m
MN/m® (pci) 4 in.) 6in.) @8in. (10 in.)

13.5 (50) 45.9 (170) 62.1 (230) 83.7 (310) 1059013

27 (100) 75.6 (280)  108.0 (400)  140.4 (520) 17840

54 (200) 126.9 (470)  172.8 (640)  224.1 (830) i
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Table 2.3: Values for coefficient A, B, C and DHquation (2-8)
(loannides et al., 1989)

AREA A B C D
A7 60 289.708 -0.698 2.566
A5 48 158.40 -0.476 2.220
Ad 36 1812.279 -2.559 4.387
A3 24 662.272 -2.122 4.001
Remark: A7, A5, A4 and A3 are AREA parameter Witb, 4 and 3 sensor configurations,
respectively.

Table 2.4: Values for coefficient x, y and z in Btjan (2-10) (loannides et al., 1989)

Radial Distance X y z

(m/in.)

0/0 0.12450 0.14707 0.07565
0.203/8 0.12323 0.46911 0.07209
0.305/12 0.12188 0.79432 0.07074
0.457 /18 0.11933 1.38363 0.06909
0.610/ 24 0.11634 2.06115 0.06775
0.914/ 36 0.10960 3.62187 0.06568
1.524 /60 0.09521 7.41241 0.06255
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Dense Liquid Model

Bl

Figure 2.1: Representation of Dense Liquid Fourmadati
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CHAPTER 3
EVALUATION OF BACKCALCULATION ALGORITHMS

FOR RIGID PAVEMENT SYSTEM

3.1 Introduction

In this chapter, two main aspects of pavement aislysing backcalculation
algorithms for rigid pavement system are examifidu first aspect concerns with the
selection of the most appropriate backcalculatitgordghm for evaluating infinite
rigid pavement systems. This is presented undetid®e8.2. The second aspect,
presented in Section 3.3, addresses the issueeokeftiect of finite slab size in

backcalculation analysis of concrete pavements.

3.2 Selection of Backcalculation Algorithm for Rigd Pavements
3.2.1 Background

In the nondestructive determination of pavementperttes by means of
backcalculation algorithms based on deflection mesaments, different answers can
be obtained depending on the backcalculation algoremployed. This is because of
the differences in (a) the theoretical models eygidoto represent the pavement
system and its structural behavior under loadh{b)search algorithms applied in the
backcalculation analysis, and (c) the criteria @ftching the computed and measured
deflections. This presents a problem to pavemesgarchers and engineers alike on
how one should go about selecting the most suitbbtkcalculation algorithm for

their applications.
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Regardless of the theory applied and the backecsioul algorithm adopted, a
logical basis of selection of the backcalculationgedure for practical applications
would be to assess if the backcalculated pavenrepepies provide good estimates
of the actual pavement properties. Today, the aaseconvenience of access to the
Long-Term Pavement Performance (LTPP) databaseangEkt al.,, 2003) of actual
measured data enables a highway agency to adosgt ajmproach to select a
backcalculation algorithm that meets its needsis $hction presents a demonstration
on how this approach was applied to evaluate thHative merits of different
backcalculation algorithms for concrete pavemenys comparing the computed
concrete pavement properties, hamely the elastiduine of concrete pavement slab

and the modulus of subgrade reaction, against TiPLmeasured values.

3.2.2 Evaluation Procedure of Backcalculation Algathms
The evaluation of backcalculation algorithms cetssiof the following main

steps:

a. Identify suitable pavement sections that have #wpired pavement data and
deflection test measurements, as well as apprepriatasured pavement
properties;

b. Select backcalculation algorithms to be evaluated;

c. Perform backcalculation analysis using the backdation algorithms selected;

d. Assess the relative performance of different balckdation algorithms by
comparing their respective computed pavement ptigger with the
corresponding measured values.

Practically all the common design methods for riggcvements today employ the

Westergaard model that assumes the support toWenlkler foundation (i.e. liquid
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foundation). In this model, the structural behawb rigid pavements under vertical
loads are dependent mainly on two key structuraepeent properties, namely the
elastic modulus of the concrete slab, and the &ffeenodulus of subgrade reaction.
The effective modulus of subgrade reaction referthe total composite modulus of
subgrade reaction of the pavement foundation. Hbisson’s ratio of the concrete
slab and that of the foundation material usuallyndd have much influence on the
structural response of the pavement system.

For backcalculation analysis to estimate the ielasbdulus of the concrete slab
and the effective modulus of subgrade reaction,rétgpiired data are pavement slab
thickness, deflection test parameters and deflectieasurements. The deflection test
parameters include the magnitude and locationefpplied load, the diameter of the
loading plate, and the number and positions ofedéfin sensors.

The backcalculation algorithms to be evaluatedlare BACK4, ILLI-BACK?7,
NUS-BACK, and the LTTP best-fit method. The thdimad basis and backcalculation
procedure adopted in each of these four algorithenge been described in detail in
chapter 2.

Except for NUS-BACK, the other three backcalculatialgorithms employ
measured deflections given by a prescribed sermafiguration. ILLI-BACK4 and
LTTP best-fit method selecte®; Ds Ds and Dg, whereas ILLI-BACK7 used
deflections measured by all 7 sensors. The defledtiata selected by NUS-BACK
depend on the pavement layer for which the progesre to be backcalculated. It is
known that the influence of the properties of tidgrade on measured deflections
increases at points further away from the centeloafling plate, while the elastic
modulus of the pavement slab has relatively morpomant effects on measured

deflections at points nearer to the center of logdlate. It is thus appropriate to
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identify the best pair of measured deflections ¢oused in NUS-BACK analysis to
backcalculaté&; andk respectively.

The selection of the best pair of sensor deflestican be made by performing a
deflection-pair backcalculation sweep using NUS-BAG~or a given deflection basin
with 7 sensor deflection readings, there are 21siptes pairs of deflection
combinations and the backcalculation sweep involaealyzing each using NUS-
BACK. The backcalculation sweep to select the past of measured deflections for
NUS-BACK backcalculation ofe. and k respectively is conducted using the 26
pavement sections listed in Table 3.1. To anatheeresults, two root-mean-square

percent errorsRMSPE are computed for each according to the followimmgnulas.

N[X. _ x 2
RMSPE = |~ 3| X=X 100 (3-1)
Nigl X
1 N X - x °
RMSPE = |[= > > 100 (3-2)

wherex; is the measured property value for pavement segtdénn Equation (3-1) is
the average backcalculated property value of pamesextioni which is the mean of
the backcalculated values obtained from all the suesl deflection basins of the
pavement sectiony; in Equation (3-2) is the backcalculated proper&jue for
deflection basin of pavement sectioin n(i) is the total number of measured deflection
basins in pavement sectionN is the total number of pavement sections studied,
mis the total number of deflection basins analyzed.

Based on th&kMSPEvalues computed as summarized in Table 3.2, thatse
suggest that deflectiond, and D; produce the lowesRMSPEfor the estimatedk
values; while deflection®; andD3; produce the lowesRMSPEfor the estimatedt,

values. Hence, for the NUS-BACK backcalculatioalgsis performed in this studk,
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is estimated based on the measured defleciarend D7, andE. is computed based

on the measured deflectiobs andDa.

3.2.3 Long-Term Pavement Performance (LTPP) Program

The LTPP program was one of six strategic researeAs recommended by a
Strategic Highway Research Program (SHRP) in 1&84r(s et al., 2003). Since mid-
1992, the Federal Highway Administration (FHWA), AlShas assumed the
management and funding of the LTPP program (JiamgTayabji, 1998). The main
objective of the LTPP program is to assess the-teng performance of pavements
under various loading and environmental conditiovesr a period of 20 years.

The LTPP program includes two fundamental clasdestudies: the General
Pavement Studies (GPS) and the Specific PavemamdieSt (SPS). The GPS
experiments are a series of selected in-servicerpant studies structured to develop
a comprehensive national pavement performance alsgal hese studies are restricted
to pavements that incorporate materials and degigpsesenting good engineering
practice and that are in common use across theetli8tates and Canada. The GPS
program includes experiments on all pavement sydigrmas, such as on Asphalt
Concrete (AC) on Granular Base (GPS-1) and on BoBade (GPS-2), Jointed
Concrete Pavements (JCP) (GPS-3 and GPS-4) anthGamsly Reinforced Concrete
Pavement (CRCP) (GPS-5). The SPS program involhes study of specially
constructed, maintained, or rehabilitated paversentions incorporating a controlled
set of experimental design and construction featurae category of SPS experiments
includes pavement maintenance (SPS-3 and SPSvEmeat rehabilitation (SPS-5 to

SPS-7) and environmental effects (SPS-8) (Elkired.e2003).
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Generally, each GPS and SPS test section corsfisss 152-meter (500-ft)
monitoring portion with transition zones betweerottest sections. For jointed rigid
pavements, the number of panels in those sectmwary from as few as 9 or 10 to
as many as 35 or more (Jiang and Tayabji, 2000).

As will be demonstrated through the analysis preskin this study, the LTPP
database offers an excellent source of informadiwhdata for the selection of suitable

backcalculation algorithm for an intended applizati

3.2.4 Input Parameter and Assumptions Used in Anagis

As the purpose is to evaluate backcalculation #@lyos by comparing the
backcalculated and measured valuegoéndk, only pavement sections that contain
measured values & or k, or both are considered. As it turned out, orlyJZP
pavement sections in the LTPP database coktaitues measured directly using plate
loading test, as listed in Table 3.1. The datatifimse JCP pavement sections also
contain measureé; values, which are listed in Table 3.3 togethehvahother 24
randomly selected JCP pavement sections for thepopar of backcalculation
evaluation ofE.. In addition, 76 CRCP sections listed in Tablé ®ere randomly
selected from the LTPP database for the purposmcicalculation evaluation &.
There are altogether 281 deflection tests recoimiéite 26 pavement sections in Table
3.1, 746 deflection basins in the 50 pavement @estin Table 3.3, and 1,437
deflection basins in the 76 pavement sections biera.4.

The measured deflection data for all the pavensamdtions selected were
obtained by falling weight deflectometers (FWD).wW&ver, only the average of the

deflection data is employed, since averaging theulte of multiple drops at a

50



particular point will enhance the accuracy of tledlettion data (Irwin et al., 1989)
and can minimize random errors on measurements, (F9@8).

There were seven deflection readings per defledigsin,D;, D, D3 D4, Ds Deg,
andD; measured at 0, 203, 305, 457, 610, 914 and 1524 raspectively, from the
center of a loading plate of 300-mm diameter. €Hoad levels of the FWD tests (40,
53.3 and 71.1 kN) are considered, and all the clifie basins recorded are obtained

for the condition where the load was applied onititerior of the slab.

3.2.5 Comparison of Backcalculation Algorithms

3.2.5.1 Basis of Comparison
Each of the measured deflection basins of the Lp&@Rment sections listed in

Tables 3.1, 3.3 and 3.4 is analyzed by the baculzdion algorithms ILLI-BACKA4,

ILLI-BACK7 and NUS-BACK. TheE; andk values backcalculated by the LTPP

best-fit method are obtained from the LTPP databdsectly. The relative

performance of the four backcalculation algorithmish respect to their ability to
predict the measured. andk values satisfactorily is assessed based on theniah
comparisons:

(@ The RMSPEfor E. andk, respectively, computed using the pavement-section
average backcalculated property values, as defigd®MSPE of Equation (3-

1);

(b) The RMSPEfor E; and k, respectively, computed using the backcalculated
property values from individual deflection basirzs defined byRMSPE in
Equation (3-2);

(c) Frequency distribution of absolute percent erraspguted using the pavement-

section average backcalculated property values; and
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(d) Frequency distribution of absolute percent errommputed using the
backcalculated property values from individual defion basins.
(e) Coefficient of correlation between the calculated aneasured deflections
The absolute percent errors in items (c) and €thrrto the absolute difference
between the computed and measured pavement pro@eytya percentage of the

measured value.

3.2.5.2 Results of Comparative Analysis

A summary of the results of backcalculation analyy the four backcalculation
algorithms for different applied load levels is givin Tables 3.5(a) and 3.5(b). Since
the trends of variation of backcalculated propsriigth respect to their corresponding
measured properties are similar for the three leaeéls analyzed, only the results for
the 71.1 kN load level are plotted. Figure 3.1 pltite backcalculatekl against the
measured for the JCP sections of Table 3.1, Figure 3.2sptbe backcalculateB,
against the measurdg} for the JCP sections of Table 3.3, and Figureoss the
backcalculatedE. against the measuréf) for the CRCP sections of Table 3.4. Table
3.5(a) summarizes tiRMSPE andRMSPE for the backcalculateB; andk. Figure
3.4 presents the frequency plot of the absoluteguererrors of backcalculatédfor
the JCP sections of Table 3.1, Figure 3.5 pregbetsrequency plot for the absolute
percent errors of backcalculatég of the JCP sections of Table 3.3, and Figure 3.6
presents the frequency plot of the absolute pereents of backcalculateld. for the

CRCP sections of Table 3.4.
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Comparison Based RMSPE

The RMSPEvalues in Table 3.5(a) represent quantitativeéy dikviations of the
backcalculatede; or k from their corresponding measured values. Théowiahg
observations may be made:

a. For all load levels, NUS-BACK vyielded the loweBMSPEvalues. The LTPP
best-fit method produced the next loweMSPEvalues. Between the ILLI-
BACK7 and ILLI-BACK4, the former performed bettasrfk, but poorer foiE..
The following paragraphs provide possible reasonghfese differences.

A basic difference in the four backcalculation aitons lies with their

deflection matching criteria. The LTPP best-fitthual seeks to minimize a pre-

defined error function between the set of measyeidt deflections and the
corresponding computed deflections, while ILLI-BA€Kand ILLI-BACK7
compute the estimatdgl andk by matching weighted cross-sectional area of the
deflection basin. On the other hand, NUS-BACK wedi the backcalculated
pavement properties based on two selected measte#idctions of the
deflection basin. Theoretically speaking, the ftwaickcalculation algorithms
should give the same answers if the following ctods are met: (i) the real
pavement behaves as a perfect elastic system imé#mmer described by the
elastic theory adopted by the backcalculation #lgms, and (ii) there are no
measurement errors in the measured deflectiongortunately, both conditions
are known not satisfied in the real world.

For instance, it is known that the theoretical eletibn basin of a rigid slab

resting on a liquid foundation is different fromatlof a rigid slab resting on an

ideal solid foundation, and the actual deflecti@asib of a real pavement differs

from both. It is for this reason that one may mdtain better results in
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backcalculation analysis by imposing a stricteruresment on conformance of

the measured deflection shape with a theoretidé&¢a®n shape. ILLI-BACK4

and ILLI-BACKY have the strictest deflection basmnformance requirement by
matching of the cross-sectional area of the defledbasin. The LTPP best-fit
method is next with the criterion of matching &k tmeasured deflection points,
while NUS-BACK has the least conformance controlrélying on matching of
two most relevant deflection points. In other wagrdNUS-BACK offers the
flexibility to choose the best pair of sensor defilens (among 21 possible pairs
out of the 7 sensor deflections) that would prodineebackcalculated pavement
property closest to the corresponding measuredvalu

The magnitudes oRMSPE of the backcalculateck are larger than the

corresponding RMSPE of the backcalculatedE;, regardless of the

backcalculation algorithm adopted. This could pugsbe attributed to two
reasons:

. The times of measurements lofand E; were different from the times of
deflection tests.k values are affected more because compardd, tthey
tend to vary more with the environmental factorsohloften change with
the season and climate.

o The locations ok or E. measurements were likely to be different from the
points of deflection tests. This location effedul have a higher impact
on k thanE; because varies with the soil condition along the pavement
section whileE; of the concrete slab does not vary significantithin a
pavement section.

. The models employed in the backcalculation algorgidid not give exact

representations of the actual pavement (systenetior) in terms of
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material model, response characteristics undersloatc. (Fwa, 1998;
Stoelle and Parvini, 2001).
c. The magnitude of percent errorsEffor either CRCP or JCP are of the same
order of magnitude. It appears that the four baltkdation algorithms, which
were all developed based on the infinite slab $ewere also applicable to JCP

as long as the deflection test was conducted attarior point of the slab.

Comparison Based on Frequency Distribution of RgrEerors

The frequency distribution plots of percent errare presented in Figures 3.4,

3.5, and 3.6 fok, E. of JCP, andE. of CRCP respectively. A backcalculation

algorithm that produces more cases of percentsimothe lower range is preferred.

The relative performance of the four backcalculatadgorithms derived from these

figures supports the assessment basedRBISPE presented in the preceding sub-

section:

a. Based on percent errors of backcalculdethe ranking that places the best
performing algorithm first is: NUS-BACK, LTTP be&t-method, ILLI-BACK7,
and ILLI-BACKA4.

b. Based on percent errors of backcalculdgdthe ranking that places the best
performing algorithm first is: NUS-BACK, LTTP bet-method, ILLI-BACK4,

and ILLI-BACK?7.

Comparison Based on Coefficient of Correlation

Because of the rather narrow ranges of the vali@avement properties (i.k.
andE;) concerned, and the relatively wide deviationshef calculated properties from

the measured values, the values of the coeffiadérorrelation between calculated
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and measured properties are known to be low (Hall.e1996; Rufino et al., 2002),
and are generally not used as a main criterionctonparison of backcalculation
algorithms. Nevertheless, for completeness sdie coefficients of correlation are
also presented here for the four algorithms. Basethe average backcalculatednd
E. for each pavement section (see Figures 3.1, 32 38), the coefficients of
correlation between the calculated and measuregepies are summarized in Table

3.5(b).

Comments on Effect of Load Level

Khazanovich et al. (2001) stated that the resuthazkcalculation for concrete
pavements usually did not depend on load levdieflbad level was sufficiently large.
Kim and Park (2002) reported that it was necestamgpply a load level more than
53.3 kN (12 kip) to cause significant non-lineaiitythe behavior of subgrade soils.

The results of the presented study as presentédbte 3.5(a) appear to provide
some indirect support to their observations. Tmeléecy of the(RMSPEfor k values
to increase with the load level was probably causethe increasing deviation of the
soil behavior from linearity as indicated by KimdaRark (2002) and Stubstad et al.
(1994). On the other hand, tiRMSPEfor E; values did not follow the same trend.
The RMSPEfor E. values in fact showed a tendency to decrease lo@tt level.
Besides the fact that concrete exhibited less neali behavior at the load range
analyzed, another possible contributing factor e tdecreasing influence of

measurement errors at higher load levels whichrgéee larger deflections.
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Comment on Effect of Sensor Configuration

The analysis of this study clearly shows the digaint effects of (i) the choice of

the number of sensor used in the backcalculatialyais, and (ii) the locations of

sensors selected. The following points may becdhote

a.

Comparison between ILLI-BACK4 and ILLI-BACKY

ILLI-BACK7 performed better in estimating k, but nhso in estimatinge..
Several factors may have contributed to the sedgicanflicting results. The
inclusion of sensor deflectiori3; andD; (best for estimating k as indicated in
Table 3.2) in ILLI-BACK7 may have led to its betteerformance in estimating
k. On the other hand, the less stringent defledimsin matching requirement of
ILLI-BACK4 could be the reason for its better parfance in estimating.
Comparison between ILLI-BACK and LTPP best-fizttnod

The main difference between the LTPP best-fit metod the two ILLI-BACK
algorithms is their deflection matching criteridVith the less stringent point
matching of deflections, as opposed to area majchfnthe two ILLI-BACK
algorithms, the LTPP method yielded lower percenbre than ILLI-BACK 4
and ILLI-BACK 7.

Comparison between NUS-BACK and the other allyors

As explained in an earlier section, the bettergrerhnce of NUS-BACK could
be attributed to its flexibility in selecting thedt pair of sensor deflections for a
given pavement property. Another significant aspat the performance of
NUS-BACK is worth mentioning at this juncture. Thehas been reservation to
the use oD- in backcalculation due to its very small valuecdese of the fact
that a small error in the measured values may caiggaficant changes in the

backcalculated results. Fortunately the NUS-BAQgodthm has the flexibility
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to permit the user choices to overcome this probl@nAs can be seen from
Table 3.2, instead of using sensor deflectibnsand D;,, the user could pair
deflections amon®,, Ds, Dg andD; without suffering much loss in the resulting
RMSPE (b) Alternatively, the concept of deflection-paiackcalculation sweep
introduced earlier may be employed. The user mgglyaNUS-BACK to
perform a backcalculation sweep using differenrpaif sensor deflections to
determine whether the sensor deflection mairand D7 gives consistent results
with the next few best pairs. This backcalculatsaveep could identify faulty
sensor readings and provide the necessary “qualitgtk of the backcalculated
results. The closed-form NUS-BACK algorithm is Mg efficient
computationally. The backcalculation computatioclusive of the pair-wise

sweep could be completed in less than a second.

Comments on Effect of Temperature on Backcalcutalesults

It is noted that temperature differentials in aete slabs have been known to
have significant effects on the behavior of corersiabs and their load-deflection
characteristics. The measurement of the deflecg@merally would not be performed
at mid day to avoid the concrete slabs curl up eadse the loss contact between
concrete slab and subgrade or subbase. In thiy,stuel selection of the deflections
basins for 50 JCP sections and 76 CRCP sectionsnalidconsider the effect of
temperature on the concrete slab. To take intowattdis issue, an examination was
conducted on all selected pavement sections frolAFL@latabase, and it was found
that 25% and 20% of deflection basins in the JC® @RCP sections, respectively,
were measured at mid day (around 11 am — 2 pm).eVvauate the effect of

temperature differentials in concrete slab, a campa betweenRMPSE without
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temperature consideration aR#PSEwith temperature consideration is presented in
Tables 3.6 (a) foRMSPEon E; and 3.6 (b) foRMSPEon k. The RMSPEwithout
temperature consideration was calculated aftertmmithe pavement sections whose
layer properties based on deflections measuredictday. From the table, it seems
that there is a significant difference ®MSPEon E; only for two ILLI-BACK
programs. This may be contributed by the use ofgled cross-sectional area as
deflection matching criteria in their algorithm. &udition, CRCP pavement sections
were less affected by this issue as the presenaeinforced steel in the CRCP
pavement could minimize the curling effect.

Table 3.6 (b) indicates that tiRMSPEoN k increases after the pavement sections
whose layer properties based on deflection measaredid day are dropped. It is
proved that the temperature differentials havegmsicant influence on subgrade. The
high deviation between measured and compkiisdnore affected by the difference of

times and location of measurements.

3.2.6 Summary

This section has presented an analysis to contpareelative performance of
four backcalculation algorithms in estimating thev@ment slab elastic modul&s
and the modulus of subgrade reactanf concrete pavements. The LTPP database of
deflection test data and measured pavement prepenere used as the basis for
assessing the relative suitability of different lkazdculation algorithms for specific
practical applications. The relative performanédomur backcalculation algorithms
were evaluated by comparing the backcalculd#edndk against the corresponding

measured values.
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The four algorithms examined in this section diffethe number of sensors and
sensor configuration used in the backcalculaticalyesms, as well as their criteria for
matching the calculated and measured deflectiond.IBACK4 and ILLIBACKY
have the most stringent criteria in matching thegived cross-sectional area of the
measured deflection basin, followed by the LTTPt#i¢anethod that matches the
computed point deflections with the correspondingasured deflections. The
NUSBACK has the most flexible requirement as itnpiés the selection of two most
suitable deflection points for backcalculating epakiement property.

The analysis presented in this section illustratest the choice of sensor
configuration (i.e. the number of sensors includgsdwell as the locations of the
selected sensors) has significant effects on thitonpeance of the backcalculation
algorithms. Since the actual pavement system doedeform exactly in the manner
described by the elastic theory, forced matchingtref computed and measured
deflection basins does not necessarily produceb#st results in backcalculation
analysis. This point has been illustrated by thalysis presented in this study. The
stringent requirements imposed by the two ILLIBAGKgorithms did not lead to
better performance. The relatively superior penfance of NUSBACK indicates that
although the theoretical and measured deflecti@mbare not the same, it is possible
to identify selected sensor deflections for baakdaktion analysis and produce
satisfactory results. A concept of deflection-pdackcalculation sweep using
NUSBACK was also introduced. It serves to identifg most suitable deflection pair
for backcalculation of a particular pavement progeand to provide a quality check
on the presence of faulty sensor readings.

According to the results produced in this sectidlS-BACK backcalculation

program was recommended to be used for the evatuatithe rigid pavement system.
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3.3  Consideration of Finite Slab Size in Backcalcation Analysis of Rigid
Pavements
3.3.1 Background

Practically all of the backcalculation algorithrdeveloped so far for jointed
concrete pavements are based on the assumptioslalh af infinite plane dimensions
resting on dense-liquid foundation. The issue initd slab size, and that of the
associated load transfer across joints, are uswaityded by having the test load
applied in an interior point of the slab concernsal that their effects can be
minimized.

There have been studies that attempted to incthdeeffect of slab size in
backcalculation analysis with the intention to ioye the accuracy of computed
pavement properties. For instance, Crovetti dgpegloa slab size correction for a
square slab (Croveti, 1994; Hall et al., 1996; Ktrawvich et al., 2001), while Korenev
derived an alternative correction procedure by gdizng Westergaard’s solution of
an infinite slab to the case of a circular slabl(te¢a al., 1996; Khazanovich et al.,
2001; Korenev, 1954). However, the applications sath corrections are not
commonly adopted in practice, possibly due to anmare of the following reasons:

a. A backcalculation procedure that considerseffext of slab size may require the
load transfer efficiency (LTE) of the joints as unp In such a case, the actual

LTE values (which are likely to be different betweaeansverse and longitudinal

joints) of all the joints have to be determined éach slab tested. This could

present a practical problem as such informationireq additional field tests and
is not easily available;
b. Instead of LTE, some backcalculation procedunesy require the joint

dimensions, joint reinforcement details, and acfigddl conditions of the joints
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as input. The same practical problem as mentiansder item (a) will be

encountered.

c. The actual slab dimensions will have to be medr This is not an issue as
critical as items (a) and (b), but could be a peablon a road section with
variables joint spacing.

d. To obtain correct backcalculation answers inhapg the corrections, the
specific location of the applied test load, witlspect to each of the four joints,
will have to be recorded for every slab tested.ouigh not difficult to measure
on site, this requirement may significantly slowwaothe field test operation,
which is undesirable as the speed of testing isridcal issue of the
nondestructive deflection test from the followin@rslpoints: test efficiency,
traffic delay, traffic safety, and safety of theldl test personnel.

While the consideration of actual slab size apftifconditions of load transfer at
joints is desirable for theoretical exactness poinview, there are practical issues
involved as highlighted above. This section assefise practical need for considering
finite slab size in backcalculation analysis by rekdng the improved accuracy

achievable with the incorporation of the effecslzb size in the analysis.

3.3.2 Methods of Backcalculation
This section describes the following five backoétion methods adopted in the
present study:
a. A closed-form backcalculation algorithm for anfinite pavement slab based
on the NUS-BACK program (Fwa et al., 2000);
b. A backcalculation algorithm for a single rectalag finite slab using a closed-

form forward deflection calculation program ONE-SBALi et al., 1996);
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C. A backcalculation algorithm for the central slafba nine-slab system using a
closed-form forward deflection calculation prograMiNE-SLAB developed
by Liu and Fwa (2007);

d. A backcalculation algorithm for a finite paverhesiab using parameters
corrected by Crovetti's method (Crovetti, 1994) iaput to infinite slab
backcalculation analysis; and

e. A backcalculation algorithm for a finite pavernesttab using correction by
Korenev's method (Korenev, 1954) based on an iefislab backcalculation
program.

The theoretical basis and backcalculation proadwopted by infinite-slab

algorithm have been described in detail in chapter

3.3.2.1 Backcalculation Procedure for One-slab andine-slab Algorithm (ONE-
BACK and NINE-BACK)
Formulation
In this research, both ONE-BACK and NINE-BACK baalculation algorithms
were developed using the Gauss-Newton method (Matsal., 1990). The Gauss-
Newton method is an iterative method was used teesnonlinear least squares

problems, as stated in Eq. (2-22) as follows.
il 2

S(p) = 2. (fi (p)) (2-22)
i=1

To solve the problem, the Gauss-Newton needs $lee @ provide an initial

guess (seed) for the parameter veptor
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Given an estimate for a set of unknown param¢Brand the adjustment vector
{AP}, the subsequent guessgg&sfor the parameter vector are then produced by the
recurrence relation as follows.

{PY = {PY* + {4P} (3-3)
where X is the number of iteration.

In this research, the unknown parameter represésr moduli to be
backcalculated. The adjustment vec{atP} is obtained by solving the following
simultaneous equations (Almedia et al., 1994):

{S}{4P} = {R} (3-4)
where:
{S} = sensitivity matrix, with a generic term givday:

n 2
AL g=1,.m (3-5)
i=1 apg

S =

{R} = vector of residuals, with a generic term giviy:

" ow, ]
Rg = ;VVI(Wmi - Wci) apg (3 6)

in which i is the sensor indexy is the number of measured deflectiom; is a
weighting coefficient;w,, and w, are the measured and calculated deflections,
respectively.
In this backcalculation algorithm, the forward adhtion program ONE-SLAB
and NINE-SLAB will be called to computg: as many as two times per iteratiomat
is, to calculate the adjustment vector using E€p)(8nd (3-6) and to examine the error
function as to whether this function has fulfilethonvergence or stopping criterion.
According to Eg. (3-5) and (3-6), the first and deeond derivatives af.; with

respect tqpy were performed using the numerical differentiatmod (Zha and Xiao,
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2003). According to the definition of derivativesdethe given increment @k, named
ash, whereh equal to 0.00dy4, the approximations of the first and second d¢ivea

can be assumed as:

aWci — Wci(pg + h) - V\éi(pg - h)

3-7
op, 2h (3-7)

0w - [wa(p, + h)-2w,(p,) + w,(p, - h)]

3-8
op; h? (3-8)

Hence, from Eqg. (3-3) and by setting the weightingfficient (m) equal to one,

the adjustment vectdriP} for each layer modulus is as follows.

: W._W_\Wci(pg—i_h)_wci(pg_h)
{AP} _ ;( mi ci/ 2h (3-9)
i {Wm (pg + h)_ 2Wci (pg)+ W (pg h)}
pac} h?

This procedure is iterative. At stemf the computation, after Eqg. (3-4) has been

solved, the unknown parameters (layer moduli) aated by using Eq. (3-3).

Error Function

In this research, the error function used is basedn output error criterion in
the form of the sum of the square relative errdhss form of errors constitutes one of
three common basic forms of output errors useagirement back-analysis problem so
far (Fwa, 1998). This error has a form as showaqn(2-16).

2

F (/1 k Eg) = iioai (Wi - iy ) (2-16)
in which ¢; are weighting factors; yvand w, are computed and measured deflections

at point i, in which the computed deflection isundtion of the radius of relative

stiffness, the modulus of subgrade reaction aned&ic modulus of concrete slab. In
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this research, each point is assumed to have saightvthereforeg; is set to be 1 for

all points of measurements.

Iterative Search Algorithm

In this research, the backcalculation proceduréhbeilconducted iteratively until
one of the two following requirements is fulfilled) the iteration has reached the
maximum number specified, and (ii) the error fuoctproduces a value that is less
than the pre-determined convergence criterion. At the requirement to terminate
the program could be selected from the two requergsmabove, the termination of the
backcalculation program caused by the second ionités preferred.

The selected terminating condition selected shd@dsufficient to ensure that
the backcalculation layer moduli have converged.om&imes a very small
convergence criterion or a very high iteration nemis not a good terminating
criterion since it could increase the computatiomet although this indicates that the
backcalculation results are highly accurate.

Initially, the maximum error produced by ONE-BACKas set to maximum
value at 16* mnt for the iterative backcalculation program to egit,alternatively,
the program may converge after performing 999 lodssthe set minimum error is
highly conservative, it serves to ensure that tlogiqam searches the smallest possible
error within the range of the number of loops. practical applications, the maximum
error at 10° mn? is sufficient to state that the program has cogeer Since the unit
of deflection used in the error function is millitaeand the error form used is square
error, therefore, the deviation of computed andsue=ad deflection of the order of 10

millimeter or 10 micrometer is assumed to be small enough.
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Because of this reason and also to cut off thepcwation time, the maximum
error of 10 mn? then was used by the NINE-BACK backcalculation goam
algorithm. The number of iteration in NINE-BACK &et to equal to 9999. The
selection of this iteration number is just to aestitat the program could reach the

convergence criterion before the maximum iteratiomber is attained.

Seed Moduli

As mentioned previously, all programs based on Gaeiss-Newton iterative
method require seed values of layer moduli. Therd@hation of the initial moduli is
important because it can help to reduce the cortipotd time and that the results
would converge to the correct answer.

The backcalculated programs ONE-BACK and NINE-BADKhis research use
initial layer moduli as their seed value. Both paogs have the same seed moduli, but
there are some slightly differences in their usa@SE-BACK program determines
seed moduli based on three ranges of average neeladefiection as follows.

a. For average measured deflection < 0.045 mm, ea&leeé of elastic modulus of
concrete slali; = 40 GPa, and seed valuekot 200 MN/n?

b. For average measured deflectto.045 mm and < 0.1 mm, sekg= 30 GPa
and seed = 150 MN/n?

c. For average measured deflectto®.1 mm, seed. = 20 GPa and sedd= 13

MN/m®

NINE-BACK only employs one pair of seed module. E; = 20 GPa anét = 13

MN/m?, in its initial iteration and they will be adjusteafter evaluating the

backcalculated moduli resulted after the program té&minated. The

backcalculated moduli at the end of program rurukhbe in the range of 20 to
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42 GPa folE; and 13 to 220 MN/rhfor k value. If the backcalculated moduli fall
beyond the range of moduli, the seed moduli havieet@adjusted using another
pair of seed values giveR,; = 30 GPak = 150 MN/n? or E. = 40 GPak = 200

MN/m?,

3.3.2.2 Backcalculation Using Crovetti's Correctios for Finite Slab Size

To take into account the effect of finite slabesi€rovetti developed a slab size
correction for a square slab based on the restilfisite element analysis (Crovetti,
1994). Crovetti and Crovetti (1994) applied theogwmsed correction in the
backcalculation of; andk for concrete pavements of square slabs. Thisepioe
was subsequently examined in a study conductecatidalculatek by Hall et al.
(1996) who also applied the procedure to rectamglébs by taking the smaller slab
dimension, length or width, in the correction facwalculation. Crovetti (2002)
reported the use of the correction factors in balckdation analysis of the quality of
support beneath jointed concrete slabs.

The backcalculation procedure essentially apploesrections to selected
parameters computed from a closed-form infinitd>gb@ckcalculation algorithm to
obtain revised estimations &; andk. The infinite-slab backcalculation algorithm
used is that employed in the ILLI-BACK backcalcidat program developed by
loannides et al. (1989). The steps involved in Haekcalculation procedure as
described by Crovetti (2002) based on data of diédle tests using a 30-cm diameter
loading plate are as follows:

a. Calculate deflection basin parame#®REA by Equation (3-10) using surface
deflections at 0, 30.48, 60.96 and 91.44 cm froencéinter of loading plate.

1524

AREA(CM) = [D, +2D, +2D, + D] (3-10)

1
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whereD;, D3, Ds andDg are measured deflections at 0, 305, 610 and 914 mm
respectively from the center of loading plate.
Estimate the radius of relative stiffnegg; from Equation (3-11) based on

infinite-slab backcalculation analysis,

(9144- AREA 367009
4603189

V4 cm)=
est (M) - 2069416

(3-11)

Calculate adjustment factors for deflectiba and /e from Equations (3-12a)

and (3-12b),

L 0.80151
—0.7187%—:|

4 est

C, =1-1.15085¢ (3-12a)

L :|l.04831

—0.6166{/
C, =1-0.89434e (3-12b)
Calculate adjusteD; as D1)adj = Cq (Mmeasured,)

Calculate adjustedas/agj= C, lest

CalculateEcandk by Equations (3-13a) and (3-13b),

2
k=—+ | 01253-000§ -2 |- o.ozz{i} (3-13a)
(Dl) adj (f adj ) ¢ adj 4 est

12(¢ adj)4 (1_ﬂ2)k
E =
c H3

(3-13b)

where P applied test load
a = radius of applied load, expressed in the santeagf,g;
u = Poisson’s ratio of concrete

H = thickness of concrete slab
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3.3.2.3 Backcalculation Using Korenev’s Correctioffor Finite Slab Size

Hall et al. (1996) proposed some refinements tov€itds correction procedure
to more closely represent the effect of rectangptarement slabs. The refinements
were based on the work of Korenev (1954) who depeddoan analytical solution for
interior loading by generalizing Westergaard’s solu for deflection of an infinite
slab to the case of a circular slab.

Hall et al. (1996) adopted the following changestiie Crovetti’s correction
procedure described in the preceding section:
a. For slabs with its length less than or equal taéthe slab width, in Equations

(3-12a) and (3-12b) is computed as

L = /(SlabLength (SlabWidth) (3-14)

b.  For slabs with its length more than twice the siatlth, L in Equations (3-12a)

and (3-12b) is computed as
L = /2 (SlabWidth) (3-15)
c. The correctedk value is computed as

kest (3_16)

k =
C,C?

The correctede: is computed from Equation (3-13b) using the coeédt value

obtained from Equation (3-16).

3.3.3 LTTP Database and Input Parameter Used in Evaation

The data for this study were extracted from thealiaée of LTPP program
(Elkins et al., 2003). These data included deflectemt data and measured pavement
properties for some pavement sections. Becauseuhgose of this study was to

evaluate the effect of slab size on jointed comcrpavement (JCP), only JCP
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pavement sections having measutgadr k, or both were considered. The properties of
JCP pavement sections evaluated are listed in T8blesnd 3.3.

Seven deflection readings per deflection baBin,D,, D3 Ds, Ds Ds and Dy
measured at 0, 203, 305, 457, 610, 914 and 1524raspectively, from the center of
a loading plate of 300-mm diameter and the loae@ll&d.1 kN of the FWD tests,

applied on an interior point of the slab, was cdesd in this study.

3.3.4 Analysis of Effects of Finite Slab Size
3.3.4.1 Results of Backcalculation Analysis

The results of backcalculation analysis are foumdrigure 3.7 in which the
backcalculated values &for E; are plotted against the corresponding measurectsal
extracted from the LTPP database. It is noted mioa@ bne deflection basins are
recorded for each pavement section in the LTPP dsgalbdthough only one measured
E. and onek value are reported per pavement section. In otloeds, while only one
value each of the measurBdandk are available in one pavement section, more than
one backcalculated. and onek values respectively are obtained for the same
pavement section. Parts (a) and (b) of Figures@nipare the measur&dalues with
the corresponding pavement-section average backatdd values, while parts (c) and
(d) compare them with the backcalculated valueainbtl from individual deflection
basins. The same arrangement of plots is presentpdrts (e), (f), (g) and (h) of

Figure 3.7 folE..

3.3.4.2 Basis of Evaluation

The assessment of the relative performance ofitieebfickcalculation methods

is made based on similar indicators as previousiosecthat is, RMSPE (errors
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computed using average backcalculated propertyesalRMSPE (errors computed

using individual backcalculated property valuesggtiency distribution of percent
errors for both average and individual backcaledagbroperty values; and statistical
significance tests to determine if there are sigaift differences between the
pavement-section average backcalculated valueshentheasured values for each of

the five backcalculated methods.

3.3.4.3 Results of Evaluation Analysis

The data presented in Figure 3.7 were used to centpeRMSPE andRMSPE
for the backcalculateB, andk values by the five backcalculation methods. T&ble
summarizes the outcomes of tR&ISPEanalysis. The frequency plots and frequency
distribution of the percent errors of the backcktrdE; andk values are presented in

Figures 3.8 and 3.9.

Comparison of Backcalculation Programs Base®&MSEPE

TheRMSPEvalues computed in Table 3.7 represent quantghtithe deviations
of the backcalculate or k values from their corresponding measured valuHse
following observations may be made:

a. Overall, NINE-BACK vyielded the lowestRMSPE values, although the
differences between the performance of NINE-BACKd adUS-BACK are
relatively small. There are practically no diffeces in the RMSPE of
backcalculatek values by the two backcalculated programs, althoNgNE-
BACK appears to outperform NUS-BACK in the predctiof Ee.

The basic difference between the NINE-BACK progrérased on a nine-slab

model of jointed pavement system) and the NUS-BAfEgram (based on an
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infinite slab without joints) is the presence oings in the model of the former
program representing a discontinuity that allowlty dhe transfer of load but not
bending moments. The results suggest that the dmmasion of joints have
produced some positive improvements in the preshcof E;, but there are
practically no effects on the backcalculakedhlues.

The ONE-BACK backcalculation program based on tle@ihtical solution of a
single slab with free edges, and the two finitéskackcalculation programs
based on Crovetti's and Korenev’s correction fastaspectively, all produce
much highelRMSPEvalues than those of either NINE-BACK or NUS-BACK.
The finite-slab method with Korenev’'s correction ttas gives the highest
RMSPEvalues for backcalculatdd while the method with Crovetti’s correction
factors results in the higheRMSPEvalues for backcalculatet.

It is noted that an infinite-slab model and a Ergjlab model represents the two
theoretical extreme conditions of a jointed rigavpment system. An actual in-
service concrete pavement under load is likelyrampce responses in between
the predicted responses by the two models. Incme of backcalculation
analysis, with a set of given deflections of anuattin-service pavement, an
infinite-slab model will tend to under-estimate tbad bearing properties of the
pavement whereas a single slab model will tend ver-estimate the same
properties. In other words, the infinite-slab mlodgves the lower-bound
solutions of the backcalculated properties, whike single-slab model gives the
upper-bound solutions. The results of Table 3.7ceugi that, for the cases
analyzed in this study, the infinite-slab and tlieerslab models provide better

representations than the single-slab models.
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Comparing the(RMSPEvalues of the ONE-BACK program and the other two

finite-slab programs, better results are obtainedh wthe ONE-BACK

backcalculation program. This suggests that th@iagiion of Crovetti’'s and

Korenev's correction factors respectively, which ymiae considered to be

partially empirical in nature, appear to have re=iiin over correction and led to

higher deviations than the upper bound represehtedhe theoretical ONE-

BACK solutions.

c. The magnitudes ofRMSPE of the backcalculatedk are larger than the
corresponding RMSPE of the backcalculatedE,, regardless of the
backcalculation algorithm adopted. This could pagsbe attributed to two
reasons:

. The times of measurements lofand E; were different from the times of
deflection tests.k values are affected more because compardg, tthey
tend to vary more with the environmental factordohioften change with
the season and climate.

o The locations ok or Ec measurements were likely to be different from the
points of deflection tests. This location effeauld have a higher impact
on k thanE. becausek varies with the soil condition along the pavement
section while E. of the concrete slab, which is a manufactured and

controlled material, does not vary significanththimn a pavement section.

Comparison Based on Frequency Distribution of RerEerors

Two types of frequency plots are prepared. The d¢atiwe frequency
distributions of absolute percent errors backcakaak andE; are presented in Figure

3.8. The frequency distributions of the algebrasccpnt errors are presented in the
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bar-chart plots of Figure 3.9 for the backcalcudateand E; values. The following

observations may be made:

a.

In terms of the absolute percent errors of backtaledk, Figures 3.8(a) and
3.8(b) show that the infinite-slab model, the ngh@b model and the one-slab
model exhibit more or less similar error trendspeuforming the two finite-slab
solutions with Crovetti’'s and Korenev’s correctiarspectively.

In terms of the absolute percent errors of backdaledE;, Figures 3.8(c) and
3.8(d) show that the nine-slab model marginallypediorms the infinite-slab
model, the one-slab model and the finite-slab med#i Korenev’s corrections.
The finite-slab model with Crovetti's correctionsogduced much larger errors
than the other four methods.

The bar-chart plots in Figure 3.9 offer a qualitatassessment of the biasness of
the predicted values of the five backcalculationtiods. Based on the
percentage of cases of over- and under-estimagigpectively as summarized in
Table 3.8, it may infer that more cases of the itdislab and the nine-slab
backcalculated solutions tend to under-estirkardE., while more cases of the
one-slab and the two finite-slab backcalculateditsmts tend to over-estimate
the same properties (with the only exception the finite-slab model with

Korenev’s corrections has marginally more undeimesion cases foE).

Comparison Based on Statistical Characteristidsrairs

Since each pavement section studied has a medsarég value and an average

backcalculated or E; value by a given backcalculation method, a stesistest on the

pair-wise differences of the measured and backtzkd values can be conducted to

determine if the backcalculation method would pdeva good estimation of measured
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values. The Student'stest is a suitable statistical hypothesis testtliis purpose

(Montgomery and Runger, 2003). Table 3.9 summatizesesults of the hypothesis

testing. The null hypothesis is that there is ifteence between the backcalculated

and measured values. The following observations leayade:

a. At a level of significance of 0.05 (i.e. 95% lew#lsignificance), the hypothesis
that there is no difference between the backcaledland measurddvalues is
accepted for the following three solutions: infaaglab solution by NUS-BACK,
nine-slab solution by NINE-BACK, single-slab souti by ONE-BACK. The
hypothesis is rejected for the two solutions us@igvetti's and Korenev’'s
corrections respectively.

b. At a level of significance of 0.05 (i.e. 95% lew#lsignificance), the hypothesis
that there is no difference between the backcaedland measurdg. values is
accepted for the following four solutions: infinitéab solution by NUS-BACK,
nine-slab solution by NINE-BACK, single-slab soarii by ONE-BACK, and
finite-slab solution with Korenev’s corrections. el'lypothesis is rejected for
the solution using Crovetti’s corrections.

c. A further statistical test can be conducted to khEany of the backcalculation
methods had under- or over-estimated kher E; value. This involves an
alternative hypothesis by means of a one-tdilex$t. It was found that both the
finite-slab methods with Crovetti’'s and Korenev@@riections over-estimatekl
at 95% confidence level, while the single-slab rodtibased on ONE-SLAB
over-estimatedk at 90% confidence level. As f&, only the finite-slab method
with Crovetti's corrections was found to over-esitm the property at 95%

confidence level.
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Summary Remarks on Choice of Backcalculation Method

The comparisons of the measured and backcalcwatleds ofk andE. by the

five backcalculation methods highlight the followipoints regarding the issue of

considering finite slab size in backcalculationlgsia:

a.

The results of backcalculation analysis confirm thatinfinite-slab and one-slab
solutions offer the lower and upper bound valuespectively, of the pavement
properties. As indicated by the error analysissdaenRMSPE frequency plots
and statistical hypothesis testing, the theoreticed-slab solutions tend to over-
estimatek andE.. On the other hand, although the infinite-slalutsons show
some tendency to under-estimate the two propettiesdifferences between the
measured and backcalculated values were foundtstatly not significant.

In comparison with the infinite-slab solutions, ttleoretical nine-slab model
provides some improvements in the predictiorEgfand comparable quality of
backcalculatek values. In general, the error analyses performditate that
there were little differences in the relative pemiance of the two
backcalculation solutions. However, the need @afitonal input information on
slab dimensions and joint load transfer details@nés a major practical hurdle
for the use of nine-slab model in practice. Sitieenine-slab model represents
an interior slab without major joint defects, onaynsuggest that unless there are
serious joint defects, it is practical and logitmbhpply the infinite-slab model to
provide conservative estimationskohndE..

The results of the backcalculation analysis havewshthat the finite-slab
solutions based on either Crovetti's or Koreneviarections produced the

largest errors with respect to measukednd E; values. Statistical tests also
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indicate that the two solutions tend to over-estamthe pavement properties,

which is undesirable in terms of pavement evaluadiod rehabilitation analysis.

3.3.5 Summary

This section has presented an analysis to compareetative performance of
five backcalculation methods to study the effedtansidering finite slab size in
backcalculation analysis of the modulus of concséb E:) and modulus of subgrade
reaction K) of concrete pavements. The LTPP database of defietdst data and
measured pavement properties were used as the fbashe analysis. The relative
performance of the five backcalculation methods waaluated by comparing the
backcalculate#t andE; with the corresponding methods.

The analysis based on field measured data indi¢ch&tdhe theoretical solutions
of the infinite-slab backcalculation model and tme-slab backcalculation model can
be used to provide the lower and upper bound vahespectively, in the estimation of
k andE.. Comparisons of the results of the two modelsaghibthat the infinite-slab
model produced superior solutions with much smadleors as compared with the
one-slab model.

The use of the nine-slab model, considering thetedlab size and load transfer
across joints, did not create nay noticeable diffiees in backcalculating as
compared with the infinite-slab solutions, but dichieve some improvements in the
estimation ofe.. However, the differences or improvements weregmal and found
not significant statistically. It shows that f@inted concrete pavements with normal
functioning joints, the infinite-slab model is adede in providing sufficiently

accurate backcalculaté&andE; for practical applications.
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Since the detailed joint properties and joint f@icement data required for an
accurate nine-slab representation are not readdylable, the findings of the study
suggest that for normal nondestructive deflectiestihg and evaluation analysis of
jointed concrete pavements with non-defective gint is practical to adopt the
infinite-slab backcalculation model as it providssfficiently accurate and yet
conservative estimations & and Ec. The use of backcalculation methods that
consider the finite slab dimensions and incorpothte effect of joint load transfer,
such as the nine-slab model, would be practicallstified only in detailed field
investigation of pavements with defective jointsenthe load transfer function of the
joints has been affected.

The use of the two finite-slab models with Crovetéind Korenev's corrections
respectively, for backcalculation analysis is retammended based on the findings of
this study. Both models produced lager errors tharother three models considered,
and tended to over-estimateandE.. The solutions with Crovetti’s corrections were
found to over-estimat& and E at 95% confidence level, and the solutions with

Korenev’s corrections over-estimateat the same confidence level.
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Table 3.1: Measured Properties of 26 JCP Sectmm&nalyzingk

Test Section

Case State/Province

Number of

Measured k-valur Measured E Lane Width Joint Spacing

Code  Deflection Basins  (MN/m°) (GPa) (m) (m)

1 Colorado 0213 11 114.76 24.50 4.27 4.57
2 Colorado 0214 10 122.09 33.12 3.66 4.57
3 Colorado 0215 10 103.09 29.33 3.66 4.57
4 Colorado 0222 10 73.25 32.09 3.66 4.57
5 Delaware 0201 10 80.03 - 3.66 4.57
6 Delaware 0203 10 51.55 29.74 4.27 4.57
7 Delaware 0204 10 74.61 30.34 3.66 4.57
8 Delaware 0205 10 47.48 - 3.66 4.57
9 Delaware 0206 9 65.11 37.12 4.27 4.57
10 Delaware 0207 10 54.26 27.74 4.27 4.57
11 Delaware 0208 10 54.26 28.94 3.66 4.57
12 Delaware 0259 11 59.69 37.76 3.66 4.57
13 lowa 0213 11 39.61 32.66 4.27 4.57
14 lowa 0219 10 17.36 35.36 4.27 4.57
15 lowa 0223 10 12.21 39.05 3.66 4.57
16 Michigan 0214 10 130.22 34.16 3.66 457

17 Michigan 0215 10 69.18 33.12 3.66 4.57
18 Michigan 0217 10 62.40 - 4.27 4.57

19 Michigan 0219 11 105.81 27.26 3.66 4.57
20 Michigan 0220 10 92.24 32.43 3.66 4.57
21 North Carolina 0203 20 92.24 30.71 4.27 4.57
22 North Carolina 0204 10 61.04 35.06 3.66 4.57
23 North Carolina 0205 10 50.19 29.33 3.66 4.57
24 North Carolina 0208 20 40.70 32.70 3.66 4.57
25 Texas A807 10 86.82 34.50 3.35 4.57
26 Texas A808 8 86.82 35.19 3.35 4.57

Remarks:

:data not available
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Table 3.2: Root-Mean-Square Percent Errorg famdE. Backcalculated Using
NUS-BACK (Load Level = 71.1 kN)

E. (CRCP E. (JCP
Sensor RMSPE Sensor RMSPE Sensor RMSPE
Configuration Value Configuration Value Configuration e

47 75.97 13 41.92 13 25.49
57 76.25 14 52.87 12 31.04
45 76.31 12 56.55 14 35.00
37 76.32 15 68.03 15 49.11
46 76.40 16 88.08 24 65.18
27 76.60 23 94.73 16 66.63
56 77.04 24 94.74 25 75.57
17 78.23 25 96.46 26 87.08
36 78.77 26 112.64 34 87.45
26 80.13 35 118.58 35 89.72
35 82.86 17 124.17 17 91.50
67 82.96 36 125.96 23 94.82
25 85.97 46 136.60 36 96.73
16 88.17 34 142.59 46 106.46
34 92.41 27 146.47 27 108.73
24 97.11 45 148.70 56 113.91
15 105.36 56 150.24 45 116.00
23 124.22 37 157.40 37 117.81
14 130.41 47 172.00 47 129.89
13 182.98 57 186.36 57 143.89
12 279.09 67 6142.79 67 2544.56
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Table 3.3: Measured Properties of 50 JCP Sect@mn&nalyzingE.

Case State/ProvinceTeSt Section No of Deflection Measured EcLane Width qunt Case State/ProvinceTeSt Section No of Deflection Measured EcLane Width qunt
Code Basins (GPa) (m) Spacing (m Code Basins (GPa) (m) Spacing (m)
1 Arizona 7614 19 30.71 3.658 4972 26 Michigan 0220 9 32.43 658. 4572
2 Arkansas 3059 18 24.50 3.658 13.y16 27 Minnesota 3013 20 6137. 4.267 4.572
3 Colorado 0213 10 24.50 4.267 4872 28 Missouri 4069 20 24.15 3.658 18.745
4 Colorado 0214 10 33.12 3.658 4872 29 Nebraska 3023 20 26.22 3.658 4,724
5 Colorado 0215 10 29.33 3.658 4872 30 Nevada 3013 20 37.43 6583. 4,724
6 Colorado 0222 10 32.09 3.658 4872 31 New Jersey 4042 11 0536. 3.658 23.835
7 Colorado 7776 20 27.60 3.658 3.962 32 New Mexico 3010 20 0641. 3.658 4.115
8 Connecticut 4008 11 34.16 3.658 12.192 33 New York 4017 16 5.012 3.658 19.355
9 Delaware 0203 10 29.74 4.267 4.%72 34 New York 4018 10 27.08 3.658 19.355
10 Delaware 0204 9 30.34 3.658 4.%72 35 North Carolina 0203 0 1 30.71 4.267 4.572
11 Delaware 0208 10 28.94 3.658 4572 36 North Carolina 0204 10 35.06 3.658 4572
12 Delaware 0259 11 37.76 3.658 4572 37 Ohio 3801 19 25.88 583.6  6.096
13 lowa 0213 10 32.66 4.267 4972 38 Oklahoma 3018 20 30.71 583.6 4.572
14 lowa 0219 10 35.36 4.267 4972 39 Oklahoma 4162 20 40.54 583.6 4.572
15 lowa 0223 10 39.05 3.658 4972 40 Texas A807 10 34.50 3.353 5724
16 lowa 3006 20 31.57 3.658 6.096 41 Texas A808 8 35.19 3.353 5724,
17 lowa 3009 25 31.22 3.658 6.096 42 Utah 3010 11 31.22 3.658 5724,
18 lowa 3028 18 30.36 3.658 6.096 43 Vermont 1682 13 33.12 83.65 4.572
19 lowa 3055 20 23.98 3.658 6.096 44 Washington 3011 20 36.40 .6583 3.505
20 Kansas 4054 10 28.98 3.658 9.144 45 Washington 3014 20 3324 3.658 3.505
21 Louisiana 4001 14 37.78 3.658 17.831 46 Washington 3019 20 34.16 3.658 3.505
22 Maine 3014 20 23.29 3.658 6.096 47 Washington 3813 20 36.40 3.658 4572
23 Michigan 0214 12 34.16 3.658 4472 48 Washington 7409 21 .6323 3.658 3.505
24 Michigan 0215 10 33.12 3.658 4472 49 Wisconsin 3008 20 926. 3.658 4,724
25 Michigan 0219 11 27.26 3.658 4.472 50 Wisconsin 3009 20 3M3. 3.658 4.663




Table 3.4: Measured Properties of 76 CRCP SexfianAnalyzingE.

Case State/ProvinceTeSt Section Number of ' Measured Case State/ProvinceTeSt Section Number of ' Measured
Code Deflection Basins Ec (GPa) Code Deflection Basins Ec (GPa)
1 Alabama 3998 19 47.61 39 Oklahoma 5021 20 34.16
2 Alabama 5008 20 37.95 40 Oregon 5006 21 27.60
3 Arizona 7079 21 27.60 41 Oregon 5008 21 31.40
4  Arkansas 5803 19 33.81 42 Oregon 5021 18 24.50
5 Arkansas 5805 19 27.60 43 Oregon 5022 21 22.43
6 California 7455 11 32.43 44 Oregon 7081 21 27.26
7 Connecticut 5001 15 41.40 45 Pennsylvania 1598 16 42.78
8 Delaware 5004 13 23.12 46 Pennsylvania 1617 19 40.37
9 Georgia 5023 17 36.57 47 Pennsylvania 5020 15 49.34
10 Idaho 5025 20 30.71 48 South Carolina 5017 20 20.01
11 Ilinois 5020 20 24.15 49 South Carolina 5034 20 21.74
12 lllinois 5843 20 41.75 50 South Carolina 5035 20 19.67
13 lllinois 5849 20 26.91 51 South Dakota 5020 20 25.53
14 Illinois 5854 20 27.60 52 South Dakota 5025 20 27.95
15 |lllinois 5869 20 45.20 53 South Dakota 5040 20 31.74
16 lllinois 5908 20 22.43 54 Texas 3719 17 44.85
17 llinois 9267 20 43.82 55 Texas 3779 20 29.33
18 Indiana 5022 20 41.40 56 Texas 5024 20 31.74
19 Indiana 5043 20 36.92 57 Texas 5035 18 28.64
20 lowa 5042 20 27.95 58 Texas 5154 20 33.47
21 lowa 5046 20 32.09 59 Texas 5274 19 38.30
22 lowa 9116 19 34.16 60 Texas 5283 18 32.43
23 Maryland 5807 17 33.19 61 Texas 5284 18 30.71
24 Michigan 5363 20 31.74 62 Texas 5287 20 22.43
25 Minnesota 5076 21 37.95 63 Texas 5301 20 37.26
26 Mississipi 5006 20 32.09 64 Texas 5310 20 34.85
27 Mississipi 5025 20 30.71 65 Texas 5317 17 35.54
28 Mississipi 5803 19 32.09 66 Texas 5323 20 30.71
29 Mississipi 5805 20 38.99 67 Texas 5328 20 26.57
30 Missouri 5047 20 37.26 68 Texas 5334 20 37.95
31 Nebraska 5052 20 24.50 69 Texas 5335 20 36.57
32 North Carolina 5037 19 19.32 70 Texas 5336 20 29.67
33 North Carolina 5826 16 32.43 71 Virginia 2564 18 24.84
34 North Carolina 5827 16 21.05 72 Virginia 5008 20 24.15
35 Ohio 5003 20 25.53 73 Virginia 5009 16 20.70
36 Oklahoma 4155 19 30.02 74 West Virginia 5007 15 20.36
37 Oklahoma 4158 18 33.12 75 Wisconsin 5037 20 36.23
38 Oklahoma 4166 11 34.50 76 Wisconsin 5040 20 43.82
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Table 3.5: RMSPEof Backcalculated Pavement Properties and Coefficof
Correlation with Measured Values from Four Differ&ethods

(a) Root-Mean-Square Percent ErmaMSPB

k E

Backcalculation Program RMSPE RMSPE RMSPE RMSPE
CRCP JCP CRCP JCP
Load = 40 kN

NUSBACK 69.95 71.33 51.56 40.71 61.31 51.81
ILLIBACK4 99.49 107.72 67.59 51.93 74.67 61.26
ILLIBACKY 83.69 88.34 84.79 68.05 86.96 73.02
LTPP Best-Fit Method 77.83 82.23 55.29 48.93 57.99 53.48

Load = 53.3 kN
NUSBACK 72.54 74.85 35.53 34.54 48.46 46.95
ILLIBACK4 102.13 107.53 55.11 49.43 63.55 56.88
ILLIBACK?Y 86.79 90.73 74.93 65.54 79.91 68.48
LTPP Best-Fit Method 81.73 85.88 49.59 46.41 54.15 49.92

Load = 71.1 kN
NUSBACK 75.97 78.39 41.92 25.49 47.14 33.02
ILLIBACK4 107.70 111.15 66.63 43.26 66.02 49.56
ILLIBACKY 91.51 94.52 85.17 59.08 86.13 64.16
LTPP Best-Fit Method 81.38 82.91 49.59 43.89 52.59 42.83

Note : The number of pavement sections used Butzlon is as follows:
(&) For k: 26 sections (NUS-BACK and ILLI-BACK) nietds, 15 sections (LTTP Best-Fit
Method)
(b) For E. of CRCP: 76 sections (NUS-BACK and ILLI-BACK) meils, 75 sections (LTTP
Best-Fit Method)
(c) For E of JCP: 50 sections (NUS-BACK and ILLI-BACK) methgy 43 sections (LTTP
Best-Fit Method)

(b) Coefficient of Correlation
Coefficient of correlation

Backcalculation Program K Ec
CRCP JCP
Load = 40 kN
NUSBACK 0.353 0.429 0.173
ILLIBACK4 0.288 0.434 0.192
ILLIBACK7 0.313 0.406 0.139
LTPP Best-Fit Method 0.367 0.404 0.349
Load = 53.3 kN
NUSBACK 0.377 0.276 0.088
ILLIBACK4 0.323 0.351 0.151
ILLIBACK7 0.343 0.338 0.117
LTPP Best-Fit Method 0.298 0.385 0.348
Load = 71.1 kN
NUSBACK 0.367 0.399 0.362
ILLIBACK4 0.304 0.381 0.323
ILLIBACK7 0.327 0.373 0.232
LTPP Best-Fit Method 0.326 0.377 0.331
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Table 3.6: RMSPEof Backcalculated Pavement Properties
with Temperature Consideration

(a) RMSPEon E;
Backcalculation RMSPE without temperature consideration RMSPE wihgterature consideration
program RMSPE (%) RMSPE (%) RMSPE (%) RMSPE (%)

CRCP JCP CRCP JCP CRCP JCP CRCP JCP
NUS-BACK 41.92 25.49 47.14 33.02 40.56 25.34 47.90 33.02
ILLI-BACK4 66.63 43.26 66.02 49.56 69.80 37.96 67.01 44.98
ILLI-BACK7 85.17 59.08 86.13 64.16 89.37 50.52 88.50 55.97
LTTP Best Fit 49.59 43.89 52.59 42.83 49.78 44.48 52.33 5%3.

Note : The number of pavement sections used outzlon is as follows:

(a) For E of CRCP without temperature consideration: 76isest(NUS-BACK and ILLI-
BACK) methods, 75 sections (LTTP Best-Fit Method)

(b) For E of CRCP with temperature consideration: 61 sesti?ffiJS-BACK and ILLI-BACK)
methods, 60 sections (LTTP Best-Fit Method)

(c) For E of JCP: 50 sections (NUS-BACK and ILLI-BACK) mettg 43 sections (LTTP
Best-Fit Method)

(d) For E of JCP: 39 sections (NUS-BACK and ILLI-BACK) mettg 33 sections (LTTP
Best-Fit Method)

(b) RMSPEonk
Backcalculaton RMSPE without temperature consideration RMSPE withgerature consideration
program RMSPE (%) RMSPE (%) RMSPE (%) RMSPE (%)
NUS-BACK 75.97 78.39 83.33 86.50
ILLI-BACK4 107.70 111.15 120.33 126.88
ILLI-BACK7 91.51 94.52 101.98 106.63
LTTP Best Fit 81.38 82.91 85.26 88.89

Note : The number of pavement sections used Butzlon is as follows:
(&) Fork without temperature consideration: 26 sections$NRACK and ILLI-BACK) methods,
15 sections (LTTP Best-Fit Method)
(&) Fork with temperature consideration: 20 sections (NUSER and ILLI-BACK) methods,
13 sections (LTTP Best-Fit Method)
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Table 3.7: RMSPEof Backcalculated Pavement Properties
from Five Different Methods

k
Backcalculation Program 2
RMSPE (%) RMSPE (%) RMSPE (%) RMSPE (%)

Infinite-slab model
using NUS-BACK 75.975 78.391 25.485 32.988
Single-slab model

. 100.529 93.898 29.606 41.469
using ONE-BACK
Nine-slab model
using NINE-BACK 75.969 82.295 20.596 26.069
Finite-slab model with 121.870  125.627 39.545 46.046
Crovetti's Correction
Finite-slab model with 146.088  148.584 31.500 35.232

Korenev's Correction

Note : The number of pavement sections usedlaulesion is as follows: 26 sections for k

and 50 sectionsE
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Table 3.8: Percentages of Over-Estimation and Wadémation Cases

(a) Results for Backcalculatédvalues

Pavement-Section Average Individual Deflection-Basin

Backcalculation Backcalculated Backcalculated
Method % Under- % Over- % Under- % Over-
Estimation  Estimation Estimation Estimation
Cases Cases Cases Cases

Infinite-slab model 69% 31% 73% 27%

using NUS-BACK

Nine-slab model 62% 38% 63% 37%

using NINE-BACK

Single-slab model 42% 58% 46% 54%

using ONE-BACK

Finite-slab model 39% 61% 39% 61%

with Crovetti’'s

corrections

Finite-slab model 27% 73% 33% 67%

with Korenev’s

corrections

(b) Results for Backcalculatdsl values

Pavement-Section Average Individual Deflection-Basin

Backcalculation Backcalculatedt, BackcalculatedE,
Method % Under- % Over- % Under- % Over-
Estimation  Estimation Estimation Estimation
Cases Cases Cases Cases

Infinite-slab model 56% 44% 57% 43%

using NUS-BACK

Nine-slab model 54% 46% 56% 44%

using NINE-BACK

Single-slab model 46% 54% 53% 47%

using ONE-BACK

Finite-slab model 28% 72% 30% 70%

with Crovetti’'s

corrections

Finite-slab model 54% 46% 51% 49%

with Korenev’s

corrections
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Table 3.9: Statistical Tests on Pairwise Differertoetsveen Backcalculated and
Measured Pavement Properties

(a) Test on hypothesis that there is no differereteséen
backcalculated and measuted

Infinite- Nine-Slab One-Slab Solution Solution

Property Slab Solution  Solution with ., with ,
Crovetti’s Korenev's

Solution ) .
Correction  Correction
Mean -5.06 5.26 28.16 52.28 73.99
Difference
Standard 75.81 75.59 96.50 110.09 125.97
Deviation
t statistic -0.34 0.35 1.49 242 3.00
Critical t at +2.06 +2.06 +2.06 +2.06 +2.06
o =0.05*
Conclusion Accept Accept Accept Reject Reject
Note: (1)a is the level of significance. Test is conductedatfidence level of 95%
for o = 0.05.

(2) The degree of freedom is (26 — 1) =25

(b) Test on hypothesis that there is no differdmetsveen
backcalculated and measured

Infinite- Nine-Slab One-Slab Solution Solution

Property Slab Solution  Solution with ., with ,
Crovetti’s Korenev's

Solution . .
Correction Correction

Mean -0.94 -3.33 1.60 21.07 1.72
Difference
Standard 25.47 20.32 29.56 33.47 31.45
Deviation
t statistic -0.19 -0.84 0.28 3.21 0.28
Critical t at +2.01 +2.01 +2.01 +2.01 +2.01
a =0.05
Conclusion Accept Accept Accept Reject Accept

Note: (1)a is the level of significance. Test is conductedanfidence level of
95% foro. = 0.05.
(2) The degree of freedom is (50 — 1) = 49
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Figure 3.9: Frequency Distributions of PercenbEof Backcalculated Value kf
andE. (continued)
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CHAPTER 4
DEVELOPING k-Es RELATIONSHIP OF RIGID PAVEMENT SYSTEM

USING BACKCALCULATION APPROACH

4.1 Introduction

The examination of a relationship between two satdgrsoil models, i.e. dense
liquid and elastic solid model (known k4 relationship), on rigid pavement system
was presented in two sections in this chapter. dnti@n 4.2, the examination of
differentk-Es relationships on two-layer rigid pavement systeas wonducted, while
the examination of th&-Es relationships on rigid pavement system considetiregg
presence of intermediate layer between concreteaia subgrade was presented in

Section 4.3.

4.2 Examining k-Es Relationship of Pavement Subgrade Based on Load-
Deflection Consideration
4.2.1 Background
Most rigid-pavement design methods in use todayptidbe Westergaard's
approach (1925) that considers the case of a pauestab resting on a dense liquid
foundation. In the theoretical model adopted kg #pproach, the pavement slab is
characterized by its elastic modulus and Poissa@tie, while the pavement subgrade
is characterized by a single paramekerthe modulus of subgrade reaction. The
commonly accepted method of measuring by means of a standard plate loading
test conducted in the field (ASTM, 2006). Howevire field plate loading test is

elaborate and time consuming, and it is impracticatonduct this test on in-service
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pavements in the case of structural rehabilitatomverlay designs. As a result, in
practice thek value of a subgrade soil is usually estimateduginoits correlation with
other soil properties.

Empirical correlations betwednand soil properties such as the CBR (California
bearing ratio), stabilometer resistance value, rusdwf elasticity Es, and soil
classification type (PCA, 1966) have been usedstonatek. These correlations are
approximate and it is not advisable to apply theseelations under conditions
different from those they were first derived faro overcome this problem, it has been
of special interest to pavement engineers and mese® to establish a relationship
betweerk and the modulus of elasticiBg of the pavement subgrade. This is because
Es is a fundamental engineering property of pavensetigrade materials and that
there exists various test methods for determirtiggeither in the field or in the
laboratory. For instance, the AASHTO Pavement @re§Suide (1986, 1993), and the
Mechanistic-Empirical Pavement Design Guide (MEPO&RA Consulting Group
Inc., 2004) all apply diredt-E relationships to convert the input value of subgias
to ak value.

In this study, a review of sevenalE; relationships derived by past researchers is
first performed by examining the theoretical basi®pted and assumptions made in
each. Next, an attempt is made to study the osiship betweek andEg by means of
an equivalency concept that identifies an equivakemodel (a theoretical model of
pavement slab supported by a dense liquid foundatiod an equivalerds-model (a
theoretical model of pavement slab supported byelastic solid foundation) for a
given actual rigid pavement structure. The edaivey is established using
backcalculation analysis based on load-deflectmrsitlerations. An illustration of the

approach is made using the measured data of the® L(IBng Term Pavement
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Performance) database. A comparison is made whitér @xistingk-Es relationships

to asses the reasonableness of the proposed approac

4.2.2 Review ok-E Relationship by Past Researchers

Four k-E; relationships derived by past researchers areepied in this section.
They are: (a) thé-E relationship adopted by AASHTO (1986, 1993), (e k-E
relationship derived by Khazanovich et al. (20(t),thek-Es relationship derived by

Vesic and Saxena (1974), and (d) kRE; relationship derived by Ullidtz (1987).

4.2.2.1 k-E¢Relationship by AASHTO (1986, 1993)
In the 1986 edition of the AASHTO Pavement De<gyride (AASHTO, 1986),
and again in the 1993 edition (AASHTO, 1993), tladue ofk is calculated from &-
Es relationship derived by matching the surface d#fdes calculated for the
following two theoretical pavement systems:
() A uniformly distributed load is applied ovdre entire surface area of a circular
perfectly-rigid plate of radiua supported on a dense liquid foundation. The

maximum surface deflectiofwmayk under this condition is given by

(Wmax)k = E (4-1)

whereq = applied distributed load, akd= modulus of subgrade reaction.
(i) A uniformly distributed load is applied on &aular surface area of radiasof
an elastic solid foundation. The maximum surfaeledtion (Wmaye under this

condition is given by

(- 1?)ga
2E

S

(Wmax) E~ (4_2)
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whereu = Poisson’s ratio of subgrade= radius of loaded area, akg= elastic
modulus of subgrade.
Equating the above two maximum deflection expressgives,

2E

S

< a7 @)

For = 0.45 anda = 15 in. (0.381 m),

E, (MP3)

or k(MN/m?)= -
0477

(4-4)

Kk (pCI) — Es (pSi)

Instead of matching the maximum surface deflectidaSSHTO (1986, 1993)
equated the volumes of soil displaced under thelimgparea for the theoretical
pavement systems. This is equivalent to equahiegdeflection of the rigid plate (as
given by Equation (4-1)) with the average surfaefedtion calculated for the case of
uniform loading on an elastic solid foundation. isTHeads to the following

relationship recommended by AASHTO (1986, 1993),

k (pei) = B2 P oy (mn /ey = B (MP2Y)

194 049z (4-3)

A main issue that can be raised with the derivatib&quations (4-4) and (4-5)
is the implicit assumption that a pavement slab lmamepresented by a finite circular
plate, regardless of the actual dimensions of ga pavement slab. The validity of
this assumption has been questioned by severarodmes. Noting that thie value
calculated from Equation (4-3) is dependent onvhlee of loading radius, Huang
(2003) commented that by settiag- 15 in. (0.381 m), both Equations (4-4) and (4-5)
would “give ak value that is too large”. This is because theaaquivalent of an

actual rigid pavement system would be larger tharinl (0.381 m). By analyzing

actual pavement deflection test data, the equivaei actual pavements is obtained
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varying from about 0.3 m to more than 2.0 m. Tuggests that Equations (4-4) and

(4-5) are likely to over-estimate the valuekof

4.2.2.2 k-E¢Relationship by Khazanovich et al. (2001)

Khazanovich et al. (2001) analyzed the deflectiatadof falling weight
deflectometer tests from the LTPP (Long Term Pavenierformance) database.
Backcalculation analyses were performed on thefleatien data to estimateandEs
by considering the following two theoretical riggdvement systems (termed as khe
model and th&s-model for easy reference):

() k-model: a theoretical pavement system of an irdipiavement slab supported
on a dense-liquid foundation; and

(i) Esmodel: a theoretical pavement system of an irdip&avement slab supported
on an elastic solid foundation.

In the estimation ok and Es values respectively, Khazanovich et al. (2001)
adopted a best-fit approach based on the trialesrat- approach to match the
theoretical and measured surface deflections. Tdllewing relationship was
obtained:

k (MN/n?) = 0.296E; (MPa) (4-6)
with statistical coefficient of determination’R 0.872 and standard error = 9.37
MN/m?®,

The Mechanistic-Empirical Pavement Design Guide BDE) (ARA
Consulting Group Inc. 2004) contains a softwar@eédorm an Eg-to-kK” conversion.
An analysis ofEs andk generated by the software indicates thatkiig relationship

can be closely represented Equation (4-6).
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4.2.2.3 k-Es Relationship by Vesic and Saxena (1974)
Vesic and Saxena (1974) derived an expressionh®mrelationship betweek

andE; of pavement subgrade by equating the radii oftiveastiffness of thé&-model

andEs-model. For thé&-model, the radius of relative stiffnegss given by,

1/4
t = [%j @4-7)

3
where: D= Ec—h°2 (4-8)
12(1- g )

D = flexural rigidity of pavement slati.= elastic modulus of pavement sldl,=
thickness of pavement slah, = Poisson’s ratio of pavement slab.
The corresponding equation for the radius of ndastiffness/e of the E-model

is,

B 2D(1_ﬂ2) 1/3 -
e _(—E j (4-9)

wherey = Poisson’s ratio of subgradgs = elastic modulus of subgrade, abds as
defined in Equation (4-8).
By setting /x = /g, Vesic and Saxena (1974) arrived at the followl§

relationship,

K = (Ej [Lz] (4-10)
Ec (1—,U )hc

The main basic assumption involved in the derivataf Equation (4-10) is the
equating of the two radii of relative stiffness.hi§ assumption apparently does not
represent the actual conditions in the field eyacls Vesic and Saxena (1974)

suggested that to yield a good agreement with medsieflections, only 42% of the
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value obtained from Equation (4-10) be used toredek. That is, theék value should

be adjusted as follows,

1/3
Adjustedk = 042 E LSZ (4-11)
E (l_/u )hc

C

4.2.2.4 k-EgRelationship by Ullidtz (1987)

Based on the equation for adjustediven in Equation (4-11), Ullidtz (1987)
made a further modification by introducing the oepicof equivalent thickness of the
concrete slab with respect to the subgrade. The/algnt thickness is defined as the
thickness of subgrade material having the sameurééxrigidity as that of the

pavement slab (see Equation (4-8)). It is giveBguoation (4-12) below,

h —h, [E (L p )j (4-12)

Es (1_ /u(:2 )

The revised approximate relationship proposed bigltdl(1987) is given as Equation
(4-13).

Revised from Equation (4-11)Adjustedk = 054 (%} (4-13)

The incorporation of the equivalent thickness cphdeto the estimation df from Es
is not likely to introduce any major changes in ttaculation. The values df
computed from (4-13) are not expected to be muffardint from the correspondirig

values calculated using Equation (4-11).
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4.2.3 Proposed Procedure for Derivinds-Es Relationship

4.2.3.1 Main Considerations
The following are the main considerations thatrfahe basis of the proposed

procedure:

(@) Thek-model and th&s-model are two theoretical rigid pavement systenviniga
different load transmission mechanisms. Underdamtical applied load, the
two surface deflection basins produced by the nmodell have different
deformed shapes and magnitudes of deflections. s Tieans that the two
deflection basins do not match, and artificiallyatp their deflections at selected
points or the volumes of deflection basins produbgdthe two models is
unlikely to correctly identify the equivalency dfetk- andEs-models.

(b) The k-model and theEs-model are employed by researchers to simulate the
structural responses of rigid pavements under |aatlsough neither of the two
models could exactly represent the actual structoeaaviors of the real-life
rigid pavement. The common approach in pavemeginearing is to apply
backcalculation analysis of the deflection testdattthe real pavement, for the
purpose of identifying thek-model parameter values (&smodel parameter
values if theEs-model is used) that could best represent the siraichehaviors
of the real pavement. That is, by means of lodtediéon backcalculation
analysis, it is possible to identify an equival&nodel and an equivales
model, respectively, with respect to a real paveansgatem. This equivalency
concept is depicted in Figure 4.1.

Based on the above considerations, the proposedoagh adopted in this
research does not match the deflections or modainpeters of the two theoretical

models directly, but aims to derive a relationsbgtweenk and Es of pavement
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subgrade by examining the properties of the backtated equivalenk-model and

equivalentts-model. Figure 4.2 depicts the main steps invoinetiis approach.

4.2.3.2 Backcalculation of Equivalenk-Model and Es-Model

For the purpose of this study, closed-form backdaton algorithms are
adopted to derive the equivaldamodel and equivaleritsmodel respectively. The
main reason for doing so is obvious because clém®ad-backcalculation algorithms
provide unique solutions of tHemodel andEs-model, respectively, for a given set of
deflection test data, thereby providing a uniquie gaequivalentk- andEs-models for
each of the pavement sections analyzed. The chkosadbackcalculation software
NUSBACK and NUSBACK?2 (Li et al., 1996, Fwa et &2000) fork-model andEs-
model, respectively, is ideal for this purpose.

For thek-model, NUSBACK backcalculates the modulus of saldgrreactiork
and pavement slab elastic modulgsof a rigid pavement system represented by an
infinite pavement slab resting on a dense liquidnfiation. It considers any two
deflection measurements; andw;, at horizontal distancesandr; respectively from

the center of loading area, and solve the following equations,

P

W =@Fk(fk’ri) (4-14a)
P

WJ =@Fk(fk,rj ) (4'14b)

whereP = applied loada = radius of loaded areé, = radius of relative stiffness &f
model (see definition given in Equation (4-7F) = deflection factor which is a
function of/, and horizontal distanae

For theEs-model, NUSBACK2 backcalculates the subgrade elastidulusEs

and pavement slab elastic moduksof a rigid pavement system represented by an
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infinite pavement slab resting on an elastic sédidndation. It considers any two
deflection measurements; andw;, at horizontal distancesandr; respectively from

the center of loading area, and solve the followimg equations,

P(l- ?
W, :(—ﬂ)FE(éE’ri) (4-15a)
EséE
Pl1- u?
W, =(E—€)FE(€E’”) (4-15b)
s E

where /g is the radius of relative stiffness &;-model (see definition given in

Equation (4-9)),Fe is deflection factor which is a function @& and horizontal
distance, all other variables are as defined in Equatidn$4a) and (4-14b).

Readers are referred to the references (Li el@86, Fwa et al., 2000) for the
detailed analytical solutions for both. NUSBACKopides closed-form solutions for
k, /x andE; by solving Equations (4-14a) and (4-14b), while 3BACK2 provides
closed-form solutions foEs, /g and E. by solving Equations (4-15a) and (4-15b).

These parameter values are used in the comparfstre &model andEs<-model for

the purpose of examining the relationship betwieandEs.

4.2.4 Derivation ofk-Es Relationship Using LTPP Data

The proposed approach as described in the precesgiciion and depicted in
Figure 4.2requires the use of actual pavement test datatéblesh the relationship
betweenk andEs. For the present study, the falling weight defleweter test data
from the LTPP (Long Term Pavement Performance) iGE#t al., 2003, LTPP
DataPave Online, 2007) are used for this purpds$es section presents the derivation

using the LTPP data.
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4.2.4.1 LTPP Database

From the LTPP database, falling weight deflect@neeflection measurements
of the General Pavement Study (GPS) and the Spdedvement Study (SPS) were
obtained for the analyses presented in this stuisflection basins obtained for three
applied load levels, i.e. 40, 53.3 and 71.1 kN,enecluded in the analysis. 50 JCP
(jointed concrete pavement) sections were seleftted the LTPP database for the
purpose of this study. All the 50 sections contagasurede; values, but only 26 of
the road sections also contain measukedalues. There are altogether 2,238
deflection basins (746 per load level) in the 50PJ§&ctions having measurég
values, and 738 deflection basins (246 per loadl}amn the 26 JCP sections having
measuredk values. In addition, 75 CRCP (continuously reioéal concrete
pavement) sections with measufedvalues were randomly selected from GPS road
section database. There are 4,236 deflection b#%jd42 per load level) in the 75
CRCP sections. The deflection data were measutsmenh falling weight
deflectometer tests performed at the center of skdhtested. Tables 4.1 and 4.2 list

the selected details of the JCP and CRCP roadsscti

4.2.4.2 Comparing of Equivalenk-Model and Equivalent E--Model

As explained earlier, given a real rigid pavemednicture, it is meaningful to
compare the theoretical equivaldatmodel and the equivaleB-model because they
each in their own way represents the same paversteatture based on load-
deflection considerations. It is clear from Eqoas (4-14a) and (4-14Db) that for tke

model, the surface of deflections and the shamkefiéctions basin under a given load

are dependent on the parametkrand /; while for the E-model, the governing

parameters ar&s and /g as can be inferred from Equations (4-15a) and5@)-1

115



Hence, the following two comparisons are made is $tudy to assess their respective
suitability for use in deriving the relationshiptiveenk andEs:
(i) Direct regression ok and Es values to determine if a simple relationship

involving these two properties can be established.

(i) Comparison of thé, and/g values to examine how they are related, and whethe

there exists dx-/g relationship that can be used as a basis tdlinkh Es.

Direct Regression Equation for k and E

As presented earlier under the literature reviewtise, this is the approach
adopted by AASHTO (1986, 1993), Khazanovich et(2001), and MEPDG (ARA
Consulting Group Inc., 2004) for the purpose ofnesting k from Es. In the present
study based on the concept of equivalentodel andec-model, the computeklandEg
values from the 2,238 JCP and 4,236 CRCP deflebi@sms are plotted in Figure 4.3.
The following regression equation is obtained:

k (MN/m?) = 0.259E (MPa)- 6.512 (4-16)
with statistical coefficient of determination”R 0.941 and standard error = 8.317
MN/m3. Equation (4-16) is slightly superior to Equatid@-6) obtained by

Khazanovich et al. (2001) in terms ot &d standard error.

Relationship Betweefy and/g

The backcalculatedx and /¢ values for the 2,238 JCP and 4,236 CRCP
deflection basins are plotted in Figure 4.4. lolsserved that there exists a well
defined relationship between the 6,474 pairs okbalculated values ofy and /g.

The relationship is nonlinear. It can be closedgatibed by the following second-
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order polynomial regression equation with a staast coefficient of multiple

determination Rvalue close to unity,
/=0.183(¢° + 0.887/c + 0.4008  R=0.998, standard error = 7.344 x*1®
(4-17)
where both/, and/g are measured in m.
The well-defined relationship betweép and /g is of practical significance in

establishing the relationship betwdeandEs for the purpose of estimatingfrom the
known subgradé&s value of a rigid pavement structure.

It is of interest at this juncture to provide athar examination of assumption of

lx = le set by Vesic and Saxena (1974) in deriving ke, relationship. Vesic and
Saxena’s assumption df = /g plus the introduction of adjustment factor 0.42 is
equivalent to settinge = (0.42)%,, i.e.

= (0.42}"*, = 0.805¢ (4-18)
Figure 4.5 shows that Vesic and Saxena’s equivasstimption of Equation (4-18)

together with the/y-¢e relationship derived in this study. It suggestsittthe
equivalent linear/\-/g relationship assumed by Vesic and Saxena is alifigdp

approximation of the non-linedg-/e relationship derived from field data.

4.2.4.3 Proposed Methods of Estimating from Es based on Equivalenk-Model
and Es-Model
The findings of the preceding sections suggest, thased on the concept of
equivalentk-model andes-model, there are two possible methods of estimatiingm

Es:
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" Equivalent modek-E; regression equation: Direct computationkofrom the
linear regression equation bandEs given by Equation (4-16).

" Equivalent model -/ relationship: Based on thg-/e relationship of Equation
(4-17), with known values d&, h, 1 andy (as defined in Equations (4-8) and
(4-9)), computek with the following steps:

(i) Calculate/e from given values O, h, u andy;

(i) Calculatey from /- relationship of Equation (4-17); and

(iif) Calculatek from ¢ using Equation (4-7).

The applicable parameter ranges of kkE regression relationship of Equation
(4-16) and the/y-/¢ relationship of Equation (4-17) are identical avd as follows:
8.5 MN/nT < k < 280 MN/nT, 72 MPa< Es < 995 MPa, 16 GP4 E. < 95 GPa, 0.185
m < h; < 0.32 m,i. = 0.15 and 0.X x4 < 0.45. The next section will compare these

two k-E relationships with those existithgE relationships reviewed earlier.

4.2.5 Comparison of Differentk-Es Relationships
4.2.5.1 Comparison with Measured Values

In the JCP records of the LTPP database, 26 paueyaetions contain measured
k values. These measureslalues are used as the basis for comparing theus-E
relationships. Th& value reported for each of the 26 pavement sexi®the average
values measured by means of on-site plate beaests.t Figure 4.6 shows the
comparison of the measurédvalues with the estimatekl values by various-Es
relationships. The predictddvalues in each plot of Figure 4.6 are obtainedtlier
individual deflection basins in each pavement sectiand plotted against the

backcalculatedts values.
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(@)

(b)

(€)

(d)

(e)

(f)

The following observations may be made from Figu

Figure 4.6(a) indicates that theEs relationship recommended by AASHTO
(1986, 1993) over-estimates thevalues by big margins, and the errors increase
for higherEs andk values.

Figure 4.6(b) shows that the-Es relationship by Khazanovich et al (2001)
derived from backcalculation analysis of actualgaents offers a much better
matching with the measurédvalues than the AASHT®-E relationship.

Figure 4.6(c) plots the predictddvalues by the non-adjustédE; relationship
derived by Vesic and Saxena (1974), which deviagmifscantly from the
measured values fdfs values greater than about 200 MPa, knvélues higher
than about 150 MN/f

Figure 4.6(d) presents the case for the adjustegrelationship derived by Vesic
and Saxena (1974). A markedly improved matchiracisieved with the use of
the adjustment factor 0.42. This result confirine separate finding by Vesic
and Saxena of the need to apply an adjustmentrfactorder to better match
field measured data.

Figure 4.6(e) indicates that the thickness equn@jleconcept introduced by
Ullidtz (1987) to modify the adjuste#-Es relationship did not bring about
noticeable improvements to the predictedales. In fact, compared with the
results of Figure 4.6(d), Ullidtz’s adjustment pucds somewhat higher
deviations ok for Es values higher than about 300 MPa.

Figure 4.6(f) shows thé& values predicted using theEs regression equation
derived by the present study based on the condepguivalentk- and Es-
models. This method provides improved estimatibk, especially for values of

Es higher than about 350 MPa.
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(g) Figure 4.6(g) presents ttkevalues computed using thig /e relationship derived
in this study. Compared with the other methoddesd, this method produces
very good matching of measured and compWadlues forEs values higher
than about 350 MPa.

Table 4.3 shows the root-mean-square errBidSB of the predictedk values

with respect to the measured values for the 7 nasthmresented in Figure 4.6.

Overall, the statistics suggest that the AASHEG, relationship and the unadjustkd

Es relationship derived by Vesic and Saxena shoutdoeoused because of the large

errors involved. The magnitudes of errors of ttieen5 methods are approximately of

the same order, although the Ullidtz’s method dmel adjustedk-Es relationship by

Vesic and Saxena tend to produce relatively higmears. In terms of the magnitude

of RMSE the following three methods have the best perémte: the method of

equivalentk- and Es-models based o/ relationship, thek-E relationship by

Khazanovich et al. (2001), and tkess regression equation derived from the method

of equivalenk- andEs-models.

4.2.5.2 Choice of Method to Estimaté& from Es
Based on the analysis presented in the precedetmpseit appears that either of
the following two approaches can be used to estitkkéitom Eg: (i) Direct estimation
of k from Es by the use of an appropriateEs regression equation, or (ii) Estimation of
k from Es through an appropriat&-/e relationship. There are, however, some basic
differences between the two methods as highlightdaw:
" The simplek-Es regression equation gives a unidgu&alue for eaclEs value,
regardless of the geometric and structural progemif the pavement slab. On

the other hand, in the method basedpf: relationship, there is no unique one-
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to-one correspondence &fand Es values. Instead, besides thke value, the
value ofk is also dependent on the properties of the pavesteln, includinge,
hcand z.

The k-E; regression equation is a linear monotonously awirgy function. The
field measured data in Figure 4.6 suggest thatritay not be the case. This
could be the reason why thkeks regression methods shown in Figure 4.6 tend to
over-estimatek values for large values &. It is noted that the method based on
l-Ve relationship does not suffer from this problem.

Being derived from statistical regression analyis k-E; regression equation in
actual fact provides a form of mean estimat& eélue for a giverks value. As
can be seen from Figure 4.3, it gives a mean resgp(ire. predicte# value) for
everyEs value, and is thus an approximate representatigheooriginal actual
response. In contrast, the method based on thede®hed /-/e relationship
provides a better representation of the originalepzent response. This
difference between the two methods is not refledgtethe RMSE comparison
computed in Table 4.3 because the given meaduvetles are the mean values
of the pavement sections. Table 4.4 computeRMEEDby the two methods for
the backcalculated individual deflection basin dataFigure 4.3, and shows
clearly that the method based Gf/e relationship out-performs the methodkef

E regression equation in estimatikgalues.

A comparison of the two methods can also be madeexamining their
respective 95% confidence intervals for the esembt For thek-Es regression
equation (Equation 4-16), the 95% confidence irteis k + 16.3 (MN/nT),

which is abouk + (10.95%k for a mid-rangek value of 150 MN/m. For the

method based ofx-/g relationship, the corresponding 95% confidenceriral is
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aboutk + (3.84%k for the same mid-rangk value of 150 MN/m, which

presents a good improvement over kHg, regression method.

In summary, it may be concluded that while the rodtlof k-Es regression
equation and the method based/pie relationship can both be applied to estinmate
from E, the latter method provides better estimatek fobm Es, and is able to give a
more representative estimat&dvalue by taking into consideration the total load-

deflection response of the entire pavement system.

4.2.6 Summary

This study has presented an approach to establisirelationship based on an
equivalent model method. The equivalent model pwethstablishes equivalency
between two theoretical pavement models, a modpbwément slab supported by a
elastic solid foundation (termed Bsmodel) and a model of pavement slab supported
by a dense liquid foundation (termed lamodel). The equivalency is established
based on load-deflection consideration by meangaakcalculation analysis, with
respect to the structural response of actual pantsneClosed-form backcalculation
algorithms are employed to obtain a unique pak afdEs for each pavement section
analyzed.

Applying the equivalent model method to the deftacttest data of the LTPP
(Long Term Pavement Performance) database, itusdidhat two procedures can be
employed to estimatk from Es. One is to develop a regression equation between
andEg, and estimaté& from Eg directly. It ignores the effects of pavement staboad
transmission in a rigid pavement system. Althogghple and easy to apply, this
regression equation is a simplified representaiotine actual pavement response and

could only provide a “mean” estimate lofor a givenEs value.
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The second procedure, which is the recommendedguoe of this study, relies

on a well defined relationship between the radiirefative stiffness of the two
theoretical rigid pavement systems, ygand/e. The/\-/e relationship is found valid

for both JCP and CRCP, and for different appliedd® levels. This procedure

computesk from a knownEs value by establishing equivalency betweenkimodel
and E-model based on th&-/g relationship. Analyses presented in the studyehav

demonstrated that, compared with the method ofcditeE relationship, this

procedure provides an improved estimatiék from Es.

4.3 Examining k-Es Relationship of Rigid Pavement System by Considery

Presence of Subbase Layer
4.3.1 Background

In the early days of applications of rigid pavemewpstems, the design of the
rigid pavement generally only consisted of two layeé.e. concrete slab and subgrade
soil. However, because of the joint pumping probléms design became uncommon
later. All rigid pavements today are practicallynstructed with a subbase layer to
serve as a drainage layer and to protect the sdégail against pumping and other
moisture-related distresses. Therefore, to take adcount the contribution of the
subbase layer in a rigid pavement system, the fiseropositek value in pavement
design, instead of using only thevalue of the subgrade soil, becomes a necessity
today. Several major design methods, such as theridam Association of State
Highway and Transportation Officials’AASHTO (198&993), Portland Cement
Association/PCA (1984), and Federal Aviation Asation/FAA (1995, 1996), have

used compositk values in their charts or tables for the purpo$eeither new
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structural design or rehabilitation and overlayigiesThis indicates that the concept of
compositek value is quite important in those types of design.

Because of the simplicity by means of its use #m&dinput data required, the
employment of th& value-based design methods is very popular. Giyeoaly two
or three input parameters are required: the modhflssbgrade reaction, the thickness
of subbase (AASHTO 1972; PCA 1984; FAA 1995, 199&]J the modulus of subbase
(AASHTO 1986, 1993).

The first aforementioned design methods can oeletnployed for the purpose
of new structural design since they require meakstdbgrade value for their input
data. Unfortunately, subgradtevalue is not easy to obtain since the plate |catist
is costly and time-consuming. On the other handikerthe k value, the elastic
modulus of subgrade, i.e. the subgrade modulus bgd®93 AASTHO method, can
be easier to obtain since it can be measured Wifegimeans of laboratory tests using
samples of the pavement materials. In this ser@@8 AASHTO method is preferable
because of the ease to obtain the input data rdtaerthe other methods.

However, some discrepancies are found in usingetliesign methods: (i) the
results of compositk value determination using the different designhuds are not
consistent since each method was developed basedpenific experimental
experience at a limited area and for certain maltéypes, therefore, the use of the
methods beyond the range of their specified pammetiues is not possible, (ii) it is
not advisable to interpolate parameter values entdioles and charts provided by the
methods since they were developed based on enipnétationship among the
parameters (subgrade and subbase moduli and suliakeess), therefore, the
interpolation results obtained are only approxiomtiand (iii) all the methods were

developed based on empirical plate loading test @@-in. (762-mm) plate diameter.
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The small radius used in the test causes the restiie method is extremely high and
not reasonable (Huang, 2003).

To overcome this problem, a proposed method wasdated in this study. This
method extended the use of the equivalency conoépghe two models of soil
foundation, namely thk-model (a theoretical model of pavement slab suppdoly a
one-layer dense liquid foundation) and themodel (a theoretical model of pavement
slab supported by a one-layer elastic solid founditas depicted in Figure 4-8, by
adding subbase properties into themodel. To obtain the subbase properties,Bhe
model with subbase (termed Bgsymodel) is introduced. Similar to the approach in
Section 4.2, the equivalency is established usickdalculation analysis based on
load-deflection considerations. In the followingcsen, the approach is illustrated
using the measured data of the LTPP (Long Term rRame Performance) database,
and a comparison is made with other design mettmdsses the reasonableness of the

proposed approach.

4.3.2 Determination of Composit&k Value by Existing Method
4.3.2.1 Determination of Composit& by AASHTO (1972,1986, 1993)

The AASHTO method is one of the most widely useethuds in pavement
design today because of the convenience and easseadf the charts, including one
for determining composité& value. The 1972 AASHTO Interim Guide specified a
procedure to determine the compogitealue on top of the subbase (AASHTO 1972).
It provides nomographs developed using elasticrltheory, to determine composke
values from input values of subbase stiffness aodutus of subgrade reaction, which

is based on a subgrade of infinite depth.
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The later 1986 Design Guide and the subsequer® D8%ign Guide contain
several modifications to th& value guidelines of the 1972 Interim Guide. They
include an equation fdkt value for an unprotected subgrade, a depth adargtto a
rigid foundation, a seasonal adjustment procedure kf and a loss-of-support
procedure (Hall et al. 1995; AASHTO 1986; AASHTCOBY.

The revised nomographs in the 1986 and 1993 DeS€igide require the
following input parameters to determire value: subgrade resilient modulus (to
replacek value in the previous guide), thickness and alastbdulus of the subbase
layer. The laboratory determined resilient modwfithe subgrade was assumed equal
to the in-situ elastic modulus. The computatiorcefpositek values was applicable
for values of parameter within the following rangebgrade resilient modulus 1,000
to 20,000 psi (6.9 to 137.9 MPa), elastic modulusubbase 15,000 to 1,000,000 psi
(103.43 to 6,895 MPa) and thickness of the sub#ase?0 inch (0.102 to 0.508 m).

Although the AASHTO method is one of the most widaccepted methods,
there are several discrepancies involved in theqahore as indicated below:

a. Hall et al. (1995) stated that the compokitealues produced by incorporating
the effect of subbase layers sometimes are lovear those if the subbase layer
does not exist in the pavement structure.

b.  The resilient modulusvr) used to compute the compoditealue is based on a
plate load test using a base of 30-in (762 mm) ditam applied on a two-layer
system. Huang (2003) stated that this proceduneisteading and will result in

stresses and deflections that are too small.
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4.3.2.2 Determination of Compositd by PCA (1984)

The PCA procedure expresses the compdsitealue as a function of the
subgrade soik value, base thickness, and base type (granuleeraent treated). The
values obtained using PCA method were derived Ipyyapy the Burmister theory of
two-layer systems to the results of plate loadstest subgrade and subbase of full-
scale test slabs (PCA 1984). The ranges of paramalieges used in the PCA method
are as follows: modulus of subgrade reaction arse blickness 50 to 300 pci (13.57
to 81.42 MN/mi) and 4 to 14 inch (0.102 to 0.356 m) respectiviely untreated
subbase; and 50 to 200 pci (13.57 to 54.28 MiNand 4 to 12 inch (0.102 to 0.305
m) respectively for cement-treated subbase.

The use of PCA method to determine the compésiue is straightforward as
far as the data available are similar to thosedish PCA'’s field data. However,
extrapolation beyond the range of the given valigesquestionable. Another
disadvantage of this method is that the modulusubbase is unknown for both types
of subbase (untreated and cemented treated subliasepns that the subbase used in
this method is assumed to have passed the spéoificeequirements for the road
construction and its material has the same quattthat used by PCA in its full-scale

tests.

4.3.2.3 Determination of Compositd by FAA (1995, 1996)

The FAA publishes advisory circulars to providedgunce on airport pavement
design for pavement thickness determination wighghbgrad& value as a main input
parameter. For a pavement system having a sublzas, IFAA requires the

determination of a composikevalue termed as the effectikevalue.
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For unstabilized granular subbase, the compositealues associated with
various thicknesses of subbase of different mdsersuch as well graded crushed
aggregate and bank-run sand and gravel. For swtbilsubbase, the effective or
compositek value is determined by multiplying a stabilizegida by a factor of 1.2 to
1.6 to determine the equivalent thickness of weddgd crushed aggregate in
increasing the subgrade modulus. It is applicablesment stabilized, Econocrete and
bituminous stabilized layers. To determine the aife k value, the method specified
the following range of values to be used: modulusubbgrade reaction 50 to 300 pci
(13.57 to 81.42 MN/ff) and base thickness 4 to 14 inch (0.102 to 0.3p&nd 4 to 12
inch (0.102 to 0.305 m) for unstabilized and stabd subbase respectively.

The use of the FAA method is straightforward, siooé/ two data are required
to determine the compositevalue: the subbase thickness and the subdcaddue.
The main drawbacks of this method are:

a. There are only 4 levels &fvalues represented in the method, i.e. 50, 100, 20
and 300 pci (13.57, 27.14, 54.28 and 81.42 Mi\/fhe accuracy of the results
is unknown if the user has to interpolate using afarementionedt values.

b. The FAA method also does not mention the vafusubbase modulus used in
the method, although it is stated that the matersald in subbase layer should
fulfill the material specifications specified byet-rAA method before it can be

used.

4.3.3 Proposed Procedure to Determine ComposikeValue
4.3.3.1 Main Consideration
The use ofk-model andEs-model in representing a rigid pavement with two-

layer foundation (subbase layer overlaying subgredgl) involves different
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considerations. The addition of subbase layer enghvement system is easier to be
considered ires-model since the stiffness of subbase layer is contyrepresented in
term of elastic modulus. However, it is not possibd match directly thé&-model
with subbase (i.e. thEyymodel) withk-model to obtain a composikevalue, because
of the difference in the way the two models repnésiee composite form of the two-
layer foundation.

To derive the relationship between the compogkitand theEgsymodel, a
matching betweek-model andes,symodel must be made. To do so, it is necessary to
first transform a two-layer solid foundation intan aquivalent one-layer solid
foundation. In this study, this is achieved by nseah backcalculation analysis as
shown in Figure 4.8. Three equivalent models noweha be considered as will be
explained in the following two sub-sections.

Similar to the development of tleEs relationship presented in Section 4.2, the
development of th&-Eg, relationship also requires the use of actual ttata LTPP
(Long Term Pavement Performance) database (Elkial.eR0O03, LTPP DataPave
Online 2007). The brief description about the alctizda from LTPP database used in

this study is presented in the LTPP Database sectio

4.3.3.2 Backcalculation of Equivalenk-Model, Es-Model and Eg«-Model

Two closed-form backcalculation algorithms and ofeward-calculation
algorithm were applied in this study to derive thew approach. The closed-form
backcalculation programs NUSBACK and NUSBACK2 (ltiad. 1996, Fwa et al.
2000) for k-model andEs-model, respectively, and the forward calculationgoam

NUS-DEF3 (Li et al. 1997) foilEgsymodel are selected for the purpose of this study.
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The two closed-form backcalculation programs, NUEBAand NUS-BACK2,
backcalculate two unknowns of a rigid pavementesystepresented by an infinite
pavement slab resting directly on a dense liqudl élastic solid foundation. The two
unknowns backcalculated by NUS-BACK and NUS-BACK®2 the elastic modulus
of concrete slabH;) and the modulus of subgrade reactiknfor the case of dense
liquid foundation, and elastic modulus of concrskab €:) and elastic modulus of
subgrade K for the case of solid foundation. Both progranmsider any two
deflection measurements; andw;, at horizontal distancesandr; respectively from
the center of loading area, and solve the followdefjection equations (as derived by

Panc (1975) and Losberg (1960)),

W= — R (fn) andw, =——F(f,,r;)  for NUS-BACK (4-19)
kza kza
2 2
w =MFE (¢ .r) andw, :MFE (¢c.r) for NUS-BACK2
ESlgEq S S Es'lgEq S S
(4-20)
where:
1/4
Echd
f=|—2C (4-21)
12(1- u2)k
1/3
E, (1 12
le =h, Elop) (4-22)
6Esl (1_1uc)

P = applied load (kN) a = radius of loaded area (n) and FEg1 = deflection factors

of k-model andEs-model respectivelys, and s = Poisson ratio of concrete slab and

subgrade respectiveliz, = thickness of concrete slab (m), alﬁgiandEEsl = radius of

relative stiffness ok-model andes-model respectively (m). The closed-form solutions

for NUS-BACK and NUS-BACK2 can be obtained by solyiEquations (4-19) and
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(4-20). For rigid pavements with slab thickness/iway within the common range of
150 to 600 mm, it is found that k was best estishiesed on the measured deflections
D4 andDy.

The forward calculation program NUS-DEF3 calcudasurface deflections
from three known moduli of a rigid pavement systém, elastic modulus of concrete
slab Ec), subbaseHs,) and subgradeEf). Based on the work of Burmister (1945) and
Panc (1975), the deflectiom at horizontal distancesfrom the center of loading area

is given by the following equation:

20— 1) P
w=""H )P ey 4-23
i 7a Esb Esb( Esis ) ( )

where:

c= (1+/usb)Es

= (4-24)
(1+ /us) Esb
Eq 2) w3)
g Es/sb = h‘:[ : ﬂSb 2 J (4_25)
6E,, (1— 1)

Usp = Poisson ratio of subbas®,= Poisson ratio of subgradéEs/Sb = radius of relative

stiffness ofEgisymodel (M) andFES/Sb = deflection factor oEgsy-model and all other

variables are as previously defined.

4.3.3.3 Derivation ofk- Egg, relationship

As depicted in Figure 4.8, thikemodel, E-model andEgsymodel are three
different theoretical structural representationstidd pavement foundation. Because
each model has a different way to represent theespavement structure, direct

matching between the backcalculakedhalues and the backcalculatéd values is not

possible. Based on Equations (4-19) to (4-25)% bvious that the properties of the
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pavement system for the two foundation models aamelpresented by their radii of

relative stiffness parametefy, e, and Ce, .- The computation of compositeis

made through establishing the relationship betwe,:e;lrandﬁk, as depicted in Figure

4.8.

{ is a function ofE; andk, /¢ is a function ofE. and E,, and /¢ is a

5!
function of Ec andEs, However, the relationship betwegrand /. is more difficult

to be developed because whilg directly influences pavement deflections (see
Equation (4-19) and-model of Figure 4.8),/. ~ does not influence pavement

deflections in the same way (see Equation (4-28)E&psymodel of Figure 4.8). The

parameter’ . (see Equation (4-20) ariti-model of Figure 4.8) has to be derived first
from the Egymodel, in order to derive a relationship betwdeEng andk. To link
between/. EESl with 7, the following procedure was developed in thiglgt A

forward calculation program NUS-DEF3 was appliedthis study to calculate the
deflection basins that corresponding with the kngarement properties, i.&¢, Esp
andEs. Using the deflection basins, the radius of re&stiffness ofE--model can be

backcalculated by NUS-BACK?2. In this case, the uaddf relative stiffnesy E, is
related toEc and E, which is a function oEs, Es and the thickness of subbasee
final step is to develop a relationship betwaffeEQ and/y, which can then be used to

compute the composite
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4.3.3.4 Relationship betwee# and (g_

The relationship betweefy and (g, was derived in this study by using the

2,238 JCP and 4,236 CRCP deflection basins. Afterihg the backcalculation
results based on the acceptable range of slab mmdetween 20 to 50 GPa, the total
deflection basins used in this study was 4211. mbe relationship obtained by
applying the above procedure using 4211 defledbasins is given by the following

second-order polynomial regression equation at 86ftidence level.

((m) =6.178*10" (g *(m) +3.644*10 (g (m) + 5.702*10" (4-26)

R? = 0.675, standard error = 8.7 X4
Next, a more refined statistical relationship igplexed by considering the

properties of the two foundation models. The folltg equation was obtained.

(M) =-1.99 + 216/ (m) - 5.75*1C E. (GPa) + 8.46, (MPa)

+ 5.97*10" log Es (MPa) + 1.01*10/h, (m) — 1.39*10" hgy, (M) (4-27)

R? = 0.797, standard error = 7.2 X4

where h; and hg, are the thickness of the pavement slab and théaseblayer
respectively (m), and all other variables are aindd earlier. The increase of the
coefficient of multiple determination’Rfrom 0.675 in Equation (4-26) to 0.797 in
Equation (4-27), gives a more improved represesriatf the relationship between the
two sets of backcalculated pavement foundationrpeters. For easy reference in the
subsequent sections, the Equations (4-26) and Y427referred to models A and B,

respectively.
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4.3.3.5 Proposed Method of Estimating Composite from Eg and Es Based on
Equivalent k-model andEs-model
Based on findings in the preceding sections, ttepgsed method to estimate
compositek from Egp andE; is as follows:

= Calculate? E.o from Equation (4-25) from given values®f, Esp, he, 1 and sy
] Calculate/y from /- éEs/sb relationship of Equation (4-26) or (4-27) (modAls

and B); and

. Calculatek from ¢y using Equation (4-21).

The applicable parameter ranges ofhe/ E, . relationship of Equations (4-26)

and (4-27) are identical and are as follows: 13@¥m>< k < 417.63 MN/mi, 120.67
MPa< Eg, < 28,299 MPa, 65.89 MPaEs< 1,417.81 MPa, 20 GRaE. < 50 GPa, 0

m< hgy<1.267 mand 0.183 mh. < 0.323 m.

4.3.4 Comparison of Composit& Values by Proposed Method and Existing
Design Methods

In this section, a comparison of computed compdsi@lues by the proposed
method and the existing design methods is condu2&dCP sections containing 270
test points with measurédvalue were selected for this purpose.

The proposed method and the existing design msthreduired pavement
properties E., Es, andEg) as input data. Backcalculation analysis of the @&flection
basins of the JCP sections with measrags conducted using NUS-BACKS, i.e. the
backcalculation program for NUS-DEF3. Especiatly PCA and FAA methods, the
methods require the elastic modulus of subgragdet¢ be converted into modulus of

subgrade reactiork) before the modulus can be used in the charthde farovided by
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the methods. To convel; to k, a well-definek-Es relationship (Equation 4-17) was

adopted.

4.3.4.1 Comparison Based on Under- and Over-estimiah of Composite k
Values

Figure 4.9 shows the comparison of the measurecosite k values with the
estimatedcomposite k values by the proposed method and the existinggules
methods. The predicted compoditealues in each plot of Figure 4.9 are obtained for
the individual deflection basins in each pavemesttisn. However, since each
method has applicable ranges of parameter valgesiéationed earlier in the section
of description of proposed method), not all of pa&ement sections can be used in the
comparison. Based on the applicable ranges of pearmalues, the final number of
pavement sections employed by each method is &swkl 267, 43, 63 and 24
pavement sections for the proposed method, PCAadeffAA method and AASHTO
method respectively. Therefore, the numbers of peve sections analyzed for the
comparison study are 267 to 43, 63 and 24 for PE®A and AASHTO methods,
respectively.

Figure 4.10 depicts the number of cases of pratlictehich under- and over-
estimate the measured k from the 5 methods evaluatee following observations
may be made from Figures 4.9 and 4.10:

(i) Figure 4.9(a) plots the comparison between igted k produced by the
proposed method with models A and B with respean&asuredk values and
shows that most of the cases from both models wvestenate thé values. From
Figure 4.10(a), it seems that both models prodwiedlar number of under-

estimation cases, i.e. 70.78% and 72.28% for motlelad B respectively. It is
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noted that the preferable method should produces roases of under-estimation
of measuredk.

(i) Figure 4.9(b) plots the comparison betweengheposed method with models A
and B and PCA method. Some cases produced by P@#fothever-estimate the
k values, as indicated by 23% of the total casessess in Figure 4.10(b).
Compared with the predictddvalues by PCA method, all cases of the proposed
method under-estimatevalues.

(iii) Figure 4.9(c) shows the comparison betweenAFethod and the proposed
method with models A and B. The relationship by FA®thod offer a better
matching with the measurddvalues than that of PCA method. Figure 4.10(c)
indicates that only 6% of the total cases produme8#AA method over-estimate
the measureld values, while all cases of the proposed metho@muadtimate the
k values.

(iv) Figure 4.9(d) presents the comparison betwd&BSHTO method and the
proposed method with models A and B. From Figur&dd and 4.10(d), it is
observed that AASHTO method over-estimétealues for all cases. On the

other hand, all cases of the proposed method watanate the measuréd

4.3.4.2 Comparison based oRMSE and RMSPE

To evaluate the statistical significance of differes between the predicted and
measuredk values, two indicators were employed in this stusgmely root-mean-
square errorsRMSH and root-mean-square percent err®®MGSPE. The RMSEand
RMSPEof the predictedk values with respect to the measured values artdatisol in
Table 4.6. Overall, PCA and AASHTO produce vergéerrors compared with other

methods. If all 267 pavement sections were usdédarcomparison, the magnitude of
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errors of the proposed method with models A andd@approximately of the same
order. The errors produced by the proposed metlsmaae better than that of PCA
and AASHTO methods. It is noted that the errorsdpoed by FAA method

outperform the proposed method, but that is onlgliegble for the comparison of
one-fourth of the total pavement sections usedig $tudy. The comparison of the
errors for the rest of the pavement sections ispagsible since the limitation of the

range of parameter values used by the charts dmetloy FAA.

4.3.4.3 Summary Remarks on Method to Estimate Comsde k from Eg and Eg,

The comparison of the proposed method with two rsdmodel A (simple

guadraticty - Ce, . relationship) and model B (multiple lineéy - Ce,. relationships

with consideration of pavement properties) and ttiree existing design methods,

PCA, FAA and AASHTO methods, highlights the follmgipoints regarding the issue

of estimating composite from EsandEsy:

. The two existing design methods, PCA and AASHTOhud$ were found to
produce large errors in their estimation of comigokivalues. Another design
method, FAA method, produces better results in $eahRSME and RSMPE
than that of the proposed method. However, a maawlohck of the design
methods is the limited range of pavement propergegired as input data. In
this aspect, the proposed method is superior tahite® design methods as it is
applicable for a very wide range of input parametdues.

. The proposed model B is recommended to be used smme analysis results,
such as analysis of under- and over-estimation, amalysis ofRMSE and

RMSPE indicated that model B is better than model A.
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4.3.5 Summary

This study presented a proposed method to esticoatgositek from EsandEsy
based on an equivalent model method. This relstipnis developed to take into
account the role of subbase layer in pavement sysiad adoption of thé-Eg
relationship developed in Section 4.2. The equivaleoncept establishes an
equivalency of the three-layer pavement systemtimtotheoretical pavement models:
an equivalent model of pavement system constructedoncrete slab over a
composite dense liquid foundation characterized kbyalue parameter, and an
equivalent model of pavement system constructedooicrete slab over composite

solid elastic foundation which each layer is cheeazed by its elastic modulus.

Two models ofty - ¢ E relationship to estimate composkérom Es andEg, are

employed by the proposed method, namely model Pectirelationship betweefi

and /¢ ) and model B (relationship amortg ,/. and parameters of pavement

properties). Three existing design methods, i.eAPEAA and AASHTO method,
were employed for comparison with the two propasedels.

The results showed that the procedures for estigatbmpositek in the existing
design methods have much limited applicable rangmpared with the proposed
methods. The PCA and AASHTO methods of compdsitalculation tend to over-
estimate the measured values, while FAA method ymed the best estimates
compared with other methods although it is onlyliapble to about one-fourth of the
cases analyzed.

A comparison was conducted between the compkgiteduced by model A and
B and indicated that model B is preferable than ehd@ddin terms of analysis of under-

and over-estimation, and analysisRWISEandRMSPE
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Table 4.1: Properties of 50 JCP Sections

Case Test Section Measured Ec Measured k Joint Spacing Slab Thickness
Code (GPa) (MN/m%) (m) (m)
1 4-7614 30.71 - 4572 0.246
2 5 - 3059 24.50 - 13.716 0.239
3 8-213 24.50 114.76 4572 0.221
4 8-214 33.12 122.09 4572 0.213
5 8-215 29.33 103.09 4.572 0.290
6 8-222 32.09 73.25 4.572 0.221
7 8-7776 27.60 - 3.962 0.272
8 9 - 4008 34.16 - 12.192 0.264
9 10 - 203 29.74 51.55 4572 0.297
10 10 - 204 30.34 74.61 4572 0.279
11 10 - 208 28.94 54.26 4572 0.307
12 10 - 259 37.76 59.69 4572 0.259
13 19 -213 32.66 39.61 4572 0.216
14 19 -219 35.36 17.36 4572 0.284
15 19 - 223 39.05 12.21 4572 0.297
16 19 - 3006 31.57 - 6.096 0.226
17 19 - 3009 31.22 - 6.096 0.269
18 19 - 3028 30.36 - 6.096 0.244
19 19 - 3055 23.98 - 6.096 0.254
20 20 - 4054 28.98 - 9.144 0.241
21 22 - 4001 37.78 - 17.831 0.249
22 23 -3014 23.29 - 6.096 0.262
23 26 -214 34.16 130.22 4572 0.226
24 26 - 215 33.12 69.18 4572 0.284
25 26 -219 27.26 105.81 4572 0.277
26 26 - 220 32.43 92.24 4572 0.282
27 27 - 3013 37.61 - 4572 0.203
28 29 - 4069 24.15 - 18.745 0.251
29 31-3023 26.22 - 4.724 0.305
30 32-3013 37.43 - 4.724 0.211
31 34 - 4042 36.05 - 23.835 0.226
32 35-3010 41.06 - 4.115 0.201
33 36 - 4017 25.01 - 19.355 0.224
34 36 - 4018 27.08 - 19.355 0.239
35 37-203 30.71 92.24 4572 0.284
36 37-204 35.06 61.04 4572 0.284
37 39 - 3801 25.88 - 6.096 0.234
38 40 - 3018 30.71 - 4572 0.226
39 40 - 4162 40.54 - 4.572 0.234
40 48 - A807 34.50 86.82 4.572 0.211
41 48 - A808 35.19 86.82 4572 0.312
42 49 - 3010 31.22 - 4572 0.239
43 50 - 1682 33.12 - 4.572 0.206
44 53-3011 36.40 - 3.505 0.244
45 53-3014 32.43 - 3.505 0.264
46 53 - 3019 34.16 - 3.505 0.251
47 53 - 3813 36.40 - 4.572 0.203
48 53 - 7409 23.63 - 3.505 0.236
49 55 - 3008 46.92 - 4.724 0.272
50 55 - 3009 43.30 - 4.663 0.218
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Table 4.2: Properties of 75 CRCP Sections

Case Test Section Measured E ' Slab Case Test Section Measured E . Slab

Code (GPa)  Thickness (m) Code (GPa)  Thickness (m)
1 1-3998 47.61 0.208 39 41 - 5006 27.60 0.203
2 1-5008 37.95 0.234 40 41 - 5008 31.40 0.206
3 4 -7079 27.60 0.229 41 41 - 5021 24.50 0.274
4 5 - 5803 33.81 0.203 42 41 - 5022 22.43 0.325
5 5 - 5805 27.60 0.203 43 41 - 7081 27.26 0.264
6 9-5001 41.40 0.208 44 42 - 1598 42.78 0.236
7 10 - 5004 23.12 0.229 45 42 - 1617 40.37 0.239
8 13-5023 36.57 0.213 46 42 - 5020 49.34 0.236
9 16 - 5025 30.71 0.211 47 45 - 5017 20.01 0.226
10 17 - 5020 24.15 0.218 48 45 - 5034 21.74 0.211
11 17 - 5843 41.75 0.264 49 45 - 5035 19.67 0.196
12 17 - 5849 26.91 0.183 50 46 - 5020 25.53 0.201
13 17 - 5854 27.60 0.254 51 46 - 5025 27.95 0.206
14 17 - 5869 45.20 0.226 52 46 - 5040 31.74 0.203
15 17 - 5908 22.43 0.224 53 48 - 3719 44.85 0.201
16 17 - 9267 43.82 0.216 54 48 - 3779 29.33 0.213
17 18 - 5022 41.40 0.249 55 48 - 5024 31.74 0.282
18 18 - 5043 36.92 0.191 56 48 - 5035 28.64 0.206
19 19 - 5042 27.95 0.203 57 48 - 5154 33.47 0.208
20 19 - 5046 32.09 0.211 58 48 - 5274 38.30 0.211
21 19-9116 34.16 0.198 59 48 - 5283 32.43 0.259
22 24 - 5807 33.19 0.229 60 48 - 5284 30.71 0.282
23 26 - 5363 31.74 0.254 61 48 - 5287 22.43 0.211
24 27 - 5076 37.95 0.231 62 48 - 5301 37.26 0.259
25 28 - 5006 32.09 0.208 63 48 - 5310 34.85 0.295
26 28 - 5025 30.71 0.211 64 48 - 5317 35.54 0.203
27 28 - 5803 32.09 0.201 65 48 - 5323 30.71 0.211
28 28 - 5805 38.99 0.208 66 48 - 5328 26.57 0.203
29 29 - 5047 37.26 0.211 67 48 - 5334 37.95 0.203
30 31-5052 24.50 0.193 68 48 - 5335 36.57 0.236
31 37 - 5037 19.32 0.198 69 48 - 5336 29.67 0.229
32 37 - 5826 32.43 0.203 70 51 - 2564 24.84 0.201
33 37 - 5827 21.05 0.206 71 51 - 5008 24.15 0.211
34 39 - 5003 25.53 0.246 72 51 - 5009 20.70 0.211
35 40 - 4155 30.02 0.246 73 54 - 5007 20.36 0.211
36 40 - 4158 33.12 0.262 74 55 - 5037 36.23 0.208
37 40 - 4166 34.50 0.257 75 55 - 5040 43.82 0.213
38 40 - 5021 34.16 0.241
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Table 4.3RSMEof Estimatedk Values with Respect to Measure¥alues

Methods RMSE(MN/m°)
AASHTO (1986, 1993) 462.89
Khazanovich et al. (2001) 34.77
Vesic and Saxena (1974)
- without correction factor 0.42 162.05
- with correction factor 0.42 40.55
Ullidtz (1987) 49.64
Equivalentk- andE-models based dk-E correlation 35.81
Equivalentk- andE-models based ofy-/g relationship 34.23

Table 4.4RSMEof Estimated Values with Respect to Backcalculatedalues

Methods RMSE(MN/m®)
Khazanovich et al. (2001) 39.32
Equivalentk- andE-models based dkE correlation 24.77
Equivalentk- andE-models based ofj-/g relationship 6.76

Table 4.5:RSMEandRMSPEof Estimated Composite Values with Respect to Measurkd
Values from Different Methods

Test points Methods RMSPE(%) RMSE(MN/m®)
267 The proposed method — model A 0.765 39.04
The proposed method — model B 0.798 37.89

43 PCA method (1984) 0.805 75.02
The proposed method — model A 0.604 66.65
The proposed method — model B 0.589 64.89

63 FAA method (1995, 1996) 0.411 47.39
The proposed method — model A 0.631 63.97
The proposed method — model B 0.631 63.42
24 AASHTO method (1986, 1993) 2.569 169.57
The proposed method — model A 0.727 73.18
The proposed method — model B 0.708 71.18
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CHAPTER 5
DEVELOPMENT OF FORWARD CALCULATION SOLUTIONS

FOR THREE- AND FOUR-LAYER FLEXIBLE PAVEMENT SYSTEMS

5.1 Introduction

The analytical solution of three-layer flexibleveaent system was derived by
Burmister in 1945. The solution is an extensiorihaf solution for two-layer flexible
pavement system developed earlier by Burmister319945a). The intention was to
overcome the practical problem in finding out anremmical pavement with sufficient
thickness over a weak subgrade to provide adecuugport for heavy aircraft wheel
loads. For this purpose, a granular layer is addetveen the surface layer and
subgrade.

Today, an asphalt pavement system consisted of fyers is commonly
encountered in practice. A four-layer pavementesysgenerally has two different
granular materials which form two different pavemenourses between the surface
layer and subgrade, namely as base and subbasesour

The use of granular materials in the pavement sysgééther in a three- or four-
layer system, usually has a purpose for econorttypadh they also may contribute to
protect the subgrade by reducing the stress intetisiough spreading the applied
load over a larger area. In general, the use ofulga material in the pavement system
is to serve as a transition of two materials in pagement system, i.e. surface layer
and subgrade, which have a large difference irr steiictural capacity. In addition,
the subbase also has a function as a filter togptethe subgrade materials from

infiltrating into the base course.
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In this chapter, solutions for surface deflectiasfsa three- and four-layer
flexible pavement system are developed based oexsemnsion of the theoretical
solutions by Burmister for two- and three-layer @aent system (Burmister, 1945a;
1945b), respectively. The theoretical solutions @mesented in this chapter, together
with computer programs, 3L-DEF and 4L-DEF, devetbpe this study to compute
surface deflections of a three- and four-layer psemt system under the action of a

vertical load.

5.2 Solution for Surface Deflection
5.2.1 Determination of Surface Deflection Equation

Consider a flexible pavement system consisted i&etltayers, namely surface
layer, subbase layer and subgrade (Figure 5.1xanther flexible pavement system
consisted of four layers, i.e. surface layer, baser, subbase layer and subgrade
(Figure 5.2). Each of the layers is characterizetiim engineering parameters: elastic
modulus E) and Poisson ratig4. A point load P) is applied on the top of the surface
layer. The first two layers for the three-layerxitde pavement system (i.e. surface
and subbase layers) have thicknesseandh,, respectively, and the first three layers
for the four-layer flexible pavement system (iwface, base and subbase layers) have
thicknesshy, h, and hs, respectively. The general solution of a threed &our-layer
flexible pavement system should fulfill the assuimpd and boundary conditions as

stated in the preceding section (Section 2.1).

5.2.1.1 Boundary Conditions for Three-layer Flexibk System

Based on the assumptions and general boundarnytiomsd Burmister (1943) set

the boundary and continuity conditions for eachkiifsice, as given below.
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Boundary conditions at the surface of the grouav -hy

a. Distribution of surface loading; = -mJ(mr)
-mb(mn{An? e M1 +B1n’ M1 -Cym(1-2u+mhy) 6™ +D m(1-2-mhy) ™ }
= -mJy(mr) (5-1)

b. Shearing stress at the surfages 0

m(mr){Amm’ e ™R -Byn? M +Cim(2.mhy) ™1 +D1m(2n+mhy) ™ } =0

(5-2)
Continuity Conditions at the Interface between tayand layer 2z = 0
a. Normal Stressy1= oy
{A1m+Bim-Cy(1-2£4)+D 1(1-214)} = {A2m+Bom-Cy(1-2115)+D 2(1-21)} (5-3)
b. Shearing Stressyi1 = Tt
{A1M-Bim+2Cy14+2D 114} = {Aom-Bm+2Co+2D 10} (5-4)
c.  Vertical settlementy; = w,
{(1+ 1a)/Bq} {A1m-Bim-2G(1-2141)-2D1(1-2141)}
= {(1+ 1) B3} {Aam-Bom-2Gy(1-22)-2D5(1-2112)} (5-5)
d. Horizontal displacement; = u;
{(1+ a)/E1} {Aim+Bim+Cy-Da} = {(1+ 1)/Ez} {Aom+B,m+Co-D2} (5-6)

Continuity conditions at the interface between tegsed layer 3z = +h,

At infinite depth, stresses and displacement yera3 must be equal to zero.

Therefore there are no coefficiedtgandCs; in the following equations.
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a. Normal Stressyz = oz3

{A;me™ +Bomeg ™ -Cy(1-2-mhp) g™ +Dy(1-2u4+mhp) M1 }

= {Bame ™% +D5(1-2+mhy) g M } (5-7)
b. Shearing Stress,, = T3

{Azme™ -Bome™™M +C(21+mhy) g™ +D p(22-mhy) ™ }

={-Bsme ™" +D3(2-mhy) e ™" } (5-8)
c. Vertical settlementy, = wj

{(1+ 1)/E2} {Aome™ -Bome MM -Cy(2-41-mip) ™ -Dy(2-4u+mhp) g™ }

= {(1+ 12)/Ez} {Aom-Bom-2Gy(1-2112)-2D2(1-212)} (5-9)

d. Horizontal displacement;, = us
{(1+ 12)[E2} {Azme™ +B,me ™M +C(1+mhy) ™ -Dp(1-mip) g™ }
= {(1+ 13)/Eg} {Bame ™ —Dy(1-mhp) ™ } (5-10)
5.2.1.2 Determination of Three-layer System Coeffients
All the coefficients of Equations (5-1) — (5-10ere determined to satisfy the

boundary and continuity conditions, as follows.

Interface between layer 2 and layer 3 +h

The continuity conditions at this interface aréssed by solving Equations (5-

7) to (5-10) to obtair\, andC, represented bB, andD, as follows.

2Am = 2BMK(1-4-2mhp) g 2™ -DyL ¢=2MM +D 5K (1-4-2mip) (1-4uo+2mhp) g 2MN

(5-11)

C, = 2B,mKg2M: +D K (1-416+2mhy) g 2Mh: (5-12)
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where:

« {—1— k } (5-13)
1+(3—4u,)k
L:{(3_4ﬂ3)_(3_4/12 )k} (5-14)
(3—4u3) + K
K = {M} (5-15)
E,(1+ ;)

Interface between layer 1 and layer 2 0

By solving Equations (5-3) to (5-6) simultaneousigh Equations (5-11) and (5-
12), the continuity conditions for the interfacevieen layer 2 and layer 3 at= +h

were satisfied.

AP, KT e2mhy +ZBlmT+ZBlm(%j K g=2mh,
—Hy

+281m[(1_ e )(3’(1 oy ))_ St )} KT g2MM -Cy-Ca(1-4u)KT(1+2mhy) g2 -
—H

2CKTg2mh -c{—i_ e j [1+(3—4u, ) T|K &2 +D 1 (1-414) T+2D1KT g 2™ +

1

Dy(1+2mhyK g-2mh - (#2* ?1"1 - ‘;“1“2) [+ @-4)TKe 2™ =0 (5-16)
-

2AMLTe2Mh -4 A mPhy(1-416-2mhy) KT e 2mh +2A1m( i_ He j
— Uy

+2A1m[(1_ # )3 =4 )= (1-py )} T-2Blm(ﬂj (1-41-2mhy)K g=2mh,
(1-p1) 1-u,

2BmL- %)T_ZBlm{a— i, )(3( I 4uy ))— (1—;:1)} (141 2m)KT 6-2mh
—Hy
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-4Cy11-Cy(1-4un)LT @2 +C(1-414) (1+2mbp) (1-4us-2mhp)gK g=2Mh

+C;, (1 + 3y — Ay 1) +Cl|:(/‘2 + 3y — Ay, )(3—4uy ) - 2(1- /‘1):| T
A- 1) (1-w,)

+Cl(ﬂj K g=2mh, +C{2(1_ fa)+ (uy — p,)3B - 4#1)} KT 2mh
1-m (1-u,)

+4D165(1-du) T+D 1L €72 -Dy (1+2mip) (1-4u-2mip)K g 210

+D1 _(luZ + 3/“11 — 4/”1/”2 )i| (1_4ﬂ2_2m|’t)Ke—2m|"b +Dl|:2(1_ 1u1)+ (/’ll —H )(3_ 41“1) T
(1_ﬂ1) (1—/11)

+D; My — My j +Dl[(ﬂz + 3 —Auyp, )3 —4u, ) —2(1- /‘1)} (1-4,[12-2mhz)KTe_2mI} =0

1y, (1-u,)
(5-17)
where:
T ={ 1-9 } (5-18)
1+(3_4,u1)q
J= {(3_4/“12)_(3_4/11)(]} (5_19)
(B-4u,)+q
B+ ) i
q_{El(l"‘ﬂz)} 520

Surface of layer 1z = -hy

By solving boundary conditions in Equations (5ahy (5-2), the coefficientd,

andB; can be presented @ andD; as given by:
2AmP= @M +C m(1-4is+2mhy)-Dyme?Mh (5-21)

2Bnt= g™ +Cime2MN -Dym(1-4u1-2mh) (5-22)
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Substitute Equations (5-21) and (5-22) into Eqpreti (5-16) and (5-17) and

solve them to obtain the coefficiertg andD; as follows:
(14 2mR)Te™ — JTe ™ 4 (1+ 2mR)KLTE Mg 4mn
+ {(1+ ZmH{%jLTz +4mPha(1+ ZmH{%jKTZ + 2mhK

Cym= (1“]) +(1+2mq)(%jr<—2mthKT}emhe‘2m'¥

_{G UJK+(11 ijTL+4mzh2[ T) }—mhe—ZmQ

— LN Mgm4mh
(5-23)

™ _(1-2mh)Te ™ - (1 2mR )KLTe Mg 4m

+{[1 TJJK+(1 JjLT+4m2h22(£jKT}emhe_2mhz

(1_Tj 1-J 1-T 1-T
_ -3 o T s e 2mi) 2 2
Dm= X {(1 2mr1)(1_JjK +(1 2mq)(l_TjLT 2mhK

+4mPh3 (1- 2mq)ﬁ_ JKT2+2thJNT} e Mg2mh

|+ IKLTEM g 4mh |
(5-24)

My 4 1+ amPh2 )k J+ 3Te 2N
- {[LT )K + [1_ J jL + 4m2h§KG_—ij}e‘2mhz + KLe™2MNg=4mh

1-J 1-T

1+ 4m? hl jLT2+4m h2(1+4m hlIl inTZ

J’_

-
+(1 jJ K +8m?hyhy(1— JT)K + 4m hl( JjK}e‘szb
e

JK LT 4m2h2(1 JJKT}( e?Mhg2mh +e‘2m*1e‘2mh2)
1-T

{(1+ anPhf )KLT +JKL}e amh, | g TMhg4mh,

(5-25)

158



To obtain the deflection equation at surface (h;), substitute Equations (5-21)

- (5-25) into the Equation (5-26) and solve them.

1
W= — ;ﬂl Jo(mr){AlmzemZ B,m*e™™ — C,m(2— 4u, - mz)€"™ — D,m(2— 4u, + mz)émz}

1

(5-26)
1_ 2
W:JO(mr)( ﬂl){ Numerator} 527
E, Denominato
in which:
[1+4mhKe?™ — JKe*™ +4mhNe?™e ™™ — | Ne e ™ 1
1-J 1-J
4mhK 2L +16mn? K?N
{ ! (1 K) e [1 K)
Numerator= +4mI]N(1 Kj 4AmhJKN ‘e e2mg2mh ) N[ 221 1-K LKL 1-J
1-J 1-3 —1—K
1-J -2mhy _ -dmh o-2my o 2mh g4y
Anth;KN| — - Jle &?™ )+ 4mhKLNe
|+ IKLNe*™ |
(5-28)
1-(J+ K +4nPh2K Je 2™ 4+ JKe*™ — N(l_Kjﬂ_(l_‘J
1-J 1-K
1-J )\ _-2mh,—2mh, —4mh —4mh,
+4mzth e e +LNe“*™g
1-J 1-]
1+ 4nth? KL +4nthy(L+ 4n’h? )K?N
Denominato = {( hl) [1 K) hz( hl) [1 Kj

+J NG §j+8mzhlth(l JK)+4mzth[1 Sj}e-zmhe-m

{JN[l Kj KL[ - ij +4nth; KN[ 1- ij}(e‘zm@ T emgramn )

1-J 1-
| — {KLN(1+4n?h2 )+ JLNJe 2™e“™ 4 JKLNe ™

(5-29)
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It is known that Poisson’s ratio has only a reknsmall effect on the pavement
response (Huang, 2003), therefore it could be asduirat the Poisson’s ratio has the
same value that equals to 0.5 for all materiakuor 1 = 13 = 0.5, and Equations (5-

13) — (5-15) and (5-18) — (5-20) could be simptifees follows:

E
1— 3
_ |: 1_ k :| _ AZ _ E2 - E3 (5_13)

|1+ (3-4u, )k _1+I% CE,+E,
2

L- [(3 4p;) - (3~ 4/”2)"} - / _E-§& (5-14)

3—4u,)+k E E,+E,
( 3) 1+

_ Ey(l+ 1) _BE (5-15)
E2(1+ ﬂ3) E,
Thus,
L=K=B= % (5-30)
2tE3
[ 1= E/ _E-E
T = _ q = l (5_18)
| 1+(3—44)q 1+E/ CE+E,
1- /
J= (3 4/12) (3 4ﬂl)q E,-E, (5-19)
(3 4ﬂz)+q 1+E E1+E2
El
_ M _E (5-20)
E1(1+/‘2) E,
Thus,
J=T=A= El EZ (5-31)
1+ E2

For an arbitrary loading as a superposition of diogs having a

distributions , = — pmJ,(mr), which was equivalent to a concentrated |®adt the
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surface of layer 1 (Burmister, 1943), the deflectiequation at the surface of the

ground, Equation (5-27), could be simplified asdatk:

-] e
In which:

1+ {am{Ah, + B(h, + 0, A? + 4mPh h2A2 + h, — h, A?)e>™ |
Numerator= " ABZhle_Am@ }e—th - {Az +Ble ™ (5-28)

+(2AB+4ABNTh2 Je 2™ g
+{2AB+ 4ABNTH? [e 2™ 1 AZB%e M

[1- [A@2+ 4m?h2)- B{(2+ 4m?h2)+ 1+ 4mh? Ji+ 4m?h?)A? ]

+ A2 +-8mPhyh, (1 A?)+ 4mPh? e 2™
Denominato = | + AB?(2+ 4m?h? )e ™ g2 (5-29)
+[A? + B2 ™ 1 AB(2+ 4m?h?)e 2™ |e 4™
|+ AB(2+4m’hZ)e *™ 4 A?Be ™

To ensure that the derivation is correct, the foifhg two checks were made:
a. If the thickness of layer H] equals to O, theB, = E;, 1o = 14 andk =1, A = Q,

so that the numerator and denominator of Equate®7( will reduce into the

following form:

Numerator =1+ 4mhBe 2™ — g2g=4mh (5-28)

Denominator =1— B(2+ 4m2h2)e_2rnh +B2g4mh (5-29)
b. If the thickness of layer h) becomes infinite, theBs = E;, 13 = 1 andn =1,

B =0, again, the numerator and denominator of Equation (3v&7jeduce into

the following form:
Numerator =1+ 4mHAe 2™H _ A2g=4mH (5-28)

Denominator =1— A(2+ 4m?H 2)e‘zm'" + A2g™4mH (5-29)

161



The numerator and denominator at point (a) and (B) saamilar with the
numerator and denominator of the deflection equation ofl&yer pavement

system at the surface of the ground as stated by Bian{lL945a).
5.2.1.3 Boundary Conditions for Four-layer FlexibleSystem
Based on Burmister's assumption and general bourwamgition in Section 2.1,

the boundary and continuity conditions that are set fdn ederface are given below.

Boundary conditions at the surface of the grourd -hy

a. Distribution of surface loading; = -mJ(mr)

- m\]o(mr){ALmZe"mhl +Bym2e™ — Cim(1- 241 + mhy)e™™ + Dym(1— 244 — mhy )™ }
=-mJp(mr)
(5-32)

b.  Shearing stress at the surfagez 0

m‘ll(mr){Almze_mh ~Bym?e™ + Cim(24 - mh)e”™? + Dym(2 + mhy )™ } =0

(5-33)

Continuity conditions at the interface between tayand layer 2z =0

a. Normal stressy1 = oy
{Am+Bym—Cy(1-2411)+ D11~ 2111 )} = {Apm+ Bom—Co (1~ 245 )+ Do (1~ 212 )}

(5-34)

b. Shearing stress;: = 7

{Am—Bim+Cy 244 + D1 2p11} = {Apm—Bym-+ Co 2 + Do 2115 (5-35)
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c. Vertical settlementy; = w»

1
% {Alm_ B.m- C12(1_ zﬂl)— D12(1— 2/11)}
1

. (5-36)
+
= E_/Uz {Azm_ B,m-C, 2(1_ 2/‘2)_ D, 2(1_ 2/“2)}
2
d. Horizontal displacement; = u,
l—i_Ei{Aﬂ.er Blm+ Cl - Dl} = 1+E/u2 {A2m+ Bzm+ C2 - Dz} (5-37)
1 2
Continuity conditions at the interface between t&¥@nd layer 3z = hp
a. Normal stressyo = oy3
{Azmema + Bzme_ma —Cz(l— 2/12 - mhz)em'} + Dz(l— 2/12 + ml‘g)e_ma} (5 38)
= {Agmema +Byme ™ — C5(1- 23 — mhy, )e™® + Dg(1- 245 + mhy e
b. Shearing stressy, = 7.3
{AzmemrE - Bzme_mll + C2(2/J2 + mhz)emké + D2(2,L12 - mhz)e_mll} (5 39)

= {A3memh2 —Byme ™ 4 C3(2u3 + mhy )e™® + Dg(2u5 — mhy )M
c. Vertical settlementy, = ws

1+ pp
E>

_lvug {Agmemhz —Bame ™ —C3(2—-4uz ~mhy)e™ — D3(2- 4uz + mhy)e ™ }

{Azmem@ —Bome ™ —Cy(2—- 4y —mhy )™ —D,(2— 44, + ml’g)e_m@}

(5-40)

d. Horizontal displacement, = us

:LJFE'M2 {Azmema + Bzme_Irnrb +Co(1+ mm)em*} -Da(1- m}h)e—mfk}

2 (5-41)

L4 o™+ Byme ™+ Cof mhyJe™ — Dyt miy)e ™
3
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Continuity conditions at the interface between t&and layer 4z = hy+hs

a. Normal stressy;z = oy

{Ame™ ") 4 B me ™) _ (1 241, — m(h, + hy))e™" )

+ D, (L 24, +m(h, + hy))e ™) | = {B,me ™) 1 D, (1— 24, + m(h, + hy))e ™" |
(5-42)

b. Shearing stress;s = 74

{&mer”(“ﬁ“ﬁ —B,me ™" 1 C, (24, + m(h, + h,))e" ="
+ Dy(21, — m(h, + hy))e ™= = L Bme ™) 1 D, (24, — m(h, + hy))e ™ |

(5-43)
c. Vertical settlementys = wy
1+Eﬁ {A3mem(hz+h3) _ Bame ™) (2 4115 — m(hy + hg) )M 1)
3
— D3(2-4ug + m(hy + hg))e™ MMz +) }: %% B,me M(N:+) (5-44)
4
— D4 (2— 4pg + m(hy + h3))e—m(hz+hs)}
d. Horizontal displacements = u,
1+ﬂ3{ e +he) | gome ™M +) | o1 m(h emih, +hs)
E—3A3 + Bgme +Cg(1+ m(hy + hg)
_ D3(1— m(h2 n h3))e_ m(h2+h3) }: ]'-’-Eﬁ {B4me—m(h2 +h3) (5_45)

4
—Dyt-m(hy + hs))e_m(h2+h3)}

5.2.1.4 Determination of Four-layered System Coeffients
All the coefficients of Equations (5-32) — (5-4b¥re determined to satisfy the

boundary and continuity conditions, as follows:
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Interface between layer 3 and layer 4 hy+hs

The continuity conditions at this interface aréssed by solving Equations (5-
42) — (5-45) to obtais andC; represented bBs; andDs as follows:
Cs = 2BsmNe®™ + D3N(1-4ps+ 2mH)e?™H (5-46)

2Asm = 2BsmN(1-4pz+ 2mH)e®™ + DN(1-4ps+ 2mH) (1-4ps-2mH)e?™ L DyLe?™

(5-47)
where:
1-n
") o
_ (3_4/“4)_(3_4/“3)n i
T e dw)en o
_ E4(1+/U3) }
" Ey(L+ 12,) (59
H=hy+h; (5-51)

Interface between layer 2 and layer 3 hy

The continuity conditions for the interface betwédayer 2 and layer 3 at=h,
are satisfied by solving Equations (5-38) — (5-4d)constantsAs, Bs, C3 and D3
represented by, B,, C; andD-as given by:
8AM1— 1, )e™ = 2A,m{(3— 4, )+ kle™ + 2B,m(k —1)1— 4u, — 2mh, e ™

—C,[{(3—4p5) + K}(L- 4p, - 2mhy ) {K(3- 4,) + 11— 4ps, - 2mh, g™  (5-52)
+ D, [{(3— 4u5)— k(3= 4ps, ) + (k —1)1- 4, — 2mh, (1 4ps; — 2mh, )] ™

8B,m(L- p5)e ™™ = 2A,m(k ~ 1)1 - 4u, +2mh, Je™ +2B,m{(3— 4u, )+ kje™
—C, [{(3—4415) — k(B— 44, )} + (K~ 21— 4ps, — 2mhy N1 -4y, +2mhy )™  (5-53)
+ D,[{(8- 44 ) + ki(L— 4, + 2mhy )~ k(3 - 4,) + (L - 4, + 2mhy g™

4C,(1- p15)e™ =2B,m(k ~1)e™™ +C, k(8- 41,)+2je™

+ D, (k—1)A- 4u, + 2mh, )e™ (5-54)
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4D3(1_ pa)e ™ = —2Amk _1)emhz +C, (k — 1)1~ 4p, — 2mh, Je™

1 D,{Kk(3—4u,)+ L™ (5-55)
B+ ) )
= E,(1+ 45) (559

Interface between layer 1 and layerZ 0

By solving Equations (5-34) to (5-37), the coniipwonditions for the interface

between layer 1 and layer 2zat O were satisfied.

8A2m(l_ /uz) = 2A1m{(3_ 4/”2)"' CI}— ZBlm(l_ q)(l_ 4/12)
—C,[(1- 4, (3~ 41, )+ a}— (1 4w, Ha(3 - 4u, )+ 1]] (5-57)
+D,[{(8- 4, ) - a(3— 4 )} + (1- )1 - 41, J1- 4us, )]

8B,m(1- 1,) = -2AM(L- q)L- 4, )+ 2B,m{(3-4x, )+ qa}
-C, [{(3_ 4/“2)_ q(3_ 4/"1)}_ (1_ q)(l_ 4 )(1_ 4, )] (5-58)
+D, [(1_ 4/“1){(3_ 4/“2)"' Q}— (l_ 4, ){q(S— 4/“1)"‘ l}]

—-4C, (1_ /uz) = ZBlm(l_ Q)— Cl{Q(?’_ 4#1)"' 1}"‘ Dl(l_ q)(l_ 4/11) (5-59)
4D, (1_ /Uz) = 2A1m(1_ q)_ Cl(l_ q)(l_ 4/‘1)"" D, {q(B_ 4/11)"' 1} (5-60)
_ E2(1+ /11) )
B E1(1+ /12) (-6

Surface of layer 1z = -H

By solving boundary conditions in Equations (5-32d (5-33), the coefficient

A; andB; can be presented @ andD; as given by:

2AM? =e™ + C,m(1- 4y, +2mh ) - D,me™ (5-62)

2Bm’ =e ™ +Cme*™ — D,m(1l- 4, —2mh) (5-63)
Burmister (1945a) stated that the deflection @quafor layer 1 could be

determined using the following equation.
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o =T (o)A ™ B e™ — G2 4, + e ™ - Dyl 4z, ~mh)e™

l (5-64)

Substitute Equations (5-62) and (5-63) into Equat{5-64), the deflection
equation at the surface of the ground, for a sarfaading with distributiors; = -
pmd(mr) (which was equivalent to a concentrated I&adt the surface of layer 1),

could be obtained as follows.

W, = ZQ_T’TZ)P [ {c,me™ + D,me™ }3, (mr)dm (5-65)

Two coefficientsC; andD; were determined by substituting Equations (5-57) —
(5-61) into Equations (5-51) — (5-56), and thenssilite the results into Equations (5-

46) and (5-47) to obtain two equalities, as givgn b

¢1Cy m+ diD1 m+ const =0 (5-66a)

c,C1 m+ d,D; m+ consg =0 (5-66b)

Thus,

D,m= NumeratoD, _ - {(c,* const)—(c, * const )} (5-67)
Denominato D, {(c,*d,)—(c,*d,)}

C.m= NumeratorC1 - {const + D;m* d, } (5-68)
Denominato C, c

where:

¢, = ([ANTXn?hh, - 2NTZmh - NSX™ — [2KNVZmh + 2KNZmh + NY]e*™" e ™
+[akTmehh, — KSE?™e™ —e™ 1 [2KNTZmh + NTY]e2™e?™ e ™
+[NVXe?Me ™ +[KV e e e ™ + [Tle?me™ )

(5-692)

d, = ([- KNSZ+ 4KNTZnthh, + 2NTYmple?™ e ™ — [~ 2NVXmh - 2NXmh + NZJe ™
—[- 2KVmh - 2Kmh, Je?™e™ —[- 2Tmh Je™ +[- 2NTXmh + NTZ]e*™e ™
+[KNVZ"™e*m™e ™ — [2KTmh, fe*™e ™ e™ )

(5-69b)
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const = ([2NTXmh - NTZ]e™e™ - [KNVZ]e™e™™e ™™ + [2KTmh Je™ e > e™
+[2KNTZmh + NTY]e™e™e™ + [NVX]e™e™ +[KV g™ e e™
+[Tle™e™ >

(5-69¢)
c, = <[2\/qu +2Xmh, + (1- 4u, — 2mh, )le™ + [2KNVZmh(1- 44, — 2mH)+ 2KLVmh
+ 2KNZmh (1- 44, — 2mH) + 2KLmh, + NY(1- 44, — 2mH)e*™e™
+ [ aNTXnPh b, (1 44, — 2mH)+ 2KTmR{NZ(1- 44, — 2mH)+ L}
+ NSX(1- 4u, — 2mH)le™ + [KS(1- 44, — 2mh,)— 4KTmPh h, (1- 44, — 2mh,)
+2TYmhle?™e™ —[2TXmh +T(1- 44, — 2mh, )le?™e™ — [2KNTZmh(1- 44, — 2mH)
+2KLTmh, + NTY(1- 4, — 2mH )le?™e*™e ™ — [KV (1- 44, — 2mh, e *™ e * ™ e™
~[NVX(1- 4u, - 2mH)fe*™e ™)

(5-70a)

d, = ([SX—4TXnPhh, - 2Tmh (L~ 44, — 2mh, Je™ + [~ AKNTZnthh, (L- 44, — 2mH)

— 4KLTm’hh, — 2NTYmh(1— 44, — 2mH) + KNSZ1- 44, — 2mH) + KLS]ezm“ e

+[- 2KVmMh (1- 44, — 2mh,) - 2Kmh, (1- 44, — 2mh, ) + Y Je 2™ e™

+[- 2NXmhy (1- 4z, — 2mH) + {NZ(1— 4z, — 2mH) + L}e™

~[vxJe*™e™ —[KV{NZ@1-4u, — 2mh,)+ L}fe*™e*™e™™ —[- 2KTmh (1- 44, — 2mh,)

+TYP™e ™™ — [ 2NTXmb(1- 4z, — 2mH)+ T{NZ(1- 4u, — 2mh, )+ Lff*™e™)
(5-70Db)

const = <h/x]e““1emH +[KV{NZ(@1- 41, — 2mH)+ L}]e™e*™e ™ + [~ 2KTmh, (1 - 44, — 2mh,)
+TYE™e?™e™ +[- 2NTXmh (1 - 44, — 2mH)+ T{NZ(1— 44, — 2mH)+ L}fe™e™
—[2TXmh + T(1— 44, — 2mh, )Je™e™ — [2KNTZmh (1 44, — 2mH)+ 2KLTmh,

+ NTY(L- 4y, — 2mH)e™e*™e™ —[KV(1- 44, — 2mh, e ™e " e™

~[NVX(@- 44, - 2mH)le™e™ ) = 0

(5-70c)

S
L
W) Q-pm)B-4m)K 573

(1_ /Uz) (1_ /Uz)
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_ (1_ﬂ3)+ (1_/“3)(3_4/“2)K _ -
A M o

_ 1-q -
HTcavyy® (5-79)
1-k
T 4k oo
Z = (2mh-2mH) (5-77)

wherem is a dummy variable€;, B, Es, andE, are elastic moduli of layers 1, 2, 3,
and 4;4, 1o, 13, andyy are Poisson ratio of layers 1, 2, 3, andyds Bessel function
of the first kind of zero order, and the rest isdascribed previously. The final terms
of two constant€; andD; can be seen in Appendix A.

The infinite integral in Equation (5-65) was evakd by means of numerical
integration using composite Simpson rule (Matthewms Fink, 2004). A computer

program called 4L-DEF was written to conduct thiewation of the deflections.

5.2.2 Comparison of Solutions with Other Methods
A forward-calculation program, CHEVRONX, developbg Michigan State

University (Harichandran et al., 2001), was evaddbr purpose of comparison with

3L-DEF and 4L-DEF. Table 5.1 presents four casesdmpare the deflections

produced by 3L-DEF and CHEVRONX. The details of fitner cases are as follows:

a. Case 1 (the original statd}; = 1,379.3 MPa (200 ksik, = 758.6 MPa (110 ksi),
Es; = 206.9 MPa (30 ksif); = 0.127 m (5 in.)h, = 0.254 m (10 in.)P = 71.1 kN
(15,985 psi)

b. Case 2 (change the moduli of subbase and sulgiad= 206.9 MPa (30 ksi),

andE; = 103.4 MPa (15 ksi), the rest of the data is safitie case 1.
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c. Case 3 (change the layer thicknesdes¥ 0.254 m (10 in.)h, = 0.635 m (25
in.), the rest of the data is same with case 1.

d. Case 4 (change the magnitude of the loRd):44.5 kN (10 ksi), the rest of the
data is same with case 1
Table 5.2 presents three cases used to compasetfaee deflections produced

by the 4L-DEF and CHEVRONX. The details of the thoases are as follows.

a. Case 1 (the original stateff; = 2,758 MPa (400 ksif, = 827.4 MPa (120 ksi),
Es = 517.1 MPa (75 ksi)s = 206.9 MPa (30 ksijy; = 0.127 m (5 in.)h; =
0.254 m (10 in.)hs = 0.381 m (150 in.), and = 71.1 kN (15985 Ibs).

b. Case 2 (change the moduli of surface and supb&se 2,413.3 MPa (350 ksi),
Es; = 344.8 MPa (50 ksi), the rest of the data is sa#iie case 1.

c. Case 3 (change the layer thicknesdesy 0.305 m (12 in.)h, = 0.432 m (17
in.), h, = 0.559 m (22 in.), the rest of the data is saritle gase 1.

Five sensors with distaneg r,, r3, r4 andrs equal to 0.203, 0.305, 0.457, 0.61
and 0.914 m (or 8, 12, 18, 24 and 36 in.), respelgti from the load are adopted. The
surface deflections listed in Table 5.1 and 5.2cam@puted with assuming a non-slip
interface between layers.

It is observed from Tables 5.1 and Table 5.2 thatdeflections produced by 3L-
DEF and 4L-DEF, respectively, developed based othemretical deflection by
Burmister (1945), deviate slightly from that of tB&IEVRONX program. The largest
deviation between 3L-DEF and CHEVRONX programsraiad 3.5% and the largest
deviation between 4L-DEF and CHEVRONX programssslthan 2%, both at sensor
1 of case 3. It summarizes that 3L-DEF and 4L-DEE& sufficiently accurate to
calculate the surface deflections of a three- aadr-Fayer flexible pavement,

respectively.
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5.3 Comment on the Effect of Temperature on Asphaltayer

It is known that asphalyer has been recognized as an anisotropic miateuia
thedegree of anisotropy and its implications for pagatrdesign andnalysis have not
been well understood. In the development of forwsollition based on Burmister's
theory, the characteristics of the asphalt layes wianplified by assuming that the
asphalt layer has uniform material characteristiall directions (isotropic) and is not
temperature-dependent. This assumption is not fdigrect, but it is still partially
applicable in the horizontal direction. The simiphftion on the derivation of forward
solution in this study is necessary to be performmedrder to ease in developing the

closed-form backcalculation algorithm, as desciib€hapter 6.

54 Summary

A forward solution for a three-layer flexible pavem system, consisted of
surface layer, granular subbase layer and subgraae,developed by Burmister in
1943. In this study, a forward solution for a fdayer flexible pavement system was
developed by extending the theoretical solutions Byrmister for three-layer
pavement system. The development of these solutiomsld give a closer
approximation to the actual multi-layer flexible vement system constructed in
practice. Computer programs 3L-DEF and 4L-DEF wekveloped using the
respective forward solutions.

The verification of 3L-DEF and 4L-DEF programs weo®nducted by
comparing the programs with a forward solution, eBBn€HEVRONX. The results of
comparison show that they compare well with disangges within 4%. It is concluded
that 3L-DEF and 4L-DEF could estimate accurately shirface deflections of three-

and four-layer flexible pavements.
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Table 5.1: Comparison of Computed Surface Deflastion Three-layer Flexible

System

Methods d; (mm) d, (mm) & (mm) d, (mm) d (mm)
Case 1: original state {E1,379.3 MPa, E=758.6 MPa, £=206.9 MPa, {+0.127 m, b=0.254 m, P=71.1 kN)
3L-DEF 0.2844 0.2330 0.1824 0.1475 0.1014
CHEVRONX 0.289¢ 0.2339 0.1826 0.1471 0.1011
Case 2: change the subbase and subgrade mogda2QE.9 MPa, E=103.4 MPa), all other data are the same as case 1
3L-DEF 0.672 0.5319 0.3899 0.2994 0.1963
CHEVRONX 0.668 0.5309 0.39t2 0.2997 0.1963
Case 3: change the thicknessgs@254 m, b=0.635 m), all other data are the same as case 1
3L-DEF 0.179¢ 0.1520 0.1259 0.1992 0.0868
CHEVRONX 0.1861 0.1532 0.1260 0.1087 0.0861
Case 4: change the load (P =44.5 kN), all othex dee the same as case 1
3L-DEF 0.177 0.1458 0.1141 0.0923 0.0634
CHEVRONX 0.181 0.1463 0.1143 0.0919 0.0632

Note: d, d, ds, d,;, dsand @ are deflections at radial distance 0.203, 0.30%7M 0.61, and 0.914 respectively from the load

Table 5.2: Comparison of Computed Surface Defdestion Four-layer Flexible

System

Methods d; (mm) o (mm) d; (mm) d, (mm) d; (mm)
Case 1: original state {(E2,758 MPa, E=827.4 MPa, E517.1 MPa, E=206.9 MPa, F0.127 m, b=0.254 m, §=0.381 m, P=71.1 kN)
4L-DEF 0.224 0.1843 0.1472 0.1238 0.0936
CHEVRONX 0.225 0.1852 0.14Y6 0.1337 0.0935
Case 2: change the surface and subbase layer nfBgt®,413.3 MPa, and £344.8 MPa), all other data are the same as case 1
4L-DEF 0.2471 0.2037 0.1617 0.1338 0.0973
CHEVRONX 0.248 0.204 0.1621 0.1336 0.0970
Case 3: change the thicknessgs @305 m, b=0.432 m, B=0.559 m), all other data are the same as case 1
4L-DEF 0.1444 0.1284 0.1106 0.0974 0.0786
CHEVRONX 0.147 0.1285 0.1105 0.0973 0.0782

Note: d, d,, d;, d; and ¢ are deflections at radial distance 0.203, 0.308%7M 0.61 and 0.914 m respectively from the load
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Figure 5.1: Schematic of Three-layer Flexible Pagethunder Concentrated Load
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Figure 5.2: Schematic of Four-layer Flexible Pavetumder Concentrated Load
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CHAPTER 6
DEVELOPMENT OF CLOSED-FORM BACKCALCULATION ALGORITH M

FOR MULTI-LAYER FLEXIBLE PAVEMENT SYSTEM

6.1 Introduction

Currently, no closed-form backcalculation alganth are available for multi-
layer flexible pavement systems with more than paeement layers, including the
subgrade. As highlighted in the previous chaptirflexible pavements constructed
today consist of three or more pavement layersh iour-layer pavement system
being the most common.

In this chapter, two closed-form backcalculatiogogithms are developed. The
first close-form backcalculation algorithm, calldd-BACK, is developed for a three
layer flexible pavement system using the forwarlitsan 3L-DEF. Another closed-
form backcalculation algorithm, known as 4L-BACIs, developed for a four-layer
flexible pavement system, using the forward sotuda-DEF.

This chapter presents the theoretical basis, fatimnl and the development of

the computer programs 3L-BACK and 4L-BACK.

6.2 Development of Backcalculation Procedure
6.2.1 Proposed Procedure

In the backcalculation analysis of layer moduli afthree- and a four-layer
flexible pavement system, there are two known patarms (thickness layer and
Poisson ratio) for each pavement layer. TheretaeetunknownsH;, E; andE;) for a

three-layer system and four unknowis, (E;, E; andE,) for a four-layer system. To
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solve for the unknowns, the number of measuredededins required from different
locations should be at least equal to the numbeurdinowns. For a three-layer
system, at least three measured deflections froee tHifferent locations are required.

The three measured deflection required to solverttee unknowns are given by

1- u? P
Wsy = ( A ) F31(q1 k) (6'13-)
7 E,
w2
W, = TE F32(CI1 k) (6'1b)
1
w2
Ws3 = 7 E Fsa(q! k) (6'10)
1

wherews;, Wz, andwsz are the measured deflections of a three-layermeanme system
at distance, rp, andrzrespectively from the loaR; k andq are the moduli ratios as
stated by Equations (5-15) and (5-20), &ad Fs,, andF3;3 are deflection factors each
is a function ok andg.

The same assumption is also valid for solvingerfour unknown layer moduli

of a four-layer system. Four measured deflectisagequired, as given by

1— u? P
w,, = % F,.(a.k,n) (6-2a)
1
- u?)p
Wy, = T F42(q- k, n) (6-2b)
1
- u?)p
W43 = T F43(q, k, n) (6'20)
1
- u?)p
Wy, = T F44(q’ K, n) (6'2d)
1

wherew,1, Wap, Wiz andwy, are the measured deflections of a four-layer padm

system at distance, r, rs, andr, respectively from the loa®; n, k, andq are the
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moduli ratios as stated by Equations (5-50), (5&&) (5-61), andF41, F42, Fa3, and
Fa4 are deflection factors each is a functiomof andg.

All the equations above are composed of infinitegnals of product of Bessel
functions. It is difficult to solve them directlylo overcome this problem, this study
simplified the equations by dividing the two of thdy the third one (for a three-layer
system) or the three of them by the fourth one &dour-layer system) to obtain two
nonlinear equations with two unknowksandq (for a three-layer system) or three
non-linear equations with three unknowmsk andq (for a four-layer system). For a
three-layer system, the simplification of the equa can be performed by dividing
Equations (6-1b) and (6-1c) by (6-1a) and thisltesn,

Y31 = Wa1F32(q,K) — W2F321(,K) (6-3a)
Y32 = Wa1F33(q,K) — WaF31(q,k) (6-3b)
The similar simplification could also be performéat four-layer system, by

dividing Equations (6-2b), (6-2c), and (6-2d) by2®) and the following equations are

obtained.

Ya1 = WarFa2(q,k,n) — wFa1(q,k,n) (6-4a)
Yaz = WarFas(d,k,n) — waFaa(g,k,n) (6-4b)
Ya3 = WaiF44(q,k,n) — WaF41(q,Kk,n) (6-4c)

To obtain the rootsn( k, andq) from the nonlinear equations above, the Nelder-
Mead optimization method was used. A brief intraéhrc of this method is given in

the subsequent section.

6.2.2 Nelder-Mead Optimization Method

The Nelder-Mead algorithm or simplex search atbami originally published in

1965 (Nelder and Mead, 1965), is one of the besbwkn algorithms for
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multidimensional unconstrained optimization withaderivatives. The method is
robust and only needs a relatively small numbédunttion evaluations in obtaining a
good reduction in the function value.

To enable minimizing a function with several vates) Nelder and Mead (1965)
devised a simplex method for finding a local minimof such function. A simple$
in R"is defined as the convex hull @f+1) vertices. For example, a simplexRfis a

triangle, and a simplex iR® is a tetrahedron, as seen in Figure 6.1. For @ asvo

variables, the simple$® in R? is consisted of 3 vertices, ..., % € R)% andyo, ..., W

€ Rg. If three variables are involved in the analygach vertex contains three

coordinatesx, ..., % € Rf;yo, o WeE Rgandzo, ., AE Rg’.

The Nelder-Mead method begins with a sefrefl) vertices that are considered
as the vertices of a working simpl&xand the corresponding set of function values at

the verticed; for j = 0,..., n wheren is the number of variables considered. For the

case of two variables, the function values at #ticesxy, ..., % € R)% andyp, ..., % €

R§ aref; = f(x;,y;) for j = 0,.., 2; while for three variables, the functiorlues at the

vertices i = f(x;,y;,z) forj = 0,.., 3.

The method then performs a sequence of transfasmeatf the working simplex
S with the aim to decrease the function valdieat its vertices. At each step, the
transformation is determined by computing one orartest points together with their
function values, and by comparison of these funeticalues with those at the vertices.
This process is terminated when the working sim@é&ecomes sufficiently small, or
when the function valudgare close enough.

One iteration of the Nelder-Mead method consistheffollowing three steps.
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Ordering. To start, it is necessary to evaluhee function values of the three
vertices and the subscripts are then reorderedlfith the following sequences:
fi<f,<fs. Thef,, f, andf; are function values of the vertices notate® §for best
vertex)= (X1, 1), G (for good vertexy (X2, y») andW (for worst vertex= (X3,
y3), respectively.

Calculate the midpoinM of the best side, that is, the midpoint of theelin

segment between B and G, given by following equatio

M:(B;G):[Xﬁxz,yﬁyzj (6-5)

2 2

Transformation. Compute the new working simplexrfrthe current one. There
are three possible transformations used in the adetreflection, expansion or
contraction (see Figure 6.2). First, try to replaody the worst verteXV with a
better point by using one of the transformationghwéspect to the best side. All
test points lie on the line defined by worst veéand midpointM, and at most
two of them are computed in one iteration. If thigceeds, the accepted point
becomes the new vertex of the working simplex.hif ttransformation fails,
shrink the simplex towards the best verlB2Xhe new poinR (reflection) ande
(expansion) is determined using the following emunat
R=M+M-W)=2M-W (6-6)
E=R+(R-M)=2R-M (6-7)
While the contraction point and shrink point are computed using the following
equations (see Figure 6.2)

Ci=05(W+ M) or C,=05M+R) (6-8)

S=05(B +W) (6-9)
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The logical decision of each step in the NeldeaMemethod could be
summarized as follows.

(1) If fr<fg, then perform case (i), otherwise perform cage (ii

Case (i)

(2a) Iffg <fg, then replac&V with R, otherwise perform (3a).
(3a) Computd andfe.

If fe <fg, then replac&V with E, otherwise replac®/ with R.

Case (ii)

(2b) If fr <fw, then replac&V with R, otherwise perform (3b).
ComputeC; andC,; and perfornC = min (C1,Cy)
If fc < fw, then replacé@V with C, otherwise comput& andfs, and replaceN
with SandG with M.
(3b) ComputeC; andCy; and perfornC = min (C,,Cy)
If fc < fw, then replacéV with C, otherwise comput& andfs, and replaceN

with SandG with M.

If there are three variables in the analysis, i two step of Nelder-Mead
iteration should be adjusted as follows (see FigL2g.

1. Ordering. The function values of the four vesticof tetrahedron are evaluated
and the subscripts are then reordered to fulfié tollowing sequences:
fi<fo<fs<f,s. Thefy, fy, f3 andf, are function values of the vertices notatedBas
(for best vertexy (xi1, y1, z1), G (for good vertex)= (X2, Y2, ), P (for poor

vertex) = (%, Y3 z3) andW (for worst vertex) (Xas, Ya,Z1), respectively.
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2. Calculate the midpoin¥! of the best side, that is, the midpoint of theséhr

vertices B, G, and P given by following equation:

M

:(B+G+P):(X1+X2+X3 Y1+ Y2+ Y3 21”2*23) (6-5)

3 3 ’ 3 ’ 3
The last step of the procedure and also the lbgleaision of each step of

Nelder-Mead method for three variables is the sas#ose for two variables.

6.2.3 Determination of Unique Solution

In this study, the Nelder-Mead method will minimithe absolute value of the
functions Y3; and Ysz; and Yai, Ya2, and Ys3 stated in Equations (6-3) and (6-4),
respectively, from a specified range of modulioatilt forms two curves of minimum
value in a two-dimensional space and three cunfesinimum value in a three-
dimensional space, as shown in Figures 6.3 anddi.4hree- and four-layer systems,
respectively. For the three-layer system, a rarfgmaduli ratios between 0 and 0.8
with increments of 0.05 for both moduli ratkcandq is selected as seed moduli ratio
to be used in the Nelder-Mead optimization. A diéfg range of moduli ratios, that is,
between 0 and 0.6 with increments of 0.05 (for nhagluatiog) and between 0.2 and
0.6 with increments of 0.1 (for moduli rattoandk) were selected for the four-layer
system. The selection of a different range of miodtio and its increment in the four-
layer backcalculation algorithm is caused by tHéedint sensitivity among the three
modulus ratios. The modulus ratjas more sensitive than the other two ratios.

A moduli-ratio deviation value of is selected as the minimum value at which
the Nelder-Mead algorithm stops. The two cur¥gsandYs; intersect in one point in
the space at which the rodtsand q are obtained. After the values kfandq are

determined, the modulus of the surface layer isutated by using Equation (6-1) and
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the moduli of subbase and subgrade are obtainagsimg Equations (5-20) and (5-
15), respectively.

With a similar procedure using the Nelder-Mead athm, for a four-layer
system, the three curves of minimum deviation vatienoduli-ratio,Ys; Y42 andYss
may intersect in one point in the space at whieh ribotsq, k, andn are obtained.
However, it is difficult to obtain an intersectigoint of three curves in a three-
dimensional space. Therefore, the algorithm wilhimize the distances among three
points which is located in the three curigs Ys, andY,s. The three points in the three
curves having the minimum distance will be averaged considered as roots of the
three curves, that arg, k, andn. After the values of, k,andn are determined, the
modulus of the surface layer is calculated fromdigun (6-2) and the moduli of base,
subbase and subgrade were determined from Equatefs), (5-56) and (5-50),

respectively.

6.3 Comparison of the Backcalculated Moduli with Oher Backcalculation

Programs

For comparison with the closed-form backcalculatégorithms developed in
this study, two other backcalculation programs waraluated. They are EVERCALC
(Sivaneswaran et al.,, 1991) and MICHBACK (Harichamd et al., 2001). Both
programs use CHEVRONX as their forward calculatpmogram. As previously
mentioned in Chapter 2, EVERCALC and MICHBACK pragrs are backcalculation
methods that use iterative methods to find the besilt by matching the computed
deflections with measured deflections. Both prograsquire seed moduli to initiate
the backcalculation process. For MICHBACK, there &wo options for selecting the

seed moduli. The seed moduli may be determinednbytarnal program or by user-
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input. The selection of the option of the seed nfiogeneration does not depend on
the number of layers evaluated. Therefore, the seeduli generated by the internal
program were selected for MICHBACK program for bdtiree- and four-layer
backcalculation analyses. On the other hand, EVERT/Anly permits user to
generate the seed moduli using the internal progrdne number of pavement layers
in the backcalculation process equals or less these layers. Therefore, for three-
layer backcalculation analysis, the seed modulegatied by the internal program were
selected, while for four-layer backcalculation gs#é, a set of user-input seed moduli
was employed.

As stated by several researchers (Mahoney et@89;1Jddin and McCullough,
1989), the determination of seed moduli could dffee results of the backcalculation.
In this study, the seed moduli for EVERCALC programed by Watson and
Rajapakse (2000) were adopted. The error obtainedsing the seed moduli by
Watson and Rajapakse (2000) were around 1 — 2% s&hd moduli recommended
by Watson and Rajapakse (2000) are as follows:0D0MPa, 300 MPa, and 100 MPa
for asphalt concrete, base and subgrade, respgctinehis study, a seed modulus of
200 MPa for subbase layer was added.

The backcalculation process in the two backcalmraprograms, EVERCALC
and MICHBACK, will run iteratively and it will stopf the predetermined error is
satisfied or if the specified number of iterati@neixceeded. In this study, an error of
0.1% and a number of maximum iteration of 1,000ens&t as the termination criteria.

MICHBACK backcalculation program requires a minimwhfive deflections
for backcalculation process; while the number dfed¢ions required by EVERCALC
is depended on the number of layer properties todéermined. As mentioned

previously, 3L-BACK and 4L-BACK need three and faleflections, respectively.
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For the sake of comparison, five deflections weseduin verification. To do so,
EVERCALC and MICHBACK performed directly the backoalation process using
five deflections; while 3L-BACK and 4L-BACK requira multiple backcalculation
runs of three- and four-combinations from 5 deftatd, respectively. This results in
10 and 5 backcalculation runs, for 3L-BACK and 4AEK respectively, each case
with 5 deflections. The comparison of the backdalkad moduli was performed
between the backcalculation moduli produced by EZERC and MICHBACK and
the average value of the backcalculation modulinfihe 10 and 5 backcalculation
runs of 3L-BACK and 4L-BACK programs respectively.

Two comparisons of backcalculation results weradoated in this study: (a)
comparison using exact deflections from the respeébrward-calculation algorithms
of the backcalculation programs; and (b) compariaging deflections with

measurement errors.

6.3.1 Comparison Using Exact Deflections

The comparison of the methods evaluated was coedugy using the exact
deflections produced by the respective forwardwdaton algorithms of the
backcalculation programs.

Table 6.1 presented the backcalculated moduli ifethayer flexible pavement
systems using the exact forward computed deflestidhe comparison among three
backcalculation programs in Table 6.1 indicatest tie backcalculated modulus
values deviate from the actual values by not mben t5% for all cases. It can be
concluded that all three backcalculation prograerégom equally well when the input
deflections are exact as computed from their reasmecforward calculation

algorithms.
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The backcalculated moduli of four-layer flexiblevpanent system using the
exact deflections are presented in Table 6.2. Tdsults showed that the three
backcalculation programs evaluated compared well Gase 1 where the
backcalculated modulus values deviated by not rii@e 2%. In Case 2, EVERCALC
produced larger deviations than the other two @og: In Case 3, 4L-BACK program
could produce closer results to the true modulhtB& ERCALC and MICHBACK.
Overall, it may be concluded that 4L-BACK outperfir EVERCALC and
MICHBACK in backcalculation analysis of four-lay@lexible pavements when the

input deflections are exact.

6.3.2 Comparison Using Deflections with Random Measement Errors

In this section, surface deflections with measw@etrerrors are considered to
examine how the performances of the three backiegion programs are affected by
the presence of imperfect deflection measureméfas.this purpose, thirty random

deflections were generated using Pronk formula§198 follows.

r,— 05)r, o (r,— 05)r,
Ir,— 05 Ir,— 05

in which dn, is the measured deflections (micrometers)js the true deflections

d

=d, + 002d, ( (6-10)

m

(micrometers); and; —r, are random numbers between 0 and 1. The erroesated
by Equation (6-10) were limited to within the rangiearound + 2% to simulate the
common deflection measurement errors produced b FiWvin et al., 1989). The
thirty sets of generated measured deflections &whebackcalculation method are
listed in Tables 6.3 and 6.4 for three- and foyetaflexible pavement systems,

respectively.
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Tables 6.5 and 6.6 present the results of thee3® of backcalculated layer
moduli by the three backcalculation methods for tiheee- and four-layer flexible
pavement systems, respectively. The statisticepted in the table measure the level
of dispersion from the true elastic moduli. Theynsist of the maximum value,
minimum value, mean value, standard deviation, fooefit of variation and root

mean square erroRMSH. The root mean square error is defined as follows

RMSE= \/%ZN:[xi -] (6-11)

whereX; is the computed modulk is the true moduli, anl is the number of cases.

Figure 6.5 plots the deviations of backcalculatextloii from their corresponding true

moduli for the case of three-layer flexible pavemsystem. The corresponding plot

for the case of four-layer flexible pavement systmmshown in Figure 6.6. The
following observations can be made:

a. 3L-BACK outperformed EVERCALC and MICHBACK inlahe measures of
dispersion shown in Table 6.5, including the rawoféackcalculated moduli,
standard deviation, coefficient of variations, aRMSE The 3L-BACK
backcalculated solutions have a narrower rangegii@tandard deviation, lower
coefficient of variation, and small&MVSE The differences are most obvious for
elastic modulug; of the surface layer.

b. 4L-BACK also outperformed EVERCALC and MICHBACHK.was the method
with the least dispersion in terms of the rangdadkcalculated moduli values,
standard deviation, coefficient of variatioB\) andRMSE as seen in Table 6.6.
There were relatively little differences betweem thackcalculated results by
MICHBACK and EVERCALC as indicated by the statiaticdispersion

measures. 4L-BACK was also more accurate in egtigndhe true values of
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6.4

pavement layer moduli than the other two methodshasvn by the values of
RMSE TheRMSEof the backcalculated moduli by 4L-BACK is lesarhalf of
the corresponding errors produced by EVERCALC andCHWMBACK
respectively.

Figures 6.5 and 6.6 present clearly the dispersf the elastic moduli computed
by the three backcalculation programs for eacho$edleflections consisting
measurement errors. These figures also presentddagjuely the accuracy of
each backcalculation method in estimating the spwading true value of the
moduli (as represented by the horizontal line icheehart). Figures 6.5 and 6.6
show that the layer moduli calculated by EVERCALG avICHBACK vary
over larger ranges than those by 3L-BACK and 4L-BAC

It is interesting that the modulus of the subdgravas not affected much by the
measurement errors in the deflections. This is lmeeahe determination of
subgrade modulus only depends on deflection pratibgesensors further from
the load, while the determination of the modulustlzé overlying pavement
layers depends on the inner deflections and alsautue of underlying
pavement layers. In other words, the variation @tednining the subgrade
modulus is only affected by the errors in the oumeasured deflections, while
the variation in determining the overlying paveméayers is affected by the
accumulation of errors involved in the several egibns used in

backcalculation process.

Summary

Two closed-form backcalculation algorithms for #weand four-layer flexible

pavement were developed based on Burmister's thearenodel for multi-layer
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flexible pavement systems. The two backcalculapoograms, 3L-BACK and 4L-
BACK, were solved using the Nelder-Mead optimizatimethod. This method was
used to minimize the absolute value of the funatigfn and Ys; for the three-layer
flexible pavement system; and;, Ys,, and Y43 for the four-layer flexible pavement
system. A specified range of moduli ratios was @ered in defining two curves of
minimum value in a two-dimensional space for thesecaf three-layer flexible
pavement system, and three curves of minimum valaethree-dimensional space for
the case of four-layer flexible pavement systene ™o curvesys; andYs; intersect
in one point in the space at which the moduli saki@ndq are obtained. In a similar
manner, the three curvé&; Yi, andY,s intersect in one point in the space at which
the moduli ratiosg, k, andn are obtained. Since it is more difficult to obtahe
intersection point of three curves in a three-disi@mal space, the algorithm
minimizes the distances among three points whidbdated in the three curvé&;
Y42 and Y3, Three points in the three curves having the mimmdistance will be
averaged and considered as the roots of the thrges; that isg, k,andn.

The proposed algorithms were verified using twoet/mf deflections, that is,
exact deflection and deflections with measuremerir& A comparison between the
proposed algorithms and two other backcalculatigorahms was performed. Two
backcalculated programs based on the iterativanigdtion approach, EVERCALC
and MICHBACK, were selected for this purpose.

The results of verification using exact deflectiam®wed that both closed-form
programs could produce slightly more accurate balclatated moduli than those the
other two programs. Similar results were also oietdi when the deflections with
random measurement errors were used in the backa@dn analysis, where the two

closed-form programs could estimate the true vaddi¢ise layer moduli better than the
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other two programs. This indicates that the tweetbform backcalculation programs

are more reliable in backcalculating layer modugirt EVERCALC and MICHBACK.
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Table 6.1: Comparison of Backcalculated Layer Mothrl Three-layer Flexible

Pavement System by Different Methods

Backcalculated moduli (MPa) Deviation with the traeduli (%)
Methods

E, | E, | Es E, | E, | E,
Case 1: original state {(£1,379.3 MPa, E=758.6 MPa, E=206.9 MPa, ¥0.127 m, b=0.254 m, P=71.1 kN)
3L-BACK 1,381.6 758.5 206.8 0.1p 0.q1 0.00
EVERCALC 1,395.4 760.9 206.9 1.1p 0.33 -0.03
MICHBACK 1,344.8 758.9 206.4 -2.4B 0.46 0.01
Case 2: change the subbase and subgrade moge20B6.9 MPa, E=103.4 MPa), all other data are the same as case 1
3L-BACK 1,373.0 208.3 103.3 -0.44 0.49 -0.09
EVERCALC 1,379.1 206.9 103.4 0.0 0.40 0.00
MICHBACK 1,325.7 208.4 103.9 -3.8F 0.44 0.03
Case 3: change the thicknessgs@254 m, b=0.635 m), all other data are the same as case 1
3L-BACK 1,379.8 758.4 206.4 0.0p 0.4o 0.00
EVERCALC 1,382.0 758.2 206.9 0.2p -0.43 0.00
MICHBACK 1,375.1 756.9 207.2 -0.2B -0.42 0.15
Case 4: change the load (P =44.5 kN), all othea de¢t the same as case 1
3L-BACK 1,380.6 758.9 206.9 0.1 0.Q0 0.00
EVERCALC 1,445.7 755.6 206.4 4.8% -0.38 0.03
MICHBACK 1,320.9 758.9 206.9 -4.21L 0.06 0.02

Table 6.2: Comparison of Backcalculated Layer Mothrl Four-layer Flexible Pavement
System by Different Methods

Methods

Backcalculated moduli (MPa)

Deviation with the traeduli (%)

E | E | Es | E, E | E | | E,
Case 1: original state {£2,758 MPa, E=827.4 MPa, E=517.1 MPa, E=206.9 MPa, h=0.127 m, h=0.254 m, §=0.381 m, P=71.1 kN)
4L-BACK 2,761.6 828.3 516.9 206.9 0.18 0.11 -0.12 0.05
EVERCALC 2,790.8 819.4 523.9 206.4 1.19 -0.97 1.29 -0.23
MICHBACK 2,799.7 819.4 523.9 206.3 1.5) -0.96 1.32 -0.26
Case 2: change the surface and subbase layer nfBgi®i,413.3 MPa, and ;£344.8 MPa), all other data are the same as case 1
4L-BACK 2,473.1 826.7 345.3 206.4 2.48 -0.09 0.16 -0.06
EVERCALC 2,533.9 841.7 335.9 207.4 5.00 1.78 -2.64 0.40
MICHBACK 2,464.0 827.7 342.7 207.4 2.10 0.04 -0.15 0.19
Case 3: change the thicknessgs @305 m, b=0.432 m, B=0.559 m), all other data are the same as case 1
4L-BACK 2,731.8 844.4 491.1 209.14 -0.95 2.06 5.4 1.40
EVERCALC 2,893.7 759.4 607.4 200.4 4.9p -8.2p 17.39 -2.97
MICHBACK 2,720.4 880.4 440.0 214.4 -1.36 6.40 -14.91 3.44

Notes: Seed moduli used in the backcalculationnarog: 4L-BACK (not required), EVERCALC (E 10,000 MPa, E= 300 MPa,

E; = 200 MPa, E= 100 MPa) (Watson and Rajapakse, 2000), and MISEIR (provided by internal program)
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Table 6.3: Deflections with Random MeasurementiSrfor Three-layer Flexible
Pavement System

Random deflections for each backcalculation progfram)
Set 3L-BACK EVERCALC and MICHBACK
d1 d2 d3 d4 d5 d1l d2 d3 d4 d5

1 0.2887% 0.234p 0.18%3 0.1440 0.1038 0.4935 0.p351 0[1855 143§. 0.1035
2 0.2847% 0.236[1 0.1816 0.14090 0.1007 .4899 0.R370 0[1818 148§. 0.1004
3 0.2837 0.2353 0.1820 0.1913 0.1036 .2884 0.2362 0[{1823 15084. 0.1033
4 0.281¢ 0.232p 0.1829 0.1461 0.1029 .4870 0.R329 0[1831 1459. 0.1026
5 0.2804% 0.2321 0.1808 0.1446 0.0988 0.2852 0.P330 0[{1810 1448. 0.0985
6 0.282( 0.2308 0.18]:2 0.1478 0.1052 0.2871 0.p317 0[{1804 1474. 0.1049
7 0.2864 0.2356 0.1822 0.1429 0.09$80 0.2917 0.P365 0[1824 142§4. 0.0978
8 0.2814 0.2356 0.1824 0.1461 0.1027 0.2869 0.P365 0[1826 1459. 0.1024
9 0.2844 0.23441 0.1836 0.1487 0.0986 .2898 0.p354 0[{1839 1489. 0.0983
10 0.280 0.2328 0.1886 0.1463 0.0p86 .4860 0.p337 011838.1458 0.0983
11 0.285] 0.2317 0.1810 0.1485 0.1p19 0.4909 0.p326 011812.1487%) 0.1016
12 0.287¢ 0.2352 0.1840 0.1447 0.0p98 0.3928 0.p361 011842.1449 0.0995
13 0.283] 0.2362 0.1828 0.1476 0.1p09 0.4889 0.p372 0]1831.1471 0.1006
14 0.2801 0.2336 0.1820 0.1480 0.1p09 0.4856 0.p345 0]1822.1479 0.1006
15 0.285¢ 0.2359 0.1824 0.1485 0.1p05 0.4908 0.p368 011826.1480 0.1002
16 0.2844 0.2354 0.1834 0.1447 0.0p89 0.4896 0.p363 011836.1449 0.0986
17 0.286 0.2317 0.1851 0.1481 0.1p12 0.3912 0.p326 0]1853.1476 0.1009
18 0.280¢ 0.2313 0.1841 0.1458 0.0p85 0.4857 0.p322 011843.1459 0.0982
19 0.285: 0.2348 0.1839 0.1459 0.1p14 0.3910 0.p358 0]1841.1454 0.1011
20 0.282 0.2339 0.1798 0.1497 0.1p42 0.4881 0.p348 011800.1499 0.1039
21 0.282 0.23 0.1828 0.1491 0.1p24 0.4875 0.p328 011830.1486 0.1021
22 0.2851 0.23 0.1828 0.1481 0.1p12 0.4904 0.p324 0]1830.1476 0.1009
23 0.2804 0.23 0.1818 0.1480 0.1p28 0.4855 0.p334 0]1820.1476 0.1025
24 0.282 0.23 0.1814 0.1490 0.1p24 0.4880 0.p337 0]1816.1486 0.1021
25 0.288 0.2362 0.1848 0.1494 0.1p25 0.3936 0.p371 0}1850.1489 0.1022
26 0.2871 0.23 0.1846 0.1495 0.1p30 0.3924 0.p364 011848.1490 0.1027
27 0.2841 0.2347 0.1829 0.1475 0.1p22 0.4894 0.p356 011831.1470 0.1019
28 0.285: 0.2307 0.1829 0.1467 0.1p01 0.3911 0.p316 0]1831.146 0.0998
29 0.284 0.2326 0.1841 0.1911 0.1p21 0.4895 0.p336 0]1843.150 0.1018
30 0.281 0.23 0.1805 0.1496 0.1p36 0.4870 0.p323 0]1807.149 0.1033

Note: The true deflections fo{,d}, ds, d;, and d are 0.2844, 0.2330, 0.1824, 0.1475, and 0.1014onBL-BACK;

0.2896, 0.2339, 0.1826, 0.1471, and 0.1011 mEWERCALC and MICHBACK
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Table 6.4: Deflections with Random Measurementisrfor Four-layer Flexible
Pavement System

Random deflections for each backcalculation progfram)
Set 4L-BACK EVERCALC and MICHBACK
d1 d2 d3 d4 d5 d1l d2 d3 d4 d5

1 0.2271 0.1851 0.1497 0.1206 0.0959 0.4287 0.1861 01501 120§4. 0.0957
2 0.2247% 0.186P 0.1466 0.1251 0.0930 4262 0.1878 0[{1470 12589. 0.0928
3 0.2234 0.186{1 0.1468 0.1372 0.0958 .4250 0.1870 0[1472 1279. 0.0956
4 0.222( 0.183f7 0.14717 0.1227 0.0951 4235 0.1846 0[1481 12264. 0.0949
5 0.2211% 0.1838 0.14%9 0.1214 0.0911 0.4227 0.1.847 0[1464 1218. 0.0909
6 0.2223 0.182B 0.14%5 0.1241 0.0972 0.4238 0.1.832 0[1460 124%. 0.0970
7 0.2263 0.186p6 0.1470 0.1397 0.0904 0.4278 0.874 0[1475 11964. 0.0902
8 0.2224 0.186¢ 0.1474 0.1228 0.0948 0.4239 0..874 0[1479 1229.  0.0947
9 0.2244 0.185¢ 0.14719 0.1249 0.0910 4257 0.1863 0[1484 124§. 0.0908
10 0.221] 0.1839 0.1480 0.1328 0.0p09 4232 0.1.848 011485.1228 0.0907
11 0.2251 0.1829 0.1462 0.1350 0.0p41 0.4270 0.1.838 0]1466.1249 0.0940
12 0.226 0.1857 0.1483 0.1313 0.0p21 0.4284 0.1.867 0]1488.1219 0.0919
13 0.223( 0.1870 0.1477 0.1339 0.0p30 0.4251 0.1.879 011482.1238 0.0928
14 0.2208 0.1848 0.1465 0.1340 0.0p32 0.4223 0.[.858 0]1469.1239 0.0930
15 0.225¢ 0.1864 0.14712 0.1345 0.0p29 0.4271 0..873 011477 .1244 0.0927
16 0.224 0.1860 0.1483 0.1315 0.0p12 0.4256 0.1L.869 011487.1214 0.0911
17 0.225 0.1833 0.1496 0.1341 0.0p33 0.4274 0.1.843 0}11501.1247%) 0.0931
18 0.2211 0.1826 0.1484 0.1324 0.0p08 0.4227 0..835 011488.1224 0.0906
19 0.225] 0.1859 0.1486 0.1322 0.0p35 0.3272 0.1.868 011490.1227%) 0.0933
20 0.223 0.1852 0.14%2 0.1359 0.0p64 0.4245 0.1861 0]11456.1258 0.0962
21 0.222 0.1837 0.1474 0.1353 0.0p45 0.4238 0.L847 011478.125%) 0.0943
22 0.224 0.1830 0.14713 0.1341 0.0p33 0.4265 0.1.840 011477 .124( 0.0931
23 0.221]1 0.1840 0.1464 0.1344 0.0p51 0.4226 0.1.849 0]1469.1244 0.0949
24 0.2231 0.1840 0.1465 0.1351 0.0p45 0.4248 0.1.849 0]1469.125( 0.0944
25 0.2211 0.1867 0.14710 0.1358 0.0p68 0.4230 0.1.876 0]11474.1257 0.0967
26 0.2251 0.1865 0.1464 0.1301 0.0p33 0.4267 0.1.874 0}1469.120Q 0.0931
27 0.2241 0.1857 0.14718 0.1337 0.0p45 0.4257 0.[L866 0]11482.12389 0.0943
28 0.225 0.1826 0.1477 0.1332 0.0p23 0.4268 0.[L835 0}1482.1231 0.0922
29 0.224 0.1838 0.1483 0.1371 0.0p42 0.4255 0.1.847 0]1488.127( 0.0940
30 0.2224 0.1824 0.14%4 0.1357 0.0p57 0.4240 0.1833 0]1458.1257 0.0956

Note: The true deflections fo{,d, ds, d;, and d are 0.2243, 0.1843, 0.1472, 0.1238, and 0.093Gon#L-BACK;
0.2258, 0.1852, 0.1476, 0.1237, and 0.0935 mrEWERCALC and MICHBACK
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Table 6.5: Summary of Statistics of Backcalculdtager Moduli from Different Methods
for Three-layer Flexible Pavement System

_ 3L-BACK EVERCALC MICHBACK
Properties
E, E, Es E E, E, E E, E,
Maximum value (MPa) 3680.l 827.6] 212.00 3,953.4 829.1| 2133 3,987 8208 2133
Minimum value (MPa) 1,548.8 6295 201.8 4724 6303 203.1] 4723 6289 201.8

Mean (MPa) 2,344.4 747.0 208.7] 1,887.9 732.6 207.2) 2,026.0 731.6 207.0
Standard Deviation (MPa 555.%7 50.68 2.59| 962.90 59.90 2.84] 1,042.74 58.56 3.00
Coefficient of Variation (%) 23.71) 6.79 1.24 51.01 8.18 1.37] 51.47 8.00 1.45

RMSE (MPa) 1,109. 51.1 3.1 1,056.4 58.2 29 1,211.4 63.5 3.0
Notes: The true moduli valuds; = 1,379.3 MPak, = 758.6 MPa, anfi; = 206.9 MPa
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Table 6.6: Summary of Statistics of Backcalculdtagder Moduli from Different Methods for Fo-layer Flexible Pavement Syst

Properties 4L-BACK EVERCALC MICHBACK
Es E, Es E, Es E, Es E,4 Es E, Es E,
Maximum value (MPa) 4,760.f 973.1 582.9 225.1] 7,683.4 1,014.9 1,181.2 223.6| 7,734.20 995.0( 1,212.3 221.3
Minimum value (MPa) 1,493.0 768.1 398.2 196.6 803.3 274.4 374.8 188.9 1,285.1 267.2 379.0 188.4
Mean (MPa) 2,795.2 844.1 482.5 212.7| 3,497.7 766.9 578.1 205.3| 3,701.4  748.3 590.6 204.5
Standard Deviation (MPa 869|1 47.9 47.6 6.3 1,811.4 187.5 172.0 9.8 1,781.4 182.6 172.0 9.0
Coefficient of Variation (% 31.09 5.68 9.87 2.97 51.80 24.45 29.75 4.78 48.14 24.41 29.12 4.41
RMSE (MPa) 855.3 50.0 58.3 8.5 1,927.4 193.9 179.7 9.8] 1,988.4 196.1 184.3 9.2

Notes: The true moduli valuel; = 2,758 MPaE, = 827.4 MPaE; = 517.1 MPa, an#, = 206.9 MPa.
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Figure 6.1: Geometries of Nelder-Mead Method: (a)r@plex (),
and (b) 3-simplex (B
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Figure 6.2: Procedures of Nelder-Mead Algorithm:
(a) and (b) determination of midpoint fof@nd R, (c) reflection,
(d) expansion, (e) contraction, and (f) shrink
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Figure 6.4: lllustration of Root Searching of Té@urves in Three Dimensional
Spaces in the Proposed Procedure

196



E, (MPa)

5000 1000
@ 3L-BACK ®3L-BACK
@) OEVERCALC (b) OEVERCALC
40004 X ¥ X MICHBACK 9004 X MICHBACK
X e 0] asmme—a--- \
i 1758.5 MPa
° b % L ' ®
30001 5 a® ° ® E 800 - T o \/ ° ;& 2e .
i e oo, s ‘ ° ]
X _®g 5 < we bt Qe i 2
™ ® 2 °o® IS X (X X}
2000+ X w700 'y e X
o =¥ ° ° ° fe o o [ ] 3
= R i 4 LI g 5
1000 2 ® 6001
......... ) X
11379 MPa = mH
0 ‘ ‘ ‘ ‘ ‘ 500 ‘ ‘ ‘ ‘ ‘
0 5 10 15 20 25 30 0 5 10 15 20 25 30
Case Number Case Number
220
© @ 3L-BACK
OEVERCALC
X MICHBACK
215
X
— ° ox
g o¥ ®%e © . ° ¢
S 210 54 °
I % © o i
Ll ] X W X = 4
o m MM X =
205 | * o X m WX
e [ Q ] " % b4l
M 1206.9 MPa
X
200 ‘ ‘ ‘ ‘ ‘
0 5 10 15 20 25 30

Case Number

Figure 6.5: Comparisons between true and computstlli of three-layer pavement
system from different methods (The true value efrttoduli: (a)E; = 1,379 MPa,
(b) E; = 758.5 MPa, and (d&J; = 206.9 MPa)

197



8000

=)
X ” (@) [®4t-ack
OEVERCALC
» X MICHBACK
60001 %
o " % "
g x@ b ot i}
= 4000 o © ° o i
iy X 2® ¥ ® i ®
Y [ Y
[J e X W 'w
2000 oo /8 . ® o I
---------- ‘ o Ox X g [ ]
12,758 MPa o
0 ; ‘ ‘
0 5 10 15 20 25 30
Case Number
1000
X (c) [®4LBACK
OEVERCALC
X MICHBACK
800 | »
]
= ol
S . P4 «
S 600 ° @ X ol ¥
K ® w X o Ky ¥ e
X ° o Se e
Teoe o % . °® Ry
400 * .® (Yal.
1517.1MPa
200 ‘ ‘ ‘ ‘ ‘
0 5 10 15 20 25 30

Case Number

1100
(b) [®4L-BACK
o OEVERCALC
1000+ & O% X MICHBACK
% Ox [ ]
900 | o0 ° ° R= 5
< [ ] ¥ [ J o ° ° (X ) L 4
s = ® 3™
S 8001{e ° ° ° °
= L [ J i v]
- 2
, x¥g 0 5 b ;
700 " R {8274 W0p; =
i
, o
600 X g ol
500
0 5 10 15 20 25 30
Case Number
240
(d) [e4r-BACK
DEVERCALC
X MICHBACK
° o O
| 54 Ow °
220 . . .
[} ) [ ] [ ] ¥
% 14 ﬁ e ® °o,° o2 ge °ce
= Mo 2 B My Py ()
J w R R
200 X X 4
o e o ¥ ¥
2osowvpi M &
[ R
s}
180 ; ‘ ‘ ‘ ‘
0 5 10 15 20 25 30

Case Number

Figure 6.6: Comparisons between true and computatlli of four-layer pavement
system from different methods (The true value efrttoduli: (a)E; = 2,758 MPa,
(b) E; = 827.4 MPa, (clE3 =517.1 MPa, and (&, = 206.9 MPa)

198



CHAPTER 7

CONCLUSIONS AND RECOMMENDATIONS

7.1 Introduction

In this chapter, several conclusions are highighto address the objectives of
the study, i.e., to evaluate the existing backdatan algorithms in determining k
value and to develop a backcalculation-based proeetd determine the composite k
value for a rigid pavement with a subbase layemfsarized in Section 7.2 and 7.3);
and to develop closed-form backcalculation algomghfor a three- and four-layer
flexible pavement system (summarized in Sectior). 7A4 the end of this chapter,

several recommendations are also presented.

7.2 Backcalculation of Layer Moduli of Rigid Pavement
7.2.1 The Use of Infinite-Slab Backcalculation Algathm to Evaluate Layer
Moduli
In this study, several existing backcalculation gvaans were evaluated to
examine their suitability to be used in practickeY are ILLI-BACKA4, ILLI-BACK?7,
NUSBACK (closed-form backcalculation algorithm),dabhTPP Best Fit (iterative-
based backcalculation algorithm). For this purp@ssyal data extracted from LTPP
database were employed. Several aspects can dighigt as follows.
a. Although all of the programs were developed thaseplate theory and modeled
using similar assumptions, the comparison betweempated layer moduli
produced by the programs and measured layer mygildied different results.

This may be attributed by three factors: (i) deftat matching criterion used by
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the program, (ii) the number of sensor used in ¢beresponding forward
calculation, and (iii) the selection of sensor kma

b.  Since the measured deflections lie in betweenréimge of deflections of rigid
slab resting on liquid foundation and on solid fdation, and the deflection
basin itself could contain measurement errorsafi@ication of a strict matching
deflection criterion between the computed and measdeflection and the use
of many sensors could give a worse solution.

c. Among the four programs, NUS-BACK is the backo#dtion program that has
the least conformance control of deflection matghimiterion by offering the
flexibility to choose the best pair of sensor defilens. As a result, NUS-BACK
could produce the least errors among the other dad@mkiation programs.
Therefore, it is recommended to use NUS-BACK asitifiaite-slab model for

backcalculation.

7.2.2 The Use of Finite-Slab Backcalculation Algottfim to Evaluate Layer
Moduli

Two finite-slab models, i.e. one-slab and nine-stabdel, together with two
adjusted infinite-slab model using Crovetti’s catren factor (Crovetti, 2002) and
Korenev’'s correction factor (Korenev, 1954), respety, were compared with the
results of the infinite-slab model, NUS-BACK, to adwate the use of finite-slab
backcalculation algorithm in practice. The follogiaspects may be highlighted.
a. The use of nine-slab model was expected to ketalsimulate better the real

rigid pavement system. However, since the detadi@d of joint properties and

joint reinforcements are not readily available, tiee of the nine-slab model

could face difficulty in practice.
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The results of the evaluation proved that sitlicere was no significant
differences in the backcalculated layer propertiesveen the infinite-slab and
the nine-slab backcalculated programs, it was recended that the infinite-slab
model is adequate in providing sufficiently accarbackcalculated k and. Eor
practical applications.

Another finding from the study is that the udeQyovetti's and Korenev’'s
correction factors could produce larger errors tti@nother models considered
(infinite-slab, one-slab and nine-slab) and arenerto over-estimate k and..E
Therefore, those correction factors were not recemdad to be employed in
practice.

In summary, the NUS-BACK program was used fas tlsearch based on the
findings in this evaluation that the infinite-slabodel is adequate to provide
accurate backcalculated layer moduli and the NU$RAprogram is the

preferable infinite-slab backcalculation program.

7.3 Development ok-Es Relationship on Rigid Pavement System

7.3.1 k-EsRelationship on Two-layer Rigid Pavement System

This section summarizes the results of the devedoy ofk-Es relationship for

two-layer rigid pavement system based on backecatiounl approach by establishing

equivalency between a model of pavement slab stgghbly a dense liquid foundation

(k-model) and one supported by an elastic solid fatind Es-model). The following

observations may be made.

Two equivalent models were considered. Theristel is a regression equation
betweerk andEs, which allowsk to be estimatettom Es directly. It ignores the

effects of pavement slab on load transmission irigal pavement system.
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Although simple and easy to apply, this regressguation is a simplified
representation of the actual pavement responseauid only provide a “mean”
estimate ok for a givenEs value.

b. The second model is a relationship betweenabe of relative stiffness of the
two equivalent theoretical rigid pavement systeimes/x and/e. This procedure
computesk from a knownEs value by establishing equivalency between khe
model andEs-model based on th&-/e relationship. Analyses presented in the

study have demonstrated that, compared with thehadetof direct k-E

relationship, this procedure provides an improvettheationof k from Es.

7.3.2 k-Es Relationship on Three-layer Rigid Pavement Systemwith
Consideration of Subbase Layer
A further development dt-Es relationship for three-layer rigid pavement system
based on equivalency concepts was conducted uatigalculation approach to take
into account the role of subbase layeg) and subgrades) in estimating composite
k. A comparison between the proposed relationshipthree existing design methods
(PCA, FAA and AASHTO methods) was also presentde bllowing aspects may

be highlighted.
a. Two models ofx - ¢ _relationship were proposed, i.e. a direct relatigms
betweer/i and /. (model A) and a relationship among, /. and pavement

properties (layer moduli and thicknesses) (model B)
b. A comparison between both models indicated thatlel B is preferable to

model A in terms oRMSE and by the results of over- and under-estimation
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7.4

analysis. In addition, model B showed a more colmgmeive representation of
all the parameters used in the analysis.

Another comparison between the proposed rekttipnand the existind-Es
relationships in the design methods revealed tiak-Es relationships used by
FAA, PCA and AASHTO were not comparable with thevngroposedk-Eg
relationships, in terms of accuracy and the rangemut data specified. The
performance ok-Es relationships of PCA and AASHTO were less satisflean
that of the proposektEs relationship, although the FAA relationship penfied

better for its applicable range of data.

Closed-form Backcalculation of Layer Moduli ofFlexible Pavement

In this study, two forward solutions based on Buten theory for three- and

four-layer flexible pavement systems, namely 3L-Cd#fle 4L-DEF respectively, were

proposed. Both solutions were verified using anofieeward calculation program,

CHEVRONX, developed by Michigan State University.wd closed-form

backcalculation programs, 3L-BACK and 4L-BACK, wedeveloped using the

respective forward solutions 3L-DEF and 4L-DEF. Meeification of the proposed

backcalculation programs was conducted by using itecative backcalculation

programs, EVERCALC and MICHBACK, which use CHEVRONS their forward

solution program. The verification results are swarged as follows.

a.

A comparison between 3L-DEF and 4L-DEF, and CREXXNX showed that the
deflections produced based on Burmister theory esatpwell with those by
CHEVRONX program. The largest discrepancies weoerzat 3.5%.

Two comparisons were performed between eachhef tivo closed-form

backcalculation programs (3L-BACK and 4L-BACK) anthe iterative
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7.5

optimization programs (EVERCALC and MICHBACK), ugiexact deflections
and deflections with measurement errors. The éioshparison resulted that 3L-
BACK and 4L-BACK can produce relatively better gauas with much smaller
errors as compared with EVERCALC and MICHBACK. Trsecond
comparison using deflection with measurement emevealed that the closed-
form backcalculation programs were less sensitiveefrors as indicated by
smaller values of measures of dispersion such ageramean, standard
deviation, coefficient of variation anidMSEvalues, as compared with those of
EVERCALC and MICHBACK programs.

Between the two closed-form backcalculation protgs, 3L-BACK could
produce better results than those of 4L-BACK inedmining the layer moduli.
This is because it is easier to locate the globaima in two-dimensional space
than the three-dimensional space in the case BACK. For complex systems
having many equations and constraints to be solttesl,use of closed-form

method is more difficult to be implemented.

Recommendation for Further Research

This section identifies some areas for further aese to enhance the efficiency

and accuracy of backcalculation algorithms forreating pavement layer properties

of rigid and flexible pavement systems.

a.

The assumption of the subgrade used in thisurelses that the subgrade has an
infinite thickness. The backcalculation algorithrdsveloped are unable to
handle a case where a stiff layer is present withen pavement system. This

applies for both rigid and flexible pavements.
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This research has developed a solution of aléyar flexible pavement system.
Today, the actual pavement can consist of more thanlayers, especially in
developing countries where the technology of remycbavement is still not
available. Therefore, a solution of a pavementesgstonsisted of more than
four layers might be necessary to be developed.edew the development of a
closed-form backcalculation algorithm would be ewriely complex. One
alternative is the use of genetic-algorithm apphotacsolve for more than four
unknowns of the layer moduli.

The research so far separated the developmdratobtalculation algorithm into
two parts, that is, the development of backcalautatalgorithm on rigid
pavement as one part, and the development of blackaon algorithm on
flexible pavement as another part. In the futureyay be necessary to develop a
backcalculation algorithm for a composite struct(egy. a flexible layer on top
of a rigid pavement).

To take into account the effect of temperatureasphalt layer, the application of
three- and four-layer backcalculation algorithm different temperature-load

conditions is recommended to be performed.
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APPENDIX A
FINAL TERMS OF CONSTANTS C; AND Dy
According to Equations (5-67) and (5-68), the fiteams of constantS; andD; are as
follows.

A.1Final terms of constantC;

64
Cm= NumeratorC, _ 3" (Numc,),
Denominato C, ~ (DenoncC,),

Al.2 The list of Numerator C;

(NUmC,), = (2NTVXY(1+ 2mh)+ KTV{NZ2 + L|{L+ 2mh)+ 2KNTVXZmb(1+ 2mh)
+ 2KNTV?XZmh(1L+ 2mh ))e™ e’ ™ e™

(NumG,), = (2K°LNVZZmh L+ 4mh) - 2K°NSTVZNZ? + Ljmhy(1-+ 4mh)
+8K°NT?Z{NZ2 + Ljm’h3(L+ 2mh)+ 8K >N>T2YZ2mh2(1+ 2mh))

+ 2K3NSTVZNZ? + Ljmhy(L+ 2mh) - 8KNT2XZ?n?hZ(1+ 2mh )+ 4KLNT2Xn?hZ(1+ 2mh)
+ 2KNT?Z{NZ? + Ljmh,(L+ 2mh) + 2KN2STVXZmh (L+ 2mh) + 4KNT?Y?Zmh (1+ 2mh )
+ 2KN2T?Y2Zmhy + 4K 2NT2Y{NZ2 + Ljm?h2(1+ 2mh) + K>NSTVYNZ? + L1+ 2mh)

— ANPT?XYZmb(1+ 2mh)+ NT2Y{NZ? + L1+ 2mh)+ N’STVXY(1+ 2mh)
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— AKNT?Y?nPhh, (1+ 2mh )+ 4K *ST?{NZ? + Ljm*h,h2(1+ 2mh ) - 16KNT>X 2mPhyhd(1+ 2mh )

— 4KT3{NZ? + Ljm?hh, (1+ 2mh)+ 2K >NST2YZmb(1+ 4mh ) — 2K >NTVYZmi{1+ 4mh )
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1)s ’ h VXmh h b *Xmrhyh; p

+2T 2qu> * emhe—ZmQ e3mH

(NumC,), = (KN?STVXZ (1+ 2mh )+ 2KLNSTVX1+ 2mh )+ N*STVXY(1+ 2mh)
— AKNTA/X{NZ? + Ljm?hh, (1+ 2mh ) — 4N T /X 2Ynhyh, (1+ 2mhy)
+2KNTVZ{NZ? + Ljmh (L+ 2mh )+ 2N°T2VXYZm{(1+ 2mh ) - 4KLNTVXn?h,h, (1+ 2mh)

+32KN?TA/X?Zm*h2h? —8KN2STVX?ZnPh h, + 2KN2STVXZmh —16KN 2T 2VXZ?m*h?h,
* emh_e—Zmrb e—mH

(NumG, ),, = (K2STV{NZ? + L|1+ 2mh )+ 2KNSTVXYL+ 2mh))
~ 4K TVPhh, {NZ? + L1+ 2mh )~ 8KNTVXYnihyh, (L+ 2mh )+ 2KNT2VYZmb(1+ 2mh ))
— 4K *NSTVXZrfhh, +16K 2 NTZVXan‘hfh22>em”e‘4m e™

(NumcC,),, = <4K 2TVXnthZ (1+ 2mh )+ K?SV2X (1 + 2mh ) + KTVY(L+ 2mh )+ KST?Y(1+ 2mh )
—16K *T3*Xm*h h3(1+ 2mh ) - 4KT ®Ynfhh, (1+ 2mh ) - 4K *TV?Xm?h h, (1+ 2mh)
+ 4K 2ST?XmPhZ (1+ 4mh ) - 4K *TVXnthZ (1+ 4mh ) - 2K 2STXmg>em’1e"‘mrb g™
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(NUmG, ),, = (6KNT2YZmiy(L+ 2mh ) + 2NT2Y2(L+ 2mh ) + 4K *T2{NZ? + Lm*hZ (1+ 2mhy)

+ K?STV{NZ? + L1+ 2mh ) - ANT2XZmh (1+ 2mh )+ T?{NZ? + Ljmh (L+ 2mh)

+ NSTVX 1+ 2mh )+ K2V 2 {NZ2 + L|(1+ 2mh ) + KNV>XY(1+ 2mh ) + 2K 2NSTVXZmi(1+ 2mh)
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+ANT2X 2m?h2 — 2K *ST{NZ? + Ljmh, + 8K °NT?Z2m’h,h? — 2KNSTXYmj

+ 4KT*XYnthZ (1+ 4mh ) + 8KNV2XZnPh h, + 4KNVXZnth? — 8KNSTVXZrih,h,

+ K2NS?VXZ + KNVYZ- 2NSTX’mh, + NSTXZ+ 2K 2V{Nz2 + |_}mh2 + 2KNVXYmh

— 4K 2NSTXZrh? - K ?NS2VXZ — KNSTYZ+ 2NVX?mh,

~ NVXZ- KNT?VYZ(L- 2mh ) + 2K *NVZXZmh - 2K 2NSTVXZmpje™e™
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+K2NSV2X{NZ?2 + Ljmh (1+ 2mh ) - 2NTVX?Zmh, + NTVX{NZ? + L1+ 2mh )

+ N2SV2X3(1+ 2mh )+ N2TVXY?(1+ 2mh ) + K2LNSV? X (1+ 2mh ) + 2K 2N2SV?XZmh

+ KLNTVY(1+ 2mh ) + 2K 2NST?Z{NZ? + Ljmh, (1+ 2mh ) - 2K 2NST*Z{NZ? + L jmh, (1+ 4mh )
+2KN2ST2XYZmb(1+ 2mh )+ KNST?Y(1+ 2mh )+ N?ST?XY?(1+ 2mh )+ LNST?X (1+ 2mh))
+ N?ST2XZ?(1- 4mh ) - 8K 2LNTXnPhd(L+ 4m*h? )+ 8K *NT°Xmh, {NZ? + Ljmh, (1 2mh)
~8K’NTV2X{NZ? + Ljmhh? - 4K ’LNTV2Xnhh, — 8K *N2TV2XZ?m®hzh,

+2K2NTV2X {NZ? + Ljmh, (1- 2mh ) + K2LNST?Xmh, (1 + 4mh ) - 2KLNT 2Ymh (1+ 4m?h?)

+ 4KN?T3YZ?mh? (1+ 4m?h? ) — 4KN2T3YZ2mh, (1- 2mh )+ 2KLNT*Ymh (1 2mh )

+ 4KN?TVXYZrhh, - K2NTV?Z{NZ? + L{1- 2mh )+ 2KN>TVZXYZmh(L+ 2mh)

— N?TVZX®mh, - 2N2TV2X3m?h,h, (1+ 4m2hf)—16|< “N*TVXZ*m*hih?

— 2K2NTV2X{NZ? + L)mh, {1+ 4m?h? ) - 8K 2NT*Xm*h3 {NZ? + L1+ 4m*h? )

+8N2T3X 2ZmPhZ (L+ 4m?h? )— AN2T3X >Zm?h?(1- 2mh ) — 16KN *T *XYZnihZ (1+ 2mH)

+ 4K 2NST2X {NZ? + L)m?h2(L+ 4mh ) — 16N 2T X *mhS (L+ 2mh ) — ANT®X {NZ? + Ljmh, (L+ 2mh)
+2KN2ST?XYZmB(1+ 4mh ) - 8KN*TVXYZmhh, —16N2ST?*X 2Zm?h,h, - N*ST?*X 2Zmh,
+4N?T3XZ?mh,(1- 2mh )+ 2N*TVX2Zmh,(1+ 2mh ) - 4K 2LNTVXnthZ(1+ 4mh )

+ AN2ST?X*m?h2(1+ 4mh )+ 2N°TV2X 2Zmh (1+ 2mh )+ 2K °NTVZ{NZ? + Ljmh, (1+ 4mh )
+4K2NTZ{NZ? + L)m*h2(1+ 4mh ) - 4K 2NT°Z{NZ? + L{(1- 2mh )+ 2N°T°Y*Zmh (1+ 2mh)
— AN2T3X?Zn?h2(1- 4mh )+ 16N2T>X 2Zm*h?h2 + 2NT?Z{NZ? + L)mh, (1+ 2mh)

— KN?ST?YZ?(1+ 4mh )+ KN2TVYZ* (1 + 4mh ) - N*TVXZ?(1+ 2mh ) - 2K 2LNS?TXmh

+ KN2SVXYZ- 2N2T*XY?(1+ 4mh ) - 2K 2N ?S*TXZ?mh, — K 2LNS?TXmh — 16N 2TVX3m®h,h?
— 8N2TX3m3h? — 2N2S2TX’mh, — 4AN*T3XZ°mh,(1+ 4mh, )+ 4N2TX?ZmPh? + N?S*TX°Z
+2N2SVXmh, + 2K 2NSVXmR{NZ, + L}— N2SVX?Z + 2K 2LNSVXmh + 2KLNTYmh

— KN2S?TXYZ+ 2N?T3XYmb + 8K 2LNT>XmPh3 (1- 2mh ) - 4K *LNT *Zm?h?(1- 2mh)
+4KZLNT?ZmehZ (1- 2mh )~ K2NTV2Z{NZ? + L1~ 2mh ))e™e ™

(NumcC,),, = <LNZSTVX2(1+ 2mh )— 4LN 2T 2/X?m?h h, (1+ 2mh ) + 2LN *T 2VXZmh(1+ 2mh )
—8N*TA/X?Z°m*hZh, +16N°T X 3Zm*h’h? — 4N3STVXZnPhh, + 4N°T 2VXZ°m?’h?
—8N°TVXZ°mPhZh, + 2N°STVXZ*mh Je™e *™

(NumCy )y = (- 4KN2TVX?Zm?h )e¥le? M g "

(NumCy )¢ = <8KNT2X 2m3h§>e3m*1e‘2mhZ emH

(NUmCy); g = (4KTVXmip e g=2mh g3mH

(NumC; )0 = (8N2T2X *m®h3 - 4N2T2X 2Zm?n2 )e¥ e ™

222



(NumCy),, = <— 2NSTXY- 2NTAVXY(1+ 2mh ) — 2KNSTVXZmh— KT 2V {sz + L}(1+ 2mhy)

— 2KNTA/XZmhy (1 + 2mhy) - KST{NZZ + L}+ 4KNT2Z?m?mh, - 2KNSTx2m|5>e‘mhe2m'¥ em

(Numc, ), = (- 4K2N2TVYZmi?(1+ 2mh) - 4K 2NTVYINZ2 + Lm2hyh, - 2K 2LNTVYmB(L- 2mh)
—4|<3NTvz{Nz2 + L}m2h22(1— 2mq)—16K3NTVZ{NZZ + L}m3hlh22 — 2KNTV?X {Nz2 + L}mh_(l— 2mh)
~ KNTVZX {Nz2 + L}(1+ amPh?)- 2KNTV2qu{N22 + L}(l— 2mh) - KLNTVZX

—KN 2TVYZZ(1+ 4m2h_12)+ 2KNZTVY?Zmh + 2KN2SV?X 2Zmh + 2KN2TVXZ?mh,

- 2KNTVX{NZZ + L}mzhlhz +10KN2TVXZ?m?hyh, — 2KLNTVXmhb + 2KNTvz{Nz2 + L}mq

— 4KN2TVX2Zn?h2(1+ 2mh )+ 2KNST?X {Nz2 + L}mhz(l— 2mh )+ 8KLNST?XnPhyh,

— 4KN2ST?XZ?mh, + 2N?ST?X 2Ymh(1- 2mh ) - 2KNST22{NZ2 + L}mq ~ N2ST?XYZ1+2mh)
+4K 2NST2Y{N22 + L}mzhlhz +2K 2NST2Y{NZZ + L}mhz +2K2N?ST?YZ?mhy(1-2mh)
—2N2TV2X 2Y(1+ 2mh ) - 4KLNT3XnPh2(1+ 2mh ) - LNT3Y(1- 2mh )+ N2TVXYZ1- 4mh))
~K2LNTV2Y(1+2mh)- K2NTV2Y{N22 + L}(1+ 2mh)— 2KN?TV2X ?Zmhy(1+ 2mh)

- 2K3NTVZZ{NZZ + L}mhz(1+ 2mh)-8K*NT%Z {Nz2 + L}rn3h§(1+ amPh?)
—16K3NT3Zmzhlh2{N22 + L}(l— 2mh )+ 8KN2T3XZ?m?h3(1+ 2mh )- 8K 2N 2T3yZ?m?hZ(1+ 2mh)
~4K 2NT3Y{NZZ + L}m2h22(1+ 4m2hf)— 2KN?T3Y2Zmh,(1+ 2mh )+ 8K3NST22{NZ2 + L}m?’hlhzz

+ 4K3N5T22{Nz2 + L}(l— 2mh)—8KN2T3X 2Zm*h3(1+ 2mh ) - 2|<NT3Z{NZ2 + L}mhz(1+ 2mh)
+4KN2ST?X 2ZmPh3 + 4N2T3XYZmb(1+ 2mh ) - 4KN?T3Y ?mh,(1+ 2mh ) - N2T3Y2(1+ 2mh)
—ANZT3X2Ynth3(1+2mh ) - NT3Y{N22 + L}(1+ 2mhy )+ 2KN2ST2Y2Z - 2KN2ST?Y2Zmh
—2N2TVX?Ymh - 2K3NSVZZ{NZZ + L}mq ~ N2SVX?Y — KLNSVX- KLNS?TX — 4KLNTXnfh2

— K2LNSVY-8K 2N2TYZ?m?h3 —8|<3NTZ{NZ2 + L}m?’hg +8KN2TXZ?m?h — 2KN?TZ3mh,

— KLNTZmb —8KN2TX?Zn?h? — 2KN?TY?Zmh, - 4KN?TY?Zmh, — 4K 2N?TYZ?m?h2
+4N2TXYZmh - NTY{NZ2 + L}— AN2TX2Ynfh3 — 4K 2LNTYnfhh, + 8KN?ST?X 2Ynfhh,

~ N2S?TX?Y — N°TY? - KZLNS?TY - K*N?SVYZ - 2|<3Nsvz{Nz2 + L}mh2 — 2KN2SVX?mh,

+ KN2S2TXZ2 - 4AKNTVXZ2m?hyh, — 8K 2NT2qu{NZZ + L}(l— 2mh )+ 4K 2N 2TVYZrﬁhlh2>

* e—mh62mhze—mH
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(NUmCy )5 = <— AKLN 2T 2vX2m?h2(L+ 2mhy ) - KLN A/ 3X 2(1+ 2mhy) - LN 2T 2UXY(1+ 2mh)
+2KLN 2STVX?mhy (- 2mhy ) - 2KLN 2 2X 2mh, ~16KLN 2T 2X 2m*hyh3

+4LN 2T 2XYnfhyhy - 8KLN T2 XZmPhih3 — 2LN 2T 2YZmh - 2KLN 2V 2XZmh

— 2KLNZSTVXZmh- 2KLN 2T 2vXZmb (1+ 2mhy ) - LN 2T 2VXY(1+ 2mhy )

— 4KLN2STX?m?h3 — 2KLN AVXZm +8KN 3T AvX2ZZm3hh3 + 4N3T2/X2YZnfhih,

— 4KN 3T 2vXZ3m?hyhy — 2N 3T 2vXYZ2mhy - 6KN3V3X 2Z2mhy + 8KLN 2STVX?m?hyh,
~2N3v2X 2yZmh - 4KN3V X 2Z2%m?mh, ~ KLN 252X 2 - 8KN T AvxZ3m®h?h,

+16KN 3T Avx?Z22m*h3h, - 4KN3STVX2Z?m?hyhy — 4N3T 2VXYZ2m?h?

—~ LN2STXY+ 8N 3T 2vx 2vZnPh?h, - 2N 3STvx22mr1>e‘m*1e2m*¥ g 3mH

NUMC, ),,, = (- 2K 2NSTVZmpi— 2KN 2STVXYZmf- 2KN 2T 2/XYZmb(1+ 2m

1)24 myf

~2K 2NT2VZ{NZZ + L}mhz(1+ 2mhy ) - KNT2VY{NZZ + L}(1+ 2mh )= N?T2VXY?(1+ 2mh)
— KLNTAVY(1+ 2mhy ) - 2K 2NSTZ{NZ2 + L}nhz +2K2N2T2Z23m3mh2 - 2KN2STXYZmA
CKNSTYNZZ + L+ KN2T 2vZ2m?hyh, - N2STXY? - KLNSTY)e ™M™

(NumCy )5 = <4K 2LN2ST?XZnPhZ - 2K 2LN2SV2XZmh ~ KLN2ST?YZ(1+ 2mh )

- 8K 2LN 2T 3XznPh3(1+ 2mhy ) - 2K 2LN?TV2XZmhy(1+ 2mhy ) - 8K 2N 3TV 2 XZ3m3hZh,

— 2KLN2T3YZmb (1+ 2mhy ) - 4K 2LN2TVXZnfh3 (1 - 2mhy ) - 4KLN 2T 3XYnfh2 1+ 2mh))
— KLN2TV2XY(1+ 2mh ) - 2KN3TV 2 XYZ?mhy (1+ 2mh ) - LN2T3Y2(1+ 2mh)
+4KLN2ST2XYnfhhy — 2KLN 2TVXYmhb — 4KN3TVXYZm2hhy — KLN 2TV 2 XY(1+ 2mh,)
— 2KLN2TVYZmh - 2K 2LN?SVXZmh — 4K 2N3TV2XZ3m?hhy, — 4KN3TVXYZm?hhy
~8K 2N 2TVXZ{NZZ + L}n3h1h22 - 8K 2LN?TVXZnPhyhZ - 8K 2LN 2TXZnPh3

~ 2N3TVXY2Zmh - KLN2S?TXY - 4KLN 2TXYnfh3 — KLN 2svxv>e‘mrl etmh g3mH

(NUmMCy ), = <— 2K 2LN2STVYZmh- 2K 2LN?T2/YZmb (1+ 2mh ) - KLN2T VY2 (1+ 2mhy)

— 2K2LN?STYZmp - KLN ZSTY2>e‘m*1e6mhz g 3mH

224



(Numc, ), = <2K3STV{NZ2 + Ljmhy(1+2mh) + 16K 2NT2YZn?hyh2 + 8K *T2{NZ2 + L jmah?

—8|<3T2{Nz2 + L}mhz(l— 2mh )+ 2KNTA/XZnfhyh, (1+4mh )+ 4KNT2VXZmI3(1+ 4m2rf)
+8KNTA/XZmB(1- 2mh )+ 4KNT2Y 2m?hyh, + 4KNSTVXmh, (1+ 2mh ) — 24KNT2XZnth hs
+ 4KT2{NZ2 + L}mzhlh2+ 32KNT2X 2m*hyh3 + ANT2XYnfhh, - KNSTVXZ-8KNSTVXZmh
—2NT2YZmh- K2NV2YZ(1+2mh)- KTZV{NZZ + L}mq(1+ 2mh) - 2NTA/XY(1+2mh)
—8KNTA/X?m?h3(1+ 2mh ) - 2KNV3X 2(1+ 2mh ) - 2KNVZ X >mhy,(1+ 4mh)

— 2K2NTA/YZmB(1+ 4mh ) - 8K 2NTA/YZnfhyhy(1- 2mh ) - 4K 2NSTYZmj

~ 2KNTA/Y2(1+ 2mh) - 2K3\/2{NZZ + L}mrb(1+ 2mh) - 2|<3\/3{Nz2 + L}

—4K3TAVINZ2 + Ljm?h2{L+ 4m?h2)- 8K 3T/ {NZ2 + Lmh (1- 2mh) - 2K 2NTA/Y AL+ 4mh?)
—2K2NTA/YZ1+2mh)- KT/ {Nz2 + L}(1+ 2mh ) +K NSTVYZ 2K 2NVYZmh

~KSTINZ? + L|- NSTXY- KNSA/X? - NVXY- KNSTY - K3s2/ {NZ2 + L}- KV {NZ2 + L
— KNSA/XZ - KNVY? - 4K3ST{NZ2 + L}mzhzz —8KNSTX?m?h3 + KNV2XZ(1- 2mq)>

* e—mhe—thzemH

(NumCy),g = <2KST2thZ(1+ 2mhy) - 2KTV 2X (L+ 2mhy ) - 4KT 3Xm?h3 (1+ 2mh)

~T3Y(1+ 2mh ) - 2KTVXmb — KS2TX - TY - stx>e‘m'1e‘2m@ eSmH

(NumCy),q =<— KNTVZX{NZZ + L}(1+ 2mhy ) - 2KN°TV2XZ?mh (1+ 2mhy)

— 2KLNTVZXmR (1- 2mh ) - N2TV2X 2Y(1+ 2mh )+ 4KNTVX{NZZ + L}nzhlh2 — AKLNTVXn?hyh,
+4AN2TVX2YmPhyhy — KLNTVZ X (1+ 4mhy ) — 2KNTVZmA — 2N 2TVXYZmh+ 6KN 2TV 2 X 2ZmPhyh,
—~ 4KN?SV2X 2Zmh — KNSVX{NZZ + L}— KLNSVX+16KN 2TV 2X 2ZmPhZh, — N ZSVX2Y>

* e—mhe—thZ e—mH

(NumC,),, = <— 2KNTVZXY(1+2mh )+8KNTVXYmhh, — K 2TV2{NZZ + L}(1+ 2mh)
+4K 2Tv{Nz2 + L}mzhlhz — 2KNTVYZmh- 2K *NSV*XZmh - K 2sv{Nz2 + L}
+12K 2NTV2XZrPhyh, — 2KNSV><Y>e‘m*1e“"“hz g™

(NumCy),, = <— 4K 2T A7XPh3 (1+ 2mh ) - KA/ 3X (1+ 2mh ) - 2KTA7Y(1+ 2mh)
— 2K2/2Xmh, + 2K 2STVXmh(L+ 2mh )+ 16K 2T 2Xmhyh3 + 4KT 2Ynfhyh, — 4K 2STXnthZ
— K2SA/X — KVY - KSTY}e‘m”e“‘m*‘z e3mH

(NumC;), = (= K2TVAY(1+ 2mhy) + 4K 2TV Ynfhyh, - K2SVY)e M o™ e

225



(NumC,)4, =<2K25T2{N22 + L}ml”h(1+ 2mh )+ 2KNST2XYmB(1+ 2mh ) - 2K 2NSV2

— 4K 2NTVXZnth3 (1+ 2mh )+ 2NST>X 2mh, (1+ 2mh ) - NST2XZ(1+ 2mh ) - KNTVYZ1+ 2mh )
— 2KNTV2XY(1+2mh)-2K 2TV2{NZZ + L}(1+ 2mh )+ 4K 2NTVZ?m’hh, — 2K 2TV{Nz2 + L}mh2
—8K 2NT3XZnPh3(1+ 2mh ) - 6KNT3YZmb(1+ 2mh ) - 2K 2NTVZXZmh(1+ 2mh )

+4K 2NST2XZnfhZ — 4AKNT3XYnthZ(1+ 2mh ) - 2NT3Y 2(1+ 2mh ) - 2KNTVXYm
~2NTV2X2(1+ 2m|1)—4K2T3{NZZ + L}m2h22(1+ 4m2hf)—8K2T3{NZZ + L}mq(l— 2mh)
+4NT3XZmb(1+ 2mh ) - ANT3X 2m?h2(1+ 2m|1)—T3{NZZ + L}(1+ 2mh )+ KNST?YZ

— 2NTVX?mh, + NTVXZ1-2mh)- K st{sz + L}— KNSVXY- 2K 2NTXZnthS — 2KNTYZmbh
— 4KNTXYnfhZ - KNS?TXY - 2NTY? - NSVX® - K 2S°T {Nz2 + L}— 4KNTYZmh

—4K2T{NZ? + Ljmh, + ANTXZmb ~T{NZ2 + L}- ANTX?m2h3 - NS?TX? - 2K2Nsvx2mp>

* e—mhemH

(NumC,)g, = (~TA/X L+ 2mhy) - STX)e ™™
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(NUmCy )45 =<2K 2NSTV><{NZ2 + L}ml”b(1+ 2mhy ) + 2K 2LNSTVXmb(1+ 2mh )

— 4K 2N2STVXZm?hh, +16KN 2T 2XYZn?h h3 + 8K 2NT?Xm>h3 {Nz2 + L}

-8K 2NT2X{N22 + L}mhz(l— 2mh )+ 16K 2LNT2Xmh3 + 4N2T2VX2Z(1- 2mh)
+8N2TA/X2Zm?hh, + 4N2T 2vx22mrb(1+ 4m2h12)+ AN2T2XY2m2hyh,
+2N2STVXmh, (1+ 2mh ) - 8N 2T 2X 2Zm?hZ — 8N 2T 2X ?Zm?hZ (1- 2mh)

+ 4NT2><{Nz2 + L}mzhlhz +8N2T2XZ2m?hh, +18N 2T 2X 3m*hh3 - 2K2NSTVZ{N22 + L}mhl
—8KN 2T 2YZ?m?hh, + 4KLNT2YnPhh, — 4K 2NT22{N22 + L}mzhzz +4K 2NTZZ{NZZ + L}(l— 2mhy)
~ INTAVX{NZ2 + Ljmh, — LNT?VX - AN2T 2/XZ2m?h? - 2NTA/X{NZ2 + Lmh (1 - 2mh)
~2N2T2Y2zZmh - N2STVX?Z —8N2STVX?Zmh — 2NT22{NZ2 + L}mhi

+8K 2N 2T 2vXxZ2m3h2 (1+ 2mh ) - 4K 2LNT 2vXnPhZ (1- 2mh )

— AK2NT2VX{NZ? + Lim2h2(1+ 4m?h? ) - 8K 2NT2VXmh {NZ2 + L1 - 2mh)

— 8K 2LNT2vXnPh h3 (1- 2mh ) - 6KN 2T 2vXYZmb(1+ 2mh ) - 4KN 2T 2vXYZnfhh, (1— 2mh)
- 2K 2NVZZ{NZ2 + L}mh_L - NTZVX{NZZ + L}(1+ 4m2h12)— K 2Nv~°’x{Nz2 + L}(l— 2mh)

- 2K 2Nv3x{Nz2 + L}mhL(1+ 2mh ) - K2LNV3X + 4K 2LNV3Xm?h? — KN 2V 2XYZ

~ KLNTA/Y(1+ 2mh ) - 2K 2NV2X{NZZ + L}mhz(1+ 2mh) - 2K 2LNV2Xmh, (L- 2mh)

- 2K 2NT2VZ{N22 + L}mhz(1+ 2mh ) - 4KN2STXYZmj - KNT2VY{NZZ + L}(1+ 2mh)

+ KN2STVXYZL- 4mh ) - 2N 2T AvXY?(1+ 2mhy ) - N3 3X 3(1+ 2mh)

— AN2T2vX3m?hh, (1+ 2mh ) + 2KN2STVXYZmh- 4KN 2VXYZmh — 4KN2XYZmb

+ 2KNA/XYZmb-2N2/ 2X 3mh, — K 2LNS?VX — KLNSTY- N2STXY? - LNSTX

-K 2stvx{sz + L}— LNVX - N2SVX® - N2VXY? - 4K2NSTX{NZ2 + L}mzhzz

— 4K 2LNSTXn?h? — 4N2STX3m?h3 — 2N2STX?Zmh, - KNAVYZ2 - 2|<2sz{Nz2 + L}mh2
+NA/2X2Z(1-2mh)+2N2STX?Zmh, + N ZSszz>e"“'1e‘mH

(NUMC,)4¢ = <— LNZTVZX 2(1+ 2mh )+ 4LNTVX?m?hh, — 2LN2TVXZmh+ 4N3TV2X 3ZnPhh,
—2N3TV2X2Z%mh - 4aN°TV2X 2Z22m2h2 - LN2SVX2 +8N3TV2X 3Znth2h, — 2N3SV2X3th>

* e—mhe—3mH
(NumC,),, = <2NST2XY+ KST? {Nz2 + L}+ 2KNST2x2mq>e—3mhe2mnemH

(NumCy )44 :<2K3NSTVZ{NZZ +Lmh, + 8K NT2Z{NZ? + Ljm®hg + 2KNT2Z{NZ2 + L mh,

+ 4K2NT2Y{NZ2 + L}m2h22 + KNSTVX{NZ2 + L}+ KZNSTV\{NZZ + L}+ 8K 2N 2T 2YZ?m?h3

+ NTZY{NZ2 + L}+ 8KN 2T 2VXZ2m?hyh, + 6KN 2T 2Y2Zmh, + 2KN2STVX?Zmh, — 8KN 2T 2XZ?m?h2
+8KNZT2X 2Zm3h3 + 4N 2T2/XYZmh+ N2T2Y3 + N2STVX?Y — 4AN?T2XYZmb +4N2T2X 2Ynfh3
+ N2ST2X2Y + LNT? + KLNSTVX+ 4KLNT 2Xm?h? + K 2LNSTV\be‘?’””lez”‘“ee‘mH
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(NUmC,), = <8KN *Tv2X2Z2m2hyh, + 2LN2TVXY+4AN3TV2X 2YZmh + KLN2SV2X 2

+4KLNZTVX?m?h2 + 2KLN2TVXZmI§> g 3mh g2mh; g=3m

(NumC,),,, = <2K N2ST2Z3mh, + 2KN28T2XYZmB + 2KLNST?Zmh, + KN2ST2YZ? + N2ST?XY?

+LNSTY + KLNST2Y> g 3mh gamh, o=m

(NumC,),, = <2KLN 2ZSTVXY+ 4K 2N3T AyXZ8mPhh? + 4KN3T /XY Zm2hyh, + 2KLN2T2YZmb

+ 2K 2LN2STVXZmp+8K 2LN 2T 2XZnhs + 4KN3TA/XYZm2hyh, + 2N°T AXY2Zmh
+LN2T2y2 4 4KLN2T2xv>e‘3mhe4mhze—3mH

(NumC,),, = (2K 2LN?ST?YZmi + KLN?ST?Y? e 3 efmh g 3mH

(NumC,) 5= <2KNSV2X 2 £ 2NTVXY+ 2KNTVY? + 6K 2NTVYZmh+ 8KNTVX?m?h3

+2KTVINZ? + L}+ 4KNTV2XZmh + 4K *TV{NZ2 + Lmhg + K2SVA{INZ2 + L) 4KNTvx2ma>

* e_smhe_zmll emH
(NumC,),, = (2KSTVX+T2Y +4KT? szh2> o-3mh -2mh, 3mH

(NUmC,) ;5 = (4KNA/3X 2Zmh + 2KLNV X + KNA/2XZ% + N2V 2 X2Y> g 3Mhg-2mh, g-mH

(Numcl)47 2KTVY + K2SV?X + 4K 2TVXr‘r12h2> o-3mh g-4mh, 3mH

(NumC) ¢

<
(4K
(NUMC,) = (2KNVZXY + KAV2INZ2 + L+ 2K NV3xZmh)e Mg M e
<
< 2V2Y> o-3mh g-6mh, 3mH

~

(NUMCy) o = (2NSTVX + 2NT2Y2 + 2KNSTVXY+ 2K NSTVZ + 6KNT2YZmh

+2K2LSTV+ 4|<2T2{Nz2 + L}mzhzz +2NTAXZmh - ANT?XZmb +T2{Nz2 + L}
+4ANT2X?m?h2 + 2K 2NSTVXZmji+ 8K 2NTZXZnPhs + 4KNT2XYnfh2 > g 3mhgmH
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(NumCy)s, = <2N2TVXY2 + AN2TV2X2Zmh + NTVX{NZ? + L+ LNTVX

+8K 2N2TVZXZmPhyh, + 4KN TV XYZmh + 6KNTVXYZmp+ KZNSVZX{NZZ + L}
+ K2LNSV?X + 4K 2NTVXZ2m?h2 — AN2TVX?Zmh, + 4N2TVX3m?hs + 8K 2LNTVXnfhs
(+2K>NPTVZmiy + KNTVYNZ? + L}>e‘3m”e‘m“

(NumC,)g, = <2N 3v3x3zmh + LN2V 2X 2>e‘3mhe‘3mH

A.1.2 The list of DenominatorC;

(DenonC,), = (- 2NVXY - KV(NZ? + L)~ 2KNV2XZmh - 2KNVXZmh )e*™ "™

(DenonC, ), = (- 2LNTY - 2KLNSVX~ 4KNTV(NZ? + L)mh - 2K 2LNSVY- 2N?SVX?Y
+ 4KNTVX(NZ? + L)m?hh, — 4K °NTY(NZ? + Ljm?h? — 8K *NTVZ(NZ? + L )m°h,h?
—8K2N*TVYZm’hh, — 2K3NSV2Z(NZ? + L)mh —8KN2TVXZ*m’hh,

— 2KN?SVZX *Zmh — 2KN*TVY?Zmh-8KN2TVX?ZnPh h? — 8K °NTZ(NZ? + L)m°hS
~8K2N2TYZ’m?h? — 2K *NSVZNZ? + L )mh, + 8KN?TXZ?m?h2 — 2KNTZ(NZ? + L)mh,
— 2KN?SVX*Zmh, — 2KN*TY?Zmh, —8KN*TX*Zm’h] — 4KN*TY?Zmh, — K*N?SVYZ
+4NTXYZmb — N*TYZ® — N°TY® — 4N*TX2Ynth? + 4AN°TVX?Ymhh,

— 2N*TVXYZmh- KN?SVXZ — 4KLNTXnth? + 4K ZLNTVYrthh2>e2m“e4m e

(Denonc,), = <— 2LN*STXY-4KLN?STVXZmh+16KLN*T *X *’m*h h?
+4KLN2STVX*m?h,h, +4LN?T*XYnthh, - 8KLN?T >XZnThh? —8KLN *T > XZn?h,h?
—2LN?*T?YZmh — 4KLN*STX*m*h — KLN?S*VX? — 2KLN ZSTXZmlgl>e2m“e2m“2 g

(DenonC,), = (- 2KLNVY - 2K ?NV2Z(NZ? + L)mh — 2KN?V 2XYZmp
— 2K°NVZ(NZ? + L)m@ —2KN?*VXYZmh - KN?VYZ* — N 2\/X\(2>e2”‘“e“”‘rb g™

(Denonc, ), = (- 2KLN?SVYZ- 4KLN°TVYZmh-8K LN *TVXZnihh — 2K *LN*SV XZmh
—8K 2LN2TXZn?h — 2K 2LN2SVXZmh — 2KLN 2TYZmb — 4KLN 2TXYnfhZ — LN 2TY?
+4KLN>TVXYnihh, )& e e

(DenomC, ), = (- 2K*LN*V*YZmh - 2K ’LNVYZmb - KLN?VY?)e* e e *m
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(DenonC,), = (- 2KST(NZ? + L)~ 2KNSTY +32KNT2X m’hh} — 2NSTXY
+8KNSTVXm?hh, — BKNSTX?h? — 2KNSVX 2 — 24KNT2XZnPhh? — 6K *NSTYZmh
~16KT2(NZ2 + L)m*h,h2 +16K 2NT?YZnih h? + 4K *STVNZ? + L)mh,h,

+4KT?(NZ? + L)m?hh, + 4KNT?Y?m’h,h, — 4K °ST(NZ? + L)m?h? + K °S?V(NZ2 + L)

+ 4KNSTXZmh+ ANT2XYnfhh, — 2KNSTVXZmh- 2NT2YZmh - 2K 2NSTVYZmy)

* g?mgemh g

(DenontC, ), = (- 2KSVX—4KTXnTh + 4KTVXnfhh, Je*™ e * ™ e

(DenonC,), = (4KNST2X (NZ2 + L)m?hh, — KSTX(NZ? + L)+ 4N?ST*X *Ynthyh,
~ 2KNST?Z(NZ? + L)mh - 2N2ST?XYZmh - N2S*TX?Y + 4KLNST2XmPhh, — KLNS*TX)

* e2mhe—2mk§ e—mH

(Denonc,),, = <— 2KNS?TXY +8KNST?XYnthh, + 4K 2ST?(NZ? + L)mhh,
~K2S7T(NZ? + L)~ 2KNST?YZmh)e?™ e ™ g™

(Denonc,), 2KSTY+ 4K 2STVXmhh, + 4K 2T 2Yrh h, + 16K 2T 2Xm'*h h? — K 2S2VX

= (-
— 4K STXrﬁh S )e’me gt
DenomC <

4K?ST?Ynfhh, - K*S°TY)e’ e ome’™

(DenonC, ),, = (~ 2NSVXE — 2NTY? — 2KNSVXY-6KNTYZmh - 2K >SV(NZ? + L)

— 4K °T(NZ2 + L)*h, + ANTXZmb - T(NZ? + L)- ANTX?myh2 + 4K °TV(NZ? + L)mh,h,

+ AKNTVXYnihh, — 2K °NSV?XZmh — 2KNTVYZmh- 8K >NTVXZnihhZ — 2K 2NSVXZmh
~ 8K 2NTXZnih? — 4KNTXYnihZ + ANTVX?m?hh, — 2NTVXZmh)e*™e™

(Denonc, ),, = (-VX)e?™e*™
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15
+16K 2NT?X(NZ? + L)m*h,h2 — 4K >NSTXYNZ? + L)m?h2 - K2NSVX(NZ2 + L)
— 4K 2NSTVZANZ? + L)mh + 4K °NSTVXNZ? + L)m?hh, +16KN T >XYZnih,h?
—16N2T?X 2ZrPhh2 + ANT?X (NZ? + L)m?hyh, + 4N2STVXm?hyh, + AN2T2XY?m’hyh,
+16N2T2X°m’h h2 8K 2NT?Z(NZ2 + L)m’hhZ —8KN>T 2YZ2mehh, +8N°T > XZ*m’h,h,
—2NT?Z(NZ? + L)mh — 2N2STVXZmh - 2N>T?Y?Zmh - 8N2T2X >Zm*h,h? + 4AN2STX?Zmh,
— N?SAV/X3 - AN2STX*mPh? +16K *LNT2Xmi*h,h2 + 4K 2LNSTVXrah,h, + 4KLNT?YnPhh,
~ 4K 2LNSTXnfhZ — K 2LNS?VX — KLNSTY- 2KN?STVXYZmh- 2K 2NSTZANZ? + L)mh,)
% g2mh g-mH

(DenonC ) = (-~ 2NSTYNZ? +1)- 2N2STXY ~ KNSTYNZ? + L)~ 6KN2STXYZmh

(DenontC, ),, = (4LN*ST*X *m’h h, — 2LN*ST*XZmh — LN*S*TX?)e*™e*™

(DenonC,),, =(~3NSTXY- 2NTVXY{L+ 4mh? )~ AKNSTXZmh+ 4KNST X (NZ2 + L)m?hyh,
+AN?ST?X 2Ynhh, — 2KNST’Z(NZ? + L)mh — 2N2ST?XYZmh - KNS?TX(NZ? + L)

— N?S?TX2Y — 2KNSTVXZmh- KT2V(NZ2+ L)1+ 4m*h?) - KST(NZ? + L) - 4KNT2Z >meh,h,
~ 2KNTXZmh(L+ 4m?h? ))e 2™ ™™™
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(DenonC, ),, = (- 2NTY(NZ? + L)~ 2KLNSVX~ 4KNTZ(NZ? + L)mh, —8K *NTY(NZ? + L)m?h?
+8N2TXYZmb — 6N °TVXYZmh- K *NSVYNZ? + L)— 2N2TY? - 2N’SVX?Y —12N°TX2Ynth?
—10KN?TY?mh, — 24KN?TX?Zm°hg +16KN*TXZ?m?hZ — 8KLNTXnfh?

~16K*NTZ(NZ? + LJm*h? —16K >N>TYZ?m?h? — 2N2S?TX2Y +12K ’LNST2Ynthh,

— 2K2LNS?TY — 2KNTV2X(NZ? + L fL+ 4m?h? )~ 2KNSTZANZ? + Lmh — 2LNT?Y(1+ 4m*h?)
— N2T3YZ?(1+ 4mPh? ) - 2N2TV2 X 2Y (1+ 4m*h? ) - 16K 2N °TVYZ2m’h,h,

+16K 2N?ST?YZ?mPhh, — 6N?ST2XYZmh - 2K °NSV2Z(NZ? + L)mh —8K 2N >TVYZm*h h,
—8K*NTVZnihhZ — 4KN2TVZXZ2m?h? — 2KNTVZ(NZ? + L Jmh —8KN *TVX?ZnPhhZ

— 2KN2TVY2Zmh — 2KN2SV2X 2Zmh — 2K *NSVZNZ? + L Jmh, — 2KN°SVX2Zmh
+4KNST2X(NZ?2 + L)m?hh, + 4KLNST? XmPhyh, + 4KLNST? Xrmh,h, — KNS*TX(NZ? + L)

— 2N?TVXYZmh- LNTY - KN?SVXZ — 4KLNT3*Xn?hZ (1+ 4m*h? )+ BKLNST2 Xn?h,h,
—8KLNTVXnfhh, — KLNS?TX — K >LNSVY- K >LNTV2Y(1+ 4m*h?)

— 2KN2TV2X 2Zmh, (1+ 4m?h2 )~ 16K °NTVZ(NZ? + L )m°h,h2

— 2K3NTV?Zmh, (NZ2 + L)L+ 4m?h?)—8K *NT°ZnmPh3(NZ? + L1+ 4m?h?)
+8KN?T°XZ?m?hZ (L+ 4m?h? ) - 8K 2N °T3YZ2m’hZ (L+ 4m?h? ) - KN 2T Y 2Zmte(1+ 4m*h?)
+16K 3NST*ZnPh,hZ — 2K 3N?S?TZ°mh, —8KN T X 2Znmh2 (1+ 4m*h?)

— 2KNT®Zmh (NZ? + L)L+ 4m?h? )— 8KN*ST2XZ?mPh,h, — 16KN *TVX>Znih,hZ

+ 4KNTVXZnihh, +16KN?ST?X >Zm’h h? — 2KNS?TX *Zmh, — 2KN>TY?Zmh,

— 2K2LNS?TZmhy — K2NTV2Y(NZ?2 + L)1+ 4m?h2 )- 4K °NT3YnthZ (NZ2 + L)1+ 4mh? )

+ ANT*XYZmB(L+ 4m?h? )— 4KN2T3Y2Zmh, (1+ 4m?h2 ) - N2T3Y3(L+ 4m?h?)

— K2N?S?TYZ? — AN2T3X 2Yneh? L+ 4m?h? )+ 4KN?ST2Y 2Zmh — 4KNTVY2Zmh
—8N*TVX?Ynthh, —8K*LNTVYnihh, + 8N*ST*X 2Ym?hlh2>e-2m*1e2"‘rh e

(Denomt, ),, = (16KN2T2X?(NZ? + L)m*hh3 +16N°T2/X2YZnfh?h, - 2LN2STXY
— 2LNT2VXY(L+ 4m*h? )— 8N 3T UXYZm’h? + 12KLNSTVXm’hyh,
—8KNAV3X2Z2m?h? —16KN°T 2VXZ°mh?h, — AN>STVXYZmh — 2KLN 2SAV/X >

— ANV ?X2YZmh — 8KN?V 2 X 2Z2m?h h, —8KN3STVX?Z *m?h h, + 4ALN>T2XYnthh,
— 2LN2T2YZmh - 2KLN2STVXZmp—8KLN *T2XZn?h h? — 4KLN >STX?*m?h

— 2KLN AV ?XZmh — 2KLN2VXZmh — LN2VXY — 4KLNT2VXnth? (1+ 4m2hf)

— KLN?V X 2(1+ 4m*h? )— 8KLN 2V 2 X *m’h,h, — 4KLN VX m?h?

~ 2KLN2TVXZmh 1+ 4m?h? ) 2KLN2STXZmh + 16KN °T VX ?Z2m*h?h)

* e—2mh62mr§e—3mH
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(DenomC1),, = (- 2KLNSTY- 2KNSTYNZ? + L)~ 4K NSTANZ? + L)mh,

— 4KN2STXYZmh— 2N2STXY — 2K °NSTVZANZ? + L Jmh — 2KN2STVXYZmh
— 2KN2TVXYZmB(L+ 4m*h?) — 2K 2NTAVZ(NZ? + L Jmh, (L+ 4m?h?)

+8K 2N?T2Z%mh,h2 — N2T2VXY? 1+ 4m°h?) - KNT?VY(NZ? + L)1+ 4m*h?)
+4KN’T2YZ?m?hh, - KLNT?VY (L+ 4m2hf)>e-2"‘“e“mhz e

(DenonC, ),, = (— 2KLN2S2TXY - 8KLNTXYnth; — 2KLN*SVXY+12KLN?ST*XYnfhh,
— 8K 2N2TVXZ(NZ? + L)mPhh? 16K *LN>TXZn?hS —16KN TVXYZm?hh,

— ANPTVXY?Zmh — 8KN®TV2XYZ2m?h? —16K 2N>TV2XZ?m*h?h, — 8KLN2TVXYnihh,

— KLN?TVXY{L+ 4m?h? ) - 2KLN2TVYZmb- 2K >LN2SV2XZmh — 2KLN°TYZmb

— 2K2LN?SVXZmh— LN2TY? — 2KLN2ST2YZmh — 8K *LN T >XZn?h (1+ 4m?h?)

— 2K 2LN?TV?XZmh 1+ 4m*h? )+ 16K LN 2ST>XZnhhZ — 2KLN T *YZmb 1+ 4m*h?)

— 8K 2N*TVXZ°mh,h? — 16K LN >TVXZnthh? — 2K 2LN2S*TZmh

— 4KLNZT2XYnthZ L+ 4m?h? )~ KLN2TV2XY(L+ 4m*h? ) - LN 2T Y ?(L+ 4m?h?))

* e—2mhe4m}"§ e—3mH

(Denont,),, = <— 2KLN?STY? — 4K 2LN?STYZmh- 2K?LN?STVYZmh
—~ 2KZLNTAVYZmb(L+ 4m?h?)- KLN?TAVY2(L+ 4m*h? e et g o

(DenonC,),, = (2KV(NZ2+L)- 2NSTXY- 4KNSTVXZmh- 2KST(NZ? + L)

— BKNSTX?m?h2 — BKNSTVXZmh- 2NVXY— 2KNSVX? — 2KNVY? — 2K *SV/(NZ? + L)
— 2KNSVX? +12KNSTVXm?hh, — 2KNSTY: + 8K *STVNZ? + L)m?h;h,

— NT2VXY(L+ 4m?h?) — 24KNT2XZnPhh? — 6K 2NVYZmh — 6K 2NV2YZmh
—8KNTA/X2m?h2 L+ 4m?h?) — 2KNV3X ? (L+ 4m*h?) — 12KNVX*mPh2

—4KV(NZ? + L)m?h2 +16K 2NT2YZmh + 16K °T2(NZ? + L)m*h,hS + BKNTA/XZnh?h,
+4KT?(NZ?2 + L)mPh h, + 32KNT?X 2m*hhd + 4KNT2Y 2m?hyh, — 4K 2NSTYZmh

— 4K*ST(NZ? + L)m?hZ + 4KNSTXZmh+ 4KNSTVXm?hh, + 4ANT2XYnthh,

— 2NT?YZmh - KT?V/(NZ? + L)@+ 4m?h?) + 8KNT2VXZn?h?h, —8K 2NV2X m’h h,
+8KNSTVXm2h h, — 2K *NTA/YZmb L+ 4m?h?) — 2K 2NSTYZmj- KNT?VY? L+ 4m?h?)
~8KV2(NZ2 + L)m?hh, - KV *(NZ? + L)1+ 4m*h?) — 4K *T2V/(NZ? + L)m?hZ 1+ 4m*h?)
+ 4KNTA/XZmh L+ 4m?h?) — KNTAVY? (L+ 4m?h?) — 4AKNTAVX *m?h2 (L+ 4m*h?)
~KTAV(NZ? + L)+ 4m?h?) + 4K ZNSTVYZmhs 4KNVXZmb —8KNVZX 2mehyh, )

% g2mh g-2mh, gmH
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(Denonc,),, = <— 2KSVX—2TY +12KST*Xm’h h, — 2KS?TX —8KTXnrh?

~ 2KTV2X L+ 4m2h? )~ 4KT 2 XnPhZ (L+ 4m2h? ) - TY(L+ 4m2h? ) - 8KTVXnPhyh, )
* e—2mhe—2mq e3mH

(DenonC,), = (32KN>TV?X *ZnPh?h, — 2KNSVX{NZ? + Lj - 2KLNSVX- 2N2SVX?Y
+8KNTVX{NZ? + Ljm’hh, —8KN?SV?X 2Zmh — KNTV2X {NZ2 + L {1+ 4m?h? )

— 4KNTV2X{NZ? + L)m?h? - KLNTV?X + 4N°TVX2Ynthh, - NTV?X 2Y (1+ 4m?h?)
~ 2KNTVZ{NZ? + Ljmh — 2N*TVXYZmp) * e ™e 2™ e ™

(DenonC,),, = (~ 3KNSVXY- 2KNTVXY(L+ 4m’h? )+ BKNTVXYmih? +16K *NTV? XZnh?h,
+4K2TV{NZ? + Ljm?hh, - 2KNTVYZmh- K2TV?{NZ? + L|{L+ 4m’h?)- 2K 2NSV2XZmh
~K2SV[NZ? + Lf)* e Mg g™

(DenonC,),, = (- 2KSTY- 2KVY - 2KT VY(L+ 4m*h?) + 12K 2STVXnihh, — 2K *S3VX
+4KT2Yn?hh, +16K 2T2Xm*hlh? — 4K 2STXnihZ — 4K T 2vXnth2 (L+ 4m*h?)— K 23X L+ 4m?h?)
—8KV?XnPhh, — 4K VXnth? )* e Me M e’™

(DenonC, ),,, = (- 2K*SVY+ 4K °TVYnihh, - K 2TV2Y(1+ 4mPh? )> * @ 2mh g-6mh gImH

(DenonC, ),, = (- 2T{NZ? + L{~12NTX?m?h? — 4NTY? - 2K 2SV{NZ? + L |~ 2KNSVXY
—2NSVX - 2NS?TX? - 2KNS*TXY — 2K 2S?T {NZ? + L}~ 6KNTYZmh - 4K °T{NZ? + L jm?h?
+8NTXZmh +12KNST XYnPhh, +12K 2ST?{NZ? + Ljm?hh, — 2KNTV2XY(L+ 4m?h?)
— AK2NTVZ2mPhyh, — 2K 2TV?{NZ? + L1+ 4m?h2 ) - 2NT2Y2(1+ 4mPh? )
—6NST’XZmh +12NST X 2mPh,h, —8KNTXYmhZ — 24K 2NTVXZnihh?

— 2KZNTV2XZmh 1+ 4m°h? ) - 2K 2NSV?XZmh — 2KNTVYZmf- 2K 2NSVXZmj

— 2KNTYZmh—16K 2NTXZn#hS — 6KNT3YZmb(L+ 4m?h?)— NTV? X 2(1+ 4m?h? )
—8NTVX?mehh, — 4KNTVYZmh- 4KNTYZmp— 8K 2NT*XZnthS

+16K >NST*XZ — 2K 2NS?TXZ - 4AKNT?XYnFhZ L+ 4m’h? ) - 8KNTVXYrihh,

— NTV2X2(L+ 4m?h?)- 4K 2T3{NZ? + L jm?h2 L+ 4m’h? )+ ANT>XZmh (L+ 4m?h?)

~ ANT2XMPhZ (L+4m?h?) -T2 {NZ? + Lf{L+ 4m?h? )+ 4KNST?YZmh- 8K *LTVnPhh, )

* e—2mr1 emH

(DenonC,),, = (- 2STX-TAVX L+ 4m?h? ))* e ™™™

234



(DenonC,),, = (- NSTXNZ? + L}~ LNSTX~ NVX{NZ? + L {~ LNVX - 2N 8%V
—2N?STXY — KNSTYNZ? + L |- KLNSTY- 2K °NSVX {NZ? + L |- 2K 2LNS?VX

— 2NAVXY? + 8K >NSTVXNZ? + Lm’h h, — 4K >N?STVXZm?h,h, + 8K 2LNSTVXrfhh,
—6KN T VXYZmh(L+ 4m?h?)— 4K 2NSTXNZ? + L jm?h2 — 4K 2LNSTXnih2

— 4KN2STVXYZmhe 32K 2N 2T AVXZ?m*h?h? +16KN *T 2VXYZrfihzh,

+16K 2NT?X {NZ2 + Ljm*hhS +16K *LNT2Xmi*hyhS — 4K °NTAVX{NZ2 + Ljm?hZ(1+ 4m?h?)
— 4K 2LNTVXn?hZ (1+ 4m*h?) - 4K 2NVX{NZ? + L jm*hZ — 4K LNVXnih,h,
~12K?NV2X{NZ? + Ljm’h h, — 4K >LNV2XnPh h, - 6KN?V 2XYZmh+16N2T /X >Znh2h,
— 2N2TA/XY? (L4 4m*h? ) - 8K 2NV °XZ?m’h? —8NT?VX{NZ? + Ljm’h? - NTAVX{NZ? + L}
— LNTAV/X - 2KNA/XYZmi— 2KN?V > XYZmh+16KN>T2XYZnih h? ~16N>T2X 2Zn’hh2
+ANT?X{NZ? + Ljm?hyh, + 16NT2X °*m*hyhS + 4AN>T?XY2mPhyh, + AN2STVXm?hh,

— 2K2NSTVXNZ? + L jmh —8KN T 2YZ?m?hh, —8K 2NT?Z{NZ? + L jm*h,h2

— AN2TA/XZ?m?h? + 8N 2T 2XZ2m?hh, —2NT?Z{NZ? + L jmh —8N*T X 2Znh,h?

— 2N?T?Y2Zmh - 2N°STVXmh - 4KN2STXYZmh- 2N2STVXZmh + 4N°STXZmh
—AN2STX*m?h2 + 4KLNT2YnPhh, — 2K 2NV2Z{NZ2 + Ljmh — 2KNA/2XYZmh
—2K2NVZ{NZ? + Ljmh, — 4K 2NV >XZ?mh, — KNVY{NZ? + L}~ K*LNV®X (L+ 4m*h?)
+8K *LNSTVXrfih h, - KLNTAVY(L+ 4m?h?)— 2K 2NTAVZ{NZ? + Ljmh, L+ 4m*h?)

— 2K2NSTZNZ? + Ljmh, - 2KN?STXYZmj- KNTVY{NZ? + L |1+ 4mh? )

— 2KN?STVXYZmh- 2N2STVXZmh — N3V X 3(L+ 4m*h? )

— K2NV3X{NZ? + L |1+ 4m?h? )+ AN>TVX2Z 1+ 4mPh?)

— AN2TAX°m?h2(L+ 4mPh2 )+ 4K *N°STVXZmh — 4KNVXYZmh

+4NA/X?Zmh, — AN2STVXZmh-8N 2V X *mPhh, —8NAVX°m?h?

+8N°STVXm’hh, )e *™e ™

(DenonC,),, = (- 2LN2SVX? — 4NTVZX*{NZ? + Lim?h? — AN°SV2X*Zmh
+16N°TVZX °ZnPh?h, + ALN2TVX?mPhhZ — 4NPTV2X 2Z2m?h? — 2LN2TVXZmp) * e *™e o™

(DenonC,),, = (2NSTEXY + KST*{NZ? + L{+ 2KNST2XZmh ) * e ™™ e™

(DenonC,),, = (KNSTVXNZ? + Lj+ NT2Y{NZ? + L}+ K2NSTVYNZ? + L|

+ AN2T2VXYZmh+ 8KN 2T VXZ2m?hyh, + 2N2STVXYY — 8KN T 2XZ2m?h?

+ AKLNT2Xn?h? + 2K 3NSTVZNZ? + Ljmh, + 8K >N2T 2YZ2m?h?

+8K°NT2Z{NZ? + Ljm*hS + 2KN2T2Zmh, + 8KN2T2X >Zm*hg + 2KN>T2Y?Zmh
+ 2KN2STVX Zmh, + 4KN>T2Y2Zmh, + 4K 2NT?Y{NZ?2 + Ljm?h2 — 4N T >XYZmb
+4AN?T?X2Ynth? + N*T2Y® + LNT2Y + KLNSTV><>e‘4m“e2m“e‘mH
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(Denonc,),, = <2LN TVXY+4N®TVZX?YZmh +8KN®*TV?X?Z2m’h h, + KLN?SV? X ?
+4KLN?TVX?m?hZ + 2KLN 2Tvx2m9>e-‘”“*1e2mrb g

(DenomC,),, = (KNST2Y{NZ? + L{+ KLNST?Y + 2K 2N?ST?Z°mh, + 2KNST2XYZmb
+2K’LNST’Zmh, + N’ST*XY?)e “Me'™e ™

(DenomC,),, = (2KLN?STVXY+ 8KN*TVXYZm’hh, + 8K *N°T?VXZ m’h'h;
+2KLN2T2YZmh + 2K 2LN?STVXZmh + 8K LN 2T 2XZmh + 2N°T2VXY?Zmh + LN2T2Y?
+4KLNT2XYnfh e M e *m™

(Denontc, ),, = (2K *LN*ST?YZml + KLN*ST?Y? )e “meime o™

(DenomcC, ),, = (2KNTVY? + 2KTV{NZ? + L+ 2NTVXY+ 2KNSV2X 2 + 4KNTVZXZmh
+BK 2NTVYZmh + BKNTVX2m?h? + KSV2{NZ2 + Lj+ 4K *TV{NZ? + Ljm?h - 4KNTVXZmb)
* e—4mhe—2mmemH

(Denonc, ), = (2KSTVX+ T?Y + 4KT*Xnhy )e “™e "™ e’™

(DenonG, ),, = (4KN?V°X2Zmh + KNV2X{NZ? + Lj+ N3V 2X2Y + KLNVZX )e “™e e ™
(DenonC,),, = (2KNV?XY + KAV 2(NZ? + L) + 2K °NV*XZmh )e ™ e *™ ™

DenonC,),, = (2KTVY + K?SV?X + 4K *TVXnth? )e *™Me *m ™

( 1)43 < 2

(Denonc,),, = <K v/ 2Y>e“‘m“e‘6m“e3m'*

(Denont,),, = (2KNSTVXY+ 2NSTVX + 2NT?Y? + 2K 2STV{NZ? + L{+ 6KNT2YZmh
+ 4K 2T?{NZ? + LJm’hZ + 2NTVXZmh — ANT?XZmly +T?{NZ? + L}+ 4NT2X *m?h2
+ 2KNSTVXZmh+ 8K 2NT2XZn?hs + 4KNT2XYnthZ e “mem™

(Denonc, ), = (ST* X )e *Me’™

(DenomC, ),, = (NTVX{NZ? + Lf+ LNTVX + 2N?TVXY? + 2KLNTVY + K *NSV2X {NZ2 + L |
+ K2LNSV?X + 8K 2N2TV?XZ?m?hih, + 4N°TV?X 2Zmh + 4KN2TV?XYZmh

+ 6KN?TVXYZmh + 4K °NTVX{NZ? + Ljm?h2 + 4K >LNTVXn?h? — 4N2TVX?Zmh,
+ANPTVXmER + N2SV2XC + 2K *NTVZINZ? + Limh, + KN?TVYZ )e ™™

(Denonc, ),, = (2NV°X°Zmh + LN*V/*X? e “Me ™
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(DenomC,),, = [PNTVXY+ AKNTVXZL+ 2m*h?)+ KTV{NZ? + L}+ 2NTVXY1+ 4mh? )
+ KTV{NZ? + L}{L+ 4m?h? )+ KS{NZ? + L} - 4KNTZ?mPh,h, + 2NSXY
+ 2KNTV?XZmh(L+ 4m?h? )+ 4AKNSVXZmp+ 2KNSXZmh)e?™ e™

(DenomC, ), = (2N2T2Y2(L+ 2mh? )+ 2NV 2X Y (L+ 2m*h?) - 8N T 2XYZmb(L+ 2m?h?)
+8N?T?X2Ynth? (L+ 2m?h?)+ 2N STVXRY (L+ 2m*h? )+ 2N2S2X %Y + 2K *LNS?Y
—12K2LNSTYrihh, + 2LNT2Y(1+ 2m°h? )+ 8KLNT2Xn?h? + 16KLNT >Xm*h?h2

+ 2KN2T2Y?Zmh, — 8KNSTXNZ? + Ljm?hh, — 4KLNSTXrih,h, + 8KN2STXZm?hh,

+ 24K °NVZ{NZ? + Lim*h,h2 + 4KN>T2Y?Zmh, — 16KN>T2XZ?m?h2 1+ 2m°h?)

+ 2KN2STVX Zmh, — 16KN2STVX Zm*h2h, +16K 2N 2T 2YZ2m?h2 1+ 2m°h?)

+ 2KN2T2Y2Zmhy (L+ 2m°h? )+ 2KN T 2Y2Zmh, + 6KN AVY2Zmh + 24K 2NAVYZ2m?hyh,

+ 6KN?Y2Zmh, +12K 2N?YZ2m?h? 16K *N2STYZm’hh, + 2K *NT?Z{NZ? + Ljm*hg

+ 6K *LNT?Zn’hg + 2K *NSTVZNZ? + Ljmh, + 2KNT?Zmh, {NZ? + Ljmh,

+ 2KN?T?X 2ZnPhg + 4K >NT2YZ?mehZ + K 2NSTVYNZ? + L} + NT2{NZ? + L}

+ 4K 2LNTYNEhZ + KNV2X{NZ? + L}+ KLNSTVX+ K 2LNV?Y — 4N2T VX 2Ynthh, (1+ 4m?h?)
— 4KNTA/X{NZ? + LjmPhh, 1+ 4m?h? )+ 16KN 2T 2XZ2m*h?hZ — AN2STX?Yn?hh,

+ 2N2TAVXYZmb{L+ 4m*h?)+ 2KNTAVZ{NZ? + Lmh, [L+ 4m*h? )+ 2KN*STZmh
—8KN2T2Z3mh2h, + 2N2STXYZmjw 2KLNSTZmh+ KNSTVXNZ? + L |1+ 4m?h?)
+KN?S*XZ? + KLNS* X + KLNVZX(1+ 4m2hf)+ 2NAV/XYZmh+8KLNVXnTthh,

+ KLNS?X + 4KLNXn?h? — 4K 2LNTA/Ynthh, (L+ 4m?h2 )+ K 2LNSTVY{L+ 4m*h?)

+ 2KNA/3X 2Zmh (L+ 4m?h? )+ 16K °N 2V 2Z°mPh?h, + 2K *NV3Z {NZ? + Ljmh L+ 4m?h?)

+ 8K NTAVZ{NZ? + Ljm?hhZ (L+ 4m?h2 ) - 8KN 2T yXZ?mehyh, L+ 4m*h?)

+8K >N2TA/YZ2m?hyh, (L+ 4m?h2 )+ 2KN T VY?Zmh (L+ 4m?h? ) - 8K *N*STVZm*h?h,

— 2K3N2SAVZ®mh +8KN 2T VX *Zn*h h2 (1+ 4mh? )+ 2KNTAVZ{NZ2 + L}m?h,h, (L+ 4m*h?)
—8K?N2STVYZmPh? +8K >NV 2YZ2m?h? — 8KNVXZ?m?hih, + 2KNVZ{NZ? + L jmh
+8KN2STVXZm?h? +16KN A/ 2X 2Z*h?h, +16KN VX 2ZnPh h? +16K LNV *Z3m*hZh,

+ 2KNSVX*Zmh — 16K *LNSTVZmp+ 2K *LNSAVZmh + 2KN?V 2X >Zmh, L+ 4m?h?)
+16K *NAVZ m°hh2 + 2K °NV?Z{NZ? + Ljmh, (1+ 4m*h?)+ 8K °NT2Z{NZ? + Ljm°h2 {1+ 4m*h?)
~16K°N?STZm*h,h2 + 2K °N?S?Z°mh, +8KN*T2X *Zm°hZ (1+ 4m?h? )

+ 2KNT?Z{NZ? + Ljmh, (1+ 4m?h?)+ 8K *N*Z°m®hS — 8KN2XZ?m?h? + 2KNZ{NZ? + Ljmh,
+16KNA/X2ZrmPh h2 +16KN? X 2ZmPhe + 8K LNZnPh? — 16KN 2STX?Zm*h,h?

+ 2KN?S?X 2Zmh, —16K *LNSTZnihhZ + 2K *LNS?Zmh, + K*NV2Y{NZ? + Lj1+ 4m?h?)

+ 4K NT2Y{NZ? + LJm?hZ (L+ 4m?h? )+ K2N2S2YZ? + NT2Y{NZ? + L)L+ 4m?h?)

— AKN?STYZmh — AN2XYZmb + N2YZ? + LNY + 4N2STXYZmh+ 8N VX 2Ynth h,

+8N2X 2Ynth2 — 2N2VXYZmh+ 8K 2LNVYnih,h, + 4K 2LNYnth2 — 8N2STX2Ynthh,

N 2Y3>e2mhz g ™
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(DenonG, ),, = (2LN?TVXY{L+ 2m?h?) - 16KNTV?X ?{NZ? + Lim*h?h - 4KLNTV2X 2mPhh,
— 24KN*TVX?{NZ? + L)m*hZh2 - 8KLN>TVX’m*h?hZ — 4KN2SV?X 2 {NZ? + Ljm?h?

— KLN2SV?X 2 — 4KN2SVX? {NZ2 + Lm’h,h, — 4KLN?SVX2m’h h, —8KN2TVXZnihZh,

— 8KLN?TVXZnih?h, —16KN°TV?X 2Z2m*h’h, — 16N °TVX2YZnihZh, — 4ALN2ST>XYnih?

+ 4KLN2TVX?mPh2 + KLN2SV2X ? + 2KLN?ST?XZmhy —16KLN2T*X ’m*h,hd L+ 4m?h?)
+32KLN2ST?X 2m*h?hZ — 4ALN°T*XYnfhh, L+ 4m?h?)— 4KLN2STX’m?h,h,
—16KLN>TX2m*h,h2 —8KLN T °XZn?h,hZ (L+ 4m*h? ) - 8KN>TV>XZ{NZ? + Ljm®h?

— 2KLN?TV?*XZmh +16KLN*ST*XZnTh’h, — 2LN*T 3\(Zmrl1(1+ 4m2hf)

— 2KLN2S*TXZmhQ — 8KLNTXZn?h h? — KLN?ST2X >m?h (L+ 4m?h? )+ 8KLN2S*TX *mehyh,
— KLN2S®X ? — 4KLN2SX?m?h? + 8KN?TV?XZ{NZ? + Ljm’h? + 2KLN *TV2XZmh

+ 2KLN?SVXZmp+ 4KN3SV? X ?Z*m?h? + 8KN*TVXZ’m*h’h, + KLN 2TVXZmI3(1+ 4m2hf)
+ 2KLN?SXZmb + 4KNSVXZ2meh h, + LN2SXY)e*™ ™

(DenonG, ),, = (2KLNSY+ 2KNTVY{NZ? + Lf{L+ 2m*h2)+ 2KLNTVY{L+ 2m*h?)

+ 2N2TVXY? [+ 2mPh2 ) + 4K >NTVZ{NZ? + Limh, (L+ 2m?h?)+ 4KN>TVXYZmpfL+ 2m*h?)

+ 2KN2TV2XYZmh{l+ 4m?h?)+ 2K °NTV2Z{NZ? + Ljmh L+ 4m?h2 ) + 2K 2NSVZmh{NZ? + L}
—8K >N2TVZ°m®h2h, + 2KN2SVXYZmp+ 2K 2NSZNZ? + Ljmh, — 8K 2N>TZ°m°h,h?

+ 2KNZSXYZmh+ KN2SYZ — 4KN2TYZZm?hh, + N2SXY: )e*™ ™

(DenomC, )., = (2KLN2S2XY + 4KLN 2T 2YZ{NZ? + Ljmh, (1+ 4m*h?) - 4KLNZSTXYrfihh,

+ KLN?STVXYL+ 4m?h? )+ 8KLN T > XYn?hZ L+ 2m?h?)+ 2K 2LN*STVXZmp

—16K >LN?STVXZriih?h, +16K 2LN*STVXZrih?h, + 16K 2LNVXZnihhZ + 2K 2LNSVXZmh
+ 2K 2LN2S?XZmh +8K 2NVXZ{NZ?2 + Ljm°h,h? + 8KNV > XYZ’mPh? + 16K 2NV 2 XZ°m®h?h,
+ 4KLN T VYZmb(L+ 4m?h2 )+ 16K 2LN 2T 2XZnhZ [L+ 2m*h? )+ 2KLN 2V 2XY(1+ 2m?h? )

+ KLN2T2Y? + 8K 2LN T VXZnih hZ (L+ 4m?h? )+ 8K 2NV *XZ{NZ? + L jmPh?

+ 2K 2LNA/3XZmh + 2K 2LN 2V > XZmhy 1+ 4m?h? ) - 16K 2LN 2 STXZnihh2

+ AKNVXYZmPhh, +8K 2LN2XZnthS —8KLN2STXYrfhh2 + LN?T2Y2(1+ 4m?h? )

+ 2NAVXY2Zmh + 4KNVXYZm?hyh, + 4KLN2XYnthZ +8KLN2VXYnihh,

~ 4KLNZT VXY(L+ 4m°hZ)+ 2KLN 2STYZmf) * e*™ o™

(DenonC,),, = (4K *LNTVYZmb(L+ 2m*h?)+ 2KLN2TVY?(1+ 2m*h? )+ 2KLNSVYZmh
+ 2KZLN2TV2YZmig(L+ 4m?h?) + 2K 2LN2SYZmh+ KLNZSY? )e™™ e o™
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(Denont, ), = (2KNSY? + 2NTVXYL+ 2m?h? ) + 2NSXY+ 12KNSX*m*h + 2KNS*X 2

+ 2NSTXY(L+ 2m?h? )+ 2KNSVZX ?(L+ 2m°h? )+ KNSV2 X 2 + 2KNTVY? (L + 2m?h? )
+16KNSVX2m2h h, —16KNS?TX 2m?h,h, +16KNTVXZnihzh, + 64KNST?X 2m*h2h?

— 8KNS?TX2m?h,h, — 48KNTX?m*h,h2 - 8BKNTV?X 2m?h;h, L+ 4m?h?)

—16KNTX 2m*hhd (L+ 2m?h?) - 16KNT X 2m?h 1+ 4m?h? )+ 24KNT>XZnhh2(1+ 4m*h?)
+ 24KNTXZnih,hZ + BKNS*TXZmh + 2K *NTVYZmbl+ 4m*h?) - 16K 2NTVYZnih?h,

+ 6K >NSVYZmfn 6K 2NSYZmjr+ BKNST?X ’m?h2(1+ 4m?h? ) + 6K °NSTYZmh

+ 2KNST?Y 2L+ 2m?h? )+ 4K *TV{NZ? + Ljm?h? + 4K °NTVYZmb + K>SV {NZ? + L

— AKNTVXZmb + KTV{NZ? + L}+ 4KNTVX?m?hZ + KST? {NZ? + L} + 4KNTVX?m?h?

+ KTV{NZ? + L{L+ 4m*h?)+ KS{NZ? + L} - 4NT>XYnthh, (L+ 4m?h? )

— 32KNTVX?m*h?h2 — ANTXYnihh, + 2NT3YZmh(L+ 4m?h2)+ 2KNTV2XZmh(L+ 4m?h?)
—16KNSTXZrh?h, + 2NTYZmb+ 2K >NTV2YZmh(L+ 4m?h?) - 32K *TV{NZ? + L jm*h,h?
— AK*TV?m2hh, {NZ2 + LY+ 4m?h?) - 16K *T*{NZ? + Lim*h,h3 1+ 4m*h?)

—16K >NT?YZnth,h2(1+ 4m*h?)+ 32K *ST?{NZ? + Ljm*h?h2 - 4K °NS*TZ?

— 4KT*m2h,h, {NZ? + L}{L+ 4m?h?)+ 16K °NST?YZnth?h, — 16K 2NTYZnih, h?
~16K*T{NZ? + Ljm*h?h2 — 4KT{NZ? + Ljm?h,h, - 16KNST>XZnTh?h,
—32KNTVX?m*h2hZ — KNTY?m?hh, — 4K 3LS?Tm?hh, + KNSV2X 21+ 4m*h?)

+ 8K NS TZ?m’hyh, + K3SVZ{NZ2 + L{L+ 4m?h2 )+ 4K *ST2{NZ? + Lm*h2(1+ 4m*h?)
— AKNST2XZmh L+ 4m?h? ) - 8K °NS*TZ*m’hyh, + K3S*{NZ? + L

+ KST?{NZ? + L}{L+ 4m*h?) - 4K °NS*TYZmh + 4K °NSZ2m’h? — 4KNSXZmh

+ KS{NZ? + Lj+8K°LSVnthh, + 4K 2LSnthh, - 8K *LS*Tm’hh, )e ™™

(DenonG, )y, = (2KV 2X (L+ 2m?h?) + 2KS?X + 2KSTVX+ 2T Y (L+ 2m*h? ) - 12KSTXnihh,
+BKT 2XmPh2(L+ 2m*h?) + 8KVXnEhyh, + 4KXEhZ +Y — 4KT 2/XnPhh, (L+ 4m?h? je 2™ e

(DenonG, ), = (2KLNSTVXL+ 2m?h?)+ 2KNSTVXNZ? + L{{L+ 2m*h?) - 16KN2STVX¢ Znh?h,
+ 4KN2SV/X2Zmh +8KN2STVXZm?h? —16KN2STVX ZnPh2h, + 64KN 2T VX *ZnPhih?

— 4KNSTXNZ? + Ljm?h h, — 4KLNSTXmih,h, — 32KN T 2VXZ*m*hh, — 4N2STX2Ynthh,

— ANZSTXYnTh? — 4KNT2VXnPhyh, {NZ? + L1+ 4m?h?)— 4N >T VX 2Ynithyh, (L+ 4m?h?)

+ 2KNTAVZmB{NZ? + L}{L+ 4m*h? )+ KN2STZmh + 2KLNSTZmp+ 2N T 2VXYZmp{L+ 4m?h?)
+ 2N2STXYZmw KNS X {NZ2 + L~ N2S?X Y — 4KLNTAVXrPhyh, L+ 4m*h?) + KLNS?X )

% g 2mhy g-mH

(DenomC,),, = (2KNS?XY + 2KNSTVX¥L+ 4m*h2)+ 2KNSTVXY- BKNSTXYrfhyh,
—BKNTA/XYnihh, (L+ 4m?h? )~ 16K °NSTVXZrPh?h, + 2K >STV{NZ? + L}{1+ 2m*h?)

— 4K 2T A/nPhyh, {NZ? + L1+ 4m°h?) - 4K 2ST{NZ? + LjmPhh, + 32K °NTA/XZn?h3h?
+2KZNSVXZmh + K?S*{NZ? + L{+ 2KNTVYZmh{L+ 4m?h?) + 2KNSTYZmfje “™e™
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(DenomC, ),, = (2KSY+ 2KTVY(L+ 2m*h?)+ 2K 2SV2X L+ 2m*h?) - 12K 2S*TXnPhyh,

+ 2KST2Y (1+ 2m°h?)+ 4K TVXnTh? — 4K 2TV 2XmPhyh, (L+ 4m?h2 ) + 32K 2ST? Xmi*h?h?

+ 4K 2ST?XnPh2 (1+ 4m*h?) - 16K *T *Xm*h,h2(L+ 4mPh? ) - 4KT *Ynhyh, (1+ 4m?h? )

- 32K *TVXnfh’h? — 16K *TXm'*hh? — 4KTYnth h, + 8K >SVXnihh, + 4K?SXnfh? + K 253x>
* g4mh, c3mH

(DenonC, ),, = (2K 2STVML+ 4m*h?) - 4K °T2VYnihh, (1+ 4m*h?)- 4K >STYrAhh, + K °S?Y)
* g 6mh, o3mH

(DenonC, ),, = (2K?S?{NZ? + L+ 2KNS?XY + ANT?Y2(L+ 2m?h? )+ 2NY? - 8K 2ST{NZ? + Ljm?hyh,
— AK2NSTZmPhh, +12KNT2YZmh {1+ 2m*h?)- 8NT2XZmh 1+ 2m°h?)+ 2KNV 2XY(L+ 2m?h?)

+ 6KNVYZmi+ 2KNSTVXYL+ 2m?h?) - 12KNSTXYrfhh, +8K °T2{NZ? + Ljm?h2 1+ 2m*h?)
+16K>NT?Z’m*h’h’ + 16K 2NT2x2m3h§(1+ 2m2hf)+ 6NSTXZmp+ 2NS* X ?

+8KNT2XZ?h2(1+ 2m°h? ) — 4AKNTAVXYnihh, 1+ 4m°h? )+ 2KNYZmb + 2K °NSTVXZmh

—16K 2NSTVXZih?h, + 2K 2/ 2{NZ2 + L1+ 2m?h? )+ 2K *STV{NZ? + L}{L+ 2m?h?)

+2T2{NZ? + L}fL+ 2m°h?)+ NSTV2 + ANT2X *m’hZ + NV2X 2 — 4K *T?V{NZ? + Ljm?hh, (L+ 4m?h?)
+8K *NT2VXZnih h2(1+ 4m?h? )+ 2KNTA/YZmb(L+ 4m?h? )+ 2K 2NV XZmh 1+ 4m*h?)

+16K 2NV2XZnthZh, + 8K >NVXZnihh2 + 2K 2NSVXZmh + 2K 2NV 2 XZmh L+ 4m*h?)

+8K *NXZn?h? — 16K ’NSTXZmh h? +16K 2NVXZnihh? + 2K ?NS*XZmh +8KNVXYnihh,

+ 4KNXYn?hZ — ANTAVX2m?hyh, (L+ 4m?h? ) - ANSTXmeh,h, + 2NT2XZmh(L+ 4m?h?)

+ NSTVX L+ 4m?h? )+ NV 2X 2 (L+ 4m?h?) + 8K 2NVZZm?hyh, + ANT2X >m2h2 (1+ 4m*h?)

— AKNSTYZmpr+ 4K 2{NZ? + LjmhZ — 4ANXZml + {NZ2 + L |+ 8NVX°mPhh,

+8NX2m*hZ — 2NVXZmi+ 8K °LVh h, - 8NSTX’m*h,h, Je™

(Denonc,),, = <2TVX(1+ 2m*h?)+ SX)e’™
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(Denonc, ), = (~16K *N>TV2XZnt'h?h, - 16K 2N>TVXZnfh?h? + 4K 2NSV2X {NZ2 + L {1+ 4m*h?)
+ K?LNSV?X — 4K 2NS?TX{NZ?2 + Ljm?h,h, — 8K 2LNS?TXn?hh, + KNSTY{NZ? + L}

+ KLNST2Y(L+ 4m?h? )+ K °NSV2X {NZ? + L}+ K 2LNSV2X + 6K 2NSVXNZ? + Ljm?h;h,

+ 2K2LNSVXnihh, — 32K *NTVZX{NZ? + L)m*h?h, — 4K 3NTV?Xnh,h, {NZ? + L}

— AK2LNTV?XnPhyh, —16K 2NTX {NZ? + Ljm*h,h3 {1+ 4m?h?) - 16K 2LNTXm*h,hS L+ 4m?h?)
+32K>NST2X{NZ?2 + Ljm*h?hZ + 4K >’LNST2Xn?h2(1+ 4m*h?)+ NSX{NZ? + L} + LNSX
+32N?TX?Zm’h,h2 — 32K *LNTXnfh b2 + 16N2TVX2Zm*h2h, + NTVX{NZ? + L1+ 4m*h?)

+ LNTVX — 4N2TVXZ2m?h2 — NST X {NZ2 + L {1+ 4m*h?)+ LNST2X — N2T>XZ°mh (L+ 4m?h?)
— ANT®X{NZ? + Ljmh,h, (L+ 4m?h?) + 4K 2NTVX{NZ? + L)m?hZ + 4K 2LNTVXnth

+ KLNTVY+ KNTVY{NZ? + L}L+ 4m?h2)+ BKN>TVYZm’h? + 2N2TVXY?(1+ 2m*h?)
~16N2ST?X 2ZnPh2h, — 4N?ST2X *Z(L+ 4m?h? )+ 2N2ST?XY2(1+ 2m*h? )+ 4KN*SVXYZmh

+ K2NS*X{NZ2 + L}+ K2LNS*X - 8KN2TVXYZmh?h, + 2KN2TV?XYZmh(L+ 4m*h?)

+ 4K 2NSX{NZ? + LIm’h? + 4K 2N2SV2XZ?m?h? + K2NSV2X{NZ? + L1+ 4mh?)

+ 2K2NSVZNZ? + Ljmh + 8K 2LNSVXmihh, + 2K 2NTVZmB{NZ?2 + LJ1+ 4m*h?)

+16K 2NTVZ{NZ? + Ljm°h?h, — 32K °NTVX{NZ? + L)m*hZh2 — 8K >N >TVXZ?m*hZh
+16N2T3X 2Zm?hyh, (1+ 4m?h2)+ 8N 2T ° X 2ZnPh, h2 (L+ 4m*h?) + 4KN *TVXYZmb

— AN2TVX?mh, + N?SV2X® + 4AN2TVX®m?h2 + 2K 2NST°Z{NZ2 + L jmh,

+ 2KN2ST?XYZmb — 4KLNT3YnPhh, (L+ 4m*h? )+ 2K °NTV?Zmh {NZ2 + L1+ 4m*h?)

+ 2K2NSZNZ? + Ljmh, + 2KN>TVXYZmb{l+ 4m?h2) + 2KN2SXYZmh

+ 2KN2SVXYZmfw KNSYNZ? + L} - 8KN2TVXYrihZh, + 2N2SXY?

— AN2TV2X°mPhyh, (L+ 4m?h?) - 16KN2T>XYZnih,h2 (L + 4m?h? ) — AN2T3XY?mPh,h, (1+ 4mh?)
— 16N 2T 3X 3mahth? (1+ 4m2hl) + 16KN2ST2XYZn8hZh2 — 16KN ZTVXYZrshZh2
—16KN2TXYZr8hih? — 16K 2N 2TXZ2mahih? — ANTX{NZ2 + Ljm2hih2 — 16N2ST2X 2ZmBh?h2
— 32N2ZTVX3mdh?h? — 32N 2TX3mdhth? — 32K 2LNTVXrmth2h? + 32N 2STX3mdh?h?

— AN?S?TX3m?h h, — AN2TXY?mPhyh, + 32K 3LNST2Xmi*h?h2 — K 2LNS?TXn?h h,

+ 2N2TV2X 2Zmh 1+ 4m?h?)+ 2K 2NTV2Zmh {NZ? + L1+ 4m?h?)

+ 8K 2NTZ{NZ? + Ljm®nh2(1+ 4m*h?) + 8KN2TYZ?mPh,h, (L+ 4mh?)

+ 2N2T3Y2Zmh L+ 4m?h?)- 16K 2NST?Z{NZ? + Ljm?h2h, + 2K *NS*TZ{NZ? + Ljmh

— 2NT?Z{NZ? + Ljmh (L + 4mh?) - 8KN>ST?YZ’m?h? + 8KN2TYZ2m’h;h,

+8K?NTZ{NZ? + L)m*h?h, — 8N2TXZ2m’h,h, + 2NTZ{NZ? + Ljmh +8N?ST?XZ?m?h

+ 2N2S?TX2Zmh + N?TY?Zmh + N?SV2 X 3(L+ 4m*h?) + 8K 2NSVXZm?h;h,

+ 4K 2NST X{NZ? + LIm’h2(1+ 4m’h?) + 4AKNST XYZmp(L+ 4m*h? )

— 8K >NS*TX{NZ? + L)m?hh, + 4N2ST?X *m?h2 {1+ 4m?h?) — 4KN?S*TXYZmh

+ 4KNZSVXYZmh+ 4KN2SXYZmh - 4N2SX?Zmh, + 4N2S?TX2Zmh

+8N2SVX*m2h h, + 8N2SX*m?h? + 4K 2LNSXnih,h, — 8N2S?TX*m?hh,

+ N2S3X 3>e3mH
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(Denont, ),, = (2LN?STVX(L+ 2m*h?) - 32N°T VX2Z*m*h’h, ~ 16N *STVX'Zmihzh,

— ALN2TAVX2m’hyh, (L+ 4m?h?) - ALN?STX?mh h, + 32N °T VX3ZnPhdh? + 8N T VXZ m°h
+ 2LN2TAVXZmh(L+ 4m?*h? )+ 2LN?STXZ+ AN*STVX Z2m?h? + 4N °STVXZ 2m?h?

+ LN?S*X? + 2N*S?VX*Zmh e *™

A.2 Final terms of constantD,

18
- NumDy )
DM NumeratorD, {El( l)'J
Denominato Dy Z(Denole)i

i=1
A.2.1 The list of NumeratorD;

(NumD, ), = (- 4KNTYZmb — 4K *NTZ’m’h; — K*NSVZ - K°LSV + 4NTXZmh — NTZ?
—4K’LTn?h - NSVX - LT - NTY?)e™

(NumD, ), = (~ KNVZ? ~ NVXY~ KLV Je™e*™

(NumD,), = (- KLNSVX~ 4KLNTXn?hZ — LNTY)e™ ™ e 2™
(NumD,), = (- KLNVY)e™ g™ -2

(NumD, ), = (-~ KNSTZ — KLST- NSTXYje™e ™

(NumD, ) = (~ 4KTXn7h; — KSVX-TY)eMe > e’™
(NumD, ), = (- KSTY)e™e 2™

(NUmD,), ~ (~Vx)eme

(NumD, ), = (- LNSTX)e™e>™

(NumD,),, = (4NT?X *m*hZ(1- 2mh )~ 4NT?XZmh (L - 2mh )+ T2(NZZ + L)L 2mh)
+K2V2(NZ2 + L)1- 2mh )+ 4K 2T2(NZ? + LY1- 2mh )+ 4KNT2YZmh(1— 2mh )+ KNSTYZ
+NT2Y?(1-2mh )+ 2K *NSTZmh, - KNVYZ- 2K 2NVZ?mh, + NV?X ?(1- 2mh)

— 2NVX?mh, + NVXZ- 2K 2LVmh, + 2NSTX'mh, + NSTXZ+ 2K 2LSTmh)e ™
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(NumD, ),, = (KTV(NZ? + L)1~ 2mh )+ NTVXY(1L- 2mh ))e ™ "™

(NumD,),, = <KLNT2Xm2h22(1— 2mh )+ KLNV?X(1-2mh )+ LNT2Y(1- 2mh)
+ 2KLNSTXmh - 2KLNVXmh e ™ e*">e 2™

(NumD,),, = (KLNTVY(1- 2mh ))e ™e* g™
(NumD,),, = <KTV(NZZ+LX1 2mh )+ NTVXY(1-2mh ))e ™ e >

(NumD, ), = (4KT>Xn?h? (1- 2mh )+ KV X (1- 2mh )+ T>Y(1- 2mh )— 2KVXmh
+2KSTXmb)e ™ e *"e?™

(NumD,),, = (KTVY(1l-2mh ))e e *""e?™

(NumD,),, =(TVX(1-2mh e ™e*™

(NumD, ), = (LNTVX(1-2mh ))e ™™

A.2.2 The list of DenominatorD,

(DenomD, ), =<4K2NTZZm2h§ +4KNTYZmb + K*NSVZ + K LSV - 4NTXZmb +T(Nz2 + L)
+NSVX + NTY? + ANTX?m?hZ + 4K2|_Tm2h§>e2mrl

(DenomD, ), =(KV(NZ2 + L)+ NVXY)e2™e?™

(DenomD,), = (4KLNTXn?hZ + KLNSVX+ LNTY)e et g 2™
(DenomD,), =(KLNVY)e* ™ g™ 2™

(DenomD, ), = (KST(NZ? + L)+ NSTXY)e"™e 2™
(DenomD, ); = (KSVX+TY + 4KTXnfh} )e"Me "M ™™
(DenomD,), = (KSTY)e*™e*e”™

(DenomD, ), = (VX )e?™e?™

(DenomD, ), = (LNSTX)e*™e>™
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(DenomD, ), = (K2SV(NZ? + L)+ 4KNTYZmh+ 4K 2T (NZ2 + L)mehZ + NTY? + NSV
~ ANTXZmb+T(NZ2 + L)+ 4ANTX?mh? )e 2™

(DenomD, ), = (KST(NZ? + L)+ NSTX Ve g™

(DenomD, ),, = (4KN?TVXZ’mPhh, + 2N*TVXYZmp+ LNTY + KLNSVX+ 4KLNTXn?h?)

* g —2mh 2m|‘k —2mH

(DenomD, ), = (KLNSTY)e *™g*"e ™"
(DenomD,),, = (KV(NZ? + L)+ 2KNV2XZmh+ NVXY)e ™™g ™
(DenomD, ), = (KSVX+TY + 4KTXnth? ) 2™ 2™ g™

(DenomD, ), = (KVY)e*Memre?™

(DenomD, ), = (STX)e*™e”™

(DenomD,),, = (2N*V?X*Zmh + LNVX)e *Me™

(DenomD,),, = (- NTVXYL+4m?h?)- KTV(NZ? + L1+ 4meh?) - KS(NZ? + L)
+4KNTZ?m’hh,— NSXY)e*™

(DenomD,),, = (~ 4KLNTZXnPhZ {1+ 4m?h?) - 4KN AV 2XZ2mPh? — KLNVZX L+ 4nh?)
+BKLNSTXnihh, — LNT?Y(L+ 4n?h? ) 2NA/XYZmh- 4KNAVXZmPhh,
—8KLNVXnthh, - KLNS*X — 4KLNXn12h2> g”rg 2

(DenomD, ),, = (-~ KLNSY- KLNTVY{L+ 4m?h? e 2™

(DenomD,),, = (~ KTV(NZ? + L1+ 4mPh?) - 2KNSVXZmh- KS(NZ? + L)
+8KNTVXZmihZh, - NTVXY(L+ 4mPh?) - NSXY)e ™™

(DenomD, ), = (- 4KT 2XnPhZ L+ 4meh?)-T2Y L+ 4mPh?) - KV 2 X (L+ 4m?h})
—8KVXnthh, - 4KXnPh; + BKSTXmihh, - KS*X - Y )e*™e™™

(DenomD, ),, = (~ KTVY(L+ 4m?hZ) - KSY)e *"e™

(DenomD,), = (~TVX(L+4mPh?)- SX)e™™
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(DenomD, ), = (~ 4N?TVXZ2mPh? — LNTVX(L+ 4m°h?) - LNSX+ 8NTVX?Znihh,
—2N°SVX*Zmh)e™

(DenomD,),, = (-~ NVZX2(L+ 4m?h?)- 8K A (NZ2 + L)mPhh, — KA/ 2(NZ? + L)L+ 4meh?)
— 4K ?T?(NZ? + L)m?h2(L+ 4mPh2 )+ ANT2XZmby 1+ 4m?h? ) - AKNT2YZmh L+ 4m°h2)

— NT2Y?(1+ 4m?h? )+ 8K >ST(NZ? + L)m’hyh, 1+ 4m?h? ) - K 25?(NZ% + L)

— ANT2X2Ph2(L+ 4mPh2)-T2(NZ? + L)L+ 4mPh2)+ 4AKNSTYZmp- 4KNVYZmh

— 4KNYZmb - 4K 2(NZ2 + L)m?hZ + 4ANXZmb — (NZ2 + L)— ANSTXZmh-8NVX?nhh,
— ANX?m?hZ + 2NVXZmi+ 8NSTXmPhh, - NS?X? — NY?)
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3 Examiningk-E Relationship of Pavement Subgrade Based on 2009 Journal of Transportation Engineering
Load-Deflection Consideration Volume 135, Issue 3, pp. 140-148
B.2  Presented in Conference
S/IN Paper Title Year Name of Conference
1 Statistical Evaluation for Backcalculation of Cogier Pavemet 2007 Special International Conference on
Properties Pavement Technology (ICPT) on R
Construction and Maintenance
Technology
Beijing, China.
2 Backcalculation Analysis of Rigid Pavement Propsrt 2008 The 87 Annual Meeting,
Considering Presence of Subbase Layer Transportation Research Board
Washington D.C.
3 Influence of Slab Thickness Variation on Backckdtian of 2008 the T International Conference on
Concrete Pavement Properties Transportation and Infrastructure
(ICTI) Beijing, China
4  Estimating Modulus of Subgrade Reaction for Rigavement 2009 The 8" Eastern Asia Society for

Design

Transportation Studies (EASTS)
Surabaya, Indonesia




