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Summary

In this thesis, we take a fundamental information-theoretic look at three non-
centralized multi-user communication systems, namely, the relay channel, the
interference channel (IFC), and the “Z”-channel (ZC). Such multi-user configura-
tions may occur for example in wireless ad-hoc networks such as a wireless sensor
network.

For the general relay channel, the best known lower bound is a generalized
strategy of Cover & El Gamal, where the relay superimposes both cooperation
and facilitation. We introduce and study three new generalized strategies: The
first strategy makes use of sequential backward (SeqBack) decoding, the second
strategy makes use of simultaneous backward (SimBack) decoding, and the third
strategy makes use of sliding window decoding. We also establish the equivalence
of the rates achievable by both SeqBack and SimBack decoding. For the Gaus-
sian relay channel, assuming zero-mean, jointly Gaussian random variables, all
three strategies give higher achievable rates than Cover & El Gamal’s generalized
strategy. Finally, we extend the rate achievable for SeqBack decoding to the relay
channel with standard alphabets.

For the general IFC, a simplified description of the Han-Kobayashi rate re-
gion, the best known rate region to date for the IFC, is established. Using this
result, we prove the equivalence between the Han-Kobayashi rate region and the
recently discovered Chong-Motani-Garg rate region. Moreover, a tighter bound

for the cardinality of the time-sharing auxiliary random variable emerges from



ii

our simplified description. We then make use of our simplified description to
establish the capacity region of a class of discrete memoryless IFCs. Finally, we
extend the result to prove the capacity region of the same class of IFCs, where
both transmitters now have a common message to transmit.

For the two-user ZC, we study both the discrete memoryless ZC and the
Gaussian ZC. We first establish achievable rate regions for the general discrete
memoryless ZC. We then specialize the rate regions obtained to two different types
of degraded discrete memoryless ZCs and also derive respective outer bounds to
their capacity regions. We show that as long as a certain condition is satisfied,
the achievable rate region is the capacity region for one type of degraded discrete
memoryless ZC. The results are then extended to the two-user Gaussian ZC with
different crossover link gains. We determine an outer bound to the capacity region
of the Gaussian ZC with strong crossover link gain and establish the capacity

region for moderately strong crossover link gain.
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Chapter 1

Introduction

In 1948, Claude E. Shannon developed the mathematical theory of communi-
cation with the publication of his landmark paper “A mathematical theory of
communication” [1]. In this paper, Shannon showed that reliable communication
between a transmitter and a receiver is possible if and only if the rate of transmis-
sion is below the channel capacity. He gave a single letter characterization of the
channel capacity, which is a function of the channel statistics. Shannon’s work
provided a crucial “knowledge base” for the discipline of communication engineer-
ing. The communication model is general enough so that the fundamental limits
and general intuition provided by Shannon theory provide an extremely useful
“road map” to designers of communication and information storage systems.

In his original paper, Shannon focused solely on communication between
a single transmitter and receiver. However, almost all modern communication
systems involve multiple transmitters and receivers attempting to communicate
on the same channel. Shannon himself studied the two-way channel [2], and
derived simple upper and lower bounds for the capacity region.

Besides the two-way channel, Shannon’s information theory has been applied
to other multi-user communication networks. Fig. 1.1 shows a multiple access
channel where there are m transmitters simultaneously transmitting to a common

receiver. This is in fact one of the best understood multi-user communication
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Transmitter 1 Transmitter 2 Transmitter m

Figure 1.1: Multiple access channel

Transmitter

Receiver 1 Receiver 2 Receiver m

Figure 1.2: Broadcast Channel

network. The channel capacity for the multiple access channel was completely
characterized by Ahlswede [3] and Liao [4].

On the other, we obtain the broadcast channel when the multiple access
channel network is reversed. In the broadcast channel, one transmitter broad-
casts information (common/independent) simultaneously to m receivers as shown
in Fig. 1.2. Broadcast channels were first studied by Cover in 1972 [5]. The ca-
pacity for the degraded broadcast channels were determined by Gallager [6] for
the discrete memoryless broadcast channel and Bergmans [7] for the Gaussian
broadcast channel. The best known achievable rate region to date for the gen-
eral broadcast channel is due to Marton [8]. Recently, the capacity region of the

Gaussian MIMO broadcast channel, which is not a degraded broadcast channel,
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has been established [9], [10], [11].

1.1 Motivation

In the past, the study of multi-user information theory has largely been motivated
by wireline and cellular systems. Hence, much emphasis has been placed upon
multi-user channel configurations with a central node, such as the multiple access
channel (cellular uplink, where the receiving base station is the central node) and
the broadcast channel (cellular downlink, where the transmitting base station is
the central node).

However, with recent advances and interests in wireless ad-hoc networks,
there has been a growing interest in the study of other multi-user channels. A
wireless ad-hoc network is a collection of two or more devices equipped with
transmitting capabilities or receiving capabilities or a combination of both. Such
devices can transmit to another device with the help of an available intermediate
node. Recently, there has also been much focus on wireless sensor networks,
which is a form of a wireless ad-hoc network. In a wireless sensor network, the
sensors might be autonomously collecting information at different locations and
attempting to communicate the information to one or more data-collection centers
or sinks. The potential of wireless sensor networks cannot be overemphasized.

“In the health care industry, sensors allow continuous monitoring of life-
critical information. In the food industry, biosensor technology applied to quality
control can help prevent rejected products from being shipped out, thus enhanc-
ing consumer satisfaction levels. In agriculture, sensors can help to determine
the quality of soil and moisture level; they can also detect other bio-related com-
pounds. Sensors are also widely used for environmental and weather information
gathering. They enable us to make preparations in times of bad weather and
natural disaster.”—C. K. Toh [12, pp. 30]

Certain questions naturally arise when one attempts to study wireless ad-

hoc networks. How should the nodes communicate with each other? What is the
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Interference
channel O
O Q V Relay channel

“Z”-channel

Figure 1.3: Simple multi-user configurations that may occur in a wireless ad-hoc
network

rate achievable for such a network? The ideal would be to arrive at a general
multi-terminal network information theory. However, attempting to solve the
most general case for a wireless ad-hoc or sensor network even for a few number
of nodes may be prohibitively difficult.

At the other extreme, in most strategies commonly implemented, a node
simply attempts to communicate with a node within its radio range, and if it is
out of its radio range, it attempts to relay the data via an intermediate node. If
a nearby node is transmitting in the same bandwidth, the current node simply
withholds itself from transmitting. Such a strategy however does not fully exploit
cooperation and competition amongst the nodes close by.

Rather than attempting to arrive at a general multi-user information theory
or study simple forwarding strategies, we take an intermediate stand. Our focus
in this thesis is to study in-depth three non-centralized multi-user channel com-
munication systems, namely, the relay channel, the interference channel (IFC),
and the “Z”-channel (ZC) that often arise in a wireless ad-hoc network as shown

in Fig. 1.3.
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Relay

Transmitter Receiver

Figure 1.4: Relay Channel

Figure 1.5: Interference Channel

1.1.1 Relay Channel

The relay channel is a channel in which there is one sender and one receiver
with a number of intermediate nodes which acts as a relay network to help the
communication from the sender to the receiver. The simplest relay channel has
only one intermediate or relay node as shown in Fig. 1.4. Relay channels model
situations where one or more relays help a pair of terminals communicate. This
often occurs in a multi-hop wireless network, where nodes have limited power to
transmit data. In fact, a node can help as a relay even when the receiving node
is within the radio range of the transmitting node. This might also occur in a
broadcast channel where the users are allowed to cooperate. Each of the users

can then serve as a relay for the other user.
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TX, Y Y RX,
TX, Y Y RX,

Figure 1.6: The configuration of the ZC

1.1.2 Interference channel

The simplest IFC consist of two transmitters and two receivers where there is
no cooperation between the two transmitters or the two receivers as shown in
Fig. 1.5. Each user is attempting to transmit information to its own intended
receiver but interferes with the other non-intended receiver. This might occur
when two nodes are attempting to communicate information to two different sinks
in a wireless sensor network or in two overlapping wireless LAN where two users
are attempting to communicate to their respective base stations. For the IFC
with common information, both the senders transmit not only their own private

information but also a common information to their corresponding receivers.

1.1.3 “Z”-channel

Recently, Vishwanath, Jindal, and Goldsmith [13] introduced the ZC shown in
Fig. 1.6. The ZC consists of two senders and two receivers. The transmission
of sender TX; can reach only receiver RX;, while that of sender TX, can reach
both receivers.

The Z-interference channel (ZIFC) has the same topology as the ZC shown
in Fig. 5.1. In both the ZC and ZIFC, there is no cooperation between the two
senders or between the two receivers. However, in the ZIFC, sender TX, has
no information to transmit to receiver RX;, while the ZC allows transmission of

information from sender TX, to receiver RX;. Hence, the ZC models a more
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O TX,

RX,

Figure 1.7: A ZC: transmission of sender TX; is unable to reach receiver RX,
due to an obstacle

Figure 1.8: A ZC: transmission of sender TX; is unable to reach receiver RXy
due to distance

general multi-user network compared to the ZIFC. The capacity region of the ZC
includes the capacity region of the broadcast channel (sender TXs is transmitting
information to both receivers), the capacity region of the multiple access channel
(sender TX; and TXy are both transmitting information to receiver RXj), and
the capacity region of the ZIFC (both senders are transmitting information to
their own intended receivers).

Such a multi-user configuration may correspond to a local scenario (with two
users and two receivers) in a large sensor or wireless ad-hoc network. As shown
in Fig. 1.7, sender TX; is unable to transmit to receiver RX5 due to an obstacle,
while sender TX5 is able to transmit to both receivers. Another possible scenario

is shown in Fig. 1.8, where sender TX; is so far away from receiver RXy that its
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transmission is negligible.

1.2 Thesis Outline and Contributions

In this thesis, we take an information-theoretic look at three non-centralized
multi-user channels, the relay channel, the IFC, and the ZC, building from the
information theoretic work of Claude Shannon and others.

The thesis is organized as follows.

e In Chapter 2, we take a look at the three-node relay channel. We come up
with new coding strategies for the discrete memoryless relay channel and
then apply the results to the Gaussian relay channel. We also compare the
performance of these strategies with respect to the best known lower bound

for the general relay channel.

— The main contributions of the chapter are Thm. 2.1, Thm. 2.2, and
Thm. 2.3.

— Thm. 2.1 establishes a potentially better lower bound for the achiev-
able rate of the relay channel. This rate can be achieved by either a
sequential backward (SeqgBack) decoding strategy or a sliding window
decoding strategy.

— Thm. 2.2 establishes a new lower bound for the achievable rate of
the relay channel using a simultaneous backward (SimBack) decoding
strategy. All three strategies combine the decode-and-forward strategy
[14, Thm. 1] and the compress-and-forward strategy [14, Thm. 6.

— Thm. 2.3 establishes the equivalence of the rates achieved by Thm.
2.1 and Thm. 2.2.

— Finally, we show that the rate achievable by SeqBack decoding, Sim-
Back decoding or the sliding window decoding strategy includes the
best known lower bound of Cover & El Gamal [14, Thm. 7]. When
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applied to the Gaussian relay channel, assuming zero-mean Gaussian
random variables, the new rate is shown to be strictly greater than the

generalized strategy of Cover & El Gamal.

e Strictly, speaking Thm. 2.1 and Thm. 2.2 hold only for discrete random
variables. In Chapter 3, we extend Thm. 2.2 to relay channels with more

general alphabets.

— The main contribution of the chapter is Thm. 3.2 which extends Thm.
2.1 to relay channels with more general alphabets; i.e., to the class of

probability distributions with well-defined probability densities.

— Thm. 3.2 allows us to obtain achievable rates for the Gaussian relay
channel with well-defined continuous input probability density func-
tions. We may also obtain achievable rates for mixed input distribu-
tions by setting the dominating measure to be the Lebesgue measure

plus the counting measure.

e In Chapter 4, we take a look at the IFC. We establish a simplified description
of the best known achievable rate region to date for the IFC. We then make
use of our simplified description to establish the capacity of a new class
of IFCs. We also extend this result to the case of the IFC with common

information.

— The main contributions of the chapter are Thm. 4.2, Thm. 4.7, and
Thm. 4.8.

— Thm. 4.2 gives a simplified description of the Han-Kobayashi rate
region [15, Thm. 3.1] for the IFC. Using this result, we establish
the equivalence between the Han-Kobayashi rate region and the re-
cently discovered Chong-Motani-Garg representation [16, Thm. 3| of
the Han-Kobayashi rate region. Moreover, a tighter bound for the car-

dinality of the time-sharing auxiliary random variable emerges from
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our simplified description.

— Thm. 4.7 establishes the capacity region of a new class of IFCs and
Thm. 4.8 extends the result to the IFC with common information.
The setup is similar to the class of deterministic IFCs studied by El
Gamal & Costa [17], which was later extended to the class of deter-
ministic IFCs with common information by Jiang, Xin and Garg [18].
We relax certain deterministic constraints (see (4.101) and (4.102))
that were originally imposed by El Gamal & Costa. We show by a
specific example that this class of IFC is strictly larger than the class
of deterministic IFCs of El Gamal & Costa.

e In Chapter 5, we take a look at the ZC. We first establish achievable rates for
the general discrete memoryless ZC. We then specialize the rates obtained
to two different types of degraded, discrete memoryless ZCs (DMZC) and
also derive respective outer bounds to their capacity regions. We show that
as long as a certain condition (see Thm. 5.9) is satisfied, the achievable rate
region is the capacity region for one type of degraded discrete memoryless
ZC. The results are then extended to the two-user Gaussian ZC with dif-
ferent crossover link gains (see Section 5.4). We determine an outer bound
to the capacity region of the Gaussian ZC with strong crossover link gain

and establish the capacity region for moderately strong crossover link gain.

— The main contributions of the chapter are Thm. 5.3, Thm. 5.9 and
Thm. 5.13.

— Thm. 5.3 establishes an achievable rate for the general ZC making use

of rate-splitting and joint decoding.

— Next, we specialize the result for the general setting to one type of
degraded DMZC. We also determine an outer bound to the capacity
region. The result is extended directly to the two-user Gaussian ZC

with weak crossover link gain.
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— We then specialize the result for the general setting to another type of
degraded DMZC. The result is extended directly to the Gaussian ZC
with strong crossover link gain. We also determine respective outer
bounds to their capacity regions. We establish the capacity region of
the Gaussian ZC with moderately strong crossover link gain in Thm.
5.13. For the discrete case, we show in Thm. 5.9 that the achievable

rate region is the capacity region if a certain condition is satisfied.

e In Chapter 6, we conclude the thesis with some directions for future work.

Thm. 2.1 and Thm. 2.2 are based on [19], while Thm. 2.3 is based on [20]
presented at the Information Theory and Applications Workshop, 2007. Chapter
2 is based on [21]. Thm. 4.2 is based on [22] while Thm. 4.7 and Thm. 4.8 are
based on [23] presented at the International Symposium of Information Theory,

2007. Finally, Chapter 5 is based on [24].

1.3 Notations and preliminaries

We denote a random variable with capital letter X and its realization with lower
case letter . The associated measurable space (X, Fx) is a pair consisting of a
sample space X together with a o-field Fx of subsets of X. We denote vectors
with a superscript, e.g., XV denotes a random vector of length N and 2" denotes
a realization of the random vector. The associated measurable space is given by
(X X Xy... X X, Fx, X Fxy... X Fx,) or its short form (va,]-"X{v)

The usual notation for entropy and mutual information is used. H (X) de-
notes the entropy of a discrete random variable and h (X') denotes the differential
entropy of a continuous random variable. H (X|Y') is the conditional entropy of
the random variable X given Y and h (X|Y) is the conditional differential entropy
of the random variable X given Y. I (X;Y’) is the mutual information between
the random variable X and Y and I (X;Y|Z) is the mutual information between

the random variable X and Y conditioned on the random variable Z.



1.3 Notations and preliminaries 12

Except for Chapter 3, we denote the set of both e-weakly typical and e-
strongly typical sequences w.r.t. the discrete probability distribution py (z) by
AW (X). In Chapter 3, we denote the set of e-typical sequences w.r.t. the
probability density fx (x) by AM) (X) and the set of e-strongly typical sequences
w.r.t. the discrete probability distribution px (z) by A: ™) (X). When the context
is clear, we will ignore the subscript X for fx (z) and py ().

Most of the fundamental theory about entropy and mutual information used
throughout the thesis can be found in [25]. In Chapter 3, we extend the results
of Chapter 2 to relay channels with standard alphabets. We define relative en-
tropy, conditional relative entropy, mutual information and conditional mutual
information for random variables, with well defined probability densities, taking
values in standard spaces. Most of this theory can be found in [26].

In Chapter 4, we make heavy use of the Fourier-Motzkin elimination method
for eliminating variables and removing redundant inequalities. More information

can be found at [27].



Chapter 2

On the Relay Channel

2.1 Introduction

The three-node relay channel was introduced by Van der Meulen [28], [29]. In [28],
a time sharing strategy was used to establish a lower bound for the capacity of
the relay channel. Outer bounds for the capacity of the relay channel were found
in [28], [30]. Two important coding theorems for the single relay channel were
established in a fundamental paper by Cover & El Gamal [14].

In the cooperation strategy via decode-and-forward [14, Thm. 1], the re-
lay decodes the source message and forwards it to the destination. Cover & El
Gamal made use of block Markov superposition encoding, random binning, and
successive list decoding to achieve the rate for the decode-and-forward strategy.
Two other techniques that have been proposed are commonly known as regular
encoding/sliding window decoding ( [31], [32]) and regular encoding/backward
decoding ( [33], [34]). These are summarized in [35]. The decode-and-forward
strategy was shown in [14] to achieve the capacity of the degraded relay channel,
the reversely degraded relay channel, and the relay channel with causal noiseless
receiver-relay feedback. However, this strategy does not achieve the capacity of
the general discrete memoryless relay channel or the Gaussian relay channel.

In the facilitation strategy via compress-and-forward, Cover & El Gamal
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made use of random binning and Wyner-Ziv source coding [36] to exploit side
information at the destination. In this strategy, the relay transmits a compressed
version of its channel outputs to the destination. This was also recently shown
to be capacity achieving for a class of deterministic relay channels [37].

The decode-and-forward strategy and the compress-and-forward strategy
were combined to give a generalized strategy for the relay channel in [14, Thm.
7]. The generalized strategy combines ideas such as block Markov superposi-
tion encoding, random binning, successive list decoding coupled with Wymner-Ziv
source coding to exploit the side information at the destination. The purpose of
this chapter is to investigate other generalizations of the two basic coding strate-
gies for the three-node relay channel. We discuss and derive achievable rates for
three alternative strategies that superimpose cooperation and facilitation. These
alternate strategies are modifications of the decoder and hence, changes the error
analysis at the decoder.

The first strategy performs sequential backward (SeqBack) decoding at the
receiver. Backward decoding was introduced by Willems [33] for the multiple-
access channel with feedback. Zeng, Kuhlmann, and Buzo [34] showed that many
of the proofs for multi-user channel coding theorems could be simplified using
backward decoding.

In [15], it was shown that simultaneous decoding results in superior per-
formance compared to sequential decoding for the interference channel (IFC).
Hence, our second strategy, (SimBack) decoding, investigates the performance
of backward decoding coupled with simultaneous decoding. Our last strategy
is a sliding window decoding strategy that achieves the same rate as SeqBack
decoding. In fact, sliding window decoding rather than backward decoding is
the preferred method used for multi-hopping [35], as the delay introduced by
backward decoding strategies makes it impractical for implementation.

We then compute the achievable rates for these strategies in a Gaussian

relay channel. As it may be formidable to compute the maximum achievable rate
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over all input distributions, we impose the customary restriction to the class of
jointly Gaussian input distributions. It is shown that for certain parameters of
the Gaussian relay channel, our generalized strategies outperform the generalized
strategy of Cover & El Gamal.

The achievable rates for the different generalized strategies are expressed in
different forms making it hard for comparison. Finally, we compare the various
generalized strategies by casting the achievable rates into appropriate forms. We
show that in fact all our strategies achieve the same rate; we also conjecture that
in general our strategies outperform that of the generalized strategy of Cover
& El Gamal as suggested by our numerical computation for the Gaussian relay

channel.

2.1.1 Outline

This chapter is organized as follows:

e In Section 2.2, we define the mathematical model for the discrete memory-

less relay channel and the Gaussian relay channel.

e In Section 2.3, we review some results for the general relay channel. We also
derive the achievable rates for three new generalized strategies and apply

the results to the Gaussian relay channel.

e In Section 2.4, we compute and compare the achievable rates for certain

parameters of the Gaussian relay channel.

e In Section 2.5, we compare the performance of the various generalized

strategies.
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2.2 Mathematical Model

We closely follow the formulation and notation of [14]. A discrete memoryless
relay channel consists of four finite sets X7, X, Vs, Vs, and a collection of prob-
ability distributions p (.,.|z1,22) on Y, V5. The quantity x; is the source input,
T is the relay input, ¥, is the relay output, and y3 is the destination output.
An (2N RN ) code for the relay channel is composed of a set of integers

M ={1,2,...,2V%} "an encoding function
01,22V -

a set of relay functions {®,}"=" such that

and a decoding function
Dyyr: Yy — {1,2,..,2VF}.

The relay is causal in nature. Hence, the relay transmission is allowed to depend
only on the past observations ys1, 429, ..., ¥2,—1. On the other hand, for an acausal
relay, the relay transmission is allowed to depend also on the current observa-
tion ys,. The channel is also assumed to be memoryless in the sense that the
channel outputs (yo,,ys,) depends on the past only through the current trans-
mitted symbols (x1,, x2,). Hence, for any choice p (m), m € M, any code choice
U {1,2,..,2%0 — XV, and relay functions {®,},, the joint probability

distribution function on M x XN x X3 x Y3 x Y& is given by

N
p(m,xl 2y ) = p(m) [ [ p (@inlm) p (2295 7") - D W2n, Ysnl @10, T20)

n=1
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X,
v,| Relay \Power P,

hy h,

X, Y,
Power P,

Figure 2.1: Gaussian Relay Channel

If the message m € M is sent, let
A(m) =Pr{®yi1 (Y3') # m|m sent}

be the conditional probability of error. The average probability of error is defined

by

1
PS(N):QN_RZA(m)

The probability of error is calculated under the uniform distribution over the
codewords m € M. The rate R is said to be achievable by the relay channel
if there exists a sequence of (ZNR,N) codes with Pe(N) — 0 as N — oo. The

capacity Cg is the supremum of the set of achievable rates.

2.2.1 Model for the Gaussian Relay Channel

Consider the Gaussian relay channel of Fig. 2.1, in which the source node intends
to transmit information to the destination node by using the direct link between
source and destination as well as with the help of another relay node.
The dependency of the outputs on the inputs are as follows. The relay output
is given by
Yy = ho X1 + 25 (2.1)
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and the destination output is given by
Y:Q, == h1X1 + h2X2 + Zg. (22)

The constants hg, hq, and hy are channel losses and are assumed to be constant.
Zy ~ N (0,03) and Z3 ~ N (0,02) are independent Gaussian noises. The input

power constraints are given by E [X?] < P, and E [X7] < P,.

Remark 2.1. Throughout this chapter, we make use of strong typicality in order to
invoke Berger’s Markov lemma [25, Lem. 14.8.1]. Even though strong typicality
does not apply to continuous random variables, we will still make use of the
coding theorems to compute achievable rates for the Gaussian relay channel.
This is because the coding theorems can also be proven using weak typicality by
making modifications along the lines of Oohama [38]. We will leave the derivation
of the coding theorems using weak typicality for the next chapter. Our focus, in

this chapter, is to look at new generalized strategies for the relay channel.

2.3 Coding Strategies for the Relay Channel

In this section, we review the cut-set upper bound on the capacity of the relay
channel. We also review some achievable coding strategies of [14] and then derive
two new generalized backward decoding strategies, and a generalized sliding win-
dow decoding strategy. For all the strategies, we compute rates for the Gaussian

relay channel shown in Fig. 2.1.

2.3.1 Capacity Upper Bound

The capacity of the relay channel satisfies

Ry < sup min{/l (X1Xo;Y3), I (X1;YaY3Xs)}. (2.3)

p(x1,22)
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This capacity upper bound follows directly from the cut-set upper bound [25,
Thm. 14.10.1] and can be achieved under certain conditions. The source and the
relay could transmit to the destination with rate I (X;X»;Y3) if the relay had
complete knowledge of the source message. The rate I (X;;Y5Y3/X5) could be
achieved if the destination had knowledge of X5 and Y5.

A conditional maximum entropy theorem of [39] ensures that the capacity up-
per bound for the Gaussian relay channel can be maximized by making p (x1, z2)
zero-mean Gaussian. Hence, for the Gaussian relay channel, let X; = a Xy + W,

where a is a constant. In Appendix A.1, we compute the cut-set bound to be

h2P1+h2Py+2h1hay/(1—a)P1 Py
%logQ 1 + 1 2 1 ( )P

2

Ry < sup min 032 . B (2.4)

2.3.2 Cooperation via Decode-And-Forward

For the first strategy of Cover & El Gamal [14, Thm. 1], the relay decodes all
the information transmitted to the receiver. Hence, the authors in [35] interpret

this as a decode-and-forward strategy. This strategy can achieve any rate up to

Ry = p(SUp ) {min {7 (X1 Xo;Y3), [ (X31;Ya|Xo)}}. (2.5)
1,0

In the literature, several different strategies have been suggested to achieve rate
R;. In [14], Cover & El Gamal use irregular block Markov superposition encoding
and successive decoding. In [33], Willems suggests regular block Markov super-
position encoding and backward decoding. In [32], Carleial uses regular block
Markov superposition encoding and sliding window decoding. The advantage
of the third strategy by Carleial is that both the source and the relay employ
an equal number of codewords. Moreover, a delay of only one block length is
necessary for the receiver to perform decoding.

For the Gaussian relay channel, the conditional maximum entropy theorem
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of [39] again ensures that R; is maximized by choosing X; and X, to be zero-
mean Gaussian. Similar to the computation of the cut-set upper bound, we let

X1 =aXs+ W, where a is a constant. Rate R; is then given by

2 2 o
' %]_ng (1 + h1P1+h2P2+2h;§lQ (1 )P1P2> ’
Ry = sup min ’ (2.6)
0<a<1 %logQ (1 4 ai:T%Pl)
2

2.3.3 Facilitation via Compress-and-Forward

For the strategy of [14, Thm. 6], the relay forwards a compressed version of Y3

to the destination. For any relay channel, the following rate is achievable:

Ro= sup I (XI;YQY;”XQ) (2.7)
p(z1)p(zz2)
where the supremum is taken over all joint probability density functions of the

form

p(xbx%:&?v ?J2793) = p(xl)p ($2)p(y27y3|w1’ l‘g)p (g2|y2’ 113'2) (28)

subject to the constraint
(X5 ¥) > 1 (Yo Vo3 (2.9)

Remark 2.2. The optimal distribution on (Xl, Xo, Yg) is currently still unknown.
However, restricting <X1,X2,Yg> to the Gaussian distribution allows one to
compute an achievable rate for the Gaussian relay channel using compress-and-
forward strategy. Throughout the rest of the chapter, we restrict our attention to

the class of Gaussian input distributions, which may not necessarily be optimal.

To compute an achievable rate for the Gaussian relay channel, let Yo=Y+
Zw, where Zy, ~ N (0,0%,). We also assume that X; and X, are independent,

zero-mean Gaussian random variables. (see [35, (55) and (56)] for the same
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analysis). We compute the rate in Appendix D.4 and obtain

1 h? h2
Ry = =log, (1 + P (—§ + —0)) (2.10)
2 o3

o3 + ol
subject to the constraint

h%.PlUg + h%PlO'g + O'%O'g
3P '

o > (2.11)

2.3.4 Generalized Lower Bound of Cover & El Gamal

The strategy of [14, Thm. 7] is a combination of the decode-and-forward strategy
with the compress-and-forward strategy. In (2.12) below, we have also included a
discrete time-sharing random variable @) as El Gamal, Mohseni, and Zahedi [40]
showed that the compress-and-forward strategy can be improved upon with time-
sharing. By including a time-sharing parameter (), the generalized strategy of

Cover & El Gamal achieves any rate up to

1 (X5 VaYalUXaQ) + 1 (Us YoV XaQ).

) (2.12)
1(Xi X1 %30Q) — 1 (Yas V2l UX1X2Y5Q)

R3 = sup ¢ min

where the supremum is taken over all joint probability density functions of the

form

P (q,u,v, 21, T2, Y2, U2, y3) = p (q) p (v|q) p (u]v, q)

“p(w1lu, q) p (22]v, @) p (Y2, Yal71, 22) P (G2] T2, Y2, s ) (2.13)
subject to the constraint
1(X Y5V Q) > 1 (Vo U X2%5Q) (2.14)

Remark 2.3. V represents the information that the relay has decoded in the

previous block while U represents the information that the relay can decode
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from the current block. With Q £ 0, the strategy is simply a combination of
the decode-and-forward strategy with the compress-and-forward strategy. For
example, cooperation via decode-and-forward strategy is attained by setting Q £
0, V & X,, U %2 X, and Vs £ () and facilitation via compress-and-forward
strategy is attained by setting @ 2 0, V 2 (), and U £ (. The parameter @

allows the time-sharing of different combined strategies.

We set Q £ () for ease of computation of an achievable rate region for the Gaussian
relay channel. We also assume (U, V, Xl,Xg,Yg) to be jointly Gaussian, zero-
mean random variables. Let U, X;, and X5 be zero-mean Gaussian random

variables of the following form:

U=aV + W,
X1 IbU+W1 :abV—l—ng+W1, (215)
X2 :CV+W2.

where a, b, and c are constants, and V', Wy, W, and W5 are independent, zero-
mean Gaussian random variables. For a € [0,1], 5 € [0,1] and v € [0, 1], define

the following:

_ E[W7]
o = Pl 5
E [0 W]
_EW3]
= P2 .

We also define the following:

a=1—«a, pf=1—-0, and 7y=1—1. (2.17)
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The random variables Y5, Y3, and Yg can then be written as

ng = abhoV + bhoWo + hoWl + Zg

YE; == (abh1 + Chg) Vv + bh1W() + h1W1 + h2W2 + Zg (218)
Yo=Y+ Zw

where Zy ~ N (0,0%,). We derive the following in Appendix A.3:

. 1 h2 h2
I(X;YY UX>:—1 l4ap (84 o 9.19
1 23| 2 20g2( +a1(0’§+03+0'12/v ( )
1 h2pBaP,
I(U;Y5|VXy) = =1 14 2.20
U YalV ) = o (14 i) (2:20)
1 h2P; + h2P; + 2hiho\/ @Y P, P
I(X1X2;§/3):§log2 <1+ 1h + nals + 21 2V afyh 2) (2.21)
03
~ 1 o5
I (YQ; Y2|UX1X2Y3> = _log, (1+ 22 (2.22)
2 Oy
where constraint (2.14) translates to
o2, > [ahiPioj + a3 (ahg P+ 03)] [(B — af + a) hi P + 033]' (2.23)

Yh3P, (ah3Py + 03)

2.3.5 SeqBack Decoding Strategy

In this section, we derive a new achievable rate for the discrete memoryless relay
channel. Similar to the derivation of [14, Thm. 7], we superimpose coopera-
tion and the transmission of Ys. However, the encoding and decoding methods
differ from those of Cover & El Gamal. For encoding, we make use of regular
block Markov superposition encoding and for decoding, we make use of backward
decoding [33].

The regular encoding scheme is depicted in Fig. 2.2. The regular encod-
ing scheme is depicted in Fig. 2.2. A sequence of B messages wy; X wy; €
{1,2, ...,QNR'} X {1,2, ...,zNR"}, i = 1,2, ..., B will be sent over the channel in

N (B +b + 1) transmissions. The last b blocks serve to transmit zp41 from the
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Figure 2.2: Encoding at the transmitter and relay

relay to the receiver so that the receiver can start decoding backwards starting
from block B + 1.

The auxiliary random vector V carries information wy;_; that the relay has
decoded from the previous block while the auxiliary random vector U¥ carries
the additional information wy; that the relay can decode from the current block.

2NRH

The index ws; ranges over 1 to and represents the information that the

relay cannot decode. On the other hand, the receiver can decode wo; with the
help of the estimate 7. The index z; varies over 1 to 2V R and represents the
estimate that the relay intends to communicate to the receiver. The decoding

and compression at the relay proceeds as follows:

1. Starting with block 1, the relay decodes wi; and determines the compression

index z;. It then transmits the codeword x (w11, 21) in the next block.

2. For block i, 2 < i < B, the relay (having already decoded wi; 1 and
determined the compression index z; 1) decodes wy; and determines the
compression index z;. It then transmits the codeword xd (w1, 2;) in block

1+ 1.
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3. After block B + 1, the relay transmits the index zp,1 over b blocks to the

receiver.

The receiver starts decoding only after receiving the last block. The decoding at

the receiver proceeds as follows:

1. The receiver first makes use of the last b blocks to decode 2ZB11-

2. Starting with block B + 1, the receiver then decodes w, g, followed by zp
and finally by wap 1.

3. For block i, 2 < i < B, the receiver (having already decoded wy; and z;)

proceeds to decode wy;_1, followed by z;_; and then finally by ws;.
The following theorem establishes an achievable rate for this strategy:

Theorem 2.1. For any relay channel (X X Xa, p(y2,ys|z1,x2), Vo X V3), the

following rate is achievable:

U3V X2Q) + 1 (X0 V2Vl UXaQ)

R4 = sup { min .
1UViY]Q) +1 (Xis 1a¥3|UXaQ)

(2.24)

where the supremum is taken over all joint probability density functions of the

form (2.13) and subject to the constraint
I(X YUV Q) > 1 (Y 12 UXaY5Q) (2:25)

Proof. We consider only the probability of error in each block as the total average
probability of error can be upper bounded by the sum of the decoding error
probabilities at each step, under the assumption that no error propagation from
the previous steps has occurred [34]. We will describe in detail the random
codebook generation for blocks 1 to B 4+ 1. After block B + 1, we use a new
codebook in order to reliably transmit zg, 1 from the relay to the receiver. We will
not describe the codebook generation for the last b blocks in detail as it follows

directly from the random codebook generation for a point-to-point channel.



2.3 Coding Strategies for the Relay Channel 26

Codebook generation: Fix the probability density function (2.13). We con-
struct the following codebooks independently for all blocks i, i = 1,2, ..., B + 1.
However, for economy of notation, we will not label the codewords with their
block. The reason we generate new codebooks for each block is to guarantee
statistical independence between different blocks for random coding arguments.
The random codewords to be used in each block are generated independently as

follows:

1. Generate a at random N-sequence, ¢V, drawn according to
N
N
pon (q ) = HpQ (Qn)
n=1

/
2. Generate at random 2V% ii.d. N-sequences, vV, each drawn according to

N
PyN|QN (UN|QN) = HPV|Q (Vn|qn) -
n=1

Label these vV (w,),w, € {1,2, . 2NR,}.

3. For each codeword vV (w,), generate 2 R conditionally independent N-

sequences, rd’, each drawn according to

N
pxyngy (210N (wp), @) = [ [ Pxaiva (anlvn (wy)  n) -

n=1

Label these z2 (wy, 2,), 2, € {1,2, ...,2]\”%}.

4. For each codeword v" (w,), generate 2V conditionally independent N-
sequences, u”, each drawn according to

N
PunN|yNQN (UN|UN (wp) an> = HpU\VQ (un|vn (wp) 7Qn) :

n=1
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Label these u (w,, w), w € {1, 2, ...,QNR/}.

5. For each codeword u® (w,,w) and for each codeword z3 (w,, z,), generate

ONR conditionally independent N-sequences, 4, each drawn according to

pY2N|XéVUNQN (@mxé\f (wp7 ZP) ) uN (wpa w) s qN)
N
- pr/ﬂXzUQ (QQ”‘I% (wP7 Zp) ) Un (wpa w) 7Qn) .

n=1

Label these 95" (w,, w, 2,, 2), 2 = {1,2, . ZNR}.

2]\[}%/l

6. For each codeword u” (w,,w), generate conditionally independent N-

sequences, ¥, each drawn according to

N

pX{V\UNQN <x11V|uN (wp7 'LU) 7qN) = HPX1|UQ (xlnlun (wpa w) 7Qn) :
n=1

Label these 1 (wy,, w,w,), w, € {1,2, . QNRN}.

Encoding and decoding at the relay for block i, 1 <i < B:
In block 7, the relay would already have decoded wy;_; from the previous block

1 — 1. The relay then determines wy; such that
(¢, u™ (wijm1, 1), 0N (wiim1) 23 (Wi, 2im1) 5y (1) € AN(Q, ULV, X5, Ya) .

For sufficiently large N, wy; = wy; with arbitrarily high probability (see [25, Chap.
14])if
R < I1(U;Y3|VX,5Q). (2.26)

Next, the relay determines z; such that

(QN, u (wri—1, w1s) ,wév (wii-1, 2i-1) ,?Jév (Wii1, W14, 2i-1, i) ,yév (Z))
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€ AEN) (Q) Ua X27Y2a}/2> .

For sufficiently large NN, such a z; will exist with arbitrarily high probability if
(2.27)
R>1 (YQ; %\UXQQ) . (2.27)

is satisfied.

Encoding at the relay for block i, B+2<i<B+0b +1:
After block B + 1, the relay transmits the last compression index zg.; to the

receiver over the last b blocks.

Decoding at the receiver for the last b blocks:

The receiver starts decoding only after receiving the last block yi¥ (B +b + 1).
It then makes use of the last b blocks to decode zp,1. It can be easily shown
that if max max I (Xs;Y3|X; = 21) > 0, zp41 can be transmitted from the relay

T1€XT p(x2)
to the receiver in b blocks where

o I(XaYy; Y3|UV)
| max max I (Xy; Y3|X; = 21)

T1EX] p(z2)

Since b’ is a fixed integer can be made arbitrarily close to unity

_B
’ B4 1
by choosing B to be large. Hence, the overall rate of transmission will only
be reduced by an insignificant amount due to the transmission of the last b
blocks. The overall probability of error can then be made arbitrarily small
by allowing N — oo. If max H(la))([(XQ;Yg,\Xl = x1) = 0, the capacity of the

T1€A1 p(z2

relay channel is simply given by that of the reversely degraded relay channel
max max [ (Xq; Y3|Xs = x9).
22€X2 p(x1)

Decoding at the Receiver for block 7, 2 <i < B+ 1:

Next, the receiver starts decoding from block B + 1 and proceeds backwards
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to block 2. In decoding block i, the receiver has already decoded wy; and z;
accurately from block 7 + 1. The receiver then determines the unique w;_; such

that
(C]N: o (W1i-1) >UN (W1i—1,w15) a?/év (Z>) S AEN) (Q,V,U,Y3).

For sufficiently large N, wq;_1 = wy;_1 with arbitrarily high probability if
R <I({UV:Y5Q). (2.28)

Next, it searches for the unique Z;_; such that

(QN, o (wyi-1) 7UN (w11, wr;) Jév (wii—1, Zim1) ;?Jév (W1i—1, Wri, Zim1, %) ;yz]av (Z))

S AEN) (Q? V7 U7 X27 }A/Qa }/:3> .
For sufficiently large N, 2z, | = z;_1 with arbitrarily high probability if
R<I (Xszz; Y3]UVQ) . (2.20)

Finally, the receiver searches for the unique ws; such that

<QN7 o™ (wli—l) 7UN (wu—h wlz’) 7$11V (wli—la Wi, wm;) ,Iév (wh‘—l, Zi—l) )
Gy (w1, Wi, Zi1, %) 5 Y5 (z))e AW (Q,V, U, Xl,XQ,f/Q,Y3> :
For sufficiently large N, wq; = woq; with arbitrarily high probability if
R <1 (Xl; YQY},|UX2Q> . (2.30)
We consider the following:

1(VaVaXUXQ) = 1 (Y ValUXQ) + 1 (Vs V3 [U X, YQ)

— 1 (Vs 3lUX:Q) .
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From (2.26) and (2.30), we obtain the first term of (2.24). From (2.28) and
(2.30), we obtain the second term of (2.24). From (2.27) and (2.29), we obtain

the following constraint:

(Vs halUXaQ) < T(XaVa W5lUVQ)
= (Y RalUXeQ) < 1(Xai ¥alUVQ) + 1 (Vo ViU XaQ)

= [(VnlUXYQ) < 1(XaY%|UvVQ).

Achievable Rate for the Gaussian Relay Channel
We set Q =2 () and assume (U, V, X4, X, Yg) to be zero-mean, jointly Gaussian
random variables of the same form as (2.15) and (2.18). The parameters «, (3

and v are as defined in (2.16). We can show that

I(UV;Ys) = h(Ys) = h(Ys|UV)

Loy N h3a P + h2y Py + 2hiho/ @By PP (2.31)
%% hiaPy + h3y Py + o2 ' '
We obtain from (2.19) and (2.20) the following:
~ 1 h2 h2
[(X;YYUX)z—l l+ap (44 o
1; Yo Y3|U X, 20g2<—|—a 1<U§+a§+0‘2,[,
1 h2Ba P,
I{U;Yo|[VXy) = =1 1+ 52— ).
(U5 V[V X2) g 082 < * h3aPy + cr%)
Next, let us consider
1 (Y ValUXaYs) = b (VaUXaY5) = h (VU XoY5%3)
= h (hoW1 + Zy + Zw W1 + Z3) — h (Zw)
1 aPy (hios + hio3) + o303
=1 1 . 2.32
2 %% ( T o (2P + o)) (232)
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We also consider

I (Xp; Y3[UV) = h(VaUV) = h (Y| UV X)
— b (M Wy + hoWy + Z3) — h (hy Wy + Zs)

1 h2’}/P2
=_1 1+ -—2"2 ). 2.33
; °g2( ! hgaawg) (2:33)

Finally, from (2.32) and (2.33), we obtain

ah?Pyo? + ahdPyo? + o303
Vh3 Py '

o > (2.34)

2.3.6 SimBack Decoding Strategy

In this section, we exploit the use of simultaneous decoding to obtain a new achiev-
able rate for the discrete memoryless relay channel. The codebook generation is
exactly the same as in the proof of Thm. 2.1. However, instead of performing
sequential decoding at the receiver, we perform simultaneous decoding. In [15], it
was shown that the use of simultaneous decoding results in superior performance
compared to sequential decoding for the IFC. Hence, in the Simback decoding
strategy, instead of decoding wy;_; before decoding 2; 1, we decode Z;_; and
wy;—1 simultaneously. The following theorem establishes an achievable rate for

this strategy:

Theorem 2.2. For any relay channel (X; X Xa, p(yays|xie), Vo X V3), the

following rate is achievable:

1 (X5 VaValUXaQ) + 1 (Us YoV XaQ),
1 (X1 X0 Y5|Q) = 1 (Yai VAU X1 X:Y4Q)

R5 = sup { min

(2.35)

where the supremum is taken over all joint probability density functions of the

form (2.13) and subject to the constraint

(X Y|UVQ) > 1 (Vs U X2%5Q) (2.36)
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Proof. Similar to the proof of Thm. 2.1, a sequence of B messages wy; X wg; =
[1, 2NR/} X [1, 2NRH] ,i=1,2,..., Bwill be sent over the channelin N (B + b + 1)
transmissions. Again, we consider only the probability of error in each decoding
step as the total average probability of error can be upper bounded by the sum
of the decoding error probabilities at each step, under the assumption that no

error propagation from the previous steps has occurred.

Codebook generation:
The codebook to be used in each block are generated exactly as the codebook

generation in the proof of Thm. 2.1.

Encoding and decoding at the relay for block i, 1 <i < B:
The encoding and decoding at the relay for block ¢ is carried out in exactly the

same manner as the SeqBack decoding strategy.

Encoding at the relay for block i, B+2<i<B+0b +1:
The encoding at the relay after block B + 1 is carried out in exactly the same

manner as the SeqBack decoding strategy.

Decoding at the receiver for the last b blocks:
The decoding at the receiver for the last b blocks is carried out in exactly the

same manner as the SeqBack decoding strategy.

Decoding at the receiver for block i, 2 << B + 1:
Since wy; and z; have been decoded accurately from block 7 + 1, the receiver

determines the unique wy;_; and 2;_; such that

(QN, o (1@11‘—1) ,UN (@11'—1, wli) 7553[ (wli—la 5’1‘—1) )

Z?év (wli—l>wlia2i—l>zi) >yév (Z)> € AEN) (Q7V7 U, XQ,YQ,YQ>
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For sufficiently large N, wy;_1 = wy;—q and 2Z;_1 = z;_; with arbitrarily high

probability if

R+R<I (UXQYQ; Y3|Q) , (2.37)
R<1 (ngfg; Y3|UVQ> . (2.38)

Finally, the receiver searches for the unique ws; such that

(CJN, o (wlz?l) ,UN (wufl, wu) ,37?7 (wufl, W14, w%) ,xév (wlifla Zifl) )

Igé\] ('l,Ull',l, W14y Zi—1, Zi) 72/:]),\] (Z)) c AEN) <Q7 V7 U7 Xl; X27 }A/Za }/3) .
For sufficiently large n, wy; = woy; with arbitrarily high probability if
R <1I (Xl; YQY3|UX2Q) . (2.39)

In [15], the authors show that simultaneous decoding performs better than se-
quential decoding for the IFC. Hence, in the SimBack decoding strategy, instead
of decoding wy,;_1 before decoding 2;_1, we decode Z;_; and wy;_; simultaneously.

From (2.27), (2.37) and (2.39), we obtain the following:

By < I(UXo¥3%51Q) — 1 (Ya ValUXaQ) + 1 (X1 V2¥5|U X5

= 1 (XX Y6lQ) — 1 (Ve ValUXi X6%5Q)
From (2.26) and (2.39), we obtain
R < 1({U3 3]V X5Q) + 1 (X3 VaY3UX0Q)
From (2.27) and (2.38), we obtain the constraint

(X Y|UVQ) > 1 (Vs U X2%5Q)
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]

Achievable Rate for the Gaussian Relay Channel

We again assume Q = () and (U, V, X4, X, f@) to be zero-mean, jointly Gaussian
random variables of the same form as (2.15) and (2.18). The parameters «, 3,
and v are as defined in (2.16). We obtain from Appendix A.3 the following:

: 1 B
]<X15Y2Y3|UX2> =§1Og2 I+abP | =+

2 2
o3 05t oy

h3B(1—a) Py
h3aP, + o3

1
I(U;Y3|VXy) = élog2 (1 +

1 h2P;, + h2Py + 2h ho\/ @7 P, P:
I(X1X2§Y3>:§10g2 (1+ 11 2”2 021 2 By PPy
3
A 1 O_%
2 o3,

We also obtain from (2.34) the following constraint:

ah?Pios + ahdPyo? + o303

2
oW =

2.3.7 Sliding Window Decoding Strategy

In this section, we consider a sliding window decoding strategy that achieves
the same rate as SeqBack decoding strategy, i.e, it achieves Thm. 2.1. For
the sliding window decoding strategy, a sequence of B messages wy; X wy; =
[1,2NR/} X [1,2NRH}, i = 1,2,..., B will be sent over the channel in N (B + 1)
transmissions. However, instead of decoding backwards after receiving the last
block, the receiver starts decoding block ¢, after receiving block ¢ + 2. Moreover,
the last b blocks that was necessary for both SeqBack and SimBack decoding
strategies to transmit zp,; from the relay to the receiver is unnecessary for the
sliding window decoding strategy. We also modified the sender’s transmission in
block 1 slightly from that of SeqBack and SimBack decoding strategies. For the

sliding window decoding strategy, instead of transmitting « (1, w1, 1) in block
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Block 1 Block 2 Block 3
vN(1) VN@ v (W)
u" (10, u" (W, W) u" (W, W)
XI1V<1>‘:V11)VAV21) X;\/(“A/n)wlszzz) xll\[(wlz-wlznwzz,)
x5 (1,1) x5 (W, 2) x5 (W, 2,)
P2 (1,,,1,2,) P2 (W, Wiy, 2, 25) P2 (Wi, Wiy, 2, 25)

Figure 2.3: Decoding of wq;

1, we transmit z7 (1,w1,we). This is simply to facilitate the computation of
the error probabilities at the receiver. Again, we consider only the probability of
error in each decoding step as the total average probability of error can be upper
bounded by the sum of the decoding error probabilities at each step, under the

assumption that no error propagation from the previous steps has occurred.

Codebook generation:
The codebook to be used in each block are generated independently and exactly

as the codebook generation in the proof of Thm. 2.1.

Encoding and decoding at the relay for block i:
The encoding and decoding at the relay for block ¢ is carried out in exactly the

same manner as the SeqBack decoding strategy.

Decoding at the receiver:

We assume that the receivers use typical sequence decoder. The conditions follow
from standard random coding arguments. We note that since the codebooks have
been generated independently for consecutive blocks, statistical independence is
maintained between the blocks. We will just take a look at the decoding of the
parameters for the first block. Decoding of the rest of the blocks follow exactly.
Referring to Fig. 2.3, the receiver decodes wy; by using a sliding window of the

two past received blocks y4' (1) and 3 (2). The receiver determines 1y, such
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Block 1 Block 2 Block 3
D) v (w,) "G
i (1,wy) u*(w,, () W (o, 10,5)
xf'(l,w]],fv21) xl'v(w”,l?vlz,ﬁ/n) x'lv(\?vlz,ﬁvn,ﬁvﬂ)
X (1,1) x5 (wyy, %) x5 (W, 2,)
P (Lwy,1,2,) w2 5)| | 9 Gy, W, 2, 25)

Figure 2.4: Decoding of wis
that
(@, vy (1), u) (1L,0m), 25 (1,1),531) € AN (Q,V, U, X, Ys)

and

(qg[v Uév (wH) 7931,\;) S AEN) (Qv Vvv YE’)) :

This can be decoded with arbitrarily small probability of error as long as N is

sufficiently large and
R <I(U;Y3|VX2Q) +1(V;Y5]Q). (2.40)

Referring to Fig. 2.4, the receiver next decodes wis by using a sliding window

of the two blocks ¥4’ (2) and v’ (3). The receiver determines w9 such that
(C]év> Uév (w11) ,Uév (w11, W12) ay:z],\é) € AEN) (Q,V,U,Y3)

and

This can be decoded with arbitrarily small probability of error as long as N is

sufficiently large and

R <I(U;Y3VQ) +1(V;Y5|Q)
= [(UV;Y3Q). (2.41)
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Block 1 Block 2 Block 3
v'(1) v (wy) v (wy,)
uV (1,wy,) u (wy,,wy,) uV (Wi, Wys)
XV (1w, Wy) XV (Wyy, Wiy W) XV (Wyy, Wy, Was)
% (1,1) e X (W, 2,)
0w 1E) | w2 2| 5w 2,5)

Figure 2.5: Decoding of z;

We note that (2.41) is a tighter constraint than (2.40) from the following inequal-

ities:

L(U; Y3V XoQ) + I (V;Y3]Q)
= H (U|VX2Q) — H(UVX2Y3Q) + 1(V;Y3]Q)
= H(U|VQ) — H(U|VX2Y3Q) + I (V;Y3|Q)
> H{UWVQ) - HUVY;Q) +1(V;Ys]Q)
=1 (UV;Y3|Q). (2.42)

Hence, we will choose R to satisfy (2.41) rather than (2.40). Moreover, the
constraint (2.40) only occurs in the decoding of the first block. Referring to Fig.
2.5, the receiver decodes z; using a sliding window of the two past received blocks

y2 (1) and y2¥ (2). The receiver determines 2, such that
(el (L wn) ) (11), 68 (Lo 1,21) ) € A (Qu U, X, Vo, o)
and
(qév,vév (wi1) ,ud (wyy, wia) , 25 (wiy, 21) ,yé\é) € AgN) (Q,V,U, X5,Y3).

This can be decoded with arbitrarily small probability of error as long as N is
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Block 1 Block 2 Block 3
vi'(1) vV (wy,) vV (wy)
uV (1,wy,) u (wy,,wy,) uV (Wi, Wys)
x) (1w, (7,) X wiwoivg) | [ w1y, )
X (1,1) x5 (Wi, 2)) x5 (W, 3,)
P (,w,1,2) P wiowo 2 )| | 9wy, W, 2, 25)

Figure 2.6: Decoding of wy;

sufficiently large and

R < I (Y ValUXaQ) + 1 (X3 Y3 UVQ)

_7 (XQYQ;WUVQ) . (2.43)

Referring to Fig. 2.6, the receiver decodes ws; using only the first received block

y (1). The receiver determines 1,; such that

( Q{Vauiv (17w11) 71‘% (17 1) axﬁ (Lwllanl) )

?92]\5 (17w11a 1721) 7y?],\{ ) € AEN) (Q7 U: X17X2a§>27Y3> .

This can be decoded with arbitrarily small probability of error as long as N is

sufficiently large and
R <1I (Xl; YQY3|UX2Q) . (2.44)

We note that (2.26), (2.27), (2.41), (2.43) and (2.44) give us the same constraints
as SeqBack decoding. Hence, we see that sliding window decoding strategy can

also achieve the rate given by Thm. 2.1.

Remark 2.4. Decoding the parameters in a different order gives us a different
rate. For example, sequentially decoding w;; (using the past received blocks 32
and y}), followed by 2; (using the past received blocks y2 and 32, followed by

woy (using the past received block y3}) gives us the rate of Cover & El Gamal’s
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1 unit
d
-
Source Relay Destination

Figure 2.7: Linear configuration for the Gaussian relay channel

generalized strategy. There could potentially be many different ways to decode
all the parameters but many of them would give us either the rate of Cover & El

Gamal’s generalized strategy or the rates given by our generalized strategies.

2.4 Numerical Computations

In this section, we numerically compute the rates for the various strategies de-
scribed in the previous section, i.e., cut-set upper bound (Ry), decode-and-
forward (R;), compress-and-forward (Rz), the generalized lower bound of Cover
& El Gamal (Rj3), the SeqBack decoding strategy (Ry), and the SimBack decod-
ing strategy (Rs). The physical setup is the Gaussian relay channel shown in
Fig. 2.7. Here, the nodes are collinear, the distance between the source and the
destination is 1 unit, and the distance between the source and the relay is d. The

quantities hg, h; and hs are given by

1

hlzl, h2:m

1
-, 2.45
) (2.45)

In all our computations, we have assumed zero-mean, jointly Gaussian ran-
dom variables. Even though this may not necessarily be optimal, it allows us to

compare the rates achieved by the various strategies for this restricted class of

probability distributions.

Remark 2.5. From Fig. 2.8 and Fig. 2.9, we note that as the relay node gets

closer to the source, i.e., as d decreases, the rates of all the generalized strategies
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Figure 2.8: Comparison of achievable rates for the relay channel for various coding
strategies



2.4 Numerical Computations 41

P1:10, P2:l, o,=1 0,=1

rate/bits per transnission

195 | | | | | | |
0.76 0.77 0.78 0.79 0.8
d/'m

Figure 2.9: Comparison of achievable rates for the relay channel for various coding
strategies
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coincide with that of the decode-and-forward strategy. Conversely, as the relay
node gets closer to the destination, i.e., as d increases, the rates of all the gen-
eralized strategies coincide with that of the compress-and-forward strategy. This
coincides with the observation in [35], where the authors observed that decode-
and-forward performs better as the relay moves toward the source while compress-
and-forward performs better as the relay moves toward the destination. In fact,
decode-and-forward achieves the capacity when the relay is at the source, while
compress-and-forward achieves the capacity when the relay is at the destination.
The generalized strategies will offer no improvement over decode-and-forward or

compress-and-forward when either one of the two strategies dominates.

Remark 2.6. We also observe that for certain values of hg, h1 and hs, our strategies
outperform the decode-and-forward strategy, the compress-and-forward strategy
and the generalized strategy of Cover & El Gamal. In general, our strate-
gies outperform the generalized strategy of Cover & El Gamal in regions where
the decode-and-forward strategy performs almost as well as the compress-and-
forward strategy, i.e., neither decode-and-forward strategy nor compress-and-

forward strategy dominates.

2.5 Comparison of the generalized strategies for
the relay channel

In this section, we compare the performance of the various generalized strategies.

2.5.1 SeqgBack decoding and Simback decoding strategy

From the previous section, we observe that the SeqBack decoding strategy and the
SimBack decoding strategy perform equally well for the Gaussian relay channel
with the given parameters. In fact, both strategies perform equally well when the

constraint [ <Yg, Y2|UX2Y3Q) < I (Xo; Y3|UVQ) holds with no slack. We can see
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this from the second term of (2.24)

(X3 Va%UXQ) +1(UV:Y;/Q)
= L(Xi K[UXQ) + LUV Y3(Q) + 1 (X1 RlUX:%Q)
= (X1 Y5|Q) = I (X3 V3| UVQ) + I (X1 a|U X5%3Q)
— [(X1X5:¥51Q) — I (Y ValUXaY5Q) + 1 (X35 ValUXz%3Q)

= [(Xle;Y3|Q) -1 <Y2;Y2’UX1X2Y},Q> .

This is the second term of (2.35). For the Gaussian relay channel with Q = ()
and assuming zero-mean, jointly Gaussian random variables, the rate maximizing
distribution is always such that the constraint holds with no slack for both the
SeqBack decoding strategy and the SimBack decoding strategy. Hence, both our
strategies perform equally well. In general, one might suspect that Ry < Rj since
it is possible that the rate maximizing probability distribution has slackness in the
constraint. In this section, we answer this question affirmatively in the following

theorem:

Theorem 2.3. The rate given by Thm. 2.1 is the same as that given by Thm.
2.2, i.e, R4 = R5.

Proof. Assume that the rate maximizing probability distribution for Thm. 2.2 is

as follows:

p1(q) p1 (v[q) p1 (ulv, q) p1 (21]u, q)

*P1 ($2|U7 q)p(yg,y3|x1, I2)p1 (?32|U, T2, Y2, Q) . (2-46)

Let the joint distribution of the set of random variables <Q1V1U X 11X21Y21Y21Y31>
be given by (2.46). Next, let the joint distribution of the set of random variables
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<Q2U2X12X22Y22Y22Y32>, where V? = X2, be given by

P2 (an,$1,$2ay2,@2;y3 Zpl |C] ) p1 (U|U q) P (I1|U q)
veY

P (932|"Ua q)p(yz,y3|:x1, $2)p1 (Q2|U, L2,Y2, CI) . (2-47)

Let the random variable I range over {1,2}, where 0 < Pr(/ =1) = a <1 and
Pr(I =2) = 1—a. Furthermore, we define Q = (QI,[), Vvaevivayul x, 2
XL X, 2 XL Y, 2V Y, 2 Y], and Y3 2 VY for SeqBack decoding. Essentially,
the SeqBack decoding strategy employs a time-sharing strategy between the two
codebooks generated by the two probability distributions (2.46) and (2.47) (see
also [33, Appendix A]). Next, we need to set an appropriate value for a. If
I(Xy; YHU'WVIQY) = 0, set a = 0. Otherwise, we set a as follows:

()
I(X: Y3 |UVIQY)

a= (2.48)
For the first term of SeqBack decoding, we obtain

1 (X3 aXlUX2Q) + 1 (U3 |V X5Q)

1 (X%;%%lIUlX%Ql) +a- (UL Y, [VIX,QY)
(1 ) (U2 Y2’V2X2Q2)
I(XLY v UxlQ ) +a-T(USYHVIXLQY)

+(1—a)-I(ULY}X,QY). (2.49)

This is greater than the first term of Thm. 2.2 as seen from the following inequal-
ities:
1USY;1X3QY) = H (V31X1Q") - H (131U X1Q")
H (Y, |V'X,Q") — H (Y, |U'X,Q")
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=H (Y, V' X,Q") — H (Y, VU X,Q")
=1 (UL, |VX,QY) . (2.50)

Since we have

(X V3 [UVQ) — I (Y V2 U XaY5Q)
= ol (XLYHUWVIQY) — 1 (1/2; Y2|UX2Y3Q>
= al (X5 UVIQY) — 1 (v 33U X1, Q')

—0 (2.51)
we obtain for the second term (2.24) of SeqBack decoding

I(X0 X5 Y51Q) = T (Yo U X, X2Y50Q) (2.52)
—{10lUVQ) — 1 (YuTalUXaviQ) |
= [(X1x3Y1Q") — 1 (Y VU X X3y, Q') (2.53)
—{10GUVQ) — 1 (Ya T UxaY:0Q) |

= [(X1 x5 Y1Q") — 1 (VYU X X3 Q) (2.54)

Hence, the second term in (2.24) is always equal to the second term in (2.35).
Therefore, all rates achievable by Thm. 2.2 are achievable by Thm. 2.1. Since
R5 > R4, we have R4 = R5. ]

2.5.2 SimBack decoding and generalized strategy of Cover
& El Gamal

We first cast the achievable rates for SimBack decoding and the generalized strat-
egy of Cover & El Gamal into appropriate forms for comparison. We note that
all three generalized strategies are subjected to a constraint, (2.14) for the gen-

eralized strategy of Cover & El Gamal, (2.25) for SeqBack decoding, and (2.36)
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for SimBack decoding. We may express the rates in different forms without the
constraints (2.14), (2.25), or (2.36). Since the rates achievable by both SeqBack
decoding and SimBack decoding are equal, we may write the rate achievable by

both strategies in the following form:

Lemma 2.4. The rate achievable by both SeqBack and SimBack decoding strate-
gies 1s given by

( ( N )

10X Y3]Q) — 1 (Yo Ve U X1 X2Y5Q)
(X VYlUXaQ) +1 (U V2]V X20),
1 (X V3%(UXQ) + 1 (U3 3|V X5Q)

(X5 Y UVQ) — T (Vs ValUX3Y3Q)

(2.55)

R5 = sup ¢ min

\ \ J 7

where the supremum s taken over all joint probability distribution functions of

the form (2.13).

Proof. We first note that the first two terms of Lem. 2.4 is the same as the
two terms of Thm. 2.2. Hence, we see that the rate achievable by Thm. 2.2 is
achievable by Lem. 2.4 since I (Xy; Y3|UVQ) — I (YQ; }72|UX2Y3Q) > 0 from the
constraint (2.36) of Thm. 2.2.

We will show that that the rate achievable by Lem. 2.4 is also achievable
by Thm. 2.2. We note that if the rate maximizing probability distribution for
Lem. 2.4 is such that I (Xo;Y3|UV Q) — 1 (YQ; }72|UX2Y3Q) > 0, this rate is also
achievable by Thm. 2.2.

Hence, we may assume that the rate maximizing probability distribution for

Lem. 2.4 is such that I (Xo; Y3|UVQ) —1I (YQ; YfgyUXﬁng) < 0 and is as follows:

b1 (Q) P1 (U|Q)p1 (U|U7 Q)pl (561|U, Q)

" D1 (1'2’?], Q)p(y%y:’)‘xl? $2)p1 (Z)Q‘U, T2, Y2, Q) : (256)

Let the joint distribution of the set of random variables <Q1V1U LX 11X21Y21}A/21Y51)
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be given by (2.56). Next, let the joint distribution of the set of random variables
(Q*V2U?X2X2Y2Y?2), where Y2 2 (), be given by

D2 (q, v, U, T1, T2, Y2, ?13)

= p1(q) p1 (v]q) p1 (u|v, @) pr (21|, @) p1 (2|v, @) p (Y2, ys|z1, 22) . (2.57)

Now, let the random variable I range over {1,2}, where 0 <Pr(I =1)=a <1

and Pr (I = 2) = 1 — a. Furthermore, we define Q £ (Q],[), VavVvILU£U!,

X1 2 XL X, 2 XL, 2Y], Y, 2Y/, and Yy 2 VY for SimBack decoding.

Next, we need to set an appropriate value for a. We set « as follows:
(X5 Y5 |UTVIQY)

a= - . (2.58)
1(vVI0 Xy Q)

We see that the second term of Thm. 2.2 is greater than the first term of Lem.

2.4 as follows:

1(Xi X1 %30Q) — T (Yas ValUX1 X2Y5Q)

(XIX31QY) — a1 (Vi VU X X1 QY)

> 1(X1x35731QY) - 1 (v % 10" X! X3y, Q") (2.59)

Moreover, we see that the first term of Thm. 2.2 is greater than the last term of

Lem. 2.4 from (2.60) as follows:

TXEVUXQ") + a1 (XEVIUXYIQY) + 1 (U v VX))
(XEVUIXGQ) + 1 (U Y3VIXiQ)

ey - 1 (v U XY

= T(XEVIUNGQ) + a1 (VR UG

—a-1 (}/’21’5721‘U1X11X21Y})1Q1> +7 (Ul,}/é1|V1X21Q1)
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1(XEVYUXIQY) + 1 (U Y3V X4Q))
ey vy - 1 (v Xy Q)
=1 (X1;Y5 (U X5Q") + 1 (X3 Y3 [UV'QY)
— a1 (Y UXIXIQY) + 1 (U Y, VIX3QY)
I(XEVYUIXEQ) + 1 (U Y|V XiQ)
oY — 1 (v X))

=1 (VR XIXYQY) — a1 (Y RIUIXIXGYIQY) 2 0. (260

Hence, all rates achievable by Lem. 2.4 are achievable by Thm. 2.2. Since all
rates achievable by Thm. 2.2 is also achievable by Lem. 2.4, the two rates are in

fact equivalent. [l

Remark 2.7. We obtain the same rate given by Lem. 2.4 if we decode all unknown

N N N N ~N N
)

parameters (g ,ut, xy Uy, xy ) in a single block simultaneously.

Following exactly along the same lines, we can express the first term (2.12)
of the generalized strategy of Cover & El Gamal to be of the same form as the
first term of Lem. 2.4. We state the following version of the generalized strategy

of Cover & El Gamal as a lemma below:

Lemma 2.5. The rate achievable by Cover & El Gamal’s strategy is given by

( ( AR

I(X1X5;Y3]Q) — Yz,YszX1X2Y3Q)
I(Xl,YgY3|UX2Q +1(U;Y2[VX5Q),
I (Xl;yz}gwxzcg) +1(U; V2|V X20Q)
H (X YIVQ) ~ 1 (Yas VU XaY:Q)

\—//\

R3 = sup ¢ min ¢ (2.61)

\ \ VA

where the supremum s taken over all joint probability distribution functions of

the form (2.13).

Proof. Follows exactly along the lines of the proof of Thm. 2.3 and Lem. 2.4. [
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Remark 2.8. Proof of Lem. 2.5 above makes use of previous techniques used in
the proofs of Thm. 2.3 and Lem. 2.4. We note that the first two terms of Lem.
2.5 is of the same form as that given in [14, Thm. 7]. However, the third term
of Lem. 2.5 has combined the constraint of [14, Thm. 7] with the second term
of [14, Thm. 7].

Remark 2.9. Comparing SeqBack and SimBack decoding with the generalized
strategy of Cover & El Gamal, we note that the first two terms of Lem. 2.4 and
Lem. 2.5 are exactly the same. However, the last term of SeqBack/SimBack
decoding strategy is more relaxed than that of Cover & El Gamal’s strategy as

seen from the following inequalities:

(X2, Y3|UVQ) = H (Xa|UVQ) — H (X2[UVY3Q)
= H (Xo|VQ) — H (X2|UVY3Q)
> H (Xo|VQ) — H (X2|VY3Q)
=1 (X V3V Q). (2.62)

We readily see that R3 < Rs. In the previous section, we showed an improve-
ment for both SeqBack decoding and SimBack decoding compared to the gener-
alized strategy of Cover & El Gamal by looking at the Gaussian relay channel
(Strictly speaking, the rates for all the generalized strategies apply only to discrete
memoryless relay channels) and restricting the input distribution to the class of
zero-mean Gaussian random variables. For certain parameters of the Gaussian
relay channel, we find that R; > R3 for this restricted class of Gaussian input

distributions. Hence, we conjecture that in general R; > Rj.



Chapter 3

Relay Channel with (General
Alphabets

3.1 Introduction

In the previous chapter, we presented three different generalized strategies for the
discrete memoryless relay channel. One of the strategies uses sequential backward
(SeqBack) decoding, the second strategy exploits simultaneous backward (Sim-
Back) decoding, while the third strategy employs a sliding-window decoding strat-
egy. It was also shown that all three strategies achieve the same rate and was also
shown to contain the rate of Cover & El Gamal’s generalized strategy. The proof
for our generalized strategies and Cover & El Gamal’s generalized strategy re-
quire the use of strong typicality to invoke Berger’s Markov Lemma, [25, Lemma
14.8.1], [41]. However, strong typicality does not apply to continuous random
variables. In [35, Remark 30|, Kramer, Gastpar & Gupta made a comment that
the Markov lemma can be generalized along the lines of [38], and thereby show
that [14, Thm. 6] can be applied to the Gaussian relay channel. However, the
input distributions must be restricted to the class of Gaussian distributions and
no rigorous proof of the coding theorem is given.

In this chapter, we extend the rate of the SeqBack decoding strategy to
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relay channels with general alphabets. As we have already noted, the proof of
the coding theorem given in the previous chapter relies heavily on the discreteness
of the channel. We quote an additional problem noted by Wyner in extending
results from discrete channels to continuous channels in the case of source coding
with side information at the decoder [42].

“In many other situations in the Shannon theory, such proofs can be easily
adapted to the non-discrete case by finding appropriate discrete approximations
to non-discrete random objects. In the present problem, however, this approach
s particularly difficult. Among the reasons is the following: Let X, Y, Z be
a Markov chain of non-discrete random wvariables, i.e., X, Z are conditionally
independent given Y. Let X, Y, and Z be finite approzimations to X, Y, and Z,
respectively. Then X, Y, and Z is not necessarily a chain.”

For the generalized decoding strategies, Markov chains also play a vital role

in the proof. It is clear that we must also proceed with care.

3.1.1 Outline

This chapter develops a generalized decoding strategy (SeqBack) for the relay
channel with general alphabets. We prove the main coding theorem using weak
typicality rather than strong typicality. We modify the proof of the extended
Markov lemma for Gaussian sources by Oohama [38]. However, without being
limited to Gaussian input distributions, our result extends to all input distribu-
tions with well-defined probability densities (with appropriate o-finite measures

that will be defined later on). This chapter is organized as follows:

e In Section 3.2, we define the mathematical model for the relay channel
under study and the required technical tools. We also review some basic
results for jointly typical sequences for random variables with probability

densities.

e Section 3.3 summarizes the main result of this chapter.
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e Section 3.4 gives an overview of the preprocessing necessary at the relay so
that joint typicality for random variables with densities is sufficient for the

proof of our coding theorem.

e In Section 3.5, we describe in detail the encoding at the source, decoding
at the relay and preprocessing at the relay. We also describe the SeqBack
decoding strategy at the receiver and compute in detail the probability of

error events at both the relay and receiver.

3.2 Model and Preliminaries

We first describe the mathematical model of the relay channel with standard
alphabets. Throughout the chapter, we assume random variables take values
from a standard space [43, Sec. 2]. A measurable space (A, F4) is standard (or
a Borel space) if A is a Borel subset of a complete separable metric space and
F 4 is the class of Borel subsets of A. For standard alphabets, regular conditional
probability distributions always exist. An additional property of standard spaces

is that the Cartesian product of standard spaces is also a standard space.

3.2.1 Relay Channel Model

A memoryless relay channel consists of a source input space (X), Fx,), a re-
lay channel input space (X, Fy,), a relay output space (s, Fy,), a destina-
tion output space (Vs, Fy,), and a regular conditional probability distribution
T (Eyv,ys |1, 22): 11 € Xy, 9 € Xy, Ey,y, € Fy, X Fys.

An (2N E N ) code for the relay channel is composed of a set of integers

M ={1,2,..,2V%} "an encoder which is a (measurable) mapping

U {1,2,..,2VF) - Y
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a set of relay functions {®,}"=" such that
P, Yy = Xy, 1<n<N,

and a decoder

Dyyr: Yy — {1,2,...,2VF}.

The relay is causal in nature. Therefore, the relay channel input is allowed to
depend only on past observations a1, ¢a9, ..., Yo,—1. In addition, the channel is
assumed to be memoryless. Hence, if the input sequences are ¥V and 25, the

output sequences are governed by the Cartesian product measure

n=N

T (|lev,xév) = H T (%10, Ton)
n=1
We will denote the marginal conditional distributions YN (V¥ x [z}, 2)) and
TV (- x Y|z, 2)') by the same notation as above, where the context will make
it clear. If the message m € M is sent, let A (m) denote the probability of error.

The average probability of error is defined by

1
Pe(N):QTRZ)\(m)

The probability of error is calculated under the uniform distribution over the
codewords m € M. The rate R is said to be achievable by the relay channel
if there exists a sequence of (2% N) codes with P™N) 0 as N — 0o. The

capacity CR is the supremum of the set of achievable rates.

3.2.2 Entropy, Conditional Entropy, and Mutual Informa-
tion

Let X and Y be random variables taking values in standard spaces (X, Fx)

and (), Fy). Let Pxy and Mxy be two distributions on (X x Y, Fx x Fy) and
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assume that Mxy >> Pxy (Mxy >> Pxy means that My dominates Pyy,
i.e., for each EXY € fX X fy, MXY (Exy) =0 implies PXY (Exy) = 0) Let Py
and My denote the induced marginal distributions. Define the densities (Radon-

Nikodym derivatives):

dPxy dPy
fXY dMXY ) fY dMy ( )
Define also the conditional density
Ixv(zy) if fy (y) >0
fxpy (zly) = MW ) (3.2)
1 otherwise.
Supposing that these densities exist, we define the relative entropy as
1
Hpyu (V) = [ fy (y)log ———dMy (y) (3.3)
fy ()
and the conditional relative entropy as
H X|Y) = / x,y)log ——dMxy (z,y) . 3.4
pim (XY) fxy (z,y) ng|Y @l xv (7,9) (3.4)
Hence, the following chain rule applies for conditional relative entropies:
Hpv (X,Y) = Hpjar (Y) + Hpyur (X]Y) (3.5)
We then define the mutual information as follows:
I(X;Y) = Hpyar (X) + Hpya (V) — Hpya (X,Y). (3.6)

Remark 3.1. Such a definition of mutual information is certainly more restric-
tive than the usual definition of mutual information for general alphabets by
Dobrushin [44] or the definition of mutual information in terms of the divergence

of the joint distribution Pxy of the random variable X and Y and their product
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distribution Py x Py [26, eq. 5.5.1]. We can readily find examples where we
might have co 4+ 0o — oo in the RHS of (3.6). However, such a definition allows
us to readily extend results for the discrete relay channels to relay channels with
general alphabets using standard typical set decoding arguments and a modifi-
cation of Oohama’s Markov lemma. Throughout the chapter, we assume that all

the quantities defined above are < co.

Given a third random variable Z taking values in a standard space (Z, Fy).
Suppose that My, >> Pxyz (absolute continuity implies absolute continuity

for the restrictions), define the conditional mutual information as
I(X;Y|Z) = Hpyy (Y]2) + Hpyy (X|2) = Hp (XY Z). (3.7)
If X - Y — Z form a Markov chain under M and P, we have [26, Cor. 5.3.3]

Ixyyz (xlyz) = fxy (z]y) (3.8)

in which case Hpj (X|Y) = Hpym (X|YZ) and I (X;Z]Y) = 0. Finally, we

define Px, 7y as follows:

Pxyxzly (Ex X Ez x BEy) = / Pxiy (Ex|y) Pzyy (Ezly) dPy (y) (3.9)

Ey

where Fx € Fx, By € Fy, and E; € F5.

3.2.3 Jointly typical sequences

Let us assume a standard space (X, Fx) together with a o-finite measure M. For

a Fx-set A, we define vol (A) as follows:

vol (A) = /A dM. (3.10)
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We now extend the AEP for densities to a form that we will use to prove
our coding theorems. Let (X7, X5, ..., X) denote a finite collection of standard
alphabets taking values in a standard space. Let S denote an ordered subset of
these random variables. Suppose that the joint distribution P for (X, Xo, ..., Xi)
has a density f (z1, s, ..., 2x) with respect to a o-finite measure M. Hence, the
joint distribution Pg for S has a density fg(s) with respect to the restricted

o-finite measure Mg. Consider N independent copies of .S, we then have
n=N
fon (SN) = H fs(s,), s eS8V,
n=1

Lemma 3.1.

1. For € > 0 and sufficiently large N, there exists a Fxn X Fxy... % sziV_
measurable set ALY (X1, Xo, ..., Xi) that satisfies

1
{(;pﬁv,x?,...,x}j): —ﬁlogfgzv (s™) — Hpjar (5) <e,VS§{X1,X2,...,Xk}}.

and

Pon (AM(S)) > 1—¢, VS C{X1,Xp, ..., X;}
2. sV e AN (9) = |—+ log fsn (s) — Hpyur (S)| < €
3. (1—e¢) N (Hpjjar(8)=¢) < vol (AﬁN) (S)) < oN(Hpjja(S)+e)

4. Let Sy and Sy be two subsets of { X1, X, ..., Xy }. If (s, s)) € AW (S1,52),
then

o~ N(Hpn(5152)+2¢) Fem sy (sN]s)) < o~ N(Hpjin(S11S2)~2¢)
< fsmys <

5. Let Sy and Sy be two subsets of {X1, Xo, ..., Xp}. If s5 is an element in
AN (S1,S2), for any € > 0, define AN (S1]sd') to be the Fsn-measurable

set of sV sequences that are jointly e-typical with a particular sb sequence,
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then for sufficiently large N, we have

vol (AEN) (51!89[)) < 2N(HPHM(S1\32)+25)_

Proof. 1) follows from directly from [45, Thm. 1]. 2) follows directly from the
definition of A™ (S). 3) follows from

— N
= /AEN)(S) fsN (S )dMSN

< / 2_N(HPHM(S)_5)dMsN
AN(9)

o) [ g
AN (s)

= 27 NHru($)=<) 0] (AN () (3.11)

and

> / Q*N(HPHM(S)Jrﬁ)dMsN
AN (s)

o) [ g,
AN (3)

— o NP S)+)yol (AN () (3.12)

and 4) follows, since if (s,s)) € AN (8, 8,), we have 9~ N(Hpa(S2)+e)

oy (s5) < 27 N(mn(59- and also 2 VP94 < foven (o1 o) <

IN
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9= N(Hpyar(51,82)=¢) Therefore, we obtain

N N
2—N(HPHM(51\SQ)+2E) < fS{VSéV (81 732) < 2—N(HPHM(51\SQ)—26).

- ey (s2")

Finally, 5) follows from [26, Lem. 5.3.2], we have

1= /SN fsvisy (s7]s5) dMgn sy
1
z /AEN)(Sllsév) fslN\séV (51 ‘52) SN|SN

2/ 2_N(HPHA4(51|52)+26>dMsN‘SN
™ (s119) v

Z 2—N(HP|M(SI|SZ)+2€)/ dMSN|SN
AN (5ys)) P
— 9~ N(Hpu(S1182)+2¢) ] (AEN) (Sﬂsév)) ' (3.13)
O

Remark 3.2. We see that the joint AEP for discrete random variables also holds
for random variables with densities. When M is the counting measure, Hpjja (X)
is the entropy of the discrete random variable X and vol (AEN) (X )) denotes the
number of elements in the set ALY (X). When M is the Lebesgue measure,
Hpjp (X) is the differential entropy of the continuous random variable X and

vol (AEN) (X )) is the smallest volume set with probability > 1 — .

3.3 Summary of Main Results

We now summarize the main contributions of this chapter. First, we state our

main result in Thm. 3.2 below.

Theorem 3.2. For any relay channel (Xyx Xy, T (|21, 22), YoaxVs3), the following
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rate:

I (X VaY|UXeQ) + T UV YHQ),

Reyg = sup { min . (3.14)
1 (X VaY|UXeQ) + 1 (U3 Vol VXaQ)
subject to the constraint
I (Xﬁ@; Y3|UVQ> > T <Y2; 572|UX2Q) . (3.15)

1s achievable, where the supremum is taken over all densities of joint distributions
Povux, xovavay, With a dominating o-finite measure Movux,x,vav,ys- Both the
probability distribution and the marginal dominating o-finite measure must factor

as follows:

Povux, x,9a1aYs (Eq x By x Ey X Ex, x Ex, x Ey, x Ey, X Ey,)

/ dP QVUX1X2Y2YaYs
EQ><EV><EU><EX1 XExq, X Ey, ><EY2 ><Ey3

//// / / / APy, 11 x5y, Ve 3| X1 X2 APXo v QA Px U Q
EQ Eyv J Ey EXI EX2 Ey2 ><E'y3

X dPU‘VQdeQdPQ
(3.16)

where Eg € Q, By €V, By €U, Ex, € &), Ex, € &s, E{/Q € l)}z; Ey, € Vs, and
Ey, € V3. In addition, the marginal dominating o-finite measure must factor as

follows:

Movux,v, = Muxx,va|Qv (3.17)
Mavuys, = Myvxys|Q (3.18)
MQVUXQY/QYg = MX2Y2xY3|QVU (3~19)
MQVUX1X2Y2Y3 - MXleXngYg\QU (3.20)
Moy x,vevs = My, vau 00 (3.21)
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Proof. Refer to Section 3.4 and Section 3.5. m

e Since absolute continuity (Myyz >> Pxyz) implies absolute continuity
for the restrictions (e.g. Mxy >> Pxy, My >> Px,...) and from [26, Cor.

5.3.3], we have from Thm. 3.2

Movux,yes = Muxx,valov >> Pusxoveiqv >> Povux,ys (3.22)
Movuy, = Muvxysi@ >> Povxysio >> Povuys (3.23)
MQVUX2Y2Y3 = MV xyv3|QVU >> PXQYQXY3|QVU >> PQVUX2Y2Y3 (3-24)

Moyux,x,vvs = Mx, wvxavavsiou == Pxyxvxatavsiou >> Povux, xavavs
(3.25)

Maux,v,vs = My, im0 %0 == Pryxiaiuxao > Povxavaty: (3.26)

e Thm. 3.2 was derived for the SeqBack decoding strategy in the previous
chapter for the discrete memoryless relay channel using strong typicality.
In this chapter, we prove Thm. 3.2 using joint typicality proved in Lem. 3.1
and therefore extend this result to relay channels with general (standard)
alphabets. Our proof follows along the same lines of Oohama’s proof of the
extended Markov lemma for Gaussian sources [38]. However, it is not nec-
essary to restrict the input probability distributions to the class of Gaussian
distributions as in [35, Remark 30]. We however need to restrict our atten-
tion to the class of probability distributions with well-defined probability
densities (Rem. 3.1).

e Even though the requirement of a dominating o-finite measure (which fac-
tors as in Thm. 3.2) may seem restrictive, Thm. 3.2 allows us to obtain
rates for a fairly large class of relay channels. By setting the dominat-
ing measure to be the counting measure, we immediately obtain achievable
rates for the discrete memoryless relay channel. By setting the dominat-

ing measure to be the Lebesgue measure, we obtain achievable rates for



3.4 Preprocessing at the Relay and Codebook generation 61

the Gaussian relay channel with well-defined continuous input probability
density functions. We may also obtain achievable rates for mixed input dis-
tributions by setting the dominating measure to be the Lebesgue measure
plus the counting measure. For all these cases, conditions (3.22)-(3.26) are

clearly satisfied.

3.4 Preprocessing at the Relay and Codebook
generation

The codebook generation is essentially the same as the one devised in the previous
chapter. The only change is the compression or preprocessing at the relay. We
first take a look at the Markov Lemma by Berger which is at the heart of past
proofs of achievable rate regions of generalized strategies. The following Lemma

is quoted without proof in [25, Lem. 14.8.1]:

Lemma 3.3 (Markov Lemma). Let (X,Y, Z) form a Markov chain X <Y « Z.
If for a given (yN, ZN) c A:™ (Y, Z), X is drawn according to [],_, p (z:ly:)
then Pr { (XN, gV, 2N) € A (X,Y, Z)} > 1 — € for N sufficiently large.

Proof. Refer to [41]. O

Remark 3.3. When y¥ is jointly strongly typical with 2" and 2% is jointly strongly
typical with y”, it does not necessarily follow that all three are jointly strongly
typical. The Markovity of X < Y « Z is a sufficient condition to ensure that

all three sequences are jointly strongly typical.

When we set @ = ) in (3.16), we note that (V, Xy,Ys) « (U, X5,Y5)
Y, form a Markov chain. Since the relay cannot decode ¥ and it does not
know the receiver output y3', the relay can only ensure that (u™,z),y3",9d') €
Ar (U , Xo, Yo, 172> Due to the Markov lemma for strong typicality, this condi-
tion is sufficient to ensure that with a high probability (’UN JulN N al gy gyl ) €

Ar (V, U, X1, X,, Y5, Y};) Hence, the use of e-strongly typical sequences was



3.4 Preprocessing at the Relay and Codebook generation 62

necessary in previous proofs of the coding theorems for generalized relay strate-
gies. In this chapter, we modify the compression at the relay along the lines
of Oohama [38] in order to prove the coding theorem using e-weakly typical
sequences. Hence, Thm. 3.2 can be readily extended to relay channels with

continuous alphabets. We first need the following two definitions:

Definition 3.1.

F(N N N , N ~N

qa ,u ,Ty,Y,Ys dPVNX{VY3N|QNUNX§’Y2N

(3.27)

/AEN) (Vle,Y3\qN7uN7$§V,yéV’Z?év)

Definition 3.2. The Fov x Fpyn X FXév X FYZN X )A)QN—measurable set
S/(\{Z) (Q, U, X5,Ys, f@) satisfies the following:

Si{\gl) <Q7 U7 X27 }/27 }A/2)

_ {<qN7uN,x§,ygv,g§> € OV UY x Y Y
U (¢, u™, 2,y 93) > 1— A} (3.28)

where A € (0,1).

Remark 3.4. At the relay, we determine §5 such that (qN,uN,xéV,yév,gjév) €
S (@0 U X0, Y2, Vo ) imstead of (¢, u, o, g, 5Y) € AN (Q,U. 2,2, Va).
This condition ensures that with a high probability (¢", v™, u™, 2, 25", 93", y') €

AEN) <Q7 ‘/7 U7 X17X27)A/27§/3>-

3.4.1 Codebook Construction, Preprocessing, and Termi-

nation

The messages wy, € W, and wy, € Ws,, where W, = {1,2,...,2NR/}, W, =
{1,27 ...,2NRH} and b = 1,2, ..., B, will be sent over the relay channel in B + 1



3.4 Preprocessing at the Relay and Codebook generation 63

blocks, each of N transmissions. Similarly, the estimate of the relay z, € Z,
where Z = {1,27 ...,2NR} and b = 1,2,..., B, will be sent by the relay in B + 1
blocks, each of N transmissions. We generate a different codebook independently
for each block. Finally, the compression index zp,; will be sent over the relay
channel in the last b blocks similar to that described in the previous chapter.
We first fix the probability distribution Pgy v, x,v,v,v, it (3.16) and generate
the codebook as in the previous chapter. For completeness sake, we reproduce
the codebook generation for the first B + 1 blocks here. (However, similar to our
description for the SeqBack decoding strategy in the last chapter, we will not
describe the codebook generation for the last b blocks.) In each of the B + 1

blocks, the codebook is constructed independently as follows:

1. Generate at random one i.i.d. N-sequence ¢~ = (q1,¢2, ...,qn), drawn ac-

cording to the distribution
n=N
Pox ()= Po ().
n=1

/
2. Generate at random 2V iid. N-sequences vV = (vy,vs,...,vy), drawn

according to the conditional distribution

n=N
Pynign (") =TT Prio (lan) -
n=1

Label them v" (wy,) , wi, € W.

3. For each codeword v (wy,), generate 2V R conditionally independent xY =

(291, T2, ..., Tan ), each drawn according to the conditional distribution
n=N
Pyyigvvn (1Y, 0™ (wip)) = [T Praiov (lan, vn (wip))

n=1

Label them x2 (wyp, 2,), 2p € 2.
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4. For each codeword v (ws,), generate 27% conditionally independent N-

sequences u” = (uy,us,...,uy), each drawn according to the conditional
distribution
n=N
PUN|QNVN (-\qNa?)N (wlp)) = H Puigv (-1Gns vn (w1p)) -
n=1

Label them u (wy,, wy), wy € Wi.

5. For each codeword u (wy,,w;) and each of the corresponding codeword
ol (wip, 2,), generate onkt conditionally independent N-sequences ¢ =

(921, Y22, ---, Y2~ ), each drawn according to the conditional distribution

PY/QN|QNUNX5V ('|qN7 u® (W1p, w1) 71,9/ (wip, ZP))

n=N
= H P?2|QUX2 (-l gn, wn (Wip, w1) , T2n (W1p, 2p)) -
n=1

Label them 93" (w1p, w1, 2p, 2), 2 € Z.

6. For each codeword u” (w1, w:), generate i’ conditionally independent
N-sequences 7V = (211, ..., z1y5) according to the conditional distribution

n=N
Pynigy on (g™, u” (wip, wi)) = H Pxy1qu (-qn, tn (w1p, wr)) -

n=1

Label them x4 (wqp, wy, ws), wy € W.

We represent all the 2V R 75 codewords generated for a particular ¢V, v’V and x5
by Cy. We need a mapping function after generating Cy to map (¢V, u”, 2, y5)
to a codeword ¢ in C. Let us define a (measurable) mapping © : QN x UV x

XQN X ygV — )72 for block b at the relay as follows:
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O (¢",u" (i,5) 23" (i,1) 93’ (1))

)
95 (i,7,1,m) if there exists an integer m > 2 such that

(qN7uN (Z7]> ’:L,é\f (Z7 l) ’yé\/ (b) 7:&;\[ (imja la m))
_ € 5N (Q.U, X,%3,%2)

and g (4,5,0,m’) # 95 (i,4,1,m), where 1 <m' <m

| 95 (i,7,1,1) if no such g3 exists.

(3.29)

We define a similar (measurable) mapping ©; : Q¥ x UN x XN x YV — Z for

block b at the relay as follows:

O1 (¢", u® (i,5), 23" (i, 1),y (b))
m if there exists an integer m > 2 such that
(qN7 uN (zaj) 7'1.9[ (27 l) 7yév (b) 7:05\[ (Lj? l7 m)) € Sﬁ\\{g <Q7 U7 X27 Y27 }A/Q)

and g (i,j,l,m/) £ 9N (i,7,1,m), where 1 <m' <m

| 1 if no such 75 exists.

(3.30)

Remark 3.5. The mapping function © maps (qN,uN,xéV,yév) to the codeword
§5 while the mapping function ©; maps (qN JulN 2y ) to the index of that
codeword. The two functions above denote only one possible mapping. Let
Qo and E, [.] denote the probability measure and expectation based on the

randomness of the choice of the two functions.

3.5 Computation of Probabilities of error

The encoding at the source and decoding cum preprocessing at the relay for each

block proceeds as described in the previous chapter. Decoding and encoding at
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the relay for time b, 1 < b < B + 1, proceeds as follows:

e From the decoding of block b — 1, assuming no errors has propagated from
the previous decoding, the relay knows wy,_1. It also knows 2, 1 since this

is determined at the relay. The relay then chooses wy;, such that

(QN, oV (wlbfl) 7UN (w1b71> ?1711;) ,fﬂév (w1b71> be1) »yév (b))

€ AM(Q,V,U, X5,Y5). (3.31)

For block 1, both the source and relay assumes wyp = 1 and zg = 1. The
source transmits z?’ (1,wiq,1) while the relay transmits x (1,1). After
time B + 1, the relay transmits the compressed index zp,; over the last b’

blocks.

e Assuming that the relay decodes wy;, accurately, it now determines z, using

the preprocessing function such that
2y = 04 (C]N, u® (wlb—hwlb) ,ffév (wlb—h Zb—1) ,yév (b)) . (3'32)
e The relay then transmits 2 (w1, 25) at time b+ 1.

3.5.1 Error Events at the Relay

We give a detailed computation of each of the error events at the relay. First, let

us define the following Fy,y-measurable set at the relay:

K=l s (¢ 0" @0 (i.5) ad (0. ) € A (QV.U X Vo) }
(3.33)

We denote the probability measure on measurable events taking place at the relay
in block b by P,;, the probability measure on measurable events taking place at

the receiver in block b by P,;, and the probability measure on the indices sent in
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time b by P,. Assuming no errors have propagated from the previous block, we

have the probability of error at the relay in block b given by

Py (&)

’ ’ " N
9NR 9NR p_9NR 9NR

=23 > Y AGIRDTY (UKl G k), o) )

i=1 j=1 k=1 I=1

(3.34)

Since the indices (i, 7, k, ) sent are independent of the codebook and mapping

function generated for block b, we obtain

Py (€) = TN (Kslad (i, 4, k), 23 (i,0) + > YN (Ksad (4,5, k) b (i,1))
G5

U;YQ\VXQQ)—R’—GE)

<o (3.35)

Refer to Appendix B.1 for the detailed computations. Hence, the following con-
dition is sufficient to ensure that (3.34) when averaged over the ensemble of

codewords and mapping functions for block b tend to 0 as N — oo:

R < I1(U;Ya|VX5Q). (3.36)

3.5.2 Error events for SeqBack Decoding Strategy

Next, we consider the SeqBack decoding strategy. For backward decoding strate-
gies, the receiver starts decoding only after receiving the last block v’ (B +b + 1).
The receiver first uses the last b blocks to decode zp+1. Then it starts decoding
each block proceeding backwards from block B + 1 to block 2. Consider block
b, 2 < b < B+1, as shown in Figure 3.1. From the decoding of block b + 1,
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Block b Block b
N~ N .
v (W, ) v (wy,_=i)
N~ N .

u (Wyyy, Wi =J) u (wyy_ =i, w,,=j)
N/~ . A N . PES
X, (Wi, W=, Wy) —_— X (W =W =, W)

N~ K N N

Xy (Wipo15251) X, (Wi =1, 24y)

AN A A AN . A

Vo (W, wy=7,2,.,=1,2,) Vo Wy =i, wy=7,2,.,,2,)

Block b

N .
v (wy,_,=i)

N .
u (Wi =i, wy,=j)

N . A
X, (Wyyo =1, W=, Wy)
N .
X, (Wyy_=1,2, =)

AN . .
Vo (W =i, wy=j,z,,=1,2,)

Figure 3.1: SeqBack Decoding Strategy

assuming no error has occurred in the decoding of the previous block, the receiver
knows wy, = 7 and z,. The receiver then determines the unique wy,_1, 2,1 and

wyp in sequential order.

e First, the receiver chooses the unique wq,_1 such that
(@™ o™ (rp-1) ™ (-1, 5) 95" (0) € AN (Q V.U Ys). (3.37)

An error is declared if none such or more than one such is found.

e Assuming that the receiver has decoded the unique wy,_1 = 7, the receiver

then chooses the unique Z,_; such that

( q ,v <Z> 7UN (17.]) 71,9/ (iuéb—l) 7:&5 (iaja 2b—17zb> 7yZJ$V (b) )
€ AEN) (Q? V7 U7 X27}>27}/3> .

An error is declared if none such or more than one such is found.
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e Assuming that the receiver has decoded the unique z, ; = [, finally, the

receiver chooses the unique wsq, such that

(qN>UN (Z) >UN (Zaj) 7'T{V (ivja 12121;) xé\f (Zal) 7@5 (iajalvzb) 7yi]’,V (b) )

S AEN) <Q7V7 Ua XlaX27}A/2aYE’)> .

An error is declared if none such or more than one such is found.

Let us first define the following Fyn x Fyy measurable sets:

L= {8 u) : (%0 (i) o (5d) 0 1) € AV Q V.UV |, (3:38)
£i= {(yéV ) (0N @) ) (10) 38 (5 Lz ) Y ()
€ AM (Q,V,U, X5, ¥5,75) }
(3.30)
L= {(yév,yév) : (qNavN (1), u™ (i, 5) 23 (1), 93" (1.4, L)
oY (5.3.%) v (b)) € AN (Q,V,U, X1, X2, Y3, Y5) }
(3.40)

e {@gv,yﬁ : (qN,vN 0 6702 oK) ) (),
O (¥ (i) o 1) () o <b>>

§é AEN) <Q7 V7 Ua le X27 YVZa }}2’ YZ’)) }

(3.41)

Assuming no errors have propagated from the previous decodings, we have the

probability of error at the receiver in block b given by
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Pd,b (5)

/ ! " -
9NR 9NR p_9NR 9NR

—ZZ Z ;Pb i,7, k1)

i=1 j=1 k=1

< TN (ﬁcUECUECUUZ#Z £ JUialiJYialilad g k) 28 (6.0))

2NR 2NR fe—= 2NR 2NR

<ZZ Z Z:PbZ],le

i=1 j=1 k=1

™ (jd U Usil; U U[#E;U Uk¢i£k|x]1v (4,4, k), x5 (i, l)) - (3.42)

Since the indices (i, j, k, [) are independent of the codebook and mapping function

generated for block b, we have

Py (&) < YN (Jalad (4, 5. k) 2 (i,0)) + Y YN (Lifad (i, 4, k), =Y (i.1))
144
+ Y N (Ll (g, k) 2 (5,0) + ) 0N (Lylad (0,5, k), 2d (i,1))
Il k#k
< TN (Jaly” (3,4, k), 287 (3,1))
n 2—N<I(UV;Y3|Q)_R'_65) + =N (1(X2¥23Y5[UV Q) R—6c)

—N<I(X1;Y2Y3\UX2Q)—RN —4e)

o (3.43)

Refer to Appendix B.1 for details of the proof for the bounds of the second, third

and fourth term. To bound the first term, we need the following theorem:

Theorem 3.4. For any positive p and €, there exists an integer Ny = r (i, €)

such that for N > Ny, we have

N{(Talwy (0,5, k), 23" (3,1)) < 3p (3.44)

R>1 (YQ; YQ|UX2Q> + 3e. (3.45)
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Proof. Refer to Appendix B.2 for the proof. m

Remark 3.6. Thm. 3.4 is a variant of Lem. 3.3 (Berger’'s Markov Lemma).
Assuming X < Y « Z form a Markov chain, and 4~ and 2z are jointly typical,
a sufficient condition that with a high probability v is jointly typical with both

yY and 2" is to choose a z" such that
Pynjyn (AEN) (Z|mN,yN) |yN) >1-A (3.46)

where ) is as defined in (3.28). Hence, restriction to the set Sg{\? (X,Y) is suffi-
cient to ensure that zV, ¥V and zV are in the jointly typical set AW (X,Y,2)
with probability greater than 1 — \. The need for strong typicality is unnecessary

for this result.

Finally, from (3.43) and (3.45), it is easy to see that the following conditions
imply that each of the terms tends to 0 as N — oo:

R>1 (Yg; YfszXQQ) , (3.47)
BRI (XGV%Uve), (3.48)
R <I1(UV;Y]Q), (3.49)
R <1I (Xl; 172Y3|UX2Q) . (3.50)

To complete the proof, we note that when averaged over all codebooks and map-
ping functions for block b, both the terms P, (€) and Py (€) tends to zero as
N — o0 as long as the above conditions coupled with (3.36) are satisfied. Hence,
there exists at least one codebook and mapping function for block b such that
both the terms tend to 0 as N — oo. From (3.47) and (3.48), we obtain the
constraint of Thm. 3.2. From (3.49) and (3.50), we obtain the first term of
Thm. 3.2. From (3.36) and (3.50), we obtain the second term of Thm. 3.2. This
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completes the proof of Thm. 3.2.



Chapter 4

On the Interference Channel

4.1 Introduction

The interference channel (IFC) models the situation where M unrelated senders
try to communicate their separate messages to M different receivers via a common
channel as shown in Fig. 4.1. In this model, there is no cooperation between any
of the senders or receivers, and hence, the transmission from each sender to its
corresponding receiver is viewed as interference by the other sender-receiver pairs.
In this chapter, we limit ourselves to the two-user IFC. The study of the I[FC was
first initiated by Shannon [2] and was further studied by Ahlswede [3]. In [46],

TX, Y Y RX,

Figure 4.1: An M-user IFC
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Carleial determined an improved achievable rate region for the IFC. Later, Han
and Kobayashi established the best achievable rate region to date for the general
IFC [15]. The capacity region of the IFC has been determined for the following

cases:

e the Gaussian IFC with strong interference [15], [47], [48];
e the discrete memoryless IFC with strong interference [49];

e a class of discrete degraded IFCs [50], which includes the discrete additive
degraded IFC studied by Benzel [51];

e a class of deterministic IFCs [17].

However, the capacity region of the general discrete memoryless IFC and the
general Gaussian IFC remains unsolved. In this chapter, we make progress in the
study of IFC by first establishing a simplified description of the Han-Kobayashi
rate region for the general IFC. We recently discovered a new coding strategy for
the general IFC [16], whose rate region was shown to include that of the Han-
Kobayashi rate region. However, it was unknown whether the two rate regions
are in fact equivalent. Using the simplified Han-Kobayashi rate region, we prove
the equivalence between the two rate regions.

In addition, we make use of our simplified description to prove the capacity
region of a new class of IFCs. Finally, we extend this result to the IFC with

common information.

4.1.1 Outline
This chapter is organized as follows:

e In Section 4.2, we define the mathematical model for the discrete memory-

less IFC and also the Gaussian IFC.

e In Section 4.3, we review the Han-Kobayashi rate region which is the best

rate region to date.
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e In Section 4.4, we establish the simplified description of the Han-Kobayashi
rate region. We also prove the equivalence between the Han-Kobayashi rate

region and the Chong-Motani-Garg rate region.

e In Section 4.6, we prove the capacity region of a new class of IFCs using

our simplified description.

e Finally, we extend the proof to the same class of IFCs with common infor-

mation in Section 4.6.3.

4.2 Mathematical Preliminary

A two-user discrete IFC consists of two input alphabets X; and &5, two output
alphabets ); and )%, and a probability transition function p(.,.|z1,22). The
conditional joint probability distribution of the discrete memoryless IFC used

without feedback can be factored as

N
N N N N
PyNyN|xNxN (?h Yo Ty Ty ) = HleYQ\Xng (Y1ns Yan|T1n, T2n) -
n=1

Since there is no cooperation between the receivers, the capacity region of the

discrete memoryless IFC depends only on the conditional marginal distributions

Pl ze) = Y py.weler,22) (4.1)
Yy2€V2

P (Walr1,w2) = D plyr, yala, x2) . (4.2)
Yy1€EM1

A (2NF 2NE2 ) code for a IFC with independent information consists of two
sets of integers My = {1,2,...,2V%1} and M, = {1,2,...,2VF2} called the mes-

sage sets, two encoding functions

\111:/\/11»—>X1N and \IJQ:MQHXQN,
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z,~N(0,07)

Z,~N(0,03)

Figure 4.2: The Gaussian IFC

and two decoding functions
@1:yfvr—>/\/ll and <I>2:y§V+—>M2.

The average probability of error is defined as the probability that the decoded

message is not equal to the transmitted message, i.e.,
PN = Pr (@ (Y]Y) # My or @, (Y3Y) # M,)

where (M, M,) are assumed to be uniformly distributed over M; x M,. A rate
pair (Ry, Rs) is said to be achievable for the IFC if there exists a sequence of
(2NF1 2NR2 N) codes with P™Y - 0as N — .

4.2.1 Gaussian Interference Channel

The discrete-time additive white Gaussian IFC, shown in Fig. 4.2, is described
by

Yi =cuXi +eaXeo+ 24



4.3 The Han-Kobayashi Region 77

Yo = 10Xy 4+ 0 Xo + 25

where the input and output signals are real, the coefficients ¢;; are real constants,
and the noise terms Z; and Z, are zero-mean Gaussian random variables. Also,

the mean value of X7 and X2 cannot exceed P, and P respectively, i.e.,
E [Xﬂ <P and E [XQQ] < Ps.

In [46], it was shown that any Gaussian IFC can be reduced to a standard form
by an appropriate transformation, where ¢?, = ¢3, = 1 and E[Z?] = E[Z3] = 1.
The capacity region of the Gaussian [FC is not known, except for the case of no
interference, where c3, = ¢, = 0, for the case of strong interference, where c3;, > 1
and ¢3, > 1, and for the one-sided Gaussian IFC under strong interference, where

2, =0and ¢2 >1orc =0and ci, > 1.

4.3 The Han-Kobayashi Region

In [15], Han and Kobayashi introduced 5 auxiliary random variables @, Uy, W7,
U,, and W, defined on arbitrary finite sets Q, Uy, Wi, Uy, and Wi, respectively.
In the Han-Kobayashi coding strategy, sender TX; splits the message M; into
(M1, My2), where My = {1,2,...,2V5} and My, = {1,2,...,2V"1} . Similarly,
sender TX splits the message M, into (Mag, Mas), where My = {1,2,...,2V"2}
and My, = {1, 2, ..., QNSQ}. This split aims at allowing each of the receivers to
decode partial information from its non-intended sender. Hence, M5 represents
the message intended for receiver RX; which can also be decoded by receiver
RX5, and similarly, My, represents the message intended for receiver RXs which
can also be decoded by receiver RX;. Here, the auxiliary random variable W;
serves to carry the message Mo, while the auxiliary random variable U; serves

to carry the message M;;. The same applies to the auxiliary random variables
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Wy and U,. The encoding functions W, and Wy are then given by
\Ill : M1 = (M117M12> = Xln and \112 . MQ = (M217M22> — XQN,

where the function W; consists of three separate functions Wi, Wiy and W3

defined as follows:

Wy o My —UY, Uiy My — WY and Uyg: UY x WY — XN,
Similarly, ¥, decomposes into the following three components:

Woy 0 My = WY Wyt Moy = UY, and Wag : UY x WY — X,

In a nutshell, this strategy is basically an application of Cover’s superposition
coding technique [5] and was first used by Carleial [46] in the context of the
Gaussian IFC. Carleial made use of a sequential decoder, otherwise known as the
stripping decoder. In this approach, receiver RX; decodes either W7 or W5 first
before decoding Uy, whereas receiver RX, decodes either Wi or Wy first before
decoding Us. On the other hand, Han and Kobayashi uses the more powerful
joint decoder where receiver RX; decodes Wy, W5, and U; simultaneously, while
receiver RX, decodes Wy, Ws, and U, simultaneously. In addition, Han and
Kobayashi introduced a time-sharing parameter () instead of using the convex-
hull operation. The time-sharing parameter () includes, as a special case, the
TDM/FDM strategy introduced by Carleial [46] for the Gaussian IFC. Next, we
state the achievable rate region of Han and Kobayashi, Ry, as described in [15].}

Let P* be the set of probability distributions P* (.) that factor as

*
P (q7U1,TU1,U271U2,$1,ZU2)

=p (@) p (u1]q) p (wilq) p (uzlq) p (w2lq) p (z1|ur, w1, @) p (w2]uz, we, q) (4.3)

'We use superscript “o” and “c” to differentiate the original description of the Han-
Kobayashi region from our compact description.
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and where p (z1|uy, wq,q) and p (za|ug, we, q) equal either 0 or 1. Suppose we fix

P*(.). Suk (P*) is defined as the set of all (S, 71, Sa, T) such that

51 < o, (4.4)

Ty < bor, (4.5)

15 < co, (4.6)

S1+ Ty <d,, (4.7)

S1+ 15 < e, (4.8)

Ty + 15 < for, (4.9)

S1+ T+ T3 < got, (4.10)
and

Sy < aya, (4.11)

T, < b, (112

T < oo, (4.13)

Sy + Ty < dy, (4.14)

Sy +T1 < e, (4.15)

Ty + 15 < foo, (4.16)

So+ T +T1 < goo, (4.17)

=51, =11, =52, =15 <0, (4.18)

where

Yy, U |[WilaQ)

Qo1 =

Yl;W1|U1W2

)

1
=1
Co1 — I

( ) (4.19)
( ) (4.20)
(Y1; Wh|Uy W4 Q) (4.21)
dor = 1 (Y; U/ WA [W2Q) (4.22)
( ) (4.23)

=1 (Yi; UiW,|W1Q)
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Jor =1 (Yi; WilW,|U1Q), (4.24)

gor =1 (Yi; U1 W1 W5|Q) (4.25)
and

Aoz = I (Yo; Up| WoW1Q)) (4.26)
— T (Yo; Wa|UsW1Q) (4.27)

Cor = 1 (Yo: Wi | UsWaQ) | (4.28)
— 1 (Yo: UsWa|W10) (4.29)
— [ (Ya; UsWH|W50) (4.30)

for =1 (Yo; WolW1[U>Q) (4.31)

Gor = 1 (Yo; U2 WoW1|Q) . (4.32)

Let R{x (P*) be defined as the set of all (R, Ry) such that 0 < Ry < S; + T}
and 0 < Ry < Sy + Ty where (S1,T1,52,Ts) € Suk (P*). We have the following

result:

Theorem 4.1 (Han-Kobayashi). The set

HK = U Rk (P) (4.33)
Prep*

1s an achievable rate region for the discrete memoryless IFC.

Proof. Refer to [15]. O

4.4 The main result

Our main contribution is the following compact description of the Han-Kobayashi

achievable rate region:

Theorem 4.2. Let Py be the set of probability distributions Py (.) that factor as

Py (q, w1, wa, 21, 22) = p(q) p (21, w1]q) p (22, w2]q) - (4.34)
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For a fized P} € Pf, let Rk (Py) be the set of (Ry, R) satisfying

I (X 1 [W2Q) (4.35)

1 (Xo; Y [W1Q) (4.36)

Ry + Ry < I (X1Wo; Y1[Q) + I (X3 Ya|[W1W2Q) (4.37)
Ry + Ry < I (Xy;Y1|[WAWLQ) + I (XyW1; Ya|Q) (4.38)
Ry + Ry < I (XyWa: V1|WAQ) + I (X, Wh; Ya|WaQ) (4.39)
2Ry + Ry < T (XqWo; Y1|Q) + 1 (X Yi[WAiWaQ) + I (XoWi; Ya|WaQ)(4.40)
Ry 4 2Ry < I (Xo; Ya|[WiWaQ) + I (XoWi; Ya|Q) + I (X1 Wa; Y1 [W1Q)(4.41)

Then we have

Rik = U Ri (P7) - (4.42)
PreP;

s an achievable rate region for the IFC. Furthermore, Rix = Rk and the region
remains invariant if we impose the following constraints on the cardinalities of

the auxiliary sets:
Wil < [|&][ + 4, [Well < [|%] +4 and  [|Q] <7. (4.43)

Proof. The Han-Kobayashi rate region given in Thm. 4.1 can be reduced to
Lem. 4.3 using Fourier-Motzkin elimination. It is then straightforward to see
that Ry € Rfk. In order to prove that Rijx € Rk, we make use of Lem. 4.4.
The assertion about the cardinalities of Wy, W, and O follows directly from the
application of Caratheodory’s theorem to the expressions (4.35)-(4.41). O

Before proceeding to Lem. 4.3, we need to derive a few simple results about
Rik- The Han-Kobayashi rate region Rk was derived by assuming deterministic

encoding functions rather than probabilistic functions. Hence, We can write the
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following:

I (Uy; Yy |WiWaQ)
= H (Y1 |[WiW2Q) — H (Y1|UiW1W>Q)
= H (Y |WiW,Q) — H (V1| X, U, Wi W2Q)
= H (V1 |[WiW,Q) — H (Y1| X, W, W50Q)

Following along the same lines, we can write the following equalities:

I (Ug; Ya[WilW2Q) = I (X2; Y2[W1W2Q) (4.45)
LU W i[WhQ) = I (XyWa; V1 [I1Q) (4.46)
I (UsW1; Ya[W2Q) = 1 (X2 W1; Y2[W2Q) (4.47)
(U W Y3 Wh0) = I (Xy: Yi[WHQ) (4.48)
[ ({UsWa; Ya|W1Q) = T (Xo: Ya|W1Q) (4.49)
TH{UWiWas 1|Q) = T (XaWa: Y1]Q) (4.50)
I (U W1 W3 Y5|Q) = I (XoWi; Y2|@Q) - (4.51)

In addition, it can be shown that for a fixed P; € Py, there exists a fixed P* € P*
such that

P (g, w1, wa, 1, 22) = Z P* (g, u1, ug, wi, wa, 1, 22) - (4.52)

u1 €U, u2 €U

Refer to Appendix C.1. On applying the above equalities together with Fourier-
Motzkin elimination, Kobayashi & Han obtained the following result:

Lemma 4.3. (Kobayashi-Han) For a fized P* € P*, let Ry (P*) be the set of
all rate pairs (Ry, Rg) satisfying

Ry < I(UyWy; Y1|WaQ) (4.53)
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< I (U YW |WAWaQ) + I (W1 Y |UsWaQ) (4.54)
Ry < I (UyWa; Yo|W1Q) (4.55)
2 < I (Us; Ya|WiWaQ) + I (Wa; Y1|UyWLQ) (4.56)
Ry + Ry < I (U i[WAiWLQ) + T (U WoWh;Y5|Q) (4.57)
Ry + Ry < I (Uy; Yo|WiWoQ) + I (U W1 Wa; Y1|Q) (4.58)
Ry + Ry < I (UyWo; Y1[W1Q) + T (UsWr; Yo WoQ) (4.59)
2R, + Ry < I (Uy; Yi[WiWLQ) + I (UyW1Wa; Y1|Q)
+ I (U W1 Y2 |W2Q) (4.60)
2R; + Ry < 21 (Uy; Yi|WAWLQ) + I (UyWy; Yo | WoQ)
+ I (Wi Ws; V2| U5Q) (4.61)
Ry 4 2Ry < I (Uy; Ya|[WiWLQ) + I (U, W1 Wa; Y3|Q)
+ I (U W Y1|W4Q) (4.62)
Ry 4 2Ry < 21 (Us; Ya|[WiWLQ) + I (UL Wo; V1| W1Q)
+ I (Wi Wa; V1| U1Q) . (4.63)
Finally, we have
= | Rix (4.64)
Prep*
Proof. Refer to [52, Thm. B] or to Appendix C.2. O

The equivalence between Rfjx and Ry emerges from the following lemma:

Lemma 4.4. For a fized P; € Py, there exists a fired P* € P* such that
fix (P7) € Rigk (P*) U R (P*) U Ry (P*) where

Py (q, w1, we, 1, 22) = Z P (q,ur, ug, w1, wa, 1, 22) (4.65)

u1 €U u2 EU

=) r (4.66)

w1 EWL

pe= 3" P (4.67)

w2EWs
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Proof. Suppose (Ry, Ry) is in R (Py) but not in Ry (P*). Then either (4.54),
(4.56), (4.61), or (4.63) is violated. If (4.54) is violated, we have

Ry > I (W1; Ya|UsWaQ) + I (Uy; Y1[W1W2Q)
= I (Wi V2| XoQ) + 1 (Xy;: Y1 [WiW2Q) - (4.68)

If (4.61) is violated, we have from (4.57) the following inequality:

Ry > I (Uy; YA|[WAiWaQ) + I (UsWh; Yo |[WaQ) + 1 (Wi Wa; Ya|UsQ)
— I (U W1 W Y5 |Q)

I (Uy; Yi|WhiWaQ) 4+ 1T (WiWa; Ya|UsQ) — 1 (Wa; Y2|Q)

(
I (U Yi|WiWaQ) + 1 (Wh; Yo |[WolUsQ) 4+ 1 (Wa; Ya|UaQ) — I (Wa; Ya|Q)
(
(

v

I (U Yi[WiWaQ) + 1 (W1 Yo |[WalhQ)

I (W1 Y| XoQ) + 1 (X1 Yi[WAWALQ) . (4.69)

Hence, (4.68) holds true if either (4.54) or (4.61) is violated. By substituting
Wi, = @ in Lem. 4.3, we see that R (P**) consists of all rate pairs (R, Rs)
such that

Ry < I(X1;Y1[WeQ),

Ry < 1(X2:Y,(Q),

Ry < T (W Y1[X0Q) + 1 (X2;Y2[W2Q),
Ry + Ry < I (XiWo: Y1(Q) + I (X2; Y2 [WRQ) .

However, from (4.35), we obtain

Ry < I(X1;Y1[WRQ),
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and from (4.68) and (4.38), we obtain

Ry <1(X5;Y2|Q)

and from (4.68) and (4.39), we obtain

Ry < I (W Y1IW1Q) + I (Xy; Ys|WaQ)
< T (Wos V1| X1Q) + I (X Ya[WaQ),

and from (4.68) and (4.40), we obtain

Ry + Ry < I (XiWo; Y1|Q) + 1 (X5 Y2|[WaQ) .

We see that (R;, R») satisfying the above constraints are in R¢k (P**). The proof
for

Ry > I (Wy; Y11 X1Q) + T (Xy; Yo|W1 Q)

follows exactly along the same lines. It then follows that Ry (P) € Ry (P*)U
R (P™) U Rfig (P*7). O
Finally, since Rég (Pr) € Ry (P*)UR%k (P*)UR% (P**), it immediately

follows that Rfjx € Rk and since Ry C Rfjk, we obtain our result Rfjx =

o
RHK .

4.5 Discussion

In this section, we make a few remarks about our results.

Remark 4.1. Han and Kobayashi made use of the polymatroidal structure under-
lying the collection of bounds that specify the region R, (4.4)-(4.18), to convert
them to a set of bounds on Ry, Ry, R+ Ry, 2R+ Ry and Ry +2R; [15, Thm. 4.1].
Even though Thm. 4.2 is just a different description of the Han-Kobayashi rate

region, it gives the simplest description of the best rate region to date. From [15,
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Thm. 4.1], the cardinalities of the auxiliary sets is given by ||[Wy| < ||X1]] + 7,
Vel < %l + 7, (4]l < ([l + 2, [[tell < (|| +2, and [|Q]] < 11. Hence,
Thm. 4.2 also gives us tighter bounds for the cardinalities of the auxiliary sets.
Another interesting observation is that even though the coding technique requires
the use of the auxiliary random variables U; and Us,, the rate region Rfj does
not depend on these auxiliary random variables. Hence, cardinality bounds on

U; and U, are unnecessary.

Remark 4.2. We observe that the Chong-Motani-Garg region, i.e., Romg, re-
ported in [16], is equivalent to the Han-Kobayashi region. This equivalence sheds
light on the two interesting observations behind our compact description of the
Han-Kobayashi region (see Rem. 4.1). We first observe that for receiver RXy, no
decoding error is committed if the message My = (M, M) is decoded correctly
but the message My, is decoded wrongly. The same applies to receiver RXj.
This implies that constraint (4.6) and (4.13) are unnecessary to drive the overall
probability of error to €. Moreover, the coding scheme considered in [16] uses
only 3 auxiliary random variables @), Wi, and W5 defined on arbitrary finite sets
9, Wy, and W,. The auxiliary random variables W; and W5 now serve as cloud
centers that can be distinguished by both receivers. For sender TX;, instead
of generating two independent codebooks with codewords W} (j) and UY (k),
for each codeword W} (j), we generate a codebook with codewords X7¥ (j, k),
where j € {1,2,...,2NT1} and k € {1,2,...,2N51}. This construction renders
the constraints (4.5), (4.9), (4.12), and (4.16) unnecessary. Combining these two

observations yields the following result:

Lemma 4.5. Let Scmc (Pf) be be the set of non-negative rate-tuples (Sy, Ty, Sa, T3)
that satisfy

Sl S Qo1, (470)
Sy + Ty < dy, (4.71)

Sl + T2 S €01, (472)
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where

S1+ T+ T2 < gor,
and
Sy < gz,
Sa + 1o < dpa,
Sy +T1 < en,
Sy + Ty +T1 < oo,
=851, =11, =852, =15 <0,

a = I (Y1; Xa|[WilWaQ) = I (Yy; U [WiW2Q)
dor = I (Y1; X1|W2Q) = I (Yi; Ui WA [W2Q),
e = 1 (Yi; XaWa|[W1Q) = I (Y1; U1 W2[W1Q)
gor =1 (Y1; XaWo|Q) = I (Yi; U1 Wi W2|Q)

Q
=
o,

ao2 = I (Yo; Xo|WaW1Q) = I (Ya; Ua|WoWAQ)
doo = I (Ya; Xo|W1Q) = I (Ya; UsWo|WAQ),
eop = I (Yo; XoW1|[WaQ) = I (Yo; UsWo|WAQ)
gor = I (Yo; XoWh|Q) = I (Yo; U2 WaW1|Q) -

4.83

W
oo

)
4)
5)

)

e~
o0

4

(
(
(
(4.86

Let Reme (Py) be defined as the set of all (Ry, Re) such that 0 < Ry < S; + 1T

and 0 < Ry < Sy + Ty where (S1, T, 52, Ts) € Scma (Py).

Reme = | Reme ()

PreP;

18 an achievable rate region for the discrete memoryless IFC.

Proof. Refer to Appendix C.4.

Then, the set given by

(4.87)
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We can see that Reme = Rfji through the following simple argument. First,

since we can choose a fixed P; such that

Py (q, w1, we, 1, 2) = Z P (q,ur, ug, wi, wa, 1, T3) . (4.88)

u1 €U, u2 EU

We readily see that R{k (P*) € Reowme (Py), and hence Ry € Remg. The
bounds (4.70)-(4.78) can be again be simplified using Fourier-Motzkin elimination

to obtain the following result:

Lemma 4.6. (Han-Kobayashi) For a fived Py € Py, let Rome (Py) be the set of
(R1, R) satisfying

Ry < I (X3 Y1[W2Q) (4.89)
Ry < T (X ViWAiWaQ) + I (XoWh; Yo |[WaQ) (4.90)
Ry < I(X2;Y2|W1Q) (4.91)
Ry < I (Xo; Yo|WAWLQ) + I (X, Wo; Yi|W1Q) (4.92)
R+ Ry < T(X\Wai ilQ) + 1 (Xa: V2 Wi W2Q) (4.93)
Ri+ Ry < I (Xi;i|WiWhQ) + 1 (XoWh;Y2|Q) (4.94)
Ry + Ry < I (XiWo; YI[W1Q) + I (XoWy; Yo |WaQ) (4.95)
2Ry + Ry < I (XqWo; Y1|Q) + I (X1; Y1 |WiWLQ) + I (XoWh; Yo |Wa@Q)  (4.96)
Ry + 2Ry < I (Xo; Yo[WiWLQ) + I (XoWh; Ya|Q) 4+ I (XqiWo; Y1|IWAQ) . (4.97)
Then we have
Reve = U Rewme (Pr) - (4.98)
PreP;

1s an achievable rate region for the IFC.

Proof. Refer to [52, Thm. D] or to Appendix C.3. O

One can readily see that Reymg € Rik since the Chong-Motani-Garg rate region

for the general IFC has two additional constraints. Hence, we see that the two
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Figure 4.3: An example where Ry (P*) € Rome (Py) € Rk (Pr)

. . . e
rate regions are equivalent, i.e., Romce = Rik-

Remark 4.3. We note that the only differences between R (Py), Rema (Py),
and R (P*) lie only in the bounds for Ry and R,. This observation allows for
answering the question posed by Kramer in [53] on the existence of P* € P* such

that Rk (P*) € Reme (Py) for certain IFCs where

Py (g, w1, wa, 1, 22) = Z P (q,ur, ug, wi, wa, 1, 72) - (4.99)

u1 €U, u2 EU
For the Gaussian IFC, when we set |Q| = 1, we can easily determine parameters
where Ry (P*) € Reme (Pr). (The Han-Kobayashi rate region can be directly
applied to the Gaussian IFC as it was proven using only weak typicality.) We

assume the following customary restriction on the input signals where Wy, W,
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X, > Y, .
M, | Encoder1 o| A(X, V,) p{Decoder 1 i1,
e
2
|4
> AL (X ! Y A
M, | Encoder2 o 1)_: A, (X, V) P=[Decoder 2o it
X,
Figure 4.4: The class of deterministic [FC studied by El Gamal and Costa
X1, and X5 are Gaussian random variables and
E W] E W3]
- = 4.100
Ex % ERp (100

such that « € [0,1], 8 € [0,1], E[X?] = P, and E[X?] = P,. From Fig.
4.3, when we set P, = P, = 1, ¢%, = 3, = 0.4, and a = 0.5 and 8 = 0.85,
Ric (P*) € Rema (7)) © Rik (P7)-

It is interesting to note that there exists fixed distributions satisfying (4.99)

where Rk (P*) € Reme (P) € Rk (Pf). However, when maximized over all

possible distributions, all three descriptions are equivalent, i.e., they describe the
same rate region.

4.6 Capacity region of a class of deterministic
IFC

We first consider a class of deterministic IFCs (without common information) as

shown in Fig. 4.4. The outputs Y; and Y5, and the interferences V; and V5 are
deterministic functions of the inputs X; and X5:

Y= Ay (X1, V%), (4.101)
}/2 = A2 (‘/1, XQ) y (4102)
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Vi=A3(X1), (4.103)
Vo = Ay (Xa). (4.104)

In addition, for this class of deterministic IFCs, Y} and X; must uniquely de-
termine V5, while Y5 and X5 must uniquely determine V;. Hence, there exist

functions As and Ag such that we have

Vi = As (Xs, Ya) (4.105)
Vs = Ag (X1, V7). (4.106)

El Gamal and Costa determined the capacity region of the channel of Fig. 4.4
satisfying (4.105) and (4.106) in [17, Thm. 1]. The achievability follows directly
from the Han-Kobayashi rate region [15]. It was noted by Kramer [53] that the
capacity region of this class of IFCs bears an uncanny resemblance in form to an
achievable rate region determined by the authors for the general IFC [22]. It was
also established in the previous section that the Han-Kobayashi rate region was
in fact equivalent to that of the Chong-Motani-Garg rate region. Even though no
new achievable rate region was proven for the IFC, the simplified Han-Kobayashi
rate region makes it easier to prove the capacity region for a wider class of IFCs.

For the class of IFCs considered in this chapter, we relax the constraint that
the outputs Y7 and Y5 be deterministic functions of the inputs X; and X5. Hence,
we remove conditions (4.101) and (4.102) imposed by El Gamal and Costa. In
addition, we relax the constraints (4.105) and (4.106) to include the case of strong

interference.

4.6.1 Channel Model

Consider the class of IFCs shown in Fig. 4.5. The channel itself consists of four
finite alphabets X} = {1,2,...,||X1||}, X2 = {1,2, ..., || X[}, Vi = {L1,2, ..., [},
and Vo = {1,2,...,[|]D%]|}, two deterministic functions in agreement with (4.103)
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Xl . Y] A~ A
M, Encoderll WER |p (Y| X, V,)»{Decoder 113~(M, M)
4 2 ‘/'2
MO
Mo Encoder 2 'lp (Y, |X,V |->|Dec0der2|->M M,)

Figure 4.5: The class of IFCs under investigation

and (4.104), and two conditional marginal distributions given by

p1 (y]z1ve) = Z p (y1ye|z122) (4.107)
y2€Y2

P2 (y2|v1m2) = Z P (Y1y2|T172) - (4.108)
Yy1EM

Since there is no cooperation between the receivers, the capacity region of the
IFC depends only on the conditional marginal distributions. We assume that this
channel is memoryless. A (2N 2N 2Nz N} code for this channel consists of

two encoders

Uy {2V {1, 2V S Y

Wy {1,200 o {1, 2N Y
and two decoding functions

O YN — {1,280 ) x {1, 2V}

Dy Yy — {1,280 i {1, 2N

The average probability of error is defined as the probability the decoded message
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is not equal to the transmitted message, i.e.,
P = Pr (&1 (YY) # (Mo, My) or &5 (Y5V) # (Mo, M) (4.109)

where (Mo, My, M) is assumed to be uniformly distributed over {1,2, ..., 280} x
{1,2,..,2NF} 5 {1,2,...,2VR2} A rate triplet (R, R1, R») is said to be achiev-
able for the IFC if there exists a sequence of (2NR°, oNEL 9NR2 N) codes with
PMY . 0as N — .

We will first take a look at the capacity region of this class of IFCs without
any common information (Mg = ¢), which is the more commonly studied case,
before extending the proof to the case with common information. In addition,

we require that the following two conditions:

(V%Y IX) = 1 (VX)) (4.110)

TV NIXY) > 1 (VY v XY (4.111)

are satisfied for all product distributions p (z]') p (z3') on X{¥ x X}¥. Even though
(4.110) and (4.111) are block level constraints, we will show later on that there
exist single letter constraints that imply (4.110) and (4.111).

4.6.2 Deterministic IFC Without Common Information

Theorem 4.7. The capacity region of the IFC shown in Fig. 4.5, without any
common information, satisfying conditions (4.110) and (4.111) is the union of

all rate pairs (Ry, Rg) satisfying

X17}/1|‘/2 )

Ri+ Ry <

I (4.112)
I(X2;Y2I1Q) (4.113)
(X0 Vg Y1]Q) + 1 (X2; Y2 |[ViV2Q) (4.114)
( (4.115)

Ri+ Ry < I (X1;Y1[V1VeQ) + 1 (XoV4;Y5|Q)
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Ry + Ry < I (Xy Vs iIViQ) + 1 (X2 Va5 Yo [V2Q) (4.116)
2R + Ry < I (XiVo; Y1|Q) + I (X1; Y1[ViVeQ) + 1 (XVi; Yo |16Q) (4.117)
Ri+ 2Ry < I(Xy;Y2|ViVaQ) + 1 (XoV1;Ya|Q) + 1 (X1 Ve Y1VIQ). (4.118)

for all input distributions p (q) p (x1|q) p (x2|q). Furthermore, the region remains

invariant if we impose the following constraint: || Q| < 7.

We first give a few examples of IFCs for which Thm. 4.7 gives the capacity before

going on the proof. These include the result in [49] and two new channels.

e Discrete memoryless IFC with strong interference: For this class of IFCs,
Vi & X; and Vo, & X, From [49], we know that if I (X;;Y5]X5) >
I(X1;Y1|Xs) and 1 (Xo;Y1]Xy) > I(Xs;Y2|Xy) for all product distribu-
tions on X} x Xy, conditions (4.110) and (4.111) will be satisfied for all

product distributions on A" x X3

o A class of deterministic IFC: If there exists functions As and Ag such that
(4.105) and (4.106) are satisfied, we see that conditions (4.110) and (4.111)
will be satisfied for all product distributions on A" x XJ'. This class of chan-
nels includes the class of deterministic IFCs determined by El Gamal and
Costa, but without the condition that Y; and Y5 be deterministic functions

of (X1,V3) and (Vi, X3), respectively.

Example 4.1. We consider a symmetric, deterministic IFC with the follow-
ing alphabets: A} = {0,1,2}, V; ={0,1}, Y1 = {0,1,2,3}, X; = {0, 1,2},
Vo ={0,1} and Y, = {0,1,2,3}. The functions A3 and A, are given by

A3(Xi=0)=0; A3(Xi=1)=A3(X;1=2)=1, (4.119)

Consider the transition probability matrices shown in Table 4.1. One can

easily check that it is not the class of deterministic IFC studied by El Gamal
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and Costa since Y] # A (X1, V52) and Ys # Ag (X5, V7). One can also eas-
ily verify that it is not a discrete memoryless IFC under strong interfer-
ence. Set p(X1=1) =p(Xo=2) =3, p(X2=0) = 3, p(X2=1) = |,
p(Xy=2)=1, p =5, and p; = ;5. We then have I (X3;Y5|X5) =0 and
I(X1;Y1|X5) = L. Hence, I(Xy;Y5|X5) > I(X1;Y1]X2) does not hold for

all product distributions p (X;) p (Xs).

3-

Table 4.1: Transition probability matrices

p (V1]X1, V2 =0)
Xi=0|Xi=1|X;,=2
Yi=0 D 0 0
Yi=1| 1—p 0 0
Yi=2 0 0 0
Y, =3 0 1 1
p(M|X1, Ve =1)
Xi=0|X;=1|X;,=2
Y1=0 0 0 1
Yi=1 0 p1 0
Y: = 1 I—p 0
Yi=3 0 0 0
p(Y2| Xy, Vi =0)
Xo=0|X9=1| X9=2
Y, = p 0 0
Ys = 1—0p 0 0
Yo=2 0 0 0
Y, = 0 1 1
p (ValXo, Vi = 1)
Xy = Xo=1| X9=2
=0 0 0 1
Y, = 0 P 0
Y, = 1 L—p 0
Yo=3 0 0 0
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X, . Y .
M= Encoder1 . p(Y1|X1,X2)->1Decoder1 > M
14
> AL (X)) Y, .
M. Encoder 2 _|p(Y,| X, V,)|»Decoder2f» M,
2 X =
2

Figure 4.6: Asymmetric IFC

e A semi-deterministic IFC with strong interference: If the inequality I (Xs; Y1|X1)
> I (X3;Ys|X7) is satisfied for all product distributions on X; x X5 (hence
Vo & X5), and there exists a function A5 such that (4.105) is satisfied, we
readily see that conditions (4.110) and (4.111) will be satisfied for all prod-
uct distributions on A" x XJ'. This class of IFCs is a mixture of the IFC
with strong interference and the class of deterministic I[FCs introduced by

El Gamal and Costa and is as shown in Fig. 4.6.

Proof. 1) Achievability: This follows directly from the simplified Han-Kobayashi
rate region [22, Thm. 1] with V; £ W, and V; £ 1¥,. The assertion about
the cardinality of ||Q|| follows directly from the application of Caratheodory’s
theorem to the expressions (4.112)-(4.118).

2) Converse: From Fano’s inequalities, we obtain
H (M|Y)") < Neiy and H (Mo]Y3Y) < Neoy. (4.121)

We will make use of the following facts: (a) The data processing inequality. (b)
The independence of (X{¥,V{") and (X3, V5¥). (c) The fact that Y3, depends
only on (X1, Va,) and Y, depends only on (X3, Vi,,). (d) Conditions (4.103) and
(4.104). (e) Conditions (4.110) and (4.111). (f) Conditioning reduces entropy.
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Let us first consider

NRy=H (M) < I (M;Y]) + Neiy

A
INe

I(X);YY) + Newy

INE

I (XYY VEY) + Neww

1=
[M] =

[H (len“/QNlen_l) - H (Hnl%nXln)] + NGlN
1

3
Il

—
~
—

] =

I (X1n:; Yin|Van) + Nen. (4.122)
1

n

Analogously, we may derive an expression for Ry similar in form to (4.113). Next,

let us consider

N (R, + R»)
= H (M) + H (M>)

[\
~

(M1; YlN) +1 (M2; YQN) + N (e1y + €2n)

—
5]
N
—~
<
=

I (XfVQY1N) +1 (Xé\f;)/zN’X{V) + N (e1nv + €2n)

1= INA

(4)

FXYYY) + 1 (5 YX0Y) + 1 (X5 Y [XVSY) + N (e + )

—
Y
~

< DX YY) + 1G5 YYXT) + 1G5 YAV + N (e + )
d
D LX)+ L(XDYPIXNVIVY) 4 N (e + ean)
N
(e)(f)
< Y I (Voo Xan; Yin) + T (Xon; Van[VinVan)] + N (e1n + €2v) . (4.123)

3
Il
—

Analogously, we may derive an expression for Ry + Ry similar in form to (4.115).

Next, let us also consider

N (R1 + Rz) = H(M1) + H (M2>

< T (M YY)+ 1 (Mo; YY) + N (e1n + €an)

(a)
< T(XYYY) +1(X5Y,Y) + N (e + ean)
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D (VYY) + 1 (XN VNV + 1 (v Yy

+ 1 (X2N§Y2N|V2N) + N (e1n + €2n)

INE

(VY XGT) + 1 (XY V) + (V3 YY)

+ I (X3 Y5V [V3Y) 4+ N (1 + ean)

—

e

< TV Y5 IX00) + 1 (XY IY) + 1 (v, YY)

~

+ I (XY V) + N (ein + en)
=T (VSVXY, YN V) + T (VY XS YV VEY) + N (ein + ean)

@) &

n=1

Finally, let us consider

N (2R, + Ry) = 2H (My) + H (M)
<

21 (My; YY) + 1 (Ma;Y3Y) + N (261 + ean)

(a)(b)
< LX) 1 (X YYIXD) (X3 + N ey + ean)

DI (XYY TV YYIXY) + 1 (XN YN XV 4+ 1 (YY)

—
=

+1(X5; Y5V [V3Y) + N (261n + €2)

(0)(e)

INX

L YY) + 1 (VYY) + 1 YTV + 1 (VY XY
+ (X5 Y5 V3Y) + N (261n + e2)
2LV TV 1 (YY)
+ N (2615 + €2n)

@) &

n=1

—+ N (261]\[ + 62]\[) . (4125)

Analogously, we may derive an expression for R; + 2R, similar in form to (4.118).
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Finally, we obtain conditions (4.112)-(4.118) by introducing a time-sharing ran-

dom variable () and allowing N — oo. O]

4.6.3 Deterministic IFC with Common Information

Recently, there has also been some research activity into the IFC with common
information. In this setting, both transmitters have a common message, in addi-
tion to its own private messages, to transmit to both receivers. Maric, Yates, and
Kramer [54] established the capacity of the strong IFC with common information.
Following this, Jiang, Xin, and Garg [18] determined an achievable rate region for
the general IFC with common information. They also established the capacity
region of a class of deterministic IFCs, introduced by El Gamal and Costa [17],
with common information.

Hence, we next consider the case where both transmitters have common
information M, which they want to transmit to both receivers. In addition, we

require that the following two conditions:

I (VN YN [XY M) > 1 (VY YN X0 M) (4.126)

TV YNIXY M) > T (V35 Y3V XY My) (4.127)
are satisfied for all input probability distributions of the form p (MyX{ X)) =
p(Mo)p (XmMo) p (X5V|Mo)-

Theorem 4.8. The capacity region of the IFC shown in Fig. 4.5 satisfying
the conditions (4.126) and (4.127) is the union of all rate triplets (Ro, Ry, Ro)

satisfying
I (X1;71|VoVa) (4.128)
I (Xa2;Ya|[Vo V1) (4.129)
Ry + Ry < I(X1Va;Y1[Vo) + 1 (Xo;Ya[VoV1V2) (4.130)
R+ Ry < I (Xi;Y1|VoViVe) + 1 (XoVh; Ya|Vp) (4.131)



4.6 Capacity region of a class of deterministic I[FC 100

Ry + Ry < T(XyVa; Y1|VoVh) + I (XaVi; Yo Vo Va) (4.132)

2Ry + Ry < I (XqVa; Y1[Vo) + 1 (X1; Y1|[VoViVa) + 1 (XaVi; Y2 [VoVa)
(4.133)

Ry 4 2Ry < I (Xo; Ya|VoViVa) 4 I (XoVi; Yo Vo) 4 I (X1 Va; Y1 VoVi)
(4.134)
Ry + Ry < I (VLX1; Y1) (4.135)
Ro+ Ry < I (ViXy: Ya) (4.136)
Ro+ Ry + Ry < I (VaX1; Y1) + 1 (Xo; Ya[VoV1V2) (4.137)
Ro+ Ri+ Ry < I (X1;Yi[VoViVe) + 1 (ViXa; Ya) (4.138)
Ro+ 2Ry + Ry <1 (VaXy; Y1) + 1 (Xy; Vi[ViVaVo) + I (ViXa; Ya|VaVh)  (4.139)
Ro+ R+ 2Ry < I (X2 Y2[ViVaVo) + 1 (ViXo; Ya) + 1 (XaVo; Y1[ViVy)  (4.140)

for all input distributions p (vo) p (x1]|ve) p (x2|ve). Furthermore, the region re-

mains invariant if we impose the following constraint: ||Vol| < || X1 || || Xzl + 7.

Proof. 1) Achievability: This follows by applying Fourier-Motzkin elimination to
the conditions of [18, Thm. 1]. Refer to Appendix C.5. We then substitute
Vo & Wy, Vi & Wy, and Vo £ W, in Thm. C.1. Finally, we note that R; <
I (X1;Y1|[VoViVa) 4+ 1 (V1 X3; Ya|VoVa) is redundant due to our imposed constraint
(4.126) as follows:

(X [VoViVa) + 1 (ViXo; Yo |VoVa) > 1 ( Xy Vi [VoViVa) + 1 (Vi; Y3 Vo Xo)
> I (Xy;Y1[VoViVe) + 1 (Vi; Y1 [VoXo)
= I (Xi;Y1[Vola). (4.141)

Similarly, Ry < I (Xo;Ya|VoViVa) + I (VaXy;Y(|VoVh) is redundant due to our
imposed constraint (4.127). The assertion about the cardinality of ||Vy|| follows
directly from the application of Caratheodory’s theorem to (4.128)-(4.140).

2) Converse: The converse proof of Thm. 4.8 follow closely the converse proof
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of Thm. 4.7. We will make use of the following facts: (a) The independence
of My, M, and M,. (b) The conditional independence of (M, V¥, X]') and
(M, VN, X37) given My. (c) The Markov chains M; — MyX{' — Y{¥ and
My — Mo XY — YN, (d) The fact that Y, depends only on (X, Va,) and Ya,
depends only on (Vi,,, Xa,). (e) Conditions (4.126) and (4.127). (f) Conditioning
reduces entropy. In addition, from Fano’s inequalities, we obtain H (M0|Y1N ) <

Nesy and H (Mo]Y3Y) < Neyy. First, let us consider

NRy = H (M) Y H (M, Mo|My)

<I <M1M0§Y1N|Mo) + Nein

(0)(c)
< LX)V M) + Neww

(d)(f)
<

WE

I (Xln; Y1n|‘/2nM0) + NElN. (4142)

n=1

Analogously, we may derive an expression for Ry similar in form to (4.129). Next,

let us consider

N (Ry + Ro) Y H (M, My| Mp) + H (MyMo|Mp)

(
< T (M Mo; YN [ M) + T (MyMo; Y3 |Mp) + N (ern + ean)
)

(b
< T(XY5 YV IMo) + (X5 Y5V XY My) + N (ern + éon)

—~

O
=

= I (X{5 YN Mo) + 1 (VY YN [XT Mo) + (X5 Y5 | X V5 M)
+ N (e1n + €2n)
XY M)+ (VY IXN M) + T (X35 XV M)
+ N (e1n + €2n)
=1 (VY X5V Mo) + 1 (X35 Y5V VNV Mo) + N (ean + ean)
(déf) N

> 1 (VX1 Yin|Mo) + I (Xan; Yau | MoVinVan)] + N (e1x + €2n)

n=1

(4.143)
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Analogously, we may derive an expression for R; + Ry similar in form to (4.131).

Next, let us also consider

N (Ri + Ra) Y H (M, Mo| My) + H (MyMo|Mo)
< T (MyMo; YN | Mo) + 1 (MaMo; Y5 | M) + N (e1n5 + €an)
(é) (XYY N Mo) + (X2 YSV | Mo) + N (erw + €an)
=1 (VYN M) + 1 (X YN VY M) + 1 (VY Y5 | Mo)

+ 1 (X Y5 |V M) + N (e + €an)

(®)
< TV YV X M) + 1 (XY (VY M) + 1 (V3 Y5 | X7 M)

+ I (X3 Y,¥ |V Mp) + N (exw + €an)
VYN XY M) 1 (X YNV M) + T (VY20 M)
+ I (X3 Y,¥ [V My) + N (exw + €an)
=T (V" XT5 YNV M) + T (VX5 YV V3 Mo) + N (e + eaw)
@)

< [ (XinVan; YinlMoVin) + T (XonVin; Yoo MoVan)] + N (613 + €2n) -

n=1

(4.144)

Next, let us consider

N (2R, + Ry) 2 2H (M, M| My) + H (M| M)

(
< 21 (M My; YN |Mo) + I (MaMo; Y3V |My) + N (2615 + €an)
)

b
T O M) 1 (XY X Ma) 4 T (X5 770)

8]

+ N (2615 + €2n)
1 (XY M) + T (VY X M) + T (XYY XV M)
+ 1 (VS Y [ Mo) + 1 (X35 Y5 [V My) + N (2e1n + €ean)
L LYY + (VY IXE M) + T (XYY XV M)

+ I (V5 YV IXY M) + 1 (X Y5 |V M) + N (2e1n + €an)
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= T (VXY VN M) + T (XYVN VNV M) + (XY VN VNV M)
+ N (2€1N + EQN)

@) &
< I (VanXan; Yin| Mo) + T (X0 Vin; Yan|Van Mo) + T (X1n; Yin|VinVan Mo)]
n=1

+ N (261]\[ -+ €2N) . (4145)

Analogously, we may derive an expression for R; + 2R, similar in form to (4.134).

Next, let us consider

N (Ro + Ry) = H (MoM;)

IN

I (MoMy; YY) 4+ N (e1n + €sn)

INT

I (MoX; YY) + N (e + €3n)

A
IN=

[ (M VNX{V,YN) -+ N(GlN + 63N)
f N
I (X1, Van; Yin) + N (e1n + €3n) - (4.146)
n=1
Analogously, we may derive an expression for Ry + Ry similar in form to (4.136).

Next, let us consider

N (Ry + Ry + Ro) Y H (M, My) + H (MyMo| Mp)

< I (MyMo; YY) + 1 (MaMo; Y5 [Mg) 4+ N (e1n5 + €an + €3n)
()(0)

< T (MeXYYN) + 1 (X33 Y3V | XY M) + N (e + €an + €3n)
= I (Mo X755 YY) + 1 (V3 YV XY M) + (X5 Y5V XTVEY M)

+ N (€1N + €N + 63N)

¢)
< I (MoXY Y)Y + 1 (Vs YN IXY M) + 1 (X35 Y3V | XN VN M)

—

+ N (15 + €2y + €3n)

1 (M XY YY) + (XY VNV M) + N (e + ean + es)
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@) &
< U (VanX1n; Yin) 4 T (Xan; Yau | VinVan Mo)] + N (1 + €2y + €3v)

n=1

(4.147)

We may analogously derive an expression for Ry + R; + Rs similar in form to the

expression (4.138). Finally, let us consider

N (Ro +2R; + Ry)
W H (M M) + H (M| Mo) + H (M| Mp)
< T (M My; YY) + 1 (M Mo; YN [ M) + T (Mo Mo; Y3V | My)

+ N (261]\[ + €N + €3N)

L (XY (XY XN M) 1 (X0 (M)

+ N (2e1n5 + €an + €37)
= T (Mo X[ YY) + 1 (VYN X M) + 1 (X)Y; YN 1X5 VY M)
+ 1 (V5 Y5 [ Mo) + 1 (X555 Y5V Ve Mo) + N (2618 + €an + €3n)
L (MoXY YY) 4 T (VYN XY AG) + (XN YN XDV M)
+ I (V3 YN|XY M) + 1(X35 YN |[VEY M) + N (2618 + ean + €3n)
=1 (MoVy" X1 YY) + I(XV YV VY M) + T (X YN VN VY M)

+ N (2618 + €2 + €3N)

(@(f) &
< I (VanXn; Yin) + T (X2nVins Yan | Vea Mo) + T (X Yin|Vin Van Mo)]
n=1
+ N (2€1N + €N + 63]\/) . (4148)

Analogously, we may derive an expression for Ry + Ry + 2R, similar in form
to (4.140). Finally, we define My = V; and allowing N — 0o, we obtain the
conditions in Thm. 4.8. [

For Thm. 4.8, a time-sharing random parameter () is unnecessary as we may

set Vp = (VE)/, Q) in Thm. 4.8. Thm. 4.8 includes, but is not restricted to, the
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class of strong IFCs with common information studied in [54] and also the class

of deterministic IFCs with common information studied in [18].



Chapter 5

Capacity Theorems for the
“Z”-Channel

5.1 Introduction

We consider the two-user “Z”-channel (ZC), Fig. 5.1, recently introduced by
Vishwanath, Jindal, and Goldsmith [13]. The ZC consists of two senders and two
receivers. The transmission of sender TX; can reach only receiver RX;, while that
of sender TXy can reach both receivers. One of the senders transmits informa-
tion to its intended receiver (without interfering with the unintended receiver),

while the other sender transmits information to both receivers. The complete

TX, Y Y RX,
TX, Y Y RX,

Figure 5.1: The configuration of the ZC
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Figure 5.2: Standard form Gaussian ZC

characterization of the discrete memoryless ZC (DMZC) remains unknown to
date.

In this chapter, we also study the Gaussian ZC shown in Fig. 5.2. We use
the term weak crossover link gain to describe the scenario 0 < a? < 1 and the
term strong crossover link gain to describe the scenario a? > 1. Furthermore, we
use the terms moderately strong crossover link gain and very strong crossover link
gain to differentiate between the two scenarios 1 < a? <14 P; and a? > 1+ P,
respectively. Vishwanath, Jindal, and Goldsmith [13] established an achievable
rate region for the Gaussian ZC with very strong crossover link gain. In [55],
Liu and Ulukus determined an inner bound and an outer bound to the capacity
region of the Gaussian ZC with weak crossover link gain. To date, the capacity
region of the Gaussian ZC is only known when the crossover link gain is 1 [55].

In this chapter, we study both the discrete memoryless ZC and the Gaussian
ZC. We first establish achievable rates for the general DMZC. The coding strat-
egy uses rate-splitting and superposition coding at the sender with information
for both receivers. At the receivers, we use joint decoding. We then specialize
the rates obtained to two different types of degraded DMZCs and also derive

respective outer bounds to their capacity regions. We show that as long as a
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certain condition is satisfied, the achievable rate region is the capacity region
for one type of degraded DMZC. The results are then extended to the two-user
Gaussian ZC with different crossover link gains. We determine an outer bound
to the capacity region of the Gaussian ZC with strong crossover link gain and

establish the capacity region for moderately strong crossover link gain.

5.1.1 Outline

The outline of the chapter is as follows:

e We first give a mathematical model for the DMZC in Section 5.2. We
then describe three different types of degraded ZCs. We also describe the

Gaussian ZC model.

e Next, we review past results on the ZC in Section 5.3. We describe a

problem in one of the proofs in [13] for the capacity region of one type of

degraded DMZC.

e In Section 5.4, we establish an achievable rate region for the general DMZC

using rate-splitting and joint decoding.

e In Section 5.5, we specialize the result for the general setting to one type
of degraded DMZC. We also determine an outer bound to the capacity
region. The result is extended directly to the two-user Gaussian ZC with

weak crossover link gain.

e In Section 5.6, we specialize the result for the general setting to another type
of degraded DMZC. The result is extended directly to the Gaussian ZC with
strong crossover link gain. We also determine respective outer bounds to
their capacity regions. We establish the capacity region of the Gaussian ZC
with moderately strong crossover link gain. In the discrete case, we show
that the achievable rate region is the capacity region if a certain condition

is satisfied. Finally, we show that the achievable rate region, determined
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in [13], for the Gaussian ZC with very strong crossover link gain can be

enlarged.

5.2 Mathematical Preliminaries

A two-user discrete ZC consists of four finite sets X}, X, Vi, Vs, and a joint

distribution p (y1, ye|z1, x2), with the conditional marginal distributions given by

p(y1|9617902) = Z p(y1;y2|$1,$2)a (5-1)
Yy2€)2

P (y2lz2) = Z p (Y1, y2|w1, T2) - (5.2)
Y1EV1

The ZC is said to be memoryless if

N
leNYQN\X{VXéV (y{V7yéV|$]1V>fEéV) = Hle\X1X2Y2 <y1n|x1n7$2m yQTL) Pys| X, <y2n|x2n) :
n=1

Throughout the chapter, we assume the ZC to be memoryless. From (5.2), we
see that
X — X9 —Y, (5.3)

form a Markov chain. As there is no cooperation between the two receivers, the
capacity region of the ZC depends on the joint distribution p (yi, ya|z1,x2) only
through the conditional marginal distributions. In addition, we note that X; and

Y, are independent for all input distributions of the form p (z1) p (x2).

SN plyweler,za)p () p (@) =p(a1) Y p(yelra) p(a2)

T2E€X2 y1EI1 T2E€X2

=p(x1)p(y2) - (5.4)

Similarly, X}V and Y;¥ are independent for all input distributions of the form

p(zY) p(2)). In the ZC, sender TX; produces an integer M; € {1,...,2V1},
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Sender TX, produces an integer pair (May, Map) € {1,..., 2N} 5 {1, 2NF= 1
M, denotes the message sender TX; intends to transmit to receiver RXy, My
denotes the message sender TXs intends to transmit to receiver RX;, and My,
denotes the message sender TX, intends to transmit to receiver RXy. A (2N,
oNFa1  9NR2 = N code for a ZC with independent messages consists of two en-

coders

Uy {1, 2V -
Wy {1, ., 2V {1, L 2N Y

and two decoders

Dy le — {1, ...,2NR1} X {1"”721\7321},

D, : yév — {1,...,2NR22}.

The average probability of error is defined as the probability that the decoded

messages are not equal to the transmitted messages, i.e.,
PN =Pr (91 (Y]Y) # (My, Ma1) or @5 (Y5V) # My,) .

The distributions of My, My, and Msy are assumed to be uniform. A rate triplet
(Ry, Ro1, Rao) is said to be achievable for the ZC if there exists a sequence of
(2N 2N R 9NB22 N) codes with PN 5 0as N — oc.

Willems and Van Der Meulen proved that stochastic encoders and decoders
do not increase the capacity region of the discrete memoryless multiple access

channel with cribbing encoders [56]. The same argument can be extended to the

ZC.

Proposition 5.1. Stochastic encoders and decoders do not increase the capacity

region of the ZC.

Proof. For stochastic encoders and decoders, we may assume that the encoding
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and decoding functions are given by

xy = Wy (M, A™Y) (5.5)

2y = Uy (Ma1, Moy, A™?) (5.6)

(Ml, M21> = &, (Y, APY) (5.7)
May = @y (Y5Y, AP?) (5.8)

where AP AF2 APl and AP? are random variables independent of each other

and all other random variables. Now, define

AL (AP AP2 AP AP?) (5.9)

where A ranges over A and p(.) is A’s density function. If a (281 2NFa1 N2z

N)-code exists for stochastic encoders and decoders, and achieves a probability

of error P,, we then have

P, =Pr { <M1, Mgl,M22> # (M, M21,M22)}

= / p(A: CL) Pl"{(Ml,MQhMQQ) 7é (Ml,M217M22) |A: a}da. (510)
a€EA
It then readily follows that there must exist an a € A such that
PY{<M17 M21, M22> # (M, Moy, Mas) |A = G} < P.. (5.11)

Hence, the capacity region of the ZC is unaffected if we assume deterministic

encoders and decoders. O

5.2.1 Some useful properties of Markov chains

We state some useful properties of Markov chains that we will use throughout

the chapter (see [57, Sec. 1.1.5]).
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e Decomposition: X - Z - YW =X -7 —>Y
e Weak Union: X -7 YW =X —-2ZW =Y

e Contraction: (X -7 —-Y)&(X —-2Y - W)=X -7 YW

5.2.2 Degraded ZC

We first define three types of physically degraded ZCs. A ZC is said to be
stochastically degraded if its conditional marginal distributions are the same
as that of a physically degraded ZC. Since Pr <<M1,M21> #+ (MI,M21)> and
Pr <M22 =+ M22> depend only on the conditional marginals p; (y1|z1,22) and
P2 (y2]x2), the capacity region of the stochastically degraded ZC is the same as
that of the corresponding physically degraded ZC. In the rest of the chapter, we
assume that the ZCs are physically degraded.

Definition 5.1. We define a ZC to be a degraded ZC of type I if

form a Markov chain.

Remark 5.1. The joint distribution p (yi, y|2z1, x2) can be written as

b (yla yQ‘Ila 1’2) =Pp (y2|x1, $2)p (y1|x1, T2, yz)

= p (velz2) p (1]21,92) - (5.13)
For the degraded ZC of type I, the following inequality holds:
IT(W;Y3) > 1(W;Y1|Xy) (5.14)

for all input distributions p (x1) p (w) p (xe|w).
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Example 5.1. Fig. 5.5 shows a degraded Gaussian ZC of type I. One may easily
verify that the two Markov chains given by (5.3) and (5.12) are simultaneously
satisfied.

Definition 5.2. We define a ZC to be a degraded ZC of type II if

Xo — (X1,Y1) = Y5 (5.15)

form a Markov chain.
Remark 5.2. For the degraded ZC of type 11, the joint distribution p (y, y2|z1, x2)

can be written as

b (1/1, yQ‘Ila 1’2) =Pp (y1|x1, xz)p (y2|1:1, T2, 3/1)

= p (yilz, 22) p (y2lz1, 1) - (5.16)

The following inequality holds:

TW5YiIX) = 1(W3Y) (5.17)

for all input distributions p (x1) p (w) p (xo|w).

Example 5.2. Fig. 5.7 shows a degraded Gaussian ZC of type II. One may easily
verify that the two Markov chains given by (5.3) and (5.15) are simultaneously
satisfied.

Definition 5.3. We define a ZC to be a degraded ZC of type III if

(X1, X)) = Y1 =Y, (5.18)

form a Markov chain.

Remark 5.3. The degraded ZC of type III was first defined in [13] and corresponds

to the case where the output of receiver RXy (Y3) is a degraded version of the



5.2 Mathematical Preliminaries 114

Figure 5.3: An example of a degraded ZC of type III

output of receiver RX; (Y7). By applying the weak union property for Markov
chains, we see that the Markov chain Xy — (X1,Y)) — Y5 holds for the degraded
ZC of type III. Hence, a degraded ZC of type III is also a degraded ZC of type

IT. However, the converse may not necessarily be true.

Example 5.3. We consider the degraded ZC of type III shown in Fig. 5.3 where

X = {5611,51712}, Xy = {9521,$22}, Vi = {y11,y12,yls7y14}, and ), = {y217y22}-
We note that receiver RX; is able to decode X; and Xs without error. We

also have p (Ya|Y1 = y11) = p (Yao|Y1 = y12) and p (Ya|Y1 = y13) = p (Yo|Y1 = yua).
One may easily verify that the two Markov chains given by (5.3) and (5.18) are

simultaneously satisfied.

5.2.3 Gaussian ZC

For a general Gaussian ZC, the inputs and outputs are related by

Yi* = CllXik + Cng; + Zik (519)

as depicted in Fig. 5.4. The channel outputs and inputs are real-valued and have

power constraints E [|Xf|2} < P} and E [\Xé"ﬂ < Pjy. Zf and Z; are zero-mean

Gaussian random variables with variance o? and o3 respectively. Similar to the



5.2 Mathematical Preliminaries

115

Z;~N(0,07)
Ch
Power P;
Cy
. D
Cx
Power p;

7;~N(0,03)

Figure 5.4: General Gaussian ZC

Gaussian IFC, one can use a scaling transformation to convert the Gaussian ZC

into its standard form as shown in Fig. 5.2. The inputs and outputs

of the
standard form Gaussian ZC are related by
Y = X1 +aXo + 24,
Yo=X0+4+ 2, (5.21)
where
Y 7z
XIZCLIXT7 }/1:_17 le_l
01 01 01
Yy zy
Xo=2X: Yo=-2, Z,=2 (5.22)
09 09 ()]
and the new power constraints and channel gain are
p=fip  p_Cp 20 (5.23)
1 O'% 1> 2 O'% 2 0110_2‘ ’

Equivalent Gaussian ZC with weak crossover link gain (0 < a® < 1)

In [58], Costa showed that the class of Gaussian ZIFC with weak interference

(a® € (0,1)) and the class of degraded Gaussian IFC are equivalent, i.e., for every

Gaussian ZIFC with weak interference, there is a degraded Gaussian IFC with
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1-ad
Z~n (0,124
a
1
> > Y,
Power P, A
v M oy
> > Y,
Power P, &

!

Figure 5.5: Degraded Gaussian ZC of type I

Z, (0,1)

the same capacity region. Using the same arguments as in [58], we can deduce
that the class of Gaussian ZC with weak crossover link gain and the class of
degraded Gaussian ZC of type I are equivalent, i.e., for every Gaussian ZC with
weak crossover gain, there is a degraded Gaussian ZC of type I with the same
capacity region. Hence, the capacity region of the channel shown in Fig. 5.5 is
equivalent to that of the model shown in Fig. 5.2 when 0 < a? < 1. Hence, an
achievable rate region for the degraded DMZC of type I can be readily extended

to the Gaussian ZC with weak crossover link gain. The assumption 0 < a? < 1

1—a?

ensures that the term ~—;

is non-negative.

Equivalent Gaussian ZC with strong crossover link gain (a? > 1)

Consider the two channels shown in Fig. 5.6. The second channel is equivalent
to the first since scaling the output of a channel does not affect its capacity. The
channel shown in Fig. 5.7 is equivalent to the channel shown in Fig. 5.6b since
they have identical conditional marginal distributions. In Fig. 5.7, the outputs

are related to the inputs by

/

X
)/1 :71+X2+Z21,

Yy = Xo + Zoy + Zao (5.24)
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Z,~N(0,1)
| l
X Dy
Power P,
Power P, \r
Z,~N(0,1)

(a)

N
Power p, \r

(b)

Figure 5.6: Transformation of the Gaussian ZC (a? > 1)

Q=

X, %() > 7,
Power P, ﬂ‘
1 .
X, :() =CD >y,
Power P, A *
N (0,

Figure 5.7: A degraded Gaussian ZC of type II
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where Zoyy ~ N (0, a%) and Zog ~ N (0, 1— a%) We will make use of this equiva-
lent channel to determine an outer bound to the capacity region of the Gaussian
ZC with strong crossover link gain. Here, we have made the assumption that
a® > 1 to ensure that the term 1 — a% is non-negative. Since the class of Gaussian
ZC with strong crossover link gain and the class of degraded Gaussian ZC of type
IT are equivalent, an achievable rate region for the degraded DMZC of type II can

be readily extended to the Gaussian ZC with strong crossover link gain.

5.3 Review of past results

In this section, we review some known results for the ZC.

5.3.1 Degraded ZC of Type I

In [55, Larger Achievable Region 2], Liu and Ulukus determined a lower bound
to the capacity region of the Gaussian ZC with weak crossover link gain. This
corresponds to the degraded ZC of Type I. Liu and Ulukus make use of rate
splitting and successive decoding technique similar to Carleial for the Gaussian
IFC [46]. Let us denote the information sender TX, intends to transmit to receiver
RX; by Ms; and the information sender TX, intends to transmit to receiver RXy
by Mas. Moy has rate Toy. Sender TXy splits Mas in [Magq, Mags], where Mag; and
M99 have rates Soo and Ths, respectively. Mso; represents the information that
only receiver RX, can decode, while My, and Maes represents the information
that both receivers can decode.

One strategy is to have receiver RX; decode My, followed by Mags and finally
M. Receiver RXy decodes My, followed by Moy and finally Mso. Another
strategy is to have receiver RX; decode Masqs followed by Ms; and finally M,
while receiver RXy decodes Msyy followed by My and finally Msyyy. The Larger
Achievable Region 2 determined by Liu and Ulukus is the union of the achievable

rate regions of these two strategies for the Gaussian ZC with weak crossover
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link gain. When this strategy is applied to the degraded DMZC of type I, an
achievable rate region is given by the set Rpy, which is the closure of the convex

hull of all rate triplets (R, Ra1, Ra2) satisfying

R <5 (5.25)
Ry < Ty (5.26)
Rys < Say + Tho (5.27)

where Sy, Th, Soo and Ty, are subject to the constraints

Toy + T < I (W3 Y1) (5.28)
§1 < I (X viW) (5.29)
Sao < I (Xo; Y| W) (5.30)

for all input distributions p (w, z1,22) = p(x1) p (w, x2). In [55], Liu and Ulukus
also determined an outer bound to the capacity region of the Gaussian ZC with
weak crossover link gain. By making use of the entropy power inequality, Liu and

Ulukus obtained the following theorem:

Theorem 5.2. [Liu and Ulukus] For the Gaussian ZC with weak crossover link
gain (0 < a? < 1), the achievable rate triplets (Ry, Ray, Ras) have to satisfy

( 26132 ) (5.31)

B) P+ 1
Ry < P) (5.32)
0P, + P
R1+R21_7( 6 2 P1+1) (5.33)
p)

for some 0 < 8 <1 and where v (z) £ Llog, (1 + z).
Proof. The proof can be found in [55, Thm. 2]. ]

Remark 5.4. This outer bound includes the best outer bound to the capacity
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region of the Gaussian ZIFC under weak interference derived by Kramer [59,
Thm. 2]. Kramer makes use of a proposition of Sato for a degraded interference
channel, while Liu and Ulukus derived this using the entropy power inequality.
To see the equivalence between the two, we can ignore the constraint for Rs; since
Ry = 0 for an interference channel. Hence, for the Gaussian ZIFC under weak

interference, the achievable rate pair (R;, R2) have to satisfy

a*BP, + Py
Ry Sv(az (1—ﬁ)P2+1) (5.34)
Ry <~ ((1—=5) ) (5.35)

for some 0 < B < 1. This is in fact the outer bound determined by Kramer for
the capacity region of the degraded Gaussian IFC, which is equivalent to that of

the Gaussian ZIFC under weak interference.

5.3.2 Degraded ZC of Type III

It was stated in [13] that the capacity region of a degraded DMZC of type III is

the closure of the convex hull of all triplets (R, Ra1, Ro2) subject to

I(X1;Y1]Xo) (5.36)

Ror < I (X Vi|W X)) (5.37)

Ry + Rt < I (X1 Xo; Ya[WV) (5.38)
Ry < I(W:Y)) (5.39)

for some input distributions p (w, x1,z2) = p (1) p (w, z2) .

Remark 5.5. The rates given by (5.36)-(5.39) can readily be seen to be achievable.
Since the output of receiver RXs (Y3) is a degraded version of receiver RX; (Y}),
we can use superposition coding at sender TX,, where the auxiliary random
variable U represents the information to be transmitted from sender TX, to

receiver RXs. Unfortunately, this achievable rate may not be the outer bound in
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X" N (Ml,Mzn:lez’Mzzz)
! Y| | Decoder
M, ——| Encoder|—p» L N
1
p()’l,)’2|x1,x2)
M21:(M211yM212)
I X;V N (M1, My, M)
Encoder _Y2> Decoder|
M22=(M221:M222) 2 2
——

Figure 5.8: Encoding and Decoding for the ZC

general due to the following problem in the converse.

In [13], the authors define W,, = (Masg, Y11, Y12, ..., Y1,-1) and state that
W, — Xon — (Y1,Y2,) form a Markov chain. However, this is not necessar-
ily the case as W, may contain some information about Y, that is not in X5,.
We first observe that W,, contains all the past outputs of receiver RX; until time
n — 1. Moreover, the current output of receiver RX; (Y3,) is dependent on the
current input of sender TX; and sender TXs (p (y1|71,x2)). Hence, the Markov
chain should be given by W,, — (X1, X2,) — (Y1,Y2,). Therefore, in the deriva-
tion of the outer bound, the input distribution p (w, 1, z2) may not be equal to

p(x1) p (w, z2) as specified in [13].

5.4 Achievable rate region for the DMZC

Similar to Carleial’s treatment of the interference channel [46], we make use of

rate splitting and superposition coding. Transmitter 2 splits Moy in [Ma1q, Moo,
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where My, and Msio have rates So; and Ty, respectively. Similarly, Transmitter
2 splits Moy in [Mag1, Mags], where Mag; and Masy have rates Sge and Tag, respec-
tively. Referring to Fig. 5.8, Msy; represents the information that only receiver
RX; can decode, while My, represents the information that only receiver RX,
can decode. May1o and Mooy represents the information that both receivers can
decode.

Carleial suggested the use of sequential decoding at the receivers for the
interference channel. In [15], Han and Kobayashi refined Carleial’s method by
using a joint decoder superior to sequential decoding for the interference channel.
Rather than using the convex-hull operation, they added a time-sharing random
variable (). Following the ideas of Han and Kobayashi, we use a joint decoder
at the receivers and also include a time-sharing random variable ). We first
describe the codebook generation, encoding at the transmitters, and decoding at

the receivers before describing our main result in Thm. 5.3.

5.4.1 Random Codebook Construction

We first fix the following input probability distribution:

b (Q7 Ty, W, U, U2, -732)

=p (@) p(z1lq) p (wlq) p (ur|w, q) p (uz|w, q) p (w2]w, ur, us, q) . (5.40)

The auxiliary r.v. W carries the common information Ms5 and Msgo, the auxil-
iary r.v. U; carries the information Msq;, while the auxiliary r.v. U, carries the

information Msyy;. The codebook is constructed as follows:

1. Generate one N-sequence ¢V = (q1, ..., qn), drawn according to

2. Generate 2V conditionally independent N-sequences ¥ = (211, ..., 71n),
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each drawn according to

n=N
pxriox (#010) = [ pxiie (z1alan) -

n=1
Label them z{’ (my), my € {1,2,...,2V%1},

(To1+To2

. Next, we generate 2V ) conditionally independent N-sequences WV =

(w1, ...,wy), each drawn according to

n=N
PwnNiQN (wN|qN) = H Pwiq (Wngn) -

n=1
Label them w™ (1ma12,m222), Ma12 € {1, 2., QNT'“}, Mago € {1, 2, ..., 2NT22}.

. For the codeword ¢V and each of the codewords w'¥ (ma12, Mage), gener-
ate 2521 conditionally independent N-sequences ul¥ = (uy1, ..., uin), each

drawn according to

PuNiwnNQN (UmwN (Ma12, M222) 7qN)
n=N
= H bPu,wq@ (uln‘wn (m212, m222) »C]n) .

n=1
Label them uy (ma11, ma12, Mass), many € {1,2,...,2V%1 },

. For the codeword ¢V and each of the codewords w? (ma12, Mag2), gener-
ate 2522 conditionally independent N-sequences u) = (u1, ..., usy), each

drawn according to

Puy iwnoN (UéVhUN (m212> m222) ) QN)
n=N
= H Pu,wq@ (u2n|wn (m212, m222) 7Qn) .

n=1

Label them uy (maa1, Mo, Mazs), Mazr € {1,2,..., 2V},
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6. Finally, for the codeword ¢" and each of the codewords w™ (may2, Maz),
N N
uy (mgn, mzlg,mggg), and Uy (m221,m212, m222), generate one N—sequence

2 =(x91, ..., zan), drawn according to

DxNuNUNWNQN ( fév|uiv (ma11, Mai2, Maa2) ,Uév (221, Ma12, Mag2)

77~UN (m212, m222) 7(1N )
n=N
= H PXx,|u1 U W Q ( 1U2n’U1n (m211, mo12, m222) » U2n (m221, mo12, m222)

n=1

, W (mzlz, m222) y dn ) .

N
Label them Ty (mgn, Mao12, M9221, m222).

5.4.2 Encoding and Decoding

To send the index my, sender TX; sends the codeword ¥ (m1). To send the pair
(ma11, ma12) to receiver RX; and the pair (maar, mags) to receiver RXs, sender
TX, sends the codeword xév (ma11, Ma12, Maa1, Maga). For decoding, receiver RX;

determines the unique (11, Ma11, Ma12, Mag2) such that

((IN, w (mmz’ m222) ,Uiv (m2117 Ma12, m222) ,ﬂfiv (ml) ay{V)

e AN (Q, W, Uy, X1,Y1). (5.41)

For the other decoder, receiver RX, determines the unique (7921, 212, Mags) such

that

(qN, w (m212, 7’71222) 7Uév (m221, Ma12, m222) ,yév) < AEN) (Qv W, Uy, Yz) . (5-42)

5.4.3 Main Result

We may then state the main result below.

Theorem 5.3. An achicvable rate region for sending information over the DMZC
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is given by the set Rqg, which is the closure of all rate triplets (Ry, Ra1, Ra2)

satisfying
R <5 (5.43)
R21 S 521 —+ T21 (544)
Roy < Sop + Ty (5.45)

where Sy, Sa1, Soo, To1, and Ty are subject to the following constraints:

Sy 4 o1 + Tor + To < I (X2 WU Y1|Q) 5.46
So1 + Toy + Toe < I (WU V1| X1Q) 5.47
Sy + So1 < I (X1Uy; Vi|WQ) 5.48

Sy <1 )

)

So1 < I (Up; Y| XaWaQ
Sag + Toy + Toe < I (WUy; Ys|Q)

Sag < I (Up; Ya|WWQ)

for all input distributions of the form (5.40).
Proof. Refer to Appendix D.1. m

It is easy to see that Rq is convex. In addition, we note that Thm. 5.3
is not limited to the ZC. It also applies to the general two-sender two-receiver
channel (without the constraint in (5.3)) where one sender has information to
transmit to both receivers, while the other sender has information to transmit to
only one receiver. Next, we show that R¢ includes the capacity regions of the
multiple access channel and the degraded broadcast channel. It also includes the

best known achievable rate region for the ZIFC.

Remark 5.6. We obtain the multiple access channel when Ry = 0. By setting
522=T21:T22:0,Rl251’3212521,QéWéU2é®andU1éX2>
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we obtain the capacity of the multiple access channel, which is the closure of the

convex hull of all rate pairs (R, Rop) satisfying

Ry <1 (Xy;171]X)) (5.53)
Ry + Ry < 1(X1X5;Y5) (5.55)

for some input distributions p (x1,z2) = p (1) p (z2).

Remark 5.7. We obtain the broadcast channel if Y] is independent of the input
X;. If Y; is a degraded version of Y7, we obtain the degraded broadcast channel.
By setting Sy = To; = S) = Ry = 0, Roy = So1, Rap = T, U = Q = 0, and
U, £ X,, we obtain the capacity region of the degraded broadcast channel, which

is the closure of the convex hull of all rate pairs (R, Ro) satisfying

Ry < [(X2§Y1‘W) (5-56)
Rap < I (W;Y3) (5.57)

for some input distributions p (w, x2) = p (w) p (x2|w).

Remark 5.8. We obtain the ZIFC when Ry = 0. By setting Sy = Toy =0, Uy £
(), and Uy & X5, we obtain the Han-Kobayashi rate region (the best rate region
to date) for the ZIFC which is the closure of all rate pairs (R, Ry2) satisfying

Ry <8 (5.58)

Ras < S22 + T2 (5.59)
where Sy, Sg, and Tyy are subject to the following constraints:

Sy + Top < T (X2W;Y31|Q) (5.60)
Too < I (W;Y1]X41Q) (5.61)
S < T (Xi;|WQ) (5.62)
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Sog + Ty < I (X2;Y5|Q) (5.63)

for some input probability distributions of the following form:

p(q,w,21,72) = p(q) p (21]q) p (wlq) p (z2|w, q) . (5.65)

By using Fourier-Motzkin elimination, we can reduce this to a set of bounds

containing only R; and Ry (Refer to [59], [22]).

5.5 Rate Regions for the Degraded DMZC of
Type 1

As we have mentioned in Section 5.2, the capacity region of a Gaussian ZC with
weak crossover link gain is equivalent to that of a degraded Gaussian ZC of type
I. We shall first determine an achievable rate region for the degraded DMZC of
type I. We note that receiver RXy is able to decode all the information meant
for receiver RX;. Hence, we may set S3; = 0. We are then able to establish the

following lemma:

Lemma 5.4. An achievable rate region for sending information over the degraded
DMZC of type I (X1 x Xo,p (y1,y2|T122) , J1 X o) is given by the set Ry, which
is the closure of all rate triplets (Ry, Ro1, Roa) satisfying

Ri< S (5.66)
Ry < Ty (5.67)

Rog < Sog + Ty (5.68)
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where S1, Sa1, Sa2, and Tys are subject to the following constraints:

Sy + Tor + Tos < [ (WX13Y1|Q) (5.69)
Ty + Ty < I (W;Y1]1X1Q) (5.70)

Sy < I (Xy;n(we) (5.71)

Sy < I (Xo: YoV Q) (5.72)

for all input probability distributions of the form (5.65). Furthermore, the region
1s unchanged if we impose the following constraints on the cardinalities of the
auziliary sets:

W <) +2 and QI <4. (5.73)

Proof. Set Sy = 0, Uy & W, and U, £ X, in Thm. 5.3. We note that for a
degraded DMZC of type I, I (W;Y1]|X;) < I (W;Y3) for all input distributions
p (1) p (w) p (x2|w). This implies that

LWiYiIX1Q) + 1 (Xa: Va[WQ) < T (W3 Y3lQ) + T (X3 V2| WQ)
— (X %5Q). (5.74)

Hence, the following constraint:

Sog + Toy + 1oy < 1 (XQ; 1/2|Q) (575)

is redundant for a degraded DMZC of type I. The assertions about the cardinal-
ities of W and Q follow from the application of Caratheodory’s theorem to the
expressions (5.69)-(5.72). O

Remark 5.9. By observing that I (W;Y;) < I (W;Y1]|X;), we readily see that the
achievable rate region of Lem. 5.4 will always include the achievable rate region

determined by Liu and Ulukus, i.e. Ry C R;.
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5.5.1 Outer bound to the capacity region of the degraded
DMZC of type I

The following is an outer bound to the capacity region of the degraded DMZC of

type L:

Theorem 5.5. The set of rate triplets (Ry, Ro1, Rao) satisfying

Roy < I (W3 Y1]1X:Q) (5.76)
Ryy < I (X9 Y2|WQ) (5.77)
R1 + R21 S I(WXI,YHQ) (578)

for some input probability distributions of the form p (q,w,x1,22) = p(q) p (z1]q) p (w|q) p (x2|w, ¢
constitutes an outer bound to the capacity region of the degraded DMZC' of type
1. Furthermore, the region is unchanged if we impose the following constraints on

the cardinalities of the auxiliary sets:
W < [ +1 and [|Qf < 3. (5.79)

Proof. Refer to Appendix D.2. m

5.5.2 Achievable Rate Region for the (Gaussian ZC with
Weak Crossover Link Gain (0 < a? < 1)

We have already established an achievable rate region for the degraded DMZC
of type I. Lem. 5.4 can then be readily extended to a Gaussian ZC with weak

crossover link gain.

Corollary 5.6. For 0 < a®? < 1, an achievable rate region for the Gaussian ZC

s given by the set Ro, which is the closure of the convex hull of all rate triplets
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(R1, Ra1, Rog) satisfying

Ri< S (5.80)
Ry < Ty (5.81)
Roy < Sop + Ty (5.82)

where Sy, Th1, Sao, and Tyy are subject to the constraints

2
S1+To1+ Ty <7 ( 2 ?1 ﬂ_P;;_Pfl_{_ 1) (5.83)
a2
Ty + Toy < ( ﬁPjDQ " 1) (5.84)
( P2 - 1) (5.85)
S22 <7 ((1=5) P) (5.86)

for any 0 < 8 <1 and where v (z) = §log, (1 + ).

Proof. The proof follows directly from Lem. 5.4 with || Q|| = 1, Xy = W+V where

E(W?) B

W, V, and X; are independent Gaussian random variables, and § = 3(3)°
2

5.6 Rate Regions for the Degraded DMZC of
Type 11

As we have mentioned in Section 5.2, the capacity region of a Gaussian ZC with
strong crossover link gain is equivalent to that of a degraded Gaussian ZC of
type II. Hence, we shall first determine an achievable rate region for the degraded
DMZC of type II. In addition, the achievable rate region in Lem. 5.7 is also
applicable to the degraded DMZC of type III.

Lemma 5.7. An achievable rate region for sending information over the degraded

DMZC of type II and type 11 (X} X Xa,p (y1,y2|T122) , I X V2) is given by the
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set Rs, which is the closure of all triplets (Ry, Ra1, Raa) satisfying

Ry < 1 (X3 V1[WX1Q) (5.87)

Ryy < T (W;Y3|Q) (5.88)

Ry < 1(X0Yi]%:Q) (5.89)

Ri+ Roy < I (X1 Xo; Yi[WQ) (5.90)

Ry + Roy + Ry < I (X1X5;Y1|Q) (5.91)

for all input probability distributions of the form (5.65). Furthermore, the region
15 unchanged if we impose the following constraints on the cardinalities of the
auxiliary sets:

W <%l +2 and QI <5. (5.92)

PT’OOf. Set T21 = 522 = 0, Rl = Sl, R21 = 821, R22 = T22, UQ é W, and U1 é XQ
in Thm. 5.3. Since

T(W;Ys|Q) + I (Xo;ViIWX1Q) < T (Xo; V1[X1Q) (5.93)

for a degraded DMZC of type II and type III, the constraint

Ry + Ros < I (X5 Y11X1Q) (5.94)

is redundant. The assertions about the cardinalities of W and Q follow directly
from the application of Caratheodory’s theorem to the expressions (5.87)-(5.91).
O

5.6.1 Outer bound to the capacity region of the degraded
DMZC of type II and type III

The following is an outer bound to the capacity region of the degraded DMZC of
type II and type III:
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Theorem 5.8. The set of rate triplets (Ry, Ro1, Raa) satisfying

Ry < I (X, Y1|WX,Q) (5.95)
Ry < I (W;Y3|Q) (5.96)
R < I(Xy;Yi|X,Q) (5.97)
Ry + Roy + Rop < T (X1X2:Y1|Q) (5.98)

for some input probability distributions of the form p (q,w,x1,22) = p(q) p (z1]q) p (w|q) p (x2|w, ¢
constitutes an outer bound to the capacity region of the degraded DMZC' of type
II and type III. Furthermore, the region is unchanged if we impose the following

constraints on the cardinalities of the auxiliary sets:
VI < (| %] +1 and [|Q] < 4. (5.99)

Proof. Refer to Appendix D.3. n

We note that the outer bound of Thm. 5.8 has one less constraint than the
achievable rate region of Lem. 5.7. A natural question is under what conditions
do the inner bound and outer bound meet. This is given in the following theorem

below:

Theorem 5.9. The capacity region of the class of DMZC' of type II, coupled with
the condition that I (W;Y1) < I (W;Y3) for all input distributions of the form
p(w,o1,15) = p(x1)p(w,x9), is the set Ry, which is the closure of the set of
rate triplets satisfying (5.95)-(5.98) for some input probability distributions of the
form p(q,w,x1,x9) = p(q) p(x1]|q) p(w|q) p(z2]w,q). Furthermore, the region is
unchanged if we impose the same constraints on the cardinalities of the auxiliary

sets as (5.99).
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Proof. Let us first assume that a certain rate triplet (R’l, R,,, R’QQ) satisfies (5.95)-
(5.98) for a fixed input distribution

p1 (g, w, 21, 29) = p1 (q) p1 (71]q) p1 (w]q) p1 (z2|w, q) - (5.100)

Let the joint distribution of the set of random variables (Q'W!'X] X]) be given by
(5.100). Let the joint distribution of the set of random variables (Q*W?X?2X3),
where W2 £ (), be given by

P2 %951,332 Zpl q,w, 9017352)
weW

=D (Q> b1 ($1|Q) D1 <$2|q) . (5.101)

Now, let the random variable I range over {1,2}, where 0 < Pr(I =1) =a <1
and Pr(I =2) = 1 — a. Furthermore, we define X; = X!, X, £ XI W £
W! and Q £ (QI i ) Next, we need to set an appropriate value for a. If

I(WLYHQY) =0, set o = 0. Otherwise, we set « as follows:

’
R22

= —— 5.102
MERIERED (0102
We note that R, satisfies
Ry <1 (X3 Y{W'X{Q")
= ol (XY [WIX1Q") + (1 - ) I (XY, WX Q")
< ol (XY WIXGQY) + (1 —a) I (X5; Y/ |X1Q")
= ol (XY [(W'X1Q') + (1 - a) I (X3;Y7|X7Q?)
=1 (X, V1|IWX,Q) . (5.103)

We also note that R + R), satisfies

R +R21§[(XX217Y|Q) 22
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X1X2;Y1|Q R22

I
I
I

) —

X1Xo;Y1|Q) — o (WY, Q)
)
) —

(X1 X 11|Q) — T (W Y3|Q)

X1 X5 11|Q) — T (W3 Y4@Q)

I/\

(
(
(X1 Xo;Y1|Q) — ol (WhYFQ') — (1 — o) I (W?Y5]Q?)
(
I(
I(

X, X3 i [WQ) (5.104)

if I (W;Yy) <1 (W;Y3) for all input probability distributions p (1) p (w) p (z2|w).
We see that the same rate triplet (Rll, R, R/22) satisfies

Ry < I (X Vi|[WX1Q) (5.105)

Ry, < 1(W;Y2|Q) (5.106)

Ry <1 (Xy;Y1]X5Q) (5.107)

R+ Ry, <I(X1X:V1|[WQ) (5.108)

R, + Ry + R,, < I (X X2:Y1|Q). (5.109)

Hence, all rate triplets in the set Ré are achievable. O

The region Ry is in fact also the capacity region of a certain class of degraded

DMZC of type L

Theorem 5.10. R; is the capacity region of the class of degraded DMZC of type
I with Y being a deterministic function of X1 and Y1, i.e., Yo = A (X1, V7).

Proof. Since Yo = A (X3,Y7), we note that Xy — (X7,Y7) — Y5 form a Markov
chain. In fact, this special class of ZC is a degraded DMZC of both type I and type
I1. It is easy to verify that for the degraded DMZC of type I, I (W;Yy) < I (W;Y53)
for all input distributions p (x1) p (w) p (xe|w). O
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5.6.2 Achievable Rate Region for the (GGaussian ZC with

Strong Crossover Link Gain (a? > 1)

So far, we have established an achievable rate region for the degraded DMZC of
type II and type III. Since the capacity region of the Gaussian ZC with strong
crossover link gain corresponds to that of a degraded Gaussian ZC of type II, we

see that Lem. 5.7 is readily applicable with obvious modifications.

Corollary 5.11. For a®> > 1, an achievable rate region for the Gaussian ZC' is
giwen by the set Ry, which is the closure of the convex hull of all rate triplets
(R1, Ra1, Rog) satisfying

Ry < v (a°BP) (5.110)
(1-7) P2)
Rop <~ | —E222 5.111
22 =Y 1+ 3P, ( )
Ry <~ (P) (5.112)
Ri + Ry < v (a’8P, + P) (5.113)
R+ Roy + Roo <y (a2P2 -+ Pl) . (5114)

forany 0 < g < 1.

Proof. The proof follows directly from Lem. 5.7 with ||Q|| = 1. We also assume

that Xo = W 4+ V where W, V, and X; are independent, zero-mean Gaussian

E(V2)
B(x3) O

random variables and where § =

Remark 5.10. Corollary 5.11 was derived in [13] for the Gaussian ZC with very
strong crossover link gain. We note that the last constraint (5.114) is redundant

for the Gaussian ZC with very strong crossover link gain.
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5.6.3 Outer Bound to the Capacity Region of the Gaus-

sian ZC with Strong Crossover Link Gain (a® > 1)

In the previous section, we derived an achievable rate region for the Gaussian ZC
with strong crossover link gain. Next, we proceed to establish an outer bound to
the capacity region of the Gaussian ZC with strong crossover link gain. We make
use of the equivalent channel shown in Fig. 5.7 and Shannon’s entropy power

inequality to derive an outer bound.

Theorem 5.12. For a Gaussian ZC with power constraints P, and P,, and a® >

1, any achievable rate triplet (Ry, Ro1, Ro2) has to satisfy

Ry < 7 (a®BP,) (5.115)
(1-7) Pz)
Ry < —_— 5.116
22 7Y 1+ 3P, ( )
Ry <v(P) (5.117)
Ry + Ro1 + Ryp < vy ((Z2P2 + Pl) . (5118)
for some 0 < 3 < 1.
Proof. Refer to Appendix D 4. O

5.6.4 Capacity Region of the Gaussian ZC with Moder-
ately Strong Crossover Link Gain (1 < a* < 1+ P)

We have derived an achievable rate region and an outer bound for the Gaussian
ZC when a? > 1. In this section, we show that the achievable rate region coincides

with the outer bound when the crossover link gain is moderately strong, i.e, when

1§(I2§1+P1.

Theorem 5.13. The capacity region of the Gaussian ZC with moderately strong
crossover link gain is given by the closure of all rate triplets (Ry, Ra1, Ra2) satis-

fying (5.115)-(5.118) for some 0 < 3 < 1.
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Proof. Let us first assume a particular rate triplet (R’l, R, R'ZQ) satisfies (5.115)-

(5.118) for B = fy. Next, let us set [y as follows:

g !
AR
/ (1—=051) Py
— Ry, =~ —52).
22 7<1+51P2

(5.119)

We note that Gy < 8; < 1 since R;Q < ((1—50)132)‘ Let us consider the last

1+5o P2
constraint given by (5.118). We obtain
/ / 1 1 1+ P
R+ Ry < ilogz (1+a’P+ Py) — 5108;2 (m)
_110 1+CL2P2+P1+51P2+CL251P22+51P1P2
PR 1+ P,

= (CL251P2 + P+ (1 — ﬁl) F (a2 —1- Pl))

14+ P
<y (a®BiP+P), a* <1+ P

(5.120)

We see that the same rate triplet (R}, Ry, Ry,) also satisfies (5.110)-(5.114) for

G = pr.

Ry < (a®BoP,) < v (®BiP), Bi > fo

- (1—51)132)
22 = 7 —1+ﬁ1P2

7 (P)

| /\

Rl + R21 <7 (a®61P, + Pl)

7 (
Ry + Ry + Ry <7 (a’Po+ P)).

Hence, any rate triplet in the outer bound is achievable.

(5.121)
(5.122)
(5.123)

(5.124)
(5.125)
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Figure 5.9: Numerical Computations (P, =5, P, =5, a* =9, Ry = 0.3/0.7)

5.6.5 Achievable Rates for the (Gaussian ZC with Very
Strong Crossover Link Gain (a®> > P, + 1)

In [13], Vishwanath, Jindal, and Goldsmith determined an achievable rate region
for very strong crossover link gain using superposition coding at sender TX5 and
successive decoding at receiver RX;. In fact, the achievable rate region of Vish-
wanath, Jindal, and Goldsmith corresponds to that of Corollary 5.11 with very
strong crossover link gain. However, their technique does not apply to the case
of moderately strong crossover link gain. This is because their successive decod-
ing method would require receiver RX; to be able to decode all the information
intended for receiver RX5. This is possible only with very strong crossover link
gain.

We have already determined the capacity of the Gaussian ZC with moder-

ately strong crossover link gain. A very natural question that comes to mind is
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whether Corollary 5.11 also gives us the capacity region of the Gaussian ZC with
very strong crossover link gain. Our experience with the Gaussian ZIFC under
very strong interference may influence one to think that Corollary 5.11 would
also give us the capacity region of the Gaussian ZC with very strong crossover
link gain. However, in this section, we show that this is not the case in general.
In fact, this is suggested by the time-sharing random variable () in the converse
proof of [13]. We can enlarge the achievable rate region of Corollary 5.11 for the
Gaussian ZC with very strong crossover link gain by allowing || Q|| > 1. We could
theoretically compute an achievable rate region for larger values of ||Q|| but for

computational reasons, we restrict attention to ||Q| = 2.

Corollary 5.14. For a> > 1+ Py, an achievable rate region for the Gaussian ZC
is given by the set Ry, which is the closure of the convex hull of all (Ry, Ra1, Ra2)

triplets satisfying

280P,\  ~ (a’opP
R21§>\7<a ip 2)+M (a ‘7; 2) (5.126)
BpPy ) N ( aph, )
Ry < Ay (2222 ) o3y (222 5.127
22 S fy(A—i—ﬁp% Y X+ 0P, ( )
P\ -~ [aP
R < Ay (%) + (%) (5.128)
23pPy +aP,\ ~ [a’0pPs+aP
Ri 4 Ry < Ay (a bp 2;0‘ 1) Oy (%ﬂl) (5.129)
29Py +aP\ ~ (a’5Ps+aP
Ry + Roy 4 Ray < Ay (ap%m) + (C‘p%ﬂ)‘l) . (5.130)

forany 0 < X\ o, B,p,0 < 1.

Proof. The result follows directly from Lem. 5.7 with || Q|| = 2. We assume that
XN =WN 4+ VN where WY, VN and X¥ are independent. During a fraction A

of the time, the symbols of XV, W¥ and V¥ are Gaussian distributed with zero

. P. P .
mean, and variances aTPl, ﬁ% and ﬁ%, respectively:

P, P.
XlnNN(O7%)7 WnNN(O7%>7
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P
VRNN(O,WA?), 0<af,p<1, n=1,2 .., N\ (5.131)

and during the remaining fraction A £ 1 — X of the time:
aP apP:
XlnNN(0,$> , Wn~N<o,@) ,
A A
pP:
Mm/\/((),%), 0<o<1, n=NA+1,.,N (5.132)

which ensures that the power constraints are satisfied. O]

Remark 5.11. Fig. 5.9 shows numerical computations of the achievable rates
for the Gaussian ZC with P, = 5, P, = 5, a*> = 9 (a*> > 1 + P,). Instead of
plotting rate triplets (R, Ro1, Ra2), we fix Ryy = {0.3,0.7} and plot the rate pair
(R1, Ro1). From Fig. 5.9, we see that when Ry, is fixed, Corollary 5.11 gives rate
pairs (Ry, Ro1) that correspond to a Gaussian multiple-access channel. However,
we see that when we increase || Q|| from 1 to 2, Corollary 5.14 gives an achievable
rate region that is even larger than that of Corollary 5.11 for the Gaussian ZC
with very strong crossover link gain. Moreover, we note that for the parameters
chosen, setting || Q|| = 2 suffices to achieve the capacity for most rate triplets. In
general, Corollary 5.11 is not the capacity region of the Gaussian ZC with very

strong crossover link gain.

Remark 5.12. However, Corollary 5.11 gives us the capacity region of the Gaussian
ZIFC under strong interference. We can ignore the constraint for Ry since Ry =
0 for an interference channel. By setting § = 0, we obtain the capacity region of

the Gaussian ZIFC [15] under strong interference.



Chapter 6

Conclusion and future work

We have taken an information-theoretic look at three non-centralized multi-user
communication systems: the relay channel, the interference channel (IFC), and
the “Z”-channel (ZC).

For the general relay channel, we introduced and studied three new gener-
alized strategies: The first strategy makes use of sequential backward decoding,
the second strategy makes use of simultaneous backward decoding, and the third
strategy makes use of sliding window decoding. The advantage of the sliding
window decoding strategy is that the receiver can start decoding information
without waiting for the last block to be transmitted. However, backward decod-
ing strategies simplify proofs for achievable rates. Assuming zero-mean, jointly
Gaussian random variables, all three strategies give higher achievable rates than
Cover & El Gamal’s generalized strategy for certain parameters of the Gaussian
relay channel. In fact, we show that all three of our strategies achieve the same
rate. Interestingly, a change in the decoding order resulted in a new achievable
rate for the relay channel as shown by the sliding window decoding strategy. This
suggests the variation of decoding order in order to obtain new achievable rates
for other channels.

We have also extended the rate achievable for SeqBack decoding to the relay

channel with standard alphabets. Future research for the relay channel should
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look into extending the result for even more general cases (less restrictions on the
input probability distributions). This could be done by quantization of the relay
channel with general alphabets. In other words, one must prove that there exists
a suitable partitioning of the alphabets (which can be made finer and finer) such
that arbitrarily small probabilities of error can be achieved using the quantized
relay channel [60]. Another possible method is to prove Feinstein’s Lemma [61]
for relay channels with general alphabets. Hence, the mutual information can be
expressed directly in the form of divergence.

For the general IFC, a simplified description of the Han-Kobayashi rate re-
gion was established. Using this result, we proved the equivalence between the
Han-Kobayashi rate region and the Chong-Motani-Garg region. Moreover, a
tighter bound for the cardinality of the time-sharing auxiliary random variable
also emerged from our simplified description. We then make use of our simplified
description to establish the capacity region of a class of discrete memoryless IFC
before extending the result to the same class of IFCs, where both transmitters
now have a common message to transmit. Interestingly, the simplified descrip-
tion of the Han-Kobayashi rate region first started off with a new coding strategy
based on the broadcast channel. Even though no new achievable rate region was
obtained, this work lead to a simplified description. This suggests the use of
different coding strategies to simplify rate regions already established for other
channels. This work also revealed the importance of Fourier-Motzkin elimination
in removing redundant inequalities in the description of rate regions.

For the two-user ZC, we studied both the discrete memoryless ZC and the
Gaussian ZC. We established achievable rates for the general discrete memoryless
ZC. We then specialized the rates obtained to two different types of degraded dis-
crete memoryless ZCs and also derived respective outer bounds to their capacity
regions. We showed that as long as a certain condition is satisfied, the achievable
rate region is the capacity region for one type of degraded discrete memoryless

ZC. The results were then extended to the two-user Gaussian ZC with different
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crossover link gains. We determined an outer bound to the capacity region of the
Gaussian ZC with strong crossover link gain and established the capacity region
for moderately strong crossover link gain.

Future research for the both the IFC and the ZC should look at incorporating

Marton’s strategy for the broadcast channel [8] into the coding strategies.



Appendix A

Proof of Theorems in Chapter 2

A.1 Derivation of (2.4)

The proof for (2.6) follows exactly along the same lines. Hence, we only show the

2
explicit derivation of (2.4). Let oo = E[PL]. The relay output Y5 is given by

1

Yé = hoXl + Z2
= ahng + hoW + ZQ. (Al)

The destination output Y3 is given by

Ys = h Xy + hoXy + Zs

= (G,hl + hQ) X2 + h1W + Zg. (AQ)
Since Y3 is a zero-mean Gaussian random variable, the variance of Y3 is given by

E (Y7) = hiE [X7] + h3E [X3] + 2h oK [X1X5] + E [ Z]]

:h%P1+h%P2+2h1h2 (1—0[) P1P2+O'§. (A?))
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Hence, we have
1
h(Ys) =  log, <27re (h%Pl 4 R2Py + 2hha/(1 — @) PP + ag)) . (A4
We may compute the first term of the cut-set upper bound as follows:

I (X1 X2;Y3) = h(Y3) — b (V3| X1.X5)

= h(Ys) = h(Zs3)
llog <1+h%P1+h%P2+2h1h2 (1—Oé)P1P2>
2 2 '

2
03
Next, let us consider

h (YaY3| Xs) = h (hoW + Zo, iy W + Zs)

1 2 h(z)()épl + O'% hothé.Pl
= —log, | (2me)

2 hgth./Pl h%OzPl + 0'§

1
=5 log, ((27re)2 (aPy (h§os + hio3) + 0303)) . (A.5)
Finally, we may compute the second term of the cut-set upper bound as follows:

I (Xl;Yzyza‘Xﬁ = (Y2Y3‘X2) —h (Y2Y3’X1X2)

h
= h (Y2Y3|X3) — h(Z223)

%log2 <1 +abP; (i—g + %)) .
A.2 Derivation of (2.10) and (2.11)

The relay output and the destination output is given by (2.1) and (2.2) respec-

tively. We have

I (X;Y3) = h(Y3) — h (Y3]Xs)
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= h(Y3) — h(hi X, + Zs)
1 h3P,
=1 14+ 2. A.

Since I (1/2; ifgyXQYg) = h(Ya|XaY3) — h <Y2|X2Y2Y3), let us consider

h (Y2 XoY3) = h (hoX1 + Zo|h X + Zs)
- h (hoXl + ZQ, thl + Zg) - h (thl —+ Zg)
h%Pl + 0'% hOhlpl

hOhlpl h%Pl + O'g
h%Pl + 0'92)

—11 2
= 5 log, | 2me

1 h?P,o? + h2P,02 + o202
— _1 2 1 2 0 3 23 ) A7
g 082 ( e 2P + o2 (A7)
We also consider
h <Y2|X2Y2Y3) = h (hoX1 + Zo|la X1 + Zs, ho X1 + Zo + Zuy)
h(z)Pl + 0'% hOhl-Pl h%Pl + O'%
hohlpl h%Pl + Ug hohlpl
1 hgpl—i—O'g hOhIPI thl—i-U%—i-J%V
=3 log, | 2me
h%Pl + O'?% h0h1P1
hOhlpl h%P1+O'§+O'12/V
_ llog ore hiPioiod, + hiPioiod, + osoiod,
9 o2 h3iPio3 + h3Pio3 + o303 + hiPio}, + 030,
(A.8)

From (A.6), (A.7), and (A.8), we can show that the constraint (2.9) is satisfied if

2 2 2 2 2 2

2
Oy >
W= h2P,
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Finally, we can compute the rate as follows:

1(X0573%0%) = b (V2Y5]%2 ) = b (V2Y5] X1 )
=h(hoX1+ Zo+ Zw, X1+ Z3) — h(Zy + Zw, Z3)

h(z)Pl—l-O'%—i-O'IQ/V hOhlpl

1 hOhlpl h%Pl + O'g

~ 95 log,

os+0% 0

0 o2
1 h? h?
2 0'3 02+0W

A.3 Derivation of (2.19)-(2.23)

We can compute [ <X1; }/\/2}/3|UX2) as follows:

I(Xu¥a%(UXs ) = b (VYslUXz) — h (V2Y3[U XXz )
- h (h()Wl —|— ZQ —|— Zw, h1W1 —|— Zg) - h, (ZQ + Zw, Zg)

hiaP; + 03 + 03  hohiaP

1 hothépl h%OéPl + 0'?2)
) log,

os+od 0

0 o2
1 h? h?
=21 1 P =+ 4y "0 _
sous (10r (G4 i) )
We can compute [ (U; Y|V X5) as follows:

I(U;Y3|VX3) =h(Yo|[VXy) = h(Y2|UV X))
— 1 (bhoWo + hoWi + Zs) — h (hoW, + Zs)

1 h2pBaP,
— j Rt
2 082 < + hia Py + 0%)
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We can compute I (X;X5;Y3) as follows:

I (X1X5;Y3) = h(Y3) — h (Y3 X1.X3)
= h(Ys) = h(Zs)

L (1 | WP+ 3P, +2h1h2\/@37P1P2>
= 2 log, -

a3

We can compute [ <Y2; 572|UX1X2Y3> as follows:

1 (Y VaUX1X0Y3) = 1 (2 + Zvs Zs)
1 o3

Next, let us consider

hiaP, + o3 + o3,  hohiaP
hghlaPl h%ozPl + O'g

1
h (hoWl -+ ZQ -+ ZW]h1W1 -+ Zg) = - 10g2 2me

2 h%OéPl +O’§

and

h (hoWh + Zy + Zw |hoWi + Zy, Wy + Zs)
h%ozPl + 02+ 0‘2/[, h%aPl +02  hohiaP
hia P, + o3 hiaP, + o2  hohiaP
hohio Py hohiaPy  h2aP, + 032)

1
=5 log, | 2me
h%OéPl + O'g hohlozPl

hohwaPy  hiaP; + o2

(A.10)



A.3 Derivation of (2.19)-(2.23) 149

From (A.9) and (A.10), we have

1 (Y2 YalUXaYs) = 1 (hoWh + Za + Zuws hoWi + Zalla Wi + Zs)
= h (hoWh + Zo + Zy |haW1 + Z3)

— b (hoWi + Zy + Zy|hoWi + Zo, iW1 + Z3)

1 aPy (hios + hio3) + o503
= —log, (1 5 5 5 .
o (ahiPy + o3)

: (A.11)

We also compute I (Xo; Y3|V) as follows:

I( X2 Y3V) = h (Ys]V) — h (Ys]V, X3)

= h (bhaWo + Wi + haWa + Z3) — h (bha W + Wi + Z3)

1 hay P,
=21 1 2 . A.12
9 082 ( T 12aBP 1 hPab + a§> (A-12)

Finally, from (A.11) and (A.12), the constraint (2.14) is satisfied if

ahiPioj + oy (ahg P + 03)] (6 — aff + ) hi i + o]

s o | |
Tw = VB3P, (ah?P; + 03)




Appendix B

Proof of Theorems in Chapter 3

B.1 Detailed Computation of the Probabilities

of error

We may bound YV (K¢|zd (4, 4, k), 25 (i,1)) as follows:

/TN ({yé\f : (qN,vN,uN,wév,yé\]) ¢ A£N> (Q? V7 U7 X27Y2)} |${V7xév) dPQNUNVNX{VXéV

= dPyN NN | APAN7 NyN v N v N
/U{yévz(qN,vN,uN N )ea™M(Qv,u.Xs,v2)} i Xz} QTUTVIX X

VT3 Y

= dPoN{;NyN xN xNvy N
N QNUNYNXNxNy.
/{(qN,uN,vN,Z{V,zé\’,yé\’):(q’v,vN,uN,zé\’,yéV)éZAE )(Q,V,U,Xszz)} roe e

= . dPNNNNNN}dPNNNNN
~/(A§N)(Q,V,U,X2,Y2))° {/ XN|QNUNVN XNy QNUNVNxNy]

/(AENHQ,\/,U,XQ,Yz))“ QIUTVEXTY
N c
= PQNUNvaéVY2N ((AE ) @, V.U, X27Y2)> )

<e (B.1)

We may bound the term TN (Ks|xy (i, 5, k), ) (i,1)) by

’
/TN ({yé\f : (qNavNuuN ,mé\f7yé\7> S AEN) (Q7V7 U) XQaYZ)} ‘x{\/’zé\l) dPQNUNUN’VNX{VXéV

dP, dP,
YN | XN XN QNUNUN'yNXNxN

- / |:/{yév:(qN,vN,uN/,z§V,yév) GAEN) (Q,V,U,XQ,YQ)}

dP . n ,
N Q UNUN VNXNXNYN
/{(qN,uN,uN’,vN,z{v,z;V,y;V):(qN,vN,uN',z;v,y;V)eAE (Q.V,U.X2,¥2) ) L %2

" ’
= dP, Ny N Ny N yN N:| f (qN7vN> f (U’N |qN7UN) f (zNzyN|qN7,UN)
/AEN’(Q,v,U,Xz,Yz) U URXTIQTVE X,y 20
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X dM, I xNy.N
QNVNUN' XNy

N | N N’| N N) < N _N| N N)
s v x v aM
/“\” QV,U,Xz,Yz)f<q Y )f(u ™ Fl=2v2la QNVNUN X YN

IN

/ 2_N(HP\ \M(QV)—E)Q—N(HM\M(U\QV)—2€)2—N(HP\|M(X2Y2|QV)—2€)
JaM (@ v,U,X5,Y2)

X dM /' v Nv N
QNVNUN XNy

(@) 27N(Hp"M(QV)—5)27N(HP|‘M(U\QV)726)27N(HPHM(X2Y2|QV)—25)V01 (AEN) Q,V,U, X27Y2))
< 2—N(HP"M(QV)fe)Q—N(HP‘|M(U|QV)—25)27N(HPHM(X2Y2\QV)725)2N(HP‘|M(QVUX2Y2)+5)

— 9N (U;3|VX5Q)—6¢) (B.2)

MUNXXQNY;V‘QNVN = MQNvNUN/XéVY2N. NeXt, TN (£;|I{V (i,j, k) ,xév (Z, l)) may be
bounded by

’ ’ N
/YN ({yé\] : (qN7UN 7uN 7yév) GAE )(Q7‘/7U7Y3)} |‘rl » Lo )dPQNVNIUN/VNUNX{VXéV

= dPy N NN | dP, / ,
Y. XN X, Ny N N NN xN x N
-/ U AN N Y ea Quuivvy) Y XX | SN vATUN N X

dP,

= N Q
/{qN,vN/,uN',vN,uN,:cN y N):(qN,vN',uN/7y§)6A£ )(QyV,Ung)}

NyN/'yN'yNyN X{V XzNYSN
5,y
10T Y3

d dP ,
/(N)(Q V,U,Y3) {/ VNUNXNXN\QNYN} QNVN'UN'y N

— N N’ N'| N NI N
_/AEN)@’V’U’wa(q )f(v u' g )f(yg lq )dMQNvN’UN'y3N

Q*N(HPHM(Q)*E)Q*N(HPHM(YS\Q)*26)2*N(HP|\M(VU|Q)*26)dM

S/ NyN/'iyN’/y N
AN (Q,V,U,Ys) @EVEUTY;

& o= N(Hp|m(Q) =€) o= N(Hp|am(Y3|Q)~26) o= N(Hp| | p (VUIQ)~2¢) 1 <A£N) (Q,V,U. Y3))
< 9= N(Hp| M (Q)=€)o=N(Hp||a (Y31Q)=2¢) o= N(Hp|as (VUIQ)=2¢) g N (Hp|| a (RVUY3)+e)

— 9= N(I(UV;Y3|Q)—6e) (B.3)

Whel"e PQNVN/UNIVNUNX{VXéV == PVNIUN/XVNUNXiNXéV|QN and (a) fOHOWS fl"OIIl
Monyngvyy = Mynynyyogn = MQNVN’UN’YSN. In order to bound the term
YN (Li|z (3,7, k), xY (i,1)), we observe that since we are averaging over all code-

books and mapping functions for block b, z, = 01 (¢™,u™ (4, 5) , 2 (i,1) ,y)) may
be set to any fixed index my. Hence, we obtain

TN ({8 0d) 5 (0N (), (,9) e ( 0) .98 (53,0, ) ©) € A F 2l (0,5 k) 2 (3,0)
TN ({ () + (a0 G),u? Gig) 2 (30) 3 (5. Lmo ) (1) € AP M jad (i,g k)2 (0,0))
=1V (Vo x {u s (a¥ 0N @), Gg) ol (00) 5 (30, 0mo ) udY ) € AP} 1ol (i, k) Y (1)
/TN ({wa: (™0™ ™ 28" 98" 08 ) € AP (Q ViU, X2, ¥2,¥5) | [l 2d)

X dP N UNGN N x N x N/ ¢ N/
QNVNUNXNXNXN'V]
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= dPs,N|xN N | dP, ’ o N/
N N o Y3V X' X NyNyNxNxNxN' yN
/V{ygv:(qN,vN,uN,xgv’,yg’,ygv)eAé HQViUXa Yo, vg)) 8 DT [ @ 1 X Xy Yy

= N/ 1N/ N <
/(qN,vN,uN,z{V,wév,zév O ,yé\’):(qf",v’\’,uf\’,ﬂﬂﬁV o ,yg‘,\])EAE N(Q,V,U,X5,Y2,Yz)

X dPQ

N‘IN[IN X{V Xzi\/ Xé\,/ f/ZV/}rSN
- dl N N NyN[N N:| dl ' ’
R X X QNVINUNY. NyNyN XN YN YN
/AEN)(Q,V,U,Xz,YQ,Yg) {/ X2 3 Q 2 2 73

N N N N N N N N’ ~N'| N N . N
:/(N) - f(q U, U )f(y3 ‘q YU, u >f<332 s Y2 |q sV, U )
A (Q,V,U,X2,Y3,Y3)

XdMNNNN’AN’N
QNVNUNXS Y5 Yy

o= N(Hp||m(QVU)—e) o= N(Hp|a (Y3|QVU)~2€) o~ N(Hp| p (X2Y2|QVU ) ~2¢)

IN

Ai”’(Q,v,U,Xz,%,Ys)
X dMQNVNUNXéV,YQN/Y:SN
(@) 5= N(Hp||m(QVU) =€) g=N(Hp| | (Y31QVU)=2¢) o= N(Hp) 0 (X2¥2|QVU) =2¢) ) (AEN) (Q, V.U, Xg,Yg,Yg,))

< o~ N(Hp| M (QVU) =€) o= N(Hp|a (Y3|QVU)~26) o= N(Hp| 0 (X2Y2|QVU) ~26) g N(Hp | p (QVU X2 V2 Y3 ) +e)

— 9= N(I(X2Y2;Y3|VUQ)—6¢) (B.4)
where Ponywynxvyyxyyy = Pxyxyexyyygvyvys and (a) from the fact
that MQNVNUNXéVYANQYéV — MXQNYANQXYE‘N'QNVNUN - MQNVNUNXéV/Y/QN/YSN Flna].ly7

we may bound TV (L;

o (1,7, k), 2 (i,1)) as follows:

TN (Liplad (5,5, k) Y (3,1))
= [ ({ () 5 (a0 a0 (o ) o ) € A} el o)

x dpleNVNUNX{VX{V’XéV

= dPy Ny N xNxN
/ [/{ (yé\’,yé\’):(qN,vN,uN,zé\’,(-)(qN,uN,zév,yév)@{v,,yév) EAE,N)} IEIRE N :|

X dpleNVNUNX{VX{V’XéV

1
(g™ oN N 2N (N uN o yNY N N\ A (N)
g vut Lz, (q yUT Ty Yo ),Il ,Yz | €Ae

= / dp, N x N’/ x Ny NyN
/ (qN,vN’uN,wN x{V ,xév,cl,yév) C1QNVNUN XV XN XN vy

— dP., N dP, N xNyNyN
XN |QNUN C1QNVNUNXN XNy Ny

N
/ [/A£ )(X11gN 0N wlN 2l 0(qN ulN 2l ylV ) yd)

:/ / f <m11V,|qN7uN) deN’|QNUN
AN (X1 1gN N uN 2 0(qN uN ey ),ul) i

X dPg qNyNUN XN XNy NYN

(B.5)
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— : N'| N , N
where Po ovynpnxnxvxy = Pxaryciynxyxygvyy- Since f (@ lg", u) =

N{ N , N _ .
f (1‘1 lg™,u ) and MX{V’\QNUN = MX{V\QNVNUNXgVYNzygN’ we then have

TN (L)l (4,4,k) =y (3,1))

g

S/[Q*N(HPHM(XlIQU)*Qe)QN(HPHM(Xl\QVUX2Y2Y3)+26)] dPCIQNVNUNX{VXéVY;VYaN

2 N(HPHM(‘(HQL) 26) aM N oONyNyN xNy'N N
N XNMQNVNUNXINY Y.
Al )(Xl‘qNY,UN7,U(N‘Iévye(qN’uN’zéV’yéV)’yéV) i 2 23

X dPg, QNyNUN XN XNYNYN

< 2—N(I(X1;Y2Y3|QUX2)—45). (B.6)

B.2 Proof of Thm. 3.4

We define the following Fyy x Fxn x Fyn-measurable set for the sake of simpli-

fication of notation:

IC(qN,uN,xéV,yév,Cl) - AEN) (YE;X1V|QN, UN7$éV>yéV7 S) (qN7uN7 :Béva y?)) . (B7)

Averaged over all codewords and mapping functions for block b, we obtain

TN (Talzd (i, 5, k), xd (3,1))

N
=Eqeo UTN ({(yévyév) : (qN7vN7uN7w{V,fv§V,9(qN,uN,xévvyév)7yév7yév) ¢ Al >}|~’C{V,wév>

X dPQNUNvNX{Vchl}

=E dP
Qe (VN uN 22l o1yl wd): QNUNVN X XN C1Y5V vy

N
(@ 0N uN ol 2 e (aN w2 ) wd i ) g Al
dPy N N N | dPy N N | dP, N
/{/ |:/Kl(qN,uN,xé\/,yéV,Cl)u YNXNVNIQNUN X YHNIQNUNX] QNUNXxNC,y

)c dPYSNX{\fVNWNUNXéV]

/ [/N{(NNNNe(NNNN)) U(,C

es\MV(Q.UX3,Y2,72)}

€

(aN ulN 2V ¥, cy)

X dPYzNQNUNXéV:| dPQNUNXéVCI]
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+Eqeo {/ {/ L CRRTRR AR AR TP RRPE: 7yév))[/(/c(qN1uN N

25N (QU.X2, Y2 ¥0) } vyl cn)

)c dPYSNX{VVNQNUNXéV:|

X dPYZNQNUNXéV:| dPQNUNXé\’Cl]

(B.8)

For the first term, by definition, V (qN ulV, 2y, yév) : (qN ulV, 2y N, yév)

(N) (Q U, Xg,Yg,Yg), we have

/]C dPYBNX{VVN\QNUNXéV 21—)\

R )

ES / >c dPYSNX{VVN\QNUNXéV S )\ (Bg)

NoulN ,x2 i) ,01)

Hence, we may now bound the first term as follows:

es{V (Q,U,XQ,YQ,YQ)}

Eqe

c dPY3NX{VVN|QNUNX§V}
Té\’yé\’cl)

X dPY2NQNUNXéV:| dPQNUNXg’cl]

<o | [ | o oy adt ot at iy PPrviavonxy | Parunsye,

YU

esV(Q.UX2,Y2,¥2)}

< Eg, [/ UA APy x| gN N x dPQNUNXé\rcl} <A (B.10)

Before considering the second term, let 7 (C’l|qN uM,z}’) denote the set of
all Fy~-measurable sequences y such that there is at least one codeword 3’
in C;, excluding the first codeword which serves as a dummy codeword, where

(qN ul gyl go ) € Sg) (Q, U, XQ,YQ,YQ) For the second term, let us con-
sider the following:

/ / S (@ ab o WV oy i) Frviovun xy | Foyenunxy | donunxy
g5\ (Q.U,X2,Y2,72)}

-/ U Mévzygef(cqu,uw,mg)dPY2NQNUNXéV } dPClQNUNXéV} Wanunxy

B APy | N s
/ {/ |:/cl5yév€T(C1qN7uN’zé\l) C1|QNUNX]

dPYQN\QNUNXéV dPQNUNXg]' (Bll)
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Next, we may bound the innermost term as follows:

dP, NUN xN
Ci|1QNUNX
/Cl:yéviT(Clqu,uN,zN) 2

e (GRS CTE )

NR
_ _ N 5 27701
PY2N‘QNUNxé\7 ({yé\] : <qN7uN7xéV’yé\7,yéV) € Sgye) (Q7U7 X27Y2’Y2)} |qN N N)}

oNRg _1

-

— 17/ 4Py onpNxy
{ {95 (aN uN = w53 )es{ (Q.U.X2 Y2 ¥2) ) 2
|: 2NR0_1

) f(@?évqu,uN )dMyN NyN XD . (B.12)
/{@?évz(q”,quwéV,y§7@§)65§ﬁ>(Q,U,XZ,Y2,Y2)} 1@

Since S&{Z) (Q, U, X5,Ys, Yg) CA (Q U, X5,Y5, Yg), we may lower bound the
term f (31gY, u®, 2) by

N N N) ( N N N)

g™,
I @™, un, :Bév) f @™ ,uN )

xév) 2N(I(Y2;Y2\UX2Q)+35)

£ @™ N oy y) = f @ vl

IN

AT

F @Y 2Y) > f (0N o, 2 ) 2 N (1(v2i¥2lUX:Q) 3¢) (B.13)
Hence, we obtain

dPpP, NyNxN
/Cly NegT(CilgN ulN,zlY) C1l@TUN X,

{1 _ 9= N(I(¥2i¥2|UX2Q)+3¢) /
{ad(

- N N
- f(yévququvx2 » Y2 )

Py N
N N 2l oy g )es(V (Q,U.X2,¥2,%2) }
2NR0_1
X dMY2NQNUNXéV:|

{95 :(aN N 2l Wl ) )es)(QU.x2. Y2, ¥2) |

n 872—N(1(Y2¢\A’2|UX2Q)+35) (QNRO—I) (B 14)

Let us denote the last term by a®). We see that o™ goes to zero double

exponentially fast with NV as long as Ry > [ (YQ;%\UX2Q> + 3e. Next, let us
consider the following:

~ f (gé\f|qN’uN’xéV7 yg’) dMYN NUNXN:|
/|:/{@§:(qu“1\]vzévvyévvﬁév)Esg\i)(Q,nyszz,YQ)} 12

x f (qN,UNHEéV,yéV) dMoNyN x Ny N
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N N _N N ~N
= f(q U, Ty , Y2 Zh)dMNNNNAN
/SgNe)(QﬁUaXszz,Y’z) G QNUNXN YN

APoNyN x Ny Ny.N - (B.15)
L&ﬁ)(Q,U,Xg,Yz,?2) QIUTX Yy Yy

Next, let us consider the following set of inequalities:

1—€§/ . dPQNUNXNyNYN
AN (QUX2,Y2,Y2) 2o

/ (V) Vg ooy
AMN(QU,X2,Y2,%2) NS (Q.U,X2,Y2,Y2)

/(N) o\ (V) Aoy
AN (Q.U,X2,Y2,¥2) NSV (Q,U,X2,Y2,¥2)

<

dp, 0
QNUNXNYNYN

/S/(\N) (QU.X2,Y2,Y2)

+(1=)

dPQNUNXéVyzN)éN

-
SM(QUX2,Y2,Y2)

€
—1-_<

< AP pn xxy g (B.16)
A /5§N€> (Q.U.X2,Y2,Y3) QYUTXYY

Hence, we may bound (B.11) as follows:

dPy, n ~ | dP, ~| dP N
/ / Ju (@ N 2wl e (qV W 2l oy )) Y IV UN XS C1IQNUNX] QNUNX]
N :
g5\ (Q.U,X2,Y2,72)}

< -+ o) (B.17)

> o

Finally, we may bound the second term of (B.8) as follows:

/ Mﬁvz{(qN,uN,xéV,yév,e@N,uN,xév,yéV)) V(,C

¢5§\]I)(Q,U,X27Y27?2)}

Ege

dPy, N N N
e Gy NXNyN|QNUN X}
(qN,uN,rz“ Y3 ,Cl)

X dPYZNQNUNXéV:| dPQNUNXéV01:|
<E {E + awq
= EQe by

+Eqe {Q(N)}

+a®™ (B.18)

>l > o
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where @) = Egq, {oz(N)} Combining the first and second term in (B.8),

YN (Tl (4,4, k), 2& (i,1)) may be bounded as follows:
1

€

TN (Talel (1,4, k), 28 (i,1) < < + A +a?), (B.19)

> |

For p € (0,1), put € = p? and A = p, we obtain

TN (el (i, k) 28 (D) < 5 + A +a®)
< 2p+a?. (B.20)
It can be seen that for each p € (0,1) and for every € > 0, a®™) decays double

exponentially fast to zero as N — oo. Hence, for any u € (0,1), there exists an

integer Ny = r (1, €) such that @) <y for N > N;. We then obtain

e (jd|xiv (i’j’ k)wrév (ZJ)) < 3:“ (B'Ql)

for N Z Nl.



Appendix C

Proof of Theorems in Chapter 4

C.1 Proof of existence of conditional probabil-
ity distributions and deterministic encod-
ing functions achieving same marginal prob-
ability distributions

Let us assume a fixed P} € P; where

Pl* (q?wwaaxl)xZ)

= pq (@) pwiig (Wi|q) Pxy Wi (T1|wi, @) Pwyjo (W2lq) Pxawsg (T2|w2, q) . (C.1)

We have to find conditional probability distributions py,|q (u1|q), Pus,jq (u2lq),

Px, U Q (951’“1,101, Q)7 and PX5|UsWaQ (iﬂz\um Wa, Q) such that

pxuwig (T1lwi,q) = Y pxijwiq (@1]ur, wi, ) puyje (uig) (C.2)

u1 €EUL

Px|w2Q (z2|we, q) = Z DX |UsWaQ ($2|U27w2,Q)PUz|Q (u2lq) (C.3)

uz €U
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and where both p (z1|u1,wy, q) and p (x2|ug, ws, q) equals either 0 or 1 Vg € Q,
Yu, € Uy, Yuy € Uy, Y, € Wy, Ywy € Wy, Vr; € X, and Vg € Xy, ie., x; is a
deterministic function of ¢;, u;, and w; (i = 1, 2).

The following algorithm allows us to find the conditional probability distribu-
tions pu, i (u1|g) and px,jvywio (1], we, q). We assume Q = {ql,qg, ...,q”QH},

Wi = {wi1, wiz, ..., wipwy }, and Xy = {@11, 212, ..., Trpay -

Algorithm C.1.
for i =1 to ||Q]
set j =1
initialize 7, = p (10| Wim, @), m = 1,2, ...|[Wi]| and n = 1,2, ...|| X ||

while (max rmn) >0

m,n
p (u1j|QI> = min (Tmn)+
m,n
for m =1 to W]
n' = argmin ()"
n
T/ < Tyn! — P <u1j|QZ)
P (T, |wis, Wim, @) =1

P (1n|trj, Wim, @) = 0, n = 1,2, .|| || and n # n

end

Je—g+1
end
J=75—-1

end

e ]} = max J;

Here, (2)" denotes the following function:

()+ r x>0 (C.4)
z)" = ) )
400 ifx <0
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Since
[l ]

Y p@mlwim ) =1, 1<m < Wi, 1<1< Q. (C.5)
n=1

it is easy to verify that Algorithm C.1 gives us a conditional probability distribu-

tion py, | (u1|q) where

Jy
> plugylg) =1, 1<1<|Q|. (C.6)
j=1

It is also easy to verify that Algorithm C.1 will always give us py,|o (u1|q) and

Pxyiwi@ (T1|ur, wy, q) such that

J
P (T1n|wim, @) = Zp($1n|u1jaw1maQZ)p<u1j|QZ)
j=1
dsn<ff, Tsms W, 1si<]Ql  (CT)

and where p (z1,|u1;, Wim, ) equals either 0 or 1 for 1 < n < ||A;]|, 1 < j <
J, 1 <m < W, 1 <1 <]Q|. The same algorithm can be applied to

determine py,|q (u2|q) and px,jv,w.q (®2|ug, wa, q).

C.2 Proof of Lem. 4.3

To obtain the projected achievable rate region Ryx (P*) using Fourier-Motzkin

elimination, we need the following additional inequalities:

Ri— 5 —T, <0, (C.8)
Ry— Sy — Ty <0, (C.9)
—Ry <0, (C.10)
—R, <0. (C.11)
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In addition, it is easy to verify that the following information theoretic inequalities

between the bound constants, a;, ..., goi, © = 1, 2, hold:

Qo s boi Sdoz‘ S Qo; + boia
Qoiy Coi Seoi S Qo + Coi,
boi; Coi Sfoi S boi + Coi

doiy €oiy foi <Goi < Coi + doiy boi + €oiy Qi + foi- (C.12)

Eliminate S;: First collect all the inequalities not involving S; among all the

inequalities to obtain

Ty < b,

Ty < co,

Th+ Ty < for,
—T1 <0,

Sa < e,

Ty < bea,

TI S Co2,

Sy + T < e,

Ty + Ty < for,

So+ T+ T1 < goo,
=59 <0,
=15 <0,

-Ry

IN

0,

(C.13)

(C.14)

(C.15)

(C.16)

(C.17)

(C.18)

(C.19)

So 4+ T < dy, (C.20)
(C.21)

(C.22)

(C.23)

(C.24)

(C.25)

(C.26)

—R, <0, (C.27)
(C.28)

RQ_SQ_TQSO.
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Next, collect all the S; with positive coefficients to obtain
Sl S Aol , (CQg)
S+ T <d,, (C.30)
Sl + TQ S €01, (C31)
Sl + T1 + TQ S Jo1- (CB2)
Furthermore, collect all the S; with negative coefficients to obtain

We eliminate S; by adding each inequality from (C.29)-(C.32) and each inequality

from (C.33),(C.34) to obtain inequalities not involving S;:

0 < aor,

Ry — Ty < ag,

Ty < do,

Ry < dg,

T < e,

Ry +15 - Ty < e,
11+ 715 < gors

Ry + 15 < go1-

It is clear that (C.35) is redundant, (C.37) is redundant due to (C.13), (C.39) is

redundant due to (C.14), and (C.41) is redundant due to (C.15).

Eliminate Sy: First collect all the inequalities not involving S5 among all the
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non-redundant inequalities to obtain

Ty < by, (C.43)

Ty < co1, (C.44)

T+ T, < for, (C.45)

—T; <0, (C.46)

Ty < bya, (C.A47)

Ty < cpo, (C.48)

T+ 15 < for, (C.49)

—T5 <0, (C.50)

—R, <0, (C.51)

—Ry <0, (C.52)

Ry —Ti < ag, (C.53)

Ry <dg, (C.54)

Ri+T, =T <ep, (C.55)

Ry +15 < go1. (C.56)

Next, collect all the Sy with positive coefficients to obtain

Sa < a2, (C.57)

Sy +T5 < dp, (C.58)

Sy 4+ T < en2, (C.59)

So +To +T1 < gpo. (C.60)
Furthermore, collect all the Sy with negative coefficients to obtain

=S5 <0, (C.61)

Ro— Sy — Ty < 0. (C.62)
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We eliminate Sy by adding each inequality from (C.57)-(C.60) and each inequality
from (C.61),(C.62) to obtain inequalities not involving Sy:

0 < ae, (C.63)

Ry —T5 < ag, (C.64)

Ty < dog, (C.65)

Ry < doa, (C.66)

T < e, (C.67)

Ro+ T — Ty < eo, (C.68)
Ty + T < go2, (C.69)
Ro+Ti < goo. (C.70)

It is clear that (C.63) is redundant, (C.65) is redundant due to (C.47), (C.67) is
redundant due to (C.48), and (C.69) is redundant due to (C.49).
Eliminate Tj: First collect all the inequalities not involving 7T} among all the

inequalities above to obtain
T2 S Col,
T2 S bo??

_Rl S 07

Rl S dola
Ry +1T5 < go1,
Ry —T5 < ae,

(C.71)
(C.72)
(C.73)
(C.74)
—Ry <0, (C.75)
(C.76)
(C.77)
(C.78)
(C.79)

Ry < dps.
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Next, collect all the T} with positive coefficients to obtain

T1 < b, (C.80)
Tl + TZ S fola (081)
T < co, (C.82)
Ty + Ty < for, (C.83)
RQ + T1 — T2 S €02, (C84)
RQ + Tl S Jo2. (085)

Furthermore, collect all the T} with negative coefficients to obtain
-1, <0, (C.86)
R1 - T1 S Ao1, (C87)
Rl -+ T2 — T1 S €ol- <C88)

We eliminate 7 by adding each inequality from (C.80)-(C.85) and each inequality

from (C.86)-(C.88) to obtain inequalities not involving 77:

0 < b1,

Ry < ap + bor,

Ry + T3 < boy + €01,
T < for,

Ry +T5 < ao1 + for,

Ry + 2T, < eo1 + for,
0 < coo,

Ry < ap1 + coz,

Ry + T3 < €51 + Cop,

T2 S f027
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Ri+ Ty < ag + for, (C.99)

Ry +2T5 < ey + foo, (C.100)

Ry — Ty < o, (C.101)
Ri+ Ry — T < ap1 + €42, (C.102)
Ri+ Ry < eg1 + €02, (C.103)

Ry < go2, (C.104)

Ri+ Ry < a1 + 902, (C.105)
Ri+ Ry +T5 < ey + goa- (C.106)

It is clear that (C.89) and (C.95) are redundant, (C.90) is redundant due to
(C.76) (ao1 + bo1 > do1), (C.91) is redundant due to (C.77) (bo1 + €01 > Go1),
(C.92) is redundant due to (C.71), (C.93) is redundant due to (C.77) (ao1 + for >
Go1), (C.98) is redundant due to (C.72), (C.101) is redundant due to (C.78), and
(C.104) is redundant due to (C.79).

Eliminate T5: First collect all the inequalities not involving 7T, among all the

inequalities above to obtain

—R, <0, (C.107)
—R, <0, (C.108)

Ry < d,, (C.109)

Ry < dog, (C.110)

R1 < a1 + cop, (C.111)
Ri+ Ry < e, + €49, (C.112)
Ri 4+ Ry < ao1 + goo- (C.113)

Next, collect all the T, with positive coefficients to obtain

T2 S Col, (0114)
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15 < beg, (C.115)

Ry +T5 < gor, (C.116)

Ry + 2T, < eo1 + for, (C.117)

Rl + T2 S €01 + Co2, (C118)

R1 + Tg S o1 + fOQ, (0.119)

Ry + 215 < eo1 + foo, (C.120)

Rl + RQ + T2 S €01 T+ Jo2. (0121)
Furthermore, collect all the 15 with negative coefficients to obtain

=15 <0, (C.122)

R2 — T2 S Ap2, (0123)

Rl + RQ — Tg S o1 =+ €02 (0124)

We eliminate 75 by adding each inequality from (C.114)-(C.121) and each in-

equality from (C.122)-(C.124) to obtain inequalities not involving 75:

0 < ¢,
Ry < age + Cot,
Ry + Ry < ap1 + o1 + €02,
0 < bog,
Ry < apy + bog,
Ry + Ry < ap1 + bog + €02,
Ry < go1,
Ry + Ry < ap2 + gor,
2Ry + Ry < ap1 + go1 + €02,

Rl S €o1 + f017
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Ri+ 2Ry < 2a4p + €1 + for, (C.135)
3Ry + 2Ry < 2001 + €o1 + for + 2600, (C.136)
Ry < ep1 + coz, (C.137)

Ry + Ry < €1 + Go2 + Co2, (C.138)
2R1 + Ry < ap1 + €01 + Con + €02, (C.139)
Ry < a1 + fo2, (C.140)

Ry + Ry < ap1 + o2 + fo2, (C.141)
2R + Ry < 2a,1 + €02 + fo2, (C.142)
Ri < et + foo, (C.143)

Ry 4+ 2Ry < e,1 + 2a0 + foo, (C.144)
3Ry + 2Ry < 2a01 + €01 + 2€02 + [fo2, (C.145)
R+ Ry < ey + oo, (C.146)
Ry + 2Ry < ap2 + goz + €01, (C.147)
2R + 2Ry < ap1 + €01 + €02 + Goz- (C.148)

It is clear that (C.125) and (C.128) are redundant, (C.127) is redundant due to
(C.112) (a1 + co1 > €01), (C.129) is redundant due to (C.110) (as2 + bo2 > dp2),
(C.130) is redundant due to (C.113) (boz + €02 > go2), (C.131) is redundant due
to (C.109), (C.134) is redundant due to (C.109) (e, + for > do1), (C.136) is
redundant due to (C.112) and (C.133) (ap1 + for = go1), (C.137) is redundant
due to (C.111), (C.138) is redundant due to (C.112) (ae2 + o2 > €42), (C.139)
is redundant due to (C.111) and (C.112), (C.140) is redundant due to (C.111),
(C.141) is redundant due to (C.113) (a2 + fo2 = go2), (C.143) is redundant due
to (C.111), (C.144) is redundant due to (C.147) (avz + for > go2), (C.145) is
redundant due to (C.112) and (C.142), (C.146) is redundant due to (C.112), and
(C.148) is redundant due to (C.112) and (C.113). Finally, we obtain the following
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inequalities not involving T5:

Ry < do, (C.149)

Ry < ap + co, (C.150)

Ry < doy, (C.151)

Ry < apo + Co1, (C.152)

Ry + Ry < a1 + Goos (C.153)
Ry + Ry < ap2 + got, (C.154)
Ri+ Ry < eo1 + oo, (C.155)
2Ry + Ry < o1 + go1 + €02, (C.156)
2Ry + Ry < 2a01 + €02 + foo, (C.157)
Ry + 2Ry < agy + go2 + €01, (C.158)
Ry + 2Ry < 2055 + €o1 + for, (C.159)
“Ry <0, (C.160)
—R, <0. (C.161)

C.3 Proof of Lem. 4.3

To obtain the projected achievable rate region Romg (P;) using Fourier-Motzkin

elimination, we need the following additional inequalities:

Ri— S —T <0, ( )
Ry — Sy — Ty <0, ( )
—R; <0, (C.164)
—Ry <0. ( )
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Eliminate S;: First collect all the inequalities not involving S; among all the

inequalities to obtain

=T <0, (C.166)
Sy < a2, (C.167)
Sy 4+ T5 < do, (C.168)
So+ 11 < ey, (C.169)
52 + T2 + T1 S Gdo2, (0170)
—5, <0, (C.171)
~T, <0, (C.172)
Ry — Sy — T3, <0, (C.173)
-k <0, (C.174)
—Ry <0. (C.175)
Next, collect all the S; with positive coefficients to obtain

Sl S Aol , (C176)
S1+ T < do, (C.177)
Sl + TQ S €01, (0178)
Sl + T1 + TQ S Jo1- (0179)

Furthermore, collect all the S; with negative coefficients to obtain
-5, <0, (C.180)

Ri— S —T <0. (C.181)
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We eliminate S; by adding each inequality from (C.176)-(C.179) and each in-
equality from (C.180),(C.181) to obtain inequalities not involving Si:

0 < G, (C.182)

Ry — T < ag, (C.183)

Ty < dy, (C.184)

Ry < do1, (C.185)

T < e, (C.186)
Ri+T,—T < e, (C.187)
T+ T < go, (C.188)
R+ Ty < gor. (C.189)

It is clear that (C.182) is redundant.
Eliminate S,: First collect all the inequalities not involving S, among all the

inequalities above to obtain

Rl +T2 _Tl S €o1,

Tl + T2 S o1,

~Ty <0, (C.190)
~T, <0, (C.191)
—R; <0, (C.192)
—Ry <0, (C.193)
Ry =T < a1, (C.194)
Ty < doi, (C.195)
Ry < dy, (C.196)
(C.197)

(C.198)

(C.199)

(C.200)

Ry +1T15 < go1.
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Next, collect all the Sy with positive coefficients to obtain

SQ S a2, (0201)
So + 1o < dpa, (C.202)
So+T1 < ey, (C.203)
SQ + T2 + T1 S Go2- (0204)

Furthermore, collect all the Sy with negative coefficients to obtain
—S55 <0, (C.205)
Ry — Sy — T3 <0. (C.206)

We eliminate Sy by adding each inequality from (C.201)-(C.204) and each in-

equality from (C.205),(C.206) to obtain inequalities not involving Ss:

0 < e,

Ry — Ty < ap,

Ty < doa,

Ry < dpa,

T < e,

Ry + Ty — T < e,
T+ 11 < goos

Ry + 11 < goo.

It is clear that (C.207) is redundant.

Eliminate T): First collect all the inequalities not involving 7} among all the

inequalities above to obtain

_T2 S 07

(C.215)
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-k <0, (C.216)
—Ry, <0, (C.217)
Ry < dy, (C.218)
T, < e, (C.219)
Ry +T5 < go, (C.220)
Ry — T, < ap, (C.221)
Ty < dya, (C.222)
Ry < dy. (C.223)
Next, collect all the T} with positive coefficients to obtain

Ty < do, (C.224)
T+ T < go, (C.225)
Th < eg2, (C.226)
Ro+Ty — T, < ey, (C.227)
Ty +T1 < goa, (C.228)
Ry +1T1 < gpa. (C.229)

Furthermore, collect all the T} with negative coefficients to obtain
=T, <0, (C.230)
Ri =T < a1, (C.231)
Ri+T,—T <e,. (C.232)

We eliminate 7} by adding each inequality from (C.224)-(C.229) and each in-

equality from (C.230)-(C.232) to obtain inequalities not involving 77:

O S d017 (0233)
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Ry < ag +do, (C.234)

Ri+ Ty < do + eor, (C.235)

15 < go, (C.236)

R+ T, < ap + go, (C.237)

Ry + 275 < €51 + ot (C.238)

0 < ep, (C.239)

Ry < ag1 + eno, (C.240)

R+ Ty < ey + €49, (C.241)
Ro— Ty < eon, (C.242)
Ri+ Ry —T5 < g + €, (C.243)
R+ Ry < e, + €49, (C.244)

Ty < goa, (C.245)

Ri+ Ty < agy + go2s (C.246)

Ry +2T5 < ey + goz, (C.247)

Ry < goo, (C.248)

Ry 4+ Ry < ao1 + goo, (C.249)
Ri+ Ry + Ty < ep1 + Goa- (C.250)

It is clear that (C.233) and (C.239) are redundant, (C.234) is redundant due to
(C.218), (C.235) is redundant due to (C.220) (do1 + €01 > go1), (C.236) is redun-
dant due to (C.219), (C.237) is redundant due to (C.220), (C.242) is redundant
due to (C.221), (C.245) is redundant due to (C.222), and (C.248) is redundant
due to (C.223).

Eliminate T5: First collect all the inequalities not involving T, among all the

inequalities above to obtain

—R, <0, (C.251)
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—Ry <0, (C.252)
Ry <dy, (C.253)
Ry < dp, (C.254)
Rl S A1 + €02, (C255)
R1 + R2 S €o1 + €02, (0256)
Ri 4+ Ry < ap1 + go2- (C.257)
Next, collect all the T, with positive coefficients to obtain

T2 S €o1, (C258)
Ty < d,9, (C.259)
Ry +T5 < g1, (C.260)
Rl + 2T2 < ey + Jol, (0261)
R1 + T2 S €o1 + €02, (0262)
Ry +T5 < a1 + goo, (C.263)
R1 + 2T2 S €o1 + Go2, (0264)
Ri+ Ro+T5 < ep1 + Goo- (0265)

Furthermore, collect all the T, with negative coefficients to obtain
-1, <0, (C.266)
R2 — T2 S A2, (C267)
Rl + R2 — T2 S Aol + €02- (0268)

We eliminate T, by adding each inequality from (C.258)-(C.265) and each in-

equality from (C.266)-(C.268) to obtain inequalities not involving T:

O§6017

(C.269)
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Ry < a2 + €1,
Ry + Ry < ap1 + €1 + €02,
0 < doa,
Ry < age + dog,
Ry + Ry < ap1 + doz + €02,
Ry < go1,
Ry + Ry < ap2 + Gou,
2R; + Ra < ao1 + go1 + €02,
Ry < eo1 + gor,
Ry + 2Ry < 2a02 + €01 + o1,
3Ry + 2Ry < 2a01 + €01 + go1 + 2642,
Ry < ep1 + €02,

Ry + Ry < eo1 + ap2 + €02,
2R1 + Ry < ap1 + €01 + 2€02,
Ry < a1 + o2,

Ry + Ry < ap1 + Go2 + Go2,
2Ry + Ry < 2a01 + €02 + o2,
Ry < eo1 + go,

Ry + 2Ry < €1 + 2a02 + go2,
3Ry + 2Ry < 2a,1 + €01 + 2€02 + Go2,

Ry + Ry < €51 + go2,
Ry + 2Ry < ape + go2 + €01,

2R + 2Ry < a1 + €01 + €62 + Goo.

It is clear that (C.269) and (C.272) are redundant, (C.271) is redundant due to
(C.256), (C.273) is redundant due to (C.254), (C.274) is redundant due to (C.254)
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and (C.255), (C.275) is redundant due to (C.253), (C.278) is redundant due to
(C.253), (C.279) is redundant due to (C.270) and (C.276), (C.280) is redundant
due to (C.256) and (C.277), (C.281) is redundant due to (C.256), (C.282) is
redundant due to (C.256), (C.283) is redundant due to (C.255) and (C.256),
(C.284) is redundant due to (C.255), (C.285) is redundant due to (C.257), (C.286)
is redundant due to (C.255) and (C.257), (C.287) is redundant due to (C.255),
(C.288) is redundant due to (C.291), (C.289) is redundant due to (C.255), (C.256),
and (C.257), (C.290) is redundant due to (C.256), and (C.292) is due to (C.256)
and (C.257). Finally, we obtain the following inequalities not involving T:

Ry < do1, (C.293)

Ry < a1 + €02, (C.294)

Ry < dgy, (C.295)

Ry < gy + €01, (C.296)

Ry + Ry < ap1 + goz, (C.297)
Ri+ Ry < apa + o1, (C.298)
Ri 4+ Ry < €41 + €42, (C.299)
2Ry + Ry < o1 + go1 + €02, (C.300)
Ri + 2Ry < ap2 + go2 + €01, (C.301)
~R, <0, (C.302)
—R, <0. (C.303)

C.4 Proof of Lem. 4.5

Codebook Generation

Generate a codeword ¢V of length N, generating each element i.i.d according

N

to T[] po(qn). For the codeword ¢V, generate 27t conditionally independent
n=1

codewords wi¥ (), j € {1,2,..,2¥7"'}  generating each element i.i.d according
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to H pw|Q (Win|gn). For the codeword ¢V, and each of the codewords w? (j),

generate 251 conditionally independent codewords = (5, k), k € {1, 2,...,2N% },
N
generating each element i.i.d according to [] px,wig (Zin|¢n, w1, (j)). For the

n=1
codeword ¢V, generate 2V72 conditionally independent codewords wy (1), | €
{1,2,...,2N2} generating each element i.i.d according to H Pwsjo (Wan|gn). For
the codeword ¢, and each of the codewords w (1), generate 292 conditionally

2NSQ

independent codewords z2 (I,m), m € {1, 2,..., }, generating each element

N
i.i.d according to [] px,iweq (Ton|@n, wan (1)).

n=1
Encoding

For encoder 1, to send the codeword pair (7, k), send the corresponding codeword
2 (4, k). For encoder 2, to send the codeword pair (I,m), send the corresponding
codeword z2’ (I,m).

Decoding

Receiver 1 determines the unique (j, l%) and a [ such that

Receiver 2 determines the unique (lA, ﬁl) and a}' such that

(wgv @ Lz (z m) Jwl (; ,ygV) € AN (W, Xo, WA, Ya). (C.305)

Analysis of the Probability of Error

We consider only the decoding error of probability for receiver RX;. The same
analysis applies for receiver RX,. By the symmetry of the random code construc-
tion, the conditional probability of error does not depend on which pair of indexes
is sent. Thus the conditional probability of error is the same as the unconditional

probability of error. So, without loss of generality, we assume that (7, k) = (1,1)
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and (I,m) = (1,1) was sent.

We have an error if the correct codewords, {wl (1),z{ (1,1),w} (1)} are
not jointly typical with the received sequence. If incorrect codewords (w!¥ (j),
o (j, l%), wy (f)) are jointly typical with the received codeword, i.e., j # 1 or
k # 1, an error is also declared. However, no error is declared if (wi (1), 2V (1, 1),
Wa <[ #+ 1>) are jointly typical with the received sequence. Define the following

event:

By = {(w (7). 2 (G.k) wd (1) 4) € AN} (C.306)

Then by the union of events bound,

PN = P<EfnUU(a‘,k#(1,1)EJ‘kl>
< P(EL)+ Y, PEW+ DY, P(Eu

AL k=1,l=1 AL k=1,1£1
+ Z P (Eyg) + Z P (Eiw)

j=1,k#1,1=1 j=1,k#1,1#1
+ >, PEm)+ Y, P(Ew

AL k£LI=1 JALkALI£

S P(Efll)+2NT127N(I(X1;Y1|WQQ)746)

4+ oN(T1+T2) 9= N(I(WaX1;Y1|Q)—4e)

+ 2Nsl2—1\1(1()(1;1/1\Wlng)—4e)

4+ oN(S14T2) 9= N(I(W2 X13Y1 [W1Q)—4e)
+ 9N (S1+T1)9—N(I(X1:Y1|W2Q)—4e)

4 oN(S1+Ti+T2) 9= N(I(W2 X1;¥1|Q)—4e) (C.307)

Since € > 0 is arbitrary, the conditions of Lem. 4.5 imply that each term tends to
0 as N — oo. The above bound shows that the average probability of error, aver-
aged over all choices of codebooks in the random code construction, is arbitrarily
small. Hence there exists at least one code C* with arbitrarily small probability

of error. We only consider the error probability of receiver RX;. For 5 # 1, we
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have

P (Ej) = P ((¢V,w) (), 2] (5, 1), wh (1) ,51) € AM)

= > p (w2 1q™) p (w3’ u1g™) p (¢V)

( ,wl ,$1 ,w2 Y1 )eAgN)

IN

‘2 N(H(W1X1|Q)—€)9—N(H(W2Y1|Q)—€)9—=N(H(Q)—¢)

2~ NHW1X1|Q)+H(WaY1|Q)+H(Q)—H(QW1X1WaY1)—4e)

IN

— 9~ NI(X1;Y1|QW2)—4de)
For j # 1, k # 1 we have

P(Eja) =P ((¢",w) (), 2 (j, k), w) (1), 97) € AM)

_ Z p (w, zYq™) p (wy', o1 |d™) p (¢V)

(qN,w{V,z{V,wév,y{V)eAéN)
< A 2 NV X01Q) -0 9 NI Y1Q) )N (H(@) -
< 9~ NHW1X1|Q)+H(W2Y1|Q)+H(Q) - H(QW1 X1 W2Y1)—4e)

_ 9~ N(I(X1;Y1|QW2)—4e)
For k # 1 we have

P (Eya) = P ((¢",w) (1), 2 (1,k), w) (1),5) € AN)

= > p (271" w!) p (wy yy [V w) p (¢Vw))

(qN,w{V,x{V,wév,y{V)EAEN>
< ‘A(n)‘ 9= N(H(X1|QW1) =€) 9—N(H(W2Y1|QW1)—€) 9—N(H(QW1)—e)
< 9~ N(H(X1|@QW1)+H(W2Y1|QW1)+H(QW1)—H(QW1 X1 W>Y1)—4e)

— 9~ NU(X1;1|@QW1W2)—de)
For j # 1,1 # 1 we have

P (E) = P ((¢",w) (5),2) (G, 1), wd (1), 5)) € AM)
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_ > p (weywy'|g") p (u'14") p (¢V)

(qN,w{V,x{V,wéV ,y{V)EAEN)
< |A£n)| 9= N(HW1X1W2|Q)—€)9—N(H(Y1|Q)—€)9—N(H(Q)—¢)
< 9~ NHW1XiW2|Q)+H(V1|Q)+H(Q)—H(QW1 X1W2Y1) —4e)

< 9~ NI(X1W2;Y1|Q)—4e)
For j #£1,k #1,1+# 1 we have

P(Ej) =P ((¢", wY (), Y (, k), wy (1),1) € AM)
= > p (wzyw |¢™) p (v 1a") p (¢V)

AN

IN

(qN,w{V,x{V,wév,y{V)E
| A | 9~ N0V X1W51Q) =g~ N(H(1Q) )9 - 71(@) =)

9= N(HW1 X1 W2|Q)+H (Y1|Q)+H(Q)—H(QW1 X1 W2Y1)—4e)

IN

— 9= N(I(X1W23Y1|Q)—4e)

For k # 1,1 # 1 we have

P (Ew) = P ((¢", wl (1), 2 (1,k),wy’ (1), y)') € ALY)

= > p (2w (g ) p (v lgVwl) p (V)

N
(¥ wd ol wd y )eal™

IN

(N)‘ 9~ N(H(X1W2|QW1)—€)9=N(H(Y1|QW1)—€)9—N(H(QW1)—e)
— 27N(H(X1W2|QW1)+H(Y1|QW1)+H(QW1)7H(QW1X1W2Y1)746)

< 9~ NI(X1W2;Y1|QW1)—4e)

C.5 Proof of the Achievability of Thm. 4.8

Let P; be the set of probability distributions Py (.) that factor as

*
P} (wo, w1, wa, T1, T2, Y1, Y2)
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= p (wo) p (wi|wo) p (wa|wo) p (z1|wr, wo) p (wa]wa, wo) p (y1, y2|z1,22) (C.308)

Suppose we fix Py (.). Let Syxg (P5) be defined as the set of all (Ry, S, T4, Se, T2)
such that

S < aq, (C.309)
S1+ Ty < be, (C.310)
S1+ 15 < ¢, (C.311)
Sy + T+ Ty < dg, (C.312)
Ro+S1+ T +Ts <eu, (C.313)

and
Sy < e, (C.314)
So + Ty < bea, (C.315)
Sy + T < Ceo, (C.316)
So+T1 + 15 < de, (C.317)
Ro+ So+ Ty +T5 < e, (C.318)
Ry, =Sy, =Ty, — Sy, —T < 0, (C.319)
(C.320)

where

e = 1 (X1, Y[ WoWiWa) (C.321)
I (X1 Y1 [WoWa), (C.322)
ca = I (WoX; Y1 [WoW7), (C.323)
dey = T (WX, Y1|Wh), (C.324)
ear = I (WoWoXy; Y1), (C.325)

and
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e = T (X Y| WoWiWa) (C.326)
— 1 (X Ya|Wo7) | (C.327)
= [ (W1 Xa: Ya|Wo W), (C.328)
= I (W1 X2; Ya|Wo) (C.329)
cer = [ (WoW1 Xs: Ya) . (C.330)

Let Rixc (Py) be the set of (Ry, Ry, Re) such that 0 < Ry < 81+ 77 and 0 <
Ry < Sy + Ty for some (Ro,Sl,Tl,SQ,TQ) € Sixa (PQ*) We have the fOHOWiIlg

result:

Theorem C.1 (Jiang-Xin-Garg). The set

Rixa = |J Ruxe (P5) (C.331)
P;eP;

1s an achievable rate region for the discrete memoryless IFC.
Proof. Refer to [18]. O

To obtain the projected achievable rate region Rjxg (Py) using the Fourier-

Motzkin elimination, we need the following additional inequalities:

Ry — S —T <0, (C.332)
Ry— Sy — Ty <0, (C.333)
—R, <0, (C.334)
—Ry < 0. (C.335)

In addition, it is easy to verify that the following information theoretic inequalities

between the bound constants, ag, ..., e, ¢ = 1,2, hold:

Qi S bcia Cei S dci S €ciy

dci S bci + Cei- (C336)
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Eliminate S;: First collect all the inequalities not involving S; among all the

inequalities to obtain

S2

Sy + T

So + T
So+T1+ T,
Ro+ So+T1T1 + 1T
—Ry

-

-9,

T,

Ry — Sy, — 1T
-R,

—R,

< @2,
< be,
< Ce2,
< dey,

S €2,

IA
o

IA
o

IN
o

IA
o

IA
o

IN
o

IN
o

Next, collect all the S; with positive coefficients to obtain

S1

S1+T
Sy + 715

S+ 1T+ Ty

Ry + S+ T+ 15

< Qe1,
< bet,
< Ce1s
< d1,

S €c1-

Furthermore, collect all the S; with negative coefficients to obtain

_Sl S 07

R -5 -1, <0.
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We eliminate S; by adding each inequality from (C.349)-(C.353) and each in-
equality from (C.354), (C.355) to obtain inequalities not involving S;:

0 < ae, (C.356)

Ty < ba, (C.357)

Ty < Ca, (C.358)

Ty + Ty < dey, (C.359)

Ry +T1 + 15 < e, (C.360)
Ry =T <ae, (C.361)

Ry < be, (C.362)
Ri+Ty—T < ca, (C.363)
Ry + T < doa, (C.364)
Ro+ Ry + T, < eg. (C.365)

It is clear that (C.356) is redundant.
Eliminate Sy: First collect all the inequalities not involving S; among all the

inequalities to obtain

—Ry <0, (C.366)

~Ty <0, (C.367)

~T, <0, (C.368)

—R, <0, (C.369)

—R, <0, (C.370)

Ty < ba, (C.371)

Ty < ca, (C.372)

T+ Ty < da, (C.373)
Ro+Ti+ T < eq, (C.374)
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R1 - T1 S Qe (0375)
Ry < b4, (C.376)
Rl + T2 — Tl S Cel, (0377)
Ry +T, <dg, (C.378)
Ro + R1 + T2 S €cl- (0379)
Next, collect all the Sy with positive coefficients to obtain

Sa < g, (C.380)
Sy 4+ T5 < beo, (C.381)
SQ + T1 S Ce2, (0382)
So+T1+ T < de, (C.383)
R() + SQ + T1 + T2 S €. (0384)

Furthermore, collect all the Sy with negative coefficients to obtain
—S55 <0, (C.385)
Ry — Sy —T5, <0. (C.386)

We eliminate S, by adding each inequality from (C.380)-(C.384) and each in-
equality from (C.385), (C.386) to obtain inequalities not involving Ss:

0 < ac, (C.387)

Ty < by, (C.388)

Ty < ceo, (C.389)

T+ Ty < do, (C.390)
Ro+Ti+ T < e, (C.391)
Ry — T < ao, (C.392)
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Ry < bea, (C.393)

Ro+Ti — Ty < cuo, (C.394)
Ry +T1 < do, (C.395)
Ro+ Ro+ T, < coo. (C.396)

It is clear that (C.387) is redundant.
Eliminate Ti: First collect all the inequalities not involving 7} among all the

inequalities to obtain

—Ry <0, (C.397)
Ty <0, (C.398)
“R, <0, (C.399)
“Ry <0, (C.400)

T < cu, (C.401)

Ry < b, (C.402)

Ry +T5 <da, (C.403)
Ry+ Ri+1T <e., (C.404)
Ty < beo, (C.405)

Ry — Ty < apo, (C.406)
Ry < beo. (C.407)

Next, collect all the T} with positive coefficients to obtain

Tl S bclv

T+ 1T, <dg,

(C.408)

(C.409)

Ro+T)+ 7T, < e, (C.410)
Ty < ce, ( )
(C.412)

T+ T, <dg,
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RO + T1 + TQ S €c2, (0413)
R2 + T1 - T2 S Ce2, (C414)
Ry +T1 < dea, (C.415)
R() + R2 + T1 S €c2. (C416)
Furthermore, collect all the T} with negative coefficients to obtain
-T1 <0, (C.417)
R1 - T1 S Qe (0418)
Rl -+ T2 — T1 S Cel- (C419)

We eliminate T} by adding each inequality from (C.408)-(C.416) and each in-

equality from (C.417)-(C.419) to obtain inequalities not involving 77:

0 < ber,
Ty < d.,
Ro+ T3 < e,
0 < ce,
Ty < dea,
Ry + T3 < e,
Ry — T < cea,
Ry < de,
Ro + Ry < e,
Ry < aep + be,
Ry + T3 < ag + de,
Ro+ R1 + T3 < ae1 + e,

Rl S Qc1 + Ce2,
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R+ T, < aeg+dea, (C.433)

Ry + Ry + 15 < ag + e, (C.434)
R+ Ry — Ty < ag + Cea, (C.435)
Ri+ Ry < ag + deo, (C.436)

Ro+ Ri + Ry < agq + e, (C.437)
R+ T, <cq+ba, (C.438)

Ry + 2T < oy + doi, (C.439)

Ry + Ry + 215 < ¢1 + €1, (C.440)
Ry +T5 < ca + cea, (C.441)

Ry + 2T < co1 + deo, (C.442)

Ry + Ry + 2715 < ¢1 + €, (C.443)
Ri + Ry < ¢1 + Cea, (C.444)

Ry + Ro+ Ty < o1 + dea, (C.445)
Ro+ Ry + Ry + Ty < ¢ + €pa. (C.446)

It is clear that (C.420) and (C.423) are redundant, (C.421) is redundant due to
(C.401), (C.424) is redundant due to (C.405), (C.426) is redundant due to (C.406),
(C.427) is redundant due to (C.407), (C.429) is redundant due to (C.402), (C.430)
is redundant due to (C.403), (C.431) is redundant due to (C.404), and (C.438) is
redundant due to (C.403) (ce1 + ber > de).

Eliminate T5: First collect all the inequalities not involving 7T, among all the

inequalities to obtain

—Ry <0, ( )
—R; <0, ( )
—Ry <0, (C.449)

Ry < b, ( )
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Ry < bea, (C.451)
Ry + Ry < e, (C.452)
Ry < ae + e, (C.453)
Ri+ Ry < ae + deo, (C.454)
Ro+ Ry + Ry < a1 + e, (C.455)
Ry + Ry < ce1 + Cea- (C.456)
(C.457)

Next, collect all the T, with positive coefficients to obtain
T < ce, (C.458)
Ry +1T, <dg, (C.459)
Ro+Ri+T1Ts <ea, (C.460)
Ty < beo, (C.461)
Ry + 1T < e, (C.462)
Ry + T < e, (C.463)
Ri+ T, <ag +deo, (C.464)
Ro+ R+ 15 < ag + e, (C.465)
Ry +2T5 < ¢y +dea, (C.466)
Ro+ Ry + 2T5 < co1 + €1, (C.467)
Ri+T5 < ca + cea, (C.468)
Ry +2T5 < ¢ + do, (C.469)
Ro+ Ry + 2T < co1 + €ea, (C.470)
Ri+ Ro+Ts < ¢+ deo, (C.471)
Ry+ Ri+ Ry + 15 < coq + eca. (C.A472)
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Furthermore, collect all the T, with negative coefficients to obtain

~Ty <0, (C.473)

Ry —Tb < aeo, (C.474)
Ri+ Ry — Ty < ap + Cen. (C.475)
(C.476)

We eliminate 75 by adding each inequality from (C.458)-(C.472) and each in-
equality from (C.473)-(C.475) to obtain inequalities not involving 75:

0 < ce, (C.477)

Ry < da, (C.478)
Ro+ Ry < e, (C.479)
0 < bea, (C.480)

Ry < e, (C.481)

Ry < e, (C.482)

Ry < a1 + deo, (C.483)
Ro+ Ri < ae + e, (C.484)
Ry < ¢ +de, (C.485)

Ry + Ry < ce1 + e, (C.486)
Ry < ca + ce, (C.487)

Ry < ca + dea, (C.488)

Ry + Ry < cor + e, (C.489)
Ri+ Ry < ca + deo, (C.490)
Ro+ R+ Ry < coq + e, (C.491)
Ry < co1 + ae, (C.492)

Ry + Ry < dy + ac, (C.493)



C.5 Proof of the Achievability of Thm.

4.8

Ry+ Ry + Ry
Ry

Ry + Rs

Ry + Ry

R+ Ry

Ro+ Ry + Rs
Ry + 2R,

Ry + Ry + 2R,
R+ Ry

Ry + 2R,

Ry + Ry + 2R,
Ry + 2R,

Ry + Ry + 2R,
Ry + Rs

2R, + Rs

Ry + 2Ry + Ry
R+ Ry

Ry + R+ Ry
Ry + Ri + Ry
2R + Rs

Ry +2R; + Ry
3R, + 2R,

Ry + 3Ry + 2R,
2R, + Rs

3R + 2R,

Ro+3R; + 2Ry

< €1 + ez,

< ez + bea,

< €e1 + G2,

< ez + €c2,

< o1 + Qe + dea,

< ey + Qe + €2,

< ¢ +der + 2ac,

< Ce1 + €e1 + 2ae,

< Cel + e + Ce,

< o1 + 2ae3 + deg,

< Cer + 20 + €c2,

< Ca + aeg + deg,

< Cea + Qe + €,

< Qe + Ce F Ce2,

< @er + de1 + cea,

< e + €1 + Ceo,

< e + beg + o,

< Qe + €1+ Cez,

< o1+ Ce2 + €2,

< 2001 + Ce2 + de2,

< 201 + Ce2 + €ca,

< 2a¢1 + Ce1 + der + 2¢e,
< 20e1 + Ce1 + €c1 + 2¢ea,
< Ge1 + Ca1 + 2¢e2,

< 201 + Ce1 + 2¢ + deg,

< 2001 + Cer + 2Ceo + €,
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2R1 -+ 2R2 S Qe + Ce1 + Ceo + dc2, (0520)

Ro+ 2R + 2Ry < ¢y + Ceq + Cea + €. (C.521)

It is clear that (C.477) and (C.480) are redundant, (C.478) is redundant due to
(C.450), (C.481) is redundant due to (C.479), (C.482) is redundant due to (C.452),
(C.483) is redundant due to (C.453), (C.484) is redundant due to (C.479), (C.485)
is redundant due to (C.493), (C.486) is redundant due to (C.479), (C.487) is re-
dundant due to (C.453), (C.488) is redundant due to (C.453), (C.489) is redun-
dant due to (C.479), (C.490) is redundant due to (C.454), (C.491) is redundant
due to (C.455), (C.495) is redundant due to (C.451), (C.496) is redundant due to
(C.452), (C.497) is redundant due to (C.452), (C.498) is redundant due to (C.454),
(C.499) is redundant due to (C.455), (C.500) is redundant due to (C.492) and
(C.493), (C.501) is redundant due to (C.492) and (C.494), (C.502) is redundant
due to (C.456), (C.503) is redundant due to (C.505), (C.504) is redundant due
to (C.506), (C.507) is redundant due to (C.456), (C.510) is redundant due to
(C.454) (b2 + 2 > de2), (C.511) is redundant due to (C.509), (C.512) is redun-
dant due to (C.455), (C.513) is redundant due to (C.453) and (C.454), (C.514) is
redundant due to (C.453) and (C.454), (C.515) is redundant due to (C.456) and
(C.508), (C.516) is redundant due to (C.456) and (C.509), (C.517) is redundant
due to (C.453) and (C.456), (C.518) is redundant due to (C.453), (C.454), and
(C.456) (C.519) is redundant due to (C.453), (C.455), and (C.456), (C.520) is
redundant due to (C.454) and (C.456), and (C.521) is redundant due to (C.455)

and (C.456). Hence, we obtain the following inequalities not involving T5:

Rl S bclv

Ry < ag + ce,

(C.522)

(C.523)

Ry < by, (C.524)
Ry < o + aea, ( )
(C.526)

Ry + Ry < e,
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Ro+ Ry < ea,
Ry + Ry < ae1 + deo,
Ry + Ry < co1 + Cea-
Ry + Ry < dey + ae,
Ry + 2Ry < ca1 + aea + dea,

2R + Ry < ac +der + ceo,

Ro + R1 + Ry < ec1 + aea,
Ro+ R1+ 2Ry < ¢ + ac2 + €2,
Ro+2R1 + Ry < ac1 + a1 + Ceay

—Ry <0,
—R; <0,

(C.527)
(C.528)
(C.529)
( )
(C.531)
(C.532)
Ry + Ry + Ry < ae + e, (C.533)
( )
(C.535)
(C.536)
(C.537)
( )
—Ry <0. ( )



Appendix D

Proof of Theorems in Chapter 5

D.1 Proof of Thm. 5.11

By the symmetry of the random code generation, the conditional probability of
error does not depend on which indices are sent. Therefore, we may assume that

the message

(mh (m211, m212) s (m221, m222)) = (17 (17 1) ) (1, 1))

is sent. Let P (.) denote the conditional probability that (1, (1,1),(1,1)) is sent.

For receiver RX;, we define the following events:

Eijkm = {(qN7'T11V (7’) JwN (ka TTL) 7u11V (j7 kvm) 7y{V)

Then we can bound the probability of error as follows:

PM 1) =P (Efm U U(i,j,k,m);é(l,l,l,l)Ez’jkm)

< P(Efy) + Z P (Eijkm) + Z P (Erjkm)

i#1,j#1, i=1,j#1,
(k,m)#(1,1) (kym)#(1,1)



D.1 Proof of Thm. 5.11 196

+ Z P (Eigm) + Z P (Eijii) + Z P (Ei11)

i¢17j:17 i¢17j#17 i¢17j: b
(kvm)f(lvl) (kvm):(lvl) (kvm):(lvl)
+ Y. PEuy)+ D, P(Bum). (D.2)
i=1,j#1, i=1,5=1,
(k,m):(l,l) (k’m);zé(l,l)

For (i, 7, (k,m)) # (1,1,(1,1)), we have

P (Byen) = P (6,23 (), 0" (b, ), G k) ) € A)
= > p(¢") p (27, 0™, ' 1g™) p (v 1™)
(V@ wN ul ¥ )eal™
< ||A£N) H 9= N(H(Q)—e+H (X1 WU1|Q)—26+H (¥1]Q)—2¢)

< 9~ NH(@Q)+H(X1WU1|Q)+H(V1]|Q)—H(QX1WU1Y1)—6¢)

— 9~ NUI(X1WU1;Y1|Q)—6€)

For (j,(k,m)) # (1,(1,1)), we have

P (Eljkm) = P ((qN7 lev (1) 7wN (ka m) 7u]1V (]7 ka m) ay{V) € AEN))
= > p (", 2)) p (w™, u|qV) p (ui =), ¢")
(qN,m{V,wN,u{V,y{V)GAEN)
< HA(N)H 9~ N(H(QX1)—e+H(WU1|Q)~2e+H (Y1 X1Q)—2¢)
< 9= NH(QX1)+H(WUQ)+H (V1| X1Q)+H (QX1WU1Y1)—6e)
— 2—N(I(WU1;Y1|X1Q)—66). (D4)
For (7, (k,m)) # (1,(1,1)), we have

P (Bigm) = P ((¢V, 2y (1), 0™ (k,m) ,uf (1,k,m), ) € AM)
= > p(d™) p (27w, ' 1gV) p (7' ]g")
(qN,x{V,wN,u{V,y{V)EAgN)

< HAEN)” 9= N(H(Q)—e+H (X1 WU |Q)~2e+H(Y1|Q)~2e)

< 9~ NH(Q)+H(X1WU1|Q)+H (Y1|Q)—H (QX1WU1Y1)—6¢)
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— 9~ NUI(X1WU1;Y1]Q)~6¢) (D.5)

For (i,7) # (1,1), we have

P (Eijll) =P ((qNa mN (2) ’wN (]-7 1) ’ui\f (.]7 17 1) 7y{\7) € AEN))

= > p (¢ W) p (2, ul|w™, ¢%) p (5 [w", V)
(qN,x{V,wN,u{V,y{V)EAEN)

< HA(N)” 9= N(H(QW)—e+H(X1U1|WQ)—2e+H (Y1 |WQ)—2¢)
< 9~ NH@W)+H(X U1 [WQ)+H((Y1|WQ)—H(QX1WU1Y1)—6¢)

_ 9 NU(X1Ui;V1|WQ)—6¢) (D.6)

For ¢ # 1, we have

P (Eilll) = P ((qu x{\[ (Z) JwN (17 1) ’ui\/ (17 17 1) 72/{\]) € AEN))

= > p (@ w™ ul) p (2Y]a™) p (1w, ul, ¢V)

N
(aV 2wl gy )ea™)

< HA(N)” 9= N(H(QWU1)—e+H(X1|Q)=2e+H (Y1 WU1Q)—2¢)
< 9~ NHQWU)+H(X1|Q)+H(V1[WU1Q)~H(QX1WU1Y1)—6¢)

— 9~ NI (X1;Y1|[WU1Q)—6e) (D?)

For j # 1, we have

P (Ey) =P ((¢", 27 (1), 0" (1,1),u (,1,1),4) € AM)
= > p (¢ w™ @) p (u[w?, ") p (yi' a7, w, ¢V)
(qN,x{V,wN,u{V,y{V)EAiN)

< ||A(N)H 27N(H(QWX1)*E+H(U1|WQ)726+H(Y1‘X1WQ)726)

< 2—N(H(QWX1)+H(U1|WQ)+H(Y1|X1WQ)—H(QX1WU1Y1)—66)

o= N(I(U1sY1| X WQ)~6¢) (D.8)
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For (k,m) # (1,1), we have

P (Evgm) = P ((¢", Y (1), 0™ (k,m) ,ul (1,k,m),yl) € AM)

= > p (¢, ) p (W, ut'laV) p (v |27, ¢")

N
(¥ 2w ul N )eal™

< ||A(N)H 9= N(H(QX1)—e+H(WU1|Q)—2e+H (Y1]X1Q)—2¢)
< 9= N(H(QX1)+H(WU|Q)+H (Y1|X1Q)—H(QX1WU1Y1)—6e)

— 9~ NU(WU1;Y1|X1Q)—6e)

We may then bound the probability of error at receiver RX; as follows:

e

4 9N (8214 o1+ T22) 9= N(I(WU1:Y1| X1Q)~6¢)
1 oN(S14T21+T22) 9= N(I(X1 WU1:Y1]Q)—6e)
1 9N (S14821) 9~ N(I(X1U1:Y1[W Q) ~6e)

4 9NS19-N(I(X1:Y1|WU1Q)~6e)

4 9NS219-N(I(U1:Y1| X1 WQ)~6)

+ 2N(T21+T22)27N(1(WU1;Y1 | X1Q)—6¢) )

For receiver RXs,, we define the following events:

Elkm = ((qNawN (kam) 7ué\7 (lu kam) 7yé\7) < AEN) (Qu Wv U27}/2)) :

Then we can bound the probability of error as follows:

PN (2) =P (Efn U U(l,k,m);é(l,l,l)Elkm>

SP(Efn)‘i“ Z P(Elkm)
1#1,(k,m)#(1,1)
+ Y PEuwn)+ Y, P(Bm).

=1, 1#1,
(kvm)7é(1)1) (k,m):(l,l)

P(N) (1) <Pp (Eflll) + 2N(51+Sz1+T21+T22)2—N(I(X1WU1;Y1|Q)—65)

(D.9)

(D.10)

(D.11)

(D.12)



D.1 Proof of Thm. 5.11 199

For (I, (k,m)) # (1,(1,1)), we have

P (Bym) = P ((¢,w" (k,m) ,ud (I,k,m),y3) € AM)

_ >, p(@)p @ ule) p(u1e")
<qN7wN7uéV7yéV)€A£N)

< [ A9 || 2~ NEH@ =g N(HWU:Q)-2)9-N(H(13/Q) -2

< 9= NH@Q)+HWU2|Q)+H (Y2|Q)—H(QWUz2Y2)—6¢)

— 9 N(I(WU2;Y2|Q)—6€) (D.13)
For (k,m) # (1,1), we have

P (Eim) = P ((¢"V, 0" (k,m) ,ud (1,k,m),y) € AM)

= > p (@) p (W™, uy|g™) p (95 1d")
(qN7wN7u£V7yéV)€A£N)

< || A | 2N UHQ)=)g NV E1Q)—20)g N ((IQ) 20

< 9= N(H(Q+H(WUs|Q)+H(Y2|Q)—H(QW UaY2)~6¢)

— 9~ NUI(WU2Y2|Q)—6¢) (D.14)
For [ # 1, we have

P (El11> =P ((qNa wN (]-) 1) 7uév (l7 ]-a 1) 7yév) € AE:N))

= > p (¢, ™) p (ud|w™, ¢") p (3|, ¢")

(qN7wN7uéV7yé\f)eA£N)
< || AM) || 27 NH@W)—etH (U2 IW Q) —2e+ H(Y2|W Q) ~20)

< 2—N(H(QW)+H(U2|WQ)+H(Y2|WQ)—H(QWU2Y2)—6€)

— 27N(I(U2;Y2‘WQ)766). <D15)
We may then bound the probability of error at receiver RX, as follows:

P(N) (2> <P (Eﬁl) + 2N(522+T21+T22)2*N([(WU2;Y2|Q)766)

e
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+ 2N(T21+T22)2—N(I(WU2;Y2\Q)—6€)

1 9NS229-N(I(U2:Y2| WQ)~6e) (D.16)

Since € > 0 is arbitrary, the conditions of Thm. 5.11 ensure that each of the

terms in (D.10) and (D.16) tends to 0 as N — oc.

D.2 Proof of Thm. 5.5

By Fano’s inequality, we have

H (M |Y]Y) < Neiy (D.17)
H (M|Y5Y) < Neaw (D.18)
H (Mi[Y{") < Negw (D.19)

where €1y, €an, €3y — 0 as N — o0o. We first bound Ry; as follows:

NRy =1 (M21;Y1N) +H <M21|Y1N)

IN

1 (Mgl; YIN) + NElN
(My) — H (M21‘Y1N) + Newn

H
W H (My | XY (My)) — H (May|VY) + Nepy
H

IN

(M21|va) - H (M21|XfVY1N) + Nein

I(M21,3/1N|va) +N€1N

I~
[
2

I (M21;Y1n|XfVY1nfl) + Nen

S 3
I
Z =

H (Y| XYV = H (Vi XYY May) + Newy

I
(]

ﬁ:
LI

H (Yin|X1n) = H (Vi XYY Moy Y3 7Y) + Newy

IN

i
I
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where we define the random variable W, = (May, Y5 ") for all n, (a) follows from
the fact that since My, and M, are independent, so are My and X (M;), and (b)
follows from the fact that (M21X{\7]1Y1n) — (Xf_lYQ”_l) — Y"! form a Markov
chain. This is due to the memoryless property of the channel and the fact that
for any 4, Y;; depends only on Y5; and Xj; (refer to (5.13)). Finally, (c) follows
from the fact that (X?_le\fZH) — (MleQ"_len) — Y}, form a Markov chain.
We can prove this using the functional dependence graph technique introduced

in [62]. Alternatively, we first note the following Markov chain:
(XT'X] W) = (XinYan) — Yin (D.21)

which follows from the fact that Y, depends only on Y5, and Xj,. Using the

weak union property, we obtain the following Markov chain:
(XT'X ) = (X W, Ya,) — Yig. (D.22)

Next, we note that X and Y3V are independent. Hence, (W, Ys,) is independent
of XN. Coupled with the contraction property [57], we obtain the following
Markov chain:

(XT'X ) = X — (W Ya,Yin). (D.23)

Finally, using the weak union property and the decomposition property [57], we

obtain (Xln_leXLH) — (W, X1,) — Y, as desired. Next, we bound Ry, as
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follows:

NRy =1 (M22;Y2N|M21) +H (M22‘}/2NM21)

I (M21M22;Y2N|M21) +H (M22’Y2NM21)

IN

I XéV;YQN|M21) + Nean

3
=

I (X3 Yan| My Y3 ™) + Neay

S 3
I
Z =

(]

H (YQn’Mngnfl) - H (Y2n|M21an71XéV) + Nean

3 3
Il

2!—‘

,\
IS

H (Yan|Mn Y3 ™) = H (Yo | M1 Yy~ X5,) 4+ Neagy

3
—

3
gu

3
—_

3
L]
z

I (Xon; You|W,) + Neaw (D.24)

n=1

where (a) follows immediately from the Markov chain given by (in_lX% +1) —

(W,Xa,) — Ya,. We first note the following Markov chain:

(X5 X5 W) — (X1 Xon) = YinYan. (D.25)
Using the weak union property, we obtain

(X3~ Xon 1) = (WoX1n,Xsn) = Y1, Yo (D.26)

Using the fact that W, X2 and X} are independent, and applying the contraction

property, we obtain

(X537 X0 1) = (WnXap) — (X1nYinYon) - (D.27)
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Applying the decomposition property, we obtain the desired Markov chain
(Xn 1X2]\7[1+1) - (WnX2n> - Y‘Zn
Finally, we bound Ry, + R as follows:

N (Roi + Ry) = I (MiMoy; YY) + H (Mx YY) + H (My |V M)
(

<

~

M21X ) +N€1N+N€3N

3
=

I (Mo XY Y1,|Y"™) + Newy + Negw

ﬁ:
)

H (YY) — H (Y1, XY ' M2 ) + Newy + Negw

(]

S 3
(L]
Z =

HY1,) —H (Y1n|XfVY1n71M21Y2n71) + Neiny + Nesy

(]

S 3
I
Z =

H(Y1,) — H (Yln’X{VMngnfl) + Neiv + Nesy

(]

S 3
I
Z =

HY1,) - H (Y1n|X1nM21Y2n_1) + Neiny + Nesy

(]

ﬁ:
L

H (}/171) (Yin|X1n ) + NElN + NGSN

(]

ﬁ:
)

= I (W, Xin; Yin) + Neiy + Nesy. (D.28)

n=1

By the Markovity of W,, — (X1,X2,) — (Y1,Y2,) and the independence of
(W, Xo,) and X7, we observe that

D (W, T1ny Tan, Yins Yon) = P (Wn, Ton) D (T1n) D (Y1ns Yon|Tin, Ton) -

By introducing a time-sharing random variable @) similar to the proof for the
converse of the capacity region of the multiple access channel [25, Pg. 402],

we obtain Thm. 5.5. The assertions about the cardinalities of W and Q follow
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directly from the application of Caratheodory’s theorem to the expressions (5.76)-

(5.78).

D.3 Proof of Thm. 5.8

By Fano’s inequality, we again have

H (M |Y]Y) < Neyy
H (M»|Y;Y) < Neaw

H (M]YY) < Negy

where €1y, €an, €3y — 0 as N — o0o. We first bound Ry; as follows:

NRyy =1 (Moy; Y{V) + H (M |YYY)

(M217 ) + Nein

—

a

= H (M21’M22XiN (Ml)) —H (M21D/1N) —|—N€1N

~

A

H (Mor [ M2 X7') — H (Mor|[ Mo X{'Y}Y) + Newy

=1 (M1; YN[ M X{') + Neiy

- (YN]MQQXN) H (Y| My XY X)) + Newy

= Il
i il ﬁ
> iMz ~

(]

ﬁ:
Ll

H (Y'1n|X1an) - H (Y1n|X1nX2an) + NGlN

(]

ﬁ:
Ll

IN

I (X2n7 Kn'WnXln) + NElN

i
I

< H (Y| Mo X)) — H (Y| Moy Mox XY X3') + Neyw

<Y1n|XfVM22Y1n_1) — H (Y1,| X1, X2n) + Nein
H (Yln’vaMmYln_lan_l) — H (Y1n|X17.Xon) + Nein

H (}/ln|X1nM22§/2n71) — H (Y1|X1n.Xon) + Nein

(D.29)
(D.30)
(D.31)

(D.32)
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where we define the random variable W, = (M, Y5"™") for all n, (a) follows
from the fact that since My, My, and M; are independent, so are Msy, Moo,
and XV (M;), and (b) follows from the fact that ¥V;'' — (X77'Y"') —
(MQQX{XE”) form a Markov chain. This follows from the discrete memoryless
property of the channel and the fact that for any 7, Y5; depends only on X;; and
Y1 (vefer to (5.16)). Next, we bound Ry, as follows:

NRay = MQQ;YQN) +H (M22|Y2N)

I(
I (M22; YQN) + Nean

IA

I (M223Y2n’Y2n_1) + Neay

I
M =

1

3
Il

I (MQQYQR_l; Y2n> + Nean

WE

1

3
Il

I
WE

3
Il
_

Next, we bound R; as follows:

NR, =1 (My; YY)+ H (M]YY)
<I(XN;V{) + Negw
= H (X{) — H (X{"|Y}") + Nesy

— H (XN|XY) — H (XN|Y) + Neay

IA

H (X)) = H (X [X3Y2) + Neay

I(XY Y X) + Neaw

3
Il
2

H (Y| X3V ) = H (Y| XY X)) + Negw

ﬁ:
Ll

(]

H ()/1n|X2n> - H (Y1n|X1nX2n> + NGSN

S 3
(LT
Z =

= I (Xln; ifln|X2n) + N€3N. (D34)

3
Il
—
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For the degraded discrete memoryless ZC of type II, we have
I (Mag; YNIXT) > T (Map; YyY) (D.35)

from the data processing inequality and the fact that My — X3 — (X{V]V) —
Y;¥ form a Markov chain. The above inequality similarly holds for the discrete

memoryless ZC of type III. To bound Ry + Rs; + Rao, we have

N (Ry + Ry + Ry)
=1 (Mao; Y3V) + H (Moo |Y3¥) + I (My; YY)
+H (M) + 1 (Moy; YY) + H (Mo |Y7Y)
< T (Mo YVXY) + 1 (X75YYY)
+ I (Ma; VY| Mo X¥) + Nein + Nean + Negw
< I (MyMapX{; YY) + Nety + Neay + Negw

< I (X"X3; YY)+ Neiy + Neaw + Neay

n=N
<Y H (YY) = H (Yin|X1n X2n) + Newy + Neay + Neay
n=1
n=N
S Z](XlnXQnaYin) +N€1N+N62N+N€3N. (D36)
n=1

By the Markovity of W,, — (X1,X2,) — (Y1,Y2,) and the independence of
(Wp, Xa,) and X, we observe again that

P (W, T1ny Tan, Yins Yon) = P (Wn, Ton) D (T1n) D (Yin, Yon|T1n, T2n) -

Finally, we obtain Thm. 5.8, by introducing a time-sharing random variable
. The assertions about the cardinalities of VW and Q follow directly from the

application of Caratheodory’s theorem to the expressions (5.95)-(5.98).
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D.4 Proof of Thm. 5.12

We determine an outer bound to the capacity region of the equivalent Gaussian
ZC with strong crossover link gain as shown in Fig. 5.7. By Fano’s inequality,

we have

H (M21|Y{N) < Newy (D.37)
H <M22|Y2’N) < Neaw (D.38)
H (M1|Y1’N) < Nesy (D.39)

where €1y, €an, €3y — 0 as N — oo. We first bound the term H (M22|Y1/NM1) =
H (MgleéV + Zé\{) From the following Markov chain:

(May, Myg) — X5 — XN+ ZN — XY + ZN + 7% (D.40)
we have by the data processing inequality and Fano’s inequality

I (Mao; X3+ ZN) > I (Moo; X3' + Z3 + Z3)
H (M| XY + Z) < H (M| XY + 75, + Z1)
—H (M22|Y2'N>

S NEQN. (D41)

Next, we bound the following term A (YIIN |M1M22). Consider the following in-

equalities,

N 2re
b} log, (a_) =h (Zﬁ|M1M21M22)

h XN (M) +X (M21,M22)+Zé\17‘M1M21M22)

<h

(@
h (Y (M My M)
(v

|M1M22)
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<h ( 1’N|M1>
Y g (e (P11 o

IN

a?

Thus, there exists a 3 € [0, 1], such that

h <Y1/N|M1M22> =h (Xév (Mo, Mys) + Zé\“MQQ)
N 28P, + 1
= — log, ((27re) (M—2+)) . (D.43)

2 a?

We next obtain a lower bound for h (X3 + Z + Z3,| Mys) by making use of the

entropy power inequality

N (XN +ZN+205|Ma2) ~ o Fh( XY +25]|Ma2) + onh(25})

= (2me) (BP, + 1)

N
= h (X3 + Z3) + Zpy| M) > — 5 1og ((27e) (BPy + 1)) . (D.44)
We can now bound Ry as follows:

N Ry = H (My)
I

M1 Y] ‘M1M22) +H <M21‘Y M1M22)

IN

I Moy 1IN|M1M22) +H<M21|Y1/N>

VAN
~

I
>

|M1M22> —h <Y1,N|M1M21M22> + Neyn

(
<
(Mo Y™ | My Mz ) + Nery
(v
(

|M1M22> —h (Zé\{) + NElN

a’BPy+1 N 2me
log, ((27re) <6a—§)) - Elog2 ( 2 ) + Ney

log, (a*8P, + 1) + Neiy. (D.45)

N’IZ NIZ
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We bound R,y as follows:

NRyy = H (My,)
. (M22;5/2’N> v H <M22|Y2fN)
<I <M22;Y2/N> + Nean
(™) = b (VY[ ) + Neaw
=h (X3 + Z3 + Z3y) — h (X3 + Z3) + Z3y| M) + Neay
(1-08)P,

1 14—+ Negn. D.4
Og2(+1+ﬁP2>+ €2N (D.46)

We then bound R; as follows:

NRy = H (M)

I (Ml;YllN|M21M22 +H <M1|)/1/NM21M22)

)
)

<1 (M1 YV Mo Mo ) + Negy

IA

I <M1; YN Moy Mas ) + H (M1|Y1’N)

10g2 (1+P1) —l—NEgN. (D47)
Finally, we bound the term R; + Ro; + Ras as follows:

N (Ry 4 Ra1 + Roy) = H (M My Mas)
=1 (M1M21M22;Y1’N) + H (M1|Y1,N>
+H <M21|Y1/NM1> +H <M22|Y1/NM1M21>
<I (M1M21M22; Y1/N> +H (M1’Y1,N>

+H (Mﬂle’N) T H (MQQ\Y{NMl)
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<I (M1M21M22; Y1,N> + Neyny + Neay + Nesy
_ X_{V N N\ N
—|—N€1N—|—N€2N—|—N€3N

N
< 5 log, (1 +a*P,+ Py) + Neiy + Neay + Negy. (D.48)
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