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Summary

In a point-to-point communication link, multiple-input multiple-output (MIMO)
technology has been used to increase spectral efficiency and reliability of
transmissions, and in wireless networks, cooperative transmission techniques have
been developed for striking desirable tradeoffs among power, bandwidth, and
complexity. In both MIMO and cooperative relay systems, multiple antennas are used:
in MIMO systems, all the transmit/receive antennas are collocated at the same terminal
where all the transmit/receive antennas can fully cooperate, whereas in cooperative
relay systems, the transmit/receive antennas are distributed at different terminals and
thus the transmit/receive antennas cannot fully cooperate because the cooperative
relays do not have a priori or complete knowledge about information being transmitted
from a source, and the source and relays need to communicate with each other
over fading links. Even though multiple antennas are employed in both MIMO and
cooperative relay systems with different fashions, the use of multiple antennas offers
great potential to improve reliability and spectral efficiency of wireless transmissions
for both systems.

In this dissertation, we investigate performance limits and cooperative
transmission strategies for MIMO and cooperative relay communication systems.
We first obtain some bounds on the complementary cumulative distribution function
(CCDF) of the mutual information (MI) of a MIMO system in a Rician fading

environment. The MI distributions are obtained through the statistical distributions of

vi



Summary

the determinant and trace of a noncentral complex Wishart matrix. These bounds on the
CCDF of the MI show explicitly the effects of system parameters on the distribution of
the MI. We then turn our attention to cooperative relay systems. We derive the outage
probability and ergodic rate for a decode-and-forward (DF) relay system in a Rayleigh
fading environment, and propose optimal transmission strategies including transmit
signaling and power allocations to minimize outage probability or maximize ergodic
rate. We also derive the outage probability of DF relay systems in a Rician fading
environment. The information theoretic study, however, only provides performance
limits for the system; it does not allude to any methods for achieving these limits.
We apply differential modulation to relay systems and study the relay systems from
an end-to-end error performance perspective. For DF, we design maximum likelihood
and piecewise linear receivers at the destination which takes account of average error
probabilities of all the source-relay transmissions. For selection relaying, we shift
the computational complexity from the destination to relays which compute their own
instantaneous error probabilities and use them to make decisions on whether to transmit
or remain silent. We also obtain the average error probability of the relay systems for

both protocols over Rayleigh fading channels.
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Notation

In this dissertation, scalar variables are written as plain lower-case letters, vectors as
bold-face lower-case letters, and matrices as bold-face upper-case letters. Some further

used notations and commonly used acronyms are listed in the following:

a plain lower-case to denote scalars

a boldface lower-case to denote column vectors
A boldface upper-case to denote matrices
() the conjugate operation

()7 the transpose operation

() the conjugate transpose operation
det(-) the determinant of a matrix

tr(-) the trace of a matrix

E(-) the statistical expectation operation
() the real part of the argument

® the Kronecker product
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erfc(+) the complementary error function

() the Gamma function
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Chapter 1
Introduction

The rapidly growing demands for wireless services such as high speed internet,
mobile television, and mobile computing have stimulated tremendous research efforts
towards improving reliability and throughput of communication links. Many technical
challenges stem from the time varying nature of wireless medium (e.g., multi-path
fading), interference, as well as power and bandwidth limitations. Among these
challenges, multi-path fading (often simply called fading) significantly degrades the
reliability of the transmission links, and becomes a bottleneck for enhancing data
rate in the wireless systems. In addition, the available radio spectrum is limited
and a significant increase in spectral efficiency is needed to meet the needs for
communication capacity.

One of the most effective solutions to mitigate the detrimental effects of fading is
to exploit diversity techniques. Roughly speaking, the basic idea is to send signals that
carry the same information through different paths, and obtain multiple independently
faded replicas of the data symbols at the receiver, thus achieving more reliable
detection. Depending on the domain where replicas of transmitted signals are created,
diversity techniques can be categorized into three types: time diversity, frequency

diversity and space diversity. Either time or frequency diversity induces a loss in
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bandwidth efficiency due to the redundancy introduced in time or frequency domain.
Compared to time and frequency diversities, space diversity, which can be provided
by sufficiently separated or differently polarized antennas, can enhance performance
without causing a loss in bandwidth efficiency. Therefore, space diversity has become
one of the most favored solutions in numerous wireless applications.

A conventional approach to achieving space diversity is to employ multiple
transmit and/or multiple receive antennas. If the antennas are placed sufficiently
far apart, the channel gains between different antenna pairs are independent. For
a mobile terminal, a half to one carrier wavelength separation among antennas is
sufficient to guarantee that the channel gains are independent. Through transmitting
the replicas of the signal through different antennas, and/or combining the different
replicas together at the receiver, space diversity can be achieved. Traditionally,
space diversity is achieved by employing multiple receive antennas (single-input
multiple-output or SIMO channels) at the receiver where combining, selection or
switching of the received signals is performed. This is so-called receive diversity. By
deploying multiple transmit antennas (multiple-input single-output or MISO channels)
at the transmitter, transmit diversity techniques shift the complexity associated with
realizing diversity to the transmitter. A well-known transmit diversity scheme is
space-time coding that is capable of achieving diversity and coding gains compared
to single-antenna uncoded transmissions.

Communication systems with multiple transmit and multiple receive antennas,
often simply called multiple-input multiple-output (MIMO) systems, provide even
greater potential. In addition to the aforementioned diversity benefits, it has been
revealed that increasing the number of both transmit and receive antennas has great
potential to enhance spectral efficiency of wireless transmissions. MIMO channels

exhibit fading and provide additional spatial dimensions. Under certain fading
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conditions, additional degrees of freedom can be provided by MIMO channels, and
be exploited to increase capacity which highlights the potential spectral efficiency
of MIMO channels. The capacity of the MIMO channels has been proved to grow
approximately linearly with the minimum number of transmit and receive antennas.
Therefore, MIMO technology not only leads an improved error performance but also
enables high spectral efficiency communication.

However, in wireless networks, there are many terminals (transmitters and/or
receivers), and each transmitter or receiver usually only has a single antenna
because of the transmitter’s and receiver’s size limitation. In addition, maintaining
direct reliable transmission links between widely separated terminals requires high
transmission power, which not only incurs energy inefficiency but also introduces
strong interference to the other nearby terminals. As an alternative, the communication
between a pair of far-apart terminals can take place through several intermediate
terminals. In this transmission mode, the multiple terminals can act as a virtual
antenna array to achieve space diversity in a distributed fashion. This space diversity
is called cooperative diversity. Cooperative diversity can be used in cellular, ad-hoc,
and hybrid networks in order to increase coverage, throughput and capacity. In cellular
networks, cooperative relay transmission has been used to extend network coverage.
In sensor networks such as military battlefield communication networks, the use of
wire-line infrastructure is often precluded and the radios might be substantially power
constrained. For these ad-hoc or sensor networks, wireless relay transmissions have
the potential to greatly improve reliability, energy efficiency, as well as throughput of
wireless networks.

We will introduce the conventional multiple antenna system and the cooperative

diversity system in the following two sections.
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Figure 1.1: Block diagram of a MIMO system.

1.1 Multiple-Input Multiple-Output (MIMO) Systems

The conventional multiple antenna system has one transmitter and one receiver
where multiple antennas are employed at the transmitter and/or receiver. The
multiple transmit/receive antennas are collocated at the transmitter/receiver, and full

cooperation among the transmit/receive antennas is possible.

1.1.1 MIMO System Model

A typical MIMO system with /V transmit antennas and )/ receive antennas is shown

in Fig. 1.1. The input-output relationship can be expressed in vector form as
y=Hx+ n, (1.1)

where H is the M x N channel matrix with the mn-th entry h,,, describing the
channel gain between the n-th transmit antenna and the m-th receive antenna, x is an
N-dimensional transmitted vector with the n-th element the transmit signal from the
n-th transmit antenna, y is an M -dimensional received vector with the m-th element

the receive signal at the m-th receive antenna, and n is an additive white Gaussian
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noise (AWGN) vector with the m-th element the AWGN at the m-th receive antenna.
There have been great interests in MIMO channels of the form shown in Fig.
1.1. It has been well documented that employing MIMO system not only improves
bit error rate (BER) performance but also boosts the channel capacity. Substantial
efforts have been made on characterizing the ultimate information theoretic limits of
the MIMO systems, and designing practical coding and decoding algorithms that have

high spectral efficiency.

1.1.2 Information Theoretic Performance Limits

Established by Claude Shannon, the notion of capacity is referred to the maximum
rate of communication for which an arbitrarily small error probability can be achieved,
and is commonly used to characterize the fundamental performance limit of reliable
communication.

In analyzing the capacity of fading channels, there are two commonly used
statistics: ergodic capacity and outage probability. In fading environments, since
the channel H is random, the mutual information (MI) associated with the MIMO
channel is a random variable (RV) and has a statistical distribution function. The
ergodic capacity is defined as the ensemble average of the MI. If the fading process
is ergodic, the ergodic capacity is equal to the Shannon capacity, and an arbitrary
small error probability can be achieved if the transmission rate is smaller than the
Shannon capacity assuming that an asymptotically optimal codebook is used. If the
fading process is non-ergodic, e.g., the channel is randomly selected at the beginning of
the transmission and remains constant during the transmission, the Shannon capacity
of the channel can be zero because there is a nonzero probability that a particular
realization of the channel is incapable of supporting arbitrarily low error rates, no

matter which code is selected. In this case, the ergodic capacity is not meaningful
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and the performance measure is the outage probability. The outage probability is the
cumulative distribution function (CDF) of the MI, and measures the tradeoff between

the transmission rate and the reliability.

Ergodic Capacity of MIMO systems

There has been substantial work on characterizing the ergodic capacity of MIMO
systems under a variety of fading conditions. The ergodic capacity of the MIMO
channel has been developed for several different cases which depend on the availability
of channel state information (CSI) at the transmitter and/or receiver: CSI available to
the receiver only [1, 2]; CSI available to both the transmitter and the receiver [2];
and CSI available at neither the transmitter nor the receiver [3—5]. The information
theoretic study has revealed that MIMO systems have the potential to provide dramatic
increases in capacity. For example, when CSI is available at the receiver only, the
ergodic capacity of a MIMO system grows linearly with the minimum number of
transmit and receive antennas [2]. The linear increase of the ergodic capacity at high
signal-to-noise ratio (SNR) is due to the increase in degrees of freedom from spatial
multiplexing. The linear increase at low SNRs is due to a power gain from receive
beam-forming. The linear increase at intermediate SNR ranges is due to a combination
of both these gains. We will focus on flat fading channels with CSI available at the
receiver only.

A wireless channel is often too complex to be precisely modeled, and statistical
models for characterizing the channel effects are widely employed. There is a range
of relatively simple and accurate statistical models for fading channels depending on
the particular propagation environment. The two commonly used fading models are
Rayleigh fading and Rician fading.

Perhaps Rayleigh fading is the most commonly adopted model in the literature. If
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we assume that fading is caused by the superposition of a large number of independent
scattered components, then the in-phase and the quadrature components of the fading
coefficient are independent zero-mean Gaussian processes. Thus, the fading coefficient
is zero-mean complex Gaussian distributed. For independent Rayleigh fading among
the individual links, the ergodic capacity of a MIMO system was obtained exactly
in [2], where the ergodic capacity was expressed in terms of Laguerre polynomials.
Since the exact expression of the ergodic capacity is quite complex and is not given in
a closed form, [6] presented some tight lower bounds on the ergodic capacity in closed
forms, and [7] presented the limiting value of the ergodic capacity when the numbers
of transmit and receive antennas tend to infinity and the ratio of the number of transmit
antennas to the number of receive antennas is held constant. The capacity derivation
and the optimality of Gaussian codebooks are based on the assumption that perfect
CSI is available at the receiver. When channel estimation errors exist, performance
degradations in terms of the MI were investigated in [8], and some bounds on the
ergodic capacity were obtained in [9].

Rayleigh fading is known to be a reasonable channel model applicable to many
wireless systems. However, when line-of-sight (LOS) paths exist between transmit and
receive antennas, the fading coefficients are no longer zero-mean complex Gaussian
distributed, and they are nonzero-mean complex Gaussian distributed. In this case, the
channels are modeled as Rician fading which is more general than Rayleigh fading,
since Rician fading reduces to Rayleigh fading when the LOS component is equal to
ZEero0.

The ergodic capacity of a MIMO system in Rician fading environments has been
presented in [10-14]. By making use of the joint distribution of the eigenvalues of a
noncentral Wishart matrix, the exact ergodic capacity was obtained in multiple integral

forms [10], which only can be evaluated by numerical integrations. Some tight upper
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and lower bounds on the ergodic capacity have been derived in [11-13] in simpler
forms. In [11], the MI was re-expressed as a linear sum of determinants of noncentral
Wishart distributed sub-matrices. The new expression of the MI, together with the
convexity and concavity of some functions, enables the ergodic capacity to be upper
and lower bounded [11]. Actually, [10, 11] only considered the case that the channels
between different transmit and receive antennas are statistically independent, and it
is not true if the antennas are not separated enough. The ergodic capacity bounds of
independent or single-correlated Rician fading MIMO channels with a rank-1 mean
matrix were derived in [12] through computing the expected values of the determinant
and log-determinant of a noncentral complex Wishart matrix. A more general study
on the ergodic capacity of spatially correlated Rician fading MIMO channels was
done in [13] through exploiting the statistical property of the noncentral matrix-variate
complex quadratic forms. Some upper and lower bounds on the ergodic capacity of
the single- or double- correlated channels with an arbitrary mean matrix were obtained

in [13].

Statistical Distribution of the MI of the MIMO Systems

Compared to the ergodic capacity, the statistical distribution of the MI is fairly useful
in either ergodic or non-ergodic fading channels, and it provides more comprehensive
information on the MIMO systems than the ergodic capacity does. Therefore, the
statistical distribution of the MI is of interest. However, because of the complexity of
the statistical distribution of a complex Wishart matrix and the determinant operation,
the study on the statistical distribution of the MI is quite involved.

There are several different studies [15-20] on the statistical distribution of the
MI in a Rayleigh fading environment. The complementary cumulative distribution

function (CCDF) of the MI was first studied in [15] via Monte Carlo simulations, which
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empirically provides us some information on the statistical distribution of MI. But the
experimental approach, e.g., Monte Carlo simulations, is quite time consuming and
cannot indicate how parameters affect the MI distribution. Later, based on the central
limit theorem, [16] proposed using a Gaussian distribution function to approximate the
statistical distribution of the MI, for which only the mean and the variance of the MI
need to be calculated. The Gaussian approximation is quite accurate for a large number
of antennas. But when the number of antennas is small, which is generally the case in
practice, the Gaussian approximation becomes loose. To overcome this shortcoming of
the Gaussian approximation, the exact CDF of the MI of a dual antenna MIMO system
was derived in [17] by using a Jacobian on the joint density function of the eigenvalues
of a complex Wishart matrix. However, the complexity of the Jacobian transformation
increases exponentially with the increase in the number of antennas. Thus the result
in [17] cannot be generalized to a system with a larger number of antennas. A more
comprehensive study on the distribution of the MI has been conducted in [18-20].
The characteristic function of the MI was obtained in [18] through rewriting the joint
distribution of the eigenvalues of a Wishart matrix in a new form; while the moment
generating function (MGF) of the MI has been given in [19, 20]. These results in
[18-20] are valid for an arbitrary number of antennas, and the CDF of the MI can be
expressed as the Fourier transform of the characteristic function or the inverse Laplace
transform of the MGF.

For Rician fading channels, the noncentral properties of a complex Wishart matrix
make the MI distribution much more complicated than that in the case of Rayleigh
fading channels. Similar to [17] which only considers Rayleigh fading channels, the
exact CDF of the MI for a dual antenna MIMO system was derived in [21] for Rician
fading channels by using a Jacobian transformation. Recently, [14] obtained the MGF

of the MI for independent Rician fading MIMO channels. However, to obtain the CDF
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of the MI for MIMO Rician fading channels, we need resort to numerical integrations
to take the inverse Laplace transform of the MGF. Based on the MGF of the MI, the
mean value and the variance of the MI were also obtained in [14] for independent
Rician fading channels. In addition, the mean and the variance of the MI were present
in [13] for single- or double-sided correlated Rician fading channels. With the mean
and variance of the MI, a Gaussian distribution has been used to approximate the
distribution of the M1l in [13, 14].

All the aforementioned results on the distribution of the MI rely on the joint
density function of the eigenvalues of a central or noncentral Wishart matrix. Until
now, there is still no explicit expression available for the CDF of the MI, which
is an important performance measure of MIMO systems. Unfortunately, due to the
complicated mathematical problem related to the eigenvalues of a Wishart matrix, an
explicit expression for the CDF of the MI is very difficult to obtain. Instead, some

upper and lower bounds in simple forms may be derived.

1.1.3 Space-Time (ST) Coding

ST coding is an effective and practical way to improve spectral efficiency of
MIMO fading channels. Coding is performed in both space and time domains to
introduce correlation between signals transmitted from various antennas in various
time periods. ST coding can achieve transmit diversity and coding gain over uncoded
systems without sacrificing bandwidths. Typical examples of ST coding schemes
include space-time trellis codes (STTC), space-time block codes (STBC) and layered
space-time (LST) codes.

A well known upper bound on the pairwise error probability and the
corresponding STTC design criteria (rank and determinant criteria) were derived in

[22]. Alamouti’s scheme [23], which is for a system with two transmit antennas,
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admits a particularly simple linear decoding algorithm and achieves full diversity.
The key feature of the Alamouti’s scheme is the orthogonality between the sequences
transmitted by the two transmit antennas. Alamouti’s scheme was generalized to STBC
with an arbitrary number of transmit antennas [24]. A LST architecture that can attain
a tight lower bound on the MIMO channel capacity was proposed in [25]. Some other
forms of ST code, such as the differential ST code [26] and non-coherent unitary ST

code [27], also were proposed.

1.2 Cooperative Relay Systems

As we see in the previous section, using multiple antennas has offered high reliability
and spectral efficiency for point-to-point communication systems. In cooperative
relay systems, multiple antennas are utilized in a distributed manner such that
communications between nodes may take place through several intermediate nodes to
save power, reduce interference and increase diversity. Cooperative communications
in such systems are realized by exploiting the broadcast nature of the wireless medium
and allowing terminals to cooperatively transmit information through relaying. The
relaying system realizes many benefits over traditional MIMO systems in terms of
adaptability and capacity. In fact, every additional terminal added to the network
increases the overall connectivity and improves fault tolerance. In contrast to the
conventional forms of space diversity with physical arrays, cooperative relay systems
benefit from space diversity by using multiple terminals as a virtual antenna array. The
cooperative relay systems are fundamentally different from the point-to-point MIMO
systems in the sense that the cooperative relays do not have a priori or complete
knowledge about information transmitted from the source and only have faded and

noisy versions of the transmitted information.
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Relay

Destination

Source

A

Figure 1.2: The classic relay channel model.

1.2.1 Relay System Models

A classic relay model [28-30] is shown in Fig. 1.2. The classic relay channel model
comprises of three terminals: a source that transmits information, a destination that
receives information, and a relay that both receives and transmits information in order
to enhance communication between the source and destination. As illustrated in Fig.
1.2, the relay performs the following function: receiving signals transmitted from the
source, processing those received signals, and transmitting the processed signals to the
destination. Roughly speaking, the use of the relay transmission is able to increase the
capacity and/or improve reliability of an end-to-end transmission from the source to
destination.

For a cooperative relay system with multiple relays (L relays), there are two
categories of relay systems: parallel relay system as shown in Fig 1.3, and serial
relay system as shown in Fig. 1.4. As illustrated in Fig 1.3, for a parallel relay system,
all the L relays receive signals transmitted from the source, and the destination receive
signals transmitted from the source and all the L relays. As illustrated in Fig. 1.4, for
a serial relay system, relaying can be performed in multiple stages and relays receive
signals transmitted from the source and the previous several relays, such that relays as
well as the destination benefits from space diversity.

Cooperative communication [31, 32] is a generalization of the relay channel to
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Relay 1

Source Destination

Relay r

Relay L

Figure 1.3: The parallel relay channel model with L relays.

Source

Relay 1 Relay L
- - —» Destination

multiple sources which have information to be transmitted and also serve as relays for
one another. In this case, the sources and relays act as partners for one another [33].

A combination of relaying and cooperation is also possible, and is often referred to

Figure 1.4: The serial relay channel model with L relays.

generically “cooperative communications”.

Cooperative relay communication leverages space diversities available when
multiple transmission links are independently faded. For example, if the direct link
from the source to the destination experiences a deep fade, there remains a significant

probability that the signal transmitted from the source can be effectively communicated

to the destination via one of the relays.

Cooperative communication in a wireless network involves issues of protocol
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layering and cross-layer architectures. In physical layer, encoding and signal
processing are required at the source and relay(s) [31,32,34], and decoding and signal
processing are required at the destination and relay(s) [35-37]. Scheduling [38—40]
for transmissions in time and frequency has to be addressed by protocols in the
link layer and medium-access control layer in coordination with the physical layer.
Symbol, frame and carrier synchronization [41—43] is also of particular importance at
the physical and link layers. Placing participating terminals into cooperating groups
is a cross-layer issue that can involve the physical, medium-access control, link and
even network layers [34,44,45]. In addition, the overhead introduced by internode
communications might detract from the gains obtained via cooperation. Designing
an effective cooperative communication system requires insights about all of these
issues. Appropriate architecture and algorithms (specific encoding, decoding and
signal processing) are very important, and can depend upon the radio hardware, system

complexity and application context.

Full-Duplex Mode and Half-Duplex Mode

A relay node can work either in full-duplex mode or half-duplex mode. If a relay node
works in a full-duplex mode, the relay node receives and transmits at the same time on
the same frequency band. Since the relay node has full knowledge of what to transmit,
it can cancel the interference from its transmit antenna at its receive antenna. The
full-duplex mode has high spectral efficiency, but high complexity.

In contrast to the full-duplex mode, a half-duplex mode means that the relay
node cannot transmit and receive at the same time or at the same frequency
band. There are two types of half-duplex modes: time-division-duplex (TDD) and
frequency-division-duplex (FDD). In the TDD mode, for a given time interval D, the

relay node is in receive mode for a fraction of the time a) and in transmit mode for
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the rest of the time (1 — a)D. Similarly, in the FDD mode, a given bandwidth W is
divided into a bandwidth of al/ over which the relay node receives, and a bandwidth
(1 — a)W over which the relay node transmits. The destination listens over the whole
bandwidth W. Clearly, from an information theoretic point of view, TDD and FDD
are equivalent. Compared to the full-duplex mode, the half-duplex mode is easier to

realize, but it has lower spectral efficiency.

Relay Protocols

A relay node can employ one of several protocols to process the received signals
and forward to the destination. The most commonly used four protocols are given

as follows.

o Amplify-and-Forward (AF) [35, 44]: The relay node transmits a linear
combination of its past received signals. The main advantage of the AF protocol
is its simple operation at the relay node. But the transmit signals from the relay
are analog signals, and the end-to-end performance is limited since the noise at

the relay is also amplified and forwarded to the destination.

e Compress-and-Forward (CF) [30, 46-49]: The relay node transmits a
compressed and quantized version of its past received signals. Compression is
done using Wyner-Ziv source coding. When the relay-destination link is strong,
the CF cooperative relay channel behaves like a SIMO channel [49, Remark 20].

The main drawback of the CF protocol is its relatively high complexity.

e Decode-and-Forward (DF) [30, 44]: The relay node applies some form of
detection and/or decoding algorithms to its received signals and re-encodes
the information into its transmit signals. This decoding and re-encoding

process often corresponds to a non-linear transformation of the received signals.
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Although decoding at the relays has advantages of reducing the impact of
receiver noise, the performance of the DF protocol is limited by the source-relay
link. If the source-relay link is strong, the DF cooperative relay channel behaves

like a MISO channel [49].

e Selection Relaying (SR) [44, 50, 51]: The performance of the DF protocol is
constrained by the reliability of the source-relay link. In the DF protocol, if a
relay makes detection errors, erroneous symbols from the relay will lead to a
degradation in post-combining SNR at the destination, and a symbol error at
the destination becomes highly likely. This can be viewed as a form of error
propagation in the relay system. If a relay retransmits all the symbols regardless
of the reliability in their decisions, the possible error propagation will limit
the end-to-end performance of the DF relaying. If the systems are designed
with embedded error detection codes, the relay can forward only if no error is
detected. In this case, the relay also can correct some symbol errors by decoding
and re-encoding the received data block. Alternatively, the instantaneous SNR
of the source-relay link can be used as an indicator of the reliability of the
relay detection. If the source-relay instantaneous SNR is larger than a certain
threshold, the probability of an error at the relay is small and hence the relay

transmits the signal. Otherwise, the relay remains silent.

There are many other relaying protocols which are extended versions of the above
protocols, e.g., partial DF, dynamic DF, estimate-and-forward, etc.

It has been shown that cooperative relaying techniques offer great performance
improvement from various perspectives: increased capacity or enlarged capacity
region [30, 49, 52]; improved reliability in terms of diversity gain [34, 44, 53, 54],

diversity-multiplexing tradeoff [55], and bit or symbol error probabilities [35, 37,

16



1.2 Cooperative Relay Systems

56-58]. In the following, we will introduce cooperative relay systems from two
perspectives: an information theoretic perspective and an end-to-end performance

perspective.

1.2.2 Information Theoretic Study on Cooperative Relay Systems

Early formulation theoretic study on cooperative relay systems was launched in early
1970’s [28, 29], and continued by many others, e.g, Cover and El Gamal [30], with
a primary focus on the classic relay channel. More recently, multiple relay models
have been examined [49,59-61]. For the classic relay model in Fig. 1.2, Cover and
El Gamal [30] obtained the channel capacity for physically degraded' relay channels,
and a capacity upper bound and an achievable rate for general relay channels. Various
study on cooperative relaying has been done from the information theoretic perspective
for decades, however, the capacity or capacity region, are not known in general.
Nevertheless, bounds on capacity and numerous achievable rates have been obtained
[49,59-61].

The information rates achieved by various half-duplex relaying protocols and
their corresponding outage probabilities were obtained in [44]. In [52], some upper
and lower bounds on the capacity of classic relay channel were presented when the
relay node operates in full duplex mode or half-duplex mode. With the transmitter
CSI, several power allocation strategies that maximize the upper and lower bounds of
ergodic capacity or minimize the outage probability were also proposed in [52]. For
MIMO relay channels, [62] presented some upper and lower bounds on the capacity
of the classic relay channel when the relay node operates in full duplex mode for the

cases of both AWGN channels and Rayleigh fading channels. Capacity theorems and

'Degradedness means that the destination receives a corrupted version of what the relay receives, all

conditioned on the relay transmit signal.

17



1.2 Cooperative Relay Systems

achievable rates for systems with multiple relays have been derived in [49,60,61]. It
was shown in [49] that for Rayleigh fading DF relay channels, the transmit signals
from source and relay, which maximize the ergodic rate, are statistically independent.
In the low SNR regime, the spatial power allocation strategy that maximizes the
ergodic rate was presented in [63], and the spatial power allocation strategy that
maximizes the upper bound of the ergodic capacity was derived in [64]. While the
work in [52,63,64] emphasizes on optimizing ergodic performance measures, a recent
paper [65] proposed a spatial power allocation strategy that minimizes the outage
probability of the information rate for AF relay channels.

For a classic relay channel employing DF protocol, the highest information rate
achievable until now was derived in [30]. The corresponding outage probability
and the ergodic rate in fading channels are the two important information theoretic
performance measures. However, the analytical expressions of these quantities are not
available in the literature for an arbitrary correlation between the transmit signals from
the source and relay. When transmitters only have statistical CSI, the optimal power
allocation and transmission strategies in the DF relay system to minimize the outage

probability or maximize the achievable rate are also needed.

1.2.3 End-to-End Performance in Cooperative Systems

For a relay system, several encoding strategies have been proposed for forwarding
the source message by the relay(s): simple uncoded or repetition coding, ST coding
[34], and more idealistic block Markov coding derived from the information theoretic
framework established by Cover and El Gamal [30]. The error probability analysis is
usually done for repetition coding or ST coding. In general, ST coding is superior
to uncoded and repetition, since ST coding provides diversity without causing a

substantial loss in spectral efficiency [22].
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End-to-End Performance of Uncoded Relay Systems

For a classic relay channel, the bit or symbol error probabilities have been derived
in [56] for AF relay, and in [37] for DF relay. It is worth noting that the work [56]
expressed the average received SNR at the destination as a harmonic mean of two
exponentially distributed RV, and then obtained the MGF of the average received SNR
and the symbol error probability. The paper [37] proposed a cooperative maximum
ratio combining (C-MRC) scheme for DF relay channel and obtained its corresponding
symbol error probability.

The extensions of the error performance analysis from a classic relay channel
to a multiple relay channel are done for a parallel relay in [35], or a serial relay in
[57, 66], or a combination of these two in [58]. In [35], the maximum likelihood
(ML) receiver for the coherent AF parallel relay was designed. The ML receiver for
the coherent AF parallel relay is a linear operation on the received signals, and thus
easy to implement. The error probability analysis for the coherent AF relay is quite
difficult, since it requires averaging the performance over the fading coefficients. Some
progress in the error probability analysis of the coherent AF parallel relay has been
reported in [35,56,58]. In [57], four different models, which are classified according to
relay processing (AF or DF) and signal reception model (from all preceding terminals
or from the immediately preceding terminal only), were considered. In [66], each
relay coherently combines the signals received from the source and one or more of
the previous relays. In [58], symbol error probabilities for high SNR were derived for
parallel relay, serial relay and combined configurations.

All the aforementioned studies assume that the receivers have perfect CSI,
and utilize the CSI for coherent detection. However, channel estimation for
multiple transmission links is complex and costly in fading environments, and incurs

communication overheads, especially when the fading is rapid and the number of relay
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nodes is large. To obviate the need for channel estimation for wireless relay systems,
non-coherent or differential modulations are suitable alternatives.

The general non-coherent ML detector for the AF relay was derived in [67], and
the ML detectors for on-off keying (OOK) and binary frequency shift keying (BFSK)
non-coherent AF relay were derived in [68]. However, the ML detectors are not given
in closed form and involve numerical integrations, which makes the ML detectors very
difficult for implementation. The key challenge in deriving the ML decision rule for
the non-coherent AF relay is to obtain the statistics of the combination of products and
sums of Gaussian RVs. For a non-coherent DF relay system with BFSK modulation,
[36] derived the nonlinear ML detector and proposed a piecewise linear (PL) detector
which has performance similar to the ML detector.

For an AF relay system using differential modulations, various receivers and their
corresponding error probabilities have been studied in [69-72]. Linear combiners
at the destination have been proposed [69, 70, 72] based on the assumption that the
effective noise at the destination is Gaussian distributed. For a DF relays using
differential modulations, a nonlinear ML detector and an equal gain combiner with
low complexity were derived in [71] and [73], respectively. More recently, the paper
[72] derived the ML detector and the PL detector for the DF relay with differential
binary phase shift keying (DBPSK) modulation. All the results on relay systems with
differential modulations have made the assumption that the fading coefficients remain
unchanged in two consecutive symbol intervals. This assumption may not be valid

when the fading is relatively rapid.

Distributed ST Coding

In cooperative relay systems, several terminals can share their resources and cooperate

to work as a virtual MIMO system. Hence, the ST coding in conventional MIMO
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systems also can be extended to cooperative relay systems. The ST coding in
cooperative relay systems is called distributed ST coding due to the fact that the
encoding operation is distributed among cooperating terminals.

The use of distributed ST coding in cooperative relay channels was proposed
in [34] in which orthogonal STBC were used and each node transmits a column of
the STBC matrix. It is difficult to design orthogonal STBC [74] for a large number
of terminals, and a rate loss is unavoidable. Thus distributed orthogonal STBC can
only be applied to a network with a small total number of terminals. A new class
of distributed STBC was proposed in [75] where each node is assigned a unique
signature. [76] presented a regenerative relay system with the Alamouti code, and
analyzed the effects of errors at the relays for the regenerative distributed ST coding.
The non-regenerative relay system with Alamouti code was presented in [77]. An
error-aware distributed ST code was proposed in [78] for a cooperative relay system
with one or two relays. The error-aware distributed ST scheme allows feedback from
destination and error probability feedforward from relays. In [79], linear dispersion
ST codes were applied among relays in a parallel relay system. The pairwise error
probability, diversity gain and coding gain of the distributed linear dispersion ST
codes were analyzed. The distributed ST coding also has been extended to differential

modulation [50, 80] and non-coherent modulation [51].

1.3 Research Objectives and Contributions

As addressed in Section 1.1.2, the statistical distribution of the MI for a MIMO system
in a fading environment has great importance, but no explicit expression of the MI
distribution is available. We study in Chapter 2 the CCDF of the MI of a MIMO

system in a Rician fading environment. We propose a new approach that examines the
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MI distribution through investigating the statistical distribution of the determinant and
trace of a noncentral complex Wishart matrix, instead of using the joint distribution
of the eigenvalues of the Wishart matrix, as is common in the literature. The PDF
and CCDF of the determinant of a noncentral complex Wishart matrix derived in
Chapter 2 are important results in their own right, and may have applications beyond
the MI distribution analysis. Our result on the CDF of the MI serves as the outage
probability when the fading process is non-ergodic, which is an important performance
measure of the MIMO system in fading environments. The CDF also may be used to
evaluate the mean value of the MI or ergodic capacity. In addition, our study should
be easily reduced to the Rayleigh fading case since it is a special case of Rician
fading. Furthermore, our approach to the CCDF of the MI should greatly simplify
the calculation procedure, and may provide easy and accurate ways to deal with MI
related calculations for MIMO systems.

For a cooperative relay system, the outage probability of the highest information
rate and ergodic rate of the classic relay channel with DF protocol in a fading
environment are still unknown, as addressed in Section 1.2.2. We derive the outage
probability and ergodic rate of the classic relay channel employing the DF protocol
in Chapter 3 for Rayleigh fading environments. For fixed channel gains, we rewrite
the highest information rate in terms of a Hermitian complex Gaussian quadratic
form. It enables us to evaluate the outage probability and ergodic rate. Both the
outage probability and the ergodic rate are functions of the SNRs and the correlation
coefficient between the transmit signals from the source and relay. Based on the
derived outage probability and ergodic rate, we design optimal transmission strategies
which minimize the outage probability (we call it outage-optimal) or maximize the
ergodic rate (we call it ergodic-optimal). The optimal transmission strategies include

the optimal correlation coefficient of the transmit signals from source and relay, and
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the optimal transmit power allocation between source and relay. When no spatial
power allocation is available, we show that if the target transmission rate is smaller
than a certain threshold, the outage-optimal transmit signals from the source and
relay are independent; if the target transmission rate is larger than the threshold,
the outage-optimal transmit signals from the source and relay are not necessarily
independent, and their correlation generally depends on the SNRs of the links and the
target transmission rate. However, the ergodic-optimal transmit signals from the source
and relay are statistically independent irrespective of the SNRs. Moreover, we further
show that the ergodic rate is a monotonically decreasing function of the correlation
coefficient between the transmit signals from the source and relay. When spatial power
allocation between source and relay is feasible, we design optimal power allocation
strategies. In a small outage scenario, which is generally of practical interest, we
derive an outage-optimal spatial power allocation strategy between source and relay.
Our findings suggest that it is not always beneficial to use a relay. When the channel
from source to relay is weak, the relay terminal may have a large probability of making
decoding errors and the transmit signals from the relay may become interference at
the destination. The outage-optimal power allocation generally depends on several
parameters, including the total transmit power, the target transmission rate, and the
variances of the transmission links. Additionally, the ergodic-optimal spatial power
allocation strategy is obtained by numerically solving certain transcendental equations,
and it depends on the variances of the three links and the SNRs.

When an LOS path exists, wireless channels are subject to Rician fading which
is more general than Rayleigh fading in the sense that it includes Rayleigh fading as
a special case. We also extend our results in Chapter 3 for the outage probability of
a classic DF relay channel in a Rayleigh fading environment to the outage probability

in a Rician fading environment in Chapter 4. Due to the noncentral property of the
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Rician fading, the outage probability of the highest information rate in a Rician fading
environment is much more complicated than the one under Rayleigh fading. We
obtain an analytical expression for the outage probability, which can be computed by
using standard numerical techniques. Through a geometric interpretation of the outage
probability, we also obtain an upper bound and a lower bound on the outage probability
in simple closed forms. These bounds can serve as fairly good approximations to the
outage probability. Moreover, when the channel statistics (Rice factors and variances)
are known at the source and relay nodes, the outage probability can be minimized by
choosing an appropriate correlation coefficient between the transmit signals from the
source and relay. Relying on numerical methods, we obtain the optimal correlation
coefficient that minimizes the outage probability. Numerical results reveal that for
large values of Rice factors, the optimal correlation coefficient is not necessarily zero,
but instead, depends generally on SNRs, variances and Rice factors of the channels, as
well as the rate threshold.

After studying the cooperative relay systems from an information theoretic
perspective, we investigate the cooperative relay systems from an end-to-end error
performance perspective in Chapter 5. The error probability of a parallel relay system
using differential modulation is analyzed for both DF protocol and SR protocol. For
the DF protocol, the destination takes account of the average error probabilities of all
the source-relay transmissions and performs ML or PL detection. The PL detector has
similar performance to the nonlinear ML detector. In both the ML and PL detectors, the
received signals at the destination from the source and all the relays are combined with
different weights, because the transmission links in the relay system have different
statistics. Then, the BER of the PL detector is derived, whereas the BER analysis
for the nonlinear ML detector appears intractable. For a DF single relay system,

we obtain the exact BER of the PL detector and its high SNR approximation. The
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exact BER is a simple function of the SNRs, the variances and fade rates of all the
transmission links. The BER approximation at high SNR explicitly shows the diversity
order and the different effects of the source-relay link and the relay-destination link
on the end-to-end error performance. Moreover, for a DF multiple relay system, we
obtain a Chernoff upper bound on the BER and a high SNR approximation on the BER.
For the SR protocol, the computational complexity is shifted from the destination to
the relays. The relays need to compute their own instantaneous error probabilities in
detecting source information and make decisions on whether to transmit or remain
silent according to certain instantaneous error probabilities. At one frame, the relays
that are transmitting form a random set which is a subset of the set containing all the
potential relays. The destination performs simple MRC reception, and the end-to-end
performance is analyzed at high SNR. It reveals that the SR protocol offers a space
diversity order of the number of all the potential cooperating nodes, not just the number

of nodes that are transmitting to the destination.

1.4 Organization of the Dissertation

The rest of this dissertation is organized as follows.

Chapter 2 investigates the statistical distribution of the MI for a MIMO system in
a Rician fading environment. The PDF and CCDF of the determinant of a noncentral
complex Wishart matrix are derived, and some upper and lower bounds on the CCDF
of the MI are proposed. In non-ergodic fading, these bounds on capacity CCDF can
provide insight of MI outage probability.

Chapter 3 presents the outage probability and ergodic rate for a classic DF
relay system with full-duplex transmission in a Rayleigh fading environment. With

statistical CSI, optimal transmission strategies including optimal transmit signaling
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and spatial power allocation are derived to minimize the outage probability or
maximize the ergodic rate.

Chapter 4 extends the results in Chapter 3 to the case of Rician fading. An
analytical expression for the outage probability, and an upper bound and a lower bound
on the outage probability in simple closed forms are obtained. When the channel
statistics (Rice factors and variances) are known at the source and relay nodes, we
obtain the optimal correlation coefficient that minimizes the outage probability using
numerical methods.

Chapter 5 is devoted to receiver design and error probability analysis for parallel
relay systems with differential modulation for DF or SR protocols. The DF protocol
places the detection complexity at the destination while keeping relatively simple
transceivers at the relays. The SR protocol, on the other hand, shifts the computational
complexity to the relays and keeps simple detection at the destination.

Finally, Chapter 6 summarizes our work, and points out a number of future

research directions.
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Chapter 2

On the Mutual Information
Distribution of MIMO Rician Fading

Channels

In a fading environment, the statistical distribution of the MI of a MIMO system
depends on the joint distribution of the eigenvalues of a Wishart matrix, and is quite
complex in general. In this chapter, we obtain simple expressions for the statistical
distributions of the determinant and the trace of a Wishart matrix. Based on these
obtained expressions, we derive some simple and tight bounds on the CCDF of the MI
of a MIMO system in Rician fading environments. The obtained bounds on the CCDF
of MI provide further insights into the channel MI, and show the effects of the system
parameters on the M1 distribution explicitly. In addition, results for the Rayleigh fading

channels are obtained as a special case.
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2.1 Introduction

In the past decade, the information theoretic study of MIMO fading channels has
attracted considerable research attention [1]. The primary focus of such a study is
on ergodic capacity, which is defined as the ensemble average of the MI! over the
statistical distribution of the channels [81]. In particular, the ergodic capacity has
been investigated in [2, 3, 6] for Rayleigh fading, and in [10-14] for Rician fading.
For ergodic channels, the ergodic capacity is viewed as an important performance
measure, since it can be viewed as the Shannon capacity in the sense that we can
transmit with an arbitrarily small error probability when the transmission rate is less
than ergodic capacity. On the other hand, for non-ergodic channels, the ergodic
capacity has no physical significance and instead the proper performance measure
is the outage probability which is actually the CDF of the MI. In either ergodic or
non-ergodic channels, the statistical distribution of MI is fairly useful in obtaining
the corresponding performance measures, and more importantly it provides a more
comprehensive view about MIMO fading channels than the ergodic capacity does. This
motivates many recent studies on the distribution of MI.

However, because of the complexity of the statistical distribution of a Wishart
matrix, the study on the statistical distribution of MI becomes quite involved. For
Rayleigh fading channels, the CCDF of MI? of a MIMO system was first studied by
Monte Carlo simulations in [15]. Although some heuristic discussions on the statistical

distribution of the MI were provided in [15], it is quite time consuming to use Monte

"When the transmit signals are independent circularly symmetric Gaussian distributed with equal
power at each transmit antenna, the MI is known as the capacity in [15-17], since this kind of transmit
signals can achieve the ergodic capacity in independent and identically distributed Rayleigh fading

channels.

2The MI is also called the conditional capacity in [11].
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Carlo simulations and rather difficult to examine how the system parameters will affect
the MI distribution through Monte Carlo simulations. Later, based on the central limit
theorem, [16] proposed using the Gaussian distribution function to approximate the
statistical distribution of MI, and obtained the variance of MI for MIMO Rayleigh
fading channels. The Gaussian approximation is accurate for a large number of
antennas. But when the number of antennas is small, which is in fact the case of
practical interests, the Gaussian approximation becomes loose. To overcome this
shortcoming of the Gaussian approximation, [17] and [21] derived the exact CDF of
the MI for dual antenna MIMO systems in Rayleigh and Rician fading environments,
respectively. Jacobian on the joint density of the eigenvalues of a Wishart matrix is
applied to obtain the CDF of MI in [17] and [21]. However, the complexity of Jacobian
increases exponentially with an increase in the number of antennas. This prohibits
the application of the methods in [17] and [21] to a system with a larger number of
antennas. More comprehensive studies on the statistical characterization of MI have
been conducted in [18-20] for Rayleigh fading environments, and in [13,14] for Rician
fading environments. These results are valid for an arbitrary number of antennas. The
characteristic function of MI was obtained in [18] by using a new expression for the
joint distribution of the eigenvalues of a Wishart matrix. The moment generating
function of MI was given in [19, 20] for Rayleigh fading environments, and in [14]
for Rician fading environments. However, to obtain the CDF of MI for MIMO fading
channels, one needs to take the inverse Laplace transform of the moment generating
function, and need to resort to numerical integrations. In addition, the mean and
variance of MI were also presented in [13] for single- and double-sided correlated
Rician fading channels with an arbitrary-rank mean matrix, and in [14] for independent
Rician fading channels, and then the Gaussian distribution was used to approximate the

CCDF of MI [13, 14]. All of the aforementioned results on the distribution of the MI
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rely on the joint distribution of the eigenvalues of a central or non-central Wishart
matrix. To date, no explicit expression is obtained for the CCDF of MI for MIMO
fading channels.

Instead of using the joint distribution of the eigenvalues of a Wishart matrix, as is
common in literature, a new approach is proposed in this chapter to derive some upper
and lower bounds on the statistical distribution, i.e., the CCDF, of the MI for MIMO
Rician fading channels. We first bound the MI by the determinant or trace of a complex
Wishart matrix. Then we derive the statistical distributions of the determinant and trace
of a non-central complex Wishart matrix. Finally, we use the derived distributions to
obtain upper and lower bounds on the CCDF of the MI in Rician fading environments.
Our approach to the CCDF of the MI greatly simplifies the calculation procedure,
and provides easy and accurate ways to deal with MI related calculations for MIMO
fading channels. The derived bounds on the CCDF of the MI are expressed in simple
forms, and show explicitly the effects of the system parameters on the distribution
of the MI. Furthermore, the bounds are valid for an arbitrary number of antennas,
and in particular, they are tight for small numbers of antennas, which is generally the
case in practical systems. In addition, since Rician fading reduces to Rayleigh fading
when LOS does not exist, our results can be readily applied to MIMO systems in
Rayleigh fading environments [82]. The statistical distribution of the determinant of a
complex Wishart matrix derived here is an important result in its own right, and may
have applications beyond the MI distribution analysis.

The remainder of this chapter is organized as follows. In Section 2.2, we
describe the system model and the assumptions. In Section 2.3, we present some
bounds on the MI of the MIMO system. In Sections 2.4 and 2.5, we investigate
the statistical distribution of the determinant and the trace of a non-central Wishart

matrix, respectively. In Section 2.6, new and simple bounds on the CCDF of the MI
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are obtained for MIMO Rician fading channels. In Section 2.7, the results for MIMO
Rayleigh fading channels are presented as a special case of Rician fading channels.

Comparisons of the results are shown in Section 2.8. Finally, we conclude with Section

2.9.

2.2 MIMO System Model

Consider a single user MIMO system with N transmit and M receive antennas. The

M -dimensional received vector is mathematically represented as [2, 15]
y=Hx+ n, (2.1)

where H is the M x N channel matrix with the mn-th entry h,,, describing the
channel gain between the n-th transmit antenna and the m-th receive antenna, x
is an N-dimensional transmitted vector, and . is AWGN. We assume E|[|h,,,,|*] =
(1 + K)o?, E[nnf'] = NyI,; and E[z"x] = E. For a Rician fading environment,
the channel matrix H can be decomposed into the sum of a deterministic (specular)

matrix and a variable (scattered) matrix, i.e.,
H=ViKH+Vo?H, K >0, (2.2)

where H is a deterministic matrix and ﬁ 1s a random matrix. The elements of ﬁ,
{ﬁmn}, are independent and identically distributed (i.i.d.), complex, Gaussian random
variables with zero mean and unit variance, i.e., ﬁmn ~ CN(0,1). The Rice factor,
K > 0, represents the ratio of deterministic energy to scattered energy; K = 0
corresponds to Rayleigh fading; while K’ — oo corresponds to non-fading channels.
The mean matrix of H is E[H| = V02K H. Thus, the channel matrix H has a matrix

variate complex Gaussian distribution, i.e.,

H ~CNuyn (\/0‘2K H, I,y ® IN) . (2.3)
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We assume that the deterministic matrix H is of rank one [10]. By applying
singular value decomposition, an arbitrary rank-1 matrix H can be decomposed as
H = UMV", where U and V are unitary matrices, and M = [m,0,--- ,0] with
both m and 0 being M X 1 column vectors.

We consider the scenario where the receiver has perfect knowledge of the CSI, and
the transmitter has no channel knowledge at all (neither CSI nor fading distribution). In
this case, for any realization of H, the M1, I (x; y|H ), is maximized when the transmit
signal is circularly symmetric, zero-mean, complex, Gaussian distributed. Only the
covariance matrix E[xz] of the capacity-achieving transmit signal depends on the
fading distributions. For i.i.d. Rayleigh fading channels, the capacity-achieving signal
covariance matrix is E[zx’] = (E/N)I y. This kind of transmit signals is also robust
for transmission over Rician fading channels [10, 13, 14]. Hence, we still consider
circularly symmetric, zero-mean, complex, Gaussian distributed transmit signals with

covariance matrix E[zx’] = (E/N)Iy in the Rician fading case. Therefore, the MI

in this case is given by [81, Eq. (4.10)]
I =1(z;y|H) =log,det (Ixn +vyH"H) bps/Hz
— log, det (IN n azfyZHZ) bps/Hz, (2.4)
where v = E//(Ny) is the average SNR at each transmit antenna, and

,/ H=HVK+H, Z~CNyyH VK IyxI,).
Without loss of generality, we assume M > N. Let A\,(n = 1,2,..., N) denote the
nonzero eigenvalues of Z H7Z The Ml in (2.4) can be expressed as [2], [81, Eq. (4.13)]

I = log, ( ﬂ (1 n 027)\n)> . (2.5)

n=1

If M < N, the expression for the MI in (2.5) and our results in this chapter remain the

same, except for interchanging M with N.
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Note that since the channel matrix H is random, the MI, I in (2.5), is also a
RV. If the fading process is ergodic, a Shannon capacity exists and is given by C' =
E[I], where the expectation is with respect to the channel H. If the fading process is
non-ergodic, a proper performance measurement is the outage probability P(I < R).
Actually, in ergodic channels, the MI also has a statistical distribution function, e.g.,
the CDF. The statistical distribution of MI exists for both ergodic and non-ergodic
fading processes. We will investigate the CCDF of the MI of a Rician fading MIMO
system.

The MI (2.5) of the MIMO Rician fading channels is characterized by all the
eigenvalues of Z”Z. To study the statistical properties of the MI, the traditional
method is to make use of the joint distribution of the eigenvalues of Z” Z, which
is highly complex in general. We will use a new approach to studying the statistics of

the MI. Firstly, we will obtain some new bounds on the MI in the next section.

2.3 New Bounds on the MI of MIMO Channels

Making use of some inequalities and properties of the determinant and the trace of
a matrix, we will obtain, in this section, some bounds on the MI in terms of the
determinant or trace of Z” Z, instead of the eigenvalues. Specifically, we derive a
lower bound on the MI in terms of the determinant of Z” Z, and an upper bound and

a lower bound on the MI in terms of the trace of Z Z.

2.3.1 Determinant Bounds

We first derive a lower bound on the MI in terms of the determinant det(Z"Z).

Applying the inequality [83, Eq. (15)]: [T\, (1 + =,) > (1 4+ ([T, )™)Y for
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2.3 New Bounds on the MI of MIMO Channels

x, > 0, to (2.5), we obtain a lower bound on the MI as

, N 1/N
> Nlog, (1+07(HAn) > 2.6)
n=1

Since the determinant of a matrix is equal to the product of its non-zero eigenvalues:

Hi:f:l A\ = det(Z" Z), we can rewrite the above lower bound on the MI as
[ > Iy = Nlog, (1 + o2y det(ZHZ)l/N>, 2.7)

where /g is the lower bound on the MI in terms of the determinant det(Z Hyz ).

2.3.2 Trace Bounds

We next derive an upper bound and a lower bound on the MI in terms of the trace

tr(Z" Z).

Upper Bound

Applying the arithmetic and geometric means inequality: (HN z,) N <

n=1

SN &, /N for z, > 0, to (2.5), we can upper bound the MI as

1 N N N
I < log, (N S+ 027/\n)> — Nlog, ( WV Z ) 2.8)

n=

Since the trace of a matrix is equal to the sum of its eigenvalues: Ziv: M =tr(Z%2),

we can rewrite the above upper bound on the MI as
o’y H
[ < Iyu:= Nlog, (1 + S t(z Z)>, (2.9)

where I, is the upper bound on the MI in terms of the trace tr(Z" Z).

Lower Bound

Expanding []_, (1 + 62y),.), we obtain the inequality

N N N
H(l + 02y A) > 1+ 0'2’}/<Z )\n> + (JZV)N(H /\n> > 1+ o*ytr(Z27 Z).
n=1 n=1

n=1
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This allows us to lower bound the MI as
[> Ior = log, (1 v a%tr(zHZ)>, (2.10)

where [, is the lower bound on the MI in terms of the trace tr(Z Hz ). The lower
bound [, 1 is tight only at low SNRs, because the inequality (2.10) ignores the terms
containing second and higher powers of SNRs. In the low SNR regime, it was proved
in [6] that the lower bound [, | is strictly tighter than the lower bound /.

Since the MI can be bounded by the quantities in terms of the determinant or trace
of the Wishart matrix Z Z, in order to study the statistics of the MI, we will study the

statistics of the determinant of the Wishart matrix in the next section.

2.4 Statistical Distribution of the Determinant of a

Wishart Matrix

In this section, we derive the PDF and the CCDF of the determinant of a non-central
Wishart matrix, which will be used to evaluate the statistical distribution of the MI in

Section 2.6.

2.4.1 Determinant of a Wishart matrix

The matrix Z has a matrix variate complex Gaussian distribution, i.e., Z ~
CN . N(ﬁx/ﬁ Iy ®Iy),and Z H Z is called a noncentral complex Wishart matrix.
Note that in Section 2.2 we have the singular value decomposition H = UMV,
Defining W = UYZV, we have det(Z% Z) = det(WH W) and W = MVK +
U"HV. Since the entries of H are i.i.d. Gaussian RVs with zero mean and unit
variance, and U and V are unitary matrices, the distribution of U HETV is the same

as the distribution of H. Therefore, the matrix W also has a matrix variate complex
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2.4 Statistical Distribution of the Determinant of a Wishart Matrix

Gaussian distribution, i.e., W ~ CNM,N(M\/F, I, ®Iy),and WHEW is also a
noncentral complex Wishart matrix.

The Bartlett’s decomposition of the noncentral Wishart matrix is written as
WHW = THT, where T is an upper-triangular matrix with positive diagonal
elements. It has been show in [12, Section II-C], [84, Section III] and [85, Theorem
10.3.8] that the elements of T, ¢,,,(1 < m < n < N), are all independent RVs.

Moreover, |t1;|? is non-central chi-square distributed with 20 degrees of freedom

and non-centrality parameter 6 = Km'm = K|M]|2%2 = K||H|?%, |tw|?> (n =
2,...,N) is central chi-square distributed with 2(M — n + 1) degrees of freedom,

and t,,,(1 < m < n < N) is complex Gaussian distributed with zero mean and

tul? ~ X3,00),

unit variance, i.e., tan|> ~ XQQ(M_nH), (n = 2,...,N), and
tmn ~ CN(0,1),(1 <m <n < N).
Since the determinant of a triangular matrix equals the product of its diagonal

elements, we can express the determinant of the Wishart matrix WHW as
N
det(W"W) = det(T"T) = det(T") det(T) = [ [tmnl*. 2.11)
n=1

From the above equation, we can see that det(Z” Z) = det(W" W) is the product
of N independent RVs, one of which is non-central chi-square distributed and the
remaining (N — 1) ones of which are central chi-square distributed. Let X,, denote
ltanl? i€, X, = |twl®(n = 1,2,...,N), and thus X; ~ X3,(0), X, ~
X3ar-ni1y (m = 2,...,N). The PDFs of the X,s are given by [86, Eqs. (2.118)

and (2.110)]

(M-1)/2
le(xl) = (%) 6_(5+$1)]M—1<2 (5:L'1),

1
fx,(wn) = mm%”e*xn, n=2,...,N, (2.12)

where 1,,(z) is the ath-order modified Bessel function of the first kind. By using the

series representation of I, (x) [86, Eq. (2.120)], the PDF of the non-central chi-square
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RV X can be expressed as a weighted sum of central chi-square PDFs with Poisson

distributed weights [87, Corollary 1.3.5],

= ok 1 ko
Palo) =2 Grrr =
k=0

where e796% /k! is a Poisson probability with mean §. When the non-centrality
parameter o equals zero, (2.13) only has the term corresponding to £ = 0 and reduces
to the PDF of a central chi-square RV with 2\ degrees of freedom.

Let det(Z2"Z) = Y = [['_, X,,, and fy(y) denote the PDF of Y. We now
study the statistical distribution, i.e., PDF and CCDF, of det(Z" Z) through studying

a product of independent RVs.

2.4.2 Distribution functions in Meijer G-functions

In this subsection, we will derive the PDF and CCDF of the determinant of a noncentral
Wishart matrix in terms of the Meijer G-functions by using the Mellin integral
transform.

The Mellin integral transform is typically used to study the distribution of the
products or quotients of RVs [87—-89], because the Mellin transform of the PDF of a
product of independent RVs can be written as a product of the Mellin transforms of the
PDFs of individual RVs.

A real function, f(z), is Mellin transformable if the following conditions are
satisfied: 1) f(z) is defined only for z > 0 and single valued almost everywhere for
x > 0; 2) the integral [~ 2*~!|f(x)|dx is bounded for some real value k > 0. The
Mellin transform of f(z) is given by [87, Ch. 2.8]

Mxﬂ@):/mxSV@mL (2.14)

0

37



2.4 Statistical Distribution of the Determinant of a Wishart Matrix

and inverse Mellin transform is given by

f@) =M L @)] = 5 [ e G@)ds 2as)

278 Jeino

where the path of integration is any line parallel to the imaginary axis and lying within
the strip of analyticity of M ( f (x)) Egs. (2.14) and (2.15) constitute a transform pair,
and f(x) is uniquely determined by its Mellin transform M, (f(z)).

Itis easy to see that fy (y) and fx, (z,) are Mellin transformable. By the definition
of Mellin transform, it is clear that M,(fy(y)) = E[y*!] and M,(fx,(z,)) =
E[z37Y. Since {X,,}»_, are independent RVs, according to the properties of Mellin
transform [87, Ch. 4.3], we can write the Mellin transform of fy (y) as a product of the

Mellin transforms of { fx, (z,,)}2.

1, L€,

M (fr(y)) = [T Mo (fx ().

Based on the PDF of X, given in (2.12) and (2.13), we can easily compute the Mellin

transform of fx (z,), and further obtain the Mellin transform of fy (y) as

R | A R e ) B LT

n=1
(2.16)

where A = [[2_,(M — n)!. Taking the inverse Mellin transform of M, (fy(y)), we

obtain the PDF fy (y) as

N,
v (Wl 1+k,M—2,M~3, M—N)a (2.17)

I :Azk' 1+k)G

where G (2 |7)) is the Meijer G-function. The Meijer G-function, a generalization

of the generalized hypergeometric function, can be defined by the contour integral:

ds.

g (el ) = s [ e T+ 0TI 0,
Pa b1 ba,e by 27 .. b D(s+a) [, T(1—b; —s)

T S e—ioo ient1
(2.18)

j=m+1
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The CCDF of Y can be obtained by using the Mellin transform of fy(y), i.e.,
M, (P(Y >y)) = s "M,1(fy(y)) [87,Eq. (4.3.7)]. Thus, we can obtain the CCDF
of Y as

1 ct100
P(Y >y)=M;" [3‘1M3+1 (fY(y))} = —/ y~*s My (fy(y))ds

210 Jolino

_ N+1,0
- A Z KM — 1+ k) GI,N+1 (y |o,M+k,M—1,M—2,--.,M—N+1)‘(2'19)

The PDF and CCDF of Y are expressed by the Meijer G-functions. Even though
the Meijer G-functions can be computed in some mathematical software packages,
evaluating the Meijer G-functions normally involves a heavy computational load and
is time consuming. We next provide some bounds on the PDF and CCDF of Y in series

form.

2.4.3 Bounds on distribution functions in series form

In this subsection, we provide some bounds on the PDF and CCDF of Y in series
form instead of Meijer G-functions. Although these bounds are not the exact PDF and
CCDF of Y/, they only involve some simple functions, and can be evaluated faster than
the Meijer G-functions.

The joint PDF of X1,---, Xy is fx,.xy(Z1, -, 2n) = [I0— fx,(2,), and
hence the PDF of Y can be written as

) ://JJG'IS_;M(HJCX o )fXN<ﬁ)dw, (2.20)

n=1 "N

where the multiple integral domain is D = {0 < 1,29, -+ ,2y_1 < 00} and dx =
dxidxs - - - dry_1. Substituting the PDFs of X,,’s from (2.12) and (2.13) into (2.20),
we obtain the PDF of Y as

fry) = e—A(Si f\ZMljk / /xl( _”)exp<—]§xnﬁ)dw.

k=
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The CCDF of Y can be calculated as P(Y > y) f fy (t)dt, and is expressed as

—(S OO F(M N+1,HN_1
P Y - n=1%n
Y >vy) / / xy ( ) GT=1+k) exp( an)d:c

[ee]

> 55;4M1 ﬁ; | Z:: vl xl(HxMw> e - an f}zw,

n:lxn

(2.22)

in which I'(a,x) is the upper incomplete gamma function, i.e., ['(o,z) =
[2° 1= Ye~tdt. When a is an integer n, we have T'(n,x) = (n — 1)le™® >3 _ ) 2* /K.

When N = 2, by making use of the integral formula

/ " exp(—x — —)d:c = 2yl+nKl+n(2\/_)
0

the PDF (2.21) and CCDF (2.22) of Y are reduced, respectively, to

—6,M—2 > sk Qy%

fr(y) = ﬁ £ Fm K1+k(2\/§)7

k)2

y/
Z Kyrik(2yy), (2.23)

PY >y)= 6_62yM/2kZ_(]%T( j/l—i—k
where K,,(x) is the nth-order modified Bessel function of the second kind. In fact,
(2.23) is the series form of (2.19) when N = 2. When N > 2, there is no closed-from
expression for the multiple integral in (2.21) and (2.22). However, we derive one

inequality which can be applied repeatedly to obtain lower bounds on (2.21) and (2.22).

Applying the following inequality (see Appendix A for the proof):
©on Y y _
/ x exp(—x——)dazzn!exp(——), n=1223---, (2.24)
0 x n

fory > 0to (2.22) (N — 1) times, we can obtain the following lower bound on (2.22):

500 ’“MN Ltk =) (Y (M=n—n)\y
P >y) = Zk‘; —1+k).)(H((M—n)!))%

n=2

(M —N—nr)ly
eXp(_(M—Q—T)!(M—1+k—r)

) (2.25)
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This is the lower bound on the CCDF of Y for N > 2, and (2.23) is the exact CCDF
for N = 2. We will use these results to evaluate the CCDF of the MI of MIMO Rician

fading channels.

2.5 Statistical Distribution of the Trace of a Wishart
Matrix

In this section, we study the distribution of the trace of a Wishart matrix, which will
be used to evaluate the CCDF of the MI in the next section. The trace of Z Z can be
expressed as a sum of the magnitude square of all the elements of a Gaussian variate
matrix, 1.€.,

w(2"2) = 2|} = |H||F ZZIhmnF (2.26)

m=1 n=1
It can be easily seen that tr(Z* Z) is non-central chi-square distributed with 2/ N
degrees of freedom, variance 1/2 and non-centrality parameter § = K| H]|?2, i.e.,
tr(Z” Z) ~ X2,,x(6). Thus, the CCDF of tr(Z" Z) is given by [86, Eq. (2.124)]
0o sk MN=1+k

P(tx(Z2"Z) > z) = Qun (V26,v22) —e*“Z. Z (2.27)

where (),,(a,b) is the generalized Marcum Q-function of order m, i.e., Q,,(a,b) =
1> z(x/a)™ e~ @2 (ax)d.
When the non-centrality parameter § equals zero, the CCDF (2.27) reduces to

MN-1

P(tr(Z2"Z) > 2) = WF(MN, B)=e7 Y % (2.28)
! — rl

where I'(a, z) is the upper incomplete Gamma function, i.e., I'(a, z) = [ t*le~"dt.
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2.6 New Approaches to CCDF of the MI of MIMO
Rician fading Channels

So far, the evaluations of the CCDF or CDF of the MI are based on the joint distribution
of the eigenvalues of Z” Z. The available expressions for the CCDF or CDF of the
MI either are the inverse Laplace transform of the moment generating function [14],
or are approximated by Gaussian distribution with the mean and variance of the MI
obtained in [14]. These expressions are quite difficult to evaluate. In this section, we
will provide some new and simple approaches to investigating the CCDF of the MI
based on the CCDF of the determinant or trace of the noncentral Wishart matrix. We
will present some new and simple, upper and lower bounds on the CCDF of the MI of

MIMO Rician fading channels.

2.6.1 Determinant Bounds

According to the lower bound (2.7) on the MI, the CCDF of the MI is lower bounded

as
P(I > R) > Paet(R) := P(Laes > R) = P(det(Z27 Z) > oV 2"V — 1)), (2.29)

where a = 1/(c%y). We will derive here some lower bounds on the CCDF of the MI

using the distribution of det(Z Az ) given in (2.19), (2.23) and (2.25).

Bounds in Meijer G-functions

Applying (2.19) to (2.29), we can obtain a lower bound on the CCDF of the MI as

¢’ o N+1,0 (_N(9R/N _ 1\N |1
Paer (1) = A Z k!(M—l—i—k)!GLNh <a (27 1) |0,M+k,M—1,M—2,-~-,M—N+1> :
k=0

(2.30)
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Although the lower bound Py (R) in (2.30) involves infinite series, the sum of infinite
series will converge very fast, and it will be illustrated later in Section 2.8. We also will
illustrate later that calculating the lower bound P,.(R) in (2.30) is more computational

efficient than using Monte Carlo simulations.

Bounds in series form

When N = 2, the CCDF of det(Z" Z) can be expressed as (2.23). Thus, applying

(2.23) to (2.29), we obtain the lower bound on the CCDF of the MI for N = 2 as

= ok a
Pyer(R) = e*2aM (2N — )M Y~ i

rl

M-2
S L@ 1) Koy (2027 - 1))] . (2.31)
r=0

Since (2.25) is also a lower bound on the CCDF of det(Z* Z) for N > 2, we can

apply (2.25) to (2.29), and obtain another lower bound on the CCDF of the mutual

information for N > 2 as
MXfV(M—lek—r)! ]i—f (M —n—r)!
ri(M=1+k)! \ 5 (M—n)!

r=0

Paei(R) > Paor (R) =" ) 5
k=0

(M —N—r)la™ (2F/N - 1)N
(M —=2—r)(M—1+k=!r)

a™N (2B — 1)V exp (— ) . (2.32)

When N = 2, both (2.31) and (2.32) can serve as the lower bounds for the CCDF of
the MI. However, compared with (2.32), (2.31) is tighter though more complicated,

since it involves modified Bessel functions.

2.6.2 Trace Bounds

We will derive one upper bound and one lower bound on the CCDF of the MI based

on the properties of tr(Z Z).
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Upper Bound

According to the upper bound (2.9) on the MI, the CCDF of the MI is upper bounded

as
P(I > R) < Pyy(R) :== P(Iyy > R) = P(tx(Z"Z) > aN(2"/V — 1)). (2.33)

By applying (2.27) to (2.33), the upper bound on the CCDF of the MI in (2.33) is

computed as

Pru(R) = Qun(V25, V20N (@R D). (2.34)

Lower Bound

According to the lower bound (2.10) on the MI, the CCDF of the MI is lower bounded

as
P(I > R) < Py1(R) = P(IyrL > R) = P(tr(Z"Z) > a(2" - 1)). (235

With (2.27) and (2.35), the lower bound on the CCDF of the MI in (2.35) is computed

as

Per(R) = Qun(V26,1/2a(28 = 1)). (2.36)

The lower bound (2.36) is tight only at low SNR, because (2.10) ignores the terms
containing higher powers of SNR. In the low SNR regime, the lower bound P, 1 (R)
is strictly tighter than the lower bound Py (R) since Iy is strictly tighter than 7. as
indicated in Section 2.3.

The upper bound P, y(R) and lower bound P (R) on the CCDF of the MI are

expressed in simple closed forms.
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2.7 CCDF of the MI of MIMO Rayleigh Fading Channels

2.7 CCDF of the MI of MIMO Rayleigh Fading
Channels

Rayleigh fading is a special case of Rician fading with the Rice factor X = 0. Our
results derived for the Rician fading case in the previous sections can be readily applied
to the Rayleigh fading case. In this section, we will explicitly give the statistical
properties of the MI for a MIMO system in Rayleigh fading environments.

For Rayleigh fading, the non-centrality parameter ¢ equals zero, and our bounds
obtained in Section 2.6 on the CCDF of the MI can be simplified. The lower bound

(2.30) on the CCDF of the MI is reduced to
1 N+1,0 (N /oR/N N |t
Faer(R) = mGl,NJrl (a @ =D [ s s ,M7N+1)(2'37)
For N = 2, the lower bound (2.31) on the CCDF of the MI is also reduced to

B 2aM (2R/N — 1)M M—2 o

Pit(R) = — (2N 1) Ky, (2a). 2.38
alF) = =~ 2 @ W K a). 239
For N > 2, another lower bound on the CCDF of the MI for N > 2 is

g i (M—n—r)!

Pt = Pan() = 3 Sy (11 )=

(M — N —r)la™N(2R/N — )N
eXp(‘ (M—2—r)I(M—1-r) )

(2.39)

We can see that for Rayleigh fading, the determinant bounds on the CCDF of MI are
simple. It involves evaluation of one Meijer-G function or a finite exponential series.
In Rayleigh fading, the upper bound (2.34), and the lower bound (2.36) on the

CCDF of the MI reduce, respectively, to

1

P, u(R) = (MN—_D!F(MN, aN (28N — 1)), (2.40)
1

Pr1r(R) = (MN—_D!F(MN, a(2™ —1)). (2.41)

The trace bounds on the CCDF of the MI are expressed by incomplete Gamma

functions, and are easy to evaluate.
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Figure 2.1: PDF of the determinant of a noncentral complex Wishart matrix with ' = 0

dB and |H|?% = M.

2.8 Numerical Results

In this section, we first compare the analytical results on the statistical distribution
of the determinant of a non-central complex Wishart matrix with Monte Carlo
simulations. Then, we compare our bounds on the CCDF of the MI with the
Gaussian approximation results using the first and second moments of the MI derived
in [14] , and the CCDF results obtained from Monte Carlo simulations. The Monte
Carlo simulations results are obtained by generating 10° realizations of H and then
evaluating the statistics of det(Z* Z) or I. The average received SNR at each receive
antenna is defined as n = (1 + K)o?E/Nj.

Fig. 2.1 plots the PDF of the determinant of the noncentral complex Wishart

matrix for different matrix dimensions. The analytical result for the PDF of det(Z" Z)
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Figure 2.2: PDF of the determinant of a noncentral complex Wishart matrix with M/ =

N =2and |H|?% = M.

is obtained by evaluating fy(y) in (2.17). As for the summation of infinite series in
fy(y) in (2.17), we only sum over the first 15 terms of the infinite series when K = 0
dB as in Fig. 2.1, and we can observe that very good accuracy is already achieved
compared with Monte Carlo simulations. Fig. 2.2 plots the PDF of the determinant of
the noncentral complex Wishart matrix for different Rice factors. As for the summation
of infinite series in (2.17), we only sum over the first 10 terms of the infinite series when
K = —5 dB and the first 30 terms of the infinite series when K = +5 dB. We plot the
CCDF of the determinant of the noncentral complex Wishart matrix in Fig. 2.3 and
Fig. 2.4. The analytical result for the CCDF of det(Z" Z) is obtained by evaluating
(2.19).

Fig. 2.5 plots the CCDF of the MI versus the rate threshold R for different SNRs
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Figure 2.3: CCDF of the determinant of a noncentral complex Wishart matrix with K =

5dBand | H|% = M.

when M = N = 2, K = 0 dB. As can be seen from the figure, the lower bound Py
and the upper bound P, y are fairly tight, and they can provide a good prediction for
the distribution of the MI. Although P4 involves summation of Meijer-G functions,
the CPU time used to compute Py is only 1/3 of the CPU time spent to get the MI
CCDF through Monte Carlo simulations. In Fig 2.6, we plot the trace upper bound
Py v and lower bound F; 1 for alow SNR (n = —15 dB).

Fig. 2.7 plots the CCDF of the MI versus the rate threshold R for various
configurations of transmit and/or receive antennas. It shows that our lower bound, Py,
works well for small numbers of antennas. However, with an increase in the number
of antennas, our bound becomes slightly looser, while the Gaussian approximation

becomes tighter. In a practical cellular communication system, the number of antennas
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Figure 2.4: CCDF of the determinant of a noncentral complex Wishart matrix with M/ =

N =3and |H|?% = M.

at a mobile terminal is typically small, and hence our bound is a useful approximation
to the distribution of the MI in such a situation. Comparing our bounds with the exact
MI distribution in [21, Eq. (21)] which is valid only for two antennas, our results are
much simpler. Therefore, when the number of antennas is small, our bounds are good
approximations to the statistical distribution of the MI in Rician fading environments.
We illustrate the tightness of the lower bound P at various Rice factors in Fig. 2.8.

It can be observed that the lower bound Py is tight for different Rice factors.
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When fading processes are non-ergodic, the CDF of MI is equal to the outage
probability. In Fig. 2.9, we investigate the effects of the Rice factor on the CDF of the
MI. We fix the SNR 7 and the rate threshold R, and plot the CDF of the MI versus the
Rice factor. It can be seen from the figure that our bounds, (1 — P, y) and (1 — P;1),
have the same trend as the CDF of the MI. Fig. 2.9 indicates that when the Rice factor
is relatively small, the CDF of the MI increases with an increase in the Rice factor, and
when the Rice factor is relatively large, the CDF of the MI decreases with an increase
in the Rice factor. This can be explained as follows. When the Rice factor is relatively
small, the diversity benefits dominate the line-of-sight benefits and hence the outage
probability increases with an increase in Rice factor. When the Rice factor is relatively

large, the line-of-sight benefits dominate the diversity benefits and hence the outage

52



2.9 Conclusion

probability decreases with an increase in Rice factor.

2.9 Conclusion

In this chapter, we developed a novel approach to bounding the CCDF of the MI
of MIMO systems in Rician fading environments by exploiting the properties and
statistical distributions of the determinant and trace of a noncentral complex Wishart
matrix. This method avoids using the statistical distribution of the eigenvalues of a
noncentral Wishart matrix which is quite complex in general. Based on the proposed
approach, we derived some tight lower and upper bounds on the CCDF of the MI. The
results are also readily reduced to the case of Rayleigh fading. Compared with existing
results, our bounds are not only given in closed form, but also readily applicable to
the evaluation of the outage probability with sufficiently high accuracy. Furthermore,
the statistical distribution of the determinant of a noncentral complex Wishart matrix
derived in this chapter is an important result, and may have applications beyond the

MI distribution.
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Chapter 3

Optimal Transmission Strategies For

Rayleigh Fading Relay Channels

In this chapter, we consider a DF single relay model working in full duplex mode
under a Rayleigh fading environment. The outage probability and ergodic rate for this
model are derived. With the objective of either minimizing the outage probability
or maximizing the ergodic rate, optimal and approximately optimal transmission
strategies are developed through selecting appropriate transmit signaling and/or spatial
power allocation. The derived transmission strategies only require the knowledge of
the second-order statistics of the channels at the transmitters, which can be readily
acquired in practice. Simulation results demonstrate that the optimal transmit signaling
and/or spatial power allocation can offer considerable performance improvements over

the equal power allocation strategy.

3.1 Introduction

In wireless networks, the cooperative relaying transmission is an effective technique

to improve power efficiency, enhance network coverage, and mitigate detrimental
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fading effects of wireless channels. The study of such a transmission technique under
various settings, especially in relay channels, has received a considerable amount of
research attention [30-32, 44,49, 90]. Until now, the capacity of the general relay
channels remains unknown except for some special cases [30]. Alternatively, the
highest information rates achieved by various relaying protocols such as DF, AF, and
CF have been extensively investigated [30,44,49]. In fading relay channels, the typical
information theoretic performance measures are the outage probability and the ergodic
rate, respectively, for non-ergodic and ergodic fading channels. These performance
measures generally depend on the statistical correlation of the signals transmitted from
source and relay, as well as the spatial power allocation between the two nodes. It was
shown in [49] that for Rayleigh fading DF relay channels, the transmit signals from
source and relay, which maximize the ergodic rate, are statistically independent. In a
low SNR regime, a spatial power allocation strategy that maximizes the upper bound of
the ergodic capacity was derived in [63,64]. In [52], several power allocation strategies
that maximize lower or upper bounds of ergodic capacity were developed for various
settings. Different from the previous work [52, 63, 64] which emphasizes primarily
on optimizing ergodic performance measures, a recent paper [65] proposed a spatial
power allocation strategy that optimizes the outage probability of the information rate
for AF relay channels. In this chapter, we consider Rayleigh fading DF single relay
channels with block Markov transmissions. Our focus is on the design of transmission
strategies that optimize the outage probability or ergodic rate. In [52], a similar
ergodic rate optimization problem was investigated. The key difference is that, at the
transmitters of the source and relay, the strategies in [52] assume the availability of
the complete knowledge of instantaneous CSI, whereas the strategies in this chapter
only need the knowledge of variances of the channels (statistical CSI). Relative to the

instantaneous CSI, the statistical CSI can be readily acquired at the transmitters and
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does not require frequent updates.

We first derive the outage probability and erogenic rate by using a Hermitian
quadratic form in complex Gaussian RVs. Based on the derived outage probability
and ergodic rate, we next obtain the transmission strategies that either minimize the
outage probability or maximize the ergodic rate, which we term as outage-optimal
and ergodic-optimal strategies respectively. In deriving these transmission strategies,
we restrict attention to two scenarios classified by the feasibility of spatial power
allocation. In the scenario where no spatial power allocation is available, we show
that the outage-optimal transmit signals, in contrast with the ergodic-optimal ones,
are not necessarily independent, and their correlation generally depends on the SNRs
of the links and the target transmission rate. Moreover, we further show that the
ergodic rate is a monotonically decreasing function of the correlation coefficient
between the transmit signals from the source and relay. In a small outage scenario,
which is generally of practical interest, we derive an outage-optimal spatial power
allocation strategy between source and relay. Our findings suggest that it is not
always beneficial to use a relay, and the optimal power allocation generally depends
on several parameters including the total transmit power, the target transmission rate,
and the variances of the channels. Additionally, we present ergodic-optimal spatial
power allocation strategies, which are obtained by numerically solving transcendental
equations.

The remainder of the chapter is organized as follows. The system model of a
single relay channel is introduced in Section 3.2. The outage probability and the
ergodic rate for Rayleigh fading DF relay channels are obtained in Section 3.3. The
outage-optimal and ergodic-optimal transmission strategies are derived in Sections 3.4

and 3.5, respectively. Finally, Section 3.6 concludes the chapter.
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Figure 3.1: The single-relay network channel.

3.2 System Model

Consider a single relay network model as illustrated in Fig. 3.1, which consists of a
source node s, a relay node r, and a destination node d. In this model, cooperating
with the source, the relay facilitates the ultimate transmission from the source to
destination. Specifically, the source sends a signal x; with power E to both the relay
and destination. The relay receives a signal y, and performs the DF protocol where
the relay fully decodes x g, re-encodes it into a signal x, based on the prior received
signals, and sends z,. to the destination with power F,. Mathematically, the respective

received signals at the relay and destination can be expressed as

Yr = \/Eshfsrxs + ny,

Ya = vV Eshsdxs + v Erhrdxr + ng, (31)

where the AWGN terms n, and n4 have mean zero and variance Ny, and h;; (ij €
{sr, sd,rd}) denotes the channel gain between nodes ¢ and j. By taking account of

path loss, shadowing, and frequency nonselective fading [44], the channel gains h;;

2

are modeled as independent complex Gaussian RVs with mean zero and variances o,

i.e., hij ~ CN(0,07). We further assume that the relay node works in the full-duplex

mode which usually offers higher spectral efficiency than the half-duplex counterpart;

perfect CSI at the corresponding receivers only; the variances of hy,., hgy and h,, are
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known at the source and relay; the transmit signals are subject to the power constraints
E(|zs]*) = 1 and E(|z,|*) = 1; E, and E, satisfy a total power constraint given as

Es+FE. < E.

3.3 Outage Probability and Ergodic Rate in Rayleigh
Fading Relay Channels

In this section, we begin with introducing the achievable rate for relay channels with
fixed channel gains. We next derive the outage probability, and the ergodic rate
for Rayleigh fading relay channels. These results will be used to derive optimal

transmission strategies in later sections.

3.3.1 Achievable Rate With Fixed Channel Gains

It follows directly from [30, Theorem 1] that if the channel gains hg,., hsy, and h,., are

fixed, the following information rate is achievable:

Idf - min{j(ms; Yr ‘ Ly, hsr)7 [(.’Es, Ly;Yd ‘ hsd7 hrd)}-

Clearly, I4 depends on the statistical distribution of transmit signals. It was shown
in [49, Proposition 2] that for any fixed h;;, zero-mean jointly Gaussian distributed
transmit signals, x5 and z,, maximize /4. By letting p be the correlation coefficient
between x; and ., i.e., p = E[zx}], the corresponding information rate /4 can be

written as [49, Eq. (106)], [52, Eq. (7)]

]df = min {[sira Imac}a (32)
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where

Isir = I<xs;yr ’ Lr, hsr) = 10g2 (1 + |h87“|2(1 - |p|2)ES/N0)7

Inae = I(xsaxhyd | hsd7hrd) = 1Og2<1 + Q)?

with
Q = |hea|*Es /Ny + |hra|* B, /Ny + 2R(phsah’))\/ EsE, | Ny. (3.3)

Obviously, /4 in (3.2) depends on the parameter p that captures the ‘cooperation’
between the source and relay, as well as the parameter v := FE,/E that quantifies
the power allocation between these two nodes. It should be noted that to make (3.2)
non-trivial and meaningful, the parameter v should be in the interval (0, 1). In the
extreme case of v = 1, i.e., only the direct transmission takes place, the maximum
mutual information conditional on a channel realization is Iy = log,(1 + |hsq|>E/No)

instead of I4 in (3.2).

3.3.2 Outage Probability

For non-ergodic fading channels, e.g., quasi-static fading channels [91, p. 187],
the outage probability is regarded as an important performance measure. In such a
scenario, Iqr is a RV depending on /;;, and the outage probability of /4 for a target

transmission rate R, is defined as
Pout(R) = P(]df S R)

Note that P, (R) is actually the CDF of /4.

Due to the mutual independence of h;;, the CCDF of /4 with a target transmission

Y

rate R can be written as P(Iy > R) = P(Ig > R) - P(In,. > R). Since |hg,|? is

exponentially distributed and log(+) is a monotonically increasing function, P([g, >
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R) can be easily computed as follows
FH(N; v, R) = P(Isir > R) = P(|hsr|2 > RN0/<ESM>) = €Xp (_R/<nsrﬂ>)a (34)

where R:=2% — 1, u:=1—|p

2, and n,, := E,02./Ny. Note that 7, represents the
received SNR at the relay. In order to derive P([,,. > R), we need evaluate P(Q) > ).

To do so, we express () as a Hermitian quadratic form

L p V Es/No hs
Q=| VEJNoI:, VE NI, L 3s)
1Y 1 V ET/NOhrd

Relying on (3.5), we derive the PDF and CCDF of (), which are collectively presented

in the following lemma.

Lemma 3.1. The Hermitian quadratic form () can be rewritten as
Q = alhi* + Blhsf* = aw; + Bws, (3.6)

where h; and hy are i.i.d. complex Gaussian RVs with zero mean and unit variance,
w; and w; denote the magnitude squares of h; and hy, respectively, i.e., w; = |hy|?,

wy = |hs|?, o and 3 are given as

sd + T sd + N 2
a:nd 77d—i_\/<nd nd) — NsdMrd by

2 2
S + T S + T 2
B = % — \/(%) — NsdMrdfbs (3.7)

with 1gq := Es02,/Ny and 1,4 := E,0?2;/N,. Moreover, the PDF f(q) and the CCDF

Fo(a, B, R) of Q are, respectively, given by

folq) = (e —e %) /(o = B), ¢ >0, (3.8)
- N ~R/a _ g,—R/
Fo(a,B.R) = P(Q > R) = = Ra - ge . (3.9)
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Proof. Define

1 *
h = [/ Es/Nohsi \/Er/Nohra)" and A= P

p 1
Since 0 < |p| < 1, the matrix A is Hermitian and positive semi-definite. Let L be the
covariance matrix of h. Since the entries of h are independently Gaussian distributed,

L can be readily calculated as

) Nsd 0
L := E[hh"] = diag{nsq, nra} =

0 Nrd
Applying the noise whitening technique in [92], [93, pp. 28-29] and the

eigne-decomposition of L'/2 AL/, we rewrite Q as
Q _ (hHLfl/Q)Ll/ZAL1/2(Lfl/Zh) _ (hHLfl/Zv)D(VHLfl/Zh),

where D is a real diagonal matrix with diagonal elements being the eigenvalues of
L'Y?ALY?, o and 3, and V is a unitary matrix with columns being the corresponding
eigenvectors, v, and v,. Defining hy = oL Y?h and h, = v¥L7%h, we
can further simplify @) to (3.6). It is straightforward to check that h; and hy are
ii.d. complex Gaussian RVs with zero mean and unit variance. Additionally, the
eigenvalues o and (3 can be readily calculated as given in (3.7). Following [94, Eq.

(14)], the characteristic function of () is given by
Do(t) = (1 —jta)~ (1 — jtB) ™

By applying the Fourier transform to ®(¢), the PDF of () can be written as
e/ _ o=4/B

folw=4§ a=p

o~ 2gem v, a=0>0,q>0. (3.10b)

When « equals (3, (3.10a) reduces to (3.10b) by L’Hospital’s rule. Thus, the PDF of )

a>B3>0,qg>0, (3.10a)

can be simply expressed as in (3.8), and accordingly the CCDF of () is obtained as in
(3.9). ]
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Remark 3.1. It should be noted that () in (3.6) is a weighted sum of i.i.d. exponential
RVs. In light of this observation, we can interpret /. in the following way. The rate
Inae, which is achieved by sending correlated signals (z; and z5) with power E and E,.
over independent but not necessarily identically distributed fading channels (hs; and
h.q), is the same as the one achieved by sending independent signals with respective

power « and 3 over i.i.d. fading channels (h; and hs).

Remark 3.2. Even though the quadratic form () is a function of the complex quantity
p, the distributions of @ including PDF (3.8) and CCDF (3.9) depend only on |p|? (or
(), but not the phase of p. This is due to the fact that in the Rayleigh fading case, the
phase of p does not alter the distribution of the phase of phgh;,;, since the phase of
hsah?, is uniformly distributed. As P(Iy > R) does not depend on the phase of p
either, so does not P(Iy > R). Besides the parameter i, P(l4 > R) also depends on

v and 7, and thus we denote P(Iy > R) by Fr(u, v, R).

Following directly from Lemma 3.1, we obtain a closed-form expression for the

CCDF of the rate 4, which is given in the following Theorem.

Theorem 3.1. The CCDF Fy(y, v, R) of the rate Iy is

aeié/a — ﬁeiR/B ~

Fr(p, v, R) := P(I > R) = p— e~ F/(ernt), (3.11)

Furthermore, note that the outage probability of the rate Iy, Poy(R), is simply

1 — Fgr(u, v, R), which depends on the choices of 1, v and R.

3.3.3 Ergodic Rate

For ergodic fading channels, e.g., block fading channels [91, p. 199], the ergodic rate

of the full-duplex DF relay system is given by [30, Theorem 1], [52,62]

R4t = min {E[Isir], E[Imac]}, (3.12)
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where E[/;| and E[],,,] are the ergodic rates of the source-relay link and the multiple
access links, respectively. It should be noted that the ergodic rate of the relay channel,
Ry, is not equal to E[/4] in general. To compute the ergodic rate Ry in ergodic fading
channels, we need to compute the mean values of [ and [,,.. For p = 0, the mean
value of Iy, i.e., B[l .|, was obtained in [62]. However, to the best of our knowledge,
the result for p other than zero is not available in the literature. Based on Lemma 3.1,
we derive E[],,.] for an arbitrary p. This enables us to compute the ergodic rate for

Gaussian input signals with an arbitrary correlation.

Theorem 3.2. For ergodic Rayleigh fading channels, the ergodic rate R4 of the
full-duplex DF relay system is a function of ;1 and v, denoted by Rgs(y, ), and is
given by

Rdf<,U/, V) = min {Rsir<,ulu V)u anac(,ua V)}7 (313)

where Ry (p,v) and Ryac(, ) are the means of I and I, respectively, and are

given by
Rae(p, v) = Ells] = exp(p 05, )E1 (™ 'n,,") log, e, (3.14)
1
R (11,) = Ellwe] = 2 5 aexplo™Ea(o™) = fexp(d™)ER(37)], (.15

with E; (x) denoting the exponential integral function, i.e., Ey(z) = [*"e™"/t dt (x >

0).
Proof. The proof follows immediately from Lemma 3.1 and [62, Eq. (49)]. [

Similar to the fixed channel gain case, v should be in the interval (0, 1) to make
(3.12) meaningful. In the extreme case of ¥ = 1, the ergodic rate is Ry = E[/y]

instead of Ry in (3.12).
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3.4 Outage-Optimal Transmission Strategies

In this section, we investigate the outage-optimal transmission strategies that minimize
the outage probability of the rate /4. In particular, we study the following two cases

classified by whether spatial power allocation is available.

3.4.1 Outage-Optimal Transmit Signals Without Spatial Power

Allocation

We first consider a scenario where the source and relay can not share their power
resources and each of them has its own average transmit power constraint. In other
words, v is fixed and does not need to be optimized. Designing an optimal transmission
strategy amounts to finding an optimal p that minimizes the outage probability of /4 (or
equivalently, finding an optimal x that maximizes the CCDF of I4). Mathematically,

the optimal y, denoted by ,, is selected as
Ho = arg min, Pou(R) = arg [nax Fr(p,v, R), (3.16)

and the optimal p, denoted by p,, is v/1 — p,. Correspondingly, the resulting outage

probability is denoted as

I
P out

(R) := min Py (R) =1 — Fr(io, v, ]:2)

0<p<t

To tackle this problem, we need examine the monotonicity of Fr(u, v, R) with respect

to y, which is reflected by the sign of the quantity 0 Fp(u, v, R) /O given by

0 - ar+BrR+E¢ _j _ _
—F R)= — e /R R)G(u,v, R 3.17
a[ﬁ R(/'La v, ) [/J(Ol_ﬁ)z € H(M7 v, ) (/L, v, )7 ( )
where k1= (o — )/ (nsrt), € == afB(a + B) /(o — [3), and

G(u,v, }?) =0 — e~ RO/B=1/a) (3.18)
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with

(ak — B)R+ ¢
(Br+ a)R+¢
Since o > > 0 and p € [0, 1], the sign of OFk(p, v, R)/dp in (3.17) is the same as

¢ = (3.19)

that of G(y, v, R). Thus, the monotonicity of Fg(y, v, R) simply depends on the sign
of G(i1, v, R). Determining the sign of G(u, v, R) amounts to checking whether ¢ is
greater than or less than e~R(1/B=1/2) Tt is obvious that if ¢ is negative or equivalently
(ak — B)R+€ < 0, then G(u, v, R) is negative. We thus only focus on the case where
(ak — B)R + € > 0 (or ¢ > 0). Taking logarithm of ¢ and e~2(1/8=1/2) we obtain an
equivalent expression for Gy, v, R) = 0 as
wﬁ—m€+£}+a—ﬁ
Br+a)R+&] - of

Due to the fact that g(0) = 0, the sign of the derivative of g(R) may be used to indicate

méy:m{ R=0. (3.20)

the sign of g(R). Hence, we calculate the derivative of g(R) as

g/(R) _ dg<R) _ o _6 . (a/‘ﬁ—ﬂ)<ﬁ/€+@)é2 + <Q+6>(K£+QB)R+&5K£
R ap [(ar = B)R + €] [(B5 + )R+ ¢] |

(3.21)

To determine the sign of g(R), we introduce the following lemmas, which will be used

in our derivations of the outage-optimal transmission strategies.
Lemma 3.2. For any y satisfying ax — 3 > 0, we have g(R) > 0 for any R € [0, 00).

Proof. It can be easily seen from (3.21) that if pu satisfies ax — 3 > 0, we have
¢'(R) > 0 for all R > 0. It implies that g(R) is strictly increasing in R for all R > 0.

Notice that g(0) = 0 for all x € [0, 1]. Hence, we can conclude that g(R) > g(0) =0

for all i € [0, 1]. O

Lemma 3.3. For any y satisfying ax — 3 < 0, g(R) = 0 has a unique root R, €
[0, Re), where B¢ := ¢/(B — ar). Furthermore, g(R) > 0 for r € [0, R], and
g(R) < 0forr € (Ry, Re).
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Proof. Let us first prove the existence of a positive root of g(R) in its domain for any
w satisfying ax — § < 0. Notice that ¢’(0) > 0. Due to the continuity of the right
derivative of g(R), there exists a small interval (0,¢) such that g(R) > ¢(0) = 0
for any R € (0,€). On the other hand, we have liméqﬁé— g(R) < 0. Since g(R) is
continuous and well defined for R € [0, R¢), g(R) has at least one root denoted by
Rg € [0, Rg). We next prove the uniqueness of the root by contradiction. Suppose that
g(R) has at least two positive roots R, and Ry, and assume Ry > Ry > 0. Thus
we have g(0) = g(R41) = g(Ry2) = 0. According to Rolle’s theorem, there must be at
least two points R,; € (0, Ry) and Ry € (Ry1, Rye) at which ¢'(Ry1) = ¢'(Rys) = 0.
However, from (3.21), we know that ¢’ (R) has no positive root when as— 3 > 0; ¢/(R)
has one negative root and one positive root when ok — 3 < 0. Thus, it is impossible
that ¢’ (fi) has two positive roots R,; and R.,. Hence, it is a contradiction. Together
with the existence, this shows that g(R) has a unique positive root. Again, from the
proof of the existence, we can readily conclude that g(R) > 0 for R € (0, R,), and

g(R) < 0for R € (R, Re). O

Applying above two lemmas (Lemma 3.2 and Lemma 3.3), we obtain the

following outage-optimal transmission strategies.

Theorem 3.3. If 7,,, nsg and 7,4 satisty

nsdnrd|775d - 777‘d| Z min(ngda nzd)nsrv (322)

then p, is one (or p, is zero) for any target rate R € [0,00) (the outage-optimal
signals transmitted from the source and relay are independent). Moreover, the outage

probability reduces to

1 ~ .
Ph(R) = 1= ———— {ngexp [ = RS + )] = maexp [ = RO + )] -

Nsd — Nrd
(3.23)
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Proof. By the definitions of a and 3 in (3.7), it is easy to conclude that 3% /(o — 3) is
y y

monotonically increasing in p. Noting that for any p € [0, 1], we have

3% /(o — B3) < min(nZy, m24)/ 1Msa — Mral.

Condition (3.22) implies 7sq1,4/nsr > 32/(a — ) for p € [0,1], or equivalently
ak — (# > 0 for p € [0,1]. By Lemma 3.2, we have g(ﬁ’) > 0 for any R > 0. It
implies that G(y, v, R) > 0 for any R > 0 and p € [0, 1], or equivalently, Fir(u, v, R)
is an increasing function of 1 € [0, 1] for any R > 0. Therefore, when condition (3.22)

is satisfied, y, is one for any target rate R > 0. [

We next define several parameters which will be used in the following Theorem.

Ry := (sa + 0ra) ((sa + nra)ny,t + 1), (3.24)

= (Nsa+ ) M2+ 020) (Msa — Mra) "2 — 2(Nsa + Tra + Nsallra) ey

Ry = 2,2 2 2 )2 —1 o (325
1+ (nsd - nrd) Ne” + (nsd + nrd) (nsdnrdnrd) (nsd + nrd)

1%2 — Nsd + Mrd - ' nsgnrd mlﬂ(ﬁsd;j?lrd) 7 (3.26)
Msd — Nral  MiIn(nZ,, n24) — NsaraNs | Msd — Mrdl

R, :=max(Ry, R,). (3.27)

Theorem 3.4. If 7., nsg and 7,4 satisty

NsdMrd|Nsa — Mral < min(n2g, 129 Msr, (3.28)

a) then for any rate R € [0, Ry] where Ry := log,(1 + Ry), the outage-optimum
4o 1s one and hence the corresponding outage probability is the same as the one

given in (3.23);

b) and for any rate R € [R.,c0) where R, := log,(1 + R,), the outage-optimum
I, is the unique root of G(u, v, f%) in (3.18) and the outage probability is

1

Qo — Po

I
P out

(R)=1- {avexp [ RO st + ;)] -

Boexp [~ RO w, + 8,0 ) G.29)
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where «, and (3, are obtained by evaluating o and (§ in (3.7) at u = pu,,

respectively.
Proof. See Appendix B for the proof. [

Remark 3.3. It can be observed from Theorems 3.3 and 3.4 that when the target
transmission rate R is less than Ry, the outage-optimal transmitted signals from the

source and relay are independent (or j, = 1), irrespective of the transmission power.

Remark 3.4. Note that when 7,4 = 7,4, condition (3.28) is satisfied, but R, is infinite.

In this case, the value of 1, can be obtained by solving G(u, v, R) = 0 numerically.

We next provide an illustrative example to validate our findings. In all the
examples of this chapter, we adopt the well-known path-loss model in which the

. . 2
path-loss exponent is 3, i.e., ops ocdzj ,

where d;; denotes the distance between nodes ¢
and j. Without loss of generality, we assume that o2, is normalized to one throughout

the chapter, i.e., 02, = 1.

Example 3.1. In this example, we select ds, = dsq/3,drq = 2dsq/3, and E;/Ny =
E,/Ny = 10 dB such that the condition given in (3.28) is satisfied. These SNRs give
Ry = 5.63 bps/Hz and R. = 6.40 bps/Hz. By solving G(y, v, R) = 0 numerically,
we find that p, is zero for R € [0, 6.25] bps/Hz, and p, is non-zero for the value of R
beyond this interval. Fig. 3.2 plots the optimum p,, versus the target rate R. As can be
seen from Fig. 3.2, p, depends on R for given SNRs. For a relatively small R, p, is
always zero, while for a relatively large R, p, is nonzero and increases as R increases.
Fig. 3.3 compares the CCDF of I4 for p, and p = 0. It can be observed from Fig. 3.3
that the outage probabilities achieved by p, is slightly smaller than that achieved by

p=0.
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Figure 3.2: Optimal correlation coefficient p, versus the target transmission rate R.

3.4.2 Outage-Optimal Spatial Power Allocation

We now consider the case where spatial power allocation between source and relay is
feasible. In such a case, apart from p, the parameter v also needs to be optimized. For
the DF relay channel, the outage-optimal transmission strategy is a pair (fi,, 7,) such
that
(fio, V) := arg max Fr(u,v, R) (3.30)

0<p<1

O<v<1
It does not seem tractable to solve the problem analytically. However, we notice that,
the outage probability of practical interest is relatively small (nominally 107! ~1073).
This motivates us to consider a small outage scenario, which not only describes a
realistic situation but also simplifies the optimization problem (3.30).

Since Pow(R) = 1 — P(Iy > R)Fgy(a, 8, R), we can lower bound Py, (R) as
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10k : : R P(Idf>R) when M=, [

- — = P(l,7R) when p=1

CCDF of I, P(I,>R)

6.5 7 7.5 8 8.5 9
Rate R (bps/Hz)

Figure 3.3: Comparisons of the CCDF of 4 for the optimal p, and p = 0.

follows.

Pou(R) > 1 — Fy(a, 3, R) = P(aw, + Bw, < R)

> P(aw; < R/2)P(Bw, < R/2) > [1 — exp ( - fT/Qﬁﬂz’ (3.31)

where the last inequality follows from the fact « + (3 > a > (3. It follows directly from

(3.31) that the following inequality
Rf(a+3) < —2In[1—/Pu(R)]

is always true. Thus, we always have R/(a + 3) < 1if Py (R) < (1 — e 1/?)? =

0.1548. In addition, it can be easily seen from (3.7) and (3.24) that
Ro/(a+ B) = Ro/(nsa + 1hra) > 02402 + 1

for all v € (0, 1). Therefore, when outage probability Py, (R) is less than 0.1548, the
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inequality,

Rf(a+B) <1< 1+0%/0l, < Rof(a+ B),

holds, and hence R < R, is satisfied. In the following, we will consider the small
outage scenario where Py, (R) < 0.1548. Tt is clear from Remark 3.3 that in such a

scenario, ji, = 1. Thus the optimization problem (3.30) is simplified to

U, = arg max Fr(1,v, R). (3.32)
O<v<1
Moreover, in the case of ¥ = 1, as mentioned in Section 3.3, the maximum

conditional mutual information is Iy, and its CCDF is given by
Fp(R) := P(Iy > R) = exp(—Ry/02%), (3.33)

where Ry := RNy/E = (2% — 1)No/E and 1/Ry is termed as rate normalized
SNR [44]. To determine whether the direct transmission or DF relay transmission

with optimal power allocation 7, should be used, we need compare Fp(R) with

Fr(1,7,, R). The outage-optimal power allocation v, is thus determined as

507 FR(171>07R) > FD(R)7
v, = (3.34)

1, Fgr(1,7,, R) < Fp(R).

We now present optimal transmission strategies in the following two Theorems
for the afore-described small outage scenario where the outage probability P, (R) is

smaller than 0.1548.

Theorem 3.5. If 02, < 02, the outage-optimal transmission strategy is to use only

direct transmission and allocate all the transmit power at the source, i.e., v, = 1.

Proof. If 02, < 02, itis clear from (3.11) that
Fr(1,v, R) < exp(—Rn;") < exp(—Ryo,,”) < Fp(R)
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for all v € (0, 1). The outage probability of using a relay is greater than that of only

using the source-destination link. Thus, v, = 1. L]

This result agrees with our practical intuition: when the source-relay link is
weaker than the source-destination link, the decoder at the relay has a large likelihood
of making decoding errors. In such a case, it is quite likely that the signals transmitted
from the relay become interferences at the destination, and hence the relay should not
transmit to avoid generating any potential interferences that may reduce the reliability
of the source-destination link. However, in practice, the source-relay link is generally
stronger than the source-destination link (02, > ¢2,). In such a scenario, it does not
appear mathematically tractable to obtain an exact solution to (3.34). We therefore

derive the following approximately optimal transmission strategies.
Theorem 3.6. Consider the case where 02, > o2,
a) If 6%;/02, — 0, then v, = 1,
b) If 02,/02, — 0 and 02,/52%. — 0 (dual-hop), then v, = 0,4(0s + 07a) "3
¢) If Ry/0}; < 1, then
Po=1—[(1420%0%052Ry) /> +1] . (3.35)

Proof. a) Notice that 02;/02, — 0 implies that for any fixed v € (0,1), a > (. From

(3.11), we have

FR(17 v, R) ~ exp |: - RN(szV)_l - RN(O—ETV)_l]
<exp|[— Ry(o2w)7'] < Fp(R)
for any v € (0, 1). Thus, v, = 1.

b) By the assumptions, the DF relay system is like a dual-hop system. We have

Fr(l,v,R) mexp [ — Ryo,}(1—v)™' = Ry(o2v) "]
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By setting 0Fr(1, v, R) /Ov to be zero, we obtain 7, = 0,.4(0s + 0,.4)"". Actually,
Fr(1,v, R) is an increasing function of v € (0, ,], and a decreasing function of v €
[7,, 1). Therefore, in this case (dual-hop), we have v, = 7, = 0,4(04 + 0,4) L.

¢) Due to the small outage probability assumption and the continuity of 1/v for

v > (0, we have
RN<0-§dV)_1 < ]-a RN(O-fd(l - V))_l < 17 RN(O-ETV)_I <1

for any v in a small neighborhood of 7,. Applying a Taylor’s expansion of Fr(1, v, R)

in (3.11) at Ry = 0, we obtain

~ 1 0.5 0.5
Fe(l,u,R)~1— —R . ] 2
Al BY 1= D BN (G2 ™ o2l — o)) N

Since Ry(02v)™' < 1, the higher order term R%(02.v)? can be ignored. Thus,

Fr(1,v, R) can be further approximated as

. 1 0.5
Fr(l,v,R)~1— ——Ry —
=l B) oLV " 00 rqv (1 = v)

R%,. (3.36)

By solving 9Fg(1, v, R)/0v = 0, we obtain 7, as given in (3.35), which is the globally
optimal v to maximize Fr(1, v, R) After finding 7,, we can determine v, according

to (3.34). [l

Remark 3.5. It should be pointed out that in the derivation of (3.35), certain
approximations are made and thus the solutions given in Theorem 3.6 are only
approximately optimal. However, at relatively high rate normalized SNRs, the impact
of approximation errors on the choice of 7, becomes negligible. To demonstrate this,
in Fig. 3.4, we compare the outage-optimal spatial power allocation obtained by using
computer search with the one given in (3.35). It can be observed from the figure that
these approaches offer almost the same power allocation strategies reflected in terms

of the parameter v, especially at high rate normalized SNR.
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Figure 3.4: Outage-optimal spatial power allocation versus rate normalized transmit

SNR.

It is easy to check that 7, in (3.35) is in the interval (0.5, 1), which suggests that
the source should be allocated more power than the relay. This observation is consistent
with what has been shown in [65, Eq. (25)] for the AF case. In addition, we note that

U, is an increasing function of 02,02,/02.. Suppose that o2, is fixed, e.g., the distance

2

Clad

dsq is fixed. With an increase of 02;/02., which can be realized by moving the relay

toward the destination, more power should be allocated to the source, and vice versa.

Example 3.2. In Fig. 3.5, we illustrate the outage probabilities of the direct
transmission, the relay transmission with equal power allocation (¥ = 0.5) and the
relay transmission with outage-optimal power allocation (v, in (3.34)). It shows that
relay transmissions provide considerable outage performance improvements over the

direct transmission, and the optimal power allocation strategy outperforms the equal
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10 T T T T

------ Direct transmission v =1

————— Equal power allocation v =0.5
Outage-optimal power allocation v=v

Outage probability Pout

-4 |

5 10 15 20 25 30
Rate Normalized transmit SNR = E/NO/(ZR—l) (dB)

10

Figure 3.5: Outage probabilities versus rate normalized transmit SNR.

power one by roughly 2 dB of rate normalized SNR at an outage probability of 1072,

Example 3.3. In this example, we assume that the source, relay and destination are
collinear, i.e., ds + d,q = dsq. Fig. 3.6 depicts the outage performance comparisons
between the outage-optimal power allocation (1,) and the equal power allocation (v =
0.5) strategies. As can be seen from Fig. 3.6, the performance of the equal power
allocation strategy approaches the optimal one as the relay moves toward the source,

i.e., dy./dsq approaches zero. This observation agrees with what we can infer from 7,

in (3.35).
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T T T T T T T
----- DF Equal power allocation v =0.5
DF Optimal power allocation v=v, -

EIN,/2%-1)= 10 dB

Outage probability Pout

Il Il Il
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
Distance ratio dSr / dsd

Figure 3.6: Outage probabilities versus distance ratio d, /dsq; when dg, + d,.q = dgq.

3.5 Ergodic-Optimal Transmission Strategies

In this section, we present ergodic-optimal transmission strategies which maximize
the ergodic rate of ergodic fading channels for the two scenarios as discussed in the

preceding section.

3.5.1 Ergodic-Optimal Transmit Signals Without Spatial Power

Allocation

Following the similar discussion in Section 3.4.1, we consider the problem of

designing an ergodic-optimal transmission strategy for any fixed v as

[le i= arg 01;152(1 Rye(p,v) = arg max min {Rsir(u, V), Rinac (11, V)} (3.37)

<u<l
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It has been concluded in [49, Theorem 8] that . = 1 for a more general scenario,
in which multiple relays are considered and the phases of the channel gains are only
assumed to be uniformly distributed. We next introduce the following theorem that
restates a part of the result [49, Theorem 8] for the single relay case, but complements
it with our finding on the monotonicity of Rgs(1, ), and an alternative proof for the

optimality of p. = 1.

Theorem 3.7. The ergodic rate Ry¢(u, ) is a monotonically increasing function of
w € [0, 1] for any fixed v € (0,1), and hence p, = 1. Therefore, the maximum ergodic

rate, R (v), is

Ri(v) :== Rge(1,v) = min { Rl (v), RL,.(v)}, (3.38)

sir 'mac

R(v) = Rar(1,v) = exp(n,, )Ei(ng,') log, e,
_ Msa eXP(0eg )E1(Meg) = Mra XD (0,4 ) E1 (0,)
Nsd — Trd

mac(y) = Rmac(17 V) 10g2 e.

Proof. Clearly, Rg.(u,v) is a monotonically increasing function of p € [0, 1].
However, the monotonicity of Ry, (u,v) is not obvious. To demonstrate the

monotonicity, we calculate

ORmac(p, V) Msdllra [aRmaC(,U>V) _ ORmac(p, V)}

ol a— 0 oo ap
Nsdrd w1 — Wy
S E 3.39
a— L3 {1+aw1+ﬁw2}’ (3.39)

where the second equality follows from (3.6) and Rpyac (12, V) = E[log,y (1+aw; +pw,)).
It has been shown in [95, Theorem 3.1] that E [(wy — ws)/(1 + aw; + Pws)] < 0
when w; and ws are i.i.d. and a > (. From (3.39), we can readily conclude that
ORumac (1, v) /O > 0. It implies that Ry, (u, v) is increasing in p. Thus, Rge(j, v) is

an increasing function of y (or a decreasing function of |p|), and it is maximized at
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pu = 1 (or p = 0). Lastly, we obtain R’ (v) and R!

mac

(v) by evaluating (3.14) and

(3.15) at . = 1, respectively. 0

3.5.2 Ergodic-Optimal Spatial Power Allocations

We now investigate ergodic-optimal spatial power allocation strategies. Since the
ergodic-optimal p is one for any v € (0, 1) (see Theorem 3.7), the two-dimensional
optimization problem reduces to a one-dimensional optimization problem, in which
we only need determine the value of v that maximizes the ergodic rate R}(v). For the

DF relay channel, the ergodic-optimal power allocation strategy is 7. such that
< I
Ve = arg max Ry (v). (3.40)

Moreover, in the case of v = 1, the ergodic rate is given by

Ry = E[Lq] = E[logy(1 + |hea|2E/No)] = exp ( No )El( N

0
log, e.
) ang> &2

To determine whether to use the direct transmission or the DF relay transmission
with optimal power allocation 7., we need compare Ry with Rgf(ﬂe). Thus, the

ergodic-optimal power allocation v, is determined as

Ve, RL(D.) > R,
v, = (%) > Bua (3.41)

1, RL(D.) < Ry.

We denote the corresponding maximum ergodic DF rate as
R = max{R(7.), Ru}. (3.42)

Theorem 3.8. If 02, < o2,, the ergodic-optimal transmission strategy is to use only
direct transmission and allocate all the transmit power at the source, i.e., v, = 1, with
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Proof. 1t follows from (3.38) that R.(v) < RL

L (v). Since RL (v) is increasing in v

sir

2 2
and o2, < 0Z;, we have

SIr S1r

RL(v) < RL(v) < liH%RI. (V) < Ry, forall v € (0,1).

It implies that to achieve the highest ergodic rate, all the power should be allocated to

the source. ]

As discussed in Section 3.4.2, the source-relay link is typically stronger than the

source-destination link, i.e., o2, > o2,. In such a case, we have
Ri(0e) > limRL(v) = R
at\Ve) = ML (1V) = Haa,

and thus v, = 7,. To determine 7., we need to know the monotonicity of R’ () and
I
mac

RI (v). Clearly RL (v) is an increasing function, but the monotonicity of R

Sir (V> is

not evident. In the following lemma, we present the monotonic properties of RL__(v).

mac

Lemma 3.4. The function R.

ac(V) 1s an increasing function for v € [0,7), and a

decreasing function for v € (7, 1), where
~ I
vV := arg max R v
B 0 R (1)
and is determined as follows:

a) If 02, = 02, then U equals 1/2;

b) If 02, # 02,, then ¥ is the unique root of the following equation

2 2 2
Usdgrdp O-Sd:| -1 —1 2
- T+ exp(nyy JE1(n,,) — 05 =
|:775d — Mrd Nsd ( d ) 1( d ) d
o202 P o2 _ _
[—sd L —Td] exp( JEa () + 02 (3.43)
Nsd — Nird Nrd

Proof. Based on (3.6) and the optimality of ;1 = 1, R!

ac (V) can be rewritten as

ernac(y) = E[10g2(1 + TsdW1 + nrdw2)]~
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Because the second partial derivative of R (v) is always non-positive, i.e.,

0?
ov T

(Eo?w; — Po?ws)?
(1 + NsqW1 + nrdw2)2

(v) = —logye-E <0,

mac

the optimization problem, max, R. (v), is a convex problem. It is straightforward to

mac

calculate ORL  (v)/0v = P(¢1—d2) log, e where ¢ = E[o2,w; /(1+nsqw; +1qw3)]

and ¢y := E[o2;wa/ (1 + nsqw; + nyqw2)]. The global optimum 7 is the unique solution
of ¢1 = ¢o as shown in (3.43). Since 9*R! . (v)/Ov? is non-positive, ORL (v)/Ov is

greater than zero and RL_(v) is increasing in v for v € [0,7); ORL .

(v)/0v is less

than zero and RL, (v) is decreasing in v for v € (7, 1]. In particular, when o2, = o2,

mac

we have 7 = 0.5. O

We next introduce the ergodic-optimal spatial power allocation strategy for the

case of 02, > o2,
Theorem 3.9. If 02, > 02, the ergodic-optimal spatial power allocation v, = 7, is:

a) If RL (D) > RL

mac

(V), then 7, = U and R}, = RL (D).

b) If RL(7) < R!

mac

(¥), then 7, = v* € (V,1) and R}, = RL.(v*), where v*

Ny

denotes the unique root of R% (v) = RL (v)in (7, 1).

Proof. a) If RL

S1r

(v) > RL

mac

(), the inequalities R%(v) < RL

mac

() < Rpo(?) <

1
Rﬂr

(V) hold for any v € (0,1). This fact indicates that 7, = v and Rj; = RL_.(V) by
the definition of Ry.

b) Define ¥(v) := RL (v) — RL (v). Since RL (V) < R!

S1r S1r mac

( ) and Uzr > U?d’
we have ¢ (V) < 0 and lim Y(v) > 0. This implies that ¢)(v) has at least one

root v* € (,1). Furthermore, the fact that R!

ac (V) 1s a decreasing function of

v € (7,1) (Lemma 3.4), together with the monotonicity of R% (v), implies that ¢ (v)

is a monotonically increasing function of v € (v, 1). Therefore, ¢)(v) has a unique
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45t df .

351 y

(v) (bps)

|
df

25 : .

Ergodic rate R
N

151 y

0 0.2 0.4 0.6 0.8 1
Power allocation v

Figure 3.7: Ergodic rates Réf(u) versus power allocation ratio » when £/ Ny = 10 dB and

dsr = drd = dsd/2-

root v* € (7,1). With Ri(v) < RL

(v*) for v € (0,v*] and RL(v) < RL

mac

(v*) for

v € (v*, 1), we can easily conclude that 7, = v* and R, = RL (v*). O

Sir

Example 3.4. In Fig. 3.7, we plot R%.(v) versus v for E/Ny = 10dB and d,, = d,q =
dsq/2. Tt can be observed from Fig. 3.7 that the highest rate is achieved at roughly
v = 0.58. Based on Theorem 3.9, we obtain 7 = 10~* and v, = v* = 0.5825 by

numerically solving the respective equations (3.43) and R% (v) = R .(v). This result

Sir mac

empirically validates our findings in Theorem 3.9.

Example 3.5. In Fig. 3.8, we compare the ergodic rates with the equal power
allocation (v = 0.5), and with the ergodic-optimal power allocation (v.). The

ergodic-optimal power allocation strategy outperforms the equal power allocation one
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Figure 3.8: Ergodic rates versus transmit SNR.

by 0.8 dB for the case where ds. = d.q = dsq/2, and by 1.5 dB for the case where
dsr = drd = 2dsd/3

Example 3.6. Assuming that the source, relay, and destination are collinear, i.e.,
dgr + drq = dgq, we study the impacts of the location of the relay on the ergodic
rate in Fig. 3.9, for the equal power allocation (v = 0.5) and ergodic-optimal power
allocation (). We observe that, when the relay is far from the source (ds,/dsq > 0.5),
the ergodic-optimal power allocation strategy can greatly improve the ergodic rates.
However, when the relay is close to the source (dg,./dsq < 0.5), the gain achieved by
adopting the ergodic-optimal power allocation becomes insignificant. In Fig. 3.10, we

plot the corresponding ergodic-optimal power allocation v, versus dg,/dsg.
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Ergodic rate Rdf (bps)

25 . Equal power allocation v =0.5
Ergodic—optimal power allocation V=V,
2 1 1 1 1 | | |
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

Distance ratio d_/d
srsd

Figure 3.9: Ergodic rates versus distance ratio d,/dsq when ds, + d,q = dgg.

To determine v and v*, we need solve transcendental equations involving E; (x)

function. However, at low or high SNR, the respective optimal v can be determined as

follows.

Low SNR Regime

When the SNR is sufficiently small, 7!, 77;11 and 77;11 are much greater than one.

Applying E(2) ~ ¢7%/z for any z > 1, we approximate R% (v) and RL (v) as

Sir mac
I ~ 2
Rsir,l(y) ~ OSTPV lOgQ €

anac,l(”) ~ (02 — o2V + 024] Plog, e.
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Figure 3.10: Optimal power allocation ration v, versus distance ratio d, /ds; when dg, +

drq = dsq-

If 02, > o2, it is obvious that v = 1 is optimal. If 02, < ¢?;, we can obtain the

I
sir,[

optimal value of v by setting Rf ,(v) = R}.,(v), and the optimal value of v is

2 2 2 2\—-1
Vel = Ord(o-rd + O Usd) .

High SNR Regime

When the SNR is sufficiently high, n_! ns_dl and nrfdl are much less than one. Applying

sro?

the approximations, E;(z) ~ —y —Inz and ¢* ~ 1 for z < 1 with -y denoting the

Euler’s constant (y = 0.5772. . .), we approximate R’ (v) and RL (V) as

Rgir,h(”) ~ —vlog,y e + logy 1,

Nsd IOgQ Nsd — Mrd IOgQ Nrd
Nsd — Nird

ernac,h<y) ~ =Y 10g2 e+
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3.6 Conclusion

1

The parameter v, that maximizes R, ,

(v) is the solution of

(nsd - nrd)/(ln Nsqa — In nrd) = U?dazdp/(ggd + de)-

If RL,(Uh) > Rl.,(Dh), the optimal value of v is v, = vy If RL (D) <

Rfmc,h(ﬁh), the optimal value of v is 1., = v; € (Uj,1), where v} is the unique

solution of Rénh(l/) = R! (V)

m

3.6 Conclusion

We investigated optimal transmit signaling designs and spatial power allocation
strategies in both outage and ergodic settings for Rayleigh fading DF relay channels.
We considered two practical scenarios. In the first scenario where there is no spatial
power allocation available, we showed that the outage-optimal transmit signals are
not necessarily independent, and their correlation coefficient is generally determined
by several system parameters, whereas the ergodic rate in ergodic fading channels is
strictly decreasing in the correlation coefficient, and thus the ergodic-optimal transmit
signals are always independent. In the second scenario where spatial power allocation
is feasible, we derived optimal spatial power allocation strategies which depend on
the second-order statistics of three links and SNRs. We further disclosed that it is not

always beneficial to use a relay in this scenario.
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Chapter 4

Outage Probability of Rician Fading
Relay Channels

In this chapter, we extend the outage probability results in Chapter 3 for Rayleigh
fading channels to the ones in Rician fading channels. We investigate the outage
performance of the full-duplex DF relay system in a Rician fading environment. We
derive an analytical expression for the outage probability of the highest achievable
information rate of the system, which can be evaluated by employing numerical
techniques. We also obtain an upper bound and a lower bound on the outage
probability. These bounds are given in simple closed forms and can be easily evaluated.

Furthermore, we study the impact of transmit signaling on the outage performance.

4.1 Introduction

The cooperative relaying transmission technique has attracted considerable research
attention as it is capable of improving the reliability and power efficiency of wireless
networks. As an important performance measure in fading scenarios, the outage

probability of the achievable information rate has been investigated in Chapter 3 for
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4.2 System Model

Rayleigh fading channels. However, in practice, the wireless channels are some time
found to be Gaussian distributed with nonzero mean, i.e., Rician fading with finite Rice
factors. The outage performance analysis of such channels is, therefore, of practical
importance.

In this chapter, we consider a full-duplex DF relay system in a Rician fading
environment. We first express the highest achievable information rate of the system in
a Hermitian quadratic form to facilitate us to evaluate its statistical distribution. We
then derive an analytical expression for the outage probability, which can be evaluated
by using standard numerical techniques. Based on the geometrical representation
of the outage probability, we also obtain an upper bound and a lower bound on the
outage probability in simple closed forms. These bounds can work as fairly good
approximations to the outage probability. Moreover, when the channel statistics (Rice
factors and variances) are known at the source and relay nodes, the outage probability
can be minimized by choosing an appropriate correlation coefficient between the
transmit signals from the source and the relay. Relying on numerical methods, we
obtain the optimal correlation coefficient that minimizes the outage probability. Our
numerical results reveal that for large values of Rice factors, the optimal correlation
coefficient is not necessarily zero, but instead, depends generally on SNRs, variances

and Rice factors of the channels, as well as the rate threshold.

4.2 System Model

We consider the same DF single-relay system model as in Chapter 3, but operating
in a Rician fading environment. The channel gains are still modeled as independent
complex Gaussian random variables, but they are no longer zero mean. To differentiate

with the channel gains in Chapter 3, we use hy; (ij € {sr,sd,rd}) in this chapter to
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4.3 Information Rate

denote the channel gain between nodes ¢ and j in a Rician fading environment. For
Rician fading channels, each /~1,»j can be decomposed into the sum of a deterministic

(or LOS) component and a variable (scattered) component, i.e.,

;Lij = \/Kijo_zzj + hl] (41)

The h;;s are independent zero-mean complex Gaussian RVs with variances E(|h;;|*) =
Ufj. The Rice factor, K;; > 0, represents the ratio of deterministic energy to random

energy in the corresponding link. Thus, the channel gain iLij is complex Gaussian

distributed with mean 4/ K;; a and variance aw, ie., hU ~ CN(, /Kljaw ; w) We

use the same notations as in Chapter 3: 1,, = F,02, /Ny, nsa = FEs0%;/No, and 1,4 =

ETO'gd/No.

4.3 Information Rate

Similar to the information rate in Chapter 3.3.2, the highest information rate achieved

by the DF single-relay systems can be written as

jdf = min {isira jmac} y (42)

Iﬁlr 10g2 (1 + |hs7"| (1 - |p|2)ES/N0), fmac - 10g2(1 + Q)?

where p is still the correlation coefficient of z, and z, as in Chapter 3.3.2, i.e., p =

E[z,z*], and Q is given as
= |hsa2Es/No + |hyalE, /Ny + 2R (phsah, )/ Es By [ No. (4.3)

The outage probability of the information rate I at a given rate threshold R in a

Rician fading environment is written as

Poi(p,R) = P(Ig4 < R) =1 — P(Ige > R)P(Iac > R). (4.4)
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4.4 Quadratic Forms in Nonzero Mean Complex Gaussian RVs

Notice that since h,, is nonzero mean Gaussian distributed, |hs7n|2 1s noncentral

chi-square distributed with two degrees of freedom. The CCDF of I is computed as

Pl > B) = Q1 (V2K \/2R/ [ (1 = 10)]). (4.5)

where R = 2% — 1 and Q(-,-) denotes the first-order Marcum Q-function [96, Eq.

(4.33)]. Since I = logy(1 + Q), the CCDF of I, becomes

P(Ipe > R) = P(Q > R). (4.6)

In order to evaluate P (fmac > R), we need study the statistical properties of Q, which

will be presented in the following section.

4.4 Quadratic Forms in Nonzero Mean Complex
Gaussian RVs

We can see that Q has the same form as () in (3.3) except that ﬁsd and fzrd are nonzero
mean. In this section, we first represent () as a Hermitian quadratic form in nonzero
mean complex Gaussian RVs to facilitate us to evaluate its distribution, and we next

derive the exact distribution of @, which is given in an analytical form.

4.4.1 A Hermitian Quadratic Form Representation

Using the same technique as in Chapter 3.3.2, we can rewrite Q as a Hermitian

quadratic form in nonzero mean complex Gaussian RVs:
Q = a|h|? + Blho|, 4.7)

where « and 3 are given by (3.7) in Chapter 3.3.2, hy and hs are independent complex

Gaussian distributed with nonzero mean and unit variance. Then, | |* and |hy|* are
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4.4 Quadratic Forms in Nonzero Mean Complex Gaussian RVs

independent noncentral chi-square random variables with two degrees of freedom and

respective non-centrality parameters

S% - [aKsrd - (nderd + nrszd) + 2 nsdnrszdKrd%(p)} /(O./ - 5); (48)

Sg - [aKsrd — (ndesd + nrdKrd) -2 V nsdnrszdKrd%(p)] /(Oé - 5)7 (49)

where K;.q = Ky + K,.4. Note that when o equals (3, both the numerators and
denominators in (4.8) and (4.9) are zero. In this case, Q in (4.7) is noncentral
chi-square distributed with four degrees of freedom and non-centrality parameter K, .

Comparing (4.3) with (4.7), we can see that the rate fmac achieved by sending
correlated signals (zs and x,.) with the transmit powers E; and E, over independent
nonzero mean fading channels (fzsd and Brd), can be viewed as the one achieved by
sending independent signals with transmit powers « and 3 over independent nonzero
mean fading channels (i~z1 and ﬁg). In fact, we can see from the expressions of Q
that P(Ime < R) = P(Q < R) is the same as the outage probability of a MISO

system [97].

4.4.2 Distribution of the Hermitian Quadratic Form

As expressed in (4.7), @ is a linear combination (weighted sum) of independent
noncentral chi-square random variables. Its distribution can be expressed as infinite
series [93, Ch. 4.2]. In the following lemmas, we make use of (4.7) to derive the

characteristic function and statistical distributions of Q.

Lemma 4.1. The characteristic function of () is given by

o] _ 1 < juast  juds

(1 = jwa)(1l — jwp3) P = jwa 1 — jwﬂ) - (410)

Proof. Based on (4.7) and the statistical independence of hy and hs, the characteristic
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function of Q) can be written as
E[e/*9] = E[e/vm "] x E[e/wfIh2I’),

Since |hy|? and |ho|? are noncentral chi-square distributed, their characteristic
functions can be readily obtained as exp[jwas?/(1 — jwa)]/(1 — jwa) and

expljwfs3/(1—jw3)]/(1—jwp), respectively. Thus, (4.10) follows immediately. [

Lemma 4.2. For |p| = 1 (p = ¢/%), the CCDF of the quadratic form Q, P(Q > R), is

given by

P(Q > B)= Qi (V2,2R/ (s + 1)), @11)
where 32 = (ndesd + nrdKrd +2 V nsdnrszdKrd COS 6)/(775d + 77rd)~

Proof. In this case, we have o = 154 + 1.4 and § = 0. Thus, the quadratic form Q
is noncentral chi-square distributed with two degrees of freedom, and P (Q > f%) is

readily obtained as (4.11). ]

Lemma 4.3. For |p| € [0,1), the CCDF of the quadratic form Q, P(Q > R), is

expressed as

P(Q > R) =@, \/551,\/25 s 4.12)

(%

R | B _
/ e /T, <281\/E> Q1 | V25, QR - dz,
0 a B

where [y(+) is the zeroth-order modified Bessel function of the first kind.

Proof. When |p| < 1, we have a > 3 > 0. Defining w; = a|hy|? and Wy = (|hs|%,
we can write Q = W + . By using Jacobian transformations, we obtain the PDFs

of w, and wy as

For (@) = le—(siﬂ/a)lo <231 /m/a> C fau(r) = %6—(8§+x/ﬁ)10 (232, /517/5> '

o
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Because of the statistical independence of hy and hs, the PDF of Q is the convolution

of fg, () with fg,(z), i.e.,

f@(ZL‘) = /0m fiﬂl(z)fmbg(l’ - Z)dZ.

Once the PDF of @ is known, the CCDF of () can be computed as P(Q > R) =

i) EO f5(y)dy, and then expressed as a double integral

PQ> )= [~ [ a0 ot~ 21y

By interchanging the order of integrations, we can obtain P (Q > fi) as
L R ~ o0
PO > R) = / Fo(2) P > B — 2)dz + / fon (2) P > 0)d.
0 R

Since P(iy > R — 2) = Q, <\/§32, V2R - z)/5> and Py > 0) = 1, the CCDF
of Q reduces to (4.12). ]

Remark 4.1. When p = 0 and 1y = 7,4, Wwe have & = 3 = 744. Thus, the CCDF in

(4.12) reduces to P(Q, > R) = Q, (V2K gra, \/21:3/773(1), where Q,(-,-) denotes the
second-order Marcum Q-function defined in [96, Eq. (4.59)], and Qe is obtained by

evaluating Q at p = 0 with 754 = 1,4

Remark 4.2. In a Rayleigh fading scenario, we have K ; = K,4 = 0. Due to the fact

that I,(0) = 1 and Q1 (0, b) = exp(—b®/2), the CCDF of Q in (4.12) reduces to
P(Q > R) = (ae™®/* — e R/%) (o — 1), (4.13)

where () is obtained by evaluating Q) at K,y = K,q = 0, and it is equal to the @ given
in Chapter 3 (3.3). This coincides with the result presented in Chapter 3 (3.9) for the

Rayleigh fading relay case.

Remark 4.3. In the Rician fading case, P(Q > R) in (4.12) depends on both the

amplitude and phase of p, while in the Rayleigh fading case, P(Q > R) in (4.13) only
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4.4 Quadratic Forms in Nonzero Mean Complex Gaussian RVs

depends on the amplitude of p. This is because, in the Rician fading case, the phases
of hgq and h,.4 are no longer uniformly distributed, and they depend on the Rice factors

K4 and K4, respectively. Thus, the phase of p affects the distribution of ph,.h;,.

4.4.3 Geometrical Representation and Bounds on the Distribution

of the Hermitian Quadratic Form

The CCDF of Q is expressed by a single integral in (4.12). Here, we give a geometrical

presentation of the CCDF of Q, and use it to obtain some simple bounds on the CCDF

of ().
Based on (4.7), we rewrite the CCDF of Q as
P(Q>R):P(M+M>l). (4.14)
R/a  R/p
From the above equation, we can see that in geometrical representation, P(Q > R)
represents the probability of the two dimensional Rician vector (|hq|,|hs|)T lying
outside the quarter Ellipse-o3 which is centered at the origin with semi-minor axis

\/ R/c and semi-major axis 1/ R//3, as depicted in Fig. 4.1. Thus, the CCDF of Q) can

be expressed as
P(Q>R)=P ((ym, Iho|)T ¢ quarter Ellipse—aﬁ) .

The analytical expression for the probability of the vector (|hy],|hso|)” lying
outside the quarter Ellipse-a3 is complicated. We will find some simple bounds on it
by making use of its geometrical representation. As illustrated in Fig. 4.1, the quarter
Circle-a and quarter Circle-(3 are the quarter circles centered at the origin, with radius

\/R/a and 1/ R/ (3, respectively. It is obvious from Fig. 4.1 that

quarter Circle-av C quarter Ellipse-a3 C quarter Circle-/3.
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quarter Circle-g

quarter Ellipse-af

guarter Circle-a

5 - IR
0 Ria RIp E

Figure 4.1: The geometrical representation of P(Q > R)

Therefore, the probability of (|h1], |ks])T lying outside of the quarter Ellipse-a/(3 is less
than that of (|h4], |h2|)” lying outside of the quarter Circle-cv, and greater than that of

(|h1],]h2|)T lying outside of the quarter Circle-3, i.e.,
P <(|i~11|, \ho|)T ¢ quarter Ellipse—aﬁ) <P ((|ﬁ1|, |ho|)T ¢ quarter Circle—a) :

P <(|Bl|, \ho|)T ¢ quarter Ellipse—aﬁ) > P <(|ﬁ1|, |ho|)T ¢ quarter Circle—ﬂ) .

We can easily compute the probabilities of the vector (|hy|, |ho|)T lying outside the

quarter circle-« and the quarter-circle-3, respectively, as
P ((|hl|, Iho|)” ¢ quarter Circle—a) = P(|h)? + |hol? > R/a)

= Qo(V2Koa 2/ 00),

P ((w, ha|)T ¢ quarter Circle—ﬁ) = P(|h)? + ka2 > R/B)
- Q2<\/ 2K$’I‘d7 \/ 2R/6>7

since (|1|? + |ha|?) is noncentral chi-square distributed with 4 degrees of freedom.
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4.5 Outage Probability of the Information Rate

Therefore, the CCDF of Q) can be bounded as

P(Q > R) < Qs (V2K i \2R)), (4.15)
P(@Q > R) > Qs(V/2K o, \[2R/5). (4.16)

4.5 Outage Probability of the Information Rate

In this section, we derive the outage probability of the information rate, investigate
the effects of the correlation coefficient p on the outage probability, and determine the
optimal p which minimizes the outage probability by using numerical methods.

With (4.4), (4.5), (4.6), and Lemma 4.3, the outage probability of the information

rate for any fixed p € [0, 1) is given by

Pout(pa =1- Ql (\/ 2K8T7 \/ 2R/ns{;>@1 <\/_31a H 2R>
g2 ~ i -
ec%ﬁawfﬁ@AeW%@M%@@%ﬂﬁ%yy

(4.17)

The outage probability in (4.17) is expressed as a single integral, which can be
evaluated by standard numerical techniques. By making use of the upper and lower
bounds on P(Q > R) in (4.15) and (4.16), the outage probability can be further

bounded as

Poulp, B) 2 1= Qi(V/2Kr, \/ZR/[nST(l—]pP)])Q2<\/2KSTd, V2R/a), @18)
Paa(p B) < 1= Qu(V2Ror \ 2R/l (1= 1p12)) ) Qv 2o, /2R 5). - (419)

Remark 4.4. When |p| = 1, Iy is zero and the outage probability is one. This can be
interpreted as follows. The transmit signal, z,., at the relay is chosen based on the prior

received signals at the relay which are correlated with the prior transmitted signals
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Figure 4.2: Outage probability versus R for the case that p = 0, K, = K,g = K;q+ 3

(dB), and K,; = —10, —3,0, 3 (dB).

from the source xs. This, together with the fact that x, and x, are fully correlated
(|p| = 1), implies that x is static (z, is a stochastic process), and hence no information

is delivered from the source to the destination, i.e., fdf =0.

Remark 4.5. In a Rayleigh fading environment, we have K,, = K3 = K,q = 0.
According to (4.13) and the fact that Q;(0,b) = exp(—b®/2), the outage probability

(4.17) reduces to

Pout(pv R) =1-

—R/a __ g,—R/beta _R
ac pe exp ( / ") (4.20)

a—f3 1—1pf?
This is consistent with the result presented in Chapter 3 (3.11) for the Rayleigh fading

case.

Denote ¢}, = (1 + Kj;)o;

. Suppose that €5, = 1 and &;; is proportional to

1/d};, where d;; is the distance between nodes i and j. We consider the case in which
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Figure 4.3: Outage probability versus SNR for the case that R = 2 bps/Hz, Es/Ny =

E,/No+3(dB), p =0, Ky, = Kyq = Ksq + 3 (dB), and Kq = —3,0,3 (dB).

dgr = dyq/3 and d,q = 2d,4/3. In Fig. 4.2, we compare the analytical expression of
the outage probability (4.17) with the ones obtained by Monte Carlo simulations for
Es/Ny = E./Ny = 10 dB. The Monte Carlo simulations are carried out by generating
8 x 105 realizations of h,., hsq and h,4, and by evaluating the statistics of fdf in (4.2).
Our analytical results match well with the Monte Carlo simulations.

Fig. 4.3 shows the outage probability and the upper and lower bounds given in
(4.15) and (4.16) versus E,. /N, for a fixed rate R = 2 bps/Hz and E;/Ny = E,/Ny+3
(dB). As can be easily seen from Fig. 4.3, the upper and lower bounds are quite tight in
this case. Fig. 4.4 illustrates the effects of p and Rice factors on the outage probability.
It can be observed from the figure that the outage probability decreases as the Rice

factors increase. When the Rice factors are small, p = 0 yields the smallest outage
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Outage Probability Pout
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Figure 4.4: Outage probability versus p for the case that the phase of p is zero, R = 3

bps/Hz and K,; = 0 dB.

probability. While for relatively large Rice factors, the value of p which minimizes the
outage probability is not zero.

When the source and the relay know the means and variances of the three links, the
outage-optimal transmit signaling in the sense of minimizing the outage probability,

can be determined through choosing an optimal p as

popt = arg Oinjn Pout(pa f{)7 4.21)

lpI<1

and the corresponding minimum outage probability is denoted by Py (R). It appears
intractable to analytically solve this optimization problem. Instead, we use the
Optimization Toolbox in MATLAB (function: finincon) to find p°" numerically. In
Fig. 4.5, we compare the outage probability for p°® and p = 0. We observe that

the optimal choice of p leads to a performance improvement, and it is determined by
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—Pou®
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Figure 4.5: Outage probability versus K,.; when K, = 6 dB and K,; = 0 dB.

several factors such as SNRs, rate threshold R, and the channel statistics.

4.6 Conclusion

In this chapter, we derived an exact expression of the outage probability of the
full-duplex single relay DF system in a Rician fading environment. We also obtained
an upper bound and a lower bound on the outage probability. These obtained bounds
are expressed in simple closed forms, and hence can be easily evaluated. Based on
the derived results, we determined the optimal correlation coefficient between the
transmitted signals from the source and the relay by using numerical approaches, and
revealed that the optimal correlation coefficient generally depends on SNRs, the rate

threshold, the channel variances and the Rice factors.
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Chapter 5

Differential Modulation for
Decode-and-Forward Multiple Relay

Systems

We consider differential modulation and demodulation in a multiple relay system
where CSI is unknown to any node. Both the DF protocol and the SR protocol are
analyzed in this chapter. For the DF protocol, this chapter first derives the ML detector
and proposes a low complexity PL detector to closely approximate the nonlinear ML
detector. Both the ML and PL detectors take the average BERs of all the source-relay
transmissions into account. Then, the BER for the PL detector is analyzed. For a
DF single relay system, the exact BER is obtained as a simple function of SNRs,
the variances, and the fade rates of the transmission links. Based on the exact BER,
a BER approximation at high SNR is derived, and it explicitly shows the diversity
order and the different effects of the source-relay link and the relay-destination link on
the end-to-end error performance. For a DF multiple relay system, a Chernoff upper
bound on the BER and a high SNR approximation for the BER are obtained. For the

SR protocol, some computational complexity is shifted from the destination to all the
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relays. Each relay computes the instantaneous BERs of the source-relay transmission
and use the instantaneous BERs to decide whether to transmit or remain silent. The
destination performs simple MRC reception whose error performance is analyzed at
high SNR. It shows from an error probability prospective that the SR protocol offers a

space diversity of the number of all the potential cooperating nodes.

5.1 Introduction

In wireless communication systems, cooperative relay transmission is recognized as
an effective technique to mitigate fading effects and enhance network coverage [44].
Most of the existing relay transmission schemes assume that the receivers have perfect
CSI, and utilize the CSI for coherent detection [35, 37,56, 58]. However, it is rather
costly or even infeasible to obtain accurate channel estimates of multiple transmission
links especially in rapid fading environments.

To obviate the need for channel estimation for wireless relay systems,
non-coherent or differential modulations are proposed. General non-coherent ML
detectors for AF and DF relay systems were derived in [67]. For AF relay systems
with differential modulations, some simple receiver structures along with the error
probability analysis had been obtained in [69,70]. However in DF relay systems, due
to the nonlinear processing at the relay nodes, the ML receiver is quite complex. For a
non-coherent DF relay system with BFSK modulation, [36] derived the nonlinear ML
detector and proposed a PL detector which has similar performance to the ML detector.
In addition, the exact BER of the PL detector for single relay systems and the diversity
order for multiple relay systems were also derived in [36]. For DF relay systems with
differential modulations, the non-linear ML detector was derived in [71]. However,

the error probability analysis of the ML detector seems intractable. The paper [73]
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proposed a reduced complexity equal-gain combiner, and obtained its error probability.
Recently, a ML detector and a PL detector were derived in [72] for the DF single relay
system using DBPSK modulation. The paper [72] also computed the BER of the PL
detector in terms of several infinite series. All the aforementioned studies assume that
the fading coefficients remain unchanged in two consecutive symbol intervals. This
assumption may not hold in rapid fading environments.

Since relay nodes have some possibilities of making decoding errors, the SR
protocol was proposed to reduce error propagations at the relay nodes. From the outage
probability perspective, it has been shown in [34,44] that SR protocols can offer full
space diversity. In [34,44], the CSI of the source-relay link is used as the indicator
of the reliability of the relay detection. The error probability of two-user cooperation
working under the SR protocol for DBPSK modulation was analyzed in [50] where the
relay node uses cyclic redundance check (CRC) after differential decoding to decide
whether the relay makes correct detection.

In this chapter, we focus on a multiple relay system using DBPSK modulation.
The fading processes assumed here have an arbitrary Doppler spectrum with an
arbitrary Doppler bandwidth. We consider two protocols at the relay node: the DF
protocol and the SR protocol. For the DF protocol, we derive the nonlinear ML
detector and propose the PL detector which has similar performance to the nonlinear
ML detector. Both the ML and PL detectors take the average BERs of all the
source-relay transmissions into account, and the received signals at the destination
from the source and all the relays are combined with different weights, because the
transmission links in the relaying system have different statistics. Then, we derive
the BER of the PL detector, whereas the BER analysis for the nonlinear ML detector
appears intractable. For a DF single relay system, we obtain the exact BER and its high

SNR approximation. The exact BER is a simple function of the SNRs, the variances
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and fade rates of all the transmission links. The BER approximation at high SNR
shows explicitly the diversity order and the different roles of the source-relay link and
the relay-destination link in determining the end-to-end error performance. Moreover,
a Chernoff upper bound on the BER and a high SNR approximation for the BER are
obtained for a DF multiple relay system. For the SR protocol, each relay computes the
instantaneous BERs of the source-relay transmission and use the instantaneous BERs
to decide whether to transmit or remain silent. When the instantaneous BERs at a relay
satisfy certain criteria, the relay belongs to the coding set which is a random set and a
subset of the set containing all the potential relays. In this case, the ML receiver at the
destination is an MRC receiver. We analyze the error performance of the multiple relay
system working with the SR protocol at high SNR, and show from an error probability
prospective that the SR protocol offers full space diversity. More specifically, the SR
protocol offers a space diversity order of the number of all the potential cooperating
nodes, not just the number of nodes that are transmitting to the destination. The
analytical results match with simulations. Given the same total power constraint, the
relay system with DBPSK modulation outperforms a non-cooperative system which

only has a direct link and used also DBPSK modulation and ML detection.

5.2 Multiple-Relay System Model

We consider a relay network as illustrated in Fig. 5.1, which consists of a source node
s, a destination node d, and L relay nodes {r}%_,. In this model, the relays facilitate
the ultimate transmission from the source to the destination by cooperating with the
source. All the relays work in half-duplex mode in which they cannot transmit and
receive at the same time on the same frequency band. We assume that there are in total

(L + 1) orthogonal channels available in the network, and they can be realized in time
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Source

Figure 5.1: The relay system with L relays.

division, frequency division, or code division. The source broadcasts its messages to all
the relays and the destination in one channel, and the relays transmit to the destination
in the remaining L orthogonal channels.

In the differential transmission scheme, the information s is differentially encoded
in the transmit signal x. By denoting the time index as k, the k-th symbol transmitted

from the source is given by
xslk] = xs[k — 1]5[k], §[k] € M, (5.1)

where M, = {+1, —1}. We assume that §[k] has equal probabilities of being +1 and
—1, and there are N information symbols in one frame. Without loss of generality,
we assume that z4[0] = 1 is the initial reference signal.

The source transmits the signal x, with energy F to all the relays and the
destination. The corresponding received signals at the relays and the destination in

the kth symbol interval are

ysr[k] = \/Eshsr[k]xs [k] + nsr[k]v

Ysa[k] = / Eshealk)zs[k] + nealk], (5.2)
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where r = 1,2,---, L. The r-th relay transmits z,[k] to the destination with energy
E... The received signal at the destination corresponding to the r-th relay transmission
is given by

yralk] = /Evhealk]z [K] + npalk). (5.3)

Each h;;[k], ij € {sd,sr,rd}L_,, as illustrated in Fig. 5.1, denotes the fading
coefficient between nodes ¢ and 7 at the k-th symbol duration. The fading coefficients
take account of path loss, shadowing and frequency nonselective fading as in [44].
Each sequence, {h;;[k|}), consists of samples of a zero-mean, complex, Gaussian
stochastic process with autocorrelation function E|h;[k]hii[k — 1]] = oZRi;(1),
where afj is the average power of the fading process, and R;;(l) is the normalized
auto-correlation function evaluated at a time difference [. We denote the correlation
coefficient of the fading gains between two adjacent symbols by p;; = R;;(1), and
hence p;; is a measure of the fluctuation rate of the channel fading process. We assume
that the channel fading processes in different transmission links are independent, i.e.,
Vi # m or j # n, we have E[h;;[k|h%,,[k]] = 0. The sequence {n,;[k]} is complex
AWGN with mean zero and variance Np, i.e., E[|n;[k]|*] = No. The AWGNs
are mutually independent and are independent of all channel fading processes. The
transmit signals are subject to power constraints E[|z,|?] = 1 and E[|z,|?] = 1 with

E[-] denoting the expectation operator.
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5.3 Differential Detection and Error Probability at

Relay Nodes

5.3.1 Differential Detection at the r-th Relay

At the r-th relay, we will use the two adjacent received signals, ys, [k] and y,.[k—1],
to make differential detection. We write the two adjacent received signals as a vector
Yo = [Ysr[k] ysr[k—1]]7. Conditioned on 3[k], y,.[k] and y,,.[k—1] are jointly complex

Gaussian distributed with mean zero and covariance matrix i, given as

Ner + 1 NspsrSlk

Yo =No 4 ; (5.4)
NsrPsrS k] msr +1

where 7, = E,02. /Ny represents the average received SNR per bit on the link from

the source to the r-th relay. The joint PDF of y,.[k]| and y,.[k— 1] conditioned on §[k]

is

P(Ysr (K], ysr [k —=1] |3[K]) = p(y, |5[K]) = ! ’exp(—yﬁﬁs?lysr)-

2|2
Taking natural logarithm of the joint PDF p(ys,[k], ys-[k — 1] |5[k]), and ignoring the
terms that are independent of 5[k], we can obtain the differential ML detector at the

r-th relay node as

01

where sign(+) is the sign function and B =
10

5.3.2 Average BER at the r-th Relay

Define €, as the average BER of detecting 5[k] at the 7-th relay. The average BER at
the r-th relay is equal to the average BER of a SISO system, and it is given by [98]

1 + (1 - psr)nsr
2(778r + 1) 2(7787’ + 1) '

& = P (R(y% [Flya[k—1]) <0[3[k] = +1) = (5.6)
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5.3.3 Instantaneous BER at the r-th Relay

Although the CSI of the source-relay link is not available at the relay, the relay knows
its past received signal and can use it to compute instantaneous BERs.
Conditioned on §[k] = +1 and y,,[k— 1], the PDF of y,,[k] can be computed as

p(yST[k}aysr[k_l] ‘g[k} :+1)
p(ysr[k—1]) ’

and hence we can see that conditioned on §[k] = +1 and y,.[k — 1], the quantity

p(ysr[k] ’5[@ =+1, ysr[k_l]) -

ysr|k] is complex Gaussian distributed with mean y,.[k—1]ns,ps-/(ns+1) and variance
No[(ns+1)* =12 p2,]/ (ns+1). Therefore, Ry, [k]ys-[k—1]) is conditionally complex

Gaussian distributed with mean

E(iﬁ(y;‘r[k]ysr[k—l]) \E[k]=+1,ysr[k—1]) = (Zil) lysr [k—1]]

and variance

Var ({35, [l 1) 3051 =1, 1)) = LSl

At the r-th relay node, the instantaneous BER of detecting 5[k] conditioned on y,. [k—1]

can be computed as [98, Appendix]

erl] = P (R (5, [Klyor k= 1]) < 0 [3K] =41, yor [k—1])

1 2% [Ysr [k —1] |
= —erfc T (5.7)
2 (\/No(mr+1)[(mr+1)2 = 5 P%]
1 nzrpzr ‘yST[k_]']|2
< —-exp| — 2 7 5 ,
2 NO(nST+1)[<7]8T+1) _nsrpsr]

where the last inequality is obtained by using erfc(z) < exp(—z?), and erfc(-) is the
complementary error function, i.e., erfc(z) = 27~/ [*° e~*"dt. The quantity e, [k] is
the instantaneous BER at the r-th relay during the k-th symbol interval.

For a given average received SNR 7)., noise power N, and fade rate p,,, the bit
errors between adjacent symbol intervals are correlated for DBPSK modulation, and

: N
thus the instantaneous BERS, {¢,[k]},,, are also correlated.
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5.4 Relaying Protocols

At the relay nodes, various protocols can be employed. We will consider the DF

protocol and the SR protocol, respectively.

5.4.1 DF Protocol

In the DF protocol, each relay differentially demodulates its received signal, and
generates an estimate S, [k] of §[k] according to (5.5). Then, the r-th relay differentially

remodulates §,.[k| into z,.[k] as
z,[k] = x [k — 1], [K], (5.8)

with z,.[0] = 1 as the initial reference signal, and transmits z,.[k] to the destination with

energy F,.

5.4.2 SR Protocol

When some relay nodes make errors in decoding the source message, the signals
transmitted from these relay nodes become interferences at the destination, and result
in performance degradation. Therefore, when a relay has a large error probability in
decoding the source message, this relay should remain silent instead of transmitting to
the destination.

We assume that the 7-th relay knows its average received SNR 7., the noise power
Ny, and the fade rate p,. During the k-th symbol interval, since y,.[k—1] is available
at the r-th relay node, the instantaneous BER, ¢, [k], can be computed at the r-th relay
node according to (5.7). We can use the instantaneous BERs {¢,[k]|}; as a selection
criterion at the r-th relay to decide whether to transmit or remain silent.

We define the decoding set D to be the set containing the relay nodes at which
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every instantaneous BER in a whole frame is smaller than a threshold e, i.e.,
reD <= ¢lkl<e VE=1,2,--- Ny (5.9)

In one frame, if there exists an instantaneous BER greater than the threshold e at the
r-th relay node, then the r-th relay node does not belong to the decoding set D in this
frame.

If the r-th relay node belongs to the decoding set D, then the r-th relay transmits
to the destination using the DF protocol for the whole frame; if the r-th relay node
does not belong to the decoding set D, then the r-th relay remains silent for the whole

frame, i.e.,

z,. [k —1]5.[k], reD
k] = . VE=1,2,--,N}. (5.10)
0, ré¢D

The decoding set D is a subset of the set which contains all the relay nodes, and D is a

random set.

5.5 Differential Detection at the Destination

5.5.1 Differential Detection at the Destination for a DF Relay

System

We express the received signals at the destination from the source over two adjacent
intervals as a vector y,;, = [y.alk] .k — 1]]7, and the received signals at
the destination from the r-th relay over two adjacent intervals as a vector y,; =
[ralk] yealk — 1%, r = 1,2,---, L. We further express all the received signals
at the destination over two adjacent intervals as a 2(L + 1) x 1 vector yF =

lvZ v, yi, - yfd}T. The detection of 5[k| at the destination is made based on
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DF. Given 3[k], the PDF of y5F is

L

plyd k) = D p(yaldlk), 5ilk] Bs(k], -5k [ [ oG RISTRD. (5.1

51lk], 5L [k] r=1
Conditioned on 3[k| and {5,[k]}L_,, the vectors, y,, and {y,,}%,, are independent
because of the mutual independence of the fading coefficients of different transmission

links. Thus, the conditional PDF of y2F given 5[k] can be rewritten as

L
(Y 130K]) = plyaSED [T D p(yral3, (K)o (3 [K]I3[K]). (5.12)
r=1 §,[k]eM,

It is obvious that conditioned on 3[k] and {3, [k|}L_,, the vectors, ¥, and {y,,}L_,, are
zero-mean, complex, Gaussian distributed with covariance matrices 3,4 and {3,4}%_,,

respectively, i.e.,

Nsa + 1 MNsapsaS|k Mra + 1 MeapraSrlk
Sa=No| R A s b s s

NsapPsad (k] Msq + 1 Nraprady k] Mra+1
where 7,4 = Esagd /No and 1,4 = Ercrfd /Ny represent the average received SNRs per
bit in the corresponding links. Taking the log-likelihood ratio of y>F conditioned on
each value of 5[k], substituting the expressions for yy,[k| in (5.2) and y,4[k] in (5.3)
into p(yL¥|5[k]), and ignoring the terms that are independent of 5[k], we obtain the

ML detector for §[k] at the destination as

L
SDFMLE] = sign (ts +Y (@, tr)>, (5.14)
r=1

where €, is given in (5.6) as the average BER at the r-th relay node, the function
fML(Era tr) is given by

(1 —¢€)exp(t,) + &
(1—€)+ & exp(t,)’

A, t,) =n e € (0,1/2),t, € (—o0,00), (5.15)

110



5.5 Differential Detection at the Destination

and

Wsd g Wsqd *
t, =295yt By — 0D gyl — 1)),
N, YsaBYu = 250 (ysalk] ysalk — 1])

Wyrd Wy *
tr = QFOy,r},{iByrd =2 NO %(de[k] yr‘d[k — 1]),
wi; = g Pij ij € {sd,rd}"_,. (5.16)

1] 2 2 )
(mij+1)? — M35 Pi5
The w;; is the weight for the output of each transmission link according to its channel
statistical information. It is easy to see that fyy (€., ¢,) is an increasing function of ¢,

for any fixed €,, and that fyy (€,,t,) € (=T, T,), where
T, =In[(1—¢€,)/e] > 0. (5.17)

However, the nonlinearity of fyy (€., t,) makes the ML detector complicated and the
error probability analysis intractable. It was shown in [36] that fy (€., t,) can be well

approximated by a PL function fp (€, ,), i.e.,

_Tr7 tr = _Tr
fML(ET’tr) ~ fPL(€T7tT) = tT, _Tr S tr S Tr- (518)
T, =T,
This leads to the following PL detector at the destination:
L
§OFPLIE] = sign (ts + Z frL(€r, tr)>. (5.19)
r=1

Furthermore, as we will see later, the performance of this PL detector provides a very

tight upper bound on the error probability of the ML detector.

Remark 5.1. For a DF single relay system, i.e., L = 1, when the source-destination
and relay-destination links have the same statistics and the fading coefficients remain
constant over two consecutive intervals, i.e., wyy = w,q and p; = 1,Vij €
{sd, sr,rd}, the ML detector (5.14) and the PL detector (5.19) reduce to the ML

detector [72, Eq. (21)] and the PL detector [72, Eq. (26)], respectively.
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5.5.2 Differential Detection at the Destination for a SR Relay

System

In the SR protocol, only the relay nodes which belong to the decoding set D will
transmit to the destination. Conditioned on D, the detection of §[k| at the destination
is made based on y,; and {y,,}-cp. The received signals at the destination over two
adjacent intervals can be written as a 2(|D| + 1) x 1 vector y3} = [y, {y,} ep]
with |D| representing the cardinality of the set D. Similar to the case of DF in the last
subsection, we can obtain the PDF of y5® conditioned on 5[] and D as

P |8k D) = plyal3E) [T D p(yralde(k])p (5, [K]|5[K]). (5.20)

reD 3, [kleM,

When the 7-th relay belongs to the decoding set D, we have p(3,.[k] # §[k]|5[k]) <
€. Usually, the threshold € is very small to make sure the relays that belong to the
decoding set have very small decoding error probabilities. Thus, we can have p(§, [k] #
3[k]|5[k]) =~ 0 and p(8,[k] = 5[k]|3[k]) ~ 1. Therefore, the conditional PDF of y3} in
the above equation reduces to

(Y |3[K), D) = p(y.al3k]) [ [ p(y,al3:[K] = 31k). (5.21)

reD

Taking the log-likelihood ratio of y5® conditioned on D and each value of 5[k|, and
ignoring the terms that are independent of D and 3[k|, we obtain the ML detector for
§[k] at the destination conditioned on D as

#R[k] = sign <ts +3 tr>, (5.22)

reD

where ¢, and ¢, are given in (5.16).

Remark 5.2. For the SR protocol, we can see from (5.22) that the ML receiver at
the destination is an MRC receiver. Compared to the ML and PL receivers for the

DF protocol, the MRC receiver for the SR protocol is relatively simple, because some
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computational complexity is shifted from the destination to the relay nodes which need
to compute their instantaneous BERs and make decisions on whether to transmit or

remain silent for the SR protocol.

Remark 5.3. For the DF protocol, the destination needs to know the average BER for
all the relay nodes, i.e., {€,}%_ ;. However, for the SR protocol, the destination only

needs to know the decoding set D for each frame.

5.5.3 Statistics of the Destination Decision Metrics

From (5.14), (5.19) and (5.22), we can see that the destination decision metrics are
functions of ¢; and ¢,.. To evaluate the error performance of the detectors derived in
the previous two subsections, we need to know the statistics of ¢,, {t,}2_,, fpL (&, t,),

and (ts + >_t,). It can be seen from (5.16) that ¢, and ¢, involve Hermitian quadratic
reD
forms yg By,;, ij € {sd, rd}E_,, of zero-mean, complex, Gaussian vectors. Hence,

we will first study the statistics of the quadratic form yg By, ;. Based on this, we will

derive the PDF of t,,t,, the CDF of fp (€,,t,), and the CDF of (t; + > t.). These
results will be used later to evaluate the error performance of the relay S);s,etzm working
under the DF protocol or the SR protocol.

With the noise whitening and eigne-decomposition techniques [93, Section
H

3.1a.1], we can express the quadratic form y;; By,; as

N0<aij‘uij|2_ﬁij|vij’2)7 §i[k]:+1
No(ﬁij|uz‘j|2—%j|ﬂij’2)7 Si[k]:_l
where «;; and [3;; are given as

aij = 1+ 1ij 4 1455 Gij = 14 mi5 — i pij (5.24)

while u;; and v;; are 1.1.d. complex Gaussian RVs with zero mean and unit variance;

u;; and v;; are also 1.1.d. complex Gaussian RVs with zero mean and unit variance. We
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define Zij = Oj ]uij ’2 — ﬁij ’Uij‘Q and Zz'j = ﬁij ’fbij|2 — Oéij|’l~}ij ’2. Notice that both Zij and
z;; are the weighted differences between two independent exponential RVs. The PDF

and CDF of z;; can be obtained respectively as

(

%ez/ﬁij7 2<0
fag(2) =1 / , (5.25)
o
A
>
#62/5@7 2<0
Pz < z) = { “tPi . (5.26)
Gy —z/ou;
\1 Oéij-i-ﬁije 7,220

The PDF and CDF of Z;; are the same as the ones for z;; except for interchanging cv;;

with (3;;. With the statistics of z;; and Z;, the statistics of /I By,; are obvious since

y/I By,; equals either Noz;; or NoZ;;.
From (5.16), we have t, = 2w,qzsq conditioned on 5[k] = +1. Therefore, the

PDF of ¢, conditioned on 5[k] = 41 is given by

L exp(s—t—), t<0
fts‘g[k;]f-Fl(t) _ 2wsd(asd+ﬂsd) 2wsaBsd . (5.27)

—L t>0

1
eX
2wsd(asd+ﬁsd) p( 2'wst‘sd )7

We also have ¢, = 2w,qz.q if §,[k] = +1, and t, = 2w, 42,4 if §,[k] = —1. With the PL
function fp.(€,%,) in (5.18) and the CDF of z;;, we can obtain the CDF of fp (€, t,)

conditioned on €, and §,.[k] = +1 as

(

0, t€[—o0, -T,)

ﬂ'rd ﬁ
S €°WrdPrd te [_Tr, O)
P(for (6, tr) < ] &, 5o[k] =41) =4 @ ]

1— %62w?dard 5 te [0, TT)

(5.28)

1, telT,,o0)

In addition, the CDF, P(pr(ér, tr) <tl|&, s, [k]= —1), is the same as P(pr(ET, ty) <
t|é, S [k]= —|—1) except for interchanging av,.q with 3,4.
Based on the expressions of ¢, and ¢, in (5.16), the term (¢, + > ¢,.) in (5.22) can

reD
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be expressed as a quadratic form:

ts +Zt = < UZ?Jm"‘Zw:fyrd) ( 1/2ysd+zwvl«ézyrd> (5.29)

reD reD reD

. 2
It is clear that (w, Y R TEDY wrd y,,d) is a zero-mean, complex, Gaussian vector since
reD

Y., and y,, are independent, zero-mean, complex, Gaussian vectors. Similar to the

case of y/! By, ; in (5.23), conditioned on 5[k] = 41, we can express (t, + Y t,) asa
reD

weighted difference between two independent exponential RVs, i.e.,

te+ > t, = 2(aplup|* — Bplopl), (5.30)

reD

where up and vp are i.i.d. complex Gaussian RVs with zero mean and unit variance,

and ap and (p are given by

Qp = WsqQigqg + Z WyrgOlrd, ﬁD = wsdﬁsd + Z wrdﬁrd' (531)

reD reD

Similar to (5.26), we can obtain the CDF of (¢ + ) ¢,) conditioned on D and 5[k] =
reD

+1 as

Bp_ oxp(52-), t<0
P(t8+2trgt\§[/c]:+1,2>): ot Pz T (532

apofﬁv exp(2;; ), t>0

reD 1-—

The PDF (5.27), and the CDFs (5.28) and (5.32) will be used in the next two
sections to evaluate the error performance of the relay systems under the DF protocol

and the SR protocol.

5.6 Error Performance for a Relay System With the DF
Protocol

In this section, we consider the error probability of a relay system working with

the DF protocol. We obtain a closed-form expression for the BER and a high SNR
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5.6 Error Performance for a Relay System With the DF Protocol

approximation for the BER of a single relay system, and a Chernoff upper bound on

the BER of a multiple relay system.

5.6.1 Error Probability for a DF Single Relay System

In this subsection, we consider the error probability of a single relay system, i.e., L =
1. We derive the exact BER of the PL receiver (5.19), and a high SNR approximation

for the BER.

Exact BER of a DF Single Relay System

According to the PL decision metric (5.19) and the equal probabilities of 5[k] being

+1 and —1, the BER of the PL receiver at the destination is computed as

PeDF-PL :P(ts + fPL(glatl) <0 | €1, §[k?] = +1)
=(1 —&)P(ts + for(&,t1) < 0] &, 5[k] = +1,5[k] = +1)

+ &Pty + feu(er, t) < 0] &, S[k] = +1,5[k] = —1). (5.33)

Now, we compute the term P(tS + frL(€1,t1) < O]é€,Slk] = 41,5 k] = +1) in

(5.33) as follows:

P(ts + fou(&,t1) < 0]&, 3[k] = +1,5.[k] = +1)
= Ey,j5k)=+1 [P(pr(a, t1) < —t|e,ts =1t 5[kl = _’_1)}

= /OO P(fe(&r,t1) < —t| &, 81[k] = +1) fo,js=ra(t)dt.

(e 9]

With the PDF of ¢, given in (5.27) and the CDF of fp; (€1, ;) given in (5.28), we can

compute P (t, + fer(€1,¢1) < 0] &, §[k] = +1, 51[k] = +1) in the above equation as

P(ts + feu(€1,t1) < 0€r, S[k] = +1, 5 [k] = +1) = %dﬁd — POFPL - (5.34)
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and similarly, we can obtain

P(ts+ for(,t1) < 0| &, 8[k] = +1,5[k] = —1) = P _ POFFPE - (5.35)

asd—i_ﬁsd
where PPFPLand PRFPL are given as
DF-PL __
Pel — (PPL(arda 67"(1’ Qgd, ﬁsd7 Tr) _QOPL(ﬁrda Qrd, ﬁsdy Qsd, Tr)a (536)
DF-PL __
Pez = ©¥PL (ﬁrda Qrd, Ogd, ﬁsd’ Tr) _SOPL(Oé'I‘da 57’(17 ﬁsd, Qsd,s Tr)a (537)

with » = 1 and the function @py (11,72, 73,74, 1) is defined as

( T) . ( o >1X
r1,72,73,74, ==
W$PL\T1,72,73,T4 wsd(r1+r2)(r3_|_7"4) WraT1 WgedT4

T, 1 1
{1 —exp {—5 (wrdm o )} } (5.38)

Therefore, with (5.33), (5.34) and (5.35), we can obtain a closed-form expression for

the BER of a DF single relay system as

PO = B (1 )P e P (539

This BER expression for the PL receiver is a simple function of the SNRs, the variances
and fade rates of all the transmission links. Actually, the exact BER of the PL receiver
is an upper bound on the BER of the nonlinear ML receiver. As we will see later, the
BER (5.39) of the PL receiver is very close to the BER of the nonlinear ML receiver
in all cases for a single relay system working with DF protocol. We will verify this by
simulations later.

The BER of the DF single relay system with DBPSK modulation was also
obtained in [72, Eq.(46)] under the assumption that the fading coefficients remain
constant over two consecutive symbol intervals. This is a special case of the BER
expression (5.39) when p;; = 1. Moreover, the BER expression in [72, Eq.(46)]
is expressed as the sum of several infinite series, whereas the BER result (5.39) is

expressed in a much simpler form.
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BER Approximation at High SNR for a DF Single Relay System

We next develop a high SNR approximation of PPFPL (5.39). The approximation will
clearly show the effects of SNR, network geometry, and power allocation on the BER.
We assume that all the average received SNRs, 7,5, ij € {sd, sr,rd}, become

large, but remain in fixed proportion with one another. Specifically, we assume that
Nij = kljna Z.] S {Sd7 S’L.T’, Td}a (540)

where 7 is the average single-hop SNR per bit, £;;’s are constants related to network
geometry and power allocation. We substitute (5.40) into (5.39), and express PPFFL
(5.39) as a function of 1/7. The high SNR approximation can be obtained by applying
a Taylor expansion at the point 1/1 = 0.

For simplicity, we assume that the fading coefficients of all the transmission links
vary very slowly, and remain approximately unchanged in two consecutive symbol
intervals, i.e., p;; = 1, ij € {sd,sr,rd}. With this assumption and (5.40), we can
express v, 3;j, w;; and € as functions of k;; and 1/7 as follows

VR T T s 70}
Using a Taylor expansion at the point 1/5 = 0, and ignoring the terms containing the
3rd and higher powers of 1/7, we can approximate the three terms of PPF*- in (5.39)
as

Bea 11 1 1
et Bea 2kan 2K

11 1,3 1 141
1—& ) PPFPL L < — _>— 5.41
( 61) el kad n kad rid * ksd i kST 772 7 ( )

1
— In(14-2k¢,m),

— pDF-PL
€1P ~ —
2 ksdksr 772

where the last approximation also makes use of the following approximation:

+0b

exp [axln(xib)} wl—axln(x ), when z — 0.

118



5.6 Error Performance for a Relay System With the DF Protocol

Combining the three terms in (5.41), we have the BER approximation of PP*PL at high

SNR as
1 3 2 + In(1+4+2k,, 1
PPFPL o [ I +In(1+ 77)] 1
2ksd 2krd kar 772
1 2+1In(1+2
_ [ 3 +In(1+ 77‘”“)] (5.42)
2773d 2777’d 27757”

Remark 5.4. From (5.42), we can explicitly see that the BER of the PL receiver for a
single relay system decreases as (=2 In7) when 7 is large. According to the definition
of diversity order!, the DF single relay system with the PL receiver has a diversity

order of 2, i.e.,

-2
T U Y/) .
n—oo  Inn n—oo Inn

Although the BER of the DF single relay systems is greater by a factor of (In7) than
the BER of a traditional diversity system where BER decreases as 72 for a large 7,
the diversity order of the single relay system is still 2 since the diversity order only

captures the exponent of 7! factor and ignores the smaller order terms.

Remark 5.5. From (5.42), we can see that 7. and 7,4 enter differently in the BER
expression for the differential DF relay system. This means that the source-relay link
and the relay-destination link play different roles in determining the end-to-end error
performance. At a high SNR, i.e., a large ), usually we have In(1 + 2k,n) = In(1 +
2ns-) > 1, and hence 7, has greater effects on the BER than 7,,. This could be
interpreted as follows: the reliability of the source-relay link determines the amount of

possible error propagation, and hence has greater effects on the BER.

Note that 7, and 7,4 are related to both network geometry and power allocation
between the source and relay, i.e., 7, = Es0%. /Ny and 1,q = E.0%;/Ny. We will

illustrate how 7, and 7,4 will affect the BER in the numerical results.

I'The diversity order is defined as —SNllim (log BER)/(log SNR).
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Furthermore, the BER approximation (5.42) for the differential DF relay reduces
to [36, Eq. (19)] which is the BER for the non-coherent DF relay case except for
replacing 2k;; in (5.42) by k;;. This is could be explained as follows. BFSK modulation
is used in [36], while DBPSK modulation is used in this chapter. Asymptotically,
DBPSK modulation is 3 dB more power-efficient than BFSK modulation. Thus, it is

2k;; in (5.42), and k;; in [36, Eq. (19)].

5.6.2 Error Probability for a DF Multiple Relay System

In this subsection, we consider the error probability of a multiple relay system, i.e.,
L > 1. The complexity of the error probability analysis of the PL detector increases
exponentially in the number of relays. We develop a Chernoff upper bound on the
BER and a high SNR approximation for the BER of a multiple relay system with the
DF protocol.

The BER of a multiple relay system is defined as
L
PEF_PL = P(ts"’ZfPL(Ervtr) <0 | {gr}rLzla §[k] :+1>'
r=1

By applying the Chernoff bound [86, Section 2.1.5] and the improved Chernoff bound
by a factor of two [99, Section 4.2.4], the BER in the above equation can be upper

bounded as
L

pcPF'PL < %E{exp <5t3+5ZfPL(€r:tr)) ‘ {gT}le,é[k]:—i-l

r=1

I
DO | —
— =

{=e)E[em ) & 5, (k] =+1] + B[t &, 5[k = —1]|
1

x E [e‘st‘g

ﬁ
I

§[k]=+1], (5.43)

where 0 < 0 is the parameter to be optimized.
Based on the PDF of ¢, conditioned on §[k] = +1, and ¢, conditioned on

5:.[k] = +1 or §.[k] = —1, we can easily compute the characteristic functions of
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ts and fPL(Era tr) as

E [e5ts

§[k]:+1} = ¢1 (s, Bsas Wsd, 0),

2W,q0 y

Qrat+Bra

[02(Bra; wra, Ty, 0) = Po(ra, Wra, Ty, —6)], (5.44)
2W,q0 "
Qrat+Bra

[¢2(ard7 Wyd, TT‘? 6) _¢2 (ﬁrd7 Wyd, Tra _5)]7

E [eafPL(ghtr) ’ €r, gr[k] = +1:| = (bl (Qrdv ﬁrda Wrd, 6) +

B[ )€, 5, (k| =—1] = ¢1(ara, Bra, wra, —0) +

where —1/(2w;qfsq) < d <0, and the functions ¢ («, 5, w,d) and ¢o(c, w, T, J) are

defined as
b (v, B,10,9) :
a, B, w, ) =
I (1—2wad)(1+2wBd)’
ol 0,T,8) = — % exp[~T (=L +0)
2, 5, 0) = 14+ 2wad eXP 2w '

Substituting (5.44) into (5.43), we can obtain the Chernoff bound on the BER. The
tightest bound has to be obtained by selecting ¢ that minimizes the right hand side of
(5.43). By solving the equation d¢s (cvj, Bij,w;j,0)/dd = 0, it is easy to check that
the value of ¢ that minimizes ¢1(ay;j, (3, w;j, 0) is —1/2, regardless of ¢j. However,
it is very difficult to find the 6 which minimizes the Chernoff bound (5.43) because
(5.43) and (5.44) are fairly complex. Therefore, we choose § = —1/2 to evaluate the

Chernoff bound, and thus obtain the BER upper bound

L
DEPL _ | NsdPsd _ _
Pe < 5 |:1 — <TM> :| H |:(1 — GT)CT + ETDT] (545)

r=1

where C). and D, are given by

rdPr 2 Tr 1 r rdPr 2 €r T
C—1- (77 ap d) {1_6Xp[__( +1 d)} } L <n ap d> [1_< é )2%,%1]’
1+777“d 2 NrdPrd ]-+777"d 1_67"
_ 4ctrqBrq MrdPrd ( g€’ Brae™ )exp [_Q <1+77rd>]
" 405rdﬁ7"d_3(1+77rd)2 1+77rd O‘rd_?)ﬁrd 305rd_ﬁrd 2 MrdPrd ‘
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The Chernoff upper bound on the BER is valid for a DF relay system with an arbitrary
number of relay nodes.

If all the relays have the same average BER € when detecting S[k], i.e., € = €,
and T" = T, for any r = 1,2,---, L, and all the transmission links from relays to
destination have the fade rate and the same average received SNR per bit, i.e., p.q = pqg

and 7.4 = ng forany r = 1,2, --- | L, the Chernoff bound (5.45) on BER is reduced to

PPFPL < % {1 = ({’j—’;ddﬂ [(1—&C +eD]", (5.46)
where C = C,and D = D, foranyr =1,2,--- | L.

We next develop a high SNR approximation for the BER Chernoff bound given in
(5.45). For simplicity, we assume that the fading processes are stationary, i.e., p;; = 1,
ij € {sd, sr,rd}L_,. In the same way as in (5.40), we assume that the average received
SNRs remain in fixed proportion. Substituting 7, = kg7 into the expression of €, in
(5.6) and applying a Taylor expansion at the point 1/7 = 0, we can approximate €, and

(1—¢.)as

O _ 1
l1—€6~1-— . 5.47
2]{;8',177 Y € 2]{;87,77 ( )

€ N

We also substitute (5.40) into the expressions of C). and D,., apply a Taylor expansion

at the point 1/7 = 0, and then obtain high SNR approximations for C, and D, as

2 € r 2 _
)i Vi (5.48)

=& o |

€
| 1 1—¢ NoT™
Dym——pt 4 (1 - n*) ;T ~ 2k = T (5.49)
rd T rd

With the high SNR approximations for €., C,. and D,, we can have the term [(1 —

& )C + ETD,,} be approximated as

2 2 2 2
1-6)C,+&D, ~ 2y Sl = (5.50)
(1-4&) ST Fa ' Ve
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and then obtain a high SNR approximation for the Chernoff bound on the BER as

L L
1 1 2 2 1 2 2
PDEPL ( i *1/2) - | | (, [ — + —) (5.51)
e T]L/Q—i—l kgq H kg /{Zrdn Nsd 1 Nsr Nrd

r=1

Remark 5.6. From the high SNR approximation (5.51), we can see that the DF relay
system achieves a diversity order greater than (L/2 + 1). This result is consistent with
[36, Theorem 1] for a DF relay system with BFSK modulation. In [36, Theorem 1],
the diversity order lower bound (L/2+ 1) is obtained through using the Bhattacharyya

upper bound on BER.

Remark 5.7. For a DF multiple relay system, we also can see from (5.51) that 7,
dominates the source-relay-destination transmission link, and 7,,.s have greater effects
on the end-to-end BER than 7),.4s. This matches with the result in Remark 5.5 for a DF

single relay system.

5.7 Error Performance for a Relay System With the SR
Protocol

For a relay system with the SR protocol, the destination receiver is an MRC receiver
as shown in (5.22). In this section, we will analyze the error probability of the MRC
receiver for the relay system working with the SR protocol.

According to the destination decision metric in (5.22) and the fact that the
decoding set D is a random set, the BER of the relay system with the SR protocol
is computed as

PSR = P(terZtr <03k = +1)

reD

_ Zp(ts +3 4, < 0|3k = +1,D> P(D), (5.52)

reD
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where the second equality follows from the total probability theorem, P(D) is the
probability of a particular decoding set D, and > _(-) represents the summation over all
D

the possible decoding sets.

5.7.1 Error Probability Conditioned on the Decoding Set

Conditioned on D being the decoding set, the CDF of (t; + >_t,) is given in (5.32).

reD
Thus, we can obtain the BER conditioned on the decoding set D as
P(ts+ZtT < 0|5[K] :+1,D) __Pp (5.53)
ap + Bp

reD

Although (5.53) is an exact expression of the conditional BER, we cannot see the
effects of decoding set and various system parameters on the conditional BER. In
the following, we develop a Chernoff bound on the conditional BER, which shows
explicitly the effects of decoding set and various system parameters.

By applying the Chernoff upper bound [86, Section 2.1.5] and the improved
Chernoff bound by a factor of two [99, Section 4.2.4], the conditional BER in (5.53)
can be upper bounded as

P(t+3 te < 03[k =+1,D) < %E[eds“% s =+1] [T E["™ |5k =+1,D].

reD reD

The characteristic function of ¢4 is already given in (5.44), and the characteristic

function of ¢, takes the similar form as the one of ¢,. The tightest upper bound on

5SR —

the conditional BER can be obtained by selecting —1/2, and given by

P(ts—thr <0] §[k]:+1,D> < %[1 - (?iﬁj)z} I1 [1 - ("ﬁp’“dﬂ. (5.54)
s r€D

reD 1 Nrd

In fact, (5.54) is equal to the BER Chernoff bound for nonidentical MISO channels
[100, Eq. (33)].
In the same way as in Eq. (5.40) in Section 5.6.1, we assume that the average

received SNRs remain in fixed proportion. By applying a Taylor expansion of the right
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hand side of (5.54) at the point 1/17 = 0, a high SNR approximation of the conditional
BER can be written as

P<t3+2tr <0 §[k]:+1,D) ~ %[(1 — 2+ nli ] I1 [(1 — P2+ n/i«d .

reD d= Lep

We further assume that the fading coefficients of all the transmission links change very
slowly, i.e., p;; = 1,ij € {sd,rd}. Then, the above high SNR approximation for the
conditional BER reduces to

P<t5+2tr <o\§[k]:+1,p) <1+u>| 2P~ ! H = (5.55)

reD

From above equation, we can see that the conditional BER has a diversity order of

(1+|D)).

5.7.2 Decoding Set Probability

We now consider P(D), the probability of a particular decoding set. Since all the
potential relays make their decisions independently, and the fading coefficients of the

links from the source to relays are also independent, we have

=[[P(reD)x [[ P(r ¢ D)

reD r¢D
=[[PtreD)x ] [1 - P(reD) (5.56)
reD r¢D

According to the relay selection criterion in (5.9) for the SR protocol, and the
instantaneous BER (5.7) at the r-th relay, the probability of the r-th relay belonging to

the decoding set D is computed as

P(reD)=Plell] <e€2] <€ ---,6[Nf <e)

= P(|ysr[0]| > Ysr, |ysr[1]| > Yoyt |ysr[Nf_1]| > ysr)
Ny

= P(lysr [0l > war) [T Pltr K]l > var | 1er [k =1]] > yer) . (5.57)
k=1
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where ys, = /No(nsr+ 1)/(wsrnsrpsr) erfc " (2¢), and erfc™'(-) represents the
inverse function of erfc(-).

Conditioned on x,[k] and z4[k—1], ys,[k] and ys,.[k—1] are correlated, zero-mean,
complex, Gaussian RVs. Then, |y, k]| and |ys, [k—1]| are bivariate Rayleigh distributed
[96, Ch. 6.1]. The power correlation coefficient, o,,., of the two Rayleigh distributed

amplitudes, |y, [k]| and |ys.[k—1]|, is given by [96, Section 6.1, Page 170]

B 13 ) |
T E(lyer K1) - E(yerk—112) (et D2

The bivariate Rayleigh CCDF is given by [96, Section 6.1], [101, Eq.(4)]

2
Y
P srk > Ysr, srk:_]- >Ysr) = €X (_ = )X
(|y K]l > ysrs s J y) p No(fe+ 1)

[1 - Ql(asrysm bsrysr) + Ql(bsrysra asrysr)] )

where Q)1 (-, -) is the first order Marcum Q-function, and

a = | K070 _ (20 (et 1) (5.58)
NO(nsr+ ]-) N()Tlsrpsr
2Wsp Ner Psr
bsy = Qsrr/ Osr = N 7 a4y (559)
¢ No(nsr+1)

Then, the conditional probability in (5.57) can be computed as

P(lys (K]l > yer | [ysr [k —=1]] > ysr) = P(‘ys’”[gl@ y[z’_‘?ff([f;l])’ > )

- 1 - Ql(asrysra bsrysr) + Ql (bsrysra asrysr)~ (560)

By substituting the conditional probability (5.60) into (5.57), the probability of the r-th

relay belonging to the decoding set D is expressed as
P(T S D) = e_ygr/[NO(nSH_l)] [1 - Ql(asrysra bsrysr) +Ql(bsrysr7 asrysr)} Nf_l- (561)

The Marcum Q-functions in the above equation do not indicate how the systems

parameters affect P(r € D). Hence, we derive an upper bound on P(r € D) as (see
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Appendix C for details)

1 1y P
P(r € D) < (2e) [ 4N 1)<agr+ﬁgn]_ (5.62)

When the fading coefficients change very slowly in time, ps. = 1, and the average
single-hop SNR 7 is very large, we can obtain a high SNR approximation for P(r € D)

by a Taylor expansion of the right hand side of (5.62) at the point 1 /5 = 0, i.e.,

In(2) Ny —1
P(reD)~1— —2/(9 / . .
(reD) ot ( +ksm+1> (5.63)

The above Taylor expansion ignores the terms containing higher orders of 1/7. Since
the largest term which has been ignored is positive, the upper bound (5.62) becomes
the approximation (5.62). Substituting (5.63) in to (5.56), we can obtain a high SNR
approximation for the decoding set probability as

In(z)r, , Np—1 I(3) (y, N1
PD)~ ] {1 ke 2+ Uksr—i—l}} " 1;119{ . o+ m»

reD

~ om0+ 35) s
ré

D kS?" nksr+ 1
Combining (5.55) and (5.64) into (5.52), we can obtain a high SNR approximation for

the BER of the relay system with SR protocol as

L
s ()" 1 [ i}—D' 1 L( Nf_1>
P prag dexg In(5) I;I)kdl;l[)k 24 1) 669

For a multiple relay system with L relays, there are 2% possible decoding sets. Hence,
it is difficult to obtain the exact BER for an arbitrary L. However, from (5.65), we can
explicitly see that the relay system with the SR protocol achieves a diversity order of

(L + 1) from the error probability perspective.

Remark 5.8. Although high SNR is assumed in (5.65), the instantaneous channel gain
still can be very small, and instantanous error probability also can be quite high. The

diversity order of (L + 1) means that the relay system with the SR protocol offers full
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diversity in the number of all the potential cooperating nodes, not just the number of
nodes that are transmitting to the destination. This result is consistent with the diversity

order shown from the outage probability perspective in [34,44].

5.8 Numerical Results

In this section, we present simulation results and numerical results for relay systems
that use DBPSK modulation and employ either the DF or SR protocol. The variances
of the fading coefficients are assigned using a path-loss model of the form afj X di’j‘l,
where d;; denotes the distance between nodes i and j. The quantity o2, is normalized
to one. The autocorrelation functions of the fading processes are assigned according to
Jake’s model, i.e., pi; = Jo(2m fpTy), Vij €{sd, sr,rd}L_,, where fp is the maximum
Doppler frequency and 7 is the sampling period which is equal to the bit interval.
Suppose that the total transmit energy is F, i.e., F = E, + Zle E,.. For simplicity,
we also assume that the source and all the relays have the same transmit energy per
bit, ie., s = E, = E/(L+1),¥r = 1,2,--- L. We compare the BER of a relay
system with that of a non-cooperative system which only has a direct link from the
source to the destination. For fair comparison, the transmitted energy per bit for the
non-cooperative system is selected to be £. In all the numerical results, we define SNR

as E'/Nj.
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Figure 5.2: Average BER of a DF single relay system for the case of fp = 75 Hz and
Ty =2 x 1071s (p;; = 0.9978).
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5.8 Numerical Results

In Figs. 5.2 and 5.3, we show the BER of single relay systems with the DF
protocol for various network geometries and fade rates. From the slopes of the BER
curves in Figs. 5.2 and 5.3, we can see clearly the diversity gains achieved by the relay
systems over the non-cooperative systems. It also can be observed that there are certain
shifts between the BER curves of the relay systems and that of the non-cooperative
system. These shifts correspond to power gains which combat path loss and depend
on the location of the relay. Furthermore, the exact BER curves of the PL detector
coincide with the simulation results of the nonlinear ML detector. Since the exact BER
(5.39) of the PL detector is in closed form and consists of only elementary functions,
it is convenient to estimate the BER of the ML detector by using the exact BER (5.39)
of the PL detector, rather than resorting to Monte Carlo simulations. The curves for
the BER approximation (5.42) at high SNR are also shown in Fig. 5.3. The BER
approximation (5.42) is very close to the exact BER when the SNR is greater than 12
dB.

To study the impacts of the location of the relay on the end-to-end BER for a DF
single relay system, we assume that the source, relay and destination are collinear, i.e.,
dsr + drq = dsq, and show the BER versus the distance ratio d,/dsq in Fig. 5.4. From
Fig. 5.4, we can see that the end-to-end BER is decreasing with d, /dsq when d, /dq
is small, and is increasing with d,./ds; when dg, /d, is large. It also can be observed
that, the end-to-end BER is minimized when the relay is closer to the source than the
destination, i.e., dy./dsg < 0.5. This means that to minimize the end-to-end BER, the
source-relay link received SNR 7, should be greater than the relay-destination link
received SNR 7,.4.

Fig. 5.5 presents the simulated BERs and the Chernoff bounds (5.45) for DF
multiple relay systems. We can see that the Chernoff bounds (5.45) have the same

slopes as the simulation results, although the Chernoff bounds are not very tight.
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Therefore, the Chernoff bounds still retain the diversity order in the BERs. In addition,
it is observed that the diversity benefit is increasing as the number of relays increases,
but the spectral efficiency is decreasing as the number of relays increases, since the
spectral efficiency is 1/(L + 1).

We compare the BER of the DF relay system with that of the SR relay system in
Fig 5.6. We can observe that for a single relay system, both the DF and SR protocols
achieve the same diversity order. However for a relay system with two relays, the DF
protocol only achieves the diversity order of a DF single relay system, whereas the SR
protocol achieves a diversity order of (L + 1). This can be interpreted as follows. For
the DF relay system, the ML and PL detectors only make use of the average BERs of

the source-relay transmission, while for the SR relay system, each relay makes use of
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the instantaneous BERSs instead of the average BER of the source-relay transmission
to perform selection. The average BER of the source-relay transmission cannot fully
characterize the reliability of the source-relay transmission. Therefore, the ML and
PL detectors in the DF relay system cannot achieve full diversity when the number of

relay nodes is greater than one.

5.9 Conclusion

In this chapter, we propose receiver designs and analyze error probabilities for DF and
SR multiple relay systems with DBPSK modulation. For a DF relay system, the ML

and PL detectors are derived, and they take account of the average BERs of all the
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source-relay transmissions. The BER of the PL detector is analyzed. For a DF single
relay system, the exact BER of a PL detector is obtained as a simple function of SNRs,
faded rates and channel statistics. Based on the exact BER, a BER approximation at
high SNR is derived. The BER approximation shows explicitly the diversity order
and the different effects of the source-relay link and the relay-destination link on the
end-to-end error probability. For a DF multiple relay system, a Chernoff upper bound
on the BER and a high SNR approximation for the BER are obtained. The PL detector
has lower complexity and can achieve a BER performance similar to that of the ML
detector. For a SR relay system, each relay computes the instantaneous BERs of the
source-relay transmission and use them to decide whether transmit to the destination or

remain silent. In this case, the ML receiver at the destination is the MRC receiver. We
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5.9 Conclusion

have also analyzed the error probability of the SR multiple relay system at high SNR,
and have shown that the diversity order is the number of all the potential cooperating

nodes.
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Chapter 6

Conclusions and Future Work

6.1 Conclusions

A multiple antenna system, because of its space diversity and spectral efficiency, is one
of the most favorable solutions in numerous wireless applications. Multiple antennas
have been used in both point-to-point MIMO systems and cooperative relay systems.
In a point-to-point MIMO system, all the transmit antennas are collocated at the same
transmitter, and they have perfect knowledge of what the other transmit antennas
transmit, so they can fully collaborate to improve transmissions; Similarly, the receive
antennas are collocated at the same receiver, and they have perfect knowledge of what
the other receive antennas receive, so they can fully collaborate to improve receptions.
Whereas a relay system benefits from space diversity by using multiple terminals as a
virtual antenna array. The cooperative relay systems are fundamentally different from
the point-to-point MIMO systems, because information is not a priori known to the
cooperating relays and needs to be communicated over fading and noisy links. In this
dissertation, we have studied performance limits of point-to-point MIMO systems and
cooperative transmission strategies for cooperative relay system.

The MI of a MIMO system in a fading environment is an important information
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theoretical performance measure. We have studied the statistical distribution of the
MI under a Rician fading environment through studying the PDF and CCDF of the
determinant and trace of a noncentral complex Wishart matrix. While the trace of
a noncentral complex Wishart matrix is distributed as a noncentral chi-square RV,
the determinant is distributed as a product of independent noncentral chi-square RVs.
Then, by making use of the Mellin transform, we have obtained the PDF and CCDF
of the determinant of a noncentral complex Wishart matrix. Finally, some tight lower
and upper bounds on the CCDF of the MI are derived. Compared with existing results,
the bounds derived in this dissertation are not only given in closed forms, but are also
readily applicable to the evaluation of the outage probability with sufficiently high
accuracy. In addition, all the results can be reduced to the case of Rayleigh fading.
For a cooperative relay system, one objective of this dissertation is to derive
the outage probability and the ergodic rate of the DF relay system in a Rayleigh
fading environment. Based on the outage probability and ergodic rate, this dissertation
proposes an outage-optimal transmission strategy in order to minimize the outage
probability, and an ergodic-optimal transmission strategy in order to maximize the
ergodic rate. To the best of our knowledge, the outage probability or the ergodic rate
of the DF relay system in a Rayleigh fading environment for an arbitrary correlation
coefficient between the transmit signals from the source and relay are not available
in the literature, because of the complexity of the information rate. Using a new
approach that rewrites the information rate in terms of a Hermitian quadratic form,
we have derived the outage probability and ergodic rate for an arbitrary correlation
coefficient of the transmit signals from the source and relay. When the fading process
is non-ergodic, with the outage probability we obtained, we can measure the tradeoff
between transmission rate and reliability. When the fading process is ergodic, one

can transmit with vanishing errors at a rate equal to the ergodic rate we obtained. We
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have discovered a quite interesting finding that even though the information rate is
a function of the correlation coefficient of the transmit signals from the source and
relay, the outage probability and the ergodic rate only depend on the magnitude of the
correlation coefficient, but are independent of the phase of the correlation coefficient.
The independence is due to the uniform distribution of the phases of the channel gains
in Rayleigh fading environments. This finding is significant because it can guide
the design of transmission strategies at the source and relay. When one designs the
correlation coefficient of the transmit signals from the source and relay, one only needs
to design the magnitude of the correlation coefficient, and do not need to take the phase
of the correlation coefficient into account, since the phase does not have any effects on
the outage probability or the ergodic rate. We have also derived the outage-optimal
transmission strategy in which the outage-optimal correlation coefficient generally
depends on the second order statistics of the three transmission links, the transmit
power and the rate threshold. When the rate threshold is less than a certain value, we
have found that the outage-optimal correlation coefficient is zero irrespective of the
statistics of the transmission links and the transmit power. The outage-optimal power
allocation depends on the second order statistics of the three transmission links and
the rate threshold. We have also found that the source should always be allocated
more power than the relay. Furthermore, it has been shown for the first time that the
ergodic rate is a monotonically decreasing function of the correlation coefficient of the
transmit signals from the source and relay, and hence the ergodic rate is maximized
when the correlation coefficient is zero, regardless of the channel statistics and the
transmit power. We have also shown that it is not always beneficial to use the relay,
and the ergodic-optimal power allocation depends on the second order statistics of the
three transmission links. These transmission strategies can greatly improve the ergodic

rate.
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Moreover, we have also extended the outage probability of the DF relay system
in a Rayleigh fading environment to the ones in a Rician fading environment. The
extension to the Rician fading environment is not straightforward due to the noncentral
property of Rician fading. We have derived an analytical expression for the outage
probability in terms of a single integral. Moreover, we have provided a geometric
interpretation of the outage probability, and obtain an upper bound and a lower
bound on the outage probability based on the geometric interpretation. These bounds
can work fairly well to approximate the outage probability. When the channel
statistics are known to the source and relay, we used numerical methods to obtain
the optimal correlation coefficient of the signals transmitted from the source and relay
that minimizes the outage probability. For large values of Rice factors, the optimal
correlation coefficient is not necessarily zero, but instead, depends on SNRs, Rice
factors and variances of the channels, and the target transmission rate.

This dissertation also studies cooperative relay systems from an end-to-end
performance perspective. A parallel relay system with differential modulation is
considered for the DF protocol or the SR protocol. For the DF protocol, the destination
performs ML or PL detections which take account of the average error probabilities
at relays and the channel statistics. For a DF single relay system, we have derived
the exact BER and its approximation at high SNRs. The exact BER is a simple
function of the SNRs, the variances and fade rates of all the transmission links. The
BER approximation at high SNR explicitly shows the diversity order and the different
effects of the source-relay link and the relay-destination link on the end-to-end error
performance. Moreover, for a DF multiple relay system, a Chernoff upper bound
on the BER and a high SNR approximation for the BER are obtained. With the
same total power constraint, the DF relay with differential modulation outperforms

a non-cooperative system which only has a direct link and performs ML detection with
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the same differential modulation. For the SR protocol, the complexity is shifted from
the destination to the relays, and the relays make decisions on whether to transmit or
remain silent according to certain instantaneous error probabilities that also need to be
computed at each relay. The ML receiver at the destination is an simple MRC receiver.
It is revealed that the SR protocol offers a space diversity order of the number of all the

potential nodes, not just the number of nodes that are transmitting to the destination.

6.2 Future Work

6.2.1 Effects of Channel Estimation Errors on Relay Systems

In Chapters 2-4 of this dissertation, it is assumed that the CSI is perfectly known at
the corresponding receivers. Usually, the CSI is obtained by channel estimation. In
practice, the estimation of CSI at the receivers may not be accurate, although the
estimation error can be very small when a large number of pilot signals are sent.
In the classic relay system, there are three transmission links, each of which may
have a channel estimation error. The effects of these channel estimation errors on the
outage probability and the ergodic rate need to be studied. To employ outage-optimal
or ergodic-optimal spatial power allocations proposed in Chapter 3, the second-order
statistics of all the three transmission links need to be known at the transmitters at the
source and relay. It is assumed in this dissertation that the second-order statistics are
perfectly known at the transmitters. However, in practice, the statistics of the fading
links are estimated by receivers, and then fed back to transmitters. The feedback from
receivers to transmitters may have some errors, although the feedback errors can be
very small since the statistics of the transmission links vary quite slowly. We can take
the both channel estimation errors and the feedback errors into account in designing

the outage-optimal and ergodic-optimal transmission strategies.
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6.2.2 Extension of the Classic Relay System to a Multiple Relay

System

One possible application of the outage-optimal and ergodic-optimal transmission
strategies proposed in this study is to use them as design criteria for the transmit
signals from the source and relay. The optimal correlation coefficient could be used
to find optimal codebooks with this correlation coefficient. Further study is needed to
extend the system with one relay to the system with multiple relays by using the same

approach in this study.

6.2.3 Decision-Feedback Channel Estimation Receiver

In Chapter 5, we have employed differential modulation in the parallel relay system. A
decision-feedback channel estimation receiver [102] may be employed at all the relays
and the destination. In this case, the error probability performance may be improved

compared to differential modulation.

6.2.4 Optimal Receiver and Error Probability Analysis for

Non-coherent AF Relay systems

Because of the multiplicative operation at the relay node in a AF relay system, the
noise at the destination is no longer Gaussian distributed for a non-coherent AF relay
system. A near-ML detector and a diversity combining detector were proposed in our
previous work [103]. The error probability for these receivers in [103] needs to be

analyzed.
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Appendix A

Proof of the Inequality (2.24)

In this appendix, we present the proof of the inequality (2.24)

T rexp(—x— Y lexp (— ¥
/Oxexp( x x)den.eXp( n)

fory >0andn=1,2,3,---.
Proof. Consider the function

g(y)z/wx”eXp(—x—ngg)dx. (A.1)
0

T n

The first derivative of g(y) is

Jd(y) = lexp(y)[/Ooox"exp(—x—%)dm—n/oooxn_lexp(—x—%)dm]

n n

1 oy
= —ybel [2\/§K1+n(2\/§) . QnKn(2\/§)] (A2)

where K, (z) is the modified Bessel function of the second kind. By applying the
recursion formula for K, (z) [104, p.982] 2K, _1(x) — K, 41(x) = —2nK,(x) to
(A.2), the first derivative of g(y) can expressed as

2n+1£
n

J ) = Sy re K, 1(2y/y) > 0. (A.3)

Because ¢'(y) > 0 and g(0) = n!, we have g(y) > n!l. Therefore exp(—y/n)g(y) >

n!exp(—y/n), that is

T rep(—x— Y lexp (— ¥
/Oxexp( x x)dxzn.exp( n)
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A. Proof of the Inequality (2.24)

for y > 0 and n € N. The inequality holds.
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Appendix B

Proof of Theorem 3.4

Proof. If condition (3.28) is satisfied, we have min(n2,, 7%,)/|Nsa — Mral > Nsalrd/Nsr-

Since 3%/(ac — () is monotonically increasing in u € [0,1] and is in the range

[0, min(n2;, %)/ |nsa — 14|, there exists a unique p € [0, 1], namely 44, such that
Nsara/Nsr — 32/(ac — 3) = 0 (which is equivalent to ax — 8 = 0). By solving

ak — 3 =0, we obtain j; as

S _I_ T S T 2 S T
u1:_2(77d 77d+77d;7d>+<nsd+md+ 77d77d>><
Nsr sT Nsr
1 S + T S T
(Ud 77d+77d;7d>‘ (B.1)
NsdMrd Nsr MNsr

It is clear that ak — 3 > 0 for € [0, /1], and ax — 3 < O for pp € (p, 1].
According to Lemma 3.2, for any p € [0, 1], g(R) > 0 when R > 0. It is thus easy to
see that F(y, v, R) is an increasing function of i € [0, 1] for any R > 0. Thus, we
now focus on the case of p € (1, 1].

a) For i1 € (u, 1], ak — B < 0. According to Lemma 3.3, g(R) has a unique
positive root R,, i.e., g(R,) = 0, but it is not mathematically tractable to obtain an
analytical expression of Rg. It also should be noted that }N%g depends on p which is

actually the parameter we attempt to optimize. Hence, we turn to derive a lower bound

of Rg, which is independent of p. To do that, we first check the quadratic equation
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B. Proof of Theorem 3.4

¢'(R) = 0, whose roots can be easily calculated. It can be observed from (3.21) that
in this case ¢’(R) has only one positive root R,, such that ¢'(R) > 0 for R € [0, R,],
and otherwise ¢’ (R) < 0. It implies g(R) > g(0) = 0 for R € (0, R,) and R, < R,.
Although R, still depends on 4, we can readily find a p-independent lower bound for

Rs as follows:

; (a+B)(Ex +ab) _ (a+ F)(Ek+ap)

RS>_(aﬁ—ﬁ)(ﬁli+o¢) - af
> (a+ ﬁ)(o‘nf +1) =R, (B.2)

where the first inequality follows from the fact that ¢’( R) has one negative root, and its
positive root R, must be greater than the sum of its two roots. Thus, we conclude that
R, > R, > Ry. It implies that Fr(u, v, R) is an increasing function of 11 € (u1, 1] for
any R € [0, Ro]. This, along with the previous claim that Fjp(u, v, R) is an increasing
function of 1 € [0, y11] for any R € [0, 00), concludes that Fir(p, v, R) is an increasing
function of ;1 € [0,1] for all R € [0, Ry]. The optimal value of 1 is one for any
R € [0, Ry), where Ry = log,(1 4+ Ry).

b) For it € (11, 1] and a fixed R, we first investigate the monotonicity of ¢ in
(3.18) with respect to p. Through some long but straightforward calculations, we

obtain the derivative of ¢ as

09 nsatvd(Nsd + Nra) Rla(u)F
M (a—B)[(Br+a)k+¢]”

R+ b(p)], (B.3)

(a _ 5)2 (042 +52>2
2 _|_ 2 )
(7757"“) nsrnsdnrd(nsd + nrd),u
(nsd + an)2 + 042 + 62 (nsd + nrd) (042 + 52)

b(p) = -

Nsr b (Oé - 6)2

a(p) =1+

It is straightforward to check that both a(y) and b(p) are decreasing functions. Since

a(p) > 0, the ratio —b(u)/a(p) is increasing in p, i.e., —b(u)/a(p) < —b(1)/a(1).
Define R; := —b(1)/a(1), which can be written as (3.25). It is clear from (B.3) that
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B. Proof of Theorem 3.4

d¢/0p < 0 for any R € [max{0, R}, o0). Thus, ¢ is decreasing in 1 € (uy, 1] for a
fixed r > max{0, Rl} This, along with the fact that e~ R(/B=1/0) jg increasing in f,
implies that G (y, v, R) is a decreasing function of 1 € (11, 1] for any > max{0, Ry }.
Define R as in (3.26). Since (3.28) is satisfied, Ry > 0. It is easy to check that
G(1,v, R) < 0 for R > R,. Define R, := maX{O,Rl,fig} = maX{Rl,RQ}. Since
G(p1,v, R) > 0,G(1,v, R) < 0,and G(u, v, R) is a decreasing function of y1 € (i1, 1]
for any R € [R., o0), there exists a unique ji, € (y1,1) such that G(u,, v, R) = 0 for
afixed R € [R,, o). It implies that for a fixed R € [R., o0), Fr(u, v, R) is increasing

in u € (0, o), and decreasing in p € (u,, 1]. Hence, the optimal p is f,. O
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Appendix C

Approximation of the Decoding Set
Probability P(r € D)

Since the first order Marcum Q-function satisfies the identity (1(a,b) + Q1(b,a) =
1 + exp[—(a® + b?)/2]Iy(ab), we can obtain

1— Ql(asrysh bsrysr) + Ql (bsrysr7 asrysr)

az, + b3,
Ty§r> ]0(as7‘bs7‘y§r)' (Cl)

According to the inequalities [105, Eq.(B.1) and (29a)], we can upper bound the right
hand side of (C.1) as

= 2Ql(bsrysra asrysr) — CXD ( -

az, + b3,
2Ql(bsrysra asrysr)_ €xXp < - Ty;) IO(a'srbsrygr)
< exp {—2(1 — sin|f])[erfc"(2¢)]*} (C.2)
where 6 satisfies the following equation
1—cosf _ajys, nops (©3)
L+cos®  b2y2 — (ne +1)% '
and hence we can compute sin |6 as
2 ST ]‘ ST IMSr
sin |9 = 2 = Drtsrp (C.4)

(Msr +1)2 + 0203,
Combining (C.2) and (C.4) into (C.1), we can obtain

1 - Ql(asrysrabsrysr) + Ql(bsrysra asrysr)

(7757" + 11— nsrpsr)2 —1 2}
<expl —2 erfc™ " (2¢ . C.5
= { (s +1)2 + nirpir[ (2¢)) (>
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C. Approximation of the Decoding Set Probability P(r € D)

With (C.5) and (5.61), we can develop an upper bound on P(r € D) as

Plr € D) < oxp {_ {; LN, — 1) (et 1 — nsrpsr)T [erfc_1(2€>]2}

wsrnsrpsr (7757“+ 1)2 + ngrpzr
1 2
=< —|—— +4(Ny -1 $}erfc_12 2}. C.6
{ [wsmsmsr (s )(O@T +03) | (2e) (€0

Since erfc(z) < exp(—2?), we have erfc ' (x) > +/—Inz, and hence, we can the
above upper bound be simplified to

P(reD) <exp { [; + 4(Ny — 1)%} 1n(26)}

WsrMsrPsr (a?r + s

+A(N;—1)

[ 1 B2y }
— (26) WsrNsrPsr (a2,.4+82.) . (C.7)
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