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Compressible Navier-Stokes System and Related Topics

Abstract

In this thesis, we study the compressible Navier-Stokes equations for quantum
fluids. First, we will introduce a derivation of quantum Navier-Stokes equations
from a Wigner-BGK model by a moment method and a Chapman-Enskog expan-
sion around the quantum equilibrium. Secondly, we will prove the global-in-time
existence of weak solutions to barotropic quantum Navier-Stokes equations in a
two or three-dimensional torus for finite energy initial data. It is an improvemen-
t of the result by Jiingel [Global weak solutions to compressibie Navier-Stokes
equations for quantum fluids, STAM J. Math. Anal., 42(2010), no.3, pp.1025—
1045], where the restriction “the viscosity constant must be smaller than the
scaled Planck constant” can be removed here after we get a new energy estimate.
Also, the result holds for more general external forces. Finally, we will show the
global existence and large time behavior of weak solutions to the compressible

Navier-Stokes-Poisson equations for quantum fluids in a two-dimensional torus.
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Introduction

The motion of fluids can be described through a system of partial differential

equations. One important system is compressible Navier-Stokes equations:

pe + div(pu) =0,

(pu); + div(pu ® u) + VP = divS, (0.1)

(pE); + div(puE + uP) = div(kV0) + div(uS),
which express the fundamental physical laws in continuum mechanics: the con-
servation of mass, momentum and energy. In (0.1), p and u are the density and
velocity of the fluid respectively. The total energy E is given by E = %|u|2 +e,
where e is the internal energy. P = P(p,e) is the pressure. ¢ is the temperature,
k = k() > 0 is the thermal conductivity, and S is the shear stress tensor with
the form

S = u(Vu + V'u) + A(divu)l,

where I is the d x d identity matrix, u and A are the Lamé viscosity coefficients

satisfying the following physical constraints
uw>0, 2u+di > 0.

The relation among p, P,0 and e is given by the equations of state for the fluid
concerned and the second law of thermodynamics.
The full Navier-Stokes equations (0.1) has been investigated by many math-

ematicians in a large variety of contexts, such as the earlier work by Kazhikhov

3
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and Shelukhin [36], the global existence in one-dimensional case by Hoff (20, 22]
for small initial data. Chen, Hoff and Trivisa [8] gave the time-independent es-
timates for large discontinuous initial data. For the multi-dimensional system,
Matsumura and Nishida [42] first obtained the global classical solutions for ini-
tial data close to a non-vacuum equilibrium. Later, Hoff [24] proved a global
existence result with small, discontinuous initial data. In the case that the den-
sity is allowed to vanish initially, Feireisl [16,17] showed the global existence
of weak solutions in sense that the energy inequality instead of energy equality
holds, under some constrains on P, provided vy > g His proof based on the
work by Lions [39], which showed the existence of weak solutions.to the isentrop-
ic Navier-Stokes equations. Concerning the full Navier-Stokes equations with
vacuum states, Cho and Kim [9] constructed a local strong solution, as long as a
suitable compatibility condition is satisfied initially. Recently, in one-dimensional
case under special pressure, viscosity and heat conductivity, Wen and Zhu [51]

obtained a uniqueness global classical solution with large initial data and vacuum.

If neglecting both heat conduction and dissipation of mechanical energy, we

obtain the following isentropic compressible Navier-Stokes equations:

pe + div(pu) =0,

(0.2)
(pu); + div(pu ® u) + VP — pAu — (A + p)Vdive = 0,

where P(p) = Ap” with A >0, v> 1.

The behavior of the solution to (0.2) is closely related to our real world, which
displays an amazing range of phenomena, from ordinary patterns to turbulent
states. An important feature of (0.2) is that it is a couple hyperbolic-parabolic
system for non-vacuum region and maybe degenerate in the presence of vacuum.
There are huge literatures to (0.2). Since it is difficult to deal with vacuum,
the first results were obtained with initial data bounded away from zero. The

existence of global in time solutions for Navier-Stokes equations was first ad-
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dressed in dimension one for sufficient smooth initial data by Kazhikhov and
Shelukhin [36], and for discontinuous initial data by Serre [45,46] and Hoff [19].
The two-dimensional case was done by Vaigant and Kazhikhov [50] for large ini-
tial data and special viscosity coefficients (still in the case away from vacuum).
For higher-dimensional case, the local existence and uniqueness of classical so-
lutions are known in [44,47] in the absence of vacuum. In 1983, Matsumura
and Nishida [42] obtained the global classical solutions for initial data close to
a non-vacuum equilibrium in some Sobolev space H*® with arbitrary large s. In
particular, the theory requires that the solution has small oscillations from a uni-
form non-vacuum state so that the density is strictly away from the vacuum and
the gradient of the density remains bounded uniformly in time. This result was
generalized to discontinuous data by Hoff in a series of papers (See [19,21,23]).
Later, Duanchin [12] obtained the existence and uniqueness of global solutions in

a functional space invariant by the nature scaling of associated equations.

Concerning arbitrary initial data that may vanish, the major breakthrough is
due to Lions [39], where he showed the existence of global in time weak solutions
provided that the specific heat ratio v is appropriately large (y > %, d=2,3).
The restriction of v is to show the existence of renormalized solutions introduced
by DiPerna and Lions [14]. This result was improved later by Feireisl [16] for
N> g Other results provide the full range v > 1 under symmetry assump-
tions, see [28,48] for instance. Recently, under the additional assumption that
the viscosity coefficients p and A satisfy p > ﬁlax{4A, —A}, and if the far field
density is away from vacuum, Hoff [25] obtained a new type of global weak solu-
tions with small energy. Such weak solutions have extra regularity information
compared with those large weak ones constructed by Lions [39] and Feireis] [16].
Note that here the weak solutions may contain vacuum though the spatial mea-

sure of the set of vacuum has to be small. For strong solutions with the initial
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density allowing vacuum, it was shown by Cho, Choe and Kim in [9] that the
system (0.2) admits a local strong solution as long as the initial data satisfies a
suitable compatibility condition. Moreover, Kim and Choe [11] obtained a local
classical solution in a bounded or unbounded domain of R®, where the initial
density does not need to be bounded away from vacuum. Very recently, Huang,
Li and Xin [26] established the global existence and uniqueness of classical so-
lutions to the three-dimensional Cauchy problem for (0.2). Note that the initial
density is allowed to vanish and the spatial measure of the set of vacuum can be
arbitrarily large, in particular, the initial density can even have cqmpact support.
This result generalizes previous results on classical solutions for initial densities
being strictly away from vacuum, and is the first result for global classical solu-
tions which may have large oscillations and can contain vacuum states. Later,
for the two-dimensional case, Luo in her Ph.D thesis [41] showed that for spher-
ically symmetric case, the local smooth solution (p,u) € C*([0,T]; H®) (s > 3)

to (0.2) has to blow up in finite time with initial density having compact support.

It is noted that, in dealing with large amplitude solutions, one has to face
the possible appearance of a vacuum state. However, as observed in [21, 38,
52], the compressible Navier-Stokes equations with constant viscosity coefficients
(i.e.(0.2)) behave singularly in the presence of vacuum. So in order to understand
the behavior of fluids near vacuum, one can choose an alternative system of (0.2).
As presented in [38], in deriving the compressible Navier-Stokes equations from
the Boltzmann equations by the Chapman-Enskog expansions, the viscosity de-
pends on the temperature, and for isentropic cases, this dependence is translated
to the dependence of the density by the law of Boyle and Gay-Lussac for ideal
gas. So we can modified (0.2) to the following density-dependent system:

pe + div(pu) =0,

0.3
(pu)¢ + div(pu ® u) + VP — 2div(u(p)D(u)) — V(A(p)diyu) =0 6=)
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In geophysical flows, many mathematical models correspond to (0.3) (see
[1,2,32]). In particular, the viscous Saint-Venant system for shallow water is
expressed exactly as (0.3) with d = 2,u(p) = p,A(p) = 0, and v = 2. Shallow
water equations are to describe vertically averaged flows in three-dimensional
shallow domains in term of the mean velocity u and the variation of the depth p
due to the free surface, which is widely used in geophysical flows. Global smooth
solutions for data close to equilibrium were established in [49], and related topics
have been extensively studied in [1,2], and the references therein. Nevertheless,
little is known about the global existence of weak solutions for large data to the
shallow water equations or more generally to the multi-dimensional compress-
ible Navier-Stokes equations (0.3) (d = 2, 3). In fact, the system (0.3) is highly
degenerate at vacuum and when dealing with vanishing viscosity coefficients on
vacuum, the velocity cannot even be defined when the density vanishes, and hence

we will have no uniform estimates for the velocity.

For one-dimensional compressible Navier-Stokes equations (0.3) with u(p) =
p% Xp) = 0(a € (0,1)), there is much literature on the well-posedness theory of
the solutions (see [29,30,36,38,53-55], and the references therein). In particular,
initial boundary value problems for one-dimensional (0.3) with u(p) = p*, A(p) =
0(a > %), were studied by Li, Li, and Xin in [37], and interesting phenomena of
vacuum vanishing and blowup of solutions were found there. When it comes to
multi-dimensional case, Bresch, Desjardins and Lin in [1] showed the L' stability
of weak solutions for the Korteweg system (u(p) = vp, A =0 with the Korteweg
stress tensor kpVAp), and their result was later improved in [2] to include the
case of vanishing capillarity (k = 0) but with an additional quadratic friction

term 7plu|u. Under the additional constraint on the viscosity coefficients that

A(p) = 2(pi (p) — 1)), (0.4)

an interesting new entropy estimate is established in [1], which provides some high
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regularity for the density. Adding the constraint (0.4), Mellet and Vasseur [43]
proved the L' stability of weak solutions of the system (0.3) based on the new
entropy estimate, extending the corresponding L} stability results of [1,2] to the
case r = k = 0. Recently, Guo, Jiu and Xin [18] showed the existence of spheri-

cally symmetric solutions to (0.3) adding the constraint (0.4).

There is a related model for quantum fluids, called compressible quantum

Navier-Stokes system, which reads as

pe + div(pu) = 0,

(pu); + div(pu ® u) + VP(p) — 262pV (%) — 2udiv(pD(u)) = pf.
(0.5)

This system consists of the mass equation and the momentum equation including
NV,
N7

coefficients p(p) = vp, A=0. p, u are the particle density and particle velocity of

a third-order quantum term —2¢2pV ( ) with density-dependent viscosity
the quantum fluid respectively. The function P(p) is the pressure, and f describes
external forces. The physical parameters are the (scaled) Planck constant € > 0
and the viscosity constant v > 0. The system is derived from a Wigner equation,
and there are many different derivations, such as [6,34,35]. In Chapter 2, we
will introduce a derivation by using a moment method and a Chapman-Enskog
expansion around the quantum equilibrium. Recently, there are some results on
the existence of global solutions to the system (0.5). The existence of global-
in-time classical solutions in one-dimensional case has been shown in [31] under
the assumption € = v. For multi-dimensional case, Jiingel [32] obtained the the
global-in-time existence of weak solutions to (0.5) in a two or three-dimensional
torus for large data. The main idea of the existence analysis is to reformulate the

quantum Navier-Stokes equations (0.5) by means of a so-called effective velocity

w = u+vVlogp,
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leading to a viscous qua.ﬁtum Euler system

pe + div(pw) = vAp,
(pw); + div(pw ® w) + VP(p) + 2(v* — €°)pV (%) — vA(pw) = pf,
: (0.6)
The advantage of the new formulation (0.6) is that we can apply the maximum
principle to the parabolic equation to deduce strict positivity of the density p if
the initial density py is strictly positive and the velocity w is smooth. The global
existence of weak solutions to the viscous quantum Euler model (0.6) is shown by
using the Faedo-Galerkin method and weak compactness techniques. However, it
needs the restriction that € > v. The case e = v ié treated in [15] by performing
the semiclassical limit (¢ — v) — 0, and Jiang [27] treated the remaining case
€ < v based on an estimate given in [15]. In Chapter 3 of this thesis, we will
show the global existence of weak solutions to (0.5) for any &, > 0, where we

get a new energy estimate, and do not need to compare £ with v.

The thesis is organized as follows. In Chapter 1, we give some useful inequal-
ities and fundamental lemmas which will be used in the thesis. In Chapter 2,
we sketch a derivation of the compressible quantum Navier-Stokes model from
a Wigner-BGK model by a moment method and a Chapman-Enskog expansion
around the quantum equilibrium which is shown in [34]. In Chapter 3, we prove
the global-in-time existence of weak solutions to barotropic Navier-Stokes equa-
tions in a two or three-dimensional torus for finite energy initial data. First,
we reformulate the quantum Navier-Stokes equations to a viscous quantum Euler
system, which has some advantages; next, we construct the approximate solution-
s by using the Faedo-Galerkin method and obtain an energy estimate, which is
crucial to the thesis; finally, we get thé weak solutions by weak compactness tech-
niques. It is an improvement of the result in [32] since we can ignore the constraint

€ > v, this is possible due to a new energy estimate which is different from the
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one in [32]. Chapter 4 is concerned with the compressible Navier-Stokes-Poisson
equations for quantum fluids, where we show the global existence and large time
asymptotic behavior of weak solutions in a two-dimensional torus. Finally, some

comments about my following work are given in Chapter 5.



Chapter 1

Preliminaries

In this chapter, we will give some notations and recall some useful inequalities

and fundamental lemmas to be used in the thesis.

1.1 Notations and function spaces

In this thesis, C is always an unspecified constant that may vary from line to
line. If C depends on some special parameters 1, - - -, zx, we write C(zy, - - -, z3,).

For vector-valued functions u = (uy, ug, -+, ug),v = (v1,v2, -, v4) of R, define

d
URQU= {’Lti'Uj}dxd, Vu: Vo= Z ai‘Ujaivj,

1,j=1

and

_ (Vu) + (Vu)T'

d
(u-Vv= Zu,@,—v, D(u) 5

i=1

LP(Q), W*P(Q)(1 < p < +00) are the usual Sobolev spaces, which are e-
quipped with the norm || - ||z» and || - ||y respectively. [LP(Q)]¢, [W*P(Q)]¢ are
the corresponding Sobolev spaces with elements being vector-valued functions. In

many cases, we do not distinguish the vector-valued functions and scalar-valued

functions very strictly. In particular, denote W*?(Q) by H*(Q). (H*(Q))* stands

11
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for the dural space of H*(Q).

Let X denote a real Banach space, with norm || - ||. The space L?(0,T; X)

consists of all strongly measurable functions u : [0,7] — X with

T :
lullzeo.r,x) = (/0 IIU(t)II”dt) < 00,
The space C([0,T]; X) consists of all continuous u : [0,7] — X with

vy = t)| < 3
Iullcwr = ma [(®)] < oo

1.2 Some useful inequalities

We first introduce the Young’s inequality.

1
Theorem 1.2.1 (Young’s inequality) Let 1 < p,q < oo, l+ — = 1. For any
p q

positive number a and b, it holds that

The Young’s inequality yields immediately the following well-known Hélder’s

inequality.

Theorem 1.2.2 (Holder’s inequality) Given Q an arbitrary domain in R
el
Assume 1 < p,q < o0, » + q =1. Ifue LP(Q), v € LY(R), then we have

| tuslds < sy - olloco
Thus the interpolation inequality is shown.

Theorem 1.2.3 (Interpolation inequality) Assume 1 < s,7,t < oo and

1 6 1-6

T

s {

Suppose u € L*(2) N L*(Q). Then u € L"(Q), and

sl < el - 328y (1.2.1)

12
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One more general of the interpolation inequality is the following one.

Theorem 1.2.4 (Gagliardo-Nirenberg inequality) Let §) be a C*' domain,
m €N, 1< p,q,7 < oo. Then there exists a constant C > 0 such that for all
u€ W™I(Q)N L' (Q), it holds that

1DPullzo() < Cllullfymagey - el oy

where 0 < || <m, 6 € [|B|/m,1) and

B 1, (m 1\ . .1
7‘5‘9<d q) =

The interpolation inequality is closely related to the Sobolev embedding the-

orem.

Theorem 1.2.5 (Sobolev embedding theorem) Let 2 be a C™' bounded do-
main in R%. Then,

(1) if kp < d, the space W*?(Q) is continuously embedded in L?" (), p* =
dp/(d — kp), and compactly embedded in LY(Q) for any q < p*;

(2)if0<m< k- g < m+1, the space WhP (2) is continuously embedded
in C™P(Q) for any B < a.

For functions in W'?(Q) with some special homogeneous properties, there are

Poincaré’s inequalities.

Theorem 1.2.6 (Poincaré’s inequalities) Let (2 be a bounded, connected open
subset of R with a C* boundary 8. Assume 1 < p < 0. Then for each function

u € W'P(Q), then there exists a constant C, depending only on d, p, 2, such that
le — (Wallzr) < ClIVul|ze(e),

where (u)q =average of u over ).
For each u € Wol”’ (), there exists a constant C, depending only on d,p,Q,
such that
lullzo@) < ClIVull o).
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The following famous Gronwall’s Lemma will be used frequently in this thesis.

Theorem 1.2.7 (Gronwall’s Lemma)
a) (Differential Version) Let us assume h,r are integrable on (a,b) and nonneg-
ative a.e. in (a,b). Further assume that y € C([a,b]) and ¥ < L'(a,b) and that

the following inequality is satisfied:

Y (t) < h(t) + r(t)y(t) for a.a.t € (a,b).

Then

y(t) < [y(a) + /at h(s) exp (— /as T(T)dT) ds] exp (/atr(s)as) , t€[a,b)].

b) (Integral Form) Let us assume h is continuous on [a,b], r is integrable on
(a,b) and nonnegative a.e. in (a,b). Further assume that y € C([a,b]) satisfies

the following inequality:

y(t) < h(t) + /t r(s)y(s)ds for a.a.t € (a,b).

) < h(t / h(s)r(s)exp </ (T)dT) ds, t € [a,b].

¢) (Local Version) Let T, o, co > 0 be given constants and let h € L(0,T) with
h >0 a.e. in [0,T], for nonnegative function y € C*([0,T)) satisfy

Then

y'(t) < h(t) + coy(t)'** for a.a. t € (0,T).
Let ty € [0, T be such that acoH (t0)*ty < 1, where

H(t) = f(0) + /0 t h(s)ds.

Then for all t € [0,1o] there holds

£(t) < H(t) + H(t) ((1 — acH(t)*t)"% — 1) .
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Next, we will show two inequalities (see [32, 33]), which are important in the
thesis.

Theorem 1.2.8 Let f be a strictly positive function on T¢ (d = 1) such that
V'f € H(T% N L™(T%), then the following inequalities hold:

d
[ 119108 1o > Foag [V (1.22)
64d
/f2]v2logf|2d (z+216/ IVV/F|da (1.2.3)

1.3 Fundamental lemmas

Finally, we introduce some lemmas which will be used in the thesis.

Theorem 1.3.1 (Banach fixed point theorem) Let U be a complete subset

of a normed space X, and let A: U — U be a contraction operator. Then A has

a unique fized point.

Theorem 1.3.2 (Aubin-Lions lemma) Assume X ==Y — Z, where X,Z

are reflexive Banach spaces, X is dense in Y. Set
W ={ue L*(0,T;X),u, € LY0,T; Z), 1 < p,q < oo}.

Then W —— LP(0,T;Y).



Chapter 2

Compressible Navier-Stokes

Equations for Quantum Fluids

In this chapter, we will sketch a derivation of the compressible quantum
Navier-Stokes equations from a Wigner-BGK model by a moment method and
a Chapman-Enskog expansion around the quantum equilibrium which is shown

in [34].

16
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2.1 Background

A quantum fluid is a many-particle system in whose behavior not only the
effects of quantum mechanics, but also those of quantum statistics, are impor-
tant. It is known that it is essential to use quantum mechanics to describe the
actual structure of atoms or molecules; a classical description fails to account for
even the qualitative properties. However, if we consider the atoms or molecules
as themselves simple entities and ask about their dynamics, we find that classical

mechanics is a good approximation.

Quantum fluid modeling has become very attractive due to Bose-Einstein
condensation and quantum fluid models are used to describe superfluids (such
as helium-4 at low temperatures) and quantum semiconductors. Recently, two
interesting dissipative quantum fluid models have been established: the viscous
quantum Euler system and the quantum Navier-Stokes equations. In the follow-

ing, we will introduce a derivation of the quantum Navier-Stokes equations.

2.2 Derivation of model

There are some derivations of quantum Navier-Stokes system, one can de-
rive it from the Wigner-Fokker-Planck equation using a moment method (such
as [35]), or you can derive it from a Wigner-BGK model by a moment method

and a Chapman-Enskog expansion (see [34]). Here, we sketch the latter.
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We start from the Wigner-BGK equation:
1
wy+p-Vow+0[V]w = M[w] w) + : (Apw + divy(pw)), (2.2.1)
0

where w(z, p, t) is the Wigner function in the phase-space variables (z, p) € R® x
R? and time ¢ > 0. v > 0 is the scaled mean free path and 75 > 0 is a relaxation

time. The potential operator 6[V] is a pseudo-differential operator
(6V]w)(z, p, 1) = — / (6V)(z,n, t)w(z, p', )"~ dp'dn
(2 )3 R3xR3
modeling the influence of the electric potential V = V' (z,t) with

(0V)(@m.0) = 2V + 51,0 = V(e = Sn,0)

Here € > 0 denotes the scaled Planck constant. The first term on the right-hand
side of (2.2.1) describes a relaxation process towards the quantum equilibrium
state M[w], which has been introduced by Degond and Ringhofer [13]. It is the
formal maximizer of the quantum free energy subject to the constraints of given

mass, momentum, and energy. More precisely, let
Ezp w=W(expW™(w)), Logw=W(ogW(w)),

where W is the Wigner transform and W™! is its inverse. The quantum free
energy is given by

1

S0 = =gt e @) (G0 0014 2~ v(5, ) ot

For a given Wigner function w, let M[w] be the formal maximizer of S(g), where

g satisfies

/wK(p)dp=/ 9K(p)dp, K(p)=(1,p,-;-|plz)-
R3 R?

If such a solution exists, then it has the form

M[w|(z,p,t) = Exp (A(x,t) = %g;—)t)lz) ?
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where A, U, T are Lagrange multipliers.

To simplify the notations, we define for functions f,
1
- dp.
(f(»)) Gre)? /Rs f(p)dp

; ate 1 '
It is shown that the collision operator —(M[w] — w) conserve mass, momentum
v

and energy, i.e.
(- (M[u] - w)K(p)) = 0.

Next, multiplying the Wigner-BGK equation (2.2.1) by K(p) (i.e. 1,p, |p[>/2
respectively), and then integrating over p € R?®, we obtain the moment equations
(w)e + diva(pu) + O[V]w) =0,
(pu)e+diva(up ® p) + (p0]V]w) = ~ - (pu), (222)
(3lePude+ dive Slolpw) + (loPolV ) = — (pfw - 3u),

where p®p denotes the matrix with components p;py.. The particle density p, the

v
7o
momentum pu and the energy density pe are defined by

p=(w), pu=pu), pe=(3lpl"v).

The variable u = (pu)/p and e = (pe)/p are the macroscopic velocity and the
macroscopic energy respectively.
It is shown in [34] that the potential operator V] can be simplified in terms

of the moments p, pu and pe :
Lemma 2.2.1 ( [34]) The moments of 0]V] can be ezpressed as
(o[v]) =0,
POV Iw) = —pV.V,
(lpPOVIu) = ~puv,V,
(p@pO[V]w) = —pu @ V.V — pV,V ®u,

1 2
<§plpl20[V]w) = —({p ® pw) + pel)V,V + %’pva:cV-
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1
It remains to calculate (wp ® p) and <§|p|217w)- To this end, we employ the

Chapman-Enskog expansion
w= M[w]+ vg

and introduce the quantum stress tensor P = ((p—u)®(p—u)M[w]) and quantum
heat flux ¢ = (%(p — u)|p — ul*M[w]). Since (M[w]) = (w) = p, (PM[w]) = pu

1
and (§|p|21\4 [w]) = pe, a straight calculation gives

(wp®p) = P+ pu@u+ v{p ® pg),

1 1
(GlpPPw) = (P+ pelyu+ g+ v(5plpl*g).
Hence (2.2.2) can be rewritten as

pe + divg(pu) =0,
(pu)s + diva (P + pu ® u) — pV,V = —wdiva (p ® pg) — 22,
3

; ; : 2
(pe)e + divy((P + pel)u) + diveg — pu- VoV = —vdwz(§plplzg) — ~(pe=3p),

where 7 = 15 /v.

Inserting the Chapman-Enskog expansion in (2.2.1), we get
1
9= (Mlv] - v) = ~Mfuwl - p- Ve M{uw] - 0]V]M[u] + O(v),

where O(v) contains terms of order v. These equations can be interpreted as a
nonlocal quantum Navier-Stokes system. By expanding the quantum Maxwellian
M [w] in powers of the squared scaled Planck constant €2, we derive a local version
of this system. Under the assumptions that the temperature varies slowly and the
vorticity tensor A(u) = %(Vu — VTu) is small (ie. V,logT = O(e?), A(u) =

62

O(g?)), the quantum heat flux becomes g = —ﬁp(Azu-k 2V divu) +O(e?), the
2 .
quantum stress tensor P = pTI — %pVi log p+ O(e*) and pe = ng 4 %plul2 -
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4 ;
;—4 pAzlog p+ O(e*). Furthermore, a tedious calculation shows that

—vdiv;(p ® pg) = vdiv, S,

—Vdivz(%plpﬁg) = vdiv,;Ss,
where
S1=2pTD(u) — ngdivzuI + O(e* 4+ v),
Sy = 2pTD(u)u — —z-pTudivzu e ngV:cT +O(e® +v).
Therefore, we obtain the following result:

Theorem 2.2.2 ( [34]) Assume that A(u) = O(e?) and Vlog T = O(?). Then,
up to terms of order O(V2+VE2+E4), the moment equations of the Wigner equation

read as

[ p+ div(pu) =0,

: 2

(pu): + div(pu ® u) + V(pT) — ;—2div(pV2 log p) — pVV = vdivs — pT_u’
: .
(pe)e + div((pe + pT)u) — %div(p(vz log p)u)

+divlg + 2TVT) — pu- I = waiv(50) - 2(pe - 2,

\

where S = 2pTD(u) — ngdivzuI.

Remark 2.2.3 When we only consider the conservation of mass and momentum,
the quantum equilibrium becomes

Mw](z,p,t) = Ezp (A(m, t) — Mﬁ) .

2

In this case, a Chapman-Enskog ezpansion has been carried out in [6], where a

barotropic Navier-Stokes system is obtained with

pt + le(p’U) — 01
2 A
(pu) + div(pu @ u) + Vp — %pV (%) = pVV = 2vdiv(pD(u)).



Chapter 3

Global Weak Solutions to
Barotropic Navier-Stokes

Equations for Quantum Fluids

In this chapter, we prove the global-in-time existence of weak solutions to
the barotropic compressible Navier-Stokes for quantum fluids with large initial
data, which improves the result by Jiingel [Global weak solutions to compressible
Navier-Stokes equations for quantum fluids, SIAM J. Math. Anal., 42(2010),
no.3, pp.1025-1045], where the restriction € > v can be removed and for more

general external forces. The key is that we get a new energy estimate.

22
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3.1 Reformulation and main results

In this chapter, we study the barotropic quantum Navier-Stokes equation-
s, which consist of the mass conservation equation and a momentum balance
equation, including a nonlinear third-order differential operator, with the quan-
tum Bohm potential and a density-dependent viscosity. The barotropic quantum

Navier-Stokes equations can be written as

pyptvtpnl) =0, (z,1) € T x (0,T),
A
(o); + div(pu ® u) + VP(p) — 2625V (T*f) — 2udiv(pD(u)) = pf,
(3.1.1)
with the initial condition
=l  (llsy = in T, (3.1.2)

The unknowns in this system are the particle density p = p(z, t) : T¢x [0, +00) =
R* U {0}, and the particle velocity u = u(z,t) : T x [0, +00) = R% u®w is the
matrix with components w;u; , D(u) = %(Vu+VTu) is the symmetric part of the
velocity gradient, and T is the d-dimensional torus. The function P(p) = p” with
v 2 1 is the pressure, and f describes external forces. The physical parameters

are the (scaled) Planck constant £ > 0 and the viscosity constant v > 0. The
Avp

is produced by the quantum Bohm
\/ﬁ) i

nonlinear dispersive term —2¢2pV (

: Ayp
potential Q(p) = 2e2—¥=,
(p) 75

We introduce an auxiliary velocity
w =u+ vV logp,
then the system (3.1.1) can be rewritten as
pe + div(pw) = vAp, (z,t) € T¢ x (0,T),

(pw)e + div(pw ® w) + VP(p) + 20 — )V (%”’) ~ vlaa=at,
(3.1.3)
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and the initial condition is changed to

Pli=o = po(z),  (pw)|i=0 = powo, in T, (3.1.4)
where wy = uy + 'V log py.

Lemma 3.1.1 The initial value problems (3.1.1)-(8.1.2) and (3.1.3)-(3.1.4) are
equivalent if py satisfies / |V/pol?dz < .
Td

Proof: See lemma 2.1 in [32]. O

Lemma 3.1.2 Let T > 0, and (p,u) be a (smooth) solution to the initial value
problem (8.1.1)-(8.1.2), then (p,u) satisfies

T
/poguo - ¢(+,0)dz +/0 /rd[pzu - — pA(divu)u - ¢ + (pu ® pu) : Vo
fes 1 -pTdive — 262A/p(y/Fdive + 2V - 9)
—2vpD(u) : (Vp® ¢+ pVe) + p*f - ¢pldzdt = 0, (3.1.5)

for all ¢ € (C*(T¢ x (0,T)))* with ¢(-,T) = 0.
Equivalently, if (p, w) is a (smooth) solution to the initial value problem ( 3.1.8)-
(3.1.4), then (p,w) satisfies

7
/ pgwo - ¢(+,0)dz +/ / [P*w - ¢ — P2 (divw)w - ¢ + (pw ® pw) : Vo
Td 0 Td

—v(pw ® Vp) : Vo + 71 1/f’”rldivq‘) +2(v% — ) A/p(\/p°dive + 2/pVp - §)
—vV(pw) : (2Vp® ¢+ pV¢) + p*f - ¢|dzdt = 0, (3.1.6)

for all ¢ € (C*(T* x (0,T)))? with (-, T) =0.

Proof: Let ¢ € (C*(T? x (0,7)))? with ¢(-,T) = 0.
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Multiplying (3.1.1); by pé and integrating over T¢ x (0, 7)), we obtain

T
B /Tdf’gu‘) #(, 0)de = fo /T (PP @)dudt
T
r /o /Td [P*u- ¢+ ppr- 6+ plpu). - Gldadt

T
0 Td

+ pp(—div(pu ® u) — VP(p) + 26°pV (%) + 2vdiv(pD(u)) + pf)|dzdt

T
= / / [p*u- ¢ — p*(divu)u - ¢ — p(u- §)(u- Vp)
0 Td
Hu®w: Vé+pu®w: (Vo® )~ — V(™) o+ ¢
— 262A\/p(\/p°dive + 2¢/pVp - ¢) — 2vpD(u) : (Vp ® ¢+ pV)|dzdt =0,

Observing that p(u - ¢)(u-Vp) = p(u®u) : (Vp ® ¢), we obtain (3.1.5).
Similarly, if we multiply (3.1.3); by p¢, integrate over T¢ x (0,7"), and use the

following elementary identities
p(w- §)(w- Vp) = plw @ w) : (V@ ¢),

[ ptou-siz= [ 19(0): (Vo® ¢) + (o0 @ V) : Velds,

then (3.1.6) holds. a

Next, we will give the definition of weak solutions to the initial value problems

(3.1.1)-(3.1.2) and (3.1.3)-(3.1.4).

Definition 3.1.3 A pair (p,u) is said .to be a weak solution to the initial value
problems (8.1.1)-(3.1.2) if and only if (p,u) satisfies (3.1.1); pointwise in T¢ x
(0,T) and satisfies (3.1.5) for any ¢ € (C*(T¢ x (0,T)))* with ¢(-,T) = 0.
Equivalently, we say (p,w) is a weak solution to (3.1.8)-(3.1.4) if and only if
(p,w) satisfies (3.1.3); pointwise in T x (0,T) and satisfies (3.1.6) for any ¢ €
(CY(T x (0,T)))* with (-, T) = 0. '
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Remark 3.1.4 The reason why we define the weak solutions like above is that
we can not get the compactness for the convection term pw ® w (or pu ® u).

However, we are able to obtain the compactness for pw ® pw (or pu® pu) thanks

A
to the third-order quantum term —2e?pV <7\/ﬁ)

Now, we state the main results.

Theorem 3.1.5 Letd =2,3,T > 0,e,v > 0,P(p) = p” withy>1ifd=2;v >

2y
Ty O > 1
3 ifd =3, and f € L®(0,T; LP(T%)), wherep = { Y—1 . Assume
+oo, y=1
that the initial data (po,uo) satisfies
( pO(m) 2 0) m Tda
1
3 / (§P0|u0|2 & G(Po)) dz < oo, (3.1.7)
d
|V/pol|?dz < o0,
\ JTd

where
p7
Glp)={ 71—V
pllogp—1), ~v=1.

y>1

Then there ezists a weak solution (p,u) to the initial value problem (3.1.1)-(3.1.2)
with p = 0 in T¢, and the regqularity

(/B € L=(0, T; HY(T%) N L2(0, T; H2(T4)),
p € H'(0,T; L*(T%)) N L*(0, T; L"(T%)) N L3(0, T; W3(T¢))
Vpu € L*(0,T; L*(T%), pu € L*(0, T; WH*/3(T%)),

p|Vu| € L*(0, T; L*(T9)).

b)

(3.1.8)

Theorem 3.1.6 Let the assumptions in Theorem 3.1.5 above hold. Assume that
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the initial data (po,wo) satisfies

4

po(z) >0, in T
(b

5 s (Epolwol z 2 G'(/)o)) dz < oo, (3.1.9)
f |Vv/pol|?dz < 0.

\ JTd

Then there exists a weak solution (p,w) to the initial value problem (8.1.8)-(8.1.4)
with p > 0 in T¢, and the reqularity

(/B € L=(0,T; H\(T%) N LX(0,T; HA(T%),
p € H'(0, T; L*(T%) N L*(0, T; L"(T¢)) N L*(0, T; W3(T%)),
Vpw € L=(0,T; L*(T%), pw € L*(0,T; WH¥/*(T?)),

p|Vw| € L*(0, T; L*(T?)).

4 (3.1.10)

Remark 3.1.7 In Theorem 8.1.6, wy = ug+vV log po. It is easy to check that if
(po, wo) satisfies (3.1.9), then (po, uo) satisfies (4.1.4), and the regularity (3.1.10)
of (p,w) implies the reqularity (8.1.8) of (p,u). Hence Theorem 8.1.5 is an im-

mediately consequence of Theorem 3.1.6.

3.2 Construction of approximate solutions

We introduce the finite-dimensional ‘'space Xy £ span{y;}}L,, where ¢; €
C*(T?) and is an orthonormal basis of L?(T¢) which is also an orthogonal basis
of H'(TY).

We construct the approximate solutions as follows: Let the initial data (o, wg) €

C>(T%) x C*(T%) with py(z) > § > 0 in T%. Consider the following system as
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an approximate system of (3.1.3):

pe + div(pw) = vAp, (z,t) € T x (0,T),

(pw)e + div(pw @ w) + VP(p) + 2(v* — €2)pV (%) (3.2.1)

—vA(pw) — 6Aw + dw = pf, in Xy,

where X stands for the dual space of Xy.

Let the velocity v € C([0,T]; Xn) be given, then v can be written as
N
o(@t) =) a;()(z),  (nt) €T x[0,T],
J=1 ;
for some a;(t) € C[0,T], and the norm of v in C([0, T]; Xx) can be formulated as

N
[vlleqomxy) = max E |a;(2)].

t€(0,T o
Linearize (3.2.1) by
pe +div(pv) = vAp, (z,t) € T¢ x (0,T),
A
(pw)s + div(pv ® w) + VP(p) +2(v* — €2)pV (7‘{5) (3.2.2)

—vA(pw) — 0Aw + dw = pf, in Xj.

Lemma 3.2.1 Assume po(z) € C*(T?),0 < § < po(z) < M < 00,v € C([0,T); Xn)
then there ezists an operator S : C([0,T); Xn) — C*([0, T); C*(T%)) satisfying

)

(1) p= S(v) is a unique classical solution to the initial value problem

pe +div(pv) = vAp, (z,t) € T x (0,T),
Pli=o = po.

(2) p=S(v) is strictly positive and bounded from below and above, i.e. for any

(z,t) € T¢ x (0,T), it holds that

0 < Se P IWilzooqmards < gy < el Idivollyomrayds (3.2.3)
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(8) For any wy,w, € C([0,T]; Xn), there exists constant C > 0 such that
1S (w1) — S(w2) |7 (may < Ctllws = wallGomyxyy: Y€ O,T), (3:24)

il G = C/eC'T(llwl||2c([o,'r];x~)+||w2|IC([0vT];XN))(1 + T”w2“é([0 T]'XN))’

C' is a constant.

Proof:
(1) See [40].
(2) Denote Lf = f, +div(fv) — vAf, then a computation shows that

I (56 819l ) — 5= 19 mc iy — [divol o) < O,

Lp=0,
I (M Mmumrsie) — pgelé Mshimc iy 1 divolpmgry) 3 0.

By maximum principle, we have

de” Jo 1divoll ;oo rayds < p(z,t) < Mefo‘ lldivoll o rayds

(8) For any wy, ws € C([0,T]; Xn), (p1 = S(w1), p2 = S(w2)) € (C*([0, T); C3(T?)))?

satisfy
Opr + div(pyw,) = vApy, (3.2.5)
Orp2 + div(paws) = vAp,, ' (3.2.6)
and (p; — p) satisfies

B (p1 — p2) + div(prw; — pows) = vA(pr — p2). (3.2.7)

Since

/'rd pi(z,t)dz = /Td po(z)dz = ./I‘d pa(z, t)dz,

we have for any ¢ € (0,7),

d

[ (o= oz, t)dz =0
T
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So by Poincaré’s inequality, we get

o1 = pellz2(rey < ClIV(p1 — p2)llz2crey, VYVt € (0,T). (3.2.8)

Multiplying (3.2.6) by —Ap, and integrating over T¢, we have

d 1 :
= | 5Velfdz + V/d |Apaf?dz < Ad(|w2||VP2||AP2| + [divews|| po| | Ape|)dz
T

a S
v
S3 /d |Aps|*dz + Cllwal|Eo.11;xn) /JN(|V/)2I2 + |pa|?)dz.
T

In view of (3.2.3), we obtain

d
E/ |Vp2|2da:+1// |Apy|*dz
Td Td

< CllwallEgoz1:xm) /rd [V pa/dz + Cllwa|Zo.11.x,) ST M2 lct0mxN)

Grownwall’s inequality yields that

zsllél;] IVeallz2ay < C(1+ Tllwallgomyxyy)e” M 2lewomxm. (3.2.9)
€,

Next, multiplying (3.2.7) by —A(p; — p2) and integrating over T¢ leads to

d 1
D L o, — e b / 1A(py — po)da
dt Td 2 Td

< [ (wli9(n = p)l1AGo1 = p2) + ldivunllps = pall (s — o)
+ |p2lldiv(wi — wo)[|A(pr — p2)| + Vsl [wr — wal|Apy — ps)|)da
< g/Td |A(pr = p2)|*dz + C”w1”2C([0,T];XN) Ad(lv(m — o) + o1 — /02|2)d_51C
F %(”Pz“izad) + IVoallZaemay) 1w — wall o zyx0)-
It follows from (3.2.3), (3.2.8) and (3.2.9) that
G 190 = Pz 4o [ 1aGn - pPan
< Clwiliom | 1901 - po)lds
+ C(L + TlwallZ 0,175, T2 Netw.m1X0) ||y — wal|Z0,77:xx)-

Then (3.2.4) holds after we apply Grownwall’s inequality. -
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Next, we wish to solve the equation (3.2.2), in Xy,.. In other words, for given

p = S(v), we are looking for a function w € C([0,7]; Xx) such that

T
[ 000z + [ [ w6+ (@) V6 + Po)ivg+pf 6
Td 0 Td
+ 2% — e2)A/p(\/pdive + 2V /p - ¢) — vV (pw) : Vb
—6(Vw : Vo +w - ¢)|dzdt =0, (3.2.10)

for all ¢ € (C*([0,T]; Xn))* with ¢(-,T) = 0.
In order to deal with p in (3.2.10), we introduce a family of operators (See [16]):
Given a function p € L}(T%), with p > p >0, define

Mlp] : Xn — Xy,
(M|plu, w) = [n‘d pu-wdz, YV u,w € Xy.
As stated in [161, M{p] has the following properties:
e M]|p] is invertible with
1227 ol ez xm) < 270
here L(X}, X ) is the set of bounded linear mapping from X} to Xy.
e Moreover, M~'[p] is Lipschitz continuous in the following sense:

For VY p1,pe € Ll(']I‘d), with p1,p2 > p > 0, there exists a constant C' =
C(N, p) > 0 such that

1M ] = M7 pa]ll ez x) < Cllor = pallzacra): (3.:2.11)

With the preparation above, now we can rephrase (3.2.2), as an ordinary differ-
ential system:
d
{ (G Mlp(@)lw(®), ) = (N, w(®)), ), t€0,T],
(M[p(8)]w(t)|e=0, i) = (M[po]wo, s,

(3.2.12)
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where 1); (1 <4 < N) is the orthonormal basis of Xy, p= S(v) and

(N[, w(t)], v:) = /T v ®w) : Vi + Pp)divp; + pf - o
+2(v% — ) A/p(/pdivey; + 2V/p - )

—vV(pw) : Vih = 6(Vw : Vb + w - ;)] dx.

Recall that p = S(v) € C'([0,T);C*(T?)) is bounded from below and above,
so the above integral is well defined. Nfv,:] is an operator from Xy to Xj
and is continuous in time. Then standard theory for finite dimensional ODE
system provides the existence of a unique classical solution to (3.2.12). In other

words, for a given v € C([0,7]; Xn), p = S(v), there exists a unique solution

w € C([0,T); Xn) to (3.2.2)s.

Lemma 3.2.2 (Local existence) Assume (po,wp) € C®(T¢)xC®(T?), po(z) >
n>0(V7>0)inT* and (3.1.9) holds. There is a time interval [0,T’] (0 < T' <
T) such that there exists a solution (p,w) € C*([0,T"]; C*(T%)) x C*([0,T"); Xn)
to the approzimate system (8.2.1) on T* x [0, T"] with initial condition (3.1.4).

Proof: Let R > 0 large enough, and 7" € (0, T to be fixed.
Consider a bounded ball By in C([0,T"]; Xn),

Br £ {v € C([0,T'); Xn) | Ivllcqoryxy) < R}-
Define a mapping
T: Br— C([0,T']; Xn),
() = M15)(0) (Mladuo+ [ Niw,w(s)ds) , where o= )
e For V w € Bg,

1T ()l < 1M (S () )] o) (1M ool g, + HIN T, w(s)]1xz)
< (™)™ (1M [polwollxz, + ¢l NTw, w(s)]llxz)-
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Observe that
1/2
| M[poJwollxz, = sup | / powo - ¢pdz |< (/ P§|w0|2d$> 200
Igllxpy=1 JTd Td
IN[w, w(s)]||x;, < CR+C(1+ R+ R*)eR £ F(R).
Hence, for any t € [0,7"],
17 (w)llxy < n7"eF(Co+tF(R)) <

provided 7" = min{R™!,
So 7T maps By to itself.

} > 0, here we assume R is large enough.

e Next, for V wy, w, € Bp,

T (w) = T(w2)llxw < (1M [po]wollx;, + t(l| Nwr, wa(s)]llxz, + | N [we, wa(s)]l|xz,))
M S (we)] = M7 S (wa)]l| )
< (Co+2TF(R)) | MY [S(w1)] = M7Y[S(w2)]ll cexs, xw)
< C(Co + 2TF(R))||1S(w1) — S(w2)|| 11 (re)
< C(Co + 2TF(R))||S(w1) — S(wa)|| 2 (vay

< CVH||wi — wallcqory;xw)

N

Ollwr — wallcqoryxy), (0 <1)

1
C? +

provided ¢ <

(R) C2+1
a contraction mapping. By Banach fixed point theorem, there exists a unique

Hence, let 7" = min{R™’, }, then 7 maps By to itself and is
function w € C([0, T"]; X), such that 7 (w) = w. In other words, there exists a
unique solution w € C([0,T"]; Xn) to the equation (3.2.2); in X}, furthermore,
w € C'([0,T"]; Xn). Let p= S(w), then p € C*([0,T"]; C*(T%)).

Hence, there exists a unique local-in-time solution (p,w) to (3.2.1) with initial

condition (3.1.4). o
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We have the following key energy estimate.

Proposition 3.2.3 Let T' < T, (p,w) € C*([0,T]); C3(T%)) x C*([0,T"]; Xn) be
a local-in-time solution to (8.2.1) with smooth initial condition (8.1.4). Then it
holds that

d

1 1
— | 5plul® + Splu+ Vol? +2G(p) + 4€*|V/p|? | dx
dt T 2 2

+ow / (PIDW)? + plA@)P) do + 20 / o"2|V pldz
Td Td
+2u52/ p|V? logplzdx+26/ (|Vw]? + |w|?)dz
Td Td

L sy 1 1 4 iy
v [ (5ol + 5plu+ Vol +2G(p) ) de + CIIFITE, (v >1)
Td 2 2 L'-T—’T(Td)

v 1
3 /11"7!(#]'142 + plu+ Vol*)dz + ;”f“%w(de(O,T))”p0”L1(T")» (v=1)

<

(3.2.13)
where Vi =2vV log p, u=w — -;—th and A(u) = @_QLTu
Proof: Let ¢ =2vlogp, u=w— %ch, then we can rewrite (3.2.1) as
pe +div(pu) =0,
(pw)e + div(pu ® u) + VP(p) — 26%pV (%) (3.2.14)
— 2vdiv(pD(u)) — 6Aw + 6w = pf, in Xj.
Multiplying (3.2.14); by ¢'(p), and operating pd; to both sides gives
p(Vp)e + 2vpVdivu + pV(u - V) + p(u - V)V = 0.
Using (3.2.14); once more, we get that
(PV ) + div(Ve ® pu) + 2vpVdivu + pV(u - V)p = 0. (3.2.15)

Observing that

div(pD(u)) = div(pA(u)) + div(pV "u)
= div(pA(u)) + pVdivu + V(u - Ve,
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Multiplying (3.2.15) with (u + V), and integrating over T¢, one obtains

/rd[(pVSO)z + div(Ve ® pu) + 2vdiv(pD(u)) — 2vdiv(pA(u))] - (v + V)dz = 0.
(3.2.16)

Multiplying (3.2.14); by 2w = (u+ V) + u, and integrating by parts, we get
/ [(pu)e + div(u ® pu) + VP(p) — 2vdiv(pD(w)] - (u+ Voo + w)dz
Td

A
— 452/ pV (—\/—ﬁ) -wdzx +25/ (IVw|? + |w|?)dz = 2/ pf - wdz.
Td VP T Td

(3.2.17)
Combining (3.2.16) and (3.2.17) gives
/M[(p(u + V) + div((u + Vo) ® pu) + VP(p) — 2vdiv(pA(u))] - (u+ V)dz
+ [ [ou+ divu ® pu) + VP(p) — 2udiv(oD(@)] - e

A
- 452/ pV (—\/ﬁ> -wdx+25/ (IVw]? + |w[?)dz = 2/ pf - wdz.
Td Td Td

N{Z
(3.2.18)
A
Integration by parts and the identity 2pV (%) = div(pV*log p) yield
Avp AVp
—462/ V(—) -wdz=452/ (—— —pt + vAp)dx
po VP ¢ \ /P =t vl

= —452/ (AVp)(v/p)edz — 41162/ pViogp-V (M) dz
Td T4 VP
d
=462—/ |V\/5|2dx—2us2/ Vlog p - div(pV? log p)dz
dt Td . Td

d
= 4525 Ad [V/p|*dz + 2ve® ./rd p| V2 log p|dz.
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T
Since A(u) = w, we have

div(pA(u)) - Vdr = frd pdiv(A(u)) - Vdz + /rd(Vp)TA(u)Vgodx
=2u /Td div(A(u)) - Vpdz + 2v /Td p~(Vp) T A(u)Vpdz
= -2 /rd pdiv(div(A(u)))dz

=0.

Td

Hence, (3.2.18) leads to

d

1 1
— || 5plul® + splu+ Vol? +2G(p) + 46*|V/p|? | da
dt Td 2 2

+ 21// (p|D(w)]* + p|A(w)|?) dz + 21// 70" 2|V p|*dz
Td Td

+2V62/ p|V?log p|*dx + 26/ (|IVw|? + |w|?)dz = 2/ pf - wdz.
Td T4 T4

Finally, using Young’s inequality, the right-hand side is bounded by
ify>1,

2/ pf-wdz=/ pf-ud:c+/ pf - (u+Vy)dz
Td Td Td
v i)
< 5/ plul® + plu+ Vi|*dz + —/ plfPdz
Td V Jgd
! 2 =
< [ Folul+ Golu+ Vol + 26Nz + Co AT,
Td 2 2 L7_‘1T(Td)
ify=1,
2/ pf-wdm=/ pf-udm—{-/ pf - (u+ V)dz
Td Td Td
1
< %/ plul® + plu+ V|*dz + —/ plfPdz
Td V Jrd
v 1
< 3 /Td(»0|u|2 + plu+ Vol?)dz + ;“f“ioo('rdx(o,r))||Po||L1(Td),
since |||l oo (o721 (xe)) = 1P|l 1 (va). 0

After we get the energy estimate, we can obtain the global existence of the

approximate solution, which will be stated in the following lemma.
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Lemma 3.2.4 (Global' existence) Let T > 0, and the assumptions in Lemma
3.2.3 hold. Then There exists a pair of functions, denoted by (pn.s,wn.s), in
C'([0,T); C3(T?)) x C*([0, T); X ), which is a solution to the approzimate system
(3.2.1) with smooth initial condition (3.1.4).

Furthermore, it satisfies the following estimates:

/PN gl oo 0,711 (1ey) < C, (3.2.19)

o6l oo 0,327 (xey) < C, (3.2.20)

Iv/PNs V2108 pv sl 20,22 ryy < C, (3.2.21)

lv/Pnsll 20,712 (rey) + [|/PNs || Lo, rwra(reyy < C, (3.2.22)
lvoNswN sl L0702 (xey) + lv/PN6Vwn sl L207;22(72)) < C, (3.2.23)
V||wn sl 20,7, (ray) < C, (3.2.24)

where the constant C' > 0 is independent of N and J.

Proof: By Lerﬁma 3.2.2, there exists a 7" > 0 such that the approximate system
(3.2.1) with initial condition (3.1.4) has a solution (denote it by (pns,wn s)) on
T¢ x [0,T"]. Let

T* = {supT’|(pn,s, wn,) exists on T x [0,T"]}. (3.2:25)
To prove T* = T, we only need to show that

sup |lwnsllxy < C < o0, (3.2.26)
te(0,7*)

where C' is independent of 7.
In fact, if (3.2.26) holds but T < T. We consider

wns(T7) = lim wy4(t),
prs(T7) = lim S(wn,s)(1),

as the initial data of the approximate system (3.2.1). By the similar arguments

like above, we can extend 7™ to a larger time 7** > T*, which is a contradiction
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to (3.2.25). Hence T* = T, furthermore, (pn s, wy ) exists on the closed interval
[0, 7).

Next, we show that (3.2.26) holds.

Applying Grownwall’s inequality in (3.2.13) gives

1 1
sup / ('2'pN,6|UN,5|2 + §PN,6|UN,5 + V‘PN,5|2 +2G(pns) + 462|V\/m|2) i
te[0,T*) J1d

¥ g Vs
i 2V/ /a (Pns| D(uns)* + pwv sl Alun,s)[?) dz + 21// /,, Vx4 IV pn sl dz
0 T . T

T T
+ 2'/52/0 /d pn 5|V log pn s|*dz + 25/ /d(lva,Jl2 + lwns|*)dz < C,
T o Jr .

1
where wy s = uns+ §V<pN,5 =u+vVlogpngs, and C > 0 is a constant indepen-
dent of 7™, N, and 4. It follows that

IV \/Brgll oo o122 (xay) < C, (3.2.27)
llow sl zeoo,r+;2v(ray) < C, (3.2.28)

||\/ PN,&(UN,J + V<PN,6)“L°°(0,T';L2(T"))

| =

| /PN gwN sl Lo (0,722 (1)) <

1
+5 VPN .guN 5| Lo 0,7+ L2 (Tay)

<@, (3.2.29)
VPNV (Vons)llzore12xay) = llv/PNsV? log pwsll 12 (0,12 (ray)
<6, (3.2.30)

lv/PNsVwn sl 20,7+ L2 (ray) < Iv/PNsVun sl 120,712 (rey)
+ VPN sV (Vons)ll 220,512 (rey)
< lv/PNgD(un s)ll z20,7+;22(ray)
+ lv/PNs A(uns)l| 20,022 (rey)
+ lvVPN5 V2108 pgll L2 (0,202 (ne)) ‘
C. (3.2.31)

N

Vo|[w sl 20,02 reyy < C. (3.2.32)
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In view of (3.2.3), we have

t .
PN.§ > 68— fo "d“’wN-6||L°°(7d)ds

t o 2
66_0 fo Ndlva.JHH,(Td) ds

WV

C50; (3.2.33)

V

here C is independent of T*.
Then it follows from (3.2.29) that

w5l Lo 0,7+ L2(T2y) < C,

for some C' > 0 which is independent of T*.
So (3.2.26) holds.

Finally, since we have shown T' = T, (3.2.19)-(3.2.21),(3.2.23),(3.2.24) fol-
lows from (3.2.27)-(3.2.32); and (3.2.22) is a consequence of (3.2.21),(1.2.2) and
(1.2:3). | O

3.3 A priori estimates

In this section, we will conclude some estimates from the energy estimate of
Proposition 3.2.3, which are useful in the proof of the main results. In the fol-

lowing, we always assume that v > 1if d =2;v > 3 if d = 3.

Lemma 3.3.1 The following estimates hold for some C' > 0 which is independent

of N and §:

“pN,6”La"l’i’l(o’T;L%"/-}-X(Td)) < C’ (3.3.1)
||PN,6||L2(0,T;w2m(Td)) <C, (3.3.2)
IIpN'JwN’Jlle(O,T,Wl'%(Td)) < C) (3.3-3)

39
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where p = 2_:1 ifd=3; andp <2 ifd=2.
Proof: See Lemma 4.3 in [32]. m]

Lemma 3.3.2 The following estimates hold for some C > 0 which is independent
of N and é:

"atpN,&“LZ(O'T;L%(Td)) < C7 (3'34)
10e/PN 5| 20,7580 (xy)y < C, _ (3.3.5)
10 (o swn s L4 o o rracrayysy < Cs (3.3.6)
d
where s > 3 + 1.
Proof: See Lemma 4.4 in [32].
O

3.4 Proof of Theorem 3.1.6

In this section, we proceed similarly as in [32], and divide the proof into 3 step-
s. For step 1 and step 2, we consider the two limits N — 00” and 7§ — 0”
separately to prove that there exists a weak solution (p,w) to the initial value
problem (3.1.3)-(3.1.4) if the initial data is smooth; finally, in step 3, we will show
that it holds for any finite-energy initial data which only satisfies (3.1.9).

STEP 1 First, we fix § > 0, let N — oo, and have the following lemma:
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Lemma 3.4.1 Let § > 0 be fized, there exists a pair (ps, ws) such that

Oi(ps)+div(psws) = vAps, pointwise in T¢ x (0,T),
T
/d powo - ¢(-,0)dz + / /Ird [psws - ¢ + (psws ® ws) : Vo + P(ps)dive + psf - ¢
T 0

+2(v2 — %) A/ps(v/psdive + 2V /ps - ) — vV (psws) : Vb
— 0(Vws : Vo + w;s - ¢)]dzdt = 0, (3.4.1)

for all test functions ¢ such that the integrals above are well defined.

Proof: For approximate solution (pys, wn ), we have shown that for any ¢ €

(CY([0, T); Xn))? with ¢(-,T) =0,

Oi(pns) + diV(pN,awN,g) =vApngs, n T% % (0,7),
T
/ Powo &(-,0)dz + / / ] [oNswN,s - Dt + (PN swNs ®wrs) 1 Vb + Plpns)dive
T 0o Jr

+ 2(1/2 - Ez)Am(\/Mdivqb +2V,/pns - ®) —vV(pnswns) : Vo
—6(Vwns : Vo + Wn,s - P) + pnsf - dldzdt = 0,

We are now let N — +o0.

Since

W2P(T¢) > L®(T), HA(T?) << HY(TY), Whi ww L3(T9),

by Aubin-Lions lemma, it follows from (3.3.2)&(3.3.4), (3.2.22)&(3.3.5) and (3.3.3)&(3.3.6)
that there exist subsequences {pns}, {\/Pns}, {pnswns} (not relabeled) such
that for some functions p; and js, it holds that

pns = ps strongly in  L*(0,T; L®°(T%) as N — +oo,
VPNs = \/ps strongly in L*(0,T; H'(T%) as N — 400,

pNsWNs — Js  strongly in  L2(0,T; L*(T%) as N — +oo.
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Also, we have the following weak convergence:

VPNs = \/ps weakly in L*(0,T;H*(T?) as N — +o0,
V(pnswns) = V(psws) weakly in L*(0,T; Lg('ll‘d)) as N — +o0,

wys — ws weakly in  L*(0,T;L%(T%) as N — +o0.
Since it is easy to check that
PNsWNs — psws weakly in  L'(0,T; L%(T%)) as N — +oo,

we infer that j; = psws.

With the convergence results above, we then can finish the proof immediately. O

STEP 2 Next, let the test function in (3.4.1) above be ps¢, according to

Lemma 3.1.2, we get

T
/ dpgwo - (-, 0)dz + / / , [P5ws - ¢ — pjwsdivws - ¢+ (psws ® psws) : Vb
T 0 T

— v(psws ® Vps) : Vo + 2(v° — €2) Ay/p5(y/ps dive + 2v/psVps - ¢)

L p7*divg — vV (psws) : (2Vps ® 6+ ps V) + p2f - Bldadt = .

Ty’

Now, we want to pass the limit § — 0 term by term.

Using Aubin-Lions lemma, we have for some functions p and 7,

ps = p strongly in L*(0,T; Wh™(T4) as 6§ — 0, - (3.4.2)
Vps = +/p strongly in L®(0,T;L"(T%) as § — 0, (3.4.3)
psws =+ J  strongly in L*(0,T; LY(T%)) as § — 0, (3.4.4)

6
where m € (1, 7—:—3), r € [1,6), g [1,3).

Since 22 is bounded in L*(0,T; L*(T?)), Fatou’s lemma yields
Nz

2
o w
lim inf Ip‘s—aldm < +00.
T4 &0 p;5
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In particular, we have j = 0 a.e. in {p = 0}. So if we define the limit velocity w

by setting
: , when p#0,

J
w=L P
0,
then we have j = pw.

Lemma 3.4.2 Up to subsequences, for some functions p and w, it holds that

piws = p*w  strongly in L*(0,T;LYT%) as § — 0,

(3.4.5)

psws ® Vps = pw ® Vp  strongly in L'(0,T; L%(']I‘d)) as 60— 0,
(3.4.6)

psws ® psws — pw @ pw  strongly in L'(0,T; Lg('ll‘d)) as 6 — 0,
(3.4.7)

it = oY strongly in L0, T; LYT%)) as 6 — 0,
‘ (3.4.8)

AV/psv/psVps = Ay/p\/pVp  weakly in L'(0,T;L'(T%) as 6 — 0,
(3.4.9)

V(psws)Vps = V(pw)Vp weakly in L'(0,T; LY(T%) as § — 0,
(3.4.10)

V(psws)ps = V(pw)p weakly in L'(0,T; L}(T?)) as 6 — 0,
(3.4.11)

pywsdivws — p*wdivw  weakly in L*0,T;L*(T%) as §— 0,
‘ (3.4.12)

p3f = p*f weakly in L'(0,T;LY(T%) as & — 0,
(3.4.13)

where q € [1,3).
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Proof: (3.4.5)-(3.4.12) have been shown in [32], and (3.4.13) can be easily got
due to (3.4.2). O

Finally, in view of the estimate (3.2.24) for \/Swé, we have for smooth test

functions ¢, as § — 0,

6/ psVws : Vodx
Td

< \/gllx/SVw,;Ile(o,T;m(Td))||P6||L2(0,T;L°°(Td))||¢”L°°(0,T;H1(Td)) =0,

6/ Vws : (Vps @ ¢)dx
Td

< \/S“\/vazS”H(O,T;Lz(T"))”pé”L?(O,T;Wm(Td))”¢”L°°(O,T;LG(’11‘4)) =0,

5/]1'(1 p6w5 ' ¢d$ < 6”p6w6”L2(0,T;Lg(Td))”¢||L2(0,T;L3(Td)) > O'

Therefore, we now are able to pass the limit § — 0 term by term, and obtain
that (p,w) (defined above) is a weak solution to (3.1.3)-(3.1.4) for smooth initial
data.

Remark 3.4.3 The restriction v > 3 when d = 3 is crucial in the proof of

(8.4.9)-(3.4.12). For ezample, we have the convergence

VPs = \/p strongly in L®(0,T;L"(T%) (r <6),
Ayps = Ay/p  weakly in L%*(0,T; L*(TY)),
Vps = Vp strongly in L*(0,T; L™(T%)),

then
Av/psv/PsVps = D\/p\/PVp  weakly in L'(0, T; LY(T%)),

provided m > 3.
6y
+3

6
Since m < _’y’ so we need

T3 >3, e y>3.
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STEP 3 After STEP 1 and STEP 2, we have proved that (p,w) solves
(3.1.3)-(3.1.4) for smooth initial data. If (pp,wo) only satisfies (3.1.9), we can

construct an approximate sequence (pg, wg) such that

(P, wh) € C=(T?) x C®°(T%), pé>d8>0 in T
\/;3 —/po strongly in HY(T?) as § — 0,
pdwh — /powo strongly in  LA(T%) as & — 0.

In particular,
Py — v/po strongly in L5(T¢) as 6 — 0,
and therefore
pwd = powy  strongly in LZ(T?) as & — 0.

By the above proof, there exists a weak solution (p;,w;) to (3.1.3)-(3.1.4) with
initial data (p§,wd). In particular, (ps, psws) converges strongly to (p, pw) as
d — 0 in some space, and there exist uniform bounds for ps in H(0, T} L%(']I‘d))
and for psws in W5 (0, T; (H*(T%))*).

Thus, up to subsequences,

pb = ps(-,0) = p(-,0) weakly in L%(’H'd) as 6 — 0,
pows = (psws)(-,0) = (pw)(-,0) weakly in (H*(T%)* as .6 — 0.

This shows that p(-,0) = po and (pw)(-,0) = powy in the sense of distributions.
Hence, we finish the proof of Theorem 3.1.6, which gives Theorem 3.1.5.



Chapter 4

Global Existence and Large Time
Behavior of Weak Solutions to
Quantum Navier-Stokes-Poisson

Equations

In this chapter, we prove the global existence of weak solutions to the com-
pressible Navier-Stokes-Poisson for quantumn fluids in T? with large initial data,

and then show the large time behavior of the weak solutions.

46



Compressible Navier-Stokes System and Related Topics

4.1 Global existence of weak solutions

In this chapter, we consider the quantum Navier-Stokes-Poisson system, which
is the quantum Navier-Stokes equations coupled self-cohsistently to a Poisson

equation for the electric potential. This system reads as

pe + div(pu) = 0, (z,t) € T* x (0,7T),
. 2 Ay/p . x pu
(pu)e + div(pu ® u) + Vp — 2e°pV 7 — 2vdiv(pD(u)) = pVV — o
MAV =p- K,
(4.1.1)
with the initial condition
Pli=o = po(z),  (pw)le=0 = pouo, in T2 (4.1.2)

Here the unknowns are the particle density p = p(z,t) : T? x [0, +00) — RTU{0},
the particle veldcity u = u(z,t) : T? x [0,+00) — R?, and the electric potential
V =V(z,t) : T x [0,+00) = R. u®u is thé matrix with components w;u; ,
D(u) = %(Vu—kVTu) is the symmetric part of the velocity gradient, and T? is the
two-dimensional torus. The scaled physical parameters are the (scaled) Planck
constant ¢, the viscosity constant v, the momentum relaxation time 7 and the
Debye length A. All these constants are assumed to be positive. The nonlinear

AP

dispersive term —2¢2pV (—) is produced by the quantum Bohm potential

\/ﬁ
A
Q(p) = 2527\25. K is the doping profile of background charges.

Moreover, we assume that
/ V(z,t)dz=0, t=>0,
T2
and the compatibility condition

(po(z) — K)dz = 0. (4.1.3)
T2
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The compatibility condition (4.1.3) is necessary; otherwise the Poisson equation

for V would not be solvable.

Theorem 4.1.1 (Global existence)
Let T > 0,e,v,7 > 0 with v < 7. Assume that the initial data (po,uo) satisfies

the compatibility condition (4.1.3) and
(

po() >0, in  T?
|
4 Spoluol® + G(po) ) dz < oo, (4.1.4)
2 \ 2
IV/pol%dz < o0,
\ JT?

where

G(p) = p(log% -1)+ K.

Then there exists a weak solution (p,u,V) to the initial value problem (4.1.1)-
(4.1.2) with p > 0 in T? in the sense that (p,u,V) satisfies (4.1.1);, (4.1.1)3

pointwise and satisfies
/sz?)uo - (-, 0)dz + /OT /Tz [0*u- ¢ — pPudivu- ¢+ (pu® pu) : V¢
+ %p2div¢ —22A/p(y/pdive + 2¢/pVp - ¢)
—20pD(u) : (Vp® ¢+ pV ) + p°VV - p + p—;‘ - Pldzdt =0,  (4.1.5)

for any ¢ € (C*(T? x (0,T)))? with ¢(-,T) = 0.

The proof of this theorem is similar to the one of the quantum Navier-Stokes

equations, which has been shown in Chapter 3. Hence we only need to sketch the

proof.

First, by introducing an auxiliary velocity

w = u+ vV logp,
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we reformulate the initial value problem (4.1.1)-(4.1.2) to

p: + div(pw) = vAp, (z,t) € T?> x (0,7),
A
(pw); + div(pw ® w) + kVp + 2(v* — £2)pV (%) - vA(pw) = pVV — %,
NAV =p - K, .
(4.1.6)
with the initial condition
pli=o = po(z),  (pw)le=0 = powo, in T?, (4.1.7)

where k =1 — ; >0, wy=1ug+ vV logpp.
From
NAV =p—- K in T

and
/ V(z,t)dz =0, t=>0,
T2 ‘

we have the estimate
IVVILeer2y < llp — K|zo(r2), P € (1,400).

The existence proof for the approximate solutions is similar to Section 3.2
after we replacing f by VV[p] satisfying (4.1.1)3 with p = S[w] and observing

the new energy estimate

d

1 1
= (§p|u|2 + Eplu + V| + 2kG(p) + 462V /5| + )\2|VV|2) dz
T2 .

+ 2w / (PP + plA(w)?) d + 20 / 21V P
T2 Tz

+ 21162/ p|V2log p|*dz + 26/ (|Vw|? + |w|?)dz + = plda
T2 T2

X o
2vK
< '—Xg—'”ponbl(’l‘?): (4.1.8)
_uT
where Vi = 2uV1ogp, u=w — %ch and A(u) = w
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After we get the energy estimate above, we obtain the same a priori estimates
as those in Section 3.3, and can proceed in the same way as in Section 3.4 to get

the existence of the weak solutions.

4.2 Large time behavior

In this section, we will show the large time behavior of the weak solutions

which can be stated in the following theorem:

Theorem 4.2.1 The weak solution (p,u,V) is closed to a steady state in the

following sense:

ForV € > 0, there exists a time T'(e) > 0 such that for Vt > T'(€), it holds that

IVt ) = VE|| pmerzy < e,
IVV(#,)lzzer2) <€,

where m € (1,+00).

Proof: During the proof of the existence of weak solutions, we have shown that

there exists a sequence {(ps, ws, Vs)}ss0 satisfying

(ps)e+div(psws) = vAps, pointwise in T? x (0,T),
NAVs = ps — K, pointwise in T? x (0,T),

: A/
(pé’u,‘s)t + div(psus ® us) + kVps — 262p5V ( PJ)
VPs

— 2vdiv(ps D(us)) — 6 Aws + dws — psV Vs + @] cpdz =0, (4.2.1)

'JI‘2[



Compressible Navier-Stokes System and Related Topics 51

for any smooth functions ¢, and

ps = p strongly in L*(0,T; W'™(T?)) as § — 0, (4.2.2)
VPs = /p  strongly in L®(0,T; L™(T?) as 6 — 0, (4.2.3)
VVs = VV  strongly in L*(0,T;L™(T?)) as § — 0, (4.2.4)

for V. m € (1, 4+00).

Define

1
Es(t) = /2 <§ﬂs(lua|2 + [us + Vis|?) + 2kG(ps) + 4|V /ps|* + ’\2|VV6|2) dz
T

2 B+ Ey+E;+ E;,

where us = ws — vV log ps.

Following an approach of (7], we compute the time derivatives of Ej(t) term
by term. :
Let ¢ = 2ws in (4.2.1), a computation like (3.2.18) gives

o =2 [ (Do)l + pilA(uo)?) da+ 46* [ VB(ps) - (pows)da
T

+ 2/ VV; - (psws)dz — 2k/ ws - Vpsdx — 5/ (IV'U)5|2 - |w5|2)d:1: — lE'l,
T2 T2 T2 ! T
(4.2.5)

and integration by parts yields

0 Ey = 2k /2(p5)t log psdx
T

=2k / log ps(vAps — div(psws))da
T

2k
= —-€—2VE3 + 2]{;/ Ws * Vpgdz, (4.2-6)
T
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0,E3 = 8¢? /T2 V/ps - (V/ps)dz
= —8¢? /T AV
= —t¢? | B(os)(ps)eo
= 4¢’ /1r . Blps)(div(psws) — vAps)de,
= 4¢? /T i B(ps)div(psws) — 2€%v [r ) ps| V2 log ps|*dz, (4.2.7)

where B(p) = (Ay/5)/Vp.

&Ey=2X | VV;-(VVs)dz
T2

=2\ | Vs(AVj)udz
T2

=2 [ Vi(pi)uta
T
= 2/ Vs(div(psws) — vAps)dz
T2
=-2 [ VVs-(psws)dz+2v [ VVj-Vpsdz. (4.2.8)
T2 T2

Combining (4.2.5)-(4.2.8) leads to

1 2k
atEg(t) = —;El — —E2VE3 + 21// V‘/& . Vp5d1: - (5/ (lV'UJ(SI2 + |w5|2)dx
T2 T

— 2%y /11"2 ps|V? log ps|*dx — 21// (ps| D(us)|* + ps| A(us)|?) d.
T2 :
We divide the third term into two parts:
2v | VVs-Vpsdz = 21// VV; - V(ps — K)dz
T2 T2
=—-2v | AVs(ps — K)dz
T2

=—2u)\? [ |AVs|%dz
T

= w2 / |AVs|%dz — — [ (ps — K)*dz.
T2 .

22 Jya
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If B denotes the first positive eigenvalue of —A on T?, then
IV V5l|Z2(r2y < ||AV6||L2(72),

which gives
—l//\2/ |AVs|?dz < —vBE,;.
T2
Since s(logs — 1)+ 1 < (s —1)% for s > 0,

Ps
let s = —, have
et s Kwe av

(logE -1)+ K < K Y(p; — K)?,

which leads to
K)? _vK
/ = Ky des mom e
It then follows that

vK 2kv 9 9
BEx(t) < > B - s — 2 By~ BB, — 6 /TQ('V“"' + [ws|?)dz

— 2%y /2 ps| V2 log ps|*dz — 2v /2 (ps| D(us)|* + ps| A(us)|?) da
T T

< _O'EJ(t),

1 vK 2kv

wherea—mm{ S SVINER vB} >

Therefore, we have
E5(t) < e E5(0).

Since we can choose the approximate initial data sequence (p, wg) such that

(65, wd) € C®(T?) x C=(T?), pi>6>0 in T?
Pt — \/po strongly in HY(T?) as &6 — 0,
piwd — /powo strongly in L*(T?) as 6 =0,
so there there exists a constant C' > 0, which is independent of 6, such that

EJ(O) < Ok
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Therefore, we get

6%V (v/ps(t, ) — VE) 322y < Ce™, (4.2.9)
N[V Vs(t, ) Z2(rey < Ce™ (4.2.10)
Next, it is easy to check that
(s—1)2 < s*(logs*—1)+1, s€(0,400),
which gives
(V75 = VE)* < psllog 22 — 1) + K,
so it holds that
2k||v/ps(t,-) — VK |[32q2) < Ea(t) < Ce™t. (4.2.11)

The embedding H'(T?) < L™(T?)(1 < m < 400) and (4.2.9),(4.2.11) yield
IvPs(t,-) = VEzmezy < Ce™, ¥ m € (1,+00). (4.2.12)
For any € > 0, there exists T'(¢) > 0 such that
IVes&) = VEliman < 5, ¢ > T(e).

The strong convergence (4.2.3) implies that for this ¢ > 0 and any ¢t > T(e), we

can always choose § small enough such that

”\/pa(t, ) - \/p(t, ’)”Lm(-rz) < %

Hence, for any t > T'(e),

IV (8, ) =VEl| zmerzy < 1V ps(t )= /0 | omezzy+I v ps(t )~ VE |z < €.

Similarly, we can obtain [[VV(t,-)||122) < € (¢t > T(e)) from (4.2.4) and
(4.2.10) by the same way. =)



Chapter 5

Discussions and Future Work

-In this chapter, we will discuss some problems about compressible Navier-

Stokes equations that I will focus on in the following several years.

As discussed in the introduction, to my best knowledge, there is few result-
s on the global existence of solutions to the fﬁll Navier-Stokes equations when
vacuum appears except three results under special pressure, viscosity and heat
conductivity assumptions (see [16] where the viscosity p=constant and the so-
called variational solutions are obtained, see [5] where the viscosity p = w(p)
degenerated when the density vanishes and the global weak solutions are got,
and see [51] for global classical large solutions in one-dimensional case). I am

now working on this problem in order to obtain some satisfied results.

Next, for the barotropic compressible Navier-Stokes equations with density-
dependent viscosity, although an interesting new entropy estimate is established
in [1], which provides some high regularity for the density, there is few results
on the global existence of solutions in the multi-dimensional case except one re-

sult(see [18] where spherically symmetric solutions is obtained in 3 dimensional
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case). The key issue now is how to construct approximate solutions, which is

another problem that I am interested in.

Finally, in studying the barotropic compressible Navier-Stokes equations with
density-dependent viscosity, I find that it is casier to get the global existence of
weak solutions to the system with an added term (see [1] for the Korteweg system
with the Korteweg stress tensor kpVAp, see [2] with an additional quadratic
friction term 7p|u|u, and see [32] where the global existence of weak solutions to
the barotropic compressible quantum Navier-Stokes equations (u(p) = vp, A =0

AP

with the quantum Bohm potential 262pV (7>) in a three-dimensional torus

for large data is proved). So I think studying a special model may help us to deal

with the general model that we stated above.
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