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Abstract 

This thesis contains two papers on spatial competition, which study how product 

domain and demand uncertainty affect equilibrium location differentiation. 

Paper 1: Spatial Competition in Two-Dimensional Product Space 

Irmen and Thisse [9] considered a multi-dimensional case ofHotelling's duopoly 

location game with the consumers distributed over a unit box of n dimensions. For the 

unit square, they showed that there exists no equilibrium that involves maximum loca­

tion differentiation in the two dimensions. This paper considers two modifications of 

their model by assuming the domain of consumers to be the unit disc and the set of ver­

tices of a unit square. In both models, maximum differentiation in the two dimensions 

is an equilibrium. 

Paper 2: Spatial Competition with Demand Uncertainty 

Meagher and Zauner [12] incorporated demand uncertainty into a Hotelling's 

duopoly location game by assuming that the position (end points) of the market interval 

is random. They showed that the uncertainty is a differentiation force in determining 

the two firms' locations. This paper models demand uncertainty in another way. I 

assume a fixed given position of the market interval, but consider uncertainty over the 

market density. In addition, I assume that each firm has a fixed production capacity. 



I show that the existence of market density uncertainty leads to moderate dif­

ferentiation and that different revelation time of the market density leads to different 

equilibrium. In particular, I show that if the market density is revealed to the con­

sumers before they incur transportation costs, then the market equilibrium tends to the 

social optimum when the probability of capacity constraining increases. If the density 

is revealed after they incur the costs, then the market equilibrium tends to maximum 

differentiation when the probability of capacity constraining increases. 

I apply my model to study location games with negative consumption external­

ity( cf. Grilo et al. [6]). I show that if the externality enters the consumers' utility 

function as a multiplicative term, then there exists an equilibrium of moderate differ­

entiation with firms located close to the social optimum. 



摘要

本論文包含兩篇關於空間競爭之文章，研究產品空間與需求不確定性如何影響均

衡位置差異化。

文章一:兩維空間下之空間競爭

艾曼與提斯研究多維空間、清費者分佈於單位 n 維盒子之荷特靈雙頭寡佔位

置博拜。其結果顯示，於單位方形下，不存在涉及於兩維空間位置差異極大化之

均衡。本文研究其模型之兩個變型，分別假設消費者之空間為單位圓盤及單位方

形之頂點集。於兩個變型中，本文證明兩維差異極大化乃一均衡。

文章二:需求不確定下之空間競爭

米格與桑拿透過假設隨機市場地點，將需求不確定性納入荷特靈雙頭寡佔位

置博拜。其結果為需求不確定性於確定公司位置中乃差異化動力。本文以不同方

法考慮需求不確定性。本文假設固定之市場地點，但市場密度為隨機。另外，本

文假設每間公司有固定產能 。

本文證明市場密度不確定性引致中等差異化。本文進一步顯示，不同之市場

密度揭示時間引致不同之市場均衡。具體言之，如果市場密度於清費者支付運輸

費前揭示，貝IJ 市場均衡於產能不足機會上升下趨向社會最優點。如果市場密度於

消費者支付運輸費後揭示，貝IJ 市場均衡於產能不足機會上升下趨向差異極大化。

本文應用此模型於研究負值消費界外效應下之位置博弄。結果顯示，如果該

界外效應以倍數形式進入清費者之功用函數，貝IJ存在接近社會最優之市場均衡。
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Spatial Competition in Two-Dimensional 
Product Space 

1.1 Introduction 

Hotelling [7] introduced a duopoly model to determe firms' locations. In his model, 

firms first choose locations on a unit market interval and then set prices simultaneously. 

He showed that firms have the incentive to locate themselves close to each other. This 

idea became known as the "Principle of Minimum Differentiation." 

However, d' Aspremont et al. [5] showed that Hotelling's analysis was flawed. In 

the price setting subgame, if only pure strategies are allowed, then there exists no equi-

librium if the firms are too close to each other. Even if mixed strategies are allowed, 

Osbome and Pitchik [13] showed the "Principle" is still invalid: an equilibrium exists 

but it is one of moderate differentiation, with firms' locations close to the quartiles of 

the market interval. 

Indeed, location differentiation depends on transportation costs. d 'Aspremont et 

al. [5] showed that under the assumption of quadratic transportation costs, the unique 

equilibrium is maximum differentiation, with firms located at different ends of the 

interval. The intuition is that with quadratic transportation costs, firms seek to mitigate, 

as far as possible, the price competition intensified by the convexity of transportation 

costs. 
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While Hotelling [7], d' Aspremont et al. [5], and Osbome and Pitchik [13] fo­

cused on a unit market interval, Irmen and Thisse [9] extended the domain to a unit 

box of any dimensions. They obtained results in line with the spirit of the "Principle of 

Minimum Differentiation." With the assumption of quadratic transportation costs, they 

showed that for an n-dimensional box, n local equilibria exist. In particular, for each 

of these n equilibria, firms are maximally differentiated in one and only one dimen­

sion and minimally differentiated in the remaining ones. Furthermore, they showed 

that, for the two or three dimensional cases, there exists no equilibrium with maxi­

mum differentiation in two or three dimensions. 

In this paper, I study two modifications ofirmen and This se [9] 's model. My first 

model differs from theirs in that I replace their assumption of a unit box with that of 

a disc. The motivation for this modification is the observation that extremities in con-

sumers' preference seem rare in some situations. For instance, one may expect very 

few consumers preferring a TV with a very large screen and resolution. By assum­

ing a disc shape distribution of consumer preference, the model captures the idea of 

rare extremes because the neighborhoods around the four corners of the product space 

represent the extremes. 

The main result of my first model is contrary to that of Irmen and Thisse. I 

show that there exists an equilibrium in which firms maximally differentiate in two 
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dimensions (Proposition 2). When the market is a square, maximum differentiation 

occurs when firms are located on two vertices on a diagonal. Firms have the incentive 

to move towards the horizontal or vertical central line because this allows them to 

be closer to the majority of the consumers, the effect of which outweighs the keener 

price competition due to being closer to the other firm. When the market is a disc, 

there is no such thing as the central line. There are infinitely many of them. Thus, 

every pair of locations with a distance equal to the diameter will be an equilibrium if 

firms cannot locate themselves outside the disc, which means they are not allowed to 

choose a product ideal to nobody. As the setting of my model does not impose such a 

restriction, which is by no means reasonable, the location pairs that ensure firms to be 

as far apart as possible are the diagonal vertices on the square. 

In my second model, I focus on the interpretation of the location space as a 

product space. Instead of Irmen and Thisse's continuous unit box market space, I 

consider the firms' location choices, which are interpreted as product choices, to be 

the discrete four vertices of a unit square. 

The assumption of a continuous product space seems not ideal in some occa­

sions. In Hotelling's setting, the continuum of product space and measurement of the 

corresponding utility loss (transportation costs) imply that the product characteristic 

is ordinal in the following sense: for every consumer, products varying along the di­

mension give strictly varying utility. This assumption seems not well justified if the 
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product characteristics are relevant to the consumer tastes, for example, colors ofT­

shirts, styles of cars, genres of movies, and so on. For these, a consumer may have a 

private ranking on the given choices, say, preferring blue to green, green to yellow, and 

thus blue to yellow. However, such a ranking and the transitivity probably disappear 

at the aggregate level. Ordering the products in a real space thus seems problematic. 

Whatever the product designs, consumers may be indifferent towards firms offering 

the same price but non-ideal products. In other words, there may be no such thing as a 

location advantage, a feature indispensable to the "Principle of Minimum Differentia-

tion." 

In my second model, I show that there exists an equilibrium with maximum 

differentiation in two dimensions (max-max differentiation) (Proposition 3). Again, 

this is contrary to Irmen and Thisse's results. With max-max differentiation, it is harder 

for a firm to gain the whole market, so firms will resort to the highest price if they 

believe there is a possibility that the competitor will charge the highest price. With 

min-max differentiation, it is easier for a firm to gain the whole market. Firms thus 

resort to the moderate price if they believe there is a possibility that the competitor will 

charge the moderate price. 
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1.2 First model: Ordinal characteristics 

The product space is represented by a unit square centered on the origin (0, 0) with ver­

tices (1, 1) and ( -1, -1). Consumers are uniformly distributed on the disc inscribed 

in the square. There are no consumers outside the disc. Location of firm i is denoted 

by li = (xi, Yi) with xi E [-1, 1] and Yi E [-1, 1], i = 1, 2. Following Mazalov and 

Sakaguchi [11], I rotate the disc such that y1 = y2 . Note that the rotation only changes 

the coordinate system and thus it does not affect the results. Without loss of generality, 

suppose x1 2: x2 . (Figure 1.1) 

The motivation for the disc-shape market is the observation that extremities in 

consumers' preference seem rare in a lot of situations. For instance, one may expect 

very few consumers preferring a TV with very large screen and resolution. By as­

suming a disc shape distribution of consumer preference, the model captures the idea 

of rare extremities because the neighborhoods around the four corners of the product 

space represent extremes. 
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(1.1 ) 

(Y:z,y2) (XJ .. l 'J) 

X·········- ··· ······ ······ ·-··· ·····>!(·····-·············-······-···>< 

:(m .. n) 

k Indifferent chord 

(0.0) 
.Y 

Figure 1.1: Product and market space 

Sequence of the game: First, firms choose simultaneously a location li = (xi , Yi). 

Second, the firms choose prices simultaneously, Pi E [0 , oo]. Finally, consumers 

choose a firm to patronize. Firms maximise profit while consumers maximise util-

ity. As standard, we use the concept of subgame perfect equilibrium. 

Location of each consumer z is denoted by (xz, Yz), with the following utility if 

he patronizes a firm with location li: 
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There may be some "indifferent" consumers who derive same utility from the 

two firms. For these consumers, the following holds: 

Since firm 1 and firm 2 have the same y-coordinate after rotation, denote the x-coordinate 

of the indifferent consumers by m, one has 

so 

1 P1- P2 
m= -(x1 + x2) + ( ) . 

2 2 x1- x2 
(1.2) 

Equation (1.2) means that all indifferent consumers fall in a line parallel to the vertical 

axis. (See Figure 1.1) 

Given the location pair (Z1 , Z2 ) and price pair (p1 , p2), denote firm i's market area 

by Si(l1 , Z2 ,p1 ,p2 ), which is a segment on the disc. Firm 1 's profit function is 

(1.3) 

and for firm 2: 

(1.4) 

Given (h, Z2 ), firm 1 chooses p1 and firm 2 chooses p2 simultaneously. The first 

order conditions are 
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which imply that the optimal prices are as follows: 

( )( 
arccos m ) 

x 1 - x 2 -m 
v'l-m2 

( )( 
1r- arccos m) 

x1- x 2 m+ . 
v'l-m2 

(1.5) 

By implicit function theorem, 

a1ri = p*
1 
am+ mv'l- m 2 + arccosm(api + dpi am). 

axl axl 7r axl dm axl ( 
1
·
6

) 

Denote the straight line joining the locations of the two firms by H ( ( x1, y1), ( x2, Y2)). 

Denote the length of H by T = J(x 1 - x2)2 + (y1 - y2)2. Denote the distance be-

tween firm 1 and the indifferent consumer on H by T1 = x1 -m. Similarly, denote the 

distance between firm 2 and the indifferent consumer on H by T2 = m- x2 = T- T1 . 

For any lJ, T, define a diameter location pair (lf, lJ ), where lf = (xf, yf), to be 

the unique one satisfying: ( 1) ( x J, y J), ( xf, yf) and the origin ( 0, 0) are on a straight 

line, and (2) ( xf, yf) = arg min J xi2 + Yi 2 s.t. ( 1) holds. Denote any location other 

than Zf by l!:v. Condition (2) ensures that the origin is between the firms, or firm 1 is 

closer to the origin than is firm 2. (Figure 1.2) 

Proof. Consider the case where firm 1 's market share is less than that of firm 2 when 

firm 1 is on zf'v. The other case can be proven in a similar fashion. 
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Note that the market area Si of firm i is determined by L, the length of the 

indifferent chord (on which consumers are indifferent between the firms), which is de-

!ermined by m, the location of the indifferent consumer who is on the same horizontal 

level with the firms (see Figure 1.2). For non-diameter location pairs, a price equilib-

rium between the firms implies 

87rfD 
8pl 

8Jr!jD 

8p2 

We now show that if the firms keep the same price at (pf' D*, p!j D*) but firm 

1 moves to a diameter location lf, then firm 1 will have a larger market share. In 

particular, we want to prove: 

(1.8) 

Note that by rotation yf'D = y2 and HND = H((xf'D,yl(D), (x2,y2)) is parallel to 

the x -axis. As indicated in Figure 1.2, firm 1 's market segment area is determined by 

the distance between mND and (0, fh), where mND is the intersection of HND and the 

the indifference chord; a shorter distance implies larger area. With (xf'D, yf'D), this 

distance equals xf' D - T{' D, where T{' D, as defined earlier, is the distance the points 

mND and (xf'D, yf'D). By using a standard formula for calculating segment area, firm 
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1 's market share is 

(1.9) 

Consider the isosceles triangle formed by joining (x2, fh), (xfD, iJ2) and (xf, yf) 

in Figure1.2. On HND, the ratio of the distance between (xfD, y2 ) and (0, y2 ) to the 

the ratio of the distance between (xf, yf) and (0, 0) to the distance between (0, 0) 

Tf = T[' v, I xf I x2l < I xf D I x2l implies the distance between the indifferent con-

sum er on H D and ( 0, 0) is smaller than the distance between the indifferent consumer 

on HND and (0, y2 ). Using equation (1.9) with x 1 = xD and T1 = TD, we can evalu-

This establishes equation (1.8). 

Since firm 1 has a larger share with pfD*,firm 1 can increase its price to ih such 

that the market shares of the two firms are the same as before, i.e. 

S (l D -[ - ND*) S (lND [- ND* ND*) 2 1 , 2, P1 , P2 = 2 1 , 2, P1 , P2 · ( 1.1 0) 

It is obvious that 

as2 aLl as2 aLl 
aL am (lf,l2 ,p1 ,p~ o*) = aL am (lf D,l2,pfD*,pfi D* ). 

(1.11) 
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ur. h h (lD [- ND* ND*) 8nfl _ 0 · (lD [- ND* ND*) F." rre now s ow t at at 1 , 2,p1 ,p2 , -8 - . gzven 1 , 2,p1 ,p2 . zrst 
P2 

we have 

By equations (1.10), (1.11), and (1.7), it suffices to show that 

8m(zNn l PND* PND*) 
1 ' 2, 1 ' 2 1 8m(lf, Z2,P1,P~D*) 

2T 8p2 

As the distance between (x2, fh) and (xfD, fJ2) and that between (x2, fJ2) and (xf, yf) 

are the same and equal to T, by equation (1.2), we have 

8m(zNn l PND* PND*) 
1 ' 2, 1 ' 2 

Hence, 

1 

2T 

8m(lf, Z2,P1,P~D*) 
8p2 

81f~D 
--=0. 

8p2 

Thus, with lf,firm 1 has the option to charge a higher price than the equilibrium price 

at l{" D while securing the same market area. Hence, firm 1 will be strictly better off by 

choosing lf. • 
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T::'m=T 

------------~--------+---

Figure 1.2: Larger market share for firm 1 under diameter locations 

Proposition 2 Maximum differentiation (( -1, 1), (1, -1)) and ((1, 1), ( -1, -1)) are 

equilibria. 

Proof. Note that ( ( -1, 1), (1, -1)) are equivalent to ( (- v{, y ), ( v{, y)) after rotation 

of the disc. Direct computation of~=~ by equations (1.2), (1.5) and (1.6) shows that at 

m= 0, ~=~ < Ofor x 1 = - v{ and x2 = v{. This shows that firm 1 has no incentive 

to move closer to firm 2 along the diagonal. By lemma 2, firm 1 has no incentive to 
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move in other directions. Hence, the location pair ( ( -1 , 1) , ( 1, -1)) is an equilibrium, 

and so is the other pair, by symmetry. • 

Irmen and Thisse ([9], Corollary 3) showed that maximum differentiation in two 

dimensions cannot be an equilibrium under a unit box of two or three dimensions. The 

intuition is as follows When the market is a square, maximum differentiation occurs 

when firms are located on the diagonal. Finns have the incentive to move towards the 

central line because this allows them to be closer to the majority of the consumers, the 

effect of which outweighs that of being closer to the other firm. When the market is a 

disc, there is no such thing as the central line. There are infinitely many of them. Thus, 

every pair of locations with a distance equal to the diameter will be an equilibrium if 

firms cannot locate themselves outside the disc, which means they are not allowed 

to choose a product which is ideal to nobody. As the present setting does not impose 

such a restriction, which is by no means reasonable, the location pairs that ensure firms 

are as far apart as possible are the diagonal vertices on the square. Hence, the disc­

shape market model shows that, as in the one-dimensional case, there is maximum 

differentiation in both dimension. This implies that the welfare loss is still substantial 

in the two-dimensional case. 

Having proven that max-max differentiation is an equilibrium under the present 

model, one may wonder whether the min-max combination (with the two firms each 

located on one end point of the central horizontal diameter of the disc) is also an 
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equilibrium. Intuitively, the answer should be positive. The intuition goes as follows: 

under Irmen and Thisse's setting, in which the market is a square, the min-max is an 

equilibrium. This means that given its competitor's location at an end of the central 

horizontal line, a firm has no incentive to move upwards or downards even though this 

will result in a larger distance between the firms. This implies that the effect of getting 

closer to the majority of the market outweighs that of a smaller distance between the 

firms. With the present disc setting, it seems natural to expect that the effect of being 

closer to the majority of the market is even larger, given that the market is empty at 

the corners. Thus, it seems intuitively correct that the min-max combination is also an 

equilibrium in the present disc market space. 

1.3 Second model: Categorical characteristics 

The assumption of a continuous product space seems not realistic in some occasions. 

In Hotelling's [7] setting, the continuum of product space and measurement of the cor­

responding utility loss (transportation costs) imply that the product characteristic is 

ordinal in the following sense: for every consumer, products varying along the dimen­

sion give strictly varying utility. This assumption seems not well grounded if the prod­

uct characteristics are relevant to consumers' tastes, for example, colors ofT-shirts, 

styles of cars, genres of movies, and so on. For these, a consumer may have a pri­

vate ranking on the given choices, say, preferring blue to green, green to yellow and 
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thus blue to yellow. However, such a ranking and the transitivity probably disappear at 

the aggregate level. Ordering the products in a real space is thus problematic. What­

ever the product design, consumers may be indifferent between firms offering the same 

price but non-ideal products. In other words, there may be no such thing as a location 

advantage, a feature indispensable to the "Principle of Minimum Differentiation". 

I now discuss the second model. The product space is the set of four vertices of 

the unit square. Thus, the product space is { (0, 0), (0, 1), (1, 1), (1, 0) }. Two vertices 

located on the same side represent two products differing in one dimension but iden­

tical in the other. Each vertex contains one consumer. A consumer's transportation 

cost is the square of the distance between his location and the product. To simplify the 

analysis, each firm's price strategy is restricted to { 0, ~, R}. 

Sequence of the game: In the first stage, the firms choose simultaneously a lo­

cation li , i = 1, 2, from the four vertices. In the second stage, the firms choose prices 

simultaneously, Pi E { 0, ~, R} . Finally, consumers patronize a firm that gives him the 

lowest sum of price and transportation costs. 

Consider the following three possible configurations of location choices: (i) 

max-max differentiation: firm 1 choose (0, 0), firm 2 chooses (1, 1); (ii) min-max 

differentiation: firm 1 choose (0, 0), firm 2 chooses (1, 0) and (iii) min-min differenti­

ation. Since for R 2:: 4 the three cases result in the same equilibria, I only consider the 

cases for R < 4. 
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Under max-max differentiation, firm 1 has: 4 consumers if P1 < P2 - 2; 3 

consumers if P2 - 2 < P1, P2; 2 consumers if P1 = P2; 1 consumer if P2 < P1 < P2 + 2; 

and 0 consumers if p1 > p2 + 2. The case for firm 2 is similar. 

Under min-max differentiation, firm 1 has: 4 consumers if p 1 :::; p2 - 1; 2 con-

sumers if p2 - 1 < p 1 :::; p2 + 1; and 0 consumers if p 1 > p2 + 1. The case for firm 2 

is similar. The following tables show the payoff matrices for 2 < R < 4. 

Firm 1 

0 
R 
2 

R 

0 

0,0 

~,0 
0,0 

Firm 2 
R 
2 

0, ~ 
R,R 
R 3R 

' 2 

R 

0,0 
3R R 
2 ' 

2R,2R 

Table 1.1: Firms payoff matrix under max-max differentiation with 2<R<4 

Firm 1 

0 
R 
2 

R 

0 

0,0 

~,0 
0,0 

Firm 2 
R 
2 

0, ~ 
R,R 

0,2R 

R 

0,0 

2R,O 

2R,2R 

Table 1.2: Firms payoff matrix under min-max differentiation with 2<R<4 

Firm 1 

0 
R 
2 

R 

0 

0,0 

0,0 

0,0 

Firm 2 
R 
2 

0,0 

R,R 

0,2R 

R 

0,0 

2R,O 

2R,2R 

Table 1.3: Firms payoff matrix Wlder min-min differentiation with 2<R<4 
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Proposition 3 Let 2 < R < 4 and firms rule out weakly dominated strategies in the 

stage of choosing price. Then a location pair is the equilibrium if and only if it is 

max-max differentiation. 

Proof. Without loss of generality, consider the max-max differentiation ((0 , 0) , (1 , 1)), 

the min-max differentiation ( (0, 0), (1, 0) ), and the min-min differentiation ( (0, 0), (0, 0) ). 

From Table 1.1, under max-max differentiation, by elimination ofweakly dominated 

strategies, the unique equilibrium is (R, R), giving payoffs (2R, 2R). From Table 1.2, 

under min-max differentiation, by elimination of weakly dominated strategies, the only 

equilibrium is ( ~ ' ~),giving payoffs (R, R). From Table 1.3, under min-min differen­

tiation, by elimination of weakly dominated strategies, the only equilibrium is ( ~ , ~ ), 

givingpayoffs (R, R). Thus, given firm 1 's location of(O , O),firm 2 's payoff of choosing 

(1, 1) is higher than that of choosing (1, 0) (hence also (0, 1)) or (0, 0). By symmetry, 

given firm 2 's location (1, !),firm 1 's unique best response is (0, 0). Hence, max-max 

differentiation is the equilibrium. • 

The above results are in contrast to those oflrmen and Thisse ([9] , Corollary 3) 

that maximum differentiation in two dimensions cannot be an equilibrium under a unit 

box of two or three dimensions. The intuition behind Proposition 3 is as follows. With 

max-max differentiation, it is harder for a firm to gain the whole market. Thus, firms 

will resort to the highest price if they believe there is a possibility that the competitor 

will charge the highest price. This makes (R, R) the unique equilibrium. With min-
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max differentiation, it is easier for a firm to gain the whole market. Thus, firms will 

resort to the moderate price if they believe there is a possibility that the competitor will 

charge the moderate price. 

1.4 Conclusion 

In the first model, the disc shape market assumption resembles reality in that extrem­

ities in consumer preference are rare. The model shows that max-max differentiation 

is an equilibrium. This result is contrary to that of Irmen and This se, whose model as­

sumes a square market. Be it a disc or square, however, there is a boundary on the 

consumer preference. It remains to be investigated what kind of equiblirium would 

emerge if there is no such boundary. A natural case of such is that consumer prefer­

ence follows normal distribution. 

In the second model, consumers are assumed to be located over the vertices of 

a unit square. This assumption should be applicable to cases where consumer pref­

erence is taste rather than function related. By assuming the firms' price strategies 

to be a finite set of three choices, I have shown that maximum differentiation in the 

two dimensions is an equilibrium. Expanding the price strategy set is left for future 

research. 

The results of the two models presented in this paper suggest that Irmen and 

Thisse's results are not robust against alterations in their assumption. The same can 



19 

be said about the present models. This warns against any careless application of these 

location models. These results altogether suggest that in applying any of these models, 

one must not only know about the dimensions of the product space-but also whether 

the product space is discrete or continuous, as different models lead to different results. 
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Spatial Competition with Demand 
Uncertainty 

2.1 Introduction 
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d' Aspremont et al. [5] showed that in Hotelling's [7] duopoly location game, if trans-

portation costs are quadratic, then maximum differentiation is an equilibrium. Main-

taining the quadratic costs assumption, the existing literature has obtained the result 

of maximum differentiation in different settings. For example, Grilo et al. [6] con-

sidered the game in the presence of consumption externality. The maximum differ-

entiation result remains valid as long as the agglomeration force due to the positive 

externality does not outweigh the differentiation force due to the negative externality. 

Meagher and Zauner [12] and Casado-Izaga [3] incorporated demand uncertainty into 

their models. They showed that demand uncertainty exacerbates differentiation. 

Following Meagher and Zauner [12], this paper incorporates demand uncer-

tainty, but in a different sense, into the duopoly location game. In addition, firms 

are assumed to have a fixed capacity. 

Meagher and Zauner considered the game with uncertain demand location in the 

sense that the position of the market interval is random, while the length and market 

density are both normalized to one. In this paper, the position and length of the market 
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interval is fixed at [0, 1], while the market density is a random variable with uniform 

distribution over an interval. As the market length is fixed, the random density im­

plies a random market mass (market size). The justification for this assumption is that 

the whole market may be affected by some common factors like an economic down­

turn, epidemic outbreaks, and others. These factors may not have any effect over con­

sumers' location (preference) distribution, but they determine how many consumers 

can be found in each location. This issue has not been well explored in the existing 

literature. This is not surprising given that the random size alone does not give any 

new insights. Whatever the market sizes turns out to be, as long as consumers are uni­

formly distributed over the fixed unit interval, maximum differentiation is always the 

equilibrium. 

If one pursues the analysis further, however, one should take note of the possibil­

ity that the firms cannot serve the entirety of a large market if we are to accept that the 

firms are somehow capacity constrained. This motivates the assumption of fixed ca­

pacity. To the best of my review, there has been no previous study incorporating fixed 

capacity into the Hotelling model with quadratic transportation costs. Wauthy [15] 

and Boccard and Wauthy [2] considered capacity constraints in the location model 

with linear transportation costs. Wauthy relied on the assumption of low reservation 

price to establish the existence of an equilibrium when two firms are close. Boccard 
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and Wauthy showed that capacity precommitment softens price competition, but they 

did not consider the location choice problem. This paper differs from those studies 

in several ways. First, my model studies the location game with the assumption of 

quadratic costs. Second, the model does not require a low reservation price. Third, un­

like Boccard and Wauthy's model, my model considers the location choice problem. 

Finally, their models are under a deterministic setting, while my model incorporates 

uncertainty over demand. 

The main results of this paper are as follows. When both firms and consumers 

are uncertain about the market density when they take action, a positive probability, 

caused by the fixed capacity, that a firm cannot serve all of its clientele invalidates max­

imum differentiation under quadratic transportation costs invalidates the "Principle of 

Maximum Differentiation." (Proposition 5). There exists an equilibrium location pair 

with both firms located between the first and third quartiles of the unit market interval 

(Proposition 7). Furthermore, different revelation time of the market density leads to 

different equilibrium. In particular, if the density is revealed to consumers before they 

incur transportation costs, then increasing probability of capacity constraining implies 

smaller distance between the equilibrium location pair and the social optimum (Propo­

sition 7). If the density is realized after transportation, then the equilibrium location 

pair tends to maximum differentiation as the probability of capacity constraining be­

comes large (Proposition 11 ). Lastly, if consumers are perfectly informed, or if they 
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can switch among the firms costlessly, then maximum differentiation will be an equi­

librium (Proposition 12). To the best of my knowledge, these results are new and are 

in contrast with some existing findings in the literature (e.g., Boccard and Wauthy [2], 

Casado-Izaga [3], Meagher and Zauner [12], Wang and Yang [14]). (See Table 2 for a 

summary) 

In Meagher and Zauner's [12] model, uncertainty over demand locations weak­

ens market share loss due to moving away from the competitor. This weakening of the 

loss leads to larger differentiation force. At first impression, such weakening of the ef­

fect carries over to the present model. A firm will not lose any share if the market size 

turns out to be large. If this leads one to conclude that the equilibrium under random 

market size should be maximum differentiation, then this paper clears the illusion. 

Intuition for some results of this paper is as follows. The possibility of large 

market weakens price competition in that consumers take into account the probability 

that a firm may be capacity constrained. This weakened price competition allows for 

the equilibrium proximity of the firms. If consumers need to incur transportation costs 

when they cannot purchase the good, they will opt for the firm that is more likely to 

have free capacity, which will be a firm residing at one end of the market. Lastly, if 

consumers have perfect information, uncertainty over the market size does not change 

the result of maximum differentiation because of the weaker incentive for the firms to 
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win a larger market share: a firm trying to profit from a larger share may find some of 

its unserved customers switching to its competitor. 

The technique of the models in this paper can be used to model negative external­

ity. The effect of the capacity constraints is similar to that of negative externality. With 

fixed capacity, a larger clientele is undesirable to a consumer: the higher the chance a 

consumer's selected firm is capacity constrained, the lower his expected utility. 

Tackling externality and location problems together, Ahlin and Ahlin [1] showed 

that negative externality in the form of congestion costs can restore the existence of 

pure strategy equilibrium in a linear transportation costs setting, and the higher the 

costs, the longer the distance between firms. Grilo et al. [6] considered the loca­

tion game with quadratic transportation costs by investigating the effect of external­

ity, which they dubbed vanity or conformity, on price competition and market share. 

Grilo et al argued that negative externality leads to maximum differentiation. Com­

mon to Grilo et al. and Ahlin, the externality enters consumers' utility function as an 

additive term. The application of the present model considers the externality as a mul­

tiplier. Contrary to additive externality models, I show that moderate differentiation is 

an equilibrium under multiplicative externality. 
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2.2 Model 

There is a large potential pool of consumers. Each of them is in a location z E [0, 1]. 

I assume that the distribution of consumers is uniform over [0, 1]. These consumers 

constitute the market. The market sizes, defined as the total number of consumers, is 

a random variable. The greatest and least possible size of s are v and 0 respectively, and 

s is a random variable with uniform distribution over [0, v]. I write this ass rv [0, v]. 

Meagher and Zauner [12] considered the game with uncertain demand location 

in the sense that the location of the market interval is random, while the length and 

market density are both normalized to one. Their location space is [M - ~, M + ~], 

where M is random. In this paper, the location and length of the market interval is fixed 

at [0, 1], while the density is a random variable with uniform distributions rv [0, v]. 

The justification for this assumption is that the whole market may be affected 

by some common factors like an economic downturn, epidemic outbreaks, and others. 

These factors may not have any effect over consumers' location (preference) distribu­

tion but they determine how many consumers can be found in each location. 

One should find it reasonable to expect the possibility that firms cannot serve 

the entirety of a market which turns out to be large. This motivates the assumption 

of fixed capacity. To the best of my review, there has been no previous study incor­

porating fixed capacity into the Hotelling model with quadratic transportation costs. 

Wauthy [15] and Boccard and Wauthy [2] considered capacity constraints in the loca-
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tion model with linear transportation costs. Wauthy relied on the assumption of low 

reservation price to establish the existence of an equilibrium when two firms are close 

apart. Boccard and Wauthy showed that capacity precommitment softens price com­

petition, but they did not consider the location choice problem. This paper differs from 

those studies in several ways. First, my model studies the location game with the as­

sumption of quadratic costs. Second, the model does not require a low reservation 

price. Third, unlike the model of Boccard and Wauthy, my model considers the loca­

tion choice problem. Finally, their models are under a deterministic setting, while my 

model incorporates uncertain demand. 

In this paper, I also assume capacity constraint for firms. Define K to be the 

capacity. I assume that the capacity K and upper support of market density v are 

chosen such that K / v is not too large. Intuitively, this means that there is always a 

positive probability that a firm cannot serve all consumers. This assumption is the key 

assumption, without which the model is reduced to Hotelling's original model with 

quadratic transportation costs. 

The effect of removing the assumption of fixed capacity or that of random market 

density can be considered as follows. With the assumption of random market density 

alone, the equilibrium will be maximum differentiation, as in the case of no uncer­

tainty. This is because consumers will always be served, and whatever the market 

density turns out to be, maximum differentiation maximizes a firm's profit. 
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With the assumption of fixed capacity and a fixed market size normalized to 

1, maximum differentiation will still be an equilibrium because firms will have no 

incentive to gain a larger market share in this case. 

Sequence of the game: In the first stage, the firms choose locations li E (0, 1], 

i = 1, 2, simultaneously. In the second stage, the firms choose prices simultaneously, 

given the firms' locations. In the third stage, consumers choose a firm to patronize. As 

will be specified in the following sections, the revelation time of the market density 

will be before or after the third stage. 

There are two firms with constant marginal costs normalized to 0. Each firm can 

only serve a mass of consumers no larger thanK, which is each firm's fixed capacity. 

For a consumer located at z who purchases from firm i, the total costs of pur-

chase consist of the following: (i) transportation costs (utility loss) that depend on the 

squared distance between z and and firm i's location li E [0, 1] , t (z -li)2 (without loss 

of generality, t = 1), and (ii) the price, Pi, charged by firm i . When there is no capacity 

constraining, a consumer at location z derives the following utility: 

U(z l· p ·) = W - p· - (l · - z)2 
' 1,' 1, 1, 1, ' 

(2.12) 

where W represents consumers ' income. Following the standard assumption in the 

literature (e.g. , Meagher and Zauner [ 12], Irmen and This se [9], Grilo et al. [ 6]), W 

is assumed to be bounded and large enough so that consumers everywhere on the unit 

interval will have positive consumer surplus. 
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Throughout this paper, unless otherwise specified, attention is restricted to sym­

metric pure-strategy subgame-perfect Nash equilibria by establishing their existence. 

Investigation on asymmetric or random locations equilibria is left for future research. 

Section 2.3 studies the case in which the revelation time of s is just before con­

sumers take transportation, while in Section 2.4 s is revealed after transportation. Sec­

tion 2.5 considers the case in which consumers are perfectly informed about the market 

density and the firms' capacity when they choose a firm . 

2.3 Revelation of market density before transportation 

The market density s is realized to the consumers before they incur transportation 

costs. If the indifferent consumer finds that the firm he wants to patronize is capacity­

constrained, he will not take any transportation or try to patronize the other firm, which 

means that the consumer derives zero utility in this case. 

Denote locations of the two firms by zl = X and z2 = y. Without loss of general­

ity, let x < y. For every location pair (x, y), there is a location m where a consumer is 

indifferent between the two firms . Consumers with locations z < m will derive higher 

utility from firm 1, while the others will derive higher utility from firm 2. Firm 1 and 

2's market shares are thus m and 1 - m, respectively. The respective market sizes are 

thus m s for firm 1 and (1 - m )s for firm 2, where s rv [0, v ] is the market density. I 

assume that K / v is not too large. In particular, I assume that for any equilibrium loca-
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tion, P( ms > K) = ::_v and P( (1 - m )s > K) = (I -~)v are both less than 1. Thus 

for symmetric equilibrium where m = ~, 2K < v. Moreover, in a neighborhood of a 

symmetric equilibrium, (2 + c )K < v. 

The indifferent consumer may end up not getting the good, in which case U (m, li, Pi) = 

0, if market density turns out large. Considering any location pair (x , y), for the indif-

ferent consumer, the following must hold: 

K 2 K 2 -(W- PI- (m- x) ) = (W- P2- (y- m) ) . 
mv (1-m)v 

(2.13) 

Rearranging the terms, we have 

- 1 2 1 2 
F(x,y,p1,P2,m) = -[W-p1-(m-x) ]-( )[W-p2-(y-m)] =0, (2.14) 

m 1-m 

which defines implicitly the function m(x, y,p1,p2). m and (1- m) represent firm 1 

and 2's market share, respectively. 

Firm 1 's profit function is 

where Q1 = ms if K 2:: ms and Q1 = K if K < ms. The expected function can be 

shown to be: 

Similarly, 

K 
E(1ri) = Kp1(l- -). 

2mv 

K 
E ( 1r 2) = K P2 ( 1 - ( ) ) . 

2 1-m v 

(2.15) 

(2.16) 



First order conditions aEa(
1
TI) = 0 and aEa(n2

) = 0 imply the following: 
Pl P2 

m(K- 2mv) 8p1 
K 8m 

(1- m)(K- 2(1- m)v) 8p2 

K 8m' 

where ~~ can be found by 

8(F) 
am --

8(F) . 
8pi 

Solving for Pi and P2 simultaneously, we have 

p~ 
(K -2mv)( -4m3 -2m4 +W -x2 -2m(W -x2 )+m2 (1+2W -x2+2y-y2 )) 

(1-m) 2 (K -2v) 

(K -2(1-m)v)( -4m3 -2m4 +W -x2 -2m(W -x2 )+m2 (1+2W -x2 +2y-y2 )) 

m2(K - 2v) 
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(2.17) 

(2.18) 

(2.19) 

(2.20) 

As E(1r1) = 0 for p 1 = 0 and E(1r1) > 0 for p1 = P2 -I 0, the continuity of E(1r1) 

ensures that the first order conditions give the maximum. 

Substituting Pi and P2 into F, we have 

F*(x, y, m) _!_[W- p~- (m- x) 2
]- ( 

1 
) [W- p;- (y- m) 2

] = 0. (2.21) 
m 1-m 

The location tendencies of the firms are captured by: 

8E(7ri) 
ax 

BE( 1r2) 

By 

8m Bp* K p*K Bp* K 
K( 8x (a~ (1 - 2m;) + 2~m2 ) + a: (1 - 2mv)) (2·22) 

8m Bp"{ K p"{K 
K( 8x (am (1 - 2(1- m)v)- 2v(1- m) 2 ) 

Bp"{ K 
+-a (1- ( ) )) . x 21-mv 
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Focusing on symmetric equilibrium in which x = 1-y, Pi = P2, and m= ~,equation 

(2.19) and (2.22) become 

* * ( v - K) ( 4 W - 4x2 + 1) 
Pl = P2 = 2(2v- K) 

K(K- v)(3v(1- 4x) + K( -1 + 8x)) 
3v(K- 2v) 

(2.23) 

(2.24) 

For equation (2.23) to be legitimate equilibrium prices, it is required that W is 

larger than the total cost of purchase for every consumer. A sufficient condition for 

this is 

p~ = p; ~ w - 0.25 . 

I assume W to be greater than the equilibrium price by 0.25 throughout this 

paper. 

Lemma 4 Given K, v, W and a symmetric location pair ( x, y ), ifW > ; , then any 

pure strategy price equilibrium is unique. 

Proof. As every given m = ~ corresponds to a unique price pair Pi (m) =p2 (m) 

by equation (2.19), it suffices to check that m =I= ~ cannot constitute an equilibrium. 

Without loss of generality, suppose m < ~. It can be readily verified from equation 

(2.19) that Pi is strictly increasing with m ifW > ;. This implies Pi(m) < Pi(m) 

and P2(m) > P2(m), while m< m, under which equation (2.13) cannot hold. • 
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Proposition 5 Maximum differentiation with x = 0 and y = 1 is not an equilibrium. 

Proof. With maximum differentiation, x = 0 and y = 1. From (2.22), one obtains 

_8E_(_7r_i) = K(3v- K)(v- K) > O 
8x 3v(2v- K) . 

Thus, firm 1 can increase its expected profit by moving towards firm 2. • 

Proposition 6 Minimum differentiation x = y = ~ is not an equilibrium. 

Proof. For x = y = ~ , one obtains 

8E(1ri) = _ K(K- v)
2 < O 

8x (2v- K) . 

Thus, firm 1 can increase its expected profit by moving away from firm 2. • 

Proposition 7 There exists an equilibrium with moderate differentiation, in which 

x* > 0 and y* < 1. Furthermore, if-; tends to infinity, then such differentiation will 

tend to the social optimum x = ~ and y = ~. 

Proof. Solving 

gives one 

x* 

8E(1ri) 
ax 

8E(7r2) 
ay 

0 

0 

K -3v 
( ) 

> 0, 
4 2K- 3v 
5 

< 
16 



For the second part of the proposition, one can show that 

and 

• 

1
. * K- 3v 1 
lffiX =-----
K~o 4(2K- 3v) 4 

K -3v 
lim ---­
v~oo 4(2K- 3v) 

lim -
3 

(by I 'Hop ita/ 's rule) 
v~oo -12 
1 
-
4 
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Proposition 8 For symmetric equilibrium locations, increasing the parameter v in-

creases each firm 's equilibrium price. 

Proof. By lemma 4, the price equilibrium is unique for given v. Substituting the 

equilibrium location 

K -3v 
x*=----

4(2K- 3v) 

into the equilibrium price 

we have 

• 

* ( v - K) ( 4 W - 4x2 + 1) 
PI = 2(2v - K) ' 

(K _ v)(3(5K-9v)(~-v) + 16W) 
** (2K -3v) 

PI = 8(K- 2v) 
K( 3(K -v)(I2K2 -43Kv+39v2

) + 16W) 
(2K -3v)3 

------------- > 0. 
8(K-2v)2 



35 

Increasing v means that the probability of capacity constraining is increasing. 

Proposition 8 ensures that this increases the equilibrium prices of the firms. 

The insight offered by Proposition (7) is that firms will adopt maximum differ­

entiation only if they are 1 OOo/o sure they can serve the whole market. As long as 

there is a chance of capacity constraining, which is guaranteed by the assumption that 

K / v is not too large, which means the fixed capacity is small relative to the maximum 

possible market size, firms will seek moderate differentiation. Thus, the demand un­

certainty introduces a jump on the equilibrium locations. In the location game under 

certainty and quadratic transportation costs, if firms are allowed to choose outside the 

interval [0 , 1], the equilibrium location pair is ( -~ ,~ );thus, firms are 1.5 units apart. 

By introducing the possibility of capacity constraining, however small it is, the equi­

librium distance between the firms is at most ~. In this light, market size uncertainty 

is an immense force counteracting maximum differentiation. 

This force is present because consumers need to discount the utility they obtain 

from patronizing a firm by the probability that the firm is able to serve them. A larger 

discount will be needed for a firm winning a larger market portion by lowering its price. 

This leads to weaker price competition, and thus sustaining the equilibrium proximity 

between the firms. 

The market density does not affect consumers ' choosing between the two firms 

because it is common to both firms. When the density increases, firms will be farther 
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apart because larger market density weakens the incentive to capture a larger market 

share. 

2.4 Revelation of market density after transportation 

The market density s is realized to the consumers after they incur transportation costs. 

If the indifferent consumer finds that the firm he plans to patronize is capacity-constrained, 

he will lose the transportation costs without getting the good. 

In this section, consumers derive negative utility equal to the transportation costs. 

Equation (2.13) becomes 

K 2 K 2 -(W- P1 -(m- x) ) - (1- -)(m- x) 
mv mv 

1 2 K 2 
( 
1 

_ m) (W - P2 - (y - m) ) - ( 1 - ( 
1 

_ m) v) (y - m) , (2.25) 

where (1 - :;,v) represents the probability firm 1 will be capacity constrained, and 

(m - x )2 is the transportation costs lost. 

By following the same procedures as in the previous section, at m = ~, we have 

and 

8E(1r~) 
ay 

(v- K)(K + K x - 3vx ) 
3(2v- K) 

* * ( v - K) ( v + 4KW - 2vx ) 
p 1 =p2 = 2K(2v- K) 

(2.26) 

(2.27) 
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It can be readily verified that the moderate differentiation results still hold in the 

section. However, the case of approaching social optimum no longer holds. 

Proposition 9 Maximum differentiation with x = 0 and y = 1 is not an equilibrium 

if K is not zero and v is finite. 

Proof. At x = 0 and y = 1, 

_BE_(_n_r) = (v- K)(K) > 
0 

Bx 3(2v- K) . 

Thus, firm 1 has the incentive to move towards firm 2. • 

Proposition 10 Minimum differentiation x = y = ~ is not an equilibrium. 

Proof. At x = y = ~' 

• 

(K- v) 2 

2(K- 2v) < 0 · 

Proposition 11 If; tends to infinity, then such differentiation will tend to the maxi-

mum differentiation x = 0 and y = 1. 

Proof. Solving 

gives one 

BE( ni) 
Bx 

BE(n2) 
By 

0 

0 

K 
x* = > 0, v > 2K and 

3v-K -
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K 
lim = 0. 
K--+O 3v- K 

• 
Unlike the results in the previous section, for increasing probability of capacity 

constraining, firms tend to be maxim ally differentiated. The intuition is that if there is 

a high chance a consumer cannot get the good, and he needs to incur the transportation 

costs anyway, he will opt for the firm that is more likely to have free capacity, which 

will be a firm residing at one end of the market. 

2.5 Perfectly informed consumers 

Perfectly informed consumers are aware of the market density before they decide on 

which firm to patronize. Unlike in the previous two sections, the consumers now 

maximize utility instead of expected utility. If one firm is constrained, consumers 

will switch to another. When both firms are constrained, some consumers derive zero 

utility. If there is rationing among consumers, consumers know the rationing result 

before incurring any costs. The equation defining the indifferent consumer becomes 

(2.28) 

Firm 1 's profit function is 

where Q1 is random. 
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Q1 P(NoSwitch)ms + 

P(Switch)(P(s- K < K)(s- K) + P(s- K > K)K. (2.29) 

Then 

E(QI) 
K mK 

(1- m)v-2(-1---m-) + 

K 2K - _K_ 2K + _K_ 2K - _K_ 
(1- )( ~m ( 1-m - K) + (1- ~m )K). 

(1 - m)v v - - 2 v- -
1-m 1-m 

Thus, 

1 K (3 - 2(pl - P2+x2-y2)) 

E(1r ) = - Kp (2 + x-y ) 
1 2 1 v(-1 Pl-P2+x2-y2) + 2(x-y) 

Kp
2
(x _ y) (K _ 2K(pl-P2+x

2
-y

2
) + v(p1-p2+x

2
-y

2
)) 

E( 7r2) = x-y x-y 

v(p1 - P2 + x2 - y2 ) 

After solving for p1 and p2 simultaneously by first order conditions and normal-

izing K to be 1, the expected profits become: 

E(1r*) = _ (x- y)(9 + 4v2
- 2x- 2y + v( -12 + x + y)) 2 

1 (7- 4v) 2v 

E(1r*) = _ (x- y)(5 + 4v2 + 2x + 2y- v(10 + x + y)) 2 

2 (7- 4v) 2v 

For x = 0 and y = 1, 

8E(7ri) _ -(11- 13v + 4v2)(7- 11v + 4v2
) 

0 
c 

a - ( )2 < 10r V > 2 
X 7- 4v V 



8E(1r2) 
ay 

(11 - 13v + 4v2)(7- 11v + 4v2
) 

------------- > 0 for v > 2 . 
(7- 4v) 2v 

Hence, one obtains the following proposition: 
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Proposition 12 If consumers have perfect information when making purchase deci-

sion, or if they can switch costlessly among the firms, then maximum differentiation is 

an equilibrium. 

As consumers can switch to another firm if one firm is constrained, they do not 

face any disutility due to the chance that a firm of their choice can be constrained. The 

lack of such disutility causes the main difference between the results of this section and 

the previous two, where such disutility is represented by a probability term discounting 

the utility consumers enjoy from patronizing a frim. Thus, the model presented in 

this section yields the standard result of maximum differentiation under quardratic 

transportation costs. 

2.6 Application: Negative externality 

It is noteworthy that the probability of capacity constraining is very similar to the 

effect of negative externality. Indeed, the models in this paper give results contrary to 

existing literature regarding externality in location games. 

In the location game context, the existing literature (Grilo et al. [6]) models 

externality by 
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(2.30) 

where 

(2.31) 

is the externality affecting firm i's consumers. Clearly, this formulation will be inap-

propriate if the effect of externality is not constant across all consumers. In particular, 

if the effect increases with consumers' utility, then the following formulation should 

be more appropriate: 

(2.32) 

Note that mi divides W - ( Zi - z ) 2 rather than W. The rationale is that if the location 

space is interpreted as a product space, then the transportation costs represent utility 

loss because consumers do not get an ideal product. 

Firm 1 's profit function is 

where m is defined by 

W-(m-x) 2 W-(y-m) 2 

m - P1 = (1 _m) - P2. (2.33) 

Following the procedures in the previous section, we have 

8E(1r*) 8E(1r*) 2 
__ l_ = _ 2 = -(16x - 5) for x = 1 - y. ax ay 3 

(2.34) 



Proposition 13 In equilibrium, firms have moderate equilibrium with x 

11 y = 16. 

Proor. oE( ni) = 0 imn/ies X = _Q_ thus y = .!1. • 
~· ox r 16 ' 16. 

2. 7 Conclusion 
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156 and 

I have shown that the existence of market size uncertainty leads to moderate differenta-

tion. I have explored the implications of different revelation time of the uncertain 

market density. If the market density is revealed to consumers before they incur trans-

portation costs, then the market equilibrium tends to the social optimum when the 

probability of capacity constraining increases. If the density is revealed after they in-

cur the costs, then the market equilibrium tends to maximum differentiation when the 

probability of capacity constraining increases. 

The main idea of this paper is that uncertainty over market size under fixed ea-

pacity counteracts maximum differentiation. In deriving the results, several assump-

tions have simplified the analysis. As can be shown by using the procedures in this 

paper, the results for Sections 2.3 and 2.4 hold against the following changes: (i) re-

placing the bounded reservation price assumption by the assumption that firms are risk 

averse with log utility functions, or (ii) assuming that the indifferent consumer located 

at m can buy the good with a probability equal to the firm 's capacity K divided by 
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its demand ms if the firm is capacity constrained. Future research may consider dif­

ferent distributions of the market density rather than the uniform distribution currently 

assumed. 
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