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Abstract

Many real-world decision making problems can be modeled by a polyno-
mial zero-one programming formulation. By some special properties of binary
variables, a polynomial zero-one programming problem can be converted into
an equivalent linear zero-one programming problem, called the master problem,
with nonlinear secondary constraints representing the polynomial terms. Since
the polynomial zero-one programming problem is NP-hard in the strong sense,
several numerical solution algorithms have been suggested in the literature in
solving it. Observing the fact that the feasible set of the polynomial zero-one
programming problem is a subset of its master problem, Taha [1972], proposed
a well-known algorithm for polynomial zero-one programming in which the opti-
mal solution is sought from among the set of the feasible solutions to the master
- problem while it satisfies the secondary constraints. The major research task in
this thesis is to develop a more efficient numerical solution algorithm for polyno-
mial zero-one programming based on both Taha’s previous work and the p-norm
surrogate constraint method recently proposed by Li [1999].

Adopting the p-norm surrogate constraint method, a single surrogate con-
straint can be constructed for polynomial zero-one programming problems with
multiple constraints such that the feasible sets in a surrogate relaxation and the
original problem match exactly. Since a power of a zero-one variable is itself,
the complexity degree in the single surrogate constraint is at the same level as
in the original problem. Reducing a polynomial zero-one programming problem
with multiple constraints into an equivalent one with a single surrogate constraint

greatly facilitates the identification of the feasible solutions in the master prob-

il



lem. The new numerical solution scheme proposed in this thesis has been devised
to take advantage of this prominent feature in carrying out the “fathoming”
procedure and the “backtrack” procedure in a searching process of an implicit
enumeration. Numerical testing has demonstrated the efficiency of the proposed
p-norm surrogate-constraint algorithm in polynomial zero-one programming. Its

application in the set covering problem has been also studied.
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Chapter 1

Introduction

1.1 Background

The literature has clearly demonstrated the importance and wide applications of
the linear zero-one programming. “However, it is often the case that a polynomial
(nonlinear) zero-one model more accurately reflects the real-world by allowing for
the interaction that frequently occurs between the decision variables” [30]. Many

real-world problems, such as scheduling, facility allocation, and capital budgeting

[11][25][29][28][27][33][35], have been modeled by a polynomial zero-one formula-
tion. Unfortunately, the polynomial zero-one programming problem is NP-hard
in the strong sense, i.e., no algorithm seems possible to find an exact optimal solu-
tion in polynomial time. So what we can do is to develop more efficient algorithms,
under this limitation, to solve polynomial zero-one prog;amming problems.

The majority of the algorithms for zero-one programming in the literature

is devised to solve linear zero-one programming problems in which the objective
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function and the constraints are all linear. Until recently, many of them have
been modified to fit the need to solve polynomial zero-one programming prob-
lems which can be converted into linear zero-one programming problems with
their polynomial constraint systems by using some special properties of binary
variables. The fact is that each term, a cross product of several variables (maybe
to a high power), in a polynomial zero-one programming formulation is still a
binary variable. The Balasian-based algorithm for polynomial zero-one program-
ming proposed by Taha [31][32] in 1972 is one of the most typical and successful
algorithms, where the additive algorithm for solving linear zero-one programming

problem [1] was extended directly.

1.2 The polynomial zero-one programming prob-

lem

We consider in this thesis the following polynomial zero-one programming prob-

lem:
on 1 ,
 min > [Ty (L)
7j=1 k;eK;
o _1 , ,
gt wiln)= a;j II v <bii=1,2,...,m.
j=1 k;€K;

where ¥y = [y1,Y2,---,Yn| € {0,1}" is the vector of decision variable, K; C
N ={1,2,...,n'}, on — 1 is the total possible number of K, and all a;-j, 1E
{1,2,...,m} and j € {1,2,...,2"/ — 1}, are assumed to be integers. Without

loss of generality, g;(y), 2 = 1,2, ..., m, are assumed to be strictly positive for all
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y € {0,1}". Problem (1.1) is referred as the general form in polynomial zero-one
programming.

Let n=2" —1, N = {1,2,.:+;%}: Define

H Yk;» J€J+={J|CQZO’J€N},
1:] s ﬁ kjEKJ‘ (1.2)
1— I v, j€J =1l <0, j€N}
L kj€K;
We call z = [z1,Z,...,Zn) € {0,1}" the vector of decision term. If we let
s JE€IT
¢ = (13)
_C_,j: .7 = J—a
the general form (1.1) can then be expressed by the following form:
min 2= )6 =0, (1.4)
Jj=1
n
st. Y ayzj+si=b, fori=12,...,m,
=1
where s;, i € {1,2,..., m}, are nonnegative slack variables, a;; and b; in (1.4) are

deduced from (1.1) and (1.2), as well as the vector of decision term z satisfies
(1.2). Until recently, the polynomial zero-one programming problem (1.1) has
been transformed into an equivalent two-level problem, a master problem (1.4)
with (1.2) as its secondary constraints.- Clearly, master problem (1.4) is a linear -
zero-one programming problem while the second constraint (1.2) is a polynomial

system.

1.3 Motivation

Taha once predicted in [31] that the efficiency of his algorithm may be further

enhanced by taking the advantage of more efficient “fathoming” techniques than
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the additive algorithm [1].

The p-norm surrogate constraint method has been recently proposed in
[22] for integer programming. Using the p-norm surrogate constraint method,
a polynomial zero-one programming problem with multiple constraints can be
converted into an equivalent one with a single surrogate constraint. Since a
power of a zero-one variable is itself, the complexity degree in the single surrogate
constraint is at the same level as in the original problem. The feature of a single
constraint must greatly facilitate the identification of the feasible solutions to
the master problem. So, it becomes possible to improve the efficiency of the
Balasian-based algorithm by modifying both the “fathoming” procedure and the
“backtrack” procedure.

Based on these considerations, we have devised a new solution scheme in
this thesis to take the advantage of this prominent feature in carrying out both
the “fathoming” procedure and “backtrack” procedure in a searching process of

an implicit enumeration.

1.4 Thesis outline

The new algorithrﬁ, p-norm surrogate—ébﬁstraints algorithm for polynomial zero-
one programming, is mainly based on both the strengths of the Balasian-based
algorithm for polynomial zero-one programming [31][32] and the contributions of
the p-norm surrogate constrain method [22]. So, these two algorithms are first
described briefly in Chapter 3 and Chapter 4 as prelirriinary. Chapter 5 is the
most important chapter in this thesis, in which the new algorithm is presented

in detail. Chapter 6 shows us how to solve two examples step by step in the new
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algorithm and Taha’s algorithm respectively. From computation experiences,
some comparisons are also made between them in that chapter. An application
of this new algorithm to the set-covering problem is introduced in Chapter 7.

Finally, Chapter 8 summarizes the thesis and gives suggestions for further study.



Chapter 2

Literature Survey

Depending on whether or not the problem (1.1) can be solved directly, the solution
algorithms for polynomial zero-one programming reported in the literature can
be classified into two groups.

The first group, including Lawler and Bell’s algorithm [21] and the cov-
ering relaxation algorithm [19][20], directly solves the problem (1.1) without any
transformation. The second group includes the following algorithms:

(i) The method of reducing polynomial integer problems to linear zero-one
problems [36], I———————————+ L

(ii) Pseudo-Boolean programming [13],

(iii) The Balasian-based algorithm for zero-one polynomial programming
[31] [32], and

(iv) Hybrid algorithm for zero-one polynomial programming (30].

The common character of these four algorithms is that they first reduce the prob-

lem (1.1) to a master problem (linear) with its secondary constraints (polynomial)

before tackling it.
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In the following sections, we introduce these six algorithms concerned

above in six subsections.

2.1 Lawler and Bell’s method

In 1966, Lawler and Bell [21] developed a method for polynomial zero-one pro-
gramming that is of a nature of implicit enumeration. Since this method directly
solves the general form of the polynomial zero-one programming problem (1.1),
it belongs to the first group.

Lawler and Bell’s method first converts the general form of the polyno-
mial zero-one programming problem (1.1) into a standard form with a monotone
nonincreasing objective function subject to the constraints constructed as the
differences between two monotone noninceasing parts, then initializes the solu-
tion vector Xo = (0,0, ---,0), sets an infinite upper bound as well. Based on the
fact that the objective function and the constraints are monotone nonincreasing,
three rules are designed to check whether the solution vector X; in the sth it-
eration is a potential candidate for the optimal solution or not by the means of

the numerical ordering. If a solution vector X satisfies the conditions of the rule

1 or the rule 3; some solution vectors in the numerical ordéring can be ski'ppe-d
and the algorithm goes to a more promising solution while assuring no optimal
solutions will be by-passed. If X, satisfies the conditions of the rule 2, i.e., if it is
both feasible and superior than the previous solutions, it can be substituted for
the current optimal solution, and the upper bound is updated by the value of the
corresponding objective function associated with X,. The procedure terminates

when the numerical ordering of the solution vector is overflown.
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In the polynomial zero-one programming problem, because the variables
in a solution vector are assigned at 0 or 1 in a fixed order, the ability of excluding
hopeless solutions and the ﬁe;cibility in searching the optimal solution become
weak. On the other hand, the nature of a fixed order simplifies the computer

programming and saves a great amount of storage.

2.2 The covering relaxation algorithm for poly-

nomial zero-one programming

The algorithm in [19] [20] is a cutting plane algorithm, i.e., it is not a branch and
bound or implicit enumeration algorithm. It especially fits to solve the polynomial
zero-one problem with linear objective function subject to polynomial constraints
as follows:
n
max 2= » Cj¥;j (2.1)
i=t
on—1
st > aij [] yk; Sbi, fori=1,2,...,m,
g=1 k;€K;
where ¢; > 0, b;-> 0, and a;; > a;541 = 0. Associated with each constraint

violated by a given solution, an ordinary cut is generated as follows:

>y <18 -1, (2.2)

j€S
where S = U‘jlej for | is the smallest index such that Z§=1 ay; > by
From the concept of the ordinary cut stated above, the authors devised

a covering relaxation algorithm dealing with the problem (2.1). The algorithm
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starts with solving the initial covering relaxation problem, the problem (2.1) with-
out any constraint, to obtain a candidate for optimal solutions using four different
greedy heuristic algorithms [18] [34]. If the candidate is feasible to the problem
(2.1), it will be the optimal solution thereof and the solution process terminates.
Otherwise, all ordinary cuts for violated constraints are constructed as (2.2), and
a new covering relaxation problem is generated with these ordinary cuts added to
the old covering relaxation problem as constraints. The new covering relaxation
problem can be dealt with similarly to the initial covering relaxation problem.
The authors have proved that, after at most 2" iterations, the procedure will ter-
minate with an optimal solution or a certificate of no feasible solution existing.
A promising feature of this algorithm is that no additional variable is in-
troduced in the solution procedure. In return, a nested sequence of linear covering
relaxation problems have to be solved. As the covering relaxation algorithm has
been derived primarily for polynomial zero-one programming problems with lin-
ear objective functions, its efficiency of solving polynomial zero-one programming

problems with nonlinear objective function is expected to be very low.

2.3 The method of reducing polynomial integer

problems to linear zero-one problems

With the improvements suggested in [16] [17], Watters [36] proposed a method to
solve the polynomial zero-one programming problem. He designed an appropri-
ate technique, making full use of the properties of binary variables, to linearize

the secondary constraints (1.2) such that the polynomial zero-one programming
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problem can be equivalently transformed into a complete linear zero-one problem.
Based on the relationships among the values of z; and yy; in the secondary
constraints (1.2), z; = [] yk; can be equivalently replaced by the following

kj €K;
linear constraints:

> yk—x; < gi—1,
k;€K;

- Z ykj+ij.‘i < 07 (23)
ijKj

TjyYk; = 0 or 1,
where g; is the number of the elements in K;. The secondary constraint (1.2) can
be thus enforced by the following linear constraints:
T; 1 ] €J +a

IT v — (-1 < Tode= Yo (2.4)

kjek; el % ki €K; jeJ .

The polynomial secondary constraints are therefore linearized by the inequalities
(2.4). The problem (1.1) is equivalently converted into a linear master problem
(1.4) with linear constraints (2.4) and can be solved in Balasian algorithm or

other methods for linear zero-one programming.

The limitation of this algorithm rests on that the number of additional

variables and the number of the inequalities (2.4), generated in the linearization
to the secondary constraints, may often become quite large so that the trans-
formed problem becomes intractable in practice. The primary reason for this
dimensionality problem is that the constraints (2.4) and the variables y; are
considered explicitly at the same time in the solution process. In other words,
the size of the problem will be dictated by both the dimensions of the master

problem and the secondary constraints.
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2.4 Pseudo-boolean programming

Hammer and Rudeanu [13] proposed an algorithm, termed Pseudo-Boolean pro-
gramming, for polynomial zero-one programming.

For each constraint in the master problem (1.4), Pseudo-Boolean program-
ming starts by determining its basic solutions, and further finds the families of
feasible solutions. The characteristic function of the master problem is denoted

by ¢, and

P =pi1p2° " Pm; (2.5)

where each ¢;, i € {1,2,...,m}, is the characteristic function of the ith con-
straint generated from the corresponding families of feasible solutions. ¢ now is a
function of decision terms z;. The characteristic function of the original problem,
denoted by 1, is derived from ¢ with z; replaced by y; according to the secondary

constraints (1.2). After simplification, 1 can be always expressed by

’(,D='L/11U1/12U¢3U.... (26)

Conversely, all the families of feasible solutions for the problem (1.1) can be
derived from 11, s, ..., among which the optimal solution can be sought by
comparing the objective function values.

This algorithm is not efficient in the sense that the feasibility check is not
integrated with the optimality check, Because the objective function only plays

a passive role in checking whether a feasible solution is optimal or not.
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2.5 The Balasian-based algorithm for polyno-

mial zero-one programming

Based on a result in Hammer-Rudeanu [13], Taha developed an algorithm [31] [32]
for polynomial zero-one programming by modifying Balas’ additive algorithm [1].
After converting the original problem into the master problem with the secondary
constraints, it becomes clear that the optimal solution to the original polynomial
problem must be a feasible solution to the master problem. Taha’s algorithm
starts with searching the feasible solutions to the linear master problem implicitly
by a modified Balas’s algorithm and then determines whether the current solution
is better than the previous ones while satisfying the secondary constraints. In
finite iterations, either an optimal solution is obtained or no feasible solution
exists.

This algorithm is efficient in determining whether a feasible solution to the
master problem is optimal to the original problem, but the process in searching

for all the feasible solutions could be very time consuming.

2.6 The hybrid algorithm for polynomial zero-

one programming

In 1990, having absorbed solution concepts from both the Balasian-based algo-
rithm [31] [32] and pseudo-boolean programming [13], Snyder and Chrissis pro-
posed a hybrid algorithm [30]. This algorithm is still an implicit enumeration

algorithm while possessing two new solution strategies different from its prede-
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cessors in [31] [32] and [13]. The first is the length-one minimum cover method,
and the second is the term ranking strategy.

The procedure in [30] to obtain the optimal solution(s) is composed of a
series of iterations. At each iteration, the algorithm generates a partial solution
which fixes a subset of the decision variables at either zero or one. Simultaneously,
the algorithm fathoms these partial solutions according to the three rules given
by Chrissis [10]. In addition, the authors develop the length-one minimum cover
method to incorporate with the fathoming procedure.

Consider a modified version of the ith constraint in the master problem

(1.4),

n

> aijz; < b, (2.7)

j=1
where all the coefficients a;;are assumed to be strictly positive. If a;; > b;, the
index j is called a length-one minimum cover to the ith constraint. That is to
say, if j is a length-one minimum cover, inequality (2.7) is only true when z; = 0.
If the ith constraint has no length-one minimum cover, we temporarily remove
it from the master problem. If j is a length-one minimum cover to at least one
constraint, the term z; should be fixed at the level of 0 immediately; If a fixation
is found to be inconsistent with the previous ones, this problem has no feasible
solution. The procedure repeats until either no minimum cover remains or it can
be concluded that no feasible solution exists.

The computational experience in [30] has shown that the term ranking
strategy, restructuring the polynomial zero-one programming problem according
to a descending order of the costs, can significantly reduce the computational
time. It seems that the hybrid algorithm is efficient for polynomial zero-one

programming, especially in solving large-scale problems.



Chapter 3

The Balasian-based Algorithm

As presented in Chapter 1, a polynomial zero-one programming problem can be
converted into an equivalent mater problem (linear) (1.4) with its secondary con-
straints (nonlinear) (1.2) representing the polynomial terms. Observing the fact
that the feasible set of the problem (1.1) is a subset of the master problem (1.4),
Taha [31][32] proposed a well-known algorithm, the Balasian-based algorithm, for
polynomial zero-one programming in which the optimal solution is sought from
among the set of the feasible solutions to the master problem while satisfying
the secondary constraints. -Adopting the modified additive algorithm [1] for lin-
ear zero-one programming, Taha’s algorithm starts by finding out all the feasible
solutions to the master problem, checks whether they are consistent to the sec-
ondary constraints and finally, chooses the optimal solution among both feasible
and consistent solutions.

To understand the Balasian-based algorithm, the additive algorithm for

linear zero-one programming is first sketched at the beginning of this chapter.

14
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3.1 The additive algorithm for linear zero-one

programming

In 1965, Balas [1] proposed an implicit enumeration method or branch and bound
method to solve linear zero-one programming problems directly. Since only addi-
tions and subtractions are used in the solution procedure, this method is named
as the additive algorithm. Although Balas did not give enough evidence to prove
its efficiency in his paper [1], many algorithms proposed later, including Taha’s
algorithm, were developed based on Balas’ work.

Consider linear zero-one programming problems of the following form,

n
min a=Y ey, 6 =0, (3.1)
j=1
n
8.t Zaij:cj+si =b;, 1€ {1,2,'“,77?,},
i=1

where z; € {0,1} for all j € N = {1,2,...,n} are decision variables, and s;,
i = 1,2,...,m, are nonnegative slack variables. [z1,Z2,...,Zn, 51,52, 58] 18

called a solution vector, and is denoted by U.

0 0 0

The algorithm starts with the solution vector U® = [9,29,...,2, 57,83, . .., Sm

b ek o

= [0,0,-++,0,b1,ba, -, by). Obviously, it is a dual-feasible solution to the lin-

ear programming problem corresponding to (3.1) since all ¢; > 0. If all b;,
i € {1,2,...,m}, are nonnegative, U° is the optimal solution to the problem
(3.1); Otherwise, set Jo = 0 and introduce an index j € N, according to a certain

rule, into Jp.

0

]
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At iteration ¢, the solution vector U*, given by:

1 (.7 € Jt)7
$_t7 = Sg = bz - Z Q- (32)
0 (jEN-FL), g

is still a dual-feasible solution to the corresponding relaxation of (3.1). If there
exists i € {1,2,...,m} such that st < 0, form the improving set for the solution

vector Ut, Ny, defined as follows:
N,=N — (Ctu D*U EY), (3.3)

where C? stands for the set of those j introduced into Ji such that £ < ¢ and
Ji C J; before the solution U* is obtained; D* is the set of those j € (N — CY)
such that, if j is introduced into J;, the value of the objective function would
hit the ceiling for Ut; Et is the set of those j € [N — (C* U D)] such that, if j
is introduced into J;, no negative st would be increased in value. Thus, we can
introduce an index j € N, according to a certain rule, into J; to improve the
solution vector U® and a new iteration starts.

If all slack variables st fori € {1,2,...,m} are nonnegative, U* is a feasible
solution to the problem (3.1). Let z; denote the value of the objective function
corresponding to U’. When z; is less than the current optimal value, zpm;, and
U;nin aré féplaced by 2z aﬁd Ut, respectively. The solution procedure then checks
the improving sets for the solution vector U*, left after iteration t, Nf, such that
k < s and J, C J; in the decreasing order of the number k. Nj is defined as

follows:
N = N — (CLUD}), (3.4)

where C? stands for the set of those j introduced into Ji before the solution U*

is obtained; DY is the set of those j € (N}, — Cf) such that, if j is introduced into
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Ji, the value of the objective function would hit the ceiling for U*. If N} = 0 for
all k such that k¥ < t and Jy C J;, neglect this branch and a new iteration starts.
Otherwise, we can introduce an index j € NV}, according to a certain rule, into
Ji, to improve the solution vector U* and a new iteration starts.

After finite iterations, either the optimal solution vector Up;, is obtained
or no feasible solution exists. The most prominent feature of this algorithm is that
its operations only include additions and subtractions in the solution procedure,
so computational round-off errors are totally avoided.

For satisfying Taha’s algorithm to find all feasible solutions of the master
problem, Taha modified this algorithm by fixing the upper bound as infinite, i.e.,

remove the set D! and D form (3.3) and (3.4), respectively.

3.2 Some notations and definitions referred to

the Balasian-based algorithm

Instead of the general form (1.1), the Balasian-based algorithm only considers the
master problem (1.4) with its secondary constraints (1.3) in the solution process

~of the polynomial zero-one programming problem.

Partial solution A partial solution J; is defined as a permutation of a subset of
{+j|i € N}, where +j € J; implies that z; = 1 and —j € J; implies that z; =0

in the tth iteration. So J; assigns binary values to a part of z; for j € V.

Completion and free term A completion of J; is any vector of decision term z

whose components are partially determined by J; while the rest, called free terms,
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are chosen arbitrarily between 0 and 1.

Feasible and Consistent If the completion of J; with all corresponding free terms
set at zero constitutes a/an feasible/infeasible solution to the master problem
(1.4), J; is called feasible/infeasible. If there exists a completion of J; satisfying
the secondary constraints (1.2), J; is called consistent; Otherwise, J; is called

inconsistent.

Fathoming Fathoming in [31] is a process that checks whether the branch repre-
sented by J; is needed to be considered further. If (i) a given J; is infeasible and J;
has no feasible completion, or (ii) a given J; is feasible and any augmentation to
J; by one or more free terms set at one will invite an infeasibility, J; is fathomed

and the corresponding branch will be removed.

3.3 Identification of all the feasible solutions to

the master problem

In the process of searching for all the feasible solutions to the master problem,
the fathoming procedure is applied on-line.

When a given partial solution, J;, is infeasible, the modified additive al-
gorithm [1] is used to find a new feasible partial solution Ji41 by augmenting J;
with a subset of {+j|j € N — Ji} on the right, i.., fixing some free terms at
1. If no feasible partial solution exists, J; has no feasible completion and J; is

fathomed in case (i).
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When J; is feasible, a set is defined as follow:
Qi={je(N-J)|ay < st for all s € N}, (35)

where s! is the ith slack variable at the tth iteration. If Q: # 0, a new feasible

partial solution J;4; can be achieved by augmenting J; with {+k|c; = nelbn i}
J t

If Q; = 0, J; is augmented by {+k|w} = jgva%t{w;|w§ = imin(O,Sf —ai;)}}
resulting in an infeasible partial solution, and the modiﬁedz-aldditive algorithm is
performed again to find a new feasible partial solution Ji4;. In case that Ji4
doesn’t exist, any augmentation to J; by one or more free terms set at one will
invite infeasibility and J; is fathomed in case (ii).

A fathomed partial solution J; indicates that its remaining completions
are entirely infeasible. A “backtrack” procedure [15], changing the rightmost
positive element of J; into a negative one and then deleting all the elements to
its right (if any), is carried out to abandon this useless branch and generates a
nonredundant one. When no element left in a partial solution J; is positive, all
2" possible solutions to the master problem have been implicitly checked so that
the feasible solutions to the master problem have been founded out completely.

Thus, the fathoming process terminates.

3.4 Consistency check of the feasible partial so-

lutions

When a feasible partial solution, J;, is achieved, its consistency should be checked

according to the secondary constraints.
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If J, is inconsistent, any augmentation to J; also leads to inconsistency.
The “backtrack” procedure is performed to generate a new partial solution which
will be checked by the next round of the fathoming procedure.

If J, is consistent, some of the decision variables y; for k € N " are fixed
at either 0 or 1 by both J; and the secondary constraints. Conversely, these fixed
variables can determine a set B; = {+j|z; is fixed at 1,j € N—J;}. By = () means
J, with all free terms set at 0 is a feasible solution to the original problem, and the
current optimal solution is updated if the objective function value corresponding
to J; is better than the current optimal value. Thé “backtrack” procedure will
be performed on J;. When B; # 0, J; U B, is still a consistent partial solution,
and its feasibility will be checked again.

In finite iterations, either an optimal solution is obtained or it can be

concluded that no feasible solution exists.



Chapter 4

The p-norm Surrogate Constraint

Method

4.1 Introduction

The p-norm surrogate constraint method has been recently proposed by Li [22] for
integer programming. Using this method, a polynomial zero-one programming
problem with multiple constraints can be always converted into an equivalent
polynomial zero-one programming problem with a single surrogate constraint if a
positive integer p is selected to be large enough. One of the prominent properties
of this method that is different from other surrogate constraint methods is that
no assumption of convexity is required.

For a positive integer p, the p-norm surrogate constraint formulation of

21
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the problem (1.1) is given as

'
2™ —1

min Y c'j I vk (4.1)
j=1  kjeK;
m m ;
st Y (g < D [wabl
=1 i=1
or
on 1 ,
min =~ Y ¢; [ v (4.2)
j=1  kj€K;
m 2"’—1 " m ,
st Y [ Y (ag I w)P < > b,
=1 j=1 k;€K; =1
where all p; > 0,4 =1, 2, ..., m, and satisfy the following two constraints:
paby = paby = ... = by, (4.3)
m
Z iy =1, (4.4)
=1

Denote by S the feasible region of the original problem (1.1) and S, the

feasible region of the problem (4.1),

S={ylaW) <b, ,i=12,...,m ye{0,1}"}, (4.5)
S, = {y | Slma@)P < (b, v € {0,1}*}. (4.6)
i=1 i=1
Lemma 1 [22]
S=5; (4.7)
if we select
In(m)
p—[ b’+1 -l’ (4'8)
In( min ———)
1<i<m b,

?

where [q] denotes the integer that is greater than or equal to g.
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We can conclude from Lemma 1 that the problem (1.1) and the problem
(4.1) or (4.2) are exactly the same when p is chosen according to (4.8). Thus,
in the following discussion, we only need to consider problem (4.2) and take the
advantage of the prominent feature of a single constraint.

In the next section, an example will be solved to demonstrate how the
p-norm surrogate constraint method reduces a polynomial zero-one programming

problem with multiple constraints into a one with a single surrogate constraint.

4.2 Numerical example

Example 1 Consider the following polynomial zero-one programming problem

with three constraints in [31]:

min 2z = 3ya¥s + 201Y2 + Y2y + 2Y1Y2Ys + SY2YsYs, (4.9)
:
gi(y) = —vyays +yiy2  —YoUYs  +Yiveys  —Yaysys <1
5.6 92(y) = —Tyays +3y2ys —4y1yays —3Yaysys < —2
| (W)= Buays —Byiyz  —vas —3YaYs —3yaysys < —1

where y = [y1,Y2,Y3,Ya,ys] € {0,1}°. Note that a1(.), 92(.), and g3(.) are not
strictly positive. To use the p-norm surrogate constraint method, a positive integer
needs to be added to both sides of each constraint in (4.9) such that the constraint
can satisfy the requirement of being strictly positive. After this kind of treatment

is performed, the problem (4.9) becomes the following form.:

min 2z = 3yays + 2U1Y2 + Y2Us + 2Y1Y2Y3 + SY2Y3Ys, (4.10)
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—YsYs +V1Y2  —YoYs  +YiYeys  —Yo¥3ys +4 <5

s.t. | —Tyays +3yoys —4y1%2y3 —3Y2ys3ys +15 < 13 -

i 8yays —6y1y2 —Yoys —3Y1Y2ys —3Y2ysys +14 < 13
Using (4.8), (4-4), and (4.8), we have p = %, pe = p3 = 5, and p = 15,
Applying the p-norm surrogate constraint method we yield an equivalent problem

of (4-10),

min 2z = 3yays + 20192 + Yous + 2Y192Y3 + 8Y2Y3Ys, (4.11)

13 &
s.t. [ﬁ(—yws + Y1Yo — YoUs + Y1Y2Ys — Y2Ysys + 4)]7 +

5
[%(—7%% + 3yays — 4192Y3 — 3Y2yays + 15)]° +

9 65
(55 (Buays — 6y112 — yays — 3y1y2ys — 3yayavs + 14 < 3(z2)"

Essentially, we testify Lemma 1 with the results in Example 1, ie., we
testify whether the feasible region of the problem (4.9) is equal to that of the
problem (4.11). Example 1 has 5 variables such that y = [y1, Y2, ¥3, Y4, ys] has 32
(= 2°) combinations listed in Table 4.1.

In Table 4.1, the first column is the number of solutions, the second column

shows us all 32 solutions. “F” means feasible and “I” means infeasible. In the

column of the P-norm Surrogate Constraints Problem are the values of p from 1 -

to 15. O.P. stands for the original problem (4.9).

From Table 4.1, we can easily make a conclusion that if the problem (4.9)
is feasible, the p-norm surrogate constraint problem is feasible no matter what
value p is chosen. If the problem (4.9) is infeasible, only when p > 5 the p-norm
surrogate constraint problem is infeasible. Thus, we have that, when p > 15, the
feasible region of the problem (4.9) is equal to that of the problem (4.11), and

Lemma 1 is testified to be right again in practice.



CHAPTER 4. THE P-NORM SURROGATE CONSTRAINT METHOD

The P-Norm Surrogate Constraint Problem (p:)
No. [v1 v2 ¥s ¥4 ¥5 1|2|314[5|6|7l8|9 10|11|12|13]14|15
1 0 0 0 0 0 r|rfr|rfr|r|r|rfrjiI I 1 I 1 I
2 0 0 0 0 1 1|1 I |1 I |11 I I I I I I 1 I
3 0 0 0 1 0 I r|jr|r|r|r|r|I1jrilI I I I I I I
4 0 0 0 1 1 F I I|1I I({1 |1 I I I I I I I I
5 0 0 1 0 0 ) G 1D i I B GO I GO s O N Y 20 S ¢ I I I I I
6 0 0 1 0 1 O ¢ 1|1 |1 |1 |1]|T1 I I 1 I I I I
7 0 0 1 1 0 1] X I 1|1 |(1]1I 1|1 I I I I I I
8 0 0 1 1 1 F|1I ) S S O S S D O I | ) 5 ¢ I I 1 I I I
9 0 1 0 0 0 I | X Ifr|r|rj|iI I I I I I I I I
10 0 1 0 0 1 1|1 |rjr|1rjr)|iI I I I I I I I I
11 0 1 0 1 0 F |1 1|1 |1 fr|r|rn)|I I I I I I I
12 0 1 0 1 1 F|l|I|TI]|I I 1|1 I|I I I I I I I
13 0 1 1 0 0 I I I I I I I I I I I I I I I
14 0 1 1 0 1 F|F|F|F|F|F|F|F|F|F F F F F F
15 0 1 1 1 0 FlTI|I|TI I I I|I I I I I I I
16 0 1 1 1 1 F|F|F|I ) &8 S Ol | ¢ I I I I 1 I I I
17 1 0 0 0 0 I|11|1)|1 ) Gl 1D Gl 9 ¢ ) O ¢ I I I 1 I 1
18 1 0 0 0 1 | 1|1|1 LT | X ] [ ¢ I I I I I I
19 1 0 0 1 0 I|1I I|1I T |SE | I|1I I I I I I
20 1 0 0 1 1 F|I I|1I ) ol 1 6l [ I I 1 I 1 I 1 1
21 1 0 1 0 0 11|11 ) il 3 ¢ I I|1 I I 1 I I I
22 1 0 1 0 1 I I |11 I 11|11 I|1I I I 1 I I 1
23 1 0 1 1 0 I|1I 1|1 I (1|1 I I I ¢ I I I I
24 1 0 1 1 1 F|lI 1|1 |1 | 1|1 R I I 1 I I I
25 1 1 0 0 0 F|F|F|(F|I|T]TI I|1I I I I I I I
26 1 1 0-—0 1 F|F|F|F|I I I I I I I I I I I
27 1 1 0 1 0 F|F |1 I I I I I I I I I I I I
28 1 1 0 1 1 F|F|F|F|F|F|F|F|F|F F F F F F
29 1 1 1 0 0 F|F|F|F|TI|TI|TI]|TI]|I I I I I I I
30 1 1 1 0 1 F|F|F|F|F|F|F|F|F|F F F F F F
31 1 1 1 1 0 ) Gl s o A O D O [ G I N S I ol 0 I 1 I I I 1
32 1 1 1 1 1 F|F|F|F|F|F|F|F|F|F F F F F F

25

Table 4.1: Compare the feasible region of the p-norm surrogate constraint problem

and the original problem



Chapter 5

The P-norm Surrogate-constraint

Algorithm

5.1 Main ideas

The Balasian-based algorithm [31][32] is efficient in determining whether a feasible
solution to the master problem is optimal to the original problem, but the process
in searching for all the feasible solutions, using the additive algorithm [1], could
be very time consuming. An important reason for this because the total amount
of computation in the additive algorithm depends linearly on both the number
of constraints and the number of variables, i.e. m X n.

The p-norm surrogate constraint method [22] can.reduce the multiple con-
straints of the polynomial zero-one programming problem to a single one while
the number of the decision terms in the master problem (1.4) is enlarged up to

n*. In general, 1 x n* < m x n such that the efficiency of the searching process

26
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could be enhanced. When the general form of the polynomial zero-one program-
ming problem (1.1) has all the 97 _ 1 decision terms, the number of the decision
terms will remain unchanged after the transformation in the p-norm surrogate
constraint method.

In addition, the prominent feature of a single constraint would assist us
to devise a more efficient method searching all the feasible solutions than the
additive algorithm in the Balasian-based algorithm and even would improve the
“backtrack” technique [15].

Based on the above considerations, a new algorithm is sketched for poly-
nomial zero-one programming. The original problem (1.1) is first reduced to an
equivalent master problem with its secondary constraints. Then the algorithm
searches a feasible solutions to the master problem using an improved “fathom-
ing” technique and checks its consistency. A modified version of “backtrack”
technique is adopted on the “fathomed” solution to generate a new nonredun-
dant solution to the master problem and the algorithm goes to the next round of
the iterations.

In the following sections, the new algorithm, the p-norm surrogate-constraint

algorithm, will be presented in detail.

5.2 The standard form of the polynomial zero-

one programming problem

Now, we reconsider the general form of the polynomial zero-one programming

problems (1.1) with multiple constraints. It can be reduced to an equivalent
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polynomial single-constraint zero-one programming problem (4.2) by using the
p-norm surrogate constraint method.
Since all ;, i = {1,2,...,n'}, are binary, the surrogate constraint in (4.2)

can be simplified to the following form after expansion and combining the similar

terms, ,
2n —1
> a; IT e <0, (5.1)
j=1 k;€K;

! ! . . . .
where a; and b are new constants generated in the process of simplification.

Using the definitions of (1.2) and (1.3), the problem (4.2) can be now expressed

by the following form:

n
min . .Z= chxj, ¢ 2 U (5.2)
j=1
n
s.t. a; T + s = b,

j=1
where s is a nonnegative slack variable, a; and b are deduced from (5.1) and (1.2),
and z satisfies (1.2). Up to this stage, the problem (4.2) has been transformed
into an equivalent two-level problem referred as the standard form, a master
problem (5.2) with its secondary constraints (1.2). Clearly, the master problem
(5.2) is a linear zero-one programming problem with a single constraint while the
secondary constraints (1.2) is a-polyn&nira;l syster;“ CIPARC -
In the following, we will concentrate on developing a numerical algorithm

of a partial enumeration nature for the master problem (5.2) with secondary

constraints (1.2).
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5.3 Definitions and notations

This section will give a set of definitions and notations used in the statements
of the new algorithm. Some of these concepts, similar to those adopted in the
additive algorithm [31][32], have been redefined in this thesis while the others

have been introduced for the first time.

5.3.1 Partial solution in z

A partial solution in z, denoted by J;, is a permutation of a subset of {£j|j € N}.
The decision term z; is set at 1 in the tth iteration if +j € J;, while z; is set at 0
if —j € J;. Essentially, J; determines an assignment of binary values to a subset

of the decision terms.

5.3.2 Free term

We define an index set of J; to be I(J;) = {j | +j or —j € Ji}. The free term of
J, is any decision term z; whose index j is not included in J (J;). Since all ¢; > 0

for j € N in the master problem (4.4), the free terms are always set at 0.

5.3.3 Completion

A completion of J; is any vector of decision term, z, in which a part of components
are determined by J; while the rest, all the free terms of J;, are chosen arbitrarily
between 0 and 1. -

The partial solution, J;, behaves exactly as its completion in which all the

free terms equal zero. So, we use the partial solution J; instead of its completion
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such that the solution process can be simplified.

5.3.4 Feasible partial solution

If the completion of J; with all corresponding free terms set at zero value consti-
tutes a feasible solution to the master problem (1.4), J; is called feasible.
If the completion of J; with all corresponding free terms set at zero value

constitutes an infeasible solution to the master problem (1.4), J; is called infea-

sible.

5.3.5 Consistent partial solution

A feasible partial solution, J;, is said to be consistent if J; determines a feasible
solution in y to the secondary constraints in (1.2).

A feasible partial solution, J;, is said to be inconsistent if J; leads to an
infeasible solution in vy to the secondary constraints in (1.2).

If .J, is inconsistent, no matter how it is augmented by its free terms, J; will
remain inconsistent. This feature can improve the efficiency of the “fathoming”
procedure since J; is inconsistent indicates that it is fathomed. So, a new case is

added as Case (_iii) of the “fathdmiﬁg” conditions in the new algorithm.

5.3.6 Partial solution in y

A partial solution in y, denoted by D, is a permutation of a subset of {+1, £2, ..., +n'}
and it is determined by J; via the secondary constraints. The decision variable

y; is set at 1 in the tth iteration if +j € Dy, while y; is set at 0 if —j € D;.
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D,, similar to J;, determines an assignment of binary values to a subset
of the decision variables. If J; can generate a D, via the secondary constraints,
J, is consistent. In other words, to check the consistency of J; is equal to check

the existence of Dj.

5.3.7 Free variable

We define an index set of D; to be I(D;) = {i | +¢ or —i € D;}. The free variable

of D, is any decision variable y; whose index i is not included in I(D;).

5.3.8 Augmented solution in z

An augmented solution in z, denoted by Bi, is a subset of {+j]j € N — I(J;)}
and it is determined by D; via the secondary constraints.
Augmented by B, the partial solution J; must be consistent, but it may

be infeasible.

Example 2 A polynomial zero-one programming problem has been converted into

the standard form, a master problem,

min 2z = f(21, T2, T3, Ta), (5.3)

st. T +3zy+ 23 —4x4+5= -2,



CHAPTER 5. THE P-NORM SURROGATE-CONSTRAINT ALGORITHM32

and the secondary constraints,

4

Iy = Y1Yyz,
Ty = Yo,

4 (5.4)
T3 = Y2Y3lY4,

| T4 = 1 — y1y2Y3-

Clearly, J* ={1,2,3} and J~ = {4}.
At the iteration t, the feasible partial solution Jy = {41, =3, +4} with z,

as a free term determines a following assignment of the decision terms,

ry = 1,
ﬁ T3 = 0, (55)
Ty = 1,

and it further determines a following assignment of the decision variables,

N = ]-a
ﬁ Ya = 1 (56)
Lot 'L Y. = e - - - e mes  _

So the partial solution in y, Dy = {+1,+2,—3} and ys is a free variable. J; is a
consistent solution.

Since o = Yo in (5.6) and +2 € Dy, the free term x5 is fized to be 1.
Thus, the augmented solution By = {+2}, but {+1,—3,4+4,+2}, generated from
J: augmented by By, is infeasible.

Another feasible partial solution, J; = {+1,+3,+4}, can not satisfy the

secondary constraints simultaneously. So it is an inconsistent partial solution.
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5.4 Solution concepts

The feasible solution set of the master problem (5.2) is a relaxation of S. All
the optimal solutions to the original problem (1.1) must be feasible to the master
problem (5.2). Thus, we are going to develop an approach to find the optimal
solution to the problem (1.1) by searching for the best solution among the feasible
solutions to (5.2) that satisfy the secondary constraints (1.2). The key point is
how to implicitly enumerate the feasible solutions to (5.2). We have shown that,
Using the p-norm surrogate constraint method [22], any multiple-constraint poly-
nomial zero-one problem can be reformulated as an equivalent single-constraint
one. Making use of this prominent result, we will develop a novel efficient search

method that especially suits for singly-constrained polynomial zero-one problems.

5.4.1 Fathoming

Let J, be a partial solution in z at iteration ¢. The concept of fathoming is
redefined here as follows:

J, is fathomed if one of the following conditions is satisfied:
(i) J; is infeasible and J; has no feasible completion; or
(i) J; is both feasible and consistent, and no B; exists; or
(iii) J; is feasible, but inconsistent.

In case (i), J; is infeasible and there does not exist an augmentation to
J, such that the feasibility of the master problem (5.2) can be achieved. In case
(ii), J; with all free terms set at zero is a feasible solution to the original problem

(1.1). No B; exists implies that no necessary augmentation is needed. Since all

¢; > 0, any augmentation to J; will result in an objective function value which
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is no better than z;, the current objective function value associated with J;. In
case (iii), J; is inconsistent. So are all its completions.

In case where J; is fathomed, it implies that there is no need to investigate
further the remaining completions of J;, and the “backtrack” process will be
performed to generate a new nonredundant partial solution Ji4 from J;.

The “fathoming” process consists of three stages: feasibility checking, con-
sistency checking, and augmenting the partial solution in z. In the fathoming
process, Jmin and Zmin denote the current incumbent solution in z and the corre-
sponding optimal value of the objective function, respectively. At the beginning,

set Join:=10 a0d. 25 =700,

Feasibility checking

At iteration t, the partial solution, J;, is given and s; denotes the slack variable.
The “fathoming” process starts with the feasibility checking.

If s, is less than zero, J; is infeasible and we have case (i); Otherwise, J;
is feasible and we have cases (ii) or (iii).

In case (i), a criterion is easy to be constructed to determine whether J;

has any feasible completlon When s, is less than the summation of all negatlve

coefficients of free terms the slack var1able cannot become nonnegatlve even we
assign all free terms with negative coefficients at one. More specifically, if
> min(0,a;) > s¢, (5.7)
JEN—-J¢
J; has no feasible completion and J; is fathomed.
If the inequality (5.7) does not hold, J; has at least one feasible completion.
Let H, = 0; find the most negative a;, j € N — J; — Hy,; and augment H; by
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{+j}. This process repeats until »  a; < S; is satisfied. Thus, a new feasible
jEH:
partial solution, J; U Hy, is formed and the situation is converted to either case

(id) or (ii).

Consistency checking

If a partial solution, J;, is feasible, we need to check its consistency for determining
which case is used to fathom it. To test whether a partial solution in z, Ji, is
consistent or not is equivalent to test if an associated partial solution in y, Dy,
can be found.

A two-stage approach is designed to find Dy, which is closely related to
the computer program that I coded. In the approach, some of components in D,
can be identified by directly checking both J; and the secondary constraints and

the others need to be identified by iteration.

Stage I. Direct fixation.
If+j€ J;and j € JT,

yi= 1 foralli€Kj - (5-8)

If =j € J,and j € J-,

¥i= 1 foralli€ K; - (5.9)

Stage II. Indirect fixation.
Step 0.
Set all y;-variables not fixed at Stage I at an initial value of 2.

Step 1.
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Calculate all the values of z;, £j € J;, according to the secondary con-
straints (1.2).
Step 2.

For —j € J;and j € J™,

> 2, none to be fixed,
=2, v, is fixed at 0 for y; = 2 (i € Kj),

=1, J; is inconsistent and terminate,

=0, none to be fixed.

\

For +j € J;and j € J7,

< —1, none to be fixed,

= —1, y; is fixed at 0 for y; = 2 (i € Kj),
Itz (5.11)

=0, J;is inconsistent and terminate,

L =1, none to be fixed.

Step 3.
If no fixation of y; happens in the current iteration, the procedure termi-

nates; Otherwise, gb- back-to-Step-1.——————————— - - - O

At Stage I, +j € J, and j € J* imply that z; = [] v = 1. So all 4,
i € Kj, can be fixed at 1, or an inconsistency occurs. Z—G;'{je Jy and j € J™
imply that z; = 1 — J] v = 0. So all y;, i € Kj, can be also fixed at 1, or an
inconsistency occurs. =

At Stage II, some other decision variables, y;, can be fixed at zero by

iteration. In Step 0, all y; which have not been fixed at Stage 1 are set at 2. In
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other words, y; = 2 indicates that it has not been fixed. So far, all of the decision
variables have been fixed at 0, 1, or 2. Based on these new values of y;, all the
values of z;, £j € J;, are updated in Step 1 of every iteration, which could be
different from those determined by J;.

In Step 2, —j € J; and j € J* imply that z; = [[ v = 0. If the value
of z;, calculated in Step 1, is larger than 2, at least twozeé?z 2:for 4 € Ky, i.e.,
they have not been fixed. Then, none can be determined; If the value of z; is
equal to 2, only one y; = 2, i.e., it has not been fixed. Then, it will be set at zero,
or an inconsistency occurs; If the value of z; is 1, inconsistency occurs and the
procedure of consistency checking terminates; If the value of z; is 0, at least one
y; = 0 for 7 € K;. Then, no more y; can be determined.

In Step 2, +j € J; and j € J~ imply that z; = 1 — J] v = 1. If the
value of z;, calculated in Step 1, is less than —1, at least twozzf; 2 for i € K,
i.e., they have not been fixed. Then, none can be determined; If the value of &;
is equal to —1, only one y; = 2, i.e., it has not been fixed. Then, it will be set at
zero, or an inconsistency occurs; If the value of z; is 0, inconsistency occurs and
the procedure of consistency checking terminates; If the value of z; is 1, at least
one y; = 0 for i € K;. Then, no more y; can be determined.

" In Step 3, no fixation of y; in the current iteration indicates that no fixation

will happen in the following iterations. So, the procedure of consistency checking
terminates.

Thus, the partial solution in y of J; is generated in the two-stage approach

as follows:

D, = {+i(—i)|y; = 1(0) according to (5.8), (5.9),(5.10) and (5.11)}.
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Example 3 Consider a partial solution J; = {-1,+3} with the secondary con-
straints of (5.4) of Ezample 2.

Since +3 € J; and T3 = Yoysys, Y2 = Y3 = Ya = 1 is gotten from (5.8) at
Stage I directly. Only y, has not been fized.

At stage II, yy is first set at 2 in Step 0. Then Ty = y1y2 =2 x 1 =2 i8
calculated in Step 1. Since —1 € J, and 1 € J*, yy is fized at 0. So far, all y; for

i € N' have been fized, the procedure of consistency checking terminates.

When J, is feasible, if D, does not exist, J; is inconsistent and J; is fath-

omed in case (iii). Otherwise, J; is consistent and we have case (ii).

Augmenting the partial solution in z

In case (ii), J; is both feasible and consistent. When no B; exists, no necessary
augmentation on J; is needed and J; is fathomed. Now the completion of J; with
all its free terms set at 0 is a feasible solution to the original problem (1.1). If
2 < Zmin, Set incumbent zmin = 2 and Jmin = Ji. When B; exists (there could
be more than one B;), J; has to be augmented by B;. A new partial solution,
J; U By, is formed for another round of checking.
— An-approach suitable to computer program is proposed for determining

the augmented solutions in z.

We follow the data in two-level approach that some y; are fixed at 0, some
are fixed at 1 and the rest are equal to 2.

Step 0.

Set k = 1. Determine the following three sets:

Bt1 = {+j|xj = 1’j EN~ I(Jt)}’
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Ef ={jlz; =2, € I* N[N - I(J)]},
E; = {jlzg;=-1,j€J N[N - I(J)]}

If B} # 0 and E; # 0, go to the next step. Otherwise, the approach terminates.
Step 1.
Choose an index u from E;". Find v such that v € K, and y, = 2.
Step 2.
Delete u from E;" and set y, = 0.
Step 3.
Calculate z;, j € E;, in accordance with the secondary constraints.

Step 4. Determine the set G,, defined by
Gy = {+jlz; =1, and j € E; }.

If G, # 0, then BF = B} UG,, and go to the next step. Otherwise, go to Step 6.
Step 5.
Set k = k+ 1. BF = B} U {+u}.
Step 6.
If E;" = (), the approach terminates. Otherwise, set k = k+1 and go back
to Step 1. B . | O

Obviously, Eff ¢ J* and E; C J~ are two index sets of the terms z;,
which only contain one y; that is not fixed. If G, # 0, either z, or z; for j € Gy

is set at 1 since ¥, is binary.

Example 4 Consider J, = {+3} with the secondary constraints of (5.4) of Ez-
ample 2. Dy = {+2,+3,+4} is obtained easily by the two-stage approach, in
which y, 1S set at 2.
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Step 0.
Set s =1, and
Bt1 = {2}7
Ef ={+1} #0,
E; = {+4} #0.
Step 1.

Choose u =1 and find v = 1.
Step 2.
Ef =0 and y; =0.

Step 3.

G = {+4} #0.

B} =Bl UG = {+2,+4}.

Step 5.

k =2 and B = B} U {+1} = {+2,+1}.
Step 6.

Since E;" = 0, the approach terminates.

Having used the above approach on J;, either £ augmented solutions in ¥,
denoted by BE, are identified or no Bf exists. In the former case, although J; is
feasible and consistent, the completion of J; with all fret_e terms set at zero is not
feasible to the secondary constraints until J; is augmented by BF.

Ji+1, generated from augmenting J; with BF, is obviously consistent and

if it is feasible, then its completion with all the free terms set at 0 is a feasible
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solution to the original problem (1.1). If z;41 < Zmin, Set incumbent Zmin = 241
and Jumin = Jip1. Since no B, exists, J; is also fathomed in case(ii). If Jyyq is

infeasible, the feasibility checking will go into the next iteration.

5.4.2 Backtracks

When the current partial solution J; is fathomed, a modified version of Geoffrion’s
implicit enumeration technique [15] is used to generate a new potential partial
solution in .

The procedure of “backtrack” in the Geoffrion’s method [15] mékes the
most-right positive element in J; negative and then deletes all the elements to
its right. When all the elements of a fathomed partial solution are negative, it
means that all 2" possible solutions to (5.2) have been checked implicitly. One
simplification which this algorithm adopts is the treatment of the augmentation
BF in J, at iteration t with r < t. We recognize that By is added to make the
partial solution J,, which consists of the components on the left of BF in J;,
consistent. Changing any element of B from positive to negative while keeping
J,. unchanged will result in an inconsistent solution. Thus, we should select the
" most-right element in J; from among the elements which do not belong to any
BF with r < t. This modification leads to a significant saving in computation.

When all the elements of a fathomed partial solution are negative, the

fathoming process terminates. The optimal partial solution in z is T
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5.4.3 Determination of the optimal solution in y

In finite iterations, either an optimal value zpin is obtained or it can be concluded
that no feasible solution exists from zmi, = 00. The optimal partial solution in z
is Jo associated with zmin. According to the secondary constraints and J;, we
can determine the partial solution(s) in y, Dmin, by the two-stages approach.
When N’ = I(Dgin), i.e., no free variable exists, the original problem has
a single optimal solution in y determined by Dmin exactly. When N’ C I(Dmin),
we choose a group of free variables and set them at 0 or 1 such that all other
free variables can be fixed by indirect fixation in the two-stage apprbach, an
optimal solution in y is achieved from the partial setting and the partial fixation.
We repeat the above procedure until no such group exits. Finally, the optimal

solutions are fully determined.

5.5 Solution algorithm

A polynomial zero-one programming problem has been converted into the stan-
dard form, the master problem (5.2) with the second constraints (1.2). The
following new algorithm, p-norm surrogate-constraint algorithm, for polynomial
zero-one programming is proposed based on the discussion in the previously sec-

tions. The detailed steps can be also followed on the flow chart in Figure 5.1.
Step 0. Initialization. Set t = 0, Zmin = 00, Jmin = Jo = 0.

Step 1. Feasibility check. If s; > 0 go to Step 4.
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Step 2. If

> min(0, a;) > s,

JEN—-J;
go to Step 11.

Step 3. Find the set of H;. Augment J; by H; on the right.
Step 4. Consistency check. If J; is inconsistent, go to Step 11.
Step 5. Find all the sets BF. If Bf exist, go to Step 7.

Step 6. If 2; < Zpmin, replace Zmin by 2 and Jmin by Ji. Go to Step 11.

Step 7. If
Zt + Z Cj Z Zmin)
jEBE
go to Step 10.
Step 8. If
St - Z a; > 0’
jEBE

replace Zmin by z: + Z c¢; and augment J; on the right by BF, and go to Step
jEBE

10.
Step 9. Augment J; on the right by BF, then go back to Step 2.
Step 10. Set k =k — 1. If kK > 0, return to Step 7.

Step 11. If all the elements in J; are negative; terminate. Otherwise,

perform a backtrack step and go back to Step I.

Step 12. Determine all the optimal solutions. If zny is still equal to infinity
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when the procedure terminates, the original problem has no feasible solution.

Otherwise, those corresponding to zpyi, is the optimal solutions. a

The p-norm surrogate-constraint algorithm is coded in Visual C++ 5.0 for
Pentium 166 CPU. The code of the new algorithm consists of two parts. The first
part transforms a general polynomial zero-one problem into its standard form and

the second part is the implementation of the above algorithm.
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Chapter 6

Numerical Examples

6.1 Solution process by the new algorithm

6.1.1 Example 5

We re-consider the polynomial zero-one programming problem which Taha [31][32]
designed for illustrating the Balasin-based algorithm. The following is the general

form of this problem:

min z = 3y4ys + 2y1Y2 + Y2vs + 2y192Y3 + 8Y2YsYs (6.1)

7

—ysYs  +FY1Y2  —YoYs  +iYeys  —Yeyays <1

s.t. ﬁ —Tysys +3yoys  —4Y1Yoys —3Y2y3ys < —2

| 8ysys —6Y1Y2 —YoYs —3Y1Y2ys —3Y2Ysys < —1

where y; € {0,1} for 7 € {1,2,3,4,5}.

46
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Transformation

Using the p-norm surrogate-constraint method [22], the problem (6.1) can be
equivalently transformed into the surrogate-constraint formulation (4.11). After
expanding and combining the similar terms, (4.11) can be expressed as a polyno-

mial zero-one programming problem with a single surrogate constraint,

min 2z = 3YaYs + 2y1Y2 + YoUs + 2Y1Y2Y3 + 8Y2Y3Ys

s.t.  +4159083994664864490489637859956 YaYs
—32393713291612264534830143 Y1Y2
+189287953090993896892225750581 Y2Y4
+926771450508181032738885152 Y1Y2Ys3
—17567584010676854145371905669 Y2Y3Ys
—208904320886271705520390478550 Y1Y2Y3Y4 (6.2)
+2064378995459173208634429626250 Y1Y2Y3Y4Ys |
—5063591504562018163218117738 Y1Y2Y3Ys
+1731680080924936319574704562 Y1Y2Ya
—2064056286984483290942550140946 Y1Y2Y4Ys
—1855595870738783215333277428950 Y2Y3YaYs
—2287482270124103212658524077804 Y2YaYs

< —134797744487362861440560220768.

Since the operations of the new algorithm to be carried out at each iter-
ation consist solely of additions and subtractions, divided by a large integer, all

the coefficients on both sides of the constraint in (6.2) could take the only integer
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parts without an impact on final result. Thus, the stand form of the problem
(6.1) is given by a master problem,

min z = 3z + 225 + x3 + 224 + 875

st 4159021 — 322, + 1893z + 93z, — 17675 — 2089z6 + 20644z,  (6.3)

—50zg + 1729 — 20640219 — 18555z1; — 22874z, < —134,

and its second constraints,

Ty = Y4a¥s
T2 = Y1lY2
T3 = Y2Y4
Ty = Y1Y2Y3
Ts = Y2Y3Ys
Te = Y1Y2Y3Ya

ﬁ : (6.4)
Tr = Y1Y2Y3YaYs
Tg = Y1Y2YsYs

S 9 = Y1Y2Ya -

T = Y1Y2Y4Ys
Ti1 = Y2Y3YalYs

L Ti2 = Y2YalYs

Iteration

To clearly illustrate the new algorithm, we shall concentrate on the procedure of

solving this example and the details of determining D, and BF will not presented
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here.
Step 0. Set Zmin = 00, 20 = 0, Jmin = Jo = 0, 5o = —134.
Iteration O.
Step 1. Feasibility check. sy = —134 < 0.
Step 2.
Z min(0, a;) = —32—176—2089—50—20640—18555—22874 = —64416 < so = —134.
jEN—Jo
Step 3. Hy = {12}, Jo = {12}, and 29 = 0, sp = 22740.
Step 4. Consistency check. Jp is consistent and Do = {2,4,5}.
Step 5. By = {1,3}.
Step 7.

Zo + Z cj=0+3+1=4<zmin=oo.
JjEB}

Step 8.

S0 — Z a; = 22740 — 41590 — 1893 = —20743 < 0.
JEB]

Step 9. J; = JoU B} = {12,1,3}, 21 = 4, and s5; = —20743. Go back to
Step 2

Itevatton L. . . . ol e = e e

Step 2.

>~ min(0, a;) = —32—176—2089—50—20640—18555 = —41542 < s, = —20743.

JEN-I1

Step 3. H; = {10,11}, J; = {12,1,3,10,11}, and 2, = 4, s; = 18452.

Step 4. Consistency check. J; is consistent and Dy = £1,2.3,4,5}

Step 5. B} = {2,4,5,6,7,8,9}.
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Step 7.

2+ > c;=4+2+2+8=16 < zpmn = 00.
jeB!
Step 8.
sy — Y, a; = 18452 — 32+ 93 — 176 — 2089 + 20644 — 50 + 17 = 36859 > 0,

jeB!
Zmin = 16 and Jnin = J1 U B} = {12,1,3,10,11,2,4,5,6,7,8,9}, goto Step 10.

Step 10. k=1-1=0.

Step 11. All the elements in J; are not negative, backtrack. J, =
{12,1,3,10, —11}, z, = 4, s = —103. Go to Step 1.

Iteration 2.

Step 1. Feasibility check. s; = —103 < 0.

Step 2.

> min(0,a;) = —32 — 176 — 2089 — 50 = —2374 < 55 = —103.

JEN—-T2

Step 3. H, = {6}, Jo = {12,1,3,10,—-11,6}, and 2; = 4, s, = 1986.

Step 4. Consistency check. J, is inconsistent, go to Step 11.

Step 11. All the elements in J, are not negative, backtrack. J; =
{12,1,3,10,—11,—6}, 23 = 4, s3 = —103. Goto Step 1. o -

Iteration 3.

Step 1. Feasibility check. s3 = —103 < 0.

Step 2.

S~ min(0,a;) = —32 — 176 — 50 = —258 < s3 = —103.
JEN—-J3
Step 3. Hs = {5}, J3 = {12,1,3,10,—11,—6,5}, and z3 = 12, 53 = 73.

Step 4. Consistency check. J3 is inconsistent, go to Step 11.
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Step 11. All the elements in J; are not negative, backtrack. Jy =
{12,1,3,10,—11,—6, -5}, 24 = 4, s, = —103. Go to Step 1.

Iteration 4.

Step 1. Feasibility check. s4 = —103 < 0.

Step 2.

3" min(0,a;) = —32 — 50 = —82 > 54, = —103,
JEN—-J4

go to Step 11.

Step 11. All the elements in Jy are not negative, backtrack. gy =
{12,1,3,—10}, 25 = 4, 55 = —20743. Go to Step 1.

Iteration 5.

Step 1. Feasibility check. s5 = —20743 < 0.

Step 2.

> min(0,a;) = —32 —176 — 2089 — 50 — 18555 = —20902 < s5 = —20743.

JEN-Js

Step 3. Hs = {11,6,5}, Js = {12,1,3,-10,11,6,5}, 25 = 12, 55 = 77.

Step 4. Js is inconsistent, go to Step 11.

Step 11. All the elements in Js; are not negative, backtrack. Js =

{12,1,3,-10,11,6, -5}, 2z = 4, ss = —99. Go to Step 1. e
Iteration 6.
Step 1. Feasibility. s = —99 < 0.
Step 2.
S min(0,a;) = =32 — 50 = —82 > 56 = —99,
jEN—Js

go to Step 11.
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Step 11. All the elements in J; are not negative, backtrack. J; =
{12,1,3,-10,11, -6}, z7 = 4, s7 = —2188. Go to Step 1.

Iteration 7.

Step 1. Feasibility check. s; = —2188 < 0.

Step 2.

S min(0,a;) = —32 — 176 — 50 = —258 > s7 = —2188,
JEN-J7

go to Step 11.

Step 11. All the elements in J; are not negative, backtrack. Jg =
{12,1,3,-10,—11}, 25 = 4, ss = —20743. Go to Step 1.

Iteration 8.

Step 1. Feasibility check. sg = —20743 < 0.

Step 2.

> min(0,a;) = —32 — 176 — 2089 — 50 = —2347 > 55 = —20743,

jJEN—-Js

go to Step 11.

Step 11. All the elements in Jg are not negative, backtrack. Jo = {—12},
29 = 0, sg = —134. Go to Step 1.

Iteration 9.

Step 1. Feasibility check. sg = —134 < 0.

Step 2.

> min(0, a;) = —32—-176—2089—50—20640—-18555.= —41542 < s = —134.

JEN—Jg

Step 3. Hy = {10}, Jo = {—12,10}, 29 = 0, s9 = 20506.

Step 4. Consistency check. Jy is inconsistent, go to Step 11.
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Step 11. All the elements in Jy are not negative, backtrack. Jip =
{=12,-10}, z10 = 0, 510 = —134. Go to Step 1.

Iteration 10.

Step 1. Feasibility check. s10 = —134 <0.

Step 2.

S min(0, ;) = —32 — 176 — 2089 — 50 — 18555 = ~20902 < 519 = —134.
JEN—-J10

Step 3. Hy = {11}, Jip = {—12,—10,11}, 210 = 0, s10 = 18421.

Step 4. Consistency check. Jg is inconsistent, goto Step 11.

Step 11. All the elements in Jip are not negative, backtrack. Ji1 =
{-12,-10,—11}, 211 = 0, sy = —134. Go to Step 1.

Iteration 11.

Step 1. Feasibility check. s;; = —134 < 0.

Step 2.

S min(0,a;) = —32 — 176 — 2089 — 50 = —2347 < s1, = —134.
JEN—-J11

Step 3. Hy; = {6}, Ji = {—12,-10,—11,6}, 211 = 0, s11 = 1955.
Step 4. Consistency check. Ji; is consistent and Dy; = {1,2,3,4}.
Step 5. BY, = {2,3,4,9}. e,
Step 7.

i+ Y ¢ =04+2+14+2+0=>5< zmin = 16.
JEBY,

Step 8.

siu— ., a; =1955+32—1893 — 93 —17=—16 < 0.
jeB},
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Step 9. Ji2 = Ju U BL = {-12,-10,-11,6,2,3,4,9}, 212 = 5, and
s15 = —16. Go back to Step 2.
Iteration 12.
Step 1. Feasibility check. s;; = —16 < 0.
Step 2.
> min(0,a;) = =176 — 50 = —226 < 512 = —16.
JEN-J12
Step 3. Hy, = {5}, Jiz = {~12,-10,-11,6,2,3,4,9,5}, 212 = 13, s12 =
160.
Step 4. Consistency check. Ji2 is inconsistent, goto Step 11.
Step 11. All the elements in Ji, are not negative, backtrack. Ji3 =
{-12,-10,-11,6,2,3,4,9, —5}, z13 = 5, s13 = —16. Go to Step 1.
Iteration 13.
Step 1. Feasibility check. s;3 = —16 < 0.
Step 2.

z min(O, (Zj) = —50 < s;3 = —16.
JEN—=J13

Step 3. Hyz = {8}, Ji3 = {-12,-10,-11,6,2,3,4,9,-5,8}, z13 = 5,
813 = 34. A

Step 4. Consistency check. Ji3 is inconsistent, go to Step 11.

Step 11. All the elements in Ji3 are not negative, backtrack. Jyy =
{-12,-10,-11,6,2,3,4,9, -5, -8}, 214 = 5, s14 = —16. Go to Step 1.

Iteration 14.

Step 1. Feasibility check. s;4 = —16 < 0.

Step 2.

> min(0,a;) = 0> s14 = —16,

JEN—J14
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goto Step 11.

Step 11. All the elements in Jj4 are not negative, backtrack. Jis =
{—12,-10,-11,—6}, z15 = 0, s15 = —134. Go to Step 1.

Iteration 15.

Step 1. Feasibility check. s;5 = —134 < 0.

Step 2.

> min(0,a;) = —32—-176 - 50 = —258 < 515 = —134.
JEN-J15

Step 3. His = {5}, Jis = {—12,—10,—-11,-6,5}, 215 = 8, 515 = 42.

Step 4. Consistency check. J5 is consistent and D5 = {2,3,5}.

Step 5. No Bf; exists.

Step 6. z15 = 8 < Zmin, Zmin = 215 = 8, Jmin = J15 = {-12,-10,—11,—6,5}.
Go to Step 11.

Step 11. All the elements in Ji5 are not negative, backtrack. Jig =
{-12,-10,-11,-6, =5}, 216 = 0, s16 = —134. Go to Step 1.

Iteration 16.

Step 1. Feasibility check. s;g = —134 < 0.

Step 2.

> min(0,a;) = =32 — 50 = —82 > s16 = —134,
JEN—-T16

goto Step 11.

Step 11. All the elements in Ji¢ are negative, terminate.

Step 12. Zmin = 8, Jmin = {—12,—10,—11, 6,5}, the optimal solution is

yp=y3=1ys=1land y1 =y4 =0.

The solution process is summarized in Table 6.1:
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56

Iteration 0 1 2 3 4 5
Jt 0 12,1,3 12,1, 3,10, =11 12,1, 3,10, 12,1, 3,10, —11, 12,1,3,-10
-11, -6 -6, —5
zt 0 4 4 -+ 4 4
St -134 —20743 —-103 -103 -103 —20743
E min(0, a;) —64416 —41542 —2374 —258 —82 —20902
JEN—Ji
Hy 12 10,11 6 5 Infeasible 11,6,5
Dy 2,4,5 1,2,3,4,5 Inconsistent Inconsistent Inconsistent
B 1,3 2,4,5,6,7,8,9
ze + E c; 4 16
jeBk
st — E a; —20743 36859
jeBk
Jinin: 0 12,1, 3,10,11, 12,1, 3,10, 11, 12,1, 3,10,11, 12,1, 3,10, 11, 12,1,3,10,11,
2,4,5,6,7,8,9 2,4,5,6,7,8,9 2,4,5,6,7,8,9 | 2,4,5,6,7,8,9 |2,4,5,6,7,8,9
Zmin =] 16 16 16 16 16
Iteration 6 7 8 9 10 11
Je 12,1,3,-10,11 | 12,1,3,-10,11 12,1, 3, —10, =12 -12,—-10 -12,-10,-11
6, -5 -6 -11
z4 4 4 4 0 0 0
St -99 —2188 —20743 —134 —134 —134
E min(0, a,) —82 —258 —2347 —41542 —20902 —2347
JEN—=J;
H: Infeasible Infeasible Infeasible 10 11 6
Dy Inconsistent Inconsistent 1,2,:3,4
B 2,3,4,9
zt + E cj 5
: k
JEBY
St — E aj —-16
jeBk
Jmin 12, 1,3,10,11, 12,1,3,10,11, 12,1, 3,10,11, 12,1, 3,10, 11, 12,1, 3,10,11, 12,1,8;.10,311,
2,4,5,6,7,8,9 2,4,5,6,7,8,9 2,4,5,6,7,8,9 2,4,5,6,7,8,9 2,4,5,6,7,8,9 2,4,5,6,7,8,9
Zmin 16 16 16 16 16 16
Iteration 12 13 14 15 16
Jt —12,—10, —11, | —12, —-10, —11, | —12,-10,-11,6 | —12,—10, =11, | —12,-10, —11,
6,2,3,4,9 6,2,3,4,9,-5 2,3,4,9,—-5,-8 -6 —6,—5
zZt 5 5 5 0 0
St -16 —16 —16 —134 —134
E min(0, a; —226 —-50 0 —258 —82
JEN=J;
H, 5 8 Infeasible 5 Infeasible
D Inconsistent Inconsistent 2,3,5
k
By 0
zy + -;- cj
ccpgk
JEB] -
st — E aj
: k
JEBY
Imin 12,1, 3,10, 11, 12,1, 3,10,11, 12,1, 3,10,11, -12,-10,-11, | -12,-10,-11,
2,4,5,6,7,8,9 2,4,5,6,7,8,9 2,4,5,6,7,8,9 —-6,5 -6,5
Zmin 16 16 16 8 8

Table 6.1: The iterative solution process of the problem of example 5
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6.1.2 Example 6

Now we solve another polynomial zero-one programming problem using the p-

norm surrogate-constraint algorithm. The problem is given as follows:

min 2z = 3y + 2y2 + 33 + 2y1y2 + 8y1Ys + 4293 + Y1Y2Ys (6.5)
—y1 tY2  —Ys tUhY2: —VYs +y1Yeys < 1
sty ® +3ys —dyiye +3yys +2eys —iyeys < -2 o
| 2 by s —3ume +3uws v +2uimeys < -1

where all y; € {0,1} for i € {1,2,3,4,5}. Note that this problem has 3 variables
and all 22 — 1 = 7 terms.
By the proposed equivalent transformations developed in this thesis, (6.9)

is converted into a master problem,

min 2z = 3z + 229 + z3 + 274 + 875 + 476 + T7

6.6
s.t. 10z + 36x2 + 34x3 — 33z4 + 48025 + 11516 — 7827 < —2, o0
and its second constraints,
| T = W
T2 = Y2
I3 = Y
| B4 = Uiy (6.7)
Ts = WNYs :
Te = Y2U3
| T7 = U1Y2ls




CHAPTER 6. NUMERICAL EXAMPLES 58

Step 0. Set Zmin = 00, 20 = 0, Jmin = Jo =0, 5o = —2.
Iteration O.

Step 1. Feasibility check. sp = =2 < 0.

Step 2.

Y~ min(0,q;) = —111 < 50 = —2.
JEN-Jo

Step 3. Hy = {7}, Jo ={7}, and 2 =1, 50 = 76.

Step 4. Consistency check. Jy is consistent and Dy = {1,2,3}.
Step 5. B} ={1,2,3,4,5,6}.

Step 7.

2o + Z ¢j =< Zmin = 0.
j€B}
Step 8.

So — Z a; = —466 < 0.
JEB}
Step 9. J, = JoU B} = {7,1,2,3,4,5,6}, z1 = 21, and 5, = —566. Go
back to Step 2
Iteration 1.

Step 2.

> min(0,a;) = 0> s, = —566.
R = JEN-I1 ;

Step 11. All the elements in J; are not negative, backtrack. Jo = {—T7},
2o =0, s5 = —2. Go to Step 1.

Iteration 2.

Step 1. Feasibility check. sy = —2 < 0.

Step 2.

>" min(0,a;) = —33 < 55 = —2.
JEN—J2

Step 3. Hy = {4}, Jo = {-7,4}, and 2, = 2, s, = 3L.
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Step 4. Consistency check. .J, is consistent and Dy = {1, 2}.
Step'5. B = {1;2}.
Step 7.

2o + Z ¢j =< Zmin = O0.
JEB]
Step 8.

S9 — Z aj=—15<0.
JEB]

Step 9. J; = Jo,UB} = {-7,4,1,2}, z3 = 7, and s3 = —15. Go back to
Step 2

Iteration 3.

Step 1. Feasibility check. s3 = =15 < 0.

Step 2.

> min(0,a;) =0 > s3 = —15.
jEN—J3

Step 11. All the elements in J; are not negative, backtrack. Jys =
{-7,—4}, 24 =0, s4 = —2. Go to Step 1.
Iteration 4.
Step 1. Feasibility check. s, = =2 < 0.
Step 2.

B min(0,a;) = 0 > s4 = —2.
JEN—J4

Step 11. All the elements in J4 are negative, terminate. Since zpin = 00,

the problem has no feasible solution.

The solution process of Example 6 is summarized in Table 6.2.
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Iteration 0 1 2 3 4
J 0 7,1,2,3,4,5,6 | =7 | =7,4,1,2 -7,—4
2 0 21 0 7 0
St —2 —566 -2 -15 —2
Zmin(O, a;) —111 0 -33 0 0
JEN—-J¢
H, 7 Infeasible 4 | Infeasible | Infeasible
D, 1,2,3 1,2
B 1,2,3,4,5,6 1,2
2i + Z Gy 21 5
jEBf
St— ., G —466 ~15
jeBE
Jon | O | 0 0 0 0
Zmin o o0 o o0 o

Table 6.2: The iterative solution process of the problem of example 6
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6.2 Solution process by the Balasian-based al-

gorithm

In this section, the Balasian-based algorithm will be used to solve Example 5 for
comparing with the p-norm surrogate-constraint algorithm. We first transform

(6.1) into a master problem,

min 2z = 3z; + 222 + 23 + 274 + 875, (6.8)
' —z; 4z -3 +zT4 —2Ts < 1

st. =Tz +3z3 —4z4 —3z5 < -2 >
\ 8z, —6zp —xz3 —3z4 —3z5 < -1

and its secondary constraints,

r
r = YaUs
T2 = WY
{23 = yays (6.9)
Ty = Y1Y2Y3 4
..... : i Ts = jyzyéyf;

where z; for i € {1,2,3,4,5} and y; for j € {1,2,3,4,5} are binary.

Step 0. Set Zmin = 00, Jo =0, 2 =0, s* = (1,-2,-1)T.

Iteration 1.

Step 1. Applying the additive algorithm to (6.8), the first feasible partial
solution is given by J; = {5} with z; = 8 and S' = (2,1,2)".

Iteration 1.1
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Step 1. ) < 0 fori =2,3.
Step 2. C° =Dy = Ey =0, No = N-(C°UDyUE) = N =
{1,2,3,4,5}.
Step 3. We check the following relations for ¢ = 2,3 :
S Gy =T+ Tu+0ps=-T-4-3=-14< 8 =-2,
JENO

Z 53j=?1—32+a33+634+535=—6—1—3—3=—13<8g=—-1.
JENO

Since all relations hold as strict inequalities, compute the values v;’ for

j € No:
v(f = Z (8? = ail) = -9,
ieMY-
=Y (s} —an) = -2,
€M™
vy = Y (s —ais)=-5,
iEMg™
’02 = z (S? = a,-4) = 0,
€My
W= Y (s~ am) =0.
iEM™

We have v = m:}avx{v?} = 0, so cancel it and pass to
JEND

Step 8=y .

st >0 for i =1,2,3, we then get a feasible partial solution {5}. a
Step 2. J; is consistent. The corresponding solution in yi, is y2 = y3 =

ys =1 and y1 =ys = 0.
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Step 3. From the solution in Step 2, all the free terms are equal to zero.

Hence B; = 0. Thus z,;, = 8 and

7 ={5},

Yo=va=vys =Ly =y; =0,

S* = (2,1,2)T.

Step 9. J, = {5}, =0, $? = (1,-2,-1)T.
Iteration 2.
Step 1. Applying the additive algorithm to (6.8), the next feasible partial
solution is given by J3 = {—5,4} with z; = 2 and S = (0,2,2)~.
Iteration 2.1
Step 1. s) < 0 for i = 2,3.
Step 2. C® =Dy = Ey =0, Ny = N—(C°UDyUE,) = N ={1,2,3,4}.
Step 3. We check the following relations for 2 = 2,3 :
Y Gy=tn+lGu=-T-4=-11< s = -2,
JENo

S @y = Gap + sz +Tza = —6— 1 —3=—10 < 5J = —1.
JENo

Since all relations hold as strict inequalities, compute the values 'u?.for -

j = N()Z
W= 3 (8 - au) = =6,
€M)~
'ug = Z (3? = ai2) = -2,
€M™
W= Y (s —ai) =5,
€My~

’Ug = Z (S? - ai4) = —1.

ieMy
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We have v = I_Ié?vx{vg} = —1, so cancel it and pass to
JeNo

Step 8. Jl = J() U {4}

st >0 for i = 1,2,3, we then get a feasible partial solution {—5,4}. O
Step 2. J; is consistent. The corresponding solution in i, is y;3 = Y2 =
y3 =1 and ys =y5 = 0.
Step 3. From the solution in Step 2, zo = y1y> = 1. Hence, B3 = {2}.
Step 4. 23+ =242 < Zpin = 8.
Step 5.
s$—app= 0-1 =-1 <0,
S%—agz= 2—0 =2 =10,
sg—a32= 24+6 =8 >0
Hence augmentation of J3 by {2} can not result in a feasible partial solution to

(6.8). e L Bt ee e
Step 6.
i Z3+c = 243 < 8(= zmin)a
Yo v ‘Zg+ € =2+2 <8,
T3: 23+c3 =2+1 < 8.

Hence Rz = {1,2,3} = 0.
Step 7.
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z . a31=8>s§=2,
T3 : ap=1>8 =0
vt am=3>8)=2.

Hence Q3 = 0.
Step 8.

T wf =0+0+(2—8) =—6,
To: wd =(0-1)4+0+0 =|[-1],
r3: wi =0+(2-3)+0 =-1

Thus 7 = 2 and J; = {—5, 4,2} with z; =4 and S* = (-1,2,8)T.
Iteration 3.
Step 1. Application of the additive algorithm yields a new feasible partial
solution, Js = {—5,4,2,1} with z5 = 7 and S° = (0,9,0)”.
Iteration 3.1
Step 1. s? < 0 for i = 1.
Step 2. Ny =N — (C°U Dy U Ey) - N — {1,5}_._ s iy 0 me
Step 3. We check the following relations for ¢ = 1:
Y a@j=an+az=-1-1=-2<s =1L
JENo
Since the relation holds as a strict inequality, compute the values 'u?

for 7 € Ny:
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v3= >, (8 —ais)=-L

i€My~

We have v = né%x{v?} = 0, so cancel it and pass to
J&elNo

Step 8. J1 — Jo U {1}

s! > 0 for i = 1,2,3, we then get a feasible solution {-5,4,2,1}.

Step 2. Js is inconsistent.

Step 9. Js = {—5,4,2, —1} with zs = 4 and S® = (-1,2,8)T.

Iteration 4.

66

O

Step 1. Application of the additive algorithm can not find any partial

feasible solution for Jg.
Iteration 4.1

Step 1. s? < 0 for i = 1.

Step 2. Ny = N — (C°U Do U Eg) = N = {3}.

Step 3. We check the following relation for s = 1:

— D _ S | R
Za1j=a11——1—sl——1.

JENo

Step 4. We cancel it and get a partial solution J; = {3}.

=g
sy =53
8 =8

0 P
1—013—0,
— a3 = —1,
0 _

o — a3z =9.
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Iteration 4.2

Step 1. s} < 0 for i = 2.

Step 2. Ny = 0.

Step 5. No feasible partial solution. Backtrack and get J, = {—3} with
§2 = (-1,2,8)%.

Iteration 4.3

Step 1. s? < 0 for i = 1.

Step 2. N, = 0.

Step 5. No feasible partial solution. The process terminates. a

Step 9. Backtrack and get a partial solution J; = {—5,4, —2} with z; = 2
and S7 = (0,2, 2)7.

Iteration 5.

Step 1. J; is a feasible partial solution.

Step 2. J7 is inconsistent.

Step 9. Js = {—5,—4} with 23 =0 and S® = (1, -2, -7,

Iteration 6.

Step 1. Application of the additive algorithm can not find any feasible
partial solution for Js. Since all the elements in Jg are negative, the procedure
terminates. =" an
Iteration 6.1
Step 1. s? < 0 for 1 = 2, 3.

Step 2. No=N — (C°U Dy U Ey) = N = {1,2,3}.
Step 3. We check the following relations for i = 2,3 :

Z 62]- =09 =—71< Sg=—2,
J€No
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Z 53_7':632-{—533:_6_1:_7<3g:_1_
JENO

Since the relation hold as strict inequalities, compute the values

v} for j € No:

'U? = Z (52 == ail) = -9,
€M™

vy = Z (8§ — ai2) =>
€M™

'Ug = Z (S? - a,-3) = —9.
€M™

We have v = ma.x{v;-’} = —2. So, cancel it and pass to
J€ENo

Step 8. Jl = Jo U {2} = {2}

1_ 0 -
s; =8 —ai2 =0,

Iteration 6.2
Step 1. s} < 0 for 1 = 2.
Step 2. Ny = {1, 3}

Step 3. We check the following relation for i = 2 :

z Qoj = Q21 =—7<S%=—2.
JEN:

Since the relation holds as a strict inequality, compute the values vjl-

fOI’j € Nll
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We have v] = I%favx{v}} = —3, so cancel it and pass to
Jei

Step 8. Jz = Jl U {1} = {2, 1}

| -

2 —al s

Sg = 8:13 — a3y = —3.

Iteration 6.3
Step 1. s? < 0 for i = 3.

Step 3. We check the following relation for s =3 :

Z a3j = Q33 = -1> Sg = —3.
JEN2

Step 5. No feasible partial solution. Backtrack and get a partial solution
Js = {2, -1} with S® = (0, -2, 5)".

Iteration 6.4

Step 1. s3 < 0 for i = 2.

Step 2. N3 = 0.

Step 5. No feasible solution. Backtrack and get a partial solution J; =
{—2} with $* = (1,-2,-1)T.

Iteration 6.5

Step 1. s} <0 fori=2,3.

Step 2. Ny = {1,3}.

Step 3. We check the following relations for ¢ = 2,3 :

Z Qg =021 = -7 < S% = —2,
JEN,
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Z 631 = Q33 = '—'].:Sg: -1.
JEN

Step 4. We get a new partial solution, J5 = {-2,3}, with $° =
(2,—5,0)T.

Iteration 6.6

Step 1. s? < 0 for 7 = 2.

Step 2. N5 = {1}.

Step 3. We check the following relation for i = 2 :

Z Ggj = Q21 =-7< Sg=—5.
JENs

Since the relation holds as a strict inequality, compute the values v;'?

for j € Ns:
v} = Y (sf—aa)=-8

ieM)™
So, cancel it and pass to

Step 8. Js = JsU {1} = {-2,3,1}.

B . o5 -
$; = 8§ —an =3,

2 . ol —
32—52—(12]_—2,

Sg = 3;13; — agy = -8.

Iteration 6.7

Step 1. s% < 0 for i = 3.

Step 2. Ng = 0.

Step 3. No feasible partial solution. Backtrack and get J; = {-2,3,-1}
with S7 = (2,-5,0)7.

Iteration 6.8
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Step 1. s7 < 0 for i = 2.

Step 2. N7 = 0.

Step 3. No feasible partial solution. Backtrack and get Jz3 = {—2, -3}
with S8 = (1,-2,-1)T.

Iteration 6.9

Step 1. s8 < 0 for 1 = 2, 3.

Step 2. Ng = {1}.

Step 3. We check the following relations for + = 2,3 :

Z Qg =521=—7<Sg=—2,

JENs
Zﬁ3j=0>s§=—1.
JENS
Step 5. No feasible partial solution. The process terminates. O

Zmin = 8, J* = {5}, the optimal solution is y3 = y3 = y; = 1 and

y; = y; = 0.

6.3 Comparison between the p-norm surrogate
- constraint algorithm and the Balasian-based

algorithm

We have solved the polynomial zero-one programming problem (6.1) using both
the p-norm surrogate-constraint algorithm and the additive algorithm. We have
also solved the problem (6.9) using the p-norm surrogate-constraint algorithm.

Now, we will make some comparisons between these two algorithms.
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The new algorithm solves the problem (6.1) within 16 iterations and the
Balasian-based algorithm solves the problem (6.1) within only 6 iterations. It
seems that the latter algorithm is much better than the former in the view of the
number of iterations. However, each iteration in the Balasian-based algorithm
except iteration 5 needs to apply the additive algorithm [1] to search for a feasible
solution to the master problem. There are 17 iterations to be counted in for this
purpose. Essentially, the Balasian-based algorithm needs total 21 iterations to
solve the problem (6.1).

In the Balasian-based algorithm, the additive algorithm [1] plays the role of
searching all the feasible solutions to the linear master problem. Its computational
amount linearly depends not only on the number of the decision terms but also
on the number of the constraints. The p-norm surrogate-constraint algorithm
can easily finish this job with the help of checking all the coefficients of the
surrogate constraint, so its computational amount only depends on the number of
the decision terms. Especially, when a polynomial zero-one programming problem
is in an all-combination form, i.e., it has all the 9" _1 decision terms, the number
of the decision terms will remain unchanged after the transformation in the p-
norm surrogate constraint method. Example 6 is an all-combination problem.
The number of decision terms is still 2> — 1 = 7 after the transformation and
only 4 iterations are performed in the solution process. Obviously, the searching
strategy of the new algorithm is more efficient than the additive algorithm. Thus,
we can conclude that the p-norm surrogate-constraint algorithm is more efficient.

The new version of the Geoffrion’s implicit enumeration technique also ac-
celerates the new algorithm. It may skip from a partial solution to the next one in

a big backtrack step according to some rules. In Iteration 1 of Example 5, we back-
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track J, = {12,1,3,10,11,2,4,5,6,7,8,9} to J» = {12,1,3,10,—11} directly,
but the traditional Geoffrion’s implicit enumeration technique only backtracks.
Ji = {12,1,3,10,11,2,4,5,6,7,8,9} to J, = {12,1,3,10,11,2,4,5,6,7,8, —9}.
In Iteration 1 of Example 6, we prefer to backtrack J; = {7,1,2,3,4,5,6} to
Jy = {=T7} rather than to J, = {7,1,2,3,4,5,—6}.



Chapter 7

Application to the Set Covering

Problem

7.1 The set covering problem

Many real-word problems, such as the crew scheduling problem in railway and
mass-transit transportation companies [3][8], could be modeled as the set covering

problem (SCP). The general form of SCP may be expressed as follows:

n
minz = Y ¢;%j, ¢; >0,
Jj=1
n (7.1)
s.t. Y ezl =125
j=1
where the decision variables z; € {0,1} fori =1,2,...,n. All coefficients a;; are

either 0 or 1. The right-hand-side of each constraint is always equal to 1. The

coefficient matrix is denoted by A = [@i;]mxn in Which m represents the number

74
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of the constraints in the problem (7.1) and n represents the number of n devision
variables in the problem (7.1). If a;; = 1, we say that the jth column covers
the ith row. Let ¢; represent the cost of column j. SCP can be interpreted as a
problem to search for a minimum-cost subset S C {1,2,---,n} of columns such
that each row is covered by at least one column. The coefficient matrix A often
has a large density of 0. In other words, the number of entries of 1 is much smaller
than m X n in general.

SCP is NP-hard in the strong sense [14], and is difficult to solve from the
point of view of the theoretical approximation [24]. However, due to the structure
of certain real-world instances of the problem, many algorithms including both
heuristic [4][2][23][9][12][7] and exact approaches [2][26][5][6] have been derived
to perform efficiently on these instances. The current state of the art on the
problem is that instances with a few hundred rows and a few thousand columns
can be solved exactly, and instances with a few thousand rows and a few millions
columns can be solved within about 1% of the optimum value with a reasonable

computing time.

7.2 Solving the set covering problem by using

the new algorithm

As stated before, SCP is a linear zero-one problem. We first reduce the mul-
tiple constraints into a single constraint using the p-norm surrogate constraint
method, then model it as the standard form, i.e., the master problem with a sin-

gle constraint and its secondary constraints. Finally, we solve it using the p-norm
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surrogate-constraint algorithm.
A series of test problems are given to demonstrate the solution procedure

using the new algorithm. All the test problems have a same objective function,
min z = 10y; + 2y, + 3y3 + 4y + 5ys + 6ys + Ty7, (72)

where decision variables y; € {0,1} for ¢ = 1,2,...,7, but they have different

constraints. We compose 5 constraint matrices for the same objective function
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(7.2) by choosing different row from a matrix A which is defined,

L

0

0

-1

=1

-1 0
0 =1
0 0

-1 0
0 =1
0 O
0 0
0 —i
0 O
0 O

-1 0
g —1
0 O

=1 D
0 0
0 O

-1 0

0 0
0 O
-1 0
0 -1
0 0
-1 0
0 -1
0 0
-1 0
0 -1
0 0
0 0
-1 0
=]
0 0
0 0
0 O

-

: (7.3)

The first problem picks up 3 rows on the top of the matrix A as its coefficient

matrix with m = 3. The second one picks up 5 rows on the top as its coefficient

matrix. The third and fourth choose the first 10 and 15 rows separately as
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Problem | Constraints(m) | p | F. S. | Iteration
1 3 3| 9 26
2 o 4| 10 32
3 10 6| 20 69
4 15 7| 8 69
5 17 7| 5 1

Table 7.1: The set covering problem

their coefficient matrices. The whole matrix A is the coefficient matrix of the
last problem with m = 17. Computation results of these 5 test problems with
different constraint matrix are listed in Table 7.1 where the column of constraints
means the number of constraints a problem has, the column of p means the value
of p taken in the p-norm surrogate constraint method [22], the column of F. S.
means the number of feasible solutions checked in the linear master problem,
and the column of iteration means the number of iterations to reach the optimal
solution.

From Table 7.1, it is not difficult to get some crude observations. The
value of p increases slower than the number of constraints. m becomes from 3 to
17, but p changes from 3 to 7 on a small scale. With the increasing of the value
of m, the amount of checking feasible solution increases first and then decreases.
When m is between 5 and 10, the amount of feasible solution checked is up to
peak.

The number of iterations is an important index to measure the efficiency

of an algorithm. We can see a pattern in the relationship between the iteration
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[teration

5 10 15 20

Figure 7.1: The relationship between iteration and m

number and the size of the problem by Figure 7.1.

From Figure 7.1, it seems that the iteration amount increases logarithmi-
cally when the size of the problem grows linearly. Further research is still required

to check this observation.



Chapter 8

Conclusions and Future Work

A new algorithm for polynomial zero-one programming has been investigated in
this thesis. The p-norm surrogate-constraint algorithm is an implicit enumera-
tion method based on Taha’s previous work [31](32] and the p-norm surrogate
constraint method recently proposed in [22]. Up-to-date, implicit enumeration
methods are one of the most efficient ways to solve the polynomial zero-one
programming problems due to its flexibility and associability. By powering the
implicit enumeration method with the p-norm surrogate constraint method, sig-
nificant improverhents have been made to increase the efficiency of the new al-
gorithm. The modified version of the backtrack scheme proposed in this thesis
enhances further the efficiency of the new algorithm via reducing the number in
the candidate list for optimality.

The efficiency of this new algorithm is achieved primarily based on the
derived single-constraint formulation. This feature will be most evident if the
original problem formulation involves all the 27" _ 1 terms. In other situations,

there exists a trade-off between reducing the number of constraints and increasing

80
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the number of product terms. Explicit evaluation of this trade-off will be carried
out in the near future to assess the degree of success of this new algorithm. From
our computational experience, the saving in the computation for the standard
formulation (5.2) with secondary constraints (1.2) is tremendous. However, great
computation efforts in expansion and simplification are required to performing the
p-norm surrogate constraint method to convert an original form to the standard
form, especially when p is large.

The new algorithm can be used to solve not only the polynomial zero-one
programming problem, but also the linear zero-one programming problem. An
application to the set covering problem is demonstrated in this thesis. A rough
observation indicates that the computational amount seems to increase logarith-
mically when the size of the problem grows linearly. One feature of the p-norm
surrogate-constraint in the set covering problem is that the objective function of
the set covering problem remains linear in the procedure of transformation and
it often has much less terms than the terms in the surrogate constraint. This
property seems to help in the implementation of the new algorithm.

In summary, the new algorithm seems promising. Of course, more numer-
ical tests are needed to check its efficiency in solving the polynomial zero-one
programming problems and more work is needed to evaluate its average perfor-

mance against the existing ones in the literature.
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