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Abstract 

We present the full calculation of the divergent one-loop contri

bution to the effective boson Lagrangian for supergravity, including 

the Yang-Mills sector and the helicity-odd operators that arise from 

integration over fermion fields. The only restriction is on the Yang

Mills kinetic energy normalization function, which is taken diagonal 

in gauge indices, as in models obtained from superstrings. 
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1. Introduction 

Understanding the structure of the divergences in supergravity is a nec

essary step in determining the counterterms [1], [2], [3] that are needed to 

fully restore modular invariance in an effective supergravity theory from su

perstrings. The determination of these loop corrections may also provide a 

guide to the construction of an effective theory for a composite chiral multi

plet that is a bound state of strongly coupled Yang-Mills superfields, which 

in turn could shed light on gaugino condensation as a mechanism for super

symmetry breaking. 

In a recent paper [4] (hereafter referred to as 1), we gave the divergent 

contributions to the bosonic Lagrangian in a general supergravity theory 

coupled to chiral matter, in a general bosonic background, averaged over 

quantum fermion helicities. That work extended and completed the results 

of several earlier calculations [5]-[8]. In particular, using specific choices of 

the gauge fixing and of the expansion of the action, we were able to cast the 

results in an especially simple form in which most of the one-loop correc

tions can be interpreted in terms of renormalizations. In the present paper 

we extend these results to incorporate the Yang-Mills sector [9], including 

helicity-odd operators that arise from integration over quantum fermions. 

Our results are completely general, except that we assume that the tree-level 

gauge kinetic energy normalization function f(z) [10], where z represents the 

complex scalar fields of the theory, is proportional to the unit matrix. This 

is the case for all known theories derived from superstrings, up to possible 

multiplicative constants for different factor gauge groups that correspond to 

higher affine levels [11]. This modification is easily incorporated into our 

formalism, as explained in Section 5. 

The generalization of the results of I to the more general case considered 

here can be summarized as follows. We define an operator of dimension d as 

a Kahler invariant operator whose term of lowest dimension is d, where scalar 

and Yang-Mills fields are assigned the canonical dimension of unity. Then, 
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among the ultra-violet divergent terms generated at one loop, all operators of 

dimension 6 or less (as well as many operators of dimension 8) that involve 

neither the Kahler curvature nor derivatives of the gauge kinetic function 

can be absorbed by field redefinitions, interpreted as renormalizations of the 

Kahler potential, or take the form Fab(z, z) (wawb) F + h.c., where wa is 

a chiral Yang-Mills supermultiplet, the subscript denotes the F-component, 

and the matrix-valued function Fab(z, z) is not in general holomorphic. The 

remaining terms of dimension 8 and higher must be interpreted as arising 

from higher order spinorial derivatives of superfield operators. 

As noted in I, the effective cut-off for effective theories derived from super

strings is field dependent [3], [12], [13]; moreover the field dependence is dif

ferent for loop corrections arising from different sectors of the theory [3], [13]. 

As in I we use here a single cut-off and neglect its derivatives; terms involving 

derivatives of the cut-off have a different dependence on the moduli and must 

. be considered together with terms that are one-loop finite. Our results, some 

of which are collected in the appendix, are presented in such a way that the 

contributions from different sectors can be isolated and the corresponding 

Pauli-Villars contributions can easily be evaluated. 

In Section 2 we discuss gauge fixing and the definition of the action expan

sion and in Section 3 we evaluate the helicity-odd fermion loop contributions. 

Our result for the one-loop corrected effective action is given in Section 4, 

and applied to generic models from string theory in Section 5. We summarize 

our results and discuss applications in Section 6. 

In I we included appendices that define our conventions and list the oper

ators that appear in the quantum action as defined by our gauge fixing and 

expansion prescriptions, as well as the traces of products of these operators 

.that determine the divergent terms in the effective one loop action. Appendix 

C of this paper extends that compilation to include operators involving the 

Yang-Mills background field and new operators arising from integration over 

Yang-Mills quantum fields. Additional conventions and techniques used in 

the evaluation of helicity-odd fermion traces are included in Appendix A. 
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In Appendi~ B we specify our Yang-Mills sign conventions and list relations 

among the covariant scalar derivatives of the Kahler potential I<, the super

potential W and the gauge field normalization function f that follow from 

gauge invariance of these functions and that are useful in evaluating traces. 

Corrections to I are included in footnotes to the text. 

2. Gauge Fixing and ,the Expansion of the 

Action 

Our gauge fixing procedure is described in I. Here we generalize the for

malism of I to the case x =/= constant, where x = Ref(z) is the inverse 

squared gauge coupling. In the general supergravity Lagrangian [10], the 

function !ab(z), where a, b are gauge indices, that determines the inverse 

squared gauge coupling constant, is matrix-valued. Throughout this paper 

we set 

The Yang-Mills gauge fixing prescription is modified when x =J. constant, 

and, since we are now including background as well as quantum Yang-Mills 

fields, gauge-graviton ghost mixing must be included. We discuss only gauge 

fixing of the bosonic sector in this section. The fermion sector gauge fixing 

is unchanged1 from that defined in I, and is summarized in Appendix C.2. 

Our gauge sign conventions are those of [10] and are defined in Appendix B. 

The gauge-fixed Lagrangian is defined by2 

0 ) C _ (Ca) 
-g~-'1/ , - cl-' , 

1There are some sign errors in the fermionic part of the Lagrangian and gauge fixing 

terms given in I that are corrected in Appendix C of this paper; they do not affect the 
results of I. 

2There is· a factor 2 missing in the last term in (2.6) of I. 
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ca = V''JJ. .A:+ JxKim. [(Taz)mzi- (Taz/zm.], 

hc!J. = (vvh!J.ll- ~VIJ.h~ -2DIJ.z1ZuzJ +2F;v.A~), (2.1) 

where hatted variables refer to quantum fields and unhatted ones refer to 

background fields, hJJ.v is the quantum part of the space-time metric whose 

classical part is 9JJ.v, and Kim is the Kahler metric, which here is a func

tion of the background fields. Following [9] we have introduced canonically 

normalized Yang-Mills fields: 

AIJ. = vxAIJ., .AIJ. = vxAIJ., .r!J.ll = vxFIJ.ll, v~xv!J.All = ~AIJ., (2.2) 

and we have adopted the shorthand notation 

1)'' = D 811-x 
IJ. IJ.+ 2 ' X. 

(2.3) 

where DJJ. is the gauge and general coordinate invariant derivative. Under a 

gauge transformation with parameter f3 = Taf3a and fixed background fields 

we have, neglecting terms of order z, A: 

If we implement the gauge fixing condition in the usual way, the ghost deter

minant contains a factor Det t x that translates into a quartically divergent 

term proportional to Tr ln x in the effective action. Note however that we 

have rescaled the quantum Yang-Mills fields [9] [see (2.2) above] and the 

quantum gaugino fields [5] (see Appendix C.2 below) in order to canoni

cally normalize their kinetic energy. If we rescale the gauge parameter in the 

same way as the Yang-Mills supermultiplet, and take, instead of {3, the gauge 

parameter 

we get 

(2.5) 
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and no Tr ln x term is generated in the ghost determinant. We therefore 

adopt the prescription (2.5). 

Under a general coordinate transformation x --7 x' = x + E, we have 

which is general coordinate, but not gauge, covariant. To obtain a manifestly 

gauge covariant result, we add a compensating gauge transformation with 

parameter -t( cJ.L) = -EJ.L A~, giving 

£ZAi - e:J.L"T'' zi £AA "q 'L 
V - '- J./J.L , . V 11 = '- .ruv· (2.6) 

Then, relabelling the gauge parameter as Ea =/a, the ghost determinant 

M is obtained in the usual way as 

(2.7) 

where the variation 8C is determined from 

8zi =- Jx(nz)icb + cJ.LVJ.Lzi, 8zm = Jx(n.z)~cb + cJ.LVI-'.zm, 

8A~ = ~ta +to- F;J.L, 8hJ.Lll = V' 11 tJ.L + V' 11.€11 • (2.8) 

This gives a contribution to the gauge-fixed Lagrangian: 

g-~.cgh CB M~e~ = cZ (.b2 + Hgh) e 

cb [(V~V'J.L)b + qjq{] ea- C11V2 [V''J.LF:J.L + qj (vvz1
)] ea 

-c~-' [Y' 2gJ.Lll- rj.Lv- 2 (vJ.Lz1
) Zu (vvz1

) + 2F;p;:avP] ell 

-cah [(VJ.Lz1
) qal- FaJ.Lv'D'11

] el-L, e~ = ea, eb = -heJ.L, 

qf = Jx(Ta.z)m Kim, q! =- Jx(Taz)i. (2.9) 

The rescaling of the graviton ghost in order to canonically normalize the 

ghost kinetic energy yields a factor Det-h in the functional integration that 
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cancels a factor Detb from the gravitino auxiliary field [5], [4]. The matrix 

elements of H9 h and of the covariant derivative bare given in (2.11), (C.29) 

and (C.30). 

Finally, as discussed in I, we modify the graviton propagator by adding 

terms that are proportional to .CA = 8.Cj8cjJA, where cjJA is any field. This 

modification, which is equivalent to a nonlinear redefinition of the quantum 

variables, does not change the S-matrix and can lead to simplifications as well 

as enhancing manifest covariance under the symmetries of the theory [14]. 

We define the graviton propagator by3 (2.20) and (2.21) of I, and by 

ru_ upr - a r 
I-- - g 1--ap - --~..-. a 8Aa 

17 

(2.10) 

It should be emphasized that the propagator modifications that we use have 

been chosen purely for convenience; they considerably simplify the matrix 

elements that are listed in Appendix C.1, and are not necessarily derivable 

from a generalized metric [14]. A natural choice4 for this metric would be 

GAB = V9 ( z~) AB·, where A, B run over all bose degrees of freedom and 

the metric z~ is defined in (2.11) below. Then defining ~:41 = .CAB -

r~B.Cc' where r~B is the Christoffel connection derived from the metric GAB' 

the propagator corrections would be precisely half the ones used here (with 

additional corrections to scalar propagator ~]] and the vector propagator 

~;;:,bu proportional to .CJ-Lv,pu ). It is possible that the use of this generalized 

metric would reduce the need for field redefinitions as described in Section 

4 [see (4.11-13)], but its use would make the intermediate calculations more 

cumbersome. 
3 (2.21) of I should read: .D..;J,pu -+ .D..;J,pu - 2Pp.v,pqL~ - ~ [g,.,.vLpq + gpuLp.v] + 

~ [gp.pLvq + gvpLp.q + gp.qLvp + gvqLp.p]. 
4 This choice for Gp.v,pq coincides with that of Fradkin and Tseytlin [14] for the case 

of supergravity with their parameter t = 1, which corresponds to>.= -1/2 in their pure 
gravity case. 
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Once the above prescriptions have been implemented, the quadratic quan

tum Lagrangian for the bosonic sector takes the general form: 

Lbose + £ 9h = -~<I>T [z4> (D2 + M~) + {Dtt,X~}] <I> 

1 - [ ( 2 2 ) { c tl }] +2c Z9 h V + M 9 h + Vtt,X9 h c, 

where <I>= (httv,Aa,.zi,.zm), D,.. is covariant under scalar field redefinitions 

as well as gauge and general coordinate transformations, and the Xtt connect 

fields of different spin; in addition, there is a vector-vector connection [9] 

in X~. Following the procedure described in [9], we introduce off-diagonal 

connections in both the bosonic and ghost sectors, as well as an additional 

connection for the gauge fields, so as to cast the quantum Lagrangian for the 

full gauge-fixed bosonic sector in the form 

( zvtl) a,6,av 

-~<I>T Z4> ( D~ + H4>) <I>+ ~cZ9h ( n;h + H9h) c, 
avy 

- Dtt + ~' (Vtt)ap,bu = -8abf.pttuv 2x ' 

1 
- (Vtl)av,a.6 = 4 (:Fa.6tt9av + Faatt9.6v)' 

( Vtt \,av =. [ ( Vtt )i,av r = :x fi ( :Fattv - iFattv) , 

1 
Vtt + Btt, (Btt)av = (Btt)va =- .J2:Favw (2.11) 

This introduces corresponding shifts in the background field-dependent "squared 

mass" matrices: 

(2.12) 

The elements of M$ were evaluated in [9]; here th~y are somewhat modi

fied by the different Yang-Mills gauge fixing and action expansion. These 

modified matrix elements are listed in Appendix C.1 below. 

As explained in Section 3 and Appendix A, we evaluate the fermion de

terminant by first writing it in two-component notation, separating it into 
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helicity-even and -odd contributions, and then recasting these two contribu

tions in Lorentz covariant four-component notation. As discussed in [13], this 

separation is not uniquely defined. The choice that respects supersymmetry 

as well as manifest gauge and Kahler covariance allows a consistent Pauli

Villars regulation. We follow that choice here; the corresponding matrix 

elements are given in the Appendix. The contribution from fermion loops 

to the effective action is evaluated (see Appendix A) by introducing [5] the 

8 x 8 matrices 

(2.13) 

that operate on an eight component fermion JT = (JL, fR = JL). The 

helicity averaged contribution of the fermion determinant is then 
. . 

- ~Tr ln( -i 1/) +Me)+= -~Tr ln (lJJ2 + M~- i[l/), Me]), (2.14) 

Because the fermion mass matrix and connection contain the terms a-JJ.v MJJ.v 

and iL11.15 , respectively, they do not commute with 111.; thus 

1/)2 D2 + ~ [!11., lv] G11.v + ~ {Dv, 111. [DJl., 1v]} - ~ [Dv, 111. [DJl., 1v]], 

[1/),Me] ~ {IJJ.,DJJ.Me} + ~ {D11., [Ill.,. Me]}+ ~[Me, [DJJ.,IJJ.]], 

DJJ.Me - [DJJ.,Me]. (2.15) 

Therefore, in analogy with the boson case discussed above, we write 
. . 
z z (A2 ) - 4Tr ln( -i 1/) +Me)+= - 8Trln De+ He , (2.16) 

He M~- ~{IJl.,DJl.Me} + ~[rJl.,Me][IJJ.,Me]- ~[Me,[DJl.,IJJ.]] + ~[rJl.,ll/]GJl.v 
1 1 . 

-4111. [DJl., lv] lp (Dp, lv]- 2 [Dv, 111. [DJl., 1v]] + :i{bll., Me], lv [Dv, 111.]}, 

i 1 1/ 

D~ DJl. - 2 [rll., Me]+ 21 [Dv, 111.]. (2.17) 
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3. Helicity-Odd Fermion Loop Contributions 

In this section we determine the helicity-odd operators that arise from in

tegration over fermionic degrees of freedom. They are particularly relevant to 

the evaluation of anomalies [2], (3], in effective supergravity theories, which is 

currently of special interest in attempts to extract physics from string theory. 

We show that these terms are finite, except in the presence of a Yang-Mills 

sector with a nontrivial kinetic normalization function f(z), in which case 

there are logarithmically divergent contributions that are invariant under chi

ral U(1)R transformations, i.e., under Kahler (or modular) transformations 

up to a possible dependence of the cut-off on the Kahler potential. We also 

indicate how the finite contributions to the effective action can be obtained. 

A. General formalism 

The fermion loop contribution is given by 
. . 

£ 1 = _.:_Trln(-if>+Me) = _.:_TrlnM. 
2 2 

(3.1) 

To evaluate the determinant (3.1), we write 

T = Trln M = T+ + T_, 
'c 

1 
T± = 2 [TrlnM(Js) ± TrlnM(-is)]. (3.2) 

Only T+ has been calculated previously for supergravity [4]-[8]. Here we will 

evaluate the additional contribution, T_: 

T_ = -~TrlnM(-!s)M-1 (Js) = -~Trln{1- M- 1 [M(J5)- M(-!s)]} 

= ~Tr f= *{M-1[M(Js)- M( -!s)]}n. (3.3) 
n=1 

Using the techniques described in [15], [5], we can write the trace in (3.3) as 

(see Appendix A) 

J J 
d4p 

T_= d4 xT(x), T(x)= (
2

1r)4 T(p,x), (3.4) 
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and then expand T(p, x) as 

oo 2n oo 

T(p,x) = Tr L 
2
n {L(-'R/'R5 }n, 

n=1 .e=O 

where 'R, 'R5 are defined in (A.l9-20): 

~ [p2 
- T11-v b:.11-b:.v + h + X + (pv + Gv) P11-vM11-] , 

-p 

-~2 ( (pv + cv) PJJ.vNJJ.] . 

(3.5) 

(3.6) 

The operators appearing in (3.5) are defined in Appendix A as power series 

of the form En en(O)(D · 8j8p)n0, where DJJ. = Dt R + D;_ L is the fully 

covariant derivative defined in (A.8) of the Appendix, and the operator 0 is 

a function of the background bosons. The coefficients en( 0) are constants 

with, in particular, eo(G) = 0 in the expansion of a;; more specifically 

(3.7) 
Thus we have to evaluate the following contribution to the effective one-loop 

Lagrangian: 

(3.8) 

where now the trace is over only Dirac indices and internal quantum numbers 

(and Lorentz indices for the gravitino). 

To keep the integrals finite, the integration should be performed includ

ing Pauli-Villars regulator mass~s 11o: -p- 2 
--t ( -p2 + 11&)-1 in the derivative 

expansion. However, as shown below, T_, when suitably defined, contains 

no quadratically divergent terms. Once the integrals are properly regulated

including the appropriate definitions of T±-the coefficients of log divergent 

terms are independent of the regularization scheme. On the other hand, 

if one wishes to evaluate finite terms, one has either to expand around an 
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infrared regulator mass J.Lo or, alternatively, to resum the derivative expan

sion [17] [18]. In particular, the ultra-violet finite terms include the standard 

chiral anomaly. We explicitly evaluated this term for the vector-vector-axial 

vertex induced by Dirac fermions with a common mass J.Lo, and recovered 
" the large mass limit of the Adler-Rosenberg formula [19]; the complete ex-

pression for this formula requires a resummation of the derivative expansion 

which will be presented elsewhere [18]. We emphasize that, because of the 

anomaly, Kahler invariance is broken at the quantum level. Classically, this 

invariance permits a choice [10] of Kahler gauge such that the classical La

grangian is derivable from only two functions of the scalar fields, the (in 

general matrix-valued) gauge normalization function !ab(z) and the general

ized Kahler potential 9(z, z) = I<(z, z) + ln IW(z)l 2 , where]{ and ware the 

Kahler potential and the superpotential, respectively. For the purpose of cal

culating the anomaly [2], [3], one has to undo the Kahler rotation of Cremmer 

et al. [10], by performing a phase transformation [20] on the fermion fields. 

As in I we wor~ throughout in this Kahler covariant formalism. 

As was discussed in [13], the separation (3.2) ofT into helicity-odd and 

-even parts is not uniquely defined because we can interchange terms that 

are even and odd in Is using Is= (i/24)c~-'vpu/,_./v/p/u and similar identities. 

In most cases the correct choice is dictated by gauge or Kahler covariance. 

The remaining ambiguities are resolved by supersymmetry. A fully SUSY

invariant result for the quadratically divergent terms requires the introduc

tion of Pauli-Villars regulator fields [8], [16]; there is a unique definition of 

the matrix elements that allows a supersymmetric Pauli-Villars regulariza

tion [13]. Specifically, this fixes the forms of the fermion mass matrix and 

connection matrix: 

M m + ( aaF:v + if3a!sF:v} u~-'v, F,_.v = ~E,_.vpuFpu, 

D,_. V T 1 L >.vpu ,_. + Z ,_./s-
24 

,_.€ 1>./v/p/u, (3.9) 

where f ,_., L,_., m, and a, f3 are proportional to the unit matrix in Dirac space. 
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DJ-L, which contains the spin connection, is the gauge and general coordinate 

covariant derivative, r J-L is the Kahler connection, FJ-LV is the Yang-Mills field 

strength, and LJ-L is an additional axial connection for gauginos arising from 

the noncanonical form of the kinetic energy term. T± are defined by (3.2) 
'9 

using the explicit { 5-dependence in (3.9). Then the operators appearing in 

the derivative expansion of (3.6) take the form: 

a;v 
-± . ± -± -± -± 

- GJ-Lv + Z{5LJ-Lv- [LJ-L,Lv], GJ-LV = [DJ-L,DV], 
-± 

DJ-L v; ±irJ-L + r~, ± -± -± 
LJ-Lv=DJ-LLv-DvLJ-L, 

-± - -± DJ-LLv = [DJ-L,Lv], 
. . 

M1 = ~ (M -M), JJ-L z(-+ --)-z( + -) 
2 DJ-L -DJ-L - 2 DJ-L -DJ-L -fJ-L, 

M m + Mu = m + MJ-Lv(7J-Lv, M = m + Mu = m + MJ-LV(jJ-LV' 

MJ-LV - o:FJ-Lv- ij3FJ-Lv, MJ-LV = a.FJ-LV + ifiFJ-LV' (3.10) 

where r J-L is the Kahler connection and r~ is an off-diagonal A.-'1/J connection. 

We consider only the case where the gauge field normalization function f(z) 

is diagonal in gauge indices; then, since r J-L is diagonal, LJ-L •commutes with 

.:fv, and we have 

(3.11) 

Note that the spin connection in DJ-L [see eq. (A.12) of I] drops out of the 

covariant derivatives DJ-LM. This is because we have taken the vierbein, and 

therefore TJ-L' to be covariantly constant [21]: [DJ-L,rv] = 0. The spin connec

tion is even in r 5 and therefore contributes to DJ-LM through the commutator 

which vanishes [see the definitions (3.27) below]. 

To identify the ultraviolet divergences, we have to study the large p be

havior of the integrand in (3.8) and keep terms up to O(p-4 ). A priori 

R, R 5 "' p-1
, so the ultraviolet divergent part of (3. 7) can occur only in 

terms with n :::; 4, .e :::; 4- n. Aside from terms involving LJ-L, by construc

tion, the integrand is odd in { 5 , and we need at least four r/s to get a 
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nonvanishing trace: 

T ex Tr (A~!Ipul~'-(lpluls) = -4iE~11puTrA~11pu, (3.12) 

so Tr'Rs = 0. Finally, we note that G'! in (3. 7) vanishes except when sand

wiched between functions of p, and is of order p-1 in power counting. Once 

all p-differentiations have been performed, surviving terms must have at least 

three ~~ 's that are not contracted with p~ because of antisymmetry. After 

integration over p, the tensor A~11pu in (3.12) can be constructed only from 

the four-vectors :r~ and L~, the tensors M~ZI) a;!l, the Riemann tensor, and 

their covariant derivatives Dw Each factor of a;!l and of D~ reduces the 

apparent divergence of a given term by one power of p. Furthermore, in the 

covariant derivative expansions (A.19-20) of the operators 0 appearing in 

(3.5) the indices J.li · · · J.ln in D~; · · · D~nO are aut~matically symmetrized, so 

at most one derivative of each operator can contribute to A~11pu in (3.12). 

B. Quadratically divergent contributions 

By construction, T_ is antisymmetric under Is -+ -Is· Therefore we can 

evaluate, instead of (3.5) 

1 
T_ -+ 2 [T-bs)- T_( -Is)], 

where T_( -Is) is obtained from T_( Is) by the substitutions 

(D+,n-,M,M,:l,MI)-+ (D-,D+,M,M,-:1,-MI)· 

The matrices n, 'Rs are defined in (A.19-20). Since J d4 pTr'R5 

potentially quadratically divergent contribution to T_ is 

Tr ( n~- nns) -+ ~ Tr [(p~ N~- p~ M~) p11 N 11], p 

(3.13) 

0, the 

(3.14) 

with N!l, M~~ given in (A.15). Under Lorentz invariant integration, with M = 

m + <7~11M~11 , we have 
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It follows that there are no quadratically divergent contribution involving 

the mass matrix. The averaging procedure (3.13) eliminates a residual spu

rious quadratic divergence proportional to Tr.JJJ..JJJ.. This divergence would 

vanish identically if a Pauli-Villars regularization were used with P-V masses 

that leave all classical symmetries unbroken. However this is not in general 

possible for the classical Kahler symmetry.5 Moreover, in the Pauli-Villars 

regularization described in [13], there are no P-V fields that can regulate 

quadratic divergences proportional to MJJ.vMJJ-1/, so the integrals, which are 

ill-defined unless they are explicitly regulated, must be defined in such a 

way that these divergences do not appear. Note that no quadratically di

vergent contribution to T_ arises if (3.3), as defined by (A.6), is expanded 

without performing the the transformation (A.16) that makes use of partial 

integration, which is ill-defined if the integrals are not finite. However this 

transformation ren"ders many terms explicitly covariant and thereby consid

erably simplifies the derivative expansion. 

C. Logarithmically divergent contributions 

In the remainder of this section, T_ is understood as the average (3.13). Since 

we encounter only logarithmic divergences, after symmetric integration we 

may make the replacements: 

2 . 

-+ ~ 9JJ.vf(p
2
), 

p4 2 
-+ 24 (9JJ.v9pu + 9JJ.p9vu + 9JJ.u9vp) J(p ). (3.15) 

To evaluate the tenhs with p-derivatives, we write 

1 JJ. a __ 1_AJ).1/ 1 JJ.G a 0 
2 

-p- --+ --2p 1/J).a-+ , AJJ-1/ = gJ).l/ - -p!J.pl/ 
-p2 apv -p2 ' -p Pv p2 

a 1 JJ. 
--+ 

_1_AJ).1/ JJ.Q a 1 p 1 JJ.Q pv (3.16) --p p 1/J). -;;---2p -+ --2p 1/J).g ' apl/ -p2 2 ' -p Pv -p -p 

5 A detailed discussion ofPauli-Villarsregularization ofT_ will be given elsewhere [18]. 
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where the first line is obtained by partial integration over p, and it is under

stood that operators multiplying the first (second) line on the left (right) are 

independent of p. Similarly 

(3.17) 

where the last line is obtained by partial integration. 

It is easy to see that the non vanishing terms in T _ involve the connection 

LJ.L and/or the off-diagonal mass MJ.Lv· In the absence of these contributions, 

since f.J.LvpurJ.L"P" = 0, the only helicity-odd terms are: 

where 

1 ( + ) ' GA(V) - ~[G+ - ( )G- J D~ = 2 DJ.L + n; = aJ.L + .:rJ.L, J.L" - 2 J.LI/ + J.L". 

The first term in (3.18) can be written 

~f.J.LvpuTr [D~ (JvJpJu)] = ~f.J.Lvpu 8J.L(Tr[JvJpJu ]), 

where we used cyclic permutations in the trace together with the relation 

Tr[D~(.:T.:T.:T)] = Tr{8J.L(.:T.:T.:T) +i[.:T~,.:T.:T.:T]} = 8J.LTr(.:T.:T.:T). (3.19) 

Note that if a field-dependent ultraviolet regulator mass A is present one can

not drop the total derivative on the right hand side of (3.19), but integrating 

by parts gives a In A = 8Aj A which is finite for A --+ oo. For the second term 

in (3.18), defining n; = aJ.L + r~' we have : 

(3.20) 
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By the above argument the Df terms give finite contributions, so we are left 

with 

€JLIIPO"Tr[(r+r+ - r-r-)(r+ - r-)(r+ - r-)J = o JLII JLII p p 0" 0" ? 

again using cyclic permutations of the trace. Since EJLvpo- D~[D~, D~] vanishes 

by virtue of the Bianchi identity, the third term in (3.18) reduces (up to a 

total derivative) to the same form as the first term: Gv---+ [3,3]. 
First consider the terms quartic in R, 1?5 • To obtain the logarithmically 

divergent piece, we drop all p-derivatives: 

(3.21) 

We note that F/:11 FiPF~ P and F/:11 FiJi'~ P vanish if any two of the indices a, b, c 

are equal; there are therefore no terms cubic in Mo-. Then using lJLM''t = 

4m, together with Eqs. (A.23) and (B.12-13) and cyclic permutivity of the 

trace, we obtain: 

H(M1,M2) 

F(M1, M2) 

( "" "" 1T "" "" 1T ) 16i 4 (-JLII 2 p MJLII '7M2 'TP) Tr pMI p .p pM2 p .p /5 ---+ 3P Tr Ml 3vMJLP3 - I Jv JLP'-' , 

Tr(pM1 pM2 p $ p J!!s)---+ 4p4 Tr [(Mf11m2- m1Mfv) 3JL.Jv] 

+ ~ip4Tr [(M~PMfv- MfvM;P) {3P,3v}], 

F'(MI, M2, M3, M4) = -F'(M4, M1, M2, M3) = Tr (pMI pM2 pM3 pM4!s) 

---+ 16i 4T (MJLII MPO" M3 M4 - MJLII MPO" M3 M4 ) " 3 P r 1 2 JLII po- I 2 JLII po-

+8ip4Tr ( m1M;11m3Mt11
- m4M~11 m2M!:V) , (3.22) 

where Mi = M, M, M1 , M:V = t~:JLvpo-(Mi)po-, and the traces on the right 

hand sides are over internal indices only. In evaluating these expressions we 

used the fact that since Tr (M;M;M;M;!s) = Tr (M;M;M;M;!s), these 

terms do not contribute to 
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Finally, since the expression (3.6} for Rs is odd in 1s: [Rs( ls)] 4 = + [Rs( -ls)]4
, 

it follows that Tr(Rs)4 does not contribute to T('Ys) = -T( -Is). The loga

rithmically divergent contributions from the quartic terms in (3.8) are there

fore given by: 

Tr[- R 3Rs + RsR2Rs+ R2R~ + (RRs? 

4 ( 2 2 3) ] 1 ( I) -3 RsRRs + RsRRs + RRs -+ P4 T4 + T4 • (3.23) 

For the terms quartic in M we obtain 

I 1 I - -
T4 = -4F (M,M,M,M) - ~iTr ( MJJ."' Mpu MJJ.,Mpu- MJJ."' Mpu MJJ.,Mpu) 

-2iTr ( mMIJ.,_,mMIJ."'- mMIJ.,_,mMJJ."') , (3.24) 

and for the terms quadratic in M, we find: 

TrRR~ 

1 -
-+ 0, Tr(RRs) 2 -+ - 8 H(M, M), 

p 

TrRsR2Rs -+ 
1
8 

I_ [F(M, M)- F(M, M)] = ~ (T~~ + Tt), 
p 2 p 

2 2 11[ -TrRsRRs = TrRsRRs-+ ps2 H(M,M1) + H(M,M1) 

-F(M, M1)- F(M,M1) + F(M1,M) + F(M1,M)] 

1 (T" T 111 ) 1 1 ( M- ) 1 ,., p4 4+ 4 -ps2HM, =-2p4.L4, 

T~1 
- Tr ([{m,M11-"'}- {m,MJJ."'}] [..111-,..1,_,]) 

Then 

Till 
4 ~iTr [({MJJ.p,MJJ."'}- {MJJ.p,MJJ."'}) {.JP,.J,_,}]. (3.25) 
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To evaluate the cubic and quadratic terms, we use a shorthand notation 

according to which the covariant derivatives imply the matrix products: 

where hereM is any mass matrix. Using the Dirac traces in (A.23), the first 

identity in (B.l2), and the additional identities 

Tr([A, B]C) 

[d~,MM1] 

Tr ({A, B}CD) 

-Tr(A[B,C]), Dp.(MM) = [d~,MM], Dp.(MM) = [d~,MM], 
- - - + 

(Dp.M)MI + MD~M1, [d~,MM1] = (Dp.M)M1 + MDp.MI, 

Tr (B{A, CD})= Tr (B{A, C}D)- Tr (BC[A, D]), (3.28) 

together with the facts [see (A.23)] that Tr (a-· A/p.<T · B!v) and Tr (a-· A/p.<T · B!v/s) 
are symmetric in {p, 11 }, and that [Lp., .lv] = 0, we obtain 

Tr1?}Rs -+ :
4 
Tr{- 2iX'::.v(M, M)D~ .Jv- 2iX'::.v(M, M)D~ .lv- L(M, M) 

+ [x'::.l/(M1, M)- X'::.l/(M, M1) + Xt"(M, M1 )] G~l/ 

+ [x'::.l/(M1,M)- X'::.l/(M,MI) + x~l/(M,M1)] G~l/ 

+~ [x+(M, M) + x-(M, M)] + 2 ( mMp.v- mMp.v) Lp.v 

-Lp.v [x'::.v(MI, M) + X'::.v(M1, M)] }, 

TrRR~ + TrR5RR5 -+ ~Tr{ -4i [x'::.v(M1,M) -X'::.v(M,M1)] D~.Jv 
p . 

+4i [X'::.v(MI, M)- X'::.v(M, M1)] D~ .lv- 2L(M, M1) + 2L(MI, M) 

-~ [x+(M,MI) + x-(MI,M)- X+(M1,M)- x-(M,MI)] 

+ [x~l/(MI,MI)- 2X'::.l/(MI,MI)] (a~l/- G~v) }, 

TrR~ -+ : 4 Tr{ 6iX'::.v(M1, M1) (b~ Jv + D~ Jv) 

-4 [x+(MI, M1) + x-(MI, M1)] + 3L(MI, M1) }, (3.29) 
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where 

x±IJ.li(MI, Mz) MIJ.ll ± MIJ.ll XIJ.ll = ~EIJ.IIPO" x± 
1 mz ml 2 ± 2 pu' 

L(M1, Mz) - 2{LIJ., mi}{..7v, mz} + ~{LIL, Miv}{.Jv, M;v} 

+~ ({LIL,MfP}{.J 11 ,M;11 } + {L 11 ,MfP}{.JIL,M;v}). 

Again, the traces on the right are over internal indices only. Here and 

throughout the remainder of this section, a;ll is understood as one fourth 

of the Dirac trace of [D=!, .D;J, and has no contribution from the spin con

nection, and the derivative operators iJ JL are understood to operate only on 

the object to their immediate right. The expressions (3.30) can be simplified 

further using the relations 

XJLII ( D~ Jv + iJ-; Jv) 

XJL!I ( D~ Jv - b-; Jv) 

{.JIL, M} 

~ XJL!I (6+ {;- ) 
2 IJ.II IJ.ll l 

- -2iXIL11 [JIL, J 11 ], 

- ~ ( iJ~ M- b-; M) , 

. that follow from the definitions (3.10) and (3.27). De~ning 

X1 - Tr [x+(M, M) + x-(M, M)], 

(3.31) 

(3.30) 

Xz Tr [x+(MI, M1) + x-(MI, M1)] = iTr (b+u Mt.ILiJ; Mjll- iJ+u Mt.ILiJ; Mf!L), 

X3 iTr ( .i)u MuJLD; Mjll- .i)u MulliJ; Mjll- .i)+u Mt.JLiJPMPIL + .i)+u Mt.JLDPMPIL) , 

x4 Tr [x+(M, M1) + x-(MI, M)- x+(MI, M)- x-(M, M1)] 

-Xl + x3- iTr ( .i)u Mu!J.DPMPIL- .i)u Mu!J.DpMPIL)' 

where we dropped total derivatives, we obtain 

19 

(3.32) 



- 3~4 Tr ( fy Mu11}JPJflJJ.- ff MuJJ.DPMPJJ.) 

+ :
4 

Tr{ X!:_v(M, M)Gtv- X!:_v(M, M)G~v + 2 ( mMJJ.v- mMJJ.v) 

- [x:_v(MI, M) + X!:_l/(MI, M)] L/).1/ + Xtl/(MI, MI) ( atv- G~l/) 

- [xtv(M,MI)Gtv+Xtv(M,MI)G~v] -L(M,M)}, (3.33) 

where t4 , T~' are defined in (3.25-26), and 

(3.34) 

Finally, to obtain the logarithmically divergent parts of TrRR5 and Trn~, 

we use (3.15-17), giving 

Trn~ ~ 
3

8
4 X2-

2
4 L(M1,MI) + ~xtv(MI,MI) (atv- G~v), 

p p p 

Trnns ~ 3:4 x3 + 3~4 Tr ( { Lq' MuJJ.H Lp, MPJJ.} - { Lq' MuJJ.H Lp, MPJJ.}) 

- P~ Tr [i ( {LP, m}Dpm- flPm{Lp, m}) + L(M, M) + 2L(M1, M1)] 

- 3~4 Tr ( {LP, MuJJ.}DpMuJJ.- jjP MuJJ.{Lp, Mull-}) 

+ 3~4 Tr ( {Lu, MuJJ.}DpMPJJ.- jju MuJJ.{Lp, NfPJJ.}) 

-
3
4
i
4 

Tr (L/{MuJJ.,MP~'})- ~Tr (LJJ.v [X!:_v(M,MI) + X!:_v(M,M1)]) 
p p 

+~Tr [xtv(M,MI)Gtv +Xr(M,M1)G~v] 
p 

+ :
4 
r~Tr ( Mvp MJJ.P - Mvp M JJ.P) +total derivative. 

Inserting these results in (3. 7) gives 
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1 ln A 
2 

{ [- - - + - - - ] g2--
2

Tr T~ + X!!:.v(M,M)GJJ.v- X!!:.v(M,M)G~v 
327r 

- ~i (fy MuJJ.iJPJflJJ.- iJu MuJJ.DpMPJJ.)- ir~ ( Mvp MJJ.P- Mvp MJJ.P) 

+[LJJ.v, m]MJJ.l/- [LJJ.v, m]MJJ.l/ + i ( {LP, m}Dpm- iJPm{Lp, m}) 
- ~i ({Lu,MuJJ.}{Lp,MPJJ.}- {Lu,MuJJ.}{Lp,MPJJ.}) 

- Si ({Lu M }D- MPJJ.- iJu M {L MPJJ.}) 
3 ' UJJ. p UJJ. p, 

+ ~i [LP ({MuJJ.,iJPMuJJ.}- {DpMuJJ.,MuiJ.}) +2LJJ.v{MJJ.P,MvJ] }· (3.36) 

To evaluate (3.36), we note that the connection is block diagonal in the 

x->.-a sector, and the axial part is diagonal in the ). and a sectors, with 

.:1>.>. = -.:70101 • Using the reality and symmetry properties of the off-diagonal 

>.-a masses: 

(3.37) 

it is easy to see that there is no contribution that involves only these masses. 

For the off-diagonal >.-x masses: 

M- J).l/ .M-J).l/ MJJ.v (MJJ.v)T 
>.x = -z >.x' >.x = - >.x ' 

( MJJ.v Mpv): = ( MpvMJJ.v):. (3.38) 

It follows from these relations that the last line in (3.36) vanishes. 

Using the fermion matrix elements given in Appendix C.2, we obtain 

the nonvanishing contributions to T_ listed in Appendices C.3-8. Note that 

these expressions are fully covariant, although the expansion (3.7) ofT_ is 

not. This noncovariance is necessarily the case since T_ contains the chiral 

anomaly that breaks classical Kahler invariance. However, the logarithmi

cally divergent contributions are Kahler invariant, up to a possible depen

dence of the effective cut-off on the Kahler potential [12], [3], [13]. 
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The ghostino determinant also contains helicity-odd contributions, but 

since it has the same form [4) as that of a four-component scalar, its evalua

tion is straightforward; the result is given in Appendix C.7. 

4. The One-Loop Effective Action 

The quantum action obtained by the prescriptions defined in I (see section 

2 of that paper) and in Section 2 above takes the form 

( 4.1) 

The last two terms are the ghost and ghostino terms, respectively, <.P = 
(h~'v,Aa,.zi,.zm) is a 2N + 4Na + 10 component scalar, 0 = ('l/;~',A.a,XI = 

Lxi + Rxr, a) is an N + Na + 5 component Majorana fermion, where N is 

the number of chiral multiplets, Na is the number of gauge multiplets, and 

the matrix valued metrics Z<1> and Ze are defined in Appendix B of I and in 

Appendices C.1 and C.2 below. As in I we set background fermion fields to 

zero, so '1/J~', A_ a, x1 are the quantum gravitino, gaugino and chiral fermions, 

respectively, and a is the auxiliary field introduced to implement the gravitino 

gauge fixing condition [4). The matrix-valued covariant derivative D~' is 

defined as in Appendix A of I, and iJ~' includes additional terms in the 

connections that are given in (2.11,17) above. 

The one-loop contribution to the effective action is 
. . 
z ~ 2 z 
2Tr ln(D + H<1>)-

2
Trln( -i f/J +Me) 

+iTr ln(D2 + Hah)- iTr ln(D2 + H9 h)· (4.2) 

The general results obtained in [15), [8), [5), [22) give for the bosonic deter

minant: 
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and for the fermionic determinant we have 
. . . . 
z 0 z z [A2 ] z ( ) - 2Trln( -z p +Me)= - 2 (T+ + T_) = - 8Trln D +He - 2T_, 4.4 

where in (4.4) Dp. and He are the 8 x 8 ·matrices defined in (2.14-17). The 

helicity-averaged part, T+, of the fermion trace is -~ times ( 4.3) with the 

substitutions H4> ---+ He, G~11 ---+ G~11 and the trace includes a trace over 

Dirac indices, so 

1 4 (Tr l)e = (Tr 1)4>- 2Na = 2N + 2Na + 10. 

Similarly, the ghost and ghostino contributions are equivalent to, respectively, 

-2 times the contribution of a (4 + Na)-component scalar and +2 times the 

contribution of a four-component scalar. For bosons, H4> and bP. are defined 

in Section 2;_the matrix elements of H and of 

(4.5) 

are given in Appendix C, and the helicity-odd contribution, T_, of the fermion 

determinant that was evaluated in Section 3, Eq. (3.6) is given in (C.36). The 

traces in ( 4.3-4.4) are given explicitly in Appendix C below and in Appendix 

B of I. Here we list only the contributions involving background Yang-Mills 

fields and/or integration over the quantum Yang-Mills supermultiplet that 

were omitted in I. 

If .C(g, K) is the standard Lagrangian [10], [20] for N = 1 supergravity 

coupled to matter with space-time metric gp.11 , Kahler potential K, and gauge 

kinetic normalization function Jab = 8ab( x + iy ), then the logarithmically 

divergent part of the one-loop corrected Lagrangian is 

ln A 
2 

( AB A ) ln A 
2 

.Ceff = .C (gR, KR)+.Co+ 
32

7r 2 X .CA.CB +X .CA +yg 
32

7r 2 (L + NaL9 ), 

(4.6) 
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where the classical Lagrangian C(g, I<) is given in Appendix C below (see 

footnote 1), £ 0 is the one loop correction found 6 in I after renormalization 

of g, I< [see Eq.(3.6) of I], and 

L = [wab (3Ca8ab- Di(nz)i Dj(Taz)i) + h.c.] - 24e-Kaa'D 

+ N: 
5 

[(wab + wab) 'Da'Db- X (F:~- it:~) (F:v + it:v) 'Dvziv~.zmi<im] 

+ N: 
5 

[x 2WabWab + 2'D2·- 'D (I<im'Dpzi'[)Pzm + 2V + 4VMJ)] 

+14x2WabWab + 12 (wab + Wab) 'Da'Db + 22'D2 + 2'D (111! + 8I<im'Dpi'Dpzm) 

+x (w + w) (I<im'Dpzi'Dpzm- 2Mi_- 2V) + 4'D (27 MJ + 7 Mi_) 

26 ·-n j-n -m}' -naF~v 2 -n i-n~ -m D -n Dj (Ta-)n - Zv~z VvZ \.imV a + -v~Z v z .II-fiimjVa z 
X 

-K 
+~'Dae-K RknjiAkAnDj(Taz)i + _e -'Da [(Taz)iR/e k A£Ajk + h.c.] 

X X 

2·Fa D (T. )iRj -n~ k-nv-m 4-n -KRiA A-j 4-n-n i-n~-m D + z ~v j aZ imkv z v z +3ve j i +3vv~zv z Him 

+ Di(Taz)i [4'D (v zi'[)~zm I<·-+ V +3M2 - 2'D) + 13iFa I<- ·'D~zjvv-zm] 6x a f.1. Jm 1/; ~v mJ 

+~(~;+Pi Pi) V (a~xa~x + a~ya~y)- (~~ + 3pipi) a~yavx'Da F:v 

- :x (1 + 3x2 pipi) (apxavx + Opyavy) (F:v + iF:v) (F:P- iF:P) 

6The last five lines of (3.6) in I should read: 

4 ('T'\ -m.vf.l. ; 1.• ) 2 ( N 7) 'T\ 3· '1"\f.l. ;'T\ -m.'T'Iv ,.n 1, 1, vf.l.z z \.im + 3- vf.l.z v z vvZ v z \.in \.jm. 

2-.-. 2.- . -+ 3vf.l.zm1Jf.1.z'Dvzn'Dv z3 K;n:Kjm.- 3vpz'1JPzm K;m.Df.l.z3 Df.l.zn Rjn 

+ Df.J.ziD~' z"' Rjm.;Dvzt'Dv in R~nk + Df.J.zi1JP.zi Rk/;Dvzn'Dv z"' Rnkm.t 

+ ~Df.J.z;Dvz"' K;m.Rjn: (D~'zivvzn- vv ziD~'zn) 

+ 'T\ i1J -m.Rk '1"\f.J. L'T'Iv,.nR; 'T\ i'T'I -m.Rk 'T\v i'T'If.J.-nRi. +4("A-;A -K+h ) vf.J.z vZ im.jv z v z kfil- v,..z vvZ imjv z v z knl L-i e .c .. 
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-5 { [~ (F;~'- iF;~')+ ~;va] (8vx + i8vy) Kim(Taz)i'V~'zm + h.c.} 

-/Pi { [ix ( F;~' -iF;~') + 9vJL'Da) ( 8vx + i8vy) Kim (Taz )i'VI'zm + h.c.} 

+2ix2 pipi'V~'zi'Dvzm Kim'Da F/:" + 2x2 pipi'V [sMJ + Mf + 2V- 2e-K aa) 

-x2pipi [2x2Wab~b (1- x2/Pi)- 4x (w + w) 1) + (wab + Wb) 'Da'Db + 2V2
] 

+ X
3 

i (Fa ·p-a"') (FPI/ + ·p-pv) -n i-nJL-m T/ + 2 2 i-n-n i,.,.,..Jt-m T/ TPiP PI'- 't PI' a 't a VvZ v Z .Il.im X PiP vvl'z v Z .I"l.im 

+2x [4Pij(Taz)i(Tbz)iWab + i'Dvzm(Taz)iPmij (F/:"- iF/:") 'V~'zi + h.c.) 

{ . [2 . p l } + Pij'D~'z3 ; (8~'x- i8~'y) (Taz)z'Da- 2W (8~'x + i8~'y) + h.c. 

+ { W [2x3 /piMf + Jiai(a- A)e-K- x2 /i ( AjikAk- AiiA) e-K] + h.c.} 

+ { ( -KA-jAm + '"~"'~ j'"~"'~Jt -m) [4 (Ta )i'"~"'~ ( . fm ) J-i'~"'~] h } e v~'z v z Pmij z va - Pmij + --;-Pii v + .c. 

-~Kim [V"zm(Taz)i -'V"zi(Taz)m] [PPii1)Pzi (F;v- iF;v) + h.c.J 

'Da [K (Ta )k'"~"'~~' -m i (8 ·a ) (F"~' ·p-"~') h J ( '"~"'~ iJ-i h ) +
2

x km z v Z +2 vx+z vY -'t + .c. PijVJLZ + .c. 

- [wabPiifi(Taz)iVb + x2'Dpi'DPzi (2PiiW- RnimiPmnw) + h.c.) 

+2 2 ,J -n'T'I i'T'Ip-m + 4 iiww x Pii tJm v v pZ v z x Pii p , 

L9 x6 (Pi Pi) 
2 
WW- 2Mf +3M~- 2MJMf + V2 + 'D2 + 6e-KaaMJ 

+2V (2MJ- Mf + e-Kaa)- e-K (aiAi + h.c.) (v + MJ) 

+ -2K A-i-iA 2 -2K (-iA A-+ h ) +. 2 '"~"'~ i-n~' i -n -m'"~"'~v -n e ai a j- e a ia .c. x PiivJtz v z Pnmvvz v z 

+ -K'T'I i'"~"'~~' -m [( A ) (- A- ) + 2 A-k i A fmfi -] e v~'z v z ai - i am - m x Pik Pm j + 
4

x2 aa 

(4.7) 

+e-K {v~'zi'V~'zi [(ai-Ai) ({~a-xpjnAn)- {~aiA-fi(a-A)pjkAkl +h.c-} 
e-K { · - - [ -k] fd · · · } + 
2

x 'V~'zz'V~'zm fm 2aai- XPik(a- A)A + 2x
3 'V~'zz'V~'z3 a(2a- A)+ h.c. 

+x (Pii'D~'zi'V~'zi +h.c.) (MJ- V) + e-K [xPii'V~'zi'V~'zi (akAk- 2Aa) +h.c.) 

25 



+ 16
1
x4 1(81-'x + ifJJ.Ly) (8~-'x + i8~-'y)i 2 - x3 pipi (w + w) (MJ + v) 

+x3/pk [w (xPiiDJ.LiD~-'zi + e-K Aiai- 2e-KaA) + h.c.] 

+ii<im.I<jn ( 4DJ.LziD~-'ziDvzmvv-zn + DJ.LziD~-'znDvzm.Dv zi) 

1 ( · - ) 2 2 -ab 1 ( - ) b -3 DJ.Lz'D~-'zm Kim +X WabW + 2 Wab + Wab vav 

-~V2 +~M~(D iD~-'zm.I<·- -2V)- (8~-'xfJvx+ 8~-'Y8vY)I<·-D ziD~-'zm. 3 3 A J.! •m x2 •m V 

~VD ivJ.L-mK·- (8vxfJVx 8vyfJVy) (2D ivJ.L-mf{._ - v) + 3 J.Lz z •m + 6x2 + 6x2 J.Lz z •m 

+ (F;J.L + iF;J.L) (F:v- ifr:v) ( 8~-'x8vx 4: 8~-'y8vy- ~I<im.DvziD~-'zm). (4.8) 

. Our notation is defined in Appendix B below. Here W = w:, where 

wa =~(Fa FJ.LV- ·pa P,J.LV)- _1_vav b 4 J.LV b Z J.LV b 2X2 b (4.9) 

is the bosonic part of the F-component of the composite chiral supermultiplet 

constructed from the Yang-Mills chiral superfield wa(e) = >..£ + 0(0). The 

renormalized Kahler potential is 

and the renormalized space-time metric is given by 
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pa F P ( N + 29 N G 2 i) 
+x J.LP av 6 + 2- X PiP 

where the superscript 0 refers to the result of I. The terms in ( 4.6) propor

tional to .CA can be removed by field redefinitions: 

(4.12) 

with 

Na 1 ( 2 i) Xim. 4x 2 y'9Jdm., XaJ.L,bv =- xy'g 7 +X PiP 8ab9J.Lv, 

Xi (X'Y = 4e-K .JiA + ~ ( 2 + x 2 rJ Pi) Va(Taz)i 
X 

. . _ ax . 
-4xVp1 

- 2p1
- (Taz)mVa- Na-J.L-VJJ.zt 

m X 

Ji [ 3 . . k K ( . ) A 2] +Na 2x X rl Pi w + XPikVJ.LzJVJ.Lz + e- a/ Ai- 2aA - v- M'lj; ' 

'XJ.La - !:_ (16 + 2x2 pipi) Kim. [(Taz)iVJ.Lzm- (Taz)m.VJ.Lzi] 
X . 

. ( - ) 8Py - 8Px . · 
+XPiP1 8PxFapJ.L + 8PyFapJ.L + 3-FapJ.L +- (7- Na) FapJ.L 

X X 

+~ [(FapJ.L-iFaPJ.L)VPiPiip +h.c.]- (5+x 2pipi) a;;va. (4.13) 

The terms in (4.7-8) of the form g(z, z)WW are the bosonic part of the 

effective Lagrangian (in the notation of [20]) 

J 4 - 2 
.C1w14 = d OEg(Z, Z)IWWI . (4.14) 

It should be possible to write the remaining terms in superfield form 7 [up 

to total derivatives and field redefinitions of the form ( 4.11-13)], and thus 

7 Note that Fi = -e-K/ 2 Ai and M = -3e-Kf 2 A are the bosonic parts of auxiliary 

fields of the chiral superfield zi and the gravity superfield, respectively. It is easy to show 

that calculating the one loop corrections before or after elimination of the auxiliary fields 

in terms of their classical solutions gives the same result to the loop order considered. Our 

results are expressed in terms of these auxiliary fields in [30]. 
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to extract the fermionic part of the Lagrangian for these higher dimension 

operators. However, there may be additional fermionic terms, e.g1 those of 

the form [23] 

J 4 - n>l .Cw2n = d OEg(Z, Z)(WW) + h.c., (4.15) 

that cannot be obtained in this way, as they have no purely bosonic compo

nents. The determination of such terms requires retaining fermionic back

ground fields [24], [8], [16]. 

Notice that the coefficient of In A 2 FI-Ll/ FIJ.V is not a holomorphic function, 

except in the limits of a flat Kahler metric (Di -+ 8i) and flat space-time 

(Mpz -+ oo, in which case operators of dimension greater than four are 

suppressed). This nonholomorphicity is distinct from from the holomorphic 

anomaly [1, 25] that arises from the field-dependence of the infrared regulator 

masses. In other words, when the Kahler and/or space-time metric is not 

flat, there are corrections that correspond to D-terms as well as the usual 

F-terms. 

The quadratically divergent contributions to the one-loop Lagrangian are 

given by (C.33-C.35). The Pauli-Villars regularization of these terms was 

given in [13]; they contribute additional renormalizations of the metric and 

the Kahler potential that are determined by the field-dependent squared 

masses of the Pauli-Villars regulator fields that play the role of effective cut

offs. The field dependence of the effective cut:offs in the logarithmically 

divergent contribution to the renormalized Kahler potential will generate 

additional terms in the effective Lagrangian proportional to 

that do not grow with the cut-off, and therefore have to be considered to

gether with the finite terms that we have not evaluated here. 
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5. The String Dilaton 

In effective supergravity from superstring theory, the classical Kahler po

tential ]{ ( z, z), superpotential W ( z) and Yang-Mills normalization function 

!ab(z) take the forms 

K(z, z) -ln(s + s) + G(yi, i/n), W(z) = W(yi), 

fab(z) - 8abkas, yi, fl'n =/= s. (5.1) 

Although we have restricted our analysis to the case !ab = 8ab!, it is equally 

applicable to the case !ab = 8abkaf, ka = constant, provided we make the sub-
1 1 1 1 

stitutions F:~.~--+ kJ F;~.~, A~--+ kJ A~, ra--+ k-: 2 Ta, Cabc--+ k-: 2 cabc, (cabc =I= 

0 only if ka = kb = kc) in all the relevant equations. Our results are therefore 

applicable to all known effective tree Lagrangians from superstrings, includ

ing those where the integers ka ~ 1 correspond to higher affine levels [11]. 

In this case the operators a, Pij, 1 - x2 Pi Pi, and their covariant derivatives 

vanish identically. In particular Mr = MJ = M 2 , and ( 4.6) reduces to 

( In A 
2 

( AB A ) In A 
2 

Leff .C 9R, KR) +.Co+ 
32

11" 2 X LALB +X LA_ + y'g 
32

11" 2 (L + NGL9 ), 

L (wab + Wb) ( 3CG8ab- Di(nz)3 Dj(Taz)i) + 2'D ( 13V + 9Kim'Dp.i1JP.zm) 

+ N
1
; 

5 
[(s + s) 2WabWab + 2 (wab + Wab) 'Da'Db + 8'D2

- 8 (v +2M2
) v] 

- N 
1
; 

5 
[ ( s + s) ( F;Jl. - iP;Jl.) ( F:v + iP:v) + 4g~'D] 'D~.~zi'Dp. zm Kim 

+~(s + s)2WabWab + 11 (wab + Wab) 'Da'Db + 20D2 + 154M2D 

+ (s; .s) (w + w) (Kim'Dpzi'Dpzm- 2V + 2D) - 24iDJI.ziD~.~zm Kim'Da F:;v 

+ (s + s) (Fa - iFa) (Fpv + ifrpv) D zi'Dp.zmK·-4 PJI. PJI. a a v ~m 

+ Di(Taz )i [4'Da (v- 2'D +3M2 + K · -D zi1)Jl. zm) + 13iFa K- ·DJI. zi1Jv zm] 
3(s+s) Jm J1. Jl.ll mJ 

- (~DRm + (s; s)RnimiDi(Taz)n) (e-K AiAm + DJI.zi'Dp.zm) 
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with, instead of (4.10), 

ln A 
2 

( K [ - · · - · -] ) I<R =I<+ 
32

7r2 e- AiiA'3 
- 2AA' + (Na- 4)AA - 4K~- 16'D . 

(5.3) 

Here we have considered only the standard chiral multiplet formulation 

of supergravity. Their is reason to believe [2], [3], [26] that the dilaton in 

the effective field theory from superstrings should be described, in fact, by 

a linear multiplet, which is dual to the chiral multiple used here. It has 

been shown [27] that a variety of classically dual theories remain equiva

lent at the quantum level. In [13] it was observed that once the ambiguous 

matrix elements (3.9) have been fixed in a supersymmetric way that admits 

Pauli-Villars regularization, the axion y of the dilaton supermultiplet appears 

only through its dual hvpu = c.vpuJJ.8JJ.yj4x2 • This suggests that the properly 

regulated chiral supergravity theory also remains equivalent to the linear 

30 

(5.2) 



multiplet version for the dilaton at the quantum level. Some loop corrections 

using the linear multiple formulation have been carried out in [28]. 

As shown in I, further simplifications occur8 in specific models, such as the 

untwisted sectors from orbifold compactifications where the scalar Riemann 

tensor is covariantly constant and the Ricci tensor is proportional to the 

Kahler metric for each untwisted sector. 

6. - Conclusions 

In this paper we have completed the results of I by including the gauge 

sector. The complete divergent part of the one-loop Lagrangian, obtained 

from the results of this paper and from I, will be presented elsewhere in a 

short communication [30]. 

Some comments on the implications and applications of our results are 

in order. It has already been shown [13] that, using the gauge fixing and 

expansion procedures defined here, the one-loop quadratic divergences, as 

well as the logarithmic divergences in the flat space limit and in the ab

sence of a dilaton, can be regulated a la Pauli-Villars. Regularization of 

the full supergravity divergences without a dilaton are under study [18]. An 

8 The four-derivative terms of ( 4.4) of I should read: 

-4 (VJ,Iz"'VJ-1 zi K;;n/ + ( ~ - 7) 1JJ,IziiJJ.~ziV11 z"'V11 zn K;nKjm 

+ 21J -mvJ,I iv -nvll iJ"" l\ 21J ivp-mK "'(N + 1)VJ.l iv -nlra 3 J.lz z 11Z z 1-ifi jm- 3 pZ z im L...J a z J.lz 'in 
()( 

+~VJ.Iiv~~z"' K;;n L (Na + 1) K.fn (1JJ-1 zi1J11 zn -1J11 zi1JJ.Izn) 
()( 

+"" [ (N + 1) (v ziVJ-1 z"' K'!X-) 
2 + (N + 7) 1J zi VJ-1 ziV znV11 z"' K'!X- K"'-L...J a J-1 •m a J,l 11 •m Jn 

()( 
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objective of this study is to determine the extent to which, in the string the

ory context, a modular invariant regularization procedure can be achieved 

that preserves the continuous SL(2, R) symmetry of the classical effective 

Lagrangian. To obtain the full one-loop Lagrangian, including all finite con

tributions, requires a resummation of the derivative expansion. A procedure 

for resummation will be described elsewhere (18]. 

We have presented our results for one-loop corrections to the classical 

general supergravity Lagrangian (10, 20] with at most two-derivative terms. 

As seen in Section 5, the result simplifies considerably for the classical ef

fective Lagrangian derived from string theory, due to the the absence of a 

potential for the dilaton and the special form of its Kahler potential. These 

features are modified when the effective Lagrangian includes a nonperturba

tively induced (31] superpotential for the dilaton and/ or the Green-Schwarz 

counterterm (2] that is necessary to restore modular invariance. The latter 

term destroys the no-scale nature of Lagrangians from torus compactification 

and the untwisted sector of orbifold compactification, and generally desta

bilizes the effective scalar potential. However this term is of one-loop order 

and therefore should be considered together with the full one-loop correc

tions. An interesting question, that will be addressed elsewhere, is whether 

these corrections can restabilize the potential. 

An important unresolved issue in the construction of effective supergrav

ity Lagrangians for gaugino condensation is the correct form of the kinetic 

term for the composite chiral multiplet that represents the lightest bound 

state of the confined Yang-Mills sector. It has recently been shown (32], 

in the context of both the linear and chiral multiplet formulations for the 

dilaton, that such terms can be generated by higher dimension operators. 

The contribution ( 4.14) to the effective Lagrangian determines the leading 

one-loop contribution to these operators; similar terms occur in string the

ory (33]. This is one example of how the determination of loop corrections 

can serve as guide to the construction of such an effective theory. 
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Appendix 

A. Dirac algebra 

We work in the Weyl representation for the Dirac matrices; for a flat 

metric: 

(A. I) 

To evaluate the fermion determinant, we note that an arbitrary 4 x 4 Dirac 

matrix M 4 can be written as 

M4 = RAR + LBL + RCL + LDR, (A.2) 

where A, B contain an even number of Dirac matrices lzn C, D contain an 

odd number, A, B, C, D have no explicit Is-dependence, and L = !(1- Is) 

and R = !(1 +Is) are the helicity projection operators. Then TrM 4 

TrRA + TrLB = TrM 8 , where M 8 is the 8 x 8 matrix 

(
RAR RCL) 

Ms = LDR LBL ' (A.3) 

and Trf(M 4 ) = Trf(M 8 ), where f is any function that can be expanded in 

a Taylor series. Writing M4 = M 4( Is), we have 

RBR + LAL + RDL + LCR, 
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Similarly, if f is_ an arbitrary function of M 4 , 

Setting M 4 = -i 1/) +Me, J(M 4 ) = ln M 4 , (A.5) gives the trace T+ that 

has been evaluated previously9 [4]-[8]. To evaluate the determinant T_ we 

define 

M4 = /o ( -i 1/) +Me), (A.6) 

which is a 4 x 4 matrix in Dirac space that we write [5] in terms of the 2 x 2 

Pauli a--matrices as 

( i~ c) 
- fJ i!/ ' 0"~ = (1, ±5), 

~ a-~ d~ = a-~ [ fJ~ - L J1. (a-_, a-+)] , 

I! a-':.d; =a-':. [n:- LJJ. (a-+, a--)], 

C m + MJJ.vo-~~~ = M(o-~11 ), iJ = m + MJJ.vo-':.11 = M(o-':.v) 

L- ( ) LJJ. .>. II p q (A 7) JJ. o-_,0"+ = 24 f..>.vpuO"_O"+O"_O"+. . 

The matrix elements in M 4 are defined, up to the Is ambiguity noted in [13], 
in terms of those appearing in the fermionic part of the action ( 4.1) by: 

The matrix-valued derivative operator fJJJ. is defined in (A.12) of I, the addi

tional gaugino connection LJJ. is given in (C.19) below, and the elements of 

the mass matrix Me = M R + M L are given in (2.16), (2.17), (A.ll) and 

9The contributions from the terms MJ.lvuJ.lv were not fully included in [5]. 
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(B.lO) of I, together with (C.l5) below. The tilde operation on .\1,1;?, C, D 

amounts to the interchange u + ~ u _. Thus 

jL - ( ~ ~.\1) , jR = ( ~~ ~) , 
~ R (i/- t <>vpu'J'''('l'''l'' )' R = R P' R, 

i/Jil L ( $>- - t <Avpu']'A']'v '1'''1'' )' L = L P' L, (A.9) 

where the appropriate zero's in the transition from 2 x 2 to 4 x 4 matrices 

is implicit in the last two lines. More, generally, products of u:± can be 

converted into products of ,,.. by 

(u+u-t u+ -+ -L12n+I R, (u_u+t u_ -+ -R12n+I L, 

(u+u-t -+ L12nL, (u_u+t-+ R12nR. (A.lO) 

Then defining 

~ [TrlnM4 (M,5) ± TrlnM4 (-M, -5)], 

( 
i.\1 -6) 

- -D if/ = M4( -M, -!sho, (A.ll) 

(A.9-10) immediately gives: 

S+ - ~Trln [M4 ( -M, -5)M4(M, 5)] 

~Tr ln ( -R[$)~ + ~ M]R -R[i p+ M -l!i p-]L) 
2 -L[i p-M- Mi p+]R -L[$)~ + M M]L 

~Tr ln (-$)2 -M~+ i[$), Me]) = ~Tr ln ( -D 2
- H~). (A.,12) 

where iJ = De and He are defined in (2.17) Although the matrix in (A.l2) 
is 8 x 8, the helicity projection operators L, R project out half the elements, 

so the counting of states is unchanged when we take the Dirac trace. Since 
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Tr In M(M) = Tr In M( -M), we have10 S± = T±, and (A.12) is equivalent 

to (A.5), up to the ambiguity described in [13]: terms even and odd in /5 

can be interchanged using /5 = (i/24)t11-I/P<TI~J.Iv/p/u· 
The next step is to castS_ = T_ in the form of (3.3) and to take its Fourier 

transform to obtain an expression of the form (3.4), but before performing 

the p-integration we write 

= 2 ( D2
- ~o-11-vGil-1/ + iDIJ.Mil-) -

1 

iDvNv, 

where Mo is11 the matrix (A.ll) with 

C = D = 0, 

and 

We then redefine the integrand by [15] 

T(p,x)-+ UT(p,x)U- 1
, U = exp ( -id· :P) exp (io· ~), 

101n (5] it was incorrectly stated that 5_ = Q. 

(A.13) 

(A.14) 

(A.15) 

(A.16) 

11 It might seem more efficient to take instead Mo = M 4 ( -M, -u) but this form turns 

out to introduce a spurious quadratic divergent term involving M Jl.ll. To explicitly regulate 

ultraviolet (or infrared) divergences, one should introduce a regulator mass matrix JJ.o and 

set M o __,. M o + JJ.o; see the discussion in Section 3. 
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which leaves the (properly regulated) integral unchanged. In the absence 

of background space-time curvature, the 8 x 8 matrix valued operator dt-t is 

simply 
a 

d,_. = D,_. =-a + at-t(x). 
X~-'-

(A.17) 

In the presence of space-time curvature, one has to expand [8] the action at 

X1 =X+ Yin terms Of normal COOrdinates, ef-1- = y~-'- + !f:v(x)yPyV + o(e): 

a 
d,_. = ae,_. + a,_.(x, e). (A.18) 

where 1::;, is the affine connection, and the full connection a,_.( x, ~) includes 

terms that depend on the affine connection and its derivatives. The expansion 

of (A.13) for this case is determined in [8]. We then obtain the expression 

(3.4) with 

T(p,x) -~Trln [1 + 2~(x,p)p2'R5 (x,p)], 
~-1 -T~-'-v ~,_.~v + h +X+ (pv + Gv) P,_.vM~-'-, 

~,_. 

G,_. L ( m+ \ (-iD · aa )m Gv,_.aa , G,_.v = [D,_.,Dv], 
m=O m + 2. p Pv 

F 
00 ( -i)n ( a ) n 2::--1- D·-a F, F=h,M~-'-,N~-'-, 
o n. p 

p,_.v/v 

Tf-1-V -

X 

8,_. (A.19) 
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Finally we write~ - 1 = -p2 (1 + R) and expand 

~ = (1 + n)-1( -p-2) = 2::( -nt( -p-2) (A.20) 
n=O 

to obtain the expression (3.8), where we have set J.Lo = 0. 

Once all these manipulations have been performed we can simplify the 

expression for the fermion connection by using simply 

(A.21) 

The point is that the part of the gaugino connection arising from the dilaton 

has been included in the "vector" (.J(;): 

(A.22) 

rather than in the "axial vector" (.JJJ.) part of the connection. 

We conclude this appendix by listing some Dirac traces that are useful in 

the evaluation ofT_ and of the ghostino and fermion determinants: 

0123 -1 _l 
t = -g to123 = 9 2 , 

+tOt{3~-yl(. + t01{3-y(.l~ + t01{38~g-y(. + t01{3(.8g-y~ + ta{3~(.g-y8], 
J 

Tr(!so-01{3 I -y 0"8~1(.) = 4i[ tOt{3-y8 9~(. + tOt{3~-y l' + ta{38~g -y(. + ta{3(.8 g 'Y~ + ta{3~(. g -;8]' 

Tr(!so-Ot{30"-y8/~l(.) = 4i[tOt{3-y8g~(. + tOt{3~-yl(. + ta{3-y(.l~ + tOt{38~g-y(. + ta{3(.8g-;~], 

T JJ.Vppupb _ 8FJJ.vpb 
rO" puO" a JJ.V - a JJ.V' 

Tr (a-· Ao- · Bo- ·Co-· D)= 16 [AJJ.V BPUCJJ.vDpu +(A· B)(C ·D)+ AJJ.V(B · C)DJJ.v] 

+64 (AJJ.V BJJ.pCPIT Dvu- AJJ.V BJJ.pCvuDpu- AJJ.V BPUCJJ.pDvu), 
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- 8 ( gJLV ApuBPO' + 2AJLP B p v + 2AP v BJLP) , 

8 (gJLV A BPO' + 2AJLP B v - 2A v BJLP) pu P P ' 

Tr (!Jlu ·A-·( u ·B) 

Tr (!JL'Yv O" · Au · B) 

Tr (ZJLviJLO" · A1v 0" • B!s) (A.23) 

where u · A = O" JLVAJLv, etc., and ZJLv = ~'Yp'Yu r puvJL is the field strength 

arising from the spin connection (note that 'YJL'YvzJLv = ~r). To evaluate the 

last trace in (A.23) we used the relations (B.14) and (C.25). 

B. Relations among operators 

In this appendix we derive relations among the various operators that 

appear in the traces needed to evaluate the one-loop effective action. We 

adopt the gauge sign conventions of (10], (29]: 

\7 JL + iAJL, AJL = TaA~, r:3 = (T~i)*, 
8Jlzi + iA~(Taz)i, 'DJLzm = 8Jlzm- iA~(Taz)m, 

- ~['DJL, 'Dv] = \7 JLAV- \7 vAJL + i[AJL, Av], 
~ 

(B.l) 

Our other conventions and notations are given in Appendix A of I. 
We first consider constraints on covariant scalar derivatives that follow 

from gauge invafiance. We define 

~K-mj(Taz)m(Tbz)i, 'Da = Ki(Taz)i, 
X 

8abf(z), f =X+ iy. (B.2) 

The classical scalar potential is V + 'D, where V has been defined in I. It 

follows from the gauge invariance of the Kahler potential ]{ that: 
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where f{ij = aiajJ< = aJ<j, and the second and third lines follow from 

the first by taking successive scalar derivatives. 'Here a] = a I az1, I = 
i, z, D1 is the reparameterization covariant scalar derivative, and ~min is 

the Kahler curvature tensor. Indices are lowered and raised, respectively, 

with the Kahler metric Kim and its inverse Kim. Similarly, it follows from 

the gauge invariance of f that 

fi(Taz )i = 0, 8aJ 

fij(Taz)i Ji 
fifmDi(Taz)m 

- fiDi(Taz)iJi, fii(Taz)i(nz)i =- fi(Taz)i Di(nz)i, 

-Jnfnm(Taz)m = -Jifij(Taz)i, fij = DiDjj, (B.4) 

and from the gauge invariance of the superpotential W that 

Ai(Taz)i 

Aii(Taz)i + AiDi(Taz)i 

Am(Taz)m = 'DaA, 

'DaAj + Kjm(Taz)m A, 

Aiik(Taz)i + AiiDk(Taz/ + AikDi(Taz)i + ADkDi(Taz)i 

= 'DaAjk + I<jm(Taz)mAk + Kkm(Taz)mAj. (B.5) 

The tensors Ai1 ···in are reparameterization invariant covariant derivatives [4] 

of A= eKW. Using (B.3) and the definitions (B.2) we obtain 

(B.6) 

where c~) is the Casimir in the adjoint representation, Cabc are the structure 

constants of the gauge group, and 

(nz)iDi(Taz)i = (Taz)iDi(nz)i + icabc(Tcz)i, 

Vbi<mj(Taz)m(Taz)iDi(Tbz)i = VbKmj(Taz)m(Tbz)iDi(Taz)i- ~C~)Va'Da. 
(B.7) 
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Combining (B.3) and (B.5) we obtain 

AiDm(Taz)i = -Ar(Taz)i + AmVa + A(Taz)m, AiDi(Taz)m 

J1iDi(Taz)k AnDn(Taz)k = AnDk(Taz)n = -A~(Taz)n + J1kVa + A(Taz)k, 

(B.8) 

To evaluate the one-loop effective action, we find it convenient to intro

duce the scalar field reparameterization covariant derivatives of the variable 

p, defined as the squared gauge coupling: 

1 
p=

X 

Pii 

DmPi = Pmi 

Dj (x 2 pi/) -

DiDk ( x 2 Pi/) -

2 i 
X p Pij, ( 

2 i) 2 i Dm X PiP = x PmPi, 
2 i 

X p Pijk, etc., 

2 
2 

1
- fdifm 

- x Pmij - 2x mPii -
2

x 2 • 

It follows from [Dm, Di](x2pi/) = 0 that 

-k. 1-k-· k. 1 k. 
f P3 ki + - f f3 Pki = fkPi 3 + - fkfiP 3 

• 
X X 

In addition we introduce the variable 

a= A+ ji Ai = eK/2 (m1/J- ih>.), ai1 ···in = Di1 ···Dina. 
2x 

(B.9) 

(B.10) 

(B.ll) 

The variables a, Pii and 1-x2 pi Pi, and all covariant derivatives thereof, vanish 

for effective supergravity theories obtained from superstrings in the classical 

limit: f(z) = s, K = -ln(s + s) + G(z, z =f. s, s), Ws = 0. 
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We will also need the following identities involving the Yang-Mills field 

strength and the space-time curvature. It follows from manipulating products 

of the antisymmetric tensor f.p.vp 17 that 

1 vM~'-17M2 Ml M~'-v Mi 1 MPI7 
- 29p 1 p.<7- JJ.P 2 ' tJ.V = 2f.J.LVPC7 i ' 

pa F,Jl.V frb FPI7 p.v b p17 a -(Fa F,~'-1/)2- (Fa F~'-1/)2 + 4Fa FPV F,I7Jl. Fb p.v b p.v a pp. a b 171/' 

(pa F~'-v)2 p.v a - -2(Fa F,~'-1/) 2 + 4Fa F Fbp.p Fv17 (B.12) p.v b p.v ap17 b ' 

where M~v is any antisymmetric tensor-valued operator. Using the first of 

these gives 

TrA~'-v B C- D 17 P Jl.P 1/17 

pa FP.P p.v a 

lTr ( (.D · A)(B ·C)- (A· B)(C ·D) - A~'-v Bpi7Cp.vDP17 ] , 

lTr [(A· B)(C ·D)+ (D · A)(B ·C)- A~'-v Bpi7Cp.vDP17 ], 

lTr [(A· B)(C ·D)- (D · A)(B ·C)- A~'-v Bpi7Cp.vDP17 ] , 

1 PF-a FJ1.17 
4"gv p.17 a · (B.13) 

It follows from the the symmetry properties of the space-time Riemann tensor 

that 

F vi7Fap.p _ ~ p17Fp.vFa 
r p17 Jl.l/ a - 2 r Jl.l/ a p17 ' (B.14) 

and, using (B.12) with M 1 = F, M 2 = F, M 2 = -F, 

~r p17 pp.v pa 
2 p.v a p17 

2r~'-Fa Fvp - ~r Fa F~'-P - ~r Pl7 Fp.v Fa (B.15) v p.p a 2 p.p a 2 p.v a p17 · 

In addition: 

C Fa Fbp.pFcv abc p.v p 

+r~'-Fa Fvp _ ~r p17 Fp.v Fa v Jl.P a 2 p.v a p17 · (B.16) 
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It is convenient to isolate terms that do not contribute to the S-matrix, 

using the classical equations of motion: 

+ Jxi<im (vJJ.zm(Taz)i- VJJ.zi(Taz)m). 

{ 
Z,J 

I,J = - . ' 
Z,J 

(B.l7) 

The first of these gives, in particular (MJ = m,pnt/J, M'f. = m;>.m>.): 

)g.ci = (~.ci) * = -V'2x- iV'2y- 2x4 pipiW + ~ (avx + iavY) (avx + iavy) 

-2x2PiiVJJ.ziVJJ.zi + 2xe-K (2aA- aiAi) + 2x (v + MJ- Mf), 

( a:x VJJ.zii<imD 11'Dvzm + h.c.) - V':x V 

a xaJJ.x ( X ) a yaJJ.x -
+ JJ. 

2 
V + - F 2 + JJ. F F +total derivative, 

x 4 4x 

a+ bx P Pi 2I<·- VJJ.iV zmva D·(T z)i + 8xVM2 2 i ( 
X _ Jm 11- ' a -- 1/J 

-2VaVbKab- e-K [va(Taz)iAijfii + h.c.] 

+ { I<ini<jmVJJ.zi(Taz)m [(Taz)iVJJ.zn + (Taz)nVJJ.i] + h.c.} 

- a:x va I<im [vJJ. zi (Taz)m + (Taz )iVJJ. zm] ) 

+bxVa [vJJ.zk ~ Pkji<im (vJJ.zm(Taz)i + VJJ.zi(Taz)m) + h.c.] 

+total derivative. (B.l8) 

We absorb a part of the one loop correction into the Kahler potential; a shift 

bi< in the Kahler potential gives a shift ~sK.C in the Lagrangian: 

-1-~sK.C -~I<V + bi<im (e-K fiiAm + VJJ.ziVJJ.zm) 
V9 
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Taking 8!{ = V, the last equation in (B.l8) can be written as 

(a+ bx2pipi) (l:__b..v£ + 2V [e-Kaa- 3MJ- 3Mf- V] 
-19 

+ [I<ini<jm'Dt-tzi'[)t-tzi(Taz)m(Taz)n + h.c.] 

· Ot-tY 'T'\a [I< (T. )i'T'\ -m h ] +z~v im aZ vt-tz - .c. 

-:2 v [otLxf)tLx + otLyf)t-<y]) 

+bxVa [vt-tzk pi Pkii<im ( Vt-t.zm(Taz )i + Vt-tzi(Taz)m) +h. c.] 
+total derivative. (B.20) 

C. Matrix Elements and Supertraces 

In this Appendix we list matrix elements of operators appearing in Eqs. 

( 4.2-4.5) and traces needed to evaluate the divergent contributions to the 

one-loop effective action ( 4.6). Notation and conventions are defined in Ap

pendix A of I, and the relevant part of the tree Lagrangian [10], [20] is12 

~£(g,I<,J) 

1 
-£1/J 
-19 

12In I we defined t 0123 = 1; here we denote by t~' 11 pu the covariantly constant tensor

see (A.23). With this definition there is no factor g- t multiplying the F F term in the 

Lagrangian. See also footnote 1. 
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.T. '111-m.}:,r ~-'L i 1.7. ,_. 'a'T'\ .• T. ~-'L i + h ] +'f/,_. ¥-'z 1.im/ X - 4'f'J.Ll /SA va + t'f',_./ X mi .c. , 

M - (M)t = eK/2 (WR+ WL), mi = e-K/2Ai. (C.1) 

If we define 

1 
STrF = TrF4-- 4TrFe - 2TrF9h + 2TrFah, 

i ln A2 

--T_ = .J9-
2
T, (C.2) 

2 327r 

where TrFe is defined below [see (C.24)], the effective Lagrangian (4.2) is 

-
1
-£1 = -~STrH + lnA

2 

[sTr (~H2 - ~rH + ~G G~-'v) + r] .J9 3271"2 3271"2 2 6 12 J.LV ' 
(C.3) 

In the following subsections we list the matrix elements that were not in

cluded in I; the subscript 0 refers to the contributions without the Yang-Mills 

sector that are given in Appendix B of I, except that ordinary derivatives are 

replaced by gauge covariant derivatives. 13 

The contributions to STrH from each supermultiplet have been given 

in [13]; below we list the analogous contributions to STrH2 and STrG2
; we 

drop all total derivatives. 

1. Boson matrix elements 

As in [9) we rescale the quantum gauge fields: A,_. = y'xA,_.. Then the operator 

H 4> can be expressed as 

13In (B.21) of I ~STrH2 should be modified as follows: the last term in the first line 

should be multiplie~ by eK, the term -~re-K Aij.Aii should be added, and the third and 

forth lines from the bottom should read: 

+
N-47..,.., j..,..,p. i'T'I -m'T'Iv-n}.' }-" N+17..,.., -m..,..,p. ;..,.., -n..,..,v iJ·' }-" 

4 
Vp.Z V Z VvZ V Z \in \jm-

4 
Vp.Z V Z VvZ V Z \in \jm 

+~V~~oziVvzm K;.nRjn (V~'-ziV"zn- V" ziv~~o.zn). 

In addition, the term -kV~~oziVvzm K;.nRjn (V~'- ziV" .zn- V"ziVP. .zn) should be added to 

the right hand side of 112 STrGp.vG~'-" in the same equation. 
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1H J + h!J.l/x hpq + 2h11-l/Y. 1 A~JJ.N A~l/ Z ]JZ JJ.V,pu JJ.V]Z - !J.V 

-2AIJ. SJJ.]Z1
- 2hll-l/ f{JJ.V,pAP' (C.4) 

with, in addition to the matrix elements of Z<t> given in I, 

(C.5) 

Using the results of [9] and Section 2 above, the elements of H, X, Y are 

modified with respect to those given in (B.3) of I by14 

qf 

( v. V IJ.) _ X ( 'L"JJ.V -r::a · .:r-11-v -r::a ) VJJ - 11- IJ - -4PIJ .r a .r JJ.V =f Z.r a .r JJ.V ' { 
z,J 

I, J = - -' z,J . 

{ 
z,J 

I,J = - . ' 
z,J 

XJJ.v,pu - (Xo)JJ.v,pu- 2PJJ.v,pu'D + ~PJJ.v,puF~TF:T + ~ (F;pFavu + F:pFaJJ.u) 

-
1
1
6 

(F;>.Fap >.9vu + F:>.Fap >.9JJ.u + F;>.Fau >.9vp + F:>.Fau >.9!1-P), (C.6) 

where fi = fi(]:r) for I= i(i), etc .. The potential V = V + 1) now includes 

the D-term 1J defined in (B.2) above: 

_]__J·V + ~1) K·- (Taz)m 
2 

t a tm , 
X X 

1 j ~-j1) 1 j '1""1 (Ta )j 1 ~-J'T"I ]{ (Ta -)fi 2x2 i - 2x2 iVa z - 2x2 Va in z 

14The Lorentz indices in UIJ and niJ in Eq.(B.3) of I should be contracted. 
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+..!:_(Taz)i I<in(Taz)n + ..!:..vaDi(Taz)i, 
X X 

XPiiV- 2~2 Va(JJ<jm. + fii<im.)(Taz)m 

1 ;_ -
+-l<jm.(Taz)m I<in(Tazt. 

X 
(C.7) 

The additional nonvanishing elements of Z~H~: are -NaJJ.,bzn SaJJ.,I, and 
} , "thiS iJJ.v,ap, Wl 

NaJJ.,bv = 9 Jl.V ( Kab + Kba - ~ :Fapu:F:U) + 2cabcF~v + ~ ( 5:FaJJ.p:Fbv P - :Favp:FbJJ. P) 

x2 i ( P P 1 -r -rPu) -2PiP :FaJJ.p:Fbv + :Favp:FbJJ. - 29JJ.v.rapu.rb 

c (\72x OpxoPx OpyoPy) 8 (\7 Jl.ol/x OJl.XOvX oJl.yOvY ) 
-gJJ.vVab -2- - 4 2 + 2 2 + ab - 2 + 2 2 + r JJ.V ' X X X X X X 

. 2 [ K OJ-LX Kl X ( . - ) v J SaJJ.,l ±z Vxf{IK DJJ.(Taz) -
2

X (Taz) - 2,PIJ :FavJJ. =F z:FavJJ. V z 

+ 4~JI [1)'v :FavJJ. + 
3~:X (:FavJJ. =F iFavJJ.)] 

+2-'nl/ K}' -r I J }i' = { i,j, k 
L/ Z iJK.ra"V? ' ' ' ,.. "i,J, k 

I<;v,p -~ (V';:F:P + V~:F;P) +} (9JJ.PVfi<T :F;v + 9vpV"u :F;JJ.) 

Ou X ( ;:a ;:a ) 3/)u Y ( j:a j:a ) 
- 8x 9JJ.P uv + 9vp <TJJ. + ~ 9JJ.P uv + 9vp <TJJ. 

1 ( - - ) - auy 
- Sx OJJ.y:F:P + Ovy:F;P - 9JJ.v:F:P 4X · 

In writing the above expressions we used the notation in (2.2-3) and the first 

identity in (B.12) with M 1 =:Fa, M 2 = f:b, M2 = -:Fb. The inverse metric 

z-l must be included in evaluating the traces of these operators, which are 

defined such that 

TrH~ = TrH + TrX + TrN, 
15In [5], [9], there is an additional graviton-gauge mass term QJJ.v,ap; this term drops out 

when the prescription (2.10) is adopted. 
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TrH~ 

In the expressions for the traces16 to be given below, space-time indices are 

raised with gJ.Ll/ and scalar indices are raised with J<iih. 

Finally we need 17 

( G~v) ~ 

( G~v)~ 

( G~l/) cx{3,-y6 

( G!v) ap,bu 

(agz) 
J.Ll/ ap,l 

(GGz) J.LV cx{3,I 

(Gz + Ga + G9 + Ggz + Gaz + G9 a)J.Ll/, 

( G~J.Ll/) ~ ± iF:vD1 (Taz) 1
, I, J = { ~,~, 

~,J 

(G ) I I J = { i, j ~J.Ll/ J' ' - . ' Z,J 

( agJ.Ll/) cx{3,-y6 + ~ [.r~wra--;v9{36 
+F~J.LFativ9{3--; + FJJ.LFa-rv9cx6 + FJJ.LFaov9cx-r - (11 ~ 11)], 

9 pu ( CabcF~l/ + ~ [ Fa>.J.LFt 1/ - Fa>.vFt J.L]) + babr u pJ.Lv 

( [ 
'V JJ>-y a>-yaJ.Lx] ) 

-bab Ewu>. 2x - 2x2 - (11 ~ 11) 

-bab 4~2 ( 0>.Y0>.Y9pv9J.Lu + OuY0vY9PJ.L + OpyOJ.LY9vu - (11 ~ 11)) 

+~ [FauJ.LFbpv- FapJ.LFbuv + X2PiPi (FaJ.LpFbl/<7 + f:aJ.Lpf:bvu) - (11 ~ 11)] 

( G!:) I,ap = -VJ.L [~PI (Favp =f iFavp)] 

-€PJ.L<7A ~:; /J (Fav u =f if:av u) - (11 ~ 11), I= { ~, 
-4 (a~:) = ± ZX2PI [f:~J.LFa{3v + f:JJ.LFacxl/- (11 ~ 11)] ' I= {!' 

I ,cx{3 • 

16There is a term missing from TrY2 in I, namely: 

17In (B8) of I the expression for TrRJ.LvR~-'v should be multiplied by 2 and the fourth 

line of (B8) of I should read: ( G~v) -ro,a/3 = Daf3,pu (r~J.Lv96 + r~pv9~) . 
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2. Fermion matrix elements 

As described in I, we take the Landau gauge condition G = 0, where 

(C.ll) 

which we implement by introducing an auxiliary field a. After an appropriate 

shift in the gravitino field '1/;JL, we obtain for the bilinear fermion couplings of 

the gravity sector: 

1 
yf9.C1/J+a 

+ix;J;JL f~>.a- 2;J;JL(VJLzm K1m.Lx1 + VJLziKim.Rxm) 

-(X VP\ Fa 2" I 'T'i \a) (C 12) -a 20" Aa vp- 2m1x + /5VaA . . 

To obtain the ghostino determinant we use the supersymmetry transforma

tions [10] 

i8xi ~CJZ>iR- imiL)c, i8xm = [~(1'zm L- imm R)] c, 

i8'!j;JL (iDJL- ~~JLM)c, i8).a = [f/JL/v F;v- 2~ /sva] €, (C.1J) 

yielding 

D2 + Hah = 88G 
8€ DJL DJL- ~IJLiv[DJL, Dv]- i[$>, M]- 2M M + m1mi + V 

2 .- '17!-mL 2. '171 iR X Fup[ 1 JLVFa 1 'T'ia] + zmm. yZ + zmi yz + 20"up a 40" JLV- -;1sv 

. - 1 - . 
-VJLz~Kim.VJLzm + 2/sbJL,/v]VJLzm Kim.'Dvz~. (C.14) 

49 

(C.10) 

) 



The metric for the gaugino field, as obtained from the classical supergrav

ity Lagrangian given in (A.9) of I, is Zab = 8abX· Following [5] we rescale the 

gaugino field A = .JX..X', so for the rescaled field A', Zab = 8ab· The matrix 

elements of Me are given by (2.17), (A.ll) and (B.9-10) of I and by18 

-K/2 

(.M:)* = 8bm>., m>. =- e 
2

x fkA\ 

M[ rab ( MJJ-1/ ) M. I 1 }C/ iJ ( Mil-l/ ) u ffib] + bl (J JJ-V ' a = - 1. ffiJa + Ja (J JJ-V ' 2 . 

- mia = ~ (2~/i'Va- 2Kim(Taz)m) = m:1, 

M- a - + MJJ-1/ 2M-"' - Ma - - + M- jJ-1/ 
- 0< - maa O<a (J jJ-1/) a - - 0< - maa O<a (J jJ-1/) 

- - 1 -n MJJ-1/ - M- jJ-1/ - 1 'LIJ-1/ ( C ) mCI.a -mO<a - .JXva, O<a - O<a - -2J a ' .15 

with covariant derivatives as defined in (A.21) [see also (B.ll) of I] 

DJJ-mCI.a 

-K/2 (-n -m r- A- ] + -n i [ fi- A-k]) -e vJJ-z am- m vJJ-z 
2

x a- XPik , 

D- M .opyM D M D- M . .opyM A . p aA- 2 
2

X aA/5, p Aa = p Aa + Z 
2

X Aa/5, = z,m,a, 

- iJ pMt'av = - ( iJ p.M:: )* = ( iJ pMfav )* 
ix [ (-n .opy) -n j l (-r:: ·-r ) -4 Pi L/p + z--;- + L/pZ Pij JaJJ-1/- ZJaJJ-1/ ' 

Dpmia = (iJpmai")* 

i [-n ( fi [ . ~ ~ ] -n j) Opx K (T. -)m .JX Va 
4

X 2 2zupy- UpX - XPijVpZ +--;- im aZ 

+2_ fi(Kjm(Tai)mVpzj + h.c.)- 2KimDr.(Taz)mVpzn], 
2x 

( 
- ) * 1 ( [ . - _ .] a x ) - DJJ-maa = .JX Kim VJJ-zz(Taz)m + VJJ-zm(Taz)z - ;X Va , 

18(B.l0) ofl should read Mf' = -2ZuVJJ. z', M£ = VJ.I.z1 . The equation before (2.16) 
should read A= eKW = eK/ 2 M. 
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= (iJ _MJJ.v)* = -~V F_JJ.v_ 
P aa 2 P a 

Here a is the auxiliary field introduced in I to implement the gravitino gauge 

fixing; its couplings to chiral and Yang-Mills matter are given in (3.10) of I. 

In addition, there is a A.-'lj; connection (5], (DJJ.)av = (DJJ.)va = -FavJJ., that 

contributes as follows to the covariant derivatives of the fermion mass matrix: 

(DpM)aJJ. 

(DP M)j 

(D M) _ . -K/2- -r - - p JJ.a - -e a.ra!J.p) 

-2KuDPVIl-z1
- M]F:P, (DpM)~ = DPVJJ.z1 + M!F:P' 

(DpM)~ - DpM] +2KuVIl-z1 F:P' (DpM)! = DpMt_ +VIl-z1F:P' 

(DPM)~ - (C.l7) 

The non vanishing matrix elements of G JJ.V involving the gaugino field are 

( G!vtb -

(G!vtp -

(G!v) pa -

CabcF~v + 8ab ( ±f JJ.V + hsL JJ.V + Z JJ.V) + ( FapJJ.F{ v - J-l +-+ 1/) , 

- [(VJJ. + hsLJJ.)Fapv- (J-L +-+ v)], 

(C.l8) 

As in I, VJJ. is the gauge and general coordinate covariant derivative, r JJ.V and 

ZJJ.v are given in (B.13) of I, and19 

(C.l9) 

T~e other matrix elements of GJJ.v are as given in Appendix (B.12) of I, except 

that now the chiral matter connection includes the gauge field: 

19We use the notation LJJ., LJJ.v, to denote the field operators defined in (C.19), and also 

the matrices defined by these fields multiplying the unit projection operator in the space 

of gauginos, as in (3.9-11), (A.22-23), (C.22), etc. 
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where (RJ..Lv )) is defined in (B.8) of I, and the 'lj;-A connection gives an addi

tional contribution to the gravitino matrix elementzo of GJ..Lv: 

(C.21) 

Finally, in the 8 x 8 matrix notation of (2.14-17), setting GJ..Lv = GJ..Lv+i15LJ..Lv, 

H M M 1 [ J..L v]G . lll M 2DJ..L Me v 4 P Me MJ..Lu e = e e + 4 I , I J..LV - ~ ¥ e - J..LV I - I lu J..LP e 

-2LJ..LLJ..L + iDJ..L LJ..LI5 + 2ifJ..LIPivi5[LP' M~l/], 

DA e D- 2 vMe Ll/ J..L J..L+ I J..LV+o-J..Ll/15 ' 

GAe G- 2 P (D- Me D- Me) 4 P u (Me Me Me Me) J..LV - J..LV + I J..L vp - v J..LP + I I J..LP vu - vp J..LU 

+ [o-PJ..L ( I5DvLP- 2iLvLP)- (J.t +-+ v)] - 2iLpLPo-J..Lv- 4i[./Z, M:JI5 

-2 [,J..L ( {LP, M~}- i[LP, M~)T5) + {LJ..L, M~}IP- (J.t +-+ v)], 
Me = me+ M~vo-J..Lv =me+ Mu. (C.22) 

Then, defining He = H1 +Hz+ H3 , with 

H1 - MeMe- 41PiuM:PM~u, 

Hz -i PMe- 21v flJ..L M:v + 2iiJ..LIPivi5[LP, M~v], 

H3 ~bJ..L, lv]GJ..Lv- 2LJ..LLJ..L + iDJ..L LJ..LI5, 

G~l/ - GJ..Ll/- ZJ..LV? (C.23) 

we find the following traces (Tr includes the Dirac trace): Tr1 = 8Trl, where 

Tr is over internal symmetry indices only): 

20The last line of Eq. (B12) ofl should read. (GJ..Lv)~ = s:Crsr J..Lll + ZJ..Lv)- r~vw 
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~Tr[ (meme)2 + (O"!J.vO"puM~~~ M~u)2 + 4meM~11meM~v 

16M!J.vMe (Me Mpu MpuMe ) l + e p11 !J.U e - e !J.U 

Tr [ (mm)2 + 2mM~J-11 mM!J.II + 2M~J-11 mM!J.vm + 4M!J.11 MpuM!J.~-' Mpu 

+8 ( Nf!l- 11 M!J- 11 ) 
2

- 16NJ!l-~-' MPU M!J.pMvu], (C.24) 

and using (B.12), partial integration and the relation 

f/J''t'l M!J.v = 2-·( D!J. M!J.II + 2i-'( D!J. M!J.v/s, (C.25) 

we obtain 

-~TrH; - -~Tr { -i f/Jme + 2!v[L!J., M~v] + 2ifvlsD!J.M~~~} r 
- Tr{ D!J.mfl!l-m- 4D!J.M!J.v fJP Mp 11 - 4[L!J.M!J.P][L11 , Mvp] 

+[L!J., m][L!J., m]- i ([.t!J.v, m]M!J.II + [L!J- 11 , m]M!J-
11
) }, (C.26) 

where L!l-11 is defined in (3.11). The remaining traces needed to evaluate 

TrHe, TrH~ are: 

1 [)!J.y[)!J.y 
2TrH3 (N + Na + 5)r- 2Na x2 , 

~TrHi NaTrh; + (N + 5) ~- Tr ([r~, L~J.J) 2 - ~Tr ( G~vG'~J-11 ) 
~Tr (H1H3) ~Tr [ (~- 2L!J.L!J.) H1- 2M~vM~11 DpLP- iG~11 {M~v, me}] 

~TrGA e GA !J.II 1 Tr{a- G-!J.V + 16G- M!J.PMII(T + 8D- Me (D-!J.MIIP n"' VM!J.P) 
2 ~J-11 e - 2 ~J.~-' ~J-11 e e /p/u !J. 11p e - e 

+16 (iJ!J.M~11 {LP, M!}- D!J.M~11 {LP, M!}) + 4[f~, L11][f'!J., L~-'] 

+2 ([r~,LIJ-])
2

- 32 (M~vM~~~ M!M~u + M~M~PM~uMeu) 
-32M~uM~ (M~u M~P - 3MEt M~P) + 80L!J.Lv M~p M~ 

-80LpLP M~v M~~~ + 24D!J.L!J. M~M~p} + NaTr (92
- 92

) , (C.27) 
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where Trh~, 'I'rg 2 , 'l'rg 2 are given in (C.66), and r~ is the gaugino-gravitino 

connection. 

3. Ghost matrix elements 

For the gravitino ghost, Hah is defined by (C.14). For the bosonic ghosts we 

have 

((;gh) 
~v ab 

-r pu1w + ~ (1=-:~:Fauv - (p ~ v)) , 

CabcF;v + ~ (:Fap~:F{ v- (a~ b)), 

(G!~)/ =-~ (v~:r:v- 'Dv:F:~). 

4. Chiral multiplet supertraces 

Defining 

1ST H 2 - Hi Hi H Hii 1 Tr (H1JHe) 2 r x - j i + ij - 8 e 1 J ' h~i = (mm)mi, 

we have 
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(C.29) 

(C.30) 



--1-J/Da(Taz)j-~2 Ji'Dai<in(Ta:z)n + ~(Taz)i I<in(Ta:z)n, 
2x2 2x x 

H/ (kX){ + 8f (v + MJ) + R{mi ( e-K Ak Am+ 'D~zkv~:zm) 
1 -· 1 . 

+-2/d
1 'D + -'DaDi(Taz)l, 

4x x 
Hij - e-K (AjikAk- AijA) -'D~zn'[)J.L :zm (2I<jni<im + ~mjn) 

-~2 'Da(JJ<jm + !;I<im)(Ta:z)m- X
2PijW, (C.31) 

2x 

where 

W W a wa = ~ (Fa D~IJ - "Fa DJ.LV) - _1 '1"'\a'T'\ = a' b 4 ~vi'b Z J.LVI'b 2x2v Vb (C.32) 

is the bosonic part of the F-component of the chiral superfield W~Wb'\ and 

W~ = ,.\~ + 0(8) is the Yang-Mills field strength supermultiplet. Thus: 

~Tr (Hf)
2 

Tr(Hn2 

~Tr(Hn2 

where 

Tr h~ + x4(P~Pi)2 [ (wab + Wb) 'Da'Db + 4'D2] ' 

- Tr(Hn~, ~TrHi = ~Tr(Hno 
- ~Tr (Hn~ + ~Di(Taz)i Di(Tbz)iF:vFtv 

-2iF:v (Di(Taz)iRfmk + Di(Taz)ii<mk) v~zk'Dv:zm 
1 r 
4Tr (Hi Hf)0 - tx + 2Tr hx, (C.33) 

Tr hX e-K flii Aii- V- 3MJ- 2'DJ.Lzi'[)J.Lzm]{im + x2pipi'D+ 2K~, 

tx [ (xwab + 2~ 'Da'Db) Pii(Taz)i (2(nz)i + xpi'Db) + h.c.] 

(C.34) 

and the chiral fermion contributions to the helicity-odd operator T are 
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T£ [x~li(M, M)]: (a~~):- [x~li(M, M)J: ( G~~ ): + r~Tr ( MliP M~'P- MliP M llP X 
t x + 1 3 i ( ~'FllpFa 1 F~'liFa ) SXPPi rll a llP-4r a llll' 

~ (M~'ll Mpa): (M11l1Mpa ): -2 [(inM~'ll)~ (mMilll)1 + h.c.J 

6 i 2 4 i )2 
X (p Pi) [(Fa F,~'ll)2 + (Fa Ji',~'ll)2] _ X (p Pi V 'Db Fa F,~'ll 

96 I'll b I'll b S a I'll b · 

Then we obtain 

STr (Hx) 0 + 2x-1'DaDi(Taz)i + 2x2 PiPi'D, 

~STr (H~) 0 - T£ + 2xpipi'DaVbK,ab- ~Va(Taz)iki- : 2C(;Va'Da 

- (wab + Wab) Di(Tbz)i Di(Taz)i- x
4

(P~Pi)
2 

(wab + Wab) Va'Db 

1 3 i ( ~'Flip Fa 1 F~'liFa ) ya X P P• '1"1 

( 

2 i . ) 
+Sxppi rll a llP-4r a llll -r f\.,a+ 2 v 

+2x4 (PiPi) 2V 2 + 2V (6MJ- 3Mf- v)- 6x2pipiMfV 

( 

A 2) ( 2 . ) K -· - . k f 
( 

-k ) 
+4 V + M..p K: + x PiP'V - 2e- Vj'A3 Ak p ij + -;;Pii 

K 
+ 4e- (Taz)i(Ta.z)m RknmiAkAn + 2e-KV (aiai + 2aa + AijAij) 

X 

(C.35) 

+~e-K {[ai (2A- a)- aiiAi + AkAi (xp\ + Piifk)] Va(Taz)i + h.c.} 

+~Va ( (v + MJ) Di(Taz)i + e-K RkniiAkAn Di(Taz/] 
X . 

e ·[ -· ·k-f. ] -· ffi -· -K { ( -i ) } +--;- Va(Taz)' 4AijA3 + R/t. A Aik - V 2aiA'-
2

x 2 aiA3 + h.c. 

+x2 [2VpziVp zi Pii W- e-K /j ( AjikAk- AijA) W + h.c.] + x4pij/iWW 

-~V~'ziV~'.zm Kjm'DaDi(Taz)i- : 2 (8~'x8~'x + 8~'y8~'y) (1 + 2x2/Pi) V 

+Va [:2 ]mV~'.zm Kin(Taz)iV~'.zn + (W(Taz)j- Wab(Tbz)i) Piip + h.c.] 

+2V~'ziV~'zm Rnimj [~(Taz)i(Ta.z)n + ~VaDi(Ta.z)n] 
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where 

+ { [2(Taz)i:Da- Pv] [Pmij + ~fm.Pij] 1)~-t-zmv~-ti+ h.c.} 

+ {v~-tzi1)~-tzj [x2RnimjPmnw- 2PmijVa(Taz)m] + h.c.} 

+2iF;v (Dj(Taz)iR1m.k + Di(Taz)iKm.k) 1)~-tzkV"'zm 

+ix2/piV~-tziV,_,zm Kjm.Va F::v + 4x (wab Pii(Taz)i(nz)i + h.c.), 

ki = Dik, k = e-K AiJ1ii- 2V- lOMJ- 4K:. (C.37) 

Finally we have21 

( C.38) 

5. Mixed chiral-gauge supertraces 

For the bose sector we have H~9 = - S, and 

TrS2 = ~Kim. [D~-t(Taz)i][D~-t(Taz)m] -4 °:2x [(Taz)iKim.D~-t(Taz)m + h.c.] 

2v-a o~-txo~-tx ( (Ta )i(,., )iF'-'~-t (Fb .F-b ) h ] + 1\.-a x2 -X Pij z .LbZ a VJ-L- 'l 1/J-L + .c. 

-2i [xPmijVvzm(Taz/VJ-Lzj ( F::v- iF:"') - h.c.] 

X
2 

i (JY':F.vp O,_,y F"'P) 2 
ipv~-tpa (OvyoPy 50vXOPx) 

+2PiP v a + 7 a + XPiP a PI-t 2 + 4 

_ . i [F"'~-t pa (9opxoPx opyoPy) pv~-t pa opyoPxl 
xp~p a VJ-L 16 + 4 + a '-'1-L 8 

yfx (JY' -rvp + OvY /f-vp) [J-i 'T"\J-L j (Fa ·p-a ) + h ] -4 ,_,.r a -;-.r a PijV Z IJ.P _- 'l 1-LP .C. 

21 The term +4VIJ.zi'D11 zr'l KimRjn (V~'ziV 11 -zn- V 11 ziV~'zii) should be included in the 

right hand side of (B.l4) of I. 
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+ Vx xpip· (v":F.vp + avY j:vp) (aJ.LxFa - 2a~-tyfa) 2 t v a X a J.LP J.LP 

-F:J.L F;J.L { [ ( a;x + ia~y) 1JPzi Piiji + h.c.] + x31Jvzi1JPz~PiiP~} 

Fv~-tpa { [(3apx .apy) "1"\P j f-i h l x3,.., i,..,p-m j } + a 1/J.L W +28 v z Pij + .c. + 4vpZ v z PiiPm 

1 F-1/J.LFa [·(a ·a ) ,..,p i f-i h ] -
16 

a VJ.L 2 pX + 2 PY v Z Pij + .C. 

+8xFl/J.L pb K.a + 4i (..!_V'':FJ.Ll/- a~-tx p~-tv) [(Taz)ii<·-V zm.- h.c.] a 1/J.L b ;-::: J.L a tm v 
yX · X 

· _ 2aJ.Lx pa V":F.vp _ 3avyavx p~-tPfa _ pv~-tpa avxaPx 
Vx J.LP v a 4x a J.LP a PJ.L X 

+2xF;J.L F;J.L [41JPziVvzm. Kim.+ x (vpzivv zi Pii + h.c.)] 
2 2p-v~-tpa ("1"\ j,..,p i h ) -2x a 1/J.L vpZ v z Pii- .c .. (C.39) 

In writing this expression we dropped total derivatives and used (B.lO) and 

(B.12-B.14), as well as the Yang-Mills Bianchi identity. In addition we used 

(B.3-5) and (B.8) and 

VXPij (:F:J.L- i:t:J.L) 1)1/ziDJ.L(Taz)j = -Vvzipij(Taz)j ( vxV~:F:J.L- iF:J.LaJ.Lx) 

-x(Taz)i (F;J.L- if;~-t) (PiiDJ.LVvzi + PmijVJ.Lzm.Vvi) +total derivative, 

-iF:v [v~-tzi1Jvzml<jm.Di(Taz)i- h.c.] =total deriv. 

+i1JI-L F;vi<im. [vv zm(Taz)i -Vv zi(Taz)m] + xF;vFt:vK.~, 

pa DJ.LVI/z1 =±!:_Fa p,~-tv(Tbz) 1 1 = { i (C.40) J.Ll/ 2 J.Ll/ b ' z 0 

To evaluate the fermion matrix elements we use (3.34); we have 

Trh~9 + 2 [(mMJ.Ll/): (mMJ.Lv): + (MJ.Ll/m): (MJ.Lvm); + h.c.] 

-Tf9 + e-Kv (2aiai + 8aa) + 21J (v- MJ) 
-K 

+~ [4(Taz)iAij(Taz)i (a- A:)- 2 ((Taz)i1Ja Aijaj + h.c.)] 
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-K 
+47(Taz)i(Ta.z)n AkiA~ +2M~ (2K~ + (3x2pipi- 4) v] 

-K 
+2-e {ai (a- A) [Jiv- (Taz)iva] + h.c.}, 

X . 

-~Tr(Hi9 ) 2 - 2(DILm): (f>~Lm); -8(DILMILI/): (f>PMPI/r 

+ { [LILI/' m]~ (MILl/):+ [LILI/' m]~ (MILl/)':+ h.c.} 
+2[LIL, m]~[LIL, m]i + SLP LIL ( MPI/): (MILl/): (C.41) 

with 

-8 (b NJILI/)i (f>P M )a=- X PiPt 'D'.':FI/IL + al/y FI/IL 2 . ( )2 
IL PI/ . 4 1/ r;;: 

a t yX 

+ X Pi/ ( 'xV" :FI/IL +a yFI/IL- ~a xFI/J.L) f)PxF 4 y JJ 1/ 1/ 2 1/ PJ.L 

XPiPi ( 1 ~ ~p FI/ILF 1 ~ ~p FI/ILF- ~ ~p FI/ILF ) +-
4

- 8UpXU X 1/IL + 4UpXU y 1/IL- ul/yu y PIL 

1 {-np i J-i (F ·p- ) ( r:::-n":FI/IL . ~ (FI/IL ·p-1/IL)] h } +S v z Pij PIL - z PIL y X vi/ - zul/y + z + .c. 

1 [-np i J-if) (FI/ILF ·pi/1LF- ) h ] -32 1./ z Pij pX 1/IL - z 1/IL + .c. 

3 3 
x -nP i-n -m j FI/ILF + x -nP i-n -m j FI/ILF -2v z vl/z PiiPm PIL g-v Z VpZ PiiPm 1/IL' 

8LP LIL (MPI/)i (M~LI/): = xptpi (4al/yaPyFPILFI/IL- aPyaPyFILI/F~LI/), 
a 32 

{[L1LI/,m]~ (MILl/):+ [LJ.L1/,m]~ (MJ.LI/): + h.c.} = rf9
, (C.42) 

and, using (C.40), 

2 (i>ILm): ( D~Lm r + 2[LIL, m]~[LIL, m]i = -2 a:2x [(Taz/Kim.DIL(Ta.z)m + h.c.] 
4R, D (T. -)m-n -nD·(Ta )i-n~L j + 4 vbpa FILl/ +- im n aZ viLZ J Z v Z Xf\va ILl/ b 
X 

+xpi/ { KinKjm,V~Lzi(Taz)m [(Taz)iVILzn + (Ta.z)nVILzi] + h.c.} 
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-fY'xpipiVa Kjm. [(Taz)iVJL.zm + (Taz)mVJLzi] 

-2 { Kjm.(Taz)mVJLzj [Pik(Taz)iVJLzk + Pmn(Ta.z)mVJL.zn] + h.c.} 

- 2~ Va {PiiVJLiji Kkm. [(TazlVJL.zm + (Ta.z)mVJLzk] + h.c.} 

+2Va [PiiVJLziVJLzkVk(Taz)i + h.c.J -
2i~JLYVa [Pik(Taz)iVJLzk- h.c.] 

~~ 2 . - . + (fJJLxaJLx + 3aJLya1Ly) -
2
-V + 2x VpijVJLz'VJLzmp~ 

+ [~F,:wavYKim.VJLzi(Ta.z)m- xVpiPiiVJLzi (aJLx + 2iaJLy) + h.c.] 

+4xFa FJLPV zivv .zm K·- + Ka (aJLxaJLx - aJLyaJLy) 
JLll a p tm a x2 x2 

+2 ·( 2 ,.,..,,-rJLv a!LxpJLv)}'/ ['1"'1 -m.(T. )i '1"'1 i(r.-)m] Z Vx /../ wr a - --;-- a 1-im V 11 Z aZ - v 11 Z aZ . 

We write the x-.\ contribution to T as 

Tf9 + Ti9 + Ti9 + t~9 = T~g + t~9 , 

-4 (mMJLll)~ (mMJLv): + h.c. 

(xW + V) ( x2/piMf +(a- A)ai {~) + h.c., 

_ 
1
3
6 

[ ( jy M<TJL): ( DpMPJL r + Lq Lp ( M<TJL): (MPIL): J 

16i [ ( - ) i ( - - ) a ] +3Lu MulL a DpMPJL i - h.c. , 

-/Pi a ya xFJLvva + alLy pa (aP xFJLll - aPyFILv) 
2 JL 11 a 2x pv a a 

2"LP aD -' h z mi Pma + .c. 

(C.43) 

-2aJLyaiLYPiPiV + 2a:y F/:11 [Kim.Vvi(Ta.z)m + h.c.] + aJL:~~~Y F/:vVa 

- i~:y { TJILzi [vp Pii + ~Kjm.(Ta.z)m Di(Taz)i] - h.c.} 

2i "'l"'laaJL [ . ·(T. )i"'l"'l j h ] +X v y p13 aZ v!LZ - .C. , (C.44) 
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where 

t 

+X PiP f)P [F-a ( f:::,.,.YI:F.J.LV 8 F- J.LV f) FJ.LV) + f) pa FJ.LV] -4- Y pv yXVJ.L a + J.LY a - J.LX a vY J.LP a · (C.45) 

In addition we have 

4 (agz) . (agz )i,ap = 'I'r (6~9)2 
J.LV ap,t J.LV 

- 64 ( DJ.LM!/P): (iJI.L M!/P - iJv MJ.LP);- 128i [L!/ ( Mvp): ( DtiMJ.LP r- h.c.] ' 

64 ( D.M., ): (iY M"'- fr M"'); = -2x2p;p' ( :D':.r;v + ~P:• )' 
1 {;np i J-i [FJ.Lvpa f) ·p-J.Lvpa (a :f) ) 4 ·a Fa FJ.Lv] h } -4 ./../ Z Pii a J.LV pX- 'l a J.L!/ pX + Z PY + Z vY J.LP a + .C. 

+ ( .fiV'::F:!/ + aJ.LyP:v) { 2xpipifJPxF;!/ + [(F;!/- iF;!/) VPipijp + h.c.)} 

F J.Lvpa [X if) f)P 3 ,J ;n i;np -m] X Pi/ F- J.LVFa f)P f) + a J.LV 4PiP pX X+ X PijfJm.VpZ ./../ Z + -
2

- a J.LV Y pX 

-F:P F:P [xpi/ (fJJ.Lxovx + 2fJJ.Lyovy) + 4x3PiiP~VJ.Lzivv.zm], (C.46) 

Using the classical equations of motion (B.l7-20), we obtain, with P 

-4K~, 

-T~9 + (vJ.LziVJ.Lzm + .JiAme-K) ( kJm.- ~(Taz)i(Taz)n ~min) 

-e-K ( kJ Ai A+ h.c.) - 4x~pi !:,.1)£- x;~Pi £aJ.L£ai.L 

+ 2x/pi [i£ai.L (Kim.VJ.Lzm.(Taz)i- h.c.) + Va(Taz) 1 £1] 
yg 

+ ~£: { x/p;&•yP;, + [{; p;;:D"zi (F:,- iF:,)+ h.c.]} 
- 1

1

2 STrG~9 -t~9 +4x2 /piV [3MJ + V- e-Kaa) + 10x2 /piVM1 
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+4x [Pii(Taz)i(Tbz)i (wab + 2~2 Vavb) + h.c.] - 4MJ1C~ 
+2 [ixpmijVIIzm(Taz)iV~tzj ( F:"'- iF:11 ) +h. c.) 

-
3

X:iPi (F 1111-- iF"'Il-) (FPIJ. + iFP~t) (a~~xaPx + allyaPy) 

- (:
2 

+Pi Pi) aJlya~~xvap:~~ + P;iv(saJlxa~~-x +3a~~-ya~~-y) 
-ix/pJ<im [vP.zm(Taz)i- VPzi(Taz)m] a~~-y.F:p 

+ { W [ 2x3 pipiMf +(a~ A)kaie-K- (apx + iapy) TJPzi Pii {i] +h. c.} 

+2x2 p · · ,J_ V'D iTJP .zm - 2x2 [ (F11~t pa - iF"'~t pa ) TJP iV11 zip·· + h c ) 
13 fJ m P a PIJ. a PIJ. 13 • • 

2aJlx pa V"FIIP a,yallx p~tP_Fa pll~tpa (allxaPx- a,yaPy) + r,:; IJ.P II a + a 11-P + a PIJ. yX X X X 

-e-KV (2aiai + 16aa) + 2V (3V + 17MJ) + 4Mf (V + JC~) 
-K 

+~ { 2Va(Taz)iAij (ai- 2Ai)- ai (a- .4) [Jiv- 2(Taz)iVa] + h.c.} 
-4xJC!F;,Ff""'- PiPi [(a~~-x + 2ia~ty) Kim(Taz)iV~tzm + h.c.) va 

Z R' (-T\11 -m(T )i -T\11 i(T. -)m) [J-i -T\P j (Fa ·p-a ) + h ) - 2 im v Z aZ - v Z a Z . Pij v Z pv - Z pv . C. 

-2 { Kjm(Taz)mV~tzj [Pik(Taz)iV~tzk + Pln(Taz)lV~t.zn] + h.c.} 
+ 2~ 'Da {PiiV~tziji Kkm [(Taz)kTJII-zm + (Ta.z)mV~tzk] + h.c.} 

{ 

'7""\1/ i [2-T\ -T\ (Ta )joT\ k 1-jFIJ.P (a11-xpa allxpa )] h } + PijV Z L/aL/k Z vllz + a 2 vp- B IJ.P + .C. 

_ 4 pa p~tP-T\ i-T\v -mR'· _ }(a (a~~-xa~tx a~tya~~-y) X Jlll a L/pZ L/ Z tm + a 2 + 2 
X X 

2 .(2 V~F:"' a~txp~t11)}:7 ['T"I -m(T )i '1""1 i(T.-)m] 
- Z Vx - --;;;- a lim V11Z aZ - v 11 Z aZ 

1 

+X PiP (FIJ.II pa a xaPx + FIJ.II pa a xaPy). 4 a Jll/P a IJ.IIP 

13xpipi (FIJ.l/ pa a ap FM pa a all ) 
- 96 a Jll/ PY Y - 4 a 11p ~tY Y 1 
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- -{X9- X PiP JJ":FJ.LV + aJ.Ly FJ.LV 2 i ( ) 2 

3 4 J.L a Vx a 

i [aPx pa ( 1-JJ" :FJ.LI/ a FJ.LI/) aPyapx FJ.LV pa l +X PiP 4 pv. Y X J.L a + J.LY a + 16 a J.LV 

+~ [(F;v -iP;v)JJPziPiip +h.c.] (vxv:;::v +aJ.LyP:v) 8 . 
1 FJ.Lvp-a [·(a ·a )1JP i J-i h ] + 32 a J.LV ~ pX + ~ PY Z Pij + .C. 

X
3 

j (FJ.LPFa 1) ivv -m 1 FJ.Lvpa 1J i1JP -m) -TPiiPm a vp J.LZ Z - 4 a J.LV pZ Z 
t 

+ X PiP [FJ.LI/ pa a x8Px - 4FJ.LP pa (a xav X + 2a yavy)] 32 a J.LV P a vp J.L J.L 

-
3
1
2 

[ ( F;vaPx + 4iF;pavY) F:v Piiji1JP zi + h.c.] 

+ XPiPt (FJ.LV pa a yaPy- 4FJ.LP pa a yavy) 
48 a J.LV P a vp J.L · 

6. Mixed chiral-gravity supertraces 

For the bosonic sector H~G = S; using (C.39) we obtain 

TrY2 = 

For the fermions, we have 
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-~Tr ( HiGr = 2 A~,v ( Dttm): ( iJttm ): - 8 ( Dulfrv): (iJP Mpv r = 

-~Tr (Hia):- x2 F:vF{v pipiVaVb- 8 (iJuMuv): (iJP Mpv r ,(C.49) 

where 

giving 

1 2 
2STrHxa ~ (STrH;a)

0
- 2e-KV (Aiai + h.c.)- 4V (2M~- V- e-Kaa) 

-K 
+2x2pipiV2 + ~VaVbKab + 2~Va [(Taz)iAiijii + h.c.) + 2xF;vF{vKb 

+2i (V'~P- /J:x F:P) Kim [vpzm(Taz)i- VPzi(Taz)m] 

-2Fa V":F.vp/Jttx- pa pttv ('\12y- Opx/JPy) 2/Jtty/Jvy pttPpa 
ttP v a Vx ttV a 2 X + X a vp 

_pa pttv ('\12x - Opx/JPx- Opy/JPy) - ~ 2 i ·V vb pa p,ttv 
tLV a 2 X 4 X P P1 a tLV b 

+ x4 pi Pi [7 (pttv pa ) 2 + 7 (pttv pa ) 2 + 6 (pttv pb ) 2 + 6 (pttv fb ) 2] 
32 a tLV a tLV a tLV a tLV 

-x2 {PiiVttzi [vttzi F:P ( F;P- ~F:P) - 2Vv zi F:PF:P] + h.c.}. (C.51) 

The contribution to T is 
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TfG -
1
3
6 (DuMuv): (iJPMpv);, 

T4xa - -4 [(mM~~~)~ (mM~~~)~ + h.c.] + 1
3

6 (Mpu M~~~): (MpuM~~~)~ 

(C.52) 

which for future reference [see (C.59,62)] we write as 

The contribution to STrG2 is 

( A~ )2 
Tr GzG 4 i [(Fa Dl·w) 2 (Fa f:,~v) 2] 

- X PiP ~vrb + ~vrb ' 

_ X
4PiPi [ (F:~~F:~~r + (F:~~P:~~r + (F:~~Ft11) 2 

+ (F:~~P:~~rJ, 

7. Yang-Mills and gravity supertraces 

For the remaining bosonic contributions, we have Hg+G = X - N - /{; we 

write Nab = N~b + ~abn, and evaluate separately in the next subsection the 

terms that depend only on n and are proportional to N a, the number of 

gauge degrees of freedom. Then: 

TrX = TrXo - 20'D + xF:~~F:v, 

TrX2 = TrX5 + 40'D2 + 80'DV- 8r'D + xF;11 F:v (r- 4V) 

+2 ~ pa pvp 6 pup~vpa 3x2 (Fa F~v) 2 ' r II X ~p a - xr ~~~ a pu - 8 ~~~ a 
x2 (Fa p~v) 2 29x2 (Fa F~v) 2 5x2 (Fa p~v) 2 + 2 ~~~ a + 8 ~~~ b + 8 ~~~ b ' 

TrN 8}(~ +Nan, 
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In writing these expressions we dropped total derivatives and used (B.lO) 

and (B.l2-B.l4), as ~ell as the Yang-Mills Bianchi identity. 

Finally, writing ( G!v): = ( G~v): + fl~vbb, we have 

Tr (af!..+G) 2 = Tr (aa) 2 - 4Ca Fa F~v + N, gA 2 + F~ FJ.Lv (3\72y - 48vx8v y) 
"" ~ O G f.LV a G f.LV a X 

+x3 pipi (4r~F:PF:P- rF:vF:v) + 8 (v:;::v)
2 
+ 8xr~F:PF:P 

1 2 . +-
2 

Ff.LvFJ.Lv (48Px8px- 8Py8py)- -Ff.LpFvp (8f.Lx8vx + 28~y8vy) 
X X 

+ x6 (PiPi)2 [(Fa p,~v)2 +(Fa pf.Lv)2- 3 (Fa Ff.LI/)2- 3 (Fa p~v)2] 4 f.LV b f.LV b f.LV a ~v a 
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where CC; is the Casimir in the adjoint representation, and we used (C.10) 

and (B.12-14). 

For the fermions we define H9 +G = H9 + HG + H9 G, with 

( G~v ): 

( G~v ): 

where hi, 9J.Lv and 9J.Lv are 4 x 4 Dirac matrices. Then we obtain: 

(C.57) 

(C.56) 

~Tr (nf)
0 

+ ~G'I'rh1 + 2K~- V (2- x2/Pi) + ~F;vp:v, 
1 ( G) 2 N G 2 2 [ ( 2 · ) ] 8Tr Hl 0 + 4Trhl +2M).. 2K~ + v 3 +X P~Pi 

+V2 [2- 2x2 pipi + (x 2pi/) 2
] + 4KabKba- ~ (1- x2/Pi) KabVaVb 

-~ (8~-Lx8J.Lx + 81-Ly8J.Ly) V- ~VJ.LziVJ.Lzm(Taz)i(TazY"' I<ini<jm 
X X 

+ :
2
Va [(81-Lx + i8J.Ly) V~-Lzm(Taz)ii<im + h.c.] 

+2V (M2 + V- 4e-Kaa) + xFa FJ.Lv (~M2 + M 2
- e-Kaa) 1/; J.LV a 2 ).. 1/; 

+~Fa F,IJ.Vv vb 1- X p Pi + (x p Pi) 
( 

2 i 2 i 2) 
2 IJ.V b a 2 4 
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~TrH9+G 
8 3 

~Tr (H~+Gr 

~Tr (H1H3) 9+G 
4 

+ X2 [(Fa F,Ji.l/)2 + (Fa FJJ.l/)2- (Fa RJJ.l/)2- (Fa FJJ.l/)2] 16 IJ.l/ b JJ.l/ a IJ.l/ b JJ.V a 

+ x4 /Pi [(Fa FJJ.l/) 2 + (Fa FJJ.l/) 2] 
32 JJ.l/ a JJ.V a ' 

-~Tr (HG) 2
- NaTrh2 + 1) Db Fa FIJ-I/- 2xe-KaaFa FJJ.l/ 

8 2 0 4 2 a IJ.l/ b JJ.V a 

_ (8JJ.x8JJ.x _ f)JJ.yf)JJ.y) '7"\ 8JJ.x'7"\ ·['7"\ i}'--(Ta-)m. h ] 
2x2 2x2 1./ + x2 .I./a v!J.z itm z + .C. 

-~ {KinKi'mDJJ.zi(Taz)m. [(raz)iDJJ.zn + (Taz)nDJJ.zi] + h.c.} 

- x
2 

(F:vfr:v) 
2 + ~ ( f)JJ.x8vx - f)JJ.y8vy) F;PF;P 

4 4x 

- 8~ ( f)JJ.x8JJ.x - f)JJ.yf)JJ.y) F;vF:v, 

~Tr (He) + NaTrh 
8 3 

0 4 3
' 

N + 5 r2 Na Trh2 8JJ.y8vy FJJ.P Fa - _!_TrG'2 
16 + 4 3 + 2x2 a JJ.P 16 g+G' 

~Tr(H H )a NaTr(h h)- ~Fa FJJ.l/ (v2 - f)Pxf)Py) 
4 1 3 o + 2 1 3 4 JJ.V a Y X 

+ (r-
20

P:2f)Py) ( ~e: + ~
2 

pipiT))+ (r- Op~~Py) (~F:vF:v -D) 

-TgG+i 2- X PPi 1) zi1) zmK--DaFJJ-1/ 
( 

2 i ) 
3 2 JJ. v tm a ' 

1TrG-'2 1\r TrA2 5 ( 2 1/ ) pa FJJ.l/ (6V'2 88vx8vy) 2 g+G + ,lV a g + 2 r - 2rJJ. r JJ.l/ + JJ.l/ a y - x 

+x3 pip- (2rJJ. Fa Fvp - !:_Fa FJJ.v) - 8 (D" F_JJ.l/)
2 

- 8xrv Fa FJJ.P 
t 1/ JJ.P a 2 JJ.V a JJ. a JJ. vp a 

2 2 
--F1wFJJ.v (8Px8px- f)Pyf)py) + -FJJ.PFvp (8JJ.x8vx- 78JJ.yf)vy) 

X X 

- 5x~iPi (FJJ.vFJJ.l/f)Pyf)Py- 4FJJ.PFI/Pf)JJ.y8vy) 

D"Fvp x6 2 [ 2 2] 
+8 (oJJ.xFJJ.P + f)JJ.yFJJ.P) :rx - 4 (/Pi) (F;vF6v) + (F;vft'6v) 
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+ x4 /Pi [(Fa F,~-'v) 2 + (Fa P,~-'v) 2 - (Fa F~-'v) 2 - (Fa F~-'v) 2] 2 IJ.V b !J.V b !J.V a !J.V a 

+ ~
2 

[ (F;vF:v)
2

- (F:vFtvr + 5 (F;vP:vr- 5 (F;vP:v)
2
], 

4 (r2 
- 4r~-'vr!-Lv) + 20f !J.Vf!-Lv- 4C(;F;vF:v 

+ 161J''v Fa V'' J='PI-L - 16 {)V X Fa JY' J='PI-L + 16xr~-' Fpv Fa pv 1-L a Vx pv !J. a v a P!-L 

+± (a xaPxFa FI-Ll/ -a xav xFI-LP pa) + 4x2 (Fa F~-'1/) 2 

X P !J.V a 1-L a vp !J.V a 

-2x2 
[ (F;vF(vr + (F:vP:vr + (F;vF:v)

2
]. 

The nonvanishing contributions to ru+G are: 

TgG -
3 -

Tj 
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9x
2 

[ 2 2 - 2] (TrH;h)o + 16 (F:vF:v) + (F:vFtv) + (F:vFtv) 

-3xF;PF;P (21J~'z 11JvzJ Zu + r~), 

( gG)2 Tr H9h - (JJ"v FaJ.tv )2 
- 4~ (FaJ.tvav x )2

- 4 ( qa11JJ.tz1) 
2 

-JJ''~' Fa (pvp a pX + 4q vv zl) - 2F~'P a pX qa1J ZI VJ.t a Vx a/ a Vx I J.t ' 

(TrG G~'v)gh- avxa~'x pa pvp + apxaPx pa F~'v + 2xrv FJ.tP pa 
J.tV 0 2x J.tP a 2x J.tV a J.t a vp 

2 a~'x x 2 2 
+2 (v" :F.J.tl/) - 2-Fa JJ'.' :F.l/P - ca pa FJ.tl/ + - (Fa FJ.tl/) J.t a Vx J.tP v a G J.tV a 4 J.tV a 

~ ~
2 

[ ( F;vF:v) 
2 
+ ( F;vFtv) 

2 

+ ( F;vPtv) 
2

] · (C.60) 

For the ghostino, TrGJ.tvG~'v is giyen in (B.18) of I, and the remaining traces 

are modified with respect to that equation by22 

(TrHah)o + 41J + xF;vF:v, 

(TrH'/;h)o + 41J2 + 2x1JF;vF:v- 24i1Ja F:vvJ.tziKimVvzm 

+2 ( 41J + xF;vF:v) ( V + MJ -1JpziKim1JPzm- ~) 

+21Ja1JbF:vFtv + :
2 

[ (F:vF:v)
2

- (F:v.t:vf]. (C.61) 

For the supertraces we obtain [see (B.17-20)] 

STrH9 +G 

1 2 

2sTrH9+G 

STr Hf + NaSTrh9 
- 21J ( 4 + x2 Pi/) , 

~ [STr (H'/;)
0 
+ STr (H;a)

0
- STrH;a + NaSTrh;] - Tf+G- Tfa 

_!_La~'Ca~' + -
4

- [4i£a~' (Kim1J~'zm(Taz)i- h.c.) + 1Ja(Taz)1 £1] 
gx vgx 

£~ [(7 2 i ) aJ.t pa aJ.t F-a] 12 A r ya + Jg + X p Pi X J.tV + 3 y J.tV - V§LJ.'[)J..., + rl\.-a 

22The last term in the equation for TrHbh should be -18f 1' 11 fJ.tV. 
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+ (2- 7X2PiPi) 11- Fa FliP-:_ (3- 7X2PiPi) Fa FJ.Lll 
X 8 r II J.LP a 4 8 r J.Lll a 

+4KbF:ll FZ~~ + 3Ca (w: + W:) + : 2Ca'Da'Da- 2xpipiKab'Da'Db 

- (5+ x2;iPi) r'D-K~ (a~~-:~J.Lx + aJ.L~~~~-Y) -2x2pipi'DM~ 
-4K~M~- 2e-K (vAiai + h.c.) + 2V (31 V + 29MJ +11M~) 

-4e-Kaa'D + 2x (w + W) (2MJ- M~)- 4xe-K (WAa + h.c.) 

( 
'D"F.~'-P a ) 

+2i 2 ft - :x F:P Kim [vpzm(Taz)i- 'Dpzi(Ta.z)m] 

-2a~'-x F;Pv~F:P- -;.va [(3a~'-x + 8ia~'-y) I<im.(Taz)i'DJ.Lzm + h.c.] 
X X 

+~V~'-i'DJ.Lzm Kjm'DaDi(Taz)i- i (26- x2pipi) Kjm'DJ.LziVllzmva F: 11 

-;. [(5 + x2pipi) a~'-xF:11 + 5aJ.LyP:11 ] (Kjm'Dllzm(Taz)i ~ h.c.) 

E_ (a~'- a a~~- a ) v (aPxapx aPyapy) pa Fll-11 
+ 2x2 X 11-x + y J.LY + 8x + 4x IJ.ll a 

-
4
1 

F;PF:P (6a~'-xallx- ai.Lyally)- !..F:~~P:~~wxapy 
X X 

- xp~pi [F:IIF:11 (aPxapx- ~aPyapy) + F:IIP:llaPxapy + 2F:IIF:Pallyapy] 

+p'p·ai.Lya y'D- F~'-P -~'--Fa --Fa 'D11 z'p··J1 + h C . (a x allx ) ( . -· ) 
' 11- a 2 liP 8 11-P 'J • • 

+x2 [(Fa FJ.LP- iFa F~'-P) (2V iV11 zi- g 11Vu iV zi) p .. + h c] 11p a 11p a 11- J.L 0' •J • • 

+6x2Wabwab + 8'Da'Db (wab + wab) + 2'D2 (19- x2pipi) 

+x3 /pi (x2pipi -1) [x.WW + xWabWab + V (w + w)] 

-x'p'p; n- x'~;p;) D.V. (W"' + w"') 

- ( 8V + 2xF;uF:u) VJ.Lzi'D~'-zm J{_im + 12xF;~'-F:~~v~~ziVJ.Lzm Kim, 

1 ( 2 ) 1 A2 1 A 2 1 A 2 
12

STr G9+a 
0 

+ 
12

NaSTrg -
12

STrGxa-
12

STrGx 
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3 i 
- rxG - Tg - yx + X PiP (rl/ FJJ.P Fa - !:. pa FJ.J.I/) 

4 4 4 'J.J. a vp 4 J.J.V a 

_ _!_ (FJ.J.vFJ.J.vf)Pyf)Py- 2FJ.l.PpvPf)J.J.y8vy) + -
6
i F:v]{jmVJ.J.zj1Yzm Di(Taz/ 

8x 
~ 

+ x;:i (FJ.l.I/FJ.J.Vf)Pyf)py- 4FJ.J.pFI/Pf)J.J.yf)l/y) + X4 PiPi (wabwab + ww) 

+x2 PiPi [~vavb (wab + Wb) + xV (w + w) .+ 6V2] 

+x4 (PiPi) 
2 

[x 2 (wabWab- WW) - 2V2 - xV (w + w)] . (C.62) 

The space-time curvature dependent terms in the supertraces evaluated in 

sections C.4-7 give a contribution Lr of the form (2.23) of I with 

Ho Hg lnA
2 

[ ( 2 i) pa F p pa ppu (3 1 2 i)] J.J.V + J.J.V + 32rr2 X 4 - X PiP J.J.P av - 9J.J.vX pu a 2 - 4X PiP ' 

co ( ) 
JJ ln A 

2 
{ 22 'T'I 2 i'T'I 2 D (Ta )i} 

co 0 + t.0 -
32

71"2 3 v + 2x Pip v + 
3

x Va i z , 

a - ao + a9' j3 = f3o + j39' 

where a 9 , etc. are evaluated in section C.8. The metric redefinition in 

(2.24-25) of I gives ( 4.11 ), and we get a correction23 l::ir£: 

(C.63) 

"r (" ~") " r lnA
2
{N-67'T'I2 _2N+118'T'IVA _ 4N+32'T'IM2 

l...l.r.J.., = l...l.r.J.., 0 + l...l.rg.J.., + 32rr2 3 L/ 3 L/ 3 L/ '1/1 

+ (vJ.l.ziVJ.J.zm]{im- 2V) [2x 2pi/V+ :x VaDi(Taz)i]- 2xV (w + W) 
23Eq.(B23) of I should read: 
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(C.64) 

where !:l.r9£ is given in (C.73) below. 

8. Order Na contributions 

The bosonic traces are 

n 

and 

(C.66) 

The fermion traces are (here Tr includes the ordinary Dirac trace; Trl = 4): 
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To evaluate t 3 , Eq. (C.58), we write it as 

aJ.Lx + i8J.Ly - - J1. 8J.Lx - i8J.Ly - - J1. 

2
x m>.D m>. -

2
x m>.D m>. + h.c. 

-K 
e
2

x (fm.VJ.Lzm.- fiVJ.Lzi) (a- .A) [vJ.Lzi (ai- Ai) 

'1""\ -n (fn iA )] h -vJ.Lz 
2

x a- XPn. j + .c .. 

The ghost traces are: 

The supertraces are 

r 
--STrh 

6 
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1 ST ~2 - rg 
12 

Dropping the total derivative 

f)JJ. (f)JJ.x Mf) = \72x Mf- f)JJ.xf)JJ.x Mf + f)JJ.x 'DJJ.Mf 
X X X X 

and using the equations of motion (B.18), we can write 
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where 

K { · · [ ( h - r - ) Ji - -k] } +e- Vll-z1V11-zJ (ai- Ai) 
2

x A- XPjnAn -
2

x aiA -fi (a- A) PikA + h.c. 

e-K { · - - [ -k] fd· · · } + 2x V/1-z 1V11-zm !m. 2aai- XPik (a- A) A + 2x~ a (2a- A) V/1-z 1V11-zJ + h.c. 

+x (PiiVIl-ziVIl- zi + h.c.) ( MJ- v) + e-K [xPiiVIl-ziV/1- zi ( akfik- 2Aa) + h.c.) 

16

1
x 4 1(811-x + ia/1-y) (811-x + a11-y)l 2 - x3 /pi (w + w) (MJ + v) 

+x3/pk [w (xPiiVI1-ziV11-zi + e-K Aiai- 2e-KaA) + h.c.) 

1 r f/J-V 2 '7"\ i'T\/1- j '7"\ -ffl'T\V -n 1 d • • +3 11-v + x Piivll-z v z Pnm.vvZ v z + tota envat1ve. (C.71) 

x; =(X!)*= :~ [x3 pj PiW + XPjkV/1-ziVIl-zk + e-K (aj Aj- 2aA)- v- MJ]' 
(C.72) 

and Crg is of the form (2.23) of I with 

N a In A 2 
9 

N a ln A 2 
9 In A 2 N a 2 

a? -6 3211"2 ' (3 = 2 3211"2 ' co=- 3211"2 3M.x, 
H N, ln A

2 
{ (- \7

2
x 2apx8Px _ apyaPy) 

~v - G 3211"2 911-v X + 3x2 3x2 

+2 \711-0vX _ 011-X~vX + 011-Y~vY}· (C.73) 
X X X 

Finally, using the equations of motion (B.17-18) we obtain [see (C.62)]: 

A r 1\T lnA2apx [FPil-ra ( P ir h )) 
Urgl- = -HG 

32
"11" 2 7 a 1..-11- + V Z 1-i + .C. 

;;; N ln A 2 { 1 y2 1M2 ('1"\ i'T\/1- -m.K v) 1 V'T\ iV/). -m. K +v ~ G 32"11"2 - 3 + 3 >. vll-z v z im. - 2 + 3 vll-z z im 

+ (&vx&vx + Ovy&vy) (~v ivll--m.K·-- ~V- =Fil-PFa) 
x2 x2 3 11-z z 1m 6 8 a 11-P 

+ (=F11-Ppa -V ziV11-zm.K·-) (&11-xavx + a/1-yavy)- ~ (v iVIl-zm.K·-)
2 

. 2 a vp v 1m X X. 3 11- 1m 

+~Kim.Kjn (v/1-ziVIl-ziVvzm.vv-zn + V/1-ziV/).znVvzm.vvzi) 
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Combining the results of sections C.4-8, and evaluating £ 1 - Lr + .6.r£

.6.K£- .6.x£- LA)( A- LALBXAB, with 

yields the result given in ( 4.6-12), where we used gauge invariance to write 

0 Sa (VJ.Lzi1YLzjpij) = VJ.LziVJ.Lzi [(Taz)kPijk + 2PikDj(Taz)k- (Taz)m.Pm.ij] 

(C.74) 

VJ.Lzi (vJ.L [(Taz)ipij] + [PikDj(Taz)k- (Taz)m.Pmij] VJ.Lzj- (Taz)jPmijVJ.L.zm), 

0 Sa (PiAi) = Pii(Taz)i Ai- Pi(Taz)m. A~+ VapiAi, 

0 - Sa (JJi) , 2x [P~(Taz)m. fi- Pij(Taz)j Ji] 
-K 

0 Sa (Pi vi) = PiATaz)iVi- _e- (aiA- aijAi + Aijai- XPm.ijAm. Ai) (Taz)i 
X 

-K 
-~ [va(aa- Aa- aA) + 2xp~(Taz)m. Ai(a- A)]. (C.75) 

We also used the following identities, that hold up to a total derivative: 

0 - VJ.LziVJ.L (vaPii(Taz)i) - PiiVa(Taz)i [g-~£i +.Vi+ ~Vb(Tbz)i + ~Jiw] , 

0 - a:y Kim. [ (Taz )ivv .zm. + (Taz)m.vv i] F:v 

+Va 
0
: 2y [ ~£~ + 28vxF;v- iKim. (vJ.L.zm.(Taz)i- VJ.Lzi(Ta.z)m.) l , 

0 - a:x Kim. [(Taz)ivv.zm + (Taz)mvvzi] P:v, 

0 -
8
;:vaKim. [(Taz)iVJ.L.zm. + (Ta.zynvJ.Li] 

+V[:2 (8J.Lx8J.Lx + 8J.Ly8J.Ly)- 4 (MJ- M;)- 2 (v + e-Kaa) 
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(C.76) 

where -V11 A 11 is given by the right hand sides of the second and third equa

tions in (C.76), with A11 = (811-yjx)VaF:
11

, (811-xjx)VaF:11 , respectively. 
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