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Abstract

We present the full calculation of the divergent one-loop contri-
bution to the effective boson Lagrangian for supergravity, including
the Yang-Mills sector and the helicity-odd operators that arise from
integration over fermion fields. The only restriction is on the Yang-
Mills kinetic energy normalization function, which is taken diagonal

in gauge indices, as in models obtained from superstrings.
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1. Introduction

Understanding the structure of the divergences in supergravity is a nec-
essary step in determining the counterterms [1], [2], [3] that are needed to
fully restore modular invariance in an effective supergravity theory from su-
perstrings. The determination of these loop corrections may also provide a
guide to the construction of an effective theory for a composite chiral multi-
plet that is a bound state of strongly coupled Yang-Mills superfields, which
in turn could shed light on gaugino condensation as a mechanism for super-
symmetry breaking.

In a recent paper [4] (hereafter referred to as I), we gave the divergent
contributions to the bosonic Lagrangian in a general supergravity theory
coupled to chiral matter, in a general bosonic background, averaged over
quantum fermion helicities. That work extended and completed the results
of several earlier calculations [5]-[8]. In particular, using specific choices of
the gauge fixing and of the expansion of the action, we were able to cast the
results in an especially simple form in which most of the one-loop correc-
tions can bé interpreted in terms of renormalizations. In the present paper
we extend these results to incorporate the Yang-Mills sector [9], including
helicity-odd operators that arise from integration over quantum fermions.
Our results are completely general, except that we assume that the tree-level
gauge kinetic energy normalization function f(z) [10], where z represents the
complex scalar fields of the theory, is proportional to the unit matrix. This
is the case for all known theories derived from superstrings, up to possible
multiplicative constants for different factor gauge groups that correspond to
higher affine levels [11]. This modification is easily incorporated into our
formalism, as explained in Section 5.

The generalization of the results of I to the more general case considered
here can be summarized as follows. We define an operator of dimension d as
a Kahler invariant operator whose term of lowest dimension is d, where scalar
and Yang-Mills fields are assigned the canonical dimension of unity. Then,
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among the ultra-violet divergent terms generated at one loop, all operators of
dimension 6 or less (as well as many operators of dimension 8) that involve
neither the Kahler curvature nor derivatives of the gauge kinetic function
can be absorbed by field redefinitions, interpreted as renormalizations of the
Kahler potential, or take the form Fy(z, z) (W“Wb)F + h.c., where W* is
a chiral Yang-Mills supermultiplet, the subscript denotes the F-component,
and the matrix-valued function Fys(2, Z) is not in general holomorphic. The
remaining terms of dimension 8 and higher must be interpreted as arising
from higher order spinorial derivatives of superfield operators. '

As noted in I, the effective cut-off for effective theories derived from super-
strings is field dependent [3], [12], [13]; moreover the field dependence is dif-
ferent for loop corrections arising from different sectors of the theory [3], [13].
As in I we use here a single cut-off and neglect its derivatives; terms involving
derivatives of the cut-off have a different dependence on the moduli and must

“be considered together with terms that are one-loop finite. Our results, some
of which are collected in the appendix, are presented in such a way that the
contributions from different sectors can be isolated and the corresponding
Pauli-Villars contributions can easily be evaluated.

In Section 2 we discuss gauge fixing and the definition of the action expan-
sion and in Section 3 we evaluate the helicity-odd fermion loop contributions.
Our result for the one-loop corrected effective action is given in Section 4,
and applied to generic models from string theory in Section 5. We summarize
our results and discuss applications in Section 6.

In I we included appendices that define our conventions and list the oper-
ators that appear in the quantum action as defined by our gauge fixing and
expansion prescriptions, as well as the traces of products of these operators
that determine the divergent terms in the effective one loop action. Appendix
C of this paper extends that compilation to include operators involving the
Yang-Mills background field and new operators arising from integration over
Yang-Mills quantum fields. Additional conventions and techniques used in

the evaluation of helicity-odd fermion traces are included in Appendix A.
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In Appendix B we specify our Yang-Mills sign conventions and list relations
among the covariant scalar derivatives of the Kahler potential K, the super-
potential W and the gauge field normalization function f that follow from
gauge invariance of these functions and that are useful in evaluating traces.

Corrections to I are included in footnotes to the text.

2. Gauge Fixing and the Expansion of the
Action

Our gauge fixing procedure is described in L. Here we generalize the for-
malism of I to the case £ # constant, where z = Ref(z) is the inverse
squared gauge coupling. In the general supergravity Lagrangian [10], the
function fu(z), where a,b are gauge indices, that determines the inverse
squared gauge coupling constant, is matrix-valued. Throughout this paper

we set

fab(z) = 6abf(z) = Oab (33 + Zy) .
The Yang-Mills gauge fixing prescription is modified when z # constant,

and, since we are now including background as well as quantum Yang-Mills
fields, gauge-graviton ghost mixing must be included. We discuss only gauge
fixing of the bosonic sector in this section. The fermion sector gauge fixing
is unchanged! from that defined in I, and is summarized in Appendix C.2.
Our gauge sign conventions are those of [10] and are defined in Appendix B.

The gauge-fixed Lagrangian is defined by?

&t 0 C,
M

1There are some sign errors in the fermionic part of the Lagrangian and gauge fixing
terms given in I that are corrected in Appendix C of this paper; they do not affect the
results of I.

2There is a factor 2 missing in the last term in (2.6) of L.

~



a __ I fa _L L az\m gl __ a,_\tam
o —D’u,Au+\/5K,m (T22)™5 — (T°2)'27]

V20, = (V"hw - %vuhg — 2D,z 21537 + 235‘;,21;) , (2.1)
where hatted variables refer to quantum fields and unhatted ones refer to
background fields, &, is the quantum part of the space-time metric whose
classical part is g,,, and K,; is the Kahler metric, which here is a func-
tion of the background fields. Following [9] we have introduced canonically

normalized Yang-Mills fields:
A, = zA,, A.=V7zA, Fu=vV2F., ViD,A =D,A, (22)
and we have adopted the shorthand notation

o,z ,
5y D, =D, + 57 (2.3)

where D, is the gauge and general coordinate invariant derivative. Under a

o,z

D:4=Du‘

gauge transformation with parameter f = 7,4* and fixed background fields

we have, neglecting terms of order %, A:
82" = —i(B2)', 8™ = +i(Bz)", 6A% =\/zD.B" (2.4)

If we implement the gauge fixing condition in the usual way, the ghost deter-
minant contains a factor Det3z that translates into a quartically divergent
term proportional to Trlnz in the effective action. Note however that we
‘have rescaled the quantum Yang-Mills fields [9] [see (2.2) above] and the
quantum gaugino fields [5] (see Appendix C.2 below) in order to canoni-
cally normalize their kinetic energy. If we rescale the gauge parameter in the
same way as the Yang-Mills supermultiplet, and take, instead of 3, the gauge

parameter
v=+vzB, zD.p="D,,
we get )
§A, =Dy, 8 =-—=(y2)f, 8" =+—2(2" (23



and no Trlnz term is generated in the ghost determinant. We therefore

adopt the prescription (2.5).
Under a general coordinate transformation z — z’ = = + €, we have

.621. = C#auzia 6-/11/ = \/E(GUVO‘AV + AUV,,EU) ?

which is general coordinate, but not gauge, covariant. To obtain a manifestly
gauge covariant result, we add a compensating gauge transformation with

parameter v%(e*) = —e* A}, giving
63" = e#D, 25, A, =€ F,. (2.6)

Then, relabelling the gauge parameter as €, = v,, the ghost determinant

M is obtained in the usual way as
a

A_ Y )
Mf = aeA‘SCB’ (2.7)

where the variation 6C is determined from

5t : g i 57 z 5\ M
62 = __;(sz) & + euDuZ , 62" = E(sz) ) € + D, z™,
5.21; = p;ea + efj:gw 5h,w = Vueu + V“e,,. (2.8)

This gives a contribution to the gauge-fixed Lagrangian:

g‘%ﬁgh = BMiS =z (1“)2 + th) c
= @[O0 + g5ql] o — EVE[DMFL, + ¢f (D7) ca
—c* [Vzgw — Ty —2 (Duzl) Z1y (Dl,zj) + Qf;pfm,"] ¢’
-2 [(Duzl) Gol — fawD'"}  g=ct cf= —V2e, ‘
i

a  __ az\m Jo. T ___Z__ 7
9 = \/:?(T z) -me q, \/-x-(Taz) : ) (2'9)

The rescaling of the graviton ghost in order to canonically normalize the

ghost kinetic energy yields a factor Det~%2 in the functional integration that

)



cancels a factor Det?2 from the gravitino auxiliary field [5], [4]. The matrix
elements of Hy, and of the covariant derivative D are given in (2.11), (C.29)
and (C.30).

Finally, as discussed in I, we modify the graviton propagator by adding
terms that are proportional to £4 = 8L/9¢*, where ¢# is any field. This
modification, which is equivalent to a nonlinear redefinition of the quantum
variables, does not change the S-matrix and can lead to simplifications as well
as enhancing manifest covariance under the symmetries of the theory [14].
We define the graviton propagator by® (2.20) and (2.21) of I, and by

_ 1 1
AL, = ‘Cw,ap - "guwcap + 'é'gupﬁav +

prep T 9

1
2

o 0 g 9
‘C;w,ap = Gup' Guv' Gop! W£7 ‘Ca =g pﬁap = Wﬁ
wy! e a

gvp['au = 'C;w,ap + 4Pﬂv,pa‘cg7

(2.10)

It should be emphasized that the propagator modifications that we use have
been chosen purely for convenience; they considerably simplify the matrix
elements that are listed in Appendix C.1, and are not necessarily derivable
from a generalized metric [14]. A natural choice* for this metric would be
GaB = /9(Zs),p5, where A, B run over all bose degrees of freedom and
the metric Zg is defined in (2.11) below. Then defining Az} = Lap —
I'S{sLc, where I'Sy is the Christoffel connection derived from the metric Gap,
the propagator corrections would be precisely half the ones used here (with
additional corrections to scalar propagator A7; and the vector propagator
A, proportional to £, ,,). It is possible that the use of this generalized
metric would reduce the need for field redefinitions as described in Section
4 [see (4.11-13)], but its use would make the intermediate calculations more

cumbersome.

3(221) of 1 should read: A;ul,po — A;I},pa - 2P#y’pg£§ - %[guyﬁpa +gpa£;u/] +
';' [g#p['ua + gvp['ua + guwcup + guaﬁyp] .
4This choice for G#*#? coincides with that of Fradkin and Tseytlin [14] for the case

of supergravity with their parameter t = 1, which corresponds to A = —1/2 in their pure

gravity case.



Once the above prescriptions have been implemented, the quadratic quan-

tum Lagrangian for the bosonic sector takes the general form:
1 T 2 2 n
»Cbose + »Cgh = _’2—q) [Z<1> (-D + M(b) + {D#’X<I>}] o
1_ ;
+5 21 (D + M2) + (D, X4} <

where & = (h,,, /Al“,z“', ™), D, is covariant under scalar field redefinitions
as well as gauge and general coordinate transformations, and the X, connect
fields of different spin; in addition, there is a vector-vector connection [9]
in X}. Following the procedure described in [9], we introduce off-diagonal
connections in both the bosonic and ghost sectors, as well as an additional
connection for the gauge fields, so as to cast the quantum Lagrangian for the

full gauge-fixed bosonic sector in the form

1 : 1 .
Loose + Lon = =587 26 (D3 + He) @ + 5eZ (D2, + Hy) <,
N oY
D} = Du+V, (V) :

u

= ""6ab€p;wu or

1
(ZV“)aﬁ,au = (V#)au,aﬁ = Z (}—aﬂugcw + faaugﬁlf,)a
V,

A 1
Dgh = Dﬂ + B#’ (Bﬂ-)au = (Bl-l)ua = —.ﬁfa’/ﬂ' (211)
This introduces corresponding shifts in the background field-dependent “squared

mass” matrices:

M} - He = M2 - V,V*, M? — H,, = M? — B,B*. (2.12)

9

The elements of M2 were evaluated in [9]; here they are somewhat modi-
fied by the different Yang-Mills gauge fixing and action expansion. These
modified matrix elements are listed in Appendix C.1 below. »

As explained in Section 3 and Appendix A, we evaluate the fermion de-

terminant by first writing it in two-component notation, separating it into
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helicity-even and -odd contributions, and then recasting these two contribu-
tions in Lorentz covariant four-component notation. As discussed in [13], this
separation is not uniquely defined. The choice that respects supersymmetry
as well as manifest gauge and Kahler covariance allows a consistent Pauli-
Villars regulation. We follow that choice here; the corresponding matrix
elements are given in the Appendix. The contribution from fermion loops
to the effective action is evaluated (see Appendix A) by introducing [5] the
8 x 8 matrices
+

Dﬂz(%“ DO;), Mez(jg, ]:)4)’ D=~"D, (2.13)
that operate on an eight component fermion f7 = (fz, fr = f£). The
helicity averaged contribution of the fermion determinant is then

- ;—'Tr In(—2 D + Mo)y = ——;:-Trln (Qz + M2 — [P, M@]) , (2.14)

Because the fermion mass matrix and connection contain the terms oM,

and :L,7s, respectively, they do not commute with ~,; thus
1 1 1
pz = D2 + Z [7;4,71/] G#V + 5 {DW'Yu [Dua’)’y]} - 5 [Dy,,yu [Du77y]]v

1 1 . 1
[p7M@] = '2— {7u7DuM@} + 5 {D#’ [7ua MG’]} + §[M@v [Duf)'u]]a
D* Mo

Therefore, in analogy with the boson case discussed above, we write

—~ 2Tr In(—i D + M)y = —%Tr In (D3 + Ho) , (2.16)

[D*, Moe]. (2.15)

7 ’ 1 7 1
Ho = M§ - 5{’7“,DuMe} +7 [v*, Me] [yu, Mo] — §[Me> [D*,7,u]] + Z[W“,V"]Guv

1 v l v i v
_Z’V“ [Du’7 ]7p [Dm%/] - 5 [Dua')’u [Duv'f ]] + Z{h#: M@] > [Dv>7u]}>

1 1
DY = Dyl Mol + 57" Dyl

(2.17)



3. Helicity-Odd Fermion Loop Contributions

In this section we determine the helicity-odd operators that arise from in-
tegration over fermionic degrees of freedom. They are particularly relevant to
the evaluation of anomalies [2], [3], in effective supergravity theories, which is
currently of special interest in atfempts to extract physics from string theory.
We show that these terms are finite, except in the presence of a Yang-Mills
sector with a nontrivial kinetic normalization function f(z), in which case
there are logarithmically divergent contributions that are invariant under chi-
ral U(1)g transformations, i.e., under Kahler (or modular) transformations
up to a possible dependence of the cut-off on the Kahler potential. We also

indicate how the finite contributions to the effective action can be obtained.

A. General formalism

" The fermion loop contribution is given by
Ly = —%Trln(—iE-%—M@) = —%TrlnM. (3.1)
To evaluate the determinant (3.1), we write 7
T =¥Tr IhnM=T,+T., Ti= % [TrIn M(fys)':i: Trin M(—vs)]. (3.2)

Only T, has been calculated previously for supergravity [4]-[8]. Here we will

evaluate the additional contribution, T_:

T = —%TrlnM(—’)’s)M_l(”XS) = —-;—Trln{l — M7 M(75) = M(=s)]}

= 5T S LM MOe) = (=39} (33)

Using the techniques described in [15], [5], we can write the trace in (3.3) as
(see Appendix A)

T_ = / d2T(z), T(z)= / (;;§4T(p,x), (3.4)

9



and then expand T'(p, z) as

T(p,z)=T Z—{Z R)'Rs}", (3.5)

'n.—l
where R, Rs are defined in (A.19-20):
1 . —
R = — [P? = T* A, + b+ X + (p + G*) Pu M),
1 f ) o o .
Rs = — (7" + G*) Pu IV (3.6)

The operators appearing in (3.5) are defined in Appendix A as power series
of the form ¥, ¢,(O)(D - 3/0p)*O, where D, = DR + D L is the fully
covariant derivative defined in (A.8) of the Appendix, and the operator O is
a function of the background bosons. The coefficients ¢,(O) are constants

with, in particular, ¢o(G) = 0 in the expansioﬁ of G¥; more specifically

g 0?
G =Gr Gi=3Ghg+O <8P3P) ' Ow= O =00 D]
(3.7)
Thus we have to evaluate the following contribution to the effective one-loop
Lagrangian:
oo 27’), oo

LT =i 4‘“’ L CRIRY, (39

where now the trace is over only Dirac indices and internal quantum numbers
(and Lorentz indices for the gravitino).

To keep the integrals finite, the integration should be performed includ-
ing Pauli-Villars regulator masses po: —p~2 — (—p®+ )" in the derivative
expansion. However, as shown below, T_, when suitably defined, contains
no quadratically divergent terms. Once the integrals are properly regulated-
including the appropriate definitions of T4-the coefficients of log divergent
terms are independent of the regularization scheme. On the other hand,

if one wishes to evaluate finite terms, one has either to expand around an
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infrared regulator mass po or, alternatively, to resum the derivative expan-
sion [17] [18]. In particular, the ultra-violet finite terms include the standard
chiral anomaly. We explicitly evaluated this term for the vector-vector-axial
vertex induced by Dirac fermions with a common mass g, and recovered
the large mass limit of the Adfer-Rosenberg formula [19]; the complete ex-
pression for this formula requires a resummation of the derivative expansion
which will be presented elsewhere [18]. We emphasize that, because of the
anomaly, Kahler invariance is broken at the quantum level. Classically, this
invariance permits a choice [10] of Kahler gauge such that the classical La-
grangian is derivable from only two functions of the scalar fields, the (in
general matrix-valued) gauge normalization function f,;(z) and the general-
ized Kahler potential G(z,2) = K(z,2)+1n|W(z)|?, where K and W are the
Kahler potential and the superpotential, respectively. For the purpose of cal-
culating the anomaly [2], [3], one has to undo the Kahler rotation of Cremmer
et al. [10], by performing a phase transformation [20] on the fermion fields.
As in I we work throughout in this Kahler covariant formalism. |
As was discussed in [13], the separation (3.2) of T into helicity-odd and
-even parts is not uniquely defined because we can interchange terms that
are even and odd in ~s using vs = (1/24)€***?v,v,7,7, and similar identities.
In most cases the correct choice is dictated by gauge or Kahler covariance.
The remaining ambiguities are resolved by supersymmetry. A fully SUSY-
invariant result for the quadratically divergent terms requires the introduc-
tion of Pauli-Villars regulator fields [8], [16]; there is a unique definition of
the matrix elements that allows a supersymmetric Pauli-Villars regulariza-
tion [13]. Specifically, this fixes the forms of the fermion mass matrix and

connection matrix:

_ .\ - 1
M = m+ (aaF:V + zﬂa'ysF:V) o, F, = §euypaF"’°,
. 1 vpo
D, = D,+iluys ~ EZL;&J PV Yo Ve s (3'9)

where I',, L,,m, and a, 8 are proportional to the unit matrix in Dirac space.
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D,., which contains the spin connection, is the gauge and general coordinate.
covariant derivative, I, is the Kdhler connection, F),, is the Yang-Mills field
strength, and L, is an additional axial connection for gauginos arising from
the noncanonical form of the kinetic energy term. T are defined by (3.2)
using the explicit ys-dependence in (3.9). Then the operators appearing in
the derivative expansion of (3.6) take the form:

G:, = G +iyslE, —[L,, L), G* = [D%, D],

v

Dy = Dixilu+T,, Li=DiL ~DiL, DiL =[D} L),

1 /= L 7 _ 1 _
T, = §(D:{—D#)=§(DI—D#)—F#, MI=§(M—M),
M = m+M,=m+Mu,,o"“’, M:ﬁ’b—}-M‘,:ﬁl—}-Muudﬂu,
M, = oF, —iBF,, M, =aF,, +iBF,, (3.10)

where I, is the Kahler connection and I, is an off-diagonal A-3 connection.
We consider only the case where the gauge field normalization function f(z)
is diagonal in gauge indices; then, since I', is diagonal, L,*commutes with

J.,, and we have

LY, = Ly, =L, =1L+, L]-T,,Ll
L, = vV,L,~V,L,, [L,L)]=0. (3.11)

Note that the spin connection in D, [see eq. (A.12) of I} drops out of the
covariant derivatives D, M. This is because we have taken the vierbein, and
therefore 7, to be covariantly constant [21]: [D,,~,] = 0. The spin connec-
tion is even in 45 and therefore contributes to D, M through the commutator
which vanishes [see the definitions (3.27) below].

To identify the ultraviolet divergences, we have to study the large p be-
havior of the integrand in (3.8) and keep terms up to O(p™*). A prior:
R,Rs ~ p~!, so the ultraviolet divergent part of (3.7) can occur only in
terms with n < 4, £ < 4 — n. Aside from terms involving L,, by construc-

tion, the integrand is odd in 75, and we need at least four v,’s to get a

12



nonvanishing trace:
T « Tr (A,“,pay ol 'y”'y"'ys) = —41e"""" Tr A, o, (3.12)

so TrRs = 0. Finally, we note that G¥ in (3.7) vanishes except when sand-
wiched between functions of p, and is of order p~! in power counting. Once
all p-differentiations have been performed, surviving terms must have at least
three 4,’s that are not contracted with p# because of antisymmetry. After
integration over p, the tensor A,,,, in (3.12) can be constructed only from
the four-vectors J, and L,, the tensors M,,,G%,,
their covariant derivatives D,. Each factor of G, and of D, reduces the

the Riemann tensor, and

apparent divergence of a given term by one power of p. Furthermore, in the
covariant derivative expansions (A.19-20) of the operators O appearing in
(3.5) the indices p; -+ - gy in Dy, - -+ D,,, O are automatically symmetrized, so

at most one derivative of each operator can contribute to A,,,, in (3.12).

B. Quadratically divergent contributions

By construction, T_. is antisymmetric under 75 — —vs. Therefore we can

evaluate, instead of (3.5)
1 .
- = ST-(3) = T-(=m)l, (3.13)
where T_(—7s) is obtained from T_(4s) by the substitutions
(D+7D_7M7M7ij1) - (D-7D+aM7M, _ja_MI)'

The matrices R, Rs are defined in (A.19-20). Since [d*pTrRs = 0, the
potentially quadratically divergent contribution to T_ is

1
Tr (RZ — RRs5) — ETr (" N~ p* M) PN, (3.14)

with N,, M, given in (A.15). Under Lorentz invariant integration, with M =

m + 0, M*, we have

/d“p PM pM’(1£75) o /d“p P My M (1£75) = 4/d“pm M (1£7s).

13



It follows that there are no quadratically divergent contribution involving
the mass matrix. The averaging procedure (3.13) eliminates a residual spu-
rious quadratic divergence proportional to TrJ,J*. This divergence would
vanish identically if a Pauli-Villars regularization were used with P-V masses
that leave all classical symmetries unbroken. However this is not in general
possible for the classical Kahler symmetry.® Moreover, in the Pauli-Villars
regularization described in [13], there are no P-V fields that can regulate
quadratic divergences proportional to M,, M**, so the integrals, which are
ill-defined unless they are explicitly regulated, must be defined in such a
way that these divergences do not appear. Note that no quadratically di-
vergent contribution to T_ arises if (3.3), as defined by (A.6), is expanded
without performing the the transformation (A.16) that makes use of partial
integration, which is ill-defined if the integrals are not finite. However this
transformation renders many terms explicitly covariant and thereby consid-

erably simplifies the derivative expansion.

C. Logarithmically divergent contributions

In the remainder of this section, T_ is understood as the average (3.13). Since
we encounter only logarithmic divergences, after symmetric integration we
may make the replacements:

2 .
pup,,f(pz) - ngqu(p2)>
4
p
pupvpppaf(pz) - 57 (gwgpd + GupGuo + g;wgvp) f(pz)' (3'15)

24
To evaluate the terms with p-derivatives, we write
p

1 0 1 Y 1 0 ) . 2
__pzpuapu - —__pzAu J :FpuGuu'a‘; —0, A¥=g4"- EP“P
0 1 1 Y 0 1 1 5
i e

v v

A detailed discussion of Pauli-Villars regularization of T_ will be given elsewhere [18].
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where the first line is obtained by partial integration over p, and it is under-
stood that operators multiplying the first (second) line on the left (right) are
independent of p. Similarly

2 1 2 ( ] 4
——p 5 — PRV +gpvpu +guupp I T 3 4 p)
8p#8p,, —p2p ’ p4 gp . p2p pp ’
d? 1 1 9 :
-_ P o0 ov - PN e 74 Y 2 uv .
apuapy —p? ij P Tue ” —p? (7‘ ﬂ pzp p p{T‘u + 2r7up ) 5
1 9 9
—apap, P T = TGP P T, (3.17)

where the last line is obtained by partial integration.
It is easy to see that the nonvanishing terms in T_ involve the connection
L, and/or the off-diagonal mass M, . In the absence of these contributions,

since €**?r,,,» = 0, the only helicity-odd terms are:
e‘“’,””Tr[(DZJ,,)JpJa], e“”""Tr[Gf,,{/'p]a], e“”"”Tr[GZVD;JU], (3.18)

where

(Gl — (H)GL ]

N} =

e 1 - ]
D=3 (D +D;) =04, GAV=

The first term in (3.18) can be written
1 1
37 TIx (D} (.9,7,)] = 3¢ 8u(Tel T T, 7)),
where we used cyclic permutations in the trace together with the relation
Tr[D(TTT) = Tr{du(TTT) +ilT,, TITT)} = 8, Te(TTT). (3.19)

Note that if a field-dependent ultraviolet regulator mass A is present one can-
not drop the total derivative on the right hand side of (3.19), but integrating
by parts gives 0ln A = JA/A which is finite for A — oo. For the second term
in (3.18), defining D* = 9, + '}, we have ,

prrwv wr-rvl

Gi, =9, -,If+ L I'f]=D,I* - D,I* - [I'* T (3.20)
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By the above argument the DI terms give finite contributions, so we are left
with
P Tel(TUTY — ILTONI, = T)(I3 — T2 =0,
again using cyclic permutations of the trace. Since €#*?° D%[D;, D¢] vanishes
by virtue of the Bianchi identity, the third term in (3.18) reduces (up to a
total derivative) to the same form as the first term: GV — [, J].
First consider the terms quartic in R, Rs. To obtain the logarithmically
divergent piece, we drop all p-derivatives:
1 1
R — ——p.M*, Rs— —p.N* (3.21)
—-P —-p
We note that F**F? F¢* and F;"’Ffpﬁ’; # vanish if any two of the indices a, b, ¢
are equal; there are therefore no terms cubic in M,. Then using v, M~* =
4m, together with Egs. (A.23) and (B.12-13) and cyclic permutivity of the
trace, we obtain:

162 — —
H(My, M) = Te(§M $J $Mz ¥ J75) = = Tr (M{* T, M2T° — My* ,M2,T°),

F(My,Mz) = Te(#My pMy § T $ Js) — 4p*Tx [(M my — mi M2 7,7,

P Te (ML — M) (57,2,

F'(My, My, M3, M) = —F'(My, My, My, M3) = Tr (M pM, pMs pMy7s)
. _%p’*Tr (M~ Mo M3, M2, — MY Mg M2, M2,
+8ip*Tr (mlMil,mng" - m4M;Vm2]\7§‘") , (3.22)

where M; = M, M, M;, M* = 2€#777(M;),0, and the traces on the right

2

hand sides are over internal indices only. In evaluating these expressions we
used the fact that since Tr (MIMZIM2EM?2ys) = Tr (M2M!M?2M32ys), these

terms do not contribute to

1 / ’ !/
—2'[F (M17M27M3)M4)_F(M4)M1)M2)M3)] =F(M1’M2)M37M4)-

16



Finally, since the expression (3.6) for Rs is odd in ys: [Rs(75)]* = + [Rs(—7s)]",
it follows that Tr(Rs)* does not contribute to T'(ys) = —T(—~s). The loga-
rithmically divergent contributions from the quartic terms in (3.8) are there-

fore given by:

Tr[ _ R3Rs + RsR*Rs + RER2 + (RRs)?

4 1 ,
—2 (RIRR; + ReRRE + Rng)] - (T T). (323)
For the terms quartic in M we obtain
T, = -—%F'(M,M,M,M) = —%Tr (M“”M"”MWMW - M“”M""M#,,J\?pa>

-~ uv

—9%Tr (mM,me - mMuVmM“") ,  (3.24)
and for the terms quadratic in M, we find:

TiR’Rs — 0, Te(RRs)® — —=H(M, i),
p

11 1 \ 1 " 1
TrR*R2 = TrR5R2R5 - 53 [F(M, M) - F(M, M)| = G (T + T,
11 _
TRR] = TRsRRE = TrRIRRs — <3 [H(M, My) + H(J, My)

~F(M, M) ~ F(5, M) + P(My, B1) + F(My, M)
- Z%(T;’ + T — %%H(M,M) = —511—);T4,
T, = Tr ([{ﬁz, M*} — {m, ﬁuy}] [\7,;,\7:/])
TV = %’iTr (1M, 58} - (1, 57} (72,2 (3.25)
Then
T, = —2(T/+T")+ I%H(M, M) = —2T) — ¢,

= 2T} - %Tr ({J”, M HT, M}y = {T°, M, 1T, MW}) (3.26)

17



To evaluate the cubic and quadratic terms, we use a shorthand notation

according to which the covariant derivatives imply the matrix products:

D%J, =[D%,7,), DM =D*M — MDF, (3.27)

where here M is any mass matrix. Using the Dirac traces in (A.23), the first
identity in (B.12), and the additional identities

Tr([A,BIC) = —Tr(A[B,C)]), D.(MM)=[d},MM], D,(MM)=d;,MM],
[d*,MM;] = (D,M)M;+ MD;M;, [d;,MMj]=(D,M)M;+ MD?M;,
Tr ({A,B}CD) = Tr(B{A,CD})=Tr(B{A,C}D) - Tr(BC[A,D)),

(3.28)

together with the facts [see (A.23)] that Tr (o - Ay,0 - By,) and Tr (0 - Avy,0 - BY,7s)
are symmetric in {g, v}, and that [L,,J,] = 0, we obtain

TrR*Rs —

TrRR? +

TR —

%Tr{ %X (M, M)D* T, — 2X* (M, M)D J, — L(M, 1T)

+ [ X (M, B) — X2(M, My) + X8 (M, My)] G,

+ [ X2 (Mg, M) = X2(M, My) + X5 (M, M))] G,

+§ [ X* (M, M) + X~ (8, M)] + 2 (mM* — mM*) L,

— L [X2 (M, M) + X2 (M3, )]},

TrRsRRs — ;%Tr{ — 4 [X* (M}, M) — X*(M, My)| D} 7,

+4i [ X2 (M, M) — X (M, My)| D; 7, — 2L(M, My) + 2L(M;, M)
—2 [X+(M, M) + X~ (My, M) — X*(My, M) — X~ (M, My)]

+ [X (M, My) — 2X2 (Mo, Mp)] (G, - G) }
%Tr{eifﬁ"(M,, My) (D} T, + D; 7.)

—4 [X*(My, M) + X~ (My, Mp)] + SL(M, M,)}, (3.29)

18



where
X*(My,My) = (DEMPPM?, — DEMI M, + M}, DI M* — M}, DI ML) 7,
X (M, Me) = MPmyzm My XE= %eww)?g;, | |
LM, M) = 2Ly} {Toma} + 5L MEHT, M2
b2 ({00 MEHTY ML) + {1, M, M2Y) . (3:30)

Again, the traces on the right are over internal indices only. Here and
throughout the remainder of this section, G’ffy is understood as one fourth
of the Dirac trace of [Df,f);“], and has no contribution from the spin con-
nection, and the derivative operators D, are understood to operate only on
the object to their immediate right. The expressions (3.30) can be simplified
further using the relations
v {1 - _ l v { A+ ~y—
'X#, (D:ju'*'D#jl/) - §Xﬂ (G;w_G;u/)7
xw (D3, - D;7) = -2X*[J,,7),
?

{TM} = (DM — Dy M), (3.31)

_ that follow from the definitions (3.10) and (3.27). Defining

X, = Te[X*(M,30)+ X~ (M, M),
X, = Tr :X+(M1,M1) +X‘(M1,Mz)] =Tr (D+aM1 Dy Mg _f)+oMju[);1\7;’u),

op

Xo = iTx (D" MouD; MP* ~ D° My, D7 3¢ — D R, D, 01 + D+ M1, D, ™)

Xo = Tr[X*(M, M)+ X~ (M, M)~ X*(M;, M) - X~ (M, My)]
- D”MMD,,M”“) : ' (3.32)

= —X;+Xs;—iTr (D"Maubpﬁ”“
where we dropped total derivatives, we obtain
4

4 1 8 ,
T, = Tr <R2R5 _ RRZ— RsRRs + gng) - <§X3 = 3Xa+ b+ 2:1’4)
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——34?24Tr (b” Mo DM = B 1,0,

1 uv YavYa YUY (A - = A fuv LV
+]-DZTr{Xﬁ (M, )G, — X (0, M)G, +2 (mM* — mi+)
~ [X2(My, M) + X2 (My, M) L, + X2 (M1, My) (G, - G
— R (M, MG, + X (0, M) G| — LM, M)}, (3.33)

where t4,T; are defined in (3.25-26), and

4

t4=3

X, - gxz. (3.34)

Finally, to obtain the logarithmically divergent parts of TrRRs and TrRZ,
we use (3.15-17), giving

TrR2 — %Xz - I%L(Mz, My) + %Yﬁ"(Ml, M) (Gf - Gn),
TrRRs — 34?)(3 + 3%% ({L",Mau}{Lml\?W} —{L°, Mau}{LmM"“}>
—;,lzTr i ({28, m} D, — D*m{L,, m}) + L(M, i) + 2L(My, My)
—-3—2;-Tr ({Z°, Mo, YD, 01° — DP M, {L,, M°*})
+§8;;T} (1L%, My, } Do 1™ — D7 M, { L, 174})

4z A - — 1 2 v V(a4

~5 T (LP (Mo, B,,}) — T (Lo [X2(M, My) + X2 (M, My)| )
1 Uy A Y NRY Ay

+ o5 Tr [ X (M, M) G, + X4 (M, M) G|

+;)%rf,‘Tr (M""M#p - M"”]\‘Zf”p> + total derivative. (3.35)

Inserting these results in (3.7) gives

2 1InA? 2
—-ET_ = 2 gé—; (T4 + T+ T35 —TrRRs + TI'RS)
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_ %IDAZ
=9 3272

% (D Mou D™ ~ D7 1,5, %) — irt (1, — M T, )
+[iﬂwv m]M* — [zuua m]MW +: ({Lpa m}me - me{Lpa ﬁz})

4t (., ~pu - —_
~5 (17 Mo 2, W) = (L7, Mo L, 31

Tr{:r; + [ (M, G, - X2 (81, MG

-+ ({£°, Mz} D, W% — D° M, {L,, M™})

+ 2 (17 ({Mos, D, N7} = {D, M, M, }) + 2L AM¥, 31} } (3.36)

To evaluate (3.36), we note that the connection is block diagonal in the
X-A-a sector, and the axial part is diagonal in the A and a sectors, with
I = —Juaw- Using the reality and symmetry properties of the off-diagonal

A-a masses:
Mrg = —TMrg = M3 MY = MY = — (M52) (3.37)
Ao Aa My, Ao Ao dalt :

it is easy to see that there is no contribution that involves only these masses.

For the off-diagonal A-x masses:
T Y% . v e . rpy v T
Mix = My fo = ZM;\‘LX, M)\x = _ZM/;\Lx7 . M:\‘x == (M;;) )

BY NIAX . NIBY KIMX war Y — Y AN

M MY = My WX =0, (M*M,,)" = (M, 0*)". (3.38)
It follows from these relations that the last line in (3.36) vanishes.
Using the fermion matrix elements given in Appendix C.2, we obtain
the nonvanishing contributions to T_ listed in Appendices C.3-8. Note that
these expressions are fully covariant, although the expansion (3.7) of T_ is
not. This noncovariance is necessarily the case since T.. contains the chiral
anomaly that breaks classical Kahler invariance. However, the logarithmi-
cally divergent contributions are Kahler invariant, up to a possible depen-

dence of the effective cut-off on the Kahler potential [12], [3], [13].
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The ghostino determinant also contains helicity-odd contributions, but
since it has the same form [4] as that of a four-component scalar, its evalua-

tion is straightforward; the result is given in Appendix C.7.

4. The One-Loop Effective Action

The quantum action obtained by the prescriptions defined in I (see section

2 of that paper) and in Section 2 above takes the form
1 . 1., ..
L, =—59"7s (D? + He) @ + 5070 (i P~ Mo)© + Lo+ Lo (41)

The last two terms are the ghost and ghostino terms, respectively, ® =
(R, A%, 3, 5™) is a 2N + 4Ng + 10 component scalar, © = (1,2, x! =
Lx* + Rx",a) is an N + Ng + 5 component Majorana fermion, where N is
the number of chiral multiplets, Ng is the number of gauge multiplets, and
the matrix valued metrics Zg and Ze¢ are defined in Appendix B of I and in
Appendices C.1 and C.2 below. As in I we set background fermion fields to
zero, so ¥, A%, x! are the quantum gravitino, gaugino and chiral fermions,
respectively, and « is the auxiliary field introduced to implement the gravitino
gauge fixing condition [4]. The matrix-valued covariant derivative D, is
defined as in Appendix A of I, and Du includes additional terms in the
connections that are given in (2.11,17) above.
The one-loop contribution to the effective action is

Ly = %Tr In(D? + Hy) — %Tr In(—: P + Me)
+¢Trin(D? + Hey) — iTrIn(D? + H,p). (4.2)

The general results obtained in [15], [8], [5], [22] give for the bosonic deter-

minant:

i 2 - A* (l_ )
2Trln(D +H¢)—\/§{32W2Tr & Hs
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In A?
3272

g A 1
+ Tr (-;—Hé — %rlﬂp + —1—-G’<I> Gy + — [rz + 27'“”7'“,,]) },

12 # : 120
(4.3)

and for the fermionic determinant we have
- %Trln(—i D+ M) = —% Ty +T.) = —%Tr In[D? + He) — %T_, (4.4)

where in (4.4) D, and He are the 8 x 8 matrices defined in (2.14-17). The
helicity-averaged part, T}, of the fermion trace is —; times (4.3) with the
substitutions He — Hoe, G’EV — Gfu and the trace includes a trace over

Dirac indices, so |
2 (Tr 1)g = (Tr 1), — 2N = 2 + 2N + 10.

Similarly, the ghost and ghostino contributions are equivalent to, respectively,
—2 times the contribution of a (4 + Ng)-component scalar and +2 times the
contribution of a four-component scalar. For bosons, Hg and D# are defined

in Section 2; the matrix elements of H and of
éuu = [Du7DV]> (45)

are given in Appendix C, and the helicity-odd contribution, 7., of the fermion
determinant that was evaluated in Section 3, Eq. (3.6) is given in (C.36). The
traces in (4.3-4.4) are given explicitly in Appendix C below and in Appendix
B of 1. Here we list only the contributions involving background Yang-Mills
fields and/or integration over the quantum Yang—Millé supermultiplet that
were omitted in L. |

If £(g,K) is the standard Lagrangian [10], [20] for N = 1 supergravity
coupled to matter with space-time metric g,,, Kahler potential K, and gauge
kinetic normalization function f;; = éu(z + 7y), then the logarithmically

divergent part of the one-loop corrected Lagrangian is

In A?
3272

In A2
3272

(L + NgLy),
(4.6)

Less = L(gr, Kr)+ Lot (XAPLaLp + XAL4)+ /7
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where the classical Lagrangian £(g, K) is given in Appendix C below (see
footnote 1), Lo is the one loop correction found® in I after renormalization
of g, K [see Eq.(3.6) of 1], and

L = [W*(3Cabs — Di(Ty2) Di(Taz)') + hoc| — 246X aaD
+ﬁg—5 (W™ + W) DuDy — = (Fg, —iFg,) (F2 +iFf¥) D, 2 D 2™ Ko
+N—;§ [*WasW™' + 2D — D (KinD,2"D°Z™ + 2V + 4DM3)]
+142? W W™ +12 (W + W™) D, D, + 22D* + 2D (11V + 8Kin D, 2'D*2™)
+a (W + W) (KinD,2'D° 2™ — 2M} — 2V) + 4D (2TM} + TM})

—26iD,2" D,z Kin D*F* + 3Duzi2>“szzmjpapf(Taz)ﬁ
xr
+§Dae-KR’:31.A,€A"Dj(Taz)1 + e—x—Da (T°2)'R.7,FA*Aj + h.c.]

. _ . -. 4 . _
+2iF2, D;(T,z) Ry, D*2*D 2™ + %De"‘ R;A A + DD,z D*2" Rim
D,-(Taz)i

6x
1,19 . . 1. .
+5 (;; +p pi) D (8uz0%z + 0,y0"y) — (; +3p m) 0,y0,zD* Fy
1 . . N

(1 + 3x2p’pi) (0,20 z + 0,y0"y) (F;’,, + zF;’l,) (F;“’ - iF;"’)

4z

+ (4D, (Do D* 2" Kjs + V + 3M} — 2D) + 13iF2, K D* 2D 27|

®The last five lines of (3.6) in I should read:

_ . N . . _ -
— 4(DFPDEI Kim)’ + (? - 7) D, D* 2D, 2™ D” 7" K7 Kjm

2 _ ) _ ) 2 . _ . _
=D 2™ DF2 D, 2" DY Kin Kjn — =D, 2 DP 2™ Kim D* 2’ Dy 2" Ri
3 [ 7 3 4 “ 7
D,z D* 2™ Ry Dy 2'D¥ 7" Ry, + D2 DP2* R D, DY 2™ R

1 . _ L . ~
3Dus' Dy 2" Kin Ry (D2 D" 2" — D¥2IDH2")

+ o+ o+ o+

D,z D, ™ RE, . DF DY Ry — D2’ D, 2™ RE, DV 2*D* 2" Ry + 4 (L A*Ae™ +hc).

¥ im]
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5 { [é (Foe —iF) + %D“] (8,2 + i8,y) Ko (T°2)' D, 2™ + h.c.}

—p'p; {[zm (F:“ - ZF;’“) + g,,,,D“] (8uz +18,y) Kim (T*2)'D,2™ + h.c.}

+2i2”p pi D2’ D, 2" Ki D*F1 + 22%p'p;D [8M3 + M7 + 2V — 2¢ ¥ ad

—z2pip; [2xzwabW“b (1—2%'p:) — 4z (W+ W) D+ (W + W‘"’) DoD; + 2D
3

+f2—p,-p" (Fe, —iES) (Fe* +iFf") D, 2D 2™ Kip + 22%pip DD, 2 D 2" K

+22 [4pi;(T°2) (T*2) Wap + iD, 7™ (T°2) pinis (F2 — i) Dz’ + hc ]

+ {piﬂ)“zj [3 (8,2 — i) (Tazy'pa _ iw (8,2 + iaﬂy)] + h.c.}

+{W [22°5' i M2 + fias(@ — A)eX — 22" (Ajik/ik — AiA) e %] +hc}

+ { (e KAA™ + D, DH 2™ [4pm1] T°z) (pm,] + = In ) f J + h.c. }

—31{% [D"2™(T.z2) - sz'(T,,z)m] [Fipis DPZJ (Fo,—iF2) +h.c]

D o
+2—— [Kkm(T“ YeDHE™ 4 — (8 z +10,y) (F”“ - iF”“) + h.c.] (pijDuz’fJ + h.c.)
— Wi f(Tuz) Dy + :cszz’D”z’ (20:;W — Raimip™ W) + h.c/|

+22%p;;p0 DD,z DPZ™ + 2 pi; p? WW, -4

2* (p':) WW — 2M} + 3M} — 2MEM3 + V2 + D? + 6e~Faah

+2V (2M% — M} + e %aa) — ¥ (a'A; + hoc.) (V + M3)
+€—2KaiAidej — 9¢72 (&’.Aia/—l + h.c.) +'x2p,-jD#zi'D“zj am Dy, 2 DY 2™
fmfz _}

+e'K'D#ziD“2m [(a,— —Ap) (&m - fiﬁ) + xzpik/_lk LA+

e {Duzip"zj [(ai Ai) (f’ a- xp]nA") - fia,A fila— )pjk/i"] + h;(’:.}
-K
+%g-c— {Duzipnzﬁfm [Qc‘zai —zpi(a— A)A ] fszD ZD*2a(2a — A) + h.c.}

+z (pijD#ziD“zj + h.c.) (Mj V) +e” [acp”D 2DH I (akAk — 2Aa) + h. c]
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. . 2 ," P arry A
+ 1575 (Buz + i0,9) (92 + i0*y)" — 2°F'p: (W+W) (M2 +7)
+22p* pi [W (xpijDuziD“zj + e K AE — 27K &A) + h.c.]
+éK,-mK in (4D#z"D“sz,,zﬁ?D”z"‘ + Duz"D“zﬁD,,s’*‘D"zf)

1 (pﬂszpﬂzﬁf%)z + W W + ! (Was + Wap) D*D?

3 2
1. s 1 g o T 0,20z + 0,y0"y
_§V + §M/\ (Duz D2 Kim — 2V) - ( 22
1 i d,zdr 0,y0%y P
+§VDuz D'z Kim + ( 622 + 627 ) (21?#2 D*Z" K — V)
. . e v moo [OF20z + 0"yOy i =
+ (Fpﬂ + sz#) (Ff —F? ) ( yp. - '2—1{1'1'71.Duz Drz™ ).

- Our notation is defined in Appendix B below. Here W = W2, where
a 1 a v s e pHY 1 a
Wi =1 (Feo Ry —iFe B - 530" Ds (4.9)

is the bosonic part of the F-component of the composite chiral supermultiplet
constructed from the Yang-Mills chiral superfield W*(8) = A% + O(6). The

renormalized Kahler potential is

> KD,z D*z™

(4.8)

M|,

o InA? < = 1 e 2, i
Kp=K+ 2 [e7% (44AY — 24:A° — 4AA) — aK2 — (12 + 42%pip") D),
(4.10)
and the renormalized space-time metric is given by
9 = (1- 6)9511 T €uvs
InA? [Ng 55— N . 2 . Ng
— &L _ e 1% D 2 ; ‘D —D,D; T3 5}t G
¢ = g G VI D D S DT +
/ In A% Ng 1 Ng iy s
€ = 621, 32?7 (7‘;“, - §T'g#,_,) - gul’@ (8,,:1:5”:5 + apyapy bt D#Z D“z ]{1-,7,,)
V,0,z 0,20,z 0y0y 1 i i
+Ng [2 #x - + l‘xz -3 (’Dﬂz D,z"+D,2'D,z ) K

N+17 Ng z%pp°
— @ oo -G _
I Fopo b ( 24 T3 4
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N+29 Ng | -
+:zF:pFa,,"( : +—2—G——$2pzp) (4.11)

where the superscript 0 refers to the result of I. The terms in (4.6) propor-

tional to £4 can be removed by field redefinitions:

In A2 1 ’
A A _ A A - YvAB - 4.1
¢ o dr=¢ 3271'2(X X ‘CB)’ (4.12)
with
1 y
Xiﬁt = fzfm’ Xau,bu = —-——0= (7 + -’Ezpipz) 5abg;u/a

zz\/’ z./9
X' = (XY =4eKAA+ 2 (2 + :I:zpjpj) D,(T°z)
T

—4zDp* — 2. (T,2)™D, — NGa—xD“ ¢

+NGﬁ [ 3pJpJW+xpjkD ZDHZF 4 e (aJA —ZaA) V- Mj] ,

2z
Xy = - (16 +22%pp;) Kim |(Tuz) Du2™ — (T.)™D, 7]
+zp;p (apxFa,,# +0° yFap#) + 38 yFapu + Q (7 — Nc;) Fopu
+-;— [(Fapy - z'Fap,,) D2 pi f7 + h.c.] - (5 4z pipi) %Da. (4.13)

The terms in (4.7-8) of the form g(z, 2)WW are the bosonic part of the
effective Lagrangian (in the notation of [20])

Ly = / d*0Eg(Z, 2)|WW 2 (4.14)

It should be possible to write the remaining terms in superfield form” [up
to total derivatives and field redefinitions of the form (4.11-13)], and thus

"Note that F? = —e~%/24% and M = —3e~%/2A are the bosonic parts of auxiliary
fields of the chiral superfield Z* and the gravity superfield, respectively. It is easy to show
that calculating the one loop corrections before or after elimination of the auxiliary fields
in terms of their classical solutions gives the same result to the loop order considered. Our

results are expressed in terms of these auxiliary fields in [30].
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to extract the fermionic part of the Lagrangian for these higher dimension
operators. However, there may be additional fermionic terms, e.g, those of

the form [23]
Lyyn = / d*0Eg(Z, Z)(WW)™! + h.c., (4.15)

that cannot be obtained in this way, as they have no purely bosonic compo-
nents. The determination of such terms requires retaining fermionic back-
ground fields [24], [8], [16].

Notice that the coefficient of In A2F#*F,, is not a holomorphic function,
except in the limits of a flat Kahler metric (D; — &;) and flat space-time
(Mp; — oo, in which case operators of dimension greater than four are
suppressed). This nonholomorphicity is distinct from from the holomorphic
anomaly [1, 25] that arises from the field-dependence of the infrared regulator
masses. In other words, when the Kahler and/or space-time metric is not
flat, there are corrections that correspond to D-terms as well as the usual
F-terms. ‘

The quadratically divergent contributions to the one-loop Lagrangian are
given by (C.33-C.35). The Pauli-Villars regularization of these terms was
given in [13]; they contribute additional renormalizations of the metric and
the Kahler potential that are determined by the field-dependent squared
masses of the Pauli-Villars regulator fields that play the role of effective cut-
offs. The field dependence of the effective cut-offs in the logarithmically
divergent contribution to the renormalized Kahler potential will generate

additional terms in the effective Lagrangian proportional to

DilnA? = 2%, =173

that do not grow with the cut-off, and therefore have to be considered to-

gether with the finite terms that we have not evaluated here.
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5. The String Dilaton

In effective supergravity from superstring theory, the classical Kahler po-
tential K (z, z), superpotential W(z) and Yang-Mills normalization function
fab(2) take the forms

K(z,2) = —In(s+3)+ Gy, ™), W(z)=W(y),
fab(z) = 6abka37 yi7gm # S. : (51)

Although we have restricted our analysis to the case f,; = daf, it is equally
applicable to the case Jab = bapka f, k, = constant provided we rnake the sub-
stitutions Fg, — k Fg,, A2 — sz“ T = ks 2T , Cabe = a—_cabc, (Cabe #
0 only if k, = ky = k.) in all the relevant equations. Our results are therefore
applicable to all known effective tree Lagrangians from superstrings, includ-
ing those where the integers k, > 1 correspond to higher affine levels [11].
In this case the operators a,p;;,1 — z%p;p*, and their covariant derivatives

vanish identically. In particular M? = M7 = M?, and (4.6) reduces to

InA? / .p 4 In A2
‘C’eff = L (gR7I{R) + £0 + 3972 (X LALB + X £A) + \/53271-2

L = (W*+W") (3Caba - D,-(sz)fpj(:r,,z)f) +2D (13V + 9Kin D' D™

(L+ NgL,),

+Z 1“; ° [(s +35)"Wa W™ +2 (W + W) D, D, +8D* — 8 (V + 2M°) D)
_N + 2 [(s+3) (Fe, — i) (" +3iF?") + 462D D, #D* 7 Kim
(s +3)?Wa W™ + 11 (W + W*) D, D, + 20D* + 154M*D
S + $ 29 (W + W) (KinD,2D?2™ — 2V + 2D) — 24iD, =D, 2" Ko D" F
(s + ) (Fo, - iF2) (F2 + iF2) D, 7 D5 K
?(S(TT?) [4D* (V — 2D + 3M? + K;n D, 2/ D*2™) + 13iF2, K jD* 2 D¥ 2™
- (%DRM + (—S—%—s_—)ﬂm,ﬁmf’(wz)ﬁ) (e X A'A™ + D,2'D*2™)
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2¢~K

 nl] vV = . a __\1 ) k%
+2iF2 D;(Taz) Rl D*z*D" 2™ + (S—Jr-g—)va [(T°2)'R%,* A*Aji + h.c |
- u
-2 {[iays (Fre —iF) + 2% p ] D2 Kim (T2 +h.c.}
s+ 3 s+ 3
0,s0"s = o o 0,803 0,$0,§
- : i 4 D + 28
2(5+§)(Fu,,+sz,)(F —iFr) + 0( Tl T3
1, = SR o e oww) - 255 (w W) (M2 4 1) + D2
‘ 4

st v

+% (Was + Was) DD —2 (D + lV) M+ é— (M? 4+ V) D, D*5™ Kim.

3
1 1 o S
—3V* + cKinKja (4D, D*2'D, 2 D* " + D,2'D*7"D, 3" D" )

—%KmeD #D2"D, 7 D' F" + 3 (2K,mD D5 — V)

0,50"s0,50"s B 20,50,5
(s+3)*  (s+35)
+ (Fz, +iF2,) (Fo —iF?) (

K (D*2'D*2™ + D*2™D"7')

0,50's _ sHSp D, sipezm),
2(s+35) 4

with, instead of (4.10),

lnA2 (

Kr=K+ 3972

K [A;A7 — 24,4 + (Ng — 4)AA] — 4K2 — 16D) .
(5.3)
Here we have considered only the standard chiral multiplet formulation
of supergravity. Their is reason to believe [2], [3], [26] that the dilaton in

the effective field theory from superstrings should be described, in fact, by

a linear multiplet, which is dual to the chiral multiple used here. It has
been shown [27] that a variety of classically dual theories remain equiva-
lent at the quantum level. In [13] it was observed that once the ambiguous
matrix elements (3.9) have been fixed in a supersymmetric way that admits

Pauli-Villars regularization, the axion y of the dilaton supermultiplet appears

only through its dual A**? = #7409,y /4z*. This suggests that the properly v

regulated chiral supergravity theory also remains equivalent to the linear
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multiplet version for the dilaton at the quantum level. Some loop corrections
using the linear multiple formulation have been carried out in [28].

As shown in I, further simplifications occur® in specific rhodels, such as the
untwisted sectors from orbifold compactifications where the scalar Riemann
tensor is covariantly constant and the Ricci tensor is proportional to the

Kahler metric for each untwisted sector.

6. - Conclusions

In this paper we have completed the results of I by including the gauge
sector. The complete divergent part of the one-loop Lagrangian, obtained
from the results of this paper and from I, will be presented elsewhere in a
short communication [30].

Some comments on the implications and applications of our results are
in order. It has already been shown [13] that, using the gauge fixing and
expansion procedures defined here, the one-loop quadratic divergences, as
well as the logarithmic divergences in the flat space limit and in the ab-
sence of a dilaton, can be regulated & la Pauli-Villars. Regularization of

the full supergravity divergences without a dilaton are under study [18]. An

8The four-derivative terms of (4.4) of I should read:

_ . N .. . _ _
—4 (D, 2D Kim)? + (? - 7) Do D*2'D, 2" DY 7" Kin Kjm
2D —ﬁDu ) ATy, Jj 2 imypsm % sA oo
+3Duf" D 2D, 5 D" o KinKjm — 3D,z D?2 Kim ) (Na+1)D*2D, 2" K5
1

+§’D“ziD,,E’7‘K,-,;, ; (Na +1) Kf (D#27D? 5" — D¥2iDH3")
+> [(Na +1) (Du2'D# 2™ K5)" + (Na + ) Dz DH2D, 2D 57 K5 K 5y
o

—(Ny + 1)'D,,E'ﬁD“zi’D,,zj’DVEﬁKfmI",-",‘-l] .
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objective of this study is to determine the extent to which, in the string the-
ory context, a modular invariant regularization procedure can be achieved
that preserves the continuous SL(2,R) symmetry of the classical effective
Lagrangian. To obtain the full one-loop Lagrangian, including all finite con-
tributions, requires a resumnmation of the derivative expansion. A procedure
for resummation will be described elsewhere [18].

We have presented our results for one-loop corrections to the classical
general supergravity Lagrangian [10, 20] with at most two-derivative terms.
As seen in Section 5, the result simplifies considerably for the classical ef-
fective Lagrangian derived from string theory, due to the the absence of a
potential for the dilaton and the special form of its Kahler potential. These
features are modified when the effective Lagrangian includes a nonperturba-
tively induced [31] superpotential for the dilaton and/or the Green-Schwarz
counterterm [2] that is necessary to restore modular invariance. The latter
term destroys the no-scale nature of Lagrangians from torus compactification
and the untwisted sector of orbifold compactification, and generally desta-
bilizes the effective scalar potential. However this term is of one-loop order
and therefore should be considered together with the full one-loop correc-
tions. An interesting question, that will be addressed elsewhere, is whether
these corrections can restabilize the potential.

An important unresolved issue in the construction of effective supergrav-
ity Lagrangians for gaugino condensation is the correct form of the kinetic
term for the composite chiral multiplet that represents the lightest bound
state of the confined Yang-Mills sector. It has recently been shown [32],
in the context of both the linear and chiral multiplet formulations for the
dilaton, that such terms can be generated by higher dimension operators.
The contribution (4.14) to the effective Lagrangian determines the leading
one-loop contribution to these operators; similar terms occur in string the-
ory [33]. This is one example of how the determination of loop corrections

can serve as guide to the construction of such an effective theory.
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Appendix

A. Dirac algebra

We work in the Weyl representation for the Dirac matrices; for a flat

_0_0—1 ;
70—7—_1(])7

_ 1 0 o }
¥s = w°7‘7273=< ) ot =§[7“,7 ] (A.1)

metric:

Il

{

=2

I
TN
4 o
o qﬂ.
N——

0 -1
To evaluate the fermion determinant, we note that an arbitrary 4 x 4 Dirac

matrix My can be written as
My=RAR+ LBL+ RCL+ LDR, (A.2)

where A, B contain an even number of Dirac mafrices 4y, C, D contain an
odd number, A, B,C, D have no explicit ys-dependence, and L = 1(1 — 7s)
and R = 1(1 + 7s) are the hglicity projection operators. Then TrM, =
TrRA + TrLB = Tr Mg, where Mg is the 8 x 8 matrix

RAR RCL
Ms = (LDR LBL)’ (4-3)

and Trf(M,) = Trf(Ms), where f is a;ny function that can be expanded in
a Taylor series. Writing M, = My(ys), we have

My(—vs) = RBR+LAL+ RDL+ LCR,
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A C

40) ta

1 1 1
5 [TrMy(ys) + TeMy(—7s)] = 5 (TrA+ TrB) = 5Tr <

Similarly, if f is an arbitrary function of My,

(T )] + T M) = ST55(P), P= () ). (49)

Setting My = —i P + Mo, f(M,4) =In My, (A.5) gives the trace T, that
has been evaluated previously® [4]-[8]. To evaluate the determinant T_ we
define 4

M =0 (~i D+ Mo), (A.6)

which is a 4 X 4 matrix in Dirac space that we write [5] in terms of the 2 x 2
Pauli o-matrices as

Z)a C — v Z 7 v
- - (D Z.B) L oh=(L£), off =% (oot —oiot),
= O'id:- = O--LI‘— [‘D:- - z’u (0’-,0’4.)] )
= old; =0t []j; -1, (a+,a_)] ,

= m+ M, =M(c*), D=m+M,c" =M(*)

M,

Q & ==

L,(o-,04) = %ekywaiaiafai. (A.7)

The matrix elements in M, are defined, up to the 45 ambiguity noted in [13],

in terms of those appearing in the fermionic part of the action (4.1) by:
D,=D,+ivsL,=iDIR+iD;L, Me = M(c*)R+ M(c*)L. (A8)

The matrix-valued derivative operator D, is defined in (A.12) of I, the addi-
tional gaugino connection L, is given in (C.19) below, and the elements of
the mass matrix Me = MR + ML are given in (2.16), (2.17), (A.11) and

®The contributions from the terms M, 0*¥ were not fully included in [5].
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(B.10) of I, together with (C.15) below. The tilde operation on },B,C,D

amounts to the interchange o+ < o_. Thus

!

2
M = R (@4- - %EI\Vpa'YA'YV’Yp')’a) R=R szv

», | 7 ﬂ v 4 :

BB = L(D - Lowrtvrr) L=1pL (ag)
where the appropriate zero’s in the transition from 2 x 2 to 4 x 4 matrices
is implicit in the last two lines. More, generally, products of ¢4 can be

converted into products of v* by
(040-)" 0y — —LyY"MR, (o_0y)"o- — —Ry*"™'L,

(040_)" — Ly*"L, (o_o4)" — Ry*"R. (A.10)
Then defining

Sy = %[Trln.M,;(M,&'):I:TrlnM4(—M,—&‘)],

Z)a —-?) = M4(_M7 _75)7% (Al]‘)

My(—M,-5) = —(_D B

(A.9-10) immediately gives:

S, = %Trln (Ma(=M, —5) May(M, )]
_ 1o < —R[P2 + MM)R —R[i P*M — Mi p-]L)
T 2P\ L p~M - Mi YR —L[P® + MM]L

= -;—Trln (— P* — Mg +i[P, Mo)) = %Tr In (~D? — HE). (A.12)

where D = Do and He are defined in (2.17) Although the matrix in (A.12)
is 8 x 8, the helicity projection operators L, R project out half the elements,

so the counting of states is unchanged when we take the Dirac trace. Since
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Trln M(M) = Trln M(—M), we have'® Sy = T4, and (A.12) is equivalent
to (A.5), up to the ambiguity described in [13]: terms even and odd in s
can be interchanged using s = (7/24)€***7 ¥, %Y Yo - ‘

The next step is to cast S_ = T_ in the form of (3.3) and to take its Fourier
transform to obtain an expression of the form (3.4), but before performing

the p-integration we write

M—l [M(’)’s) e M(-’}/s)] = M_IMEIMO[M(75) - M(—'YS)]

' -1
=2 <D2 - %U,“,G‘“’ + iDuM“) 1D, N”, - (A.13)
where M is'* the matrix (A.11) with

C=D=0, A#:DI+‘Z’M(U+,U—)’ Bu=D;+L#(U—7U+)7

; _ _< ¥ MI(Ui")’

—M[(O'EV) —.Y
) ) i
Ju = 5(Df - D), My = 5(M = M), (A.14)
and
- L
N, = Ry, JR Ry, ML ’ - 0_ Ry, M . (A15)
—Ly.M;R Ly, JL Ly, MR 0

We then redefine the integrand by [15]

—-) —l -_— —. o — y o m—— .
T(p,z) = UT(p,z)U™", U-exp( ud a)exp(za 5), (A.16)

10In [5] it was incorrectly stated that S_ = 0.
"1t might seem more efficient to take instead Mo = My4(—M, —&) but this form turns

out to introduce a spurious quadratic divergent term involving M, . To explicitly regulate
ultraviolet (or infrared) divergences, one should introduce a regulator mass matrix po and

set Mo — Mg + po; see the discussion in Section 3.
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which leaves the (properly regulated) integral unchanged. In the absence
of background space-time curvature, the 8 x 8 matrix valued operator d, is
simply
0
d,=D, = Fm + a,(z). (A.17)

In the presence of space-time curvature, one has to expand [8] the action at
z' = z 4+ y in terms of normal coordinates, £* = y* + 144 (z)y*y* + O(€°):

0

= g

+au(z,§). (A.18)
where 4% is the affine connection, and the full connection a,(z,£) includes
terms that depend on the affine connection and its derivatives. The expansion
of (A.13) for this case is determined in [8]. We then obtain the expression
(3.4) with

T(p,z) = —%Trln [1 +2A(2, p)P*Rs(2,7)]
A7Y = —T"AA, +h+ X+ (p° +G) P, M*
Ay = putGutby, —PRs=(p"+G)PuN* k= “%auuG“V
6o = Xt (<D 2) G Gu=(D.DI
F = fooj(:;)n (D : a%)nF’ F=hM* N* D- a%X = [D#,X]é?p-;,
P*y, = Pt =q— %r“”"”% ap?;p" +0 (%) ;
T = 5 a0 ()
5, = é(v#r,,y - vyr;#) %79 +0 (;_;) , (A.19)
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Finally we write A~! = —p?(1 + R) and expand

= (14 R)(=p7) = T(-R)"(-»" (A-20)

to obtain the expression (3.8), where we have set yo = 0.
Once all these manipulations have been performed we can simplify the

expression for the fermion connection by using simply
fo = Df +tysL,. ] (A.21)

The point is that the part of the gaugino connection arising from the dilaton

has been included in the “vector” (J)):
1 _ 1/~ <N
u+J) =5 (Df + D7) =5 (Df + D7) +ivsL, (A.22)

rather than in the “axial vector” (J,) part of the connection.
We conclude this appendix by listing some Dirac traces that are useful in

the evaluation of 7_ and of the ghostino and fermion determinants:

Trysy v v°y° = =4,  Tryso*Pot = 4ie*™, P = —g7 3= g77,

[N

Tr(y1s75 9%y 7Py y¢) = —4i[€7€¢ g™ + e2Fr0g<

+e oz,Be'y 8¢ + eaﬁ’Y( e + 60656 ~¢ +€aﬁ(6 ve 4 eaﬁc(g'yﬁ]
Tr (,750- ,7 o ,),C) _ 42[ aﬁ’wsgcC + eaﬁm’gé( + eaﬁ&g'y( + 6aﬁ(5 ve 4 601,36( 16]
Tr (’)’ o O’ C) _ 4Z[€aﬁ’y5 e + eaﬂc'yng( + eaﬁ“rC e + eaﬁée ~¥¢ + 6016(5975]

Trapad“"F”"Fb = 8F* F®

uv?

Tr0 900,03, FOFPYFM = 32zF’“’FbM,Fc s

Tr(c - Ac- Bo-Co- D) = 16 [A*B**C,,D,, + (A- B)(C - D) + A**(B - C)D,,)]
+64 (A*B,,C*D,, — A*B,,C,.D* — A*B*C,,D,,),
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Tr(y4o - Av'c - B) = 8(g" A, B* +24"B," +24,"B"),
Tr(y*4"0 - Ac-B) = 8 (g‘”’A,,,B"” +24%B," - 24, ”B“”ﬂ) ,
Tt (Zur*o - Av'o - Bys) = 8irt (4B, — A”B,,), (A.23)
where 0 - A = 0, A%, etc, and Z,, = 37°7°Tou, is the field strength

arising from the spin connection (note that v,v,Z*" = %r) To evaluate the
last trace in (A.23) we used the relations (B.14) and (C.25).

B. Relations among operators

In this appendix we derive relations among the various operators that
appear in the traces needed to evaluate the one-loop effective action. We

adopt the gauge sign conventions of [10], [29]:
D, = V,+:4A,, A,=T,A, T:j = (TZ}Y )
D7 = 0,7 +idy(Tuz), D™ =0,7" —iAj(Tuz)",
1 .
F;w = ;[DI-HDU] = vuAV - VVA# + Z[Al“ A"]’
F:V = vqu - VVAZ - cabcAZAz' (Bl)

Qur other conventions and notations are given in Appendix A of I.
We first consider constraints on covariant scalar derivatives that follow

from gauge invariance. We define
Ka = —EKM(Taé)m(sz)j, D, = Ki(T.z), D= 51-73019“,
_ T
fab(z) = 6abf(2)7 f =z+ Zy (B2)

The classical scalar potential is V + D, where V has been defined in I. It
follows from the gauge invariance of the Kahler potential K that:

8K = KiT.2)' = Kn(Tu2)™ =0, D;D;D, = DyDiD, =0,
KinDn(T.2)" = K;zDi(T,z)?, D' (T.z2)™ = D™(T.z2),
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Kij(Toz)’ + K;(To)! = Kin(Tu2)™, DiD;(Tuz) = —R;f(Tuz)™, (B.3)
where Ki;; = 8;0;K = 8,K;, and the second and third lines follow from
the first by taking successive scalar derivatives. Here 0y = 8/0z!, I =
1,2, D is the reparameterization covariant scalar derivative, and R;z;5 1s
the Kahler curvature tensor. Indices are lowered and raised, respectively,
with the Kahler metric K;» and its inverse K**. Similarly, it follows from

the gauge invariance of f that
Sof = fi(T.2)' =0, |
fi(Tz) [ = —fiDi(Te2)'F,  fi(Taz) (Thz)' = — fi(T.z)’ Dij(Ty2)’,
fimei(TaE)ﬁz = _fﬁ _ﬁm(Taz)m = —f—ifij(Taz)j7 fij = Dz-DJfa (B4)
and from the gauge invariance of the superpotential W that
A,-(Taz)i = Ax(T.2)™ = D,A,
Aij(To2) + AiDj(T.2) = D,A;+ K;n(T,2)™ A,
Aiix(Toz)' + Ay Di(To2)' + AiD;(Toz) + A;DpD;(T,2):
= DaAjk + I(jm(Taf)ﬁAk + I{km(Tai)mAj. (B5)

The tensors Aj,..., are reparameterization invariant covariant derivatives [4]
of A = efW. Using (B.3) and the definitions (B.2) we obtain

_ — i c ab _ - __]_'_ (a) a
ICab ICba == xcabcD 3 ’C (]Cab ’Cba) - 952 G DaD ) (BG)

where C’g’ ) is the Casimir in the adjoint representation, c,p. are the structure

constants of the gauge group, and
(Tyz)'Di(Toz)’ = (Toz) Di(Tyz) + icape(T2),

Dy K (Toz)™(T%2)' Di(Tt2) = DyKpj(To2)™(T2) Di(T%2) — % )p,De.
(B.7)
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Combining (B.3) and (B.5) we obtain

A; DY (T,2)™ = A D™(T.z)' = —AT(T,z) + A™D, + A(T.2)™,
A'D(T.2)f = AiD*(T.2)* = AxD*(T.2)" = —AX(T.2)" + A*D, + A(T.2)*,

_. . 1 -. .
D A* A;; Di(T,2) = —EAJkA,-jk(Taz)’D“

+—;—R- i 9% A D (To5)™ + 2D A5 AY + D*(T,z)™ AL A;. (B.8)

jk /

‘To evaluate the one-loop effective action, we find it convenient to intro-
duce the scalar field reparameterization covariant derivatives of the variable

p, defined as the squared gauge coupling:

1 fz’ 1 m 71T
p== = ¢ pi=Dip=—-5, p'=K"Dnp=K"pgs,
z _ 2z
1 fifi
pii = DiDjp=—5—3 (fz'j - ) ;
1.
Dinpi = pmi = ——fnpi = 22pmpi,

D; (e%pip") = @%0'pyj, Da (2%pip") = 2*phpi,
D;D; (le’iPi) = z%p'pik, etc.,

faii = Rlinifs = —20%pmi; — 22 fmpij — %ﬁ (B.9)
It follows from [Ds, D;](z%p;p') = 0 that
o 1. - .1 :
oo+ ;fkf’Pki = fep™ + ;fkfipkj- (B.10)

In addition we introduce the variable

a= A+;—xA¢=eK/2 (ﬁld,—ﬁ’l)‘), ail---in'zDil ---D; a. (B.ll)

in

The variables a, p;; and 1 —z2p’p;, and all covariant derivatives thereof, vanish

for effective supergravity theories obtained from superstrings in the classical

limit: f(z) =s, K = —In(s+3) + G(z,z # 5,3), W, = 0.
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We will also need the following identities involving the Yang-Mills field
strength and the space-time curvature. It follows from manipulating products

of the antisymmetric tensor €,,,, that

AUy ' 1 v Y AUy A7 1 o
My MZ/J = Egleu MZU - Mij’: ) Muu = ieuwwMip >
I- VI o a v a v 2 a v 0
Fo R ELFr = —(Fe ) — (Fo F) +4Fs FUFJF},,
(Fe FM™)? = —2(F% F) +4F2 F,,,F*" F°, (B.12)

where Mf;,, is any antisymmetric tensor-valued operator. Using the first of

these gives

TrA*B,,C,, D’ = %Tr [(D-A)B-C)-(4-B)(C- D)~ A*B,,C. D],
TrA*B,,C°?D,, = %Tr [(A4-B)(C- D)+ (D- A)(B-C)— A*B,,C.,D”|,
TrA" B*#C,,D,, = iTr [(4-B)(C- D) = (D- A)(B-C) — A B,,C,,, D",

Fe Fre = igl’,’F:‘,F;‘”. (B.13)

It follows from the the symmetry properties of the space-time Riemann tensor

that .
oo FL7F® = o1, FVFS, (B.14)

and, using (B.12) with My = F, M, = F, M, = —F,

rpauuﬁ:gﬁaup = 57‘#” WF:VFZU
a v l a 1 Lo v a
= 27‘,‘/‘FWFG” -—_ §rF#pF;“’ — é—rw” FY Fpa. (B.15)
In addition:
F:u[D#>Dp]F:V = cabCF:uFb“chyp
a v 1 log v a
+7‘5FﬂpFa” — 57‘#”" F* Fpa. (B.16)
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It is convenient to isolate terms that do not contribute to the S-matrix,

using the classical equations of motion:

_1 » 1 a 1 w 2,7
g 2£1 = ——I{IJD,,D”ZJ—V]—;D‘I(T Z)JI(IJ—ifI{W’ I’J-z{f,j’
~1 -1 a[' 1y - auy
(.’Eg) 2‘60# = (‘Tg) 2g#1/_67g = D ]:auu + fauuT
+-\7’_;K,-,ﬁ (Du2™(Tu2)' — Dz (Tu2)™) . (B.17)
The first of these gives, in particular (M3 = mymy, M3 = mam,):
f‘i . ( f‘l )* 2 2 4 i _ IAT 1 . .
—L'=|=—=L; = -V — iV —2z%'p;W + = (0,2 +10,y) (0" + 10
7 7 y p'p ol ) ( y)

—2¢%pi; D, 2" D* 2" + 2z K (Q&A — EziAi) + 2z (V + M} - Mf) ,

. 3 T vz
— Ou D*2'L; + h.c. = (Q’D“Z’KMD”'DVE"L + h-C-) - —;?‘V
gz : z
" 7 -
+6,,xc;9 T (V n EF2> + Ouy0*z LFF + total derivative,
z 4 4z
2 i 2500, : > ;
a+ bz ppzDa T.z IL:] _ a + bz*p’p; 2K ;D" 2D,z D*Dy(T,z) + 8 DM?
z,/g T < ’ ’

—2D" DKoy — e7X [D*(T.2) Ay A7 + hc |
+{KinKinD*2/(T.2)™ [(To2) Duz™ + (T.2)*D,2’| +hoc.}
—5;‘6—3”@“1% [D“zj (T.2)™ + (Taz)jD“Em] )

+bsD* [Du2*p? prj Kim (Duz™(Taz)' + Duz'(Tu2)™) + hoc |
+total derivative. | (B.18)

We absorb a part of the one loop correction into the Kahler potential; a shift
0K in the Kahler potential gives a shift Asx L in the Lagrangian:
1 ¥ - —-K 31 g™ : =
Thwl = 8KV + 0K (e ®A'A™ + D, D*7™)
e 1 .
- {51(,- [e-h Aa+ 2—;1)&(1’“;;)’] + h.c.} . (B.19)
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Taking § K = D, the last equation in (B.18) can be written as

a + bz?p'p; I 2 i ( 2 -K_- 2 2_ Y
——— DT,z L = (a+bz*p'p;) | —ApL+2D e "aa—3M; —3M; -V
x\/g ( ) I ( PP) \/g D [ & by ]
+ [KinKn Du2' D2 (T.2)™ (T.2)" + h.c]
0 Y e z =M
+z—fE—D [Kim(Taz) D,z —h.c.]
1
)

+b2D* [D, 2% prjKim (DuZ™(Tu2) + Dz (T2)™) + hoc|
+total derivative. (B.20)

C. Matrix Elements and Supertraces

In this Appendix we list matrix elements of operators appearing in Egs.
(4.2-4.5) and traces needed to evaluate the divergent contributions to the
one-loop effective action (4.6). Notation and conventions are defined in Ap-

pendix A of I, and the relevant part of the tree Lagrangian [10], [20] is'?

1 - _ 1 - wt =M z uv Yr 124
\/gﬁ(g,fx,f) = 27‘ + K7z D"*2'D,, 2 4F,“,F 4Fu,,F |74

1T < R iy ool n
+5 A PA+iKin (X2 Pxi + Xk PXE)

+6—K/2 (%f,/_lz/_\}g)\L — A.,'jf(}éxi + hC)
+ (% [pKin (2" - o fiDa — 7ow FL £ X +he)
+Ly + four — fermion terms,

1 1- . 1. . Y < o
Zzbw”(z D+ M)y, ~ Zd)n“(z D+ M)y, — [g%a P4 A Fy,

=~

V9
12In I we defined €°123 = 1; here we denote by €#”#° the covariantly constant tensor—

see (A.23). With this definition there is no factor g% multiplying the FF term in the

Lagrangian. See also footnote 1.
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- _ 1 o .
Hu PE Kin "Lt = 197" 36XDa + i7" Lx'ms + hic,

M = (M) =P (WR+WL), mi=e 54,

If we define
1 ? In A2
STrF = TrFp — ZTrF@ —2Tr Fop, + 2TrFn, ———2—T_ = \/§327T, (C.2)

where TrFo is defined below [see (C.24)], the effective Lagrangian (4.2) is

1 A? In A2 1
:/_gﬁl = ot 6

1 4 N
rH + 15GWGW) + T] ,
(C.3)
In the following subsections we list the matrix elements that were not in-

cluded in I; the subscript 0 refers to the contributions without the Yang-Mills

sector that are given in Appendix B of I, except that ordinary derivatives are
3

1 2
[STr (§H _

replaced by gauge covariant derivatives.!
The contributions to STrH from each supermultiplet have been given
in [13]; below we list the analogous contributions to STrH? and STrG?; we

drop all total derivatives.

1. Boson matrix elements

Asin [9] we rescale the quantum gauge fields: A, = v/zA,. Then the operator

Hg can be expressed as

ZoHy = H+X+Y—N—-S—I{,
¥In (B.21) of I $STrH? should be modified as follows: the last term in the first line
should be multiplied by eX | the term —%re‘K A,—,-Aij should be added, and the third and

forth lines from the bottom should read:
N —47
+

N +17
4

1 ] _ . _ . _
+5Duz' D" Kim Rjn (D*2’ D" 2" — DY D*7").

D,z D*2'D, 7™ D” P Kin Kjm — D, F"D* 2D, 2 D" 9 K iz Kjm

In addition, the term —1D,2'D, 2™ K;n R;5 (D* 2 DV 2™ — D¥2I D# ") should be added to
the right hand side of 35STrG,, G*” in the same equation.
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0T ZeHo® = z'Hpjz' + h*™ Xp0 0h® + 20" Y, 12" — A*N,, A"
uy,p M
—2A8, 121 — 2k K, AP, (C.4)

with, in addition to the matrix elements of Zg given in I,
Zi,a;z = Z;w,ap = 07 Za.u,by = _guyéab- (05)

Using the results of [9] and Section 2 above, the elements of H, XY are
modified with respect to those given in (B.3) of I by!*

Hiy = (Ho)ts+Dr+¢iqus +ors— (ViV¥),,, d.= _75"(Taz)i,

& = \_/Z_J—?(Taz)ﬁl{im’ Vim = Umi = (‘/#V#)iﬁz,': (VuV¥)mi =0,
vy = By = 2o g (P ms, w i F)
W= =g liji\F o FIFYFL),
z v Ta s Tuv Ta 27]
vrs = (VWV¥)yy = —go (FOF, FiFLFL,), 10 = {m‘ )
1 ;g 1 e oy b op B i,7
Your = == (DD, +D,D,)K132" — ZfiFe,F,f £ —gufIFPE:,, 1,J=4_",
2 8 32 ]
1 1/, .
X’“”pa = (XO)‘“"pa - 2P‘“’1/’”D + §PIW:P0 /‘\l'rfaAT + Z (f#pfaua + fl,pfa;w)
1
—E (fzkfap/\gua + .7::,\-7”/\9#« + fZAfaaAgyp + f.SAfaa'Ag#P) , (C6)

where f1 = fi(f;) for I =4(7), etc.. The potential V = V + D now includes
the D-term D defined in (B.2) above:

D, = ——l—fiD + ‘l',Da‘Kiﬁt(Taz)ﬁL’
2z T

; 1 = 1 ; 1 _
D! = ——FffD—- —F a \J _ ] . a=\A
K 2.’1:2f1f D 2x2f1Da(T Z) 2$2f DaKm(T z)

14The Lorentz indices in Uy and Rys in Eq.(B.3) of I should be contracted.
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+2(Tz) Kin(T*2)" + 2D, DT,
1 ]
Dy = zpiD = 5 Dalfilim + fiKin)(T°2)"
+%Kjﬁ(Ta2)ﬁ]{iﬁ(Ta2)ﬁ' | (C.7)

The additional nonvanishing elements of ZgHg: are —Ngup,, Saur, and

- 115
K00, With

1 - c 1
Na#yby = Gu (Kab + Kpg — -2-.7:”(,.7’; ) + QCachuV + 5 (5faupfby p_ faypfbu P)

372

i 1
_EPiP <faupfbup + favpfbup -

§guvfapa}—:a)

2

G (V%; 0,20z + 8py6/’y) b (Vua,,:v _ 0.0z + 0.y0y
uv¥a a

2z 42 222 z z

.2 ;O Az = .
Sept = :I:zﬁKIK [D,,(Taz)" - Lx(Taz)"] - 5P (]—',,,,,‘ F i Favu) D'
1 g 30"z .
+Ef] [DI fauu + E— (fauu + Zfauy)]

12D KKk Fapy 1J K = {’ ik ,
5,7,k
Koy = (0074 D07) 4 (0P 4 0,0 )
—%x (9o Fo + 900 F2) + 3(;'1/ (9072, + 90 F,)
_8% (Buy T2, + 0y FL,) — guFo,— 340

In writing the above expressions we used the notation in (2.2-3) and the first
identity in (B.12) with M; = F,, M, = f’b, M, = —F;. The inverse metric
Z~! must be included in evaluating the traces of these operators, which are
defined such that

TrHy = TrH +TrX +TrN,

15In [5], [9], there is an additional graviton-gauge mass term Q,, a,; this term drops out

when the prescription (2.10) is adopted.
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TrH: = TrH? 4 TrX? + TrN? 4+ 2TrY? — 2TeK? — 2TeS%. (C.9)

In the expressions for the traces'® to be given below, space-time indices are
raised with ¢#* and scalar indices are raised with K.

Finally we need 7

Guu = (Gz + GG + G + ng + GGz + GgG)“,,a

(G,‘)j = (63 W) +iF% Dy(T.2), I,J= {ij
@), = (@) 19={7
(ny)qﬁ,'yﬁ = (GOuu) [f -Fa'yvgﬂ&

+f;ufa51/gﬁ"/ + fgﬂfa‘wgaé + fgufa&/ga'y - (ﬂ A V)],

(62),,,, = 90 (carcEly + 5 [Forsh = FarF]) + baropmn

v ,0* 0*yo
_ab<€pt/0/\|i £ y_ y#x}_(#(_)y)>

2x 222

—bab 4 — (a,\ya Y9or9uc + aayauygpu + 0,¥0,Ygvs — (1 & ’/))

45 [FaosFon = FaouFion + 8010 (FassFoso + FasnFivo) — (1> v)]

(6%),,, = (G”),af—f’ﬂ 51 (Favo F i)
A

Py }
6pw>‘8 2f (f ¥z.7: )—(,u(—n/), I:{Z,,
pev

). 1={¢,

(Gf:)aﬁ,l = —4 (GGZ)Iaﬁ = Zl'pl [fa faﬂu + f'@#j:aau - (

16There is a term missing from TrY? in I, namely:

—4D, Z™DP 2D, 2 DY 2 Rajmi + 4D 2™ D 2' Dy 20 DY 2* Rejai

7In (B8) of I the expression for TrR,, R*” should be multiplied by 2 and the fourth
line of (B8) of I should read: (Gg,). ;5 = bap, oo ( 5,95 + réwg.Y)
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1] 8y My
(Gilcj) apf 4 [(gﬁppﬂ - 3;%@) Faar + (gapDu T g Cewed Fapy — (b V)|,
0y » My
(G}qg) aBap = (gﬁpDu - %epuﬁk) Foor + (gapDu - gepua)\ faﬁu
My "
—9op | DuFapy — E;Cpum\fa o] — (o). (C.10)

2. Fermion matrix elements
As described in I, we take the Landau gauge condition G = 0, where
+§0”")\0F5p + 2impx! — 45D A°, (C.11)

which we implement by introducing an auxiliary field a. After an appropriate
shift in the gravitino field 1, we obtain for the bilinear fermion couplings of

the gravity sector:

1 1, . _ .
— - —— -_— - 2
+izp, PN — 24, (DP 2™ Kin L' + D*2' Kz RX™)
—& (ga""/\aF,fp — 2imix! + »,spax’) . (C.12)

To obtain the ghostino determinant we use the supersymmetry transforma-

tions [10]

iy = %(WR —imil)e, i6x™ = [%(pzﬁ‘L - immR)} e
W . 1 ccya X v e 1 a .
6y, = (¢D, — 57,‘M)6,v 162 = [Z'y“'y F, - é;'ysD ] e, (C.13)
yielding '
2 06G 1, , .
D*+ Hgp, = 5 = D*D, — 57“7 [D,,D,] —iP,M]—-2MM + m'm; + D
, ) . )
+2imz P2 L + 2em; PR+ ga,,,,Ff"[io“”F:y - ;’ysD"]
D, 2 Kz D*Z™ + é'ys['y“,’y"]DuZmK,-m'D,,zi. (C.14)
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The metric for the gaugino field, as obtained from the classical supergrav-
ity Lagrangian given in (A.9) of I, is Z,, = é45z. Following [5] we rescale the
gaugino field A = \/z), so for the rescaled field ), Z,; = 6,5. The matrix
elements of Mg are given by (2.17), (A.11) and (B.9-10) of I and by*®
—K/2
2z
M = 5% G+ Mifon), MI= 5K (mau+ Mio),

€

fk;lk’

Mg = (Mg) = Sima, M= —

Mai = Mig = ﬁ (%f‘iDa - QI{im(TaE)ﬁL) = My,

My = My =-To(FrFire), 1={,
QM: = _M: = Mae + M::O.IHM 2M: = —M; = Moo + Mg:l/o.“‘”
1 - 1
@ = —Mge = _Da7 ME = MY = __-;C-#y7 C.15
m m \/’5 aa aa 97 a ( )

with covariant derivatives as defined in (A.21) [see also (B.11) of ]

Dum’\ = —eK/2 (D#Zﬁ” [am -_ Am] -+ D#zi I:éf—z-(—l — xpik/ik]> R
xr
s 8py et . 6py .
DpMaA = DpMaA - ngaA’YS; DpMAa = -DpMAa + ZE;L_—MAa’YSa A= L, m,aq,
DpM:z‘V = —D,,Mf;" = - (DpM:iy)* = (Dpr‘:})*
1z

.0 : e
= 7 [Pi (D,, + ny) + Dpszij] (faw - zfa,,,,) ,

mea,' = l~),,m,-a = (mea;)*
0,z

z

- ﬁ [Da (fg 28,y — 8,2] — zp,-jp,,zi) +

+%ﬂ(Kjﬁ(Ta2)’thzj + h.c.) - 2I(iﬁDﬁ(Ta2)mDp2ﬁ] ,

K (Tai)m

= 2 \x 1 o _- 1 0.z
D#maa = - (Dumoza) = \_/—; (I{zﬁt [Duzz(Taz)m + D#zm(Taz)z] - —éux_Da) ’
18(B.10) of I should read M} = —2Z1,D*z’, M] =D,z’. The equation before (2.16)

should read A = AW = eX/2 M.
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DMz = (D) = —oD, 7.

Here a is the auxiliary field introduced in I to implement the gravitino gauge
fixing; its couplings to chiral and Yang-Mills matter are given in (3.10) of 1.
In addition, there is a A-¢ connection [5], (D,)ay = (Dy)va = —Fayp, that
contributes as follows to the covariant derivatives of the fermion mass matrix:

(DPM)ay, = - (DpM),m = —e_K/2afa#p7

(D*M)} = —2K;;D*D*2’ — M}F#*, (D,M)! =D,D,2' + M[F;,
(D,M); = D,M{+2K,D*2'Fe,, (D,M)! =D,M!+ D172,
(D*M): = —M:iFer, (D,M)S = MSFe, (C.17)

‘The nonvanishing matrix elements of G, involving the gaugino field are

(GL), = CareFE, + 8ar (£ 0 + 5L + Zon) + (Fepu P, = & ¥),

(Gh),, = ~[(PutimsL)Fap — (= v)],
(6L),, = —1(Pu=ivsLy)Fam — (= ). (C.18)

Asin I, D, is the gauge and general coordinate covariant derivative, I, and
Z,, are given in (B.13) of I, and!® '

0 1
Fuv=VEFu, Li=-2 Lu=:5 00y -0d,30y). (C19)

The other matrix elements of G,,, are as given in Appendix (B.12) of I, except
that now the chiral matter connection includes the gauge field:

. i) )
(Gl = (Bl £, D(Toa) + 852 £ T), 1= {77 (20

19We use the notation Ly, L,,, to denote the field operators defined in (C.19), and also
the matrices defined by these fields multiplying the unit projection operator in the space
of gauginos, as in (3.9-11), (A.22-23), (C.22), etc.

ol

(C.16)



where (R, )} is defined in (B.8) of I, and the %-) connection gives an addi-

tional contribution to the gravitino matrix element?® of G,,,:

(G%) ., = 9o (T + Z) = oo + (FpuFam —p o v) . (C21)

Finally, in the 8 x 8 matrix notation of (2.14-17), setting G, = G, +5vs L,

Ho =

Mo =

Mo Mo + %[7“,7”]5%11 — 1 PMo — 2D*MS v — 4y v, M., ME°
—2L,L* 4 iD* Lvys + 2iv,7,7 15[ L7, ME),

Dy +2y" M2, + 0,75 L,

Guw + 27 (DuME — D, M) + 4v°y" (MEME — MEMY,)

+ [o0n (15 DuL7 = %L LP) — (p © v)] — 2L, L0 0, — 4, MO}s

=2 [y ({27, M} —ilL?, MO)ys) + {Lu, MG }y" = (o v)],

me + M§ 0, = me + M,. (C.22)

Then, defining Ho = H, + H, + H;, with

Hy = MoMo — 4y v, M. MY,

Hy, = —iPMeo —2v"D* M, + 2i7,7,77s L7, M&'],
1 ) =
H3 = Z[ #77‘/]Gm/ - 2L#L# + ZD#L#’VSv :
G:w = éuv = Zw, ' (C.23)

we find the following traces (Tr includes the Dirac trace): Trl = 8Trl, where

Tr is over internal symmetry indices only):

1
—Tr
8 H

- in [meme — 2M2, M8’| = Tr [m — 2M,, M**]

8

= STr (M3),+4K: 2D (1 o*'n,) + NoM2 + ZFe, 2

8

2/41/0.’

?*The last line of Eq. (B12) of I should read (G, )% = 62(vslpw + Zuv) — 75,
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1

1 v p rp0 v
Toa? = gTr[(meme)z (O pe ME ME)? + o ME mo M,

+16Mg"MS (MS M ~ Mg;"Mg)]

B Tr[(mm)z + 2mM“VﬁLMI‘V + 2M“VmMuVm + 41‘21.n/-prcrA/‘Zm/]u—p¢7

+8 (M M)’ - 16M“”MWMM,MW] , (C.24)
and using (B.12), partial integration and the relation
DYy M, = 29°D*M,, + 2v" D*M,,7s, (C.25)
we obtain
_%nﬁg = —%Tr {~i Pme +2v[L,, M§] + 2i»yV75D,,Mg"}}2

= Tt{D.mD*m—4D,M" D*M,, — 4[L.M"|[L*, },,)
L, [, m] — i ([13#,, AV + (Lo, m]sz“") 3, (C26)

where L,, is defined in (3.11). The remaining traces needed to evaluate

TrHo, TrHJ are:

"
%’I‘ng = (N + Ng+5)r—2Ng a”if v
1 ~ 2 7‘2 ! 2 1 J tuy
STrH] = NoTrh+ (N +5) —Tr (I, 2#)" - ;Ir (6.6
1 —_
STx (HiHs) = -;—’I‘r (5 - 22.1%) B, — 208,328 B, 12 — 36, {8, mo)]
1 1

STGLGE = -Q-I\r{éwéﬂ" +16G., ME MY 7,7, + 8D, M2, (DM — D ME?)
+16 (D, Mg {L*, M2} — D, ME {1, MS}) + &[T, L[, L*]
+2 (I, 2#) — 32 (MO, ME* MO ME + MO, MY MS, MY’ )
—32M2 M2 (ME Mg — 3ME Mb?) + 80L, LY M§ M.,

—80L,L* M5 MY, + 241”)“1:“1\73,1\45"} + NgTr (g2 - gz) , (C27)
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where Trh3, Tr§?, Trg? are given in (C.66), and I}, is the gaugino-gravitino

connection.

3. Ghost matrix elements

For the gravitino ghost, Hgy, is defined by (C.14). For the bosonic ghosts we

have
[ HY 3 a P
H = ( gh) + 2fupfay 9
Vz 0,z0%z
ab a ;w__ Y :
H = Kab + Kba 2fl-“/f ( 2x 4x2 ) s
y 0"z
H;gl.: = %D fauu +fau.u\/§ + \/—qa]D 4
a 1 .
(H*)2, = ""\/‘ED“}Z# u,,\/— —V2¢iD
(G),, = —Toom+3 (}"‘ Foow = (4 & v)),
A 1
(622),, = cancFr+ 5 (FaFl L —(a o b)),

A A a 1 a a
Gy, = (G2), =5 (DF - D).

4. Chiral multiplet supertraces
Defining
5STeH} = HiH] + HyHY — 2 Tr (HEHY), Wi = (Mm)ns
we have
1

z* pip’i § a v
g'I*r(m)2 = Trh2+ ———(8—)DGD"FWF,,“ :

(RX)! = e K (Akif_ljk - Ai/ij) — 2D,z D" K + éﬂf_jp

94

(C.28)
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1 a_\J 1 & az\7 2 ) az\7A
| ~53 f,-Di,(T 2f =53 f’?al{iﬁ(T 2"+ —(Toz) Ka(T?2)",
B = (W] +68 (V4 M) + Rl (X AXA™ 4 D2 D7)
+-L £ 7D + 1o, Doz,
4z? z
Hy = e (Ajndf - AjA) = D" D*7" (2Kjn Kim + Rinss)

LDk + 5 Kin) (T2 = W, (C1)

where ’
W=We, W =3 (FLF —iFLBY) - 50D C.32
—Wa’ b_Z(;wb -1 ;wb)_'é_x—z_ b ( )

is the bosonic part of the F-component of the chiral superfield WW;*, and
W2 = A% + O(0) is the Yang-Mills field strength supermultiplet. Thus:

%’I‘r(H{‘)Z = Tr lzfﬂug”—‘}(’ipi2 [(W* + W*) DD, + 477,

4
T () = Te(H), TYHS = T (HY),
STe(Hy) = STe (BN, + 5 Di(Tuzf Dy(T ) Fo By
~2iF?, (Dj(Taz) Rlpy, + Di(To2) Ki) D*2¥D* 2™
%’I&H@,‘H{‘ - %’I‘r(Hng{‘)o—t"-i-%Tr Rx, (C.33)
where

TrhX = e KAYA; —V —3M2 —2D,2"D*z™ Kim + 22p'pD + 2K2,
X = [(xwab + %’D“Db> pi;(Toz)* (2(sz)j + zijb) + h.c.]

+%xzpipipﬂszyEmK,-mDaF:", (C.34)

and the chiral fermion contributions to the helicity-odd operator T' are
™ = T3 +T5,
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Y =

(X, 8] (G23)" = [Re (o, M)]j, (G2) + T (M”PMW - M”ﬁj\?u,,)

J
D

1 . 1
s Lo, (erooms, - Lerers),

8

8 V4 o g \ J — VL [.= ]

3 (82 b )j (M, M), — 2 [(RM*); (AM,)] +hoc

6( i, \2 . 4 )i, \2

% [(Fe Fe)? + (Fe By - x—(—psﬁ’—)—DanF:,,Fb“”. (C.35)

Then we obtain

STrH,
1
’2‘STI‘H i

STr (Hy), + 227D, Di(Tz)" + 22°pip'D,
1 4 a 1 a 2 2 a a
5STx (H), — TF + 22pip D Do — —D*(Tuz)'k: = 5C¢DaD

4 ‘L A2

-””—(54&?— (W + W*) DD,
1 3 1 uFVpFa 1 FuuFa. & zzpip’ip

+§$pp‘t T, L, up_zra w ] =T a+T

+22%(pip')?D? + 2D (6M2 — 3M7 — V) — 62%p'p: MED

— (Was + Was) Di(T2)/ D;(T°2) -

+4 (V + Mi) (IC: + :czpipiD) — 2" KD ATAL <pk1—j + gpij)

4e~K
+

(Toz) (T°2)™ R i Ak A™ + 267D (0" + 202 + A A7)

x

+2e7{ [o; (24~ 8) — ay A + ALA (2% + 5 )] DulT 2 +hic )

+§Da [(V + M3) Di(T22) + e—KRknjiAkA”Dj(T“z)i]

e_K . - . — _. fif. -
+— {DG(T“z)’ [44;47 + R, A Ay| - D <2a,~A’ - J;szfa,-/v) + h.c.}

+z? [2DpziDijPijW — e Fpi (Ajz‘kfik - Ai_j/‘i) W + h.c.] + z4pijpijW)_/V_
4 1 =m a ; 1 i .
—;D“z D,z"K;mD,Di(T*z) — = (0,20 + 8,y0"y) (1 +2z%p pi) D
2 - i, o . : _
AD* | SFaD, P Kinl(Ta) D7+ (W(Tazf — Wl T2)) s+

+2D, 2 D5 R E(Taz)f (T°2)" + DD’ (Taz«)ﬁ]
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{[2(1%)]‘1) — 7] [ 41 fmpij] D“E’?‘Duzi+h.c.}
+{ D2 D 27 22 Rainjp™ W — 2piDa(T°2)™] + hoc.}
+2iF2, (D;(Toz) Rlpy + Di(Tuz) Kri) D*2FD* 2™
+iz?p pi D,z D, E" Kin D" F2* + 4z (Wt pyj(Toz)(Ti2)’ +hoc.),  (C.36)

where
ki = Dik, k=e A ;A7 — 2V — 10M2 ~ 4K2. (C.37)
Finally we have?!
v N o pw o
TR, O = ST (G,Gu) = ZEE (ras Py - e, )
28 (p0:)" [( e o\ 2 o fuv
e (e s ()]
+ 6F:UI{imD“sz"EmDi(Taz)". (C.38)

5. Mixed chiral-gauge supertraces
For the bose sector we have Hf' = —S, and

TrS* = =Kin [Du(Ta2)|[DA(T.2)"] - 4— [(To2)'KinDu(T°2)™ + h.c|

+okceds ‘;‘z = — ¢ [pi(T°2) (TozY F2* (F3, —iF2,) +h.c

—2 [:cpm”D Z™(T°2)'D, 2’ (F m zﬁ’:") —-—h.c.]
’ 0,y0%y 5ayxavz>

+Z i (v;f:” 2 fus +xpip*F:"F:u(

2 2 4
R P - p
—~apip [F;"‘FS,, (96 202 4 20 ) + Py, 2 x]

—‘/TE (D{,’]—';”’ + %f;p) [Fipis D (F, - iF2) +hel

*1The term +4D,2'D, 2™ Kim Rjn (D#2 DY 2* — DY 20 D#2™) should be included in the
right hand side of (B.14) of I.
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T " 61/ v a "'a
+§xp’pi (Dyfap + Tyfap) (3“:I:F#p - 23“yFM,)

Oz .0, P iryp s j
—F;"‘F:#{[( 5 4y> D2 pis f +h.c.] +2°D, 2D’z pijpfﬁ}

. -_— ' 3 B - .
+FF2, { [(3’?—23 + zaéi) DP 2 Fi+ h.c.] + %D,,zzppzmp,-jpzﬁ}

——F”“F“ [ (0,z +10,y) D 2 pi; f* + h.c.]

16 @ ~ v
+8zFY“F? K¢ + 4i (Tﬂ'ﬁw _ 9 ‘”FW) (T°2)'KinD,Z™ — h.c]
a a TY! TV 3auyau ra vu e 0,,13892:
\/_FMPDpr 4z F:pFup_Faquu z
+22FFy, (4D 2D, 2" K +  (DP2'D¥ 27 pij + h.c)]
—%xZF;“F:# (D= D?2pi; — hic.). (C.39)

In writing this expression we dropped total derivatives and used (B.10) and
(B.12-B.14), as well as the Yang-Mills Bianchi identity. In addition we used
(B.3-5) and (B.8) and
Vapis (F2# = iF) D2 Dy(T2) = D, pif(To) (VEDLFL — iF2v0,a)
—z(T°z)’ (F:“ —'z'F:“) (pijD#D,,zi + p,ﬁijDMEmD,zi) + total derivative,
—iF?, [D*2'D* 2" K Di(T.z)’ — h.c| = total deriv.
+HD*Fp, Kim [DY27(Taz)' — DY (Tu2)™] + 2 F2, FLKL,

F2 D*D2l = :tQF:,, wr(Tho ) ] = {_. (C.40)

2

To evaluate the fermion matrix elements we use (3.34); we have
1 Xg\2 2 — A guvNt (o= a ruv \' (15 a
STr ()P = Teh?, +2 [(mM i (ML) + (M#m)’ (Mum)® + h.c.]
= —T¥+ e %D (20a" + 8aa) + 2D (V - M)

+E';f— [4(TaZ)iAz’j(Taz)j (a _ A) -9 ((Taz)iDaAijaj + hc)]
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e X i(ras\A A Tk 2 [ora 2 i
+4—(Tz)/(T°2)" AL + 2M3 [2K2 + (32%p%p: — 4) D]

25" (i (a— A) [FD - (D] +he),

ST (Hf = 2(Dum), (D*m); 8 (D)’ (DM,.)]
+ {[ L L (M) + [L, ]G (M*)7 + hec.
2Ly, (L%, m]2 + 8L L, (M,,), (M*);  (C.41)

with

2
8 (D, 0r)" (D°M,.); = -= Z (D”J—‘”“ %FV#)

e

+‘”’Z ( 8,00°zF"F,, + 8x8pyF"“F,,,L—  yd°y F*F, )

+= {D”z pii ' (Fou = iF,,) [VaDLF™* —id,y (F”” +iF)] +hec}

—3—2 (D92 pii f 8,z (F**F,, — z‘F"“F,,,) +h.c]

3
— 5 DP D, E i P Fr + gD" D, i34 F* B,

SL2L, (11,), (M#); = 2P (40,40 P — By VELF),

{({Lyw, L (M) + (L, )2 (M*)T + o} = 739, (C.42)
and, using (C.40),

2(D, m) (D#m)’ + 2[L,, m]L[L*, m]t = —-2§—‘”- (T. z) K,mD (T°2)™ +h.c|

at uv

+zpipt {Kiﬁij’D“zj(TaE)ﬁ‘ [(T“;:)’.D,‘E’—z + (T“E)"D,,zi] + h.c.}

2 Kip Da(T.2)" D" D (T*2) D23 + 4K F,
T
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—02pip'D* K, [(T2) Du2™ + (T.2)" D2 |

~2{ K;n(Tu2)" D2’ [pir(T°2) D*2* + pa(T*2)"D*Z"| + hoc.}
1 o ' _ _

~5=De {piDu F Kiem, [(T2)*D*2™ + (T°2) "DHzk| +hec.)

2z6uy

+2D, [piDuz'D 2 ka(Ta Y +he)— D, [pu(T°2)'D*2* —h.c|
+ (0,z0%z + 30,y0"y) %D + 2:162Dpz~jDuz’.'D“Zﬁ’,of;L

+ [%F:"@Uyl{imDuzi(T"E)m — 2Dp'pi; D, 2" (9, + 2i0,y) + h.c.]
(@,a:@“z 3,,3,/6“3/)

+4zF® F*D, 2 D"z K + K°

prta 72 2

+22 (%sz:” — %Ff") K [’DuZﬁL(Taz)". - Duzi(TaZ)ﬁL] ] (C43)

We write the x-A contribution to T as

T X9
T

X9
t3

X9

X9
T3

T 4T+ +t37 =T, + t5°
—4 (MM*™); (MM,,)? + h.c.

(W +D) (zzpipiMf + (a— A)C_Li%) + h.c,

I [0 (2 + 208, (), ]

+%62L0 [(Mw) (Do) 'h‘c'] !
_P;Pf B, yB,zFL D" + %Fs‘u (002 Fy — oy FL)

2iL*m¢D,m: + h.c.

—20,y0"ypip'D + 2%&”” [Kin D2 (T°2)™ + hoc] + O ’; 9y Fwpe
—’—g-’;—y {D#zf [D Fpi; + éK]-,ﬁ(T“g)’h1),~(T"z)ﬂ] - h.c.}
xz
2 o
—l—;ZD“B“y [pii(Tu2)' D,z —hc], (C.44)
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where

8iL° (Mu) (D,M*)" +hc. = 332— (D20 7 (40,9 F2, 2 — 8,y F2F2,) —hec |
+%"”iapy (e, (VaDLFe + 0,y Fe — 8,aF) + 8,yFe,F) . (C.45)

In addition we have

L) = (o), (62)" =T ()

= 64(D,M,,) (D*M** — D*M*)’ 128 [L” (M,,,)' (Dud+*): — h.c.] ,

1
a K3

64 (D,,M,,,,)i (D“M”" - D”M“p)z_z = —2z%p;p* (DZ]-';“’ + %F;‘”)z
—i (D2 pi 7 [Fr F2, 0,0 — iFF2, (8,2 + i0,y) + 40,y F2, F*] + h.c.}
+ (\/:EDZ}-;“' + 3,,3;}3';‘”) {ZzpipiapxF:V + [_(F:U - iF:,,) D2 pi; f7 + h.c.]}
+FYF;, [zpipiapxapx + xapijp’%DpziDpzﬁ] + x—’;ﬁﬁf"F‘fﬁ"yapx
—-FYF;, [xpipi (0,20"z + 20,y0"y) + 4z3pz~jpfﬁDuz"D"2m] , (C.46)

Using the classical equations of motion (B.17-20), we obtain, with &' =
—4K2,

1 i M ;- At Am_—-K 4 a, \J =\

§ST1'H;§ = -—T;g + (Dﬂz D*z™ + A'A™e A) (k}m - ;(T z)(T,%) Riﬁmjﬁ)

4% pp;
V9

2zp'p; 7. _ .
+-’”\%’-’- [ico# (KimDuz™(Tuz) = hoc) + D*(Taz) L]
1 p 0 u., ra fi v_j a - Ta
: +%£a zp'p; 0"y F,, + E-piﬂ) z (F,,p - zF,,p) + h.c.
—%STrCAv’ig — 5% +42%p'p;D [3Mi +V - e‘Kac'z] + 1022 p' p; DM}

_ 2 i,
—e ¥ (B AA+he) — Apl —ZLPip rov
aqr
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+4z [p,'j(Taz)i(sz)j (wab + 21—22?an) + h.c.] — aM2Ke
T
+2 [z'xpﬁ,-jpyzﬁ(T“z)iDuzf (Fe —iF™) +hc

3:!:21 (Fuu F"“) (Fp# + iﬁ’p#) (8,20°z + 8,y0°y)
1 ; 0
_ <5§ 4 pi) 8,y0,zD*F* + %D (50,20 + 30,y0"y)

—izp piKim [D°Z™(Tuz)' — D2 (Tu2)™] 04y F,

+ {W [ 22p'p; M} + (a — A)fia'e™ — (8,2 +id,y) Dpsz{jg] + h.c.}
+222p;;p}, DD, 2 DP 2™ — 227 [(FY4Fe, — iF“F2,) D°2'D* 27 pij + hoc|
Oyya” 09T puofpa g (3u$3”$ _ a,,yapy)

Z Z

\/_F:pr,’]-“’”
—e %D (20, + 16ad) +2D (3V + 1TM2) + 4M} (D + K?2)

+fi {2D°(Tu2)'Ay; (a7 — 247) — a; (a - A) [f'D - 2(T°2)'D.] + hoc.}
—4xzc2F;,,F # — pipt [(0°z + 2i0*y) Kjm(Taz)' D,u2™ + hoc.] D°

—%K,ﬁ (D 2™(Tuz)' — D2 (Tu2)™) [ Fipsy D02 (F2, —iF2) + hc]

-2 {ij(Tai)mDuzj [pik(Taz)iD”z + pzﬁ(T"Z)lD“Z"] + h.c.}

1 t £y a = az\m
+5-De {piDu? F Kiem [(T°2)*D*2™ + (T°2)™D*2*| + h.c.}
+ {p,,D” [21) Di(T°2)'D,2* + fIF (a 2T Fe — ang;,,)J + h.c.}
(auacf“a: 4 aﬂyﬁ“y)

—42F® F*D, 2 D" 5™ K + K°

urt a
D Fuy
~2i (2 - Ou
T i
+% (F;‘”ngapxa”x + F;‘”F:,,@pxa”y) ‘
_ 13ipip
96

12

F:u) Kim [D,7"(Tu2)} — D, (Tu2)"]

(P2 F2,0,y0%y — 4F2* F2,0,90"y),
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2
— ~2 — X9 z p” !/ ;w aﬂy Ty
SSTRG2, = 6 —=£ <D F+ 2 E )

. |9° -// v ouy [ 8
+opip’ [T"”F:u_(ﬁ%f: + Oy Fr) + = F

F;wFa. :l

+1 [(Fz, —iFg,) D2 pi P+ huc (\/EDZ]-‘;“’ + 0y )

8

32F;“’F“ [i (9,2 +i0,y) D*2*pi; F + hc.]

z° J up e Ty =m 1 uv a iy =m
—?pUpﬁz <Fa FupD#z D" z™ — _Fa FuVDPZ Drz >

+x/3); [Fev Fe,0,00°z — 4F 1 Fy, (8,20 x + 20,y0"y )

32 (Fa Bpz + 4iF2,0,y) F*pi; F D2 +h.c

+”’Z‘8 (FeF2,0,y0%y — 4F F2,0,y8"y) .

6. Mixed chiral-gravity supertraces .
For the bosonic sector HY® = §; using (C.39) we obtain

TY? = TrY2+2xleF,’IuF;‘” .
E08 (b R+ (PeFe) 4 (Faber) + (R )]
195 (Déjgp Ouz F“") Kin [D, Em(T“z) —D,2(T°2)"]

22 oDz DAy, (B = SF) - 29D, DH I FE, F2? + hic.

~F2 Fr (v;x _ Oz 8,,y8"y) + 2a“iany:‘”F5p
T
Oz V3y 8,28y
_ a My TvpZ Y pa puy _Zr
2F;, DLFL = Fe F ( - - ) , (C.48)

For the fermions, we have

8
63

Lov (H,><G)2 = Trth+4[(mM‘“’) (7 M#,) +hc]+8(M,“,Mp,) (dg Mo

(C.47)
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16 (M3, (317,07 — 32 (¥ 30 (W1,0,0)

i o
o D

= %Tr (H{‘G)z +2¢7%D (Aia' + hec.) +4D (2M} - V — e % aa)
—222p'p; D? — %D,,Dblcab - 2?@“ [(Taz)"Ai,-Af + h.c.]

_%ZpipiDanF:VFgw - 134;21'%71 [(F:uF:V)Z + (FJUF:V) 2] ?

3T () =2 T (D), (Do) -8 (D1 (0°M,.)’ =

=,

—-éTr (H;‘G)z — 22 F2 F# pp,D,D* — 8 (E,MW): (D"M,,)" (C.49)

where

(Ddt)’ (BoM,.)" = —‘”‘;g"spi [(1!37,,1?;”)2 + (Fo B+ (Fo,B) + (o, B 2] (C.50)

giving
%STrH;G = ;21- (STrHZs), —2¢7%D (4@ + hc.) — 4D (2M} = V — e aa)

. 2 K A
+22%p'p; D* + ;DanIC“b +2=—D* [(T.2) A;; A + hoc| + 20Fg, FYU K}

-
X

D'Fre  §.x _ : . _
+2i ( - %Fg"’) Kim [D,2™(T°2)" = D7 (T°2)"]

otz - Viy 8,z0% 20,y0"y
_ a /M’ TVvp — a ny _ ek [ He e
2F;D,F, _\/2_: F, F! < 5 = > + - F! F,,p
\% 0,20°z — 0,y0”° 3, ;
_F:HF:V ( 2517 - T :l: i y) - szplpiDanF:VFbuy

+x4;2ipi [7 (Frere)’ +7(FeeFe)’ + 6 (Feors,) +6 (PR, 2]

—g? {p,‘jD#Zi [D“szfp <F;”’ - %F;p) - 2D”sz,j‘pr”] + h.c.} . (C51)

The contribution to 7' is
T = T34 1,
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ne = -3 (0.0, (o)
Tj‘G = —4 [(ﬁzMw)i (mM,.); + h.c.] + %fi (Mdeuu)i (MMMW):
- x2:8,-pi [12F “FLDDy — (FLFL) - (Fé‘”F’S,,)2] . (C.52)

which for future reference [see (C.59,62)] we write as

(1 L \2 1
2T+ T3° = apipt { o [(FFe)’ + (FeFL)'] + SF2FA DD}

The contribution to STrG? is

Tr (G'SG)z = zpip’ [(F:uFbw)z + (F:uﬁbw) 2] )

ST (6%) = wtowst [(FaFe) + (Fofe) + (Fare) +

(C.53)

(F:llﬁbuy> 2] )

SSTrC, = zoigt (P pe) + (P )’ - (Fo )’ - (FuF“)z] :

24

7. Yang-Mills and gravity supertraces

(C.54)

For the remaining bosonic contributions, we have H3T® = X — N — K; we

write Ny = N/

a

» + 6apm, and evaluate separately in the next subsection the

terms that depend only on n and are proportional to Ng, the number of

gauge degrees of freedom. Then:

TrX = TrXy-20D 4+ zF°* F*

urv-a

TrX? = TrXZ+40D* + 80DV — 8D + zF2 F¥ (r —4V)
2
+2rkaFL Y — bar,, " P FS, — %— (Fe, )
2 =N 2927 o N2 BTt . N2
+5 (FoFe) + == (FaR”) + 5 (Faf)
TrtN = 8K:+ Ngn,
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TrN? = 8(KapK® + KuK®) + 4CSF2 F* + Ngn® + 4rK?

ny

4z (1= Z2L) (repe poo _ Lope puv) 4 1200, B8, P F#
tez 2 Ty Lupla ~Zr wha | T 1axCapel,, I')

a v2x Sa#yauy 2 i oz a Ty TV
—4K¢ < = + 527 -2 (2 —zp;p ) ﬁFupDVfap

2,0 I P i
+ (1 _ z PzP ) [Fa F;.w (3,,:103 z _ apya y) +2Fa Fllpa”yxa y]

2 ueo e z 2z wer @

— (D*%'pi; ' +h.c) F* <8uchfp - afF;p)

L1 |(Fore) + (Fo )] - = |(Enre)" + (F )]

8 wa 8

x4pipi a v)? o pur)? a v)? o pur)?
— [(FWFg‘) + (e, 5) + (Fe, ) +(FWF;‘)]

xs(pipi)z a v\ 2 a puv\2 e puv)? a pur)?
+ ) [(marer) + (uber) + (Fare) + (P b)),

TrK® = 10D F2 DIFY + 6rizF*F2 — 3r,, P sF* F% + 6zcau e, F? #F
RAVE 20,10° 250,y0° 50\z0° 60,y0”

—F;‘”Fiu( e y)+F3”F,§‘y( e y)

1 Iu 1a Av Ay 1 Al 2
—ED' “flw (IOFa 3)\27 - llFa 3>‘y) - ZF;‘ Fuu <3V y—
In writing these expressions we dropped total derivatives and used (B.10)
and (B.12-B.14), as well as the Yang-Mills Bianchi identity.

Finally, writing (G’ﬁ,,): = (G’:w): + 9,07, we have

p
3”"’;9 x) .(C.55)

A 2 2 . o Ty . S 40,20y
Tr (G{D+G) = Tr (Gg)o —4CLF. F* + Ngg* + F. F¥ (3sz - )
+2%pip (4r2 FRoFS, — rF, ) +8 (DIFe)’ + 8arlFo, Fer
2
T

yloe) (’Z"i)z |(Fere) + (P )’ — 3 (Fe, )’ =3 (Fo )]

1 .
+%F#VF‘“’ (40°z0,2 — 0°y0,y) — —F,,F"* (0*z0,z + 20"y0,y)
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T8 () + (B Be) + (P k) + (P fe)']

37 (Fe, ) =<2 (FoF) + 5—? (P2, B’

2 e
— B (e Fr,0,y0% — 4FL7F,0,99"y)

-\ DUF
— (80*2F,, — 40*yF,,) 7 (C.56)

where C¢ is the Casimir in the adjoint representation, and we used (C.10)

and (B.12-14).
For the fermions we define H9t¢ = H9 + HC + H9  with

1 0
By = Havia(y ))ed+r+R),

0
(Gf‘V): = (G:W): + 6: (é (1)) ® (guu + i’)’SLuu) s
(Gi)b = (Gi)b + & (; ?) ® 4%, (C.57)

where h;, §,, and §,, are 4 x 4 Dirac matrices. Then we obtain:

éTer*G = %’I‘r (#F), + %Trhl +2K2 —D (2 - 2%'p:) + gijF;‘”,
%Tr (H7+¢)" = éTr (HS). + %fnhf +2M3 22 + D (3 +2%0'p:)]

+D? [2 —22%p;p" + (xzpipi) 2} + 4K Ky, — -32; (1 — xzpipi) KD, D,
—% (6*28,z + 8"yB,y) D — gpﬂzipuzﬁ(Taz)f(Tae)ﬁK,-ﬁKm
+%Da (8. + 10,y) D*#7(T°2) Kim + h.c

+2D (Mi +V —4e7®aa) + 2F2 F (—;-Mf + M~ e"Kda>

i Y
_ 2 (2%0'pi) )

+

1auV b
+FFbDaD(1 5 7

2
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8
-Tr

—=Tr (H7*°)" =

lTng‘*G =

~Tr (H§*)" =

(Hl H3).9+G —

_TI'G§+G =

+ 2 \(Fe,m) + (Fo F)’ = (Fo ) — (Fo B2 ”)2] |

Lz P pi [(F:,,F;“’)Z N (Fﬁyﬁf")z] ,

32
1 2 NG a v -K - a v
—3Tr (HF), - T’I&'hg + D, DY F2 F — 2ze K aaF2, F¥
0#zd,z  0*yl,y o _ 1. o, o=\
—_ ( 23:2 — 972 D + x_ZDa [D#Z IX,,;,,(T Z) + hC]

1 . _ . _ _ .

- {KinKimD"2 (Tu5)™ [(T°2)'D,u2" + (T°2)*D,2'| + hc.}
xZ a frpv 2 1 u m a e

-= (Fe,F) + o (0*20,x — 9*yd,y) i, F

—;3%; (0*28,x — 8*yd,y) F*. F™

uv= a ?

1 G NG
g Ir (H3 )0 + — Trhs,
N+5 Ng 0,y0%y . 1, . =,
Trz + TTI‘h% + MQTF:pF#P - i_éﬁG92+G7
1 G NG 1 o Py 0°z0 Yy
Z'I‘I' (H]H;;)o -+ -—2—"1\1‘ (h]hg) — ZFMVF;‘ (sz _ Tp

20,y0%y . T ,Y0°Y\ (T 0 s
+ (T‘——ix‘§—> (’Ca+?pp{D + T—-pT— (ZFWF: —D)

2 i , )
~T5% 4+ (2 I ’2”’1) D,2D,z" K;n D*F,

1 _ 8,20
5TrGgyg + NoTrg” + g (r? —2rr,) + Fo F2 (6V2y -8 xx y)
+apto: (2rFo e = DFL P ) — 8 (DUFe) - Sars o, Foe

—%F,,,,F‘“’ (0°20,2 — 0°yd,y) + %FWF”" (0“20,3 — T0"yd,y)

5p'p;
2Pl (B, F*0°yd,y — 4F,, F*°3"yd,y)

4
8 (2B uF) P = 5 () (R + (Fr )
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sEOR T (pe ) 4 (Bn ) - (B e) - (o]

+%2 (P re) = (o Ree) + 5 (Fo )’ — 5 (o B ")2] )

%ﬁé'gzq-c = 4 (r2 - 47““’7‘,,,,) + 200, " —4CGF; F}

o’z |
T

+§— (8px3”xF“ Fr — ﬂxa”xF;"’Ffp) + 42? (F:upfy)z

+16D" F2 DI F — 16

Fo DI FH 4 162r4 FPF2,

pv
uvt a
92 [(F,;',F,,‘“’)2 + (F;;j},“")2 + (F;,,F;“’)z] : (C.58)
The nonvanishing contributions to T9+€ are:

13 = 2 [Reu,an)) (6)] - 2[R, ] (6n)]

a
p

puvt a prt oa 27 2

75 = (Koo n); () - [Reon ) (65).!

= -3 [F“ Fevvie 4 Fo pm <V2y - m)} 4 2202 o e,

. 6“]/ _ = — vo 5 J
+iNg =L (rDyma — h.c) + riTr (M oM,y — M ﬂMup)
7 , . _ 1 . 1
= —xzpzpiD“Z]DumeimDaF:u + §$3p1pi (T‘L‘F:pF:p - ZTF:"F:V) + NGt3,

2
1%

T = —4i(mit,,)" <mM ) +he = ZF FWM? 4 izF2 Foe K (@A —h.c),

2;wa

T = Tf+TFC. (C.59)
Finally, for the ghost sector, defining (Hggh): = (Hg'h)z + hgrndg, we have

TeHY, = 2K2 — =F% F* + Nohp, TrHS = Tr(Hyp), + %”F;u,

9 uvt a
Viz  0,z0%z
2z 4z2

2
Tr (th) = NghZ, +2(KaK™ + K5K%) —4K2 (
+F Fr (v% - W;ﬁ) — 22 F%, F* Ko + % (F:VF,,‘“’)z ,

2 e z
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T (a8)" = (o), + 55 (R pe) + (P m) + (B2 )]

~3zF2, F° (202D, 2" 215 +12)

Hp— a
Tr (BF) = —(D"Fuu)’ - A—J}z_ (Fo02)? = 4 (quDyuz")’

~D"™F2, (F:”%—% + 4qaﬂ>”z’> - 2F:"f—}fq?9uz”
ayxa“:cFa ey B,xd°z

2z pe— a 2z
2

2 (DuFw) = 2L Z pe prve — caFe P = (FeFe)”

v
z 4P

z [(F Fe)’ o+ (o, F) + (Fo, ) 2] . (C.60)

g [Pk

sy
Q
~—
N
1

Fe,F® + 227 FoFy,

Tr (GuG*)” = (TeGuG*) -

For the ghostino, TrG,, G*" is given in (B.18) of I, and the remaining traces
are modified with respect to that equation by??

TrHg, = (TI‘HGh)O + 4D 4+ :Z?F:VF:V,
TrHZ, = (TeHg,), +4D" + 22DFy, FI — 24iD*F* D, 2 Kin D, 2"
+2 (4D + o Fe, 1) <V + M2 - D,F K D?E™ — 2)
bFa (2% z’ a uv 2 a puv 2 .
+2D, D) By + — [(FWFa ) = (Fo ) ] . (C.61)
For the supertraces we obtain [see (B.17-20)]

STrH*® = STrHS + NgSTrh? — 2D (4 + :czp,-pi) ,
1 1
5STeHyio = 5 [STr(HE), +STr (Hjg), - STeHjg + NeSTeh)| — T3*C — T3¢

[ m 4 s rap =m 3 1 -
_L, Lt —_ a i o * — h.c. D fza
L ”,C =+ \/_ [41[: (K”"Duz (T z) h C) + ( Z) [:1]

L (14 ) 0 )

?2The last term in the equation for TrHZ, should be —18T,, T*".

12
V9

ApL + T"C:
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12

STI‘G§+G =

v* oupta 8

om0 2 i
+z 2—73: PP\ pupa pro _ 2 3—73: pip ) S
8 4 u
— 2 :
+HKEFEFY, +3C% (W2 + W3 ) + —C&D* D, — 2 p:K " D. Dy

200"\ 0*zd,x  O*yd.y ;
—(5+ 2p>rD—ICZ( x2“ + 12”>-—222pp1~DM§

—4K2M} — 2¢7K (DA +h.c.) +2D (31V + 20M2 + 11M3)
—4e KaaD + 2z (W + W) (ZMi - Mf) — 4ze”® (WAG +h.c)

~

D Fue ] . . ]
+2i (2—““— — @F;‘p) K [D,2™(T%2) — D,2'(T°2)"|

Nz x
0“x a Ty Tvp 1 " F O a,\* =m
—2—F;,D,F* — =D, [(30z + 8i0“y) Ki(T"2)'D,2™ + h.c]

4 . _ ) . . _
+=D*2'D, 2" K;n Do Di(T 2) — i (26 — 22p*p:) KjnDu2? D, 2" D*F2

[(5+2%0'p:) 8,2 F* + 50,y F] (K;m D, 2™(T°2) — h.c.)
020,z N 3"y8py)

?
x

+23 (8428,2 + 9*y0,4) D + (

a uv
FuVFa

2z2 Rx 4z

F* F? (60208, — 0*yd,y) — %F:,,F’:"@"xa,,y

1
_E upta
-# [F:,,F;“’ (apxa,,x ~ —21-6"y3,,y) + F2 PP 0°2d,y + QF:,,F;"’a”yB,,y]
: oz . Oz _, v i m
+p piﬁ“yauyD - F:p (%pr - —g‘Fup) (D z p,'jfj + hC)
+2? [(Fe, Fre — iF2, Fo) (2D,2' D2 — g4 D°2'D,27) pi + h.c ]
+627W* W, + 8D, D, (W + W) +2D? (19 — 2% p:)
+23p'p; (:ezpipi - l) [xWW + 2W*W,, + D (W + W)]
(3 22pip; ' )
2 ¢, |2 _ t ab | JA®
—2%pp; (2 — )Dan(W + W)
— (8D + 22 F: Ff7) D,z D* 2" Kim + 122F 5, F{* D, 2 D* 2™ K,

peta puta

1 . 1 2 leaman Lo a
55Tt (Ghy) , + 15 NeSTrg* - 5SThGg — SSTHG,
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._TxG _ Tf _ T4x o, T Z’ ( uFupFa _ ZF:VF:V)

—i (F#VFﬂ”apyapy —2F,, F“*8"yd,y) + 6F:y1(,-ﬁlD“sz"2ﬁlD,-(Taz)i
a:p pz T (F, F*8°yd,y — 4F,,F"*0"y0,y) + z*pip (W"bWab + WW)
+2pip [ZD D, (W* + W™) + 2D (W + W) + GDZJ
L4t (pipi) 22 (W*Wa = WW) 2D — 2D (W + W)]. (C.62)
The space-time curvature dependent terms in the supertraces evaluated in
sections C.4-7 give a contribution £, of the form (2.23) of I with

In A2 e moe (31 ;
Ha = Hi+HL+2 [:c (4 — 2%if") F&F,, " — guaFiy F? (5—1:52/){,0)],

¢ (e0)o + € — lnAz{ D + 207 i D + D, Dy(T"2 )1}
= € ; —
° 0T 3952 13 TAPET 5
a = at+a’, B=p0+4, (C.63)
where of, etc. are evaluated in section C.8. The metric redefinition in
(2.24-25) of I gives (4.11), and we get a correction® A, L:

~-.

AL = (ML)t ALt mE { AL Y
+ (Du' D* 2™ K — 2V)) [2x2pipiD + %DGD,-(T“Z)’] — 22V (W + W)
23Eq.(B23) of I should read:
\%A,c = 13“2:2 [{—2e-’< (Ak,-fi“‘ - -g-RzAkA") (N +17)V — ﬂ;—?’z)-Mj} 1%
+ [Ki,ﬁ {N . Dy ek (Aki/i“‘ - %Rf,Akﬁn) + 2N; 16M5} 2 Rim ] D,#DP5"
N + 29

- { (%R'zﬁz + 8Ki,;1) D, 2DP™ Juv — ('D 2D, 2™ + ’D,zi'Dﬂé’ﬁ) I{i,ﬁ} D”zj’D”EﬁI{iﬁ] .
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_2De K (AijAff - %RjA,-A") + %Dpuzfpﬂzﬁ [4Rim — (N — 61) K]

+ (N “g 2 _ :L‘zp;pi) 202 W W,y + (W + W™) D, D, + 2D7]
+ <N§3 — z2p; ) 4F,§‘C,F;"’D 2D* 2™ Kim
N + 29 a v 1 =T
_ ( = — 2% )waF; D,z D"z Km} (C.64)

where A,,L is given in (C.73) below.

8. Order Ng contributions

The bosonic traces are

Viz  30*yd,y

n = r— - ,

z 222
W2 oo V2g _ Ouz0%z 4 0,y0*y L 2V, 0,z 9,z0,x n 0,y0,y
# z 2z° z? z z? z?
+ viz)? B 30,z0*zV?z 8 L y0*yVix _ 0,y04aV?y
z 2z3 x3 z3

211—[ (8,20°2) + 8 (8,90"2)” + 3 (B,y0"y)’ — 50,00"20,99"y], (C.65)

and
2 _ Lo 00z, (By0¢z)’  20,y0"yd,z0"z  3(9,y9*y)?
9 = 2 [B(V y) -6 z Viy+ z? + z? 4z?
"
+ (% ~ dr ) — 20 a“i 0 42 . Oy (C.66)

The fermion traces are (here Tr includes the ordinary Dirac trace; Trl = 4):

1
7Tk = M, ’I‘rh2 M3,
T _
—%’I‘rh% = KD, D5 [(a,-—Ai) (@n — 4r) + 2%pu A f’"f’ a
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+e K [DuziD“zj (a;: — Ai) ('2%5 - xPjnAn> + h'c']

—%e_KDuziD“Zﬁ (f,ﬁpz-ka/—lk + h.c.) ,

m
Trhy = r— 22808
z
0,yo* ‘
k) = (=)
1, Lo m m Viy)?
Trhi = 17'2 = 5T (g™ = 2% 2u) - ( xz)
2 © “, 9*y)? 8., yd*x)?
Y yé‘uf@ y _rauy? y , Ouy 4 y): (O 4 z) ’
z z z z
o = (VY)? L VPyO,20ty |, 0.y0"y v 0uy0y
g™ = Trg.g” +6£—:—62—)—12 S a S A
o, \2 o, \2 N a v
_6(6#3!84 y) +2(3,‘:L'(3 y) +46uy8 y4,,x6 x,
T z z
!
Trg,.g"" = 4lT*"+TxZ,, Z* =4T,T" + 57'2 — 2r,, ™", (C.67)
To evaluate t3, Eq. (C.58), we write it as
[ y - Bop o -
t3 = —————-—-———a s zaﬂyT_ﬁ)\D“mA - —a i za,-hyﬁ?)\Du’n/\ + h.c.
2z 2z
~K
e F o yu s N(s_ 2 j
= > (faD*z™ — £iD*2') (a — &) [Du2? (a; — 4))
-D,z" (%a - :z:pﬁ_LA]>] + h.c.. . (C.68)
The ghost traces are:
; Viz  0,z0%z . V2 §,z0z\”
Trhy, = — 5 + Tz Trhy, = 5 T T aa? . (C.69)

The supertraces are

r r?  9,z0%z + 0*yd,y

' _ 2——_
golth = M- 4r—ma s
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r2

1o,z 1 2 Ouy0ty 4, 1o
§STrh = —i3 16+2rwr - M; (2 ~agZ M/\+21"m,f‘

., (V2x 0,z0"z 4 aﬂyal‘y) L (V,,B,,x 3 0,x0,z 4 auya,,y>

2¢  4a? 422 z 222 222
(Zj;)z + (Zi‘z)z - 2:13 [(5 z0%z — 0 ya“ ) V3z + 28ux0“yvzy]
o (0 + i8,9) (0% + 0% - o (0,00"y)°
+e KD, D™ [(a,- — Ai) (@n — An) + 2?pa A" A; — %aa]

fi

-K d ‘ A AT fifj =
te {Duz [ [(ai — A) (%A —zpinA ) + Eaa

L (0 )] 4

+LK {Duz"D“zﬁ”fm [(Ez - /i) (a; — A;) — ‘”PikAAk] + h'c'} ’
1

%ST@Z = (r — 47, T )

3 1
16z4 (3“y3“y)2 - EFWI““’. (C.70)

Dropping the total derivative

otz Vg 0#zd,z Oz
8u <_M>\) = T MAZ - MA - D#Mf

and using the equations of motion (B.18), we can write

In A? ) In A? [22pip; ; i
Ne 3272 [ST (h - 'éh + ﬁg ) + t3] =Ly + No 3972 l Nz L0+ (Xgﬁi + h.c.)

In A? SN2 .
g 311%2 {xﬁ (b'p:)” WW — 2M} + 3MZ — 2MEM + V2

+6e % aaMy — ¥ (@A + h.c.) (V + M)
+e K AW A; — 2¢7 (@' AiaA + h.c.) +2V (2M2 — 2M} + e ¥ aa)
fmf’l —l

+e_KDuzi'D“2m [(ai —A;) (a'rh - Am) + xzpikAk 472
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)

+e K {D,,ziD“zj [( —A;) (f] —Evpjnz‘i") — 2f—1a,A fi{a— A) szAk] + h.c. }

e K

+g {D,,ziD“Emf,ﬁ [2&ai —zpi (a— A) Ak} + fii;& (2a — A)D,2'D*2" + h.c.}

+z (pijD#ZiD#Zj + h.c.) (Mdj - V) +eK [:cp,JD 2D (akAk - 2Aa) + h. c}

1 _ 1. _ .
T6a4 |(Ouz +10.y) (0% + *y)* - 2*p'p: (W + W) (M + V)
+2°p* i [W (xpijDuziD“zj +eFAa — Qe'K&A) + h.c.]
+%FWI"“’ + $2pi]’DuZiDqu am Dy 27 DY 2" + total derivative. - (C.11)
where
X; = (XZ) = [:v P oW + zp;n D, 2" DF2F + e (aJA - 2aA) V- Mi] ,
(C.72)
and L., is of the form (2.23) of I with
o = _iV_g_lnAz gz&lnAz 5g=—1nA2£V£
6 3272’ 2 3272’ 3272 3
In A2 Viz  20,z0°z 9,y0%y
'] —_ . [4 _Zr
Ho = Negg {g“” ( > 322
v v 14 v
1o Y0z D20z, 3,40 y}. (C.73)
z z z

Finally, using the equations of motion (B.17-18) we obtain [see (C.62)]:

In A? 3 T e i
Al = —Nago— [FL+ (D7 L+ huc.)]
In A2 ) 0 i = 1 iy s
RV §V + §MA (Duz'D*2" Kins = 2V) + 3V D, D* 2" Kim
auzaux al/yay 1YL T up a)
+( S+ )(3D2D K%—Gv—gf;p

22 v z T

+ (z:FuPFa -D zzDu—vazm) <5u:c8 z + auya y) _ % (Duzz’puzﬁzl{iﬁl)z
+%1{,ﬁ Kjn (Du2'D*2'D, 2" D 2" + D, ' D*5"D, 2™ D" )
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+ xF“ FrD, 2 D5 Ky, — 2F° F*D,2*D*z™ Ky,

pocta outa

ey s (] o

Combining the results of sections C.4-8, and evaluating £, — £, + AT[’ —_
AL — AL - ,CAXA LaLpXAB with

4 KA ALADc. = — (£1XT) —4v/5 [z (W + W) M} — 4DM], — ze™ (WaA + h.c )],
yields the result given in (4.6-12), where we uéed gauge invariance to write

0 = 6 (Due'D*2pij) = D2’ D 2’ [(Tuz) pije + 204 D(Taz)* — (Tu2)" pis)
= D, (D* [(TuzY pis] + [pi Di(Tu2)* — (T.2)"pmis]| Doz’ — (Taz) priy D*2™)
0 = & (p:A)) = pij(Tuzy &' — pi((Tu2)™ AL, + Dupi &', |
0 = 6 (fif) =22 [ph(Tu2)™ f: — pis(Tu2)' F]
0 = & (pV') = pij(Tuz)' V' - ? (a4 — a;; A + Aya' ~ 2pai; A AY) (T°2)
—e—;f [Du(aa — Aa — aA) + 22p5,(T.2)™ Ai(@ — 4)] . (C.75)

We also used the following identities, that hold up to a total derivative:

0 = DD (Dupi;(T2)) — piDa(T°2) [g-%ﬁ' + Vi 4 LD(T2) + % fi‘)?v‘] ,
! T
6” , _ _ .
0 = A,m (To2)'D*2™ + (T.2)"D* 2| F2,

m . . -
+D,— 3 [7£Z +20"2F;, — iKim (Dufm(Taz)z - Dﬂz1(Ta§)m)] ?
0“z

0 = —-;-Ki,ﬁ (T.2)D*z™ + (TL2)"D* 2] 2,
a.z a : —7n —\7R :
0 = ~2 DK (To2)D*2™ + (T.2)"D*7]

’D[% (8,20"z + B,y0"y) — 4 (M — M2) — 2(V + e ¥ aa)
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FiL; -K _ ji : i j i
+ (m + e KaA* 4 29D, 2 DH 27 + 230" pW + hic. | |,
0 = -22%'pD, A" + (fipiiD,2" +hc.) A, (C.76)

where —D, A” is given by the right hand sides of the second and third equa-
tions in (C.76), with A, = (0*y/z)D.F;,, (a“x/x)Daﬁ’;u, respectively.
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