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Abstract. The analysis of general linear variable coefficient delay differential-algebraic systems (DDAEs) is
presented. The solvability for DDAESs is investigated and a reformulation procedure to regularize a given DDAE is
developed. Based on this regularization procedure existence and uniqueness of solutions and consistency of initial
functions is analyzed as well as other structural properties of DDAEs like smoothness requirements. We also present
some examples to demonstrate that for the numerical solution of a DDAE, a reformulation of the system before
applying numerical methods is essential.
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1. Introduction. In this paper we study general linear delay differential-algebraic equations
(DDAEs) with variable coefficients of the form

E()i(t) = At)a(t) + B)A () + (2), (L1)

on the time interval I = [0, 00), where & denotes the first (time) derivative of the vector valued
function x, A, denotes the shift (backward) operator, i.e., Ay : t — x(t — 7), with a single
constant delay 7 > 0. The coefficients are matrix functions £, A, B : 1 — C™" f .1 — C™.
Most of the results in this paper can also be extended to multiple delays, but here we only discuss
the single delay case.

Note that DDAEs of the form (1.1)) include many classes of dynamical systems. In particular,
we focus on: differential-algebraic equations (DAES)

E(t)i(t) = At)z(t) + f(t), (1.2)
difference equations
0= A(B)a(t) + B(t)Ayx(t) + f(1), (1.3)
and also delay-differential equations

i(t) = AW (t) + BOA(t) + f(1). (1.4)

Standard DAEs without delay of the form are common mathematical models in many applica-
tion areas, such as multibody systems, electrical circuit simulation, control theory, fluid dynamics,
chemical engineering, see e. g. [II [Bl 1’7, 21, 26] and the references therein. However, in a more
realistic way, evolution phenomena arising in physics, biology, chemistry, or engineering should be
modeled with hereditary characteristics such as memory and time delays, and thus naturally delay
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differential-algebraic equations arise. The delay may arise due to the computing time needed for
extensive computations [12], due to interconnects for networks [20], [29], in lossless transmission
lines [18, [30], or in fluid flow models [19, [24]. In particular, linear delay differential-algebraic
equations arise after linearizing general nonlinear delay differential-algebraic equations of the form

F(t,z(t),z(t), Arz(t)) =0
around a non-constant trajectory. We demonstrate that by the following example.

ExXAMPLE 1.1. The dynamical behavior of a system in fluid mechanics and turbulence mod-
eling is often described by the incompressible Navier-Stokes equation of the form

%—VAU—FVp—&—(zrV)u:F,

ot
V-u=0,

where v > 0 is the viscosity, u = u(t, &) is the velocity field which is a function of the time ¢ and
the position &, p is the pressure, F' is the external force. Recently, there has been an increasing
interest in the situation where the trajectories of some fluid particles have a delay 7 to follow the
fluid [22], 25]. Furthermore, from the control perspective, it is favorable to control the system by
some external force G = G(t,u(t — 7,€)) which involves some hereditary characteristics [9, [I1].
This leads to the following time-delayed version of the incompressible Navier-Stokes equation

Ou —vAu+ Vp+ (u(t —7,8) - Vu=F + G(t,u(t — 7,5)),

ot
V-u=0,

together with suitable initial and boundary conditions. Then, using linearization around a tra-
jectory and discretizing the space variable by finite difference or finite element methods [14], one
obtains a delay differential-algebraic system of the form (|1.1)).

To achieve uniqueness of solutions, for DDEs of the form (|1.4]) one typically has to prescribe
initial functions of the form

r|_r0 = ¢: [-7,0] = C". (1.5)

However, as for standard DAEs these functions cannot be described arbitrarily but must satisfy
certain consistency conditions, and as we will see, certain extra smoothness requirements.

Although DAEs are well studied analytically and numerically, see e. g. [Bl, I3} 17, 21], the
theoretical understanding of DDAEs and the development of appropriate numerical methods is
far from complete even for the case of linear systems with constant coefficients. Only few results
are available, see e. g., [2] [3] [6] [7], 8], 16}, 27].

The main difficulty in the theoretical analysis so far is the lack of a suitable regularity analysis
and a suitable reformulation of the problem which allows to investigate structural properties like
existence, uniqueness of solutions, consistency and smoothness requirements for an initial function
and an inhomogeneity.

On the other hand, from the numerical point of view, directly applying numerical methods
such as Runge-Kutta or BDF methods to a given DDAE may fail or provide a wrong solution.
However, if we first reformulate a given DDAE to a suitable form, then these methods work fine.
This observation is demonstrated in the following example.

ExAMPLE 1.2. Consider the system

OO AR R e R AR R

2



t

1] , t €[—T,0].

in the time interval ¢ € I = [0, 00), with delay 7 = 1 and initial function ¢(t) = [

t
Despite the fact that this system has a unique solution z.(t) = [ ], numerical methods such as

1
Runge-Kutta or BDF methods do not work for system (|1.6)), since the Jacobian of the discretized
system of the non-delay part is singular. However, if one first reformulates system (1.6|) by shifting
forward the first equation and then adding its derivative to the second equation to get

0 1 =t [x1(t) 0 O] [z1(t—7) 0
= 1.
[0} [0 1] LsQ(t) Tl xa(t — ) Tlo— ol (1.7)
then these numerical methods successfully work for (1.7). The numerical integration is demon-
strated in Figure where we have used the 3 stage Radau ITA method of [I5] with step size

h = 0.01 for system (|1.7).

solution z; solution xo relative error
1.01
-6
5 10
1.005
4
-8
3 1 10
2
1 0.995 10-10
0 0.99
0 2 . 4 6 0 2. 4 6 0 2. 4 6
time ¢ time ¢ time ¢

Fic. 1.1. Solution of system (L.7) together with the relative error ||z(t) — e (t)||oo/||Ze(t)]|co

It is the aim of this paper to derive a reformulation as in Example[I.2|for general linear variable
coefficient DDAEs by extending the algebraic approach introduced in [2I], 28]. The outline of the
paper is as follows. In Section [2] we recall some preliminary concepts and some auxiliary lemmas
that will be used later. As a preparation step, Section [3] studies two special cases of the DDAE
7 the systems and . Then, our main results for the analysis of system will be
presented in Section [ We introduce a reformulation procedure which brings the systems into a
form that allows to read off all the constraints that are contained in the system and to analyze
theoretical aspects such as solvability, uniqueness, consistency, and the necessary smoothness
requirements. We finish with some examples to illustrate our results and to demonstrate the
necessity of a reformulation procedure to DDAEs.

2. Notation and preliminaries. In the following we denote by N (Ny) the set of natural
numbers (including 0), by R (C) the set of real (complex) numbers. By C™™ we denote the
complex matrices of size m x n and by I (I,,) the identity matrix (of size n x n). As usual (%)
is the j-th derivative of a function z : I — C”. By A_, we denote a shift (forward) operator
A_,: M(t)— M(t+7). By I, we denote the time interval [—7,c0). By C*(I,C") we denote the
space of k-times continuously differentiable functions from I to C™.

For differential-algebraic equations, one frequently uses the concept of classical solutions, i.e.,
functions x : I — C™ that are continuously differentiable and satisfy with B = 0 pointwise, see
e.g. [4 B]. However, in the theory of delay differential equations, there is no reason why E(0)x(0)
which arises in should be equal to E(0)¢(0~). For delay differential-algebraic equations, it
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has been observed in [3], [6, [15] that a discontinuity of & at ¢ = 0 may propagate with time, and
typically & is discontinuous at every point j7r, j € Ny. To deal with this property of DDAESs, we
use the following solution concept.

DEFINITION 2.1. A function x : 1, — C™ is called a piecewise differentiable solution of (1.1)),
if it is continuous, piecewise continuously differentiable and satisfies (L.1) at everyt € T\ L{\I {j7}.
J€No

Throughout this paper whenever we speak of a solution, we mean a piecewise differentiable
solution.

REMARK 2.2. It is possible that if the initial function ¢ is discontinuous, then this may lead
to solutions that are only piecewise continuous, but here we do not discuss such solutions and
assume that the initial function ¢ is continuous.

As for standard DAEs one cannot prescribe arbitrary initial conditions, but they have to obey
certain consistency conditions.

DEFINITION 2.3. An initial function ¢ is called consistent with if the associated initial
value problem , has at least one solution. System is called solvable (resp. regular)
if for every consistent initial function ¢, the associated initial value problem , has a
solution (resp. has a unique solution).

We will make frequent use of the following results, compare Theorems 3.9, 3.25 in [21].

THEOREM 2.4. Let E € C*(I,C™"), ¢ € Ng U {co}, with constant rank E(t) = r for all t € L.
Then there exist pointwise nonsingular functions U € C*(I, C™™) and V € C*(I,C™"), such that

X 0 E
H _ Hp_ ™
UEV—{O O}’ orUE—{O},

with pointwise nonsingular ¥ € C*(1,C™"), and Ey has full row rank r.
THEOREM 2.5. Let I C R be a closed interval and M € C(I,C™™). Then there exist open

intervals I; C I, j € N, with

UL =L LN =0 fori#j

JEN
and integers r; € No, j € N such that

rank M (t) = r; for all t € I;.

For two matrix functions P € C(I,CP™), @ € C(I,C?"™), the pair (P, Q) is said to have no hidden
redundancy if

rank [g(ﬂ — rank P(¢) + rank Q(t)

for all t € II.

LEMMA 2.6. Suppose that for P € C(I,CP™), Q € C(I,C%™), the pair (P, Q) has no hidden
redundancy. LetU; € C(I,CPP), Uy € C(I,C?7), V € C(I,C™™) be pointwise invertible functions.
Then, the pair of functions (U3 PV,UsQV') has no hidden redundancy.

Proof. The proof follows from the observation that a pair of matrix functions has no hidden
redundancy if and only if the intersection of the two vector spaces spanned by the rows of the two
4



matrices contains only the vector 0. O

The following lemma shows how one can remove the hidden redundancy of a pair of matrix-valued
functions.

LEMMA 2.7. For the pair (P, Q) with P € C(I,CP"™), @ € C(I,C%™), assume that there exist

Q)
} € C(I,CPPT9) that satisfies the following conditions.

two integers rq < r(p,q| such that rank Q(t) = rq and rank [P(t)] = r(p,q) for all t € 1. Then,

there exists [ 51 ;)2

L[S ) o .

i) 7 € C(I,CPP) is pointwise nonsingular,
1

’LZ) Z1P + ZQQ = O,
ii1) the function SP has pointwise full row rank, and the pair (SP,Q) has no hidden redun-
dancy.

Proof. Since @ has constant rank on I, one can apply Theorem to factorize (), and then
partition P conformably to get

Ip 0 P P1 P2 p
0 Uf HQ Vii Vo] =12 0 rQ (2.1)
0 Uf 0 0| g—rg

where U; = [UH Ulz] e C(I,Cr9), V, = [VH Vlg} € C(I,C™™) are pointwise nonsingular
functions, and ¥ € C(I,C"*""?) is pointwise nonsingular. The sizes of the block rows in (2.1)) are
p, TQ, ¢ — rg. Moreover, note that in (2.1]), P» also has constant rank due to

rank(Py(t)) = rank (Hf U?H} {g] Viy V12]> ~ rank() = rip) - rg-

Then, by Theorem there exists a pointwise nonsingular function Uf = [ 5 } € C(L, CPP) such
1
that
S P
Ufp, = P, = 2.2
20 {ij [0}7 22)

where P;5 has pointwise full row rank TPQ] — TQ-

Combining (2.1)) and (2.2]), one obtains

S 0

Zy 0 P

0 Ug Q [Vll )
0 Ufj

where Pj5 has pointwise full row rank and ¥ is pointwise nonsingular on I.

?): 8}) has no hidden redundancy, and due to

Lemma so does (SP, Q). Since P2 has pointwise full row rank, so does SP = [Pu Plg] Vl_l.
Furthermore, setting Zs := Psy EilUﬁ we obtain

By definition, the function pair ([PH Plg] , [

Z'P—Z5Q = ([P 0]—PuS7'[2 0) Vi =0,

which completes the proof. 0O



REMARK 2.8. Note that in Lemma [2.7, the matrix-valued function [ ] can be chosen to

1
have pointwise orthonormal columns. This orthonormal representation is preferred for stability

reasons in numerical computations.

3. Analysis of differential-algebraic and difference equations. As a
preparation step for the analysis of DDAESs, this section is devoted to two special cases of the
DDAE , the differential-algebraic equation and the difference equation . We recall
that the considered time interval is T = [0, 00). For notational convenience, in this section we omit
the time-variable ¢ in all matrix-valued and vector-valued functions.

3.1. Differential-algebraic equations. With M := [E —A], we can rewrite system (1.2])
in the form

M m — (3.1)

X

Making use of Theorem and restricting ourselves if necessary to subintervals, we may assume
that the following assumption holds.

ASSUMPTION 3.1. For the pair of matriz valued functions (E,A) of the DAE (1.2)), there
exist integers r, a such that

rank(E) =r, rank(M) =r+a forall t el (3.2)

LEMMA 3.2. Consider the DAE (1.2) and suppose that Assumption holds for the pair
(E,A). Then, there ezists a pointwise nonsingular function Py € C(I,C™™) such that by scaling
system (3.1) with Py from the left one obtains a new system in the block upper triangular form

My Mo . f1 r
0 My L] = |fe a ) (3.3)
0 0 fal v=m—r—a

where the functions My € C(I,C™™), Mag € C(I,C*™) have pointwise full row rank.

Proof. We first compress the block column E of M with a pointwise nonsingular function
Pg : T — C™™ via Theorem (12.4) or a smooth QR~decomposition, see [10], yielding

Py M = M 11 E 12 r ,
0 Msyy| m—r
such that M; 11 has full row rank. Continuing, by compressing the second block column from the sec-
ond block row with a pointwise nonsingular function
1 -~ M
Py = [0 ]g } T — C™™ PaMoy = [ 022} where My, has full row rank a. Setting P, := P4 Pg
A

we arrive at (3.3). O

Again, to be able to apply Lemma 2.7 we assume that the following assumption holds.

ASSUMPTION 3.3. For the DAE (1.2) and the equivalent DAE (3.3)), the functions My1, Mas
satisfy the constant rank identity

M11:|> d
rank =m, forall tel.
([Mzz f
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Applying Lemma to the pair (Mi1, May), Assumption implies the existence of matrix
functions S, Z1, Z, of appropriate sizes that have the following properties

S
i) the function { 7 ] € C(I,C™") is pointwise nonsingular,
1
i) Zy My, + ZyMyy = 0, (34)

iii) the function pair (SMj1, Mas) has no hidden redundancy.

Scaling system (3.3]) with the function

P, := diag ([5} , 1Ia, Iv> e C(L,Cc™™m),
1

we obtain
Z1Myy Z1Mia| |2 _ Zifi| s (3.5)
O M22 X f2 a ’ ’
0 0 0 v

where r = d + s.

Clearly, one can see that the step of transforming system via (3.3)) to is nothing else
than scaling a system with pointwise nonsingular functions, and hence, this preserves the solution
set of system . We then reduce the number of differential equations in from r to d by
removing the block Z; Mj; as in the following lemma.

LEMMA 3.4. Consider the DAE (3.5), and the matriz-valued functions S, Z1, Zs defined by
Lemma applies to (3.3). Then, system (3.5)) has the same solution set as the equation

SMiy SMis S fi d
0 Zy Mz + Za Moy [iﬁ} _|4h+ Za f s (3.6)
0 My x fo a
0 0 0 v

Consequently, the DAE (1.2) has the same solution set as system (3.6)).

Proof. By differentiating the third block equation of (3.5) and scaling it with Zs, we obtain
Z3Maai + ZoMosx = Za fo. (3.7)

We see that the difference between system and system is only the second block equation,
where a differential equation is replaced by an algebraic equation. This step is done by simply
adding equation to the second block equation of (3.5)), and making use of the identity (3.4).
Vice versa, one can subtract equation from the second block equation of , and therefore,
obtain . This guarantees that systems and have the same solution set, and therefore,
systems and also have the same solution set. 0O

In (3.6) the number of differential equations has been reduced to d = r — s and we can continue
this reduction process leading to the following procedure.

PROCEDURE 3.5.

Input: A DAFE of the form (1.2) and its algebraic form (3.1]).
Begin: Seti=0 and let E°=FE, A=A, fO=f M°=[E° —A°].
7



Step 1. Assume that there exist two integers r’, a' such that

rank(E") = ', rank(M*) =r" +a’ for all t €1

Determine a pointwise nonsingular function P, € C(I,C™™) such that by scaling the equation

M? {x] = £ from the left with P, we obtain

x
Myy Mo i fi TZ“

0 My LJ = |f2| a,

0 0 fg Ui

(3.8)

with v* = m — r* — a® and where the functions My, € C(I, (Cri*”), and My € C(I, (Cai’") have

pointwise full row rank.

Step 2. Suppose that there exists an integer m such that

M11:|> N
rank =m, forall tel
([Mzz I

If the function pair (M1, Mag) has no hidden redundancy, i.e., if = r*+a' then STOP with

the resulting system (3.8]),
else if s = r' +a' — 1 > 0 then proceed to Step 3.

Step 3. Determine functions S, Z1, Zs of appropriate sizes such that

i) the matriz-valued function [5
1

it) ZiMy1 + ZaMyy =0,
iii) the function pair (SMy1, Ma22) has no hidden redundancy.

Set

P, := diag ({ZS] P Ivi> e C(I,Cc™™),
1

and scale system (3.8)) with Py from the left to obtain

SMy SMas Sf] d
21 My ZiMag | 2] _ | Zafi| s
0 M22 xr f2 ai'
0 0 0 vt

} € C(H,(C’"i"’i) is pointwise nonsingular,

Step 4. Remove the block Zy My in system (3.9) (as in Lemma to obtain

SMll SMlg ) T Sfl .
0 Z1 Mo + Zy Mo {ZE] _ Zifr+ Zafa

0 M22 xr f2

0 0 1 0

Increase i by 1, set
SMll SM12 ) ) Sfl .
; 0 ; Z1 My + ZyMag i | Z1if1+ Zafo
Eljz R Al::— s L
0 Mso f fa
0 0 ] 0

di

%

V)

i

S]

%

<

, M= [E’ —Ai] ,

(3.9)



and repeat the process from Step 1.

End.
Since 7! = d* = r’ — s, and s* > 0 for all i except for the last iteration, Procedure terminates
after a finite number of iterations.

In the following we set p = min{i € Ny, s* = 0}, which is a a characteristic quantity of the

DAE (T.2).

THEOREM 3.6. Consider the DAE (1.2)) and assume that Procedure proceeds until termi-
nation, i.e., all the constant rank assumptions in Procedure are fulfilled. Then, system (|1.2))
has the same solution set as the resulting DAE (3.8]) which we denote by

M ]\:412 i fl
O M22 |:.’I,':| - ]ig 5 (310)
0 0 [3
where [%ﬂ has pointwise full row rank, and the fl (i =1,2,3) are functions of f, fooo, .
22

Proof. After carrying out Procedure we obtain a system of the form (3.10]), where My, Mas
have pointwise full row rank and the pair (M7, M22) has no hidden redundancy. By definition,
this means that

rank ( [Mlll ) = rank(Mll) + rank(Mgg),
Moo

M
and hence, Mll has pointwise full row rank. Furthermore, due to Lemma |3.4{ the solution set of
22

system (|1.2]) is preserved in every step, thus it follows that (1.2]) and (3.10]) have the same solution
set. [

3.2. Difference equations. Analogous to the case of differential-algebraic
equations, we may also treat the difference equation via an algebraic method. Here we
propose, without proof, modifications of Procedure and of Theorem for the case of differ-
ence equations.

PROCEDURE 3.7.
Input: A difference equation of the form (1.3|) expressed in the algebraic form

x
4 8| =
in the time interval L.
Begin: Seti=0 and let A := A, B®:=B, fO:=f, W°:=[A° B°].
Step 1. Assume that there exist two integers w', wh such that

rank(A") = wi, rank(W*) = wi +wh, forall t €l

Determine a pointwise nonsingular function Py € C(I,C™™) and scale the equation W' [Ax } =
T

9



—f* with P, to obtain

Wi Wiz T fi wi
0 W22 |:A :| = — f2 w%, (311)

T i

0 0 fal wy

with wh = m — wi — wi and where the functions Wiy € C(I,C1"), and Way € C(I, C*>™) have
pointwise full row rank.

Step 2. Suppose that there exists an integer w such that

Wi

k
ran ({A_Tng

}):@, forall tel

If the pair (Wi1, A_Way) has no hidden redundancy, i.e., if w = w +w}, then STOP with the
resulting system (3.11)),

else if s = wi +wh —w > 0 then proceed to Step 3.

Step 3. Determine functions S, Zy, Zs of appropriate sizes such that

i) the matriz-valued function [ } € C(I,C¥*1) is pointwise nonsingular,

A
Z’Z) ZlWll + ZQA_TWQQ = 0, (312)

iii) the function pair (SWi1, A_;Was) has no hidden redundancy.

Set P, := diag ({5] v s Iwé) e C(I,C™™), and scale system (3.11)) from the left by Py to
1

obtain

SWhi  SWis Sf1 d
ZiWi ZiWhg z Z1f1 st
—_ — . .].
0 W22 |:AT£C:| fg wé’ (3 3)
0 0 0 wg

where wi = d' + s*.

Step 4. Shift forward the third block equation of system (3.13)), and then scale it with Zy from
the left to obtain

ZoA_Wasx = —ZoA_ fo.

Add this equation to the second block equation of (3.13)), and use the identity (3.12) to obtain

SWH SWU Sfl
0 ZiWu| | z | _ _ |Ziit 28 )
0 W22 ATJ,‘ f2
0 0 0
Increase i by 1, set
SWH SW12 Sfl
; 0 ; Z1Wia ; Zifi+Z2A 1 fa ; ; ;
A= , B':= , fr= , Wh=|A" BY|,
0 Waso f f2 [ ]
0 0 0

10



and repeat the process from Step 1.
End.

Analogous to Procedure Procedure applied to the difference equation (|1.3)) will terminate
after a finite number of steps, which immediately leads to the following theorem.

THEOREM 3.8. Consider the difference equation (1.3 and assume that Procedure proceeds
until termination, i.e., all the constant rank assumptions in Pmcedur@ are fulfilled. Then, (|1.3)
has the same solution set as the resulting difference equation (3.11) which we will denote by

/V[?ll ?12 x b f:l 'LZJl
0 W22 |:A T - — f/? 12/2, (3 14)
0 0 e fa] ws

where the function Wl)\ e [~ Wn has pointwise full row rank. The size of the
A_;Wa Waa(t + 1)

block row equations are wy, We and W3 = m — W — Wa.

It will turn out later that during our reformulation procedure for general delay differential-
algebraic equations, sometimes we need to differentiate difference equations, but it is possible that
some components of the function A,z may not be differentiable, and therefore differentiating an
equation that does not contain A,z is more advantageous than differentiating one that contains
it. Thus, we suggest to use a scaling, e.g. via Gaussian elimination, to reduce the number of
difference equations that involve A,z in system as in the following corollary.

COROLLARY 3.9. Consider the difference equation (1.3|) and the resulting system (3.14]) ob-
tained by applying Procedure to (1.3)). Furthermore, suppose that in system (3.14)) the pair

(Wi, Waa) satisfies
rank [ | V12] ) = Wy, forall tel,
Waa

for some integer wy. Then, there exist a pointwise monsingular matriz-valued function Ps €
C (I, C™™) such that by scaling system (3.14) with Ps from the left one obtains

Wi jV[ilz - f:l Wy
0 Wa {A x] == |f2| we, (3.15)
0 0 T fa| w3

where the function l Wlfl\ 1 has pointwise full row rank, and the pair (ng, ng) has no hidden
—TVV22

redundancy.

Proof. Applying Lemma to the pair (/V[712, ng), we can determine matrix-valued functions
S, Zy, Zsy of appropriate sizes that have the following properties

i) the function lé € C(I,C*+%1) is pointwise nonsingular,

1

i) 2\ Wiy + ZaWay = 0,
iii) the function §/I/I712 has pointwise full row rank, and the pair (§W12, /ng) has no hidden
redundancy.
11



Set

where w1 = W11 + W12, and scale system (3.14) from the left by Ps to obtain

{EW:\H SWhs] §f1 w11
ZiWi 0 [ x } _ _ |4t Zafa (3.16)
0 W22 ATx fA2 wQ
0 0 | f3 w3
Setting
fpad § = gy S\Wll r3 §fl
Wii = | 5 | Wiy, Wig = = |~ . PO
11 [le 11, 12 [ 0 ] ’ fl Z1f1 + ngg )

we obtain the desired form ((3.15)).

Wu
A Wa
full row rank. Note that the pair (Wn, A_Tﬁ/\gg) has no hidden redundancy due_:co Lemma

Wi
A_ Wy

The remaining part now is to prove that in system (3.15)), the function l has pointwise

and the two functions Wn, /ng have pointwise full row rank. Therefore, also has

pointwise full row rank. 0O

By transforming system to , we have reduced the number of diffeaell\ce equations that
contain A,z from w; + we to Wiy + we. Furthermore, since the function SWi, has pointwise
full row rank, we see that it is not possible to reduce any further by scaling, e.g. via Gaussian
elimination.

4. Analysis of general linear DDAEs. This section discusses DDAEs with a single delay
of the form and the initial value problem , . First, we study a reformulation
procedure to transform the DDAE (.1 into another system, where all hidden constraints and
solvability conditions can be read off.

As we have seen in Section 3| in order to study differential-algebraic (resp., difference) equations,
it is possible to use differentiation (resp., shift) operators as well as scaling to transform a given
system. Thus, for an arbitrary linear DDAE, in general we can use the following three operations

i) scaling the system with a pointwise nonsingular matrix-valued function,
ii) adding to one equation derivatives of other equations,
iii) shifting forward equations that contain only A,z(¢) but not x(¢).

Previous work about DDAEs typically considered only the first two operations, see e.g. [2][6] 7] §],
which are based on the assumption that the associated DAE

E)i(t) = A(t)z(t) + g(t), (4.1a)

has a unique solution for every smooth enough inhomogeneity ¢g. In this case, the DDAE (1.1
can be interpreted as a DAE (4.1a]) by introducing a new inhomogeneity

g(t) := B(t)Arz(t) + f(1). (4.1Db)
12



In this special case with a prescribed past function A,z (t) on the interval [(k — 1)7, k7], k € Ny,
one can solve |-, (x+1)r] from the DAE (4.1a)), and consequently the function = will be determined
recursively by solving a sequence of DAEs.

However, this method is no longer appropriate for general DDAESs, where the associated DAE
(4.1a)) is over- or underdetermined. This fact can be easily seen from the trivial equation

0-2(t) =0 2(t)+a(t—1)—t, tel

Moreover, we also demonstrate in the following example that the two operations differentiation
and shifting do not commute, so the order of their use is crucial. In fact, choosing a wrong order
of those operations may lead to additional (but unnecessary) smoothness requirements.

ExAMPLE 4.1. Consider the DDAE

1 00 00 0 00 1 f1(t)
00 0la(t)=1{1 0 0|x@®)+ [0 1 0| Axt)+ |[f(t)], (4.2)
00 0 00 0 100 fa(t)

in the interval ¢ € 1.

If one starts with a shift operation first, then shifting the last equation of (4.2 leads to
100 00 0 00 1 fi1(?)
0 0 0|la(t)=1|1 0 0lz@®)+ [0 1 0] Arz(t)+ | faolt)
0 0 0 1 00 0 00 fa(t+ 1)

Adding the first derivative of the last equation to the first equation and removing the term #; on
both sides, one obtains

0] [0 0 0] 0 0 1T [f1(t) + fa(t +7)]

0O =11 0 O|z(®)+ |0 1 0| Arx(t)+ fa(t)

10] 11 0 0] 10 0 0] fat+1)
Subtracting the last equation from the second one leads to

0] [0 0 0] 0 0 1T [f1(8) + fa(t+7)]

0l =10 0 ofz@®)+ |0 1 0| Arz(t)+ | f2(t) — fs(t+7)

10] 11 0 0] 10 0 0] L fa(t+7)

Shifting the first two equations, we obtain the system

0] [0 0 1 filt +7) + fa(t +27)
0 =10 1 0 x(t)+ |falt+7)— fa(t+27)]. (4.3)
0 100 fa(t+7)

Proceeding this way (using the shift operation first) only 2 shifts and 1 differentiation are used,
and more important, only fs is required to be continuously differentiable. We now demonstrate
that if one starts with a differentiation first, then unnecessary smoothness requirements for f
follow.

First adding the first derivative of the second equation to the first equation of (4.2)) and
removing the term #; on both sides leads to

0 00 0 00 1 01 0 f1(t) + fa(t)
0l =11 0 olz@®)+ [0 1 O] Az(t)+ |0 0 0| Ari(t)+ f2(t)
0 000 100 00 0 f3(t)

13



Shifting the first and the last equation, one has

0 -1 0] 0 0 1] 00 0 [fi(t+7) + folt +7)]
0 0 0|zt)=1|1 0 0lz@®)+ [0 1 0| Az)+ f2(t)
0o o o 1 0 o 0 0 o L f(t+7)

Subtracting the last equation from the second one leads to

0 —1 0] 0 0 1] 00 0 [fi(t+7) + folt +7)]

0 0 0|l@t)=1]0 0 0olz@®)+ [0 1 0| Ax(t)+ | folt)— fs(t+7)

0 0 0] 1 0 0] 0 0 0] i f3(t+7)
Shifting the second equation, one then gets

0 -1 0 00 1 00 0 AE+T)+ falt+7)

0 0 0|l&t)=10 1 0|lz(®)+|0 0 0| Arz(t)+ |folt+7)— f3(t+27)

0 0 0 100 000 f3(t)

Subtracting the first derivative of the second equation from the first one and removing the term
Z2(t) on both sides will also lead to system . However, we have used two differentiations and
two shifts, and more important, during this process the differentiability of not only f3(¢) but also
of fo(t) is required, which is unnecessary.

Beside demonstrating the non-commutativity of the differentiation and shift operations, Ex-
ample [I.1] also suggests that one should avoid as much as possible to differentiate equations that
contain the term A,z (t). Therefore, before applying a differentiation, one should reduce the num-
ber of difference equations that contain A,z(¢) to minimum. This step can be easily performed

using Corollary

Throughout this section, we assume that Procedures and [3.7) are applicable so that we are
able to remove the hidden redundancy in the difference and differential-algebraic parts of system
. Again, for notational convenience, we omit the time-variable ¢ in all matrix-valued and
vector-valued functions.

First we will remove the hidden redundancy in the difference part of system (1.1]), using the
following procedure.

PROCEDURE 4.2.
Input: A DDAE of the form (1.1

Step 1. Assume that the function E has constant rank, i.e.,
rank(E) =7, forall tel.

Determine a pointwise non-singular function P € C(I,C™™) and scale system (1.1)) with P from

the left to obtain
E1 . Al Bl fl
T = T+ Az + , 4.4
0 Az By f2 (44

where Fy has pointwise full row rank r.

Step 2. Apply Pmcedure to the lower block equation of system (4.4) to obtain

E1 Al -?1 j;l
0 . 1‘12 2 f2

e 9 AT ) 3 45
NE: NE + B T+ 2 (4.5)
0 0 0 fa

14



Ay

here th ti FE
where the functions Fy, A By

have pointwise full row rank.

Step 3. Apply Corollary[3.9 to the difference equation consisting of the second and the third block
row equations of system (4.5)) to obtain

£ Ay By fi
0. |4 By fo
= ~“l A, ol I 4.6
NE: NE + B, x + i (4.6)
0 0 0 Ja
where the functions Ey, A 2§] have pointwise full row rank, and (EQ,Eg) has no hidden
—7P3
redundancy.
End.

We now turn to the step of removing the hidden redundancy in the differential-algebraic part.
In order to do that, we perform the following procedure.

PROCEDURE 4.3.

Input: A DDAE of the form (4.6) where the functions Fr,

Ajggl have pointwise full row

rank, and (EQ, §3) has no hidden redundancy.
Step 1. Shift forward the third block equation of system (4.6) to obtain

Ey Ay By f1
0. Ay By f2
= ~ A, ~ 1, 4.7
0“7 aL B o] ST AL g (4.7)
0 0 0 fa
v W—/
E i B i
where the functions Fy, A 2§ ] have pointwise full row rank.
—73
Step 2. Let g := EA.,-x + f, and rewrite system (4.7)) in the differential-algebraic form
Ei=Az+§ & (4.8)

Step 3. Apply Procedure to remove the hidden redundancy of the pair (E', Z) in system (4.8]).
Step 4. Shift backward the block equation

0=A_,Bsz+A_.fs. (4.9)
in the system achieved from Step 3 to obtain the resulting system
B 1{11 1?1,0 0 Jf1
0 A Bao u | Bay . f2
0O|l2=|0|z+ | By | Arx+ Z 0 | Az + |f5], (4.10)
0 0 Bsyo =1 | B3 ; fs
0 0 0 0 fa
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R R 4T
where the matriz-valued function [ElT AY A BT ] has pointwise full row rank.
End.

Due to the observation made in Example we first apply Procedure[d.2] and then Procedure
to system ([1.1]) to obtain the following lemma.

LEMMA 4.4. Consider the application of Procedures and then to the DDAE (L.1)).
Then, system (L.1)) has the same solution set as system (4.10]).

Proof. First applying Procedureto system (1.1)), we obtain a resulting system (4.6]), where
A -~
the functions F1, A QE have pointwise full row rank, and the pair (Bsg, Bs) has no hidden
—73
redundancy. By introducing a new inhomogeneity § as in Step 2 of Procedure system ([4.7)
can be rewritten in differential-algebraic form (4.8]).

Step 3 of Procedure followed by applying Procedure to (4.8]), this step will preserve the
three lower block row equations, and only transform the first block row equation into

El %1 .(711
0|z=[A2| 2+ [G12] s (4.11)
0 0 J13

. . - 1T
where {ElT AT AT A BT } has pointwise full row rank. Let u be the characteristic number

of the DAE (4.8]), then Theorem implies that §11, g12, §13 are functions of §, g,..., ). More
precisely, by resubstituting § by BA,x + f, (4.11]) becomes

Ey 1‘:11_ B;l,O u AO . f1
0|i=|H|a+ |Goo| Arz+ ) |Goi| Ara™ + |ha] . (4.12)
0 0 Bs i=1 | By, fs

Combining system (4.12)) with three lower block row equations of (4.8]), setting

7 -}AL2 > C32 0 > G?i .
= | < Byo:=| < By = *|, foralli>1,
) f2 _fQ] ) 2,0 [ 32 ‘| ) 2, |: 0 or all 7

and shifting backward the third block row equation of system (4.8]), we then get the formulation
4.10). O

.
A2 = ~2

A

REMARK 4.5. Note that in the last step of Procedure we must shift backward the block
equation because of the following reasons:
i) First, one may need to continue by applying Procedure and therefore, must remove as much
as possible all the difference equations that contain A, x.
ii) The block equation does not carry any information about the consistency requirement of
an initial function ¢, which is properly obtained from the block equation

0= EgATIL' + fs.
Introducing
Mo = {z: 1, = C"| BsA,x+ f3 =0, t €T}, (4.13a)
M := {x € M| f:f}g,iATx(i) + f3=0, tel}, (4.13Db)
=0
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we see that My (resp., I\7JIO) are described by the set of constraints for A,z before (resp., after)
applying Procedure and M is a subset of M.

Let us consider the special case of system (4.10]), where My = I\7JIO7 i.e., the fourth block row
equation of system (4.10|) is redundant to the third block row equation.

THEOREM 4.6. Consider the DDAE (1.1), its reformulation (4.10), and the sets MO,MO
defined by (4.13). Moreover, assume that Mg = My. Then (4.10) (and therefore, (1.1))) has the

same solution set as the system

E, Ay Bio 0 f
0. |4 Bs o | Bay )L | Fe

— Z01A, AL D 4 [ 12 4.14
NESIN Eas B x—i—; 0 z\ + i, (4.14)
0 0 0 0 i

. . AT
Here, in ([4.14) the function {ElT AT A_TB:,?} has pointwise full row rank.

Proof. Since My = My, every function z : I, — C™ that satisfies the third equation of (4.10)
will automatically fulfill the fourth equation. Thus, we can remove the fourth equation of system

(4.10) to obtain system (4.14). O

Let us mention two important consequences of Theorem [£.6] which characterize the structural
properties of system (|1.1)).

COROLLARY 4.7. Consider the DDAE (1.1)) and its reformulation (4.10). Moreover, suppose
that the sets My and My defined by (4.13) coincide. Then, the following assertions hold.

i) System is solvable if and only if in system fi=0.
it) System  (1.1) ds regular if and only if in  addition the function
[EIT AT A_TE:ST} is of square size.
iii) Suppose that an initial function ¢ is p-times continuously differentiable on [—7,0]. Then
it is consistent if and only if

o
A3(0)6(0) + Y~ B2 i(0)¢!) (=7) + £2(0) =0,
=0
A,ngqﬁ +A_f3=0, foraite [—7,0].

The next corollary addresses the smoothness requirements of the initial function ¢ and the
inhomogeneity f, for the existence of a solution x, which can be easily obtained from (4.14).

COROLLARY 4.8. ~C’0nsider the DDAE and its reformulation . Moreover, suppose
that the sets My and My defined by coincide. Then, the following assertions hold.
1) Let [i be the largest index i, 1 < i < u, that Bg)i, is not identical zero. Then, for any k € Ny, to
make sure that the function m|[k77(k+1)f] 18 continuous, the function x|[(k_1)f)kf] must be [i-times
continuously differentiable.
ii) To guarantee that the solution x exists and it is at least continuous on the time interval [—T, k7],
an initial function ¢ has to be k - [i times continuously differentiable.
111) Suppose that the initial function ¢ is sufficiently smooth, then in order to guarantee that x is
continuous at every point t € 1, the function f has to be p-times continuously differentiable.

In Theorem [£.6|and Corollaries[4.7] [4-8| we have studied the structural properties of the DDAE
(1.1) in the case My = M. We now consider the general case, My C Mj. In the general case, one
17



may introduce new variables to transform the high-order system (4.10) into first order form (1.1))
as

El 0 0 0 _Al 0 0 0
I, O I,
. i .
0 v I *
I, 0 : - I, +
0 0 o of | =" A 0 0 ol a1
0 0 0 o] Lz*Y 0 0 ool | zw
———
0 0 0 O 0 0 0 O N
0 0 0 O | 0 0 . 0 0]
[Biy 0 0 0 | (1]
0 0 0 0
- Arx
Bz,o BQJ e BQ7H_1 BQ,M A, zh=D fz
Eg 0 - 0 0 Az Ji}
Bgﬁo B371 - B3,p,—1 B37u Aoy f3
L 0 0 . 0 0 | _f4_

The advantage of this order reduction is that all the differential-algebraic equations for A x become
algebraic constraints for A,x. However, as has been pointed out in [23], since it is not necessary
to differentiate all components of x really u times, one should relax the order reduction (4.15)) as
follows.

Let z = [Jcl xn]T € C" and for i = 1,...,n, let p; be the highest order of derivatives
of z;(t — 7) occurring in (4.10)), we define
T
X = f(l‘), §:x—> [.’171 l‘(lpl) P .Q?»(,Lp") .

By introducing the variable X, and the corresponding relation
00 =29 =1, n, j=1,...p,

we do not make any extra smoothness assumption and obtain a reduced-order system which will
be denoted by

E'X = A'X + B'AL X + FL (4.16)

The function = solves system (1.1]) if and only if X solves system (4.16)). Furthermore, once
knowing the value of X at the point ¢, one also knows the value of x(t).

Applying Procedures to system (4.16), we construct two sequences of sets {M;, j €
No}, {Mj, j € No} by the following procedure.

PROCEDURE 4.9.
Input: A DDAE of the form (1.1))
18



Begin: Set j =0 and let E°:=E, A=A, B°=B, FO:= f, X°:=¢%z) :=x.
Step 1. Apply Procedure[{.9 to the equation

EIXi = MXI 4+ BIA X+ F,

to obtain
(‘31 .A1 lil {1
0 s As ; Bs i Fa
Xi = X7 = ALXY ~ 1, 4.17
0 0| 15, 17 (4.17)
0 0 0 Fu

where the functions &1, l A2~ ] have pointwise full row rank, and the pair (gg, Eg) has no hidden

A_. B3
redundancy.
Step 2. Apply Pmcedure to system (4.17) to obtain
& Ay gl,o 0 ];—1
0 o ./42 ) BE,O ) Hej 82 7 o 52
0| X7 =0 |X+|Bs | AX+> | 0 [ A(X)D 4+ | F, (4.18)
0 0 gs,o =1 | Bg ; F3
0 0 0 0 Fi

T
where the function 5“{ AT A_TB3T} has pointwise full row rank.
Let
M, = {z: I, = C"| BsA X7 + F3 =0, t €I},

Hj
M; = {z € M| Y Bs:iA(X)) + F3 =0, tell,
i=0

where X9 = (&7 o 0&Y) (x) : I, — C" with n; is the length of the vector-valued function X7.

IfM; = 1\7J1j then STOP with the resulting system (4.18)),
else proceed to Step 3.

Step 3. Let p; be the highest order of derivatives of (A;X7); (the i-th component of A, X7),
i=1,...,n;. Introduce a new variable

X =g (X7), @ XT s (), L () (), (]
and rewrite system (4.18) as the first-order DDAE in X7*! according to (4.16))
EIHLXIHL = AL XIHL L BIHLA X FIFL
and repeat the process from Step 1.

End.

To show that Procedure terminates after a finite number of steps, we observe that as
discussed for system (4.15), by the order reduction, all the differential-algebraic equations for
19



A_.X7 will become algebraic equations for A_, X7*!. Therefore, Mj D M4 for every j € Ny
which leads to the relation

M()QMOQ'“QMJ'QMJ'QMJ'HQM]'HQ-.-

Since the sequence {M;| j € Ny} is decreasing, it follows that there exists some j € Ny such that
M; = M1 and. therefore, the relation M; 2 M; D M, implies that M; = M. So Procedure
[4:9] terminates after finitely many iterations.

Let w:=min{j € No| M; = Mj}, then the final system obtained by applying Procedure
to the DDAE (L.1)) is system (4.18]) for j = w which we denote by

él ./2(1 él,o 0 ]}1
0 A 5’2,0 fheo Bz,z Fo
0| X=|0|X+ | B [AX+) | 0| AX)D 4+ | F, (4.19)
0 0 g370 i=1 [;’3,;‘ 7‘23
0 0 0 0 Fu

where the fourth block row equation is redundant to the third block row equation due to M, = Mw,

. y T
and therefore can be omitted as in (4.14)). Moreover, the matrix-valued function [ElT AT A,TBg] I

has pointwise full row rank.

We summarize our results above in the following theorem, which characterizes the solvability
analysis of the DDAE (1.1J).

THEOREM 4.10. Consider the DDAE (1.1) and assume that Procedure proceeds until
termination with the resulting system

v %

(c/u’l Al 31,0 0 —7:1
0] < As Bao <= | By ; F

X¥ = X9+ [T AL xe TAL(X)® 2 4.20
0 0 Bs +; o | AT 2 (4.20)
0 0 0 0 Fa

o 1T
where the matriz-valued function [SlT AT A,TB3T} has pointwise full row rank. Then the

DDAE (1.1) is solvable (resp. regular) if and only if system (4.20) has a solution (resp., has a
unique solution). Precisely, provided that an initial function ¢ is sufficiently smooth, then system

is solvable if and only if
Fi =0,

and it is reqular if in addition the matriz-valued function {élT fig A_Tl’;'g} has as many rows

as columns. Furthermore, components of x(t) are also elements of X“(t), so by solving system

(4.20), we also obtain the solution z(t) of system (1.1).

Proof. By interchanging the roles of x and X*, the proof can be obtained by using the same
argument as in the proof of Theorem [4.6, O

REMARK 4.11. The fact that M, = I\\7[[w brings us back to the same situation as the case
M, = Mo, and we obtain similar results as Corollaries by interchanging the roles of = and
X“. Consequently, the structural properties, i.e., consistency and smoothness requirements for
initial functions and inhomogeneities of will follow. Moreover, for the numerical analysis it is
useful to shift the third block row equation of system before applying a numerical method.
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solution xq solution xo relative error

400 6
350 5
300
4
250
107
200 3
150 2
100
50 1 -12
10 i
0
0 2 4 6 0 2 4 6 0 2. 4 6
time ¢ time ¢ time ¢

Fia. 5.1. Solution of system (5.2)) together with the relative error ||z(t) — e (t)||oo/||ze(t)]|co

5. Numerical Examples. We illustrate our results by considering the numerical solution of
two DDAESs of the form . As integration scheme we use a 3 stage Radau ITA method, which
has been successfully implemented in the solver RADARS [15]. In the following two examples,
we will show that the Radau ITA method may fail to handle DDAEs of the form . However,
this difficulty can be overcome by using Radau ITA method for the resulting system obtained by

applying Procedure to (|1.1)).
ExAMPLE 5.1. Consider the DDAE

. -~ t
R PR s B e
on the time interval ¢ € T = [0,00). Note that the associated DAE (4.1) of system is
underdetermined, and it is not suitable for numerical integration.
Procedure [4.9] applied to will terminate after one iteration, due to the equality
Mo =My = {z:[-1,00) = C? | 21(t — 1)+ (t — Dao(t — 1) — "1 — (t — 1)2 = 0}.

The reformulated system is
of = et - walt—1)) T et ——1p) PEL B2
1 I v R P i [P i o2

t
Now let us consider the numerical solution of system ({5.1)) with a given initial function ¢(t) = [et ] .

To do that we shift the second equation of (5.2)) to obtain
0] [0 1][z(®] [0 1] [a1(t—1) 1-2t
= tel .
[o] L J Lg(t) Tlo o leat—1)) T leet 2] T € (5:3)
System ([5.3)) is not only regular, but its associated DAE (4.1) has differentiation index 1. Here
we follow the index concept of [5]. The Radau ITA method fails to solve system (5.1)), however, it

successfully treated system (5.3)), as shown in Figure There z. is the exact solution, and the
time step is h = 0.01.

EXAMPLE 5.2. Consider the DDAFE

0 0 17 [a1(t) 0 1 07 [a1(t) 0 0 0] [21(t—1) —t
0 0 0] |a2(t)] = [0 0 1| [za@®)| 4+ |1 0 Of |zt —1)|+ |-1—€"t], (5.4)
0 1 0] Lis(t) 0 0 0] [es(t) 0 0 0] las(t—1) 1
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on the time interval T = [0,00). Again, we note that the associated DAE (4.1) of system (5.4)) is
under-determined, and it is not suitable for integration.

Applying Procedure [[.9, the resulting system from the first step is

0 0 0] [41(t) 0 1 0] [z1(t) 0 0 0] [za(t—1)
0 0 0| [#2()] =1{0 0 1| [z2(®)| + |1 O Of [z2(t—1)
0 0 0] Las(t) 0 0 0] |xs(t) 0 0 0] Ls(t—1)
1 0 0] [2:1(¢—1) 0 0 0] [#:1(t—1) —t —et™1
+10 0 Of [d2(t—=1){+]|0 0 0 xQ(t—l)]Jr —1—et_1] (5.5)
0 0 0] Las(t—1) 1 0 0] [#s(t—1) —et~1

The corresponding sets are

My = {z : [-1,00) — C3},
Mo = {z : [-1,00) = C? | &1 (t — 1) — !~ ! = 0}.

Since My C My, we introduce a new variable

1 0
0 1
0
0
P4
[0 0
0 0
+10 1 0 (5.6)
100
0 0 1

Bl

The second iteration of Procedure is applied to the system E'X(t) = A'X'(t) + B X'(t —
1) + F(t), and the resulting system is exvactly system (5.6). The corresponding sets are

M; =M; = {z:[-1,00) = C? | i1 (t —1) — et =0},

and thus Procedure [{.9 terminates after two steps.
T
To solve system (5.1) numerically with a given initial function ¢(t) = [e! t 1], one first shifts
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solution z; solution xo

600 6
400 4
200 2
0 : : 0 —— :
0 2 timet 4 6 0 2 timet 4 6
solution x3 x107° relative error
1.01 6
1.
005 4
1
2
0.995 e~
4 ~ - -
0.99 , 0¥ == == .
0 2 timet 4 6 0 2 timet 4 6

Fia. 5.2. Solution of system (5.4) obtained by solving (5.7) with 3-stage-Radau ITA method together with the
relative error ||z(t) — ze(t)||oo /||Te (t)]]oo

forward the constraint of x(t — 1) in system (5.6)), which is its last equation, to obtain

10 #1(¢) 01 x1(t)

0 1 Z1(t) 0 0 1 Z1(t)

0 Ti(t)| = 0 1 Z1(t)

0 Za(t) 0 1| [z2(t)

L 0_ _.’1?3(75) L 1 O_ £L‘3(t)
[0 0 1 [zt —
0 0 Z1(t —

+101 0 0 of |a(t— (5.7)

100 0 0f |aaft—
00 0 0 0] [aa(t—

The system (5.7)) is not only regular, but its associated DAE (4.1)) has differentiation index 1.
Again, the Radau ITA method fails to solve system (5.4)), but successfully solves system (5.7). The
results are presented in Figure and there x. is the exact solution, the time step is h = 0.01.

6. Summary. The existence and uniqueness of solutions to general linear
systems of delay differential-algebraic equations with variable coefficients has been studied. A
reformulation procedure has been introduced to transform a given DDAE into one, where all the
constraints, consistency conditions, smoothness requirements for the initial functions, and others
solvability properties can be read off. It has been demonstrated that for some systems, without
this reformulation step, numerical methods may fail or provide wrong results.

Acknowledgments. We thank Vinh Tho Ma for carrying the numerical simulations in Ex-

amples [5.1] and [5.2]

REFERENCES

[1] U. Ascher and L. Petzold. Computer Methods for Ordinary Differential Equations and Differential-Algebraic
Equations. STAM Publications, 1998.

[2] U. M. Ascher and L. R. Petzold. The numerical solution of delay-differential algebraic equations of retarded
and neutral type. SIAM J. Numer. Anal., 32:1635-1657, 1995.

[3] C. T. H. Baker, C. A. H. Paul, and H. Tian. Differential algebraic equations with after-effect. J. Comput.
Appl. Math., 140(1-2):63-80, Mar. 2002.

23



[13]
[14]
[15]
[16]
[17]

(18]

A. Bellen and M. Zennaro. Numerical Methods for Delay Differential Equations. Oxford University Press,
Oxford, UK, 2003.

K. E. Brenan, S. L. Campbell, and L. R. Petzold. Numerical Solution of Initial- Value Problems in Differential
Algebraic Equations. SIAM Publications, Philadelphia, PA, 2nd edition, 1996.

S. L. Campbell. Singular linear systems of differential equations with delays. Appl. Anal., 2:129-136, 1980.

S. L. Campbell. Nonregular 2D descriptor delay systems. IMA J. Math. Control Appl., 12:57-67, 1995.

S. L. Campbell and V. H. Linh. Stability criteria for differential-algebraic equations with multiple delays and
their numerical solutions. Appl. Math Comput., 208(2):397-415, 2009.

T. Caraballo and J. Real. Navier-Stokes equations with delays. Proc. R. Soc. A, 457:2441-2453, 2001.

L. Dieci and T. Eirola. On smooth decompositions of matrices. STAM J. Matr. Anal. Appl., 20:800-819, 1999.

M. J. Garrido-Atienza and P. Marin-Rubio. Navier-Stokes equations with delays on unbounded domains.
Nonlinear Anal., 64(5):1100-1118, 2006.

C. W. Gear. Simulation: conflicts between real-time and software. In Mathematical Software III, Proceedings
of the Symposium at the University of Wisconsin, March 28-80, 1977, (ed. J.R. Rice), pages 121-138.
Academic Press, New York, 1977.

E. Griepentrog and R. Mérz. Differential-Algebraic Equations and their Numerical Treatment. Teubner
Verlag, Leipzig, Germany, 1986.

C. Grossmann, H. Roos, and M. Stynes. Numerical Treatment of Partial Differential Equations. Springer-
Verlag Berlin Heidelberg, 2007.

N. Guglielmi and E. Hairer. Computing breaking points in implicit delay differential equations. Adv. Comput.
Math., 29:229-247, 2008.

P. Ha and V. Mehrmann. Analysis and reformulation of linear delay differential-algebraic equations. Electr.
J. Lin. Alg., 23:703-730, 2012.

E. Hairer and G. Wanner. Solving Ordinary Differential Equations II: Stiff and Differential-Algebraic Prob-
lems. Springer-Verlag, Berlin, Germany, 2nd edition, 1996.

H. Heeb and A. Ruehli. Retarded models for PC board interconnects-or how the speed of light affects your
spice circuit simulation. In IEEE International Conference on Computer-Aided Design, 1991. ICCAD-91,
pages 70-73, 1991.

C. Hollot, V. Misra, D. Towsley, and W. Gong. Analysis and design of controllers for AQM routers supporting
TCP flows. IEEE Trans. Automat. Control, 47(6):945-959, 2002.

F. Kelly. Mathematical modelling of the internet. In Mathematics Unlimited-2001 and Beyond, B. Engquist
and W. Schmid, eds., pages 685-702. Springer-Verlag, Berlin, 2001.

P. Kunkel and V. Mehrmann. Differential-Algebraic Equations: Analysis and Numerical Solution. EMS
Publishing House, Ziirich, Switzerland, 2006.

W. Liu. Asymptotic behavior of solutions of time-delayed Burgers’ equation. Discrete. Cont. Dyn.-B, 2(1):47—
56, 2002.

V. Mehrmann and C. Shi. Transformation of high order linear differential-algebraic systems to first order.
Numer. Alg., 42:281-307, 2006.

V. Misra, W. B. Gong, and D. Towsley. Fluid-based analysis of a network of AQM routers supporting TCP
flows with an application to red. SIGCOMM Comput. Commun. Rev., 30(4):151-160, Aug. 2000.

G. Planas and E. Hernndez. Asymptotic behaviour of two-dimensional time-delayed Navier-Stokes equations.
Discrete. Contin. Dyn. S, 21(4):1245-1258, 2008.

R. Riaza. Differential-algebraic systems: Analytical aspects and circuit applications. World Scientific Pub-
lishing Co. Pte. Ltd., Hackensack, NJ., 2008.

L. F. Shampine and P. Gahinet. Delay-differential-algebraic equations in control theory. Appl. Numer. Math.,
56(3-4):574-588, Mar. 2006.

A. Steinbrecher. Regularization of quasi-linear differential-algebraic equations in multibody dynamics. In Pro-
ceedings of Multibody Dynamics 2011-ECCOMAS Thematic Conference Brussels (Bruzelles, Belgium,
July 4-7, 2011), 2011.

M. Wim and N. Silviu-Tulian. Stability and Stabilization of Time-Delay Systems: An FEigenvalue-based Ap-
proach. SIAM, 2007.

Q. Zhong. Robust Control of Time-delay Systems. Springer, 2006.

24



