A PHASE-FIELD MODEL FOR SOLID-STATE DEWETTING AND
ITS SHARP-INTERFACE LIMIT
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Abstract. We propose a phase field model for solid state dewetting where the surface energy is
weakly anisotropic. The evolution is based on the Cahn-Hilliard equation with degenerate mobility
and a free boundary condition at the film-substrate contact line. We derive the corresponding sharp
interface limit via matched asymptotic analysis involving multiple inner layers. The resulting sharp
interface model is consistent with the pure surface diffusion model. In addition, we show that the
natural boundary conditions, as indicated from the first variation of the total free energy, imply a
contact angle condition for the dewetting front, which, in the isotropic case, is consistent with the
well-known Young’s equation.
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1. Introduction. Dewetting of solid films is one of the important processes
used for nanostructuring and functionalizing surfaces for a variety of technological
applications, such as for example in thin-film solar cells and other optoelectronic
devices. Examples can be found in [8, 10, 30] and for a recent review we refer to
Thompson [34]. Typically, the dewetting scenario begins with the formation of a three-
phase contact line between the thin solid film, the solid substrate and the surrounding
vapor phase. The subsequent retraction of the film leads to the formation of a rim
that eventually destabilizes into nano- or micro- islands [35].

While this process is very similar to the dewetting of liquid thin films and inves-
tigated in detail in [1, 9, 18] and recently reviewed in [7], the physical mechanisms
for the mass transport underlying solid film dewetting is quite different and is based
on capillarity driven surface diffusion [17, 35, 39]. In addition, for solid films fur-
ther properties such as anisotropy of its surface energy can dominate the dynamics
[11, 36, 42]. This can have important implication on the stability of the moving three-
phase contact-line, where vapor, solid film and substrate meet. For the equilibrium
state the shape of a nano- or micro crystal in contact with a substrate has been
systematically derived as well as experimentally validated in [20, 37].

Since the dynamical dewetting process usually involves a succession of topological
transitions of the thin dewetting film the phase field framework provides an adequate
modeling approach for a continuum description. In particular, for large-scale numer-
ical simulations the evolving complex geometries such as the creation and vanishing
of interfaces, occur naturally as part of the solution. This is in contrast to interface
tracking methods used for the corresponding sharp-interface models. However, estab-
lishing the correct correspondence between the phase-field and sharp-interface models
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can emerge as a non-trivial and subtel asymptotic problem and this is the main focus
of our present study.

For the isotropic case a phase-field model for solid phase dewetting has been
proposed by Jiang et al. [16], where a phase-field function u = u(x) that lives on the
domain  which includes film-vapor interfaces, where u(x) = 0, has been defined such
that u(x) > 0 inside the film and u(x) < 0 inside the vapor phase. For this phase-field
variable the total free energy W combines the Ginzburg-Landau free energy density
for the film-vapor system and the energy density of the wall

We = /QfFV i + / o T, (1.1)
where
g2 + w(3 —u?
frv = A (F(U) + 2VU|> and  f, = V5 5 e _ U 1 )(7\/3 —7rs) (1.2)

with the constants € denoting the interface width, A the mixing energy density and
Yvs,Vrs are, respectively, the interface energy describing the interface between vapor
and substrate, and film and substrate. While the expression for fgzy is well-known, the
less familar expression for the wall-energy is found from the conditions that f,, = vy s,

v =0 foru=—1and f, =yrs, fi, =0 for u = 1 as has been first constructed in
[15, 41] and discussed further in [14] for a problem of two-phase dewetting. Physically
more meaningful but more involved expressions for the wall energy can be found in
[29].

A derivation via the first variational derivative of the total free energy functional
with respect to u then yields the correcponding chemical potential p = 1/X éW/du so
that by making use of the fact that u is a conserved order parameter, the Cahn-Hilliard
equation [26]

Du=V-j,  §=M@Vn  p=F(u)- A, (13)

is obtained, together with the natural (no-material flux) boundary condition du/0n =
0 on 9. Here, M(u) denotes the mobility, j the flux and F the homogeneous free
energy. In Jiang et al. [16] the choice was M (u) =1 —u? and F(u) = 1/2(1 — u?)%.

The sharp-interface limits of these phase-field models require careful consideration
in order to predict the correct physical properties. In particular, in view of mobility
M and homogeneous free energy F' different combinations have been investigated in
the literature and the results show that appropriate choices do significantly affect the
corresponding sharp-interface limit, see [26]. In [32] Taylor & Cahn show in general
how sharp-interface and diffuse-interface motion laws can be linked by being gradient
flows for analogous inner products. One of the first systematic asymptotic studies
was done by Pego [28], where he showed that for the combination

M(u) = Mp(u) =1, (1.4a)
F(u) = Fy(u) = %(1 —u?)? (1.4b)
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the sharp interface limit € — 0 leads to the well known Mullins-Sekerka problem [24].
His asymptotic technique has been frequently adapted by other authors in order to
show that pure surface diffusion flux is recovered for corresponding choices of free
energy F' and mobility M as intended.

The choice considered by Pego (1.4) can be considered as an approximation of the
Cahn-Hilliard equation (1.3) with a concentration dependent mobility and a logarith-
mic free energy [26]

M(u) = My(u) =1 —u?, (1.5a)

F(u) = Fi(u) = %((1 (4 u) + (1—win(l— )+ Fouw),  (1.5b)
in the shallow quench limit, T — 1, where T is the temperature. Cahn et al. [5]
studied combination (1.5) in the deep quench limit, 7' = 0, and their analysis yields
that (1.3) together with (1.5) reduces to a model for surface diffusion in the limit
e — 0.
Other combinations of free energy and mobility have frequently been applied in the
literature in order to approach surface diffusion, often simply to circumvent the numer-
ical difficulties of the logarithmic potential. Typical approximations are for example
the biquadratic free energy such as Fj in combination with a degenerate mobility such
as M; or doubly degenerate mobility as Mo (u) = (1 —u?)? | see for example [16, 31].
However, some of these models do not reliably approach surface diffusion as intended
and has been criticized in the literature in particular in Guggenberger et al. [13].
Only recently this was shown in [22], where via a systematic asymptotic analysis that
in addition takes account of contributions from exponential asymptotics, showed that
for My combined with the double-well potential Fyy bulk diffusion will in fact enter
into the interfacial mass flux at the same order as surface diffusion and thereby would
predict different physical processes. As a consequence of this, we show in our analysis
here that the doubly degenerate mobility will yield the correct limiting sharp-interface
model.

In addition we include in our Phase-field model also anisotropic surface energy
~(0), where 6 is the interface orientation angle. We note that anisotropic surface
energy may lead to an ill-posed problem when there are missing orientations in the
corresponding Wulff shape, because then the surface energy is non-convex [12, 38]. In
the two-dimensional case this is equivalent to the surface tension v(8) + v”(6) hav-
ing a sign change and this case is referred to as strongly anisotropic. The topic of
strong anisotropy in the Cahn-Hilliard equation was considered by Cahn and Taylor
[6] where they suggested to convexify the gradient energy to keep the equations well-
posed. Another convexication scheme was proposed by Eggleston et al. [12], where
corresponding equilibrium solutions were remarkably close to the sharp-interface Wulff
shapes, but did not conserve mass. Moreover, in a work by Lowengrub et al. [38], an
efficient, second-order accurate and adaptive finite-difference methods is presented to
solve the regularized, anisotropic Cahn -Hilliard equation in two and three dimensions.

When investigating the sharp-interface limit for dewetting film we also have to
take into account the limit towards adequate boundary conditions at triple junctions
for the anisotropic Cahn-Hilliard equation. Other studies that deal with the boundary
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Fic. 2.1. A sketch of the model domain.

conditions at triple junctions have considered the isotropic Cahn-Hilliard equation
[25], where the ideas of [3] are adapted in order to show that in the asymptotic limit
the boundary condition leads to Youngs law at triple junctions [40], i.e.

Vs —YFs = YFv cosbc, (1.6)

where vy s, vrs and gy are the interface energy densities describing the interfaces
between vapor and substrate, film and substrate, and film and vapor, respectively, 8¢
and the equilibrium contact angle. Of particular interest in our study is the technique
as well as the geometry presented in [27], in order to study the asymptotic behavior
at the contact line for our problem.

The paper is organized as follows. First we propose a phase field model for
solving the anisotropic surface-diffusion dewetting problem. In section 3 we derive
the corresponding sharp-interface limit in the weakly anisotropic case and inside the
model domain which confirms the approach of surface diffusion for the present choice of
mobility M and free energy F. In section 4 we deal with the corresponding boundary
condition at the triple junction and apply an appropriate asymptotic method in order
to derive the anisotropic contact angle boundary condition.

2. Problem formulation. Considering a one-dimensional film/vapor interface,
we define the domain €2 to be a two-dimensional rectangular box around this interface
with boundary 992 = T'g U Ty U Ty, (see Fig. 2.1). Then for the phase-field function
u as defined in the introduction the energy functional W may be extended following
the approach by Kobayashi [19] and similarly [33, 38], and we consider an anisotropic
free energy functional of the form

frv(u,Vu) = )\(F(u) + 627(—Vu)2|Vu|2>, (2.1)

where F'(u) is the homogeneous free energy, v : R? — R is the anisotropic interface
energy between film and vapor and A represents the mixing energy density. Note
that + depends on the direction of the outer normal vector at the interface and this
direction is represented by —Vu.
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In this paper, we will consider the sharp interface limit for the case where the homo-
geneous free energy is the double well potential (1.4b). Moreover, following [19] we
assume that the anisotropy function satisfies y(Av) = y(v), for A > 0 and v € R?,
and exploit that in a two dimensional space, the direction —Vu in v(—Vu) may be
written in polar coordinates. Thus there is an equivalent representation of v which
only depends on 6, the angle of orientation of the interface relative to the positive -
axis [19]. In order to determine 6 in [—m, 7] we chose the following common variation
of the arctangent function

arctan —

Uz

arctan —% + 7, for uy <0,uy >0

Uz

, for u, >0

u
arctan 3+ —m for u, < 0,uy <0

0 := arctan 2(uy, uy) = (2.2)
Y +3 , for up =0,uy, >0
-5 , for uy = 0,uy <0
0 , for uy =0,uy =0

and consider the following form of

v =(0) = v (arctan 2(uy, uy)) .

Note that, since 7 and —m correspond to the same direction, we have to postulate
that (7)) = v(—m). Moreover we suppose that the system is weakly anisotropic, i.e.

v(0) +~"(6) > 0, (2.3)

for all @ € [—m, 7], which ensures that the film-vapor interface is always smooth during
the evolution and the anisotropic model is mathematically well-posed [12].
As before we assume for the wall energy density [15]

ws + yrs  u(3—u?
fu(u) = 5 - 1 )(Ws —VFS); (2.4)
which satisfies f,, = yvs and f/, = 0 when v = —1 and f, = yrs and f] = 0 when
u = 1. It follows that the variational derivative of the energy functional W€ with
respect to u is

10We —u
- — F/ _ 2 / Yy 2 2
3 sa (u) 6V(’W(u )+7Vu) (2.5)

x

which suggests the following natural boundary conditions

!

> + 7(9)2vu] +55=0 (2.6)

em- [0y 0) (7"

x

on I',, and

m- 0/ 7,") +907va] =0 (27)
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on 90\ I, where m is the unit outward pointing normal vector onto €.
We assume that the order parameter u is conserved and define the mass flux of u to
be

J=M(u)Vp, (2.8)

where the chemical potential p is the first variational derivative of W€ with respect
to u

) = () = e (5 () 4770 (29)

x

and we chose the biquadratic diffusional mobility M (u) to be
M(u) = (1—u?)”. (2.10)
Fick’s second law then yields the anisotropic Cahn-Hilliard equation

Uy

du=V-j,  j=MwVp,  p=F(u) -V (W’(_u > +72VU> , (2.11a)

xr

subject to the following boundary conditions

/

em- |vOF O ) +40)2Vu| + I =0, m- (M@u)Vu) =0, (2.11b)
{ < Ug > } A

onI'y, and
m-Vu =0, m - (M(u)Vu) =0, (2.11c¢)

on 92\ T',,. The aim of this paper is to study the sharp interface limit for the
anisotropic phase field model (2.11) with mobility M defined by (2.10) and free energy
F defined by (1.4b) on a long time scale, when the solution only changes slowly in
time.

3. Dynamics away from the solid boundary. We now apply the method of
matched asymptotic expansions in order to study the long time behaviour of (2.11) in
the limit € — 0 and capture the contribution from surface diffusion. Observing that
the evolution of the order parameter occurs at an O(1/€?) time scale (see [22]), we
suggest to rescale time via 7 = €%, so that the Cahn-Hilliard equation reads

0,u=V-j, j= M)V, p=F'(u) -V <'y’y' <uuy) + 'szu> , (3.1)
with mobility M defined by (2.10) and free energy F' defined by (1.4b) and boundary
conditions (2.11b) and (2.11c).

We first study the asymptotic behaviour of the solution away from the solid
boundary at y = 0, where the boundary condition (2.11c) is not present and we only
have the condition

m - Vu =0, m - (M(u)Vu) =0, (3.2)
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on 0f.

Motivated by [22], we consider three layers, an outer layer away from the contact
line, an interior layer about the interface, and further, a second interior layer where
u is below and arbitrarily close to 1. The reason for considering this second interior
layer is, that in inner coordinates about the interface, the solution is similar to a tanh
function, which differs from its asymptotic value —1 as the inner coordinate tends to
—oo by a small amount e. Taking the exponential representation of tanh this distance
can be measured to be of O(In(1/¢)), which means that the free boundary, where
u = 1, is asymptotically far away from the interface. Consequently a second interior
layer must match between the classic outer and inner solution.

3.1. Outer problem. For the outer expansions, we will use
U = ug + euy + 62U2...,
p= o + €py + ..., (3.3)
j=Jo+ €+ o
which suggests the following expansions for M (u) and F(u)

M) = M(ug) + eM’ (ug)us + € (;M”(uo)uf + M’(uo)u2> L0

F'(u) = F'(ug) + eF" (ug)uy + €2 <;F”’(u0)u% + F”(uo)u2> + O(€%).

Moreover we have

Uy = 71, Ho = 0 (34)

” N

as we suppose that the phase is outside the solid film.

3.2. Inner problem. Similar as in [22, 28], we define the inner layer in a coor-
dinate system relative to the interface

x =R(s,7) + ep n(s, 1) (3.5)

where R is the position of the interface and n = (n1,n2)7 is the unit outward normal
onto the film/vapor interface. The position of the interface is defined by

u(R,t) =0, (3.6)
and the gradient operator in these curvilinear coordinates reads
1
V =ne 19, + ——t0,, 3.7
ne P + 1 + €pK ( )

where t = (¢1,t2)7 is the unit tangent, and according to the orientation of n we have
t= (ng, —nl)T.
For the inner expansions, we will use
U= U+ €U, + €2Us...,
n=mno+en + ..., (3.8)
J=c'J 1 4+Jo+eJi+ T,
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and moreover introduce expansions for # and ~ respectively, as these are relevant for
the first three orders of the inner problem

0 =0y + € + €0s...,

1 (3.9)
v = 7(00) + 6’}/,(00)91 + 62 (2,}//(90)9% + 7/(00)02>
Notice that in inner coordinates and exploiting (t1,t2) = (n2, —n1) we have
uy e_lngUp + (14 epr) ~1taU, B 6_1n2Up + prnoU, + t2U,
up, €U, + (1+epr) 11Uy e nU, + prniU, + t1Us
_ noU, + € (prnaU, + t2Us) N2 . T2]S +O(62)
niU, + € (prniU, + t1Us)  ny niU,
for ny # 0, such that a Taylor-expansion of 6 at € = 0 leads to
0 = arctan 2 (ng,n1) + O(e). (3.10a)
On the other hand, for n, = 0, we have
Uy -1Up
— ~ £ +0(1
Uy ¢ Us +0(1)
such that in the limit € — 0 the Taylor-expansion leads to
U\«
wion (YT , 1
6 = sign (Us> 5 + O(e) (3.10b)

which all together reveals that the leading order 6, := arctan 2(na/n4) is independent
of p and denoting 7o := y(0y) the same holds true for the leading order ~.
Applying these inner expansions in (3.1) we find that, the first two equations combined
become

€0, U — ev,0,U = V(M(U)Vn) (3.11)
with v,, = R, - n and where
V- (M(U)V) =€ 20,M(U)d, +¢* {ap <an(U0) + M’(UO)U1>ap - HpapM(Uo)ap]
+ [n2p28pM(Uo)87-ho — kpd, (f@pM(Ug) + M'(UO)U1> 9,

1
+ (an’(Uo)Ul + 5M”(Uo)Ul2 + M'(UO)UQ) 9, + 85M(U0)85] + O(e).

(3.12)
Taking only the first equation in (3.1) we have

1 1
2 _ _ -1
€“0.U — v, 0,U 1T eom |:€ 0p ((1 + epfe)Jn> + 0 (1 — JS>}
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so that in inner coordinates we will only need to know the normal component J,, = n-J
which can be expanded as
MU
Jp = i )8pn

= 671M(U0)8p770 + M’(Uo)Ulapn() + M(Uo)8,,771

, 1
+e€ |:M(U0)8PT]2 + M’(Uo)Ulap’lh + M (Uo)Ugap’I]o + 2M//(U0)U128p7]0:|
1
+ € [M(Uo)a,ﬂh + M'(Uo) U192 + (M’(UO)U2 + 2M”(U0)U12>8,,771

1
+ (M’(Uo)Ug + M" (Ug)U Uy + 6M”’(U0)Uf) apno} +0(e%)

(3.13)
which also justifies our expansion for J.

3.3. Inner layer near the contact line. Moreover, concerning the inner layer
about the contact line, let o (s, 7) be the position of the free boundary in inner coor-
dinates and consider coordinates centered about this free boundary, i.e. s and

z=p+o(st). (3.14)
The second inner expansions about the contact line may then be written as
U=1+¢elU; + 62[72...,
7= 1o + €1 + €N,
J= e_lj,l + jo + ejl + 6232...

and we postulate the boundary conditions

U) =1, 2.U(0) = 0. (3.15)

Note that since the position of the two inner layers as well depends on €, the positions
o and R actually need to be expanded in terms of € as well. But since we are only
interested in the leading order behaviour of the interface we use ¢ and R and their
leading order contributions interchangeably.

We now solve and match the outer and inner problems order by order.

3.4. Matching.
3.4.1. Leading order. For the leading order outer problem we obtain

0= V 'jo, jo = M(UO)V/JQ, Ho = F/(UQ), (316)

and the corresponding boundary conditions are m - Vu = 0 and m - jo = 0. Since we
suppose that the ”-” phase is outside the solid film, we conclude that

ug = —1, Mo = 0. (317)
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The leading order inner expansion reads

0,(M(Uy)0,m0) = 0, (3.18a)
F/(U()) — 8p (ygaon) = "No- (318b)

Integrating once in p, we obtain
M(Uy)0pno = a1(s, 7). (3.19)

From the matching conditions we require

lim Uy(p) = -1, (3.20)

p—r00

which implies a; = 0 and therefore also 19 = 0. Moreover, from (3.10) we know that
0o is constant in p, which leads to

2(U5 — Uo) = 150,00 = 0 (3.21)

and, by applying the boundary condition Uy(0) = 0, consequently

Uy = —tanh (1p> . (3.22)
7o

Using 79 = 0 we also conclude that
Jn,—l =0. (323)

Finally it is easily seen, that from the inner expansions about the contact line we get

Uyg=1, Mo = 0, Jn.—1=0. (324)

)

O(e) correction. The first two parts of the outer O(e) correction problem for
(3.1) are trivial, since po = 0 and M (up) = 0 and consequently

=0 (3.25)
The last equation becomes
H1 = F//(Uo)ul = 4U1, (326)

which we need to match to 77 in the following.
As np = 0 we obtain for the first equation of the inner correction problem

9p(M(Uo)9pm) = 0, (3.27)

such that M (Uy)0,m is constant in p. Comparison with (3.13) then reveals that
(3.27) corresponds to the normal flux term J, ¢, which has to match with j, and
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consequently is zero. Thus 77 does not depend on p.
Applying curvilinear coordinates the equation for 7; reads

m = F"(Uy)Up — <t85( — Y076t9,Uo + 7g1n0,Us) + 19, (vo74ndsUs + 505 Us)

+ 100, ( — (717 + 7071) 0,Uo — 7076t0,U1 + 270711m0,Up + vgnapUl)).

(3.28)
Exploiting that 79, n and t do not depend on p, applying the two-dimensional Frenet-
Serret formulae, i.e.

0st = —kn, dsn = kt,

and using the p-independence of 6y (see (3.10)) in order to calculate J,79, equation
(3.28) becomes

n = F”(UO)Ul — n(’y(')/ + 70)706'on -+ n’y('f&'on =+ 2n’y{)2p8ppU0 - "}/gappUl,
(3.29)
which reveals the ordinary differential equation

’YgappUl — 2(3Ug — 1)U1 = —ncno(?on + KC2 ’Yoaon + 2kco 'yopapon — 1,
(3.30)
e

where we substituted ¢y := 5 + 70 and ¢z := 2. The general solution of (3.30) is
given by

3 1 2 1 4
U =0, sech? (p) + Oy sech? (p) (p + — sinh (p) + — sinh (p) )
Yo Y%,/ \80 4 Yo 32 Yo

1 1 2
+ g(?(:m —m)+ £(2cm —3m1) <2 cosh <p) — 5sech? (p))

Y2 Yo
1 2
— —C2K (p) sech? (,0) ,
2 Yo Yo
(3.31)

and including the interface condition U;(0) = 0 and boundedness as p — oo to match
with the outer solution, the two constants are given by

1 1
Cy = —Tﬁ(m + 2c1K), Cr = §(3U1 = 2c1K). (3.32)

Finally for the inner layer about the contact line we obtain F”'(Up) = 4 and moreover
0,Up = 0 leading to the ordinary differential equation

m = 40Uy — 50,01, (3.33)
with initial conditions
U1(0) = U;(0) = 0. (3.34)
The solution of (3.33) satisfying (3.34) is

U, = %(1 — cosh 22). (3.35)
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3.4.2. Exponential matching. We would now like to match the two interior
layers. Since there are exponentially small and exponentially large terms in the ex-
pansions, which can not be matched by polynomial orders of ¢ we need to apply
exponential matching as introduced by Lange [21].

As 79 is bounded everywhere, we denote z = p/vy to simplify matters.
To match expansions about the interface and the contact point free boundary, we first
note that as p - —oo

Up =1 —2e** + 0(e*?), (3.36a)
1 1
U= ﬂ(%m —3m)e ¥ + 5(01“ —m) (3-36D)
11
+ [(74771 — §1H> + <3;71 - cm) z— 202&22} e, (3.36¢)

The inner expansion about the free boundary can be rewritten as

U=1+ % - %e% - %6—22 +0(&). (3.37)

Consequently we find the matching condition

1 2
% = 5(01%; -—m) = m= gcm, (3.38)

where ¢; =7 + v > 0.

O(€?) correction. Since M’(ug) = 0 we obtain for the outer correction problem
n-jz =0, (3.39)

and again the first two parts of (3.1) are automatically satisfied. The last part requires

1
fo = iF”/(Uo)U% + F"(ug)us, (3.40)

where F""'(up) = —12 and F"'(up) = 4.
Considering the inner correction problem and recalling that 79, 7; are independent of
p we obtain for the first part of (3.1)

9p(M(Uo)0pn2) = 0, (3.41)

thus M (Uy)0,n2 is constant in p and since we can identify this expression via (3.13)
as Jp,1 which has to match with n - j; we find that

Jn,l = M(Uo)ap’lh =0. (342)

Therefore, 72 is independent of p.
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O(€3) correction. Consider the inner correction problem at this point. Since we
have M'(Uy) = M"(Up) = 0 we obtain from (3.13) that

Jn,2 = M(U())apng. (343)

For p — oo the left hand side has to match with jn’g and the right hand side with 73,

but since the first case is zero and the second a constant we immediately obtain
p—r—00 p——00

Note that J, o automatically matches with n - ja|,, which is zero for p — oo, where

Xo denotes the interface. Considering the last part of the correction problem for (3.1)

and exploiting that 79,7, and 7, are independent of p we find

_UnapUO = 8,,M(U0)6p7]3 + 0s M (Up)9sm

2
= 6pM(U0)8pn3 + gM(UO)i?SS(cm).

An integration over (—oo,00) then yields

Uy = (;) 2 Oss(c1K). (3.45)

Finally we obtain the sharp interface problem which correctly describes the anisotropic
evolution due to surface diffusion

2
H1 = gclﬁa
(3.46)

o = (;)Qass«% AR,

on xo-

4. Sharp interface dynamics on solid boundaries. Now we would like to
study the behavior of the anisotropic Cahn-Hilliard equation (3.1) in a local domain
around the contact point z¢ with boundary condition (2.11b). Motivated by [27] we
study the behaviour of v in a box around the contact point . Introducing a boundary
layer and an interior layer which imply corresponding matching conditions, we will
show that the leading order system of (3.1) with boundary condition (2.11b) leads to
a contact angle boundary condition, which is referred to Young-Herring condition in
the literature [2, 23].

We first introduce the boundary layer near I',
Y
2= (4.1)
and corresponding variables U?, u?, 4 and #°, which refer to the outer problem near
the solid boundary, i.e. away from the triple junction at xo (see Fig. 4.1).
We expand U®(z,z) and u’ into

Ub = U + eUb 4 U3,
b = g+ ept + Epsee.
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P e

Fic. 4.1. A sketch of the local domain.

Moreover we find for 4 the expansion

Y =005) +ev'(05) + ...

) N (4.3)
= Y% + €Y + ...
where
+3 , for ang >0
0% = lim arctan 2 (0.U8,e0,U8) =< —% , for 9,UL <0 (4.4)
0 , for 0,Ub =0,

such that 9 = v(6p) is piecewise constant and from Wulff’s theorem (see Appendix
D in [4]) we conclude that v(5) = —y(—%). The leading order problem of (3.1) then
reads

0= 0. (M(Ug)0:415) » (4.52)
:u’g = FI(U(S)) -0, ((78)2822[]3) ) (4.5b)
with boundary condition
1 b
(16)*0.Ug = w , for z = 0. (4.5¢)

Considering (4.5a) we first obtain that
ay(t,x) = M(UY). 1,

and conclude from the no-flux boundary condition at z = 0 that a; must be zero.
This also implies ,ug = 0 and consequently we obtain for (4.5b)

0= F'(Ug) = 0. (()°0-U3) - (4.6)

Multiplying by 0.U¢$ and integrating over an arbitrary interval (21, z2) we obtain

/ F'(U)0.US dz = / 9. ((v)?0.U8) 0.U¢ d= (4.7)

z1 zZ1
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which, since 7§ is piecewise constant and (z1, z) is arbitrary, leads to

PUR) = 5402 (0:08)°. (148)

Next we introduce an interior layer centered at xyg. We choose inner coordinates which
are stretched in both directions, i.e.

T
m=—-
€

) 2 = g7 (49)
€
and expand u and p near n = (n1,72) = 0 linearly as before

U™ = U + eU" + EUs" ..,

P = gt epd" 4 st
Similar as before we have for ¥*" the expansion
@) ( ; ) (4.11)
= v Fey +..
where now we have
00" = arctan2 (9,,US", 0, US") . (4.12)
The leading order problem of (3.1) then reads
0=V (MUMVLL), (4.13a)
in /(TTiN in_in’ _6772U(§n in\2 in
po' = F'(Us") = Vi | %" 70 o pin + (") Vs |, (4.13b)
m~0

where similar as for (4.5a) we obtain that pf* = 0 and we have the leading order
boundary condition

in . in’ n in in fllu Uin
W onUg + Gy 0,0 = L g, 0 (s

Consider now a box R of size R; in the 7;-direction and Ry in the 79 direction (see
Fig. 4.1). Multiplying (4.13b) by 9,, U™ and integrating over R then leads to
in in mn in_in' in in in
// I, Ug" F' (U ):// O, U [5771 (‘”/o Y O U™ + (467200, U )
= R (4.14)
in_in’ in in in
+ Oy, (’Yo Y O, U™ + (40")? 0, U )],

which can be rewritten as
. 1. . 1. . o , ,
(Li1S) = [[ 0, | PO + 508 @uU)? - 508 @uUE)’ + 528 00000, 0 |

= [[ 0w outir (s 2.0 + G 0,0 | = (ras
(4.15)
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where we exploited that

1 Oy Oy Ui 0, UE™ — 0y, UG 0, U™
(8771 Uén) ’ + (8772 Uén) ’

50 (0" = 70" %"

We first consider the left-hand side (LHS) of (4.15), integrate in 1y and apply limj,;, | O, U™ =

0, which must be the case for finite energy solutions, which gives
Ry
o0 =

lim (LHS)= lim {F(Ué”)+;(vé”)2 (angn)2 dns. (4.16)

Rl,RQ—)OO R1—>OO 0 _ﬁ
2

In order to match U™ with U} for large 1; we have the matching conditions

lim U3 = T U(e,m) = UL (w0, ),

" T 417
. n o 1 b . b— ( . )
lim U§" = lim Ug(z,m2) =: Uy~ (20, n2),

m——00 Ty

where U™ denotes the solution which is more on the side of the “+”phase and U2~
the solution which is more on the side of the “—”phase. Moreover, recalling (4.8) and
(4.4) we obtain

1 _ 1 -
ang*:W 2F (UL, and O, UL :—h—gl\/ZF(Ug ). (4.18)

Without loss of generality we now assume that 0y, U(I)H_/ £ 0, for 7o € [0,00), and
find for (4.16)

lim (LHS) = / 2F (U (20,m2)) dnz — / 2F (UL (0,m2)) dna
R],R2—>oo 0 0

= vanl ([ Vi@ [ VEw ) (1.19)

2 2
b
= Z_Z) = o
|70|<3 3)

where we also applied the definition of F'(u) = %(1 —u?)?. Note that if 9, Ug+/_ =0
for some subset My in [0, 00), the corresponding subinterval of (4.16) over M, would
be zero anyway.

Considering the right hand side (RHS) of (4.15) we first obtain after integrating
in 72 and including the boundary condition (4.13c)

Rs

R /2 . o _ - .
(RHS) = [ [ oty (i o Ui + (iP5 dm}

—R1/2 0

Ry/2 ) / in
[ ) g,
Ra

Rq/2 . Ly . . )
= [ n g (g 0L + (oL dm :
—R1/2

—Ry/2

I II
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where (II) in the limit Ry, Ry — oo is

()= / Fult) dt = S s = ws). (4.20)

> =

Rl,Rz—)OO

Fic. 4.2. A sketch of the coordinate transformation.

Analysing (I) we continue by transforming into curvilinear coordinates (see Fig.

4.2) for which we have the relation
= —msinf;, + cos
£ 1 L 72 . L (4.21)
x= mcosfy + ngsinfg

and consequently
Op, = —sinfp0: + cos0r0y

i (4.22)
Op, = co0s00: + sinfr0,.

Here 61, € (0,7) denotes the contact angle on the right hand side of the thin solid
film which has negative sign due to the geometric orientation (see Fig. 4.2). The
transformed integral then reads

7% sinfp+Ra cos
(1) = / S de (4.23)

% sin @ +Ro cos 0

where

2
o . in\2 inprin _ €0S" UL 4 in)?
S =15 <_Sln"b (Usg)" + 2eos 0LUGE UGS, = = (UY) >
, L (4.24)
cos® 0,

) UgeUR — cos 0 (Ug’;)2>

Now, Ry > 1 and Ry > 1 implies x > 1 and therefore lim,_, 0, U{" = 0. Taking
the limit Ry — 0o, Ro — oo in the following way:

in in\2 :
+ (’YO )2 (COS eL (Uog) + (SlneL — m

Ry .
—71 sin @y, +Ry cos O,

lim (1) = lim  Tim / S de (4.25)
Ri,Ry—o00 Q=00 gl :))oo % sin 0, +Ro cos 0,
5 —00

|R1sinfr + Racosfr| < «
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leads to
fim () == (<o sindy + () eosn) [ ()" e (a20)
Rl,RQ*)OO — 00
where we applied that
lim " = 74" (arctan 2 (cos 0y, —sin 1)) = 7o (4.27)

X—o0

and consequently 7§ is constant in y and £. Moreover note that (4.27) reveals, that
Y™ is equivalent to g from Section 3.2. Finally we obtain by once more using (4.8)

and
in 1 in
0 = 7701/2F(U0 ), (4.28)

that

(4.29)

Y0 J1 Y03
All together we obtain by merging the results for (LHS) and (RHS) in (4.15)

4 . 1
0= 3 (=o' sin @, + o cos ) — X(’YVS —VFs) (4.30)

which is, up to scalars, the correct surface- energy minimizing equilibrium contact
angle boundary condition, referred to as Young-Herring condition [23]. Note that if
we consider the contact angle on the right hand side fg, where sinfr < 0 due to
the geometric orientation, we obtain in an analogous way the same equation which
suggests to rewrite (4.30) in general form

0= % (7’}/0/ sin 90 + 7o cos 90) — %(’YVS — ’YFS), (431)
for ¢ € (0,m). If the surface energy is isotropic, i.e. v = const. equation (4.31)
reduces to the well- known Young’s equation. Moreover we would like to remark,
that in the case of weak anisotropy, i.e. v+ " > 0, which is provided by this paper,
equation (4.31) has a unique solution 6¢. In order to observe the number of possible
choices for f¢ it is convenient to consider (4.31) as a function of 6, i.e.

4 ) 1
h(0) := 5 (=70 sin 6 + o cos 0) — Y Owvs —ps) (4.32)
and determine the number of zeros. Differentiating with respect to 6 reveals
/ 4 " .
h'(0) := —3 (0" 4+ o) sin @ (4.33)

which is always negative for weak anisotropy and 6 € (0, 7) such that h(8) is strictly
monotonically decreasing and can only have one zero in this interval.
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5. Conclusion. In the present work we investigated a phase-field model de-
scribing the dewetting from a solid substrate. The main goal was to establish the
connection to a corresponding sharp-interface model that accounts for surface diffu-
sion as the dominant mechanism that drives the dynamics. The focus of this study
was the systematic and careful asymptotic analysis to treat the multiple boundary
and interfacial layers that occur as the sharp-interface limit is approached, both for
the isotropic as well as for the anisotropic case.

We established that by using exponential asymptotic matching the bi-quatratic
mobility yields the correct limiting model, in contrast to for example other choices
such as M (u) = 1 —u?, which have been used before in the literature, see for example
Jiang et al. [16] in this context of application. Such mobilities lead to sharp-interface
models that contain bulk diffusion as an additional driving force to the same order of
magnitude, as previously shown by Lee et al. [22].

A further problem concerned the asymptotics of the contact-line motion as the
solid substrate is approached. For this the outer problem has to be matched to the
boundary layer near the solid substrate and moreover it had to match the interior
interfacial layer. As a result the Young-Herring condition is obtained.

For comparison to realistic scenarios and experimental results of dewetting solid
films, such as dewetting crystalline Si films, used for nanopatterning of surfaces, our
phase-field model will be extended to a higher dimension and and investigated numer-
ically in an upcoming separate article. Of interest is here the study of the solid-solid
contact-line instability, which, according to experimental results by [11], seems to be
a function of the crystalline orientation.
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