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Abstract

In this paper we discuss some partial solutions of the length con-
jecture which describes the length of a generating system for matrix
algebras. We consider mainly the algebras generated by two matrices
which are quasi-commuting. It is shown that in this case the length
function is linearly bounded. We also analyze which particular natural
numbers can be realized as the lengths of certain special generating
sets and prove that for commuting or product-nilpotent pairs all pos-
sible numbers are realizable, however there are non-realizable values
between lower and upper bounds for the other quasi-commuting pairs.
In conclusion we also present several related open problems.
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1 Introduction

In this paper we present partial contributions to an open problem concerning
the length function which is important in the study of finite-dimensional
algebras. To introduce the problem we first need some notation.
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1.1 Notation

Let F be an arbitrary field and let A be a finite-dimensional associative
algebra over F with generating system S = {aq,...,anr} C A. Let (S) denote
the linear span (the set of all finite F-linear combinations of elements of S)
of the subset S in some vector space over F. For a finite set (alphabet)
B ={by,..., by}, finite sequences of letters in B are called words. Let B* be
the set of all words over B, and let Fg be the free semigroup over B, i. e.,
the set B* equipped with the concatenation operation.

The following length function plays an important role in the study of
finite-dimensional algebras, see e. g., [15].

Definition 1.1. The length of a word by ...b;, where b; € B, is equal to t.
We adopt the convention that 1 (the empty word) is a word of length 0 over
B.

By B!, t > 0, we denote the set of all words over B of length not greater
than t over B and by B\ B'~! the set of all words of length exactly ¢ > 1
over B.

Remark 1.2. The products of elements of a generating set S can be viewed
as the images of elements of the free semigroup Fs under the natural ho-
momorphism. We can refer to them as words in the generators and use the
natural notation §* and "\ §'!.

If A is an algebra with unit element 14 then we set S° = {14}, otherwise
S% = (). We denote by L;(8S) the linear span of the words in S*. Note that
Ly(S) = (14) = F for unitary algebras, and Lo(S) = 0, otherwise. Let also

oo

L(S) = U Li(S) be the linear span of all words in the alphabet {a1,...,as}.
i=0

Definition 1.3. The length of a generating system S for the algebra A is the
minimum nonnegative integer k such that £;(S) = A. The length of S will
be denoted by [(S). The length of an algebra A'is defined as I(A) = max 1(S),

where the maximum is taken over all generating systems of the algebra.

A word v € §'\ 8! is said to be reducible over S, if there exists an index
i < t such that v € £;(S), i. e., v can be represented as a linear combination
of words of smaller lengths, otherwise it is called irreducible over S.

By I, I,, we denote the identity matrix and by O, O,, the zero matrix in
M,,(F), the set of all n x n matrices over F. Let E; ; be the (7, j)-th canonical
basis element in M, (), i. e., the matrix with one in the (i, j)-th position
and zeros otherwise. The spectrum of a square matrix, i. e., the set of its



eigenvalues in F is denoted by o (A), a Jordan block of size k associated
with an eigenvalue A is denoted by Ji(A), and the degree of the minimal
polynomial of A is denoted by deg(A).

1.2 The length conjecture

The problem of the length evaluation was first discussed in [17], [18] for the
algebra of 3 x 3 matrices in the context of the mechanics of isotropic continua.
The problem of computing the length of the full matrix algebra M, (F) as a
function of the matrix size n was stated in the work [16] and is still an open
problem formulated in the following conjecture.

Conjecture 1.4 ([16]). Let F be an arbitrary field. Then (M, (F)) = 2n—2.

It is known that the conjecture is valid for n = 2, 3,4, see [16], however,
the known upper bounds for the length of the matrix algebra are in general
nonlinear in n.

Theorem 1.5 ([16, Theorem 1, Remark 1]). Let F be an arbitrary field.
Then

onE) < |2

where [.] denotes the least integer function.
An (asymptotic) improvement of this bound was obtained in [15].

Theorem 1.6 ([15, Corollary 3.2]). If F is an arbitrary field, then

2n2 1 n
(M,,(F B —
( ())<n\/n_1+4+2

While the problem is open in general, there exist linear upper bounds for
the lengths of matrix sets satisfying some additional conditions. In [1] the
bound 2n — 2 was proved for sets satisfying a modified Poincarré-Birkhoff—
Witt property (further, PBW-property), and in [9] a bound was provided for
sets containing a rank one matrix. In [5, 14] the linear upper bound n—1 was
proved for commutative subalgebras in M, (F) and it was also shown that any
integer from [0, n — 1] can be realized as the length of a commutative matrix
subalgebra. The lengths of commutative sets and algebras were studied fur-
ther in [13], where an upper bound I(S) < (m — 1)[log,,, d] + [m{°8n @] — 1
for the length of a commutative set was obtained, with d = dim L(S),
m = max{deg(A)|A € S}, [z] and {x} denote the integer and fractional
parts of a real number x.

A summary of linear upper bounds for the lengths of S is given in the
following list.




Remark 1.7.

1. Let S satisfy a modified PBW-property. Then [(S) < 2n—2if L(S) =
M, (IF), see [1, Theorem 2.7].

2. Let S satisfy a modified PBW-property. Then I(S) < 2n — 3, if S does
not generate the whole algebra M, (F), see [1, Theorem 3.2].

3. If S is a commutative set, then [(S) < n — 1, see [5, Theorem 6.1].

4. If all elements of S are simultaneously triangularizable over F, then
[(S) <n—1by [11, Lemma 4.2].

The existing results, in particular, the bounds given in Remark 1.7, allow
us to formulate the following weaker version of Conjecture 1.4:

Conjecture 1.8. Let F be an arbitrary field. Then (M, (F)) is a linear
function in n.

We believe that Conjecture 1.4 is true, however since it is not proved for
many years we formulate the above conjecture. A possible approach to solve
it can be to prove that {(M,(F)) < C'-n'*?, where § — 0. At the moment,
the bound obtained in [15] is the best and provides ¢ = 3.

The third item in Remark 1.7 shows that in the case of commuting matri-
ces, i. e., when the algebra is generated by two elements and the products AB
and BA coincide, there are good linear upper bounds for the length function.
The next natural generalization is to consider the case that the products AB
and BA are linearly dependent, namely the matrices A and B commute up
to a scalar factor, i. e., there exists ¢ € F such that AB = ¢BA. In this case
it is usually said that the matrices A and B are quasi-commuting. This class
contains commutative pairs and is contained in the class of matrices with
modified PBW-property considered in [1].

Definition 1.9. If A, B in M, (F) are such that AB and BA are linearly
dependent, then we say that A and B quasi-commute. If the given factor
w € F in the quasi-commutativity relation AB = wBA is important, then
we say that A, B commute up to a factor w (or w-commute).

The structure of quasi-commuting pairs and possible values of the com-
mutativity factor have been studied extensively, see [6] for a survey and [§]
for some recent characterizations. An important tool in the study of quasi-
commuting matrices is the following pre-normal form.



Theorem 1.10 ([3, Theorems 1-2]). Let F be an algebraically closed field
and let n € N, n > 2. If matrices A, B € M,(F) satisfy the the identity
AB = eBA for some e € F, € # 1 and the matrix AB is not nilpotent, then
there exists an integer 0 < r < n — 2 and an invertible matriz P € M, ()
such that

0 A, O B, (1)

where € is necessarily a primitive root of unity of order k > 1 dividing n —r,
S and T are triangular v X r matrices, ST and T'S are both nilpotent, and

P‘lAP:{S X T Y]

| pisp=|

c O ... @) O O ... O D
O «C ... @) D, O ... O O
Ar = . ’ B, = . ) (2)
O O ... ¢ O O ... Dy O
where C° € M,—yy/x(F) is nonsingular, and Dy,..., Dy € Mgy_pyi(F) are
arbitrary nonsingular matrices satisfying the relations D;,C = CD;, i =
1,2,... k.

We remark that quasi-commutativity is an important relation in quantum
physics, for the details we refer to the classical monographs [7, 10] and the
references therein, and in the representation theory of affine Hecke algebras,
see [2].

The list from Remark 1.7 provides known linear upper bounds for the
values of the length function for several subsets & C M, (F). In this pa-
per we revisit upper bounds and provide new lower bounds for the lengths
of quasi-commuting pairs of matrices. We investigate whether all integers
satisfying these bounds can be realized as length for a certain generating
pair § = {4, Ay} C M, (F) such that A; and Ay are quasi-commuting? We
prove that for commuting or product-nilpotent pairs all possible numbers are
realizable and show that there are non-realizable values between lower and
upper bounds for the other quasi-commuting pairs.

Our paper is organized as follows. In Section 2 we discuss length bounds
for generating sets of two elements. In Section 3 we discuss the special case
of e-commutative matrices, where ¢ is a primitive root of unity. Section 4 is
devoted to the improvement of the bounds provided by Theorem 3.7 under
some additional conditions, in particular, the case that at least one of the
matrices is non-derogatory or singular. Section 5 contains special cases and
concrete computations for small n. We conclude with a summary and some
open problems in Section 6.



2 Commuting pairs and quasi-commutative
pairs with nilpotent product

Among all quasi-commuting pairs of matrices there are two special classes
that can be singled out and where the analysis is easier than for general
pairs. These are commuting pairs and quasi-commutative, non-commuting
pairs with zero or nilpotent product. In these cases the length of algebras
generated by such pairs is smaller than for general quasi-commutative matrix
pairs. Below we present these classes explicitly.

Let S = {A, B}, where A, B € M, (FF) satisfy one of the following condi-

1 AB = BA,
2. (AB)® = (BA)"=0and AB = aBA for some a € F\ {0}, (3)
3 AB = 0or BA=0.

We will show that in each of these cases I(S) < n — 1 and, moreover, for
any k= 1,...,n — 1, there exist pairs of matrices S} = { A}, B} satisfying
I(S)) = k.

2.1 The commutative case

Let S = {A, B}, where A, B € M, (F) and suppose that AB = BA. Consider
the following lemma.

Lemma 2.1. Let k,n € N,n > 2, 5 +1 <k <n—1, and let F be an
arbitrary field. Consider matrices A, B € M,(F) such that A is a Jordan

block of size n associated with the eigenvalue 0, i. e., A = J,(0), and that
B = Ak IfS={A, B}, then I(S) =k — 1.

Proof. We have L({A, B}) = L({A}). Clearly, the matrices A and B satisfy
the relations B2 = 0, BA* ! =0, and A*** = BA" for all t > 0. Therefore all
words in A and B of length k are reducible, while the words I, A, ..., A*!
are irreducible, since A = J,(0) and degA = n > k, thus the assertion
follows. [l

Using Lemma 2.1 we can prove the following theorem for the commutative
case.

Theorem 2.2. Let n € N, and let F be an arbitrary field. Then

1. for any k € NU {0}, k < n — 1, there exists a commutative pair of
matrices Sy = { Ak, Br} C M, (F) such that [(S;) = k;
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2. for a commutative set S = {A, B} C M,(F) we have:

a. I(S) = n — 1 if and only if one of the matrices in S, say A, is
non-derogatory and B = oA + BI for some a, B € F;

b. I(S) =0 if and only if both matrices in S are scalar matrices.

Proof. Let A denote the algebra generated by S.

1. For k = 0 we take So = {[,2/}. When k = n — 1 we take S,,_1 =
{J,(1), J,(0)}. Then I(S,,—1) = I({J.(1)}) = n — 1 since the matrix
Jn(1) is non-derogatory.

For a fixed 1 < k < n — 2 consider Ay, = Jx12(0) ® Op_g—2, Br =
Ai“ and Sy = {Ay, Bx}. Then we have AyB, = ByAr = O, and
B? = O,. So by Lemma 2.1, A as a vector space is spanned by
I, Ay, By, A2, ... AV and I(S;) = k.

2. Consider § = {A, B} C M, (F), such that AB = BA.

a. In the case I(S) = n—1, we obtain from [12, Theorem 3] that A is
a subalgebra generated by a non-derogatory matrix, consequently
dimA = n, and by [12, Lemma 2] dim £;(S) = 2. Hence the
identity matrix I and one of the matrices in S, say A, form a basis
of £41(S), thus B € § C £4(S) is equal to a linear combination of
the basis elements I and A. If B = aA + 1, then we also have
I(S) =1({A}) = deg A — 1, thus I(S) = n — 1 if and only if the
matrix A is non-derogatory.

b. For I(S) = 0 the assertion is obvious, since the length of any set
containing non-scalar matrices is at least 1.

]

2.2 The nilpotent product case

In this subsection we consider the second case of the conditions (3) where
the product of two matrices is nilpotent. We need the following lemma.

Lemma 2.3. Let n € N, and let F be an arbitrary field. If for the two
matrices in S = {A, B} C M, (F) (AB)" = (BA)" =0, and either i) AB =
aBA fora € F\ {0}, orii) at least one of the products AB, BA is zero, then
I(S) <n-—1.



Proof. At the beginning we consider the case that the field F is algebraically
closed. We first prove that A and B are simultaneously triangularizable.

i) In the case that a # 0, this follows from Theorem 1.10. To show
this we proceed by induction. The case n = 1 is trivial, and suppose that
the assertion holds for n — 1. Assume that AB = aBA for a # 0. Since
det((AB)™) = 0, we have that at least one of the matrices from S is singular.
Without loss of generality we may assume that det B = 0. Then there exists
a vector v € F"\ {0} such that Bv = 0. Thus B(Av) = a 'A(Bv) =
a™tA-0 =0, and hence BA'v = 0 for all i € NU {0}. Therefore, the space
W = (v, Av, A%v,...) is a common invariant subspace for both A and B,
and there exists a vector w € W such that Bw = 0 and Aw = Aw. Then
the matrices A and B can be simultaneously transformed by a similarity
transformation to the block form

A * 0 *
Al — B/ —
|:On1,1 An1:| ’ |:On1,1 Bn1:| ’

where the matrices A,,_; and B,,_; are of order n — 1 and satisfy the same
assumptions as A and B, hence by the inductive assumption A, _; and B,,_;
are simultaneously triangularizable.

ii) Now, let a = 0. If AB = 0 then either B = 0 and A can be transformed
to its Jordan form, or A = 0, B can be transformed to its Jordan form, or
both matrices A and B are singular. In the latter case, there exists a vector
v € F" such that Av = 0. Then ABv = O -v = 0, and hence ABv = 0
for all 7 € NU {0}. Therefore, the space W = {v, Bv, Bv, ...} is a common
invariant subspace for both A and B, and there exists a vector w € W such
that Aw = 0, Bw = fw and we obtain the assertion via induction on n as in

i).

Thus, there exists an invertible matrix C' € M, (F) such that the algebra
C'L({A, B})C is a subalgebra in the algebra of upper triangular matrices
in M, (F), hence I(S) < n — 1, and moreover [(L({A, B})) <n — 1.

If the field F is not algebraically closed, then from [14, Proposition 3.19]
and the bound in i), we obtain that

US) <ULHA, BY)r) <ULHA BY)g) <n—1,
where F denotes the extension field of F. ]

Using Lemma 2.3 we obtain the following theorem.

Theorem 2.4. Let n € N, n > 2, let F be an arbitrary field satisfying
IF| > 2, and let a € F\ {0,1} be arbitrary. Then for any k € Nk <n — 1,
there exists a pair { Ay, By} C M, (F) such that (AxBy)™ =0, Ap By = aBp Ay
and this pair satisfies l({ Ak, Br}) = k.
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Proof. Consider an n-dimensional Jordan block with the eigenvalue 0, J, =
J.(0), and set D,, = diag(1,a,...,a™!). Then

0Oa 0 ... 0]
00 a 0
JIDn=10 0 0 0 | =aD,J,.
00 ... 0 av!
00 0 ... 0

The word J"~! = Ey,, is irreducible, since for all words J*D! k <n — 2 the
element in the position (1,n) is zero. Thus, I({J,, D, }) =n — 1.

For a given £ = 1,...,n — 1, using the same notation, consider a pair
Ak = Jit1 @ Op_g—1, By = Dyy1 @ I,,_p—1. We then have deg A, = deg Ji41,
deg Bk = deg Dk+1, and l({Ak, Bk}) = l({Jk_H, Dk+1}) =k. ]

The next statement extends Theorem 2.4 to the case a = 0. We observe
that the case a = 1 is considered in Section 2.1.

Theorem 2.5. Let n € N, n > 2 and let F be an arbitrary field. For any
ke Nk < n—1 there exist a pair {Ay, By} C M,(F) with ByA, = 0,
AkBk 7é 0, and l({Ak, Bk}) =k.

Proof. Considering the pair of matrices J,, = J,,(0), E,,,, then the following
identities hold.

Eondn =0, J1Bn=Eyp,r=1....n—1, J;=> B
k=1

Therefore, for any word V' € {J,, E,,}" > we have (V);,, = 0. However,
(J2 1)1, =1, and thus, J?~ ! is an irreducible word and [({J,,, By, n}) = n—1.

For a given k =1,...,n — 1 consider a pair
| Jk41(0) O | Eit1p1 O
Ap = { 0 ol By = 0 o € M, (F).

Then we have deg Ay, = deg Jy11, deg By = deg Ej11 41 and

l({Ak7 Bk}) - l({Jk+17 Ek—i—l,k—l—l}) =k,
here deg X denotes the degree of the minimal polynomial of X. O]

In this section we have discussed two special classes of matrices and in-
vestigated the lengths for these classes. We have shown that the case of non-
commuting product-nilpotent matrices is similar to the commutative case.
In the next section we look at quasi-commutative matrices, where the scalar
factor is a root of unity.



3 Pairs of s-commutative matrices

In this section we discuss the special class of pairs of quasi-commutative
matrices for which the factor is a primitive k-th root of unity and we will
show that in this case the situation is very different from the commutative
and nilpotent case. In the following we will show that in this case we obtain

a bound
2k —2 <1(S) <2n-—2.

We begin with a lower bound for the length of a pair of e-commutative
matrices.

Lemma 3.1. Let k,n € N, 1 < k < n, and k|n. Let F be an algebraically
closed field containing a primitive root of unity €, of order k. Consider a
pair of matrices {A, B} C M, (F) such that the matriz AB is invertible and
AB =¢,BA. Then

I({A,B}) > 2k — 2.

Proof. To prove the bound, we show that the word A*~!B*~! is irreducible
over {A, B}.

Since AB is invertible, by Theorem 1.10 the matrices A and B can be
assumed to be in block form (2), where C' is a nonsingular square matrix of
order n/k, and Dy, ..., Dy are arbitrary nonsingular matrices of order n/k
which satisfy the relations D;C = CD;, 1 =1,2,... k.

Since the field is algebraically closed, the matrix C' has at least one non-
zero eigenvalue A, and thus A has at least k£ distinct eigenvalues A, €, ...,
eF=1\, which implies that I A, ..., A*~! are linearly independent.

Consider a decomposition of the space M, (F) into a direct sum of sub-
spaces Vi @ ... ® Vj, such that

ki i
Vi = {F ®ZIF = (Y filjvis+ ) 9alyarns) € Mi(F), Z € MZ(F>} )
j=1 q=1

where ® denotes the Kronecker product of matrices.

We have dim V; = %2, which means that every matrix in the space V; has
the same block structure as the matrix B*.

For all i = 1,...,k, we have B' € V;, and moreover, A"B* € V; for all
h € N. Furthermore, B* € V;, t € N if and only if ¢ = i( mod k). In
particular, the word B*~! is irreducible.

The space Lor_3({A, B}) is generated by the words A*B™, t,m € N U
{0},t + m < 2k — 3. Since for these words m < 2k — 3, then m = k — 1(
mod k) if and only if m =k — 1.
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Suppose that A*~'B*~1 were reducible, i. e.,

AIBR = Ny, A'B

t,meNU{0}
t+m<2k—3

We have A¥"'B*~1 € V}_;, thus the summands from Vj, for all j # k— 1, in
the right hand side are zero, i.e.

E at7mAth = 0.
t,meNU{0}

m#k—1( mod k)
t+m<2k—3

Then it follows from the above analysis that

k—2
A1 k-1 — Zat,k—lAtBk_la
t=0
and hence, we obtain that
k—2
(A= " ABM =0,
t=0

k=2

The invertibility of B then implies that A¥=* — >~ ;1 A" = 0, which is a
=0

contradiction. O

Making use of Lemma 3.1, we have the following lower bound for the
length also in the non-invertible case.

Theorem 3.2. Let k,n € N, 1 < k < n. Let F be an algebraically closed

field containing a primitive root of unity €, of degree k. Consider matrices
A, B € M,(F) such that AB = ¢xBA and (AB)" # 0. Then

I({A, BY) > 2k — 2.

Proof. By Theorem 1.10, we may assume that the matrices A and B have
the block form (1), where S and T" are upper triangular r x r matrices, ST
and T'S are both nilpotent, and A, and B, are invertible matrices in M,,_,.(F)
satisfying A, B, = B, A,.

From the theorem on the length of block-triangular algebras [11, Corollary
5.4], it follows that

[({A, B}) 2 max{I({5,T}), ({Ar, B, })} > I({Ar, B, }),

and thus the lower bound ({4, B}) > I({A,, B,.}) > 2k — 2 follows from
Lemma 3.1. 0
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To prove an upper bound, we need another lemma.

Lemma 3.3. Let n,m € Nyn > 2:m < n. Let F be a field with |F| > n,
containing a primitive root of unity ,, or order m. Consider A, B € M, (F)
such that AB = €, BA. If m { n, then the words BA"™' and B" 1A are
reducible. Moreover, all words in A, B of lengths > n containing at least
n — 1 copies of one letter are reducible.

Proof. We denote by Hs,—s(A, B) the sum of all words in A, B of length n
with s letters A and n — s letters B, 1 < s < n —1. With § = {A, B},
for any scalar ¢ € F we have that (A +tB)" € L, 1({A+tB}) C L,1(S)
by the Cayley—Hamilton Theorem [4]. For a set of pairwise distinct scalars
ai,...,0,_1 the Vandermonde matrix V(ay, ..., a,_1) is invertible. Hence,
we obtain that each sum Hy,,_s(A, B) belongs to £,,_1(S). In particular,

H, 11(A,B) = BA" '+ ABA"?*+ . ..+ A"'B
= 1-BA" ' +¢, - BA" '+ .. .+ BAM!

n—1
= (Z el YBA" 1,
=0

n—1
Since €,, # 1 and &, is not an n-th root of unity, then ;) gl = zzj # 0, and
hence, BA"™' € £, 1(S). Considering Hy,_1(A, B) we analogously obtain
that B" 1A € £, 1(S).
To see the last part of the assertion, we notice that any word in A, B is
a scalar multiple of a word of type B*A!, k,1 € NU {0}. O]

Using Lemma 3.3, we obtain the following upper bound.

Theorem 3.4. LetF be an algebraically closed field, n € N, n > 2. Consider
A, B € M,(F) such that the matriz AB is not nilpotent and AB = cBA for
some primitive root of unity ¢ € F, ¢ # 1. Then l({A,B}) < 2n — 2 and
equality [({A, B}) = 2n — 2 holds if and only if € is a primitive root of unity
of order n.

Proof. The upper bound [({A, B}) < 2n — 2 follows from [1, Theorem 2.7].
So it remains to study the case when the equality [({A, B}) = 2n — 2 is
attained. If this is the case, then the word B" !A"~! must be irreducible
over {A, B}. In Lemma 3.3 we have shown that all words are reducible if &
is a primitive root of unity of order £ not dividing n, and hence we just need
to consider the case k|n.

It follows from Theorem 1.10, that A and B can be taken into the block
form (1). We will show then, that for the maximal length 2n—2 the triangular
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block cannot occur. Indeed, suppose » > 1. For the triangular part we have
a bound [({S,T}) <r—1 (see Remark 1.7), while for the invertible part the
general bound [({A,, B,}) < 2(n—7) — 2 from [1, Theorem 2.7] holds. Then
by the theorem on the length of a block-triangular algebra [11, Corollary 5.4]
it holds that

I({A,B}) < I{S,\TH+I({A, B }H)+1<r—1+2(n—r)—2+1
= 2n—r—2<2n-2.

Therefore, AB is invertible and we have that A, B have the form (2) where
€ is a primitive root of unity of order k, C is a nonsingular square matrix
of order n/k, Dy,..., Dy are arbitrary nonsingular matrices of order n/k
satisfying the relations D,C = CD;, i =1,2,... k.

If k = n, then the pair A, B generates the full matrix algebra M, (IF) and
[({A, B}) = 2n — 2 (analogously to the pair C,,, D,, from Lemma 3.5). If k|n
and 1 < k < n, which is possible only for n > 4, then we will show that
[({A, B}) < 2n — 2. To show this, we consider several cases for the matrix
C.

a) If the matrix C' is derogatory, i. e., degC < % — 1, then deg A <
k-degC < k(% —1) =n—k <n—2 and thus, the word A"? is reducible,
and so are both of the words A"~! and B" ' A"~!. Hence, ({4, B}) < 2n—2.

b) If the matrix C' has a pair of eigenvalues a, 3, such that a = £f, then
also deg A <n —2 and [({A, B}) < 2n — 2.

c¢) Suppose that C' is a non-derogatory matrix such that o (C')No (eC) =
(), then the matrix A is also non-derogatory.

From the relation D;C = CD;, we obtain that D; = p;(C) for some
polynomial p; of degree not larger than ¢ —1,7=1,... k.

Since D; is invertible, it follows that L({C}) = L({C})D;, i = 1,...k,
and for each m =1,... k, and all j =0,..., 7 — 1 the matrices

On(m—l) O O

o ¢ 0
O O Opm

are polynomials in A of degree not larger than n — 1. Thus for any ¢t =
0,...,k — 1, the matrices B, AB!,... A" ' B! generate all non-zero blocks
of B'. Finally, [({A,B}) <n—1+k—1 < 2n— 3, since k is a proper divisor
of a number n > 3,i. e, k<5 <n-—2. O

Finally, we prove the sharpness of the bounds in Theorems 3.2 and 3.4.
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Lemma 3.5. Let k,n € N, k,n > 2, and let F be a field containing primitive

roots of unity €; of all orders i = 2,...,n. Let us introduce the matrices
0 1 0 0]
0 0 1 .0
Cy == |: . ol|, Dpi=diag(l,ep,62,...,e87 1) € My(F),
00 ... 0 1
10 0 0]
Ck Ok n—k Dk Ok n—k
A, = ) , By, = ’ € M, (F).
F Ontk Oni g On—kr  Oni (F)

Then AkBk = EkBkAk, and l({Ak, Bk}) = l({C’k, Dk}) =2k — 2.

Proof. The proof that [({Cy, Dy}) = 2k — 2 is given in [1, Section 3| and
the identity ApBr = epBrAx holds by construction. We also notice that
deg Ay, = deg By, = k+1, hence the algebra L({ Ay, Bx}) is spanned by words
By As, 0 <r,s <k We do not need words By A} and Bj A;, since
I Ok
Bf— Ak — k kn—k
K K |:On—k,k On—k

and thus By Af = Bl and ByA; = A;. O
Our next result shows that the length 2n — 3 cannot occur.

Theorem 3.6. Let F be an algebraically closed field, and let n € N, n > 2.
If the product AB is not nilpotent, then there does not exist a pair of matrices
{A,B} C M,(F) such that AB = €BA for some root of unity e € F, ¢ # 1
and I({A, B}) = 2n — 3.

Proof. The proof is similar to the proof of Theorem 3.4. If [({A, B}) =
2n — 3 holds, then at least one of the words B"1A""2 or B"2A""! must
be irreducible over {A, B}. In Lemma 3.3 we have shown that all of these
words are reducible if € is a root of unity of order k& not dividing n. So we
are left to consider the case k|n.

It follows from Theorem 1.10, that A and B can be assumed to be in
block form (1). We show first that for the length 2n — 3 the triangular block
cannot occur. Indeed, if » > 1 then by the theorem on the length of a
block-triangular algebra [11, Corollary 5.4], it follows that

I({A,B}) < I{S,\TH+I({A, B }H)+1<r—1+2(n—r)—2+1
= 2n—r—2<2n-3.
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Since 2n —r — 2 < 2n — 3 for r > 2, and for r = 1 we have k|(n — 1), and
thus k t n, it follows that ({4, B}) < 2n — 3.

Therefore AB is invertible and we have that A, B are as in (2), where ¢
is a primitive root of unity of order k, C' is a nonsingular square matrix of
order n/k, and Dy, ..., Dy are arbitrary nonsingular matrices of order n/k
satisfying the relations D;,C' = CD;, i =1,2,... k.

If & = n, then [({A, B}) = 2n — 2 as was shown in Theorem 3.4, so let
kln and 1 < k < n, which is possible only for n > 4. We will then show that
[({A, B}) < 2n — 3 and consider again different cases for C.

a) If the matrix C' is derogatory, i. e., degC < 7 — 1, then deg A <
k-degC < k(% —1) =n—k <n—2. Hence, the word A"=2 is reducible, and
so are both of the words B" 24"~ and B""'A"~2. Thus [({A, B}) < 2n—3.

b) If the matrix C' has a pair of eigenvalues «, 3, such that a = ¢f3, then
also deg A <n —2 and [({A, B}) < 2n — 3.

¢) If C'is a non-derogatory matrix such that o (C')No (eC) = (), then the
bound [({A, B}) < 2n—3 follows as in the analogous case of Theorem 3.4. [

We summarize the results of this section in the following theorem.

Theorem 3.7. Let S = {A, B}, where A, B € M,(F) satisfy AB = ¢, BA
for a degree k primitive root of unity €, € F\ {0}, and do not satisfy any of
the conditions in (3).
1. Then
2k —2 <I(S) <2n-—2.

and, moreover, both these bounds are sharp.
2. There is no matriz pair Ag, By € M, (IF) such that AgBy = eByAq for
some ¢ € F satisfying [({ Ao, Bo}) = 2n — 3.

As a corollary we have a smaller bound for the case that the value 2n — 2
cannot be attained.

Corollary 3.8. Let I be an algebraically closed field, n € N, n > 2. Consider
A, B € M, (F) such that the matriz AB is not nilpotent and AB = eBA for
some root of unity ¢ € F, ¢ # 1, of degree k < n. Then [({A, B}) < 2n — 4.

So far we have always assumed that the considered field is algebraically
closed. In the proof of [14, Proposition 3.19] it has been shown that the
length of a subset S C M, (F) is the same as that considered as a subset of
M, (K) for any extension field K D F. Thus, Theorem 3.7, and the bounds
from Theorems 3.2 and 3.4 hold for the length of a quasi-commuting pair
of matrices over arbitrary fields and the length (({A, B}) = 2n — 3 is not
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realizable if AB = ¢BA for some root of unity ¢ € F, ¢ # 1 if AB is not
nilpotent.

Furthermore, we have the following corollary.

Corollary 3.9. Let F be an algebraically closed field. Then all even numbers
between 2 and 2n — 2 are realizable as lengths of quasi-commuting matrix
PAiTs.

The following tables display the realizability of different natural numbers
that can arise for subalgebras generated by two quasi-commutative matrices
of small size. We put a “4” for the realizable values and “-” for the non-
realizable values.

For n = 3 we have the following realizability pattern.

({4, B}) 01234

AB = BA + |+ |+ |- -

AB=aBA, a#1, (AB?*=0| - |+ |+ |- -

(AB)?> #£0, AB= —BA -l -+ -] -

(AB)? #£0, AB =e3BA - - - ]-]+

For n = 4 the realizability is as follows.

({4, B}) 0[1]2[3]4]5]6
AB = BA + |+ |+ |+ -]-]-
AB=aBA, a#1, (AB)*=0| - [+ |+ |+]|-|-]|-
(AB)*#0, AB=—BA -l -+ -
(AB)* #0, AB = e3BA T e e R
(AB)* #£0, AB = ¢,BA e e

4 Upper bounds depending on k and the mul-
tiplicity of the eigenvalue 0

In this section we provide upper bounds, as functions of n, k and r, where r
is the (algebraic) multiplicity of zero as an eigenvalue of AB, for the lengths
of pairs A, B € M,(F), such that AB is not nilpotent and AB = ¢, BA,
where € is a primitive root of unity of degree k.

We first discuss invertible e-commuting pairs.

Remark 4.1. If aAB = BA for some a € F, then the longest word in A
and B that is not trivially reducible is the word Ads4-1Bdee B=1 of Jength
deg A + deg B — 2, and hence [({A, B}) < deg A + deg B — 2.
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In the non-derogatory case we have the following bound.

Lemma 4.2. Let k,n € N, 1 < k < n, kln. Let F be a field containing
a primitive root of unity ey of degree k. Consider matrices A, B € M, (IF)
such that the matriz A is non-derogatory, the matriz AB is invertible, and
AB = ¢, BA. Then

I{A,B}) <n+k—2.

Proof. Since the length of a set in the extension field is that of the field, we
may assume that the field I is algebraically closed, and since AB is invertible,
by Theorem 1.10, the matrices A and B can be assumed to be in the form
(2), where C' is a nonsingular square matrix of order n/k, and Dy, ..., Dy are
arbitrary nonsingular matrices of order n/k satisfying relations D;,C = C'D;,
1=1,2,...,k.

Since A is non-derogatory, C'is also non-derogatory and o (C')No (6,C) =
(). Then from D;C = CD; we obtain that D; = p;(C) for some polynomial

p; of degree not larger than ¥ — 1,7 =1,...,k, and, since D; is invertible, it
follows that L({C}) = L{C})D;, i =1,... k.
For each m=1,...,k, and all j =0,..., 7 — 1 the matrices

On(m—l) O O
O CJ O
O O Opwm

are polynomials in A of degree not larger than n — 1. Thus, for any t =

0,...,k—1 the matrices B!, AB',... A" ' B! generate all non-zero blocks of
B!, and finally, we get [({A,B}) <n—1+k—1=n+k—2. O

The bound of Lemma 4.2 is sharp as the following corollary shows.

Corollary 4.3. Let k,n € Ny n > 2, 1 <k <n and kln. Let F be a field
containing a primitive root of unity € of degree k, then the pair {A, B} C
M, (F),

(1) o0 .. 0 0O 0 .. 0 I
O 5k<]ﬂ(].) O I~ O ... O O
A= § . , B= * . )

satisfies AB = ¢y BA, and [({A,B}) =n+k — 2.
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Proof. As was shown in the proof of Lemma 4.2, the set
S={B"AB', ..., A" 'B|t=0,...,k—1} c {A, B}""2

is a basis for L({A, B}). If we show that the word A"~1B*~1 is irreducible
over {A, B}, then the assertion follows.

For this, note that the matrix B satisfies B¥ = I. Hence, if m = gk+r > k
then B™ = B", i. e., is reducible. In this case any word A*B™ = A°B",
s € NU{0} is also reducible to a word, containing a power of B bounded by
k—1. Therefore, if A"~ B*~! is a reducible word, then it can be expressed as
a linear combination of words from &, which is a contradiction to the linear
independence of the set S. O

In the derogatory case we obtain another bound:

Lemma 4.4. Let k,n € N, 1 < k < n,kln and let F be a field containing a
primitive root of unity ey, of degree k. Consider matrices A, B € M,(F) such
that both matrices A and B are derogatory, the matriz AB is invertible, and
AB =¢,BA. Then

I({A,B}) <2(n—k) —2.

Proof. Since the length does not change when going to an extension field,
without loss of generality we may assume that the field F is algebraically
closed.

Since AB is invertible, again using Theorem 1.10, the matrices A and
B can be assumed to be of the form (2) where Dy,..., Dy are arbitrary
nonsingular matrices of order n/k subject to the relations D;,C = CD;, i =
1,2,... k.

Since the matrix A is derogatory we have two possibilities:

a) The matrix C' is derogatory, i. e., degC' < 7 — 1, then

degAgk-degCgk(%—l):n—k.

b) The matrix C' is non-derogatory and has at least one pair of eigenvalues
a, 3, such that & = 6. Then k numbers «, €;0, ..., "1 are eigenvalues of
the matrix A, such that there are at least two Jordan blocks associated with
each of them. Then also deg A <n — k.

Since 8,;1 is also a primitive root of unity of order k, then BA = 5,;1AB ,
so we can replace A by B, and the Jordan forms of A and B have same
structure, see, e.g. [6, Theorem 5]. Hence deg B < n — k.

Combining these bounds, by Remark 4.1 we obtain [({A, B}) < 2(n —
k)—2. O
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Note that the bound from Lemma 4.4 provides better result for the length
function than the bound from Lemma 4.2 if and only if n = 2k.
As a direct corollary, we obtain the following result.

Corollary 4.5. Let k,n,g e N,n >4, 1<k <n, kin,1<q<3—1and
let F be a field containing a primitive root of unity € of order k. Then the
pair

c, O 9, 0O 0 ... 0 I
O =C, ... O I. O ... 0 O

A, = )  B=|" € M,(F)
o o .. &g, 0O 0 ... 1. O

with Cy = Jn_,(1) © Iy, satisfies AyB = e ,BA; and [({Ay, B}) =n + k(1 —
q) — 2.

Proof. Noting that deg A, = k(% — q¢) = n — kg, the proof is similar to that
of Corollary 4.3. m

This corollary provides an example of the sharpness in Lemma 4.4, namely
we get the following:

Example 4.6. Let A,, B, C, be defined in the Corollary 4.5, where we choose
n =2k andq=1. Thenl({A,, B}) =n+k(l—q)—2=2k—2=2(n—k)—-2,
which provides the exact value of the upper bound of the length in Lemma 4.4.

Finally we have the following upper bound.

Theorem 4.7. Letk,n € N,r e NU{0},n>3,0<r<n-2,1<k<n-r,
kl(n—r), and let F be a field containing a primitive root of unity €y, of order
k. Consider matrices A, B € M, (F) satisfying AB = e BA and suppose that
AB has an eigenvalue 0 of multiplicity r. Then

I{A,B}) <max{2(n—k)—r,n+k} —2.

Proof. Again we may assume without loss of generality that the field F is
algebraically closed, otherwise we could just apply the result in the extension
field. By Theorem 1.10 we may assume that A and B are already in the
form (1), where ST and T'S are both nilpotent, and A, and B, are invertible
matrices in M,_,.(IF) satisfying AB = ¢, BA.

The upper bound on the length of the pair A, B then follows from the
theorem on the length of a block-triangular algebra [11, Corollary 5.4], which
gives

[({Ar, B,}) < max{i({S,T}),I({A, B,})} <I({4, B})

<
< UI{S.TH) +1({A. BY) + L.
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Since S,T are triangular, then [({S,T}) < r —1 by [11, Lemma 4.2]. If at
least one of the matrices A, and B, is non-derogatory, then [({A,, B,}) <
n—r+k — 2 by Lemma 4.2, and if both A, and B, are derogatory, then
[{A,, B.}) <2(n—r—k)—2 by Lemma 4.4. O

5 Special cases

In this section we discuss several special cases which in particular exclude
certain possibilities.

Proposition 5.1. Let F be an algebraically closed field, n € N, n > 2. There
does not exist a pair of matrices {A, B} C M,(F) that satisfy (AB)" # 0,
AB =¢e¢BA fore € F, e 40,1 and for the length we have [({A, B}) = 1.

Proof. The assertion follows from Theorem 3.2, since 2k—2 > 2 for k > 2. [

In the next result we show that for the order k root of unity and n x n
matrices we can get a length (m + 1)k — 1 for any m € N and n > (m + 1)k.

Theorem 5.2. Letk,m € N, k > 2 and let F be a field containing a primitive
root of unity e of order k. For any n > (m + 1)k there exist matrices
A,, B, € M,(F) such that (A,B,)" # 0, A, B, = exB, A, and [({A,, B,}) =
(m+1)k—1.

Proof. Let n = (m + 1)k. Consider the matrices

e L L L
Omi Jm(l)  Om ... O
An: Om,k Om EkJm(l) Om ,
|Omp Onm Om R T (1)
[J.(0) iU U U ]
| Omir Om .o Jn(1)  On

where L is an arbitrary nonzero k£ X m matrix. We determine the matrix U
from the relation A, B,, = . B,A,:

ex(Je(0)L + ¥ U T, (1)) = L, (1),
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which gives
U=L—¢epJi(0)L(J(1))"".

Furthermore, we have

[ Op  LJn (DM e g (DFY L (bR L, ()R]
Omr  Jm(1)F Om o Om

AL = | O m T (1)F O
_Om,k’ Om Om ce Jm(l)k |

Next we calculate B¥ to show that B¥ = A* independent of the choice of L.

J(0) Y] Je(0)F Y,
If we denote B,, = { k‘é ) Bl} and Bﬁ = [ k(O) BIZ:|7 then Jk(())k =0,

Bf = J,()r® ... & J,(1)F, and

k-1
Yi=> J(0)ViBF = ZJk .. U U|BL
=0
For s =1,...,k we obtain

(Yi)k—ss1 = 252+8Jk(0)iUJm(1)kil
= Zg;{'FSJk(O)Z(L — Sk‘]k(O)L(Jm(1))_1)Jm(1)k_1_1

_ Z€z+s k i—1 Z€j+s ]LJ ( )kfjfl

— 5kLJm( PRt — et g (0)F LJm( )= el LJ,, (1)

Since (k—1)(k—s) = s( mod k), then the assertion B¥ = A* follows. Thus,
we have the relations

Aan = 8an‘Aru
By = A
A (AR — ™ = 0.
Therefore, any word in A,,, B,, is a scalar multiple of a word of the same length
containing at most k — 1 letters B,,. Moreover, all words, containing at least

km+1=n—k+1 letters A, are reducible, while the matrices I, A, ..., AF™
are linearly independent. Thus, [({A,, B,}) < km+1+k—1=k(m+1) =
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Suppose that the word A*™ B*~1 were reducible. Applying the arguments
from Lemma 3.1, we obtain that

km—1
AbmBET = " a; ALBE (4)

=0
Then ag = 0, since the (1, k) elements satisfy
(BN, =1, (A2BF1),, =0forp>1.

Denote by A the (n — k) x (n — k) submatrix of A, located in the last n — k

rows and columns.
km—1

Then the identity (4) implies that A¥™B*! = 3>~ «; A7B*! and since
=1
! km—1 )
the matrices A and B are invertible, it follows that A"~1 = S ;4771
i=1
which is a contradiction, and hence, [({A,, B,}) =k(m+1) —1=n—1.

For n > (m + 1)k 4+ 1 just consider A, = On_(mik ® Ammin, Bn =
On—(m41)k @ B(m41)e- Then the matrices A, B, satisfy the same relations as
A(m+1)k7 B(m+1)k7 and thus l({An, Bn}) = (m + 1)/{? — 1. ]

Our next special case deals with the case of quasi-commutative pairs
associated with the root of unity —1.

Proposition 5.3. Let m,n € N, n > 3, and 2m < n. IfTF s a field of
characteristics different from 2, then the pair

I (1) O O o I, O
A=| 0o -J.,1) O |.B=|I, O O |eMP),
O O Onf2m O O On72m

satisfies AB = —BA and [({A, B}) = 2m.
Proof. The proof is similar to the proof of Corollary 4.3. m

Corollary 4.3 shows that for even numbers n > 6, n not being a power of
2, there exist odd numbers k such that k|n, for which n + k — 2 is an odd
number that is realizable as a length of an e-commuting pair. For example,
in the smallest case n = 6, we have that k = 3 and n+ k —2 = 7 is realizable.

Proposition 5.4. Letn € N, n > 3, and let F be a field containing primitive
roots of unity €,_1 and &, of orders n — 1 and n, respectively. Consider
matrices A, B € M, (F), such that AB is not nilpotent.
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i) If AB = £, BA, then [({A, BY) = 2n — 2.
i) If AB =¢,_1BA, then [({A,B}) =2n — 4.

Proof. The assertion follows from Theorem 3.7 and Corollary 3.8, since if
AB =¢,BA, then

2n —2=2ord (g,) —2 <I({A,B}) <2n —2,
and if AB =¢,,_1BA, then
2n —4 =2ord (e,1) — 2 < I({A, B}) <2n —4,
here ord (a) denotes the order of the element « in a group. ]

Proposition 5.5. For given n,r € N and any two matrices A, B € M, (F)
having the block form (1), the words A" B™~" and B"A"™" are reducible.

Proof. The Cayley-Hamilton theorem [4] implies that for matrices S,T" €
M,.(F), there exist polynomials f(x) and g(x) from F[z] of degrees not greater
than r — 1 such that S™ = f(S) and T" = ¢(T), and similarly there exist
polynomials u(x) and v(z) from F[z] of degrees not greater than n —r — 1
such that A" = u(A,) and B'"" = v(B,). Therefore,

wr = e —um = g 1[5 o] o

*

)t B M PR O

*

Expanding these equations, we obtain that the words A"B"~" and B"A"™"
are reducible. ]

We have the following special cases for n = 5.

Theorem 5.6. Let F be an arbitrary field, and consider matrices A, B €
M;(F), such that AB = wBA for some w € F and denote S = {A, B}. Then

1. I(S) = 8 if and only if w is a primitive root of unity of order 5;
2. 1I(S) = 6 if and only if w is a primitive root of unity of order 4;

3. U1(S) <4 for all other values of w.
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Proof. 1. If w = 1, i. e., the matrices A and B commute, or if w is not a
root of unity, which implies that AB is a nilpotent matrix, then {(S) < 4 by
Lemma 2.3.

2. If w is a primitive root of unity of order k = 4 or 5, then I(S) = 2k — 2
by Theorems 3.4, 3.6, and 3.7.

3. If w is a primitive root of unity of order £ = 2 or 3, then again without
loss of generality we may assume that the field F is algebraically closed.
Since k and 5 are co-prime, by Theorem 1.10, the matrices A and B can be
assumed to be in block form (1) with the triangular block of size 1 < r < 3.

Consider words in A and B of length 5, then the words A® and B® are
reducible by Cayley-Hamilton theorem. The condition k ¢t 5 also implies that
the words A*B and AB* are reducible by Lemma 3.3. Thus to prove the
bound [(S) < 4 it remains to show the reducibility of the words A*B? and
A?B3,

a) If r = 2 or r = 3, then the words A" B°~" and B"A%~" are reducible by
Proposition 5.5.

b) If » = 1, then k|4 and k£ < 3, and thus £ = 2 and w = —1. By (2) we
have

S X1 X2 t le Yé
A=|0 C O |,B=|0 O D.f|,
O 0 -C O Dy O

where st = 0, C, Dy, Dy € My(F).

If C' = ~I, for some v € F, then (B — tI5)(A% — 72[;) = 0 similarly to a).
Hence a word BA? is reducible, which implies that both words B?A3 = A3B?
and B3A? = A?B3 containing it as a subword are also reducible.

Suppose that the matrix C'is not a scalar multiple of the identity. A 2 x 2
matrix which is not a multiple of the identity is always non-derogatory, thus

the matrices Dy and Dy commuting with C' are linear polynomials in C', and
D1D2 = D2D1. ThUS,

2 X! X} 2 Yl v
A2=|o ¢ o|,B2=|o DDy, ©
O 0 ? O O DyD,

The matrices C? and D;D, can also be expressed as linear polynomials in
C, i. €., 02 == ")/10 + 70[2, D1D2 = 610 + 50]2.
Suppose that A;, Ay € ' are the eigenvalues of C'. Then

(C% = (M1 +70)L2) (D1D3 — (X261 + 6o)L2) = 111 xc(C) =0,
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where x¢(t) denotes the characteristic polynomial of C', and

Uu Zl ZQ
(A2 — (A + 70)[5)(32 — (M6 +00)I5) =[O O O
O O O

Multiplying this identity by the matrix A — sl5 or B — tI5 from the left we
obtain the zero matrix on the right-hand side of the equation. Therefore, the
words A3B? and BA?B? = A%2B3 are reducible. O

As a summary, for n = 5 the realizability is depicted in the following
table.

I({A, BY}) 0Ol1]2]3]4]5]6]7]8

AB = BA + 4+ [+ [+ [+ ]-]-]-]-
AB=aBA, a#1, (AB*=0| - |+ |+ |+ |+|-]-]-]-
(AB)® #£0, AB=—BA o I e o I A
(AB)® #£0, AB = e3BA N A R S B O I
(AB)® #0, AB = ¢4BA A I A T R
(AB)® #0, AB = e5BA - - - -] -] -]+

We have shown that for small values of n, the number 2n — 5 is realizable
as the length of a e-commuting pair with non-nilpotent product for n = 4
with ¢ = —1 (Theorem 5.2) and for n = 6 with € being a primitive root of
unity of order 3 and not realizable for n = 3 and n = 5 (Proposition 5.1 and
Theorem 5.6).

In the following we apply the bounds from Section 4 to show that the
number 2n — 5 is not realizable as the length of an e-commuting pair for
n > 6.

Theorem 5.7. Let F be an arbitrary field, and let n € N, n > 7. If the
product AB is not nilpotent, then there does not exist a pair of matrices
{A, B} C M,(F) such that AB = eBA for some root of unity e € F, ¢ # 1
and I({A, B}) = 2n — 5.

Proof. Again without loss of generality we may assume that the field F is
algebraically closed. Suppose that AB = ¢, BA for a primitive root of unity
of order k. By Theorem 1.10, the matrices A and B can be assumed to be
in block form (2), and we have the following different options for the size r
of the triangular block, in each case we show that [({A, B}) < 2n — 5.

1. Suppose that r = 0 or r = 1. In this case k|(n—7), but by Theorem 3.2,
k#mn—r. Thus, 2 <k < < <n — 3 for n > 6. Hence,

n+k—2<n+(n—3)—2=2n-25,
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and
2(n—k)—r—2<2(n—2)—2=2n—-6<2n-—>5.

Then from Theorem 4.7 we obtain that
[({A,B}) <max{2(n—k)—r,n+k}—2 =max{2(n—k),n+k}—2 < 2n—5.

2. Suppose that r =2 or r = 3.

If £t n, then the words A" !B"™* and A" *B""! are reducible by
Lemma 3.3, and the words A"B"™" and B" A" " are reducible by Propo-
sition 5.5. Since 2 < n — 3 and 3 < n — 2 for n > 6, this statement implies
that the words A" 3B"~2 and A""2B"% of length 2n — 5 are also reducible,
which means that all words in A and B of length 2n — 5 are reducible, and
hence [({A, B}) < 2n — 5.

If k|n, then a combination of the two conditions k|n and k|(n — r) for a
prime r, implies that k = r. Consequently,

n+k—2=n+r—2<n+1<2n-2>5,
and
2n—k)—r—2=2n—r)—r—2=2n—-3r—2<2n-—8 < 2n — 5,

and again applying Theorem 4.7, we obtain that I({A4, B}) < 2n — 5.
3. Suppose that » > 4. Then applying the bound from the proof of
Theorem 3.4, we have [({A,B}) <2n—r—2<2n—6 < 2n — 5. O

Corollary 5.8. Let n € N, n > 6, and let F an arbitrary field. Consider
matrices A, B € M, (F), such that AB is not nilpotent and AB = eBA. Then
I({A, B}) = 2n—4 if and only if € is a primitive root of unity of order n— 1.

Proof. The sufficiency follows from Proposition 5.4.

On the other hand, the proof of Theorem 5.7 shows that if € is a root of
unity of order not greater than n — 2, then [({A, B}) < 2n —5 < 2n — 4,
while if € is a primitive root of unity of order n, then I({A, B}) = 2n — 2 by
Proposition 5.4. O

6 Open problems and Conclusions
We have made some progress on the characterization of lengths of sets of

matrices for the case of matrix pairs, in particular, for the quasi-commutative
case, 1. e., A, B € M,(F) with (AB)" # 0, and AB = ¢BA.
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We can summarize our results and open questions on the realizability of
different natural numbers as lengths of {A, B} for a given coefficient ¢ for
n > 6 in the following table (where “4” stands for the realizable values and
“.” for the non-realizable ones, “?” for unknown situations, and “7?7” if the
answer is unknown in the odd case.)

I{A,B})|1]2|3]4|5]|...|n-1|n |n+1]|...|2n-6|2n-5|2n-4 |2n-3 |2n-2
ord (¢)

1 + |+ |+t + |- - - - - -
2 -] + 7?70 7 || 7 - - - -
3 S R o DU el o' /R DR Y G B - - -
n—2 |-l l-l1-1-l. -1~ - T -1 -1-7T-:
n—1 |- |-l-|-|-|- -1 -1 T-1-1<1-7T-

Here “+7” sign for e3 means that n — 1 is realizable if n # 1( mod 3),
but for n = 1( mod 3) the situation with n — 1 is unknown as well as with
any number of the form 3p.

On top of the general open problem, and the question how to extend
the results for pairs of matrices to sets with more than two elements, the
following special case also remains open.

Problem 6.1. Let F be an algebraically closed field, S = {A, B}, where
A, B € M,(F) satisty AB = ¢BA, ¢ € F\ {0}, and does not satisfy any
of the conditions (3). What odd integers m greater or equal to the size of
matrices are realizable as lengths of §7

Acknowledgment

The work was partially supported by grants MD-962.2014.1, RFBR 13-01-
00234-a and 15-31-20329. In addition, the support from DAAD (“Vladimir
Vernadskij” research project) and Einstein Foundation Berlin (“Project: Al-
gorithmic Linear Algebra”) during research visits to TU Berlin is gratefully
acknowledged.

References

[1] D. Constantine, M. Darnall, Lengths of finite dimensional representa-
tions of PBW algebras, Linear Algebra Appl., 395(2005), 175-181.

27



2]

[10]

[11]

[12]

[13]

[14]

N. Chriss, V. Ginzburg, Representation Theory and Complexr Geometry.
Birkhauser, Boston, Basel, Berlin, 1997.

M.P. Drazin, A reduction for the matrix equation AB = ¢BA, Proc.
Camb. Philos. Soc. 47(1951), 7-10.

F.R. Gantmacher, The theory of matrices. Vols. 1, 2. Chelsea Publishing
Co., New York, 1959.

A.E. Guterman, O.V. Markova, Commutative matriz subalgebras and
length function, Linear Algebra Appl., 430(2009), 1790-1805.

O. Holtz, V. Mehrmann, and H. Schneider, Potter, Wielandt, and Drazin
on the Matrix Equation AB = wBA: New Answers to Old Questions,
Amer. Math. Monthly, 111:8(2004), 655-667.

C. Kassel, Quantum Groups. Graduate Texts in Mathematics, 155,
Springer-Verlag, New York, 1995.

R. Loewy and V. Mehrmann. A note on Potter’s Theorem for quasi-
commutative matrices. Linear Algebra Appl., 430, (2009) 1812-1825.

W.E. Longstaff, P. Rosenthal, On the lengths of irreducible pairs of com-
plex matrices, Proc. Am. Math. Soc., 139:11(2011), 3769-3777.

Yu.l. Manin, Quantum groups and non-commutative geometry, CRM,
Montréal, 1988.

O.V. Markova, Length computation of matrix subalgebras of special type,
Fundam. Prikl. Mat. 13:4(2007), 165-197; English transl. in J. Math.
Sci. (N.Y.) 155:6(2008), 908-931.

0O.V. Markova, Characterization of commutative matrixz subalgebras of
maximal length over an arbitrary field, Vestn. Mosk. Univ., Ser. 1,
5(2009), 53-55; English transl. in Mosc. Univ. Math. Bull., 64:5(2009),
214-215.

O.V. Markova, Upper bound for the length of commutative algebras, Mat.
Sb., 200:12(2009), 41-62; English transl. in Sb. Math. 200:12(2009),
1767-1787.

O.V. Markova, The length function and matriz algebras, Fundam. Prikl.
Mat. 17:6(2012), 65-173; English transl. in J. Math. Sci. (N. Y.),
193:5(2013), 687-768.

28



[15] C.J. Pappacena, An upper bound for the length of a finite-dimensional
algebra, J. Algebra, 197(1997), 535-545.

[16] A. Paz, An application of the Cayley—Hamilton theorem to matrixz poly-
nomials in several variables, Linear Multilinear Algebra, 15(1984), 161—
170

[17] A.J.M. Spencer, R.S. Rivlin, The theory of matriz polynomials and its
applications to the mechanics of isotropic continua, Arch. Ration. Mech.
Anal., 2(1959), 309-336.

[18] A.J.M. Spencer, R.S. Rivlin, Further results in the theory of matriz
polynomials, Arch. Ration. Mech. Anal., 4(1960), 214-230.

29



