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Abstract

We discuss model reduction of linear continuous-time descriptor systems that arise in the
control of semidiscretized Stokes equations. Balanced truncation model reduction me-
thods for descriptor systems are presented. These methods are closely related to the proper
and improper controllability and observability Gramians and Hankel singular values of
descriptor systems. The Gramians can be computed by solving projected generalized
Lyapunov equations. Important properties of the balanced truncation approach are that
the asymptotic stability is preserved in the reduced order system and there is a priori
bound on the approximation error. We demonstrate the application of balanced truncation
model reduction to the semidiscretized Stokes equation.
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1 Introduction

Consider the instationary Stokes equation describing the flow of an incompressible fluid

ov

5% = JAv — Vp+ f, (€,t) € Q< (0,ty), (1.1)
0 = divo, (&,t) € Q@ x (0,ty)
with the initial and boundary conditions
v(&,t) = g(&1), (§,t) € 092 x (0, tp),
U(S,O) = 00(5)7 § € Q.

Here v € R? is the velocity vector (d = 2 or 3 is the dimension of the model), p € R is
the pressure, 1 is the kinematic viscosity, f € R? is the vector of external forces, Q C R? is
a bounded open domain with boundary 02 and ¢ty > 0 is the endpoint of the time interval.
The spatial discretization of the Stokes equation by the finite difference or the finite element
method produces a system in the generalized state space (or descriptor) form

Mv,(t) = Lvu(t) — DTpp(t) + Bou(t), (1.2)
0 = —Dvp(t) + Bau(t),

where vy (t) € R™ and py(t) € R" are the semidiscretized vectors of velocities and pressures,
respectively, M € R™ ™ is the symmetric, positive definite mass matrix and L € R™"™ is
the discrete Laplace operator times 9. The matrices DT € R™ "™ and D € R™ "™ are the
discrete gradient and divergence operators. Due to the non-uniqueness of the pressure, the
matrix D has a rank defect which in most spatial discretization methods is equal to one. In
this case instead of D we can take a full row rank matrix obtained from D by discarding the
last row. Therefore, in the following we will assume without loss of generality that D has
full row rank. The matrices By € R™"™, By € R™ "™ and the control input u(t) € R™ are
resulting from the boundary conditions and external forces.

System (1.2) together with the output equation y(t) = Covp(t)+ Capp(t) can be rewritten

as a descriptor system Ei(t) = Ax(t)+ But),
y(t) = Ca()

where E, A € R™", B € R»™, C € R?", z(t) € R" is the state vector, u(t) € R™ is the
control input, y(t) € R? is the output. The order n = ny + np of system (1.3) depends on the
fineness of the discretization and is usually very large, whereas the number m of inputs and
the number ¢ of outputs are small. Note that the matrices E and A in (1.3) are sparse and
have a special block structure.

Simulation, control and optimization of large-scale sparse dynamical systems arising from
semidiscretization of partial differential equations become prohibitive because of computa-
tional complexity and storage requirements. This motivates model order reduction that con-
sists in an approximation of the descriptor system (1.3) by a reduced order system

EZ(t) = AZ(t)+ Bu(t), #(0)=37°,
yt) = Cx(t),
where E, Ae R4, Be RE™, C € R%! and the order ¢ of this system is much smaller than the

order n of (1.3). Note that systems (1.3) and (1.4) have the same input u(t). One requires that
the approximate system (1.4) preserves properties of the original system (1.3) like regularity

(1.3)

(1.4)



and stability. It is also desirable to estimate how well system (1.3) is approximated by (1.4).
Moreover, the computation of the reduced order system should be numerically stable and
efficient. Among other things the model reduction method has to be suitable for large-scale
and sparse systems.

There exist various model reduction approaches for standard (F = I) state space systems
such as balanced truncation [18, 24, 32, 37, 38|, singular perturbation approximation [22],
optimal Hankel norm approximation [14], proper orthogonal decomposition [30, 39] and mo-
ment matching approximation [1, 12]. Unfortunately, there is no general approach that can
be considered as optimal. Surveys on system approximation and model reduction can be
found in [1, 10].

Model reduction of descriptor systems based on Padé approximation via the Lanczos
process has been considered in [9, 11, 13, 16]. This approach consists in computing the
Krylov subspaces and projecting the dynamical system onto these subspaces. Krylov subspace
methods are attractive for large-scale sparse systems, since only matrix-vector multiplications
are required. Drawbacks of this technique are that there is no approximation error bound for
the reduced order system and stability is not necessarily preserved.

The balanced truncation approach [18, 24, 29, 32, 37, 38| related to the controllability and
observability Gramians is free from these disadvantages. Balanced truncation methods are
based on transforming the dynamical system to a balanced form whose controllability and
observability Gramians become diagonal and equal, together with truncation of states that
are both difficult to reach and to observe. The diagonal elements of the transformed Gramians
are known as the Hankel singular values of the dynamical system, and the truncated states
correspond to the small Hankel singular values, see [24] for details. Important advantages
of this approach are that asymptotic stability is preserved in the reduced order system and
a priori bounds on the approximation error can be derived [8, 14].

The computation of the controllability and observability Gramians as well the Hankel
singular values involves the solution of two Lyapunov equations. Recently, effective iterative
methods based on the ADI method and the Smith method have been proposed [19, 20, 25, 26|
to compute a low rank approximation for the solution of standard Lyapunov equations with
large-scale sparse matrices.

The balanced truncation approach has been extended to descriptor systems in [35, 36].
The method proposed there is based on decoupling the descriptor system (1.3) into slow and
fast subsystems [5] that correspond to the deflating subspaces of the pencil AE — A associated
with the finite and infinite eigenvalues, respectively, and then reducing the order only of
the slow subsystem. Thereby the fast subsystem remains unchanged. However, in many
applications, including the semidiscretized Stokes equation, the order of the fast subsystem
may be much larger than the order of the slow subsystem, see [35, Example 7.6]. In this paper
we discuss how the order of the fast subsystem can also be reduced by using the balanced
truncation technique.

Section 2 contains some basic concepts of model reduction via balanced truncation for
descriptor systems. In particular, we consider generalizations of controllability and obser-
vability Gramians as well as Hankel singular values for descriptor systems. The latter play
an important role in estimating the approximation error. In Section 3 we apply these results
to the semidiscretized Stokes equation (1.2). We also discuss how the block structure of this
equation may be used to reduce the computational effort. A numerical example is presented
in Section 4 to illustrate the applicability and effectiveness of the proposed model reduction
algorithms.



2 Model reduction for descriptor systems

In this subsection we briefly review some of the results from [35, 36].

Consider the continuous-time descriptor system (1.3). Assume that the matrix pencil
AE — A is regular, that is, det(AE — A) # 0 for some A € C. In this case AE — A can be
reduced to the Weierstrass canonical form [34]. There exist nonsingular matrices W and T
such that
I, 0

0 N

where I}, denotes the identity matrix of order k, J and IV are matrices in Jordan canonical form
and N is nilpotent with index of nilpotency v. The numbers ny and ny, are the dimensions
of the deflating subspaces of AE — A corresponding to the finite and infinite eigenvalues,
respectively, and v is the index of the pencil \E' — A and of the descriptor system (1.3). The
matrices

E:W[ ]T and A:W[J O}T, (2.1)

0 I

Iny 0 } w! (2.2)

I,, 0O
-1 ng
P.=T [ }T, PZ—W[ 0 0

0 O
are the spectral projections onto the right and left deflating subspaces of the pencil A\F — A
corresponding to the finite eigenvalues.
Applying the Laplace transform [7] to the descriptor system (1.3), we find that

y(s) = C(sE — A)"'Bu(s) + C(sE — A)~'Ex(0),

where x(s), u(s) and y(s) are the Laplace transforms of x(t), u(t) and y(t), respectively.
The rational matrix-valued function G(s) = C(sE — A)™'B, s € C, is called the transfer
function of the continuous-time descriptor system (1.3). For Exz(0) = 0, G(s) gives the
transfer relation between the Laplace transforms of the input u(t) and the output y(¢). Using
the Weierstrass canonical form (2.1), we have the following Laurent expansion at infinity for
the transfer function

G(s)= > CFBs™ 1 (2.3)
k=—o00

where the matrices F}, have the form

k
T—l[‘g g]w—l, k=0,1,2...,
F, = 0 ) (2.4)
T—l[o _N“]W—l, k=—-1,-2,....

Note that F, = 0 for k < —v, where v is the index of the pencil AE — A. The transfer
function G(s) is called proper if it has no poles at infinity. Clearly, G(s) is proper if and only
if CF,B =0 for k < —1.

For any rational matrix-valued function G(s), there exist matrices E, A, B and C
such that G(s) = C(sE — A)™'B, see [5]. A continuous-time descriptor system (1.3) with
these matrices is called a realization of G(s). We will also denote a realization of G(s) by

G=[E, A, B,C]orby
G:[SE—A \ B].

¢

Note that the realization of G(z) is, in general, not unique [5].




2.1 Controllability and observability Gramians

The descriptor system (1.3) is asymptotically stable if the pencil A\E — A is c-stable, i.e, it is
regular and all the finite eigenvalues of AE — A lie in the open left half-plane, see [5]. In this
case the integrals

Gpe = / - Ft)BBTFT(t) dt
0

and

Gpo = / h FL)CTCOF(t)dt
0

exist, where F(t) is the fundamental solution matriz of system (1.3) given by

et! 0

Ft)y=1T"" [ 0 0

v

and T', W and J are as in (2.1). The matrix G, is called the proper controllability Gramian
and the matrix G,, is called the proper observability Gramian of the continuous-time descriptor
system (1.3). The improper controllability Gramian of system (1.3) is defined by

-1
Gie = Y FxBBTF[,

k=—v

and the improper observability Gramian of system (1.3) is given by

-1
gio — Z F]g—‘CTCFk,
k=—v

where the matrices Fj, are as in (2.4). Note that the improper controllability and observability
Gramians G;. and G, are, up to the sign, the same as those defined in [3, 36]. If E' = I, then
Gpe and Gy, are the usual controllability and observability Gramians for the standard state
space system [14].

It has been shown in [35] that the proper controllability and observability Gramians are the
unique symmetric, positive semidefinite solutions of the projected generalized continuous-time
Lyapunov equations

EgpcAT + AngET = _PIBBTPlTa

gpc = Prgpc (25)

and

ETG,,A+ ATG,,E = -PICTCP,,
gpo = ngPla
respectively, where P, and P, are given in (2.2). Furthermore, the improper controllability

and observability Gramians are the unique symmetric, positive semidefinite solutions of the
projected generalized discrete-time Lyapunov equations

AG; AT — EG BT = (I — B)BBT(I - R)T,
Prgic =0

(2.6)

(2.7)

and
ATgioA - ETgioE = (I - Pr)TCTC(I — Pr),

Giob1 = 0,



respectively.
Recall that the descriptor system (1.3) is called completely controllable if for all A € C,

rank [\ — A, Bl =n and rank [ E, B] = n.
System (1.3) is called completely observable if

AE— A

rank [ c

}:n forall A e C and rank[g]:n.
The controllability and observability Gramians can be used to characterize complete control-
lability and complete observability properties of system (1.3).

Theorem 2.1. [3, 35] Consider the descriptor system (1.3). Assume that \E — A is c-stable.

1. System (1.3) is completely controllable if and only if the proper controllability Gramian
Gpe 15 positive definite on Im PT and the improper controllability Gramian G;. is positive
definite on Ker PT.

2. System (1.3) is completely observable if and only if the proper observability Gramian
Gpo 15 positive definite on Im P, and the improper observability Gramian G;, is positive
definite on Ker P,.

2.2 Hankel singular values

Similar to standard state space systems [14], the controllability and observability Gramians
can be used to define Hankel singular values for the descriptor system (1.3) that are of great
importance in model reduction via balanced truncation.

Consider the matrices G,.ETGpoE and GieATGipA. These matrices play the same role
for descriptor systems as the product of the controllability and observability Gramians for
standard state space systems [14]. It has been shown in [35, 36] that all the eigenvalues of
QPCETQPOE and G;cATG;,A are real and non-negative.

Definition 2.2. Let A\E — A be a c-stable pencil and let ny and no, be the dimensions of the
deflating subspaces of AE— A corresponding to the finite and infinite eigenvalues, respectively.
The square roots of the ny largest eigenvalues of the matrix QchTgpoE, denoted by ¢;, are
called the proper Hankel singular values of the descriptor system (1.3). The square roots of
the no largest eigenvalues of the matrix G;cATG;,A, denoted by 6, are called the improper
Hankel singular values of system (1.3).

The proper and improper Hankel singular values together form the set of Hankel singular
values of the descriptor system (1.3). For E = I, the proper Hankel singular values are the
classical Hankel singular values of the standard state space system [14].

Since the proper and improper controllability and observability Gramians are symmetric
and positive semidefinite, there exist full rank factorizations

_ T _ 7T
gpc - RpRp7 gpo - Lp Lp’ (2 9)
Gie = R,RT, Gio = LTL,, '

where the matrices R, Ly, R; and L; are full rank Cholesky factors [17]. The following lemma
gives a connection between the proper and improper Hankel singular values and the standard
singular values of the matrices L,ER, and L;AR;.



Lemma 2.3. [36] Let \E — A be a c-stable pencil. Consider the full rank factorizations (2.9)
of the Gramians of the descriptor system (1.3). The non-zero proper Hankel singular values
of (1.3) are the non-zero singular values of the matriz L,ER,, while the non-zero improper
Hankel singular values of (1.3) are the non-zero singular values of the matrix L;AR;.

2.3 Balanced truncation

As mentioned above, for a given transfer function G(s), there are many different realizations.
Here we are interested only in particular realizations that are most useful in model reduction.

Definition 2.4. A realization [E, A, B, C'| of the transfer function G(s) is called minimal if
the dimension of the matrices E' and A is small as possible.

The following theorem gives necessary and sufficient conditions for a realization of G(s)
to be minimal.

Theorem 2.5. [5] A realization G = [E, A, B,C'| is minimal if and only if the descriptor
system (1.3) is completely controllable and completely observable.

From Theorems 2.1 and 2.5 we obtain the following result.

Corollary 2.6. Consider the descriptor system (1.3), where the pencil \E — A is c-stable.
The following statements are equivalent:

1. the realization [ E, A, B,C'| is minimal;
2. rank(Gp.) = rank(Gpo) = rank(GpcETGpoE) = ny  and
rank(G;.) = rank(G;,) = rank(G;c AT Gip A) = noo;
3. the proper and improper Hankel singular values of (1.3) are non-zero.

Definition 2.7. A realization G = [E, A, B,C'| with the c-stable pencil AE — A is called
balanced if

gpc:gpo:[E 0:|

0 0
with ¥ = diag(s, ..., ;) and © = diag(6s,...,0n..).

and gic:gioz[g 2):|

We will show that for a minimal realization [ E, A, B, C'| with the c-stable pencil A\E' — A,
there exist transformation matrices W3 and T} such that the realization

(WLET,, Wl AT,, Wl B, CT,] (2.10)

is balanced.
Consider the full rank factorizations (2.9) of the controllability and observability Grami-
ans. Let

Ly,ER, = UpEpV;)T’ LiAR; = Uizi‘/z‘T?

be the ’thin’ singular value decompositions [15] of the matrices L,E R, and L;AR;, where U,
Vi, U;, Vi have orthonormal columns, ¥, and ¥; are diagonal and nonsingular. By Lemma 2.3
and Corollary 2.6 we have that ¥, = diag(c1,...,%,) = ¥ and %; = diag(01,...,0n,) = O.
It follows from G,. = P,Gpe, Gpo = GpoPls PrGic = GioP, = 0 and P E = EP,, PbA = AP, that



gioEgpc = gpoEQic = gpoAgpc =0. Hence, LZERp = LpERZ =0 and LpARZ = LZARp = 0.

Consider now the matrices

W, = [LgUpz—l/Q, LiTUi@_l/Q], Wy = | ER,V,57V2, ARM@—W]. (2.11)
We get
W, = [ ZVPU LER, VSV SOVAUSL AR V.02
b L @ V2UTLER, VN2 ©7V2UTL AR VO v

i.e., W, and W} are nonsingular and W, 1— Wg . Similarly, we can show that the matrices

Ty = [R,,VPE*U{ Rivie)*l/ﬂ . Ty= [ETLgUpE’l/Q, ATLZTUZ.@*U?] (2.12)

are also nonsingular and Tb_1 = Tl;[ . The Gramians of the transformed system (2.10) with
Wy and Ty, as in (2.11) and (2.12), respectively, have the form

Y 0
0 0
0 0
0 ©

TbilgchbiT = [ ] = be1ngbe Tv

T, 6. T, T = { } =W, G, W, T

Hence, W, and T}, are the balancing transformation matrices and realization (2.10) is balanced.
It should be noted that just as for standard state space systems [14, 24], the balancing

transformation for descriptor systems is not unique. Indeed, if W}, and Tj transform the

descriptor system (1.3) to a balanced form, then for any diagonal matrix S with diagonal

entries +1, the matrices W3S and TS are also a balancing transformation.

Remark 2.8. For the matrices W} and T}, as in (2.11) and (2.12), we have
S-1V2ur'L,ER,V,x"Y? $7Y2UlL ERV,071/2 In, 0

—wT — p ~p p'p p ~p (A — nyg

Ey =Wy ET, [ o~ 12Ul L,ER,V,5"? o V2UI'L,ERV,6~1/? } [ 0 Ey } ’

SV2UTL, AR V,ETV2 wTV2UTL ARVOTY2 T [ A 0
O~ Y2UTL, AR, V51?2 © V2UTLARVO™? |~ [ 0 I, |’

Noo

Ab:WbTATb:[

where Fy = @_1/2UZ-TLZ-ERiVZ@_l/2 is nilpotent and A; = E_l/QUngARprE_l/Q is nonsin-
gular. Thus, the pencil AE, — Ap is in Weierstrass-like canonical form. It is regular, c-stable
and has the same index as AE — A.

If the descriptor system (1.3) is not minimal, then it has states that are uncontrollable
or/and unobservable. These states correspond to the zero proper and improper Hankel sin-
gular values and can be truncated without changing the input-output relation in the sys-
tem. Note that the number of non-zero improper Hankel singular values of (1.3) is equal to
rank(G;. A7 G;,A) which can in turn be estimated as

rank(gl-cATgmA) < min(vm, vq,ns).

This estimate shows that if the index v of the pencil AE — A times the number m of inputs
or the number ¢ of outputs is much smaller than the dimension n, of the deflating subspace



of A\E — A corresponding to the infinite eigenvalues, then the order of system (1.3) can be
reduced significantly.

Furthermore, taking into account the input-output energy characterization via the proper
controllability and observability Gramians, see [35, 36], we conclude that the truncation of
the states related to the small proper Hankel singular values does not change the system
properties essentially.

Remark 2.9. Unfortunately, this does not hold for the improper Hankel singular values. If
we truncate the states that correspond to the small improper Hankel singular values, then the
pencil of the reduced order system may have no infinite eigenvalues or may get finite eigenva-
lues in the closed right half-plane, see such an example in [21]. As a result the approximation
will be inaccurate.

In summary, we have the following algorithm which is a generalization of the square oot
balanced truncation method [18, 37] for the descriptor system (1.3).

Algorithm 2.1. Generalized Square Root Balanced Truncation (GSRBT) method.

Input: A realization [E, A, B, C'] such that \E — A is c-stable.

Output: A reduced order system [E, Z, E, C~’]

1. Compute the full rank Cholesky factors R, and L, of the proper controllability and ob-
servability Gramians G, = RpRg and Gy, = Lng that satisfy the projected generalized
continuous-time Lyapunov equations (2.5) and (2.6), respectively.

2. Compute the full rank Cholesky factors R; and L; of the improper controllability and
observability Gramians G;. = R;RI and G, = LTL, that satisfy the projected generalized
discrete-time Lyapunov equations (2.7) and (2.8), respectively.

3a. Compute the ’thin’ singular value decomposition

1 0
L,ER, =[Uy, U] | Vi, Va]7, (2.13)

0 3
where the matrices [Uy, Uz] and [V1, V2| have orthonormal columns, ¥1 = diag(ci, . . ., Se,)
and Yo = diag(ggfﬂ, ooy Spy) with vy = rank(L,ERy) and ¢y > ... > Sty > Stp41 > et 2 Sy

3b. Compute the ’thin’ singular value decomposition
LiAR; = U;0,Vy | (2.14)

where Us and V3 have orthonormal columns, O3 = diag(fy,...,0, ) with {s = rank(L;AR;).
4. Compute the matrices

W, =[LTuys Y2, LTuse; V21, 1= [RViz Y, RV305 7). (2.15)

5. Compute the reduced order system [E, A, B, CN'] = WI'ET,, WI'AT,, WI'B, CT,)].

If the original system (1.3) is highly unbalanced or if the deflating subspaces of the pencil
AE — A corresponding to the finite and infinite eigenvalues are close, then the projection
matrices Wy and Ty are ill-conditioned. To avoid accuracy loss in the reduced system, a square
root balancing free method has been proposed in [38] for standard state space systems. This
method can be generalized for descriptor systems as follows.



Algorithm 2.2. Generalized Square Root Balancing Free (GSRBF) method.

Input: A realization [E, A, B, C'| such that A\E — A is c-stable.

Output: A reduced order system [E, ;1, B, C’]

1. Compute the full rank Cholesky factors R, and L, of the proper controllability and obser-
vability Gramians Gy, = RpRg and Gpo = Lng that satisfy (2.5) and (2.6), respectively.

2. Compute the full rank Cholesky factors R; and L; of the improper controllability and
observability Gramians G;. = R,R} and G;, = LT L; that satisfy (2.7) and (2.8), respectively.
3. Compute the ’thin’ singular value decompositions (2.13) and (2.14).

4. Compute the ’economy size’ QR decompositions

[R,V1, RiV3] = QrR, [LIUy, LTUs) = QL L, (2.16)

where Qr, Qr, € R™ have orthonormal columns and R, L € RS are upper triangular and
nonsingular.

5. Compute the reduced order system [E, A, B, é’] = [Q%EQR, Q%AQR, QT B, CQprl.

The GSRBT and GSRBF methods are mathematically equivalent in the sense that they
return reduced systems with the same transfer function. Indeed, taking into account (2.15)
and (2.16), we obtain that

n/2

Qr=I[LIUy, LTUS]L~ =W, 5 o2 L1 = W,8y,
3
0

Qr=[R,V1, RIV3|R7! =T, 8 o2 R~ =1T,5,,
3

where S; = diag(E}/Q, @;,/2)L*1 and Sy = diag(E}/Q, @;,/2)}2*1 are nonsingular. Then

G(s) = C(sE— A)'B = CSy(sSTES, — STAS,) 18T B = G(s).

Since the projection matrices 1, and Qg computed by the GSRBF method have orthonormal
columns, they may be significantly better conditioned than the projection matrices W, and
Ty computed by the GSRBT method. It should be noted that the realization [E, fvl, f?, é’]
is, in general, not balanced and the pencil AE — A is not in Weierstrass-like canonical form
any more.

2.4 Approximation error

Computing the reduced order descriptor system via balanced truncation can be interpreted
as transforming at first the system (1.3) to the block diagonal form

SEf—Af Bf
= sEs — As By |,
Cy Coo |

[W@E—Aﬁ‘ WB

cr |

where W and T are nonsingular, the pencil AEy — Ay has the finite eigenvalues only and
all eigenvalues of A\F,, — Ay are infinite, and then reducing the order of the subsystems
[Ef, Af, By, Cy| and [Eu, Aso, Boo, Cx | separately. Clearly, the reduced order system
(1.4) is asymptotically stable and minimal.



The described decoupling of system matrices is equivalent to the additive decomposition
of the transfer function as G(s) = Ggp(s) + P(s), where Ggy(s) = Cp(sEf — Af) 1By is
the strictly proper part and P(s) = Coo(8Fs — Aso) ' Bso is the polynomial part of G(s).
The reduced order system (1.4) has the transfer function G(s) = ésp(s) + P(s), where
ésp(s) = CN'f(SENJf - Zf)_lgf and P(s) = Coo(sEs — Aso) "' By are the transfer functions of
the reduced subsystems. For the subsystem [E, Ay, By, Cy] with nonsingular E, we have
the following upper bound on the H,,-norm of the absolute error

1G5 (5) = Gup(s) Il = sup [Gop(iw) = Gap(iw)ll2 < 2(se, 41+ - + ny)
we
that can be derived as in [8, 14]. Here || - |2 denotes the spectral matrix norm.
Reducing the order of the subsystem [ Foo, Aoo, Boo, Coo] is equivalent to the balanced
model reduction of the discrete-time system

Aczir1 = FEoozi + Bl
wr = CooZi

with the nonsingular matrix A.,. The Hankel singular values of this system are just the
improper Hankel singular values of (1.3). Since we truncate only the states corresponding
to the zero improper Hankel singular values, the equality P(s) = P(s) holds and the index
of the reduced order system is equal to deg(P) + 1, where deg(P) denotes the degree of
the polynomial P(s), or, equivalently, the multiplicity of the pole at infinity of the transfer
function G(s). In this case the error system G(s) — G(s) = Gp(s) — Ggp(s) is strictly proper,
and we have the following H,-norm error bound

IG(5) = G(8)llioe < 2(St41 + -+ -

Existence of this error bound is an important property of the balanced truncation model
reduction approach for descriptor systems. It makes this approach preferable compared, for
instance, to moment matching techniques [9, 11, 13, 16] or the proper orthogonal decompo-
sition method [30, 39].

3 Balanced truncation for the Stokes equation

As follows from the previous considerations, computing the spectral projections P, and P, as
well as solving the projected generalized Lyapunov equations take the highest computational
expenses. To compute the full rank factors of the Gramians we can use the generalized
Schur-Hammarling method as proposed in [35]. Since this method is based on computing the
generalized upper triangular form [6] of the pencil AE — A, it costs O(n3) flops and has the
memory complexity O(n?). Thus, the generalized Schur-Hammarling method can be applied
to problems of small or medium size only. Moreover, this method does not take into account
the sparsity or any structure of the system. In this section we will discuss how the block
structure and sparsity of the semidiscretized Stokes equation (1.2) can be used to reduce the
computational cost and memory requirements.

Consider the semidiscretized Stokes equation (1.2), where M is symmetric, positive definite
and D has full row rank. Assume that (1.2) is asymptotically stable. Computing a Cholesky
factorization M = UA:CIUM, we define new matrices A1 = UA}TLU;/[I, Ag = —U];ITDT,
B, =U A}TBO and C;, = CyU A}l. Then system (1.2) together with the output equation

10



y(t) = Covp(t) + Capp(t) can be rewritten as the descriptor system (1.3) with matrix co-
efficients

where Ao € R™ ™ has full column rank and the pencil AE — A is c-stable. Note that these
matrices will never be computed explicitly, since the results would be dense matrices unless
M is diagonal.

3.1 Computing the projectors P, and P,

To compute the spectral projections P, and P, onto the right and left deflating subspaces
of AE — A corresponding to the finite eigenvalues we use the canonical projection technique
proposed in [23]. Let

Ey=E, Ay=-A B, =E +A40Q Ay =AUI-0Q),

Ey=E, Ay=-A By =E+QA, Ay =1 - QWA (3.2)
where @}, and (Q%)T are projections onto Ker £} and Ker (EIZC)T, respectively. Since the
matrix Ao has full column rank, the matrix A1T2A12 is nonsingular and the pencil A\E — A is
of index two. In this case the matrices E5 and Eé are nonsingular and the projections )] and
@} can be chosen such that Q7 = Q7 (E5)~'A] and Q) = A} (EL)~'Q}. Then the spectral

projections P, and P, onto the right and left deflating subspaces of AE — A corresponding to
the finite eigenvalues can be computed as

Po= (I- QI - QN)(E5) " 4) (I - @0, (3.3)
Bo= (1 Q) (1— Ay(EY) (1 - Q1)Qh) | (3.4)

see [23] for details.
For the pencil AE — A with matrices F and A as in (3.1), we have

r_ 0 0 r I —A12 r_ —A11 0
a-lo 7] m=lo 0] a- e

The projection )7 onto Ker E7 has the form

Or = [ A12(;F4{2A12)1711T4{2 0 }
(A12415) A1y O

It is easy to verify that the matrix

B — [ I— A A(AfA,) AT —Ap ]
2 — _AT 0
12

is nonsingular and Q] = Q7 (E5) " A}. Therefore, from (3.3) we obtain that

II O}

P, = . 3.5
|: _(A{2A12) 1‘4%—‘2"4111_[ 0 ( )

11



where IT = I — A;,(AT,A;5)71 AL, is the orthogonal projection onto Ker A%, along Im Ajs.
Analogously, we find from (3.2) and (3.4) that

I —I1A} Ay (AT A)

b=y 0

Note that if A is symmetric, then P, = PlT.

3.2 Computing the proper controllability and observability Gramians

Consider now the projected generalized continuous-time Lyapunov equation (2.5), where the
pencil AE — A is c-stable. Let the proper controllability Gramian

X1 X2 ]

gpc = |: ng X22 (36)

with X;; = X{ and X,, = X1, be partitioned in blocks conformally to E and A in (3.1).
Using (3.1), (3.5) and (3.6) we obtain from the first equation in (2.5) that

Ap Xy + XAl + A X + XAl = —11B, B, (3.7)
X11412 =0,
where By = By — Aj;A15(AT, A1) By, From the equations Gpe = P,.Gpe = PrGp. Pl it
follows that
X1 = 11Xy, X = —X AT A (AT ALY, (3.8)
Xop = (A A1) 1AL AL X AT A (AT A)

Combining (3.7) and (3.8), we find that X;; satisfies the projected Lyapunov equation
MA; X, + X AL = —1IB, BLIT, Xy =11X;. (3.9)
This equation is equivalent to the projected Lyapunov equation
A, 11X, + X, TAL T = —11B, BLIT (3.10)

in the sense that (3.9) and (3.10) have the same unique symmetric, positive semidefinite
solution.

Let Ry be a full column rank Cholesky factor of X1; = R;RY. Then the proper controlla-
bility Gramian of the semidiscretized Stokes equation (1.2) can be computed in factored form

Gpe = RpRg, where

Ry

_ . 3.11
(Al A1) AL AL R, ( )

R,=|

Analogously, we obtain that the proper observability Gramian of system (1.2) has the form
Gpo = L] L, with
Lp=[Ly, —LiA;A(AlAL) ], (3.12)

where L is a full row rank Cholesky factor of the solution Yj; = LT L, of the projected
continuous-time Lyapunov equation

AL 1Ty, + Yy A TT = —TICLC, 11 (3.13)

12



Here Oy = O, —Cy (AT, A1) 1AL A, Using (3.1), (3.11) and (3.12), we find L,ER, = L1 R;.
Thus, the proper Hankel singular values of the semidiscretized Stokes equation (1.2) can be
computed from the singular value decomposition of the matrix L R;.

We will now discuss the numerical solution of the projected Lyapunov equations (3.10)
and (3.13). Since these equations have the same structure, we restrict ourself to consideration
of equation (3.10) only.

Let V be a matrix whose columns form an orthonormal basis of ImIT = Ker AT,. Then
the projector II is represented as IT = V'V, Multiplying equation (3.10) from the left by V7T
and from the right by V, we obtain that the solution of (3.10) is given by X1; = VXV 7,
where X satisfies the Lyapunov equation

VIAVX,+ X VTALV = vTB,BLV. (3.14)

If the pencil AE — A is c-stable, then all eigenvalues of the matrix V7 A,V have negative
real part and, hence, equation (3.14) has a unique symmetric positive definite solution Xy. It
was observed that in many cases the eigenvalues of the solution Xy of (3.14) with a low rank
right-hand side decay very fast, see [2, 27, 33]. Then the matrix Xy and also X1; = VX, V7T
can be well approximated by low rank matrices. In other words, it is possible to find a matrix
X with a few columns such that X = I1X and X711 ~ XX7T. The matrix X is referred to as
the low rank Cholesky factor of Xi1.

To compute the low rank Cholesky factor X of the solution of the Lyapunov equation
(3.10) we do not need to compute the matrix V' and solve the Lyapunov equation (3.14).
Instead, we can apply a low rank Cholesky factor alternating direction implicit (LRCF-ADI)
method [19, 20, 25, 26] to equation (3.10) directly. This method can be written as

XM = v =21 (HA11H + 7.1[)711-[3127 X, = )((1)7
3.15
X0 = [T (T = (e + ) (AT + 7)) X600 X = [ X, XB), 19
Tk—1
where 71, ..., 7, are real and negative ADI shift parameters that satisfy the ADI minimax
problem
t
{r,...,7} = argmin max m
T1pry€R= HESP(ITALID{0} [T (—1)]
Here R™ = (—o00, 0), ri(t) = (t —71) - ... (t — 1) and Sp(IIA;;II) denotes the spectrum

of ITA{{II. If the matrix ITA{{II is symmetric and lower and upper bounds on its non-zero
spectrum are available, then the optimal parameters can be computed by a parameter selection
procedure described in [40, Section 6.2]. Otherwise, we can calculate the suboptimal ADI shift
parameters by using a heuristic algorithm [26, Algorithm 5.1] that is based on an Arnoldi
iteration applied to ITA;1I1. For the stopping criteria and complexity of the LRCF-ADI
method, see [19, 26, 28].

It should be noted that neither the matrix IIA;11II nor the matrices (ILA11 11 + 741 )_1 in
(3.15) are computed explicitly. Instead, we exploit the product structure and solve linear
systems of type (ILA111I + 7I)x = IIf or, equivalently, I1(Ay; + 7 )IIx = IIf. Since all
non-zero eigenvalues of I1A111I have negative real part and all 7, are negative, these systems
have unique solutions that can efficiently be computed by iterative Krylov subspace methods,
see [31]. Note further that in exact arithmetic we have X*) = TIX®*) However, due to
roundoff errors and approximate solution of linear systems it may happen that the columns
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of X®) drift off from ImII. To avoid this we need to correct the computed matrix X*) by
multiplication from the right by II.

3.3 Computing the improper controllability and observability Gramians

We will now compute the improper controllability and observability Gramians G;. and G;, of
the semidiscretized Stokes equation (1.2). Let the improper controllability Gramian

Z11 Zi2 }

ic — 3.16
g [Z1T2 Za2 (3.16)

with Z,; = Z{, and Z,, = ZZ, be partitioned in blocks conformally to E and A in (3.1). Sub-
stituting (3.1), (3.5) and (3.16) in the projected generalized discrete-time Lyapunov equation
(2.7), we obtain that

ANZ AT+ A ZH AT + A 215 AT+ Ay 200 ATy — 7y, = By B3, (3.17)
A2, Al + AL, Z,AT, = B,Bj, (3.18)
AlyZ\ A\, = B,Bj, (3.19)

where By; = By — I1B13. Moreover, from P,.G;. = giCP;‘F =0 we have I1Z7; = Z1111 = 0 and
[1Z15 = 0. Then it follows from (3.18) and (3.19) that

Z1 = A (Al A1) ByBY (AT, Ay HAT,,
Zig = A12(A{2A12)_13231T2A12(AF{2A12)_1'

Finally, if we substitute Z;; and Zj5 in (3.17) and multiply this equation by (AT, A4,,)~ 1AL,
from the left and by A5(AT,A;5)~! from the right, we obtain that

Zyy = (AlyA 1) AT By Bl Ay (AT, A ) ™t + (AT, A1) P ByBY (AT, Ap)

Thus, the improper controllability Gramian of the semidiscretized Stokes equation (1.2) can
be computed in factored form G;. = RiR;fF, where

A (Al AL) B, 0
(Al A )AL B, (Al A,) !B,

i =

(3.20)

Analogously, we obtain from the projected generalized discrete-time Lyapunov equation (2.8)
that the improper observability Gramian of (1.2) has the form G;, = LZTLi, where

o Cy(Af A1) 1AL, CraAp(AfyArp) ™! ] (3.21)
0 Cy(AAp) ™!

Note that the factors R; € R™?™ and LT € R™2 in (3.20) and (3.21) are, in general, not of
full rank, but they have only a few columns if m and ¢ are small.
It follows from (3.1), (3.20) and (3.21) that

B Cy(AyA 1) !B,y ]
L;AR; = - . 3.22
[ Cy(ATHA ) 'B, 0 (3.22)

where Byy = CyA15(AT A1) 7By + Cy (AT, A1) 1AL, B, Hence, to determine the improper
Hankel singular values of (1.2) we have to compute the singular value decomposition of the
matrix L;AR; € R?%?™ as in (3.22).
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3.4 Three model reduction methods for the Stokes equation

To reduce the order of the semidiscretized Stokes equation (1.2) we use Algorithm 2.1, where
the full rank factors R, and L, as in (3.11) and (3.12) are replaced by the low rank factors.
Let X = IIX and Y = IIY be low rank Cholesky factors of the solutions X1; ~ X X7
and Y11 ~ YY7 of the projected Lyapunov equations (3.10) and (3.13), respectively. Then
the dominant proper Hankel singular values of (1.2) can be approximated by the dominant
singular values of the matrix Y7 X. Consider the ’thin’ singular value decompositions

b 0
YIX =[Uh, Us] [ A } (V. V2 l", (3.23)
B Co(Afy A1) ™'By | _ T
Co(Af3 A1) "By 0 = U013, (3.24)

where the matrices [Uy, Us], [V1, V2], Us and V3 have orthonormal columns, O3 is nonsingu-
lar, ¥y = diag(o1,...,00,) and X9 = diag(o¢,41,...,00) with 01 >...> 0y, >04,11>... >0,
and r = rank(Y7 X). Then the projection matrices W, and Ty in (2.15) are rewritten as

W =[SYU, s, 2, LTU,052), 1= [Sxvie Y Rve; (3.25)

where S = [—(AF{QAHI)AAF{QAH]’ R; and L; are as in (3.20) and (3.21), respectively. Ta-

king into account that X = IIX and Y = IIY, we compute the reduced order system
[E, A, B, C| = [W/ET,, WF'AT,, Wl'B, CT,] with

T
0 Wi Cy(ApA,) 1B2TOO 0 I,
(3.26)
~ b ~ 1/2
b= [ @};Tf]’ C = | Ty, W0 |,

and Wy = YU, S, V2, Ty = XV 2, Wao = [I,, 0]U305"%, Toe = [Ln, 011,052
In summary, we have the following algorithm that is a generalization of a low rank square
root method [19, 29] for the semidiscretized Stokes equation (1.2).

Algorithm 3.1. Generalized Low Rank Square Root (GLRSR) method for the semidiscretized
Stokes equation.

Input: Matrices M, L, D, By, Bs, Cy, Cs.

Output: A reduced order system [E, g, E, 5’]

0. If M # I, then compute the Cholesky factorization M = UAEUM, where Uy 1s upper
triangular. Otherwise, Uy = 1.

1. Use the LRCF-ADI method (3.15) to compute the low rank Cholesky factors X = 11X
and Y = IIY such that XXT and YYT are approzimate solutions of the projected Lyapu-
nov equations (3.10) and (3.13), respectively, where Ayy = Uy, LU]T/Il, Ap = —UA}TDT and
Biy = Uy By — A A (Al A1) 7' By, Cra = CoUy, — Co(Af App) AT Ay

2. Compute the ’thin’ singular value decompositions (3.23) and (3.24).

3. Compute the reduced order system [E, A, B, C] as in (3.26).
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Note that if A is symmetric and B # CT in (3.1), then the matrices E and A as in (3.26)
are, in general, not symmetric. The reduced order system with the symmetric matrices £
and A can be computed by applying the GLRSR method to a symmetrized system

skEE— A ‘ B
BT |

,  B=[B,C"] (3.27)

with more inputs and outputs but the same number of state variables. Such a system is
square in the sense that it has the equal number m + ¢ of inputs and outputs, and its transfer
function is symmetric, i.e., é(s) = (A}T(s). In this case the proper controllability Gramian Q\pc
of (3.27) is equal to the proper observability Gramian ,C’7p0 and the improper controllability
and observability Gramians Q\w and Q\w of (3.27) are also equal.

Using the same computational technique as in Sections 3.2 and 3.3, we obtain that the
full rank Cholesky factors R and R of the Gramians gpc gpo and gm = gw, respectively,
have the form

~

~ R
_ R 3.28
P —(Afy A1) AL AR (3.28)
[ A12(A1T2A12)_1B2 0
(A1T2A12)71A{2§12 (A1T2A12)71§2

where B, = [ By, CT], By = [Byy, C%]and R is a full rank Cholesky factor of the solution
X11 = RR" of the projected Lyapunov equation

A IIX ) + X1 TTA I = —T1B,, BLIL (3.29)
Since ]?ETE}A% = ﬁT}A% and ]?ETA]?E are symmetric, the projection matrices W, and Ty can
be chosen as W, = = [R Vl, R Vg] where the columns of ‘71 are the right singular

vectors correspondlng to the dominant singular values of R and the columns of ‘73 are the
right singular vectors corresponding to the non-zero singular values of the symmetric matrix
RTAR € RAm+a).2(m+a) op R, € R™v:2(m+4) - Since the matrix R; has much more rows than

RZTARZ, we will compute Vg from the singular value decomposition of the matrix

BTAR — By B3 (AfyA15)7'B,
P BT(AT,A,,) 7B 0 ’
5 (A1 2

where By = By, CT]TA5(Al,A)y) 7 B,y + BY (AL Ay,) 1AL By,

If we replace the full rank factor R by the low rank Cholesky factor X of the solution
X1~ XXT of (3.29), then we obtain the following algorithm that is, in fact, a generalization
of a dominant subspace projection method proposed in [19, 29| for standard state space systems.

Algorithm 3.2. Generalized Dominant Subspace Projection (GDSP) method for the semidis-
cretized Stokes equation.

Input: Matrices M, L, D, By, Bs, Cy, Cs.

Output: A reduced order system [E, g, E, 5’]
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0. If M # I, then compute the Cholesky factorization M = UJ\TdUM, where Uy 1s upper
triangular. Otherwise, Uy = 1.

1. Use the LRCF-ADI method (3.15) to compute the low rank Cholesky factor X =X
such that XXT is an approximate solution of the projected Lyapunov equation (3.29), where
A = Uy 'LUL, A = =U,'DT and Biz = Uy [ By, CF ] = Ay App(AlyAp) [ By, CF.
2a. Compute the ’thin’ singular value decomposition

~

~ PN ) T
=[on )| 2| (3.30)
b))
where the matrices [Uy, Uy ] and [Vi, V3] have orthonormal columns, $1 = diag(Gy, . .. ’3éf)
and Sy = diag(3;, -, 07) with 01> ... >0 > T > ... 25 >0, 7= rank(X).
2b. Compute the ’thin’ singular value decomposition
B BT (AT -1B e~
. TB11 - By (Al9A12) "By | _ 0,0,07,
By (A1A15) " By 0

where §2 [ By, €3] and By = [By, Cf ]TU A (AT A1)~ le +BT(A1T2A12) 114{2@12;
U3 and V3 have orthonormal columns and @3 is nonsingular.
3. Compute the reduced order system [E, A, B, C] = [TKTETK, @TA@, T\gB, C’fg], where
E, A, B, C are as in (3.1) and

T, = [Sﬁl, R:Vs (3.31)

1

ith S =
o —(AfyA,) AT A,

] and R; as in (3.28).

The following theorem gives a connection between the GLRSR and GDSP methods.

Theorem 3.1. Suppose that the reduced order systems computed by the GLRSR and GDSP
methods have orders £ = £y + o and { = £y + L, respectively, where £; < rank(Y7X),

ls = rank(L;AR;), @f = rank(X) and (o = rank(EiTAﬁi). Let Wy, Ty, € R™ be the
projection matrices as in (3.25) and let QA}; € R™ be the projection matriz as in (3.31). Then

ImW, C Im[Y,, L] C Im1Tj, Im7; C Im[X,, R;] CIm7)}, (3.32)

where Y, = SY and X, = SX are the low rank Cholesky factors of the proper observability
and controllability Gramians Gp, and Gy of (1.2), respectively.

Proof. The projection matrices Wy, T, and T}; can be rewritten as

We= (Wi, W] with Wy, = SYUS?, Wi, = LU0, 17,

To= [Ty, Tb.] with = SXV,¥ 1/2’ T, = Ri‘é@;l/z’
=1 Ty Ti ) with Téf =S[00, Ua], 1; = RiVs. (3.33)

From (3.15), where By is replaced by Biy = [By, C%], we obtain that the low rank
Cholesky factor X computed in Step 1 of Algorithm 3.2 has the form X = [X, Y]Pg, where
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X and Y are the low rank Cholesky factors computed in Step 1 of Algorithm 3.1 and Pg is
a permutation matrix. In this case

Im (YU, 5, Y% CImY CIm[X, V] =Im X =Im [T, U]
and, hence, ImW,, C ImY, C Imfg . Moreover, taking into account that R = [R,, LTI,
f
we get

Im Wy = Im (LI U30; %) CIm LY C Im R, = ImT}_.

Analogously, one can show that Im Ty ; < ImX, C Im féf and Im7, C ImR; C Imfgm.
Thus, inclusions (3.32) hold. O

It follows from the proof of Theorem 3.1 that the range of T};f as in (3.33) can be considered
as an approximation of the union of the dominant subspaces of the proper controllability and
observability Gramians G, and G, of system (1.2), whereas the column of T\@oo given in (3.33)
span the union of the ranges of the improper controllability and observability Gramians G;.
and G;, of (1.2). This justifies why Algorithm 3.2 is called the dominant subspace projection
method.

Note that for fo > loo, the reduced order system computed by the GDSP method is
not minimal and has still redundant state variables. To compute the minimal reduced order
system for (1.3), (3.1) with symmetric A and By = C; = 0, we can combine the GLRSR and
GDSP methods in the following way.

Algorithm 3.3. Generalized Symmetric Low Rank Square Root (GSLRSR) method for the
semidiscretized Stokes equation.

Input: Matrices M, L, D, By, Cs.

Output: A reduced order system [E, A, B, 5’]

0. If M # I, then compute the Cholesky factorization M = U]\:CIUM, where Uy 1s upper
triangular. Otherwise, Uy = 1.

1. Use the LRCF-ADI method (3.15) to compute the low rank Cholesky factor X = IIX
such that XXT is an approzimate solution of the projected Lyapunov equation (3.29), where
A11 == U]\}TLU;/[l, A12 == —U]T/[TDT and Blg == [U]\}TB(), —A11A12(A,{2A12)_1Cg].

2. Compute the ’thin’ singular value decompositions (3.30) and (3.24).

3. Compute the reduced order system

I;, 0
0 0

0{'B,

FE =
@é/QV'gT

)

~ [UrA,U, o0 ~

A= 141t B

’ [ 0 Iy, } ’

C= [—c (AT, A AT, A, U,, U 91/2}
2 12412 124+11% 1> 33 :

(3.34)

We see that the matrices E and A in (3.3%) are symmetric, the pencil AE — A is of index
one and the reduced order system has order £ = £y + (.

4 Numerical examples

In this section we demonstrate the reliability and performance of the proposed balanced trun-
cation model reduction methods for the semidiscretized Stokes equation. All of the following
results were obtained on a SunOS 5.8 workstation at the Department of Mathematics and
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Figure 2: Proper Hankel singular values of
(1.2) and singular values of Y7 X.

Figure 1: Proper Hankel singular values of
(1.2) and eigenvalues of X1; and Yi;.

Statistics of the University of Calgary. The computations were performed with MATLAB 6.5
using IEEE double precision arithmetic with relative machine precision € = 2.22 x 10716,

Consider the two dimensional instationary Stokes equation (1.1), where Q = (0,1) x (0,1),
¢ = (£,&)7 is the vector of space variables and the boundary conditions are non-slip, i.e.,
v(§,t) = 0 for ({,t) € 09 x (0,tf). Using a finite volume semidiscretization method on
a uniform staggered grid [4, 41] with n; + 1 points in the &;-direction and ny + 1 points in
£o-direction, we obtain system (1.2) with M = I. For simplicity, By € R™! is chosen
at random, By = Cy = 0 and Cy = [1, 0] € RY™ with ny = (n1 + 1)ng + ni(ng + 1),
np = (n1 +1)(ng + 1) — 1. For ny = ny = 22, we have ny, = 1012, np, = 528 and the
dimensions of the deflating subspaces of the pencil corresponding to the finite and infinite
eigenvalues are ny = 484 and n., = 1056, respectively.

Note that in this example the proper and improper Hankel singular values of system (1.2)
do not depend on the viscosity . Indeed, let R;i(¢) and L;(¢) be the full rank Cholesky
factors of the solutions of the projected Lyapunov equations (3.10) and (3.13) with A;; = 9L,
where L is the discrete Laplace operator. Then Ry(9) = 1/vVURi(1) and Li(9) = V9L, (1).
Hence, the proper Hankel singular values are given by ¢; = o;(L1(9)R1(9)) = 0;(L1(1)R1(1)).
The non-zero improper Hankel singular values are computed as 0; = 0, (C2(AT, A12) 1AT, By),
where Co, A15 and By are independent of 9. In this case the order of the semidiscretized
Stokes equation (1.2) can be reduced equally for small and large values of the viscosity 9. We
will assume that ¢ = 1.

Figure 1 shows the 25 largest proper Hankel singular values of system (1.2) and eigen-
values of the solutions X;; and Y7; of the projected Lyapunov equations (3.10) and (3.13),
respectively. One can see that the eigenvalues decay very fast and, hence, the matrices X1
and Y71 can be well approximated by matrices of low rank. Using the LRCF-ADI method we
have computed the low rank Cholesky factors X, Y € R!912:16 of the solutions of equations
(3.10), (3.13) and the low rank Cholesky factor X € R1012:32 of the solution of (3.29).

Figure 2 shows the proper Hankel singular values of (1.2) and the singular values of the
matrix Y7X. We see that the proper Hankel singular values are quite well approximated by
the singular values of Y7X.
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Error systems for the semidiscretized Stokes equation -7 Error systems for the semidiscretized Stokes equation
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Figure 3: Error systems for the adaptive Figure 4: Error systems for the fixed choice
choice of /¢ and £; with tol = 1076, 0= éf — 15.

In Figures 3 and 4 we illustrate how accurate the semidiscretized Stokes equation is approx-
imated by the reduced order models computed by three different model reduction methods
described in Section 3.4. We display the spectral norm of the error system G (iw)— G( w) for a
frequency rang w € [1,10°]. Two distinct choices of the reduced orders ¢ = 5+, (=17 f +s
and £ =/ §+ {5 were made. In the first experiment, see Figure 3, the values ¢ i and / ; are
chosen as largest indexes such that O’gf(YTX)/O'l(YTX) > tol and ;, (X)/o1(X) > tol with
prescribed tolerance tol. In the second experiment, see Figure 4, we choose £ P = / ¢- The
values /., and foo in both experiments are equal to the numerical rank of the matrices L; AR;
and ﬁZTA]?EZ-, respectively.

For the adaptive choice of £; and 7 ¢ the reduced orders £ of the systems computed by the
GLRSR method are generally smaller than the orders ¢ and ¢ of the systems delivered by the
GDSP and GSLRSR methods, respectively. For tol=107%, we have /=10, (=29 and ¢ = 28.
We see that the approximation by the GDSP method is better for low frequencies whereas
the GSLRSR method delivers the best approximation for the middle and high frequency
ranges. However, for fixed £; = 1 ¢ = 15, the approximation error for the GLRSR method is
considerably smaller than for the GDSP and GSLRSR methods.

5 Conclusion

In this paper we have discussed balanced truncation model reduction for descriptor systems.
This approach is related to the proper and improper controllability and observability Grami-
ans and Hankel singular values that can be computed by solving projected generalized Lya-
punov equations. The balanced truncation method is based on transforming the descriptor
system to a balanced form and reducing the order by truncation of the states that correspond
to the small proper and zero improper Hankel singular values. Important properties of this
method are that the regularity and stability is preserved in the reduced order system and
there is an a priori bound on the approximation error.
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We have also discussed the application of the balanced truncation model reduction to
the semidiscretized Stokes equation. This equation has a special block structure that can
be used to reduce the computational effort. The proper controllability and observability
Gramians for the semidiscretized Stokes equation with a small number of inputs and outputs
are well approximated by low rank matrices and their low rank Cholesky factors can efficiently
be computed by the low rank Cholesky factor alternating direction implicit method. The
Cholesky factors of the improper controllability and observability Gramians have been found
in explicit form.

Three model reduction methods for the semidiscretized Stokes equation have been pre-
sented. The first two methods are generalizations of the low rank square root method and
the dominant subspace projection method known for standard state space systems. The third
method is a combination of the others. The effectiveness of the proposed model reduction
algorithms has been demonstrated by numerical experiments.
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