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Abstract

Theoretical model for the simulation of synthesis of Janus-like particles (JP) 
consisting two different phases using the Carbon Combustion Synthesis of Oxides 
(CCSO) is presented. The model includes the variation of sample initial porosity, 
carbon concentration and oxygen flow rate used to predict the formation of JP features. 
The two temperature (2T) combustion model of chemically active submicron-
dispersed mixture of two phases including ferroelectric and ferromagnetic was 
implemented and assessed by using the experimentally estimated activation energy 
of 112±3.3 kJ/mol and combustion temperature. The experimental values allowed 
to account the thermal and concentration expansion effect along with the dispersion 
by the slip-jump simulation for high Knudsen numbers. The model predicted that 
the smaller initial porosity of the combustion media creates higher formation rate 
of Janus-like particles. The simulation of slippage and jumps of the gas temperature 
allowed the scale-bridging between macro- and micro- structures.
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1. Introduction

Janus particles are special types of asymmetric 
particles whose surfaces have two or more distinct 
physical properties and chemical compositions 
within a single particle [1‒3]. Over the past dec-
ade, various strategies have been developed for 
the fabrication of Janus particles, including sur-
face coating and nucleation, self-assembly, phase 
separation, immobilization, microfluidics and oth-
ers [4‒7]. This asymmetric structure gives unique 
multifunctional properties and functionalization. 
Recently, carbon combustion synthesis of oxides 
(CCSO) was applied for quick and energy efficient 
production of multiferroic composite of cobalt fer-
rite and barium titanate to form Janus-like parti-
cles (JP) matrix structure [8]. It was shows that the 
exothermic oxidation of carbon nanoparticles with 
an average size of 5 nm and a specific surface area 
of 110 m2/g generates a self-propagating thermal 
wave with peak temperature of up to 1000 °C. The 
thermal front rapidly propagates through the mix-

ture of two phases magnetic ‒ CoFe2O4 and ferroe-
lectric ‒ BaTiO3 to form a nanocomposite structure 
with Janus like particles. The BaTiO3–CoFe2O4 
magnetoelectric composites are of great techno-
logical interest for their potential applications in 
microwave devices, antennae, sensors, transduc-
ers, data storage and controlled release of anti-HIV 
drug delivery and Alzheimer’s, Parkinson’s dis-
ease treatment [9‒12]. 

The activation energy of the carbon combustion 
synthesis of Janus-like particles estimated to be 
112±3.3 kJ/mol, indicating that the barium titanate 
and cobalt ferrite presence decrease the activation 
energy barrier of carbon oxidation and facilitate 
the ignition process of the combustion synthesis 
[8]. Existence of discrete CoFe2O4 and BaTiO3 
phases in the composites nanostructures was con-
firmed using X-ray powder diffraction along with 
the SEM and TEM analysis. The CCSO is signifi-
cantly simpler, faster, and more energy efficient as 
compared to calcination processes that require pro-
long annealing (hours) at high temperatures. It is 
observed that the synthesized samples show mag-
netoelectric coupling on multiferroic cobalt ferrite 
and barium titanate ceramic composites [8, 12].
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Experimental studies of convective and diffu-
sion transfer in the carbon nanotubes [13–15] have 
shown that the transfer is accelerated by 2–3 orders 
of magnitude and more in comparison with esti-
mates based on the theory of a continuous medium. 
The slippage of a viscous liquid flow on solid wall 
means nonzero velocity on the boundary. Liquid 
slip in micro- and nanofluidic discussed in [13]. 
Gas-dynamic flows in channels with small geomet-
ric dimensions exhibit special properties that differ 
from those of flows in large-sized channels. The 
main condition for the “smallness” of the channel 
size is the Knudsen criterion [13], which is equal 
to the ratio of the mean free path of gas molecules 
between collisions λ to the channel diameter or to 
some other characteristic spatial scale of the flow 
L or to some other characteristic spatial scale of 
the flow.

The commensurability of these values or signif-
icant excess of λ over L means a small diameter of 
the channel or rarefaction of the gas. The Knud-
sen layer on porous surface considered in [16, 17]. 
The phenomenon of intensification of transfer can 
be partially explained by direct modeling of the 
motion of an ensemble of molecules by using mo-
lecular dynamics (MD) simulations [18]. It should 
be noted that the mean free path of gas molecules 
in the pores of carbon exceeds the pore diameter. 
Collisions of molecules with a nanotube boundary 
dominate over collisions of molecules with each 
other. Knudsen numbers reach up to 10‒70.  

The temperature and concentration jumps of gas 
flow on solid boundary in submicron channel re-
ported in [19]. On submicron scales, models with 
slip conditions in combination with jumps in gas 
concentrations and temperatures on the surface 
of an isolated tube or in pores are constructed in 
[20‒25]. The processes of propagation of combus-
tion waves were studied with the application of 
production of solid phase particles by self-prop-
agating high-temperature synthesis (SHS) and 
CCSO [24‒25]. A self-consistent method for cal-
culating heat and mass transfer processes on mac-
ro and micro scales has been developed. Various 
applications of CCSO models for self-consistent 
calculation of micro- and macro-processes at suf-
ficiently small Knudsen numbers were described 
[26]. The features of the influence of slip process-
es, temperature jumps and concentrations of the 
gas phase components on the propagation of the 
combustion wave and the synthesis of nickel-zinc 
ferrite in a channel with a cooled side wall and 
pores of submicron diameter have been studied. 

The effects of gas slippage, gas temperature jump 
and concentrations jumps due to fluxes of O2, N2 
and CO2 components on the pore surface are in-
cluded in the consideration. The muss fluxes of gas 
flow from the combustion zone and from the sam-
ple as a whole causes heat loss and slows down the 
combustion process during sliding [21‒25].

In this report, we generalized the two-temper-
ature model [20, 21] on investigation the thermal 
and mass dispersion and expansion effect on syn-
thesis JP via CCSO in porous media. The govern-
ing system of equations includes the Navier-Stokes 
equations for the gas phase and along with the ther-
mo-elasticity equations using the Duhamel-Neu-
mann relations. The equations of conservation of 
mass, momentum and energy using the tensors of 
mass and thermal dispersion, conductive and con-
vective transfer are applied. The results of simulat-
ing the effect of thermal and concentration expan-
sion on porosity distribution in the process of the 
synthesis of micron JP powders during CCSO are 
also presented. A dimensionless form of the con-
stitutive equations with similarity parameters was 
used for calculations, including the effect of disper-
sion, pore tortuosity coefficient, particle diameter, 
and local values of Peclet numbers. The formula of 
unsteady porosity is generalized for JP synthesis at 
a given distribution of porosity at the initial time in-
stance for the numerical simulation of porous mag-
neto-electric composite materials. The performance 
and reliability of these materials is influenced by 
defects or pores, which can arise during the consol-
idation process. We analyze the impact of pores on 
the rate of Janus particles sintering via CCSO in the 
synthesis of polycrystalline multiferroic JP com-
posite from ferroelectric BaTiO3 and ferromagnetic 
CoFe2O4. The model of slip processes and jumps 
of the gas and solid temperatures were employed 
for scale-bridging between macrostructures and mi-
crostructures. We discuss the influence of pores in 
two-phase combustion on composites by analyzing 
numerical examples. The inhomogeneous macro-
structure concentration and the rate of multiferroic 
composite formation are numerically investigated 
for different porosity of carbon, ferroelectric BaTiO3 
and ferromagnetic CoFe2O4 with carbon mixture. 

Modeling the synthesis of complex oxide parti-
cles was developed in [20, 21] with the approxima-
tion of constant pore sizes, given a priori. It should 
be noted that the pore sizes, as a rule, are unevenly 
distributed in the reactor of synthesis and have been 
changed over the time, affecting the mass and heat 
fluxes of reactants and products through the porous 
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medium. Temperature and concentration gradients 
lead to change across the volume and the appear-
ance of displacements and stresses in the solid 
phase, leading to pores change in space and time. 
In the present paper, the model simulation of Janus 
like particles is developed by implementing porosity 
variables as well as thermal and mass dispersion in 
a porous media. We restricted ourselves to the study 
of densification using the thermal elasticity theory 
[26]. The sintering simulation using a non-linear 
viscous material theory [27] is not considered.

2. Micro- and macroscale modeling

The dynamics of the heat and mass transfer at 
submicron scale strongly depend on so called slip-
page. A self-consistent method of computation of 
heat and mass transfer at micro- and macroscales 
was developed [20]. Modeling the synthesis of ma-
terials by CCSO [24, 25] were developed in the 
approximation of the permanent sizes of the pores. 
Physically, a porous medium is formed by a solid 
phase and one or more fluid phases. The solid may 
have a periodic or random structure, each phase 
may be continuous or dispersed and the charac-
teristic sizes of the geometric heterogeneities may 
span a large range of length scales. These length 
scales can either differ by orders of magnitude (i.e. 
they are separated) or they may vary almost con-
tinuously in order of magnitude (i.e. they are con-
tinuous) [28]. It should be noted that the pore sizes 
are usually unevenly distributed in the sample and 
change over time, affecting heat flows, substances 
of reagents and products through a porous medium.  
Concentration and heat dispersion is caused by 
fluctuations in mass and heat flux, while diffusion 
is caused by molecular motion. A number of works 
have shown the importance of dispersion terms in 
averaged equations along with molecular diffu-
sion. Various models of thermal dispersion have 
been developed in [29‒35]. While the molecular 
diffusion takes place in a lowing and stagnant me-
dia as well, the dispersion is strongly influenced 
by the hydrodynamic flow. The dispersion was re-
ported in the literature [28‒34] with modelling as 
a tensor which components being either parallel or 
orthogonal to the main flow direction. The thermal 
and mass dispersion are affected by fluctuations of 
temperature and concentrations of species in mul-
ticomponent gas mixture in a porous media. It was 
shown [34] the significant effect of the thermal and 
mass dispersion on CCSO synthesis of micron bar-
ium titanate particles.

One of problems in sintering technology is to 
achieve the sufficiently low level of porosity. The 
Ti-TiAl3 powder mixtures studied in [35, 36] al-
lowed one to simultaneously achieve acceptable 
values of the sintered cathode porosity and cost 
of their manufacture under experimental industri-
al conditions. In [35‒37] the models of sintering 
and synthesis of solid phase powder mixtures are 
considered, accounting for the mutual influence of 
the processes of volumetric changes in the sinter-
ing process. Temperature and concentration gradi-
ents lead to a change in the volume and appearance 
of displacements and stresses in the solid phase. 
The formula for variable porosity during CCSO 
was suggested in [23, 37]. The effect of volumet-
ric changes in the synthesis of the barium-titanate 
including the thermal and mass dispersion was al-
lowed predicting the characteristics of the combus-
tion wave in the variable porosity of the sample. 
It should be noted that for the micron sizes of the 
synthesized particles, the characteristic values the 
Knudsen number is small and the effects of slip-
page and temperature jump [19] are negligible. 

The models of synthesis of submicron particles 
using the CCSO [38‒43] have specific features 
caused by comparatively high Knudsen number 
in gas that occupies the pores [19]. For submicron 
sizes of particles and pores, the effect of Knudsen 
layers in a gas near the surface of the pores is es-
sential and the slip effects are required. Submicron 
models with slip conditions in combination with 
jumps of gas temperature and concentrations on the 
surface of pores were proposed, the macro-fluxes 
were obtained by averaging micro flows in pores.

3. Dimensionless governing equations

We consider the system of Janus like particles 
(CoFe2O4/BaCO3)(s) formation via carbon com-
bustion using the following kinetics:

BaTiO3(s) + CoFe2O4(s) + α(C(s) + O2(g)) + N2(g)
→ (CoFe2O4/BaTiO3)(s) + αCO2(g) + N2(g) 2 < α < 14

We applied the reference time scale t0, t0 = 10(s), 
related to activation energy E and pre-exponential 
factor in the reaction rate expression k1 [34, 37]. 
The height and radius of the porous sample are 
l0 = 0.0007(m), r0 = 0.0.07(m), the gas velocity 
u0 related to combustion speed in CCSO is 
u0 = 7·10-4 (m/s) [25],                                   .

The dimensionless values marked by tilde for 
dimensional ones are presented below:

 ( )1 1 1
0 1 0expt k E R T− − −= ×
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Here             , V = l0×A, ρ0 = ρair = 0.4 (kg·m-3), 
λ0 = λair = 0.06(W/m/K), ρ0C = 2267 kg×m-3, 
D0 = 2 · 10-5 (m2/s), cp = Cp,air = 1114(J/(kg·K)), 
vair = 9.7 · 10-5 (m2/s), ρ1g = ρO2(g), ρ2g = ρCO2(g), 
ρ3g = ρN2(g)·ρ1s = ρc, ρ2s = ρBaCO3,  ρ3s = ρCoFe2O4, 
ρ4S = ρBaTiO3/CoFe2O4 are species densities, ρg = ρ1g + 
ρ2g + ρ3g, ρS = ρ1s + ρ2S + ρ3S + ρ4S, 
ρ = χρg + (1-χ)ρs.                                        is the dimen-
sionless heat transfer coefficient,            are the the 
heat capacities,       are the heat conductivities,          

     is the mass diffusivity,             ,     where p0 and

M0 are the reference pressure and molar mass. Ma, 
Re are the Mach and Reynolds numbers in gas, Rs 
is the analog of Reynolds number for solid phase, 
PeT, Pe1 are the thermal and diffusion Peclet num-
bers, subscript air is referred to the air parameters 
at normal condition, μS0 = 2×109 Pa. The temper-
atures of gas and solid phases Tg, Ts can be found 
using formulas                                                       . 
The main dimensionless parameters related to acti-
vation energy and combustion heat are β = RT0/E, 
γ = cpT0β/Q [20]. R, E, Q are the gas constant, acti-
vation energy and combustion heat. In our numer-
ical simulation, the following values are applied 
β ≈ 0.1, γ ≈ 0.2. (T0 ≈ 900 K), k1 = 10, k2 = 0.5, 
k3 = 0.1, Q1 = 60, Q2 = 01.

 2
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4. Expansion coefficients

We apply the Duhamel-Neumann relations [36] 
of linear thermoelasticity theory.

                                     along with the formulas

for tensor invariants:                                               ,

where σij is the stress tensor and εij is the tensor of 
deformation, K is the isothermal modulus of com-
pression, μs1, μs2 are the Lamé parameters. 

We suppose that the gas pressure is equal to 
the normal stress at the pore surface, i.e.                   , 
then                          , where μs = 2/3 · μs1 + μs2. 

If no external force acts on the solid surface then 
σii = 0 and consequently                      .
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Mass conservation for gas phase are applied using the mass dispersion [34] in the form
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Where b0, b1 are constants and ξ is pore tortuosity 
coefficient [34]. Then, mass conservation for solid 
phase can be presented as:
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Momentum conservation for gas is presented as:
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superscript zero refers to the corresponding concen-
trations at initial time instant. 

The variation of porosity χ(t,x,r) is modelled as 
the ratio of gas elementary volume to total elemen-
tary volume, occupied by gas and solid V∑(t, x, r) = 
Vg(t,x,r) + VS(t,x.r) as χ(t,x,r) = Vn(t,x,r)/V∑(t,x,r).   
We apply the result [23, 37] to simulate the varia-
ble porosity in the form

of moles in the reactions is not conserved, for the 
components of substances we have the correspond-
ing equations for the conservation of matter in the 
gas and solid phases. The basic equations are ap-
plied in the form the allow the regular limit χ→0  
and χ→1. The dimensionless variables Eq. (1) are 
used, symbol tilde is omitted. Conservation of mass 
for total gas and solid phase can be presented as:

The gas field stresses read                           

and the term of distributed resistance in pores 
is given as                               . The 
macro slip flux due to gas slip at the pore surface 
is written as                           [20, 21].
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The momentum equation for moving solid phase is applied in simplified form neglecting the thermal 
effect of the stresses [23]. 

 ( ) ( )( ) 11 ρ 1 ρ R σv v vS solid
S solid solid St

χ χ −∂ −
+∇⋅ − = ∇⋅

∂

vsolid is the velocity of solid phase. 
The equation of heat balance in the gas phase 

considering the effect of thermal dispersion [34] 
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Thermal balance equation for solid phase accounting for gas solid heat exchange and combustion heat 
reads

 
( ) ( ) ( )1 V 1

Pe
S S

S S solid S S S S g S g S r
Ts

Tc T c T J T T T Q
t

λρ χ χ κ→
   ∂

− + ⋅∇ − = ∇⋅ − ∇ + − +   ∂   
 
Ts TgQ Q=

,

.

,,

, .

Heat transfer coefficient is used in Leveka’s 

form [25, 44]               , where 

Reloc = Re|u|ρg, is local Reynolds number and 
PeTloc = PeTg, PeT|u|ρg, are local Peclet numbers.

6. Results and discussion

The schematic combustion model (0<r<1, 
0<z<L) is presented in Fig. 1A. The front moves 
from bottom to top. Oxygen is supplied from the 
bottom. Porous part of the reactor occupies the re-
gion 0˂r˂1‒d, 0˂x˂L. Flow part of the reactor is 
1‒d˂r˂1, 0˂x˂L. The model accounts Janus like 
particles by determination of density of the solid 
phase during the densification.

The expansion coefficient is given as follows: 
K = 0.564  

( )0.3 0.3
0 1 Re Reloc Tlocκ κ= + +

 00 : lS lSt α α= = ,  0
1 0.018Sα = ,

 0
2 0.653 / KS αα =  0

3 2.915 / KS αα =,

 0
4 0.295 / KS αα =

,

,  0 55 10T Tα α −= = ⋅ (4)

simulation in a sample with submicron pores. The 
results of computation of combustion presented 
below refer to the values of parameters as follows. 

For simplicity             , γ ≈ 0.28, χ = 0.05‒0.5, 

β1 = 0.086 and β2 = 0.136. The dimensionless re-
sistance of porosity is given as αi = 0 and ςi = 50. 
The Mach and Reynolds number are Ma0 = 0.2 and 
Re0 = 10-2. The values of temperature correspond 
to our experimental data for porosity of 12%. The 
ignition temperature Tinit = 0, (Tinit,dim = 580 C) and 
the wall temperature TW = ‒ 0.19, (Tw,dim = 570 C) 
are prescribed. The value of initial dimensionless 
temperature Tinital = ‒10.6, t = 0 corresponds to 
the room temperature. The temperature jump and 
gas velocity slip were imposed using AT = 10 and 
Au = 100 [24], for which the simulation of carbon 
combustion in submicron pores is in a satisfactory 
agreement with experiment. 

The results of CCSO modelling for the micron 
sized reagents and products were obtained for 
the following parameters [24, 25]: αj = 0, ςi = 50, 
tinit = 0.25, Ma = 0.01, Qf = 500, Q = 60, 
Re = 0.1, PeTg = 0.2, PeTs = 0.4, Pe1 = 0.72. The 
cylindrical sample was placed in vertical posi-
tion. The ignition initiated at the bottom z = 0. 
In the figures below 0≤r≤1, 0≤z≤L using cylin-

, ( )1
1 22ij S ij ij S SK Kσ µ ε δ µ ωµ ω−= + − ,

temperature jump at pore surface [24, 25] and 
chemical heating is applied in the form:

The simulation of variable porosity is presented 
for Kα = 1 and Kα = 6. We report the (CoFe2O4/
BaCO3)(s) synthesis using carbon combustion 
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Figure 2 shows that the increasing of synthesis 
rate when the porosity is decreasing (compare to 
the CoFe2O4/BaTiO3 amount in columns A, B, and 
C). The highest synthesis rate is found for porosity 
χ = 0.025 (A) as compared to χ = 0.05, 0.12 (B, 
C), respectively. Note that 90%, 85% and 80% of 
product is synthesized at time instance of t = 0.1 
for porosity χ = 0.025, 0.05 and χ = 0.12, respec-
tively. The uniformity of product increases in time 
that is shown at t = 0.075 and t = 0.1 in column B. 
More rapid synthesis takes place in more heated 
zone. Initially the region of rapid sintering is lo-
cated rather far from the axis of symmetry r = 0, 
because the ignition initiated by oxygen flux along 
the lateral surface of a sample [18]. This region is 
demonstrated in columns A and B at t = 0.05.

The results for larger porosity is presented in 
Fig. 3. The almost uniform 90% distribution of 
CoFe2O4/BaTiO3 is found for χ = 0.2 at t = 0.2. Note 
that sintering is rather slow for χ = 0.5 and located 
at t = 0.2 in the heated zone (B) of combustion for 
χ = 0.5. Figure 3 demonstrates the thermal wave 
propagating upwards. The variation in time of gas 
temperature at time instances t = 0.05, 0.1, 0.15 are 
presented. Note the temperature maximum is locat-
ed in the region close to symmetry axis. At t = 0.15 
the fabrication of 90% of uniform CoFe2O4/BaTiO3 

drical coordinates r, z; where r = 0 is the axis of 
symmetry. 

The density of Janus particle (CoFe2O4/BaCO3)
(s) resulted in sintering in the reactor (0<r<1, 
0<z<L) is presented at various time instances for 
small porosity in Fig. 1 and large one in Fig. 2. The 
carbon ignition is initiated from the bottom. In fig-
ures below the r- axis is horizontal and the z- axis 
is vertical one. At initial instant the amounts of 
45 wt.% of BaTiO3, 45 wt.% of CoFeO4 and 10 
wt.% of carbon in the mixture are given. At the fi-
nal stage, all carbon is transformed to CO2 and the 
amount of product of sintering (CoFe2O4/BaCO3)
(s) in the mixture will be 90% and 10% of CO2. 
This value of 90% corresponds to totally syn-
thesized product. The duration of total synthesis 
strongly depends on the porosity of the sample.

The data demonstrate the result of simulation 
of submicron JP synthesis taking into account 

the slippage                         ,                     and 

temperature jump                                         , 

                          of gas at solid surface where 

θ, (0≤θ≤1) is the reflection coefficient and α´, 
(0≤α´≤1) is the thermal accommodation coeffi-
cient. The simulation at constant porosity is pre-
sented neglecting the mass and temperature disper-
sion that is not significantly influence on heat and 
mass interphase exchange.

 

A B C

 macro
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jump T g g SQ A p T Tρ= − +
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Fig. 2. The amount of sintered CoFe2O4/BaTiO3 for 
small porosity χ = 0.025, 0.05, 012 at time instances 
t = 0.05, 0.075, 0.1, it is shown for the reactor region 
0˂r˂1, 0˂z˂L.

t





0.025 0.05 0.12 

0.05t 

0.075

0.1

A B C
 

Fig. 1. (A) ‒ The schematic representation of the 
combustion model. The front moves from bottom to 
top. Oxygen is supplied from the bottom. Porous part 
of the reactor occupies the region 0˂r˂1‒d, 0˂x˂L. 
Flow part of the reactor is 1‒d˂r˂1, 0˂x˂L. (B) ‒ The 
dimensionless temperature of gas phase                    and 
(C) ‒ solid                      at time instance t = 0.3 is shown 
for initial porosity χ0 and expansion.

 ( , , )g jT t x r%

 ( , , )S jT t x r%
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product was obtained at negligibly low amount of 
carbon in the mixture and 10% of CO2. The max-
imal temperature of 1375 K is attained. Note that 
experimental measurement at the instance of to-
tally consumed carbon results in temperature of 
T = 1381 K in a region close to the reactor center. 
Figure 4 shows the diminishing of the carbon com-
bustion front speed with increasing the porosity of 
the sample.

The data in Figs. 5‒10 showed the result of sim-
ulation of micron JP synthesis for which the slip-
page and temperature jump of gas at solid surface 
can be neglected. The simulation for variable po-
rosity is presented using the Eq. (2) and taking into 
account the mass D1m = Dm (ξ + φ1 (Pe1m)), D2m = Dm 
(ξ + φ2 (Pe2m)), φ1 (Pe1m) = (b0Pe1m + b1Pe1mlnPe1m), 
φ2 (Pe2m) = (b0Pe2m + b1Pe2mlnPe2m), and tempera-
ture dispersion λ1g = λg (ξ + φ1 (Pe1t)), λ2g = λg (ξ + 
φ2 (Pe2t)) that significantly influence on heat and 
mass interphase exchange [34]. The thermal and 
mass dispersion in JP synthesis was simulated for 

A B C D
 

Fig. 3. Gas temperature for (A) ‒ χ = 0.2; (B) ‒ χ = 0.5; and amount of CoFe2O4/BaTiO3 for C ‒ χ = 0.2 and (D) ‒ χ = 
0.5 at t = 0.2 are shown.

b1 = 0 according to the Eq. (3), and particle diam-
eter dp = 3 · 10-4(m). The pairs of curves (1, 4), (2, 
5), (3, 6) in Fig. 6C show the volume solid phase 
time history at the positions with coordinates (0, 
0.5), (0.15, 0.5), (0.75, 0.5) respectively. The pairs 
of curves (1, 4), (2, 5), (3, 6) in Fig. 7C show the 
porosity time history at the positions with coordi-
nates (0, 0.5), (0.15, 0.5), (0.75, 0.5) respectively.

Figure 9 demonstrates the effect of expansion 
on velocity of solid. The large expansion coeffi-
cients cause the radial and axial solid velocities 
that presented in Fig. 9B, D that are about an order 
of magnitude higher compared to small expansion 
solid velocities (Fig. 9A, C). These solid velocities 
effect on the advection heat transfer in solid phase 
as well as on gas temperature distribution due to 
interphase heat exchange. The concentration ex-
pansion of the gas phase due to the gas pressure at 
the surface of the pores slows the reduction of the 
pore’s sizes during the combustion process due to 
the thermal and concentration expansion of solid 

Time=0.05 0.1 0.15 

 

Fig. 4. Gas temperature for χ = 0.12 at time instances at 0.05, 0.1, 0.15 is presented.
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0.01 0.05 0.1 0.5
 

Fig. 5. The dependence of combustion front propagation rate on porosity. Carbon density for χ = 0.01, 0.05, 0.1, 0.5, 
respectively at time instance t = 0.5.

phase. The results obtained show a significant ef-
fect of volumetric changes in the solid phase. The 
proposed model allows us to analyze the effect of 

thermal and concentration expansion on the rate of 
synthesis and the distribution of the product in the 
synthesized area.   

A                                                       B C

Fig. 6. (A) ‒ Volume of solid phase V(t,x,r) at time instance t = 1 is presented for small values of expansion coefficients 
and (B) – for large expansion coefficients; (C) – demonstrates the volume of solid phase V(t, x, 0.25) versus time at 
the positions (xj, 0.25). Solid curves and symbols are referred to large expansion coefficients for Kα = 1 and small 
expansion coefficients at Kα = 6 according to the Eq. (4).

A                                    B C
 

Fig. 7. (A) ‒ Porosity χ(t,x,r) at time instance t = 1 is presented for small values of expansion coefficients and (B) – 
large expansion coefficients; (C) ‒ demonstrates the porosity χ(t,xj, 0.25) versus time at the positions (xj, 0.25). Solid 
curves and symbols are referred to large expansion coefficients at Kα = 1 and small expansion coefficients at Kα = 6 

according to the Eq. (4).
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A                                      B 

 
 
С                                       D 

 Fig. 8. (A and C) ‒ Temperature of gas and (B and D) – temperature of solid is shown for small expansion coefficients 
(A, B) and large expansion coefficients (C, D).

A                                          B C                D 
 Fig. 9. (A, C) ‒ Axial velocity of solid and (B, D) ‒ radial velocity of solid is shown for small expansion coefficients 

(A, B) and large expansion coefficients (C, D).

t = 0.5 t = 1 t = 2 t = 2.5 t = 2.9 

Fig. 10. The porosity distribution in the reactor at time instances t = 0.5, 1, 2, 2.5, 2.9, respectively.

The results presented in this paper allow us to 
reveal the features of the influence of Knudsen lay-
ers on the heat and mass transfer in JP densification 
and qualitatively agree with results [20, 21]. The 
magnitudes of the jumps in the temperature and 

concentrations of the components of the gas phase 
are determined by the coefficient of heat ‒ accom-
modation of molecules and thermal diffusion. The 
amount of slip depends on the coefficient of the re-
flection of molecules from the walls of the reactor 
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of JP synthesis and form surface of pores. An in-
tense gas flow from the combustion zone and from 
the sample causes heat loss and slows down the 
combustion process during the densification. In the 
present paper, we consider only the densification 
of Janus-like particles in the porous media.

7. Conclusions

The combustion model allows to predict the 
formation rate of JP densification using CCSO and 
analyse the homogeneity of the product for various 
initial porosity of reagent mixture. The uniformity 
of product increases during the combustion time. 
More rapid synthesis of JP takes place in the com-
bustion zone. Initially the region of rapid densifi-
cation is located rather far from the axis of symme-
try r = 0, because the ignition initiated by oxygen 
flux along the lateral surface of a sample. The mod-
el predicts that 90%, 85% and 80% of product is 
synthesized at the instance time t = 0.1 for poros-
ity of χ = 0.025, 0.05, and 0.12, respectively. The 
larger porosity the lower the rate of JP formation 
during the combustion sintering. The temperature 
field caused by the thermal wave propagation in 
the sample significantly varies in space and time 
and considerably affects the synthesis process as it 
is demonstrated. The variable porosity strongly de-
pends on volumetric expansion of the sample. The 
model of volumetric expansion in densification JP 
allows us to achieve the JP of sufficiently low po-
rosity compared to one at initial time instance. The 
generalization of the two-temperature model using 
variable porosity formula is presented for self-con-
sistent calculation of the coefficients for concentra-
tion expansion, thermal and mass dispersion. The 
expansion coefficients are calculated in the porous 
zone of the reactor in accordance with the kinetics 
of JP synthesis, the given initial values of the den-
sity and expansion coefficients of the reactants in 
the gas and solid phases.  
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List of principal notations

T0 = 1000 °C Referred temperature

T´ Dimensional temperature

Dimensionless 
temperature

Dimensionless 
normalized temperature 

Tg, TjS Gas temperature and 
solid phase temperature

Tinit = 450‒500 C Ignition temperature

Tinitial
Tinitial = ‒1/γ

Initial temperature of the 
sample

cpk Specific capacity at 
constant pressure

ρlg, l = 1,2, 3 Densities of gas species

ρg = ρ1g + ρ2g + ρ3g Density of gas mixture

Molar volume of solid 
component

First invariant of 
deformation tensor Pa

σij Stress tensor for solid 
phase Pa

Thermo-elasticity 
relation Pa

Duamel-Neuman 
formulas

ω = ωT + ωg + ωS Total expansion 
(dimensionless)

μS1, μS2 Lame coefficients Па 

ωg, ωS Concentration 
expansions

ωT Thermal expansion

E1, E2
K

Activation energy
Volumetric expansion 
coefficient Pa

      , Species expansion 
coefficients

Dimensionless 
parameters

εij Tensor of deformations 
(dimensionless)

'

0

TT
T

=

 1TT
β
−

=%

 jS
jS

jS

M
ν

ρ
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ω ε
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kkSSkk Kωεµµσ 332 21
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 igα  iSα

 0 , 1, 2k
k

RT k
E

β = =

 0 1

1

Pc T
Q
βγ =

                        , Peclet numbers

0
0

0

lu
t

=
Referred velocity

 0 0 0
0

0

Re u l ρ
µ

=
Reynolds number

RSolid The Reynolds number 
analog for solid phase

χ Porosity coefficient

κ Thermal transfer 
coefficient  

P0 Referred pressure

μ0 Referred gas viscosity

λ0 Referred thermal 
conductivity

Ma0 Mach number

M1g, M2g, MjS, j = 1,...,4 Molar masses

Qf Thermal flux

Q1, Q2 Combustion heat
Heat fluxes due to 
chemical reaction and 
temperature jump

Slip parameters

θ, (0 ≤ θ ≤ 1) Reflection coefficient

AT; Temperature jump 
parameter

α´, (0 ≤ α´ ≤ 1) Thermal accommodation 
coefficient

DT Thermal diffusivity 
coefficient

R = 8.314 Gas constant

                      
                             ,

Referred time and length 
scales for the Frank-
Kamenetskii variables

tinit Ignition time

Subscripts: g, s Gas and solid

 , , macro
Tg Ts jumpQ Q Q

 2
2uA
θ
θ π

=
−

 macro
slip u gJ A pρ= u
r

( )macro
jump T g g SQ A p T Tρ= − +
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2 2

P V
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P

c cA
c
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α π

+
=
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 ( )
0

0

exp E RTt
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0 0 0 0/ ( )Vl t cλ ρ=

 0 0
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, 1, 2l
l

u lPe l
D
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 0 0

0
T

u lPe
λ
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