
Applications and Applied Mathematics: An International Applications and Applied Mathematics: An International 

Journal (AAM) Journal (AAM) 

Volume 16 Issue 2 Article 28 

12-2021 

(R1513) The Dynamical Study of Variable Mass Test Particle in (R1513) The Dynamical Study of Variable Mass Test Particle in 

Nonlinear Sense of Restricted 3-body Problem with Nonlinear Sense of Restricted 3-body Problem with 

Heterogeneous Primaries Heterogeneous Primaries 

Sada Nand Prasad 
Acharya Narendra Dev College, University of Delhi 

Kumari Shalini 
Zakir Hussain Delhi College, University of Delhi 

Abdullah A. Ansari 
International Center for Advanced Interdisciplinary Research (ICAIR) 

Follow this and additional works at: https://digitalcommons.pvamu.edu/aam 

 Part of the Applied Mathematics Commons 

Recommended Citation Recommended Citation 
Prasad, Sada Nand; Shalini, Kumari; and Ansari, Abdullah A. (2021). (R1513) The Dynamical Study of 
Variable Mass Test Particle in Nonlinear Sense of Restricted 3-body Problem with Heterogeneous 
Primaries, Applications and Applied Mathematics: An International Journal (AAM), Vol. 16, Iss. 2, Article 
28. 
Available at: https://digitalcommons.pvamu.edu/aam/vol16/iss2/28 

This Article is brought to you for free and open access by Digital Commons @PVAMU. It has been accepted for 
inclusion in Applications and Applied Mathematics: An International Journal (AAM) by an authorized editor of 
Digital Commons @PVAMU. For more information, please contact hvkoshy@pvamu.edu. 

https://digitalcommons.pvamu.edu/aam
https://digitalcommons.pvamu.edu/aam
https://digitalcommons.pvamu.edu/aam/vol16
https://digitalcommons.pvamu.edu/aam/vol16/iss2
https://digitalcommons.pvamu.edu/aam/vol16/iss2/28
https://digitalcommons.pvamu.edu/aam?utm_source=digitalcommons.pvamu.edu%2Faam%2Fvol16%2Fiss2%2F28&utm_medium=PDF&utm_campaign=PDFCoverPages
http://network.bepress.com/hgg/discipline/115?utm_source=digitalcommons.pvamu.edu%2Faam%2Fvol16%2Fiss2%2F28&utm_medium=PDF&utm_campaign=PDFCoverPages
https://digitalcommons.pvamu.edu/aam/vol16/iss2/28?utm_source=digitalcommons.pvamu.edu%2Faam%2Fvol16%2Fiss2%2F28&utm_medium=PDF&utm_campaign=PDFCoverPages
mailto:hvkoshy@pvamu.edu


Available at
http://pvamu.edu/aam

Appl. Appl. Math.
ISSN: 1932-9466

Applications and Applied

Mathematics:

An International Journal
(AAM)

Vol. 16, Issue 2 (December 2021), pp. 1274 – 1294

The Dynamical Study of Variable Mass Test Particle in Nonlinear
Sense of Restricted 3-body Problem with Heterogeneous Primaries

1Sada Nand Prasad, 2Kumari Shalini, and 3 ∗Abdullah A. Ansari

1Department of Mathematics
Acharya Narendra Dev College

University of Delhi
Delhi, India

sadanandprasad@andc.du.ac.in

2Department of Mathematics
Zakir Hussain Delhi College

University of Delhi
Delhi, India

thakurshalini2000@gmail.com

3International Center for Advanced Interdisciplinary Research (ICAIR)
Sangam Vihar, New Delhi, India

icairndin@gmail.com

∗ Corresponding Author

Received: July 25, 2021; Accepted: September 15, 2021

Abstract

The main idea of this paper is to study the non-linear stability property of the motion of the test
particle which is moving under the influence of heterogeneous primaries having N -layers with
different densities as well as varying its mass according to Jeans law. The system is also perturbed
by the small perturbations in Coriolis as well as centrifugal forces. We evaluate the equations of
motion of the test particle under the influence of the above said perturbations. From this system
of equations of motion, we reveal analytically the locations of stationary points as well as the
non-linear stability.

Keywords: Nonlinear Stability; Variable mass; Lagrangian; Heterogeneous primaries; Layers;
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1. Introduction

The problems of three bodies is found to be the most famous problems of classical dynamics. The
failure in finding a general solutions of the general three bodies problems compelled mathemati-
cian and astronomers to study the problem in a restricted three bodies sense. It was Euler who
first of all studied circular three bodies problem and found the three collinear liberation points.
Again Lagrange found some particular solutions for the general three bodies problems. Besides
these, different aspects of the restricted three bodies problem have been discussed by many math-
ematician and astronomers and their contributions are found to be valuable. For last few decades,
scientists have published so many papers in the restricted three-body problem where the primaries
are either point masses or spherical in shape considering many other perturbing forces such as
oblatenes and rotation forces, Corolies and Centrifugal forces, etc. Some of them are: Deprit and
Deprit (1967), Gozdziewski et al. (1991), Haque and Ishwar (1995), Ishwar and Sharma (2012),
Kumar and Choudhary (1990), Subbarao and Sharma (1997), etc.

In recent times, Abouelmagd and Ansari (2021), Abouelmagd and Ansari (2019), Ansari (2021),
Ansari (2018), Ansari (2017), Bouaziz and Ansari (2021), Jain and Sinha (2014), Kushvah et al.
(2007), Pathak et al. (2019), Riaguas et al. (2001), Singh and Ishwar (1985), Singh (2009), Zhang
et al. (2012), etc. have worked on the restricted three-body problem by taking different aspects and
give many precise results. Moreover, their studies included variation of the masses of the primaries
and of the infinitesimal mass, etc. Bhatnagar and Hallan (1983) have studied the non-linear stability
of libration point L4 in the restricted problem by taking the perturbations ε and ε′ in the Coriolis and
the Centrifugal forces respectively. Generally, scientists have taken the primaries as homogeneous
point masses or spherical in shapes. But primary as heterogeneous in the restricted three-body
problem have been studied by Sahdev and Ansari (2021a) and Sahdev and Ansari (2021b).

In our study, we like to find the non-linear stability by considering both the primaries are hetero-
geneous triaxial rigid body having N layers with different densities as well as varying the mass of
the infinitesimal body according to Jean’s law, and also the small perturbations in Coriolis as well
as centrifugal forces are affected to our system. For this we will apply Moser’s modified version of
Arnold’s theorem (Arnold (1961)) and procedure as adopted by Bhatnagar and Hallan (1983).

The paper is organized as follows. The literature review is presented in the introduction Section
1. The equations of motion with the various perturbations are presented in Section 2. Then in
Section 3, we have determined analytically the locations of triangular stationary points. We have
evaluated the Lagrangian for the proposed system in Section 4 while Section 5 deals the first order
normalization. We have performed first order normal co-ordinates in Section 6, and Section 7
evaluates the second order normal co-ordinates. Second order coefficients in the frequencies are
obtained in Section 8. In Section 9, we have checked the non-linear stability of triangular libration
points. At the end, Section 10 contains the discussion and conclusion of the obtained results.
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2. Equations of motion

This problem contains three masses out of which two massive bodies m1 and m2 are considered as
heterogeneous shapes with N−layers having different densities. Both are moving in circular orbits
around their common center of mass which is taken as origin O with radii `1 and `2, respectively.
The system is also perturbed by the small perturbations in the Coriolis and centrifugal forces with
the parameters φ and ψ, respectively. And the third smallest body of mass m which is moving in
the same plane of the massive bodies and follow the synodic coordinate system which is rotating
with angular velocity n. This third body is varying its mass according to Jean’s law.

For the non-dimensional units, we have taken m1 + m2 = 1, G = 1, `1 + `2 = 1 and µ =
m2/(m1 + m2). Following the procedure used by Abouelmagd and Mostafa (2015), Ansari and
Abouelmagd (2020) and Ansari et al. (2019), we can write the equations of motion of the smallest
varying mass body taking on account that the variation of mass of this body originates from one
point and have zero momenta as:

ẍ − 2nφ ẏ +
ṁ

m
(ẋ − nφ y) = Ux,

ÿ + 2nφ ẋ +
ṁ

m
(ẏ + nφx) = Uy,

(1)

with

U =
n2 ψ

2
(x2 + y2) +

(1− µ)

r1
+

1

2 r31

[
J1 −

3

r21
J2 y

2

]
+

µ

r2
+

1

2 r32

[
J ′1 −

3

r22
J ′2 y

2

]
, (2)

n2 = 1 + c1 J1 + c′1 J
′
1, c1 =

3

2 (1− µ)
, c′1 =

3

2µ
, (3)

r21 = (x + µ)2 + y2, and r22 = (x+ µ− 1)2 + y2. (4)

Ji and J ′i (i = 1, 2) are the non-dimensional perturbed parameraters of heterogeneous bodies.

We will use Jean’s law (Jeans (1928)) and Meshcherskii transformations (Meshcherskii (1949)) for
preserving the dimensions. These are as follows:

dt = dτ, m = m0 e
−α0 t,

(x, ẋ, ẍ) = β
−1/2
0

[
α,
(
α̇ +

α0

2
α
)
,

(
α̈ + α0 α̇ +

α2
0

4
α

)]
,

(y, ẏ, ÿ) = β
−1/2
0

[
β,
(
β̇ +

α0

2
β
)
,

(
β̈ + α0 β̇ +

α2
0

4
β

)]
,

(5)

where α0 is constant coefficient, β0 =
m

m0

and m0 is the initial mass of the third smallest body.

After using Equation (5) in Equation (3), we get

α̈ − 2nφ β̇ =
∂ W

∂α
, β̈ + 2nφ α̇ =

∂ W

∂β
, (6)
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where,

W = W0 + β
3/2
0 W1, (7)

W0 =

(
n2 ψ

2
+
α2
0

8

)
(α2 + β2),

W1 =
(1− µ)

ρ1
+

β0
2 ρ31

(
J1 −

3

ρ21
J2 β

2

)
+

µ

ρ2
+

β0
2 ρ32

(
J ′1 −

3

ρ22
J ′2 β

2

)
,

ρ21 = (α + µβ
1/2
0 )2 + β2, ρ22 = (α + (µ− 1) β

1/2
0 )2 + β2. (8)

3. Triangular stationary points

The stationary points can be found by solving the equations

Wα = 0, Wβ = 0. (9)

In the restricted 3-body problem when both the massive bodies are point mass as well as the mass
of the third body is constant, then ρ1 = 1 and ρ2 = 1 are the solutions and the coordinates of
triangular points are (α = 1

2
− µ and β = ±

√
3
2

) (Szebehely (1967)). Here we have taken the
perturbations (such as the shape of both massive bodies as heterogeneous with N−layers, the
coriolis and centrifugal forces as well as the third infinitesimal body is varying its mass). Then let
ρ1 = 1 + ε1 and ρ2 = 1 + ε2 be the solutions and therefore from Equation (8), we can get

α = (1
2
− µ) β

1/2
0 + (ε1 − ε2) β−1/20 , β = ± (1− β0

4
+ ε1 + ε2)

1/2, (10)

where a positive sign represents L4 while a negative sign represents L5, and finally from Equation
(9), we found ε1 = ε11/ε12, ε2 = ε21/ε22, where ε11, ε12, ε21 and ε22 are given in Appendix A.

4. Lagrangian for the system

The Lagrangian of the system can be written as

Γ = 1
2
(α̇2 + β̇2) + nφ(α β̇ − β α̇) +

(
n2 ψ

2
+
α2
0

8

)
(α2 + β2) + W. (11)

Now shifting the origin to the triangular stationary point L4 and expanding Γ in power series of α
and β, we get

Γ = Γ0 + Γ1 + Γ2 + Γ3 + ..., (12)

where,

Γ0 = Γ0 0 + Γ0 1, (13)

Γ1 = Γ10 + Γ11 α + Γ12 β, (14)

Γ2 = Γ20 + Γ21 α
2 + Γ22 β

2 + Γ23 αβ, (15)
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Γ3 = Γ30 α
3 + Γ31 β

3 + Γ32 α
2 β + Γ33 αβ

2, (16)

Γ4 = Γ40 α
4 + Γ41 β

4 + Γ42 α
2 β2 + Γ43 α

3β + Γ44 αβ
3. (17)

The values of Γij’s are given in Appendix A.

Lagrange’s equations of motion in first order can be written as

α̈ − 2nφ β̇ = α1 α + α2 β, β̈ + 2nφ α̇ = β1 α + β2 β. (18)

The characteristic polynomial of the above equation will be

λ4 + λ2(4n2 φ − α1 − β2) + (α1 β2 − α2 β1). (19)

The values α1, α2, β1 and β2 are given in Appendix A. Let the four roots of the above polynomial
be ± i f ′1 and ± i f ′2, where f ′1 and f ′2 are the perturbed frequencies. Then

(f ′1)
2 + (f ′2)

2 = d1 + (J1 + J ′1) d2 + (J2 + J ′2) d3,

(f ′1)
2 ∗ (f ′2)

2 = d4 + (J1 + J ′1) d5 + (J2 + J ′2) d6.
(20)

When we put J1 = 0, J2 = 0, J ′1 = 0, J ′2 = 0, then the values of f ′1 and f ′2 represent the
unperturbed basic frequencies. If we denote f1 and f2 by the unperturbed frequencies, then

(f1)
2 + (f2)

2 = 1, (f1)
2 ∗ (f2)

2 =
27

16
(1 − (1 − 2µ)2), (0 < f2 <

1√
2
< f1 < 1).

(21)
We can write

f ′1 = f1 {1 + p(J1 + J ′1) + p′(J2 + J ′2)}, f ′2 = f2 {1 + q (J1 + J ′1) + q′(J2 + J ′2)}. (22)

Putting the values of f ′1, f
′
2 in (20) and rejecting terms of second and higher degree in J1, J ′1, J2,

J ′2, and also equating the coefficients of J1, J ′1, J2, J ′2 on both sides and then solving, we obtain as

p = − d5 − d1 f 2
1

2 f 2
1 (f 2

1 − f 2
2 )
, p′ = − d6 − d3 f 2

1

2 f 2
1 (f 2

1 − f 2
2 )
, q = − d5 − d1 f 2

2

2 f 2
2 (f 2

2 − f 2
1 )
, q′ = − d6 − d3 f 2

2

2 f 2
2 (f 2

2 − f 2
1 )
,

(23)
The values of di (i = 1,..., 6) are given in Appendix A.

5. First Order Normalization

The Hamiltonian of the corresponding Lagrangian can be written as

H = −Γ + pα α̇ + pβ β̇, (24)

where pα and pβ are the generalized momenta which are given by

pα = α̇ − nφβ, pβ = β̇ + nφα, (25)

Using these defined values we can get the Hamiltonian in the form

H = H0 +H1 +H2 +H3 + ..., (26)
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where

H0 = −Γ0, H1 = −Γ1,

H2 = −Γ2 + pα α̇ + pβ β̇

= 1
2
(p2α + p2β) + nφ (β pα − α pβ) +

A1

2
α2 + A2 αβ +

A3

2
β2.

(27)

We use the procedure from Whittaker (1965) to investigate the stability of the motion as

−λ pα =
∂H2

∂α
= A1 α + A2 β − nφ pβ, − λ pβ =

∂H2

∂β
= A2 α + A3 β + nφ pα,

λ α =
∂H2

∂pα
= pα + nφβ, λ β =

∂H2

∂pβ
= pβ − nφα,

(28)
where

A1 = 2 { g18 + g19 (J1 + J ′1) + g20(J2 + J ′2)} , A2 = g24 + g25(J1 + J ′1) + g26 (J2 + J ′2) ,

A3 = 2 { g21 + g22(J1 + J ′1) + g23(J2 + J ′2)} ,
(29)

and the values of gi’s are given in Appendix B.

Now Equation (28) can be written as

AX = 0,

where

A =


A1 A2 λ −nφ
A2 A3 nφ λ
−λ nφ 1 0
−nφ −λ 0 1

 , X =


α
β
pα
pβ

 .

The characteristic equation of matrix A is given by

λ4 + A4 λ
2 + A5 = 0, (30)

where

A4 = 2n2 φ2 + A1 + A3 , A5 = n4 φ4 − n2 φ2 (A1 + A3) + A1A3 − A2
2. (31)

The discriminant of Equation (30) will be

(A1 − A3)
2 + 8n2 φ2 (A1 + A3) + 4A2

2. (32)

When the discriminant is greater than zero, then the roots ± i f ′1 and ± i f ′2 ( f ′1 and f ′2 are the
long/short periodic frequencies) are related to each other as (f ′1)

2 + (f ′2)
2 = −A4 and (f ′1)

2 *
(f ′2)

2 = A5, such as 0 ≤ f ′2 ≤ 1√
2
≤ 1.

6
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6. First order normal co-ordinates evaluation

To evaluate the normal coordinates, we use the procedure given by Whittaker (1965) with transfor-
mation (α, β, pα, pβ)→(α1, α2, p1, p2) which produces as

χ = M Y,

where,

χ =


α
β
pα
pβ

 , Y =


α1

α2

p1
p2

 , M = (Mij), 1 ≤ i, j ≤ 4, αs =

(
2 Is
f ′s

) 1

2

sin θs,

ps = (2 Is f
′
s )

1

2 cos θs, (s = 1, 2),

and Mi j are given in Appendix B

where, θs and Is are the phase angles and actions, respectively.

After the transformation, we get the Hamiltonian in the normal form as H2 = f ′1 I1 − f ′2 I2, and
hence the general solutions will be Ii = Ci(i = 1, 2), θ1 = f ′1 t+ C3, and θ2 = − f ′2 t+ C4, where
C1, C2, C3 and C4 are constants.

7. Second order normal co-ordinates evaluation

We shall follow the procedure as adopted by Bhatnagar and Hallan (1983) to perform the second
order normal coordinates. The first order components A1, 0

1 and A0, 1
1 are the values of α and β. The

second order components A1,0
2 and A0, 1

2 are the solutions of the partial differential equations:

∆1 ∆2A
1,0
2 = φ1, ∆1 ∆2A

0,1
2 = φ2, (33)

where

∆s = D2 + (f ′s)
2, (s = 1, 2), and D = f ′1(

∂
∂θ1

)− f ′2( ∂
∂θ2

),

φ1 = [D2−2{t33+t22(J1+J ′1)+t25(J2+J ′2)}]α2+{2nφD+t35+t23(J1+J ′1)+t26(J2+J ′2)}β2,

φ2 = {−2nφD+t34+t23(J1+J ′1)+t26(J2+J ′2)}α2+[D2−2{t32+t21(J1+J ′1)+t24(J2+J ′2)}]β2.

Here α2 and β2 can get from
∂ Γ3

∂ α
and

∂ Γ3

∂ β
respectively.

8. Second order coefficients in the frequencies

The third order components A1,0
3 and A0,1

3 in the coordinates α, β and second order polynomials
E2, F2 in the frequencies θ′1, θ′2 satisfy the partial differential equations:

∆1 ∆2A
1,0
3 = φ3 − 2E2 U1 − 2F2 U2, ∆1 ∆2A

0,1
3 = φ4 − 2E2 U3 − 2F2 U4, (34)

7
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where

φ3 = [D2−2{t33+t22(J1+J ′1)+t25(J2+J ′2)}]α3+{2nφD+t34+t23 (J1+J ′1)+t26 (J2+J ′2)}β3,

φ4 = [D2−2{t32+t21(J1+J ′1)+t24(J2+J ′2)}]β3−{2nφD−t34+t23(J1+J ′1)+t26(J2+J ′2)}α3,

U1 =
∂

∂θ1
(T1 T2 + T3 T4), U2 =

∂

∂θ2
(T5 T6 + T7 T8),

U3 =
∂

∂θ1
(T9 T10 + T11 T12), U4 =

∂

∂θ2
(T13 T14 + T15 T16),

and Ti’s are given in Appendix B. We can get α3 and β3 from
∂

∂α
(Γ3 + Γ4) and

∂

∂β
(Γ3 + Γ4),

respectively. Now we choose suitable coefficients in the polynomial to eliminate the critical terms
as:

E2 = E ′2,0 I1 + E ′0,2 I2, F2 = F ′2,0 I1 + F ′0,2 I2,

where,

E ′2,0 =
Coefficient of cos θ1 in φ3

2 Coefficient of cos θ1 in U1

, E ′0,2 = F ′2,0 =
Coefficient of cos θ2 in φ3

2 Coefficient of cos θ2 in U2

,

F ′0,2 =
Coefficient of cos θ2 in φ4

2 Coefficient of cos θ1 in U2

.

9. Non-linear stability

We will apply KAM theorem to numerically examine the non-linear stability in two parts. In the
first part we will consider as variable mass parameters (α0 = 0.2, β0 = 0.8), Coriolis and centrifu-
gal forces parameters (φ = 1.2, ψ = 1.2)) and in the second part we will take as variable mass
parameters (α0 = 0, β0 = 1), Coriolis and centrifugal forces parameters (φ = 1, ψ = 1).

9.1. First part

The first condition of KAM theorem fails when f ′1 = 2 f ′2 and f ′1 = 3 f ′2. Hence, we will discuss
both cases separately.

Case-I: Eliminating f ′1 and f ′2 from Equation (20) by using the condition f ′1 = 2 f ′2 and solving for
µ = µ′1 (say), we obtain

µ′1 = 0.521863... + 5.36405... J1 + 36.6305... J ′1 − 96.3674... J2 − 185.524... J ′2.

Case-II: Eliminating f ′1 and f ′2 from Equation (20) by using the condition f ′1 = 3 f ′2 and solving
for µ = µ′2 (say), we get

µ′2 = 0.539145... + 4.9072... J1 − 31.5729... J ′1 − 111.489... J2 − 191.392... J ′2,

8
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Again, the normalized Hamiltonian up to fourth order is given as:

H = f ′1 I1 − f ′2 I2 + 1
2
(B1 I

2
1 + 2B2 I1 I2 + B3 I

2
2 ), (35)

the determinant D = −B1 (f ′2)
2 − 2B2 f

′
1 f
′
2 − B3 (f ′1)

2. Now following the procedure adopted
by Bhatnagar and Hallan (1983) and using well-known software Mathematica, we find that

µ′3 = 61.6192...+ 6.66068... J1 + 63.5839... J ′1 − 45.0279... J2 − 117.29... J ′2.

9.2. Second part

Following the same procedures as in the first part, here we obtain as

µ′1 = (0.0242939...) + (1.107438...)(J1 + J ′1) + (−77.366...)(J2 + J ′2),

and

µ′2 = (0.0135160...) + (199.786...)(J1 + J ′1) + (−76.6674...)(J2 + J ′2).

From the second condition of KAM theorem, we obtain

µ′3 = (0.01091366...) + (0.62007...)(J1 + J ′1) + (−587.294...)(J2 + J ′2).

When J1 = J ′1 = J2 = J ′2 = 0, we get

µ′1 = µ1 = 0.024293897, µ′2 = µ2 = 0.013516016, µ′3 = µ3 = 0.0109137.

These values agree with those founded by Deprit and Deprit (1967).

10. Conclusion

The heterogeneous primaries having N -layers with different densities and mass variation of test
particle in the frame of CR3BP with the assumptions, the effects of small perturbations in Coriolis
and centrifugal forces are studied. We have evaluated the equations of motion of the test particle
under the influence of the above said perturbations by using the Jean’s law and Meshcherskii space-
time transformations. Also we revealed analytically the locations of perturbed triangular stationary
points and then the relations between the perturbed basic frequencies and unperturbed basic fre-
quencies are obtained. If we eliminate the perturbation parameters used in our case, we will get the
unperturbed case, that is, the classical case. We have computed the Lagrangian for the perturbed
system and performed the first order normalized Hamiltonian. The canonical transformation from
the phase space into the phase space of the angle coordinates as well as the action momenta, to the
first order is revealed so that the second order part of the Hamiltonian is transformed to the normal
form. Here the Birkhoff’s normalization up-to only second order is performed. Also, the critical
mass ratios, for which Birkhoff’s normalization can not be satisfied, are found.

The examination for the Non-linear stability is done in two parts by using KAM theorem. In the
first part we have taken as variable mass parameters, Coriolis and centrifugal forces parameters. It
is observed that triangular stationary points are stable for less than critical mass except for three
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mass ratios at which Moser’s theorem does not apply. To show the difference between first and
second part, we also determined the values of mass ratio in second part. Again, if we choose the
values of densities parameters to zero, then the values of mass ratios, agree with classical case.
Hence, the perturbations considered by us have great impact on the dynamical behaviour of this
system.
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Appendix A
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2
1 − 2 g19 g30 n

2 φ2 f 2
1 − 2 g18 g31 n

2 φ2 f 2
1

− 4 g18 g30 n
2 p φ2 f 2

1 + 2 g31 n
4 φ4 f 2

1 + 4 g30 n
4 p φ4 f 2

1 − 2 g31 n
3 φ3 f 4

1 − 8 g30 n
3 p φ3 f 4

1 ,

t83 = − 2 g21 g23 g30 f
2
1 − g221 g32 f 2

1 − 2 g221 g30 q f
2
1 − 2 g20 g30 n

2 φ2 f 2
1 − 2 g18 g32 n

2 φ2 f 2
1

− 4 g18 g30 n
2 q φ2 f 2

1 + 2 g32 n
4 φ4 f 2

1 + 4 g30n
4q φ4 f 2

1 − 2 g32n
3 φ3 f 4

1 − 8 g30n
3q φ3 f 4

1 ,

t84 = i (g18 g21 g36 nφ f2 − g21 g36 n3 φ3 f2 − 2 g21 g36 nφ f
3
2 + g21 g36 n

2 φ2 f 3
2 ),

t85 = i(g19g21g36nφf2 + g18g22g36nφf2 + g18g21g37nφf2 + g18g21g36np1φf2 − g22g36n3 φ3 f2

− g21g37n3φ3f2 − g21g36n3p1φ
3f2 − 2g22g36nφf

3
2 − 2g21g37nφf

3
2 − 6g21g36np1φf

3
2

+ g22 g36 n
2 φ2 f 3

2 + g21 g37 n
2 φ2 f 3

2 + 3 g21 g36 n
2 p1 φ

2 f 3
2 ),
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t86 = i (g20 g21 g36 nφ f2 + g18 g23 g36 nφ f2 + g18 g21 g38 n φ f2 + g18 g21 g36 n q1 φ f2

− g23 g36 n3 φ3 f2 − g21 g38 n3 φ3 f2 − g21 g36 n3 q1 φ
3f2 − 2g23g36nφf

3
2 − 2g21g38nφf

3
2

− 6 g21 g36 n q1 φ f
3
2 + g23 g36 n

2 φ2 f 3
2 + g21 g38 n

2 φ2 f 3
2 + 3 g21 g36 n

2 q1 φ
2 f 3

2 ),

t87 = g18 g21 g30 nφ− g21 g30 n3 φ3 − 2 g21 g30 nφ f
2
1 + g21 g30 n

2 φ2 f 2
1 , t88 = g19 g21 g30 nφ

+ g18 g22 g30 nφ+ g18 g21 g31 nφ− g22 g30 n3 φ3 − g21 g31 n3 φ3 − 2 g22 g30 nφ f
2
1

−2 g21 g31 nφ f
2
1 − 4 g21 g30 n pφ f

2
1 + g22 g30 n

2 φ2 f 2
1 + g21 g31 n

2 φ2 f 2
1 + 2 g21 g30 n

2 p φ2 f 2
1 ,

t89 = g20 g21 g30 nφ+ g18 g23 g30 nφ+ g18 g21 g32 nφ− g23 g30 n3 φ3 − g21 g32 n3 φ3

− 2 g23 g30 nφ f
2
1 − 2 g21 g32 nφ f

2
1 − 4 g21 g30 n q φ f

2
1 + g23 g30 n

2 φ2 f 2
1 + g21 g32 n

2 φ2 f 2
1

+2 g21 g30 n
2 q φ2 f 2

1 , t90 = i(g221 g36 f2 + 2 g18 g36 n
2 φ2 f2 − 2 g36 n

4 φ4 f2 + 2 g36 n
3 φ3 f 3

2 ),

t91 = i(2 g21 g22 g36 f2 + g221 g37 f2 + g221 g36 p1 f2 + 2 g19 g36 n
2 φ2 f2 + 2 g18 g37 n

2 φ2 f2

+ 2 g18 g36 n
2 p1 φ

2 f2 − 2 g37 n
4 φ4 f2 − 2 g36 n

4 p1 φ
4 f2 + 2 g37 n

3 φ3 f 3
2 + 6 g36 n

3 p1 φ
3 f 3

2 ),

t92 = i(2 g21 g23 g36 f2 + g221 g38 f2 + g221 g36 q1 f2 + 2 g20 g36 n
2 φ2 f2 + 2 g18 g38 n

2 φ2 f2

+ 2 g18 g36 n
2 q1 φ

2 f2 − 2 g38 n
4 φ4 f2 − 2 g36 n

4 q1 φ
4 f2 + 2 g38 n

3 φ3 f 3
2 + 6 g36 n

3 q1 φ
3 f 3

2 ),

t93 = g18g21g30f
2
1 − g21g30n2φ2f 2

1 − g21g30f 4
1 , t96 = g18g21g36f

2
2 − g21g36n2φ2f 2

2 − g21g36f 4
2 ,

t94 = g19 g21 g30 f
2
1 + g18 g22 g30 f

2
1 + g18 g21 g31 f

2
1 + 2 g18 g21 g30 p f

2
1 − g22 g30 n2 φ2 f 2

1

− g21 g31 n2 φ2 f 2
1 − 2 g21 g30 n

2 p φ2 f 2
1 − g22 g30 f 4

1 − g21 g31 f 4
1 − 4 g21 g30 p f

4
1 ),

t95 = g20 g21 g30 f
2
1 + g18 g23 g30 f

2
1 + g18 g21 g32 f

2
1 + 2 g18 g21 g30 q f

2
1 − g23 g30 n2 φ2 f 2

1

− g21 g32 n2 φ2 f 2
1 − 2 g21 g30 n

2 q φ2 f 2
1 − g23 g30 f 4

1 − g21 g32 f 4
1 − 4 g21 g30 q f

4
1 ,

t97 = g19 g21 g36 f
2
2 + g18 g22 g36 f

2
2 + g18 g21 g37 f

2
2 + 2 g18 g21 g36 p1 f

2
2 − g22 g36 n2 φ2 f 2

2

− g21 g37 n2 φ2 f 2
2 − 2 g21 g36 n

2 p1 φ
2 f 2

2 − g22 g36 f 4
2 − g21 g37 f 4

2 − 4 g21 g36 p1 f
4
2 ,

t98 = g20 g21 g36 f
2
2 + g18 g23 g36 f

2
2 + g18 g21 g38 f

2
2 + 2 g18 g21 g36 q1 f

2
2 − g23 g36 n2 φ2 f 2

2

− g21 g38 n2 φ2 f 2
2 − 2 g21 g36 n

2 q1 φ
2 f 2

2 − g23 g36 f 4
2 − g21 g38 f 4

2 − 4 g21 g36 q1 f
4
2 ,
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t99 = g221 g30 nφ+ 2 g18 g30 nφ f
2
1 + 2 g30 n

3 φ3 f 2
1 − 2 g30 nφ f

4
1 ,

t100 = 2 g21 g22 g30 nφ+ g221 g31 nφ+ 2 g19 g30 nφ f
2
1 + 2 g18 g31 nφ f

2
1 + 4 g18 g30 n pφ f

2
1

+ 2 g31 n
3 φ3 f 2

1 + 4 g30 n
3 p φ3 f 2

1 − 2 g31 nφ f
4
1 − 8 g30 n pφ f

4
1 ,

t101 = 2 g21 g23 g30 nφ+ g221 g32 nφ+ 2 g20 g30 nφ f
2
1 + 2 g18 g32 nφ f

2
1 + 4 g18 g30 n q φ f

2
1

+ 2 g32 n
3 φ3 f 2

1 + 4 g30 n
3 q φ3 f 2

1 − 2 g32 nφ f
4
1 − 8 g30 n q φ f

4
1 ,

t102 = − g221 g36 nφ− 2 g18 g36 nφ f
2
2 − 2 g36 n

3 φ3 f 2
2 + 2 g36 nφ f

4
2 ,

t103 = − 2 g21 g22 g36 nφ− g221 g37 nφ− 2 g19 g36 nφ f
2
2 − 2 g18 g37 nφ f

2
2 − 4 g18 g36 n p1 φ f

2
2

− 2 g37 n
3 φ3 f 2

2 − 4 g36 n
3 p1 φ

3 f 2
2 + 2 g37 nφ f

4
2 + 8 g36 n p1 φ f

4
2 ,

t104 = − 2 g21 g23 g36 nφ− g221 g38 nφ− 2 g20 g36 nφ f
2
2 − 2 g18 g38 nφ f

2
2 − 4 g18 g36 n q1 φ f

2
2

− 2 g38 n
3 φ3 f 2

2 − 4 g36 n
3 q1 φ

3 f 2
2 + 2 g38 nφ f

4
2 + 8 g36 n q1 φ f

4
2 ,

t105 = − 6 t22 t35 + t23 t37 − 6 t33 t39 + t34 t41, t106 = − 6 t25 t35 + t26 t37 − 6 t33 t43 + t34 t45,

t107 = 3 t23 t36 − 2 t22 t38 + 3 t34 t40 − 2 t33 t42, t108 = 3 t26 t36 − 2 t25 t38 + 3 t34 t44 − 2 t33 t46,

t109 = − 2 t22 t37 + t23 t38 − 2 t33 t41 + t34 t42, t110 = − 2 t25 t37 + t26 t38 − 2 t33 t45 + t34 t46,

t111 = 3 t23 t35 − 2 t21 t37 + 3 t34 t39 − 2 t32 t41, t112 = 3 t26 t35 − 2 t24 t37 + 3 t34 t43 − 2 t32 t45,

t113 = − 6 t21 t36 + t23 t38 − 6 t32 t40 + t34 t42, t114 = − 6 t24 t36 + t26 t38 − 6 t32 t44 + t34 t46,

t115 = t23 t37 − 2 t21 t38 + t34 t41 − 2 t32 t42, t116 = t26 t37 − 2 t24 t38 + t34 t45 − 2 t32 t46.

Appendix B

g1 = 3
8
β
3/2
0 , g2 = (−4

3
+ β2

0) + β0 µ (1− β0), g3 = 8
3
− β0, g4 = 2

√
β0 (4− β0)µ(1− µ),

g5 = − 3β
5/2
0

16
, g6 = −4 + 5 β2

0 , g7 = 16− 5 β0, g8 = 16 β0
√

4− β0, g11 = −525β3
0

16
(4− β0)3/2,

g9 = − 5β
5/2
0

32
(24− 54 β0 + 21 β2

0), g10 = 1
32
β
5/2
0 (− 768 + 570 β0 − 105 β2

0), g19 = 2 g5 g6,
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g12 = 120
√
− β0 + 4(1 + ε1 + ε2)(4− β0), g13 = − β

1/2
0 g12√
− β0 + 4

, g14 = 3(ε1−ε2)β3/2
0

8
,

g15 = 4 β
1/2
0 (−1 + µ) + µ (8− 5 β0), g16 = 4− 16µ+ 5 β0 µ, g22 = g5 g7, g23 = g10 + g12,

g17 = β
−1/2
0

√
4− β0(4− 10 β0µ) + 4 β0µ(1− µ)(4− β0)−1/2, g25 = g5 g8, g26 = g11 + g13,

g18 = 1
2
n2 (φ2 − ψ)− α2

0

8
− g1 g2 + g14 g15, g21 = 1

2
n2 (φ2 − ψ)− α2

0

8
− 2 g1 g3 + 2 g14 g16,

g20 = 2 g5 g9, g24 = g14 g17 − g1 g4, g30 =
1
√
g27

, g31 =
−g28

2 g27
√
g27

, g32 =
−g29

2 g27
√
g27

,

g27 = f 2
1 (g221 + 4n2 φ2 f 2

1 )(g218 + g221 + 2 g18 n
2 φ2 − 3n4 φ4 − 2 g18 f

2
1 + 2n3 φ3 f 2

1 + f 4
1 ),

g28 = 2 f 2
1 (g18 g19 g

2
21 + g218 g21 g22 + 2 g321 g22 + g218 g

2
21 p+ g421 p+ g19 g

2
21 n

2 φ2 − g19 g221 f 2
1

+2g18 g21g22 n
2 φ2 + 2g18 g

2
21 n

2 φ2 p − 3 g21 g22 n
4 φ4 − 3 g221 n

4 φ4 p− 2 g18 g21 g22 f
2
1

− 4 g18 g
2
21 p f

2
1 + 4 g18 g19 n

2 φ2 f 2
1 + 4 g21 g22n

2φ2f 2
1 + 8g218n

2φ2f 2
1 p+ 8g221n

2φ2f 2
1 p

+2g21 g22 n
3 φ3 f 2

1 + 4 g221 n
3 φ3 f 2

1 p+ 4 g19 n
4 φ4 f 2

1 + 16 g18 n
4 φ4 f 2

1 p− 24n6 φ6 f 2
1 p

+g21g22f
4
1 + 3g221pf

4
1 − 4g19n

2φ2f 4
1 − 24g18n

2pφ2 f 4
1 + 24n5 p φ5 f 4

1 + 16n2 p φ2 f 6
1 ),

g29 = 2f 2
1 (g18 g20 g

2
21 + g218 g21 g23 + 2 g321 g23 + g218 g

2
21 q + g421 q + g20 g

2
21 n

2 φ2 − g20 g221f 2
1

+2 g18 g21 g23 n
2 φ2 + 2 g18 g

2
21 n

2 q φ2 − 3 g21 g23 n
4 φ4 − 3g221 n

4 q φ4 − 2 g18 g21 g23 f
2
1

−4g18g
2
21 qf

2
1 + 4 g18g20n

2φ2 f 2
1 + 4 g21 g23 n

2 φ2 f 2
1 + 8 g218 n

2 q φ2 f 2
1 + 8 g221 n

2 q φ2 f 2
1

+2 g21 g23 n
3 φ3 f 2

1 + 4 g221 n
3 q φ3 f 2

1 + 4 g20 n
4 φ4 f 2

1 + 16 g18 n
4 q φ4 f 2

1 − 24n6 q φ6 f 2
1

+g21 g23 f
4
1 + 3 g221 q f

4
1 − 4g20n

2φ2f 4
1 − 24g18n

2qφ2f 4
1 + 24n5qφ5f 4

1 + 16n2qφ2f 6
1 ),

g33 = −f 2
2 (g221 + 4n2 φ2 f 2

2 )(g218 + g221 + 2 g18 n
2 φ2 − 3n4 φ4 − 2 g18 f

2
2 + 2n3 φ3 f 2

2 + f 4
2 ),
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g34 = 2f 2
2 (g18g19g

2
21 + g218g21g22 + 2g321g22 + g218g

2
21p1 + g421p1 + g19g

2
21n

2φ2 − g19g221f 2
2

+2 g18g21g22n
2φ2 + 2g18 g

2
21n

2 p1φ
2 − 3 g21 g22 n

4 φ4 − 3 g221 n
4 p1 φ

4 − 2 g18 g21 g22 f
2
2

−4 g18 g
2
21 p1 f

2
2 + 4 g18 g19 n

2 φ2 f 2
2 + 4 g21 g22 n

2 φ2 f 2
2 + 8 g218 n

2 p1 φ
2 f 2

2 + g21 g22 f
4
2

+8 g221 n
2 p1 φ

2f 2
2 + 2g21g22n

3φ3f 2
2 + 4g221n

3p1φ
3f 2

2 + 4g19n
4 φ4 f 2

2 − 4g19 n
2 φ2 f 4

2

+16 g18 n
4 p1 φ

4 f 2
2 − 24n6 p1 φ

6 f 2
2 + 3 g221 p1 f

4
2 − 24 g18 n

2 p1 φ
2f 4

2 + 24n5 p1 φ
5 f 4

2

+16n2 p1 φ
2 f 6

2 ),

g35 = − 2 f 2
2 (g18 g20 g

2
21 + g218 g21 g23 + 2 g321 g23 + 2 g18 g21 g23 n

2 φ2

+g218 g
2
21 q1 + g421 q1 + g20 g

2
21 n

2 φ2 + 2 g18 g
2
21 n

2 q1 φ
2 − 3 g21 g23 n

4 φ4 − 3 g221 n
4 q1 φ

4

+4 g18 g20 n
2 φ2 f 2

2 + 4 g21 g23 n
2 φ2 f 2

2 + 8 g218n
2q1φ

2f 2
2 + 8g221n

2q1φ
2f 2

2 − g20g221f 2
2

+2 g21g23n
3φ3f 2

2 + 4 g221 n
3 q1 φ

3 f 2
2 + 4 g20 n

4φ4f 2
2 + 16g18n

4q1φ
4f 2

2 − 24n6 q1 φ
6 f 2

2

+3g221q1f
4
2 − 4g20n

2φ2f 4
2 − 24g18n

2q1φ
2f 4

2 + 24n5q1φ
5f 4

2 + 16n2q1φ
2f 6

2 + g21g23f
4
2

−2 g18 g21 g23 f
2
2 − 4 g18 g

2
21 q1 f

2
2 ), g36 =

1
√
g33

, g37 =
− g34 g36

2 g33
, g38 =

− g35 g36
2 g33

.

g39 = g221 g30 + 4 g30 n
2 φ2 f 2

1 ,

g40 = 2 g21 g22 g30 + g221 g31 + 4 g31 n
2 φ2 f 2

1 + 8 g30 n
2 p φ2 f 2

1 ,

g41 = 2 g21 g23 g30 + g221 g32 + 4 g32 n
2 φ2 f 2

1 + 8 g30 n
2 q φ2 f 2

1 ,

M11 = 0, M12 = 0,

M13 = k40 + k41 (J1 + J ′1) + k42 (J2 + J ′2), M14 = t66 + t67 (J1 + J ′1) + t68 (J2 + J ′2),

M21 = t69 + t70 (J1 + J ′1) + t71 (J2 + J ′2), M22 = t72 + t73 (J1 + J ′1) + t74 (J2 + J ′2),

M23 = t75 + t76 (J1 + J ′1) + t77 (J2 + J ′2), M24 = t78 + t79 (J1 + J ′1) + t80 (J2 + J ′2),

M31 = t81 + t82 (J1 + J ′1) + t83 (J2 + J ′2), M32 = t84 + t85 (J1 + J ′1) + t86 (J2 + J ′2),

M33 = t87 + t88 (J1 + J ′1) + t89 (J2 + J ′2), M34 = t90 + t91 (J1 + J ′1) + t92 (J2 + J ′2),

M41 = t93 + t94 (J1 + J ′1) + t95 (J2 + J ′2), M42 = t96 + t97 (J1 + J ′1) + t98 (J2 + J ′2),

M43 = t99 + t100 (J1 + J ′1) + t101 (J2 + J ′2), M44 = t102 + t103 (J1 + J ′1) + t104 (J2 + J ′2),
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T1 = (f ′1)
2 ∂2

∂ θ21
− {t33 + t22 (J1 + J ′1) + t26 (J2 + J ′2)}, T2 = f ′1

∂ A1,0
1

∂ θ1
− nφA0,1

1 ,

T3 = 2nφ f ′1
∂

∂ θ1
+ {t34 + t23 (J1 + J ′1) + t26 (J2 + J ′2)}, T4 = f ′1

∂ A0,1
1

∂ θ1
+ nφA1,0

1 ,

T5 = f ′2
∂2

∂ θ2
− 2{t33 + t22 (J1 + J ′1) + t25 (J2 + J ′2)}, T6 = − f ′2

∂ A1,0
1

∂ θ2
− nφA0,1

1 ,

T7 = − 2nφ f ′2
∂

∂ θ2
+ {t34 + t23 (J1 + J ′1) + t26 (J2 + J ′2)}, T8 = − f ′2

∂ A0,1
1

∂ θ2
+ nφA1,0

1 ,

T9 = (f ′1)
2 ∂2

∂ θ21
− 2{t32 + t21 (J1 + J ′1) + t24 (J2 + J ′2)}, T10 = f ′1

∂ A0,1
1

∂ θ1
+ nφA1,0

1 ,

T11 = − 2nφ f ′1
∂

∂ θ1
+ {t34 + t23 (J1 + J ′1) + t26 (J2 + J ′2)}, T12 = f ′1

∂ A1,0
1

∂ θ1
− nφA0,1

1 ,

T13 = (f ′2)
2 ∂2

∂ θ22
− 2{t32 + t21 (J1 + J ′1) + t24 (J2 + J ′2)}, T14 = − f ′2

∂ A0,1
1

∂ θ2
+ nφA1,0

1 ,

T15 = − 2nφ f ′2
∂

∂ θ2
− {t34 − t23 (J1 + J ′1) − t26 (J2 + J ′2)}, T16 = f ′2

∂ A1,0
1

∂ θ2
+ nφA0,1

1 .
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