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Abstract

This article is concerned with establishing some new linearization formulas of the modified Jacobi
polynomials of certain parameters. We prove that the linearization coefficients involve
hypergeometric functions of the type 4F3(1). Moreover, we show that the linearization
coefficients can be reduced in several cases by either utilizing certain standard formulas, and in
particular Pfaff-Saalschiitz identity and Watson’s theorem, or via employing the symbolic
algebraic algorithms of Zeilberger, Petkovsek, and van Hoeij. New formulas for some definite
integrals are obtained with the aid of the developed linearization formulas.

Keywords: Classical Jacobi polynomials; Chebyshev polynomials; linearization coefficients;
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The special functions are important in mathematical analysis and its applications (see, for example,
Srivastava and Sing (2018) and Chaturvedi et al. (2020)). In particular, the Jacobi polynomials are
crucial in theoretical and applied mathematical analysis. It is well-known that the class of Jacobi
polynomials includes well-known six subclasses. The polynomials namely, ultraspherical,
Legendre, and the first and second kinds of Chebyshev polynomials are symmetric Jacobi
polynomials, while the third and fourth kinds of Chebyshev polynomials are nonsymmetric Jacobi
polynomials (see, Rainville (1960), Andrews et al. (1999) and Abramowitz and Stegun (2012)). In
the literature, there is a great concentration on the well-known four kinds of symmetric Jacobi
polynomials from both theoretical and practical points of view. In this respect, there are several
studies about ultraspherical polynomials and their various uses. For example, Abd-Elhameed and
Napoli in (Abd-Elhameed and Napoli (2020)) have employed Legendre polynomials for handling
some types of odd-order boundary value problems through innovative operational matrices of
derivatives. Also, Elgindy and Smith-Miles in (Elgindy and Smith-Miles (2013)), treated boundary
value problems, integral, and integro-differential equations using the ultraspherical integration
matrices. Moreover, Doha and Abd-Elhameed utilized this kind of polynomials for the sake of
obtaining numerical solutions of one and two-dimensional second-order differential equations
(Doha and Abd-Elhameed (2002)). Also, Abd-Elhameed and Youssri in (Abd-Elhameed and
Youssri (2019)) have developed new spectral solutions of solving fractional Riccati differential
equations using the second-kind Chebyshev polynomials.

The Chebyshev polynomials of the first and second kinds T,(x) and U,(x) are the most
commonly used polynomials among the four kinds of Chebyshev polynomials. In other words, the
theoretical and practical studies concerning third and fourth kinds V,(x) and W,,(x) are few if
compared with the first and second kinds. However, all four kinds of polynomials have their roles.
U, (x) has important parts in numerical integration. V,,(x) and W, (x) are helpful in situations in
which singularities occur at one endpoint (+1 or -1) but not at the other (Mason and Handscomb
(2003)). Doha and Abd-Elhemeed (Doha and Abd-Elhameed (2014)) have developed new
formulas for the coefficients of integrated expansions and integrals of Chebyshev polynomials of
third and fourth kinds. For some other studies about these two classes of Jacobi polynomials, see,
Doha et al. (2015) and Abd-Elhameed et al. (2016b).

The linearization of orthogonal polynomials and the connection coefficients problems between
them are very important. In particular, the linearization and connection coefficients problems of
ultraspherical and Jacobi polynomials have been investigated by many researchers. For some of
these studies, one can be refereed to Askey and Gasper (1972), Gasper (1970 a), Gasper (1970 b),
Hylleraas (1962), Rahman (1981) and Chaggara and Koepf (2010)). Other studies for these kinds
of problems can be found in (Abd-Elhameed (2019), Doha and Abd-Elhameed (2016), Abd-
Elhameed et al. (2016 a), Abd-Elhameed (2015a), Abd-Elhameed (2015 b), Maroni and da Rocha
(2008), Doha and Ahmed (2004), Doha (2003), Sanchez-Ruiz (2001), Sanchez-Ruiz and Dehesa
(2001)). Recently, some important nonlinear problems were solved by using some orthogonal
polynomials. The main idea behind the treatment of the nonlinear terms in these equations was
based on utilizing some linearization formulas of some orthogonal polynomials. For example,
Abd-Elhameed in (Abd-Elhameed (2019)) solved a nonlinear Riccati differential equation using a
specific linearization formula of Chebyshev polynomials of the third kind, while the same author
in Abd-Elhameed (2021) handled the nonlinear one dimensional Burger's equation based on using
the linearization formula of Chebyshev polynomials of the sixth kind.
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The general linearization problem involves two important special problems. The first is the
Clebsch-Gordan-type problem which is considered as the standard linearization problem, and the

second is the well-known connection problem between two polynomial sets (see, Abd-Elhameed
et al. (2016)).

The principal goals of the current paper are three-fold:

(1) Deriving a new linearization formula of Jacobi polynomials of certain parameters.

(2) Reducing the linearization coefficients of the derived linearization formula for some
choices of the involved parameters, and hence deducing some new linearization formulas
of third and fourth kinds of Chebyshev polynomials.

(3) Making use of the derived formulas to deduce closed formulas of some new definite
integrals.

As far as we know, most of the derived formulas in this article are novel. To be more precise, the
novelty of the paper can be summarized as follows:

(1) The main theorem which gives a linearization formula of certain Jacobi polynomials is
new.

(2) The derived special linearization formulas of the main theorem are free of hypergeometric
functions.

The rest of this paper is as follows. In the following section, we state and prove the basic theorem
concerning a new linearization formula of certain Jacobi polynomials. In addition, some
linearization formulas of third and fourth kinds of Chebyshev polynomials are given in simplified
forms which do not involve any hypergeometric functions. These formulas are derived by using
standard reduction formulas, or by using some symbolic algebraic algorithms, and in particular,
the algorithms of Zeilberger, Petkovsek, and van Hoeij. Section 3 is devoted to introducing some
new definite integrals involving products of Jacobi polynomials of certain parameters based on
making use of the newly developed linearization formulas. We end the paper with some
conclusions in Section 4.

2. Some Linearization Formulas of the Modified Jacobi Polynomials for
Certain Parameters

This section is concerned with developing our main results. In the following, we will give some
new linearization formulas of Jacobi polynomials of certain choices of their parameters.

From now on, we denote by Pi(” v) (x) the normalized Jacobi polynomials that satisfy:
P¥¥(1) = 1, (see, Abd-Elhameed (2015 a)).

Theorem 2.1.

Let i be a nonnegative integer. For A, u, v > —1, the following linearization formula holds:
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21 (i‘) (2+ %)k (1 + 1), (20 + 24+ 3),

3 . (D
k — 21k+l+2,k+21+22+3,k+u+1 R,((“'v)(x).

X 4F3
k+A+2,k+2A+22k+u+v+2

R R ) ) =

Proof:

At first, and with the aid of the hypergeometric form of the modified Jacobi polynomials R l.(” v) (%),
one can write (see, Rahman (1981)).

—i,i+/1+% 1-—x —i,i+/1+% 1—x

i A41,—
Rl‘( 2)(x)R( )(x) =Bl 4 2 ) 2Bl a2 2/

(2)

and in virtue of a sauitable transformation formula (see, Bateman et al. (1953)), equation (2) can
be turned into

A+1,— ) —2i,2i+2/1+3,7\+% 1—x
() = 3F2 220 +2 A+2 2

1
Ri(l'i) (x)R( (3)

Making use of Lemma 1 that employed in Abd-Elhameed (2015 a) (see, p. 589 in Abd-Elhameed
(2015 a)) that derived by Fields and Wimp (1961), and with suitable choices of the involved
parameters, enables one to obtain the following relation

—2i,2i+ 241+ 3, ?\+% 1—x
20+ 2, A+ 2 2

3F2

2i §) (1 + 1) (20 + 22 + 3),
Z A+2)k(2/1+2)k(k+u+v+ Dr

Q)
k—zlk+,1+§,k+2i+2,1+3,k+u+1

X LF.
a3 k+A+2k+20+22k+pu+v+2

(—k,k+u+v+1|1—x)
X
241 ‘Ll+1 2 )

which immediately yields
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1 1 ﬂ(”)@+§)(u+n(m+za+$
R(A'E) (x) R(A+1'_E)x) — k 2 k k k
¢ ¢ r A+ 2),2A+2)(k+pu+v+1),
3

k—2i,k+A+5,k+2i+24+3,k+pu+1

R (wv) ( x) )
k+A+2,k+21+22k+pu+v+2 k

X 4F3

Theorem 2.1 is now proved.
Corollary 2.1.
For every nonnegative integer i, the following linearization formula holds:

@ Rl.(T'Ml)(x) _ A+ ;)l (/11 +2);
)i i

2 (_1)k (il) (2+ %)k v+ D20 + 24+ 3),
X;Zo A+ DpAi+ 2k +ptv+ Dy

k—2i,k+l+§,k+2i+21+3,k+u+1

k+A+2,k+20+22k+u+v+2

R @D

i

X Fs R (x).

Proof:

If x in (1) is replaced by —x, then the above formula can be easily obtained.

2.1. Linearization Formulas of V;(x) and W;(x)

Our goal in this section is to obtain some new linearization formulas of Chebyshev polynomials
of third and fourth kinds V;(x) and W;(x). The key idea behind obtaining such formulas is to
reduce the ,F;(1) that appears in (1). This reduction can be performed by using some standard
formulas such as Pfaff-Saalschiitz identity and Watson’s theorem, or through utilizing some
symbolic algebraic algorithms, and in particular the algorithms of Zeilberger, Petkovsek and van
Hoeij. In this respect, we state and prove the following corollaries.

Corollary 2.2.
Ifweset A = —% and v = %, in relation (1), then the following linearization formula holds:

Vi(x)W; (x) -
5
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1
(- 1)k ) @i+ 2 et Dy (k=20 + 43
—(zl+1)z ¢ . (k 2)

1
2i—k R(”’E)( )
_)(k+y+%k@k+u+%khk e

Proof:
If we substitute by 4 = —% and v = % in relation (1), and noting the two relations
RC ) G- (@
R0 = v, R P =
then we get
20 (21) 20+ 20 + 1
ViOW;(x) = (20 +1) z -
(3), (k+ut3), ©
k—2i,k+2i+2,k+pu+1 (u%)
3F2 3 5 1 Rk (x).
k+5 > 2k +pu+ 5

Now, and based on the application of the well-known Pfaff-Saalschiitz identity (see, Olver et al.
(2010)), the 3F,(1) in (6) reduces to

3 2k+u+5

)

. 1
k—2ik+2i+2k+u+1 (—Dk@—2l+u+§)_
3F2 1] = 2i—k

@k+u+%

k+7, 2 .
2i—k

and therefore, the following linearization formula holds:

2i—k R(y’ 2)

1
0 (P) @it 2 (u+ 1 (k- 204+
_(2l+1)z - « )

_k(k+“+%h @k+y+%khk

As special cases of (5), the following two linearization formulas of third and fourth kinds of
Chebyshev polynomials can be obtained.

(x).

Corollary 2.3.

For every nonnegative integer i, the following two linearization formulas hold

21
AGUASEDIAE) ™
k=0
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Vi)W (x) = Uz (). (8)

Proof:

If we set u = _?1, %, respectively, in relation (5), then linerization formulas (7) and (8) can be
obtained.

Remark 2.1.

If x in (7) is replaced by —x, then noting the identity: V;(—x) = (—1)* W;(x), the following
linearization formula holds:

2i
VG W) = ) (=DF W), ©
k=0
Corollary 2.4.
Ifweset A =— %, v = u, and each is replaced by (u — %) in relation (1), then we have
LoD () @D A+ Dk (4g)
Vi@OW,(x) =Tw) ) — £ G0 (10)
k

=t (3), (k+ W k4 Doy Tk = 4 )
Proof:

Substitution of 4 = — %, v = u into relation (1) yields

20 (21 .
V,oOW;(x) = Qi+ 1) z (k 2 (2i+ 2)p(u+ 1
= (3), G+t

k—2i,k+2i+2,k+u+1
X 3k,

(11)

k+%,2k+2u+2

1) R¥M (x),

Now, and by means of Watson’s theorem (see, Olver et al. (2010) ), the 3F,(1) in (11) can be
reduced to the form
1)

k—2i,k+2i+2k+p+1
3F2
2k + 24 + 2

3
k+7,

Published by Digital Commons @PVAMU, 2021
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{(—1)1"% 2220 — Il (3 (k+ D —i+p)

I RGN

2
0, k odd,

, k even,

and therefore, the following linearization formula holds:

i _1\i+k [ . l
V.00 Wi = T) Z G (k) Rk+1) (@ + 1y (u + 2)k
k=

2 C (x).
8 (3), (et @k e+ D Tk = i+ 1)

Corollary 2.5.

For every nonnegative integer i, the following two linerization formula hold

VW) =142 ) Ty, (12)
. k=1

(—1)i** (4k + 1) (k + 0)! PO (13)

s
Vi()W;(x) = 5

2k=0 (i—k)!F(k—i+%) F(k+i+%)

Proof:
Setting 4 = 0, and %, respectively in (10) yields the linerization formulas (12) and (13).
Remark 2.2.

The three linearization formulas (7), (9) and (12) lead to the following three well-known
trigonometric identities:

i cos <<k N %) 0) _ sin((2i +91))9),

k=0 2 sin (7
& o 1 > _ sin((2i + 1))
kZO (-1 sm(<k+2)9 zcos(%) ,
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sin((2i + 1)0)
sinf

1+2 Z cos(2k0) =

2.2. Some Other Linearization Formulas of V;(x) and W;(x)

In this subsection, we give some other linearization formulas of products of Chebyshev
polynomials of third and fourth kinds in reduced forms. The results are given in the following two

corollaries.
Corollary 2.6.
For the case 1 = — %, v = u + 1, the following linearization formula is obtained:
VE T (n+3)
VbW = g Gur
i .
D™ (m+ DI TCm+2u+2
Ay O™t DTEm+ 2+ 2) R ()
m=0 (Zm)!(i—m)!F(m—i+u+7)F(m+i+u+7)
1 .
.\ < (=)™ (m + i + 1)IT(2m + 2u + 3) A er>
. 3 . 2m+1 '
—o 2m+1)!(i — —1)!F(m—t+y+7)[‘(m+l+u+2)
Proof:

If we substitute by A = _71, v = u + 1, then the linearization formula (1) is turned into

2i
V.oOW,(x) = (2i+1) z ( ())(2;k++2)2k(l:‘;)1)k
K k

(15)
k—2ik+2i+2k+pu+1
3F2

§,2k+2y+3

1) R (x),

1)

then with the aid of the celebrated algorithm of Zeilberger (Koepf (2014)), via the Maple software,
and in particular, sumrecursion command, the following recurrence relation of order two is

k +

Now, if we set

k—j,—j+4i+2,u—j+2i+1
Hj,i,u=3F2

2u—2j+4i+3

3
—j +2i+5,
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satisfied by H;; ,:

A-)NCu—j+2)G—4i—3)2u—2j +4i+3)
X (—6u—2j2+4uj+8ji+8j—16i2—8ui—24i—29) (16)
X(u—2j+4i+5)H_1;, +(2j —4i —5)(2j — 4i — 3)
X(2u—2j+4i+3)(2u—2j+4i+5)%H;;,
= 0.

with the following initial conditions

1

Poiw =1 Hhin = g1

which has the following exact solution:

( 07 (AL ),

2 .
2J (%)!(—j+2i+%)i(—j+2i+u+%)_’ j even,
2

i
2
Hi;, =1 -1 j (17)
i D7 G+DI(-F+u+1),
2 .
- , J odd,
. J+1 . .3 . .
271 (; > )!(—] + 2i +7)j__1(—] + 2i +u+§)]-+_1
2 2
\
and therefore, the, 3F,(1) in (15) has the following reduction formula
k—=2i,k+2i+2,k+pu+1
3f 3 1
k + 5 2k +2u+3
-k ,
(~1)"7 26220~ 1) (e + D — i +4)
ik
z k even,

(DD (e neD) s

=) - ok-2i-1 oy (k. (18)
(- 2 (~k+2i+ 1) (z-i+u+ 1)i-(ﬂ>
2

k (i _ (%)) ! (k + %)i_(%) (k tut %)i—(%)

, k odd.

The last reduction formula enables one to write the linearization formula (15) in the form

https://digitalcommons.pvamu.edu/aam/vol16/iss2/22
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1
VaT (u+5)
VW) = i+ 1)
i .
— D™ (m+ DI TCm+2u+2
Ay CO™ et DITEm 2+ 2) e
m=0 (Zm)!(i—m)!F(m—i+u+7)F(m+i+u+7)
1 .
N lz (=)™ (m+ i + 1)IT(2m + 2u + 3) R
2m+1 \X)
— (2m+1)!(i—m—1)!F(m—i+u+%)r(m+i+u+§)

and this completes the proof of Corollary 2.6.

Remark 2.3.

It is worthy to note that the recurrence relation (16) can be solved exactly through any suitable
symbolic algorithms to obtain (17). For this purpose, the algorithms of Petkovsek (Koepf
(2014)(Chapter 9)), or the improved version of van Hoeij (van Hoeij (1999)) may be used.

Corollary 2.7.

For the case 1 = — %, V= 2’ the following linearization formula holds:

1 1
Vi) Wi(x) =5 (2i+ 1) F(u +§)

2 (_1)k (il) (20 + 2)p (1 + 1) 2k(2k + 21+ 5) — 16i(i + 1) + 6u+3) 3 A9

% Z R(M'E)(x)

3 5 7 . 3 k '

k=0 (2k + 3) (E)k (k +u +7)k (Zk +u +7)2i—k F(k —2i+ u+ ?)
Proof:
The substitution of 4 = — %, V= % into relation (1), leads to the linearization formula
(B @i+ 2+ 1
VW) = @i+ 1) ) K2 -
= () (k+u+a), 20
k—2i,k+2i+2k+p+1 (12)
X 3F, 3 7 1| R, (x).
k+ vk 2k + u + 5

Now, if we set
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1)

then the application of Zeilberger’s algorithm enables one to obtain the following recurrence
relation of order one which is satisfied by Gj;

G:

—j,—j+4i+2,u—j+2i+1
i = )

—j+2i+%,u—2j+4i+%

Qu—2j+3)(2j—4i—5)2jQ2u+8i+5) —42—Qu+1D(4i+3)
X(2Uu—2j+8i+7)Gj_y;,+ (2 —4i—3) X (2u—4j+8i+7)(2u—4j +8i +9)
X (2j2u+8i+9-10u—4j2)—4@Q2u+5)i—17)G;, =0, Gy =1,

)
(D + 1+
- 2 x (2j(2u + 8i + 5) — 4j% — (2u + 1)(4i + 3)).
2(2j — 41 = 3)(=2j + 4i + p +3);

which can be exactly solved to give

=+ A+ 2 —j+2i+1
F
. —j+2i+%,u—2j+4i+%

Accordingly, the 3F,(1) in (20) is equivalent to
k + 3 2k +u+ 7

1
2 7 ) 1)
(=) T+ 2) (2 (2K + 24 + 5) — 16i(i + 1) + 641 + 3)

k—2i,k+2i+2k+p+1
3F2

)

202k +3) (2k +u+ %)Zi_k M(k—2i+p+3)

and hence, the following linearization formula holds:

1. 1
Vi) Wi(x) =5 (21 + 1)1“(,1 + 5)

2i (1)K (il) (2 +2),(u+ D (2 k 2k + 2 +5) — 16i(i + 1) + 61 + 3)

XE 5 7

k=0 (2k +3) (%)k (k +H+§)k (2k+u +7)2i_k['(k —2i +u+%)

3
W

R,E )(x).

3. New Formulas for Some Definite Integrals

In this section, we are interested in presenting some applications to the derived linearization
formulas. We will introduce some new formulas for definite integrals involving three products of
Jacobi polynomials of certain parameters by means of applying the developed linearization
formulas in the previous section.

https://digitalcommons.pvamu.edu/aam/vol16/iss2/22
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Theorem 3.1.

Let i, m be positive integers. The following identity holds:

-1 1 -1
f (1-—x)*(1+x) Rl.(/li) (x)Rl.(MLT) (x)R,(,‘:’v) (x)dx
-1
mit (3) 2224092 (m+ A+ 3) Tam +v + 1)
VaT(2i + 21+ 3)

(22)
XT(M+2i+22+3)T(A+1)TA+2)T(u+1)

m—2i,m+l+§,m+2i+2/1+3,m+u+1

X LF
43 mH+A+2,m+21+22m+u+v+2

where the notation pF'q denotes the regularized generalized hypergeometric function (see Abd-
Elhameed (2015 a)).
Proof:
The result in (22) can be followed if we multiply both sides of formula (1) by

(1 —0* (1 +20)Y Ry (),
integrate over (—1,1), and make use of the orthogonality relation of R,(# v) (%).
Now, since the ,F3 in identity (22) can be written in several reduced forms for certain choices of
the parameters involved as implemented in Section 2, so some integrals can be written in explicit
forms free of any hypergeometric functions. The results are given in the following corollary.
Corollary 3.1.
For all nonnegative integers m and i, the following integrals formulas are valid

1 1
] Vx+1 (1—x)HV;(x) Wi(x) R,(,f ’5)(x) dx

1 23
(D)™ m227*TQu+1) (m+2i +1)! (23)

)

:(2i—m)!F(m—2i-I—,u+%)[‘(m+2i+u+%)
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1

f (1- xZ)”‘i Vi OW; () C () dox =

-1

(—1)"*™ 21724 T(2p) (m + 0)! (24)
(i-m)! Tm—i+wWIm+i+u+1)

nlf2u+1)

1
f (1= )" (14 0)*1V;(x) W (x) REH D (x) dx = T

( D7+ + Dy
— T I , meven, (25)
i -3 F(—(m+1)—i+u) (Gm+3)+i+u)
% 1
(-7 i+ )
, m odd,
= (F-i+u+1)r(G+i+p+2)
f 1= 0)" (1+2)2V;(x) Wi(x) R 2)(x) dx

_m(=D™r@p+1) (m+2i+ DY (6p+2m2p+2m+5) - 16+ 1+ 3)) (26)

2‘“2 (2i — m)!l"(m—21+u+%) I’(m+21+u+%)
Proof:

The proof of Corollary 3.1 can be followed as an immediate consequence of formulas (5), (10),
(14) and (19).

4. Conclusion
We have developed some new linearization formulas of Jacobi polynomials of special parameters.
Some transformation formulas and some other standard formulas serve in the derivation of some

linearization formulas. Furthermore, Some symbolic algebra such as Zeilberger, Petkovsek, and
van Hoeij algorithms are also utilized.
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