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Abstract

Nano M open sets aress a union of nano ¢ semi open sets and nano o pre open sets. The properties
of nano M open sets with their interior and closure operators are discussed in a previous paper.
In this paper, nano M-continuous and nano M-irresolute functions are introduced in a nano topo-
logical spaces along with their continuous and irresolute mappings. Also, nano M-open and nano
M-closed functions are introduced and compared with their near open and closed mappings in a
nano topological spaces. Further, nano M homeomorphisms are also discussed in nano topological
spaces. Also, we discuss nano e-C'ts, nano e-Irr, nano eo and nano ec functions and nano eHom
in a nano topological space. Some of their properties are also well discussed.
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1. Introduction and Preliminaries

Lellis Thivagar and Richard (2013) introduced the notion of Nano topology (briefly, 91%) by using
theory approximations and boundary region of a subset of an universe in terms of an equivalence
relation on it and also defined Nano closed (briefly, 91c) sets, Nano-interior (briefly, Jlint) and
Nano-closure (briefly, 91cl) in a nano topological spaces (briefly, 91ts). Richard (2016) discussed
some weak forms of 910 sets and 916 open (briefly, 9100) sets. Some generalizations of almost
contra-super-continuity were made by Ekici (2007).

The notion of e-open sets in topological spaces was introduced by Ekici (2008c), who studied some
of their properties. Also, a-open sets, A*-sets and decompositions of continuity, super-continuity
Ekici (2008b) and new forms of contra-continuity were studied by Ekici (2008a). The new sets,
called e*-open sets and (D, S)*-sets, were introduced by Ekici (2009).

El-Maghrabi and Al-Juhani (2011) initroduced the notion of A -open sets in topological spaces,
and they studied some of their properties. The class of sets, namely M-open sets, are playing
more important roles in topological spaces because of their applications in various fields of Math-
ematics and other real fields. By these motivations, we present the concept of nano M -open sets
(Padma et al. (2019)) and study their properties and applications in nano topological space. The
purpose of this paper is to discuss nano M-C'ts, nano M-Irr, nano Mo and nano Mc functions
and nano M Hom by using the sets nano M (respectively, ¢) open sets.

The definitions and properties needed in this paper are shown in Bhuvaneswari et al. (2016), Lellis
Thivagar and Richard (2013), Lellis Thivagar and Richard (2013), Padma et al. (2019), Panka-
jam and Kavitha (2017), Revathy and Gnanambal (2015), Richard (2016), and Sujatha and Anga-
yarkanni (2019).

Throughout this paper, (U, 7r(X)) is a 9ts with respect to X where X C U, R is an equivalence
relation on U. Then, U/ R denotes the family of equivalence classes of U by R. All other undefined
notions are from Lashin and Medhat (2015), Lellis Thivagar and Richard (2013), and Pawlak
(2016).

2. Nano M continuous functions

Definition 2.1.

A function h: (Uy, 7r(P)) — (V1,05 (Q)) is said to be Nano M (respectively, 0, §-pre, -semi
and e) continuous (briefly, JIM (respectively, 915, MNP, NS and Ne) C'ts), if for each Ne set K
of V4, the set h 1K) is MM (respectively, Ndc, NIPc, NISc and MNec) set of U.

Theorem 2.1.

Let h: (Uy,7r(P)) — (V1,0 (Q)) be a mapping. Then,

(1) Every 916 Cts is 0t Cts.

https://digitalcommons.pvamu.edu/aam/vol16/iss2/18
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(ii) Every 91 Ctsis MOP Cts.
(iii) Every 916 C'ts is MOS C'ts.
(iv) Every 910 C'ts is 916 Cts.
(v) Every NOS Ctsis MM Cts.
(vi) Every M6 Cts is NOS C'ts.
(vii) Every )0 Cts is N C'ts.
(viii) Every MOP Ctsis MM Cts.
(ix) Every MoP C'tsis Ne Cts.
(x) Every MM C'ts is Ne Cts.
(xi) Every M10S C'ts is Ne Cts.

Proof:

() Let h: (U, 7r(P)) — (V1,05 (Q)) be NS Cts and L is a Ne setin V;. Then, A~ (L) is Ndc in
U,. Since every Mdc set is Ne, b1 (L) is Ne set in U. Therefore, h is N Cts.

(i) Let h: (Uy, 7r(P)) — (V1,05 (Q)) be M Cts and L is a Ne set in V;. Then, h~*(L) is Ne in
U;. Since every e set is NIPc, b1 (L) is NIPc set in U;. Therefore, h is NP Cts.

(iii) Let h: (Uy, 7r(P)) — (V1,05 (Q)) be M Cts and L is a Ne set in Vy. Then, h=1(L) is Ndc
in U;. Since every Mdc set is NSc, h~1 (L) is NISc set in U;. Therefore, h is NS Cts.

(iv) Let h: (U, 7r(P)) = (V1,05 (Q)) be MO C'ts and L is a Nc set in V;. Then, h~! (L) is Nbc
in U. Since every MNlc set is Ndc, h~1 (L) is Ndc set in U;. Therefore, h is NI C'ts.

(v) Let h: (U, 7r(P)) — (V1,05 (Q)) be NOS Cts and L is a Nc set in V;. Then, h~1(L) is
MOSc in U,. Since every NOSc set is NMe, h=1(L) is MMe set in U,. Therefore, h is MM C'ts.

(vi) Let h: (Uy, 7r(P)) = (V1,05 (Q)) be NP Cts and L is a Ne set in V;. Then, b1 (L) is NOc
in U,. Since every Nlc set is NOSc, h™1(L) is NOSc set in U;. Therefore, h is NIS Cts.

(vii) Let h: (Uy, 7r(P)) — (V1,05 (Q)) be NG Cts and L is a Nc setin V. Then, h=1(L) is Noc
in U;. Since every Mfc set is Ne, h~1(L) is Ne set in U;. Therefore, h is N Cts.

(viii) Let h: (Uy, 7r(P)) = (V1,05(Q)) be MOP Cts and L is a Nc set in V;. Then, h= (L) is
MIPc in U;. Since every NIPc set is NMMe, h=(L) is MMe set in U;. Therefore, h is MM Cts.

(ix) Let h: (U, 7r(P)) = (V1,05 (Q)) be NIP Cts and L is a Nc set in Vy. Then, h~*(L) is
MIPc in Uy. Since every NP set is Nec, h™ (L) is Nec set in U;. Therefore, h is Ne Cts.

(x) Let h: (Uy,7r(P)) — (V1,05 (Q)) be MM Cts and L is a Nc set in Vi. Then, h~1(L) is
MMe in U;. Since every MMMe set is Nec, h™1 (L) is Nec set in U. Therefore, h is Ne Cts.

(xi) Let h: (U, 7r(P)) — (V1,0x(Q)) be NS Cts and L is a Ne set in V;. Then, h™*(L) is
MISc in U;. Since every MoSc set is Nec, h™ (L) is Nec set in U;. Therefore, h is Ne Cts. -
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The converse of Theorem 2.1 need not be true by the following examples.

Example 2.1.

Let Uy = {La, Ly, L, Ly} with Uy/R = {{La, Ly}, {Lc, La}}, P = {La, Ly}, TrR(P) =
{U1,¢,{La, Lp}}. Define the identity map h : U; — U; which is 91 Cts but not 910 C'ts, and
the set ™1 ({L,, Ly}) = {La, Ly} which is 9t but not 9o in U;.

Example 2.2.

Let Uy = Vi = {M,, My, M, My, M.} with U/R = {{MJ},{M,, M}, {My, M1},
P = {MaaMc}a TR(P) = {U17¢7 {Mc}7{Ma7Mb}>{Ma7MbyMc}} and
Vi/R = {{M} AMy, My}, {M, My}}, Q = {M,M}, 71(Q) =
{Vi,0,{Mc},{ M., My},{ M., My, M.}} Then, the mapping h : (Uy,7r(P)) — (V1,75 (Q)) is
defined by

G) h(M,) = My, h(My) = M., h(M,) = M., h(My) = M, and h(M,) = M, is &P Cts but

not N Cts, the set { M.} is No in V; but h= 1 ({M.}) = {M,} is not No in U.

(i) h(M,) = M., h(M,) = h(M.) = My, h(M.) = M, and h(M,) = M, is NIS C'ts but not
NS Cts, the set {M,, My} is No in V; but b= ({M,, My}) = {M,, My, M.} is not Ndo in
Us.

(i) A(M,) = M,, h(My) = My, h(M,) = M., h(M,) = M, and h(M.) = M, is N5 Cts but
not NP C'ts, the set { M} is No in V; but A~ ({M.}) = { M.} is not Nbo in U;.

(iv) h(M,) = M,, h(My) = My, h(M,) = M., h(My) = My and h(M,) = M, is WM Cts but
not NOS C'ts, the set { M, } is No in V; but A~ ({M,}) = {M,} is not NOSo in U.

V) h(M,) = M,, h(My) = My, h(M,) = M., h(My) = M, and h(M,) = M, is 9 Cts but
not NP C'ts, the set { M, } is No in V; but A~ ({M.}) = { M.} is not Nbo in U;.

Example 2.3.

Let U1 = ‘/1 = W1 = le = {Ma,Mb,MC,Md,Me}
with UI/R = {{Mc}a{Mme}?{MdaMe}}’ P = {MaaMc}a TR(P) = {U17¢7{Mc}a
{MZL?Mb}v{MavMb?MC}}; VI/R/ = {{Ma}7 {Mb}v{MdeaMe}}’ Q = {Mde’Me}’
TR'(Q) = {‘/1’ b, {Mca Md7Me}}; Wl/RN = {{Mc}7 {Me}7 {Mm My, Md}}’ S = {Mm My, Md}’
e (S) = W, ¢, {M,, My, My}} and Wi/R" = {{Mp}, {Mc},{Ms, Mc, Ma}}, S° =
{M,, M., My} and 7 (S") = {Wy, ¢, {M,, M., My}}. Then, the identity mapping

1) h: (U, 7mr(P)) = (Vi,m7r/(Q)) is NMOS Cts but not NO C'ts, the set { M., My, M.} is No in

Vi but A= ({ M., My, M.}) = { M., My, M.} is not Mo in U;.

@) h: (Uy,r(P)) = (V1,7 (Q)) is MM C'ts but not NOP C'ts, the set { M., My, M.} is No
in Vy but A=Y ({M,, My, M.}) = { M., My, M,} is not 9N1§Po in U,.

(i) h: (Uy,mr(P)) = (Vi,7r (Q)) is Ne Cts but not NOP Cts, the set { M., My, M.} is No in
V1 but h_l({Mc, My, Me}) = {Mc, Md, Me} is not 910Po in U;.

(iv) g : (U, mr(P)) — (Wi, 15 (S)) is Ne Cts but not M Cts, the set {M,, M,, M} is No
in Wy but g~ ({M,, My, My}) = {M,, My, My} is not tMo in U;.
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(V) h: (Uy,mr(P)) = (W, 15 (S")) is Ne Cts but not NS Cts, the set { M, M., My} is No
in W, but A= ({M,, M., My}) = {M,, M., My} is not N16So in U;.

From the above discussions, the following implications hold for any set in its.

NHCts > NOSCts > NMCts

NCts ———— NOP(Cts

] 'L
MoC'ts > MMISClts > NeC'ts

K — L denotes K implies L, but not conversely

Theorem 2.2.

A function h: (Uy, 7r(P)) — (V1,05 (Q)) is MTM C'ts if and only if the inverse image of every
No setin V; is NMo in U;.

Proof:

Let h be MM Ctsand O is Mo in V;. That is, V; — O is Nein V;. Since his MM Cts, h=H(V, —O)
is MMcin Uy. That is, U; — h™(O) is MMc in U;. Therefore, h=1(O) is MMo in U;.

Conversely, let the inverse image of every 9o set be 91 Mo set. Let C be c in V;. Then, V; — C
is 9o in Vi. Then, h=1(V; — C) is MMo in U;. That is U; — h=1(C') is MTMo in U;. Therefore,
h=1(C) is MMc in U,. Thus, the inverse image of every 9lc set in V; is MMc in U;. That is, & is

NM Cts on Uj.

The maps 16 Cts, NOP Cts, MIS Cts and Ne C'ts satisfy the Theorem 2.2 for their respective
open sets. [
Theorem 2.3.

A function h: (U, 7r(P)) = (V1,0 (Q)) is MM Ctsif and only if A(MMcl(K)) C Nel(h(K))
for every subset K of Uj.
Proof:

Let h be MTM Cts and K C U;. Then, h(K) C V. Since h be MM Cts and Nel(h(K)) is Ne in
Vi, Y (Nel((K))) is MMe in U. Since h(K) C Ncl(h(K)), h 1 (h(K)) C h=*(Nel(h(K))),
then K C h™*(MNcl(h(K))). MMcl(K) C MM (Nclh(K))] = h™'(Ncl(h(K))). Thus,
NMCl(K) C h ' (Nel(h(K))). Therefore, h(MMcl(K)) C Necl(h(K)) for every subset K of
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U;.

Conversely, let h(MMcl(K)) C ‘ﬁcl( (K)) for every subset K of U;. If C is 9lc in V}
and since h™*(C) C Uy, h(MMcl(h }(C ))) C cl( (h"HC))) = MNc(C) = C. That is,

HAMCA(h-1(C))) C C. Thus, RMcl(h~-1(C)) € h=Y(C). But h=1(C) € RMcl(h-1(C)).
Hence, MMcl(h=(C)) = h=}(C). Therefore, h=(C ) is MMMec in Uy, for every e set C'in V.
Thus h is MM Cts. ]
Remark 2.1.

A function h: (Uy, 7r(P)) — (V1,05 (Q)) is MM Cts. Then, h(MMcl(K)) is not necessarily
equal to Ncl(h(K)) where K C Uy. It is shown in the following examples.
Example 2.4.

In Example 2.3, h : (U, 7r(P)) — (V1,7 (Q)) is MM Cts. Let A = {M,} C Uj. Then,
NMMcl(A) = h(NMMcl({M,})) = h({M,}) = {M,}. But Nclh(A) = Nel({M,}) = { M., My}.
Thus h(MMcl(A)) # Necl(h(A)), even though h is NTM cts. That is equality does not hold.

Theorem 2.4.

A function h: (Uy,7r(P)) — (V1,05 (Q)) is MM Cts if and only if MMecl(h™' (L)) C
h=1(Mcl(L,)) for every subset L, of V.

Proof:
If his MM Cts and Ly C V5. Nel(Ly) is ‘th in Vi, and hence, h™*(DMcl(Ly)) is MMc in
U,. Therefore, MMcl(h=1(MN cl(Ll))) = h7'(Mcl(Ly)). Since L1 C Necl(Ly), h~ (L) C

h=Y(Ncl(L,)). Therefore, MMcl(h~'(L,)) C ‘ﬁ/\/lcl(h‘l(‘)’tcl(Ll))) = h™Y(Mcl(Ly)). That is,
MNMecl(h™(Ly)) C h= (Nl (Ly)).

Conversely, let MMcl(h™(Ly)) € h™'(Ncl(Ly)) for every subset L; of Vi. If L; is Nc in
Vi, then Nel(Ly) = Ly. By assumption, MMcl(h=(Ly)) € h=Y(MNecl(L,)) = h~*(L,). Thus,
NMcl(h™(Ly)) € h=Y(Ly). But A1 (Ly) C MMecl(h™Y(Ly)). Therefore, MMcl(h~*(Ly)) =
h~'(Ly). Hence, h™(Ly) is MMc in Uy, for every Nc set Ly in Vi. Therefore, h is 9TM Cts on

Us.

The maps 916 C'ts, NOP Cts NOS Cts and Ne Cts satisty the Theorems 2.3 and 2.4 for their
respective closures. [
Remark 2.2.

A function h: (U, 7r(P)) = (V1,05 (Q)) is MMM Cts. Then, MMecl(h~'(L)) is not necessarily
equal to h=1(Ncl(L)) where L C V;. It is shown in the following examples.

Example 2.5.
In Example 2.3, h : (Uy,7r(P)) — (V1,75 (Q)) is MM Cts. Let B = {M,} C Vi.
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Then, MMclh™(B) = NMclh ' ({M,}) = IM({M,}) = {M,}. But A1 (Ncl(B)) =
h=Y(Nel({M,})) = b1 ({M,, My}) = {M,, My}. Thus, "Mcl(h~*(B)) # h='(MNcl(B)), even
though h is MM cts. That is, equality does not hold.

Theorem 2.5.

A function h: (Uy,7r(P)) — (V1,05 (Q)) is MM Cts if and only if A~ (Nint(K;)) C
MMint(h~(K,)) for every subset K; of V.

Proof:

If hhis MM Cts and K; C Vy. Mint(K,) is Mo in V4, and hence, h™1 (Mint(K,)) is MMo in
U;. Therefore, MMint (b= (Mint(K1))) = h=H(Nint(K;)). Also, Nint(K,) C K;, implies that
R~ (Mint(Ky)) C h™*(K,). Therefore, MMint(h~(Mint(K1))) C NMMint(h~*(K,)). That is,
= (Mint(K,)) € NMint(h~1(Ky)).

Conversely, let A1 (MNint (K1) € NMint(h~'(K,)) for every subset K of V;. If K is Mo in V;,
then Nint(K,) = K. By assumption, h = (Nint(K;)) € NMint(h~'(K;)). Thus, h 1(K;) C
NMint(h~*(Ky)). But MMint(h~'(K,)) C h7Y(K,). Therefore, MMint(h~(K,)) =
h~'(K). Thatis, h~!(K) is MMo in Uy, for every No set K in V. Therefore, h is YTM Cts on
U;. ™

Remark 2.3.

A function h: (U, 7p(P)) — (Vi,05(Q)) is MM Cts. Then h='(Nint(L,)) is not necessarily
equal to MMint(h~' (L)) where L; C V;. It is shown in the following examples.

Example 2.6.

In Example 2.3, h : (U, 7r(P)) — (V1,75 (Q)) is MM Cts. Let B = {M.} C V;. Then,
NMint(h™1(B)) = NMMinth ' ({M.}) = NMint({M.}) = {M.}. But h=}(int(B)) =
R (Mint({M.})) = h'({¢}) = ¢. Thus, NMMint(h~*(B)) # h~'(Nint(B)), even though
h is MM cts. That is, equality does not hold.

Theorem 2.6.

In a Nts (Uy, 7r(P)), if the collection of MMO(Uy, P) is e under arbitrary union and let
h: (U, 7r(P)) — (V1,05 (Q)) be a function. Then, the function h is MM C'ts if and only if
for each x € U; and each 9o set O in V; with h(z) € O 3MMoset GinU; 52 € G &
h(G) C O.

Proof:

Letz € U; and O be a Mo setin Vi with h(z) € O, then z € h=1(0). Since h is MM Cts, =1 (O)
is a MMMo setin U;. Put G = h=1(O). Then, z € G and h(G) = h(h™1(0)) C O.

Conversely, let z € U; and O be a Mo set in V] containing h(x). By hypothesis, there exists a
MNMMo set G, in Uy > x € G, and h(G,) C O. This implies z € G, C h~1(0), which implies
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h=1(0) is MM Nbd(x). Since x is arbitrary, h=1(O) is MM Nbd of each its points. Which implies
h=1(0) is a MMo set in U,. Therefore, h is MTM C'ts. -

Theorem 2.7.

In a Nts (Uy, 7r(P)), if the collection of NMMO (U, X) is e under arbitrary union and let
h: (Uy,7r(P)) — (Vi,0r(Q)) be a function. Then, the function h is YTM Cts if and only if
V z € Uy, the inverse of every TN bd of h(z) is MM Nbd(x).

Proof:

Let z € U, and H be a MNbd of h(z). There exists aNoset O in V; 3 h(x) € O C H, and hence,
z € h™1(0) C h'(H). Since h is MM Cts and h=1(O) is MM o set in Uy, therefore, b1 (H) is
MMNbd(z).

Conversely, let z € U; and O be a Do set in V; containing /(). This implies O is MINbd of h(x).
By hypothesis, h71(O) is MM Nbd(z). Since z is arbitrary, h=*(O) is M Nbd of each of its
point. Hence, h=*(O) is a Mo set in U;. Therefore, h is MM Cts.

The maps D0 Cts, MOP Cts, NOS Cts and Ne C'ts satisty the Theorems 2.6 and 2.7 for their

respective family of open sets. n
Remark 2.4.

The composition of two 9IM C'ts functions need not be 9IM C'ts as seen from the following
example.

Example 2.7.

Let Ul - VYI = Wl = {Laa vaLcyLda Le} with UI/R = {{Lc}v {LaaLb}7 {Ldv Le}}’ P = {Laa
Lc}a TR<P) = {U17 ¢7 {Lc}7 {La7 Lb}> {La7 Lb7 Lc}} and %/R/ = {{L6}7 {La7 Lb}> {Lca Ld}},
Y = {L,, Le, La}, 05 (Q) = {Vi,0,{La, Lo}, {Lec, La},{La, Ly, Le, Lg}}. Then, the identity
mappings h : (U, 7r(P)) — (Vi,0p(Q)) and g : (V1,05 (Q)) — (Wi,0x(Q)) are MM Cts
but the composition g o h is not MM C'ts. The set { L., Ly} is Mo in Vi but (go h) "' ({ L., Lq4}) =
{L., L4} is not 9T Mo in Uy.

Theorem 2.8.

Let h: (Uy,7r(P)) — (Vi,0p(Q)) and g: (V1,0r (Q)) — (W1, ug(R)) be any two functions.
If hisa MM Cts and g is D C'ts function, then g o h is NTM Cts.

Proof:
Let C be any Nc set in Wi. As g is M Cts, g71(C) is Nc in V. Since h is MM C'ts, implies
(g7 H(C)) = (go h)"H(C) is MMc in U;. Therefore, g o h is MM C'ts. -

https://digitalcommons.pvamu.edu/aam/vol16/iss2/18



Vadivel et al.: Nano Continuous Mappings via Nano M Open Sets

AAM: Intern. J., Vol. 16, Issue 2 (December 2021) 1107

3. Nano M Irresolute Functions

Definition 3.1.

A function h : (U, 7r(P)) — (Vi,0r(Q)) is called Nano M (respectively, 6, J, 6 semi, J pre,
0 semi & e) irresolute (briefly, MM Irr (resp. NOIrr, Nolrr, NOSIrr, NOPIrr, MOSIrr and
Nelrr)) function, if for each M Mec (respectively, Dbe, Ndc, NOSc, NIPc, MNOSc and N ec)
subset K of Vi, the set h™1(K) is Mt Mec (respectively, Nbc, Ndc, NOSc, NoPe, NOSc and N ec)
subset of U;.

Theorem 3.1.
A function h: (Uy, 7r(P)) — (Vi,0x (Q)) is called

(i) NIrr, then his NS C'ts.

(i) NOPIrr, then h is NOP Cts.
(i) MM Irr, then his NM Cts.
@iv) MOSIrr, then h is NS Cts.

Proof:
(i) Let C be MNc in V. Then C' is MSc in Vi, since every MNe set is NSc. By hypothesis, h~1(C) is
MNSc. Therefore, h is NS Cts.

(ii) Let C' be Mc in Vi. Then C'is MdPc in V4, since every Ne set is NIPc. By hypothesis, h~1(C)
is Mo Pc. Therefore, h is NOP Cts.

(iii) Let C be Ncin V;. Then C'is MMc in V4, since every e set is MM c. By hypothesis, h =1 (C)
is MM Me. Therefore, h is MM Cts.

(iv) Let C' be Ncin V;. Then C is MdSc in V4, since every N set is NISc. By hypothesis, = (C)
is D16Sc. Therefore, h is NOS Cts. =

Remark 3.1.

The converse of the above theorem need not be true as shown in the following example.

Example 3.1.

Let Ul = ‘/1 = {LaaLlﬂLca Ld7Le} with Ul/R = {{Lc}a {La>Lb}7 {Ld7 Le}}a P = {LaaLc}-
Then, 7r(P) = {U1,¢,{L¢}, {La, Lo}, {La, Ly, L.} } and Vi /R = {{L.},{La, Lo}, {Lec, La}},
Y = {L4 L¢, Ly} Then, o (Q) = {Vi,¢,{La, Lo},{L¢, La},{La, Ly, Lc, Lq}}. Define h :
(U, 7r(P)) — (V1,0r(Q)) as h(L,) = La, h(Ly) = Ly, h(L.) = L., h(Ly) = L. and
h(L.) = Le. Then, h is TM Cts, but h is not WM Irr, since h™'({Ly, Lq, L.}) = {Ly, La, L.}
which is not 91 Mo (respectively, not D6Po) in Uy whereas {L;, Ly, L.} is QMo (respectively,
NoPoin V.
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Example 3.2.

Let Ul - ‘/1 - {LCHLb)LCaLd)Le} Wlth Ul/R = {{Le}a{LaaLb}a{Lde}}, P ==
{La7L67Ld}' Thena TR(P) = {Ul7¢7 {LaaLb}a {LcaLd}a {LaaLbaLcaLd}}- %/R/ =

{{LC}7{LG7Lb}7{Ld7L6}}’ Q = {LavLC}' Then, UR/(Q) - {Vi,gﬁ,{Lc},{La,Lb},
{L., Ly, L.}}, Define h : (U, 7r(P)) — (V1,05 (Q)) as h(L,) = La, h(Ly) = Ly, h(L.) =
Lq, h(Lg) = L. and h(L.) = L.. Then, h is MIS Cts, but h is not NOSIrr, since
h=Y({L., L.}) = {Lg, L.} which is not 16So in U; whereas {Lg4, L.} is 916So in V.

Example 3.3.

In Example 3.2, i is 9M-C'ts, but h is not Nrr, since A~ ({L,, Ly}) = {L.} which is not 96So
in U whereas { L., L} is M6So in V.

Theorem 3.2.

A function h : (Uy, 7r(P)) = (V1,05 (Q)) is called MM Irr (respectively, Dtelrr) if and only if
for every 9T Mo (respectively, DNeo) set K in V;, h=1(K) is N Mo (respectively, Neo) in Uy.

Proof:

This follows from the fact that the complement of 9T Mo (respectively, Dleo) set is N Mc (respec-
tively, ec) and vice versa. n
Theorem 3.3.

If h: (U, mr(P)) - (Vi,op(Q))and g : (V1,05 (Q)) = (Wi, ugr~(S)) are both M Irr, then
goh:(Uy:71r(P)) — (Wi, ug(S))is MMIrr.

Proof:

Let K be MMo in Wy. Then, ¢g7'(K) is TMo in V;, since g is MM Irr & h™1(g7(K)) =
(g o h)™H(K) is MMo in Uy, since h is MM Irr. Hence g o h is MM Irr. n

The maps NoIrr, NOPIrr, IS Irr and MNelrr satisfy the Theorem 3.3 for their respective open
sets.

Theorem 3.4.

(i) Ifh: (Ur, 7r(P)) = (Vi,0p (Q)
Cts,then go h : (Uy,7r(P)) —
(ll) Ifh : (Ul,TR(P)> — (%,O’]?(Q
Cts,thengo h : (Uy, r(P)) —

isMMIrrand g: (V1,05 (Q)) — (Wi, ug(S)) is MM
Wi, pg (S)) is MM Cts.
)is MM Ctsand g : (V1,05 (Q)) = (Wi, ure(5)) is N
Wi, g (S)) is MM Cts.

N — N

Proof:

(i) Let K be Mo in Wy. Then, g1 (K) is MMo in Vi, since g is NMMCts & h (g7 (K)) =
(goh)™HK)is MMo in Uy, since h is MM Irr. Hence g o h is MMCts.
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(i) Let K be Mo in W;. Then, g~ *(K) is Mo in V4, since g is NCts & h~ (g7 (K)) = (g o
h)~1(K) is MMo in Uy, since h is MMC'ts. Hence g o h is MM Cts. -

The other respective functions satisfy Theorem 3.4 for their respective open sets.

4. Nano /M closed functions

Definition 4.1.

A function h: (Uy,7r(P)) — (V1,0 (Q)) is said to be Nano M closed (respectively, 6 closed,
0 closed, 6 semi closed, ¢ pre closed, § semi closed and e closed) function (briefly, TMcf (re-
spectively, NOcf, Nicf, NOScf, NoPcf, NIScf and Necf)) if the direct image h(K) is NMMc
(respectively, DNbc, Noc, NOSc, NoPc, NoSc and Nec) set in V] whenever K is Ve in U;.

Definition 4.2.

A function h: (Uy, 7r(P)) — (V1,05 (Q)) is said to be Nano M open (respectively, 6 open, §
open, f semi open, ¢ pre open, ¢ semi open and e open) function (briefly, YTMof (respectively,
Nbof, Noof, NOSof, NIPof, NISof and Neof)) if the direct image h(K) is MMo (respec-
tively, 9100, Ddo, MOS0, NdPo, TNéSo and Neo) set in V; whenever K is Do in U;.

Theorem 4.1.
A function h: (Uy, 7r(P)) — (V1,0 (Q)),

(i) Every MOcf is Ncf.
(i) Every 20cf is Nocf.
(i) Every Nocf is Ncf.
(iv) Every Ncf is NOScf.
(v) Every Ncf is NoPcf.
(vi) Every Mdcf is NIScf.
(vii) Every MOScf is NMMcf.
(viii) Every NoPcf is NMcf.
(ix) Every MoPcf is Necf.
(x) Every MdScf is Necf.
(xi) Every MMMcf is Necf.

Proof:

(i) Let h: (U, 7r(P)) = (V1,05 (Q)) be NOcf and L is a e set in Uy. Then, h(L) is Nbc in V3.
Since every MNbc set is Ne, h(L) is Ne set in V;. Therefore, h is Nef.

(i) Let h: (Uy, 7r(P)) — (V1,05 (Q)) be NOcf and L is a Ne set in Uy. Then, h(L) is NOc in V;.
Since every be set is Ndc, h(L) is Ndc set in V;. Therefore, h is Nocf.
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(iii) Let h: (U1, 7r(P)) — (Vi,0r(Q)) be Ndcf and L is a Ne set in Uy. Then, (L) is Ndc in
V1. Since every Mdc set is Ne, h(L) is Ne set in V. Therefore, h is Nef.

(vi) Let h: (Uy, mr(P)) — (V1,0p(Q)) be Nbcf and L is a MNe set in Uy. Then, h(L) is NOc in
V1. Since every Mfc set is NOSc, h(L) is NOSc set in V;. Therefore, h is NOScf.

V) Let h: (U, mr(P)) — (V1,05 (Q)) be Ncf and L is a Ne set in V. Then, h(L) is Nc in U;.
Since every e set is NIPe, h(L) is NOPc set in U;. Therefore, h is NoPcf.

(vi) Let h: (Uy, mr(P)) — (V1,0(Q)) be Ndcf and L is a e set in Uy. Then, h(L) is Ndc in
V1. Since every 9t set is NISe, (L) is NISc set in V. Therefore, h is NOScf.

(vii) Let h: (U1, 7r(P)) — (V1,05 (Q)) be NOScf and L is a Ne set in Uy. Then, h(L) is NOSc
in V. Since every MOSc set is NMe, h(L) is NMMe set in V. Therefore, h is NMMcf.

(viii) Let h: (U1, 7r(P)) = (V1,05 (Q)) be N6Pcf and L is a Ne set in Uy. Then, h(L) is NOPc
in V. Since every M0 Pc set is NMe, h(L) is NTMe set in V;. Therefore, h is NMcf.

(ix) Let h: (Uy, 7r(P)) — (Vi,0r (Q)) be NIPcf and L is a Ne set in U;. Then, h(L) is N6Pc
in V3. Since every MIPe set is Nec, h(L) is Nec set in V;. Therefore, h is Necf.

(x)Let h: (U, mr(P)) = (V1,0r(Q)) be DN0Scf and L is a Ne set in U;. Then, h(L) is NS¢ in
V1. Since every MISc set is Nec, h(L) is Nec set in V;. Therefore, h is Necf.

(xi) Let h: (Uy, 7r(P)) — (V1,05(Q)) be MMcf and L is a Ne set in Uy. Then, h(L) is NMec
in V. Since every T Mc set is Nec, h(L) is Nec set in V. Therefore, h is Necf. =

From the above discussions, the following implications are hold for any set in 9its.

Nbc f _ MbSef . NMMecf

Nef ey NOPcS

‘L

Nocf - oScf - Necf

Note: K — L denotes K implies L, but not conversely

Example 4.1.

Let Uy = Vi = {Lq, Ly, Le, Lg} with Uy /R = {{La, Ly },{Lc, La}}, P = {La, L}, TrR(P) =
{U1, ¢,{La, Ly} }. Define the identity map h : U; — V; is Ncf but not Ndcf. The set { L., Ly} is
Ncin Uy but h({L., Lq}) = {Le, Lq} which is not Ndc in V;.
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Example 4.2.

Let Uy = Vi = {My My, M., My, M.} with Uy/R = {{M.},{Ma, Mp},{ M., M}},
P = {Mca Me}’ TR(P> = {Ula(b?{Me}){MC?Md}v{McaMdaMe}} and
VI/R/ - {{MC}a{Mme}7{MdJMe}}’ Q - {MMMC}? TR (Q) -

{‘/17 ¢7 {MC}7 {Maa Mb}7 {Maa Mbv Mc}} Then’ the mappmg h (Ula TR(P)) — (VL TR (Q))
is defined by

(1) h(Ma) = M., h(Mb) = My, h(Mc) = M., h(Md) = M, and h(Me> = M, is Ncf
(respectively, 9t0cf) but not NOcf (respectively, NOcf). The set {M,, M,} is e in U; but
h({ My, My}) = {M,., My} is not Nbc in V.

(i) h(M,) = My, h(My) = M,, h(M,) = M,, h(M,) = M, and h(M,) = M, is N6Pcf but
not Ncf. The set {M,, My, M.} is Nc in Uy but h({M,, My, M.}) = {M,, My, M.} is not
Ncin V.

(iii) h(M,) = M., h(My) = h(M.) = My, h(M.) = M, and h(M,) = M, is NéScf but not
MNocf. The set {M,, My} is Nc in Uy but h({M,, M,}) = { M., M} is not Ndc in V;.

(iv) h(M,) = M., h(My) = My, h(M,) = M., h(My) = M, and h(M,) = M, is WMcf but
not NOScf. The set { M,, M} is Nein Uy but h({M,, M,}) = { My, M.} is not NOScin V.

Example 4.3.

Let U3 = i = Wy = Wll = {Ma,Mb,MC,Md,Me} with Ul/R =
{{Ma}’{Mb}’{MdeaMe}}’ P = {Mc,Md,Me}, TR(P) =
{U17¢’ {M67Md>Me}}; Vl/R, = {{Mc}>{Ma>Mb}>{Md>Me}}7 Q = {Mw Mc}7 TR’<Q> =
(Vi 6, IML, (M, M, M, My MY Wo/R' = (M} (M.}, Mo, My, Mo}, 5 =

{Ma’ Mb7 Md}’ TR” (S> = {Wh ¢7 {M(h Mba Md}} and W{/Rm = {{Mb}a {Me}a {Maa Mc, Md}}
S = {M,, M., My}, T (Z") = {Uy, ¢, {M,, M., My} }. Then, the identity mappings

() h: (U, mr(P)) = (V1,7 (Q)) is NOScf but not Nbcf. The set { M,, M,} is Nc in U; but

h({M,, My}) = {M,, M,} is not Nbc in V.

(i) h: (U, mr(P)) = (V1,7 (Q)) is MMecf but not NéPcf. The set {M,, M,} is Nc in Uy
but h({M,, My}) = {M,, M} is not NMIPc in V.

(iii) h: (U, r(P)) = (V1,75 (Q)) is Necf but not NIPcf. The set {M,, M,} is Nc in U; but
h({M,, My}) = {M,, My} is not NIPc in V.

Gv) g : Wi, (S) = (V1,7 (Q)) is Necf but not NScf. The set { My, M.} is Ne in W,
but g({ My, M.}) = { M, M.} is not N6Sc in V.

V) h: (Wi, (S)) = (V1,75 (Q)) is Necf but not N Mecf. The set { M., M.} is Nc in W,

but h({M,, M.}) = { M., M.} is not NTMc in V.

Theorem 4.2.

A function h: (Uy, 7r(P)) — (Vi,0p(Q)) is MMec if and only if h(K) is Mo in V; for every
Do set K in U;.
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Proof:

Suppose h: (U, Tr(P)) — (V1,05 (Q)) is MMecf and O is a No set in U;. Then, U; — O is Ne
in U;. By hypothesis h(U; — O) = V; — h(O) is a Mt Me set in V3, and hence, h(O) is Nt Mo in V.

Conversely, if C'is 91c set in Uy, then U; —C'is a Mo set in U;. By hypothesis h(U;—C) = Vi —h(C)
is M Mo set in V;, implies A (C') is MMc in V;. Therefore, h is NMMcf. -

Theorem 4.3.

A function h: (Uy, 7r(P)) — (V1,0 (Q)) is a MtMcf if and only if TMcl(h(K)) C h(Ncl(K))
for every subset K of Uj.

Proof:

Suppose h is MMec and K C U;. Then, h(Ncl(K)) is NMecin Vi. Since h(K) C h(Ncl(K)), w
get MMclh(K) € NMclh(MNel(K)) = h(Nel(K)). Hence, RMcl(h(K)) C h(Mel(K)).

Conversely, let C' is any 91c set in U;. Then, DNcl(C) = C. Therefore, h(C) = h(MNcl(C)). By
hypothesis MMclh(C) C h(MNel(C)) = h(C), which implies MMclh(C) C h(C). But h(C) C
MMeclh(C) is always true. This shows TMclh(C) = h(C). Therefore, h(C) is MMec in V; and
hence h is 9NTMec. ]

Theorem 4.4.

Let h: (U, 7r(P)) — (V1,0 (Q)) be a function and MMO(Uy, P) is closed under arbitrary
union. The following statements are equivalent:

(1) hisNMof.
(ii) For each subset K of Uy, h(Mint(K)) C NMint(h(K)).
(iii) For each z € Uy, the image of every MINbd of x is MM Nbd of h(x)

Proof:

(i) = (ii): Suppose (i) holds and K C U;. Then, Mint(K) is No set in U;. By (1), h(Nint(K)) is
a MMo set in V. Therefore, NTMint(h(MNint(K))) = h(Mint(K)). Since h(Nint(K)) C h(K),
implies NTMint(h(Mint(K))) C NMint(h(K)). That is h(Nint(K)) C NMint(h(K)).

(i1) = (iii): Suppose (ii) holds. Let x € U; and X be an arbitrary 91N bd of x in U;. Then, 3 9o set
GinU; 5z € G C X.By (ii), h(G) = h(Mint(G)) C NMint(h(G)). But NMMint(h(G)) C
h(G) is always true. Therefore, h(G) = NMint(h(G)), and hence, h(G) is NMMo set in V].
Further h(z) € h(G) C h(X), this implies, h(X) is MM Nbd of h(x) in V3. Hence (iii) holds.

(iii) = (i): Suppose (iii) holds. Let G be any 9o set in U; and = € G then y = h(x) € h(G). B

(iil), Vy € h(G), INMNbd K, of y in V;. Since K, is MMNbd of y, 3 NMo set H, in V; >
y € H, C K,. Therefore, h(G) = U{H, : y € h(G)}, which is union of 9TMo sets, and hence,
h(G) is Mo in V;. Therefore, h is TMof. -
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Theorem 4.5.

A function h: (Uy, 7r(P)) — (V1,05 (Q)) is MMMec if and only if for each subset S of 1} and V
No set G in U; containing h~1(.9), there exists a NMMoset H of V; 2S5 C H and h™!(H) C G.

Proof:

Let S C Vi be a 9o subset of U; containing h=1(S). Let his a MMcf and U; — G is Nc in Uy,
therefore, h(U; — G) is a MTMec set in V;. Then, take H = V; — h(U; — G) implies H = h(G)
where H is 1Mo set in V. Since h1(S) C G, S C h(G), S C H. Therefore, h(U; — G) =
Vi—-H=hU -G CVi—Sand h"}(H) Ch'(Vy —h(U; - G)) CU — (U, —G) =G.
Thus, H is Mo setin V; such that S C H and h™'(H) C G.

Conversely, let G be a 9c set in U;. Then U; — G is a o set in Uy. Take S = V; — h(G) to be a
subset of V;, h™1(S) = h=1(V; — h(G)) C U, — G. By hypothesis, there is a 9t Mo set H of V; >
Vi — h(G) C H & h™'(H) C U, — G. Therefore, Vi — H C h(G) C h(U; — h™\(H)) C Vi — H,
that is, h(G) = Vi — H. Since H is 9tMo set in V; and so h(G) is MMMc in V;. Hence, h is
NMcf. m

Theorem 4.6.

If h: (Uy, mr(P)) — (Vi,0r (Q)) is a MtMcf, then for each e set K of V; and each Do set G of
U, containing h™*(K), there exists H € MMO(V4, Q) containing K such that h~'(H) C G.

Proof:

Suppose h is MMcf. Let K be any e set of V; and G is a No set in U; containing h~1(K). By
Theorem 4.5, 3 M Mo set F of V; > K C F and h™}(F) C G. Since K is Mc and F is a MMo
set containing K, then X' C MMint(F). Put H = MMint(F). Then K C H € MMO(V1, Q)
and h"'(H) C G. -

Theorem 4.7.

Let h: (Uy, 7r(P)) — (Vi,0r(Q)) and g: (V1,75 (Q)) — (W1, pr+(R)) be any two functions.
Then, g o h: (Uy,7r(P)) — (Wi, 05 (R)) is a NMMecf if his Nc and g is a NMecf.

Proof:

Suppose F'is a e set in U;. Since his a Nef, h(F) is a Ne set in V1. Now g is a NTMcf, implies
g(h(F)) = (goh)(F)isadMMecsetin W;. Hence g o h is a MMecf. n
Theorem 4.8.

Let h: (U, 7r(P)) — (V1,0r(Q)) and g: (V1,7 (Q)) — (W1, ur(R)) be any two functions
such that g o h: (Uy, Tr(P)) — (W1, 057 (R)) be a MMecf. Then, the following results hold.

(1) If h is M-C'ts surjection, then g is a NTMcf.
(i) If g is MM Irr and injective, then h is a NMcf.
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Proof:

(i) Suppose Fy is a Nc set in V. Since h is a 9 C'ts function, h~1(F}) is a MNe set in U;. Therefore,
(goh)(h Y (Fy)) = g(Fy) is aMMec set in Wy. Hence, g is a NTMcf.

(ii) Suppose F} is e set in Uy. Then, (g o h)(F7) is a YBMe set in Wi, Since g is a MM Irr
function, this implies g~ ((g o h)(F1)) = h(F}) is a MtMc set in V;. Hence, h is a NMMcf. n

5. Nano M Homeomorphisms

Definition 5.1.

Let (U1, 7r(P)) and (V1,05 (Q)) be Nts and let h: (U, 7r(P)) — (V1,05 (Q)) be a bijective
function. If both the function h and the inverse function A~! are nano M (respectively, 6, §, 6
semi, J pre, 0 semi and e) Cts (briefly, M (respectively, D10, D15, NOS, NOP, NJS and e)
C'ts), then h is called 9TM (respectively, 916, 0, NOS, NP, NS and Die) homeomorphism
(briefly, M (respectively, 16, N0, NOS, NOP, NS and te) Hom). Equivalently, if ~ both
MM (respectively, 10, N9, NOS, NIP, NOS and MNe) C'ts and NMo (respectively, Jtho, Ndo,
MNOSo, NoPo, NoSo and Neo) then h is called NM (respectively, 0, N, NOS, NoP, NS and
Ne)Hom.

The family of all MM Hom’s in U; is denoted by MM H (U, P).

Theorem 5.1.
Leth : (Ul,TR(P)) — (%;UR’(Q»’

(1) Every MOHom is MTHom.
(i) Every M0 Hom is 0 Hom.
(iii) Every M0 Hom is 9T1Hom.
(iv) Every M1Hom is 6P Hom.
(v) Every MOSHom is MM Hom.
(vi) Every MOP Hom is MM Hom.
(vii) Every MOP Hom is NeHom.
(viii)) Every M0S Hom is NeHom.
(ix) Every MM Hom is NeHom.

but not conversely.

Proof:

()Leth : (Uy,7r(P)) — (V1,05 (Q)) be MY Hom. Then, h and h~! are NO C'ts and h is bijection.
Since every 910 Cts function is 91 Cts, we have h and h~! are 91 Cts. Therefore, h is \THom.

(i) Let h : (Uy,7r(P)) — (V1,0 (Q)) be MHom. Then, h and h™' are NG Cts and h is
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bijection. Since every D10 C'ts function is N6 Cts, we have h and h~! are M Cts. Therefore, h is
NOHom.

(iii) Let h : (Uy,7r(P)) — (Vi,0x(Q)) be M6Hom. Then, h and h~' are M6 C'ts and h is
bijection. Since every 916 C'ts function is 91 Cts, we have h and h~! are M C'ts. Therefore, h is
NHom.

(iv) Let b : (Uy, 7r(P)) — (Vi,01(Q)) be Hom. Then, h and h~! are 0 C'ts and h is bijec-
tion. Since every 9 C'ts function is 9P Cts, we have h and h~! are NP C'ts. Therefore, h is
NOP Hom.

(v) Let h : (U, 7r(P)) — (V1,05 (Q)) be NOSHom. Then, h and h=' are NOS Cts and h is
bijection. Since every M0S C'ts function is 9TM Cts, we have h and h~! are 9IM C'ts. Therefore,
h is M Hom.

(vi) Let h : (U, 7r(P)) = (V1,05 (Q)) be NGPHom. Then, h and h~" are NOP Cts and h is
bijection. Since every D10P Cts function is 9TM C'ts, we have h and h~! are 9TM C'ts. Therefore,
his MM Hom.

(vii) Let h : (U, 7r(P)) — (Vi,05(Q)) be NP Hom. Then, h and h™! are NP Cts and h is
bijection. Since every 919P C'ts function is e C'ts, we have h and h~! are Me Cts. Therefore, h
is NeHom.

(viii) Let b : (U1, 7r(P)) = (V1,01 (Q)) be IS Hom. Then, h and h™~! are NMIS Cts and h is
bijection. Since every 9108 C'ts function is Qe Cts, we have h and h~! are DMe Cts. Therefore, h
is NeHom.

(ix) Let h : (U, 7r(P)) = (V1,0(Q)) be MM Hom. Then, h and h~! are MM Cts and h is
bijection. Since every DM C'ts function is Ne Cts, we have h and h™~! are DMe Cts. Therefore, h
is NeHom. [

From the above discussions, the following implications hold for any set in O¢s.

NOHom NOSHom > NMMHom

NH om=——o MOPHom

/
‘, \ '

NOH om MOSHom > Ve om

Note: K — L denotes K implies L, but not conversely.
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Example 5.1.

Let Uy = Vi = {M,, My, M., Mg, M.} with Uy /R = {{M.}, {M,, My}, {My, M.}} and X =
{M,, M.}. Then, 7r(X) = {Uy, ¢, { M.}, {M,, My}, {M,, My, M.}}. Then, the identity map h :
(Uy, 7r(X)) — (V1,7r(X)) is MTHom (respectively, 910 Hom, MM Hom), but h is not NI Hom
(respectively, N0 Hom, NOS Hom), since

(i) h~'({M.}) = {M.} which is not DNbo (respectively, NOo) in U; whereas {M,} is No (re-
spectively, 910) in V;.
(i) h~Y({M,, My}) = {M,, M,} which is not M0So in U; whereas { M, M,} is Mo in V;.

Example 5.2.

Let U, = Vi = {M,, My, M,, My, M.} with Uj/R = {{M,},{M}, {M., My, M.}} and
X = {M. My, M}. Then, 7r(X) = {Ui, ¢, {M., My, M.}}. Then, the identity map h :
(U, r(X)) — (V1,7r(X)) is MMHom, but h is not NdHom, since h~ ' ({M,., My, M.}) =
{M., My, M.} which is not o in U; whereas { M., My, M.} is No in V.

Example 5.3.

Let Uy = Vi = {M,, My, M., My, M.} with U;/R = {{M,},{Mp},{M,., M4, M.}} and
X = {Mav McaMd}' Then, TR<X) = {U17¢7 {Ma}’ {McdeaMe}a {MaaMdey ME}}7
/R = {{M.},{M,, My}, {M.,My}} and Y = {M,,M.}. Then, or(Y) =
{‘/17¢7 {Mc}7{MaaMb}7{MaaMb7MC}}' Define £ : (UbTR(X)) - (%,O’R/(Y)) as h‘(Ma) =
M,, h(My) = My, h(M.) = M., h(My) = M, and h(M.) = M,. Then, h is 6P Hom, but h is
not MMHom, since h™*({M.}) = { M.} which is not Mo in U; whereas {M..} is Mo in V}.

Example 5.4.

Let Uy, = Vi = {M,, My, M., My, M.} with Uy/R = {{M,},{My},{M., My, M.}} and
X = {MmMc;Md}- Then’ TR(X) = {U17¢7 {Ma}a{Mca Md7M6}7 {MaaMdeaMe}}a
W/R/ = {{MC}7 {M(u Mb}7 {MdaMe}} and Y = {MaaMc}' Then, O-R/<Y) =
{1, 6, {M_ .}, { Mg, My}, {M,, My, M.} }. Then, the identity map h : (Uy, (X)) = (V1,0 (YV))
is MM Hom, but h is not 6P Hom, since h™({M,, My, }) = {M,, My} which is not 96Po in
U, whereas {M,, M, } is Mo in V.

Example 5.5.

Let Uy = Vi = {Lg, Ly, L¢, Ly, L.} with Uy /R = {{L.},{La, L },{La, L.} } and X = {L,, L.}.
Then’ TR(X) = {U17 ¢a {Lc}a {La7 Lb}7 {La7 va Lc}}a ‘/l/R/ = {{Le}7 {La7 Lb}7 {Lca Ld}} and
Y ={L,, Lc, Lq}. Then, o (Y) = {V4,¢,{La, Lo}, {Lec, La}, {La, Ly, Le, Lqa}}. Then,

(i) the identity map h : (U1, 7r(X)) — (V1,05 (Y)) is NleHom, but h is not NIS Hom, since
h({L.}) = {L.} which is not 2t6So in V; whereas {L.} is Mo in U;.

(ii) the identity map h : (Vi, 0 (Y)) — (Ur, 7r(X)) is Me Hom, but h is not NP Hom, since
h({Lc, Lq}) = {Lc, Ly} which is not 910Po in V; whereas { L., Ly} is Mo in U;.
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Example 5.6.

Let Uy = Vi = {La, Ly, Lo, La, L} with U /R = {{Lc},{La, Ly}, {La, Lc}} and X = {L,
Lc}- Then, TR(X> = {U17 o, {Lc}v {Lm Lb}a {Laa Ly, Lc}}v Vl/R, = {{L6}> {Lm Lb}v {LC’ Ld}}
andY = {L,, L., Lg}. Then, o (Y) = {V1, &, {La, Lo}, { Le, La}, { La, Lo, Le, Ly} }. Define h :
(U, 7r(X)) — (Vi,op(Y)) as h(L,) = L., h(Ly) = L4, h(L.) = L4, h(Lg) = L, and
h(L.) = L. Then, h is NleHom, but h is not WM Hom, since h™*({L,, Ly}) = {L., Ly} which
is not 9T Mo in U; whereas {L,, L,} is 9o in V.

Theorem 5.2.

For any bijection h: (U, 7r(P)) — (V1,0x (Q) the following statements are equivalent:
(i) Inverse of h is MM CC'ts.
(ii) hisaMMof.
(iii) hisa NMcf

Proof:

(i) = (ii): Suppose G is a Mo set in U;. Then by (i), (h~1)71(G}) = h(G,) is a MTMo set in Vi,
and hence, his a DTMof.

(ii) = (iii): Suppose F7 is Nc in U;. Then U; — F} is No in U;. By (i), h(U; — Fy) = Vi — h(F})
is a 9 Mo set in V] which implies h(F7) is a QT Mec set in V;. Therefore, h is MMcf.

(iii) = (i): Let F} be a Ne setin Uy. By (ii), h(Fy) = (A1) 7Y(F}) is a 9MTMe set in V7, and hence,
the inverse of A is a MM C'ts function. n

Theorem 5.3.

If h: (U, 7r(P)) — (Vi,0r (Q)) is bijective and MIMCts, then the following statements are
equivalent:

(i) his MNMMo.

(i) hisaMMHom.

(iii) hisaMMMec
Proof:

(i) = (ii): By the assumption h is bijective, TMCts and DI Mo. Then, by definition, h is
NMHom.

(i1) = (iii): By the assumption h is bijective and 9T Mo. Then, by Theorem 5.2, h is M Me.

(iii) = (i): By the assumption h is bijective and 9T Mc. Then, by Theorem 5.2, h is 9T Mo. =
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6. Conclusion

In this paper, we have studied many interesting notions on various forms of nano M open sets such
as nano M-continuous and nano M-irresolute functions in a nano topological spaces along with
their continuous and irresolute mappings. Also discussed were nano M-open and nano M-closed
functions, and these were compared with their near open and closed mappings in a nano topological
spaces. Finally, we discussed nano M homeomorphisms in nano topological spaces and studied
some of their properties. In future work, nano M open sets can be applied in an application field
of real-life experience.

Zadeh (1965) introduced the concept of a fuzzy set (FS) to the world. In FS theory, the membership
value of each element in a set is specified by a real number from the closed interval of [0, 1]. Later,
Atanassov (1989) defined the notion of an intuitionistic fuzzy set (IFS) as an extension of FS.
In IFS theory, the elements are assumed to posses both membership and non-membership values
with the condition that their sum does not exceed unity. Also, Atanassov (1989) established some
properties of IFS.

Lellis Thivagar and Richard (2013) introduced the notion of Nano topology (briefly, 91%) by using
theory approximations and boundary region of a subset of an universe in terms of an equivalence
relation on it and also defined Nano closed (briefly, 91c) sets, Nano-interior (briefly, 9lint) and
Nano-closure (briefly, 91cl) in a nano topological spaces (briefly, O1ts).
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