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Abstract

In operator theory, there is an important problem called the invariant subspace problem. This im-
portant problem of mathematics has been clear for more than half a century. However, the solution
seems to be nowhere in sight. With this motivation, we investigate the invariant subspaces of the
fractional integral operator in the Banach space with certain conditions in this paper. Also, by us-
ing the Duhamel product method, unicellularity of the fractional integral operator on some space
is obtained and the description of the invariant subspaces is given.
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1. Introduction

The famous invariant subspace problem is the question whether every bounded linear operator on
an infinite dimensional separable Hilbert space has a nontrivial invariant subspace. On the history
of the invariant subspace problem, the readers can consult in the book of Chalendar and Partington
(2011). Also, questions concerning the existence of invariant subspaces for particular classes of
operators have produced a wealth of interesting theorems and examples (see Nikolskii (1986)).

On the other hand, the Duhamel product was proposed by Wigley (1974). The Duhamel product
has numerous applications in the boundary value problems of mathematical physics, the sloping
beach problem, the theory of ordinary differential equations, the theory of operator equations of the
some form and function Banach algebras (see, for example, Ivanova and Melikhov (2017), Wigley
(1974), Karaev (2003), and Karaev (2018)).

The study of the lattice of invariant subspaces of the Volterra integration operator has a long history
and extensive literature (see Nikolskii (1986)). The description of the invariant subspaces for some
Volterra integration operator is essentially the problem posed in 1938 by Gelfand (1938) and first
solved by Agmon (1949) who showed that all invariant subspaces of certain space have the form of
a linearly ordered lattice. Note that an Volterra integration operator is an unicellular operator on the
Banach spaces (see (Brodskii (1971); Nikolskii (1986))). In Ostapenko and Tarasov (1977), it was
shown that a Volterra integration operator is unicellular on the certain space. It is well known (Go-
hberg and Krein (1970) and Nikolskii (1986)) the fractional integral operator is unicellular on the
Lebesgue space. The invariant subspaces of the integration operator defined on the Sobolev space
by Tsekanovskii (1965). Domanov and Malamud (2002) have extended these results for the frac-
tional integral operator defined in the Sobolev spaces. Also, various applications of fractional inte-
gral operator can be found in (Agarwal et al. (2015); Jain and Agarwal (2019); Jena et al. (2020);
Malamud (2019); Mohiuddine et al. (2021); Sarikaya et al. (2019); Tapdigoglu and Torebek (2020);
Tapdigoglu and Torebek (2021); Torebek and Tapdigoglu (2017); Usta (2021); Usta et al. (2020);
Yaying et al. (2020)). Note that some results related with non-trivial invariant subspaces and uni-
cellularity problem for the integration operator in various spaces have been obtained with appli-
cation of the Duhamel product in papers (Giirdal (2009a); Giirdal (2009b); Giirdal et al. (2015);
Karaev (2005); Karaev (2018); Karaev and Giirdal (2011); Karaev et al. (2011); Saltan (2016);
Saltan (2018); Tapdigoglu (2013); Tapdigoglu (2020)).

The aim of the present paper is to investigate the fractional integral operator defined on the certain
space. The study is organized as follows. Section 2 presents the study and fundamental concepts.
In Section 3, we prove the main results. That is, we describe the lattice of invariant subspaces and
study the question of unicellularity of the some operator by using the Duhamel product.
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2. Preliminaries

In this manuscript, we consider unicellularity problem for the fractional integral operator
1

JOf(z) = m/; (z —t)*" f(t)dt, Rea >0,

which is the complex powers of the integration operator J! = fox f(t)dt, where f € CS") [0, 1]
and
Cg”) [0,1] = {f : f is continuously differentiable on [0, 1] up to order n — 1
and have the derivative ™ (z) € C, [0,1]} .

Here n = [a] + 1, C, [0, 1] consists of the functions f such that 27 f (z) € C'[0, 1] where 7 is a
complex number and C' [0, 1] is the space of continuous functions on the segment [0, 1] . If v = 0
then CSY”) [0,1] = C™[0,1] and C, [0,1] = C'[0,1]. A linear bounded operator defined on the
space C\"” 0, 1] is said to be called unicellular if the lattice of invariant subspace of clm [0,1] is
totally ordered with respect to the inclusion operation, i.e., if £y, Fy € LatC’ﬁ”) [0,1] then £} C Ej
or £y C Ei. It is well known (Gohberg and Krein (1970); Nikolskii (1986)) that the fractional

integral operator is unicellular on L, [0, 1], p € [1, 00). In other words, the lattices of invariant and
hyperinvariant subspaces of the operator J¢ are of the form

Lat J* = HypLat J* = {E, := xjo.11Lp[0,1] : 0 < a < 1} .

Consider the fractional integral operator

o T (SL’ o t)a—l
Jo o f %/0 T Ft)dt, (1)

where I (.) is the Euler Gamma function and « € C with Rea > 0. Here we suppose f(z) €
Cy[0,1] withy € C,0 < Rey < land |[fllc o1 = ll27f (2)llcpo,1 - The norm law on the space

' [0, 1] is defined as
n—1
1fllegr = D15 O + £, -
k=0

If n = 0, we set C{” [0,1] = C, [0, 1].

Brickman and Fillmore (1967) showed that if n € Ny and v € C (0 < Rey < 1), then the space
05") [0, 1] consists of those and only those functions f which are represented in the form

xT

n—1
1 o
fl@) = oy [ @ = 07 o0t + Y, @
(n—1)! / —
where ¢ (t) € C,,[0,1] and ¢4, (k = 0,1,2,...,n — 1) are constants such that
*) (0
o) =10 1), =10
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In particular, when v = 0 the space C’én) [0, 1] is the space of functions that continuously differen-
tiable n times in the segment [0, 1].

Note that for Rea > 0 and v € C we have that the fractional integral operator J¢ is a bounded
operator from C, [0, 1] into C,_,, [0, 1] if Rey > Re cv. In this case we have

1/%¢, . < EIFICys 3)

where k; = ‘lf((;e‘l?()l‘i%;(z:))‘). Additionally, if Rey < Re a, then J* is bounded from C, [0, 1] into

C [0, 1] with

17 flle < B2 Lf1 Cs,s )
where ks = I'(Rea) (I' (1 — Re) /|I'(a)| ' (1 + Re (e — 7))) .

In this paper we investigate the fractional integral operator defined on the space C’A(Yn) [0,1]. We
describe the lattice LatJ“ of invariant subspaces and study the question of unicellularity of the op-
erator J* by using the Duhamel production. First, the invariant subspaces of the fractional integral
operator J“ in C’é”) [0, 1] are obtained and it is proved unicellularity of J* defined on the special
subspace of Cﬁ") [0, 1]. Later, by using the Duhamel product, unicellularity of J on CS,") 0,1] is
obtained and the description of the invariant subspaces is given.

3. Main Results

In this section we present some chain of invariant subspaces of the operator J*. We define the
following subspaces:

B ={fec™0,1]: f(0)=f(0)=..= f" TV (0)=0},1=0,1,...,n— 1,
Ex={feCM0,1]: f(z)=0,0<z <A}, 0< <L

It is clear that ), C El(") foreach A € (0,1)and ! =0,1,...,n — 1. Moreover, E\ C E,if A >
, A\, pu € (0,1) . Hence, we have

{00 CBE\CE,cE"c..cE" cc™o,1].

We can easily show that El(") and F, are invariant subspaces of the operator J“. Indeed, if f(z) €
El(n) then
0= ) = o [ pta -
x) = xr) = —— x —
g T(a) )
0
implies that

x x
S

g9 (x) = ﬁdis /to‘lf(a: —t)dt = ﬁ/talf@ (z —t)dt

0
ZL/(x—t)“‘lf“)(t)dt s=0.1,..n—1—1.
F(Cl/) 9 D) 3
0

https://digitalcommons.pvamu.edu/aam/vol16/iss2/8



Gurdal et al.: On the Invariant Subspaces of the Fractional Integral Operator

914 M. Giirdal et al.
Therefore, g (0) = ¢'(0) = ... = g*)(0) = 0. Moreover,
g™ (x) = L/talf(”) (x —t)dt € C,0,1].
[(a) o
0

( )

Consequently, g(z) € Eln), Le., El(” 1s an invariant subspace of the operator J. Similarly, E) is

also an invariant subspaces of J“. Now consider the operator J* defined on the space E(()"). For
convenience, we denote this operator by Jg 0-

Theorem 3.1.
If Re o > 0, the operator J;, is unicellular and

Lat J% = {E: 0 <a <1},

where E"" = {f € E(()") cf(z) =0,z € [O,a]}.

Proof:

Consider the operator D,, = £ EM = €,[0,1].1f f € ES, theng = D,f = f™ (z) €
C, [0,1], and it implies that

HgHCW[O,l} = ”f(n) (x)HCV[O,l] = Hf”c;l[o,u = HfHE(p .

Hence, the operator D),, isometrically maps E((Jn) on C, [0, 1]. Moreover, the inverse operator is
D;'=D; =Jm:C,[0,1] — E". Since J%y = D' J§ Dy, where Jg is the operator J* from
C,[0,1] to C,_, [0, 1] . Consequently, the operator .J;}, defined on E(()") is isometrically equivalent
to the operator J§' defined on C, [0, 1] . Since

Lat C, [0,1] = {E, := X}01)C, [0,1], 0 < a < 1},
(see Gohberg et al. (1986)), we reach the assertion of the theorem. =
Theorem 3.2.

The operator J3; (I = 0,1,...,n) defined on the space Eflnl) is isometrically equivalent to the
operator J;* defined on C’y) 0,1].

Proof:
From (2), we have that if f(z) € C{™ [0, 1], then

@ nmlop(k)
Jf(z) = o (a1+ m /0 (z — )" o (s)ds + Z —<J; _(%)! zotk,

where ¢(r) = f™ (z) € C, [0, 1] . Therefore, if f € c{™ [0, 1], then

Jo‘f(x) — Ja+n90(x) 4 S f(n) (0) xoﬁk.
— (n—1)!

Published by Digital Commons @PVAMU, 2021
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Since 0 < Rey < 1 and Rear > 0, the operator J**" is bounded from C, [0, 1] into C.,_, if
Re (7 — @) > n. From here we obtain that the operator J* is well defined on the space Cﬁn) 0,1]
when Re (7 — a) > n. So we will assume that Re (7 — a/) > n is satisfied. Now consider the space
El(”) which is an invariant subspace of the operator .J¢. Denote the operator J“ acting in the space
El(") by Ji, (k=0,1,...,n — 1). Additionally, let J be the fractional integral operator acting
in C{[0,1]. We also denote C{ [0,1] = EY”. Analogously we can prove that the operator
Jny (1=0,1,...,n — 1) defined on El(") is isometrically equivalent to the operator J{* defined on

el [0, 1] . Indeed, it is clear that the operator U,,_; = j;%: : El(") — 0, 1] isometrically maps
E™ on ¢ [0,1]. Moreover, U%, : U*_, = Jo=' - ¢V [0,1] — E™ is the inverse map. Now

from the identity J

i = = U, !, J*U,_; we have our assertion. n

Now we investigate the unicellularity problem for the operator J* by using the Duhamel product.

Consider the Duhamel product of two functions f and g belonging to the space C, (n) [0,1] :

(f®g)(x Z—/fx—t t)dt = /f (x —t)g(t)dt + f(0)g(x). 5)

The Duhamel product is commutative Banach algebra with a unity and has a wide applications in
problems related to convolution operators. We apply the Duhamel product to reach results con-
cerning with the unicellularity of the Rieman-Liouville fractional integral operator J¢. It is clear
from (5) that kth (0 < k < n) derivative of the Duhamel product is

(f®g)¥(x /f (z—1t)g dt+Zf g D (@) 4+ f® (2) g (0), k=0,1,...,n, (6)

where n = [Rea] + 1. Note that all kth (0 < k& < n) derivatives are continuous in [0, 1] and nth
the derivative belongs to C., [0, 1], so 27 f(x)z7g(x) are in C'[0, 1] .

Recall that
n—1
[fllee = ;g{% £ ( \+xrg[%>§ |27 f ()]
n—1
- Z ”f(n)”cm,u + ”ﬂf(ﬂ) (x)Hc[o,ll ' (7
k=0
Lemma 3.1.

If f and ¢ are the functions belonging to the space C.\" [0, 1], then their Duhamel product (5) also
belongs to the space CS,”) [0, 1], and the inequality

If ®gllge < N fllee llgllee s (8)

1s satisfied.

https://digitalcommons.pvamu.edu/aam/vol16/iss2/8
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Proof:

If ® glleen = Z ma |( f®g) ()| + max |27 (f®g9)" ()]

Let max,c,1) |f( x ‘ = My ( f) forn =0,1,...,n — 1. Then

n—1 n—1ln—1

1f ® glloem < ZMk( (9)+ D> M; (f) Mii (g)
k=1 1i=0

+ZMk +§£[%’§ |27 f) ()| M (9)

z€[0,1] z€[0,1]

+ ZM(nfi)( max |337f(Z ()| + Mo (g9) max |337f(n) (2)]

< S M (f) ZMi (9)+ (Mg” (F) M (9) + S My (9) M, <f>>

— i=0
+ Mo(g) M (f),
where My(ﬂ)(f) = mMaXzeo,1] |377f(n) (x)| :

Consequently,

—_

n—1 n—1 n—

1 gllog < Z (M (£) + M) D M: (9) + M (1) Y M: (9)

Byt
1=0

< e ||g||o<n>

I
=)
<.
I
=)

_|_

Then the desired result has been obtained. -

The inequality (8) shows that the operator
Dy (g):=f®g, geCM

is continuous in the space C’g"). We also obtain from the definition of the Duhamel product

x
«

g @0 e @), ©)

TI@) = vt J T(a+1)

Lemma 3.2.

Let f € CY[0,1], where 0 < v < 1and n = [Rea] + 1. Then, f € Cyc(J®) if and only if
£ (0) #0.

Published by Digital Commons @PVAMU, 2021
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Proof:

By the formula (9), we have
span {f, Jf (T S, (J™ f, }

x
:Sp&ﬂ{l@f,m

fe 2a mao

X X
®f’r(2a+1)®f"“’r(ma+1)®f}
:span{Dfl,DfF ‘

D meL
(a+1),..., fF(mOz—l—l)’m

[0}

wma
=D — . m>0
fSpan{F(ma—l—l) = }

1.e.,

span{(Jo‘)mf:mZO}:Dfspan{m :mZO}. (10)

From (10) we obtain that f € Cyc(J?%) if and only if DM = an) [0,1] where M =

span {% cm > 0} . Consider the function sequence e,,(x) = m = 0,1,2,....

Tt 1)
Since n = [Re o] + 1 we have that the functions

d" ~mra(a—1) .. (a—n+1)

ma—Fk
m - ; ]{7:0,1,..., —1,
em(7) T (ma+ 1) v "

dxk
and
mFa(a—1)...(a —n+ 1) gmenty

wen (r) = T (ma + 1)

, 0<y <1,

are continuous on [0, 1] . So we obtain e, (z) € C{™ [0,1] . Consequently
xma l.m
M—Span{m:mZO} —Span{ﬁ:mZO}
=CM[0,1],

and we set f € Cyc(J®) if and only if D,C{™ [0,1] = ¢{™ [0, 1].

According to (5), we have that if ¢ is the ®—inverse of f we obtain (f ® g) (0) = f(0)g(0) =1
which implies f # 0. Hence, if Dy is invertible operator, then f (0) # 0. Now let f (0) # 0. Then
we can written the operator Dy = Dy_ (), i.e. h(x) = f(x) — f(0), and [ is the identity operator.
Consequently we have h(0) = 0 and by this

x T

(Dra) (2) = = [ e~ t)g(t)at = 1= vt (an
We denote
Kyglz) = / W(w — t)g(t)dt. (12)

0

https://digitalcommons.pvamu.edu/aam/vol16/iss2/8
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Then
x t S
Kio(a) = [Ww =) [W(a = 9)ds [1(s - (e)de, (13
0 0 0
and generally
x ty -1
0 0
m=1,2,3,....
It is easy to obtain from (14)
m m xm
(K5 g) (@)l < IRI™ Mgl 5, m = 0,1,2, ... (15)

Here ||.|| denotes the norm in C5 (n) [0, 1] . For convenience let us set

Froi(t:) = /h/ i1 — 19 dtz/ /h, m—1 = tm)g(tm)dtp,. (16)

Then (14) is written as

K;Lr} (27) = /h/({E — tl)Fm_l(tl)dtl. (17)
0

Now using (17) we have

T

(Kpg) (z) = M01nﬂ)+/W@—hﬂ%4mMu

0

T

<K$m"@wzwmw;4<»+w<>m1<>+/ﬁ%x—nﬂ%4uaﬁ,
and generally

(Kr )Y () = K (0) Y= (@) + B (0 FY =7 () + ...+ hUD(0) Fa ()

x

+/h(j)(x — ) F 1 (t)dt,j=1,2, ... (18)
0
First of all we can obtain from (7)

m— tm 1
s (@] < ™ gl gy m = 12 (19)

Published by Digital Commons @PVAMU, 2021
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By this, we have

xmfl ™ (l_l_x)
) < gl S
) oml! m!

ey @] < 1 ol (s,

Im—2 xm—l xm—l xm)

(329)" @) < 11 N ((m_Q), b e o

< ™ g EE2",

and in general it is proved by induction that

(K329)? @)] < 100" gl 25 = 1,2,

Now from estimation (22) we find that

|79 —ZH OR R i
my oy (A1)
< IR gl =—
From the estimation (23) we have that
el < g SR

which implies

1+n

< |Ipll —=
(mi)+

919

(20)

21

(22)

(23)

(24)

(25)

Since 'L — 0 as m — oo we have K, is quasi-nilpotent operator and the operator Dy is

n:)m

therefore invertible. This completes the proof.

Lemma 3.3.

If g € E Y (k=0,1,...,n— 1) and g(x) # 0 for every z € (0, ) where ¢ > 0 is arbitrary then

span {(J*)"g:m > 0} = B

Proof:
Let g € ES. Then

https://digitalcommons.pvamu.edu/aam/vol16/iss2/8
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where ¢(t) = C, [0,1], ¢(t) = g™ (¢) . Then,

d 1 n+am
“dz \T(n+am+ 1)/ (z =) (s)ds

am+j
* Z am+]+1)x ’

b
1.e.,
1 gl (0)

Joym _ n+o¢m n) 27
()" g(x) F(n—l—oam—l—l)( ®9 ]zk;ll“(am+j+1) 27

First consider the case for E®~Y. If g € E("~V  then (27) takes the form of

xn+am xn+am
J)"g(x) = ™) = Dy . 28
(%) () <F(n+am+1)®g ) 9" T(n+am+1) (28)

Therefore,

xntam
a\m . > — D "
span {(J*)™g : m > 0} gUSp&n{F(n%—am%—l)}

xn—l—k
k!

= Dg<n>span{ k> 0} = F(-1),

Hence, span {(J Omg:m>0,g € Eé")} = E(()"). Using the similar arguments (see Tapdigoglu
(2013)) it can be obtained from (27) that
span{(JO‘)mg :m >0,9 € E,ﬁ”)} = E,(C"), k=0,1,...,n—1.

Then the desired result has been obtained. -

By the standard techniques (see Nikolskii (1986)), it is easy prove that f € Cyc(J*/E)) if and
only if f € E\/E, for every > \.

Published by Digital Commons @PVAMU, 2021
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Now from (2) and Lemma 2.1, 2.2, 2.3 we have the following statement.

Theorem 3.3.

xT

The fractional integration operator Jf(x) = ﬁ / (x —t)® f(t)dt is unicellular in the space
0

Csn) [0,1], where n = [Rea] + 1,0 < vy < 1, i.e.,

Lat (J%) = {EA,E,gn),O < A<LE=0,1,..,n— 1}.

4. Conclusion

The study is devoted to the invariant subspace problem for the fractional integral operator. The
invariant subspace problem for the bounded linear operators is well known open problem in math-
ematics and the question on the existence of the invariant subspaces of every bounded linear op-
erator in a Banach space has not solved yet. So it is interesting to answer this question for special
operators as Volterra integral operator, fractional integral operator, etc. From the presented study,
we conclude that the invariant subspaces of the fractional integral operator in certain space are
obtained and it is proved unicellularity of the fractional integral operator defined on the special
subspace of this space. Also, by using the Duhamel product unicellularity of the fractional integral
operator is obtained and the description of the invariant subspaces is given. For future work, it will
be interesting to examine the same problems for the fractional integral operator in the Sobolev
space.
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