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Stochastic quantization associated with the
exp(P)o-quantum field model and related topics (II) *

Masato Hoshino
Graduate School of Engineering Science, Osaka University

Hiroshi Kawabi
Faculty of Economics, Keio University

Seiichiro Kusuoka
Graduate School of Science, Kyoto University

1 Introduction

In this proceeding, we give a summary of our papers [HKK20, HKK21] on stochastic quan-
tization associated with the exp(®)s-quantum field model as a sequel of the review paper
contributed to the proceedings of “Probability Symposium in 2020” (RIMS Kokytroku,
No.2177). For the background of our problem and related previous results, we refer the
interested readers to it.

Let A = T? = (R/27Z)? be the two-dimensional torus and W = {W; = (W,(z)) e }i>0
be a standard L?(A)-cylindrical Brownian motion defined on a filtered probability space
(Q, F, (Ft)i>0, P). We consider the following stochastic partial differential equation (SPDE
in short) driven by an R-valued Gaussian space-time white noise (W;)o:

1 ¢ .
(LD a®i(e) = 5 - DPi(a) - %expo (a®)(x) + Wi(z), >0, 2 €A,
where A = (%)2 + (%)2, x = (71, 72) € A be the Laplacian on A with periodic boundry

condition, o € R is a fixed parameter, called the charge parameter, and the rigorous
meaning of the drift term exp®(a®,) is given in the next section. This SPDE is a called
the (parabolic) stochastic quantization equation associated with the exp(®)s-quantum field
model in finite volume. The exp(®)qy-quantum field (or the exp(®)y-measure) 1) is a
probability measure on D'(A), the space of distributions on A, which is given by

1
Z5)

(1.2) W)(do) = — esp (- / exp?(00) () ) o d6).

*This work was partially supported by JSPS KAKENHI Grant Numbers 17K05300, 17K14204,
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where the massive Gaussian free field po is the Gaussian measure on D'(A) with zero
mean and the covariance operator (1—A)~!, the Wick exponential exp®(a¢)(z) is formally
introduced by the expression

2

(13) exp’(a)(z) = exp (ad(x) — TEM[o()),  ze A

and

2= [ e (= [ extoo) i)l >0

is the normalizing constant. The diverging term E*0[¢(x)?] in (1.3) plays a role of the Wick
renormalization. We remark that the SPDE (1.1) is regarded as a random perturbation
of the gradient flow of the functional

M) = 5 [ {90 + 90 + exp°(0d(e)) o, 6 € D(A)

driven by the Gaussian space-time white noise (W, );>o.

Since the measure u&;‘,} was first introduced by Hgegh-Krohn [Hge71] in the “L2-
regime” |a| < V47, it is also called the Hoegh-Krohn model. On the other hand, Kahane
[Kah85] constructed the (law of the) random measure “exp®(ag)(z)dz” on A, called the
Gaussian mulptiplicative chaos (GMC in short), in the “Ll-regime” |a| < /8. After
that, GMC has been received much attention in connection with topics like the Liouville
conformal field theory and the stochastic Ricci flow. See e.g., [DS11, RV14, Ber17, DS19]
and references therein. We should also mention that Kusuoka [Kus92] independently
studied the measure 185 in L'-regime.

Due to the singularity of the nonlinear drift term exp®(a®;), the construction of a
solution to the SPDE (1.1) has been a challenging problem over the past years. Albeverio
and Rockner [AR91] first constructed a weak solution of (1.1) (in R? instead of T?) in
L2-regime by using the Dirichlet form theory. We also mention [AKMR20] as a related
paper. On the other hand, based on the idea of Da Prato and Debussche [DPDO03], Garban
[Gar20] constructed the unique strong solution to (1.1) (for the case where (A — 1) is
replaced by A) in a more restrictive condition than |a| < v/4x.

In [HKK21], we constructed the unique time-global solution to (1.1) in the full L?-
regime. After that, we obtained a similar result in the full L'-regime in [HKK20]. This
paper consists of the following three parts.

(i) Existence and uniqueness of the time-global strong solution to the SPDE (1.1)
(Section 2).

(ii) Invariance of the exp(®)s-measure ui’;‘,l under the strong solution (Section 3).

(iii) Relation between the strong solution and a weak solution obtained via the Dirichlet
form approach (Section 4).

We mention that, after [HKK21], Oh, Robert and Wang [ORW19] independently obtained
the time-global unique solution to (1.1) in the L*regime. Later in [ORTW20], together
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with Tzvetkov, they studied the massless case on two-dimensional compact Riemannian
manifolds in the L*regime. In [ADG19], Albeverio, De Vecchi and Gubinelli [ADG19)
studied the elliptic stochastic quantization equation associated with the exp(®P)s-measure
ué;?,. Beisides, in a quite recent paper [HKK21+], we studied stochastic quantization for
weighted exp(®)g-measures.

2 Time-global strong solution

2.1 Main theorem and the strategy of the proof

We first introduce some notations. Let {ej}rez2 be a complete orthonormal system of
L?(A; C) defined by

1
ep(r) = geﬁ’”, keZ? xeA.

For f € D'(A) and k € Z?, denote by f = [, f( x)dx the k-th Fourier coefficient.
Denote by H®* = (1—-A)~ S/QLQ(A) (s € ]R) the L2- Sobolev space on A, and by B; (s € R,
p,q € [1,00]) the Besov space on A. See [HKK20, Section 1.3] for details. Note that, the
Gaussian measure jiy and the exp(®)s-measure ,uexp has a full support in H¢ for any
£>0and |a| < V87 (see [HKK20, Corollary 2.2]).

In this section, we construct the strong solution to the SPDE (1.1). Since @, is
expected to take values in D'(A) \ C(A), we need to consider a renormalization.

Hypothesis 1. ¢ : R? — [0, 1] is a function satisfying the following properties:
(i) ¥(0) =1 and ¥ (z) = Y(—=z) for any x € R2.
(i) Sup,ege |22 9(2)] < 00 for some > 0.
(iii) sup,eg: |z|~¢1(x) — 1] < oo for some ¢ > 0.

In the above hypothesis, 1) need not be continuous except at the origin. For example,
the indicator function of the disc {x € R?; |x| < 1} is allowed. For such a function 1), we
define the Fourier cut-off operator Py on D'(A) by

(2.1) Pyf(x)=>_ v Vk)f(ker(z), NEeEN, z€A.

kez2

It follows from Hypothesis 1 that Py maps H~'~¢ to C(A) for small £ > 0. This implies
that the regularized cylindrical Brownian motion (PyxW;);>0 is a continuous function P-
almost surely.

Theorem 2.1 ([HKK20, Theorem 1.1]). Assume that ¢ satisfies Hypothesis 1. Let |a| <
V8m, p€ (1,52 A2), and £ > 0. For any N € N, consider the initial value problem

7(,2

1 a o? .
G0N = (A -1)0oN — = oN — — PyW,, t
(2.2) By = 5 )2 zeXp<a ¢ 5 On )+ W >0,

(I>éV:PN¢)t
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where ¢ € D'(A) and
P(27NE)?
On = 7T2 Z 1+ k]2
kez?

Then for pg-almost every ¢ € D'(A), the unique time-global classical solution ®~ con-
verges as N — 0o to a B, -valued stochastic process @ in the space C([0,T]; B, =) for any
T > 0, P-almost surely. Moreover the limit @ is independent of the choice of 1.

We call this @ the strong solution to the SPDE (1.1) with the initial value ¢. To prove
Theorem 2.1, we use the Da Prato-Debussche trick [DPDO03], that is, we decompose the
solution of (2.2) by ®¥ = XV + YV N € N, where X" and Y* solve

1

XY = (A= 1D)XN + PyW, t>0
(2.3) 1 Xy 2( )X+ PyW, )
Xév = de)v
and the “shifted” equation
ov N =LA — 1y - % eplar) v %e £>0
=—(A— — —exp(a xp |« - — f
(24) tte 2 t 2 exp t exp t 2 N ) )

Y()N:07

respectively. Note that X" is equal to Py X, where X is the infinite-dimensional Ornstein—
Uhlenbeck process given by the unique solution to the stochastic heat equation

1 .
atXt == §(A — 1)Xt + I/I/t, t > 0,
X(] =0,

(2.5)

The proof of Theorem 2.1 consists of the following two steps.
(i) Convergence of exp ((thN - “‘;CN> (Section 2.2).

(ii) Convergence of YV (Section 2.3).

It is easy to show step (i) from the convergence results for the Wick exponential of the
Ornstein—Uhlenbeck process (see Theorems 2.2 and 2.4). To show step (ii), in Theorem
2.5, we solve the deterministic “shifted” equation
1
a{ft = §(A — 1)Tt — %ea’rt)@, t > 0,
YO =,

(2.6)

for a given family {A;},~o of nonnegative distributions. Note that nonnegativity of the
distribution &, enables us to make a rigorous meaning of the multiplication of e®** and
X;. In contrast to the standard fixed point argument as in [DPD03, Gar20], we do not
construct any contraction map for existence and uniqueness of the solution to (2.6). We
mention our new approach for this equation briefly in Section 2.3.
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2.2 (Gaussian multiplicative chaos

To prove the convergence of exp (aXtN - %QCN>, we recall the almost sure convergence
result obtained in [HKK20].

Theorem 2.2 ([HKK20, Theorem 2.1]). Let X be an D'(A)-valued random variable de-
fined on the probability space (2, F,P) with the law py. Assume that 1 satisfies Hypothesis
1 and consider the approzimation

2
exply (aX)(z) 1= exp (a(PNX)(a:) - %C’N> ,  NeN,
Let |a| < /81 and choose parameters p, 8 such that
8T a? 2
2. 1, — A2 —p-1),-(p—1)|.
1) pe(L5n2), se(Ew-.l0-0)

Then the sequence {exp% (aX)}yen converges in the space Bp’f, P-almost surely and
in LP(P). Moreover, by regarding exp%(aX) as the random nonnegative Borel measure
expy(aX)(z)dz on A for N € N, one has the weak convergence of {exp% (aX)}yen, P-

almost surely. The limits obtained by different ¢’s coincide with each other almost surely.

We denote the (P-almost-sure) unique limit by exp®(aX). When the probability space
(Q,P) is (D'(A), o), we may apply this theorem by putting X(¢) = ¢. We denote by
exp®(ag) the associated Wick exponential. Since exp$; is a nonnegative function for any
N € N, the measure uéfg formally given by (1.2) is well-defined for any |a| < /87 and
equivalent to jio (see [HKK20, Corollary 2.2]).

Our proof is a modification of Berestycki’s argument [Berl7]. See [HKK20, Section 2]
for the detailed proof of Theorem 2.2. We only mention here that the following estimates
has an important role in our proof. We regard a function on A x A as a periodic function
on R? x R2,

Proposition 2.3. Let Gy n be the approzimated Green function defined by

Cur (k) (k)

Gunv(a.) = EUPuX)(a) (PxB)w)] = 5= 3 00

keZ?

k(=)

Assume that 1 satisfies Hypothesis 1. Then for any x,y € R* with |v —y| < 1 and any
M, N €N,

1 ) _
Gun(z,y) = 9 log (|z —y|v2™" v2™) + Ry n(z,y),

where the remainder term Ry n(z,y) is uniformly bounded over x,y, M, N. Moreover,
there exist constants C' > 0 and 0 > 0 such that, for any M, N € N,

// G (z,y) — Gun(z,y)|dedy < G278,
AxA



Step (i) of the proof of Theorem 2.1 is an immediate consequence of Theorem 2.2.
Denote by X (¢) the solution to the stochastic heat equation (2.5) with the initial value
¢. It is known that the Gaussian measure iy is invariant under the process X.

Theorem 2.4 ([HKK20, Theorem 3.2]). Assume that ¢ satisfies Hypothesis 1. Let |a| <
V8w and choose parameters p and 5 as in (2.7). Then the functions

2

XtN(d))(T) = exp <()/(PNXf(¢))(T) — O;CN) s NeN

are uniformly bounded in the space LP(P & pq; LP([0, TY; B;g)) for any T > 0. Moreover,
the function X~ converges as N — oo in the space LP([0,T7; B;g), P & po-almost surely
and in LP(P ® ug). The limits obtained by different 1b’s coincide with each other, P & p-
almost surely.

Denote by X*® := limy_,oo XY the P ® pp-almost-sure limit. In particular, we have
that the random function X (¢) converges to X>(¢) in the space L?([0,T]; B, ) almost
surely, for pg-almost every ¢ € D'(A).

2.3 Well-posedness of the shifted equation

In this section, we solve the “shifted” equation (2.6) for a family {X}};~o of nonnegative
distributions. Since any nonnegative distribution is regarded as a nonnegative Borel
measure, the product of a continuous function f € C'(A) and a nonnegative distribution
¢ € D'(A) is well-defined as a signed Borel measure M(f,¢). In this sense, the right hand
side of the equation (2.6) is well-defined and we can show the following theorem. Denote
by Bz?f; the space of nonnegative distributions in By .

Theorem 2.5 ([HKK20, Theorem 4.4]). Letp € (1,00), 5 € (0,2—2/p) and T > 0. Let
X e L([0,T); B, ") and v € By ,P. Then there exists a unique element Y in the space

D = {X € (0, T): C(A) N C(0,T): 7) ;™ € L*(0, T); C(A))}

such that the mild equation

¢
T, = ANy %/ UmAD2 A (0T X,)ds
0

holds for any t € (0,T]. Moreover, this element belongs to the space

L7([0,T); BX7*%) 0 C([0,T}; BS,)

for any ¢ € (0, %(p —1) = 8), and the solution map

S: B2 P x LP([0.T]; B, %) 3 (v, X) = T € LP([0,T]; By n C([0,77; BS,)

15 continuous.
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As mentioned in Section 2.1, our proof is different from the standard fixed-point ar-
gument applied in [DPD03, Gar20]. The key idea of our proof is summarized as follows.

For given X, we take an approximating sequence { X"} yen of nonnegative continuous
functions on [0,7] x A, and consider

1
BtTf’:E(A—l)TN ZGTtXN 0<t<T, NeN,
Tévzv.

By making use of nonnegativity of X", we have
TN > e @D > —ulle),  0<ELT

in the case o < 0. Similarly, we also have T} < [[v[|¢(a), 0 < ¢ < T in the case a > 0.
Hence

H HC( 0,7],C(A)) < e|a|‘HU||C(A)

holds. Once we have that ™" is bounded, by the Schauder estimate, TV is bounded in
a suitable space. Then by using a compact embedding, we have a convergent subsequence
of {T"}xen and then identify the limit as the unique solution to the desired equation
(2.6). See [HKK20, Section 4] for the detail of the proof of Theorem 2.5.

3 Invariance of the exp (®);-measure

In this section, we prove the invariance of the exp(®),-measure with respect to the strong
solution ¢ obtained by Theorem 2.1. We follow the argument by Albeverio and Kusuoka
[AK20]. Instead of the approximation (2.2), we approximates the exp(®),-measure s

by

2
ga0) = o~ [ (aPvole) - Fov) o ulas,  Nem
Zy A 2

Where Zy @) 5 0is the normalizing constant. It follows from Theorem 2.2 that the sequence
{/L N } ~Nen of probability measures weakly converges to ,uexp ([HKK20, Corollary 2.2]).

Hypothesis 2. The operators Py defined by (2.1) satisfy the following properties.
(i) Py is nonnegative, that is, Py f > 0 if f > 0.
(il) For any p € (1,2), s € R, there exists a constant C' > 0 such that

SUPHPNf| B, Nli_{ﬂooHPNf—ﬂ

5, < C|f]

PP —

s =
BP-,P

forany f € B

If ¢ is a Schwartz function and the inverse Fourier transform of ¢ is a nonnegative
function, then Hypothesis 2 holds.



Theorem 3.1 ([HKK20, Theorem 1.4, Corollary 1.5]). Assume that ¢ satisﬁef HypoNtheses
1 and 2. Let |a| < /81 and € > 0. For any N € N, consider the solution ®V = &N (¢)
of the SPDE

~ 1 ~ « ~ o? .
9N = (A —-1)dN — =P, PyoN — —C W, t>0
(3.1) (o 2( ), 5 N €Xp (04 NP 5 ON + W, )
oY = ¢ e D'(A).

Let &y be a random variable with the law /153> independent of W. Then PNstat — 5N(§N)
is a stationary process and converges in law as N — oo to the strong solution P**** of the
SPDE (1.1) with an initial law ,ugfg, on the space C([0,T]; H¢) for any T > 0. Beisides,
the law of the random variable 5" is u&% for any t > 0. Moreover, the strong solution
O of (1.1) belongs to the space C([0,T]; H™¢), P-almost surely, for ug-almost every (or
w9 -almost every) initial value ¢ € D'(A).

See [HKK20, Section 5] for the proof of the above theorem. Our proof consists of the
following two steps:

(i) {®N=tat} ey is tight in the space C([0,T]; H~%) for any £ > 0.

(ii) ®Nstat converges in law to @ in the space C/([0,T7]; B, ) for any £ > 0.

Step (ii) is a consequence of Theorem 2.1. Once step (i) is proved, then we can show that
the convergence (ii) indeed holds in a smaller space C'([0,T]; H~). In the proof of (i),
the following estimates has a crucial role. Recall that Theorem 2.2 asserts only that the
random variable ¢ — exp®(a¢) belongs to LP(ju; B;f).

Proposition 3.2 ([HKK20, Corollary 2.3]). If |a] < /8w, then there exists an exponent
s € (0,1) such that

sup / | expy(@6) 3 1(dd) < oo.
NeN Jpr(a)

Moreover, the random variable ¢ — exp®(a¢) belongs to L2(u£§3; H™s).

4 Relation with the Dirichlet form theory

As discussed in [AR91, AKMR20], we can construct a weak solution to the equation (1.1)
via the Dirichlet form theory. Let s € (0, 1) be an exponent used in Proposition 3.2 and
set H = L*(A) and E = H*(A). Let {ex}rezz be a real-valued complete orthonormal
system of H and denote by FC;° the space of all smooth cylinder functions F': £ — R
having the form

F(¢):f(<¢al1>7a<¢,ln>)a peEEL,

with n € N, f € C°(R™;R) and ly,...,l, € Span{ey; k € Z*}. For F € FC5°, we define
the H-derivative Dy F : E — H by

DyF(¢) := Zajf(<¢, 0)soy (0,00, ¢ € E.
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We then consider a pre-Dirichlet form (&€, FCp°) defined by

1
£(R.0) = / (DuF(6), DuG(9)) , )(do),  F.G € FCie,
E
where (-, )z is the inner product of H. Applying the integration by parts formula for
&) ([HKK20, Proposition 6.1]), we obtain that (£, FC°) is closable on L2(1%), so we
can define D(€) as the completion of FCp° with respect to 511/ ®_norm. Thus, by directly
applying the general methods in the theory of Dirichlet forms (cf. [MR92, CF12]), we

can prove quasi-regularity of (£, D(€)) and the existence of a diffusion process M =

(0,3, (G1)iz0, (¥1)i=0, (Qp)pecr) properly associated with (£, D(E)).
In this section, we discuss a relation between the strong solution obtained in Theorem
2.1 and the diffusion process obtained as above.

Theorem 4.1 ([HKK20, Theorem 1.6]). Let || < /8w. Then for uéﬁ‘,ﬁ—almost every ¢,
the diffusion process U coincides Qy-almost surely with the strong solution @ to the SPDE

(1.1) with the initial value ¢, driven by some L?(\)-cylindrical (G)i>o-Brownian motion
W = (Wt)t20~

We provide a sketch of the proof. For details, see [HKK20, Section 6]. By recalling
Proposition 3.2 and applying [AR91, Lemma 4.2], we have

T
EQs [/ || CXpQ(a\I/t)HE dt} < 00, T >0, u(o‘)—a.e. .
0

exp

Thus applying [AR91, Lemma 6.1 and Theorem 6.2] and [Ond04, Theorem 13], we
have that there exists an H-cylindrical (G;)-Brownian motion W = (W;):>o defined on
(0,G,Q4) such that

t t
U, = HOD2g _ g/ et=B-D/2 oy 10, ) ds +/ ct=9)(2-D/2 0 (>0
2 0 S 0 S — )

Qg-almost surely, for &) almost every ¢.
Once we decompose U = X(¢) +92), where

t
%((b)t — 6t<A_1)/2¢+/ 6<t_8)<A_1)/2dW3,

0

then by uniqueness of the solution to the shifted equation (2.6), we can complete the
proof of Theorem 4.1 by showing that

Q¢(exp°(oz\llt) = et exp®(aXy), ae t € [O,T]) =1, ug;*;—a.e. 0.

This is a consequence of the following result.

Lemma 4.2 ([HKK20, Lemma 6.2]). Assume that the mollifier i satisfies Hypothesis 1.
Let Ey be the set of all ¢ € E such that the convergence

exp®(ag) = lim exp(ag)
N—oo
holds in Bp”g. Then, for any f € H' and ¢ € Ey such that f + ¢ € Ey, one has
exp’(a(f + ¢)) = exp(af) exp®(ag).
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