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ON THE PRODUCT OF RIESZ SETS IN DUAL OBJECTS OF 
COMPACT GROUPS 

HIROSHI YAMAGUCHI 

ABSTRACT. Let E; be a Riesz set in the dual object of a compact group K;(i = 1, 2). 
We show that the product set E1 x E2 is a Riesz set in the dual object of K1 x K2. 
We also give a result on compact groups related to a result of Glicksberg and Graham 
concerned with "small p set". 

1. INTRODUCTION 

Let 'll' and Z be the circle group and the integer group respectively. z+ denotes the 
semigroup of nonnegative integers. By a well-known theorem of Bochner, each measure 
on 1I'2 whose Fourier-Stieltjes transform vanishes off z+ x z+ is absolutely continuous 
with respect to the Lebesgue measure on 'll'2• This shows that the product set z+ x z+ of 
the Riesz set z+ in Z is a Riesz set in T2 ~ Z x Z. This holds for locally compact abelian 
(LCA) groups. For a LCA group G, let L 1 (G) and M(G) be the usual group algebra and 
the Banach algebra of bounded regular measures on G respectively. For µ E M(G), fl 
stands for the Fourier-Stieltjes transform ofµ. Let mG denote the Haar measure of G. 

Definition 1. 1. Let G be a L CA group with the dual group G, and let p E N ( the natural 
numbers). A closed subset E of G is called a small p set if 

p 

(1.1) Vµ E ME(G) => µP = µ* ... *µ E L 1(G), 

where ME(G) = {µ E M(G): fl= OonE<}. In particular, a small 1 set is called a Riesz 
set. 

Theorem 1.1 (cf. [12, Corollary], [10, Theorem 6]). Let G1 and G2 be LCA groups, and 
let p E N. Let E1 and E2 be small p sets in G1 and G2 respectively. Then E1 x E2 is a 
small p set in GiEBG2-

A condition for a set in the dual group of a LCA group to be a small 2 set was obtained 
by Glicksberg([6]) and Graham([7]). 

Theorem 1.2 (cf. [7, Therem l(b)]). Let G be a LCA group, and let E be a closed set 
in G satisfying the following: 

(1.2) {, E G: m0(E n (-y- E)) < oo} is dense in G. 

Letµ, 11 E ME(G). Then lµI * 1111 E L1(G). In particular, E is a small 2 set. 

On the other hand, the author proved that the product set of a Riesz set in the dual 
group of a compact abelian group and a Riesz set in the dual object of a compact group 
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is a Riesz set ([16, Corollary 2.1]). In this paper, we shall show that results corresponding 
to Theorems 1.1 and 1.2 hold for (noncommutative) compact groups. In section 2, we 
state notation and our results. In section 3, we give the proofs of our results. 

2. NOTATION AND RESULTS 

We often quote notation from the book of Hewitt and Ross ([9]). Let K be a compact 
group, and let EK be the dual object of K, i.e., the set of equivalence classes of all 
continuous irreducible unitary representations of K. For a closed normal subgroup H of 
K, A(EK,H) denotes the annihilator of Hin EK (cf. [9, (28.7) Definition]). mK stands 
for the Haar measure of K. Let C(K) be the space of continuous functions on K and 
M(K) the space of bounded regular measures on K. Let L1(K) be the group algebra. 
We identify L 1(K) with the space of absolutely continuous measures in M(K), by the 
Radon-Nikodym theorem. Set M+(K) = {µ E M(K) : µ ~ O}. For µ E M(K) and 
f E L1(1µ1), we often writeµ(!) as JK f(x)dµ(x). 

For 17 E EK, u<u) denotes a continuous irreducible unitary representation of K in 17 

with the representation space Hu of dimension du. Forµ E M(K), µ denotes the Fourier 
transform ofµ, i.e., for 17 E EK and ~. TJ E Hu, 

(2.1) (µ.(17)~. TJ) = l (uri~. TJ)dµ(x), 

where U~u) = DuU£"l Du and Du is a conjugation on Hu. Let spec(µ)= {17 EEK: µ.(17) =f 
O}. Let a denote the equivalence class in EK that contains the representation u<u)_ For 
a subset E of EK, set ME(K) = {µ E M(K) : spec(µ) C E}. 

For 17, T E EK, 17 x T is defined (cf. [9, {27.35) Definition]). 17 x T is a finite subset of 
EK. For a subset P of EK, [P] denotes the smallest subset of EK that contains P and is 
closed under the operation 'x' and conjugation (cf. [9, (27.35) Definition]). 

For 17 E EK, '!"u(K) is the linear span of all functions x-+ (UJ">~, TJ), where~. T/ E Hu. 
Let T(K) be the space of trigonometric polynomials on K, i.e., T(K) is the set of finite 
linear combinations of functions x -+ (UJul ~. TJ}, where 17 E EK and ~. T/ E Hu. 

Let fft>, · · · , ~t>} be a fixed orthonormal basis in Hu, and let ul.il (1 $ i, j ~ du) be 
the coordinate function for u<u) E 17 and {~iu>, • • • .~t>}, i.e., ul;>(x) = (uJu>~y>,~t>). 
Definition 2.1. Let p be a natural number and E a subset of EK. E is called an s-small 
p set if 

(2.2) \/µ1, · · · , JJp E ME(K) => µ1 * · · · * /lp E L1(K). 
In paticular, an s-small 1 set is called a Riesz set. 

Remark 2.1. When K is a compact abelian group, "s-small p set" and "small p set" are 
same notion (cf. [13, Lemma 1]). 

Theorem 2.1. Let p E N, and let K 1 and K 2 be compact groups. Let E1 and E2 be 
s-small p sets in EK, and EK, respectively. Then E1 x E2 is an s-small p set in EK, xK, ~ 
EK, X EK,• 

By the above theorem, we obtain the following corollary. 
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Corollary 2.1. Let E 1 and E2 be Riesz sets in EK1 and EK, respectively. Then E1 x E2 
is a Riesz set in EK1 xK, ~ EK1 x EK,· 

Next we consider Theorem 1.2 for compact groups. When G is a compact abelian 
group, the condition (1.2) in Theorem 1.2 is equivalent to the following: 

(1.2)' For any 11, 12 E G, (,1 + S) n (,2 - S) is a finite set. 

Theorem 2.2. Let K be a compact group, and let A be a subset of EK satisfying the 
following condition. 

(2.3) Forany a,T EEK, (ax A) n (T x LS°) isafiniteset, 

where K = {w : w E b..} and ax A = {ax 1) : T/ E A}. Letµ, v E Mc,.(K). Then 
jµj * !vi E L1(K). In particular, A is ans-small 2 set. 

The following also holds (cf. [7, Theorem 2]). 

Theorem 2.3. Let K be a compact group, and let p, q E N. Let A be a subset of EK 
satisfying the fallowing condition. 

(2.3)' (a1 x b..) n • • • n (ap x b..) n (T1 x K) n • • • n (Tq x K) is a finite set 
for any 0'1, • • • , ap, T1, · · · , Tq E EK. 

Let µi and vi be measures in Mc,.(K) (i = 1, 2, · • • ,p;j = 1, 2, • • · , q). Then jµ1I * · · · * 
jµpj *!vii*···* lvql E L1(K). In particular, A is ans-small p + q set. 

Example 2.1. Let K = '][' x SU(2), and let Tl (e = 0, ½, 1, J, • • •) be as in [9, (29.13)]. 
Then EK~ {Tn,m: n E Z; m = 0, ½, 1, J, · · · }, where Tn,m(ei9, u) = einOTjm)_ Let a> 0, 
and set A= {Tn,m EEK: n ~ 0, m ~ an}. Then, by [9, (29.26)] and the fact that T(l) 
are self-conjugate (cf. [9, (29.25)]), A satisfies the condition {2.3} in Theorem 2.2. (In 
fact, A is a Riesz set, by [3, 3.4 Example (a)].) 

We prove Theorem 2.2 in the next section. We can prove Theorem 2.3 by an argument 
similar to that in the proof of Theorem 2.2. 

3. PROOFS OF THEOREMS 

In this section, we prove Theorems 2.1 and 2.2. In order to prove Theorem 2.1, we use 
the theory of disintegration of measures. 

Lemma 3.1. Let K 1 and K 2 be compact groups, and let p EN. Let T/n E Af+(K2), and 
let {vt>heK, be a family of measures in M(K1) with the following property (n = 
1,2, .. · ,p): 
(1) h---+ (vt) x oh)(!) is T/n-measurable for each f E C(K1 x K2), 
Then 
(2) (h1, · · · , hp)---+ (vt) x oh1 ) * · · · * (vt) x oh,)(!)(= (vt) * · · · * vt)) x ohi···h,(J)) 

is (T/1 x · · · x T/p)-measurable for each f E C(K1 x K2). 
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Proof. For / 1, • • • , fp E C(K1 x K2), we define /(z1, · · · , zp) E C((K1 x K2)P) by 

f(z1, · · · , zp) = /1(zi) · · · fp(zp), 

By (1), 

(3) (hi,··· , hp) • (vt) X oh,) X · · · X (vt) X oh,)(/)= (vt) X 0h1)(/i) · · · (vt) 
x oh,)(/p) is (1)1 x • • • x 1)p)-measurable. 

Since n=~=l /i;(zi) .. · fp;(Zp) : f;; E C(K1 X K2) (1 :::; j ::; p; n = l, 2, ... )} is dense in 
C((K1 x K2)P), (3) implies that 

(4) (h1, · · · , hp) • (vi'.) X Oh,) X · · · X (vt) X Oh,)(/) is 

(7J1 x • • • x 1)p)-measurable for each f E C((K1 x K2)P). 

We define 'lrp: (K1 x K2)P • K1 x K2 by 7rp(z1, • • • , zp) = z1 • • • Zp- Then 

(vi'.) X 0h1 ) * • • • * (vt) X Oh,)(g) 

= (vi'.) X Oh,) X · · · X (vf.) X Oh,)(g O 'lrp) 

for each g E C(K1 x K2). Thus (2) foll~ws from (4). D 

Lemma 3.2. Let K1 and K2 be metrizable compact groups, and let p E N. Let µ,. E 

M(K1 x K2), 1Jn E M+(K2), and let {vin)heK, be a family of measures in M(K1) with 
the following properties (n = 1, 2, • • • ,p): 
(l) h • (vt) x oh)(!) is 1Jn-measurable for each f E C(K1 x K2), 
(2) llvt)II :::; 1, and 
(3) µn(/) = f K, (vt) X oh)(f)d1Jn(h) for all f E C(K1 X K2), 
Let p be a measure in M(K1 x K2) defined by 

(4) p(f) = fK, · · · fK,(vt> * · · · * vt)) X Oh1, .. h,(/)d1J1(h1) · · ·d1)p(hp) 
for f E C(K1 x K2). Then p = µ 1 * · · · * µP. 

Proof. Let (a1,a2) be any element in :l:K, x :1:K,• For any ~f"•l 181 ~k"'l,~Y,l 181 d"') E 
H", 181 H"'' we have 

(p(a1, a2)(~/"1) 181 ~i"•l), ~j"') 181 d"')} 

= r (V~",) 181 ~"2)(~;"1) 181 d"2 >), ~j"') 181 ~y,)}dp(x, y) 
JK,xK, 

(5) = { ... { (vi'.)*""*Vt))xoh,, .. h,((U~"1)(~;"1>),~}"1)} 

JK2 JK2 
x (~"•> (~k"'l), ~t•l) )d1J1 (h1) · · · d1Jp(hp) 

= r "' r ((vI'.) *." *Vt>na1)(~;"1>ut,)) 
}K, }K, 

X (Vt\. (d"'l), d"2 ))d1)1 (hi)•·· d1)p(hp), 
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On the other hand, 

((µ1 * · · · * µpf(o-i, o-2)(Ef<11l ® Ek°"2l), E;"'l ® (;°"2 ) 

= f (~"tl ® V~"•l (Ef"'l ® Ek"'\ E;"'l ® Et'l)dµi * · · · * µp(x, Y) 
}K,xK2 

= 1 .. · 1 (U(u,) '°' v(u2) ("ju,) ® du2)) t:\Ut) ® "(u,)) 
:t1 ··•Xp V::,, t/1 ... J/p '-.,1 '-.,k ',.,,, '-:.l 

K1xK2 K1xK2 

dµi(Xi, Yi)·.· dµp(Xp, Yp) 

= 1 .. · 1 (if"') (d"t)) t:\cr1))(if"') ("(u2)) (:(0-2)) 
Xt ·••Xp '-:,1, ''-.,3 Yl ···Yp '---k ''-.,t 

K1XK2 K1xK2 

dµi (xi, Yi) · · · dµp(xp, Yp) 

= 1 .. · 1 1 (,,(ll X O )((ifo-1) ("(o-)) t:\o-1))(U(o-2) (du2) dcr2))) 
h1 hi x1 ··•Xp '->i , ",3 111 ·••yp ",.k ' '-..l 

K1 xK, Kt xK2 K, 
dT/i(hi)dµ2(x2, Y2) · · · µp(xp, Yp) 

(6) 

= 1 .. · 1 11 (U(o-1) ("/0-1)) t:\o-1J)d1Pl(x ) 
X1 ·••Xp '-.,1 '",3 h1 1 

K1xK2 K1xK2 K2 K1 

x (v}::~,---y, (Ek"'l), EY'l)dT/1 (hi)dµ2(x2, Y2) · · · dµp(xp, Yp) 

= { · · · { { (vtl(a-i)(V~:'._l.,,,(Ef'11l)),E;"1l) 
JK,xK2 JK,xK,JK, 

X wt~---y, (Ek"'l), EY'))dT/i (hi)dµ2(x2, Y2) ... dµp(xp, Yp) 

= { { · · · { (u~:'.:..:,(Ef"'l), vk:l(o-i)*(E;"'))) 
j K2 j K1xK2 j Ki xK2 

x <~:~\, (Ek"'i), vt•>· c,t•>))dµ2(x2, Y2) - - -µp(xp, Yp)dT/i (hi) 
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= r ''' r ({;"1 \ (vi!)*"' *llt)na1)*({;"1))) 

jK2 jK2 
x ("(u,) U(u,)• ("(u,)))d1J (h ) .. · d1J (h ) 

'>k • h, ... h, '>l I I p p 

= ( ... ( ((vi> ... *llt>f(a1)({!"'l),{J"'l) 
jK2 jK2 

X (Vt~\,({f'l), d"2))d1J1 (h1) · • · d1Jp(hp), 

where 1t>(a1)• and Vt:.~. are the adjoints of vt\ai) and Vt~\. respectively. By (5) 
and {6), we have 

(p(a1, a2)((;"1l 181 d"'l), {]"1 ) 181 {}"')) 

= ((µ1 * · · · * µPf(a1, a2)((;"1l 181 {k"'l), {j"il 181 d"2l) 

c ( ) "' "' d ,:-(ui) ,:-(u2) ,:-(u,) ,:-(u,) H H Th' · Id ,or any 0'1, 0'2 E L.JK, X L.JK, an '>i 181 '>k ' ',j 181 '>l E "' 181 "'' lS y1e s 
p = µl * ... * µp, • 

Proposition 3.1. Let K1 and K 2 be metrizable compact groups, and let p E N. Let E1 

be ans-small p set in ~K,, and let µ1, · · · , µPE ME,xEK (K1 x K2), Then lim ll«5(x,e2) * 
2 :z:~e1 

µ1 * · · · * µP - µ1 * · · · * µpll = 0, where ei is the unit element of Ki (i = 1, 2). 

Proof. Let 1r : Ki x K2 • K 2 be the projection, and let 1/n = 1r(Jµnl) (n = 1, 2, · · · ,p). 
Then, by the theory of disintegration of measures (cf. [1] or [14, Corollary 1.6]), there 
exists a family pt>heK, of measures in M(K1 x K 2) with the following properties: 

(1) 

(2) 

(3) 

( 4) 

h • ,\kn)(!) is 1Jn-measurable for each f E C(K1 x K2), 

Pinlll ~ 1, 

supp(,\in)) C 1r-1(h), and 

~(!) = r ,\kn)(f)d1Jn(h) for all f E C(K1 X K2), 
}K, 

By (2) and (3), there exists a measure vt) E M(Ki), with llvt>II ~ 1, such that 

(5) 
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L d E L b I . " "' ,c-(o-,) ,c-(o-,) ,c-(o-,l,o,c(o-,) H '°'H et o-1 'F 1. et 0-2 e any e ement m '-'K,· ror any '>i ®..,k , '>i '¢''>l E ,,., ""' "'' 
we have 

which yields 

0 = (P,n(o-1, u2)(ei"'l ® ek"'l), e)"'l ® et'l) 

= r (U~o-1) ® v~o-,)(do-1) ® ~k"'l), ej"') ® ~t•l)dµn(x, y) 
JK1xK2 

= r (V~<7'\ef"'l), e]"I))(~<72\d"2 \ et'))dµn(x, y) 
lx1xK2 

= { { (V~'\ef"'l),e},,.'l)dvtl(x) 
lK2lK1 

x (Vi"'l (ek"'\ e;"'))d11n(h) (by ( 4) and (5)) 

= { (Dkn\u1)et•l, ej"'))u~:·\h)d11n(h), 
}K, 

for all p E '!'(K2). Hence 

(vtl(u1)ei"'l, e)"'l) = 0 

Thus 

Since EK, is countable, we have 

(6) vt\a-1) = 0 for all 0-1 EEK,\ E1 77n-a.a. h E K2. 

Since E1 is an s-small p set, we have 

(7) vt) * · · · *Vk~) E L1(Ki) (111 X • · · X 17p)-a.a. (h1, · · · , hp) E Kr 
It follows from Lemmas 3.1 and 3.2 that (h1, • • • , hp) • (vk!) * · .. * vtl) x 8h,··•h,(J) is 
(111 x · · · x 17p)-measurable for each f E C(K1 x K2) and 

(8) µ1 * ... * µp(f) 

= { · · · { (vI!) *···*Vt)) x8h,···h,(f)d111(h1) · · -d17p(hp) lK2 lK2 
for all f E C(K1 x K2)- For x E K 1, we note that (h1, · · · , hp) • (8,, *vi!)*···* vtl) x 
8h,•··h,(J) is (771 x · · · x 17p)-measurable for each f E C(K1 x K 2). It follows from (8) that 

(9) d(x,e2) * µI * · · · * µp(f) 

= { · .. { (8x * vI'.) * ... * vt)) x 8h,···h,(f)d111(hi) · ··d17p(hp) JK, JK2 

366 



for all/ E C(K1 x K2). Let A= {/n} be a countable dense set in C(K1 x K2). Since 

llo., *vi'.>*···* vt> - vi'.>*···* vt>11 
= sup l{(o., * viI> * ... * vf:'>) X oh,···h, - (vi1> * ... * vf:'>) X oh,···h,}(/n)I, 

/.EA 1 • ' • 

111.11~:,1 
we note that 

(h h ) II r <1> <P> <tl CP> II t, •.• , P • u., * vh, * ... * vh, - vh, * ... * vh, 

is (111 x • • • x 1lp)-measurable. Let {sn} be a sequence in K1 such that Jim Sn= e1. Then, 
n• oo 

by (7), 

Jim llo, *Vi1> * ... *Vf:') - vi1> * ... *Vf:')11 = 0 
n• cxi" 1 P 1 P 

(111 x · · · x 1lp)-a.a. (hi,··· , hp) EK~, 

which, together with (8) and (9), yields 

Jim lloc,. ••l * µ1 *"' * µp - µ1 * ". * µPII 
n• oo ' 

= Jim sup I oc,., •• J * µ1 * · · · * µp(f) - µ1 * · · · * µp(/) I 
n• oo /EA 

11111~~1 

= Jim SUp 11 · · · 1 {(o,. * vt) * • • • * vf;1')) X oh, .. •h, -
n• oo /EA K2 K2 • 

11111~9 

(vi:>*···* vt>) X oh,···h,}(f)d111(h1) · · · d11p(hp) I 

:5 Jim 1 · .. 1 llo, * vi1> * · · · * vt> - vi1> * · · · * vf:'>lld111(h1) · · · d11p(hp) 
n• oo K2 K2 n l P 1 P 

= 0. (by the Lebesgue convergence theorem) 

Since K 1 is metrizable, the proposition is obtained. 

Similarly we get the following proposition. 

• 

Proposition 3.2. Let K 1 and K 2 be metrizable compact groups, and let p E N. Let E2 
be ans-small p set in EK., and let µ1 , • • • , µp E Mr:,K xE, (K1 x K2), Then lim llµ1 * .. · * 

1 y• e2 

µp - O(e,,1,1) * µ1 * ···*µpl! = 0. 

Proposition 3.3. Let K 1 and K2 be metrizable compact groups, and let p E N. Let E1 

and E2 bes-small p sets in EK, and EK, respectively. Then E1 x E2 is an s-small p set 
in EK,xK2 ~ EK, x EK,• 

Proof. Let~ E ME,xE,(K1 x K 2) (n = 1, 2, • • • ,p). It follows from Propositions 3.1 and 
3.2 that 

(1) 

(2) 

;~~1 1!µ1 * · · · * µP - O(x,,2 ) * µ1 * · · · * µpl! = 0, and 

lim llµ1 * · · · * µ - O(e ) * µ1 * · · · * µpl! = 0. y-+e2 P t,Y 
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Thus we have 

lim 11µ1 * · · · * µp - 1\,,,u> * µ1 * · · · * µpll 
(:r,y)• (e1,e2) 

~ lim {11µ1 * · · · * µP - 1\i:,e2) * µ1 * · · · * µPII 
(:r,y)• (e1,e2) 

+ llo(x,e,) *µI*'''* µp - O(x,y) * µ1 *' •' * µpll} 
= 0, 

which implies µ1 *•••*µPE L1(K1 x K2). This completes the proof. • 
Lemma 3.3. Let K be a compact group, and let H be a closed normal subgroup of K. 
Let II E M(K/ H), and let 1r : K • K/ H be the canonical map. Then there exists a 
measureµ E M(K) with the following : 

(1) 1r(µ) = 11, 

(2) µ(u) = 0 for u EEK\ A(EK, H), and 

(3) {u E A(EK, H) : µ(u) =fa 0} = {u E A(EK, H) : v(u) =fa 0}. 

Proof. Let II E M(K/H). For f E C(K), let [/] be a continuous function in C(K/H) 
defined by 

[/](±) = l f(xy)dmH(Y), 

and we define µ E M(K) by 

µ(!) = { [f](x)dv(x) 
jK/H 

for/ E C(K). It is easy to verify that 

( 4) 1r(µ) = II. 
Claim 1. µ(u) = 0 for u EEK\ A(EK, H). 

Let u EEK\ A(EK, H). For~. r, E Hu, we have 

(µ,(u)~, r,) = L (d"'u)~' r,}dµ(x) 

This shows that µ(u) = 0. 

= { 1 (U~:l~, r,)dmH(y)dv(x) 
jK/H H 

= { { (U~a-)~' U;°')• r,)dmH(y)dv(x) 
JK/HJH 

= f (mH(u)~, ~a-)• r,)dv(x) 
JK/H 

= 0. (by [9, 28.72(g), p.112]) 

Claim 2. Let u E A(EK, H). Then µ(u) =fa 0 if and only if v(u) =fa 0. 
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For€, 1) EH,,, we have, by the fact that u E A(EK, H), 

(P,(u)€, 7)) = r r (dx~€, 1J)dmH(y)dv(x) 
jK/HjH 

= f (~1€,ri)dv(x) 
jK/H 

= (v(u)€, TJ). 

Thus Claim 2 follows. By (4) and Claims 1 and 2, the lemma is obtained. D 

Lemma 3.4. Let K be a compact group, and let H be a closed normal subgroup of K. 
Let p E N. If E is an s-small p set in EK, then En A(EK, H) is an s-small p set in 
EK/H 9;( A(EK,H). 

Proof. We note that EK/H 9;( A(EK, H) (cf. (9, (28.10) Corollary]). 
Let Vn E MEnA(EK,H)(K/H)(n = 1,2, ... ,p), and let 1r: K • K/H be the canonical 
map. It follows from Lemma 3.3 that there exists µn E M(K) such that 

(1) 7r(~) = Vn, 

(2) J.Ln(u) = 0 for u E EK\ A(EK, H), and 

(3) {u E A(EK,H): fen(u) :/: 0} = {u E A(EK,H): Pn(u) :/: 0}. 

Then 

{u EEK : J.Ln(u) 'F 0} C En A(EK, H). 

Since Eis ans-small p set, µ 1 * • • • * /Jp belongs to L1(K), which yields that v1 * · · · * Vp = 
1r(µ1 * · · · * µp) E L1(K/H). This completes the proof. D 

The following lemma is due to (16). For a subset P of EK, A(K, P) denotes the 
annihilator of P in K. 

Lemma 3.5 (cf. (16, Lemma 3.3]). Let K be a compact group. Let µo be a nonzero mea
sure in M(K), and letµ and II be mutually singular positive measures in M(K). Let uo 
be an element in EK such that µo(u0 ) :/: 0. Then there exists a countable subset P of EK, 
with [P) = P, such that 

(i) uo E P, 

(ii) 1r(µonuo) :/: 0, and 
(iii) 1r(µ) .l 1r(v), 

where H = A(K, P) and 1r : K • K / H is the canonical map. Moreover, for any p' :::> P 
with [P'] = p', we have 

(iv) 1r' (µ) J. 1r' (v), 

where H' = A(K,P') and 1r': K • K/H' is the canonical map. 

Now we prove Theorem 2.1. Suppose there exist measures~ E ME,xE,(K1 x K2) (n = 
1, 2, • • • ,p) such that µ 1 * • • • * µP does not belong to L1(K1 x K2). Let 

µ1 * · · · * µp = µa + µ, 
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be the Lebesgue decomposition of µ1 * • • • * µP with respect to mK,xK,· Then µ, =f 0. 
Thus there exists a0 = (a1, a2) E EK, x EK, such that P,,{a0) =f 0. It follows from Lemma 
3.5 that there exists a countable subset P of EK,xK,, with [P] = P, such that 

{3.1) 

(3.2) 

{3.3) 

O"o = ( 0"1, a2) E P, 

7r(µ,f{ao) =f 0, and 

7r(lµ,I) .l 1r(mK,xK,), 

where 1r : K 1 x K2 • K 1 x K2/ A(K1 x K2, P) is the canonical map. Moreover, P can be 
chosen so that, for any p' :) P with [P'] = p', 

{3.4) 7r' (lµ,I) .l 7r' (mK,EBK,), 

where 1r' : K 1 x K2 • K 1 x K2/ A(K1 x K2, P') is the canonical map. Let T; : EK, x EK,(~ 
EK,xK,)--+ EK, be the projection {i = 1, 2), and let P; be a countable subset of EK, such 
that r;{P) c P; and [P;] = P; (i = 1, 2). Set H; = A(K,, P;), and put H = H1 x H2. 
Then H; and H are closed normal subgroups of K; and K 1 x K2 respectively. Let 11"H : 
K1 x K2 --+ K 1 x K2/ H ~ Ki/ H1 x K2/ H2 be the natural map. Since P C P1 x P2, we 
have, by {3.4), 

{3.5) 7rH(lµ,I) .l 1rH(mK,xK2 ), 

Since ao = (a1, a2) E P1 x P2 and P,,(ao) =f 0, we note that 

{3.6) 

(cf. the proof of Lemma 3.3 in [16]). It follows from Lemma 3.4 that E; n A(EK., H,) 
is an s-small p set. Since P; is countable, K;/ H; is a metrizable compact group. Hence 
(E1 n A(EK., H1)) x {E2 n A(EK,, H2)) is ans-small p set in EK,xK,/H ~ A(EK., H1) x 
A(EK,, H2)(~ Pi x P2), by Proposition 3.3. Since spec(7rH(µ,,)) c {E1 n A(EK,, Hi)) x 
{E2 n A(EK,, H2)), we have 

{3.7) 7rH(µ1 * ... * µp) = 7rH(µ1) * ... * 11"H(µp) E L1{K1 X K2/H). 

On the other hand, {3.5) shows that 7rH{µ1 * • • • * µp) = 7rH(µ 4 ) + 7rH(µ,) is the Lebesgue 
decomposition of 1rH(µ1 *· • •*µp) with respect to 7rH(mK,xK,), By {3.6), we have 7rH(µ,) =f 
0, which contradicts {3.7). This shows that E1 x E2 is an s-small p set in EK,xK,, and 
the proof is complete. 

Next we prove Theorem 2.2. We need several lemmas. 
For µ E M(K), define µ E M(K) by 

(3.8) µ(B) = µ(B) 

for Borel sets Bon K. Let a EEK, We denote by B(HCT) the space of all bounded linear 
operators on HCT. Forµ E M{K), we define Tµ E B(HCT) by 

(3.9) (Tµe, TJ) = l (D(frf;' DCTe, TJ)dµ(x) 

for e, TJ E HCT. The following can be found in the proof of [9, (28.44) Theorem]. 
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Lemma 3.6. There exists an onto linear isometry C : Hu • H,, such that µ(a) 
c-1r"c. 
Lemma 3.7. Letµ E M(K) and a EEK. Then µ(a)= D,,TµD,,. 

Proof. For E, 11 E H,,, we have 

(µ(a)E, 11) = f)u~")E, 11)aµ(x) = l (V~"lE, 11)dµ(x) 

= l (D,,ff,,"l{,D,,11)dµ(x) = l (D,,~") D,,D,,{, D,,11)dµ(x) 

= (TµD,,{, D,,11} = (D,,TµD,,{, 11). 

This completes the proof. D 

Remark 3.1. Letµ E M(K) and <J EEK. It follows from Lemmas 9.6 and 9. 7 that the 
foil owing are equivalent. 
(i) µ(a) =f o. 
(ii) µ(a) =f 0. 

Corollary 3.1. Letµ E M(K). Then spec(µ) = spec(µ)-, where spec(µ)- = {u: a E 
spec(µ)}. 

Proof For <J E EK, we note that~= <J. Thus the corollary follows from Remark 3.1. D 

The following lemma is due to (15]. 

Lemma 3.8 (cf. (15, Lemma 3.3]). Let <J E EK and A C EK. For f E 'I',,(K) and 
µ E M(K) with spec(µ) CA, we have spec(!µ) C <J x A. 

Now we prove Theorem 2.2. Letµ, v E M,:,.(K). Then 

(3.10) (u\;l µ) * (ui?v) e L1(K) 

for all a, r E EK ; u\1l E 'I',,(K), ui~l E 'I'r(K). In fact, since spec(µ) C A, we have, by 
Lemma 3.8, 

spec(u\1l µ) C <J x A. 

Similary Corollary 3.1, together with the previous lemma, yields 

spec(ui?v) Cr x 3:. 
Hence we have 

spec((u\1lµ) * (ui~>v)) c (ax A) n (r x 3:), 

which implies (3.10), since (ax A) n (r x 3:) is finite by the hypothesis (2.3). It follows 
from (3.10) that 

(3.11) (!µ) * (hi7) E L1(K) for any f,h E 'I'(K). 
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On the other hand, there exist sequences {In} and {hn} in 'r(K) such that lim 11/nµ -
n • oo 

lµl!I = 0 and lim llhnv- !viii= 0. Since Jim ll(fnµ) * (hnv)- lµI *!viii= 0, (3.11) yields 
n • oo n • oo 

lµI *!vi= lµI * !vi E L1(K). This completes the proof. 
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