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The Lévy Laplacian and Stochastic Processes

Kimiaki Saito
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Abstract

In this paper, we give infinite dimensional stochastic processes generated by functions of the
Lévy Laplacian. Moreover we introduce an operator to connect the Lévy Laplacian with the
Number operator and also give a relationship between a (Cp)-semigroup generated by the Lévy
Laplacian and an infinite dimensional Ornstein-Uhlenbeck process.

1. Introduction

An infinite dimensional Laplacian, the Lévy Laplacian, was introduced by P. Lévy (17]. This
Laplacian was introduced into the framework of white noise analysis initiated by T. Hida [4]. L.
Accardi et al. [1] obtained an important relationship between this Laplacian and the Yang-Mills
equations. It has been studied by many authors ( see 1, 2, 3, 5, 7, 8, 13, 15, 16, 18, 21, 22, 23,
24 etc]).

In the previous papers [25,26] we obtained stochastic processes generated by the powers of an
extended Lévy Laplacian and also in [29] we obtained stochastic processes generated by some
functions of the Laplacian.

The purpose of this paper is to present recent developments on stochastic processes generated
by functions of the Lévy Laplacian acting on white noise distributions based on the idea in [29]
and to give a stochastic expression of an equi-continuous semigroup of class (Cp) generated by
the Laplacian related to an infinite dimensional Ornstein-Uhlenbeck process following [27].

The paper is organized as follows. In Section 2 we summarize some basic definitions and results
in white noise analysis. In Section 3 we introduce a Hilbert space as a domain of the extended
Lévy Laplacian which is self-adjoint on the domain following our previous paper [27], and we
give an equi-continuous semigroup of class (Cp) generated by some functions of the extended
Lévy Laplacian. In Section 4 we give infinite dimensional stochastic processes generated by
those functions of the Lévy Laplacian. In the last section we give a relationship between the
semigroup generated by the Lévy Laplacian and an infinite dimensional Ornstein-Uhlenbeck
process.
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2. Preliminaries

In this section we assemble some basic notations of white noise analysis following (7, 12, 15,
19).

We take the space E* = §'(R) of tempered distributions with the standard Gaussian measure
u which satisfies

[, explite,0)} du(o) = exp (~3lel) . €€ E=S(R),

where (-,-) is the canonical bilinear form on E* x E.

Let A = —(d/du)? +v?+1. This is 2 densely defined self-adjoint operator on L?(R) and there
exists an orthonormal basis {e,;v > 0} for L?(R) such that Ae, = 2(v + 1)e,. We define the
norm | - |, by |f|, = |APflo for f € E and p € R, where |- |o is the L?(R)- norm, and let E, be
the completion of E with respect to the norm |- |,. Then E, ia a real separable Hilbert space
with the norm | - |, and the dual space E,, of E, is the same as E_, (see [10]).

Let E be the projective limit space of {Ep; p > 0} and E* the dual space of E. Then E becomes
a nuclear space with the Gel'fand triple E C L2(R) C E*. We denote the complexifications of
I*(R), E and E, by L%(R), Eg and Ec p, respectively.

The space (L?) = L?(E*,p) of complex-valued square-integrable functionals defined on E*
admits the well-known Wiener-Itd decomposition:

(L%) = @ Ha,

n=0
where H,, is the space of multiple Wiener integrals of order n € N and Hy = C. Let L2 (R)Q"

denote the n-fold symmetric tensor product of L2 c®R) Hype (L?) has the representatlon
=Yoo In(fn), fn € L%(R)&‘, then the (Lz)-norm llello is given by

oo 1/2
llello = (Z "!lfnlg) )
n=0
where | - [o is the norm of L2C(R)®".

For p € R, let ||l¢ll, = [[T(A)Pwllo, where I'(A) is the second quantization operator of A. If
p > 0, let (E), be the domain of I'(A)?. If p < 0, let (E), be the completion of (L?) with respect
to the norm || - |l,. Then (E),, p € R, is a Hilbert space with the norm || - ||,. It is easy to see
that for p > 0, the dual space (E); of (E), is given by (E)—,. Moreover, for any p € R, we have
the decomposition

(E)P = éHg):

n=0
where H is the completion of {L,(f); f € E®"} with respect to || - |],, Here E is the n-fold
symmetric tensor product of Eg. We also have Hy ®) — {I.(f); f € E } for any p € R, where
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Eg’; is also the n-fold symmetric tensor product of Eg ;. The norm [|pl], of ¢ = 3520 In(fa) €
(E), is given by

0 1/2 R
||«a||p=(2n!|fn|;) . feEE,

n=0

where the norm of Eg";, is denoted also by | - |,.

The projective limit space (E) of spaces (E),, p € R is a nuclear space. The inductive limit
space (E)* of spaces (E)p,p € R is nothing but the dual space of (E). The space (E)* is called
the space of generalized white noise functionals. We denote by < -,- 3> the canonical bilinear
form on (E)* x (F). Then we have

o0

L &,9>=) nl(Fu, fa)

n=0
for any @ = 3 320 I.(F,) € (E)* and ¢ = Y52, I,(fa) € (E), where the canonical bilinear
form on (E&")* x (E%") is denoted also by (-, ).
Since exp(-,£) € (E), the S-transform is defined on (E)* by

S[8)0) = exp (-5(6.6)) < Bexpl&) >, €€ Fe.

3. An equi-continuous semigroup of class (Cy) generated by a function of the Lévy
Laplacian

Let @ be in (F)*. Then the S-transform S[®] of & is Fréchet differentiable, i.e.
S[@)(§ +m) = S[®]() + S[2Y(E)(n) + o(n),

where o(7) means that there exists p > 0 depending on £ such that o(n)/|nl, — 0 as |5|, — 0.

We fix a finite interval T in R. Take an orthonormal basis {{,}32, C E for L%(T) satisfying
the equally dense and uniform boundedness property ( see (7,15,16,18,24, etc] ). Let Dy, denote
the set of all ® € (E)* such that the limit

~ N
ALS[9)() = Jim = "2;,0 S[2)"(€)(¢nr Gn)
exists for any £ € Eg and is in S[(E)*]. The Lévy Laplacian Ay, is defined by
AL®=S5"1A.59

for ® € Dr. We denote the set of all functionals ® € Dy, such that S[®](n) =0 foralln € E
with supp(n) C T¢ by DY.
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A generalized white noise functional

&= /R flugy ... un) s @03) L gionz(vn) . gy e DT, (3.1)

felLy (R)®"nL (R)®" a. €Rk=1,2,.
is equal to
/ flug, .. un): gaz(m) . glanz(un) | gy
T

and the S-transform S[®] of & is given by
SIB(O) = [ Flwpemeen. . eiontlunlgy, (3.2)
T

This functional is important as an eigenfunction of the operator Ap. In fact, we have the
following result:

Theorem 1.[27] A generalized white noise functional ® as in (3.1) satisfies the equation

ALd = —W Z 2. (3.3)

We set n
D, = { / f): [[ e*™) :dueD];fe EC(R)®"}
™ v=1

for each n € N and set Dg = C. Then Dy, is a linear subspace of (E)_, for any p > 1, and Ay is
a linear operator from D, into itself such that [|AL®]_, = m||d>||_,, for any ® € D,,. We define
a space Dy, by the completion of D, in (E)_, with respect to ||-||—p. Then for each n € Nu {0},

D, becomes a Hilbert space with the inner product of f (E)—p- For each n € NU{0}, the operator
Ay can be extended to a continuous linear operator Ay from D, into itself satisfying

Bzl = =1 @ll-p for any & € .

il

The operator Ay is a self-adjoint operator on D, for each n € N U {0}.

Proposition 2. [27] Let ® = Y52, ®,, ¥ = Y02, U, be generalized white noise functionals
such that @, and ¥y, are in D, for each n € NU{0}. If & = ¥ in (E)*, then &, = ¥, in (E)*
for each n € N U {0}.

Proposition 2 says that Y22, ®,,®, € D, is uniquely determined as an element of (E)*.
Therefore, for any £ € R, we can define a space E_, ¢ by

o0 < 2¢
E_ = {Z d, € (E) Y, (1 + m) [[8nll?, < 0,85 € Dp,n = 0,1,2,...}

n=0 n=0
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with the norm ||| - |||-p,¢ given by

el n 2¢ 1/2 =)
(12l|—p.e = (Z (1+ W) ||<I>,.u2_,,) 8=, By

n=0 n=0
foreach { € Randp > 1. Forany /€ R and p > 1, E_, is a Hilbert space with the norm
- Hll-p.e-
PutE_ ;o = ntZI E_, ¢ with the projective limit topology and put E_, _ oo = Ues1 E—p,—¢ with
the inductive limit topology. Then, for any £ > 1, we have the following inclusion relations:

E o CE 41 CE ¢ CE 1 C(E)-p CE_, 1 CE_, (CE_, 1 CE_;_.

The space E_p o includes D, for any n € N U {0}. The operator AL, can be extended to a
continuous linear operator defined on E_, o, denoted by the same notation Az, satisfying
NAL8|]|-p.e < NN@||-p.e+1, @ € E_pety, for each £ € R. Any restriction of Ay is also denoted
by the same notation Ay. With these properties, we have the following:

Theorem 3. The operator Ay restricted on E_,.e+1 is a self-adjoint operator densely defined
onE_p¢ for each £€R andp > 1.

Proof: We can apply the same proof of Theorem 2 in [27)] to this theorem. D

Let {X,;t > 0} be a stochastic process and cx, (z) be a characteristic function of X;. For each
t > 0 we consider an operator G[X;] on E_p o defined by

GIXJe = 3 cx, (%) %,

n=0

for @ = 320 ®Pn € E_p_co. Forany ® = 322, ®, in E_, _, there exists £ € R such that
& € E_,¢. Then, for any t > 0,p > 1, the norm |||G[X:]®||| ¢ is estimated as follows:

12
n
CX, (m) Qn >

- n \* 2 2
S (1) UoaIR, = 0l

n=0

0

n 2
licixdell,, = Z(Hm)

n=0

2

IA

Thus the operator G[X] is a continuous linear operator from E_, _o into itself. Moreover we
have the following:

Proposition 4. Let {X;;t > 0} be a stochastic process. Then the family {G[X,];t > 0} is an
equi-continuous semigroup of class (Cp) if and only if there ezists a complez-valued continuous
function h(z) of z € R such that h(0) = 0 and cx,(z) = e for all t > 0.
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Proof. If there exists a complex-valued continuous function h(z) of z € R such that cy,(z) =
")t then it is easily checked that G[Xg] = I, G[X:)G[X,] = G[X.xs) for each t, s > 0. Moreover
we can estimate that

& n \# n n \[?
liebxie - Gl = 3 (1+ ) [ex. () = oxe ()| 1oty

0 n 2¢
4% (14 7) 18I, = 4l < oo
n=0

IA

for each t,tp > 0,£ € R and & = 372, ®, € E_, . Therefore, by the Lebesgue convergence
theorem, we get that
Jim GIX\]® = G[Xu]® in E_pe

for each tg > 0 and ® € E_, _o. Thus the family {G[X,]; t > 0} is an equi-continuous semigroup
of class (Cyp). Conversely, if {G[X;];t > 0} is an equi-continuous semigroup of class (Cp), then
it is easily checked that cx, (r;'—.[) =1, cx, (ﬁ‘T) cx, (]%[) = CXeyy (ﬁ,-[) for any t,s > 0 and
limyy4 Cx, (ﬁrl) = CXyy (I%[) for any tg > 0 and n € N. Therefore, by the continuity of cx,(z)
of z, we have that cx, = 1, cx,cx, = cx,,, for any t,s > 0 and lim;y, cx, = Xy, for any
tp > 0. Consequently, there exists a complex-valued function h(z) of z € R such that ~(0) =0
and cx, (z) = "), Since cx,(z) is a characteristic function, the function h(z) is continuous. O

For any p > 1 and complex-valued continuous function h(z), z € R satisfying the condition:
(P) there exists a polynomial r(z) of z € R such that |h(z)] < r(|2]) for all z € R,

the operator h(—A7) on E_, _o is given by

h(=B2)® = T2 h () @n for & = 52,80 € Eop oo
Theorem 5. If h(z) in Proposition 4 satisfies the condition (P), then the infinitesimal gen-
erator of {G[X,);t > 0} is given by h(—AL).

Proof: Let p > 1 and let ® = 3728, € E_p_o. Then, there exists £ € R such that
® € E_, . Let d, be the degree of the polynomial r in the condition (P). Then we note that

kad n M n ?
B R )

~p,t~d, n=0 -p

(3.4)
Since e"(?) is a characteristic function, we note that Re[h(z)] < 0. By the mean value theorem,
for any t > 0 there exists a constant 8 € (0,1) such that

- I" (I_%) el ()le o (I‘;T) .

o= -z

) 2(2~d.)

SMlEt _ g
t
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Therefore we get that

¢ 2

MM
# (m)
4r(IT|) 11@al12,-

2(€—dr 2
Since there exists a positive constant C, depending on r such that (1 + T’?—‘[) ¢ r ( H ) <

1

l12all2,

IA

Cr (1 + ]—;—.()ﬂ , we have

oo n\20ed) o
l+—) ( ) ®,|2, < oo. 3.5
X (g ) el (35)

By (3.4), (3.5) and

A()t
. |e -1 n
i = ~» ()| =®
the Lebesgue convergence theorem admits
2
” M{’_‘B h(-AL)® =0.
t—}ﬂ —p.t—d,

Thus the proof is completed. O
4. Stochastic processes generated by functions of the Lévy Laplacian

In this section, we give stochastic processes generated by functions of the extended Lévy
Laplacian by considering the stochastic expression of the operator G[X;).

Let {X;;t > 0} be a stochastic process such that {G[X;];t > 0} is an equi-continuous semi-
group of class (Co) and sgﬂsﬁes the condition of Theorem 5. Take a smooth function 77 € E
withnr = TTI onT. Put G[X;] = SG[X¢]S~! on S[E_p ) with the topology induced from E_; o
by the S-transform. Then by Theorem UG[X,] t > 0} is an eqm-contmuous semigroup of
class (Cp) generated by the operator h(—Ap), where Ay means SALSL.

Theorem 6. Let F be the S-transform of a generalized white noise functional in E_p oo. Then
it holds that _
G[X:|F(§) =E[F(§ + Xenr)}, £€E.

Proof:  Put F(€) = [pn f(u)e®1) ... ¢ilun)du with f € Eg". Then we have

E{F(§ + Xenr)] = Jpn f()e0) .. Bl T X du

312



= & (#) F () = GTXF(E).
Let F'= Y22y F,, € S[E_p,c0]. Then for any n € NU {0}, F}, is expressed in the following form:

Fa() = Jim /T | fM(a)ei) i),

where (f[M)y is a sequence of functions in E‘g". Hence we have

S B{1F(e + X))

n=0

fed
= IMN 00 " N ue' U ...ei Un ei u1) ... et un) du
> E[limw IfT FNI()efe) .. gitun)giXen(w) .. giXenr(un) g I]

n=0

= 3 Jim | / PV )il .. Eun) gy
n=0 ™

N—oco

= SIEE!

n=0

Since F, € S[E_; ], there exists some &, € E_, o such that F, = $[®,] for any n. By the
characterization theorem of the U-functional (see [12,20,21, etc]), we see that

DIRE < X @all-lieells
n=0 n=0
> n —20Y1/2 [ n 2 1/2
{:2:() (1+ m) } {Z (1 + m) ”q)n”2_P} lleellp < 00,

n=0

IA

for all £ € E and some £ > 1, where @¢(z) =: exp{(z,£)} : . Therefore by the continuity of
G[X:] we get that

3" E[Fa(€ + Xenr))

n=0

= i GT}!]Fn(E)

n=0

= GIXJF().

E[F(§ + Xunr))

Thus we obtain the assertion. O
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Theorem 6 says that the infinite dimensional stochastic process {€ + Xmr;t > 0} is generated
by h(—Ag).

For any ® € (E)* and n € E, the translation 7,® of ® by 7 is defined as a generalized white
noise functional 1,® whose S-transform is given by S[r,®](€) = S[®](£ +n), £ € Ec. Then we
can translate Theorem 6 to be in words of generalized white noise functionals.

Corollary 7. Let @ be a generalized white noise functional in E_p . Then it holds that

G[Xi|®(z) = E[rxny $(2))-

By Corollary 7 we can see that {7x,5;¢ > 0} is an operator-valued stochastic_process and
{E[7xn);t = 0} is an equi-continuous semigroup of class (Cp) generated by h(—AL).

Example: Let {X;;t > 0} be an additive process with the characteristic function cx,(z) of
X for each t > 0 given by

cx,(z) = exp [t {imz — gzz + /Iul<1 (ei‘“ -1~ izu) dv(u) + /Iulzl (ei’“ - 1) dv(u) }] ,

where m € R,v > 0 and v is a measure on R satisfying v({0}) = 0 and [ (1 Alu|?)dv(z) < co.
Then the function

— Ve fzv 1 4 izu _
h(z) =imz 52+ i<t (e 1 zzu) dv(u) + /luIZI (e 1) dv(u)

satisfies conditions of Proposition 5 and the condition (P). Therefore {G[X;};t > 0} is an equi-
continuous semigroup of class (Cy) generated by h(—AL). The stochastic process {€ + Xnr;t >
0} is also generated by h(—ApL).

In particular, if {X];t > 0}, 0 < 4 < 2, is a strictly stable process with the characteristic
function cxy(z) of X' given by cxy(z) = e =, then {¢€ + Xnr;t > 0} is generated by
—(-Ap)™.

5. A relationship to an infinite dimensional Ornstein-Uhlenbeck process

Put

o oo ¢
[Elg.e = {<P =Y In(fa) € (B Y. (1 + I;—I) e"zlzlf..lg < o0, supp(fa) CT,n=0,1,2,.. }

n=0 n=0

for ¢ > 0 and £ > 0. Define a space [E], ¢ by the completion of [E], . with respect to the norm
Il - iz siven by

= n\* n2/2) ¢ (2 v
etz = (5 (1+ fay) &5
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for ¢ = 152 0In(fa) € (E)*. Then [E],, is a Hilbert space with norm || - “W’ It is easily
9

checked that [E],¢ C (E), for any ¢ 2 0. Put [Eleoe = Ngzo [Elg,e with the projective limit
topology and also put [Eles,c0 = MNgp1 [Eleo,e With the projective limit topology.

Define an operator K on [Ele o0 by
K[®] = $7'(S[&](e)].

Then we have the following:

Proposition 8. Let p > 1. Then the operator K is a continuous linear operator from m
into B oo.

Proof: Let p > 1. Then for each £ > 1 we can calculate the norm |||K[#)li|%,, of K[p] for
0 =32 01(f2) € [Elooo as follows:

[T o] (P BT E LN AT

n=0

i( |TI) Ze i f[(2k,-+2)-2r

n=0 =0 ky,...,ke=035=1

2

L]

> (Fu,ek, ® - @ex,)
Iu[—t

IA

wherev = (v1,...,v,) € NU{0}, [v]| = v1+--4up, ! =1!...pland F, = . f(u)®1_16®"’ du.
Since there exists ¢ > 0 such that
2

> —(Fu, ey ® - ®eg,)

) 3
£ e+

k1,... k=0 j=1 ]u[_l
1) /e ¢
|fal2n? (HZ ;) (g(2k+2)-2plekl.2_q) ,
v|=t =

we get that

o

n=

< Z( lT_l) n’/lez

n=

i - -
WKTE,e < 2(1+m) € Diso@e 27240 1 12
[~}

o

This is nothing but the inequality:
NEelll-pe < eollgr:

Thus the proof is completed. O
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The operator K implies a relationship between Az and the number operator A on (E)* given
by -
ND =" nl(fa) for &=F201.(fn) € (B)".
n=0

The operator I{ implies also a relationship between the semigroup {G[X}];t > 0} and the
E*-valued Ornstein-Uhlenbeck process:

t
Uf=e'z+ \/5/ e~t=9)dB(s), ¢ >0,
[}

where {B(t);¢ > 0} is a standard E*-valued Wiener process starting at 0. Since [F]e o0 is in
(E), we can apply the same proofs of Proposition 5 and Theorem 6 in [27] to get the following
results.

Proposition 9. For any ¢ € [Elew,c we have

BiKlg = —,—;T,wa.

Theorem 10. For any ¢ € [Eloo0 we have

GX!K¢)(=) = K[ElpUgr)])-
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