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ON THE REGULARITY OF THE BERGMAN KERNEL 
ON THE BOUNDARY 

.JOE KAMIMOTO 

l. INTRODUCTION 

In this article, we study the regularity of the Bergman kernel and the Szego kernel 
on the boundary of weakly pseudoconvex tube domains off the diagonal. 

Let n be a domain in IC". The Bergman space B(i1) is the closed subspace of 
L2(H) consisting of holomorphic· £2-functions 011 n. The Bergman projection is t.l1e 
orthogonal projection IR: L2(!1) ---+ B(i1). It. is known that the projection IR eau be 
represented by using some integral kernel: 

IR/(z) = i B(z, w)f (w)dV(w) for f E L2 (!1), 

where B : n x n --> IC is called the Bergman kernel of the domain n and dV is the 
Lebesgue measure on n. 

The regularity of the Bergman kernel on the boundary off the diagonal is deeply 
munect.ed with many other subjects in the rJ-Neumann problem. In 1972 Kerzman 
[15] proved the Bergman kernel of a C'""-smoothly bounded strictly pseudoconvex 
domain n in IC" is C'"'-smooth up to the boundary off the diagonal: i.e. 

(1.1) BE C'"'(!1 x l1 \ ~), 

where~={(::, z); z E an}. His proof is based on a certain pseudolocal estimatP. of 
the 8-Neumann problem. Later Bell [l] m1d Boas [3] independently showed (1.1) in 
the case of domains of finite type (in the sense of Kohn or D'Angelo) by generalizing 
the argument of Kerzman. 

Let us consider this kind of question in the real analytic category. For a set I( in 
IC", C"'(J<) means the set of real analytic fuuetions in some open neighborhood of 
I<. In the case of C"' -smoothly hounded strictly pseudocouvex domains in IC". the 
Bergman kernel is known in [20],[21],[22],[2] to satisfy 

(1.2) B E C'"'(l1 x O \ ~). 

In weakly pseudoconvex and of finite type case, it. had also been expected that ( l .2) 
always holds. Surprisingly Christ and Geller [7], in 1992, showed that the Bergman 
kernel does not satisfy (1.2) for t.he domain n,,, = {(::1 , ::2 ); '.)'(::2 ) > [R(::1)]2"'} 
(m. = 2, 3, ... ), which is a very simple weakly pseudoconvex domain of finite type. 
In general, necessary and sufficient. conditions for ( 1.2) are yet. to bci known until now. 
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The follo\\'ing question is the first- step for this problem: Find 1wu1y perturbations 
of ll,,, whose Bergman kernels do not have the real analytic: property ( 1.2). The 
fnllml'ing theorem partially answers this question. 

Theorem 1.1. For a.ny -wrn.kly ps1:1ulocon-ur::1: t-ube domnin n in IC2 -with rcnl analytic 
brnwdm·y, tlwn-: (~Ci,<t points on an X an \ fl -where llu: Bcr:gmnn 1.:crnd i.s not rml 
11. 11.a.lyti<:. 

In more detail. we r:an detenuinr, the set of (.he failure of the real analyticity an<l 
the best order of the Gevrey dass (see Sed.ion 4). \Ve remark that our theorem is 
established for both cases of bounded and unbounded bases of n. 

Next let us consider an analogous problem about the Szego kernel. Suppose that 
n has G'"°-srnooth boundary equipped with a surfac:e element dcr. The Hanly spar,e 
I-f2(f!) is the subspace of L2 (8f!) consisting L 2-boundary values of holornorphic 
functions. The Szeg6 projection is the orthogonal projection§: L2(Dfl) -> I-f2(n). 
The projection § can be represented by using some integral kernel: 

§/(:;) = f S(:;.w)f(w)dcr(w) for/ E £2(i'Jn), 
lnn 

where S: n x f! _. IC is called the Szc.1Jii l.:crru:l of the domain n (with respect to 
dcr). 

There are many analogous studies about the Szego kernel (refer to the lntrodu<,
tion in [7]). Christ. and Geller [7] also showed the failure of the real analyticity of 
the Szego kernel off!,,. (m = 2, 3, ... ). We also give a similar result about the Szeg6 
kernel. 

Theorem 1.2. For nny -weakly pseudocon-vex t-ube drnnnin n in IC2 with renl nnnlytic 
brmndnry, there c:1:ist points on an X an \ fl -when: the SZF . .IJO kernel (with respect to 
,<mru: .smfa.cc clcuu:.nt) i.5 not rml 1wnlytir:. 

Note that the above Szeg6 kernel is C'""-smooth Oil f2 x f2 \ fl by [17]. The real 
analyticity of the Szego kernel is deeply connected with the analytic hypoelliptitity 
of the tangential Cauchy-Riemann operator tJ,, on the boundary. It was shown in 
(7] tha.t the CR manifold an,,. (m = 2, 3, ... ) is a counterexample to the analytic 
hypoellipticity of Db by regarding the Szego kernel as a singular solution of Dbu = 0. 
i\:Iore generally Christ (4] directly construeted singular solutions for t)btJi,11. = 0 and 
i),:u <le C'"' in the case of weakly pseudoconvex domain flp = { z E IC2 ; ~(z2) > 
P(R(:;i))} where P is real analytic. (In [4] he mainly treated the case of bounded 
Reinhardt domains.) The singularity of his solutions closely resembles that of the 
Bergman kernel in our analysis. 

Let us explain our analysis. In this nriticle we only consider the case of the 
Bergman kernel. Our analysis is hnsed on integral representations of the Bergman 
kernel which were obtained in t.he case of general tube domains in [8],(l!J], etc. 
(~fod.ion 2). Christ and Geller [7] also used these representations, but their proof 
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n<'<'<led some kind of homogem;it_y of the dornain n,,,. 111 the e·ase of gcennnl l:ulw 
elornains, this homogeneity rnnnot always he <>xpe('ted, so it see111s <liflic:ult to apply 
t.lteir method directly. On the other ham! the author [12] (see also [SJ) e·ornpute,d 
some asyrnptot.ic expansiou of t.hc, the Bergrnan kernel to see the situation of these, 
singularities direc:\.ly. This analysis is valiel for our c-ase. In orcler to appl,v the, nunl
ysis of [5],[12]. some appropriate loe·alizatimt of the singularity is nec·ess,u-_v (See·tiem 
:J). This propert.y of loc·alizntion implie,s that the failure of the) real analyticity is 
elctcnnineel hy the-) loe·al georne-,try of the hounclary. After localizing integral n,pre
sentation, we compute some asymptotic- expansion by the residue formula. In this 
f,xp,msiou it c:an be directly understood that each term fails to be real analytic: 
and the first term has the strongest singularity. Thus we can obtain Theorem 1.1 
(Section 4). In the case of tlu, Szego kernel. similar integral representations "·en, 
obtained in [16],[10],[19], etc .. so Theorem 1.2 can be shown in a similar fashion. 

Last. we remark that Franc·sies and Hanges [n] obtained a very similar result. to 
Theorem l.l. They explain the regularity problem for the Berg.man kernel by using 
symplP.ctic geometry. 

2. lNTEGIUL REPRESENTATIONS 

First let us recall an integral representation of the Bergman kernel for general 
tube domains. \-Ve set :: = (::1 .... , :,,) E IC", :i = ,ri + iyi (,rj, !Ji E IR), ,r = 
(:r1, .. , ,,r,.), y = (!11, ... ,y,.). 'ii:= ('11'1 ... - ,ii•,,) E IC", I.= (t.1, ... ,t,.) E IR" and 
(::. t) = L-7=1 :;I;. 

Let n C IC" be a tube domain whose b,1se is w C IR"; that is 

n =IR"+ iw. 

From [8],[19], the Bergman kernel B(:,w) of n can be expressed as follows: 

(2.1) B =,'W = -- ci--u. --. ( ) l 1 '(• -, t) dt 
(2,,)" A· D(t). 

with 

D(t) = 1 e-2(1.v>dy, 

where A'= {t E IR": D(t) < oo}. 
Next in order to prove the theorem. we will rewrite the above representation hy 

using appropriate t.ransformations. From nm\· on ,w, assume that n is a p,;e-,nclor-011-
vex tube domain in C2 with rr,al ,malvtie· houndarv. Then it is well known that th<' 
base w is convex in IR2. Let : 0 = (::Y, ~~) be a honn<lary point of n. By a t ranslatio11 
of rnordinate axes, we may assume that ~1'(:Y) = \s(::g) = 0. Then t.hi, mo:i:iuw111 
cone A of w C IR2 is defined by 

A= {y E IR2: (,s!/1• s112) E w for any s > O}. 
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and the-, set A* bec01nes the d-u.nl <:on,: of A. i.e. 

i\' = {l E IR2: (t. !J) 2'. 0 for a11y !/EA}. 

First 1n' C"onsidcr the ('ase \\"lwn, the base ;;J is unhouwl<ed. By a linear \.nmsfor-
1wtt.ion in IR2 • ,J can be transformed int.o ,JJ, 1rhid1 has the following prnperlies: ,JI 

is expressed as 

;;JJ = {!IE IR2: !/2 > f (yi) }. 

where f E G'"'(((l._,(l+ll, with -x ~ a._ < 0 <a+~ oo, satisfying that .f(O) = 
.f'(O) = 0 and J(x) -> oo as :r -> a±: moreover the maximum cone of u..,'J is Au = 
{!I E IR2: y2 2: R[yil > O} for R 2'. 0 or Ax := { (0. !/2): !/2 > 0}. The dual cone of 
Au is Aj-1 = {t E IR2 : f2 2: R- 1 jtd > O} and A;_,= {I. E IR2 ; t2 2: 0}. Fro111 (2.1). the 
Bergman kernel of n1 := IR2 + i,)1 can be expressed as 

where 

D1(t1, t2) = ("+ ,,-2t2JW-2t,{d~ . 
.fu_ 

Next we consider the case where w is bounded. In a similar fashion, w can be 
lrnnsfonned into w1I which has the following properties: WJ.j is expressed as 

WJJ = {y E IR2;f(111) < Y2 < j(11t)}, 

where J,.i E C'"((a-,a.+)l, with -oo < a_ < 0 <a+< -::,o, satisfy that J(O) 
.f'(O) = 0 and f (a±) = .i(a.±), respe<.:tively. Here the maximum cone is Au= © and 
the dual cone of Ao is A0 = lR.2 . From (2.1), the Bergman kernel of nJJ := IR.2 +iw1J 
nm be expressed as 

B( ~ ) 1 fl i(,-ff,.t) l-2 dt dt 
-.W =- e (· ·) ··1··2, 

. 21r2 • ·"' D1t1,l-2 -Dj(t1,t2) 

where D1,Dj are as above. 
Sinee linear transformations have no essential influence on the argument. of reg

ularity of the Bergman kernel, it suffices to investigate the real analyticity in the 
above two eases. 

:.l. LOCALIZATION 

In this seC"tion we show thnt. the singularity of the Bergman kernel at the boundary 
,·nu he lornlly detennined. 

W,, set ( = ((1.(2 ) \\"here(; = (.::_; - 'ii.!_;)/2·i and 6(() = B(:::,w). Let p,o± 

he-, ,·emst,mts such that O < /! ~ R and <'- ~ {,_ < 0 < ii+ ~ a+ \Ve set {, = 

220 



111i11{-L, O+} and J = max{-L. O+}- For /J· 0±. clc,fine Liu; func-tion B((: p. o±) hy 

. . - I 1"" /.,,,, ,-2<(.t.) f2 
(:J. I) B((, fl,()±) - ')-2 I. V ( .. ///1dl2. 

_,. u . _,,,, / l.1. 12. 0± 

where 1,h 

V1U1.f:2:<I±)(:= V1(<I±)) = e-2i,/lo- 211 (d~. 
L 

Note t.hat B((; R, U±) = B(() in the cases of ;,JI· 
Now the singularity of the Bergman kernel B(<) at K0 := { (0. 0)} + ilR.2 is locally 

described as follows. 

Proposition 3.1. For any 0±, thr:rr: r:;i:ists n positive constnnt (Ju .<w:h tluil. if O < 
/J :S /lo, then B(() - B((; p. <I±) is ·real ana.lytir: in ( in scnnc neighbo·rhood of 1{0 • 

The proof of this proposition is sefm in [ 11 ]. 

4. PROOF OF THEOREM 1. 1. 

4.1. Preliminaries. Sinc:e w is convex and f(x) is real analytic in (a_, a+) with 
f(0) = f'(0) = 0, there exist a natural number m. and a real analytic function g(x) 
suc:h that g(0) > 0 and f(x) = x2"'g(,r) in (a_, a+)- Note that z0 is of type 2m (in 
the sense of D'Angelo). (If /(k)(o) = 0 for any I,; E N, then the real analyticity of 
f(x) implies that n/ = {z E C2: ':l'(z2) > O} whose Bergman space is {0}.) 

We set 
I<(z, t) = B((z. f + i/(11)); (0, 0)). 

Suppose t.Jiat .:0 is a weakly pseudornnvex point of type 2m (m 2: 2). Now fix 
0± = ±00 with O < Oo :S min{-<L.11+} and set+= TI/(2"'>. For To,Po > 0, define 
the function I< (:; ,t; To, Po) by 

( 4.1) 

(4.2) 
. jpo+'.!m-1 eiz.fv 

F(z;T,fJo) = ;---( , . . )dv 
-pof'.?T,.-1 '{) l,, T 

( ·) Joor -2y(w/r)w'''"-?uw J cp V: T = e - c·w. 
-Jo'T" 

Recalling the definitions of B(() and B((; fi. II±) in Section :3, we lrnve 

I<(z, t) = B(z/2i, (t + if(y))/2i), 

K(z. t; 0, p) = B(:;/2i, (t + if (y) )/2i: p. ±o0). 

By Proposition :3.1. there exists p0 > 0 such t.hat. if p :S p0 • then I<(·,•; O,p)-K(·, •) 
is real analytic around (O, 0). !\foreover it is easy to eher-k the real analytidt.y of 
K(·, ·; To,Po) - I<(·,·; 0, Po) for any To 2: 0. 
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l11 n srnall 11<·\ighhod1oo<l of (0. 0). if I\"(-.·) is rc,al allalyt.it- mrny from (0. 0). thell 
so is I<(·.·: Tu.f!u)- Our goal i, to show t.hc, folkmfog tlH!orern. 

Theorem 4.1. Thr:n: r~i:isl po.<ilil'r: n:11:m./Jr:·rs .r0, (Jo, To .rnr:h llw/, /{(z. /.; (!u- Tu) is no/, 
·real analytir: in (z,t.) on thr: set :C::(;ro) = {(:r + iO. 0): 0 < l:rl ::; :ru}, m.cn·co·l'r:r ii, 
belongs t,o s-th order Gcvn:y clas.s for s ~ 2m. /mt no lu:Ucr, rm :C::(:r0 ). 

Rr:,rw:rk. If the boundary an is locnlly regarded as IC x IR as above. the Bergman 
kernel B((:r + iy. t + if(y)): (u. +ii•,.~+ if(-r•))) fails to be real analytic 011 the set 

{(:r + ·iy, t: 11 + h•. s): !/ = 1· = 0. / = s} U {diagonnl} 

ill sollm small neighborhood or (0. 0). 

4.2. Analysis of rp(-1·, 7). 111 order to prove t.lte theorems, it is llecessnry to allnlyze 
t.he funetio11 ,p(v, T). Note that a similar mmlysis is done in [4]. We express some 
posit.ive const.ants depending on X by C(X) or C;(X). The proofs of the le11m1>1s 
blow are seen in [11]. 

When Tis sufficiently large, the function :p(-1•, T) can be well approximated by the 
entire function: 

:p(v) = 1"" c-29"''"'- 2'""dw (m = 2, a .... ) .. 
-x 

where .r; := g(O). Indeed the LenmH\S 4.2.4.:J. below, show this nature. There are 
many studies of the propert.ies of ,p(v) (refer to the Introduction in [Ia]). 

First let. us consider the zeros of ,p( ·, T). It is known that all zeros of <p exist on 
the imaginary iDds ([18]) and are simple ([14]). The set of the zeros of 'Pis denoted 
by {±iaj; 0 < aj < a.;+ 1 (j E 1\1)} (Note that rp is an even function). For 1/, rr > 0, set 
R(-17, rr) = {11 E IC; IR(v)I < 17, 1~1'(11)1 < u}. Let {±ia.±;i O ::; R(a±;) ::; R(a.±u+1))} be 
the set of zeros of ,p(·, T) in R(17, u). Note that the values of a±; depend on T. 

Lemma 4.2. For cm.y q > 0 and N E 1\1, there exists To > 0 such that if f > To, 
then in R(1J, IT,v) with rr,v = (aN + a.N+i)/2 

(i) thr: nwnbr:1· of zeros of :p(-, i-) is 2N, 
(ii) In±; - a.jl < G'1(11, N)/T for j = 1, ... , N, 

(iii) 11.ll zeros of :p(·. i-) rm: sim.p/1:, 
(iv) j,p,.(ia±j, T) - :p'(-ia.j)I < C2(11, N)ji- for j = 1 ..... N, w/1(:rr: :p,.(r, f) is the 

partial dcri·11ativr; of :p(v. i-) in 'l'. 

Next let us consider the behavior of ,p(·. i-) at infinity in the directions argv = 0, ir. 
The following lennna shows that. this behavior is similar to that of ,p(-11) in these 
din,ctions (see Theorem :3.1 in [12]). 

Lemma 4.3. The-rr: 11.n; posil.i·11c r:onsta.nts 1.r0, p0 , R such tlwt if lvl/i :S Po, lvl > R 
11.nd I nrg ·ul < no or I arg J' - irl < no, then 

Ci < ii'l'""-J)/(2"'-llr:-"lvl'"'m"'-1). j,p(v. f)I < G'2, 
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wlu:rc o, C,. C2 an: po.,ili1//: rnnslnnls inrlr:pr:ndr:nl. of T. ·,•. 

4.:.l. Analysis of F(11: i-, ri0). Fix ally positive integc~r N ,md set cr,v = (all,+o\+ 1)/2 
(±ia_;'s are zeros of <p(-P)). Fnr tlw c·0111putntinll below. we prepare integrnl c-urv,~s 

r~V) as follows. r~V) consist three pnrts I'~i). r~;i. r~~). First r~i) follow the line 

{c•: R(-c•) = -p0i-2"'- 1} from -p0i-2"'- 1 + iO to -poi-2"'- 1 ± ·icr,v. Second r~il follow 
the lines {v; '.}('(•) = ±cr,v} frotn -p0 i-2"'- 1 ±icr,v lo p0 i-2"'- 1 ±icr,v. Third r~l folio"· 
the line {·1•; R(,•) = poi-2"'- 1} from poi-2"'- 1 ± icr,v to poi-2"'- 1 + iO. (See Figure I.) 

Im 

Re 

r'."' 

FIGURE 1. Integrnl contours r~Vl_ 

Define the functions 1rl (:;: i-. p0 ) by 

~ 

J (N)( · ) ~J(N)( · ) ± :;:T,/Jo = L.. H· ::;T.flo' 
k=l 

where 
(N) . l (Joi-r 

IH (::: T,flo) = -( -.)dl• fork= 1.2.:3. 
r~.i-.; r. r 
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First II"<' collsicl<>r the 1·ns<' 1dwre :r = :R(.::) > 0. For N E N. ll'e s<'t 1/,v = 
11111x{2R, 2c,,v / tall nu}. ll'here His as ill Lelllllla 4.:.l. By Le11uw1 -!.2. for a11y N E N, 
there 1ixists i-,v > 0 sul'h that if i- > i-,v, the11 i11 the regio11 H(11. CT,v ), t.he 11111uh1~r of 
zeros of :p(·. i-) is 2N. la+,; - a; I < 10-1 min{ a; - a:i-1. a.:+1 - aj }. Hll zeros of :p( ·' i-) 
are simple and J:p,.(-ia+i• i-) - :p'(-iai)I < 10- 1J:p'(iaj)I for j = l. ... , N. 

Suppose that i- > i-,v. By deforming t.he origi11al integral curve in (4.2) iHto !'~vi, 
the residue formula implies 

( 1.:.l) F(.::: i-. Pu) = 2,ri t .. r!(~"+;zt .:.) + If\.::: i-. /lo)-
.i= I yr Ul+.i· I 

!11 fact. the function e;"t ''/,:;(r. i-) ill I' has simple poles with residue 2,rie-"·•·i07 /v:vUa+.i· i-) 
at ·u = -ia-+j · Hereafter we use C',v for various c:onstants depellding 011 N. 

First. I~~l U = I, a, :r > 0) can be estimated as follows. 

l<TN e-xiq 

JI~\r+iO:i-,po)I ~ I ( -2 1 · •)ldq • o !{) -f)oT m- + ·1.q. T 

~ G'i-"'-lc-c,fioT f"N c-.r.+,,dq 
Jo 

::; C'N,;-m.-1e-n,>oT ~ 

hy using Lemma 4.:J. Second It~) (:r > 0) can be estimated as follows. 

pof2"'- 1 d-
Jit~\r + iO; i-, po)J ~ e-""N+j I ( -~ .)I 

-pof2m-1 'P p + tCT,v. T 

:::; C'Ne-_:rCTNf_ 

In the case where :r. < 0, we can obtain the same inequality by deforming t.he 
integral eurve into r~vJ. 

Therefore if :r. ,fa 0, then we have 

(4.4) II(N)( '() · )j<C' -lxl,,~+ ,,t,-J ,,, + 1. : ,. /lo _ ,ve · ' , 

where c,(:r) is the sign of :r. 

4.4. Proof of Theorem 1.1. Fix any N E N and suppose that :r = R(.::) > 0. 
Substit.ut.ing (4.:3) into (4.1), we have 

(4.fi) 
N 

[((.::. t: TN, flu) = LI<_;(:;. t: T,v) + R,v(.::, t; ,,v, po)
.i= I 

IC(•/·-)=_ f',tr 1,-J(!f)Tr,-"+i>T_-:---,.dT 
i lx . . . rl+l/m. 

1 ..,. ·: 1 N II. •x · _, ·· ({Jt,(ia+:i1 +) · 
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forj=l. .... Naml 

. ["' , . _ _ 1· ,,Ir ,-f(y)r (N) , . .;. _l+l/n, _ R,v(_.f.,,,v.po)-= ,. ,. I+ (--'•/iu), d,. 
11 • TS 

!11 the c-ase where :r < 0, if 11·e repine,~ a+J· 1fl with -rLj, !~Vi r<!spedil'<'ly. then 
the equation ( 4.5) holds, :'im1· 11·c~ show the following proposition. 

Proposition 4.4, For any NE N. tlu:ri: 1::1:ist :r0 > 0, ko EN such llrnl if()< j,rj :S 
:r0 a.nd k 2: ku, then 

( ) c:(I) f(2mk + 4m + 2) I D1" y (· ·o )· _ ) I c:(2) r(2mk + 4m + 2) 
4.G j (j:rla;)2m!·+4m+2 :S ()/.!- \ J .r + ,. ' ( ' , ,v :S j (l:rlo;)2"'k+4m+2 

for j = l, ... , N, where cf>, Cj2> > 0 arc constants depending on j, rind 

(4.7) I f)k . I , r(2mk + 4m + 2) 
8tl·R,v(x+i0,0;r,v.po) :S C,v (jrj<1,v)2mk+4m+2. 

w/u:n: C,v > 0 is a constant di:pr:ndin_q on N. 

If we admit the above proposition. each K.; does not satisfy the Cauc-hy inequality 
011 the set '.=:(:ru) = { (:r + iO, 0): 0 < l:rl :S :ro} and the singularity of J(i bec-omes 
wr:ukcr as j increases. Thus we c-an obtain Theorem 4.1, that is, ]( foils to he real 
analytic and moreover it belongs to s-th order Gevrey class for s 2: 2m. but no 
better, on '.=:(xo)-

Proof of Proposition 4.4. We only consider the case where :r > 0. There is a 
function fi(i-) (j = L,., , N) and a constant c,v > 0 such that o+ii- = aji- + fi(i-) 
and 1/i(i-)I < c,v for i- > i,v. We take :i:o > 0 sueh that c,v:r0 < 1/100. Then 
jc-f;(f).r - lj < 1/10. If O < :r < .ru. then 

I e-f;(f).r I I 
<p,,(ia+i• i) :p'(ia;) 

Je-f;(+l\;'(iaj) - 'P,,(ia+i• i-)I 
< ---.---~-..-----,---
- j<p,,(ia+J• i-)11-;'(ia;)I 

10 ie-f;(f)r - I jj:;'(iaj)I + j:p'(iaj) - 'Pv(irt+J· i-)1 
< - n i'P'(iaj)l2 

2 I <----
- 9 l,;'(irtj)I 
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:\ol<' lli,1t we took i,v ns in Snhs<><-lio11 ,1.:.1. By nsiug th,i nhove iueqnnlit.y. if O < 
:r < :r0 • then 

I 
if , . . -1 l 11.•:,C !·+ 1+1/m _,,,.,.;- e-f;(+).r I 
-;--)kl\_;(.r+1.0.0:,N) == T r. ,· ,(· -'-)d, 
r./. 11 ·•s Ye Ul+j·' 

> .!_ __ I __ lx ,1.·+1+1/m.c-uj.rf-dr 
- !Jr. l=/(ia;)I .•. ,· 

7 I { l'(2mk + 4m + 2) } 
= Drr ]:p'(-ioj)I (.ra_.j)Zmk+lm+2 - 11,i.N.k . 

Hen-) it is en8y lo obtnin 

I 
.~·,, ... , I !•+2+1; ... 

IJJ.·N1.•I = 1' 1 2mk+:lm+l(~-uj:rrdT < 7,v . 
1 · · o - 2mk + 4m + 2 

Therefore if k is sufficiently large, we c:an obtain the left inequality in (4.6) in the 
proposition. On the other hand. the right inequality in (4.Ci) cnn be shown ns follows. 

I _°\_ K;(:r + iO, 0: T,v) I ~ ~ lx ,J.-+1+1/•nc-"i·'+ I" <~~-J;(+)x. Id, 
c)t " . r.v ..-v(I.U.+j· r) 

< ~--1 __ lx 7 2mk+,1ru+l<_.-r1j.rrd'T 

- \hr l:P'(in;)I o . 

11 1 r(2mk + 4m + 2) 
9r. l:p'(iaj)I (:raj)2mk+Im+2 . 

Next by (4.4), we have 

~ c.l_~ ,k+l+l/ml1~V)(:r.+iO;r.f)u)jd, 

~ C' 1"" _i-+1+1/m,,-cru.v+c1-,,N I l• ,/ 

u 

~ C r(2mk + 4m. + 2) 
N (:r:O"N )2ml.·+4m.+2 · 

We have completed the proof of Proposition 4.4. 
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