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1 Introduction

Let F, op, and 0p be a totally real number field over Q with degree m, the ring
of integers of F', and the different of F' over Q. We denote the m embeddings of
F toR by t1,t9,...,t,. We define a congruence subgroup I' by

T =Tpr ", 405] = {(Z Z) € SLy(F)

Let h = {z € C | Im(z) > 0} be the upper-half plane. As usual, we embed
SLy(F) into SLy(R)™ by v = (t1(7),t2(7), -, tm(7)) and consider the Mdbius
transformation of SLy(F') on h™ by this embedding.

For ¢ € F and z = (21,22, ...,2n) € b, we set ¢¢ = 2™V 1Z%14©  The
standard theta series 0 is given by

O0p(z) = > .

€op

a,dE orp, bEOF*I, CG4DF}.

We define the factor of automorphy jr(v, z) by

. _ Op(y2)

]F( /,Z) - QF(Z) )
for v = Z eTland z = (21,22,...,2m) € §™. When F = Q, we write
0(z) = Og(z) and j(v, 2) = jo(v, 2) briefly. It is known that

i) =t (§) ekt v = (% 1) ero, s e
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where (%) is the Shimura’s quadratic reciprocity symbol [5], and 4 is 1 or /—1
according as d = 1 (mod 4) or d = 3 (mod 4).

Let k£ be in %Z, a holomorphic function f on h™ is a Hilbert modular form on I'
of parallel weight & if f satisfies

f(vz) = jr(v.2)* f(z) forany v €T,z € b

and that has the g-expansions of the forms

ﬁ ¢) + 1i(d)z) —cg —|—ch hi

i=1 Ecop
&-0

for any g = <? Z) € SLy(F) where h, > 0 is the constant which depends only
on g and £ > 0 means that ¢;(§) > 0 for any i = 1,2,...,m. We denote the space
of Hilbert modular forms on I' of parallel weight k£ by M (I'). We also denote the
space of cusp forms by Si(T").

In 1975, Cohen [1] constructed a special modular form 7 € MTJF%(FO(ZL)) for all
positive integers 7, called the Cohen Eisenstein Series of weight r + % which has
the g-expansion of the form

H(2) =C(1—2r) + > L1 =7, % 1yn)
N>1
(—=1)"N=0,1 (mod 4)

% Z ,UJ(d)%(fl)TN(d)dr_loérfl <f(_61i)TN> qN

dlf—yrn

where Xy is the quadratic character corresponding to Q(v/N)/Q, fy is the nat-
ural number such that N = Dy f%, and Dy is the discriminant of Q(v/N)/Q.
The space of modular forms on I'g(4) of weight 7 +  whose nth Fourier coefficient
vanishes unless (—1)"n is congruent to 0 or 1 modulo 4 is called the Kohnen plus
space introduced and investigated by Kohnen in 1980 [3].

In 2013, Hiraga and lkeda gave a generalization of the Kohnen plus space for
Hilbert modular forms of half-integral weight [2].

Let x be a positive integer, the Kohnen plus space M,L;(F) with respect to
2
M, 1(T) is defined by the subspace of M, %(I‘) which consists of all h € M, 1 ()

with 2Foumer coefficient of the form
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Here, we define & = [0 (4) if there exists © € op such that £ — 2% € 40p. We also
define ST ,(T) = M* ,(T)N Spp2(I).
2 2

In 2016, Su constructed the Eisenstein series G

+ . .
il € MH+%(I‘) which is a gen-

eralization of the Cohen Eisenstein series [6]. Let x’ be a character of the class
group of F, then G, 1y is defined by

Goiro(2) =Lr(1 =26 )+ Y Hul&,X)d
)

(=Dre=0 (4
€-0
where Lp(s, x) is the L-function over F' with respect to the character y defined by

x(21)
Lp(s,x) = ~ o
PO
ideal

for Re(s) > 1 and

Hie(§,X) = X (D ayse) Lr(1 — £, X(_1yeX)

X > il@) e (@)X (@) Nijg (@) g 2 (Fea ™). (1)
alFe

Here, ®¢ and X¢ are the relative discriminant and the quadratic character corre-
sponding to F(y/€)/F respectively, ¢ is the integral ideal such that 3’2@5 = (&),
p is the Mobius function for ideals, and oy, is defined by

Trkn () =Y Niyo(b)Fx(b).
bl

When F' is a real quadratic field such that 9 = (0) with a totally real positive
element 9, Su gave linear relations between special L-values over F' and some
arithmetic functions [7].

In this paper, we give generalization of these linear relations.

We define arithmetic functions ax(n) and fi(n) by

_(Zk—Q—];)Bk&k*l(%) if ke 27,
(n) L(fkf1,x,4)0k71,x74(n) if keZ\ 2Z,
ag(n):=q ____ 2k=1 5 n—s? ; _1
(Qk—%fl)kaé 282<n O-kfg( 2 ) + 2)\(’”) if k ¢ L,k 5 € 27,

S Oisy (=) 2 k¢ Lk -] €L\2Z,

L(—k+3,x-1)



+1 )
((21)71)3?% 1><4(”) if k€ 27,
bt .
) mak 1. (M) if keZ\22Z,
E\TV) = 15‘*‘% 2k—1) )
szm -2 x (n—52) if k¢ Z,k— 1 e2Z,
k— 4
%Zm oy (=8t k@2 k—3eZ\2Z,

where By, is the k-th Bernoulli number,

1 if n is a square
— dk} _1 d’ A = 9
n) Zd\n (1) (n) {0 otherwise

and we set a(x) = 0 for an arithmetic function a(n) and = ¢ N U {0}.
Our main result is the following.

Theorem 1.1. Let F' be a totally real number field such that 8 f m and dp = (9)
with totally real positive element §, we have

mm(hﬁ»l)

RG Ly fLF(l*Q/‘u X ){Em(h+%)+27m1{(7 ) E* H+ )}+CQ

where ) is some cusp form in Sm(H%)(FO(éL)).

By comparing the Fourier coefficients of both sides, we deduce the following corol-
lary.

Corollary 1.1. With the above notation, if H.(&, x') is as in (1), we have

Z Hm(ga X/) = LF<1 - 2’%7?2)
Ecop -0
(~DReZ0 (@)
Tr(%):n

mr(rk+1)

() + 2 CDZE )+ el

where c(n) is the g-coefficient of some cusp form in Sm(H%)(FO(Zl)).

2 Outline of the proof

From here until the end, we assume that F' is a totally real number field such that
0 = (9) with totally real positive element 0.
Let Ap, 1 =[], be the adele ring of F, the additive character on Ap/F with

17
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Py() = e(-D"2nvV" 1z for archimedian places v. Let f be a complex valued function
on h™, we define a complex valued function Rf on b as follows.

z z z
Lemma 2.1. [7, Theorem 2.1] For f € M’H%(I‘), we have

Rfe Mm(n+%)(ro(4))
Moreover, if we write f(z) =Y .., ¢(€)q*, Rf(2) has the g-expansion of the form

oo

RO =D > c9]qa (2)

=0 \Trpyq(§)=n

The most important part of the proof of Theorem 1.1 is the calculations of the
constant terms of RG, ;1 . at each cusp. For a complex valued function f : h™ —

2

C, we put

m

Wef)(2) = [[(-2v=T0(0)20) 72 f (—(40(6)21) ™", = (41 (6)22m) )

i=1

and

Urf)(z) = [[2u(0)z + 1) <2L1( il . “m )

bl Nz +17777 20 (8)zm + 1

The following lemmas give the constant terms of WrG 41y and UrG IERVE
27 2’

Lemma 2.2. [7] The constant term of WrG / is equal to

Kt 3,

me(k+1)
2

27m(~1) Lp(1-2x.").

Lemma 2.3 (Kuga). The constant term of UpG, 1,/ is equal to
3

2
2" (1 — 2k, ) H/ Wy (%) da.
vf2 7o

FEspecially when 8 1 m, this value is equal to 0.
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Sketch of proof of the Theorem 1.1.

When 4 { m, the proof is similar to that of [7].
When 4 | m and 8 { m, we define operators & and W on M, 1,(I'0(4)) as follows.
2

For 1 € M., 1)(To(4)),

(UR)(2) = (22 + 1)+, <22Z+ 1) .

Then, by a simple caluculation, we can check that
WRGH%’X, = RWFG%%’X,

and
URGH+%,X, - RUFGK+%,X"

By Lemmas 2.1, 2.2, and 2.3, we have

—2
RGHJF%’X/ :Lp(l - 2/{7 X' )Em(ml»%)
me(k+1)

+ 2*7"”(_1)TLF(1 — 2”,?2)E:1(n+1) +Q
2

where
E(z) = Z"761“0(4)00\1“0(4)j(% 2)7% ifkeZ
0(2) X eroyrow) 4 (1, 2) 2 if k€ 32\ Z,

o= () 5 ()

and () € Sm(ﬁ+%)(ro(4))~ By comparing the Fourier coefficients of both side, we complete

the proof. Indeed, ay(n) and Si(n) represent the nth Fourier coefficients of Ej and Ej}
respectively. O
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