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Fourier-Jacobi expansion of cusp forms on Sp(2; ~) 

Hiro-aki N arita 
Department of Mathematics 

Faculty of Science and Engineering 
Waseda University 

Abstract 

This note announces the recent result by the author about a general theory 
of the Fourier-Jacobi expansion of cusp forms on Sp(2; JR). It is also viewed 
as the write-up of author's talk at the RIMS workshop in January 2020. The 
theory covers the case of generic cusp forms. Explicit descriptions of such expan­
sion are available for cusp forms generating large discrete series representations, 
generalized principal series representations induced from a Jacobi parabolic sub­
group and principal series representations (induced from the minimal parabolic 
subgroup), which are known to be generic. 

As the archimedean local ingredients we need the notion of Fourier-Jacobi 
type spherical functions and Whittaker functions, whose explicit formulas are 
obtained by Hirano and by Oda, Miyazaki-Oda, Niwa and Ishii et al. To realize 
these spherical functions in the Fourier-Jacobi expansion we use the spectral 
theory for the Jacobi group by Berndt-Bocherer and Berndt-Schmidt, which can 
be referred to as the global ingredient of our study. Based on the theory by 
Berndt-Bocherer we generalize the classical Eichler-Zagier correspondence in the 
representation theoretic context. 

This note includes the correction to author's presentation at the workshop. 
The Fourier-Jacobi expansion has some contribution by Eisenstein-Poincare se­
ries with the test functions given by the Whittaker functions, for which the author 
had completely no idea when he gave the talk. 

1 Basic Notation 

1.1 Real Lie groups 

Let G = Sp(2; JR) be the real symplectic group of degree two defined by 
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where J2 = ( ~~2 ~:). This has a maximal parabolic subgroup PJ of G given by the 

Levi decomposition NJ ><1 LJ. Here NJ is the nilpotent Lie group defined by 

0 0) 0 0 
1 0 

-u0 l 

and the Levi part LJ is the subgroup of G given by 

We call this the Jacobi parabolic subgroup ( also called the Klingen parabolic subgroup). 
This parabolic subgroup PJ has the Langlands decomposition PJ = NJAJMJ with 

0 x O a O b ad - be = l 0) } { (f. 0 0 0) } ~ a E lR+ , MJ := ~ ~ ~ ~ EE {±l} . 

The unipotent radical NJ of PJ is the Heisenberg group with the center ZJ, which 
is given by 

ZJ := {n(0,u1,0) I u1 E lR}. 

We introduce the non-reductive Lie group G J called the Jacobi group by the semi­
direct product NJ ><1 SL2(JR), which is given by replacing LJ with SL2(JR) in PJ. More 
precisely, SL2(JR) is viewed as a subgroup of GJ (or LJ) by putting a= 1 in LJ. The 
Jacobi group GJ is the centralizer of ZJ in PJ. 

We also need the minimal parabolic subgroup P0 of G with the unipotent radical 
N0 , where N 0 is defined by 

0 0) 0 0 
1 0 

-u0 l 

We also review the Langlands decomposition P0 = N0A 0 M0 of the minimal parabolic 
subgroup P0 , where 

Ao:= {ao = diag(a1,a2,a11,a21) I a1, a2 E lR>o}, 

Mo:= {diag(E1,E2,E1,E2) I E1, E2 E {±1}}. 
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The group N0 admits the semi-direct product decomposition N0 = N8 ><1 NL with 
the subgroups N8 and NL defined by 

We remark that N8 is well known as the unipotent radical of the Siegel parabolic 
subgroup. 

Let us introduce the Cartan involution 0 of G defined by 0(g) := tg- 1 for g E G. 
Then 

K := {g E G I 0(g) = g} = { ( -AB !) E G I A, BE M2(lR)} 

is a maximal parabolic subgroup of G. This is isomorphic to the unitary group U(2) 
of degree two by the map 

We should remark that G has the Iwasawa decomposition G = N0 A0 K with the nota­
tion above. 

We furthermore introduce the real group SL2 (JR) characterized by the non-split 
exact sequence 

1--+ {±1}--+ SL2 (JR)--+ SL2 (JR)--+ 1, 

namely, the non-split double cover of the special linear group SL2 (JR) of degree two. 
This is realized by means of the unique non-trivial element of the second cohomology 
H 2 (SL2 (JR),{±1}) called the Kubota cocycle (cf. [10]). The group SL2 (JR) is known 
to have the special orthogonal group S02 (JR) as a maximal compact subgroup and 

SL2 (JR) has a maximal compact subgroup S02 (JR), non-split two fold cover of S02 (JR). 

1.2 Discrete subgroups 

We explain the notation for the discrete subgroups of the real groups above necessary for 
the forthcoming argument. As the most fundamental notation we introduce the Siegel 
modular group Sp(2;Z) := G n GL4 (Z). In addition to this we will need GJ(Z) := 

GJnSp(2; Z), NJ(Z) := NJnSp(2; Z), ZJ(Z) := zJnSp(2; Z), Ns(Z) := NsnSp(2; Z) 
and N0 (Z) := N0 n Sp(2; Z) etc. We remark that GJ(Z) = NJ(Z) ><1 SL2 (Z), where 
SL2 (Z) is viewed as a subgroup of GJ(Z). 

2 Eichler-Zagier correspondence in representation 
theoretic formulation 

Hereafter e(z) := exp(21r/=Iz) for a complex number z. 
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2.1 Irreducible unitary representations of the Heisenberg group 
N1 and the Jacobi group G1 

It is well known that irreducible unitary representations of the Heisenberg group NJ 
are classified in terms of the central characters Xm : ZJ 3 n(O, u1, 0) r-+ e(mu1) E ex 
with m E JR., where recall that ZJ denotes the center of NJ (cf. Section 1.1). In fact, 
irreducible unitary representations of NJ with the trivial central character are unitary 
characters of N J. On the other hand, irreducible unitary representations of N J other 
than unitary characters are infinite dimensional representations and are classified in 
terms of the central characters, up to unitary equivalence. This fact is verified easily, 
e.g. by means of the orbit method of nilpotent Lie groups (cf. Corwin-Greenleaf [5]). 

We can extend a character Xm to a character of the polarization subgroup M := 

{n(O, u1, u2) I u1, u2 E JR.} of NJ, which is also denoted by Xm· The group Mis the 
image of the exponential map for the polarization subalgebra of n (for a definition see 
[5, pp. 27-28]) with respect to a non-zero linear form of n whose restriction to the 
center is non-trivial. We introduce a unitary representation (vm, Um) of NJ by the 
L2-induction L2-IndZ" (xm) from the character Xm of M with the representation space 
Um. Here NJ acts on Um by the right translation, denoted by Vm. The classification of 
the unitary dual of NJ is stated as follows: 

Proposition 2.1. (1) Up to unitary equivalence, irreducible unitary representations of 
N J are exhausted by 

1. unitary characters T/mo,m2 : NJ 3 n(u0 ,u1 ,u2 ) c-+ e(m0u0 + m2u2) E ex with 
(m0 ,m2 ) E :IR.2 , 

2. Infinite dimensional representations (vm,Um) with m E JR.\ {O}. 

(2) Form, m' E JR.\ {O}, Vm '.::::'. Vm' if and only if m = m'. 

We next describe irreducible unitary representations of G J· We need to recall that, 
for a non-zero m E JR., (vm, Um) is extended to the unitary representation (iim, Um) of 

NJ x SL2 (R) by iim(n · _g) = Wm(g)vm(n) for (n, g) E NJ x SL2 (R), where Wm denotes 
the Weil representation of SL2 (R). For this representation we remark that GJ has ZJ 
as the center and it is possible to consider the notion of the central character for an 
irreducible representation of G J. 

Proposition 2.2. (1) Let (iim, Um) be as above. For an irreducible genuine repre­

sentation (1r1 , W1ri) of SL2 (R) (i.e. representation of SL2 (R) not factoring through 
SL2 (R)) we put the representation Pm,1r1 of GJ by Pm,1r1 (n · g) := 1r1 (g) ® iim(n · g) for 
(n,g) E NJ x SL2 (R). Then (Pm,1ruUm) is an irreducible unitary representation of 
G J. All irreducible unitary representations of G J with non-trivial central characters 
are obtained in this manner. 
(2) Let (p, Fp) be an irreducible unitary representation of G J with the trivial central 
character. Then p is unitarily equivalent to one of the following representations: 
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1. P1r1 ,o(n · g) = 1r1(g)v0 (n · g) for (n,g) E NJ x SL2 (1R), where 1r1 (respectively v0 ) 

is an irreducible unitary representation of SL2 (JR) (respectively the trivial repre­
sentation of G J ), 

2. representations of G J induced from unitary characters of N0 • 

Proof. For this proposition see [6, Propositions 2.5, 2.6]. We cite Berndt-Schmidt [2, 
Theorem 2.6.1] and Satake [17, Appendix 1, Proposition 2] for the first assertion. As 
is remarked in [6, Section 2.3] (just before Proposition 2.6) the second assertion is 
deduced from Mackey's method for representations of semi-direct product groups, so 
called Mackey machine. □ 

----Note that irreducible genuine representations CJ E SL2 (JR) has the same multiplier 
with Vm, which is due to the uniqueness of the non-trivial element of H 2(SL2 (JR), { ±1}) 
( cf. Section 1.1). Thus Pm,1ri s above are well-defined representations of G J. 

2. 2 Eichler-Zagier correspondence 

We recall that we have introduced the discrete subgroup G J(Z) of G J given by G J(Z) = 
NJ(Z) >4 SL2 (Z) (cf. Section 1.1). Following [2, Section 4.2] we introduce the space of 
cusp forms on G J as follows: 

Definitio{n (\3. il) t s~:)group Nj of G J i}s called horn-spherical if Nj is G J-conjugate 

to Vi,~ ~ ~ r y u,, u, E II!, . A horn-sphedcal subgrnup N} is defined 

to be cuspidal for GJ(Z) if Nj/Nj n GJ(Z) is compact. 
(2) For a cuspidal subgroup Nj, which is in bijection with JR2 , we denote by dn the 
measure of Nj induced by the Euclidean measure of JR2 • The cuspidal space H 0 of 
L2(GJ(Z)\GJ) is defined as 

{ </>( ng )dn = O for almo~dt ~11 gbE G J a~~ } . 
}NjnGJ(Z)\Nj any cusp1 a su group J 

For each m E Z we introduce 

On the cuspidal space we cite the following fact: 

Proposition 2.4. (1) (cf. /2, Theorem 4.3.1}) The representation of GJ on H?r, defined 
by the right translation is completely reducible, and each irreducible component occurs 
in H?r, with a finite multiplicity. The same assertion holds for H 0 since H 0 = EBmEZ H?r,. 
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(2) (cf. /2, P(r?o;iti~n 4~:)(i)J) Let Vi be as in Definition 2.3 and for m 2 , m 3 E JR, we 

put 'I/Jm2 ,m3 ( ~ ~ ~ 2 ~3 ) := e(m2u2 + m3u3) for (u2,u3) E lR2. Then <PE 1-lm be-

0 0 0 1 

longs to 1-l';,, if and only if, for almost all g0 E G J, we have that { </J( ng0 )'l/Jn,s ( n) 
JvJnGJ(Z)\VJ 

dn = 0 for (s, r) E Z such that 4ms - r 2 = 0. 

Now let us recall that, for m E lR and irreducible genuine representations n1 of 
SL2 (lR), we have introduced unitary representations Pm.n:1 of GJ, which exhaust the 
unitary dual of GJ (cf. Proposition 2.2) except for the case of Proposition 2.2 (2) part 
2. 

Definition 2.5. Let m E Zand n 1 be an irreducible genuine representation of SL2 (JR). 
Furthermore let Pm,n:i be as above. We define the space of Jacobi forms of index m and 
type n1 as 

HomaJ (Pm,n:1 , 1-l!). 

As an immediate consequence from Proposition 2.4 we have the following: 

Proposition 2.6. For a non-zero m E Z the space HomaJ (Pm,n:,, 1-l!) is finite dimen­
sional. 

We next consider the space of the following intertwining operators 

for a non-zero integer m E Z. We recall that the representation space Um is identified 
with L2 (JR). From a general theory by Corwin-Greenleaf [4] we can provide an explicit 
description of a basis of <I>m as follows: 

Proposition 2.7. The space <I>m has {0a}aEZ/2mZ as a basis, where 

Namely we have dim <I>m = 21ml. 

Now we recall that SL2 (JR) is realized as the group consisting of pairs (M, </J) with 

M = (: ! ) E SL2 (JR) and a holomorphic function <jJ on the complex upper half 

plane !J satisfying </J2(T) = cT + d (T E !J). For M = (: !) E SL2(JR) we put 

M = ( (: ! ) , JCT + d), where we choose the principal branch to define the square 
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root ,Jz of z EC. We define SL2 (Z) as the double cover of SL2 (Z) given by the inverse 
image of SL2 (Z) for the covering map SL2 (JR) -t SL2 (JR). 

We now review that the Weil representation Wm induces the SL2 (Z)-module struc­
ture of <I>m defined by 

for h E L2 (JR). From Borcherds [3, p.505] or Shintani [18, Proposition 1.6] we know 
such module structure of <I>m explicitly. Given a fixed m E Z \ {O}, let Z be equipped 
with the bilinear form Z x Z 3 (x, y) f-t 2mxy E Z. The dual lattice of Z with respect 
to this bilinear form is 2~Z. We can explicitly describe the SL2 (Z)-module structure 

of <I>m by the Weil representation of SL2 (Z) on the group algebra C[ 2~Z/Z] (cf. [3, 
p.505]). 

Proposition 2.8. For -y = (; ~) E SL2 (Z) let 'Y be as above. We have Dm(i')0a = 

LtJEZ/2mz c(a, f3),0t3, where 

;::-1-sgn(d) r5 e( ab (~)) 
V'l a,atJ 2 2m 

(c = 0), 

c(a, /3), := a a (3 (32 

a(2m)(- + r) 2 - 2(2m)-(- + r) + d-
e( 2m 2m 2m 2m) 

2c 

where 5*,* denotes the Kronecker delta. 

This is essentially the transformation formula of theta functions by Shintani [18, 
Proposition 1.6]. We follow the formulation by Borcherds [3, p.505]. 

We introduce the notion of <I>m-valued cusp forms with respect to SL2 (Z). 

Definition 2.9. For an irreducible genuine unitary representation n1 of SL2 (JR) we 
define S1r1 (SL2 (Z); <I>m) to be the space of <I>m-valued smooth functions f on SL2 (JR) 
satisfying the followings: 

1. f(r5bu) = Tmin(u)-1Dm(6)-1J(b) for (5,b,u) E SL2 (Z) x SL2(JR) x SO2 (JR), where 
recall that Tmin denotes the minimal K-type of n1 . 

2. each coefficient off is a cusp form with respect to r(4m), and generates n1 as 
a (g1 , SO2 (JR))-module, where g1 denotes the Lie algebra of SL2 (JR) (=the Lie 
algebra of SL2 (JR)). 
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Here f(4m) denotes the pull-back of the principal congruence subgroup f(4m) of 
SL2 ('1L) of level 4m by the covering map SL2 (JR) -+ SL2 (JR). 

For this definition we note that N = 41ml is the minimal positive integer such that 
N a 2 ---------- ----------
-- E '7L for any a E '7L and that the representation Dm factors through SL2 ('1L)/f(4m). 
4m 

Theorem 2.10. We have an isomorphism 

When 1r1 is an anti-holomorphic discrete series representation this isomorphism is 
nothing but the classical Eichler-Zagier correspondence. When 1r1 is a principal series 
representation HomcJ (Pm,1ru H';,.) is an equivarent notion of Maass Jacobi cusp forms. 

3 A review on Fourier-Jacobi type spherical func­
tions and Whittaker functions for Sp(2; JR) 

In what follows, g denotes the Lie algebra of G = Sp(2; JR). 

3.1 Review on Whittaker functions 

For an admissible representation 1r of G with K-type 7 and a unitary character 7/; 
of the maximal unipotent subgroup N0 of G the Whittaker functions on G are de­
fined as the restriction map l 7 of the intertwining operators in Hom(g,K) ( 1r, C~ (NO\ G)) 
to the K-type 7, where C;J:(N0\G) := {<,b E C 00 (G) I <,b(ng) = ry(n)<,b(g) V(n,g) E 
N0 x G}. The image Im(lT) of the restriction map is contained in C:t>(N0\G/K) := 
{C00-function W: G-+ V* I W(ngk) = 7/;(n)7*(k)-1W(g) V(n, g, k) E N0 x G x K}, 
where ( 7*, V*) denotes the contragredient representation of ( 7, V) with the represen­
tation spaces V and V*. By W,p,1r( 7*) we denote the image of the restriction map. We 
will need 

W,p,1r( 7*)0 := { w E Im(l7 ) I w is rapidly decreasing} 

which is motivated by the Fourier expansion of cusp forms. 
Let dim V* = d + 1 and { v,i;}~=O be a basis of V* consisting of weight vectors with 

highest weight vector vd. When the highest weight of 7 is ( A 1 , A2 ), we have d = A 1 - A2 . 

We can express each Whittaker function WE W,p,rr(7*) 0 as W(g) = Z:,%=ock(g)vZ with 
coefficient functions ck(g). Now recall that G admits the Iwasawa decomposition of 
G = N0 A0 K, where A0 := {ao = diag(a1,a2 ,a11 ,a21) I a 1 , a2 E lR>o}- We then see 
that the Whittaker function W is determined by the restriction to A0 . 

As the references on explicit formulas for the Whittaker functions we cite Oda [16], 
Miyazaki-Oda [11], [12], Niwa [15] and Ishii [9]. 
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3.2 Fourier-Jacobi type spherical functions 

We review the notion of the Fourier-Jacobi type spherical functions after Hirano [6], [7] 
and [8]. 

For an admissible representation 1r of G = Sp(2; JR) with K-type T and an irreducible 
unitary representation p of G J the Fourier-Jacobi type spherical functions are defined 
as the restriction of the intertwining operators in Homco,K)(1r, C00 IndgJp) to the K­
type T. Such restricted intertwining operators are contained in C';T• ( G J \ G / K) : = 
{000-function W: G-+ HP~ V* I W(rgk) = p(r) ~T*(k)- 1W(g) V(r, g, k) E GJ x G x 
K}, where HP and V* denote the representation spaces of p and the contragredient T* 
of T respectively. Following Hirano [6], [7] and [8] we denote the image of the restriction 
map by Jp,1r(T*). We call this the space of the Fourier-Jacobi type spherical functions 
of type (p, 1r; T*). In terms of the theory of the Fourier expansion of cusp forms we are 
interested in 

Jp,1r(T*) 0 :={WE Jp,1r(T*) I W is rapidly decreasing with respect to AJ}. 

Now recall that irreducible unitary representations of G J with the central character 
parametrized by m-/=- 0 is of the form Pm,1r, := 1r1 ~ Vm (cf. Proposition 2.2). Let us 
introduce the notation { Wz hEL and { uT hEJ for a basis of W1r, and Um respectively, 
where W1r, denotes the representation space of 1r1 . We retain the notation { v.iJo:Sk:Sd 

for the representation space V* of T* (cf. Section 3.1). As is pointed out in Hirano's 
papers ( e.g. [6, Lemma 4.4]), the restriction of WE Jp,7r:,.(T*) 0 to AJ is written as 

d 

W(aJ)=L L CJ,k(aJ)w1 0u7'0v: (aJEAJ) 
k=O jEJ 

l=l(j,k)EL 

with coefficient functions cJ,k(aJ)- Here l(j,k) = -j + k + A2 , for which note that 
the highest weight of T* is (-A2 , -A1 ) when that of T is (A1 , A2 ). The index l(j, k) 
is due to the compatibility of T* and the S0(2)-types of Pm,1r, with respect to the 
KnSL2 (lR) = S0(2)-action. We should note that Hirano obtained an explicit formulas 
for the Fourier-Jacobi type spherical functions ( cf. [6], [7] and [8]) in terms of the Mejer 
G-function G;",t- For the detail on the Mejer G-function G;",t we cite [6, Appendix] 
and the references by Meijer cited therein. 

4 Fourier-Jacobi expansion 

4.1 Cusp forms and the working assumption 

We first discuss cusp forms on G = Sp(2; JR) with respect to the Siegel modular group 
Sp(2; Z) in a general context by representation theory. 
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Definition 4. 1. Let 1r be an irreducibel admissible representation of G and ( 7, V) 
be a K-type of 1r with the representation space V. Recall that we have denoted the 
contragredient representation of ( 7, V) by ( 7*, V*) with the representation space V*. 
Let F : G-+ V* be a cusp form of weight 7* with respect to Sp(2; Z), namely a cusp 
form F satisfying 

F(,gk) = 7*(k)-1 F(g) V(,, g, k) E Sp(2; Z) X G X K. 

A cusp form F of weight 7* with respect to Sp(2; Z) is said to be generating 1r if the 
G-module generated by the right G-translations of coefficient functions { (F(g), v) I v E 
V} of Fis isomorphic to 1r as (g,K)-modules, where V* x V 3 (v*,v) f-t (v*,v) E <C 
denotes a K-invariant pairing. 

It is well known that the total space of cusp forms on a reductive group decomposes 
discretely into irreducible pieces with finite multiplicities. This is the reason why we 
assume 7r to be irreducible. 

When 7r is a holomorphic (respectively anti-holomorphic) discrete series represen­
tation of G and 7 is the minimal K-type of 1r, this notion is nothing but holomor­
phic (respectively anti-holomorphic) Siegel cusp forms. 

We should note that he Fourier-Jacobi expansion which we are going to discuss 
is applicable when an irreducible admissible representation 1r admits the Whittaker 
model, i.e. for a non-degenerate character 7/; of N0 we have 

where 
A.v,(N0\G) :={WE Cf(N0 \G) I W is of moderate growth}. 

As is well known, an irreducible admissible representation 1r with the above property is 
called generic and we thus call cusp forms generating such a representation generic cusp 
forms. We note that holomorphic or anti-holomorphic discrete series representation are 
not generic, which ea be also said to be well known. 

To discuss the Fourier-Jacobi expansion of cusp forms generating an irreducible 
admissible representations 1r we make the following working assumption on the multi­
plicity free property of the Whittaker functions and the Fourier-Jacobi type spherical 
functions for 1r: 

Working Assumption. There is a multiplicity one K-type 7 of 1r such that 

• dim W,p,1r(7*) 0 :S 1 holds for any non-degenerate 7/; E N0 and there is no rapidly 
decreasing element in W,p,1r( 7*)0 for any degenerate 7/; E N0 , 

• dim Jp,1ri ( 7*)0 :S 1 holds for any irreducible unitary representations p of G J with 
the non-trivial central character. 

For large discrete series representations, irreducible Prprincipal series representa­
tions and irreducible principal series representations (including non-spherical principal 
series representations), the working assumption totally holds. 
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4.2 Main result 

The Fourier Jacobi expansion of a cusp form F is written as 

F(g) = L Fm(g)(g E G), 
mEZ 

Fm(g) := { F(n(0, 0, z)g)e(-mz)dz. 
JJ'ili./Z 

To state the result on this we introduce a couple of ingredients. 

1. We first let 

F1;o,6(g) := { F(n(uo, u1, u2, u3)g)'l/Jt;0 ,6(n(uo, u1, u2, u3))- 1dn (g E G) 
}No(Z)\No 

for the unitary character 'I/J1;o,6 : N 3 n(u0 , u1, u2, u3) c-+ exp(27rA(fou0 +6u3)) 

of N0 with (~0 ,6) E Z2, where dn denotes the invariant measure of N0 (Z)\N0 

normalized so that vol(N0(Z)\N0 ) = 1. By the working assumption F1;o,6 is a 
constant multiple of a Whittaker function in W,t,eo,,3,1r( T{) 0 for a non-degenerate 
'I/J1;o,6 . This is proved to contribute to all the Fm-terms. 

2. We need more ingredients to describe the Fm-term for a non-zero m E Z. For 
this purpose we remark that singular semi-integral matrices of degree two with 
the fixed upper left entry m is of the forms 

_ ( m km+% ) 
Sa,m(k) - km+% m(k + 2~)2 

a2 
with some integers k E Z and a E Z such that - E Z, where a is determined 

4m 
modulo 2m. We put 

a 
'Yam:= n(-2 ,0,0,0). , m 

and provide 

We introduce 
La,m := da,mZ with da,m := 2m/(2m, a), 

where we take a in 1 :=;a:=; 21ml, which forms a complete set of representatives 
for Z/2mZ. The lattice La,rn coincides with 
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The dual lattice C, of La,m is d°'\ Z. We then furthermore provide 

Fsc,,m,n(g) := f Fsc,,m C,,,:~),/n(uo, 0, 0, 0ha,mg)e(-nuo)duo 
Jl'il./Lc,,m 

for n EC,\ {0}. This turns out to be the left translate of a Whittaker function 

by (e,a,m)-1 , where~=. ( t: ~:) with J2 = (~ ~). 

a2 
For a mod 2m E Z/2mZ with - E Z we introduce 

4m 

Fsa,m,nb. rg). 

This is a Jacobi Eisenstein-Poincare series with the test function Fsc,,m,n(g). 
Though this is called an "incomplete theta series" and should be denoted by 
0a as in [2, Section 4.4] we use the notation Ea to avoid the confusion with 
0a E <I>m. 

3. We further recall from section 3.2 that the Fourier-Jacobi type spherical function 
of type (p, n; T*) restricted to AJ has been written as "2:.%=o "2:, jEJ Cj,k(aJ )w1® 

l=l(j,k)EL 

u'J' ® v;, ( aJ E AJ) when the irreducible unitary representation p has the non-
trivial central character indexed by m E Z \ {0}. In what follows, when p is 

specified as Pm,1ri with n 1 E S~), we denote Cj,k by et{) in order to indicate 
the dependence of Cj,k on n 1 . We thus write 

d 

LL 
k=O jEJ 

l=l(j,k)EL 

for the Fourier-Jacobi type spherical function. The notation just explained is 
necessary to complete the description of the Fm-term with m-=/- 0. 

We remark that the Jacobi parabolic subgroup PJ coincides with GJAJ, for which recall 

that A,~ {a,~ ( a, 1 a;-' J I a E ~}. With the comdinate (r, a.,) E G, x A, 

we have the theorem as follows: 

Theorem 4.2. Let 1r be an irreducible admissible representation of G with the mul­
tiplicity one K-type T satisfying the working assumption and let F be a cusp form of 
weight T* with respect to Sp(2; Z) generating n. 
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Each term Fm of the Fourier-Jacobi expansion LmEZ Fm of F is expressed as 

L 
(!;o,!;3)EZ2 , !;□!;3#0 (a 

C 

form= 0 and 

L L Ea(Fs,,,m,n(*aJ))(r)+ 
l::S:a::S:2lml nEL-;;:-m \{O} 

s.t. a 2 /4m E Z 

form-/=- 0, where 

• recall that { v,iJ%=o denotes a basis of V* consisting of weight vectors (cf. Section 
3.1}, 

• SL2(Z)oo := { G 7) I n E Z }, 

• m(1r1) := dimHomcJ(Pm,1ru 1-l?r,) and {q'J~;} is a basis of HomcJ(Pm,1ru 1-l?r,). 

The term F0 is contributed by representations of G J with the trivial central char­
acter, which are representations induced from characters of N0 (cf. Proposition 2.2 
(2) part 2). We then find it quite natural to see that F0 is written as a sum of the 
Whitaker functions. 

When m is a non-zero integer we have Fm E 1-lm. For this we should note that 1-lm = 
1-l'j,, ffi1-{~ with the orthogonal complement 1-l'j,, to 1-l~ in 1-lm. The space 1-l'j,, is the con­
tinuous spectrum of 1-lm. The summation L 1sa::S:2lml LnEI:;;\{o} Ea(Fs,,,m ,n( *aJ ))(r) 

s.t. a 2 /4m E Z 
is the 1-l'j,,-part of Fm, which the author did not notice in the presentation at the work-
shop. 

Remark 4.3. (1) When 7r is holormophic or anti-holomorphic discrete series 7r is not 
generic as we have pointed out. We therefore see that F0 = 0 and Ea(Fs,,,m,n(*aJ)) = 0 
for such 1r. 
(2) The paper [14] in preparation includes more specific descriptions of the Fourier­
Jacobi expansions for the cases of large discrete series representations, Prprincipal 
series representations and principal series representations. In addition, it also includes 
examples of Jacobi cusp forms q'J~{(w1 ® u'J')(r) contributing to the Fourier-Jacobi ex­
pansions. 
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