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1 Introduction

We address the classification problem of zeropotent algebra of dimension 3. An
algebra A (not necessarily associative) is called zeropotent if 22 = 0 for all z € A.
Lie algebras are typical zeropotent algebras.

We reported the classification results of zeropotent algebras of dimension 3
over the complex number field C in [1]. In the present article we report the
results over the real number field R. We discuss the classification problem of
zeropotent algebras of dimension 3, and compare the results over C and R.

2 Structure matrix

Let A be a zeropotent algebra over K of dimension 3 with a linear basis

{e1,€2,e3}. Because A is zeropotent, e = e = e = 0, ejea = —egey,
ere3 = —egze; and egez = —egzeq. Write
ece3 = aijer + aijzes + ajzes
eser = agie1 + agze2 + agses (1)
e1e2 = agiey + aszez + asses

with a1, a12,0a13, 021, G422, A23,A31, 432, @433 € K. With the matrix

aip a2 ai3
A= a2 az a2 (2)
asy as2 ass

*This is a summary of our results [2] and [3].
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we can rewrite (1) as

€2€3 €1
€3€1 =A €2
€1€2 €3

We call (2) the structure matriz of the algebra A. We use the same A both
for the matrix and for the algebra.

3 Matrix equation for isomorphism

Let A’ be another zeropotent algebra on a basis {e], €}, e5} given by

! ! ! ! i !

€a€3 €1 app Qpp Qi3

/N Al / . !’ / / /

ene) | = A" ey | with A" = [ab; ahy ahs |- (3)
VAN ! / I /

€163 €3 az;  Gzp Gz

Let @ : A — A’ be an isomorphism given by a transformation matriz

T11 T12 T13
X = |21 w2 w3 |,
r31 X32 T33

that is,
®(e1) ¢
Dleg) | =X | €
D(e3) ey

Theorem 3.1. A and A’ are isomorphic if and only if there is a nonsingular
transformation matriz X satisfying

1

= X AX.
X

A/

Cororally 3.2. If A and A’ are isomorphic, then
(i) rank A =rank A’,
(ii) A is symmetric if and only if A’ is symmetric.

4 Jacobi elements

By Corollary 2.2, the rank and symmetry are invariant under isomorphism of
algebras. However, the determinant is not invariant unfortunately, but we have
an important invariant called the Jacobi element. The Jacobi element jac(A) of
A is defined, with respect to the base {e1, ea,es}, by

jac(A) = eq(eqes) + ea(ezer) + es(eres).

A is a Lie algebra if and only if jac(A) = 0.
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For algebras A and A’ with structure matrices in (2) and (3) respectively,

let
jac(A) = aje; + azes + ages and jac(A') = ale] + ahel, + ajel.

Then, we have

Theorem 4.1. If A and A’ are isomorphic with a transformation matriz X,
then

(a1,a2,a3)X = |X|(a}, ay,a3).
5 Classification

Theorem 5.1. Zeropotent algebras over C of dimension 3 are classified, up to
isomorphism, into 10 families

AO, Al, A27 A37 A57 AG, AS, A97 {A4(a)}ae7-t, {A7(a)}a67'l

defined by
000 000 001 0 10 010
oooj],{fooof,fooo},{-100)],{000],
000 001 001 0 00 001
011 122 133 000 1 a0
001,01 2f,{013}),101a],{010],
001 001 001 001 001

where
H={z€C| —7/2 <arg(z) <7/2}

is the complexr half plane.
Over R, we have the algebras defined by the same matrices

AO’A17A27A3aA5aA6aA87A9
as above, while the family A4(a) (a > 0) is split to two families { Af(a)}a>0 and
{Af(a)}uzo defined by
000 0 0 0
01lal, 0 —1a
001 0 0 1

respectively, and the family A7(a) is split into three families { A% (a)}a>0, {A?(a)}azo
and {A)(a)}o<a<a defined by

1 a O 1 a O —1 a O
010}, 10-=10], 0 —10
001 0 0 1 0 0 0

respectively.
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6 Transformation
Over C we have an isomorphism
Al(a) = AS(—(1+1i)a)

with transformation matrix
1
0 4+ 1+4d},
0

In addition, we have isomorphisms

AB(a) = AS(—(1+1i)a)

with transformation matrix

1 14i 0
-1 —i 0],
0o 0 1

and

with transformation matrix

i 0 0
0 —i 0
0 0 1

They are not isomorphic over R and form different families of non-isomorphic
algebras.

In general, C can be an arbitrary algebraically closed field, and R can be a
real closed field, that is, K (1/—1) is an algebraically closed field of characteristic
not equal to 0.
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