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AND MANABU OURA

ABSTRACT. In this paper, we introduce the concept of the com-
plete joint cycle index and the average complete joint cycle index,
and discuss a relation with the complete joint weight enumerator
and the average complete joint weight enumerator respectively in
coding theory.
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1. INTRODUCTION

Let G be a permutation group on a set ), where |2| = n. For each
element h € GG, we can decompose the permutation h into a product
of disjoint cycles; let ¢(h,i) be the number of i-cycles occurring by the
action of h.

Definition 1.1 (Cameron [2]). The cycle indez of G is the polynomial

Z(G; 81, ..., 8,) in indeterminates s1, ..., s, defined as
Z(G;81,. .., 8,) = Z sl gelom)
geG

Example 1.1. Let G be the symmetric group of degree 4. Each parti-
tion of 4 is the cycle type of some element of G. We have the following
number of elements of G corresponding to each partition:

Partition 4131122]211 (1111
# of elements |6 | 8 | 3 | 6 1
TABLE 1. Partitions and element numbers in G.

Date: March 30, 2021.
*Corresponding author.
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Therefore, the cycle index of G is
Z(G; 51, 89, 83, 54) = 654 + 85153 + 355 + 65957 + 8‘11.
Definition 1.2 (Miezaki-Oura [6]). The complete cycle index of G is
the polynomial Z(G;s(h,i) : h € G,i € N) in indeterminates {s(h, ) |
h € G,i € N} given by
Z(G;s(h,i):he GieN)y=> T]s(hi)",
heG ieN
where N :={z € Z | x > 0}.

Let F, be the finite field of order ¢, where g is a prime power. An [F-
linear code C'is a vector subspace of Fy. The dual code of a code C'
is

Cti={veF,|u-v=0foralueC},
where u-v := > "  u;v; denotes the inner product of u and v. If

C = C*, then C is called self-dual. The weight of u € C' is denoted by
wt(u) := #{i | u; # 0}. For u € C, we denote the composition of u by
s(u) := (sq(u) : a € Fy), where s,(u) := #{i | u; = a}.

Definition 1.3. Let C' be an F,-linear code of length n. Then the

wetght enumerator of C'is the homogeneous polynomial

we(z,y) =Y a" My e Cla,y),
ueC

and the complete weight enumerator of C'is defined as:

cwec(z, 1 a € Fy) = Z H 25 € Cla, - a € Fy).

ucC acl,

Definition 1.4. Let C' be an [n, k] linear code over F,. We construct
a permutation group G(C) from C whose cycle index is the weight
enumerator. The group we construct is the additive group of C'. We
let it act on the set

{1,...,n} xF, (aset of cardinality nq)
in the following way: the codeword (uy, . .., u,) acts as the permutation
(i,2) — (i, + u;)

of the set {1,...,n} x F,. The group G(C) is an elementary abelian
group of order ¢*. We call the cycle index

Z(G(C):su, - 50)
the cycle index for a code C'. We call the complete cycle index
Z(G(C);s(g,i) 1 g € G(C),i €N)
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the complete cycle index for a code C.

Example 1.2. Let C := {(0,0),(0,1),(1,0),(1,1)} = F3 be a code.
Again let G(C) be the permutation groups on

{1,2} x Fo = {(1,0),(1,1),(2,0),(2,1)}.
For u = (u1,us) € C acts as a permutation on {1,2} x Fy as follows:
(1,2) = (i, 2 + u;).
Now let u= (0,1) € C. Then

(1,0) = (1,0 4+ 0) = (1,0) <= 1-cycle,
(1,1) = (1,1 +0) = (1,1) <= 1-cycle,
(2,0) = (2,0+1) = (2,1) = (2,1 + 1) = (2,0) < 2-cycle.

Therefore the partition is 211.

ueC [(0,0)](0,1)](1,0) (1)
Partitions | 1111 | 211 | 211 22
TABLE 2. Elements and Partitions in G(C').

Therefore, the cycle index, Z(G(C), s1, 52) = s§ + 25359 + s3.
Then the complete cycle index,

Z(G(C);s(h,i) - h € G(C),i € N)
=5((0,0),1)%s((0,0),1)* + 5((0,1),1)%s((0, 1), 2)*
+s((1,0),2)"s((1,0), 1)* + s((1,1),2)"s((1,1),2)".

Theorem 1.1 ([2, 6]). Let C be a linear code over F, of length n,
where q is a power of the prime number p. Then we have the following
results.

(i) We(z,y) = Z(G(C); 1 4= a9, 5, = y?/9).

(ii) Let T be a map defined as: for each g = (ul,.. JUp) € C
andi € {1,...,n}, ifu; =0, then s(g,1) — a:ul sifu; # 0, then
s(g,p) — a:ﬁ{q. Then cwec(x, : a € F,) = T(Z(G(C); s(g,1) :
g€ G(C),i e N)).

The notion of the joint weight enumerator of two [y -linear codes
was introduced in [5]. Further, the notion of the g-fold complete joint
weight enumerator of ¢ linear codes over F, was given in [7].
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Definition 1.5 ([7]). Let C' and D be two linear codes of length n over
F,. The complete joint weight enumerator of codes C' and D is defined
as follows:

Jop(ta:acFy) = Z H ),

ueC,veD ack?
where n,(u,v) denotes the number of ¢ such that a = (u;, v;).

Let G and H be two permutation groups on a set {2, where |Q| = n.
Again let Gg g := G x H be the direct product of G and H. For each
element (g,h) € Gg pu, where g € G and h € H, we can decompose
each permutation of the pair (g,h) into a product of disjoint cycles.
Let ¢(gh,i) be the number of i-cycles occurring by the action of gh,
where gh denotes the product of permutations g and h which acts on
Q as (gh)(a) = h(g(a)) for any o € Q.

Definition 1.6. The complete joint cycle index of permutation groups
G and H is the polynomial

ZG,H(S((.Q: h)> Z)) = Z(gG,H; S((ga h)v Z) : (ga h) € gG,Hai € N)
in indeterminates s((g, h), %), where (g,h) € Gg.g and i € N, given by

Zon(s((g.h),0)) = Y ]s((g,h), i)

(9:h)€Gq, 1 €N

The concept of the complete joint cycle index is used in Theorem 2.1.
Theorem 2.1 gives a relation between complete joint cycle index and
complete joint weight enumerator. This generalizes the earlier work
Theorem 1.1. Further, we give the notion of the r-fold complete joint
cycle index and the (¢,r)-fold complete joint weight enumerator. In
this paper we also give a link between the r-fold complete joint cycle
index and the (¢, r)-fold complete joint weight enumerator. The link is
a generalization of Theorem 2.1. This result presents us a new applica-
tion of constructing the average r-fold complete joint cycle index and a
motivation to establish a relation with the average (¢, r)-fold complete
joint weight enumerator.

2. THE RELATION

In this section, from any two [F -linear codes, we construct two per-
mutation groups, whose complete joint cycle index is essentially the
complete joint weight enumerator of codes.

Definition 2.1. Let C' and D be two linear codes of length n over F,.
We construct from C' and D two permutation groups G(C') and H (D)
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respectively. The groups G(C') and H(D) are the additive group of C
and D respectively. We let each group act on the set {1,...,n} xF, in
the following way: the codeword (uq, ..., u,) acts as the permutation

(i,2) — (i, + u;)

of the set {1,...,n} x F,. We define the product of two permutations
(ui,...,u,) € Cand (vy,...,v,) € D as follows:

(i’x) = (iax+ui +Uz‘)

of a set {1,...,n} x F,. Let Gop := G(C) x H(D). We call the
complete joint cycle index

ZC7D( ((gvh) )) - Z(gCDJ ((g,h),@) : (gvh) € gC,Dai € N)
the complete joint cycle index for codes C' and D.

Example 2.1. Let

e={()-0)- () O 2={6)- O}

Then the complete joint weight enumerator is
o0+ Zg + + + + + a3y + 27
Loo T Lo T LooT10 T L0111 T T10Lo0 T L11Lo1 T Lyg T Lq1-

Let G(C) and H(D) are the permutation groups on {1,2} x Fy. In the
following calculation, for ¢ € G(C) and h € H(D), we prefer to write
the indeterminates s((g, h),1) as

(1))

((6)1) (6 6) 1) -
(o)1) (o) 2
)
) -

=
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Now we have the following result.
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Theorem 2.1. Let C and D be two codes over F, of length n, where q
is a power of the prime number p. Let Jop(xa:a € IF?) be the complete
joint weight enumerator and Z(Ge.p; s((g,h),1) : (g,h) € Gop,i € N)
be the complete joint cycle index.

Let T be a map defined as follows: for each g = (u1,...,u,) € C
and h = (v1,...,v,) € D, and fori € {1,...,n},
if u; +v; =0, then

s((g,h),1) — zHa

if u; +v; # 0, then
s((g,h),p) = b/

U;V; "

Then we have

Jop(raac Fg) =T(Z2(Gop;s((g,h),i): (9,h) € Gop,i € N)).

3. r-FOLD COMPLETE JOINT CYCLE INDEX

Let G1, G, ..., G, be r permutation groups on a set €2, where |Q| =
n. Again let Gg, ¢ = G X --- x G, be the direct product of
G1,Go,...,G,. For any element (g1, 92,...,9-) € Ga,...c., where g €
Gy for k € {1,2,...,r}, we can decompose each permutation g into a
product of disjoint cycles. Let ¢(gg,7) be the number of i-cycles occur-
ring by the action of gp. Now the r-fold complete joint cycle index of
G1,Gs, ..., G, is the polynomial

ZGl,...,GT(S(<gl> s ,gT)> Z))
= Z(gGl,...,GT; 5((917 v 797“)7 Z) : (gb v 797“) € gGL...,GMi € N)

in indeterminates s((g1,...,9:),7), where (g1,...,9-) € Ga,,..c, and
1 € N, given by

Zay,a (5091, 9r),1))

= Z H S((gl7 cte 797)7 Z‘)C(gl‘“gr’i)'

where ¢; ---g, denotes the product of permutations ¢i,...,g, which
acts on Q as (g1---g-)(@) = g.(---g1(a) - -+) for any a € Q. If Gy =
-+ =G, = G, then we call Z(Ge, a;s(g1,---,90).7) = (g1,--.,9r) €
Ga,..a,1 € N) the r-fold complete multi-joint cycle index of G.

Definition 3.1. We denote, II* := C; x - -- x Cy, where C4,...,C; be
the linear codes of length n over F,. We call I1* as the ¢-fold joint code
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of Cy,...,Cy. We denote an element of I1¢ by

ay; ... Qip
a1 ... Qop
¢:=(cy,...,Cpy) = _21 2 ,
Ay ... Qup
where ¢; .= “(ay;,...,an) € Ffl and f1;(€) == (aj1,...,a,) € Cj.

Now let TI{, ... TIY be the /-fold joint codes (not necessarily the
same) over F,. For k € {1,...,r}, we denote, I1f := Cyy X -+ X Chy,
where Cjy, ..., Cie be the linear codes of length n over F;. An element
of I is denoted by

k k
G
- | @21 (o,
¢k, == (cp,  Ckn) 1= : )
k k
N
where cj; == t(ag;), ce aéf)) € F. and j1;(¢;) == (ag-lf), ce ag-lfl)) € Ciy.

Then the (¢,7)-fold complete joint weight enumerator of TI§, ... TI¢ is
defined as follows:

EISTE U Sl | (e

&€l .. g eIt

where n,4(Cq, . . ., ¢,) denotes the number of i such that a = (cy4, ..., Cpi)-
For r = 2 and ¢ = 1 the complete (¢, r)-fold joint weight enumerator
coincide with complete joint weight enumerator (Definition 1.5).

Definition 3.2. We construct from I1° a permutation group G(II%).
The group we construct is the additive group of II*. We let it act on
the set {1,...,n} x F. in the following way: (ci,...,c,) acts as the
permutation

T T+ ay;
2 | T2t ao;
i, | . — | 4, .

Ty To + Qg

of the set {1,...,n} x F.. Now let G1(I1f), ..., G.(IIf) be r permuta-
tion groups. We define the product of r permutations (ciy,...,C1,) €
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I, ... (Cr1, ... ) € TIE as follows:
r (k)
x L1+ D e a%fi)
D e+ as
i, | . — | e, Z.kfl 2
v k)
Te To+ Y gy Ay

of a set {1,...,n} x Ffl. Let Gppe e = G1(IT%) x -+ x G.(II%). We
call the r-fold complete joint cycle index

ZH{,...,Hﬁ(S((glv o 7g"‘)> Z))
= Z(gﬂé I145 5((91, B 7g'r)7i) : (917 s ,gT) S gH{,...,Hﬁvi S N)

100

the 7-fold complete joint cycle index for IT¢, ... TI%.

r

Remark 3.1. Let IT{ = - -- = IT£ = IT*, where
I :=Cy x - x Cy,
for the [F-linear codes Cf, ..., Cy of length n. Then we call
Z(Gne,..nes 591 590),8) 2 (9155 90) € G e 8 € N)

the r-fold complete multi-joint cycle index for TI°.
Again let Cy = --- = Cy = C, for some I -linear code C' of length n.
Then we denote I1¢ by C*, that is,

C'=Cx--xC.
¢
We call Z(Gee, . cess((g1,---590):7) 2 (g15- -+, 9r) € Gee,_ce,i € N) the
r-fold complete multi-joint cycle index for C*. Note that if r = 1, the -

fold complete multi-joint cycle index for C* coincide with the complete
cycle index of genus ¢ for code C' in the sense of Miezaki-Oura [6].

Now we give a generalization of Theorem 2.1 as follows.

Theorem 3.1. Fork € {1,...,r} andj € {1,...,(}, let Cy; be an IF,-
linear code of length n, where q is a power of the prime number p. Again
let TIY be the (-fold joint code of Ci,...,Cre. Let jn{,...,nﬁ(za ra €
Fg”) be the (£, r)-fold complete joint weight enumerator of 11§, ... TI%,

and
Z(gﬂg,...,ﬂfﬂ; 5((91, s 7g7”)7 Z) : (gla s 7g7”) € gH{,...,ani € N)

be the r-fold complete joint cycle index for T1¢, ... TI¢.
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Let T be a map defined as follows: for each g1 = (c11,...,C1n) €
I, ... 9. = (cr1y. ..y ) €11Y, and fori € {1,...,n},
if >y Cki = 0, then

1 .

5((917 s ,gT)> 1) — xc{? .Cpi?

if >y Cki # 0, then
0

5((917 s ’gr)ap) = xz{?cn
Then we have
Tt (Ta:ac Fﬁ”) =

T(Z(gnfi,...,nlﬁ s((g1s- 5 90)57) (915, 90) € gH‘{,...,Hﬁai €N)).

4. MAIN RESULTS

In [8], the notion of the average joint weight enumerators was given.
Further, the notion of the average r-fold complete joint weight enu-
merators was given in [4]. In this section, we give the concept of the
average complete joint cycle index and provide a relation with average
complete joint weight enumerator of codes. We also give an analogy
of Theorem 3.1 for the average complete joint cycle index. For two
permutation groups G' and G’ on €2, where || = n, we write G’ = G if
G and G’ are isomorphic as permutation groups.

Definition 4.1. Let Gy,..., G, be r permutation groups on a set €2,
where |Q2] = n. Then the (Gy,...,G,)-average r-fold complete joint
cycle index of Gy, ..., G, is the polynomial

28 o (s((g1s--59.):1) = 2 Ger,..cri5((ghs - 90),0)
Gll = Glﬂ . 7G;~ = GT7 (glla cee agqlﬂ) € gGll,...,G’Tai € N),

in indeterminates s((¢’,...,g.),7) where ¢; € G%,...,¢. € G!, and
1 € N defined by

ZGl, ,GT( ((gia cee 7g;‘) ))
ZG, LG glﬂ"'vg;')>i)>a
AP IR
where N~(Gy) := t{G}, | G}, = Gk}.
In this paper we only consider the case (G1-average complete joint cy-

cle index. The G1-average r-fold complete joint cycle index of G4, ..., G,
is the polynomial

28 e 5((g - 90), 1) = 2%(Gay..c05 5((9h - 90), 1)

-----

135
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G/l = le(glla~-~agr) € gG’l ..... G'r’i € N),

in indeterminates s((¢, ..., g,), %) where g} € G/, g2 € G, ..., g, € G,,
and 7 € N defined by

av / . 1 / .
ZG1 ..... GT(S((91>""9T)>Z)> = N~(G1) Z ZG/1 ..... Gr(s«gla-'-agr)az)%
- G/1§G1

where N~(G1) :=#{G] | G| = G1}.

Example 4.1. Let S3 be the symmetric group on {1,2,3}. Again
let G; and Gy be two subgroup of S3 such that G; = ((1,2)) and
Go = ((1,3,2)). Then the subgroups of S3 that are isomorphic as per-
mutation group to Gy are ((1,2)), ((1,3)), ((2,3)). That is N~(G;) = 3.
Therefore

ZaGU1,G2 (8((917 92)7 7‘))
1

= 3(Z2.6:(s((91:92), D) + Zi1,9)).6:(5((91: 92), 1))
+ Z(23)),6:(5((91, 92). 1))

= %(8(((1), (1)), 1) +s(((1),(1,2,3)),3)" + s(((1),(1,3,2)),3)*
+5(((1,2), (1)), 1)"s(((1,2), (1)), 2)*
+5(((1,2),(1,2,3)), 1)'s(((1,2),(1,2,3)),2)"
+5(((1,2),(1,3,2)), 1)'s(((1,2),(1,3,2)),2)"
+5(((1), (1)), 1) +s(((1),(1,2,3)),3)" +5(((1), (1,3,2)),3)"
+5(((1,3), (1)), 1)"s(((1,3), (1)), 2)*
+5(((1,3),(1,2,3)), 1)'s(((1,3),(1,2,3)),2)"
+5(((1,2),(1,3,2), 1)'s(((1,2),(1,3,2)),2)"
+5(((1), (1)), 1)+ s(((1),(1,2,3)),3)" +5(((1), (1,3,2)),3)"
+5(((2,3), (1)), 1)"s(((2,3), (1)), 2)*
+5(((2,3),(1,2,3)),1)'s(((2,3), (1,2,3)),2)"
+5(((2,3),(1,3,2)), 1)'s(((2,3), (1,3,2)),2)")

Definition 4.2. We write S,, for the symmetric group acting on the
set {1,2,...,n}. Let C be any linear code of length n over I, and u =
(u1,...,up) € C. Then o(u) := (Uo(1), - - - , Ug(n)) for a permutation o €
Sy. Now the code C" := o(C) := {o(u) | u € C} for 0 € S, is called
permutationally equivalent to C, and denoted by C~C’. Then the
average r-fold complete joint weight enumerator of codes Ci,...,C,
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over [, are defined in [4] as:

T& o (waacFy) = Z TJct.Cooy (X0 A EFL),

where N_(C7) :=t{C] | C] ~ C4}.
We call the G;-average r-fold complete joint cycle index
Ze  o(s((g1, 92,5 90),1)) = Z2%(Ger co,...00
((gl>g2> s ,gT)> Z) : C{ ~ Cl> (gia 9o, ... 7g7”) € gCi,CQ,...,Cr’?: € N)

the Gi-average r-fold complete joint cycle index for codes C4, ..., C,.

The following theorem gives a connection between the (Gi-average
of r-fold complete joint cycle index and the average of r-fold complete
joint weight enumerator.

Theorem 4.1. Let C4,...,C, be the linear codes of length n over I,
where q is a power of the prime number p. Let J&' o (va:a € Fy) be
the average r-fold complete joint weight enumerator and

Zav(gC{,Cz,...,CT; S((glla 9o, - .- ,gT)a Z) : Ci ~ Cla (917‘92’ s 7g7”) €
Goy co,...crr @ €N)

-----

be the G'i-average complete joint cycle index for Cy,. .., C,.

Let T' be a map defined as follows: foro € S,, and g1 = (u11, ..., u1,) €
Ci,90 = (ug1, ... u9,) € Coyeoiygr = (Upty ..oy tp) € Cp, and for
1€ {1,...,n}, ifulg(i) + g + -+ up =0, then

(915920590, 1) = 20
if Uio(i) + Ui + -+ up # 0, then
S((91 9205 90):0) = LT e
Then we have
JE) o (waa € F) = T(Z(Ger cy,..00i 5((91, 925 - -5 G0 ), 1)
C1~C1, (91,92, -5 9r) € Gy 0,001 €N)).
Definition 4.3. For S! := S, x -+ x S, we define the semidirect

product of S, and S as

SgNSf; ={1:=(m01,...,00) | € Spand 01,...,0, € S, }.
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We recall the /-fold joint code, II* and for € = (cy,...,c,) € II¢, the
group Sy x St acts on I1° as

Ur(V)or(1) -+ Qn(1)os(n)
@) 1= (o). afen)) = | O OO
Ar(f)oe(1)  «-+  Or(l)oy(n)
where ¢(¢;) = “(ar()or(i)s - - -+ n(0)or(s)) € IFf;. Then we call II¢ :=

(1) == {u(€) | € € TT*} an equivalent (-fold joint code to T1°, and
denoted by 1Y ~ II*. Now the average (£, r)-fold complete joint weight

enumerator of TI¢, ... TI* is defined by
1
v {
jﬁ{,ng,..,ng(@i rac qu) = 7 Z jH{’,Hg ,,,,, ng(xa)>
N.(IL)

¢’ It
where N_(ITY") := #{I1¢" | II{" ~ II¢}. We call the Gy-average r-fold
complete joint cycle index

(s 92 900, 0) = 2 (G e e

29000

. / .
S((.g/l’g2> s ’gT)’Z) : H{ ~ Hli> (gi>g2> s ,gT) € g]‘[{ﬁ]‘[% Hfaz S N)

the Gi-average r-fold complete joint cycle index for ¢-fold joint codes
m, .. I,

In the following theorem, we give a relationship between the average
(¢,r)-fold complete joint weigh enumerator and the Gi-average r-fold
complete joint cycle index for /-fold joint codes as a generalization of
Theorem 4.1.

Theorem 4.2. For k € {1,...,r} and j € {1,...,(}, let Cy; be an
Fy-linear code of length n, where q is a power of the prime number p.

Again let TI%, be an (-fold joint code of Ci,...,Cr. Let j&%},...,nﬁ (24 :

ac€ Fé”) be the average (¢,r)-fold complete joint weight enumerator
of Y, ... I, and

. /
Z(w(gLH?l,...,Hfﬁ; 8((9/17 e 797”)7 7‘) : Hli ~ H€7 (9/17 e 797”) € gH‘i/“,,,Hfh
ieN)

be the Gy-average r-fold complete joint cycle index for 114, ... TI¢.
Let T be a map defined as follows: for 1 = (m;01,...,00) € Sg x S¥,

and g1 = (c11,...,¢1,) € I, ..., 9. = (Cr1y...,Crn) € TIY, and for
iE{l,...,n}, ifL(Cli)+Czi+"‘+Cri:0, then
1/¢*

8((917 R 797“)7 1) = xb(Cli)CQi---cri;
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if L(cri) + Co + -+ + ¢y # 0, then

¢
8((917 s 797“)7p) = xf(/cqu)cm...cri'

Then we have

15[12) Hg(l'a HES ngr) - T(Z(w(gnf/,,,,,nﬁ; 5((91, s 797”)7 Z) :

10000

' ~ 10, (g, - 90) € Grperpesi €N)).

FUTURE RESEARCH

We would like to study with the concept of the joint Jacobi poly-
nomial for codes over F,. We are also interested in studying average
joint Jacobi polynomials of codes over [F,. Further we would like to
investigate the average Jacobi intersection number of codes.
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