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Characterisations of quasi-metric semilattices and 

applications to intrinsic entropies 

Nicolo Zava 

University of Udine 

1 Introduction 

The main objects of this paper are generalised quasi-metric spaces. A generalised 
quasi-metric space is given by a set X and a generalised quasi-metric d which is a map 
d:XxX→恥0U { oo} satisfying the following properties: 

(QMl) d(x,y) = d(y,x) = 0 if and only if x = y, for every x,y EX  (indistancy implies 
identity); 

(QM2) d(x, y) ~ d(x, z) + d(z, y), for every x, y, z E X  (triangular inequality). 

The pair (X, d) is a quasi-metric space and d is a quasi-metric if d does not assume the 
value oo. Quasi-metric spaces were introduced and studied for the first time in [32], even 
though some traces can be already found in [15]. In this paper we focus on the applications 
of this notion to both domain theory and dynamics. 

Scott's breakthrough work used order theory and non-Hausdorff topologies to describe 
partial objects in computation ([27, 28], see also the survey [1] and the monograph [14]). 
Matthews then defined partial metric spaces to provide a "metric setting" to Scott's ideas 
([19]). Partial metrics are, intuitively, metrics for which the distance from one point to 
itself need not be zero. They were defined to parametrise computations searching for a 
denotational semantics to lambda-calculus. Later on, O'Neill generalised partial metrics 
to include more examples ([22]). 

Matthews noticed that, for a set X, partial metrics are equivalent to the quasi-metrics 
d (a quasi-metric is a generalised quasi-metric that does not assume the value oo) that are 
weighted. Weighted quasi-metric spaces were studied in [18]. In general, characterisations 
of partial metric spaces are hard to obtain ([17, 18]). To tackle the problem, Schellekens 
noticed that important examples have an underlying further structure: they are indeed 
semilattices if they are equipped with the specialisation order ([26]). Hence, motivated by 
the observation, he studied weighted invariant quasi-metric semilattices. He then proved 
that those objects satisfying the descending path condition, and that the weights are semi-
co-valuations (particular real-valued maps introduced by Schellekens, [26], and, before it, 
by Nakamura, [21]). Moreover, Schellekens provided conditions under which an invariant 
quasi-metric semilattice satisfying a certain property, called descending path condition, is 
weighted ([25]), and he produced quasi-metrics out of semi-co-valuations ([26]). The latter 
process is close to Nakamura's construction of a metric from a semi-co-valuation ([21]), 
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and generalises the classical correspondence between metrics and valuations in lattices 

([3]). 

The second application that came out recently concerns dynamics, and, more precisely, 
entropies. In 1865 Clausius defined the notion of entropy in physics, but it was only in 1948 

that Shannon introduced it in mathematics, and, more precisely, in information theory 
([29]). Inspired by that concept, several other entropies have been introduced and studied 
in mathematics so far. Intuitively, entropies associate to every self-morphism of a space a 
positive, possibly infinite, real value estimating its impact to the properties of the object. 
Let us mention Kolmogorov ([16]) and Sinai's ([30]) measure-theoretic entropy in ergodic 
theory, and Adler, Konheim and McAndrew's topological entropy ([2]) in compact spaces. 
In algebraic dynamics, we can cite again the work of Adler, Konheim and McAndrew 
([2]), the entropy defined by Weiss in [31], and the one introduced by Peters ([23, 24]). 
Recently, coarse entropy was defined in metric spaces ([20]) and independently in coarse 
spaces ([34]). 

Among the various entropies that have been defined in the last decades, let us men-
tion a distinguished class, called intrinsic entropies. Intuitively, those are entropies for 
whose computation one needs to focus on some points satisfying particular properties 
and called inert. First examples are the intrinsic algebraic entropy for endomorphisms 
of abelian groups ([10]), the algebraic entropy and the topological entropy of continu-
ous endomorphisms of locally linearly compact vector spaces ([5, 6]). Moreover, intrinsic 
characterisations were provided for the topological entropy of totally disconnected locally 
compact groups ([13]) and the algebraic entropy of locally compact strongly compactly 

covered groups ([12]). 

In front of a plethora of entropies, the need for a unifying approach emerged. A first 
attempt was provided by Dikranjan and Giordano Bruno ([8]). They introduced the semi-
group entropy of norm-contractive homomorphisms of normed semigroups and used it to 
recover several different definitions. However, that approach was not suitable to generalise 
intrinsic entropies. Later on, Castellano, Dikranjan, Freni, Giordano Bruno and Toller 
([4]) proposed a different method to capture those intrinsic entropies. They introduced 
semilattice entropy of contractive endomorphisms of invariant generalised quasi-metric 
semilattices and recovered several intrinsic entropies. 

In this paper we summarise the definition and characterisations of weighted quasi-

metric spaces and semilattices. Moreover, we sketch the applications of their extensions 
to intrinsic entropy. More precisely, In Section 2 we introduce weighted quasi-metrics and 
provide their characterisation, due to Matthews, using partial metrics. In §2.1 we briefly 
mention the extension of partial metrics due to O'Neill and the corresponding notion of 
weakly weighted quasi-metrics. In Section 3 we focus on generalised quasi-metric semi-
lattices. To do it, we recall the definition of specialisation order, and then introduce two 
fundamental properties: invariance and descending path condition. Section 4 is devoted 
to present classical characterisations of weighted invariant quasi-metric semilattices. In 
§4.1 we study the relation with the descending path condition and in §4.2 the connection 
with semi-co-valuations. Finally, in Section 5, we further motivate the interest in invari-
ant generalised quasi-metric semilattices by describing their use in systematising intrinsic 

entropies. In §5.2 we define the intrinsic semilattice entropy and in §5.1 we show how it 
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can be used to recover the intrinsic algebraic entropy. 

Notation 

We denote by N = {O, 1, 2,...｝，恥o= {x E 訊 IX~ O}, 応＝｛XE 政 Ix~ O}, and 
恥 o= {x E艮 IX>O}. 

If f,g: X →艮 aremaps from a set X and c E恥 wewrite: 

• f + g for the map h: X →股 definedby h(x) = f(x) + g(x), for every x EX; 
• c for the constant map having image { c}こ罠；
• f ~ 0 if, for every x EX, f(x) ~ 0. 

2 Weighted quasi-metrics and partial metrics 

Definition 2.1 ([19]). Let (X, d) be a quasi-metric space. Then the quasi-metric space 
X and the quasi-metric d are said to be weighted provided that there exists a weight w, 
which is a map w: X→恥0satisfying, for every x,y EX, 

d(x, y) + w(x) = d(y, x) + w(y). (1) 

If dis a weighted quasi-metric there are infinitely many weights showing it. However, 
we can always choose a canonic representative, as Proposition 2.2 shows. 

A map f: X→記0from a set Xis called fading if inf{J(x) Ix EX}= 0. 

Let X and Y be two set. We write戸 forthe family of all maps f : X →Y. We 
define an equivalence relation ~ on the set !Rx as follows: for every J, g E !Rx, f ~ g if 
f -g is constant. With some abuse of notation, in the sequel we consider謬0as a subset 

of記 implyingthe trivial identification. 

p roposition 2.2. Let (X, d) be a weighted quasi ed quasi-metric space and w be a weight. 

(a) If w': X →墨0,then w'is a weight of d if and only there exists c E股 suchthat 
w'= w + c. Equivalently, [wl~ n認。 consistsof all the weights of d. 

(b) There is a unique weight w0 of d which is fading. 

Proof. As for item (a), it is trivial to verify (1) for the map w + c. Conversely, if w'is a 
weight, w -w'turns out to be constant if we compare (1) for wand w'. 

Using item (a), the conclusion (b) descends. In fact, if w is a weight, we can define 
w0 = w -c, where c = inf{w(x) Ix EX}. Then w0 > 0, it is a weight because of item 
(a) and it is fading. Again, because of item (a), w0 is trivially the unique weight with the 
desired properties. ロ

Because of Proposition 2.2(b), for every weighted quasi-metric a canonic weight can 
be chosen, which is the fading weight. 

Matthews introduced weighted quasi-metric spaces to characterise partial metrics. 

Definition 2.3 ([19]). A partial metric space is given by a pair (X,p) where Xis a set, 
andp: Xx  X→恥0is a pa廿ialmetric, i.e., a map satisfying the following properties: 
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(PMl) p(x, y) = p(y, x), for every x, y EX  (symmetry); 
(PM2) p(x,x) = p(y,y) = p(x,y) if and only if x = y, for every x,y E X (identity 

condition); 
(PM3) p(x,x)さp(x,y), for every x, y E X (small self-distance); 
(PM4) p(x, y)さp(x,z) + p(z, y) -p(z, z), for every x, y, z E X  (triangular inequality). 

The following counterpart of Proposition 2.2 regarding partial metrics is easy to show. 

Proposition 2.4. Let (X,p) be a partial metric space. Then [p]~ n鯰0xxconsists of 

partial metrics. Moreover, there exists a fading partial metric p0 in [p]~ n認0xx_

Proof. The first part of the claim is trivial. As for the second one, the proof is similar to 
that of Proposition 2.2(b)．ロ

Before providing examples of weighted quasi-metric spaces and partial metric spaces, 
let us state the correspondence theorem provided by Matthews in [19]. 

Theorem 2.5. Let X be a set. Then there exists a one-to-one correspondence between 

equivalence classes of partial metrics of X and weighted quasi-metrics. 

Proof. Let p be a partial metric. We define the map dp: X x X →記oas follows: for 
every x,y EX, dp(x,y) = p(x,y) -p(x,x). It is not hard to check that dis actually 
a quasi-metric. Moreover, it is weighted by the map Wp defined by wp(x) = p(x,x), for 
every x E X. Furthermore, note that, if p'is another partial metric such that p ~ p', 
then dP = dが・

Conversely, let d be a quasi-metric weighted by w. Set Pd,w(x, y) = d(x, y) + w(x), for 
every x, y EX. Then Pd,w is a partial metric. Moreover, if w'is a weight of d, Proposition 

2.2(a) implies that w ~ w', and thus Pd,w ~ Pd,w'・ 
Finally, note that, if p is a partial metric, p心匹～ p,and, if dis a quasi-metric weighted 

by w, dPd,w = d and w ~ Wpd,w' ロ

Theorem 2.5 states that weighted quasi-metrics and partial metrics are essentially 
equivalent. There is a trade-off between the symmetry and the fact that self-distance is 
always null. 

Let us also mention that Theorem 2.5 and Propositions 2.2 and 2.4 imply that there is 
a one-to-one correspondence between fading partial metrics and quasi-metrics with fading 
weights. 

Let us now give some examples of those spaces. 

Example 2.6 ([4, 9, 26]). (a) On the pair § = {O, 1} the quasi-metric d defined by 
d(O, 1) = 0 and d(l, 0) = 1 is a weighted quasi-metric (w(O) = 1 and w(l) = 0). 

(b) On恥sodefine the quasi-metric d as follows: for every x, y E恥，

d(x, y) = max{x -y, O}. (2) 

Then 股~o is weighted by the weight w = -id, for every x E X. If we extend the quasi-
metric don the entire real line using again the definition 2, we obtain a quasi-metric 
that is not weighted. This statement will follow from what we prove in §4. 
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(c) Let ~ be a not necessarily finite alphabet and ~* be the family of all words, both 
finite and infinite, on the alphabet ~- More precisely, 

~* =｛（叩）nE[O,m)I m E NU { oo }, and ¥In E [O, m)，叩€ E}． 

On~* we define the partial metric pas follows: for every x, x'E ~*, we set p(x, x') = 
2―l(x,x'), where l(x, x') is the length of the longest common prefix of x and x'. We call 
p the Baire partial metric. 
According to Theorem 2.5, p induces a weighted quasi-metric dp which can be de-
scribed as follows: for every x, x'E ~*, 

似x,x') = p(x, x') -p(x, x) = 2―l(x,x') _ 2―|xi, 

where lxl is the length of the word x. 
(d) Let X be a set. We define a generalised quasi-metric don P(X) as follows: for every 

A,B~X, 
d(A,B) = l(AUB) ¥Al= IE ¥Al. 

Then d is a quasi-metric if and only if X is finite. Moreover, we will prove in the 
sequel (§4) that, if X is finite, then d is weighted. 

(e) Let G be an abelian group and L(G) be the lattice of all subgroups of G. We define 
a generalised quasi-metric don L(G) as follows: for every H, K::; G, 

d(H, K) = loglH + K: HI= loglK: H n Kl. 

Then d is a quasi-metric if and only if G is finite. In that case, d is weighted, as we 
will prove in §4. 
To the generalised quasi-metric d we can associate a generalised metric d8, called 
symmetrisation of d, defined byか(H,K) = max{d(H, K), d(K, H)}, for every pair 
of subgroups H, K of G. The generalised metric space (L(G)，か） isstudied in [11]. 

There are easy examples of finite quasi-metric spaces that are not weighted. Before 
introducing them, let us define a class of generalised quasi-metric spaces. Given a directed 
graph r = (V, E) and two vertices x, y E V, a directed path P connecting x toy is a finite 

subset of edges {(z;-1, z;)};=1,…,n such that z。=xand Zn = y. We define the path 
generalised quasi-metric dr as follows: for every x, y E V, 

inf{IPI IP is a directed path connecting x toy} if x-/-y, 
dr(x, y) =｛。

otherwise. 

In general, dr is a generalised quasi-metric as there may be no directed path connecting 
a vertex to another one. More precisely, dr is a quasi-metric if and only if r is strongly 
connected, i.e., for every pair of vertices x and y there are a path connecting x to y and 
a path connecting y to x. 

Example 2.7. Let X = {O, 1, 2}. On X, let us consider two quasi-metrics d1 and d2. For 
every x, y E X, we define 

叫 y)＝{° if xこy,
1 otherwise. 
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Thequ邸 i-rnetric必isthe path quasi-metric邸 sociatedto the following strongly connected 
directed graph: 

0 --------+ 1 

¥2./ 
It is an e邸 yexercise to see that neither d1 nor d2 are weighted. As for d1 we will provide 
in §4 a proof of a more general statement. 

2.1 Extensions of partial metrics and weighted quasi-metrics 

O'Neill in [22] provided a more general definition of partial metrics, that we call weak 
partial metric as in [7]. A weak partial metric space is given by a set X and a weak partial 
metric, which is a map p: X x X →民 satisfying(PM1)-(PM4). The only difference 
between a weak partial metric and a partial metric is the codomain: we allow distances 
to be negative. 

In [7] we study the correspondent notion of weakly weighted quasi-metric spaces. A 
quasi-metric space (X, d) is weakly weighted if there exists a weak weight, which is a map 
w:X→罠 forwhich (1) is satisfied. Again, the difference between weak weights and 
weights is the codomain. Weakly weighted quasi-metrics form a class strictly including 
weighted quasi-metrics, as the following example shows. 

Example 2.8. On the real line, take the quasi-metric d defined as in Example 2.6(b). 
We claimed that dis not weighted. However, it is weakly weighted by the map w = -id. 

Most of the results stated for weighted quasi-metrics can be adapted for weakly weighted 
quasi-metrics. For example, let us mention the following two results. 

p roposition 2.9. Let (X, d) be a weakly weighted quasi uasかmetricspace and w be a weak 
weight. If w': X →恥， thenw'is a weak weight of d if and only there exists c E良 such
that w'= w + c. Equivalently, [wl~ n認。 consistsof all the weak weights of d. 

We cannot define a canonic weak weight as we did for weights in Proposition 2.2 since 
there is no fading weak weight in general. 

Theorem 2.10. Let X be a set. Then there exists a one-to-one correspondence between 

equivalence classes of weak partial metrics of X and weakly weighted quasi-metrics. 

Proof. The correspondence defined in the proof of Theorem 2.5 can be readily adapted in 
this context. ロ

3 Invariant generalised quasi-metric semilattices 

In this section we deal with generalised quasi-metric spaces. We will soon notice that 
every generalised quasi-metric space can be broken down into quasi-metric subspaces. 
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Let us recall that a subset Y of a generalised quasi metric space (X, d) inherits a 
generalised quasi-metric dlYxY as the restriction of d. For the sake of brevity, we denote 
it by dly, 

Let (X, d) be a generalised quasi-metric space and x E X. Following [33], we define 
the connected component Q(x) of x as follows: 

Q(x) = {y EX  I d(x, y) < oo, and d(y, x) < oo }. 

Then dlQ(x) is a quasi-metric. Moreover, for every subset Y of X, dly is a quasi-metric if 
and only if either Y = 0 or for any point y E Y we have that YこQ(y).

Let (X, ::;) be a partial order. If x, y EX, their meet x八y(join x Vy) is the maximum 
of all the elements that are below both x and y (the minimum of all the elements that 
are above both x and y, respectively) provided that it exists. Then X is a meet (join) 
semilattice if the meet (join, respectively) of every pair of points exists. In the sequel, we 
refer to meet semilattices simply as semilattices as we do not use join semilattices in this 
paper. 

To every generalised quasi-metric space (X, d) we can associate its specialisation order 
:=;d, which is a partial order defined by x :=;d y if d(x, y) = 0, for every x, y E X. 

Fact 3.1 (Monotonicity). Let (X, d) be a generalised quasi-metric space, and x, x', y, y'E 
X. If x :=;d x'and y'印 y,then d(x,y) :=; d(x',y'). 

Proof. Let x, x', y, y'E X as in the statement. Applying the triangular ineq叫 ity,we 
obtain that 

d(x, y) ~ d(x, x') + d(x', y') + d(y', y) = d(x', y') 

because of the definition of the specialisation order. 口

Proposition 3.2. Let (X, d) be a weighted quasi-metric space and w be a weight. Then 
w is strictly decreasing. 

Prnof. Let x, y E X be two distinct points satisfying x ::;d y. Since ::;d is a partial order, 
d(y,x) > 0. Then 

w(x) -w(y) = d(y,x)-d(x,y) = d(y,x) > 0, 

which implies the desired property. 仁l

Definition 3.3. A generalised quasi-metric space (X, d) is a generalised quasi-metric 
semilattice if (X,さ心 isa semilattice. It is a quasi-metric semilattice if it is a generalised 
quasi-metric semilattice and d is a quasi-metric. 

In the sequel, if there is no risk of ambiguity, for a generalised quasi-metric semilattice 
we denote its specialisation order simply by ::;. 

It is not true in general that connected components of generalised quasi-metric semi-
lattices are subsemilattices. Consider the following example. 
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Example 3.4. Let X = {x,y,z,w} and define a generalised quasi-metric don X as 
follows: 

d(x, y) = d(x, z) = d(y, z) = d(z, y) = 1, d(x, w) = d(y, w) = d(z, w) = oo, 

and all the other distances are set to zero. Then (X, d) is a generalised quasi-metric 
semilattice as the Hasse diagram of (X,印） is

y/¥ 
¥w./ 

However, the connected component of x is not a subsemilattice as y八z=wtf_Q(x).

(3) 

We define and characterise a property immediately ensuring that every connected com-
ponent of a generalised quasi-metric semilattice is a subsemilattice. 

p roposition 3.5 ([9]). For a generalised quasi-metric semilattice (X, d) the following 
properties are equivalent: 

(a) d(x,y) = d(x,x八切， foreve内1x,yEX;
(b) d(x,-): X →恥0U {oo} is subadditive (i.e., for every y,z EX, d(x,y I¥ z) :S: 

d(x, y) + d(x, z)), for every x EX; 
(c) d(x I¥ z, y八z):S:d(x,y), for every x,y,z EX. 

Proof. In this proof we apply several times the definition of the specialisation order. 

(a)→(b) Let x, y, z E X. Using the invari , y, z E X. Using the invariance and the monotonicity of d we obtain 
the following chain of inequalities 

d(x, y I¥ z) = d(x, x I¥ y I¥ z):S: d(x,x I¥ y) + d(x I¥ y,x I¥ y I¥ z) = 

= d(x, y) + d(x I¥ y, z) :S: d(x, y) + d(x, z). 

(b)→(c) For every x, y, z E X, applying the subadditivity and the monotonicity we 
obtain that 

d(x I¥ z, y I¥ z) :S: d(x I¥ z, y) + d(x I¥ z, z) = d(x八z,y):S:d(x,y). 

(c)→(a) Let x,y EX. The triangular inequality implies that 

d(x, y) :S: d(x, x I¥ y) + d(x I¥ y, y) = d(x, x I¥ y). 

Conversely, 
d(x,x I¥ y) = d(x I¥ x,x I¥ y):s; d(x, y). 仁l

A generalised quasi-metric semilattice satisfying the properties enlisted in Proposition 
3.5 is said to be invariant ([26]). Let us recall that a map f: (X, dx)→(Y, dりbetween
generalised quasi-metric spaces is contractive if心(j(x),f(y)),:; dx(x, y), for every x, y E 
X. Proposition 3.5(c) implies that the shifts sx: y→x I¥ y are contractive. 
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Fact 3.6. Let (X, d) be an invariant generalised quasi-metric semilattice. Then eve内
connected component of X is a quasi-metric subsemilattice. 

Proof. Let x EX  and y E Q(x). We have already noticed that dlQ(x) is a quasi-metric. We 
claim that x八yE Q(x). As x/¥y::; x, d(x/¥y, x) = 0. Moreover, d(x, x/¥y) = d(x, y) < oo 
since X is invariant and y E Q(x)．ロ

Every semilattice can be endowed with a quasi-metric making it a quasi-metric semi-
lattice. 

p roposition 3.7. Let (X, ::;) be a semilattice. Then there exists a quasi-metric of X 
whose specialisation order coincides with ::;. 

Proof. Let c E恥＞0.We define a quasi-metric d~ as follows: 

心(x,y)= e 
Then d~ satisfies the desired properties. 

if X::; Y, 
otherwise. 

(4) 

仁l

For a given semilattice (X,さ） wecan apply the construction (4) also putting c = oo. 
In that case,岱 isa generalised quasi-metric whose specialisation order coincides with 
::;. 

Note that, the quasi-metric space (X, dリconstructedin Example 2.7 coincides with 
the semilattice X endowed with the usual order (0 < 1く 2)and the quasi-metric dと・

Let us state another important property for generalised quasi-metric semilattices. 

Definition 3.8. For a generalised quasi-metric semilattice (X, d) we define the descending 
path condition as the property 

(DPC) d(x, z) = d(x, y) + d(y, z), for every x, y, z EX  satisfying zさyさX.

The next easy result discuss the monotonicity property of invariance and (DPC). 

Proposition 3.9. Let X be a generalised quasi-metric semilattice and Y ~ X be a sub-
semilattice endowed with the generalised quasi-metric inherited by X. Then the fallowing 
implications hold: 

(a) if X is invariant, then so is Y; 
(b) if X satisfies (DPC), then so does Y. 

The descending path condition can be checked on each connected component sepa-
rately. 

Theorem 3.10 ([9]). Let X be an invariant generalised quasi-metric semilattice. Then 
X satisfies (DPC) if and only if each connected component satisfies (DPC). 

Proof. If X satisfies (DPC), then trivially each subspace satisfies the same property. As-
sume now that every connected component satisfies (DPC), and let x, y, z E X satisfy 
z :=; y :=; x. The triangular inequality implies that d(x,z) :=; d(x,y) + d(y,z). Hence, if 
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d(x, z) = oo, there is nothing to prove. If d(x, z) < oo, then monotonicity implies that 
d(x, y) < oo and d(y, z) < oo. Thus the three points x, y, z belong to the same connected 
component and we can apply the hypothesis. ロ

Invariance and descending path condition are independent properties, as the following 
examples show. 

Example 3.11. (a) Consider the quasi-metric space (X山） describedin Example 2. 7 
which is a quasi-metric semilattice, as noticed before. Then X is invariant, but it 
does not satisfy (DPC). 

(b) Let X = {x,y,z,w} be the semilattice whose Hasse diagram is (3). Define a quasi-
metric d on X as follows: 

d(x, y) = d(x, z) = d(y, z) = d(z, y) = 1, d(y, w) = d(z, w) = 2, d(x, w) = 3 

and all the other distances are set to 0. Then (X, d) is not invariant (d(y, z) = 1 =J 
2 = d(y, w)) even though it satisfies (DPC). 

Let us now discuss the generalised quasi-metric spaces provided in Example 2.6. 

Example 3.12. All the generalised quasi-metric spaces defined in Example 2.6 are in-
variant generalised quasi-metric semilattices satisfying (DPC). Let us discuss each one of 
them separately. 

(a) The specialisation order of the quasi-metric d on § is the usual order O < 1, which 
induces a semilattice. Moreover, d trivially satisfies invariance and (DPC). 

(b) On恥 thequasi-metric d induces the usual order, and thus（恥d)is a quasi-metric 
semilattice. The meet of two elements is their minimum. Moreover, it is invariant and 
satisfies (DPC). According to Proposition 3.9, also艮..::osatisfies the same properties. 

(c) In the notation of Example 2.6(c), if x, x'EI:* satisfy dp(x, x') = 0, then l(x, x') =|叫
and thus xis a substring of x'. Thus, for every pair x, y E I:*, x/¥y is the longest prefix 
common to both x and y. Hence,（ゞ，dp)is a quasi-metric semilattice. Moreover, it is 
easy to verify that it is invariant. As for the descending path condition, if x, y, z E I:* 
satisfy z :S y :S x, then 

似x,z) = 2―|zl _ 2―|xi= 2―|zl _ 2―|YI +2―|YI_ 2―|xi = dp(x, y) + dp(Y, z). 

(d) Let X be a set and d be the generalised quasi-metric on P(X) defined in Example 
2.6(d). Then A :S B if and only if d(A, B) = 0 if and only if B ~ A, and so :S=:2. 
The meet of two elements is their union and d is trivially invariant. It also satisfies 
the descending path condition. In fact, if C :S BさA(equivalently, AこB~ C), the 
equality C ¥A= (C ¥ B) LJ (B ¥ A) implies the desired claim. 

(e) Let G be an abelian group and d be the generalised quasi-metric on L(G) as in 
Example 2.6(e). For every pair of subgroups H, K of G, d(H, K) = 0 if and only if 
IH + K : HI = 1 or, equivalently, KこH.Thus :S=:2, and the meet of two subgroups 
is their sum, which is a subgroup since G is abelian. Again d is trivially invariant. It 

also satisfies (DPC), which is implied by the eq叫 ityIH : LI = IH : Kl ・ IK : LI that 
holds for every triple of subgroups H, K, L E L(G) satisfying LこK こH.
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4 Characterisations of weighted invariant quasi-metric semilat-

tices 

In this section, following the work of Schellekens ([26, 25]), we provide two different 
characterisations of weighted invariant quasi-metric semilattices. 

4.1 Inner characterisation 

Let us note the following implication. 

p roposition 4.1. Let X b .1. Let X be an invariant quasi-metric semilattice. If X is weighted, then 
it satisfies (DPC). 

Prnof. Let d be the quasi-metric on X and w be a weight. Take three points x, y, z E X 
satisfying z :::; yさx.Then 

d(x, z) -d(x, y) -d(y, z) = d(x, z) + w(x) -d(x, y) -w(x) -d(y, z) -w(y) + w(y) = 

= d(z, x) + w(z) -d(y, x) -w(y) -d(z, y) -w(z) + w(y) = 

= 0, 

which implies that (DPC) holds. 仁l

As the qu邸 i-metricsemilattice (X, dリdefinedin Example 2.7 does not satisfy (DPC), 
it is not weighted. 

Since there are invariant qu邸 i-metricsemilattices satisfying (DPC) that are not weighted 
(see Examples 2.6(b) and 3.12(b)), we cannot revert the implication stated in Proposition 
4.1 in general. However, following [7], we can provide a clearer connection to weakly 
weighted quasi-metrics from which the desired result easily descends. 

Let X be an invariant qu邸 i-metricsemilattice satisfying (DPC), and x E X. We define 
the map叫： X →罠邸 follows:for every y E X, 

叫 (y)= d(x,y) -d(y,x). 

Let us first state a lernrna concerning the maps Wx. 

Lemma 4.2. Let (X, d) be an invariant quasi-metric semilattice satisfying (DPC). Then, 
for every x, y, z EX, 

叫 y)=d(x,x八y/¥z)-d(y,x八y/¥z). 

Proof. Let x, y, z EX. Then invariance and (DPC) imply that 

wx(Y) = d(x,y) -d(y,x) = d(x,x/¥y) -d(y,x/¥y) = 

= d(x,x/¥y) + d(x/¥y,x/¥y/¥z) -d(y,x/¥y) -d(x/¥y,x/¥y八z)= 

= d(x,x/¥y/¥z) -d(y,x八y/¥z)．ロ

Theorem 4.3. Let (X, d) be an invariant quasi-metric semilattice satisfying (DPC). 
Then, for eve内 xEX, Wx is a weak weight of d (i.e., it satisfies (1)). 
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Proof. Fix x E X. We claim that, for every y, z E X, d(y, z)＋叫(y)= d(z, y)＋叫(z)
or, equivalently, that w式y)-wx(z) = d(z, y) -d(y, z). Applying Lemma 4.2 and (DPC), 
we obtain the following chain 

wx(y)-wx(z) = d(x,xAyAz)-d(y,xAyAz)-d(x,xAyAz) +d(z,x八yA z) = 

= d(z, x A y A z) -d(y, x A y A z) = w2(y) = d(z, y) -d(y, z), 

which concludes the proof. 口

The previous result, however, does not provide conditions under which the quasi-metric 
semilattice is weighted. In fact, Wx can assume also negative values. 

Theorem 4.4. Let (X, d) be an invariant quasi-met而csemilattice satisfying (DPC). Then 
the following prope廿iesare equivalent: 

(a) X is weighted; 
(b) for every x E X, there exists Cx E 罠 suchthat d(x, y) -d(y, x)＝叩(y)~ Cx, for 

every y EX; 
(c) there exist x EX  and c E罠 suchthat d(x, y) -d(y, x)＝叫(y)~ c, for every y EX. 

Proof. The implication (b)→(c) is trivial. As for the implication (c)→(a), we consider 
the map w = Wx―c. Because of the hypothesis, w ~ 0. Then Theorem 4.3 implies the 
claim as w satisfies (1) since Wx does. 

Let us prove the remaining implication (a)→(b). Assume, by contradiction, that dis 
weighted by the weight w and there exists x E X such that, for every c E恥 匹(Ye)< C 
for some Ye E X. Then (1) implies that, for every c E恥

w(x) = d(yc, x) -d(x, Ye)+ w(yc) = -wx(Yc) + w(yc) > -c 

as w 2': 0, which is a contradiction. 仁l

Corollary 4.5. Let X be an invariant quasi-metric semilattice satisfying (DPC). If X 
has a top element T, then X is weighted. 

Proof. It follows by applying Theorem 4.4 according to the fact that 

W丁(x)= d(T, x) -d(x，丁） ＝ d(丁，x)：：：：： 0.

We now apply Theorem 4.3 and Corollary 4.5 to the examples we introduced. 

Example 4.6. In this example we adopt the notation used in Examples 2.6 and 3.12. 

仁l

(a) As § has top element 1, the map d is weighted by the map叫） ＝d(l, ・), which 
coincides with the one provided in Example 2.6(a). 

(b) On（恥d),we consider the weak weight w。whichassociates to every point x E匹

w0(x) = d(O,x)-d(x,0) = { 
0 -x ifxこ0,

lxl-o otherwise. 

Then w0 coincides with -id. 
The same map wo restricted to恥0provides a weight for that subspace. Moreover, 
in that context, 0 is the top element of the semilattice. 
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(c) On the quasi-metric space（刃＊，d砂 weconsider the weak weight we, where c is the 
empty word. More explicitly, for every x E ~•, 

叩 (x)= dp(c:,x) -dp(x,c:) = (2° -2°) -(2° -2―|xi)= 2―|xi -1. 

Even though the map we is not a weight, as it assumes negative values, dis weighted 
as we + l > 0. Moreover, we + l coincides with the map Wp defined according to 
Theorem 2.5. Note that ~• is weighted even though it does not have top element. 

(d) For every finite set X, the quasi-metric space P(X) has a top element given by 0. 
Then the map w0(A) = IAI, defined for every A~ X, is a weight. 

(e) For every finite abelian group G, the quasi-metric space L(G) has a the trivial sub-
group {O} as top element. Thus it is weighted by the map W{o}(H) = IHI. 

4.2 Semi-co-valuations 

Let us introduce the notion of meet co-valuation that generalises Brikhoff's valuation 
on a lattice ([3]). 

Definition 4. 7 ([26]). Let X be a semilattice. A meet co-valuation is a map f: X → 艮::>O

satisfying the following property: 

f(x)+f(x/¥y/¥z)'.S f(x I¥ y) + f(x I¥ z). (5) 

In [26] there are several other notions close to meet co-valuations. Moreover, we refer 
to [9] and [7] for their characterisation. For consistency with the notation adopted in [26] 
and [7], we call meet co-valuations also semi-co-valuations. 

We represent the points involved in (5): 

y~ /x~ /z 
X Ay m A z 

＼ ／ 
X A y A z. 

We note that (5) links the values on the upper-left and the lower-right sides of the square 
formed in the diagram above. 

Fact 4.8. Let f be a semi-co-valuation of the semilattice X. Then f is decreasing. 

Proof. Let x, y E X  satisfying x :S y. Then (5) implies that 

f(y) = f(y) -f(y I¥ X):S J(y I¥ x) -J(y I¥ x I¥ x) = f(x) -f(x), 

and so f is decreasing. 仁l

It is not true in general that a semi-co-valuation is strictly decreasing. For example, 
note that every constant map c: X →恥0collapsing a semilattice into a positive value 
is a semi-co-valuation. 
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Note that, if f is a semi-co-valuation, then [fl~ n吟。 isa family of semi-co-valuations. 

Moreover, there exists a canonic representative J0 of the family [fl~ n鯰。， whichis given 
by the unique fading semi-co-valuation equivalent to f. This easy observation is consistent 
with Proposition 2.2 in virtue of the following result. 

Theorem 4.9. Let (X, ::;) be a semilattice. Then there is a one-to-one correspondence be-
tween invamant weight;］quasi-metrics satisfying三戸こ andequivalenceclasses ojsmetly 
decreasing semi-co-valuations. 

Proof. Let (X, d) be an invariant quasi-metric semilattice weighted by w. We claim that 
w is a semi-co-valuation. Let x, y, z E X. Invariance implies that d(x I¥ z, x I¥ y I¥ z) ::; 
d(x,x八y).Since d(x I¥ y八z,x I¥ z) = 0 = d(x I¥ y, x), (1) implies that 

w(x I¥ y I¥ z) -w(x I¥ z) = d(x I¥ z, x I¥ y八z)::;d(x, x I¥ y) = w(x I¥ y) -w(x), 

which is equivalent to (5). 

Given a strictly decreasing semi-co-valuation f of X, we define the map dt: Xx  X→ 
恥oas follows: for every x, y EX, 

d八x,y) = f(x I¥ y) -f(x). 

Then d1 is actually a quasi-metric, thanks to (5) and to the fact that f is strictly decreas-
ing. In fact, for every x, y, z EX, 

d1(x, y) = f(x I¥ y) -f(x) = f(x I¥ z) -f(x) + f(x I¥ y) -f(x I¥ z) = 

=d八x,z) + f(x I¥ y) -f(x I¥ z), 

and the chain 

J(z) + J(x I¥ y) ::=; J(z) + f(x I¥ y I¥ z)さf(xI¥ z) + J(y I¥ z), 

due to Fact 4.8 and (5), implies the triangular inequality. Moreover, d八x,y) = 0 if and 
only if J(x) = J(x I¥ y) and, since f is strictly decreasing and x I¥ yさ X,XI¥ y = X, 
which implies x ::=; y. Thus, ::=;d戸::=;.Furthermore,山isinvariant by construction and it 
is weighted by the map f itself. 

Finally, it is a one-to-one correspondence as a weight of dt is a semi-co-valuation w 
satisfying w ~ f and, if g is a semi-co-valuation satisfying f ~ g, then dt = d,．ロ

Equivalently, Theorem 4.9 can be rewritten as follows: Let (X,さ） bea semilattice. 
Then there is a one-to-one correspondence between invariant weighted quasi-metrics sat-
isfying ::=;d=::=; and strictly decreasing fading semi-co-valuations. 

Let us represent the equivalences that we have proved so far. For a set X, we have the 
following one-to-one correspondence: 

equivalence classes of partial metrics―weighted quasi-metrics. 

As for semilattices, the situation is richer. Several notions that we have defined for 
quasi-metrics can be adapted to partial metrics. For every partial metric space (X, p), 
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the partial order名＝:::;dpcan be described as follows: for every x, y E X, x名 yif and 
only if p(x,x) = p(x,y). A partial metric space (X,p) is a partial metric semilattice if 
(X,名） isa semilattice. Moreover, a partial metric semilattice (X,p) is invariant if, for 
every x, y EX, 

p(x/¥y,x) =p(x,x/¥y) =p(x,y). 

Trivially, a partial metric space is an invariant partial metric semilattice if and only if the 
associated quasi-metric space (via Theorem 2.5) is an invariant quasi-metric semilattice. 
Thus, if X is a semilattice, then we have the following situation: 

inviariant partial 

／ 
metric sernilattices 

＼ 
weighted invariant 

quasi-metric semilattices 

invariant quasi-metric 
sernilattices with 

(DPC) and Theorem 4.4(b) 

＼ ／ 
fading 

semi-co-valuations. 

Those equivalences can be extended in some sense to the case of generalised quasi-metric 
semilattices. We refer to [7] for a complete discussion. 

5 Applications to intrinsic entropy 

We have mentioned in the introduction that generalised quasi-metric semilattices were 
used in dynamics in [4]. In this section we briefly sketch their role. Note that in the 
mentioned paper as in [9] the authors did not consider the specialisation order, but its 
dual: for a generalised quasi-metric space (X, d), x ~d y if and only if d(y, x) = 0 if and 
only if y：：：：：d x● 

5.1 Intrinsic semilattice entropy 

A map f: X→Y between semilattices with top element is a monoid homomorphism 
iff(Tx)＝乃 andf(x A y) = f(x) A f(y), for every x, y EX. The name is justified by 
the following observation: since X has a top element, (X, A) is a commutative monoid in 
which every element is idempotent and T is the neutral element. We define the category 
.cqm of invariant generalised quasi-metric semilattices with top element and contractive 
monoid homomorphism between them. 

Let f: X →X be a morphism of.cqm・ An element x E X is said to be f-inert if 
f(x)八xE Q(x). For an f-inert element x we define its n-trajectory, where n EN¥ {O}, 
as the subset 

Tn(f, x) = x A f(x)八・ ・・Ar-1(x). 
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Proposition 5.1. Let f: X→X be a moryhism of Lqm and x E X be an f-inert element. 
Then, for every n EN¥ {O}, Tn(f, x) E Q(x). 

Prnof. Let us prove the result by induction. The base cases (n = 1 and n = 2) are 
trivial because of the definition. Assume that Tn(f, x) E Q(x). We want to show 
that Tn+1U,x) E Q(x). First of all, d(Tn+1U,x),x) = 0. Conversely, let us estimate 
d(x, Tn+1U, x)). We have 

d(x,Tn+l(f,x)) =d(x,xAf(x)八・・・Ar-1(x) A r(x))：：：：： 

：：：：： d(x, Tn(f, x)) + d(Tn(f, x), Tn(f, x) A r(x)), 

and, using repetitively the invariance and the properties off, 

d(Tn(f, x), Tn(f, x) A r(x))：：：：： d(f(x) A・・・ A r-1(x), f(x) A・・・ A r-1(x) A r(x)) = 

= d(f(x A・・・ A r-2(x)), f(x A r-2(x) A r-1(x)))：：：：： 

：：：：： d(x A・・・ A r-2(x), x A r-2(x) A r-1(x))：：：：： 

<... < 

：：：：： d(x,x A f(x)) < oo. 

By combining the two previous chains, we obtain the claim. 仁l

For a morphism f: X →X of.Cqm and x an f-inert point of X, the sequence 
{ d(x, Tn(f, x))}n of positive finite values is increasing as 

x=T1(j,x) ~花(f,x) ~... ~九(f,x) ~...' 

taking into account Fact 3.1. 

Definition 5.2. Let f: X→X be a morphism of.Cqm・ 

(a) For an f-inert element x EX, we define the intrinsic semilattice entropy off relative 
to x as the value 

叩，x)= lim 
d(x,Tn(f,x)) 

n→oo n 
(6) 

(b) We define the intrinsic semilattice entropy off as the value 

政J)= sup位(f,x)Ix is !-inert}. 

As for the proof of the existence of the limit in (6), we refer to [4], where the authors 
used Fekete Lemma. 

5.2 Intrinsic algebraic entropy 

In this subsection we show us the intrinsic algebraic entropy defined in [10] can be 
recovered using the intrinsic semilattice entropy. 

Let ¢: G→G be an endomorphism of an abelian group G. A subgroup K of G is 
said to be ¢-inert if the index of Kin K + q;(K) (IK + q;(K) : Kl) is finite. For a ¢-inert 
subgroup K and n EN¥ {O}, we define the n-algebmic tmjecto内l邸 thesubgroup 

T炉(q;,K)=K+q;(K)＋・・・十炉―1(K)．
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It can be shown that, in the previous notation, if K is f-inert, then, for every n E 

N ¥ {O}, IT,炉(cf>,K) : Kl < 00. 

Definition 5.3 ([10]). Let cf> be an endomorphism of an abelian group G. 

(a) For a企inertsubgroup K, we define the intrinsic algebraic entropy of cf> relative to K 
as the value 

五(¢,K) = lim 
log|T炉(¢,K):Kl 

n→oo n 
(7) 

(b) We define the intrinsic algebraic entropy of q'J as the value 

；；；t位） ＝sup{；；；t位， K)I K is a峠inertsubgroup of G}. 

Again, as for the proof of the existence of the limit in (7), we refer to [10]. 

Definitions 5.2 and 5.3 are similar in flavour. The final part of the paper is devoted 
to show that the intrinsic algebraic entropy can be indeed described using the intrinsic 
semilattice entropy. 

Let AbGrp be the category of abelian groups and their homomorphisms. We define a 
functor F: AbGrp→.Cqm as follows. If G is a group, F(G) is the invariant generalised 
quasi-metric semilattice L(G) described in Examples 2.6(e) and 3.12(e) which has {O} E 

L(G) as top element. It is easy to see that it is actually a functor. The functor F induces 
a functor between the corresponding flow categories. 

Given a category X, the category of flows in X Flowx consists of pairs (X, f) called 
flows as objects, where f: X→X is a morphism of X, and a morphism between two flows 
(X, f), (Y, g) is a morphism h: X→Y of X making the following diagram commute: 

x—x 
h↓ ↓h 

Y二 Y.

A functor F: X→Y between categories induces a functor F: Flow x→Flow立between
the corresponding flow categories in the obvious way: for every flow (X, f) in X, F(X, f) = 
(F(X), Ff), ani, for every morphism h: (X, f)→(Y, g), F(f) = F(f). In particular, we 
have a functor F: Flow AbGrp→Flow←・ 

Adding the intrinsic semilattice and the intrinsic algebraic entropies to the picture, we 
obtain the following diagram: 

FlowAbGrp 

>
-F Flowらm

／／ 
応。 LJ{ 00 }. 

We claim that the diagram commutes, which implies that the intrinsic algebraic entropy 
can be recovered from the intrinsic semilattice entropy. 

The following lemma can be e邸 ilyderived. 
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Lemma 5.4. Let (G, ¢) E Flow AbGrp・ Then a subgroup H of G is ¢-inert if and only if 
H E  L(G) is F(¢)-ine几

～ ～ 

Theorem 5.5. On AbGrp, ent = ho F. 

Proof. Let (G,¢) E FlowAbGrp, and H be a心inertsubgroup of G. Lemma 5.4 implies 
that HE  L(G) is F(¢)-inert. Moreover, for every n EN¥ {O}, T,：：：勾（¢,H) = Tn(F(¢), H) 
and 

ふ伽，H) ・
log IT,炉(¢,H):HI 

= lim 
n→oo n 

= lim 
d(H, T,炉(¢,H)),-

= h(F(¢), H). 
n→oo n 

Another application of Lemma 5.4 implies that示t(¢)＝政F(¢)). ロ
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