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1 Introduction 

Throughout this note, F denotes a non-empty compact subset of the Euclidean space R八
Let us first recall the definition of Hausdorff measure. Givens > 0 and O < 8 < 1, put 

閏(F)= inf{L 1u1s I u : 8-cover of F}, 
UEU 

where IUI denotes the diameter of U. A 8-cover U is a countable collection of subsets 
UC  Rn with 11/1さ8covering F. The value聞(F)increases monotonically as 8 decreases, 
and the limit 

飢 F)= lill! 1iHF) E [O, oo] 
6→O 

is called the s-dimensional Hausdorff measure of F. 

We introduce a variety of Hausdorff measure, and here is the motivation. The area of 
a disk of diameter dis %d2. How about the area of the moon in the sky? The diameter of 
the moon is about 0.5 degree, thus the area of the moon is %0,52 deg2. This 0.5 degree is 

not the actual diameter 3500km of the moon but the ratio of the diameter to the distance 
380000km between the moon and the earth. Now we introduce the following definition. 
Let p E Rn be an arbitrary point. Given s > 0, 0 < 8 < 1, and p > 0, we put 

閏 (F,p)= inf{区 |U| s (~r I U: 8-cover of F-Bp(p)}, 
UEU 

where d(U,p) is the distance between U and p, and Bp(P) the open p-ball centered at p. 

The value珀，p(F,p)increases monotonically both as 6 decreases and asp decreases. We 
call the limit 

6,p(F,p) E [O, oo] 冗 (F,p)＝limlim1-ls 
6→Op→O 

the s-dimensional projective Hausdorff measure of F at p. We explore its properties. 

*The author is partially supported by JSPS KAKENHI Grant Numbers JP18K03300 and JP19H01790. 
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2 Basic properties 

It is easy to prove the following. 

Proposition 1. Let f : Rn→Rn be a similarity transformation with similarity ratio r. 
Then, for any s > 0, t ~ 0, and at any point p ER叫wehave 

冗 (f(F),f(p)) =甘•(F,p).

It is also easy to show the following. 

Proposition 2. Suppose that p </--F, and choose positive numbers m, M such that 

m < d(x,p) < M 

for any x E F. Then we have 

刷 F)
Ms 三叫F,p)'.S

叫 F)
ms. 

The next corollary shows that the projective Hausdorff measure 1{3(F,p) is of interest 

only whens= dimH(F), the Hausdorff dimension. 

Corollary 3. The following hold at any point p E Rn. 

1. Ifs< dim爪F),then冗 (F,p)= oo. 

2. If dimH(F) < s, then 1{3(F,p) = 0. 

This holds even if p E F. 

3 As a function of p 

Proposition 4. If初 (F)< oo, the projective Hausdorff measure 1l8(F,p) is continuous 

with respect top in the complement of F. 

In fact, for any E > 0, 1-l8(F,p) is uniformly continuous in the complement of the 
£-neighborhood of F. 

Example 5. For the interval [m, M] CR  (0 :Sm< M), the following holds 

叫 [m,M], 0) = iM竺＝logM-logm. 
m X 

In particular, we have 

叫 [O,1], 0) = oo. 

Example 6. For O < r < 1, consider 

00 

F = LJ[r叫戸M』U{O} c R, 
n=O 
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where Mn (n = 0, 1,...) are sequence of numbers satisfying Mn > l and rMnく l. We 
have 

00 

叫 F,O)＝区飢[r叫戸M』,0)
n=O 
00 

＝区飢[1,M』,0)
n=O 

We can choose Mn so that 

飢 F,O)< oo. 

This example shows thatザ (F,p) is not continuous with respect to p in general, for, 
rn→0 as n→oo whereas, by Example 5, 

ザ (F，戸）＝ oo and H1(F, 0) < oo. 

4 The Cantor set 

Let us investigate the case of Cantor set. The Cantor set Ca is the limit set of the iterated 
function system generated by 

j0(x) = ax and fi(x) =ax+ (l -a), 

where O < a < 1/2. It is well-known that the Hausdorff dimension of Ca is 

s = dimHCa = -log2/loga, 

and its s-dimensional Hausdorff measure is 

冗 (C砂＝ 1.

Theorem 7. Fors= dimH Ca, we have 1-l8(Ca,P) = oo if and only if p E Ca 

Theorem 8. As a [O, oo]-valued function, the projective Hausdorff measureザ (Ca,P)for 
s = dimH(Ca) is continuous with respect top ER. 

The projective Hausdorff measure 1-l8(Ca,P) for s = dimH(C砂iscontinuous with 
respect to p if p tf_広 byProposition 4. 
When p E Ca, we can show that 

lim冗 (Ca,q)= oo. 
q→P 

Theorem 9. The projective Hausdorff measure of Ca for s = dimH(C砂satisfies

ザ (Ca,f;(p)) ;:::ザ(Ca,P) (i=0,1) 

for any p. The inequality is strict unless p E Ca, in which case 1i8(Ca, fi(P))＝刷Ca,P)= 
00. 
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Proof. Since Ca is the disjoint union of f0(C位） andfi(Ca), we have 

ザ (Ca,fi(P)) = Hs(fo(C'.砂，fi(P))+ H,5(fi(Ca), fi(P)). 

By Proposition 1,初（Ca,P)is eq叫 tothe first term on the right hand side if i = 0, and 
to the second term if i = 1. ロ

In conclusion, the projective Hausdorff measure初 (Ca,P)for s = dim叫C砂isa 
continuous function of p (Theorem 8), increases monotonically when we apply Jo and Ji 
top (Theorem 9), and 1-l8(Ca,P) = oo if and only if p E Ca (Theorem 7). 
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