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Chapter 1

Introduction

Iterated function systems (IFS) are one of the main aspects of fractal geometry.
Bernoulli convolutions and self-affine measures are examples of measures gener-
ated by IFSes which, despite their elegant simplicity, are not yet fully understood.
In this thesis we present new methods in some problems on these systems. These
methods are of ergodic theory nature including thermodynamic formalism, skew-
products, transition matrices, random matrix products, symbolic dynamics, do-
main exchange transformations. The Bernoulli convolution v, for § € (1,2), is

the unique probability measure satisfying

1 1
vg = §F0(V6) + §F1(Vﬁ)

where Fj(z) = 7'z —i. The attractor R of {Fy, F_;} is just the closed
interval between the fixed points of Fjy and F_;. The main difficulty in understating

Bernoulli convolutions comes from that fact that

Fo(R) N F(R) # 0,
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as implied by 8 < 2. Often in fractal geometry separation conditions are
assumed that exclude this type of behaviour. Overlaps in IFS make the fractal ge-
ometry especially hard to understand. This is what makes Bernoulli convolutions
a useful family of examples as they provide the simplest setting in which over-
laps are present. Bernoulli convolutions have been studied since the 1930’s but
recent exceptional results have renewed interest. Some of these results appeared
in [45],[17],[79],[73],[2]. Algebraic numbers are of special importance since if g is a
Pisot number then dimpy(rz) < 1 (see [38]). Pisot numbers are the only examples
known that drop the Hausdorff dimension below 1. Recently it was also proved
that dimgy (vg) = 1 for transcendental 5 (see [79]). In the self-affine case we focus
on IFSes {F}, ..., Fy} (N > 1) where F; are affine maps F; : R? — R%. We call
attractors of such systems self-affine sets. The term self-affine measures is used for
natural pushforwads of Bernoulli measures of (3, 0) where ¥ = {1,..., N} and
o is the left shift map. In particular they are pushforwards along the function

73 — RY defined by

7(xy,xa,...) = lim F,, o...0 F, (p),

n—o0

where p can be chosen to be any point in R? without affecting 7.

The main difficulty in self-affine systems is that in most cases the maps F;
contract at different rates for different directions, making the local behaviour of
self-affine sets and measures particularly hard to control. Formally, the maps F;
are not conformal, a condition required for a lot of the classical tools which can not
be used in this setting. Below we give a brief description of the projects making

up this thesis.

13



1.1 Measures on the Spectra of Algebraic Inte-
gers

This project is joint work with Tom Kempton. The two authors had roughly
equal contribution to the project. A lot is already understood about Bernoulli
convolutions for Pisot parameters. That is because in the Pisot case there is
rigid structure present that makes the mathematics simpler. In particular the
respective IFS is of finite type. Hyperbolic numbers can be seen as the natural
next step to study Bernoulli convolutions of algebraic parameters, beyond the Pisot
case. Motivated by problems in Bernoulli convolutions in this chapter we study
the following sequence of measures. Assume [ € (1,2) is a hyperbolic number.

Let u, be the countably supported measure on R defined by

i ({2}) =# {(al, ey by by) € {0,127 BT =Y b = x} .
=1 =1

Let T;(z) = Bz +1. Notice that the sums in the definition above can be written
as T,,0..0T, (0) and T}, o...0T;,(0). So p,({z}) counts in how many ways x can
be written as Ty, o ...0T,,(0) — Ty, o ...0 T, (0) where ay, ..., an, b1, ..., b, € {0,1}.
Another way to see u,, that hints to Bernoulli convolutions, is as sums of rescaled

local measures appearing in

Z 5T;110...0T;n1 (0)"

a1, €{0,1}
The motivation to study these measures are potential applications to Bernoulli
convolutions. The measures p, are hidden for example in [2] and [53] as well
as in chapter 4 of this thesis. Usually in such applications the aim is to prove

equidistribution properties for u,,. We will expand more on applications in chapter

14



4. We recall that 8 € (1,2) is called hyperbolic if it is an algebraic integer with
no Galois conjugate on the circle. So we can assume that 3 is an algebraic integer
with Galois conjugates 5 = (1, ..., Ba, Bat1, -, Bars such that |Ba|,...,|Bq4| > 1 and
|Basils s |Bars| € (0,1). By considering the Galois conjugates of 8 we create
a multidimensional lift of u, that lives on a lattice as we describe below. We
set Ty(21, ..., Tars) = (B121 + i, ..., BaysTars + 1) and define the finitely supported

measures i, on C" by

pn({x}) =# {(al, ey G, b1, by) €40, 1}2" Ty —p,0...0T, _4 (0) = x} ,

where we should note that T, 4, 0...0T, _; (0) =T, o..0T, (0)=T,, o...0T;, (0).

n

Now the set

{(BF, -, Biis) € {0,.,d+ s —1}}

can be proven to be independent over the reals so it generates a lattice set

d+s—1
7 = { Z (BT s Biys) G0y ooy Gays—1 € Z} _

k=0

It is easy to check that Tj(Z) C Z which implies that ji, lives on Z. Observe
that the maps T} are expanding in coordinates 1,...,d and contracting in coordi-
nates d+1, ...,d+s. Motivated by this split in expanding/contracting components

we define the following projection maps,

7.‘—6(‘r17' o >xd+8) = (xla T ,l’d)

7Tc(xla' te 7$d+8) = (xd+17' o 7xd+5)'

We prove in theorem 3.1.1 that there is A > 0 and a measure ji on Z such that

15



a({e}) = tim P

n—00 A"

forall z € Z.
We construct matrices A_;, Ag, A; and a vector W, depending only on the

number (3, so that when z =T, o...0T,,(0) then

() = 5 (WAL - A (1.1)

The other entries of WA, -...- A, above are equal to the measures of points
nearby x, so this vector describes the measure ji locally around x. The main result
of this chapter is theorem 3.1.3. Roughly it says that for v € Z and under condi-
tions, when 7.(x) and 7.(y) are close then a({z+v})/a({z}) and p({y+v})/a({y})
tend to be close. In the paper v belongs to a particular set notated as A, but the
theorem holds more generally by combining translations in A. So this tells us in
a sense that we understand the way p evolves as we move to nearby points by
looking at the counteractive directions. We believe that this structure is a kind of
symmetry that could be exploited to prove equidistribution properties for u,. The
main idea of the proof is that the approximate position of 7.(z) can determine the

last few matrices A . Az, in equation 1.1, for at least one coding of x. So

Tn—k? "

then we can approximate ratios of the form p({z +v})/a({z}) by working on the

projective space on which the matrices A; act.

1.2 Absolutely Continuous Bernoulli Convolutions

This project is joint work with Tom Kempton. The author has written most of it

while there were challenging points where Kempton contributed. In this chapter
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we focus on the absolute continuity of Bernoulli convolutions vg for hyperbolic
B. We link absolute continuity of g to a problem involving a domain exchange
transformation. We make the extra assumption that S has another real Galois
conjugate of absolute value larger than one. In our context we define domain

exchange transformation as follows.

Definition 1.2.1. Let E be a compact subset of a euclidean space and T : E —
E. The map T is call a domain exchange transformation if there are Fy,..., E,

measurable subsets of E& such that following hold.
o {Ey,...,E,} is a partition of E.
o The map T is an injection.
o [fie{l,..n} then T|g, is a translation.

For a given hyperbolic number 3, as above, we construct compact subsets
(with non-empty interior) of euclidean spaces R, I which contain zero, a domain
exchange transformation 7' : D — D where D = I X R and a function f : D — R*
satisfying certain variation conditions. Let m. and 7. be the projections of D =

I x R to I and R respectively. Also for n € N we define

wn = (H exp (f (Ti(O)))> 07" (0)-

k=0 \i=0
The purpose of this construction is theorem 4.1.1 where we essentially claim
that under conditions if 7.w,, once normalised to probability measures, converge
to Lebesgue fast enough then v is absolutely continuous.
The exchange of domains 7" and the measures w,, come from methods developed
in chapter 3. There, 3 generates a measure fi on a lattice L C R*. The construction

of sets I and R implies D = I x R C R*! 5o that S := int(D) x R C R*. Here

17



we focus on the set S. We want to study the part of iz that lives on S be moving
along the strip-shaped set S. When this process is projected down to int(D) the
exchange of domains 7" expresses the move from a lattice point to the next as we
move along S. The measure w, is ji restricted to the first n lattice points and

projected down to D. To be more precise we define mge : R® — R by

Trfree(l‘h ceey IH) = Tg

and succ; : LNS — L NS by

Tiree (SUCC (7)) = MIN{Tee(y) : Yy € L NS, Tree(Y) > Thee(T) }-

Now T and succ; are related by

mposuce =71 omp

where mp (21, ...,x,) = (21,...,24_1) . Also it holds that

(0)wn =Y A(succt (0))dr« (o).
k=0

We should note that assuming /3 is a hyperbolic number with Galois conjugates

/B == ﬁla ceey 5d7 Bd-ﬁ-la e 7ﬁd+87 /8d+5+1 Where |ﬁ1|7 ceey |/Bd| > 17
|Bayls - [Bars| <1 and Barsin € R\ [1,1] then

d+s
L= {Zai(ﬁg, oo BYgi1) £ A0, ey Qs € z} ,
=0

which is essentially a multidimensional lift of the spectrum of 5. Here we identify

C with R? making L a subset of a euclidean space.

18



1.3 On the Local Dimension Spectrum for Self-

Affine Measures

This project is joint work with Tom Kempton and Antti Kdenmaki. The three
authors have been writing and rewriting each other’s texts and they had lively
discussions on problem solving. Here we focus on the multifractal formalism of
self-affine measures. As it often the case with self-affine measures we use methods

from sub-additive thermodynamic formalism.

Definition 1.3.1. Let v be a measure on R%. If the limit

lim logv(B(x,r))
r—0 log r

exists we call it the local dimension of v at x and denote it by dim,y.(v, ).

In general the multifractal formalism is concerned with the multifractal spec-

trum function

f(a) = dimp{z € R? : dimjoe(v, z) = a}.
Assume we have an self-affine IFS {7}, ..., Ty} of the form
Ti(z) = A +t;, xR

where A; are d x d real invertable contractive matrices and ¢; € R?. Also let 7
be the associated function that maps {1,..., N} to R? and u be a measure on
{1,..., N}N. Also for a € {1,..., N}" we define [a] to be the set {z € {1,..., N} :
x(i) = a(i) for 1< i< n}. Forae{l,. N} weset A, = Ayq) - .. - Ag(n)-
Below we give a brief description of what is the expected way to express the

function f, for v = 7u, in well behaved situations.
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Definition 1.3.2. Let A be a d xd matriz and ay >, ..., > aq be the singular values

of A, that is the eigenvalues of ATA. The singular value function ¢ is defined as

apoan 10l k—1<s<r<d

¢°(A) =
(ay...aq)%, s>=d
We should note that the singular values are the half-lengths of the axes of
the ellipsoid A(D) where D is the unit ball. Ideally we expect that the following

relation defines a convex function 7 of ¢

lim llog Z (¢T@/ @D (AN~ ([a])? = 0,

n—oo 1,
ae{l,..N}»

where we set 7(1) = 0, and that the multifractal spectrum of 7w is given by

fla) = igf(aq —7(q))-

This is not always true and sometimes refined versions of it are true. Partial
results towards this direction where given by Julien Barral and De-Jun Feng in
[10] for Lebesgue almost all vectors ti,...,tx. This kind of results for randomly
chosen parameters are common in the study of self-affine fractals. For example
one of the early results was by Kenneth Falconer [25] proving that for almost all
choices of translation vectors the dimension of the attractor is given by the value

s satisfying

1/n

=l | 2 o)
ae{l,..N}"

20



We should also mention [8] where similar results proved for fixed translation
vectors and almost all Ay, ...Ay. A different approach is to study families of self-
affine fractals satisfying certain conditions that makes them well behaved. See for
example Theorem 1.1 in [27] which is focused on families of self-affine measures
satisfying projection properties. Projections give us information about how 7u is
distributed on sets of the form 7([a]) for a € {1, ..., N}" which allows to overcome
the obstacle of the almost ”degenerate” geometry of 7([a]). Our project in chapter
5 is on this type of approach. We study the multifractal formalism of planar

self-affine measures under conditions on their projections.

1.4 Matrices associated to Pisot numbers

Pisot numbers are of special interest in the study of Bernoulli convolutions. This is
because Garsia proved in [38] that dimy 5 < 1 when § is Pisot and it is conjectured
that the inverse is also true. Let deg(f), of an algebraic number /3, be the degree
of its respective minimal polynomial. This chapter was motivated by an attempt
to study dimy v when £ is a Pisot and deg(/) is high. In particular we wanted to

argue that in such cases dimy v is close to 1. Ideally we would like to prove that

lim min{dimg(vp) : deg(5) > n} = 1.

n—o0

As an intermediate step we also considered the question of whether a sequence

of Pisot numbers 3, such that 5, — ¢ and deg(5) — oo satisfies

lim dimgvg, = 1.
n—oo

There is an advantage in having [, converging and the number ¢ is chosen

because its algebraic properties make the related mathematics especially simple.
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The main tool would come from [2]. Let T;(x) = Sz — i and

Spw={T. 0..0T,(z) :n€N,ep,...en € {—1,0,1}} N [~1(8 — 1), 1(8 — 1)].

We also set Sz = Sz. Notice that —1(8 — 1), 1(8 — 1) are the fixed points of
T 1, T respectively. When [ is Pisot and the greedy [-expansion of z is periodic,
the set Sg, is finite. We denote the elements of Sz, by Si, <,...,< SEj’”'. We

define Mj, to be the following |Ss ;| X |Ss | matrix.

/

1/2, Ty(S5,) =S5, or Tu(Sh,) = S5,

Mﬁ,w(la.]) = 17 TO(SZZ,QU) = Sé,z

0, otherwise
\

Again we set Mo = Mpg. The matrices My appear in [2] where it is proven
that

dimp(v5) > min {1, log 2 — log(p(My)) } ,

log(B)

providing a lower bound for dimy (). It is observed numerically that when deg(/)
is large then a pattern appears in Mz. The plots of such matrices suggest that, as

deg(/3) increases (and stays bounded away from 2), the set

i , o o
To 1o | eR”: M, 1, ] 7é07 1<Z7]< S }
{<|55| |SB|) 2d) 1%

looks like a finite approximation of
1
U @ T@) : |2 < 1/18 =11},
i=—1
properly rescaled (this is formalised in definition 6.1.5 and conjecture 4). This is

not a total surprise since the matrices are defined as transitions matrices for finite
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sets closed under the maps T; but it does suggest equidistribution properties for Sgs.
Now let for simplicity 3, be a sequence of Pisot numbers converging to the golden
ratio and deg(f,) — oo. The strategy was to formalise and prove the appearance
of the pattern described above and exploit this pattern to understand the limit of
the spectral radius proving that dimgy(vg,) — 1. Following this strategy ended up
being more difficult than we expected. This is partly because the matrices blow
up from the very first steps, making it hard to spot any patterns, and because
the spectral properties of sparse matrices are hard to control. For this reason
we introduced the matrices My, as a simplified toy problem where the complexity
doesn’t come in through § but by changing the starting point x. We always assume
that the greedy (-expansion of x is periodic. The result was a proof showing that
for x 'relatively typical’ two things are true. Firstly, the matrix My , has very large
size and follows the pattern described above. In a formal level it just means that
S¢, 1s uniformly equidistributed. Secondly, the spectral radius of My, is different
from what was expected. To be more precise there is L > 0 such that for each

€ > 0 there is § > 0 for which

1 1
d| —— 0,,——Leb | <e
|Sp.2] 2 B-1

:EGSﬁ,z

and

p(Myo) — L| <€

when



where T is the beta-expansion map associated to [, u is its unique absolutely
continuous invariant probability measure and d is a natural metric we define be-
tween measures. The last inequality above expresses what we mentioned as 'rela-
tively typical’. This ended up being a kind of counterexample for the second part
of the strategy. It shows that the pattern described above, on its own, doesn’t

determine (up to approximation) the spectral radius of a matrix.
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Chapter 2

Preliminaries

2.1 Ergodic Theory

Definition 2.1.1. A pair (X, T) will be called a dynamical system if X is a metric
space and T is a measurable mapping from X to itself. A Borel probability measure

m on X s called invariant under T iff

m(A) =m(T~(4))
for any Borel set A C X. The probability measure m is called ergodic iff for
any Borel set A C X,
T7'(A) = A= m(A) € {0,1}

or equivalently

T (A)AA =0 = m(A) € {0,1}.

25



Theorem 2.1.1 (Ergodic theorem). Let (X, T) be a dynamical system and m an
ergodic invariant probability measure of T. If f € LY(X) then for m-almost all

xz € X we have

n—1
.1 ;
[ fm =t > )
For a proof of the Ergodic theorem see theorem 1.5 in [81]. By applying the

ergodic theorem on indicator functions we get the following corollary which shows

that invariant measures describe the long term distribution of orbits of T

Corollary 2.1.1. Let (X,T) be a dynamical system and m an ergodic invariant
probability measure of T'. Then for m-almost all x € X and Borel set A C X we

have

m(A) = lim l#{iENZTi(x)EA, 0<i<n—1}.

n—oo M,
Definition 2.1.2. For a measurable space (X,Y) and measures p,v on X, we say

that v is absolutely continuous with respect to p and write v < p iff

p(A)=0=rv(A4)=0

for all A € ¥. We say that the measures i1 and v are equivalent if v < p and
uLv.

If pu, v are o-finite measures on the measurable space (X, %), the Radon-Nikodym
theorem ([56], Cor. 7.34) states that v < p iff there exists ¥-measurable f: X —
[0, 00) such that

V(A) = /A Fdm
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for all A € X. In this case we write v = fdpu.

The following lemma is well known but we include a proof for completeness.

Lemma 2.1.1. Let p,v be invariant probability measures of a dynamical system

(X,T) such that p is ergodic and v < p. Then p=v.

Proof. By the Radon-Nikodym theorem there is a measurable f : X — R such
that

v(4) = [ fau
A
for all Borel sets A C X. It is enough to prove that f(z) =1 for y-almost all
r e X. Let

M={zxeX: f(zx) <1}.

Aiming to prove that u(M\T~*(M)) = 0 we assume, towards a contradiction,
that u(M\T~Y(M)) # 0. Notice that u(M) = p(T~1(M)) implies u(M\T1(M)) =
W(T (M)\M) s0

v = [ sau= | fap [ g
M MAT=1(M) M\T~1(M)

< Fdp+ p(M\T (M)
MAT—1(M)

- /M oy J T 0\

and

u@%M»z/ ﬁmzf fw+/ Jdu
T-1(M) MAT—1(M) T-1(M)\M

>/ fp+ p(TL(M)\M)
MNT—1(M)
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which contradicts v(M) = v(T"'(M)). Hence we have u(M\T 1 (M)) =
w(T~Y(M)\M) = 0 which implies that u(MAT1(M)) = 0 which by the ergo-
dicty of p gives that u(M) € {0,1}. Concluding we have that

/deu:y(X):l

and either f(z) < 1 for p-almost all z € X or f(z) > 1 for p-almost all x € X
which combined imply that f(z) =1 for y-almost z € X.
[

Definition 2.1.3. Let X be a metric space, (fin)nen @ sequence of Borel measures

on X and pu a Borel measure on X. We say that i is the weak™ limit of the sequence

(,un)nEN Zﬁ

tim [ fdp, = / fdp
n—oo
for all continuous bounded f: X — X.

Remark. If the metric space X, in the definition above, is compact then the weak*
convergence determines a metrizable topology called the weak® topology. In this
topology the set of Borel probability measures is compact (see [56], p252, remark
13.14, and p260, Th. 15.29).

Definition 2.1.4. Let X be a metric space and p a Borel measure on X. We say

that a Borel set A C X is a continuity set of p iff n(0A) = 0.
The following lemma can be found in [56] as theorem 13.16 in page 253.

Lemma 2.1.2. Let X be a metric space, (fin)nen a sequence of Borel measures on

X and p a Borel measure on X. Then  is the weak™ limit of the sequence (fin)nen
if
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lim j1,(A) = (A)

n—oo

for all continuity sets A of p.

Definition 2.1.5. Let (X, 3, m) be a measure space, (Y,35) a measurable space
and T : X =Y a measurable map. Then the pushforward measure T'(m) on Xq is

defined to be the one satisfying

for all A € %s.

In ergodic theory sub-additive sequences often arise, so we need the following

lemma by Fekete (see [29]and [36]).

Lemma 2.1.3. Let (ap)nen be a sub-additive sequence (i.e. apim < Qp+ay, holds).

Then

. Gp . 0 Qn
lim — = inf —,
n—oo N n n

including the possibility that lim,_,. a,/n = —oo.

We will also refer later to the Wasserstein distance so we include the definition

for completeness.

Definition 2.1.6. Let i and v be Borel probability measures on R and py,ps :
R? x R* — R? be such that

pl(xay):‘IJ x??JERd

pQ(xuy) =Y, xuyeRd'
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Also we set M to be the set of all Borel probability measures g on R% x R? such
that p1(g) = p and pa(g) = v. The Wasserstein distance W1 (u,v) between p and

v is defined as

Wi(u,v) = inf Iz = ylldg(z,y).
9EM JRd R4

The intuition behind the definition, in very loose terms, is that we look for the
minimum cost for turning p into v by moving mass around. The cost for moving
a portion of mass is proportional to the size of the mass and the distance covered

to move it.

2.2 Thermodynamic Formalism

When we want to understand geometrical dynamical systems we often encode them
in symbolic shift spaces which is the focus of this subsection. Roughly, information
of a geometric problem is encoded in the symbolic space through a potential, and
its pressure and equilibrium states. We will start mentioning some key points of
classical thermodynamic formalism and then move to sub-additive thermodynamic
formalism.

Fix a natural number N and an N x N matrix A with entries in {0,1}. We set

Y={ae{l,..N}": Aa(i),a(i+ 1)) = 1 for all i € N}.

We will assume that A is irreducible. For 6 € (0, 1) we define the metric dy on ¥
satisfying dy(a,b) = 0" where n is the first natural number such that a(n) # b(n).
Finally we define the shift map o : ¥ — ¥ by o(a)(i) = a(i + 1). A main
aspect of thermodynamic formalism is describing invariant probability measures
of the dynamical system (X, o). We will denote the set of all invariant probability
measures of o by M, (X).
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Definition 2.2.1. The cylinder set [z, ..., z,)], for (xg,...,x,) € {1, ..., N}"T1 s
defined to be the set

{a € X:a(i)=x(i) for alli € {0,...,n}}.

Definition 2.2.2. A Borel probability measure m on ¥ is called a Gibbs measure
iff there are a continuous f: X — R, P > 0 and C' > 1 such that for all x € X

and n € N,

CLEIE @ ([, . 2 ]) < CeSing 10 @D

In the context of thermodynamic formalism it used to say that a function

f 3 — R is Holder continuous iff there is C' > 0 such that for all z,y € ¥,

[f(2) = f(y)] < Cdy(z, y).

It is common to call such a function, a potential. Below we define the pressure of
a potential, a quantity which is useful in the construction of invariant measures as

well as for expressing exponential growth /decay phenomena in geometric problems.

Definition 2.2.3. Let f : X — R be a Holder continuous function. The pressure
P(f) of f is defined to be

nﬁ_}n()lo%log > supexp (Z f(Ui(x))>
1=0

ze{l,..,N}» z€(z]

By the Holder continuity it is easy to observe that the pressure can equivalently

by defined by

31



P(f) = lim Lo | Y exp (if(oi(x))>

on(z)=x
The existence of the pressure and the variational principle stated bellow are

implied by the more general theorem 3 in [71].

Definition 2.2.4. Let m € M,(X). The entropy h,(m) of m is defined by

ho(m) = Tim = 57 ([ log(m([a])).

The existence of limit follows from sub-additivety.
Now we are ready to state the variational principle.

Proposition 2.2.1. Let f : ¥ — R be a Holder continuous function. Then

PU) = sup { ) + [ g m € Mo ()}

There is a general theory of pressure and equilibrium states for the case where
f is only assumed to be continuous by Walters [80] and Ruelle [68], but we will

not need it in this thesis.

Definition 2.2.5. Let f : ¥ — R be a Holder continuous function. A measure

m € My(X) is called an equilibrium state of the potential f iff

P(f) = hy(m) + / Fdm.

For each Holder continuous function f : 3 — R there is a unique equilibrium

state m. In addition it satisfies
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Y

O~ 1150 f(o'(x)=nP(f) < m([zo, ..., Ta_y]) < CeZio f(o'(@)—nP(f)

implying that m is Gibbs (see proposition 3.2, comments in page 39, proposition
3.4 and theorem 3.5 in [64]). Now we move on to sub-additive thermodynamic
formalism. A sequence of continuous functions ® = (¢, ),en from ¥ to R is said

to be a sub-additive if for all x € ¥ and n,m € N,

Definition 2.2.6. The pressure P(®) of a sub-additive potential ® = (¢ )nen 1S
defined by

P(f) = lim 1 log Z sup exp (¢ ()

n—00 1
ze{l,..,.N}n z€(T]

-----

For m € M,(X) we also set

A(P, ) = lim 1 Gndm

n—oo M,

which exists by sub-additivety.

The variational principle below follows from theorem 1.1 and section 4 in [19].

Proposition 2.2.2. Let ® be a sub-additive potential. Then P(®) exists and

P(®) = sup {ho(m) + A(D,m) : m € M,(X)}.

Definition 2.2.7. Let ® be a sub-additive potential. A measure m € My(X) is

called an equilibrium state of ® iff
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P(®) = hy(m) + A(®, m).

In general the set of equilibrium states can be empty but in most cases, for sub-
additive potentials that arise from applications to fractal geometry, equilibrium
states exist (see [58] and in particular theorem 2.6). We should note though that

in some cases the equilibrium state is not unique (see [52] example 6.2).

2.3 Iterated Function Systems

A map F : R? — R? is called a contraction iff there is ¢ < 1 such that for all

x,yeRd,

|F(x) = Fy)| < ez —yl.

Definition 2.3.1. A finite set F = {F}, ..., Fx} of contractions on R? is called an

iterated function system (IFS). The unique non-empty compact set A satisfying

is called the attractor of F.

For the existence of the unique attractor see [28], theorem 9.1. We can also
see an IFS as being driven by probability measures generating a fractal measures
supported on the attractor or on subsets of the attractor. To explain this formally
we let ¥ = {1,..., N}¥ and for @ € {1,..., N}" we use the cylinder notation [a]
introduced in the previous subsection. Since the members of F are contractions,

for a € ¥ we have that
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lim diam (Fy(g) 0 ... 0 Fyny(A)) =0

n—oo

also, Fy(0) 0 ... 0 Fom(A) is a nested sequence of compact subsets of A so there

is a unique m(x) € A such that

{r(2)} = (] Fa) © - © Fapuy(A).

neN
The above defines a function 7w : ¥ — A which is called the projection of
the IFS on A. Now we can see that for each Borel probability measure m on X

we can form the push-forward measure w(m). It is also useful to note that for

ae{l,..,N}"

W([d]) = Fa(()) 0..0 Fa(n)(.A).

Often it is assumed that an IFS satisfies the open set condition below. That

condition makes the mathematical analysis of the IFS much more tractable.

Definition 2.3.2. Let F = {F},..., Fx} be an IFS on R. We say that F satisfies
the open set condition iff there exists a non-empty bounded open set V C RY such

that

@
Il
—

and

FEWV)NF(V) =0
fori,je{l,... N} withi # j.
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Probably the most important way to analyze the fractal behaviour of attractors
and projected measures is the Hausdroff dimension. In order to define it we first

need to define Hausdorfl measures.

Definition 2.3.3. Given a set A CR?, we call a sequence (D;)ien a §-cover of A

if the following statements hold.
o D; CR%.
e diam(D;) < ¢ for all i € N.
o ACUien D

For A C R? and (s,6) € [0,00) x (0,00) we define

H;(A) = inf {Z diam(D;)® : (D;);en is a d-cover of A} :
i=0
which leads us to the definitions of the Hausdorfl measure.

Definition 2.3.4. For s non-negative, the s-dimensional Hausdorff measure H*(A)

of A CR? is defined by

H2(A) = lim Hi(A).

6—0

For a proof that H?® is well-defined and that its restriction to the Borel
o-algebra is a measure, see theorem 1 of chapter 2 in [22]. See page 31 of [28] for

the proposition below.

Proposition 2.3.1. Let A C RY then there exists so > 0 such that H*(A) = oo
for s €0, s0) and H*(A) =0 for s € (sg,00).
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It is natural see the number sy above, where the jump happens, as the dimen-

sion of the set A. This leads to the definition of Hausdorfl dimension.

Definition 2.3.5. Let A C R?. The Hausdorff dimension dimy(A) of A is defined
by

dimp(A) =inf{s > 0: H*(A) = 0}.

Remark. [t is easy to observe that if A C B C R? then dimg(A) < dimg(B).
Also if (Ay)ien s a sequence of subsets of R then

dimy (U Al) = sup dimy(4;).

ieN ieN

Definition 2.3.6. Let m be a Borel probability measure on R:. The Hausdorff

dimension dimy(m) of the measure u is defined by
dimg(m) = inf {dimg(A) : A is a Borel set with m(A) > 0}.

Sometimes the above is called the lower Hausdorfl dimension of m and it is
denoted by dimg(m). In that context the upper Hausdorff dimension dimg(m) of

m is defined by
dimg(m) = inf {dimg(A) : A is a Borel set with m(A) = 1}.

Definition 2.3.7. Let m be a Borel probability measure on R?. Then the local

dimension dimye.(m, z) of m at x € R is defined by

. iy Lo8(m(B(z,7)))
dlmloc(m7 CL’) - nl—>oo 10g(’f’)

I

if it exists, where B(x,r) = {z € RY: ||x — 2|z < r}.
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Definition 2.3.8. A Borel probability measure m on R? is called exact-dimensional

iff for m-almost all x € R?

dimyec(m, x) = dimg(m).

As we will see, there are many interesting examples of measures that are exact
dimensional. The simplest family of IFSes one can consider are the self-similar

IF'Ses.

Definition 2.3.9. An IFS F = {F,..., Fx} on R? is called self-similar iff there
exist r1,...,rn € (0,1) (contraction rates) and ti,...,tx € R? (translation vectors)
such that for every i € {1,..,N} and x € R? we have Fy(x) = rx +t;. The
attractors of a self-similar IFSes are called self-similar sets. Finally if there are

D1y PN € [0,1] such that p1 + ... + py = 1 then a measure m satisfying

N

m =Y " piFi(m)

i=1

15 called a self-similar measure.

It is easy to see that given pq, ..., py as above then m always exists, it is unique
and it is equal to the projection through F of the Bernoulli measure on {1, ..., N}¥
corresponding to pi,...,py (see section 4 in [47]). The fractal geometry of self-
similar IFSes satisfying the open set condition is well understood. On the other
hand the more general case where overlaps are occur (Open set condition fails)
has been proved to be much more difficult. For a better understanding it is worth
noting the following basic results on the case where the open set condition holds.

For proofs see theorem 9.3 in [28], [65] and [72].

Theorem 2.3.1. Let F = {F, ..., Fx} be a self-similar IFS on R® with contraction
rates r1,...,rn € (0,1). If F satisfies the open set condition then the Hausdorff
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dimension of its attractor is the unique number s > 0 satisfying

N

[ J—
E ry = 1.
i=1

In addition if m is a self-similar measure m corresponding to py,...,py € (0,1) (
with p1 + ... + py = 1) then

ZZJL pi log(p;)
S rilog(r:)

dimyg(m) =
and the multifractal spectrum
f(a) = dimp{z € R? : dimjoe(m, ) = a}

is equal to the Legendre transform of the function 7 : R — R satisfying

N
> opir =1
i=1

That s

f(a) = inf{7(q) + aq},

geR

provided that is finite.
The next natural generalisation is self-affine IFSes.

Definition 2.3.10. An [FSF = {F}, ..., Fx} on R? is called self-affine iff there
exist invertable contracting dx d matrices Ay, ..., Ay andty, ...ty € R (translation
vectors) such that for every i € {1,..., N} and v € R? we have Fi(x) = Ax + t;.
The attractors of a self-affine IFSes are called self-affine sets. Finally if there are

D1, - PN € [0,1] such that p1 + ... + py = 1 then a measure m satisfying

N

m =Y piFi(m)

=1

is called a self-affine measure.
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Again it is easy to see that given pq,...,py as above then m always exists, it
is unique and it is equal to the projection through F of the Bernoulli measure on

{1, ..., N} corresponding to p, ..., px-

Definition 2.3.11. If A is a d x d invertable contracting matriz, the singular
values a1 (A) < ... < aq(A) are defined to be the roots of the eigenvalues of ATA.
For s > 0 the singular value function ¢*(A) is defined by
ar(A) - a5 (Aagg (A~ s e0,d]
¢°(A) = :

| det Al*/4 s>d

With the notations of definition 2.3.10, the sequence (¢ ),y of real functions
on {1,..., N} defined by

¢y, (i) = log ¢S<Ai(0)---14i(n))

is a sub-additive potential (see [25], lemma 2.1). We will denote its pressure
just by P(¢°). The following characteristic result on self-affine sets appeared in

[25] as theorem 5.3.

Theorem 2.3.2. Let Ay, .., Ay be d X d invertable contracting matrices satisfying
||As|]] < 1/3 (operator norm). Then for Lebesque almost all ti,....txy € RY the
Hausdorff dimension of the attractor of the IFS given by Fi(z) = Ax + t;, i €

{1,..., N}, is the unique s > 0 satisfying

P(¢%) = 0.

Later the condition ||A;|| < 1/3 above was improved to ||4;|| < 1/2 by

Solomyak, see proposition 3.1 in [75]. There is an analog for projected measures

in [49],
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Theorem 2.3.3. Let Ay, .., Ay be d x d invertable contracting matrices satisfying
|| A;]| < 1/2 (operator norm). Let m € M,(3) be ergodic. Then for Lebesgue
almost all t1, ...ty € R if w: {1,..., N}¥ — R? is the respective projection of the
IF'S given by Fi(a) = Az +t;, i € {1,..., N}, then m(m) is exact-dimensional and

dimpy 7(m) = min{s, d}

where s is the unique non-negative number satisfying

ho(m) + A(¢*, m) = 0.

Arguably the main difficulty of self-affine fractal geometry is that usually the
singular values a;(A;()...Ain)) decays with different exponential rates for different
i € {1,...,d}. This makes the geometry of 7([i(0), ...,i(n)]) not naturally compat-
ible with the geometry of euclidean balls. Finally we mention the following result

from [32] (theorem 1.2) in a slightly simpler form.

Theorem 2.3.4. Let Ay, .., Ay be dxd invertable contracting matrices, t,....,txy €
R? and Fy(z) = A+ t; fori € {1,..,N}. Let m € M,({1, ..., N}) be ergodic
and 7w : {1,...., N} — R? the projection of the IFS {Fy,...,Fyx}. Then w(m) is

excact dimensional.
2.4 Perron theory

Let (G, E,w) be a finite weighted directed graph. That is

e G is a finite set.
o F C G-
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o w:FE — (0,00).

Let C(G) be the vector space of functions from G to R. Then we define the
operator T : C(G) — C(G) by

T(f)x)= Y fly)-wly ).

(yx)eE
Given a non-negative d x d matrix A we set G4 = {1,...,d}, E = {(z,y) € G*:
A(z,y) # 0} and w(z,y) = A(x,y). For a vector v in R? we set f, : {1,...,d} - R

such that f,(i) = v(i). In this case we have

T(fv) = va‘

The above describes a useful viewpoint where we can see non-negative matrices
as dynamical processes on graphs. A non-negative matrix A is called irreducible
iff G4 is strongly connected (i.e. for any z,y € G4 there is a path from x to y).
Equivalently a non-negative d x d matrix A is irreducible iff for any 4, j € {1, ..., d}
there is n € N such that A"(i,7) > 0. A matrix is called reducible if it is not
irreducible. If A is a non-negative d x d irreducible matrix then the number
ged{n € N : A"(i,i) > 0} is the same for all : € {1, ...,d} and is called the period
of A. The period of A is also equal to the ged of lengths of closed directed paths
on GG 4. If the period is equal to 1 then A is called aperiodic. If the period, call it &,
is bigger that one then there is a non-trivial partition {5y, ..., S} of G 4 such that
if (z,y) is a directed edge of G4 then there are i,j € {1,...,k} such that = € S,
y € Sjand j =i+ 1 mod k. The sets S, ..., S, will be refered as periodicity

classes. In the following theorem vectors are considered as row-vectors.

Theorem 2.4.1. Perron-Frobenius theorem for primitive matrices

Let A be a non-negative irreducible aperiodic matriz, also called primitive, then
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e There is an eigenvalue p > 0 of A such that |\ < |p| for every other eigen-

values A of A.

o The eigenvalue p is simple.

e The eigenvalue p has strictly positive left and right eigenvectors. Also, left

and right eigenvectors of A are unique up to scalar multiplication.

o [fw and v are left and right strictly positive eigenvectors of A respectively,

so that w-v" =1, then

ATL
lim — =T - w.
n—o00 pn

There is a version for non-aperiodic matrices too.

Theorem 2.4.2. Perron-Frobenius theorem for non-negative irreducible matrices

Let A be a non-negative irreducible matriz of period k > 1. Then

o There is an eigenvalue p > 0 of A such that either |\| < |p| or (A/p)F =1

for every other eigenvalues A of A.
o The eigenvalue p is simple.

o The eigenvalue p has strictly positive left and right eigenvectors. Also, left

and right eigenvectors of A are unique up to scalar multiplication.

o Let w and v be left and right strictly positive eigenvectors of A respectively,

so that w- v = 1. Ifi,j in the same periodicity class then




For details and proofs of the above see paragraph 1.3 in [54]. A useful in

concept in Perron theory arguments is the projective space of R.

Definition 2.4.1. Let d € N. For x € R [et [x] be its linear span

[z] = {rz € R .+ € R\{0}}.

The projective space RP? is defined to be the set

{[z] : = € RN\ {0}}.

Often the projective space RP?, or a subset of it, is identified with subsets of

R¥*! by choosing a representative element 2’ € [z]. For example for

{[2] : x € R4 with strictly positive entries.}.

we can identify [z] with x/||z||;. Notice that if Ais a (d+ 1) x (d+ 1) matrix
and Ax # 0, for z € R, then

[Ay] = [Ax]

for all y € [z]. This means that square matrices induce partial actions on
the projective space. Finally we mention the very useful Gelfand’s spectral radius

formula (see [35], p312, Th. A).

Definition 2.4.2. The spectral radius p(A) of a matriz square matriz A is defined

by

p(A) = max{|\| : A is an eigenvalue of A. }
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Theorem 2.4.3. Gelfand’s Formula

Let A be a square matriz and ||.|| any matriz norm. Then

lim [ A" = p(A).

n—oo

2.5 Linear algebra

For any ay, ...,a, € C the associated Vandermonde matrix V' is defined to be the

K X m matrix

V(i.j)=al .
We will later need the following well known lemma.

Lemma 2.5.1. If Kk = n then
det(V) = H (a; — a;).
1<i<j<n

The above implies that if a4, ..., a,; are pairwise different then {uy, ..., u, }, where

w = (1, a, ..., a?*l),

is independent.
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Chapter 3

Measures on the Spectra of

Algebraic Integers

JOINT WORK WITH ToM KEMPTON

3.1 Introduction

Given a real number S > 1 and an alphabet A, the spectrum
Xa(B) == {chﬂ”_i :neN, ¢ € A}
i=1

has been the focus of much attention. In particular, when A = {0,---,[5]} then
it is known that X 4(/) is uniformly discrete if and only if S is a Pisot number (i.e.
an algebraic number, all of whose Galois conjugates have modulus strictly less than
one) [3, 18, 31, 38]. Additionally, X 4(3) is relatively dense in this setting, making
the sets X 4(8) Delone sets (uniformly discrete, relatively dense). Delone sets give
useful mathematical models for quasicrystals and so the above construction gives
a number-theoretic construction of important physical objects.

Much progress has been made on giving dynamical descriptions of sets X 4(/53)

[20, 34, 41]. If 5 is a Pisot number then X 4(/) can be generated by a substitution

46



system [34]. Moreover, for Pisot 3 there is a naturally related cut and project
set which contains X 4(5). In all known examples of Pisot 5 with A C Z the set
X 4(B) coincides with this cut and project set, but the question of whether these
sets always coincide remains open, and there are some examples with a complex
alphabet for which the cut and project set contains finitely many extra points
which are not in X 4(f5) [41]. A generalisation of this cut and project structure to
general hyperbolic algebraic integers is given in section 3.4.

We are interested in measures on the sets X;_1013(f). In particular, we are

interested in what one can say about the measures p, given by

palr) = o N()

where

n

No(@) = #{ar - an, by b, € {0,1}" > (a; — b)B" " =}

i=1
The measure p, is the distribution of the set of differences

n

Do af T =) bp
i=1

i=1
where each a;, b; is picked from {0, 1} according to the (%, %) Bernoulli measure.!
We focus on the case that § is an algebraic integer and a root of a {-1,0,1} polyno-
mial but does not have any Galois conjugates of absolute value one, we call such

£ hyperbolic.

!There has been a lot of recent research into a different class of measures (Patterson measures)
on cut and project sets. These are related to diffraction on quasicrystals, where they play the role
of the intensity of the Bragg peak [61, 66]. Loosely speaking, the difference between the class of
measures that we study and Patterson measures is that our measures incorporate information on
the number of different codings a; - - - a,, for which 2?21 a; 8" ~" = x, whereas Patterson measures
do not. The analogue of p,(x) for the Patterson measure would be (more or less)

va(2) = #{(y.2) € (Xg0,1)()* 1y — 2 = z}.

This difference is crucial for our applications.
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Broadly, we are interested in the question of whether the measures u,, appro-
priately rescaled, have a limit p as n tends to infinity, and whether that limit has
any ‘local structure’ analagous to that of the set X (). Assuming some techni-
cal (but checkable) conditions, our results hold for general hyperbolic 3, but all
of the ideas behind our proofs are presented in the golden mean case, which is
notationally much simpler, and for this reason we prove our results first for the
golden mean. The golden mean also has the advantage that the higher dimensional
objects which we construct are only two dimensional, and so can be more easily
visualised.

Our main theorems are the following.

Theorem 3.1.1. Let 3 be hyperbolic. Then there exists a real number X > 1, such
that for all x € X (B) the limit measure pn given by

p(z) == lim —N,(z)

n—oo \™

exists and has p(z) € (0,00) for x € X(B). Furthermore, the measure p has

infinite total mass.

In the case that 8 has other Galois conjugates of absolute value larger than one,
we prove this theorem by lifting to a measure i supported on a higher dimensional
Delone set, whose projection onto the first coordinate gives .

Our second theorem gives an explicit way to calculate u(x) using any code of

x.

Theorem 3.1.2. Let 8 be hyperbolic. There exists a natural number k, a 1 X k
vector W, and three k x k matrices M_1, My and M, such that for any v € X ()
and ¢y -+, € {~1,0,1}" with x = >, ;8" ,

1

= V(WMCI e M)

()
Here (WM., --- M., )1 denotes the first entry of the row vector WM., --- M,

n
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In fact the vector WM., --- M., also holds information on the values of u(y)
for other values of y € X (). There is a set of translations dy,--- ,d; € R, with
dy = 0, such that, for z ="', ;"

/L(Z‘ —+ dz> (WMcl ce Mcn>i

() (WM, - M, )1

This suggests that one may be able to use a dynamical system to move through the
measure 4 to calculate its values at different points. We can do this, but we need
first to replace the dependence of () on the coding of x with a dependence on the
position of a point z. corresponding to x in the ‘contracting space’. To describe
this, we must first describe a geometric construction related to [-expansions in
algebraic bases.

Let 8 have Galois conjugates (3, --- B4 of absolute value larger than one and
Galois conjugates Bgi1---Bqrs of absolute value smaller than one. Define the
contracting space K, by K. = Fg;q1 X Fgyg X - -+ X Fgys where F, = R if 8 € R,
F, = Cif g, € C\R. Then, for i € {—1,0, 1} define the contraction S; on K. by

Si(Tay1s s Tays) = (Bar1Tar1 + 1y, BarsTars + 1)

The maps {S_1, Sp, S1} form an iterated function system on K, with an attractor
that we denote R. This is a standard construction in numeration/tiling theory,
although it is more usual to consider a sub-IFS using only those codes which
correspond to greedy S-expansions [1]. To each point z = Y | ¢;3"* there exists
a corresponding point in the contracting space:

n
ve= Y (Bt Bih - Bied) = Sey 0+ Sa(0) € R.
i=1
It is important to stress that the point x. corresponding to x is independent of the

coding ¢y, - -+ , ¢, of x, this holds since 441 - - - B41s are Galois conjugates of 3.
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Theorem 3.1.3. Assume that Condition 3.4.1 holds. There exists a set A =
(v1,---vg) of translations such that for any j € {1---k} there is a function f; :
R — R such that for any x € X(B) with x 4+ v; also in X () we have

Furthermore any x € X(B) can be reached from 0 by applying a finite number of
translations from A. There exists a word w and constants C; > 0, Cy € (0,1)
such that for any ay ---a, € {—1,0,1}" which contains r non-overlapping copies

of the word w, f; varies by at most C1Cy " on S, 0+-++0 8, (R).

The final condition on the variation of f; gives rise to the following continuity

properties of f;.

1. Continuity almost everywhere: For any fully supported ergodic measure

v on R, each f; is continuous v-almost everywhere

2. Continuity at most lattice points: For any fully supported measure m
on {—1,0,1} and any € > 0 there exists n € N and D C {—1,0,1}" such
that m™(D) > 1 — ¢ and

|fi(z) = fiy)| <e

for all x,y € X(B) with 2., y. € Sy, 0+ 085, (R) for any ay - --a, € D.

These latter two continuity properties follow since v almost every sequence contains
infinitely many copies of the word w, and that for any r and any € > 0 there exists
n such that a proportion at least 1 — e of {—1,0,1} words of length n contain r
non-overlapping occurences of w.

We use this theorem extensively in our follow up article [12]. For now, we

limit our application of this theorem to the golden mean case, where we show
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that the values of p(z) can be obtained via a cocycle over an interval exchange
transformation on R = (—¢?, ¢?), see Theorem 3.3.3.

In Section 3.2 we describe some links with the dimension theory of Bernoulli
convolutions, which allows us to state some new conjectures about Bernoulli con-
volutions. In Section 3.3 we prove Theorems 3.1.1, 3.1.2 and 3.1.3 in the special
case that f is the golden mean. Finally in Section 3.4 we prove these theorems for

the general case of hyperbolic 5.

3.2 Links to the Dimension Theory of Bernoulli
Convolutions

Our interest in the measures p stems from a link with the study of the dimension
and possible absolute continuity of Bernoulli convolutions vg, defined below. We
describe here connections with dimension theory for Pisot numbers, links between
our work and the question of absolute continuity of vz for non-Pisot hyperbolic 3
are postponed to a follow up article, in which we generalise [53] to give a condition
for the absolute continuity of v4 in terms of the growth of un([ﬂ_—_ll, ﬁ]), which in
turn can be stated in terms of rapid equidistribution to Lebesgue measure of the
measures /Ln|[5—7_11’ =mp We then use the local structure of the measures p,, described
in Theorem 3.1.3 and an analogue of Theorem 3.3.3 to study this equidistribution.

Given a number € (1,2), the Bernoulli convolution v is the weak* limit of
the measures v, given by

1
Von = D pulsias
ai-an€{0,1}"

where 6, denotes the Dirac probability measure on z. The measure v is a prob-

ability measure on [0, ﬁ] and is perhaps the simplest example of a self-similar

measure with overlaps. The question of whether v is absolutely continuous for

o1



some given parameter 3 goes back to Jessen and Wintner [48]. Erdés showed that
vg is singular when f is a Pisot number [21], and indeed Garsia showed that such
Bernoulli convolutions have dimension less than one [38]. There has been very
substantial progress on the dimension theory of Bernoulli convolutions in the last
decade, stemming from the work of Hochman [45], and in particular it is now
known that non-algebraic [ give rise to Bernoulli convolutions of dimension one
[79], whereas for algebraic 5 there are algorithms to determine whether or not vg
has dimension one [17, 2]. For a summary of recent research into the dimension
theory of Bernoulli Convolutions see [78].

There have been many numerical studies into the dimensions of Bernoulli Con-
volutions associated with Pisot numbers. The evidence we have suggests that
for Pisot numbers of large degree the dimension of the corresponding Bernoulli

convolution is close to one [2, 39, 42, 43]. We formalise this conjecture here.

Conjecture 1. Let 3, be a sequence of Pisot numbers in the interval (1,2) and

suppose that the degree of 3, tends to infinity as n — oo. Then
dimpy(vg,) — 1.

We have not seen this conjecture formally stated before, but it seems consistent
with the (admittedly fairly limited) numerical evidence that we have.

The rest of this section is devoted to giving another conjecture on the measures
it and showing that this new conjecture would be sufficient to prove Conjecture
1.

It was proved in Hochman [45] that, for algebraic 8 the dimension of the

Bernoulli convolution v4 is given by

dimy (v5) = min{l H(p) }

"log(p)
Here the Garsia entropy H(f) is given by

H(B) = lim ~H,(8)

n—oo N,
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Ha(B)=~ > Q%bg (%#{bl coby € 40,17 (i — b)) = o}> ,

a1-an€{0,1}" =1
As noted in [2], one can use Jensen’s inequality to reverse the order of the

summation and the log, to get

1 - .
H,(8) = —log (47#{@1 clp by by €40,117 ) (a; = b)B = 0})
i=1
— log(4") — log(A (0)).
In particular, our main theorem, Theorem 3.1.1, introduces a constant A\ equal to

the exponential growth rate of A, (0), using this constant we get
H(B) > log(4) — log . (3.1)

Our contribution here in the Pisot case is to link the question of how close
to being equidistributed g is to the value of A, broadly when ,u|[ SR is well
distributed with respect to Lebesgue measure then Equation 3.1 gives a lower
bound for the dimension of vg which is close to one. Our approach here is more
or less that of trying to understand something about the maximal eigenvalue of a
matrix by studying the corresponding eigenvector. We use the following elementary

lemma from linear algebra.

Lemma 3.2.1. Let M be a k X k matriz with mazimal eigenvalue p and as-
sociated left eigenvector V. = (vq,--- ,vg) normalised so that Zle v; = 1. Let

T = 2?21 M; ; denote the ith row sum of M. Then

k

P = Z VT

i=1
Let 8 be a Pisot number and Iz := [ﬁ_—_ll, ﬁ] Then, as noted before, A
counts the (weighted) growth of the number of words in {—1,0,1}" for which
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o, "t =0, the weighting comes from giving each word weight 2™ where m
is the number of occurences of letter 0 in the word. Whenever > 1"  ¢;5"" = 0
we have that Y " ¢;6™ " is in the interval I, and so is in X (3) N I which is
a finite set V' = {vy,--- , v} thanks to the Garsia Separation Property [37]. We

write down a matrix M, indexed by {vy,--- v} with

1 V; = B/Ui +1
(Mo)ij =14 2 v; = Bu;

0 otherwise

Then the measure py, = ﬁjﬁ)uhﬁ gives mass to v; equal to the jth entry
of the left probability eigenvector of M, associated with maximal eigenvalue .
Furthermore, we can read off the ith row sum r; of M, (associated to point v; €
X(B)NIz) immediately, since we need only know which of fv; — 1, fv; and Sv; +1
lie in 1.

Let the function gs : Iz — {1,2,3,4} be given by

95(7) = x1,(Bx — 1) + 2x1,(Bx) + X1, (B + 1),

Then r; = g3(v;) and so by Lemma 3.2.1 we have
A= 3 gaeun () = [ ga(w)di, o) (32
’UjGV Iﬁ
A short calculation gives that if £;, denotes normalised Lebesgue measure on Iz

then
4
/Iﬁ gs(x)dLy,(z) = E

We have the following theorem.
Theorem 3.2.1. Let 3, be a sequence of Pisot numbers and suppose that

Wl(/,l/[ﬁn,ﬁjﬁn) —0
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where Wy denotes the Wasserstein metric on the space of probability measures on

the Euclidean line. Then dimp(vg,) — 1.

Proof. The function gz is a step function on Ig and it is straightforward to give an
upper bound for |pr,(A) — L1,(A)| for any of the intervals A upon which the step
function is constant in terms of the distance between jy, and L7,. These upper
bounds are uniform in 4. This in turn yields uniform upper bounds on [ Is gpdiirs,
and so by equation 3.2 we have a uniform upper bound on A(f) — log(%) in terms
of W1 (,u[Bn s ‘Clﬁn)'
Finally, for Pisot f,
4
H(B) _ logd—logh(s,) ¢4 =g ()

dma(vs) = 0By 2~ Togh | Toglh) -

as required. O

The matrix My(fS) associated to a Pisot number f is very large for 5 of large
degree, and so the numerical evidence we have is limited, but the evidence that
we have does suggest that the measures p, —are increasingly well equidistributed
for sequences 3, of Pisot numbers in (1,2 — €) with degree tending to infinity,
see Table 3.1. The ¢ here is to exclude the multinacci family, which has different
behaviour?. In particular we suspect that what allows the multinacci family /3, to
behave differently is that the multinacci numbers 3, converge to 2.

Finally, we give our conjecture on the distribution properties of the measures
p1,, - A proof of this conjecture would imply that Conjecture 1 is true by Theorem

3.2.1.

Conjecture 2. Let ¢ > 0 and let (8,) be a sequence of Pisot numbers in the

interval (1,2 — €) such that the degree of 5, tends to infinity as n tends to infinity.

2Many structures related to the multinacci family g? — g7~ — ... — 1 = 0, including the
spectrum of f3,,, are well understood.

25



Polynomial 6] Bound | Wi(ug,Leb) | Matrix Size

x3 —x%2 —-x—111.8393 | 0.96422 0.13925 7

2 — 22— 1] 1.4656 | 0.999116 | 0.0547178 51

22— —111.3247 | 0.99999 0.0286671 181
xt—x3—x?—-x—111.9276 | 0.973329 | 0.187067 9
ot — 2% — 1] 1.3803 | 0.999989 | 0.0149032 1257

x5 —x*—x3 —x?—-x—111.9659 | 0.983565 0.222569 11
20—t — 2% — 2% — 1] 1.8885 | 0.982269 | 0.0803806 745
2 —at — a2 — 2%+ 1] 1.7785 | 0.995758 | 0.0246573 951
25—t — 2% — 1| 1.7049 | 0.993043 | 0.0356598 339
20—t — 2% — 2 — 1| 1.8124 | 0.982434 | 0.0571201 351
x® —at — 2+ 2% — 1] 1.4432 | 0.999982 | 0.00782515 5423
2 — 2t — 2% — 1| 1.5702 | 0.999862 | 0.0195581 847

2 — a3 — 2% —x—1|1.5342 | 0.999833 | 0.00890312 2651

Table 3.1: Pisot numbers 5 € (1,2) of degree less than six, together with the
Wasserstein distance to normalised Lebesgue measure. Multinacci numbers, which

have somewhat different behaviour, are in bold.

Then the distance

as n — 00, and consequently, by Theorem 3.2.1, dimg(vg,) — 1.

Remark. It worth noting that if 3, is the multinacci family then tedious but ele-

mentary calculations show that Wi (pg,, ,cdo) — 0 where c is a suitable normalising

Wi (/”Bn ) Elﬁn) — 0

factor. We also see that dimpy(vg,) — 1 is still true.

3.3 A First Example: The Golden Mean

In this section we prove our main theorems for the special case that [ is equal to the

golden mean ¢. Throughout we use the maps T; : R — R given by T;(x) = ¢x + 1.

Recall that

X(¢) = X{—1,0,1}(¢) - {

n

=1
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and that, for z € X(¢),

n

No(x) == #{ar - an, by - by € {0, 13" ) “(a; — b)o" ™" =z}

=1

We give the special case of Theorem 3.1.1 for when S = ¢.

Theorem 3.3.1. There exists a number A > 0 such that limit

exists for each v € X (o).

Here )\ is easily computed as the maximal eigenvalue of a finite matrix M,
defined below. This theorem will be proved as part of the proof of Theorem 3.3.2.

There are several ways to describe the measure p. One could construct an
infinite transition matrix corresponding to dynamics on X (¢) induced by the maps
To,T1,T-1 such that the values of u(x) correspond to entries of the eigenvector
corresponding to the maximal eigenvalue. In particular, for any finite K we can
describe p|x(¢)n[—k, k) by reading off the values of an eigenvector of a finite matrix.
We give instead a harder construction which allows us to see local structure in the

measure L.

Lemma 3.3.1. There exist matrices My, My, M_1, each of dimensions 17 x 17

such that for any x = Y"1 c;¢" " € X(¢) we have

Na(z) = (Mg, -+~ M, )11

)

Proof. This proof is similar to the proof of Lemma 3.1 in [2], we are just using a
larger digit set.

If o = > " ™" for some word ¢;---¢, € {—1,0,1}" then we start by
tracking words d; - - -d,, € {—1,0,1}" such that

n

Y aent = dig",
=1

=1
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1.e.
n

> (e —di)g" ' =0. (3.3)

i=1

Here d; represents a difference a; — b; where a;,b; € {0,1}, and so when counting
words we want to double count the case d; = 0 since it corresponds both to
a; = b, = 1 and a; = b; = 0. This accounts for the 2 in the definition of the
matrices My, My, M_1.

Now the equality 3.3 is equivalent to
Tcnfdn ©---0 Tclfdl (0) = 07 (34)

where each ¢;—d; € {—2,—1,0,1,2}. The maps T; are expanding, and in particular
if © > 2¢ then Tj(x) > 2¢, and if x < —2¢ then T;(z) < —2¢, for any i €
{—2,-1,0,1,2}. Thus if equation 3.3 holds then for each m < n we have

Tcm—dm 0---0 Tcl—dl (0) S <_2¢7 2¢)

By the Garsia separation lemma, or by direct calculation, one can show that there
are a finite number of points of the form 7, 4 o -+ 0T, _4,(0) which lie in
(—2¢,2¢) when ¢;,d; € {—1,0,1}. In fact there are 17 such points, we call the set
of such possible values V' = {vy,- -+, v17} with v; = 0.

Now in general the difference ¢; — d; can take values in {—2,—1,0, 1,2}, but if
we know the value of ¢; then ¢; — d; can only take three of these values, if ¢; = 1
then ¢; — d; can take values 0 1 or 2 for example.

Let M; be the 17 x 17 matrix with rows and columns indexed by elements of
V', with

1 v; =To(v;) or v; =T o(v;)
(M) =14 2 v; =T _4(v;)

0 otherwise
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This is the transition matrix for the maps T;,_4, where we know ¢; = 1 and
d; € {—1,0,1}, the values 1 and 2 occur because we have one way of letting
d; = a; — b; equal 1 or —1 but two ways of letting d; = 0.
Similarly, let M_; be the matrix with rows and columns indexed by elements
of V, with
1 v, =To(vy) or v; = Ta(vy)
(M_1)ij=1q 2 v; =Ty (v;)
0 otherwise

and let My be the matrix with rows and columns indexed by elements of V', with

1 v; = Tl(Uj) or v, = T—l(vj)
(Mo)ij = § 2 vi = To(v;)

0 otherwise

Then given ¢;,---¢, € {—1,0,1}", the (i,j)th term of the matrix M,, --- M.

1

represents the number of d; - - - d,, € {—1,0, 1} for which
Tc'n_dn [SRU TC1—d1 (Ul) = Uy. (35)

Again here when we refer to the ‘number’ of d; - - - d,, we are double counting
when d; = 0 because we have two ways of putting a; — b; = 0.
Thus in order to count equalities of the form (3.4), we need to use (3.5) with
v; = v; = v; = 0. We conclude that the number of a; ---a,,b;---b, such that
St (a; — bi)¢™ ™" = x is given by the top left entry of the matrix M, --- M.,
where ¢; -+ - ¢, is any {—1,0,1} code for which x ="  ¢;¢" "
O

We now state and prove Theorem 3.1.2 for the special case that [ is equal to
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Theorem 3.3.2. Let W be the left eigenvector of My corresponding to the mazimal
eigenvalue X, normalised so that Wy = p(0). Then for anyx = >"1 ;" " € X ()

we have

1
,LL(QT) = V(WMC:[MCQ T Mcn)la

that is, \"u(x) is the first entry in the 1 x 17 vector WM., - - - M.

n

Proof. In the previous lemma we showed how to count the number of words
ar, - Ay, by -+ by, with Y7 (a; —b;)¢" = x, given knowledge of one code ¢ - - - ¢, €

{—1,0,1}" such that

r=Y e (3.6)
=1

Here it was important that the length of the word ¢ ---¢, coding x corre-
sponded with the N, which we want to calculate. But if equation 3.6 holds then

it is also true that
7= Zciqﬁnii + Od)n + O¢n+1 44 0¢n+(k71).
i=1
So again using Lemma 3.3.1 we see that

Nn—l—k:(x) - (M(?Mcl"'Mcn)ll

)

= (1()0...)]\/‘[0’@]\401...MC

n

If X\ is the maximal eigenvalue of Mj then, since M, is primitive, there exists a

corresponding eigenvector W such that

1
F“OO”')M{;%W
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n

Putting the previous equations together gives that if x = """ | ¢;¢" " then

p(z) = klggo WNn+k(x)
1
.11 X 0
= klg{oloﬁv(l 00---)MEM,, - M, .

1
1 0

= —WM,. ---M.,
AT 0

]

It is also important to note that if z = Z?Zl ¢;¢"™ " then the vector /\%I/V]WC1 e M.,

doesn’t just hold information on p(z), which is the first entry, but also holds in-

formation on the values of u at other elements of X (¢).

Lemma 3.3.2. For vy the kth element of V' we have

1

e (WMq Me, - - Mcn)lw

p( +vy) =

that is, \"u(z + vi) is the kth entry in the 1 x 17 vector WM., - -- M,

n

Proof. This follows directly from the proof of the previous lemma and equation

3.5. [l

This allows us to start to discuss local structure for . We want to describe
how one can use dynamics to move through the measure p and write down the
set of pairs {(z,u(z)) : x € X(¢)}. To do this, we must first recall the cut and

project structure of the set X (¢).
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3.3.1 The Structure of X (¢)

The work of this subsection is well known to experts. We first show that set X (¢)
can be dynamically generated. One can move from a level-n sum to a level-(n+1)
sum in the construction of X (¢) by observing that

n+1 n

Z " = ¢ (Z Cz‘ﬁbn_i) + Cng1

i=1 i=1

Thus with T;(x) := ¢x + i as before we see that
X(¢)={T, 00T, (0):neN,¢; € {~1,0,1}}. (3.7)

As ¢? = ¢+1 we can consider multiplication by ¢ in terms of its action on numbers

of the form 2z1¢ + z. We let 7. : Z> — R be given by

21
T, =210+ 29
<0
and 7. : Z? — R be given by
21 —1 L
Te =22 20-
20 §b

We will later refer to 7, as projection in the expanding direction and 7. as pro-
jection in the contracting direction. Note that 7, : Z?> — R and 7. : Z?> — R are

injective (if they were not then 2> — x — 1 would not be the minimal polynomial

of ¢).
Then
Z1 9 11 21
o | me = 210"+ 200 = (21 + 20)0 + 21 = T
20 10 20
and so T} : X(¢) — X (¢) lifts to a map T; : Z? — Z? given by
ﬂ Z1 _ 11 21 n 0
20 1 0 20 1
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Figure 3.1: The set X (¢) around the origin, with expanding and contracting
eigenvectors shown.

We let

. 0
X(¢):=XT, o---0T, . :n€eN,¢ e {-1,0,1}

n

and have the relation X (¢) = m.(X(¢)).

One can study the structure of X (¢) directly on the real line, this was done for
example in [34] where the substitution structure of X (¢) was described. However,
some properties of X (¢) are easier to see if we first study the structure of X (¢).
For example, from equation (3.7) we see that the uniformly discrete set X (¢) is a
subset of the dense set {z1¢ + 2o : 21, 20 € Z}, but it is not immediately apparent
which values of (21, z9) correspond to points in X (¢).

N 11
Lifting to X (¢) the structure becomes clear. The matrix has one

10

expanding eigenvector and one contracting eigenvector, and the maps T can be

described in terms of their action on points written in terms of these eigenvectors.

z
Note that if «, = z then
20
~ zZ —
me(T; ' ) = = Si(z).
20 ¢
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Then the system {Sp, S1,S_1} is a contracting iterated function system with at-

z - - 0
tractor [—¢?, ¢?], and so for any point L= T, o---Ty, € X(¢) we
20 0
z
have o | | = S,, 054, (0) € (—¢?, ¢?). The converse is also true and is
<0

contained in the following lemma.

. z z
Lemma 3.3.3. The set X (¢) consists of all pairs "l ez for which . '
20 20
lies in the interval (—¢?, ¢?).
z
Furthermore, if m, ! € Sy 0 Sy (= ¢*) for some dy,--- ,dy €
20

{—1,0,1}* then for all sufficiently large n there exists a word ¢y - - - cpyp € {—1,0,1}7+F
with cpyg---cy = dy -+ - dj and such that

21 ~ 0
—T. . 00T,

Cn+k
20
Proof. One inclusion was proved in the paragraph before the statement of this

lemma.

Now let (21,20) € Z? have 7.(21,20) € (—¢?% ¢?). We wish to find a word
¢y -+ ¢y, such that

21 ~

Cn o
20

or equivalently

(o
T :
0
! [ )

=T 'o- (3.8)
0
21 21 21
We first observe that for any with 7, € (—¢?, ¢*) and T, €
20 20 20
[—¢, ¢] one can find words ¢; - - - ¢, such that Equation 3.8 holds. Since there are
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z
only finitely many pairs | in this bounded region one can check this obser-

20
vation with a finite calculation.

21 z o
Now let have m, ' € (—¢?,¢?), but place no restriction on
<0 20
21 . L
Te € (—¢, ¢). By the IFS construction of the contracting interval, we can
20
. . . . ~ ~ <1
choose arbitrarily long words 4y - - - i, € {—1,0,1} such that T} 'o--- T, '( )
20

still has contracting coordinate in the interval (—¢?, ¢?). But since inverse maps

T, ! contract the expanding direction, the expanding coordinate will eventually lie

0
in [—¢, ¢], and by the previous paragraph we know that we can return to
0
z
Finally we not that if we had 7. e Sgy 0 -+ Sq (—¢?, ¢*) then we can
20

choose the word #; - - - %,, to start with d; - - - d.

]

It is worth stressing that the first three quarters of the preceeding proof gen-
eralises easily to any algebraic integer 3, but the finite check that any integer pair
suitably close® to the origin can return to the origin under the maps Ti_l needs
verifying for each § and we don’t know that it is always true.

One interesting consequence of Lemma 3.3.3 is that in order to understand the

distance from some point Ty, o --- T, to its close neighbours in X (¢), we

- - 0
need only to know about 7.(7,, o--- T, ).

3For hyperbolic non-Pisot 3 we will also require that expansions of Galois conjugates are close
to the origin, see section 3.4.
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Given z € X(¢) let # denote the corresponding point in X (¢) and let z, =
7e(Z). For K € R let x € X(¢). Call the set

(X(¢) —a)N[-K K]={y—x:y € X(¢),y —v € [-K K[}
the K-neighbourhood of x.

Lemma 3.3.4. [Local Structure for X(¢)] For any K > 0 there exists a finite
partition of (—¢?, ¢*) such that the K-neighbourhood of any v € X(¢) depends

only upon which partition element of (—¢?, ¢*) x. lies in.

Proof. This follows from the analagous statement for X (¢), which has a fairly
direct proof following Lemma 3.3.3, since one needs only to consider which trans-
lations in Z? can be performed without leaving the contracting window or moving

by a distance of more than K in the expanding direction. O

Finally, we outline how to use dynamics to describe the odometer map which
maps = € X(¢) to min{y € X(¢) : y > x}.

Let d: X(¢) — R denote the distance from x € X (¢) to min{y € X(¢) : y >
x}. That is, let d be defined by

d(z) =min{y € X(¢) : y >z} —x.

Proposition 3.3.1. The odometer map x — x + d(x) on X(¢) lifts to the skew-
product map O : X (¢) x Xc(¢p) = X(¢) x X.(4) by

($+2¢—373§‘C—%—3) $c€[¢,¢2]
dN(x,.’L'C): (x—i—gb—l,xc—l—é) $56(0,¢>
(z+2—d,x.+2+3) . €[~¢%0)

We stress here that the action of O on the contracting direction is of a uniquely

ergodic interval exchange transformation.
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Proof. The fact that there is some partition of (—¢?, ¢?) telling us how to evolve a
skew-product map which is a lift of d follows immediately from Lemma 3.3.4 with

K = ¢ — 1. It is a finite calculation to write down the map exactly. O]

3.3.2 An Odometer map for p

Proposition 3.3.1 dealt with how one can move locally through the set X (¢) using
only knowledge on the position in the contracting direction, we want to build a
similar theorem which also incorporates knowlede of the values p(z), we do this
by building a cocycle over the odometer map O.

Given = € X (¢) let x. denote the corresponding point in the contracting win-
dow (—¢?, ¢*). We recall from Lemma 3.3.3 that for x € X(¢) and for any word
dy---dy, r can be written x = 2?21 "t with ¢p_py1 -+ cp = dj---dy if and
only if z. € Sy, 0--- 08y, (—¢? ¢?).

Now let us map real 1 x 17 vectors U with strictly positive first entry onto the

corresponding projective space by letting

(U)is1
(U

for (1 <4 < 16). in particular, we associate to each x = Y ' | ¢;¢" " € X (¢) the

(Ui =

corresponding vector V(x) = (WM., M., --- M., )" considered as an element of real
projective space. To be concrete, we define the 1 x 16 vector V' (z) by

(WMC]_MCQ e Mcn>i+1 _ /L(.’IZ‘ + Uz’)
(WMq M., - Mcn)l M(ZL')

(V(2)): =

It follows from the proofs of the previous two statements that these vectors do not
depend on the choice of code ¢ - - - ¢, of . We can also write V (z) as a function
V' (z.) of the position in the contracting window.

Consider the metric d on the space of 1 x 16 non-negative vectors by letting

d(U,V)= max |log(V;)— log(U;)|.

ie{1,-16}
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Two vectors U,V are at infinite distance from one another if there exist ¢,j €

{1---16} such that U; =0 V; #0or V; =0 U; # 0.

Lemma 3.3.5. Suppose that A is a 17 x 17 matriz with A;; > 0 such that for
any pair of parameters (i,7) € {1,--- ,17}? one of the following holds

1. (i,7) is in a zero row, i.e. (A)y; =0 forall? € {1,---,17}
2. (i,7) is in a zero column, i.e. (A);j =0 forall j’ € {1,--- 17}
3. (A);; > 0.

Then there exists a constant C' < 1 such that, for any 1 x 17 vectors U,V with

positive first entries and with d(U', V') < oo we have
d(UAY,(VA)) < CaU',V").

Furthermore, there exists K > 0 such that, for any any 1 x 17 vectors U,V with
positive first entry (and possibly with d(U', V') = o),

d(UAY, (VA)) < K.
This lemma is proved carefully in section 3.4.

Lemma 3.3.6. The matriz M satisfies the condition of Lemma 3.3.5.

This can be verified by a short calculation.
One can also see that given a 17x 17 non-negative matrix B withstrictly positive

top left entry and two 1 x 17 vectors U and V' with strictly positive first entries,
d(UA), (VAY) <d(U', V).

This shows that matrices My, M; and M_; do not expand distances between

vectors in our metric.
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Finally we are able to state Theorem 3.1.3 in the special case that g = ¢
and dealing only with nearest neighbours. Recall that, for x € X(¢), d(z) =

min{y —z :y € X(¢),y > z}.

Proposition 3.3.2. For z € X(¢) with corresponding point z. € (—$?, $*) define
flxe) by
log(p(z + d(x))) —log(p(z)) = f(x).

Then f is bounded and is continuous at each x. € X.(¢) except for 0 and ¢.

If we defined d’ on (¢? ¢?) by d'(z.) := d(z) then 0 and ¢ are the points in

(¢?, ¢*) where d'(x.) is not continuous.

Proof. We have already shown that

2¢ -3 Te € [¢7 ¢2)
dz) =9 ¢—1 z.€(0,9)
2_¢ ZTe € (_¢270]

One can check that each of 2¢ — 3, ¢ — 1 and 2 — ¢ correspond to entries v, of V.
Then by Lemma 3.3.2 we see that

f(xe) :=log(p(x + d(x))) — log(u(x))

appears as the log of a ratio of two entries in the vector (WM., --- M., ) for any
¢+ ¢, coding x. Since both x and z + d(x) have strictly positive mass, the
difference of the logs is finite so f(x.) € R.

We now discuss the continuity properties of f. Let z € X(¢) and € > 0 be
given. Let K and C' be the quantities introduced in Lemma 3.3.5 associated to
M{, and let 7 € N be such that KC™™! < e. Let ¢; - - - ¢, be a code of x containing
at least r copies of the word 0000000, this can be done for example by taking any

expansion of x and adding lots of zeros to the start.
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Now z, is contained in the interval S, oS. ,0---05. (—¢* ¢?). Let y € X(9)
be another point with y, € S., 0 S, , 0---0 S, (—¢? ¢?). Then y can be written
Yy = ZZ;I d;¢™ " for some code d; - - - d,,, with dyyy_p, - -~ dp, = €1 - - - ¢, @s in Lemma
3.3.3.

Assume that z, and ¥, lie in the same one of the intervals (—¢?, 0],(0, ¢), [¢, ¢?)
so that d(z) = d'(z.) = v;. Then

|[f(we) = fye)| = [log(W M, --- Me,); — log(W Ma, - - - Mg, )]

= |log(WM,, ---M,,); —log(WMy, --- M, M., - M.,);|

m—n—1

< AWM, -+ Me,)', (WMa, -+ Ma,,_,_, Me, -+ Me,)')

—U
= d((WMcl tee Mcn),, (UMcl e Mcn),) < Kcr—l < e

Here the final line follows since ¢ - - - ¢, contains r non-overlapping occurences of

the word M, the first of which guarantees that
d((WMq T Mcn)/> (UMq T Mcn)/) <K

and the subsequent r — 1 of which multiply this upper bound by C', thanks to
Lemmas 3.3.5 and 3.3.6. ]

We have now completed the proofs of analogues of Theorems 3.1.1, 3.1.2, and
3.1.3 in the special case of the golden mean, although the analogue of 3.1.3 we did
only for moving to nearest neighbours.

Putting everything together, we get the following theorem which demonstrates
how one can move through the measure p on X(¢), and how one could start to

study it using ergodic theory.
Theorem 3.3.3. Let the map ¢ : X(¢) x (—¢?, ¢*) x R be given by

(ﬁ(.ﬁC,Zj,Z)I (I+¢_1ay_é_1az+f(y)) y€(07¢)

(r+2—dy+2+5,2+f(y) ye (—¢*0]
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Then if x is the nth element to the right of 0 in X (¢) we have that

(‘757 L, ,U,(SL’)) = ¢n(0> 0, 0)

Thus we have that many of the properties of x4 can be studied by studying ,
which is really a skew-product over an interval exchange transformation on the

contracting window (¢?, ¢?).

3.4 Measures on the spectra of general hyper-

bolic algebraic integers

In this section we show how to extend the previous work to general hyperbolic
algebraic integers and prove Theorems 3.1.1, 3.1.2 and 3.1.3. As stated in the

introduction, the motivation is to study measures of the form

n

fin () = 4%#{@1 ey, by by, € {0,137 Z(ai —b)p" =}

i=1

Given (8, we lift u, to a measure i, living on a lattice subset of a multidi-
mensional euclidean space K. We prove that there is A > 0 such that 4™, /\"
converges to a measure ji. We also prove that there are local patterns in the mea-
sure j; that repeat in a way that we understand. This means that we understand
how the measure of a lattice point changes when we move to nearby points on the
lattice?. In particular there is a non-trivial linear subspace K, of K such that the
following holds. Under conditions and given a suitable vector d then for typical x

the ratio % is determined, up to certain accuracy, by the approximate position

4We don’t state an analogue of Theorem 3.3.3 for the higher dimensional case since there is no
natural choice of ‘next point’ to move to when we are working in higher dimensional Euclidean
space. One could state such results, perhaps by identifying a strip which is infinite in only one
direction and describing the dynamics to move through such a strip.

71



fi(a-+d)
A(z)
are approximately equal for all x projecting on to the same small region of K..

of the orthogonal projection of x on K.. That is the numbers of the form

Let 8 = /31 € (1,2) be an algebraic integer with Galois conjugates Bs, ..., Ba, Bas1, - Bars
such that |Bsl,...,|84] > 1 and |Bay1l, ..., |Bars| € (0,1). Further define g =

(B ..., By,,). For this section we let

ﬂ(xl, ceey ders) = (ﬁlxl + ?;, ceey ﬁdﬁxdﬂ + ’l),

these maps are higher dimensional lifts of their analogues in the previous sec-
tion. For Galois conjugates 3; € Clet Fg, =R if §; € R and Fg, = C if 5; € C\R.
We define the sets

d+s
K:= ] Fs.
i=1
K. := {0} x Fg,,, X ... x Fg,, ,

Z — {ad+3716d+871 4+ ...+ a()BO D Qdys—1,---,00 € Z},

and

i=1

X(B) = {Z ;3" :neNay..a, € {-1,0, 1}}
={T,,0..07,(0):neN,a;...,a, € {-1,0,1}}

where 0 denotes the origin in K.

The set Z is a lattice in K & REET 4mEs) - That is because {3°, ..., 34571} is
an independent subset of the real vector space K. That can be checked using the
formula for the determinant of the Vandermonde matrix. It is useful to keep in
mind that for each i € Z we have T;(Z) C Z, in particular X (3) C Z.

Notice that all coordinate projections, restricted on Z, are injective so there

is in a sense a natural identification of Z to any image of it under a coordinate
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projection. Here by a coordinate projection we mean any map from K to itself, of
the form (ay, ..., ags) — (@1R1, ..., Ggrskars) where ki, ..., kgrs € {0,1}. As in the

one dimensional case, we define the measure fi, on Z by
_ I -
where

/\_/n<l') :# {(al, ...,an,bl, ,bn) c {0, 1}2n : ZaiB"_i — Zbiﬁn_i = l’} s
=1 =1

for x € Z. It is immediate that fi,(Z\X(8)) = 0, that ji,(z) = p,(z;) and

No(x) = Nyy(z1). We set

ﬂ-c(mla te 7xd+s) - (wd—l—la ceey xd-{—s)

to be the projection onto the contracting directions, and S; := (m, o T})|k.. The
maps S; are contractions. Let R be the attractor of the overlapping iterated

function scheme {S_1, Sy, S1}. We have immediately that

7T(X(B)) = m{Ty, 0...0Ty,(0) : n € N,ay...,a, € {~1,0,1}}
={S,, 0...05,(0) :neNa....a, € {—-1,0,1}} CR

since 0 € R.

Definition 3.4.1. Let a = (ay,...,a,) € {—1,0,1}". We define [a] :== Sy, 0 ... 0
San(R)'

Finally we define a set of small differences between points in X (53).

Definition 3.4.2. Let

A={r—y:w,yec X(B) and

E'Cl"'Cn,dl"'dn € {-1,0,1}” : Tcn O-~'Tcl(£[) :Tdanl(y)}
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That is, A is the set of differences between points x,y € X (3) which can be
mapped to the same point in the future by the application of maps 7;. A is finite,

we write A = {vy,- -+ ,vx} with v; =0,

In this section we prove Theorems 3.1.1, 3.1.2 and 3.1.3 by proving higher
dimensional analogues. In particular, in subsection 3.4.1 we prove that, for some
A > 0, the measure ’i—n converges to an infinite stationary measure i (Proposition

3.4.1, which has Theorem 3.1.1 as a direct corollary.

In subsection 3.4.2 we define matrices A_1, Ag, Ay playing the role of M_y, My, M,
of the Golden mean example. Given a point z = T, o ...o T, (0), where a; €
{—1,0,1}, we use the matrix A,, - ... - A, to compute the measure i locally

around x (Proposition 3.4.1), which has Theorem 3.1.2 as a direct corollary.

Finally in subsection 3.4.3 we show that information about the position of
7e(x) determines the last few elements ay, ..., a, of a code of x. This allow us
to use arguments involving a modified Birkhoff metric, presented in 3.5.2, on the
product A, - ...+ A,, to estimate the local measure around x based on information
about m.(z). This gives rise to Proposition 3.4.5, which has Theorem 3.1.3 as a

corollary, as explained directly after the proof of Proposition 3.4.5.

3.4.1 The limit measure [

We will denote the vector space of signed measures on Z by M(Z). For v € M(Z)

we set

]l = lo(z)l.

er
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There is a recursive way to go from i, to i, +1 which gives a dynamical description

of fiy.

n+1 n+1
ﬂn+1(x) = # {(al, ceey 1, bl: P bn+1) € {O, 1}2n : Z&i6n+17i — Z biﬁnJrlii = x}
i=1 i=1

=# {(ab oy @1, b1y ey bgr) € {0, 13200 T, (Z a; B — Z bzﬂ”_i> = I}
1 i—1

1=

n—1 n—1
= Y # {(al, ey by by) € {0,137 BT =Y b = Ta_lb(x)}
1 =1

(a,b)€{0,1}2 =
= Y (T ().

(a,b)e{0,1}2

Definition 3.4.3. We define the operator L on M(Z) by letting

(LNA) = Y v(T5(A).

(a,b)e{0,1}2

for AC Z.

Then fi, satisfies

Lemma 3.4.1. For alln € N and y € X(8) we have Ji,(y) < jin(0).

Proof. This follows from the Cauchy-Schwarz inequality. Define

fin () = # {al, v ap € {0, 13" Z%‘Bn_i = $}

=1
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By the construction of ji,, we have that

fn(y) = Y g ()it (2 + )

JJEZ

1/2 1/2
< (Zu;(w)Q) (ZM%(I+Q)2>

x€Z Z

1/2 < 1/2
< (Z u’n(fv)2> (Z%(W)

xeZ Z

= ()’

x€Z

= Z i () 11 ()

z€Z

= ﬂn(o)
]

Now we prove that the measure i exists. To do this, we show that it exists on

arbitrarily large neighbourhoods of the origin. Let

(Hﬂ:ljjll’ WR_”> ) Bi € R\{—1,1}

{zEC:|z|<W}E”}, BiE{ZE(C:\z|;«r£1}\]R7

]51(R) =

BB(R) = H;jif]52<R), and
Xr(B) := X(8) N Bs(R).
Observe that

T(X(B)\Xr(B)) € X(B)\Xr(B)

for R > 1and i € {~1,0,1}. This means that, for R > 1 and z € Xg(f), any

word ay - - - a, for which T, o---T, (0) = x has that all the intermediate orbit
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points T, o -+ T, (0) for m < n also lie in Xg(83). Thus, for x € X(8) we can
compute N, () just by studying the dynamics of the maps 7} restricted to Xz(3).
Since Xy(B) is a bounded subset of a lattice, it is finite, we enumerate its

elements {z1, - - xy,} with z; = 0. Then we write down the matrix

.

1 if Tl(l'z) =Ty OI‘T_l(l’Z‘) =Ty
Ar(i,j) =92 if Ty(z;) =5

0 otherwise

\
which encodes the dynamics on Xg(3) given by the maps T;. Then since N, (z;)
counts the number of length n orbit pieces from 0 to x; under the maps 7p, 77,714,

double counting for each use of Ty, we see that
Na(j) = (MR-

From T;(X (8)\X1(8)) € X(B)\X1(B) we get that the irreducible component
of Ag that contains the zero point is contained in X;(f3) so by lemma 3.4.1 we have

that the spectral radius of Ag is equal to the spectral radius of A; for all R > 1.
Definition 3.4.4. We set \ := p(Ay).

Now if we knew that the matrices Ar were irreducible, the existence of
would be immediate. As it is we require the following lemma, the proof of which

is postponed to the appendix.

Lemma 3.4.2. Let A be a non-negative N x N matriz and e; = (1,0,0,...,0) €
RY. Assume that

i) A(1,1) >0,
ii) there exists n € N such that ey A™ is stricly positive,
iii) ey A"(i) < eqA"(1) for alln € N and i € {1,..., N},
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then lim,, o, e1 A" /p(A)" exists.

Now by the construction of Az and by Lemma 3.4.1 and Lemma 3.4.2 we have

the following proposition.

Proposition 3.4.1. For each xz € X (B)

f(x) ;= lim n(2)

n—oo A"

exists, defining a measure ji € M(Z).

We conclude this section with three lemmas showing that the measure p is

invariant under L, that A < 4, and that the total mass of the measure p is infinite.
Lemma 3.4.3. Lji= A\

Proof. For all x € X() we have

Li(z) = a(T=1 (x)) + 20Ty (2) + (17 (2))

— lim — (i (T2 (1)) + 20 (T (2)) + (T ()

n—oo \™

]

For sets X, measures v € M(X) and measurable sets A C X we let v|4 be
such that v|4(B) = v(AN B) for all measurable B C X.

Lemma 3.4.4. \ <4

Proof. 1t is clear that if v € M(Z) is such that
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lv]] < oo

then

[ Lv]| = 4[]

Note that L(z) = A\jx and

L (fil5,(8) 158 = Milxi (),

but
(L (il 5.8)) | 25008 | >0

since X;(8) is not invariant under the maps Ty, Ty, 7. Then

Azl =1L @) || = 1L (Blxe)) el + 1 EEze)) 2506

= MLz, o)ll + | (2 (Blsu6) 12500 || > MLz, 311
giving us A < 4. O
Proposition 3.4.2. ||g]| = oo, i.e., the measure [i is infinite.

Proof. For n € N we get

1 1 An
ey — " (& — 2 5(0).
WL ‘ > HA” (MI{O})H 7 (0)

Il = |

The result follows since A < 4, @(0) > 0 and n was arbitrary.

3.4.2 Transition Matrices

Let A = {wvy, -+, v} with v; = 0. We introduce a k x k matrix with rows/columns

corresponding to the points in A.
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Definition 3.4.5. For i € {—1,0,1} let A; be the k x k matriz such that

;

1L dif Fje{-11}: T, (vy) = v,
<A1>m,n =932 Zf T,Z‘(Um) = Up,

0 otherwise

\

The matrices A; describe the evolution of local measure as we move from x to
T;(z), as described in Lemma 3.4.5. Recall that v; = 0, vy, - - - v, are the elements of
A (Definition 3.4.2. We define a vector which describes the local measure around

.
Definition 3.4.6. We let v(z) = (pu(x), u(x +va), - - -, p(x + vg)).

Lemma 3.4.5. Let v € X(B3). Then

Proof. We show that

Na(@), Nu(atvs), -+ Na(ztv) Ai = Nt (T3 (@), N (Ti(@) Fv2), -+ N (Ti() o)),

the result will follow from this statement.

Note that

Noir(Ti(x)+or) = No(T7H(Ti(x) +0) +Nu (T (Ti () +0) + 2N (Tg (Ti(x) +01))
(3.9)

where of course NV, (y) = 0 for y & X ().

Secondly we note that

T5(x + vm) = Tj(x) + To(vm)

= Ty(2) + To(vm) +j — i



which is equal to T;(z) + v, if and only if T;_;(v,,) = v;.

So we can rewrite equation 3.9 to get

Noaa(Ti(x) +v) = Y Na@ + 0m)XTy s 0m) =

-+ Z -/\_[n(x + Um)XT—l—i(vm):”l

+9 Z /\_fn($ + Um)XT,i(vm)ﬂfz'

which is precisely the Ith entry of (N, (x), N, (z + va), - , Ny (z + vi)) A;.
]

Proposition 3.4.1. Set W = v(0) = (u(0), u(v2), - -+, pu(vy)). Letz =30 " "
Then

1
v(z) = F(WAQ Ac,)
In particular,
1
f(z) = V(WAQ A,

i.e. the first entry of the 1 x k vector /\%I/VAC1 A
Proof. This follows immediately from the previous lemma by writing

x="T,, 0T, ,o0---0T,(0).

n—1

]

Since the one dimensional measure p is the projection of i onto the first coor-

dinate, Theorem 3.1.2 follows as a direct corollary to Proposition 3.4.1.

3.4.3 Approximating local measures via the contractive

subspace

Recall that R is the attractor of the IFS {S_;, Sy, 51} and that 7.(X(8)) C R.

We will assume the following condition.
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Condition 3.4.1. X(8) Ncl(Bs(1)) = ZNw Y(R°) Ncl(Bs(1))

This is similar to a condition appearing in Corollary 4.5 of [41]. Here R°
denotes the interior of the set. Condition 3.4.1 is a condition about two finite sets
being equal, and so can be easily checked. In words, the condition says that a
finite patch around zero of the set X (/3), which is a higher dimensional analogue
of the spectrum of 3, can be written as a patch of a cut and project set with
window R°. Condition 3.4.1 implies that the whole set X (3) can be written as a
cut and project set, this is the content of Corollary 3.4.1. In every example we have
checked with 5 € (1,2) a hyperbolic algebraic unit and alphabet A = {—1,0,1},
Condition 3.4.1 does indeed hold, but there are examples of Hare, Masakova and
Vévra [41] using complex alphabets in which the cut and project set contains extra

points.

Lemma 3.4.6. For each i € {—1,0,1} we have T, *(Z) C Z.

Proof. We need only show that for x = Z?:_Ol 23 where 2g, -+ , z4-1 € Z we have

d—1

that there exist 2, - -+ z;_; such that £ =3 2/7 2I3". Once we have shown this for

x, the corresponding results for the Galois conjugates follow directly.
The result holds because, for § to be a root of a {—1,0, 1}-polynomial, it is
necessary that the final term ay of the minimal polynomial® of 3 is &1. Then we

use

0=asB®+agf" '+ +a1f+ao
1 a a
: — —dﬁd_l _|_ P _|_ _
B —ao —Qg

Qg

— are integers, since qp = £1, we have that

and since each of the terms

dividing by S keeps numbers within the integer lattice as required. O]

5The fact that 3 is a root of a {—1,0, 1}-polynomial isn’t enough to imply that the minimal
polynomial of 3 has digits only {—1,0, 1}, but it does follow that the largest and smallest terms
in the minimal polynomial are £1.
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Proposition 3.4.3. Suppose that x € X(B) has 7.(z) € [e1,...,€n)° for some
€1, En € {—1,0,1}". Then, under condition 3.4.1, there are ay, ..., a,, € {—1,0, 1}

such that
T.,0..0T., 0T, o..0T, (0)=ux.

Recall that [e1, -+ ,¢,] is a subset of R defined in Definition 3.4.1, and that

[€1,- -+ ,€,)° Is its interior.

Proof. By the iterated function system construction of R, the fact that w.(z) €
[e1,+ - ,&n] gives the existence of arbitrarily long words aq,---a,, € {-1,0,1}™

such that

me(r) € S,y 0...08,, 08, 0...08

am

(R).
This implies that there is y € Z with 7.(y) € R such that
r=T,0..0T., oT, o..0T, (y),

the fact that y € Z follows using Lemma 3.4.6 using that z € Z. Now z =
(T ,Tg,Tgy1, - Tars) Where the maps T; are expanding on the first d coordi-
nates and contracting on the final s coordinates. Hence the maps 7} * contract

the first d coordinates and for any € > 0, for large enough m, the point
y=(T.,0..0T., 0T, o..0T, ) '(z)

must have its first d coordinates within distance € of the box T1%_, I5,(1). But since
these points lie in a uniformly discrete set, the first d coordinates must actually
lie in the closure of this box.

The final s coordinates must be in R°, since 7 .(x) € S;, 0...05,, 05, 0...0

Sa, (R°). Thus
(T.,0..0T., 0Ty 0...0T, ) Hx) € ZN7, (R) N Bs(1),

Am C
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and so by Condition 3.4.1 there exists by - - - by € {—1,0,1}* such that

(T.,0..0T., oTy0...0T, ) () =T, 00Ty (0) € X;(8).

am

Then
r=T,0..0T, 0T, 0..0T, oTy, o---T, (0)

as required.

Corollary 3.4.1. Under condition 3.4.1, X (B8) = Z N w1(R°).

This is just the statement of the previous proposition with €4, - - - ¢, being the

empty word. A similar statement appears as Corollary 4.5 in [41].

Lemma 3.4.7. Leti,j € {1,--- ,k}. Then there exists ¢y, ...,c, € {—1,0,1} such
that

(A - oo - Agy)ij > 0.

Proof. The definition of A means there exist a; ---a,, € {—2,—1,0,1,2}" and
Umy1 - an € {—2,-1,0,1,2} such that 7, o---0T, (v;) =0 and Tj,,,, 0---0

1,,(0) = v;. Then choosing ¢; - - - ¢, such that a; — ¢; € {—1,0,1} for each i the

result follows directly from the definition of A;. O

The following lemma is important in defining for us a ‘mixing word’ a,, - --a; €

{—1,0,1}™

Proposition 3.4.4. There is a word w = wy,...,w, € {—1,0,1}" and I,J C A
such that 0 ¢ 1,0 ¢ J and (Ay, - ... - Ay, )ij =0 i€l orje .

Proof. We start by building a set [ and a word wy, - -+, w,, such that the ith row

of Ay,.- -+ .Aw, is a zero row for i € I and (Ay,. - Ay, )i1 > 0 otherwise.

84



Step 1: Note that for i € {—1,0,1}, (4;)11 > 0.
Step 2: The point vy is in A, and from the definition of A and lemma 3.4.7

there exist wy - - - wy,, € {—1,0, 1} such that

(Aw1"'A )2’1>0

Wm

Step 3: Either the 3rd row of the product A, - - Ay, is a zero row, in which
case we declare vz € I, or there exists v, € A with (Ay, -+ Ay, )3, > 0. Asin

step 2, since v, € A choose a word Wy, 4+1 - - - Wy, such that

(A “ A, )p1 > 0.

Wimq4+1

Then the product of matrices Ay, - -+ Ay, has that entry (3,1) is positive. Fur-
thermore, entry (2, 1) is still positive, since A,, - - Ay, had entry (2, 1) positive,
and then we are post multiplying by matrices with positive top left entry.

Iterating this procedure, we create a word wy - - - w,,, and a set I C A such that
the ith row of A,,. -+ .A,,, is a zero row for i € I and (Ay,.--+ Ay, )iz > 0
otherwise.

Note that the matrices AT, AT, AT, also have top left entry strictly positive and
that for any i € {1,---k} there exists a word ¢; - - - ¢, such that (A, -+ A.,)u1) >
0. So we repeat the above procedure for the matrices AT, AL AT, to create a word
w} - --wj, and a set J such that the jth row of Ag,l . Aghk is a zero row for j € J,
and (A, - 'Agak)(ﬂ) > 0 otherwise.

Taking the transpose once more gives us that the product Aw%k o+ Ay has a
set J of zero columns, and for all other columns the first entry is strictly positive.

/

w!, - --w) we see that the product Ay, - - - Ay,

Now setting wy - - - w,, = wy - - - Wy, s

has a set I of zero rows, a set J of zero columns, with all other entries strictly

positive as required.
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Definition 3.4.7. Let the mizing word w = wy,...,w, and Ay, = Ay, - ... - Ay

n

where wy, ..., w, are as in proposition 3.4.4

Recall that we defined the 1 x k vectors

v(a) = (u(x), plx + ), - pl + vg))

where A = (v, -+ ,vg) with v; = 0. Map the space of 1 x k vectors with positive

first entry onto projective space by letting (V'); = (‘(/3—)? for 1 <i < 16, giving

o) — ((HE ) pletos) p(r o)
(=) < px) 7 op(z) () )

As before, define the projective distance by

AU.V) = _max | [log((V)) ~ log((U))] € 0.0,

Proposition 3.4.5. Assume that condition 3.4.1 holds. Then there exist positive

constants Cy,Cy such that for any word a;y ---a, € {—1,0,1}" and for any x,y €
X(B) with me(x), me(y) € [a]°,

d(v/(x),v/(y)) < 1G5
where d(a) is the number of disjoint occurrences of w in a = ay -+ ay.

Proof. By Lemma 3.4.3 we have that x and y both have expansions ending with
the word a, i.e. we can write x = Y ' ;" y = >." d;f™" where both
¢ ¢y, and dy---d,, end in word a, - --ay.

Then by Lemma 3.4.5 we can write

1 1

v(r) = —v(0)A, -+ Ae, = —VAs - Ae, L Ag, - Ay,
X & y
—U
and
1 1
U(y) = VU<O)Ad1 o Adm - V/UOACII U Admfr Aar Aal
e ’



But now a, - - - a; contains d occurrences of the mixing word w, the first of which
contracts the distance between vectors U and V' to at most 7, and the final
d(a) — 1 of which each contract the distance by a factor of Cy, as is proved in
Appendix 2. Then we have the required result.

O

We note that Theorem 3.1.3 follows as a direct corollary to Propsition 3.4.5,

as the vector v/(x) can be written

V'(z) = (exp(fa(xe)), exp(fs(ac)), - - - exp(fi(ze)))

and that d(v'(z),v'(y)) < C1CS ™" implies that for each i € {2,--- ,k} the dif-
ferences |log(fi(z.)) — log(fi(ye)| < 010;““)*1. Projecting i and the elements of
A onto their first coordinates we are done.

Finally we show that all elements of X can be reached from 0 by applying

finitely many translations from the set A.

Lemma 3.4.8. Letay, ...a,, € {—1,0,1} be such that a; 3™ ' +...4+a™ 1 B+a,,5° =
0 and a; # 0. Then

Zmi keN xy, ...,z € A} = X.

1=0

Proof. Notice that m > deg(f) + 1. We have
To, ©...0T,,(0)=0

am

hence the set

B:={T, 0..0T,(0):1<k<m—1}

= {algkfl + .o +d B+ a1 < k< m— 1}
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is a subset of A. Set

A(0) = {sz k€N z, ...z, € A} .
i=0

The proof is completed by showing inductively that 3°, ..., 3™~ € A(0). Indeed
B’ € BC A andif 8° ..., 8% € A(0), for kK < m — 1, then

Bk+1 = al((alﬁ_k“ + ...+ CLkJrlB + ak+260) - G/ZBk T T akB - a'kJrQBO) S A(O)

]

3.5 Appendix

3.5.1 Appendix 1: A Perron theory lemma

In this subsection we will prove Lemma 3.4.2

Proof. By bringing the matrix to it’s normal form of a reducible matrix, see ([76],

p. 51), we can assume that

_Bl * % * ]
0 By x *
A=
0 0 0 *
I 0 0 0 Bh_

where B; is a non-negative irreducible square matrix for i € {1,...,h}. By
rescaling we can assume that p(A) = 1. Clearly 1 = p(A) = max{p(B1), ..., p(Bn)}

so from assumption iii) we get p(B;) = 1. We set

S;:={j€{l,...,N}: The entry (j,7) is contained in the B;-block }.
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For i € {1,...h} let
Vii={ueRY:u(j)=0if j ¢ S;}

and
Vi i={ueR":u(j)=0if j ¢ U S.}.

Define p; and p;_ to be the orthogonal projections of RY to the subspaces V;
and V;_ respectively. Finally let B} to be A where all entries outside the B;-block
are replaced by 0 and B]_ to be A where all the entries of the form (i,j) are
replaced by zero if and only if j ¢ U} S,.

We will prove the lemma by proving inductively that p;(e; A™) converges for
i € {1,...,h}. For i = 1 we have that p;(e;A™) = p;(e1By") so the statement
is true since B; is an irreducible aperiodic matrix of spectral radius one. The
aperiodicity comes from assumption i). Now we assume that i € {2,...,h} and
pi_(e1 A™) converges to some v' € RY aiming to prove that p;(e; A™) converges.

Case 1 p(B;) < 1: We define T; : RN — R" by

Ti(x) = 2B+ p; (v'A)

Since p(B;) < 1 there is ' € RY such that v'(I — B}) = p;(v'A) so that

Ti(x) = (z —u)B; + .
Now, from p(B;) < 1 again, we can conclude that T"(z) — v’ for any z € RV,
Writing
pi(erA") = T (0) + pi(er A") — T7*(0)

we only need to prove that p;(e;A") — T7*(0) — 0 to prove the convergence of
pi(e1A™) to u'. Let € > 0. By the spectral radius formula there exists C' > 0 such
that

1Bl < C(p(B;) + )"
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where 6 > 0 is chosen such that p(B]) + ¢ < 1. Also by p;—(e;A") — v' we get
that there is kg such that |p;(v'A) — p;(p;—(e1 A" ')A)| < e. Notice that

pi(e1 A" = pi(e1A%) B, + pi (pi_(e1A%)), k€ {0,..}.

By iterating the relation above and choosing n large enough we get

pi(erA™) = T7(0)| = | (pilpi—(e1 A" 1) A) — ps(v'A)) Bi"™"
k=1
ko—1 n
<Y (pipi- (1 A" A) = (V' A)) B + ) IB"]| e
k=1 K=K0
rko—1
) (Z (pz(’UIA) _pi(pi—1<61AH_1)A) B;rm—l—n) B;n—;m-{—l
k=1
N e-C
1—p(B;) =4

Since #B/™ — 0 for all z € RY the above gives

e-C
i MerA") =T 0)| € ——————
heswp e A" — O S T =

but since € was arbitrary we get
lim |p}'(e1A™) — T7(0)| = 0
n—oo

completing the inductive step in the case p(B;) < 1.

Case 2 p(B;) = 1: Now let v’ be a left eigenvector of 1 of B} with all entries in
S; being positive. There exists such a «’ from Perron—Frobenius theorem since B;
is a non-negative irreducible matrix. There are ko, € N and ¢ > 0 such that all

entries in S; of

pi (pi_ (e AM)A™) — cu'

are positive for all n > kg. This is true, by choosing ¢ small enough, because of

assumption ii) and p;_(e; A") — v'. Let k1 € N be such that m(x; — 1) > k¢. The
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inequalities in the following are to be understood entrywise. For n large enough
we have,

n

pi(elA"m) = Z (pl ( i (elAm(Hfl)) Am)) Bz/m(n—/-:)

k=1

> 3" (01 (i (1 A™0) Am)) B0

K=K1

_Z D p7,_<6AmK 1)Am)—cu /mnm+z lmn K)

K=K1 K=K1

ZC /mn K) (n_/{1+1)

K=K1

The above implies that ||p;(e; A"™)||; — oo which contradicts assumption iii).

Thus case 2 never occurs.

3.5.2 Appendix 2: Birkhoff metric arguments

This section is based on methods from [13]. We use a metric of Birkhoff which is
equivalent to the metric used in the text above, and in particular the contraction
results of this section carry over to the metric used in the main text.

For a vector x € R™ we define (', to be the closure of the set
{y e R"Wie{l,..n}:y() >0 and (z(1) =0 < y(i) = 0)}

and (C,) the linear subspace it spans. Also we set 0C, and C? to be the
boundary and the interior of C, respectively, with respect to the topology of (C,).
Let pr be the canonical mapping of R™\{0} to it’s projective space. We identify
pr(Ca,..»\{0}) with H := Cq,_1)N{z € R™ : ||z||; = 1} so that pr(x) is identified
with z/||z||;. Let a,b be two distinct elements of H such that there is z € R with

a,b € CONH. Note that, given a and b, all choices of x give rise to at most one set
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C,. Denote by d’, b’ the points of 0C, N H such that a is a convex combination of a’

and b and b is a convex combination of a and . Define K, : ({a,b}) — R? to be

the unique linear transformation such that K,;(a’) = (1,0) and K,,(b") = (0,1).
Now for x € R"\{0} we define a metric d, on C2 N H by

dy(a,b) = dy(Kup(a), Kap(b)) a#beCoNH

1 (yll’z)‘
og .
T1Y2

The fact that the above defines a metric is Lemma 1 of [13].

where

da ((z1,91), (v2,92)) =

Lemma 3.5.1. Let x,y € R"\{0} and T be a linear transformation from R™ to
itself such that T(C,\{0}) € C;. Then there are C' € (0,1) and M > 0 such that
foralla,b e C?

dy(pr(T(a)),pr(T(b))) < Cdx(pr(a), pr(b))

and
dy(pr(T(a)),pr(T(b))) < M

Proof. By a trivial compactness argument we can see that pr(T(C, N H)) is
bounded away from 0C, N H. From that we get that the image of the segment

joining (1,0) and (0,1) under T} , := Kpr(r(a)) prro)T K, is bounded away

1
pr(a),pr(b)
from {(1,0),(0,1)} uniformly for all distinct a,b € C9. So there exist C' € (0,1)

and M > 0 such that for all distinct a,b € C%:

Ao (T, , Kpr(a) pr () (@), Ty K pr(a) pr(v) (D)) < Clla(Kpr(a) pr (1) (@), Kpr(a) prv) (D)

and
do (T, Kpr(a)pr(v) (@), Ty y K pr(a) prv) (D)) < M,
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see ([13], p. 220), which is equivalent to

dy(pr(T'(a)), pr(T'(h))) < Cda(pr(a), pr(b))
and
dy(pr(T(a)),pr(T(b))) < M
for all a,b € C%. O
By a similar argument one can also prove the following.

Lemma 3.5.2. Let z,y € R"\{0} and T be a linear transformation from R" to
itself such that T(CY) C Cp. Then for all a,b € C3

dy(pr(T(a)),pr(T(b))) < da(pr(a), pr(b))
Also one can directly check the following two lemmas.

Lemma 3.5.3. Let T'(z) = 2T A be a linear transformation from R™ to itself where
A is a n X n matriz which has only non-negative entries. Then for each r € R"

there is a unique set Cy, for some y € R", such that T(Cy) C Cy.

Lemma 3.5.4. Let T'(z) = T A be a linear transformation from R™ to itself where
A is a n X n matriz which has only non-negative entries. Also assume that there
exist 1,J C {1,...,n} such that A(i,j) =0 < i € IV j € J. Then there is a
unique set C7, for some x € R", such that for each z € R" if [[,4; 2(i) # 0 then
T(CA\ 0} € o,

Now the following lemma connects the metric d defined earleier with the met-
rics d, defined in this appendix. We omit the full proof because it is a lengthy

elementary inspection.
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Lemma 3.5.5. There is a constant C' > 1, depending only on n, such that for all
z € R"\{0} and a,b € C; we have

C~td(a,b) < d.(a,b) < Cd(a,b).

Sketch of Proof. We choose arbitrary x € R"\{0} and p,q € 9C, N H. Then we

work on the set

S:={tp+(1—t)g:te€(0,1)}.

We fix a point ag := tep+ (1 —tg)g in S and the rest of the proof is elementary
asymptotic analysis on the formulas we get for d,(ag, tp + (1 —t)q) and d(aop, tp +

(1—1)q).
0

Finally we conclude that products of matrices indexed by our contracting word

contract projective space.

Proposition 3.5.1. Let a € {—1,0,1}" contain d(a) distinct incidences of the
mizing word w. Then for any two non-negative k x 1 wvectors U,V , such that

U(1),V(1) >0, we have
d(VAal ce Aan7 WAal .. Aan) < Clcgl(a)—l
where Cy and Cy € (0,1) are explicit constants.

Proof. Let v be a non-negative kx 1 vector such that v(1) > 0. The word (a4, ..., a,)

can be written as



where # is concatenation of words, w; € Upen{—1,0,1}" and
#{ie{l,..m}:w; =a.} =d(a).
Set
imin = min{i € {1,...,m} 1 w; = a.} .

Foreach i € {1, ..., m} we define A, to be A A

(i) R an i)

Also for each i € {1,...,m} we set

vy = VA, o A,

7

and vy = v. Notice that, by lemma 3.5.3,
(C)Aw, - .- Aw, €O
SO

(C9) Aw, - c (¢

Vi . —
min

)A..

1

Wy .
min

From lemmata 3.5.4 and 3.5.1 there exists C; > 0 such that

diamdvimm (pr((Cy) Aw, - .- wimin)) <Gy
Now let tmin < 2 < m, then
(CHAw, « oo Aw,_, C Co_\-

If w; # a. then by 3.5.3 we see that C7 A, C C}. so by lemma 3.5.2
diamg,  pr((Cy)Aw, - - - Aw,_,) < diamg, pr((C)) Ay, - ... - Au,).

If w; = a. then by lemmata 3.5.4 and 3.5.1

diamg,  pr((Cy)Aw, - ... - Aw,_,) < Cdiamg, pr((Cy)Aw, - .. - Aw,).
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So inductively we get

diamg, pr((C) Ay, - ... Ay,) < CLCHD™!,

The result follows from lemma 3.5.5 since the set

{C? : v is a non-negative non-zero k x 1 vector}

is finite.

3.6 Further Questions:

We have a number of further questions on the structure of the sets X (f), the
measure j, and on how one can start to study u using ergodic theory.

Question 1: Is it the case for any integer alphabet A and for any hyperbolic
3 one can express X (3) (or the higher dimensional analogue X () in the non-
Pisot case) as a cut and project set with window R (or maybe R°) defined as the
attractor of an iterated function system {S; : i € A} where S; is defined in terms
of the Galois conjugates of § of absolute value less than one. We have shown an
inclusion in Corollary 3.4.1. This question is also considered in [41].

Question 2: [sit true that, for a sequence of Pisot numbers f3,, of increasing de-
gree in any interval (1, 2—¢), the sequence of sets ﬁ <X{,170,1}(ﬁn) N [6__—11’ ﬁ])
equidistribute in [—1,1]. These sets are just pieces of the spectra of X(_101y(5,)
renormalised to live on [—1, 1].

In Conjecture 2 we predict that, for such a sequence of Pisot numbers [, the

distance between measures py, and normalised Lebesgue measure on I, tends

to zero as n tends to infinity. Our question here is the corresponding question
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B—1’ B—1
is positive, then this is a question about the structure of a sequence of cut and

for the sets supp(ur, ) = X(-10,1}(8n) N [ o S } If the answer to Question 1

project sets.
Question 3: Does further numerical evidence support our Conjectures 1 and 2
on the dimension of Bernoulli convolutions and the distribution of measures pz, 7
The case that (3, is a sequence of Pisot numbers converging to a limit in (1,2) is
of particular interest. In that case the limit must also be a Pisot number.
Question 4: In the special case of the Golden mean, Theorem 3.3.3 describes
how the measure u evolves as one moves through the spectrum. Can one use this

theorem, for example, to prove that

lim > ul@)6umon)

z€X (¢)N[0,n]

converges weakx to Lebesgue measure on [0, 1]. Inducing on the region {(z,y, z) :
y € [0,6?]} we have an irrational rotation in the z direction, and an irrational
rotation in the y direction which also gives the weights which tell us how to evolve
the measure pu. Then one might believe our question has a positive answer, since
the weights p(z) are driven by the evolution in the y direction which is somehow

independent of our position in the x direction.
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Chapter 4

Absolutely Continuous Bernoulli

Convolutions

JOINT WORK WITH ToM KEMPTON

4.1 Introduction

Bernoulli convolutions are a simple family of overlapping self-similar measures.
For 5 € (1,2) the Bernoulli convolution v4 is defined be the weak* limit of the
sequence vg,, of probability measures given by
1
Ven = D, guOnn ws
ai-an€{0,1}m

The question of the absolute continuity of Bernoulli convolutions goes back to
work of Erdés in 1939 [21], in which it was shown that the v is singular when 3
is a Pisot number. These remain the only known examples of singular Bernoulli
convolutions. In the other direction, Garsia, Varju and Kittle have each given
examples of classes of absolutely continuous Bernoulli convolutions associated with
algebraic parameters [37, 77, 55]. Solomyak showed that the set of 5 € (1, 2) giving

rise to singular Bernoulli convolutions has Lebesgue measure zero [74], this result
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was improved by Shmerkin who showed that the set has Hausdorff dimension zero
[73].

If instead of asking for absolute continuity of v we ask whether dimpy(v3) =1
then a lot more is known, mainly stemming from work of Hochman [45]. Several
recent articles give conditions under which the Bernoulli convolution associated to
an algebraic § has dimension one [17, 16, 39] or show that the Hausdorff dimension
can be computed [2]. Most significantly, Varji has shown that dimgy(vs) = 1
whenever [ is transcendental [79]. Finally we mention recent papers of Feng and
Feng and of Kleptsyn, Pollicott and Vytnova which give remarkable lower bounds
for the dimy(v5) which hold for all 5 € (1,2) [33, 57].

In this article we give new ergodic-theoretic conditions for the absolute conti-
nuity of Bernoulli convolutions. In particular, we turn the question of the absolute
continuity of certain Bernoulli convolutions into a question relating to the ergodic
theory of cocycles over uniquely ergodic domain exchange transformations. Our
hope is that, with further work, our techniques will give rise to a proof that the
Bernoulli convolution v is absolutely continuous whenever 8 € (1,2) is algebraic
and has at least one Galois conjugate larger than one in absolute value, with no

Galois conjugates having absolute value one. Our main theorem is the following.

Theorem 4.1.1. [Stated Precisely as Theorem 4.5.1.] Assume that 8 € (1,2) is an
algebraic integer that has no Galois conjugates of absolute value one, and at least
one real Galois conjugate of absolute value larger than one. Under assumptions,
there exist a fractal R, a set I, a domain exchange transformation T': [ X R —
I X R and a function (which satisfies reqularity conditions) f : R — RT such that,

if the projection onto I of the sequence of measures
D FO)F(T(0)) -+ F(T"1(0))d7n10)
i=1

converges to Lebesque measure sufficiently quickly then the Bernoulli convolution
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vg 1s absolutely continuous.

If the function f took values in a compact group K then the Santos-Walkden
version of the Wiener-Wintner ergodic theorem [70] would give us the convergence
that we need. As it is, further work on the ergodic theory of cocycles over domain
exchange transformations is needed to use our techniques to prove that certain
Bernoulli convolutions are absolutely continuous.

We illustrate our results by first looking at a particular example.

4.1.1 A First Example:

Let 3 ~ 1.513 satisfy f* = 3%+ 3% — B+ 1. Then 8 has one real Galois conjugate
By = —1.179 and a pair of complex Galois conjugates which are less than one in
modulus. We chose this example because it has no Galois conjugates of absolute
value one (essential for our techniques) and because it is of small degree with only
one Galois conjugate larger than one in modulus (which makes things easier to
compute and to visualise).

Our first result, a special case of Theorem 4.2.1, gives conditions for the abso-
lute continuity of v4 in terms of the growth of the total number of overlaps at the
nth level of the construction of the Bernoulli convolution.

Let N, be the number of overlaps at the nth level of the construction of the

Bernoulli convolution. This is equal to the number of pairs of words aq - - - a,,, b1, - - b, €

{0,1}™ for which |37 a;" " = >0 bS] < ﬁ

Proposition 4.1.1 (Special Case of Theorem 4.2.1). If there exists C > 0 such
that N,, < C (%) for all n € N then the Bernoulli convolution vg is absolutely

continuous.

Unfortunately, estimating N,, is difficult. The bulk of this paper is dedicated

to giving upper bounds via a geometric construction.
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We define the measure pu, on [ := [6—__11, ﬁ] by

n

pn(A) = #{ar - an, by by € {0,137 > (a; — b;) 3" € A},

i=1

Then N, = p,,(I).

We want to understand the ratio

Nj(}“. Given ay - - - ay,, by - - - b, contributing to

the count for N, we ask how many of the four choices of a,1,b,41 € {0,1}? give
rise to a pair ay, - - apy1, b1 - - - byy1 contributing to the count for NV, ;. This boils

down to the number of a,1, b, for which

B (Z(Gi — bz’)ﬁnZ) + (a1 — bpy1) € 1,

i=1
which in turn depends only on the value of Y7  (a; — b;)3"". Using this, we
show in Section 4.3 that the ratio N/(}—:l can be expressed as the integral of a step

function g with respect to the measure pu,,. This yields the following corollary.

Proposition 4.1.2. Suppose that the measures pu, equidistribute with respect to
Lebesgue measure on I with certain rate (made precise in Theorem 4.53.1 and the

comments afterwards). Then the Bernoulli convolution vg is absolutely continuous.

A corollary of this is that if the measures p, equidistribute with respect to
Lebesgue measure on [ with certain rate then the Bernoulli convolution vg is
absolutely continuous, see Theorem 4.3.1 and the comments afterwards.

If one draws the points contributing to the count for N, that is if one draws

the set

{Z(ai —b;)B"": each a;,b; € {0, 1}} NI

i=1
then no structure is apparent, although the set of points becomes increasingly dense

as n increases. Similarly, the measures p, do not seem to have any discernable

structure when viewed in one dimension.
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If however, one includes a second coordinate using the other Galois conjugate

larger than one in modulus, then one uncovers the highly structured set

=1

X, = {i ((a; —b))B" ", (a; — b;)B3~") + each a;,b; € {0, 1}} N (I xR)

We have plotted this set below for n = 6.

oF : :
® °

Figure 4.1: The set Xg reflected across the diagonal.

The measure p, lifts naturally to a measure on X,,. As n grows, X,, expands

to fill the set
X = {Z ((a; —0:)B"", (a; — b;)By~") :n €N, each a;,b; € {0, 1}} N (I x R)
i=1

which is uniformly discrete and relatively dense in the strip (I x R). In fact X is
a cut and project set where the cut and project scheme uses a window involving
the Galois conjugates less than one in modulus, it can be constructed by a method
similar to that of the Rauzy fractal [4].

In order to estimate N, we are left with two problems, firstly to work out which
elements of X are in X,,, and secondly to work out p,(z) for points (x,y) € X,.
The first problem is easy, we use the y-coordinate Y, (a; —b;) 33" as a proxy for

the smallest n for which (x,y) € X,,, it is certainly true that

X, C{(z,y) € X : |yl < ZB
and this estimate is good enough for us.
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The second problem is much harder, and we rely heavily on our work [11]. We
use that there exists v > 1 such that, for each (z,y) € X, p(2) = limy o0 = pn(2)
exists. The key result of section 4.4 gives the following corollary, stated more

precisely in Theorem 4.4.2.

Proposition 4.1.3. [Special Case of Theorem 4.4.2] Suppose that the sequence of
measures

> ()0,

(my)EXyel- 0, By 0, B

once renormalised to have mass one, converges with certain rate to Lebesgue mea-

sure. Then the Bernoulli convolution vg is absolutely continuous.

The convergence to the Lebesgue measure of sequence of measures above is con-

sistent with numerical evidence. The table below shows the Wasserstein distance

of

> )8y,

(zy)eX:ye[-n/(B—1),n/(8-1)]

once normalised to have mass one, to the Lebesgue measure for n =1, ..., 20.

One can study the support of the sequence of measures defined in Proposi-
tion 4.1.3 using uniquely ergodic domain exchange transformations, in much the
same way that one studies greedy [ expansions using the Rauzy fractal. We also
proved in [11] that one can study the measures (rather than just the support)
using a cocycle over this domain exchange transformation. This yields a final
corollary (Theorem 4.5.1) which gives a condition for the absolute continuity of
the Bernoulli convolution in terms of the ergodic theory of cocycles over domain

exchange transformations.

103
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0~ O ULk W B

Ne}

10
11
12
13
14
15
16
17
18
19
20

Table 4.1: Evidence for an equidistribution property of pu.

4.2 A First Condition for Absolute Continuity

There has been a lot of progress in recent years in showing that certain Bernoulli

convolutions have dimension one.

understanding Garsia entropy, which counts the number of exact overlaps in the
level n approximations to the Bernoulli convolution. In this section we explain how
good estimates in the total number of overlaps (including partial overlaps) in the

level n approximation to the Bernoulli convolution would allow one to understand

absolute continuity.

Our starting point is the article [53] of the second author, in which two simple

observations were made. The first is that if a self-similar measure v is absolutely

0.0257383
0.0154008
0.0079060
0.0068856
0.0065858
0.0048812
0.0038639
0.0053756
0.0047376
0.0049352
0.0040242
0.0054624
0.0030473
0.0033527
0.0021562
0.0028536
0.0021284
0.0031695
0.0018788
0.0016524

For algebraic parameters this has based on
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continuous, then the similarity equation which v satisfies gives rise to a similarity
equation for its density h. Furthermore, the measure v is absolutely continuous
if and only if there exists an L' function satisfying this density self-similarity
equation. In the case of Bernoulli convolutions associated to a parameter § € (1, 2)
the statement becomes that the Bernoulli convolution is absolutely continuous if
and only if there exists a non-negative L' function h : R — R such that

B

(h(Bx) + h(Bx —1)).

The second observation of [53] was that one can study the existence of solutions
to such equations in terms of functions which count the number of codings of each
point z in the level n-construction of the self-similar measure.

In this section we generalise both of these ideas to measures on self-affine
carpets with contraction rates in different directions corresponding to Galois con-
jugates of 3, these measures are higher dimensional generalisations of Bernoulli
convolutions. We also convert the second observation described above into one
involving counting the total number of overlaps in the self-affine construction.
When the self-affine measures we study are projected onto their first coordinate
they give rise to the Bernoulli convolution, and so absolute continuity of these

self-affine measure implies the absolute continuity of the Bernoulli convolution.

4.2.1 The Self-Affine Case

Let 8 € (1,2) be a hyperbolic algebraic integer.

We will be interested in diagonal self-affine sets with contraction parameters as-
sociated with all but one of the Galois conjugates of 5 of absolute value larger than
one. For this reason we number the Galois conjugates of  in an unusual way, let 8
have Galois conjugates 8 = B, ..., Ba, Bas1, -+ » Barss Bars+1 where |B1], ..., |Ba] > 1,
1Basil, - |Bars| < 1 and Baisi1 € R\ [—1,1].
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In this section we will focus on fy, ..., 84. For z € C set F, = R when 2z € R
and F, = C when z € C\ R. Further define

d
K:=[]Fs.
=1

For i € N we define T; : K — K by

E(xb "'7$d) = (ﬁl‘rl + i) "'aﬁdzd + Z)

For j € {1,---d} let

0.5 Betoo)
]E].: {xGR:|x|€[O,%ﬁ]}, r € (—o0,—1)

\{zeC:Me [O,Wjﬁ}}, z€C\R

and

I"=1F x---xIt.

B1 Ba
Define the self-affine measure vg on K by
1
Vé = 5 (VEO TO + VQO T_1> . (41)

Note that the maps 7; are expanding, and v is the measure associated to
contractions TO_I7 T~!. This measure has support contained in I*. If vg is abso-
lutely continuous then vz is absolutely continuous, we aim to prove the absolute
continuity of vg.

Define an operator P on functions f : K — R by letting

|81+ ... Bal

Pf=1=

(foTo+ foT ).

P preserves the space of non-negative functions that vanish outside It and

have integral one. P is a linear operator, and in particular if f is a fixed point of
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P then cf is also a fixed point of P for any constant ¢ > 0, thus if P has a fixed

point of positive finite integral then it has a fixed point of integral one.

Proposition 4.2.1. Suppose that P has a fized point which has positive finite
integral. Then the self-affine measure vg is absolutely continuous and the fived

point of P of integral one is the density of vg.

Proof. By integrating the fixed point f of P with integral one, we get a probability
measure v’ on I *. In order to check that " = v we need only check that 1’ satisfies
the self-affinity equation 4.1, and so it is enough to check that for any A C I'" we

have

L @A) + (T (4)))

V(A) =5

This then follows immediately from the equation Pf = f using that
v(A) = [ fae aidian, )
A
- /me,--- Ty, 3a)

_ B Bd|/fT0 (21, 20)) + F(Ta(zr, - x))d(zr, - ,7a)

1
fr— —_— xl,"‘,xddwl,“'wd xl)".jxddx17‘..‘rd
T<A“ﬁ( s+ [ i, )
L (@) + V(T4 (4))).

]

Our goal now is to construct L! functions which satisfy Pf = f. Let functions

fn be given by

fn = Pn(XI*)
Here f,(x1, - ,x4) gives the number of words ay,--- ,a, € {0,—1}" for which
Ty, © -0 Ty (21, ,x4) remains in the region I, multiplied by (‘51 Bd')

Equivalently, if we consider the iterated function system on I with contractions
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Ty', T then fo(21,- -~ xq) counts the number of words a; - - - a,, for which T, ! o
o T, H(I1) covers (w1 -+, xq), again multiplied by <‘Bl ﬁd‘)
Since the operator P preserves integral, each f, has integral equal to the inte-

gral of fy, which is the area of IT.

Lemma 4.2.1. Suppose that there exists a uniform constant C' such that || f,||2 ==
[ (falz, -+ wa))?d(2y, - -+ 2q) < C for allm € N. Then P has a fived point h of

integral one and with bounded L* norm.

Proof. Define

n

> filan, - wa).

k=1

gn(T1, -+ Ta) 1=

SRS

then each g, also has ||g,||l2 < C so, since balls are weakly compact in Hilbert
spaces, there is a subsequence of g, that converges weakly to some g € L*(IT)
with ||g|]s < C. Hence by the Banach-Saks theorem there is a subsequence g, of
gn such that

—0

1 n
g n;g 2

Furthermore

1 2C
195 = P(gu)ll2 = ~[lfi = fenrll2 < —
K K

SO

1 & 1 &
ﬁzgn,{_P<ﬁzgnﬂ>

k=1 k=1

k=1

< Ezugm — Plga)l:

g

X
n Ny
k=1

2 2
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Letting n go to infinity in the inequality above we get ||g — P(g)||2 = 0 and so
g is a fixed point of P. Finally, since ¢ is the limit of a sequence of functions of
fixed positive finite integral and ||g||o < C' we conclude that g has positive finite

integral, and so we can normalise it to give a function A of integral 1.

O

We now explain how to bound || f,,||2 in terms of the total number of overlaps

at level n of the iterated function system {T; ', 77}}. Let
Nn = #{al"'ambl"'bn € {07_1}2n : Ta_11 © TG:LI(I+) ﬂTb:1 © Tb;1<I+) 7A @} .

The question of whether these contracted regions overlap for given ay, - -+ , a,, by, -+ , by
can be phrased in terms of the forward image of the origin 0.

This gives

No = gHarap, by by € {0, =11 1 T 0+ 0 T, (0) = T, 0+ 0 T3, (0)]

€ [51 X ... X [501}

n

> (ai—b;)8;

=1

= #{ay--an, b ---b, € {0,1}*": € I, for each

jedl,--,d}}.
where
[ 75]. Beo)
Iy = {{zver: ol ef0,525]} ze(=00,-1)
\{ZGC:MG[O’I@%H’ z€C\R
for {1, ,d}.

Proposition 4.2.2. We have

[ fullz < AT <w> M
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Proof. Notice that

P”f:(w)n Z foT, o..0T,,

So we have

ke = [ Su@rpu(o)te

—/ <M) Z X+ 0Ty, 0...0T,,
It

(M) Y xpoTyo..oT, |d
b

. . 2 n
:/ (M) > xpoTyo..0Ty, x0Ty 0.0} dr
I+

al,...Qn,b1,...,bn
. . 2 n
= (M) Z / X+ 0Ty, 0...0T, -xr+0Ty o..0Ty dx
1 bn I+

al,...an,b1,...,

Notice that in the bound for || f,,||2 given above we need to keep only the terms for
A1y .oy Ay by, ..oy by such that x+ 0T, 0...0T, -x+ 0Ty 0...0T, #0,ie. those
a1, Qp,by -+, b, involved in the definition of AV,,. Furthermore, by noticing that
S xr+ 0Ty 00T, - xr+ 0Ty 0...0T, du is at most A(I1)|By -+ B4, we end

up with

Il <3 (P52

as required. O

Combining Proposition 4.2.1, Lemma 4.2.1 and Proposition 4.2.2 gives the

following theorem.
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Theorem 4.2.1. Suppose that the total number N,, of overlaps in the nth level of

the iterated function system Ty, T, satisfies that
4 n
A
1By Bl
for some constant C' > 0 and for each n € N. Then the corresponding self-affine

measure v 1s absolutely continuous.

We have stated Theorem 4.2.1 for a measure rectangular self-affine set with
contraction rates associated to [, -- ;s which were all Galois conjugates, since
this is how we will apply the result in later sections, but it is worth noting that
assumptions on the contraction rates were not used in this section and the theorem

holds for any set of contraction rates 3, --- , Gq.

4.3 Measures on the distance set

Theorem 4.2.1 involves counting all pairs ay, -+ , ay,, b1, , b, € {0,1}*" for which

n

Z(ai —b:)B; "

=1

If we let B := (B1,---,Ba), 8" :== (BY,--+,B7), and

€ Iy, for each j € {1,--- ,d}

Izlgl X ... Xlﬁd

we are counting the number of pairs aq,- - ,ay, by, - , b, for which

n

Z(@i —b)p" " eI

i=1 N
Let D,, C {0,1}?" be the set of such pairs ay, -+, an, by, -+ ,b,. It is useful for us

to put a measure on the set of such differences. Let

fin 1= > O3 (as—bi)Bn =

{a1-an,b1--bn €Dy}
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for n > 1. This is a sum of weighted Dirac masses, supported on the set I, with
total mass N,,.

In going from N,, to N, it is useful to note that

n+1 n
> (@i —b)B T = 8, (Z(ai - boﬂf—") + (@np1 = buga),

i=1 i=1
with the difference (a,1 — b,41) taking value 1, —1, or 0. There are two different
ways of getting value 0 here, we can have a,,1 =b,.1 =0 or a,y; = b, 1 = 1.

Define an operator ® on the space of measures on I by letting

(@())(A) = p (T (A)) + 1 (T2 (A)) + 21 (T (A)) -

for A C I. Note that we only define ® on measures supported on I and define
® (1) to also be supported on I, we do not spread mass outside of I.

If we set p19 = g then
Hn = (I)(,un—l)

for n € N. Let |u| := p(I) denote the total mass of a measure p supported on I.

Phrased in this new language, Theorem 4.2.1 yields the following corollary.

Corollary 4.3.1. Suppose that there exists a constant C' > 0 such that

n L n
|[9"(d)| < C (wl . ...-6d|>

for all n € N. Then the self-affine measure vg is absolutely continuous.
We now turn to understanding how measures grow under the operator ®.
Lemma 4.3.1.
(@ (w)| = (T (1) + w(TZ(1) + 20(Ty (D).
Proof. This is immediate from the definition of ®. m
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Define a step function g : I — R by
9(x) = x1(T1(x)) + x1(T-1(x)) + 2x1(To(x))
Then the previous lemma just says that
o) = [ g
We have the following theorem.

Theorem 4.3.1. Suppose that there exists a constant C' > 1 such that

> 1
> log <|ﬁl 0 Ad ” |/gdun> < log(C).
n=1 n

Then the self-affine measure vg is absolutely continuous.

Note that ﬁ [ gd, is the integral of g with respect to the probability measure
ﬁun. Secondly, if £ denotes Lebesgue measure on I, normalised to have mass

one, then [, g(x)dL(z) = Thus, if the sequence of probability measures

__4
1B1-...Bal”

£2 converge weakly to normalised Lebesgue measure £ then

||
C 1
log (Wl Bl /gdun) — 0.
4 |l

Thus the condition in Theorem 4.3.1 would follow from the sequence ﬁ converging

weakly to £ with a given rate.

Proof. From Corollary 4.3.1 it is enough to prove that

1 C 4
—1lo ) < — 4+ 1o -
Liog(ln) < € g(|ﬁl~...-ﬁd|>

for some C' > 0. From Lemma 4.3.1 and the discussion afterwards, for each

positive integer k,

[} 1
| [P ()| /gduk.
|1tk |1tk oy
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Then since log(|uo]) = 0, we have

log(lial) = nz_llog('““l')

=0 | k|
n—1 1

= Zlog |—| / gdjuy
=0 1223

il 4 sy 1Bi ..t Ba| 1
= log [ ———— 1 d
;0g<|ﬁl-...-ﬁd|>+§og< 1 mu/”’“)

4
< nlog (\51 - ._-wﬁd!) +1og(C)

by the assumption in the theorem. Then

1 4 log(C'
ﬁlog(lunl)élog( |>+ 2(0)

|81+ ... Ba n

as required.

4.4 The limit measure [

In this section we link the measures p, with methods appeared in [11]. The goal
is to replace the measures ji,,, which evolve in time, with a fixed limit measure f.
First we need to move in a higher dimensional space by considering the rest of
the Galois conjugates B441, ..., Barsi1. Weset S = (B2, ..., Blier1)- Set Ti(21, ., Tigsp1) =
(Biw1 + 14, ..y Barsi1Tdrss1 + 1) which acts on the space K := H?if“ Fs,. We also
define the set

Z = {ad+56d+s + ...+ CL(]BO D Qd+s, -, Q0 € Z}

d+s+1

The set Z is a lattice in K = Rxi=1 4mFs)  That is because {£°, ..., 39}

is an independent subset of the real vector space K. That can be checked using
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the formula for the determinant of the Vandermonde matrix. We partition our
coordinates into expanding directions 1, - - - , d, contracting directions d+1, - -- , d+
s and the free direction d+s+1. The dynamics we will introduce is also expanding
on the free direction, but we deal with this coordinate separately since we will
eventually project in this direction.

We define projections 7., m. and 7 fye. from K onto subspaces of K corresponding
to expanding directions, contracting directions and the free direction respectively.

They are given by

7Te($17 T 7$d+s+1) = ($1, T ;xd)
WC('ID T ,$d+s+1) = <$d+17 te ,l'd+s)
7Tfree(-qjla T 7xd+s+1) = Td+s+1-

It is worth noting that 7., 7. and 7ee are injective when restricted to 7. We

define a strip S C K by

S = {(xla e 7‘Id+s+1) e K: 7Te(.7}'1, T 7xd+s+1) € I}

The following definitions differ from those in [11] in that we restrict both f, and
X to the set S. Let the measure fi,, on S be given by
ﬂn(x) :# {(ah eey Gy b17 () bn) S {07 1}2” : Z(al - bl)Bn_Z = I}
i=1
for x C S. We do not give mass to points outside S. The measure fi,, is a weighted
sum of Dirac masses supported on the set
X = {Z a;3"":n e€N,ay...,a, € {—1,0, 1}} ns
i=1

={T,,0..0T,,(0): n € N,ay...,a, € {~1,0,1}} N S,

Notice that for each ¢ € Z we have TZ(Z) C Z. In particular X C Z so X is

uniformly discrete in K. Note that for A C K, p, 0m.(A4) = ji,(A) so the measures
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i1, are just lifts of the measures u,, of the previous section to a higher dimensional

space in which they are uniformly discrete.

Definition 4.4.1. Let R C Ig, , X...x1Ig,  be the attractor of the iterated function

system involving the maps T; restricted to contracting coordinates d+1,--- ,d+s.

The significance of the set R becomes clear in the condition 4.4.1 below, al-

though one can already observe that

XC{zeZ 7m.(2) € R,me(2) € I}.

We will need the following condition which can be checked in finite time (see

[11]) and which holds for all examples we have checked.
Condition 4.4.1. X = Z N7, (int(R)) N S,

Below we have plotted on approximation of R for the example of section 4.1.1.

The following theorem recalls some results of [11] that we will need.
Theorem 4.4.1.

1. There exists A > 1 and a function f : X — (0,00) such that for each v € X

the sequence of real numbers s fin(x) converges to f(x).
2. We have 0 < f(x) < f(0) for each x € X.

Definition 4.4.2. Define the measure fi on X by i(A) = > cxna f(2).

As we did with the measures p, we define an operator ® acting on measures

() (A) = (T (A)) +2u(Tg ' (A)) + p(T7,(A))
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Figure 4.2: An approximation of R when 8% = 3%+ 3% — 8+ 1.
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for A C S, and ®(u)(A) := ®(u)(ANS) for more general A. ® does not spread
mass outside of the strip S. We have

Hn, = (I)n(so
and

(ﬁ)?

=
Il
> =
KA

see Lemma 4.3 of [11].

We comment that the set X is bounded in the coordinates 1,--- ,d since we
insist on remaining in the strip S, and it is bounded in the coordinated d +
1,---,d+ s since the action of the maps 7} is contracting on these coordinates and
orbits remain in the fractal R. It is only the free direction d + s + 1 in which X
is unbounded.

Let .
Rn = {ZL‘ € X : |7rfree<x)| < Z |6¢ii+s+1|}
=0

The rest of this section is dedicated to proving the following theorem, which

replaces the p,, of Theorem 4.3.1 with 7. (fi|g, ).

Theorem 4.4.2. Suppose that X < 4/|B1 -+ - Ba| and that there exists a constant C
such that

Zlog(lﬁl'm'ﬂﬂ _1 /gdﬂ'emBn) < log(C).
=1 4 || R, |

Then the self-affine measure vg is absolutely continuous.

Again, we comment that this is really an equidistribution result, requiring that
for the probability measure mﬂ'e(/ﬂ R, ) the mass of certain intervals (involved in

the definition of the step function g) is sufficiently close to the Lebesgue measure

of those intervals.
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4.4.1 Proof of Theorem 4.4.2

In Theorem 4.2.1 we gave a criteria for the absolute continuity of v4 in terms of
the measure u,, which can be easily translated to a criteria involving fi,,. In order
to relate this to ji, we need first to consider the subset of X upon which fi, is
supported.

Note that in the free direction our maps 7} act by v — Bars+1(x) + 4, and so
points T, o -+ o T,, (0) must lie in R,. We have the following lemma.
Lemma 4.4.1.
A"
(0)

|7 (6o)| < =
(o) p
Proof. Since ® is monotone and fi(0)dy < fi, using ®(f1)/\ = ji we have

fi(Bn)-

L ((0)d) < 38" (7) = i

On the other hand from the construction of R,, we have that
1

B E(0)00) (X R, =

Combining these facts gives
A" 1 A"

(0)V¢"(ﬂ( )00) (1tn) < 70)

2" (d0)| =
[l

Lemma 4.4.2. Assume that \ < Bl ﬁ - Then f@(R,) grows exponentially in n.

Proof. We note that the 2" rectangles (T,, o ---T,, ) '(I") are each contained in

I and each have an area of X Area(I™), giving a total area of

1B1-+Bal™ ﬁ [ 1B1--Bal™ ﬂdl"
Area(I"). A lower bound for the total number of overlaps comes from assuming

these rectangles are evenly spread, in which case one would have that a typical

qn

others, giving N,, > 2|B1 AR

. 27L
rectangle intersects TBr-Bal™
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Then

_ N, 1 4 1\"
) 2 5 = (\61 ﬂdu)'

which grows exponentially by our assumption. O

We stress that A can be computed by a finite calculation when 5 has no Galois
conjugates of absolute value 1 (as we are assuming throughout this article). Values
of A are computed for many values in [2] and in all examples we have computed

satisfy the condition of Lemma 4.4.2.

Lemma 4.4.3. There exist €, tending to zero exponentially quickly such that

1+6n

A(Rng) < (il r,,)]

I+e, _
= <T> /gdﬂe(MRn)
Proof. Let x € X be such that

|7Tfree(x)| < -2 + Z |ﬁzl+s+1|'
=0

Then

7Tf7"ee

17 pree (T3 ()] =

ﬁd-f— +1 Z |6d+s+1|
s

and so T, '(x) € R, U (K\ X) for each i € {—1,0,1}. Hence from @ = [i we

get

T5 (@) + filr, (T7 ()

=
S
3

~
S
_l’_

DO
=
=
3

(7, ) (a) =

) —
=
\%‘
S
—
8
+
[N}
=
o’ﬂl |
—
—
8
+
=
—
=
&
Nt

KA
S
&

|
=
=

Sl > =

Thus

/1 ({x S Rn+1 : ‘ﬂ'free(x” < —2 + Z ’62+s+1|}>
=0
1. S
=1 2(Elr,) ({1‘ € Ru1 : |Tpree(®)| < =2+ ) I52+s+1|}> : (4.2)
=0
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The diameter of

{x € Ry |7Tfree(x)’ > =2+ Z |5¢ii+s+1|}
i=0

is uniformly bounded so there is M > 0 that depends only on S such that

# {I S Rn+1 : ’ﬂ-free(x” > =2 + Z |Bé+s+1‘} <M
=0

for all n € N. By Theorem 4.4.1 we have ji(x) < ji(0) for all x € X and so

n(%meuwwawh»a+§]@HH@)<Mmm. (4.3)

Combining (4.2) and (4.3) we have

_ J >
A Bar1) < (AR, )(X) + MA(0)
1. _
< L B(lR,)(X)(1 + )
_ _ Mp0) :
Where ¢, = 5, )(S) tends to zero exponentially fast due to Lemma 4.4.2.

Finally we mention that, by the construction of ®

|@MMN=/Mmmm%

this is is just the analogue of Lemma 4.3.1 for the lifted operator ® rather than

o. O
Proposition 4.4.1. If A < BBl [3 | there is ¢ > 1 such that
A(Ro) T
@0 < ] = [ admuln).
[i(0) -4 a(R:)

f gdﬂe(ﬁan) '

) <O R



The above combined with Lemma 4.4.1 leads to

[@"(d0)] = (2" (00))

N

/A
=I
=
T
=L
—

+

o
=i
’:EH

Na

.

3
>
=
=

~

The proof is complete by observing that from Lemma 4.4.2 we have

[e.9]

H(l +€) < 0.

=0

We can now prove Theorem 4.4.2. Assuming, as in the theorem, that

glog (|51 : 4 -l ﬂ(;n) /gdﬂ'e(m}%n)) < log(C)

gives

n—1 1 ) 4 n
s [ simtaln) < € (wl B ﬁd\) ’

hence, by Proposition 4.4.1,

n / 4 "
N = 10" 00l < © (m-f-mr)

for some C' > 0. Thus the conditions of Corollary 4.3.1 are satisfied and so the

measure vg is absolutely continuous. This completes the proof of Theorem 4.4.2.
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4.5 Domain Exchange Transformation

Definition 4.5.1. We define the set the successor function succ : X — X by

Tiree (SUCC(2)) = Min{mpee(y) : y € X, Ttree(Y) > Tree(T) }

We will later see that the successor function projects to a domain exchange
transformation on D = I x R. We clarify that in our context a domain exchange

transformation is defined as follows.

Definition 4.5.2. Let E be a compact subset of a euclidean space and T : E —
E. The map T is call a domain exchange transformation if there are Fy,..., E,

measurable subsets of E& such that following hold.
o {Ey,...,E,} is a partition of E.
o The map T is an injection.
o [fie{l,..n} then T|p, is a translation.

Let m7p : X — D be given by mp(z1, -+ Tayst1) = (21, 2qys). Again we

notice that 7p|; is injective.

Definition 4.5.3. Let w,, be the measure on D defined by

m

wy = f(succ”(0))dn (sucer (0))

k=0

where m is the greatest natural number such that

[y

n—

Tfree (succm(O)) < |6§l+s+1|‘

@
Il
o
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w, is the image under projection onto coordinates 1,--- ,d + s of the measure
fi restricted in the free direction to the range [0, S0 |4, .11 |]-

Theorem 4.4.2 gave sufficient conditions for the absolute continuity of v in
terms of convergence to Lebesgue of the measures m.w,, which were projections
onto expanding coordinates 1,---,d of the measure i restricted to a bounded
region in the free direction.

Here we stress that the successor function projects to a uniquely ergodic domain
exchange transformation on I x R.

Recall that D =1 x R.

Definition 4.5.4. Let

W ={zeK:n.(r) €int(R),n.(z) € I}

and define T' - D — Z by T'(x) = u where

Ttree (Y + 1) = min {ﬂfree(z) Dz € (y + Z) NW and Tgee(2) > ﬂfree(y)}

for any 7p(y) = x.

It follows from the geometry of W that 7" is well defined and that 7"(D) is
finite. So there are Dy, ..., Dy € D and uy, ...,uy € Z such that {D,,..., Dy} is a

partition of D and

reD; =T (x)=u.
Notice that when z € SN Z then = + T'(7p(z)) = succ(z).

Lemma 4.5.1. The map T : D — D defined by
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T(z) =z +7p(T(x))
defines a domain exchange transformation (T, Dy, ..., Dy).

Proof. We only need to prove that 7' is injective. Let, aiming for a contradiction,
z,y € D such that T(x) = T(y). We can choose z’,y" € S with mp(2') = x
and mp(y') = y such that 2’ + T'(z) = v/ + T'(y) since mp(z’ +T'(z)) = T'(x) =
T(y) =mp(y +T'(y)) and we can freely determine 7s,c.(2') and 7..(y'). Notice
that o/ = 2’ + T'(x) = T'(y) € 2’ + Z 50 2 # Y = Trree(') # Tireo(y'). Assume,
without loss of generality, that Teee(y') < Thee(2'). We have Tgee(Y') < Thee(2') <
Ttree (X' + T'()) = Tgee(y’ + T (y)) which contradicts the definition of 7" since
o=y +T(y)—T(x) €y + Z. O

Notice that, under condition 4.4.1, mp(succ™(0)) = 7"(0) since Theorem 4.4.1
implies X = ZNW. For z € D, we define s(z) to be the unique i such that
x € D;. Now we move on to give a characterization of the measures w,, which shows
that they have a special structure that could be used to prove equidistribution
properties, such as theorem 4.4.2 demands for the absolute continuity of v3. The
main ingredient of the proof is theorem 1.3 of [11]. For this reason we need to
impose the same condition which appears in that theorem and define the set A

which also appears in it, as we do below.
Definition 4.5.5. Let
A={r—y:x,yc X and

Jey-enydy oo dy € {=1,0,1}" T, 0 To (x) =Ty, - Ty (y)}.

That is, A is the set of differences between points z,y € X which can be

mapped to the same point in the future by the application of maps T;. Before we
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state proposition 4.5.1 we set S; to be the maps 7T} restricted to the contracting

coordinates d + 1, ...,d + s.

Proposition 4.5.1. Under condition 4.4.1, there are functions fi, ..., fn : R —
R* such that

i) There exists a word w and constants C; > 0, Cy € (0,1) such that for any
aj---a, € {—1,0,1}" which contains r non-overlapping copies of the word

w, f; varies by at most C,C5 ' on S, 0-+--085,, (R).

i1) If m is the greatest natural number such that

n—1

7Tfree(SU-CCm(O)) < Z |6Zl+s+1|7

1=0

then

w, = (0) (1:[ exp (ﬁ(Ti(O))(WC<Ti(O>)))> O™ (0)

k=0 \:=0

Proof. From Theorem 1.3 in [11], for each i € {1,..., N} there are f; : R — R*
satisfying i) such that f;(7.(z)) = log(fi(r + u;)) — log(fi(z)) for all z € X. We
construct f; by writing u; as a sum of members of the set A and summing the

respective functions given by the theorem. We have
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_ 1 A(suce™H0 ))
filsuee™(0)) = (0 1_! (succ?(0

oy Alsuce (0) + ts(rp (sucei(0)))
! i(succi (0))

1=0
= ﬂ(O) H €Xp (.fs(ﬂD(succi(O)))(Wc(succi(o))))

= 1(0) [ ] exv (Fscricon (me(T°(0))))

=0

so if m is the greatest natural number such that

7Tfree SU-CC Z |6d+s+1 |

then

wy =Y f(succ™(0))dr 0 sucer (o)

k=0

1(0) Y (H exp ( Wc(Tl(U))))> 07 (0),

k=0 =0

concluding ii).

Recall that Theorem 4.4.2 gave a condition for the absolute continuity of v in

terms of the measures m.(f1). In Definition 4.5.3 we introduced the measures wy,
which were projections of weighted Dirac measures along an orbit of the successor
function succ, and in Proposition 4.5.1 we explain how the weights appear as a

cocycle over the dynamical system 7. Combining these ideas in one theorem gives

the following.
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Theorem 4.5.1. Assume that A\ < 4/|B1...04| and condition 4.4.1 holds. Then
there exists a domain D =1 X R, a domain exchange transformation T : D — D
and a function f : D — RT with f(x) = exp(fs)(7e(x))) such that if the projection

onto I of the sequence of measures

Wy = Zf(O)f(T(O)) < J(T"7H0)) 0710

converge to Lebesque measure sufficiently quickly, in the sense that

> tog (PP [ g, ) < 1og(c)
n=1 4 |U)n|

then the measure vg is absolutely continuous.

Proof. The theorem follows from theorem 4.4.2; lemma 4.5.1 and proposition 4.5.1

after observing that

B Wy, () + Tew, (—x), xel\{0}
7Te:u|Rn (CL’) - .
Wewn«))a =0
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Chapter 5

On the Local Dimension
Spectrum for Self-Affine

Measures

JOINT WORK WITH ANTTI KAENMAKI AND ToM KEMPTON

5.1 Introduction

In this article we are concerned with the dimension spectrum of self-affine measures

on R2. Given a set of invertable matrices A;,--- , A, of norm less than one, and a
collection of translation vectors vy, - - - , vy, we let the maps T} : R? — R? be given
by
x x
T‘z = Az + v;
Y Y
Then given a probability vector (pq,--- ,pg), we let the self-affine measure p be

the unique probability measure satisfying
k
p=> pipoTy"
i=1
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The local dimension spectrum f of 4 is then given by
f(a) = dimy{z € R?: dimy,e(p, 2) = a}.

Here dimy,,. is the local dimension, given by

1 B
dimgoe(j1, ) = lim BB 1))
r—0 IOgT

where it exists. The dimension spectrum gives an important way of quantifying
fractal properties of the measure p, it is well understood for self-similar measures
without overlaps, and some progress has been made in understanding both the

overlapping self-similar and the self-affine cases.

In particular, given a set of invertable matrices Ay, - - , Ay with norm less than
% and a probability vector (pi,--- ,px), Barral and Feng [10] were able to give a
formula for part of the corresponding dimension spectrum which holds for almost
every set of translation vectors vy, - - - , v,. The part of their work giving the almost
everywhere result uses the transversality technique and is very much in the spirit

of earlier work of Falconer giving an almost everywhere result for the Hausdorff

dimension of u [25].

The Hausdorff dimension result of Falconer has been generalised to replace the
almost everywhere condition with specific conditions on orthogonal projections of
@ [27, 5], or with exponential separation conditions on the collection of matrices
Ay, -+, Ay [6, 46]. Our goal in this work is to similarly replace the almost every-
where condition of Barral and Feng with conditions on projections of the measure
. We also assume that our set of matrices is dominated, we give more details in
the next section. Our results also cover the more general case of pushforwards of

quasi-Bernoulli measures.
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5.2 Preliminaries

Let (Ay,..., Ay) € GLy(R)" be a tuple of contractive invertible 2 x 2-matrices. If
(v1,...,vn) € (R?)Y is a tuple of translation vectors, then the tuple (71, ..., Ty)

of invertible contractive affine maps given by
Ti(z) = Aix +v;

is called an affine iterated function system (affine IFS). Given an affine IFS, there

exists a unique non-empty compact set X C R? such that

X:Gnuy

We may assume that each map T; maps the unit disk D C R? inside itself. Indeed,
if this is not the case, then one can rescale each v; by a constant such that each
T; maps D inside itself. Note that this does not affect any dimension properties
since it is a linear rescaling of X.

Let © be a Borel probability measure supported on X. The local dimension of

W at xis

| . logu(Bla,r)
dimyee(p, ) = 17%1 T

provided the limit exists. If the limit does not exist, then the corresponding upper
and lower limits are denoted by dimyee(u, ) and dim, .(u, x), respectively. The
local dimension of u is intrinsically connected to the dimension of the subsets of

X: it is sufficiently easy to see that

ess inf dimy, (p1, ) = dimy (1),
Top

where dimy(p) = inf{dimp(A) : A C X is a Borel set such that u(A) > 0} is the
lower Hausdorff dimension of p (see [44], theorem 2.3). Let s > 0 and define the

s-level set of X with respect to p to be
X(p,s) ={x € X : dimype(p, z) = s}.

131



We are interested in determining the Hausdorff dimension of the level sets. Let us

next go through preliminaries needed in the work.

5.2.1 Shift Space

Let ¥ = {1,..., N}" be the collection of all infinite words obtained from alphabet
{1,...,N}. If i = 4yiy--- € 3, then we define i|, = i;---4, for all n € N. The
empty word iy is denoted by &. Define ¥, = {i|, : 1 € X} for all n € N and
Yy = Upen Zn U {@}. Thus X, is the collection of all finite words. The length of
i € 3,UX is denoted by |i]. The concatenation of two words i € ¥, and j € 3,UX
is denoted by ij. Let o be the left shift operator defined by oi = isi3--- for all
i=1dyip--- € X. If i € X, for some n, then we set [i] = {j € ¥ : j|, = i}. The
set [1] is called a cylinder set.

Given an affine IFS (771, ...,Ty), where T;(z) = A;x + v;, the canonical projec-
tion m: X — X is defined by

m(1) = lim Ty, (0) = > Ay, v,
n=1

n—oo

for all 1 = 4y09--- € ¥. Here T} = T;, 0---0T; and A; = A;, ---A;, for all
i=1dy-i, € ¥, and n € N. It is easy to see that 7(X) = X. If p € M(¥),
where M () denote the collection of all Borel probability measures on ¥, then we
denote the pushforward measure of g under 7 by 7 = pon~t. We say that a

measure € M(X) is fully supported if each cylinder has positive measure.

5.2.2 Lyapunov Dimension

We shall consider maps 6: 3, — (0, 0o0) which we refer to as potentials. We say that
a potential 0 is sub-multiplicative if 0(ij) < 0(1)0(j) for all 1, j € X,. A potential
0 is super-multiplicative if the inverse 1/60 is sub-multiplicative. We furthermore

say that a potential 0 is almost-multiplicative if there is a constant C' > 1 such
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that C0 is sub-multiplicative and C'~16 is super-multiplicative, and multiplicative
if the constant C' can be chosen to 1. Let M,(X) denote the collection of all
o-invariant Borel probability measures on ¥. For a sub-multiplicative potential ¢

and v € M,(X), we define

n—o0o N Js

The following lemma guarantees that A is well-defined.

Lemma 5.2.1. If 0 is a sub-multiplicative potential and v € M, (%), then A(0,v)

exists and

A0, v) = inf l/zloge(ﬂn) du(i).

neN N

Furthermore, v — A(0,v) defined on M,(X) is upper semi-continuous in the weak*

topology.

Proof. The sequence ( [, log 0(il,,) dv(i))nen is sub-additive and therefore, by Fekete’s

Lemma, A(6,v) exists and is equal to

inf l/zlog 0(4],) dv(i).

neN”N

The second claim is a direct consequence of the first claim as each v — £ 3. . v([i])log (1)

is continuous. [

Let (Ay,...,Ax) € GLy(R)N. For i € 3, we define a;(i) and aq(i) to be the
lengths of the major and minor semi-axis of the ellipse A;(D) respectively, where
D C R? is the unit disc. Note that a;(i) = ||A;]| and ay(i) = ||A7Y|~" for all
i € X,. The potential i — «4(i) is thus sub-multiplicative and i — as(1i) is

super-multiplicative. We define the Lyapunov exponents of v € M, (3) by

neN N

M (v) = Alag, v) = inf l/Elog ay(il,) dv(i),

No(v) = —A(1/as, v) :supl/zlogozg(ﬂn) du(i).

neN 1
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Recall that the entropy of v € M, (X) is

h(v) = — lim = > v([i]) logv([i]) = inf 1 > u([i]) log v([4)).

n—00 N, neN n
1€En IEETL

We say that a measure p € M(X) is sub-multiplicative if the potential i —
p([1i]) is sub-multiplicative. The other definitions on potentials can be used with
measures in a similar manner. Regardless, almost-multiplicative measures are
more commonly known as quasi- Bernoulli measures and multiplicative measures as

Bernoulli measures. The cross-entropy of a sub-multiplicative measure y relative

to v € M,(X) is defined to be

M) = ~Anv) = sup— 3 w([i]) log p([1]).

neN T ien,
The Lyapunov dimension of a measure v € M,(X) is given by

h(v) - h(v) + M)  2h(v) }
A (v) ) 7 M)+ )

dimy (v) = min{ -

See [49] for a relation between dimp(v) and dimy(7v) when v is ergodic and
the translation vectors are chosen randomly according to the Lebesgue measure.
Finally, the Lyapunov cross-dimension dimy,(u, ) of a sub-multiplicative measure

p relative to v € M, (X) is

M(v) Aa(V) " () + Xe(v)

i) = win ) B NG D))

In other words, the Lyapunov cross-dimension is obtained by replacing the entropy
h(v) in the definition of the Lyapunov dimension by the cross-entropy h(u,v).
We should emphasize that despite we see this as a symbolic analog of the local
dimension of mu for mr-almost all points, there are examples where dimy, (i, v) gives
a different value, even if the translation vectors are chosen randomly according to

the Lebesgue measure. In a discussion, Thomas Jordan gave us the following
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example

12 0] |12 o0
(AlvAQ) = )
0 1/3| |0 1/3

where p is the (%, %)—Bernoulli measure and v is the (%, %)—Bernoulli measure.

5.2.3 Domination

We say that A = (Ay,..., Ay) € GLy(R)Y is dominated if there exist constants
C >0 and 0 < 7 < 1 such that

as(1) < C1"ay(1)

for all i € ¥,, and n € N. Note that if A is dominated, then \y(v) < A;(v) for
all v € M,(X). Let RP' denote the real projective line, which is the set of all
straight unit line segments centred at the origin in R? and which we identify with
[0, 7). We call a proper subset C C RP' a multicone if it is a finite union of closed
projective intervals. We say that a multicone C C RP' is strongly invariant for A if
A;C cClforallie {1,..., N}, where C° is the interior of C. For example, the first
quadrant is strongly invariant for any tuple of positive matrices. By [14, Theorem
BJ], A has strongly invariant multicone if and only if A is dominated. If A is a
dominated tuple of invertible matrices then the collection {A;" ..., Ay'} is also
dominated and thus it has a strongly invariant multicone. Also if A is dominated,
then [15, Lemma 2.2] imply that the potential i — «a4(1) is almost-multiplicative.
Since | det(A;)| = ag(i)ag(i) for all i € ¥, and the determinant is multiplicative,

we see that also i — ap(i) = a; (i)~ det(A;)| is almost-multiplicative.

Lemma 5.2.2. Let 0 be an almost-multiplicative potential and v € M,(X). If

v, — v in the weak™ topology, then
lim A(6,v) = A(6,v).
k—o0
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Proof. By Lemma 5.2.1, we have limsup,_,. A(6,v) < A(0,v). Since C/0 is

sub-multiplicative for some C' > 1, Lemma 5.2.1 implies that

A(C™10,v) = —A(C/0,v) = sup<1/zloge(i|n)dy(i> - %logC).

neN \ T

Therefore, as each v — 137 .« v([i])logf(i) is continuous, we see that v —
A(C710,v) = A(0,v) is lower semi-continuous and thus liminfy_,. A(6, 1) >

A0, v). O

Let (T4,...,Ty), where T;(z) = A;xz+v;, be an affine IFS and v € M, (X) be a
quasi-Bernoulli measure. If A = (Ay,..., Ay) is dominated, then, by [7, Theorem

2.6] and [49, proof of Theorem 4.3(a)],
dimyee (7, ) = dimy (7v) < dimyg,(v)

for v-almost all z € X. We say that A is strongly irreducible if there are no finite
set of lines in R? which is invariant under all of the matrices in A. Suppose that
A is dominated and strongly irreducible and (vy,...,vy) is chosen such that the
strong open set condition holds, i.e. there is a bounded open set U C R? such that
UNX #0, UY, Ty(U) c U, and Ty(U) N T;(U) = § whenever i # j. It follows

from [6, Theorem 1.2 and the associated footnote] that under these assumptions
dimy (7v) = dimy,(v)

for all quasi-Bernoulli measures v € M, (%).

5.2.4 Equilibrium State

Let 6 be a sub-multiplicative potential. We define the pressure of 6 by setting

! , 1 .
P(0) = Jggoglog i; 0(i) = }nggﬁlog i; 0(1).
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Asin Lemma 5.2.1, the existence of the limit above and the equality are guaranteed

by Fekete’s Lemma. By [51, Lemma 2.2], we see that
P(#) = h(v)+ A0, v)

for all v € M,(X). A measure v € M, (X) for which
P(#) =h(v)+ A0, v)

is called the equilibrium state for 6. If 6 is an almost-multiplicative potential, then,
by [51, S3], there exists a unique equilibrium state for # which furthermore is a

quasi-Bernoulli measure.

Lemma 5.2.3. Let (0)ren be a sequence of sub-multiplicative potentials and let
v € My (X) be an equilibrium state for 0y for each k € N. If there exist a measure
v € M,(2) and a sub-multiplicative potential 0 such that vy — v in the weak®

topology and 0, (1)1 — 0(1)Y Rl uniformly in ¥, as k — oo, then

lim A(@k, l/k) — A(Q, I/k;) =0

k—o00

and v is an equilibrium state for 6.

Proof. Recall that, by [81, Theorem 8.2] and Lemma 5.2.1, limsup,_, . h(r;) <
h(v) and limsup,_, . A(0,v,) < A(6,v). If € > 0, then the uniform convergence
of 0y implies that there exists kg € N such that logf(i) — ¢]i| < logf(i) <
logf(i) +¢|i| for all i € ¥, and
AO,vg) —e < AOk,v) < A, vp) + €
for all k& > kg. Therefore, limy_,oo A(fx, vx) — A(0,11) = 0 and
k—00 k—00

< limsup h(vy) + limsup A(6, 1) + €

k—o0 k—o0
< h(v)+A0,v) +¢.

By letting ¢ | 0, we see that v is an equilibrium state for 6. n
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Let A= (Ay,...,Ay) € GLy(R)" be a tuple of contractive invertible matrices.

For each s > 0, define a potential ¢® by setting

(

ar(i)F, if0<s <1,

(1) = ay (L) (i)Y, if1<s<2,
|det(A;)]72,  if2< s < oo,
\

for all i € ¥,. Since a(i)as(i)*t = ai(1)?7%|det(A;)|*~!, the singular value
function ¢* is sub-multiplicative. Therefore, the pressure P(¢°) is well-defined
for all s > 0. By [52, Lemma 2.1], the function s — P(¢*) defined on [0,00) is
continuous, convex on intervals (0,1) and (1, 00), strictly decreasing, and there
exists a unique s > 0 such that P(p®) = 0. This unique s > 0 is called the affinity
dimension and it is denoted by dim,g(¢*).

If v € M,(X), then

(

sAi(v), if0<s <1,

A@® V) = W) + (s — DXa(v), if1<s<2,
s\ () + Ao (v)), if 2 < s < oo,
\

where A\;(v) and A\o(v) are the Lyapunov exponents. It is straightforward to see
that the Lyapunov dimension dimp(v) is the unique s > 0 for which h(v) +
A(¢®,v) = 0. By [50, Theorem 2.6], there exists an equilibrium state v for ¢°.
Note that if A is dominated, then ¢* is almost-multiplicative and there is only
one equilibrium state for ¢® which furthermore is a quasi-Bernoulli measure. Note

that an equilibrium state has maximal possible Lyapunov dimension,
dimy,(v) = max{dimg,(n) : n € M,(2)} = dim.g(¢°).

Similarly, the Lyapunov cross-dimension dimp,(u, v) of a sub-multiplicative mea-

sure p relative to v € M, (3) is the unique s > 0 for which h(u, v) + A(p®,v) = 0.
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5.3 Local Dimension from Projections

In this section we generalise the ideas of [27] to study the following question. Let
1 and v be measures on a self-affine set. What can be said about the v-almost
everywhere value of the local dimension of u? Before stating our theorems, we

need to define projective linear transformations and the Furstenberg measure.

5.3.1 Projective Linear Transformations

Let A = (Ay,...,Ax) € GLy(R)" be a tuple of contractive invertible matrices.
Given i € {1,..., N} there exists a unique map ¢; : RP* — RP! such that, for
0 € [0,7), straight lines centred at the origin at angle € to the horizontal are
mapped to straight lines centred at the origin at angle ¢;(#) by the action of A; .
If A is dominated and C, is a strongly invariant multicone of {A;",--- , Ay'} then
each map ¢; is a strict contraction of C,.

Now let the Furstenburg measure vz be the stationary measure on RP! associ-
ated to the maps ¢; chosen according the measure v. Alternatively, v is the unique
probability measure on RIP! such that for v-almost every sequence i = iyig--- € X

the sequence of measures

1 n—1
- D Soigomoti ©)
k=0

converges weak* to vp. The support of v is contained in Cy. See [9] for more
details on the Furstenburg measure.

We also define my : X — [—1, 1] to be the map obtained by projecting the self-
affine set X to the diameter of the unit disc which is perpendicular to #, identified

isometrically with [—1,1]. We identify, without confusion, my and 7y o 7.

Theorem 5.3.1. Let A be dominated and assume that (11,...,Tn) satisfies the
strong separation condition. Let p € M(X) be a quasi-Bernoulli measure and

v € M,(X) be ergodic and quasi-Bernoulli. Then
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1. There exists a number d € [0,1] such that for vp X v-almost all (0,1) the

local dimension of wep at me(1) is d.

2. For v-almost all 1 € X it is true that dim.(m(p), 7(1)) = a where,

h(plv) + d)\l(z/).

a=d+
—A2(v)

5.3.2 Proofs

Throughout this section we assume that A is dominated and C, is a strongly
invariant multicone of {A7', ..., Ay'}. Furthermore, we assume that u € M(X)
is a quasi-Bernoulli measure and let v € M,(X) be quasi-Bernoulli and ergodic.
Finally we assume that (77, ..., Ty) satisfies the strong separation condition. The
proof of Theorem 5.3.1 proceeds via a number of lemmata, we begin by discussing
dynamics on pairs (6, i) of angles in Cy and points in X.

Let (X, 0) be the extension of (X,0) to a two-sided shift space. Set P : ¥ —
RP! x ¥ to be the map defined by

P(...Z.,QZ',l’iol'l?:g...) = (nll_{IOlo (biogbi,l"-(bi_n(e)uiliQ'“)

for some 6 € Cy, the choice of which does not affect P.

Let 7 be the extension of v to the two sided shift ¥, i.e. the unique shift
invariant measure on Y satisfying v[iy - --i,] = D[iy - - -4, for any iy ---i, € 2,.
Since v is ergodic it follows that 7 is ergodic. The measure P(7) on RP! x ¥ is
the pushforward of 7 under the map P.

The following lemma is essentially Lemma 3.1. of [27].

Lemma 5.3.1. The map Pooo P7!: RP! x ¥ — RP! x ¥ is well defined and the
system (RP' x 33, P(v), P oo o P7') is ergodic. Furthermore P(V) is equivalent to

the product measure vp X v.
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We now prove the first claim of Theorem 5.3.1. Given a two sided sequence

i€ Y let 6,1 be such that P(i) = (#,1) and define

9(1) = dimyee(mo(p), mo(1)).

Lemma 5.3.2. We have

An immediate consequence of this lemma is that, since 7 is an ergodic o-
invariant measure on %, ¢ is equal to some constant d for 7 almost every i. Then
since P(7) is equivalent to vp X v we will have that dimy,.(me(p), me(1)) = d for
vr X v almost every (6,1), completing the proof of statement 1 of Theorem 5.3.1.

We now prove Lemma 5.3.2.

Proof. First express p as the sum of p restricted to cylinder [i;] and p restricted

to the complement of this cylinder, giving

dimyee(mg(p1), mo(1)) = dimyee(mo(pel(iy]) + mo (el fiy)e); mo(1))

< dimloc(ﬂ-e(,uhiﬂ)aW@(i))'
But by applying 7, ! we see
dimyoc(mo (42 (i), mo (1)) = dimioe (g, (0) (1), Tg,0) (0(1))) (5.1)

and so the previous inequality becomes

dimyoe(mo(p), mo(1)) < dimyoc(mg, 0 (1), To:(0) (0(1)))

which is the statement ¢g(i) < g(o(i)) that we wanted to prove.
The equation 5.1 follows directly from a more precise statement (Lemma 3.2)
in [27], see also [24] where this was used extensively to give conditions under which

the projected measures my(1) have the same Hausdorff dimension for all 6. ]
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The following lemma appears in [27] as Lemma 4.2, it allows us to compare the
measure of a ball in our self-affine set with the measure of an ellipse multiplied by

the projected measure of a certain interval.

Lemma 5.3.3. There are numbers C' > 0 and 0 < p; < py such that for each
i€, 0e€Cy andn €N,

C™ ' (B (n(1), praa(iln)))
(i), 0, ) 1 (B (M““'d’”@(an(i))’ OQ(%ln;))

< Cp (B (m(1), peaa(iln))) -

N

From now on we set
log (%m...%(e)ﬂ (B (%n...%(e)(an(i)), —Zl(iizi)))
az(iln)
log <a1<i|n)>

) is small and so for many pairs (#,i) we would expect

d(0,i,n) =

az(iln)
ai(ifn)

For large n, (
the above quantity to be close to the local dimension of the projected measure
Tgi i, @O)F L Ty, g, (0)(0"(1)). With this in mind, let

G(0,i,¢) :={neN:|d0,i,n) —d| <e€}.

Also for k,e > 0 we set

Gre = {(9, i):

Since P(7) is equivalent to vg X v, by the definition of the number d, we have

that for P(v)-a.e. (6,1) in RP! x X

log mop (B (mg(1), 7))

—d
log r

< €,Vr < k}

lim log mop (B (me(1),7))

=d.
r—0 logr

Hence for all € > 0,

lim P(7) (Gy) = 1.

k—0
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Lemma 5.3.4. For P(V)-almost every (0,i1) € RP! x X and all € > 0 it is true
that

.1 : _
zx}l_rgoﬁ |G(0,1i,e)N{l,.... N} =1.

Proof. Let 6 > 0 be arbitrary. From the observation above there exists k£ > 0 such
that P(v) (Gk.e) > 1—9. Also, by domination, for every i € 3 there exists np € N

such that for all n > nyg

az(ifn)

< k.
a1 (ifn)

Now by observing that

(P ©oo P_l)n (97 i) = (¢Zn¢Z1 (9)7 Un(i))

and because (RP! x 3, P(v), P oo o P71) is ergodic, for P(v)-almost every (0, 1)
we have

I 1|G(9' )L ean] = 1~ |{n € {1,.con} ¢ [d(6,1,n) — d] < ¢}]

Jim — i€ s} = lim —f{n ey} i,n €

o1
> lim —
n—oo N

= P(0)(Gye) > 1—6.

al(lyn)

{ne{l,...,n}:w<k and (POJOP_l)n(Q,i)EGk7€H

Since 0 was arbitrary the proof is complete.

For all € > 0 and vp X v-almost every (6,i) € RP! x ¥ we can choose, by
the lemma above, a strictly increasing sequence n, of density 1 such that n, €

G(6,1,€). By the ergodicity of v we can additionally assume the properties
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lim ~ log(u([1]n,])) = —h(p,v),

K—00 N,

1 :

Jim —log(a(ifn,)) = Aa(v),
1 .

Jim —log(az(ifn,)) = Az(v).

Now Lemma 5.3.3 gives

lim sup log mp (B (7T<i>7 P12 (1|nk)))
k—00 log (praa (iln,))
og T T o™k (i @23l
log (C ([is -+ ing])) 8 ¢>“(B< g (77 () mmnk)))

< lim sup - + ;
ko0 log (p1a2 (in,)) log (p1a2 (i[n,))

o (g (b)) e, . log(os () fo (31))

= limsup (log<p1a2<i|nk>>+d<9’ ) og (prs (i) )
~h(ulv) M) — M(v)

S o) T

Since the upper and lower limits of p(B(x,r))/log(r) as r — 0 are determined
by any sequence 1, — 0 such that logr,.1/logr. — 1, by taking r, = p1as(il,,))
and recalling that e is arbitrary, we conclude that dim,.(y, 7(i)) = . A similar
argument shows that dim, (¢, 7(a)) = a. This completes the proof of Theorem

5.3.1.

5.4 Differentiability of the Pressure

Let (Ay,...,Ay) € GLy(R)" be dominated and p € M(X) be a quasi-Bernoulli
measure. For each ¢ € R and s > 0, following [26], we consider the almost-

multiplicative potential ¥%* defined by
P (1) = p([i]) 7" (3)' 77
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If v € M,(X), then

A" v) = —qh(p, v) + (1 — @) A(¢®, v).

Since 1?* is almost-multiplicative, the pressure P(1%*) is well-defined and there
exists a unique equilibrium state for ¢?° which furthermore is a quasi-Bernoulli
measure. The next lemma collects some elementary properties of the pressure

function.

Lemma 5.4.1. If (Ay,..., Ax) € GLy(R)V is a dominated tuple of contractive
matrices and p € M(X) is a fully supported quasi-Bernoulli measure, then the

following seven properties hold:

1. The function (q,s) — P(¥%*) is continuous on R x [0, 00).

IS

. For each q < 1 the function s — P(¢%*) is strictly decreasing with P(1)%°) >
0 and limg_,o, P(¢?°) = —o0.

3. For each ¢ > 1 the function s — P(%%) is strictly increasing with P(y%°) <
0 and limg_, o, P(¢?%) = oc.

4. For each q # 1, there exists unique s(q) € [0,00) so that P()9*@) = 0.
5. The function q — s(q) is continuous on R\ {1}.

6. For each q € R the function s — P(%*) convexr on connected components

of [0,00) \ {1,2}.
7. For each s € [0,00) \ {1,2} the function g — P(¢?*) conver on R.

Proof. Although the proof is a simple modification of [52, Lemma 2.1], we present
the full details for the convenience of the reader. We prove the claims only for

s € [0,2); the case s > 2 is left to the reader. Let p,q € R and s, € [0,2). Writing

_ . . ’ = . : K _ C . _1’
a= min (), @= max ali) emnax  Cu(li])



where C' > 1 is the constant given by the quasi-Bernoulli assumption, we see that

0<a<a<l< K. Furthermore, let

/

a, if(1-¢q)(s—1) >0,
a(q, s, t) =
\Qa if (1—Q)(S—t) <Oa
and )
a, if(1—¢q)(s—1t) =0,
a(q,s,t) = ¢
(@, if (1—q)(s—1t)<0O.

Then we have K1 < u([i]) < K1l and
(5 Tag,5, )OI € (1)1 < H(3)! (g, 5,8) 00
for all i € X,. Since o1l < '(i) < @l < a7, we have
wt(i)l—pgtlp—qllil < @t(i)l—q < SOlt(i)l—pg—tlp—qlli\
for all 1 € ¥,. As K- P=allil < y([i])27? < KIP=9llil for all i € %,, we see that

094 (3) < ()P p([E)T () Ta(g, 5, 1) 0

(5.2)
< wp,t(i)[(lpfqlIi\g*tlpfql\ila(q’ s, zg)(sft)(lfq)lil

and, similarly,
P (1) > Wa,t(i)K—lp—ql\ilgtlp—qllilg(q’ s, t)(s—t)(l—q)\il (5.3)
for all i € ¥,. It follows that

—|p—¢|log K + t|p — q|loga+ (s — t)(1 — q) log a(q, s, t)
< P(y®%) — P(yPt)

< |p—qllog K —t|p — qlloga+ (s — t)(1 — q)log@(q, s, 1)

and the function (¢, s) — P(1?*) is thus clearly continuous on R x [0,2). This

shows (1). In particular, if ¢ < 1 and s > t, then the above estimate shows that
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P(%%)— P(y?") < (s—t)(1—¢q)logal(q, s, t) = (s—t)(1—q)loga < 0, and if ¢ > 1
and s > t, we get P(%%) — P(¢%") > (s — t)(1 — ¢) log@ > 0. These observations
show (2)—(4). Notice that (5) follows immediately from (1).

Finally, let us prove (6) and (7). Fix p,¢g € Rand 0 < A < 1. Let s,t €
[0,2)\ {1} be such that [s] = [¢]. Since @MT(=Ms(i) = ©!(i) (i)', we have

)1V (1) 1 =

and

¢Ap+(1—>\)q,s(i) _ M( [1] ))\p—&-(l—)\)qgos (i)l—Ap—(l—A)q
1-A

. S/2\1— A . S{z\1—
= (ualyer (1)) (ua)e" (1))
for all i € 3,. Therefore, by Holder’s inequality, we see that
A 1-\
S e < (S ew)) (3 e)
i€y, ieX, ie¥,

and
1-2

> wrine) < (3 d)p’s(i))A<Z ()

iey, ied, ied,

for all n € N. The claims follow now by taking logarithm, dividing by n, and

letting n — oo. O]

Remark. Let 0 < a < 1 and O € O(2) be an orthogonal matriz. If we consider
the tuple (O, ..., a0) € GLy(R)N and the uniform distribution u € M, (X), then
P(y?%) = log N'"9*0=9  In this case the function (q,s) — P(y%%) is not convex
since its Hessian is indefinite as it is an antidiagonal matrix having — log o in the

antidiagonal.

Let us next study the differentiability of the pressure. We will first recall some

basic facts from convex analysis. Let U C R be an open set and let f: U — R

147



be convex. It is well known that such f is continuous. We say that G € R is a

sub-derivative of f at x € U if

fy) = fx) = Gy —x)

for all y € U. It is straightforward to see that any sub-derivative is contained in
[f (), fi.(z)], where f’(z) and f’ (x) are the left and right derivatives of f at z,
respectively; see [67, Theorem 23.2]. Therefore, f is differentiable at x if and only

if it has only one sub-derivative at x; see [67, Theorem 25.1].

Proposition 5.4.1. Let (Ay,...,Ax) € GLy(R)N be dominated tuple of con-
tractive matrices and p € M(X) be a quasi-Bernoulli measure. If (qo,So) €
R x (0,00)\ {1,2} and v is the equilibrium state for )% then the partial deriva-
ties of (q,s) — P(y%*) are

an(Q? 50)‘11:!10 - _h’<:u’ V) - A(§080> V)

and
.

(1 — QO))\I(V>7 zf() < 50 < 1,

83@((]075)’3:80 = (1 — qO))\Q(V>, if 1 < s <2,

(1—qo)w, if 2 < 89 <0

\

provided that they exist.

Proof. We prove the result only for (qo, s9) € R x (0,2) \ {1}; the case (qo, s0) €
R x (2,00) is left to the reader. To simplify notation, we write Q(q,s) = P(¢?°)
for all (¢,s) € R x (0,2) \ {1}. Fix (qo,s0) € R x (0,2)\ {1} and let v be the
equilibrium state for %0,

Let us first assume that the partial derivative 0,0Q(q, So)|4=q, €xists. Recall

that, by Lemma 5.4.1(7), the function ¢ — @Q(q, so) is convex. Since A(y?* v) =
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—qh(p,v) + (1 — q)A(¢®, V), we see that

Q(q,50) — Q(qo, $0) = h(¥) + AW™™,v) — h(v) = AW**, v)

= (=h(p,v) =A™, v))(q — q)

for all ¢ € R. Therefore, —h(u,v) — A(¢®,v) is a sub-derivative of the convex
function ¢ — Q(q, so) at go. As the partial derivative 0,Q(q, so)|q=q, €xists, we
have 0,Q(¢, 50)|q=qo = —h (1, v) — A(p*, V).

Let us then assume that the partial derivative 0sQ(qo, s)|s=s, exists. Recall
that, by Lemma 5.4.1(6), the function s — Q(qo,s) is convex on connected
components of (0,2) \ {1}. Since A(¢?*,v) = —qh(u,v) + (1 — q)A(¢®°,v) and
Ap®,v) =A™, v) + (5 — 50)A[so1(V), We see that

Q(q0,8) = Q(q0, s0) = h(v) + AW, v) — h(v) — A(Y*>,v)

= (1 = q0)Ars01 () (5 = s0)

for all all s € (0,2) \ {1} with [s] = [s¢]. Therefore, (1 — go)Arsy)(v) is a sub-
derivative of the convex function s — @Q(qo,s) at sg. As the partial derivative

0sQ(qo, 5)|s=s, exists, we have 0;Q(qo, 5)|s=so = (1 — q0)A1so7(V)- O

Let us next show that (g, s) — P(¢?°) is differentiable on R x (0,00) \ {1, 2}
which then allows us to apply Proposition 5.4.1. To prove this requires tools from

thermodynamic formalism. The following lemma allows us to employ Lemma 5.2.3.

Lemma 5.4.2. Let (qx, Sk )ken be a sequence of points in R x (0,00) \ {1,2} con-
verging to (q,s) € R x (0,00) \ {1,2}. Then @k (i) — a3 ()Y R yniformiy
m X, as k — oo.

Proof. Following notation of the proof of Lemma 5.4.1, the estimates (5.2) and
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(5.3) give

s(iy \ VA
-ty (g s )00 o (L0
= =\ ¢Qk78k(i>

< Klqqulgﬂqurqla(q’ s, Sk)(sfSk)(lfq)
for all i € ¥, and k € N. The claim follows. O]

Before proving the differentiability, let us recall some further facts from convex
analysis. Let U C R be an open set and let f: U — R be convex. Let D C U
be the set of points where f is differentiable. If 21,29 € D and x € U such
that z; < & < 2z, then, by [67, Theorem 24.1], f'(z1) < G < f'(z2) for all sub-
derivatives G at x. It also follows that the set U \ D is at most countable and f’
is continous on D; see [67, Theorem 25.3]. In particular, D is dense in U and if f

is differentiable on U, then it is continuously differentiable on U.

Proposition 5.4.2. Let (Ay,..., Ax) € GLy(R)N be dominated tuple of contrac-
tive matrices and p € M(X) be a quasi-Bernoulli measure. Then the function

(q,s) — P(¢?®) is differentiable on R x (0,00) \ {1, 2}.

Proof. We prove the result only on R x (0,2) \ {1}; the case R x (2,00) is left
to the reader. To simplify notation, we write Q(q,s) = P(¢?°) for all (¢,s) €
R x (0,2) \ {1}. To see that @ is differentiable on R x (0,2) \ {1}, it suffices to
show that both partial derivatives of @ exist at each point of Rx (0,2)\{1}. Indeed,
assuming this is the case, then using Proposition 5.4.1 combined with Lemmata
5.2.3, 5.2.2 and 5.4.2 it is straightforward to prove to prove the continuity of the
partial derivatives which then implies the differentiability.

Fix (qo,50) € R x (0,2) \ {1}. By Lemma 5.4.1(7), we know that the partial
derivative 0,Q(q, so) exists for all, except possibly at countably many points of R.

Relying on this, choose two sequences (g; )ken and (¢ Jken of points in R with
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¢, 1 qo and ¢ | qo as k — oo so that the partial derivatives 9,Q(q, 30)|q:q; and
9,Q(q, SO)|‘1=Q$ exist.

Let v, and v} be the equilibrium states associated to 1% *° and 1/1‘13 #0_ respec-
tively. Then, by Lemmata 5.4.2 and 5.2.3, any limit point of the sequences (v )ken
and (v )reny must be the unique equilibrium state v of ¢%*0. Thus, v, — v and

v — v by the compactness of M, (3). Let G; be a sub-derivative of ¢ — Q(q, o)
at qo. It follows from Proposition 5.4.1 that

—h(:uv Vl;) o A(gpsoa ij) = an(q’ SO>|q:qk_ S Gl

< an((L SO)’q:qZ’ = _h(ua l/l:r) - A(SOS()? VI:F)’

where both bounds converge to the same value by Lemmata 5.2.2 and 5.2.3. Hence,
G1 = 0,Q(, 50)|g=qo-

Now we show that other partial derivative exists. By Lemma 5.4.1(6), we know
that the partial derivative 0;Q(qo, s) exists for all, except possibly at countably
many points on [0,00). Relying on this, choose two sequences (s, )ren and (57 )ken
of points in (0,2) \ {1} with [s;] = [s}] = [s0], s; T S0, and s | s¢ as k — oo
so that the partial derivatives 05;Q(qo, s,;)|s:5,1Z and 9;Q(qo, 5k+)|s=s; exist.

Similarly as before, let 1, and ;" be the equilibrium states associated to 1%«
and ¢qo,s;7 respectively, and notice that n, — v and ;7 — v, where v is the
unique equilibrium state of )%, Let G5 be a sub-derivative of s — @Q(qo, s) at

so. It follows from Proposition 5.4.1 that

(1- ‘JO))‘[S,H(??E) = 9:Q(o; 5)’s=s; <Gy

< aSQ(QO’ S)‘s:s;r = (1 - qo))\[s;q (77;)7

where both bounds converge to the same value by Lemmata 5.2.2 and 5.2.3. Hence,

Ga = 05Q(qo, 5)|s=s, finishing the proof. O
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5.5 Multifractal Formalism

The quantity s(q) defined in Lemma 5.4.1(4)—(5) will be used throughout this
section. The L9-spectrum is the function 7: R — R defined by 7(q) = (¢ — 1)s(q)
and the multifractal spectrum is the function f: [0,00) — R defined by

f(a) = sup{dimy,(v) : v € M,(¥) such that dimp,(u,v) = a}.
We say that 7 and f form a Legendre transform pair at (q,«) if f(s) = ga— 7(q).

Proposition 5.5.1. For each q¢ > 0 with s(q) € (0,2)\1, the symbolic L1-spectrum

T 1s continuously differentiable on a neighborhood of q with

A(p,)—A(p5(@D y
M) M) 1 5(q) s(g) € (0,1)

A(pp)—A(p*(@

m(q) = )
wo T sa) s(g) €(1,2)

Y

where v is the equilibrium state for 1 y(q)-

Proof. Recalling Proposition 5.4.1, implicit differentiation gives

_ A(py) =A@ D) S(q) c (O 1)

s'(q) = (I-g)x(v) )
Alp,v)—A 5(‘?),1/
—% s(q) € (1,2)
The claim follows since 7/(¢) = (¢ — 1)s'(q) + s(q). O

Theorem 5.5.1. Let ¢ > 0 be such that s(q),7'(q) and q7'(q) — 7(q) are all
elements of (0,1) (call this case 1) or all elements of (1,2) (case 2). Then T and
f form a Legendre transform pair at (q,7'(q)) and f(7'(q)) = dimy,(v), where v is

the equilibrium state for g s

Proof. 1t suffices to show that

q7'(q) — 7(q) = f(7'(q)) = dimy(v).
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Case 1: We assume s(q),7'(¢) and ¢7/'(¢) — 7(¢) € (0,1). By the definition of
s(q), we have P(1q ) = 0. Therefore, if n € M,(X) is such that dimy,(p,7n) =
7'(q), which is equivalent to A(u, 1) = A(p™ @, 7n), we have

= P(Ygs(0)) = h(n) + Atbgs(0), )

= h(n) + (1 — A" D, n) + gA(u, )

= h(n) + (1 — QA" ?D, ) + gA(¢™ @, n)
= h(n) + (1 = q)(sh(n)) + a(7' ()M (n))
= h(n) + M (n)((1 —¢)s(q) +q7'(q))

— h(n) + A(p-0s@+ar @ )

= h(n) + A(" D77, p)

Case 2: The argument runs through almost identically, we abbreviate it slightly.
If n € M,(X) is such that dimg (g, 1) = 7/(¢), again this is A(g, 1) = A(e™ @ n),

we have

0> (1) + AMbgsq),m) = h(n) + (1 - q)A(sos(q),n) + qA(p,m)
)+ (1= QA" @D, n) + gA(e™ @, n)
n) +M(n) + (¢7'(q) — (1 = q)s(q) — 1)Aa(n)

)

n) + A(p ar'(9)— ()777)'

h(
h
= I(
= h(

In both cases dimy, (1) < ¢7'(¢)—7(q). We have shown that f(7'(¢q)) < ¢7'(q)—7(q).
Note that if the equilibrium state v satisfies dimy, (i, v) = 7(¢) and dimy,(v) =
q7'(q¢) —7(q) then f(7'(q)) = dimy,(v) = q7'(¢) — 7(q) and proof is finished. Indeed

this is the case. For the first claim by Proposition 5.5.1, we have in case 1 that
Ap,v) = (7(@) = s(@) (V) + A", v)
= (7'(q) = s(g) + ()M = A7, v)
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and in case 2 that

Alpv) = A" v) + (7'(q) = s(0) Xa(v)
= M(v) + (s(g) = DAe(v) + (7'(q) — () A2(v)
= M)+ (7'(q) = DXa(v) = A(¢7 @, v).

In each case A(,v) = A(¢™ @, v) which is equivalent to dimy(u,v) = 7(q).

For the second claim in case 1 we have

0= P(¥ys0) = h(V) + AMWys(9):v) = h(v) — gh(p,v) + (1 — ¢)s(q) M (v)

which is equivalent to

) ()
M) (”+@< M@))'

From Proposition 5.5.1 we have 7/(¢) = —h(p, )/ 1(v) while from

qt'(q) — 7(q) € (0,1) we get dimy,(v) = —h(v)/A(v). So the equation above can

be written as

dimy,(v) = ¢7'(q) — 7(q)-
In case 2 we have that
0= P(’@Dq,s(Q)) = h(”) + )‘<¢q,s(q)v V) = h(y) + )\1(7/) + (S(Q) - 1)(1 - q))\Z(V) - qh(ﬂ” V))

which is equivalent to

M)+ M) h() M)
TR (”+q<1 Aal?) )'
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From Proposition 5.5.1 we have 7/(q) = 1 — (h(u, v) + A1 (v))/A2(v) while from
qr'(q) — 7(q) € (1,2) we get dimy,(v) =1 — (h(v) + A1 (v))/A2(v). So the equation

above can be written as

dimy,(v) = ¢7'(q) — 7(q).

So the second claim is also true and the proof is finished.

Remark. Notice that in the last part of the proof above, where we prove that

dimy,(v) = q7'(q) — 7'(q),

we didn’t use the conditions on 7'(q) so for this weaker result we can drop 7'(q)

from cases 1 and 2.

5.6 Beyond symbolic Multifractal formalism

Let A= (Ay,...,Ax) € GLy(R)Y be a tuple of contractive invertible matrices and
i1 € M(X) be a quasi-Bernoulli measure. Throughout this section we assume that
A is dominated and strongly irreducible. Furthermore we assume that (73, ..., T)

satisfies the strong separation condition. Also we set
E, = {z € R* : dimy,.(mp, z) = a}.

Proposition 5.6.1. Let g € (0,1) and a € R. Then

dimp(E,) < ga — 7(q).

Proof. As it is argued in page 17 of [10], it follows from Theorem 6(a) in [26] and
Proposition 2.5(iv) in [62]. O
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The arguments of the following two propositions are an adjustment of Theorem

4.1 in [59).

Proposition 5.6.2. Let ¢ > 1, a € R and 7(¢)/(q — 1) € (1,2). If there is
C > 1 such that for all p € R, x € R and r > 0 we have myu(B(mg(x), 7)) <
C Leb(B(mg(x),r)) then

dimp(E,) < gqa — 7(q).

Proof. Let €,€1,6 > 0. If v is an equilibrium state of the potential a5'), s then

Py hgs) = ho (V) + AWgs, V) + €122(v) < P(ibgs) + e1Xo(v) <0,

so there is v < 0 and C5 > 0 such that

D (@) () (i) < Coe™ (5-4)

li|l=n
Let ngy be large enough so that |i| > ng = as(i) < § and p; be as in the Lemma

5.3.3. The family

log(mp(B(7(x), pras([n))))
log(as(xln))

{B(W(x),plog(ﬂn)) tn = ng, T €L, <a+ 6}

is a Vitali covering of F, so by the Vitali covering lemma (see [23], thm 1.10)
there is a subfamily V' of the family which contains pairwise disjoint sets and

satisfies

Y diam(B)mstertacta = og o HUTDstarteta (B \(UV)) =0 (5.5)
BeV
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For convenience, given 7 € ", we set

oty Bt pesetal) )
< a-+te
log(ca(z|j31))

and for n € N we set V,, = Uj;—,V;. Notice that since the elements of V' are

%=V0{Mﬂ@mmﬂmm>er

pairwise disjoint there is ¢ > 0 such that #V; < cay(q)/aa(q). We have

Z diam(B)-9stastecta Z Z diam(B)(1-9stertacta

BeV, |i|=n BEV;
. . mu(B) \*
< dlam(B)(l q)s+aq+qeter < : )
X ;];VZ ag(z)“+€
u(B) \*
(p12) (1—q)s+aq+qeter (1 q)s+aq+qeter ( . )
|§]_§/ a2(2)a+e
(p 2) (1—q)s+aq+qgeter Z Z (1 q)s+e1 M(B)q
li|=n BEV;

Set s = (1 — q)s + aq + qe + €;. From Lemma 5.3.3 there is ¢; > 0 such that

the last expression in the above calculation is lower or equal to

s+e n 0[2(1.) !
p12 Z Z O[ 1 q e ¢ino“‘o¢i1(g)u (B<7T¢lnoo¢11(0)(o- (:UB))7 1(1))) ?

li|=n BEV;
where 7(xp) is the center of B. From our statement hypothesis the expression

above is is lower or equal to

Cr(pi2y et 30 Y a0 (220 w))

lij=n BEV; on(7)

Now since #V; < caq(q)/as(q) the expression above is less than or equal to

(o2 et 30 My (20 ) = cCrpuc 13 0l

o (1) aq (1)
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From this bound and 5.4 we conclude that there is M > 0, which does not
depend on 9, such that

Z diam(B)* < M,

so from 5.5 we have that

Hy (E.) < H (Ea N (UV)) +H (B,\(UV))
< HS (UV) + R (B, \(UV))

Since § was arbitrary we have that H*' (E,) < M so dimg(FE,) < (1 — q)s +

aq + qe + €1. Since € and €; were arbitrary the result follows. n

Proposition 5.6.3. Let ¢ > 1, a € R and 7(¢)/(¢ — 1) € (0,1). If there is
C' > 1 and p3s > 0 such that for all i = (iq,...,1,) € X* and x € [i] we have
B(m(x), psar(i)) < Cpul[i]) then

dimy(F,) < gqa — 7(q).

Proof. Let €,€1,6 > 0. If v is an equilibrium state of the potential aj'1, s then

P(ai'gs) = he(V) + Aty s, v) + 1M1 (V) < P(Yys) + 1M (v) <0,

so there is v < 0 and C5 > 0 such that

D (@) (i) (i) < Coe™ (5.6)
lil=
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Let ng be large enough so that |i| > ny = «a;(i) < d. The family

o loalm(BGr@). pen )
(B0, o) - o 3, BB, penleh)) o )

is a Vitali covering of F, so by the Vitali covering lemma (see [23], thm 1.10)
there is a subfamily V' of the family which contains pairwise disjoint sets and

satisfies

Z dlam 1 q)s+agq+qeter __ =00 or H(lfq)s+aq+qe+el (Ea\<UV)) -0 (57)

BeV

For convenience, given ¢ € ¥*, we set

Vi= v 0 { Blr(e), () s o € [, PEOLEEDASEIN < oy

log(ai(zl}))
and for n € N we set V;, = Uj;—,V;. Notice that since the elements of V' are

pairwise disjoint there is ¢ > 0 such that #V; < c. We have

§ dlam l q)s+aqt+qeter 2 E dlam l q)s+aq+qeter

BeV, |ij=n BEV;
: - mu(B) \*
< dlam(B)(l q)s+aq+geter ( : )
X ;LE;VZ a; (Z)a+e
q
= (1-g)s+ag+gete -\ (1—q)s+aq+qe+e WM(B)
= (py2)(-Dstaatacta Z Z oy (1)1 DsHaatacta (al(i)aJrG

li|=n BEV;

(p 3) (1—q)s+aq+qeter Z Z (1 q)s+e1 N(B)q

li|=n BEV;

Set s' = (1 —q)s + aq+ ge + €;. From our statement hypothesis the expression

above is is less than or equal to
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p32 Z Z (1 q)s+e1 (i)

|i|=n BEV;

Now since #V; < ¢ the expression above is lower or equal to

cCps2)" el Y an () p([i])7 = eCU(ps2) e Y (i) 67 (0)! i)

li|]=n li|l=n
From this bound and 5.6 we conclude that there is M > 0, which does not
depend on 9, such that

> diam(B)* < M,

so from 5.7 we have that

M3 (Ea) < H3 (Ea 0 (UV) + H5 (B \(UV))
< HF (UV) + H (B (V)
< Z diam(B)* < M.

Since § was arbitrary we have that H* (E,) < M so dimu(E,) < (1 — q)s +
aq + qe + €1. Since € and €; were arbitrary the result follows. n

Below are the two main theorems of this section. We emphasize that these

theorems hold under the conditions mentioned in the top of this section.

Theorem 5.6.1. Let g > 0.

i) Assume that for all ¢ € R and x € X we have dimy.(mpp, mp(z)) = 1. If
m(q)/(q—1),q7'(q) — 7(q) € (1,2) then
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dimy(E,(g) = q7'(q) — 7(q).

If in addition g < 1 then

dimg (Er(g)) = q7'(q) — 7(q).

i) If ¢,7(q)/(qa —1),q7'(q) — 7(q) € (0,1) then

dimp (Er()) = q7'(q) — 7(q).

Proof. We start with i). Let v to be the equilibrium state of 1, ;. From Theorem
5.5.1 and the related remark we have that

dimy,(v) = ¢7'(q) — 7(q).

We also know that dimp,(rv) = dimy(7v) (see the end of subsection 5.2.3) so

the equation above can be written as

dimy(rv) = ¢7'(q) — ().
From Proposition 5.5.1 we have that

h(p,v) + M (V)

me)=1-—— R

so from Theorem 5.3.1 we have nv(E(4)) = 1 implying

dimy (Er () = dimy(7v) = q7'(q) — 7(q)-
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In case ¢ < 1 the above becomes an equality from Proposition 5.6.1. The
argument for ii) is essentially a simplification of the proof of Proposition 5.5. in

[10]. Similarly to i) we have that

dimy (7v) = q7'(q) — 7(q).

From Theorem 5.3.1 we have that there is £ > 0 such that 7v(E;) = 1 implying

dimy(£;) > dimy(7v) = ¢7'(q) — 7(9), (5.8)

so from Proposition 5.6.1 we have

q7'(q) — 7(q) < dimu(E;) < gt — 7(q),

giving 7'(¢) < t. But for every ¢ € ¥ and n € N, since 7(][i|,]) is a subset of
Ty, (D), we have m([i]) € B(w(i), 2a1(iln)) so

— VY = Tim sup 1C8TAB (@), 2a1 (1)) . log(ul[ila])
dimyee (p, (7)) =1 THOOP log(ax (i) <l nﬁoop —log(al(i]n))

which implies that ¢t < —h(u,v)/A(v) = 7'(¢) so 7'(¢) = t. Now inequality
(5.8) becomes

dim(E, () = q7'(q) — 7(q).

The inverse inequality follows from Proposition 5.6.1.

Theorem 5.6.2. Let q¢ > 1.
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i) Assume that there is C' > 1 such that for all p € R, x € and r > 0 we have

Top(B(my(z), 7)) < C'Leb(B(mg(x),7)). If (q)/(¢—1),q7'(q) —7(q) € (1,2)
then

dimu(Er ) = q7'(q) — 7(q).

ii) Assume that here is C > 1 and ps > 0 such that for all i = (iy,...,1,) € 3*

and x € [i] we have B((x), psaa (i) < Cp([i)). Ifm(q)/(¢=1),¢7'(¢)—7(q) €
(0,1) then

dimy(Er () = q7'(q) — 7(q).

Proof. The proof is almost identical to the proof of i) in Theorem 5.6.1. The
difference here is that for claim ii), 7v(F.(y) = 1 is implied directly from the
respective assumption and that for both i) and ii) we get upper bounds from

Propositions 5.6.2 and 5.6.3.
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Chapter 6

Matrices associated to Pisot

numbers

6.1 Introduction

Bernoulli convolutions arise from arguably the simplest family of iterated function

systems with overlaps.

Definition 6.1.1. The Bernoulli convolution vg, for f € (1,2) is the unique
probability measure on [0, 5/(5 — 1)] which satisfies

1 1
vg = §F0(Vﬁ) + §F1(V5)

where Fi(t) = 7't + 4.

The questions about Bernoulli convolutions that are of interest are mainly
related to their dimension or absolutely continuity. In [21] Erdos proved that vg
is singular if § is a Pisot number. Later Garsia proved in [38] that dimy(vg) < 1
if 8 is a Pisot number. Pisot numbers are numbers that are greater than one such

their minimal polynomial is monic who’s other roots are of absolute value smaller

164



than one. In [74] Solomyak proved the remarkable result that vs is absolutely
continuous for almost all § € (1,2). In the direction of the Hausdorff dimension
there have been recent important results that shed some light to the subject and
also raised the interest for further investigation. Many of these results are based

on Hochman’s influential article [45]. An implication of Hochman’s results is that

dimp({f € (1,2) : dimp(vs) < 1}) = 0.

Varju observed in [17] that Hochman’s results also give a formula for the di-
mension of Bernoulli convolutions for algebraic parameters in terms of the Garsia
entropy which will be defined below. This way we can further study the case of
algebraic 5. Another especially motivating article came from Breuillard and Varju

(see [16]) an implication of which is the following

{B€(1,2) : dimy(vs) < 1} C {8 € (1,2) : dimy(r) < 1} NQ,

where Q is the set of algebraic numbers. This result suggested that we can find
all g € (1,2) that give dimension less than one by focusing on the algebraic num-
bers values of 5. For example, since the set of Pisot numbers is closed (see [69]), if
we could show that dimg(vg) = 1 for non-Pisot algebraic 5 then that would mean
that the Pisot numbers are the only numbers that give dimension less than one.
Recently another impressive result came from Varju proving that dimg(vg) = 1
for all transcendental 8 € (1,2) (see [79]). This last result alone, clearly reduces
the problem of determining when we have dimg(r3) < 1 to the case where 3 is

algebraic.

This chapter was motivated by our attempt to understand the Hausdorff di-

mension of Bernoulli convolutions vg when f3 is a Pisot number of high degree. By
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degree of an algebraic number we mean the degree of its minimal polynomial. In
[2] a matrix M () was introduced that provides lower bounds for dimy(v5) when 3
is hyperbolic. We focused on understanding this lower bound for Pisot numbers of
high degree. As the degree grows bigger the size of M () does so as well, giving us
sparse matrices. We unfortunately were not able to control the spectral properties
required of these matrices. Instead we defined a different family of sparse matrices
in a similar way that M () is defined but with significantly lower complexity. The
result about these toy-model matrices gave some partial insight as to why we can
not understand the matrices M (3) since they serve as a counterexamples in some

related conjectures we hoped to use as intermediate steps in the initial plan.

Definition 6.1.2. For ay,...,a, € {0,1} we define the following notation

N(ay,...,a,) := {(bl, b)) € {0, 1} Zblﬁ’ = Zalﬂz} :

=1

We also set

at,...,an€{0,1}

The Garsia entropy H(f3) of vg is defined as

H(B) = lim lHn(ﬂ).

n—oo M

It is observed in [17] that Hochman’s results in [45] imply

dimg(vg) = min {1[01;((%)), 1} . (6.1)

In [2] the authors introduce a matrix M (), for hyperbolic 3, such that

log2 —log p(M(5)) < H(p),
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which combined with 6.1 gives

. (log2 —log p(M(83)) :
min ( og 7 ,1> < dimp(vp). (6.2)

We set T;(t) = pt —i. The matrix M(S) is naturally related to a directed

graph V() which we will identify, without confusion, with it’s set of nodes. V()

is defined as V(5) = U, —, Vs, where
- n—1 1
Sar|< 5L 1} |

The set of edges of V(B) is {(z,y) € (—-1/(8 — 1),1/(8 —1))* | 3Fi €
{—1,0,1} : T;x = y}. They also prove that V() is finite when § is hyperbolic.
Assume that V(5) = {x1,...,z,} and 21 < ... < x,. The matrix M (3) is defined

Ve = {Zéfzﬂn_i | € €{-1,0,1} and
i=0

as follows:

(

1/2 if Fre{-1,1}: Ti(z;) = x;

(M>i,j = 1 if T()(SL’@) =Ty

0 otherwise
\

So far we know that the matrix M (/) provides an algorithm to get lower
bounds for explicit examples of 5. Given the minimal polynomial of § we can
construct V(3), form M (/) and calculate the maximal eigenvalue p(M(/3)). Then
(log2—log p(M(p))/5 < dimg(S3). Since understating eigenvalues of large matrices
is very hard in general, not much is know about the behaviour of 8 +— p(M(5)).
Let us describe a possible approach to study p(M(f3)). If we identify u € R" with

the measure > u(i)d,, then we can write

uM(B) =Y piTi(uw) (6.3)

i=—1
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where (p_1,po,p1) = (1/2,1,1/2). This connection of M(f) to the dynamics
allows to observe that if V() is in some sense equidistributed then we can under-

stand how a plot of M () would look like. Let L be in operator acting on signed
measures on [—1/(8 —1),1/(5 — 1)] defined as

Li(u) = Z piTi(u).

i=—1

Observe that if f: [-1/(8 —1),1/(8 — 1)] — R is continuous then

Ly(fdA) = Ly(f)dA

where

Definition 6.1.3. We will denote both the normalised mazximal left eigenvector of

M () and the measure it defines on [%ﬁl, %] as ().

Definition 6.1.4. Let a be a real number greater than log(6/3)/log(B). We define
B to be the space of Holder continuous functions from [—1/(8 —1),1/(8 —1)] to
R with exponent a. Also define L : B\ {0} — B\ {0} as Lf = Laof/||Laf]|1

Lemma 6.1.1. If f € B\ {0} then L"f — 1.

Proof. For f € Band n € N set

Af,nzsup{u(os)—f(yn:<x,y>e{— —] and [z — | <



Also for a word (z;...xzx) € {—1,0,1}" define I,
T,'o..oT! ([5_—_11, ﬁ}) Next set ¢g, ..o, = Loy © ... 0 Ty, |1,

an = ||Lo L1 |7 for n > 1. Then it’s easy to see that

r-(Ma) ¥ Baregos

z1...xn€{—1,0,1}"

.....

so that

Apngo < (H ai) Z %Aﬁn

i=1 .Z’l.--CCne{_lvovl}n

1\" 6\"
<23 (=) A== As,
(B) ! <6> 3

but, since f € B, |z —y| < 2(1/8)"(8 — 1)~! implies

@) = fw) < © (%) (%)
s that Af, < C(2/(8 — 1))* (1/8)™ which leads to
s () (555) (5) =c(2) [(5) (5)] o

Finally from Apnsg — 0 and |[|L"f||; = 1 we have that ||L"f — 1||c — O.

Corollary 6.1.1. If = fd\ and f € B\ {0} then L7(n) ““5 A,

The above lemma can been seen as a motivation to ask if the left eigenvector of
the matrix M (/) is in some sense equidistributed when the V' (/3) is big and e-dense
for small . The reason we are interested in the distribution of the eigenvectors is

the following lemma.

Lemma 6.1.2. Let 3, be a sequence of Pisot numbers, bounded away from {1, 2},

such that u(B,) “KT\. Then p(M(B,)) — 5% — 0.
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weak*

Proof. Let € > 0 be arbitrary. Since u(8,) — A and the lengths of the intervals

bellow are bounded away from zero, there is ny € N such that

W”) (lﬂn_—l I 671(6_,11— 1)) U (ﬁnwj— 0’ Bnl— 1D - 5"5; 1' <e
W") ([5n<5_nl— b’ g: - i) U (;n_—ﬁz’ ﬁn(ﬁi - 1>D ) ﬁnﬂ? 1

/Bn_2 2_571 _Q_ﬁn
"“‘(ﬁ“([ﬂn—l’ﬂn—lb 5| <

Fori € {1,...,|V(8,)|} we set w; = p(B,)({x:}) where V(8,) = {x1, ..., xjv(s,)}
and 21 < ... < Zjy(g,)- Also (e1, ..., ejv(s,)) will be the standard basis of RV,

Then

<€

and

E.

[V (Bn)l
p(M(Bn)) = (Z wzez) Bn)

[V (8n)l

- § w; 62

1

1
[V (Bn)

= Y willeiM(B,)]x
=1
[V(Br)l  IV(Bn)l

Z W Z sz Bn

by the definition of M (/3,) the last sum is equal to

N[ —

> u(ﬁn)({x})+g Y B +2 Y ulB) )
(8n)

V1 (Bn x€Va(Bn) x€V3(Bn)

=B VA (Bu)) + S (Va(50) + 205 (Va(50)
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where

[V (Bn)l i—2
M(Bn) = Ty € V(/Bn) : Z Mn,j(ﬁn) = Z Pi ¢
j=1 j=—1

but

v = (|57 s ) U am -y o)) Nve

S0 |N(ﬂn)(vl(6n)) - (ﬁn - 1)/6n| < e. Similarly |M(ﬁn)(v2(ﬁn>> - (671 - 1)/ﬁn| <e
and |1(8,)(Va(Bn)) — (2 — 8,)/B| <. Also

(B = 1)/ B+ 580 = 1)/ +2(2 = Bu)/B = 2/,
hence
PV (Ba)) — 2/l < (1/2 +3/2 + 2)e = de.
Since ¢ was arbitrary that completes the proof. [

The lemma above combined with inequality 6.2 gives the following

weak*

Lemma 6.1.3. Let (3, be a sequence of hyperbolic numbers such that u(8,) — .

Then dimg(vg,) — 1.

All this leads us to the following conjectures 3 and 4 and suggests, as a strategy,

to prove it based on the naive conjecture 5 bellow.

Conjecture 3. Let 3, be a sequence of Pisot numbers, bounded away from {1,2},

such that deg(B,) — oo and B, — 5 € (1,2). Then dimy(vs,) — 1.

Definition 6.1.5. Let S C [0,1/(5 — 1)] be finite. We will call an e-perturbation
of S any strictly increasing map 1 : S — [0,1/(8 — 1)] such that |(x) — x| < €
forallx € S.
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Conjecture 4. Let A be a finite subset of Z and p : A — (0,00). Also set
G, = {1/n,...,n/n} for each n € N. For each ¢ > 0 there is § > 0 and ng € N
such that if A is an n X n irreducible matrix for some n > ng and there is a

d-perturbation ¢ of G,, for which

p(k),  Tu(¥(ifn)) = &(j/n) and k € A

0, otherwise

4y

and T,,(Y(G,)) CY(Gy) for all k € A, then

< €.

A) — p(x)
p(A) %B

Conjecture 5. Let  be a Pisot number. Let V be a finite subset of [—1/(8 —
1),1/(B — 1)] such that L;(V) C V. Also let M be a matriz indexed by V and
defined as

;

1/2 if Iee{-1,1} T, (x)=y
(M)oy =91 if To(x) =y

0 otherwise

Assume also that M is irreducible. Then, if V' is big and e-dense for small €, the

spectral radius of M is close to 2/[.

The matrix M () has been very difficult to study. We initially tried analysing
the family of Pisot numbers satisfying 8% — 7! — 37=2 = 1. Notice that 3, — ¢.
The size of M(5,) grows very fast making hard to detect any special structure.
Also studying the spectral radius of large matrices seems to be surprisingly hard.

What follows is a toy problem that serves as simplification of the questions above.
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For z € (0,1/(8 — 1)) we define the graph V (5, z) as V(5,z) = U, Vi sn where
Vaam = {Tan o..oT. (z) | €€{0,1} and 0<T. o..0T. ()< %} .

The set of edges of V(8) is {(x,y) € (0,1/(8—1))* | Fi€{0,1}: Tjx = y}.
Assume that x has a periodic greedy [-expansion which, as we will say later, makes
V(f,x) finite. The matrix M (8, z) is defined as the adjacency matrix of (V| E).
We focus on the case of 8 = ¢ = (/54 1)/2, which is where the simplification
happens. This way we keep the dynamics fixed and the size of the matrices is
getting big by choosing different starting points x instead. The matrix M () is
completely determined by the minimal polynomial defining 8. In the toy problem
the matrix M (¢, z) is completely determined by the greedy expansion of # which

can be expressed by the following equation

d—1
Bl + Z ciiff =

i=0

where ¢y, ...,¢q4, 1, ..., Cq, ... is the greedy expansion of x. The equation above
can been seen as an analogue of the minimal polynomial equation in the case of
M (). In section 6.2 we fix § = ¢ and describe the spectral radius of M(¢,x)

using the beta-expansion map

pr, xe[0,1/5]
Br—1, x€(1/8,1]

T(x)=

Let Pr be the set of all z € (0,1) that are periodic under T. We prove that
for random enough, in a certain sense, x € Pr the spectral radius p(M (¢, z))
is approximately equal to an explicit number LE. The number LE is expressed

as a Lyapunov exponent of random matrix products. The randomness of x, for
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us roughly means that the orbit of z is relatively equidistributed in respect to
the unique absolutely continuous measure of T'. It is useful to keep in mind that
M (¢, z) tends to be of large size, as it will become clearer in the next section. We
start by proving a formula expressing p(M (¢, x)) in terms of 3x3-matrix products.

It is known (see [63]) that 75 := T : [0,1] — [0,1] is a dynamical system

with an invariant absolutely continuous probability measure pg defined by

us(B) = [ hsy

where ) is the normalised Lebesgue measure on [0, ¢] and

ho(t) = S5 telo/p)

57 tel1/B.1]
Theorem 6.1.1 below, is the main result of this section. The theorem involves
a metric d on probability measures on [0, 1] which is defined later on in terms of a

symbolic space (see definition 6.2.5).

Theorem 6.1.1. Let x € Pr and denote by u, the normalised counting measure
on the orbit of x. For each € > 0 there is 6 > 0 such that if d(ug, p) < 0 then
[log(p(M(8,2))) - LE| <.

Roughly in section 6.3 we are going to prove that if the invariant under T
probability measure, supported on a periodic orbit of a point x € Py, is close
to g then V(¢,z) is evenly spread on (0,¢). Formally we prove the following

theorem.

Theorem 6.1.2. For x € Pr we denote by p, the normalised counting measure
on the orbit of x. Let I be any subinterval of [0, ¢]. For each € > 0 there is § > 0
such that if d(ug, p.) < 9 then
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#V(B,x) N1
#V (B, x)

In loose terms, the theorem above says that if the distribution of the orbit of

- AI)| <e.

x approximates the measure ug then the distribution of V(8, z) approximates the
Lebesgue measure (properly normalised). Numerical evidence, based on equation

6.9 below, suggest that

log(2) — log(LE)
log (/%)

which together with theorem 6.1.2 implies that conjecture 4 is wrong. Finally

> 1.004,

in section 6.4 we prove a connection of the number LE to the Lebesgue almost

everywhere value of the local dimension of the Bernoulli convolution v.

6.2 The spectral radius

We start be giving a combinatorial interpretation of p(M (¢, x)).

Lemma 6.2.1.

nli_{IC}O%log (#{(ersren) € {01} T 0 .0 T (2) € (0,1)}) = log(p(M(6, 7).

Proof. 1f x € Pr then M (¢, x) is irreducible. This is an immediate consequence of
lemma 6.3.3 which is proved in the next section. Let p be the the period of M (¢, x).
Since the irreducible blocks of M (¢, z)?P are primitive with spectral radius equal

to p(M (¢, x))? we have that

M(¢, x)™
p(M(o, z))"
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converges, as n — 00, to a limit matrix which we will cal My,. Let v €

R#V(2\ 10} and & € {0,...,p — 1} then

. M(¢,x)rrte vM (¢, x)"
lim — _ M,.
w0 p(M(,2))wr — p(M(e,2))~ @

SO
lim [[uM (¢, ) H1ptx|| i p(M (¢, 2))|[vM (¢, ) +H0P+8|| [ o( M (¢, 7)) Dpts
n—o00 ||UM(¢,x)np+Fu|| n—o00 ||UM(¢7x)np+m||/p(M(¢7x)>np+,.;
(6.4)
= p(M(6,2))". (65)
By writing

vM (¢, 2)"||  [[oM(g, x)" |
[oM (@, 2)=|| " [[vM (¢, x) = 1rte]]

[ob (6,2 = odd (6, )|

and equation 6.4 we have get

Tim g (|loM(6,2)"") = plos(p(M(@,2)))

or equivalently

lim
n—oo NP + K

log ([[vM (¢, )™ *"||) = log(p(M (¢, )))

but since k was arbitrary we have

i o ([0} (6, 2)" ) = log(p(M (1)
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From the definition of M (¢, x) if we set v to be the vector corresponding to

giving value 1 to x and value 0 to every other element of V' (¢, ) then

oM (¢, 2)"|| = # {(e1, o e0) € {0,1}": T2 0.0 T, (2) € (0,1)}

so from the discussion above we conclude

nli_}n;()%log (#{(ers ) € {01} : T 0 0 Ty (2) € (0,1)}) = log(p(M(é, 2)).
]

In the following two lemmata we show that we can compute

Z 6T5no...oT51 (z)

in terms of the the orbit of x under 7', using matrix products.

Lemma 6.2.2. For each x € (0,5) and n € N
{T.,0..0T., (x) : (en,...,e1) € {0,1}"} N (0,8) C{T"(x), T"(x) +1/B,T"(x) + 1} .

Proof. We are going to prove it by induction on n. For n = 0 there is nothing
to prove so let’s assume that the statement is true for some fixed n and prove it
for n + 1. We start by the case where 2’ := T"(z) < 1/5. Then T'(z') = Bz,
Ti(2") ¢ (0,1) and Ty(a' 4+ 1) ¢ (0,1) hence by the inductive step

{T.,, 0..0T,(2) : (ps1,..re1) € {0,131} N (0, B)
CA{To(2"), To(z" +1/B), T (2" +1/5), T1 (2" + 1)}

={pa', B2’ +1/B, 82 + 1} = {1 (2), T"(z) + 1/8, T"(z) + 1}.
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For the second case we have 2’ := T™(z) > 1/8. Then T(z') = fx — 1,
To(z' +1) ¢ (0,1), Ti(z" + 1) ¢ (0,1) and To(2' + 1/8) ¢ (0,1) hence by the

inductive step

{T.,., 0.0 T, (2) : (Eng1, .-re1) € {0,131} N (0, 8)
C{To('), Th(2"), 1 (2" + 1/8)}
={B2' —1,p2"} C{T" (), T (2) +1/8, T (x) + 1}

which completes the second case and the proof. O

Definition 6.2.1. For each x € (0, ) and n € N we define

vi(z,n) = #{(en,....e1) € {0,1}" : T, o ...0 T, (2)
vo(z,m) 1 = #{(en,...,e1) € {0,1}" : T, o ..o T, (2)

vg(z,n) : = #{(en,....,e1) € {0,1}" : T, o ...0 T; (2)

T"(z)},
T"(x) +1/B} - x(0,8(T"(x) +1/8),
T"(z) + 1} - X(0,5(T"(z) + 1)

and v(z,n) = (v1, V2, v3).
Lemma 6.2.3. Let x € (0,5). If T"(x) € (0,1 — 1/B) then
v(z,n+ 1) = v(z,n)Ay.
I T"(x) € (1—1/8,1/8) then
v(z,n+ 1) = v(z,n) Ay,
IfT"(x) € (1/8,1) then
v(z,n+1) = v(w,n) Ay

where
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100 1 00 1 0 1
Ay =11 0 1 Apr:=11 0 0 Ar:=10 0 1
010 01 0 00 0

Proof. Set 2/ =T™(x). Then

/ To(z") = pa’  for 2’ € (0,1)

v —
Ty(a") = pa’ — 1 for 2’ € (1/5,1]

1 Ty(a' +5) = 2’ +1 fora’ €[0,1—~1/B)
r+-—
b Tl(x'+%)zﬁx’ for 2’ € (0,1)

To(x' +1)=pa' + 3 forx’ €0
r+1—
Tﬂx’#—l)zﬁx’—i—% for 2’ € [0,1/5)

where the conditions on &’ on the right rise by demanding 7;(z’) € (0, 3). Putting

the information above together and remembering that

px' ' €[0,1/p]
px' —1 ' € (1/5,1]

T 2) =T(2)) =

the proof of the lemma follows.

]

Remark. If x € (1,5) then there exists k € N such that for m < k we have
{T"(z)} = {T:,, 0...0T.,(z) : (e, ..., e1) € {0,1}"} N (0,5), T™(x) € (1,5) and
T"(z) € [0,1] for alln > k.
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By the remark above we can assume that « € [0,1]. Now let f, : [0,1] — [0, 1]
be defined as fo(t) = 7't and f; : [0,1/8] — [0,1] as f1(t) = B~ (t + 1). We also

set fo = folpayg and for = folp/say. A sequence {a;}ien € {0,07, 1} is called
admissible if or all 7 € N

A7 =1

A, Ai+1

where A is the matrix

1 10
0 01
1 10

indexed by (0/,0”,1) and similarly (aq, ...,a,) € {0/,0”,1}", for any n € N, is
called admissible if A7, ;.. = 1foralli € {1,..,n—1}. Let ¥ be the set of infinite
admissible sequences and o : ¥ — ¥ be the left shift map. Also we set ¥* to be
the set of all finite admissible words with letters in {0’,0”,1} and ¥p to be the set
of all non-constant o-periodic elements of . We define the cylinder set notation
as [ay, ..., a,) = {(x1,...) € 2|Vi € {1,...,n} : x; = a;} for (aq,...,a,) € *. Finally
we define the function 7 : ¥ — [0,1/(5 — 1)] by

m(ay,...)} = ﬂ fay © ... 0 fo, (Domain(f,,)).

neN

which is well defined since the maps f,, are contracting by 37!. Note that if
(ay,...,a,) € ¥* then

m([at, ..., an]) = fa, © .. 0 fa, (Domain(f,,)).
Remark: If (ay,...,a,) € £* then
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t € m([ay,...,an]) & Vi€ {1,...,n} : T ) € fu,(Domain(f,,)).

Note that

po(n(la, ... an])) = d(a1) " A(fa, (Domain(fa,)))

where

L0 ae{0,07}

or equivalently

(a1, a])) _ps(n((aa, ..., an]))
(

B (lay Hp
uﬁ(w([al,...,an]))—ﬂﬁ( ([ ])) W([al,...,an,ﬂ))

ps(m(lad])) ~ ps
= pa(r([a1]))P(ar, az) - ... - Plan—1, an)

where

1/8 1/8* 0
P=10 0 1
1/ 1/8% 0
Definition 6.2.2. If y is a non-atomic measure on [0, 1] we will denote be 7'y

the measure on ¥ defined by

The measure w1 is well defined since 7, restricted outside a countable set, is
injective.
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Remark: Subintervals of [0, 1] are continuity sets for any non-atomic measure.
Hence, if i is a non-atomic measure on [0, 1] and (f,, )nen is a sequence of measures

on [0, 1] then

weak* 1 weak* _q
Wy — LS Ty — T

Definition 6.2.3. We will say that a = (ay, ..., a,) € X* is reqular if it is not of

one of the following forms:

(Ola Ola ) 0/)7

(O/, O//7 0/7 0//’ e 0/’ O”),

or

(O// 0/ 0// O/ 0// O/)
Lemma 6.2.4. Let (ay,...,a,) € ¥* be reqular. Then
110 0l(Aa, - Aa )" |

lim = p(Aa, - Aay)
I 0 01(Aay - Aay)]

Proof. A set S C {0/,0”,1} will be called essential class of 3 x 3, indexed by
{0",0”, 1}, matrix if for each i € {0’,0”,1} either

A #0&5€S
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or

A; ;=0 forallje{0,0"1}.

In that case we set

A, i,j€8
AT =
0, otherwise
Notice that A" = A - (A®)" 1. Also A%, after permutation, consists of a

strictly positive square block and the rest of the entries are zero. From these two

observations we see that

vATHL
Jim H = r4)

for any v that contains non-zero entries in S. So it is enough to prove that
A, - ...+ A, has an essential class containing 0.

Let a = (ay, ..., a,) € ¥* be regular. Since a is regular, one can see by exhaus-
tion, that if s is the least natural number for which (ay,...,a,) is a non-regular
element of ¥*, then S is the essential class of A, - ... - A,, for some S C {0',0",1}
containing (/. Observe that for any two matrices A, B indexed by {0/,0”,1}, if A
has an essential class containing 0’ and By = 1 then AB also has an essential

class containing 0. Thus A,, - ... - A,, has an essential class that contains 0’ as

needed, which completes the proof.

O

Proposition 6.2.1. Leta = (ay, ..., a,) € X* be a reqular and v = 7(ay, ..., Gy, Gy, ...

Then
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nlog(p(M(5,x))) = log (p (Aa,--Aa,)) -

Proof. Combining 6.2.1 and 6.2.3 we get

nlog(p(M(B,z))) = lim %log (#{(enw, 1) € {0,1}" : T, o...0T. (x) € (0,8)})

K—00

.1 K
= lim Elog (H[l 0 0] (Aq--Ag,) ||>

KR—00

Now with a similar calculation as in the proof of 6.2.1 we get from 6.2.4

. 1 K _
tim —log ([I[1 0 0] (AayAa) ) = p(Aay - - Au).

K—00

]

Proposition 6.2.1 suggests that in order to capture the typical behaviour of
p(M(B,z)) for x € Xp we can define LE, which appears in 6.1.1, to be the

Lyapunov exponent of {A_;, Ag, A1} driven by 7 'us.
Definition 6.2.4.

1

LE = lim = [ log(||A4,... A, ||) dntus(z).
n—oo 1M »

The limit exists by sub-additivety.

We also need to define the metrics below.

Definition 6.2.5. Let I,, be the set of X* elements of length n. We define a metric

on probability measures on > by

st ) = 3 5 S 1all) = ([
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If u, v are probability measures on [0,1] then we set

d(p,v) = ds(n™ p,m"'v)
It is easy to observe that the topology given by d is the weak™ topology.

Proposition 6.2.2. Let a = (ay, ..., @, A1, ..., A, ...) € Lp and denote by p, the
normalised counting measure on the orbit of a. For each € > 0 there is § > 0 such

that if ds(m g, pa) < 0 then |p(M(B,7(a))) — LE| < .

Proof. Without loss of generality, by making ¢ small enough, we can assume that

(ay,...,a,) is regular. Define f;: ¥ — R by

file) = 7108 (| As, A )

By Gelfand’s formula and p(AB) = p(BA), for any two k X k matrices A, B,

we can choose [ large enough such that

log(p(Aqg, .- Ag,))

filc"a) — ‘ <egf/4 forall keN (6.6)

and

‘/fldw—luﬁ - LE‘ <e/4

There is m € N such that

1
— <&/
m 6/

@)+ o™ @)~ [ fd
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Since convergence in the metric dg is equivalent to the weak* convergence there

is a > 0 such that

<e/d

’/fzdﬂluﬁ—/fzdua

if dg(m g, a) < 0. Now from 6.6 we also get that

1 log(p(Aqg, ... Aq,
'—(fl(@ Lot Ao (a) — el ”‘ < e/t
m n
Now the last four inequalities above give that
1 Ay A
08(p(Auy--Au)) LE‘ .

n

so from proposition 6.2.1 we have

log(p(M(8,7(a)))) — LE| <e.
O

Proof of Theorem 6.1.1. 1t is an immediate consequence of proposition 6.2.2 since

every periodic point z of T can be written as « = 7(a) where a € Xp. O

6.3 Equidistribution of V (¢, )

We keep the notations of the last section. For v € R? denote by 7(v) the vector

that rises by replacing each non zero entry of v by 1. We define

O ={(1,0,0),(1,0,1),(1,1,0)}
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also, without confusion, the symbols 0/,0” and 1 will stand for functions from

O to itself as follows

i(v) = T(v4;)

where ¢ € {0/,0”,1} and v € O. Now we are ready to define a dynamical
system (S, F') by setting S = O x ¥ and

F(v,(x1,25...)) = (21(v), (22, ...))

where (z1,...) € ¥ and v € O. We also set p;,p2 to be the first and second
coordinate projections of S respectively. By the construction of (S, F') and lemma

6.2.3 we have the following lemma.

Lemma 6.3.1. Let x = (x1,...) € Xp then

{T., o..0oT., (n(x)) : (en,...,e1) € {0,1}"} N (0, 5)
={T"om(x),(T" om(z) + 1/B)p:1(F"((1,0,0),2))(2), (T" o m(z) + 1)p1 (F™((1,0,0),2))(3)} .

We also need to define the geometric analogue of (S, F). That is (S', F’) where
S'=0 x[0,1] and

F'(v,2) = (1 Xy wa)(T(2) + 1/8), Xy wa) (T(2) + 1)), T(2))-

where

Y(v,2) ={Ti(y) : 1 € {0,1} and y € {z,v(2)(x + 1/5), v(3)(x + 1)}} N (0, B).

We will denote the coordinate projections of &’ with the same symbols py, po

as before. The sets of the form {v} x 7([i]) for v € O and ¢ € {0/,0",1} are a

187



Markov partition P of (S’, F'). Heuristically the respective transfer operator of

the zero potential is expressed by the following matrix

_ o O O
- o O O

o O O o o o o o =
o O O o o o o o =
SO = O O O O O = O
- o = = O O = O O
= O = B O O = O ©
S O O o o o o o o
o O O O = O o o o

o o o o o
o o o o o

where the elements of P are lexicographically ordered according to (1,0,0) <

(1,0,1) < (1,1,0) and 0/ < 0" < 1. Let

{{v} x7([i]) ;v € O,i € {0,0",1}} = {51, ..., Sg }

where ¢ — S! respects the order just mentioned.

The leading eigenvector of the normal form of the above matrix is

7::(0,0,1 2 (5—\/5) (5+3f) (5+3f)

V510

describing a piecewise uniform measure v on S’ satisfying

1
(et 3\/5)>

10 ﬁ

7(S!) = T (i).

One can directly verify that this is indeed an invariant measure of F’. The

uniqueness follows from the fact that F” is ergodic in respect to 7 and that for
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each y € S’ outside the support of 7 there is n, € N such that F'™ is in the

support of v.

Definition 6.3.1. Let a € Xp. The orbit of ((1,0,0),a) under F is finite as a
subset of O x {a"(a) : n € N} so it is pre-periodic. We will denote by Mg(a) the
periodic part of that orbit. Similarly My(a) will be the periodic part of the F'-orbit

of ((1,0,0),7(a)).

Lemma 6.3.2. Let {a,}.n be a sequence of elements of ¥p. Let ,, be the nor-
malised counting measure on the T-orbit of w(a,) and v,, be the normalised count-

weak

ing measure on My(ay,). If pg veak ws then v, vkt

Proof. Let M be the set of invariant probability measures of (S’, F’). The weak”
topology makes M a metrizable compact space. Assume, aiming at a contradiction,
that there is a weak™*-open subset B of M containing v such that {n € N: v, ¢ B}
is infinite. Since M is a weak™*-compact we can assume, taking a sub-sequence if
necessary, that v, weak® 7 where 1/ # v. It is clear that ps(v,,) = fta, S0 p2(V') =
lim,, p2(v,,) = lim, ., = pp, where the limits are weak™. From py(v') = pug
and that ps is absolutely continuous we get that so is v/ which contradicts the

uniqueness of the absolutely continuous invariant probability measure ». O]

Lemma 6.3.3. Let a = (ay,...) € Xp with period l. Then

= J (), (x(2) + 1/8)0(2), (n(z) + 1)u(3)} : (v,2) € Mi(a)}.
In addition the size of My(a) is 1.

Proof. By lemma 6.3.1 we have that

a) 2 |J () +1/B)v(2), (x(x) + Dv(3)} : (v, 2) € M(a)}-
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Observe that O\(({(1,0,0)} x ([0']U[0"]))U({(1,0,1)} x [1])) is invariant under
F. Let £ be least natural number such that F5(((1,0,0),a)) ¢ {(1,0,0)} x ([0'] U
[0”]) Of course there is no repetition in (((1,0,0),a), ..., F'*$=1(((1,0,0),a))). On
the other hand F'(((1,0,0),a)), F*(((1,0,0),a)) € O x [1] hence

F(F7(((1,0,0),)) = F(F(((1,0,0),a))) = ((1,0,1), 0" (a))

which implies

F'(((1,0,1),0"(a))) = ((1,0,1),0"(a)).

By the above the periodic part of the orbit of ((1,0,0), a) is either { F"(((1,0,0),a)) :
n € NI\{F"(((1,0,0),a)) : n € N and n < &} or {F"(((1,0,0),a)) : n €
NW{F"(((1,0,0),a)) :n € N and n < &} and the size of the periodic part is (.

Now assume that m € V(5,7(a)). By lemma 6.3.1 we know that there exists
(u, z) in the orbit of ((1,0,0),a) such that

m € {m(x), (7(x) +1/8)v(2), (w(z) + 1)v(3)}.

By the discussion above if v € {(1,1,0),(1,0,1)} then (v,z) € My(a). If
v = (1,0,0) then m = m(z) and since pa(Ms(a)) is equal to the o-orbit a which

contains z there is (u,z) € M,(a) such that

m € {n(z), (w(z) + 1/8)u(2), (v(z) + Du(3)}

which completes the proof.

190



Lemma 6.3.4. Let a = (ay,...) € Xp with period l. If (v, z) # (u,y) are in M,(a)
then

{w, (z+1/8)0(2), (@ + Do)} () {y, (v + 1/B)u(2), (y + Du(3)} = 0.

In order to prove the lemma above we first need to extent the symbolic dynam-
ics of T to [0, ¢]. We give the definitions again including an extra symbol. The
new definitions are compatible with the existing ones.

Now let f, : [1/8,8] — [0,1] be defined as fi(t) = 71 (¢t + 1). Also f, fJ and
f1 are defined as before. A sequence {a;}ien € {0/,0”,1, s} is called admissible if

oralli e N

Aan =1
150341
where A® is the matrix
1100
0010
1 100
0011

indexed by (0/,0”,1, s) and similarly, for any n € N, (a4, ...,a,) € {0/,0”, 1, s}"
is called admissible if A7 .. = 1forall i € {1,...,n —1}. Let ¥. be the set
of infinite admissible sequences and o : 3. — Y. be the left shift map, without
confusion. Also we set 3% to be the set of all finite admissible words with letters
in {0,0”,1,s}. We define the cylinder set notation as [ay,...,a,] = {(z1,...) €
Y\Vi € {1,...,n} : ; = a;} for (a,...,a,) € 3. Finally we define the function

m:X—[0,1/(8—1)] by
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m(ay, .. ﬂ fay © -0 fo, (Domain(f,,)).

neN

Note that if (aq, ..., a,) € ¥f then

m([ay, ..., an]) = fa, © ... 0 fo, (Domain(f,,)).

Proof of lemma 6.5.4. Set x = w(a). By lemma 6.3.3 it is enough to prove that

there if m,n are different mod [ then

{T"(x), T"(2) + 1/8,T"(z) + 1} [ {T™(x), T (x) + 1/B8,T™(x) + 1} = 0.

Aiming towards a contradiction assume there is counterexample pair of m and
n for the statement above. Since T"(z) # T™(x) and by symmetry the only cases
that we need to consider are T"(z) + 1/ = T™(x), T"(x) + 1/ = T™(x) + 1
and T"(x) +1 = T™(x). The last one gives a contradiction since 7" (z) < 1 and
T"(z)+ 1> 1.

We focus on the case where T"(x)+1/8 = T™(x)+1, the case of T"(x)+1/8 =
T™(x) can be treated similarly and is quite simpler. We have that 7"(z) > 1—-1/8
and that 7™ (z) < f—1 = 1/ which means that the first symbol of 6" (a) belongs
to {0”,1} while the fist symbol of ¢ (a) belongs to {0’,0”} . The following rules

for adding 1/ can be verified by trivial calculations

7((0",bg, b3, ...)) +1/8 = w((s, b, b3, ...)),

m((1,07,1,07,1,...,0",1,0/,0", b, b1, . )) 4+ 1/8 = 70((, 5, ., bie, b1, o2,
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where the number of 's’ appearances on the right hand side is 2r + 3 where r
is the number of 0”, 1 successive repetitions after the first symbol in the left hand

side and

7((1,0”,1,0",1,...,0",1,0,0', by, ber, -..)) + 1/8 = 7((, 8, ooy 1, b, brs, -..)),

where the number of 's” appearances on the right hand side is 2r + 2 where r
is the number of 0”, 1 successive repetitions after the first symbol in the left hand

side. For adding 1 we have

7((0),0, by, by, ) + 1 = m((5, 1, b3, b3, ..)),

W((O,, 0”, bg, b4, )) + 1= W((S, S, b3, bg, ))7

m((07,1,07,1,0",..1,0", 0", b, b1, o)) + 1/8 = 70((8, 8, ooy b, bty -2,

where the number of 's” appearances on the right hand side is 2r + 2 where r
is the number of 1, 0" successive repetitions after the first symbol in the left hand

side,

7((0”,1,0",1,0”,..1,0",0" b, bes1, ) + 1/8 = w((8, 8, o0y 1, by, by, -2)),

where the number of s’ appearances on the right hand side is 2r + 1 where
r is the number of 1,0” successive repetitions after the first symbol in the left

hand side. Applying the rules above to a we can conclude that there are finally
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periodic elements b, ¢ € ¥ such that w(b) = T"(z) + 1/8 and 7(c) = T™(z) + 1
with different values for arbitrary large natural number. From that it is implied

that T"(x) +1/8 # T™(x) 4+ 1 giving the required contradiction.

Proof of theorem 6.1.2. By lemmata 6.3.3 and 6.3.4 we have that for any subin-
terval J of [0, ¢],

HV(Bx)NT= Y #{z (x+1/8)w(2),(z+ uB3)}nJ

(v,x)€Mg(a)

— Z #{x,(x+1/68)v(2),(x+ 1)v3)}NJ

((1,0,0),z)eMg(a)

+ Y #{n @+ 1/Be@), @+ @)} nJ

((17011)11:)6M9(a)

+ > #H{a e+ 1/B), (r + D)} N T

((1,1,0),2)€ My (a)
= #({(1,0,0)} x J) 0 My(a) + #({(1,0,1)} x J) N My(a)
+#{(1,0, 1)} x (J = 1)) N My(a) + #({(1,1,0)} x J) N My(a)
+#{(1,1,0)} x (J = 1/8)) N My(a)
= #My(a)[va({(1,0,0)} x J) +va({(1,0,1)} x J)
+va({(1,0,1)} x (J = 1)) + va({(1,1,0)} x J)
+ra({(1, 1,0)} x (J = 1/8))].

For convenience set for any subinterval J of [0, ¢],
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Zy1=1{(1,0,0)} x J
Z5o={(1,0,1)} x J
Zys=1{(1,0,1)} x (J — 1)
Za={(1,1,0)} x J

( )

so the equation above can be written as

5

#V(B,2) N T = My(a) > va(Z1:):

i=1

From this, by making § small enough, lemma 6.3.2 gives

#V(B.r)N T My(@) 30, 7(Zn) | _ (6.7)

#V(B,x)  Myla) Y, 7(Zje)

Since we have earlier computed 7, a straightforward calculation gives us that

there exists ¢ > 0 such that

My(a) Y " 0(Z3) = cA(J),

=1

for any subinterval J of [0, ¢]. Hence equation 6.7 gives

#V(B,2) N1

g 0

<e.
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6.4 The Lyapunov exponent LE and local dimen-
sion
This aim of this section is to prove theorem 6.4.1 below.

Lemma 6.4.1. For every positive integer n we have

U{{sup((as, ... an)), inf w([ar, ..., an))} : (a1, ..., an) € {0/,07,1}"}
D{T ' oo T M(z): (e, ...,e1) € {0,1}", x € {0,0}} N[0, 1].

Proof. Let n be a positive integer. Assume, aiming at a contradiction, that there

1S

v e{T o..oT (z): (en,....,e1) € {0,1}", x € {0,90}} N[0, 1]

and (ai,...,a,) € X* such that x belongs to the interior of 7([ay, ..., a,]). Let
Ens-r€1 € {0,1} besuch that # = T 'o...oT; ' (¢). The case of z = T 'o...oT, *(0)

is similar. Choose some 2’ € (inf 7([ay, ..., a,)), ). Notice that
T(z) —T™2') = f, oo fil (@)= fi oo fit(a) = (x —2')p"

Let by, ...,b, € {0,1} such that T}, o...o T, (x) € (0,¢]. Then

Ty, 0...0oTy () > Ty, 0...0Ty, (') =T}, o...0o Ty, (x) — (' — z)o"

n

¢

V

>T"(z) — (2 —z)¢" =T"(x) =T (x) + T"(2") >0

hence

Ty, 0...oTy () — (' —x)p" € {T., 0.0 T, (2') : (€n, ..., e1) € {0,1}"} N (0, ).
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The above implies

{T., o...oT. (z): (en,...,e1) € {0,1}"} N (0, ®)
D{T., 0..0T., (z): (g4, ....e1) € {0,1}"} N (0, 9] — (2" — x)o"

which given 2 = T, ' o... o T, (¢) it gives us

#A{T., o..0oT. (2'): (en,....,e1) € {0,1}"} N (0, ¢)
>H#{T. o...oT. (z): (ep,...,e1) € {0,1}"} N (0, 0)

which contradicts

#AT., o..oT., (2"): (en,....,e1) € {0,1}"} N (0, ¢)
= 4 {z €{1,2,3}:[1 0 0]Aq..-Aq, (1) # 0}

=#A{T., o..0oT., () : (en,...,e1) € {0,1}"} N (0, §).
Definition 6.4.1. For every positive integer n we define

Fni=A{n(lar, ...,a,)) : (a1, ...,a,) € X}

and for x € (0,1) we set

Pz)=#{(c1,...,en) €{0,1}" 12 € T 0.0 T ((0,9))}
=#{(e1,....,en) €{0,1}": T, o...0T. (x) € (0,0)}.

Also we will denote by X1 the set of all elements in 3 that are not terminally

constant.
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Notice that, from lemma 6.2.3, if = € 7([aq, ..., a,])°, for (aq,...,a,) € ¥*, then

P, (z) = Hh 0 0]Ag.Aq,

Lemma 6.4.2. Let A € F,, and x € A°, then

Po(z) = #{(c1,....,en) € {0,1}" : T 0.0 T ([0, ¢]) D A}

Proof. Suppose that A = 7([ay, ..., a,]) for (ai,...,a,) € ¥*. Lemma 6.4.1 and

x € m([ay, ..., a,))° gives us

ze€T o, 0T ((0,9) & n([at,...,a,])° C T o...o T (0, 9))

En €1

& m(lar, .., an]) C T2 oo TH([0, ).

Definition 6.4.2. For A € F,, we set P,(A) = P,(x) where x is any element of
A°.

]

Lemma 6.4.1 tells us that the our sets F,, are a finer version of the net intervals
Fn, restricted to [0,1] C [0, ¢], of the sets F,, defined in the section 2.3 of [40]
and for the case of the Bernoulli convolution v4. Also lemma 6.4.2 shows that
P, is the equivalent, for our partitions, of the quantities P, defined in notation
3.3 of the same paper. We should mention that the Bernoulli convolution vy is of
finite type as it mentioned on page 2 of the same paper. That gives us, by the
same arguments they used, an version of their corollary 3.7. For completeness we

include their arguments bellow.

198



Lemma 6.4.3. There is C > 1 such that for all positive integers n, A € F,, and

x € A° we have

C~'ug(A) < 27"P,(z) < Crg(A).

Proof. Let A = n(lay,...,a,]) for (ai,...,a,) € ¥*. Recall that the Bernoulli

convolution v satisfies

which also implies

1
Ve =5 Z T, ' o..oT, (vp). (6.8)

Now suppose that

Then f, ' o...o f,1(A) € {{0,1],[0,1/8} so from lemma 6.2.2

I., 0.0 T (A) € {[0,1/6], [1/5,2/6], [1, ¢1, [0, 1], [1/ 5, 6]}

so there is a finite set of possible values for
vp(Te, 00 Tey (D)) = T 00 T (1) (A).

We conclude that there is C' > 1 such that for all positive integers n, €1, ...,&, €

{0,1} and A € F,,,
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CH < T o..oT  vg)(n([ar,....an))) < C,
which combined with lemma 6.4.2 and equation 6.8 completes the proof. [

Lemma 6.4.4. There is C; > 1 such that all positive integers n and adjacent

intervals A1, Ay € F,, we have

1

Proof. We will do induction on n. The base case is trivial so we assume that the
result holds for n — 1 and prove the inequality for n. Notice that if A € F,,
A e Fpopand A C A’ then if T, o ..o T ([0,¢]) D A’ there is ¢, € {0,1}
such that 7-' o ... o T ([0, ¢]) 2 A. This observation and lemma 6.4.2 implies
that P,(A) > P, 1(A’). Now if there is NE= Fn_1 containing A7, A, then, for
i€ {1,2},

Poi(A) < Po(A;) < 2P,1(A)

so the result holds. Next we assume that there are adjacent 3\1,5\2 € Fn1

such that A, Ay are contained in A\l, 5\1 respectively. Define

Dy ={(e1,-8n1) € {0, 13" ssup T o o T L ([0, 6]) = sup A}

Dy ={(e1,-8n1) € {0, 1" s inf T o 0 T ([0, 6]) = inf Ay}

E={(1, 0 1) € {0, 13" T 0o TEE ([0, ¢]) 2 Ay UAL}

and observe that
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Py(A) S #Dy + 24#E < Po_i(A)) + 2P, 1 (As)

so, choosing C'; > 2 and using the inductive hypothesis we get

Pu(A1) < P (D)) + 2P, 1 (As)
<

2

: ((n — )Py (Ay) + aPnl(AAz))

<0 (0= )P (B) + Poa(B5))

P,
Cr(n — 1) Pt (D) + 2P, 1(Ay)
C

= Clnpnfl(&)

é ClnPn(Ag)

the other inequality is similar.

]
Lemma 6.4.5. Let (a;)ieny € X1 and v = 7w(ay, ...) then
it (v 2) = Tim 08" Pa(@) _ log(2™" [|[1 0 0]Aa;-Aq,|])
imee(vg, ) = lim —————** = lim
¢ n—00 log(d)*n) n—00 log(gﬁ*")
if the limit exists.
Proof. Note that since (a;);eny € X7 we have x € 7([aq, ...., a,])° for every positive

integer n. Since the length of 7([ay, ..., a,]) is at most =™ we have 7([ay, ..., a,]) C

[x — 7™ x + "] so, from lemma 6.4.3,

log(vs(lz — 7"z +B7"]) _ log(vs(r([as, ..., as])))
log(3-") h log(5—™)
log(C~127"P,(x))
log (=)
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Now for the lower bound we observe that there is a natural number M, which
does not depend on n, such that [x — 7", x 4+ f7"] can be covered by at most M
adjacent elements of F,, one of which is 7([ay,...,a,]). So by lemmata 6.4.3 and

6.4.4 we have that

log(vs(lx = 87" 2+ 57"])) _ log(MC'n™C27"P,(x))
log(5-") g log(57")

Combining the two inequalities gives us the result. O

The following theorem shows a connection between the number LE we defined
in order to understand how the spectral radius of the matrices M (/3,z) behaves
and the local dimension of the Bernoulli convolution vg. See also proposition 1.4

and table 1 in [30] and [60] where similar techniques were used.
Theorem 6.4.1. For Lebesgue a.e. x € (0,1)
: LE —log(2)
dimye(vg, ) = ———
o D) = (o)

Proof. From Kingman'’s ergodic theorem and dominated convergence for 7 (us)-

a.e. a € 2 we have that

1
lim —log(||Aq,..-As,||) = LE. (6.9)
n—oo M,

But 7 (ug)(X;) = 1 since 7 *(pg) is non-atomic. So from lemma 6.4.5, for

7 (up)-a.e. a € 3, the equation above is equivalent to

Llog(27"|Aa, - Aa,ll)  LE —log(2)
m - — =
noyoo o log(¢™") log(¢)
giving us that for pz-a.e. x we have dimo.(vy, ) = (LE —log(2))/log(¢). The

dimyec(vg, m(a)) =

result follows since g is equivalent to the Lebesgue measure restricted on [0,1]. [
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