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Abstract

There are two main topics in the thesis. In the second chapter we study two-
dimensional classes of topological similarity in the groups of automorphisms of
some linearly ordered Fraissé classes: the rationals, the linearly ordered random
graph and the linearly ordered Urysohn space. The main theorem establishes
meagerness of two-dimensional similarity classes in these groups. As a byprod-
uct we get some results about the group of isometries of the Urysohn space.
The third chapter is devoted to the metrics on the free products and HNN
extensions of groups with two-sided invariant metrics. Using the approach of
Graev to metrics on the free groups we show the existence of the coproducts
in the category of groups with two-sided invariant metrics and Lipschitz ho-
momorphisms. We then apply this theory to formulate a criterion when two
topologically similar elements in a SIN Polish group are conjugate inside a big-

ger SIN Polish group.
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Chapter 1

Introduction

The topic of this thesis lies on the boundary of several areas. A descriptive
name for the subject would be “Extending partial isomorphisms”. This is both
an old and a very recent area: some central results and constructions have been
around for decades but it was not until recently that these results were realized
to be so closely connected as to form a separate field of study.

Let me start with a typical question. Take a mathematical structure. The
notion of a structure is very vague for the moment, but one can formalize it in
the sense of the first order logic. A notion of structure comes with appropriate
notions of substructure and isomorphism between structures. For example, we
can look at sets and subsets, groups and subgroups, metric spaces and subspaces,
graphs and induced subgraphs, etc. By a partial isomorphism we mean an
isomorphism between substructures.

Let us say we have a structure A and two substructures B,C < A and
assume, moreover, that B and C are isomorphic with ¢ : B — C being a
specific isomorphism. Can we embed A into a bigger structure D that will admit
an automorphism ¢ : D — D such that Y| = ¢? In other words, we start
with a partial isomorphism of A and try to extend it to a full automorphism of

a bigger structure D.

1.1 Fraissé classes

One concrete instance of this general paradigm of extending partial isomor-
phisms comes from the theory of Fraissé classes.

Let L be a relational first order language, and let K be a collection of finite
L-structures. The collection K is called a Fraissé class if the following conditions

are met.

1. Hereditary property: if B € K and A is a substructure of B, then A € K.

2. Joint embedding property: for all A, B € K there exists C € K such that
both A and B are (up to isomorphism) substructures of C.

3. Amalgamation property: for all A,;B,C € K and for all embeddings i :
A — B and j : A — C there exist D € K and embeddings k£ : B — D,



l:C — D such that koi=1o0j.

4. Up to isomorphism there are only countably many distinct structures in

K.

Classical examples of Fraissé classes include the classes of finite sets, finite
graphs, finite linear orderings, and finite metric spaces with rational distances
(some restriction on the set of distances is necessary in order to have only
countably many different spaces up to isometry).

It was R. Fraissé who realized that with any such class one can associate
what is now called a Fraissé limit. Here a Fraissé limit of the Fraissé class I is

a countable L-structure K such that

1. Finite substructures of K are (up to isomorphism) exactly the structures
in .

2. If A and B are finite substructures of K and ¢ : A — B is an isomorphism,
then there exists an automorphism v : K — K such that ¥|a = ¢.

It is a theorem of Fraissé that any I has a limit and, moreover, this limit is
unique up to isomorphism. For the above mentioned examples of Fraissé classes
their limits are: the countably infinite set, the random (or Rado) graph, the set
of rationals with the usual ordering, and the rational Urysohn metric space.

Since the work of Fraissé a lot of work was done to understand the theory
of homogeneous structures from both the model-theoretic and combinatorial
points of view. An important step was made by G. Cherlin, L. Harrington,
and A. H. Lachlan [2], who proved that Ng-categorical Ro-stable structures can
be in a certain sense approximated by finite substructures. Using ideas from
this paper E. Hrushovski [10] in 1992 derived the following purely combinatorial
result: For any finite graph G there exists a finite graph H which contains G
as an induced subgraph and such that any partial isomorphism of G extends to
a full automorphism of H.

Partially motivated by this theorem of Hrushovski and also by a result on
approximate extensions of isometries of metric spaces by V. Pestov [18], C. W.
Henson asked the following question: Is it true that for any finite metric space
X there is a finite metric space Y such that X C Y and every partial isometry
of X extends to a full isometry of Y'?

This problem turned out to be quite difficult and the positive answer was

finally obtained by S. Solecki in [24] relying on a deep result of B. Herwig and
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D. Lascar [7], which in turn uses the solution of Rhodes’ Type II conjecture by
C. J. Ash [1] and L. Ribes and P. Zalesskii [20]. Solecki managed to prove the

following two important results.

Theorem (Solecki). Let X be a finite metric space and let p be a partial isom-
etry of X. There exist an M > 0, a finite metric space Y, and a full isometry
q of Y such that

1. X is a subspace of Y.
2. q extends p.

3. ¢M(X)U X is the free amalgam of ¢™ (X) and X over Z(p) — the set of
periodic points of p.

Theorem (Solecki). Let X be a finite metric space. There exists a finite metric
space Y that contains X as a subspace and such that every partial isometry of

X extends to a full isometry of Y.

The first theorem gives a positive answer to the Henson’s question for a
single partial isometry, but, in fact, contains much more: it gives a construction
of an extension to a full isometry that is as independent as possible. The second
theorem, which gives a complete answer to the question, lacks this property.

Besides having intrinsic beauty these results have a strong connection to

classes of topological similarity, which are introduced below.

1.2 Topological similarity

In [21] C. Rosendal gave a short proof of the result (variously attributed to V.
A. Rokhlin and A. del Junco) that all the conjugacy classes in the group of
measure preserving automorphisms of the standard Lebesgue space are meager.
For that he introduced a (one-dimensional) relation of topological similarity.
Let G be a metrizable topological group, and let e € G be its identity
element. Two tuples of elements (g1,...,9,) € G™ and (f1,..., fn) € G™ are
said to be topologically similar if for all sequences {wy}32, of group words on

n letters

lim wg(g1,...,9n) =€ <= lim wi(f1,...,fn) =e.
k—o0 k—o0

For n =1 this simply says that for all sequences of integers {ms}3,

lim ¢"* =e <= lim f™ =e.
k— o0 k—o0

Topological similarity is clearly an equivalence relation on n-tuples, and its

equivalence classes are called n-dimensional classes of topological similarity. The

relation of topological similarity is easily seen to be coarser than the relation



of diagonal conjugacy (two tuples (g1,...,9») and (fi,..., fn) are diagonally
conjugate if there is a single h € G such that hg;h = = f; for alli = 1,...,n).

The importance of diagonal conjugacy classes in the groups of automor-
phisms of Fraissé limits was noted by A. S. Kechris and C. Rosendal in [14],
where they extended an earlier work of W. Hodges, I. Hodkinson, D. Lascar,
and S. Shelah [9]. They showed that if a Polish group G has ample generics
(that is, for any n there is a generic n-dimensional diagonal conjugacy class),
then it satisfies the small index property (a group is said to satisfy the small
index property if every subgroup of index less than continuum is open) and has
automatic continuity: every homomorphism from G into a separable topological
group is continuous. Moreover, they gave a criterion when a group of automor-
phisms of a Fraissé class has ample generics, and also gave some examples of
such groups. This paper motivated different projects that aimed at understand-
ing when a group of automorphisms of a Fraissé limit has comeager diagonal
conjugacy classes.

As topological similarity is an invariant for diagonal conjugacy, by showing
that topological similarity classes are meager, one immediately deduces that also
diagonal conjugacy classes are meager. As a concrete instance of this general
strategy we prove the following theorem (it is a consequence of Theorem 2.2.15
and Theorem 2.4.8 below).

Theorem. Two-dimensional classes of topological similarity are meager in the
groups of automorphisms of the following Fraissé limits: the rationals, the or-

dered Rado graph, and the ordered rational Urysohn space.

The main tool in the proof of the last two cases of this theorem is Theorem

2.3.7, a multidimensional version of the first among Solecki’s theorems above.

Theorem. Let X be a finite metric space, and let p1 and po be partial isometries
of X. Suppose all the periodic points of p1 and ps are fived points. There exist
a finite metric space Y that contains X as a subspace, partial isometries ¢ and
q2 that extend py and po respectively, and a word w on two letters such that
w(q1,q2)(X) Udom(q1) is the free amalgam of w(q1,q2)(X) and dom(q1) over
Z(p1) N Z(q2).

This theorem also implies some new results about the structure of the group
of isometries of the rational Urysohn space. For a metric space X its group
of isometries is denoted by Iso(X), and the subgroup of isometries that fix
A C X pointwise is denoted by Iso4(X). Let QU denote the rational Urysohn
space, and let U be the Urysohn space, which is the metric completion of QU.
J. Melleray, answering a question of I. Goldbring, proved in [17] the following

Theorem (Melleray). For all finite A,B C U

Isoanp(U) = (Isoa(U),Isop(U)).



As a corollary of Theorem 2.3.7 we can get a similar statement for Iso(QU).

Theorem. For all finite A, B C QU

Isoanp(QU) = (Iso4 (QU),Isop(QU)).

Another consequence of Theorem 2.3.7 is an analog of a theorem of Prasad
[19], who proved that a generic pair of measure-preserving automorphisms of
the standard Lebesgue space (X, \) generates a dense subgroup of Aut(X, A).

Theorem. The set of pairs (f,h) € Iso(U) x Iso(U) such that {f,g) = Iso(U)

1S comeager.

1.3 HNN-extensions and Graev metrics

It was already mentioned that classes of topological similarity are coarser than
conjugacy classes. In fact, if two elements can be made conjugate inside a
bigger group, then they are topologically similar. To be more precise, we say
that two elements g1,g92 € G are induced conjugate if there are a bigger group
H that contains G as a topological subgroup and an element h € H such that
hgih™! = go. It is easy to see that if two elements in G are induced conjugate,
then they must be topologically similar, and thus it is natural to ask when the

inverse is true.

Question. Let G be a Polish group, and let g, f € G be topologically similar.
When are g and f conjugate inside a larger Polish group H?

It turns out that this question is closely connected to another (much more
classical) instance of an “Extending partial isomorphisms” theme.

Let us first look at the discrete version of this question. Suppose we have
two elements g1, go in an abstract group G. When can we find a group H such
that G < H and hgih™! = g5 for some h € H? An obvious necessary condition
is that orders of g1 and g, must be the same. It turns out that this condition
is also sufficient, as was shown in a beautiful paper [8] by G. Higman, B. H.
Neumann and H. Neumann. They gave a canonical construction of such a group
H, and this construction is now known as the HNN extension and can be seen to
be closely related to free products with amalgamation. One way to define HNN
extensions is as follows. Let G = (S|R) be a group with the set of generators
S and relations R, let A and B be subgroups of G, and let ¢ : A — B be an
isomorphism. Let ¢ be a new symbol. The HNN extension of (G, ¢) is the group
H defined by

H= <S,t‘R, {tat™" = ¢(a) : a € A}).

The element t € H is called the stable letter of the HNN extension.



One approach to the Question is to develop a topological version of the
HNN extensions. In Chapter 3 we develop a theory of free products (possibly
with amalgamation) and HNN extensions for groups with two-sided invariant

metrics.

1.3.1 Graev metrics on free products

Let (G,dg) and (H,dg) be two topological groups with compatible two-sided
invariant metrics dg and dg. It is worth mentioning that the class of topological
groups that admit compatible two-sided invariant metrics is rather small, but
it does include two important subclasses of metrizable groups: compact and
abelian. Let now A be a common closed subgroup of G and H and assume that
A =GN H, and that dg and dy agree on A, i.e.

dg(a,b) = dg(a,b) forall a,b € A.

Put S = G U H and let W(S) be the set of non-empty words over the
alphabet S. We turn S into a metric space by setting

da(s,t) if s,t € G;
d(s,t) = S dy(s,t) if s,t € H;
inf{dg(s,a) + du(a,t) :a € A} ifse€Gandte H.

For a word v € W(S) its length is denoted by |u|, and u(i) denotes its i**
letter. For two words u,v € W(S) of the same length we set

|l

p(u,v) = Zd(U(i)av(i))-

There is a natural evaluation map from the set of words W(S) to the free
product with amalgamation G %4 H, which sends a word to the product of its
letters. We denote this map by ~.

Finally, for two elements f, fo € G x4 H we set

d(fl; fg) = inf {d(U1,U2) : ’CLi = fi; |’LL1| = |U2|}

One of the main results of Chapter 3 is Theorem 3.5.10

Theorem. The function d defined above is a two-sided invariant metric on
G x4 H, moreover, it extends the metrics dg and dg on G and H respectively.
If (G,d¢) and (H,dp) are separable, then so is (G x4 H,d).

This metric d is called the Graev metric in analogy with a similar construc-

tion of M. Graev in [6] for the free groups over metric spaces. The group G4 H



turns out to be a coproduct in the category of groups with two-sided invariant

metrics and Lipschitz homomorphisms.

1.3.2 Graev metrics on HNN extensions

As shown by the above theorem, it is always possible to form a free product
of groups with two-sided invariant metrics. However, for the HNN extensions
the situation is somewhat different. There are counterexamples showing that it
is not always possible to extend a two-sided invariant metric from a group to
its HNN extension. But, nevertheless, the following is true (see Theorem 3.9.1
below):

Theorem. Let (G,d) be a group with a two-sided invariant metric, let A, B < G
be closed subgroups of G, and let ¢ : A — B be a d-isometric isomorphism. Let
H denote the HNN extension of (G, ¢). If the diameter of A is bounded by some
number K, i.e., diam(A) < K, then there is a two-sided invariant metric d on
H such that d|¢ = d and d(e,t) = K, where t is the stable letter of H, and e is
the identity element.

Recall that a metrizable topological group is called SIN (for “small invariant
neighborhoods”) if it admits a compatible two-sided invariant metric. Based on

the above theorem one can prove Theorem 3.9.4.

Theorem. Let G be a SIN Polish group, let A,B < G be closed subgroups,
and let ¢ : A — B be an isomorphism. There exist a SIN Polish group H and
t € H such that G < H and tat= = ¢(a) for all a € A if and only if there is a

two-sided invariant metric d on G such that ¢ is a d-isometry.

1.4 Preliminaries

In this section we would like to mention some of the mathematical preliminaries
that are necessary to understand the rest of the text. Proofs and detailed

exposition can be found in beautiful textbooks by A. Kechris [13] and S. Gao [4].

1.4.1 Polish Groups

A Polish space is a completely metrizable separable topological space. A Polish
group is a completely metrizable separable topological group. Here are some

examples of Polish groups.

(i) Locally compact metrizable groups. For instance: countable groups and

Lie groups.

(ii) Abelian metrizable groups. In particular, Banach spaces.



(iii) Soo — the group of all permutations of the countably infinite set (say,
N) with the topology of pointwise convergence. Basic neighborhoods are
indexed by finite subsets {a;}?" ; C N:

U(f;ar,..,an) ={g € Soc : glai) = f(ai)}.

(iv) The group U(H) of unitary operators of a separable Hilbert space H with
the weak (equivalently, strong) operator topology.

This list can, of course, be continued ad infinitum. Polish groups are virtually
everywhere. Even though there are so many different Polish groups there is a
surprisingly rich theory of Polish groups and their actions. One of the basic

tools is the famous Baire Theorem:

Theorem 1.4.1 (Baire Theorem). Let X be a Polish space. If {U;} is a count-
able family of dense open subsets of X, then (), U; is dense in X.

We say that a subset A C X of a Polish space X is comeager or generic if
there is a dense G5 set B such that B C A.

We say that a Polish space is perfect if it has no isolated points.

Let G be an abstract group and d be a metric on G. We say that the metric d
is left-invariant if for all g, f1, f2 € G we have d(gf1,9f2) = d(f1, f2). The metric
d is called two-sided invariant (or tsi for short) if additionally d(f1g, fog) =
d(f1, f2) for all f1, fa, 9 € G. If G is a topological group and d is a metric on G,
then d is called compatible if the topology given by the metric d coincides with
the topology on G. A metrizable topological group G is called SIN (for “small
invariant neighborhoods”) if it admits a compatible two-sided invariant metric.

By definition any Polish group admits a compatible complete metric. One
can prove also that any Polish group admits a compatible left-invariant metric.
But we would like to emphasize that not every Polish group admits a compatible

complete left-invariant metric.

1.4.2 Descriptive complexity

Let X be a Polish space. Recall that the o-algebra of Borel subsets of X is the
o-algebra generated by the open subsets of X. There is an hierarchy on Borel
sets, which is known as the Borel hierarchy. It is given as follows. Let XY be the
set of open subsets of X and IT{ denote the set of closed subsets. By transfinite

induction for 1 < £ < w; we construct:
22+1 = {countable unions of sets from Hg},

H(5)+1 = {complements of the sets from 22+1},

29\ = U 3, when \ is a limit ordinal.
E<A



For any ¢ we have 3¢ C II¢,,, 32 C X2, and for any Borel subset A C X
there is £ such that A € 22. We also define the so called ambiguous sets Ag by
A =3 NITY.

We also need a notion of the Wadge reduction. Let X and Y be topological
spaces, A C X, B C Y. We say that A is Wadge reducible to B if there is a
continuous map f : X — Y such that x € A < f(z) € B. Let now X be
a Polish space and A C X. We say that A is Eg—hard if any 22 set B C 2N
is Wadge reducible to A. We say that A is a complete 3¢ set if it is 32-hard
and is itself a 32 set. The definitions of II¢-hard and complete IT{ sets are

analogous.

Theorem 1.4.2 (Wadge). Let X be a zero-dimensional Polish space. A set
AC X is Zg—complete if and only if A is in 22 \ 1_[2. Similarly interchanging
1Y and %Y.

We use notation V*° as a shortcut for “for all but finitely many” and 3*°
for “exists infinitely many”. We will later need two examples of complete sets:
the set A = {z € 2V : V°n z(n) = 1} is XI-complete, and its complement
B ={z €2V :3%®n x(n) = 0} is II3-complete.

1.4.3 Metric spaces

Here we fix some notions and notations for metric spaces. Let (A, d) be a finite
metric space with at least two elements. The density of A is denoted by D(A)

and is the minimal distance between two distinct points in A:
D(A) = min{d(z,y) 1 2,y € A,z # y}.

For a metric space A its density character, i.e., the smallest cardinality of a
dense subset, is denoted by x(A). An ordered metric space is a triple (A, d, <),
where d is a metric on A and < is a linear ordering on A. A partial isometry
or partial isomorphism of a metric space C is an isometry p : A — B between
finite subspaces A, B C C. A partial isomorphism of an ordered metric space
is a partial isometry of the metric space that also preserves the ordering on its
domain.

Let p be a partial isometry of a metric space. Then we let dom(p) denote the
domain of p and ran(p) denote its range. A point z € dom(p) is called periodic

if there is a natural number n > 0 such that

z,p(x),...,p"(x) € dom(p) and p"(z)==z.

The set of periodic points is denoted by Z(p). A point z € dom(p) is called fized
if p(x) = x and the set of fixed points is denoted by F(p).

Let A = (A,da), B = (B,dp), and C = (C,dc) be metric spaces and
i: A — B, j: A — C be isometries. Suppose that i(A) is a closed subset of



B and j(A) is closed in C. We define the free amalgam D = B x5 C of metric
spaces as follows: substituting B and C by isomorphic copies we may assume
that BN C = A. Set D = B U C and define the metric dp by:

dB(x7y> lfl', yEBa

dp(z,y) = < de(z,y) ifx, yeC,
ing{dB(x,z) +dc(z,y)} ifzeBandyeC.
FAS

Note that the first and the second clauses agree for x, y € A. If A is finite,
then the inf in the last clause can be substituted with a min. If A is empty and
B, C have finite diameters, then we set R = diam(B) 4 diam(C), D =BUC
and

dp(z,y) ifz, y € B,
dp(r,y) = { dc(x,y) ifz,y € C,

R otherwise.

Shortly before his death P. S. Urysohn constructed a very interesting metric
space that now bears his name. This space will be of central interest for us.
The Urysohn space U is a complete separable metric space, that is uniquely

characterized by the following properties:
e Every finite metric space can be isometrically embedded into U;

e U is ultrahomogeneous, that is, each partial isometry between finite sub-

sets of U extends to a full isometry of U.

There is a rational counterpart QU of the Urysohn space. It is called the ra-
tional Urysohn space. This is a countable metric space with rational distances,

characterized by similar properties:

e Every finite metric space with rational distances can be isometrically em-
bedded into QU;

e QU is ultrahomogeneous.

The rational Urysohn space is also the Fraissé limit of the Fraissé class of
finite metric spaces with rational distances.

The groups of isometries Iso(U) and Iso(QU) of these spaces are Polish groups
when endowed with the topology of pointwise convergence (for this QU is viewed

as a discrete topological space).

10



Chapter 2

Classes of Topological
Similarity

2.1 Definition and Basic Properties

Let G be a metrizable topological group. Following Rosendal [21, Section 4]
we say that two elements g, f € G are topologically similar if for all sequences
{nr}32, of integers

gt s e = [ —e.

More generally, we say that a tuple (g1,...,9,) € G™ is topologically similar
to a tuple (f1,...,fn) € G™ if for all sequences of group words {w,,} in the

alphabet with n letters we have

Wi (g1s- -y gn) = € <= wn(f1,..., fn) = €.

If g and f are topologically similar, then their orders are the same and, moreover,
the groups (g) and (f) are isomorphic as topological groups. And vice versa, if
(g9) and (f) are isomorphic as topological groups, then f and g are topologically
similar. Note that this condition is in general strictly stronger than saying that

(g) is topologically isomorphic to (f).
Proposition 2.1.1. Let G be a topological group.

(i) For any n the relation of topological similarity on the n-tuples is an equiv-

alence relation on G™.

(i) If (g1,-..,9n) € G™ and (f1,..., fn) € G™ are diagonally conjugate (that
is f; = hg;h=1 for some h € G and alli=1,...,n), then (g1,...,gn) and
(f1s---, fn) are topologically similar. Moreover, if (g1,...,9n) € G™ and
(f1,-.-,fn) € G™ are diagonally conjugate in a bigger topological group
(i.e., if there is a topological group H such that G < H is a topological
subgroup and g; = hf;h=! for some h € H and all i = 1,...,b), then
(fis--y fn) and (g1,-..,gn) are topologically similar.

Proof. (i) This is immediate from the definition of the topological similarity.
(i) Conjugations are automorphisms of topological groups, therefore we have

W (f1,- -+, fn) — eif and only if w,, (hfih =1, ..., hfnh™!) — e for all sequences

of words {wy,}. O
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Equivalence classes of topological similarity on the n-tuples are called n-

dimensional classes of topological similarity.

Example 2.1.2. Let G be any topological group. Any g € G is always topo-

logically similar to g—!

. If g, f € G have equal finite orders, then g and f are
necessarily topologically similar. Indeed, both (¢g) and (f) are isomorphic to
Z/nZ with the discrete topology, where n is the order of g and f (topological

groups are assumed to be Hausdorff).

From this example we see that two elements of finite order are topologically
similar if and only if they have the same order. For elements of infinite order
this relation is much more complicated. If g € G and f € G have infinite orders,
then both (g) and (f) as abstract groups are isomorphic to Z. The elements f

and g are topologically similar if and only if they give the same topologies on Z.

Example 2.1.3. Let T be a circle, viewed as a compact abelian group. Take
a, € T in the circle. When « is topologically similar to 5?7 The interesting
case is, of course, when « and f§ are of infinite order (if we take T to be R/Z,
then this means that o and g are irrational). We claim that « is topologically
similar to 8 if and only if & = +8. In other words we claim that in the circle
only elements from Example 2.1.2 are topologically similar.

Let ¢ : (@) — (B) be an isomorphism of topological groups. Since T is
compact, we can extend ¢ to an isomorphism ¢ : @ — @ But for irrational
o and § we have @ =T = @ Thus ¢ is an automorphism of the circle,

therefore either ¢ = id or ¢ = —id.

2.1.1 Descriptive Complexity. General groups.

As already noted by Rosendal [21], two elements f,g € G of a Polish group G

are topologically similar if and only if
vz‘ajvn{(f" U Vg eT)&(g" ¢U; Vv fr € Ui)},

where {U;} is a countable basis of the identity element in G. This shows that
topological similarity is a ITJ subset of G' x G. In this subsection we show that
one cannot do better: for some [compact, abelian] groups this relation is, in
fact, a complete ITY set.

Let T = R/Z denote a circle and let d be the factor metric on T: for a, 8 € T

d(a, 8) = min{|ag — Bo — n| : n € Z},

where aq, By € R are such that o = ag + Z, 8 = Bp + Z. In other words, d is
just the arc-length metric scaled in such a way that the diameter of the circle is
1/2. For a sequence {ny}72, of positive integers we say that {ns} is eventually
divisible by m if there is N such that m|ny for all k > N. We say that {n} is

eventually divisible if it is eventually divisible by all m.
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Lemma 2.1.4. Let a € T be given. If for any eventually divisible sequence

{nx}

nra — 0,
then « is rational.

Proof. Suppose towards a contradiction that « is irrational and hence na # 0
for any positive n. Let {n;} be an eventually divisible sequence. Then nya — 0

by assumption. Passing to a subsequence we can assume that

d(nga,0) <

| =

for all k. Let my, be such that d(mynia, %) < +. Then {myny} is also eventually

=

divisible, but mgnza — 1/2 by construction. Contradiction. O

Remark 2.1.5. Note that for any rational @ € T and for any eventually divisible
{ni} we indeed have nya — 0.

Set A= {z € TV:Vn z(n) € Q}.

The following two propositions are very simple and well known. See [13,
Chapter 23] for details.

Proposition 2.1.6. Let X be a perfect Polish space and Q@ C X be a countable

dense subset. Then Q is X9-complete.

Proposition 2.1.7. Let {X,,} be a sequence of Polish spaces, A, C X, be
Eg-complete. Then [[ Ay is a Hgﬂ-complete subset of [] Xn.

It now follows immediately that A is IT13-complete. Let z € T be given by

z(n) = L. The following lemma is obvious.

Lemma 2.1.8. Let {n;} be a sequence of positive integers. Then nipz — 0 if

and only if {ni} is eventually divisible.

Proposition 2.1.9. The relation of topological similarity in the group TV is
I12-complete.

Proof. The group TV is, of course, topologically isomorphic to the group TN*N,
Consider the map ¢ : TV — TN*N given by x + (z,z). This is a continuous
map. We claim that ¢(x) is topologically similar to (z, z) if and only if z € A.
If x € A, then (z,z2) is topologically similar to (z,z) by Remark 2.1.5. If,
on the other hand, ¢(x) is topologically similar to (z, z) then, by Lemma 2.1.4,
x(n) has to be in Q for all n. Therefore 2 € A. This proves the claim.
Finally, since A is II3-hard so is the similarity class of z, and therefore the

relation of topological similarity on TV x T is TIJ-hard. O
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2.1.2 Descriptive Complexity. The group S..

According to the previous section, the relation of topological similarity can be
a complete IT§ set. On the other hand, as we show in this subsection, this is
never the case for subgroups of S.

Any f € So can be written as a product of cycles. For f € Sy let Ly C
NU {oco} denote the set of lengths of cycles in f. Set

P; = {p" : p is prime, k > 1, p*|n for some n € Ly NN}.

Since the topology of S is just the topology of pointwise convergence, (f)
is infinite discrete if and only if co € L. Also note that if (f) is not discrete,
then f™ — e if and only if for any p* € Py we have p¥|n; for i sufficiently large.

Lemma 2.1.10. Let f,g € S and suppose that oo € Ly U Ly. The elements
f and g are topologically similar if and only if Py = P,.

Proof. Assume that f and g are topologically similar. If f and g have finite
orders, then there is some N € N such that fV =e =gV and fM #£e, g™ £e
for any 0 < M < N. Therefore Py = {p* : p*|N} = P,.

Suppose f and g have infinite orders. Since co € Ly U Ly all cycles in the
decompositions of f and g are finite. Suppose towards the contradiction that
for some prime p and k € N one can find p* € P;\ P,. Let {n;} be an increasing
sequence such that f — e. Write n; = p*m; with p not dividing m;. Since
pk e Py, p¥|n; for sufficiently large i. Assume without loss of generality that
p¥|n; for all i (by taking a subsequence). For 7i; = p*~1m; we have f™ /4 e.
Since g and f are topologically similar, we have g"* — e, but since p* ¢ P, we
also have g™ — e, contradicting the topological similarity of f and g.

The reverse implication is obvious. O

Let D be the set of elements f € Sy such that (f) is infinite and discrete:
D ={f € Se : (f) is a discrete copy of Z}.

Note that this set is a single class of topological similarity.
Proposition 2.1.11. The set D is a complete 9 subset of Sso.

Proof. An element f € S, generates an infinite discrete group if and only if
UV >1 (g" € Uy),

where U; ranges over a sequence of basic clopen neighborhoods of the identity.
Therefore
{g € S : {g) is infinite discrete}

is 39. We would like to note that there is nothing special about Se, here: in

any Polish group the class of topological similarity of elements that generate
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infinite discrete group is a 39 set.
We show that in S. this set is £3-hard. Recall that

A={zec2V:v®n (z(n) =1)}

is a complete X9 set.
Let m € N. We describe a particular cycle 7, on {1,...,m}. If m is odd,
then
Tm=(135..mm-1m-3m-—5...2),

if m is even, then
Tm=(135...m=—1mm-2m-—4...2).
We also define 7, by
Moo =(-..2k2(k—1)2(k—2)...42135 ...2k+12k+3 ...).

We now construct o : 28 — S, Fix x € 2N and let {m;} be a sequence such
that x starts with mg many ones, continues with m; many zeroes, then mo ones
and so on. If from some point on x has ones or zeroes on all coordinates, then
{m;} is finite and the last element my = oco. If z has infinitely many zeroes and
infinitely many ones, then the sequence {m;} is infinite and consists of natural
numbers. We define permutations 7,, as follows. If n is even, then 7, is a copy
of 7, supported on the interval of natural numbers starting from Z;:Ol m;. If
n is odd, then 7, is the trivial permutation. Note that the supports of 7,, are
disjoint. Define a(z) to be [] 7».

The map « is continuous and, moreover, z € A if and only if (a(x)) is infinite

discrete. Thus « is a continuous reduction of A into D, hence D is X£9-hard. O

Proposition 2.1.12. Let f € So be an element of infinite order. If (f) is

non-discrete, then the class of topological similarity of f is a complete TIS set.

Proof. One can decompose f into disjoint cycles {c,}22,. Let {7,}5%, be

disjointly supported permutations on N such that 7, is a copy of o102 ...0,.

Now for z € 2%, let
Blx) = H Th.
z(n)=1

If V*°n 2(n) = 0, then B(z) is not topologically similar to f. If 3%°n z(n) = 1,
then B(z) is topologically similar to f. Therefore /3 is a continuous reduction of
the complete I19 set B,

B={zec2V:3%n z(n) = 1},

to the topological similarity class of f. O
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This describes the descriptive complexity of individual classes of topological
similarity in S.., but what about the relation of topological similarity itself,

when viewed as a subset of Soo X Sso?

Proposition 2.1.13. The relation of topological similarity on the group So is
strictly AY.

Proof. The set of pairs (f,g) € Soo X Soo such that both (f) and (g) are infinite
discrete is 9. Thus f is topologically similar to g if and only if

either both f and g generate infinite discrete groups or
((( f) is either finite or non-discrete) and

({(g) is either finite or non-discrete) and
(for any n and any p¥|n if f has a cycle of length n,
then g has a cycle of length m and p*|m) and

(for any n and any p*|n if ¢ has a cycle of length n,

then f has a cycle of length m and pk|m)).

The first condition is X9 and the second one is I19. The relation is their union,
which is AJ. Tt is strictly AY, because by Proposition 2.1.11 and Proposition
2.1.12 it has both ¥9-hard and II3-hard classes. O

2.2 Topological Similarity Classes in Aut(Q)
and Homeo™ ([0, 1])

2.2.1 Introduction and Basic Definitions

Let Q be the set of rationals viewed as a dense linear order without endpoints.
Let G = Aut(Q) denote the group of order-preserving bijections of the ratio-
nals and id be the identity element of this group. The group G is naturally
a Polish group when endowed with a topology of pointwise stabilization (i.e.,
the topology of pointwise convergence, when Q is endowed with the discrete
topology). In other words we naturally view Aut(Q) as a subgroup of S, with
the induced topology. It is known that G has a generic conjugacy class: there
is a single g € G such that its conjugacy class is a comeager subset of G. Here
is a description of such a g € G.

Let f € G be given and let a,b € Q be two rational numbers. We say that
a and b are f-equivalent if there are m,n € Z such that f™(a) < b < f"(a).
It is easy to see that this is, indeed, an equivalence relations. We say that f is
increasing at a € Q if f(a) > a, decreasing if f(a) < a, and fized if f(a) = a.
An element g € G lies in the comeager conjugacy class if and only if every

g-equivalence class is a bounded subset of Q and for all ¢ < b if a and b are not
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g-equivalent, then there are ¢y, co, c3 such that a < ¢; < b and f is increasing at
c1, decreasing at co, and fixed at cs.

It is now natural to ask whether there is a generic two-dimensional conjugacy
class in G. 1. Hodkinson (see J. K. Truss [25]) showed that this is not the case,
he proved that every two-dimensional conjugacy class in G is meager. The goal
of this section is to generalize his result and show that every two-dimensional
class of topological similarity in G is meager.

By an open interval I = (a,b) C Q we mean the set of rational numbers
{c:a <c<b} CQ. A closed interval [a, b] also includes endpoints a and b. If
I is a bounded interval (open or closed) L(I) will denote its left endpoint and
R(I) will be its right endpoint. We will use this notation only when both L(T)
and R(I) are in Q. If A C Q is a finite subset, min(A) and max(A) will denote

its minimal and maximal elements respectively.

Definition 2.2.1. A partial isomorphism of Q is an order preserving bijection
p between finite subsets A and B of Q.

It is a basic property of the rationals (and, as mentioned earlier, of a Fraissé
limit in general) that each partial isomorphism can be extended (certainly, not
uniquely) to a full automorphism.

Letters p and ¢ (with possible sub- or superscripts) will denote partial iso-
morphisms; let dom(p) be the domain of p, and ran(p) be its range. If I C Q
then p|r denotes the restriction of p to I Ndom(p); F(p) will be the set of fixed

points in the domain of p, i.e.,
F(p) = {c € dom(p) : p(c) = c}.

As we mentioned earlier G is a Polish group (i.e., a separable completely

metrizable topological group) in the topology given by the basic open sets
U(p) = {g € G : g extends p},

where p is a partial isomorphism of Q. Note that if p and ¢ are two partial
isomorphisms and ¢ extends p then U(q) C U(p); we will use this observation
frequently.

Let F(s,t) denote the free group on two generators: s and t; elements of
F(s,t) are reduced words on the alphabet {s,t,s71,t71}. Every element w €
F(s,t) has certain length associated to it, namely the length of the reduced word
w. This length is denoted by |w|. If u,v € F(s,t) are words, we say that the
word uv € F(s,t) is reduced if |uv| = |u] + |v|, that is there is no cancellation
between u and v.

If w € F(s,t) is a reduced word, w = t"+s™* ... t"¢™ and p, ¢ are partial
isomorphisms, then we can define a partial isomorphism w(p, ¢) by w(p, ¢)(¢) =
g™ p™k - g™ p™ (c), whenever the right-hand side is defined. The orbit of ¢
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Figure 2.1: Informative partial isomorphism.

under w(p, q) is by definition

k
Orby(p,q)(c) = [ J{p' ¥ gt p™i(ce), ¢/ & p™ o p™ () -
=1
’i:O,...,|ml|, jZO,...,lnll}.

We say that a word w starts from the word v if w can be written as w = vu
for some word u, where vu is reduced. Similarly, we say that w ends in v if
there is a word u such that w = uv, where uwv is reduced. On the one hand this
is consistent with the intuitive understanding of these notions for, say, left-to-
right languages. On the other hand, we consider left actions, and then the end
of the word act first, i.e., if w = st then w(p, q)(c) = p(q(c)). This may be a bit

confusing, we apologize for that and emphasize this possible confusion.

Definition 2.2.2. Let p be a partial isomorphism of Q. An interval (a,b) C Q
is called p-increasing if a,b € dom(p), p(a) = a, p(b) = b and p(c) > ¢ for any
¢ € dom(p) N (a,b). The definition of p-decreasing interval is analogous. Note
that if [a,b] N dom(p) = {a,b} and p(a) = a, p(b) = b then the interval (a,b)
is both p-increasing and p-decreasing. An interval is p-monotone if it is either

p-increasing or p-decreasing.

Definition 2.2.3. Let p be a partial isomorphism. Let dom(p) = {aq,...,an}
and assume that ag < ... < a,. We say that p is informative if p(ag) = ao,

p(an) = a, and there is a list {ig,...,i,} of indices such that
(i) io =0, iy = n;
(ii) as, = plas,) for 0 <k <r;

(iii) for any 0 < k < r the interval (a;, , s, ,) is p-monotone.

If p is an informative partial isomorphism and dom(p) = {ao,...,a,} as

above then we set

Ess(p) = (dom(p) Uran(p)) \ {ao, an}

and refer to it as to the set of essential points of p.
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Definition 2.2.4. A pair (p, q) of partial isomorphisms is called piecewise ele-

mentary if the following holds

(i) p and ¢ are informative;

(i) min(dom(p)) = min(dom(g)),
(ii)) max(dom(p)) = max(dom(g)).

If additionally F(p) N F(q) has cardinality at most 2 (i.e., consists of the above

minimum and maximum) then the pair (p, q) is called elementary.

Let (p,q) be a piecewise elementary pair, and F(p) N F(q) = {ao,...,an}
with a; < a; for i < j. Set I; = [a;,a;41], then (p|1,,q|r;) is elementary for any
0 < j < n. Thus every piecewise elementary pair (p,q) can be decomposed into
finitely many elementary pairs.

The following obvious lemma partially explains the importance of piecewise

elementary pairs.
Lemma 2.2.5. For any non-empty open V. C G X G there is a piecewise ele-

mentary pair (p,q) such that U(p) x U(q) C V.

2.2.2 Liberation of Elementary Pairs

Now we come to a somewhat technical, but extremely important notion of lib-

eration.

Definition 2.2.6. Let (p,q) be an elementary pair. We say that a triple
(p',q',w) liberates p in (p,q), where p’ and ¢’ are partial isomorphisms that
extend p and ¢ respectively, and w € F(s,t) is a reduced word, if the following
holds

(i) p’ and ¢’ are informative;

(i min(dom(p")) = min(dom(p)) = min(dom(q')) = min(dom(q));
(i) max(dom(p')) = max(dom(p)) = max(dom(q’)) = max(dom(g));
(iv) the word w starts from a non-zero power of ¢, w = t™v for n # 0;

(v) w(p’,q’)(c) is defined for any ¢ € Ess(p) UEss(q) and

max(dom(q)) > w(p’, ¢') (min(Ess(p) UEss(q))) > max(Ess(p')),

(vi) there is an open interval J such that R(J) = max(dom(q)), ¢’ is monotone
on J and w(p’,¢')(c) € J for any ¢ € Ess(p) UEss(q); moreover, if n > 0

in the item (iv), then J is ¢’-increasing, and it is ¢’-decreasing otherwise.
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Similarly, we say that a triple (p’, ¢’,w) liberates q in (p,q) if the above holds
with roles of p and ¢, s and ¢ interchanged.
For a piecewise elementary pair (p, q), we say that a triple (p’, ¢, w) liberates

p [liberates ¢] in (p, q) if
(i) min(dom(p’)) = min(dom(p)) = min(dom(q')) = min(dom(q));
(ii) max(dom(p’)) = max(dom(p)) = max(dom(q’)) = max(dom(q));

(iii) for any interval I, such that (pl|r, ¢|1) is elementary, the triple (p’|1, ¢|1, w)
liberates p|; [liberates q|7] in (p|1, qlr)-

Lemma 2.2.7. For any elementary pair (p,q) there is a triple (p',q¢’,w) that
liberates p [liberates qf in (p,q).

Proof. We show the existence of a triple that liberates p, and the second clause
then follows by symmetry.

Extending p and ¢ if necessary, we may assume that

(i) Ess(p) # 0, Ess(q) # 0;

Let I,..., I be the list of the (open) intervals of monotonicity for p and
J1,...,J; be the list of the (open) intervals of monotonicity for ¢; we list

intervals in increasing order, i.e., I; < Ij11, J; < Jj41; then also
(ii) I; Ndom(p) # @ and J; Ndom(q) # 0;
(iii) I Ndom(p) = 0 and J; N dom(q) = 0;
(iv) L(I) > L),

Let @ = min(Ess(p) UEss(q)). Then « € I; N J;y by (ii) (and in particular
« is not a fixed point of p or ¢). We first find an informative extension p; of p
that has the same intervals of monotonicity as p and my € Z (the sign of m,
depends on whether p is increasing or decreasing) such that pi™* («) is defined
and is “close enough” to the right endpoint of I;. “Close enough” exactly means
the following. Since by assumptions R(I7) is not fixed by ¢ (because (p,q) is
elementary), there is some j; such that R(I;) € J;, and we want p7™ («) € Jj,.
At the second step we find an informative extension ¢; of ¢ (also with the same
intervals of monotonicity) and ny € Z (similarly the sign of n; depends on
whether ¢ is increasing or decreasing) such that ¢ p7"*(«) is defined and is
“close enough” in the above sense to the right endpoint of J;,. We proceed
in this way and stop as soon as the image of « reaches J;, i.e., we obtain
extensions p, § of p and ¢ and a word u = §""N+1y, where v = t"Ng"N ... {1 g™
such that u(p,q)(«) is defined, lies in J; and v(p, §)(«) & J;. Note that since
we added to the domain of ¢ only points of the orbit of o under w, this implies
dom(q) NJ; = 0. Also by induction p and ¢ are informative with the same

decomposition into intervals of monotonicity as for p and q.
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Figure 2.2: Construction of the liberating triple. Horizontal arrows indicate
monotonicity of partial isomorphisms, bars stand for fixed points, the black dot
is the minimal element «, and gray dots are its images under w.

We now take extensions 7', ¢ of p and § such that

(i) uw(@',q)(c) is defined for every ¢ € Ess(p) UEss(q);

(ii) p’ and ¢ are informative with the same decomposition into intervals of

monotonicity as for p and g;

(iii) the minimum and maximum of the domains of " and ¢ are equal to the

minimum and maximum of the domains of p and g;
(iv) ¢’ is monotone on .J; (this is possible since .J; N dom(q) = ().
Set p’ = p’. Finally extending ¢’ to ¢’ we can find M € Z\ {0} such that

¢Mu(p, q')(a) > max(Ess(p')).

And so let w = tMu, then (p', ¢',w) liberates p in (p, q). O
Remark 2.2.8. In the lemma above we started our construction by applying a

power of p, but we likewise could start it by applying a power of q.

Remark 2.2.9. We view rationals as a dense linear ordering without endpoints.
But note that if we have the usual metric on Q then the above construction
gives us p’, ¢/, and w such that w(p’, ¢ )(«) is as close in this metric to the

endpoint max(dom(p)) as one wants. We will use this observation later.

Lemma 2.2.10. For any elementary pair (p,q) and any word u there are a word
v, and partial isomorphisms p’ and q' such that the triple (p',q ,vu) liberates p
[liberates q] in (p,q) and |vu| = |v| + |u| (i-e., no cancellation between v and u

happens).

Proof. First we take extensions p; and ¢; of p and ¢ respectively such that

u(p1,q1)(c) is defined for any ¢ € Ess(p) UEss(q), (p1,q1) is elementary and

min(dom(p1)) = min(dom(p)) = min(dom(q)) = min(dom(q1)),
max(dom(p1)) = max(dom(p)) = max(dom(q)) = max(dom(q1)).
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By Lemma 2.2.7 one can find a word v and extensions p’, ¢’ of p1, ¢1 such
that (p', ¢/, v) liberates py in (p1,¢1). By Remark 2.2.8 we may also assume that
there is no cancellation in vu. We claim that (p’,¢’,vu) liberates p in (p, q).
Items (i-iv) from the definition of liberation are obvious.

For item (v) note that by construction u(p1,g1)(c) for all ¢ € Ess(p) UEss(q)
is defined. Since p’ and ¢’ extend p; and ¢; we get that u(p’,¢")(c) is defined
for all ¢ € Ess(p) UEss(q) and since (p’,¢’,v) liberates p; in (p1,q1) we have
that for all ¢ € Ess(p) UEss(q) the expression v(p’, ¢')(u(p1,q1)(c)) is defined
(just because u(p1,q1)(c) € Ess(p1) UEss(q1)). This shows that vu(p’, ¢")(¢) is
defined for ¢ € Ess(p) UEss(q). Also we have

v(p’,¢") (min(Ess(p1) UEss(q1))) > max(Ess(p')).

Finally u(p1, ¢1)(Ess(p) UEss(q)) € Ess(p1) UEss(q;1) implies

vu(p’, ¢") (min(Ess(p) UEss(q))) > max(Ess(p)).

Item (vi) follows immediately from the fact that (p’,¢’,v) liberates p; in
(p1,4q1) and from the observation that

u(p1,q1) (Ess(p) UEss(q) ) € Ess(p1) UEss(q1) . O

Lemma 2.2.11. Let (p,q) be a piecewise elementary pair and assume a triple
(p',q',w) liberates p [liberates q] in (p,q). Let w = t"v fu = s™v] be a reduced
word such that ww is irreducible. Then there is a triple (p”, ¢, uw) that liberates
p [liberates q] in (p,q). Moreover, one can take p” to be an extension of p’' and

q" to be an extension of ¢'.

Proof. By the definition of liberation for piecewise elementary pairs it is enough
to prove the statement for elementary triples only. So assume (p, q) is elemen-
tary. Since w liberates p in (p,q) it has to start with a non-zero power [ of ¢,
i.e, w = t'x. We prove the statement by induction on |u|. If u is empty the
statement is trivial. Now consider the inductive step. Either u = xt* and the
sign of k matches the sign of I (because uw has to be reduced by assumptions)
or u = *s* with k # 0. In the former case extend ¢’ to ¢} in such a way that
(tkw)(p', ¢;)(c) is defined for ¢ € Ess(p) UEss(q), then (p/,q},t*w) will be a
p-liberating tuple by the item (vi) of the definition of liberation. In the second
case we can find p| such that (p},q,s*w) liberates ¢’ in (p’,q’) by taking p}
such that (s*w)(p},¢")(c) > max(Ess(p’) UEss(q')) for any ¢ € Ess(p’) UEss(q').

This proves the induction step and the lemma. O

Lemma 2.2.12. Let (p,q) be a piecewise elementary pair and u € F(s,t).
Then there is a triple (p’,q',w) that liberates p [liberates q] in (p,q) and such

that w = vu is reduced.
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Proof. We prove the statement by induction on the number of elementary com-
ponents of (p,q). Lemma 2.2.10 covers the base of induction. Assume we
have proved the lemma for r-many elementary components and inductively
constructed a triple (p,, -, w,) that liberates p, in (p.,q,), where p, and g,
are restrictions of p and ¢ to the first 7-many elementary components. Consider
the restrictions p,4+1, ¢r+1 of p and ¢ to the r + 1 elementary component. By
the base of induction (i.e., Lemma 2.2.10) we can find extensions p;., ., of
Pr4+1 and Gr41 and a word v,41 such that (9., 1,q. 1, vr41w,) liberates p,11 in
(Pr+1, Gr+1) and v, 41w, is irreducible. By Lemma 2.2.11 we can also extend p,
and g, to p.., ¢.. in such a way that (p, ¢, v,41w,) liberates p, in (pr, q-). Now
set Pr+1 to coincide with p!. on the first r-many elementary components and with
P41 on the 7+ 1 component. Define G, similarly. Then (py41, Gry1, wry1) lib-
erates py41 10 (pr41,¢r+1)- This proves the induction step and the lemma. O

2.2.3 Two-dimensional similarity classes are meager

Lemma 2.2.13. For any pair (p,q) of partial isomorphisms and any word u €
F(s,t) there are extensions p’ and ¢’ of p and q respectively and a reduced word

w = vu such that w(p’, ¢’ )(c) = ¢ for any ¢ € dom(p) U dom(q).

Proof. By Lemma 2.2.5 it is enough to prove the statement for a piecewise
elementary pair (p, ¢). By Lemma 2.2.12 we can find extensions p, § and a word
v such that (P, g, vu) liberates p in (p, ¢). By the definition of liberation we can
now extend p to p’ by declaring

p'(c) = ¢, for any ¢ € vu(p, 7)(Ess(p) UEss(q)).

1

Now set ¢’ = ¢ and w = u~ v~ tsvu. Then w(p’, ¢')(c) = ¢ for any ¢ € dom(p)U

dom(q). O

Lemma 2.2.14. Fiz a sequence {uy} of reduced words. For a generic (f,g) €
G x G there is a sequence of reduced words wy, = viuk such that w(f,g) — id.

Proof. Take an enumeration {c¢;} = Q of the rationals. Let
BY = {(f,9) € G x G : 3w = vuy, reduced and w(f, g)(¢;) = ¢; for 0 <i < n}.

We claim that each BY is dense and open. Indeed, assume for a certain n one
has (f,g) € BE. This is witnessed by a word w. Set

D = U?:O Orbw(fyg)(ci)

and let p = f|p, ¢ = g|p. Then (f,g) € U(p) x U(q) C B and so BF is open.
Density follows from Lemma 2.2.13.
Now by the Baire theorem ﬁnka,lj is a dense GG5. The lemma follows. O
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Theorem 2.2.15. Fach two-dimensional topological similarity class in G is

meager.

Proof. Assume towards a contradiction that there is a pair (f1,g1) € G x G that
has a non-meager class of topological similarity. Then by Lemma 2.2.14 there
must be a sequence w,, = v,t"s" of reduced words such that (f1,g1) converges
to the identity along this sequence (we apply Lemma 2.2.14 with the sequence
uy, = thsh).

Take and fix a € Q. Set

Fo={(f,9) € GxG: fa) =a=g(a)}.

Let
Cpn ={(z,y) € G xG:3Im>n wny(z,y)(a) # a}.

Then C, is open and dense in (G x G) \ F,. To see density take a basic open
set U(p) x U(q) C (G x G) \ Fy, and assume p(a) # a (the case when p(a) = a,
but q(a) # a is similar). For some k > n p¥(a) is not in the domain of p. Thus
the set

{bcQ:3fcUp) f*'(a) =0}

is infinite, and so (by induction) there are infinitely many values that w1 (f, g)(a)
may attain for a pair (f,g) € U(p) x U(q). Hence wiy1(f,g)(a) # a for some
(f,9). And so C, is dense in G x G\ F,. An application of the Baire theorem
shows that NC,, is a dense G5 and so for a generic (f,g) € (G x G) \ F, one
has wy,(f, g)(a) # a in the discrete topology. Since U, (G x G)\ F, = (G x G) \
{id x id} we get a contradiction with the assumption that w,(f1, 1) — id and

that the class of topological similarity of (f1,¢g1) is non-meager. O

2.2.4 Homeomorphisms of the unit interval.

We now turn to the group of homeomorphisms of the unit interval. This is a

Polish group in the natural topology, given by the basic open sets:
U(f;a1,...,an;€) = {g € Homeo([0,1]) : |g(a;) — f(a:)| < e}.

We may write this neighborhood as U(p;e), where p = f|(4,,...a,} is a partial

isomorphism. Since Q is dense in [0, 1], we may assume that p is a partial
isomorphism of the rationals: this will give us a base of open sets.

This group Homeo([0, 1]) has a normal subgroup of index 2, namely the sub-
group Homeo™ ([0, 1]) of order preserving homeomorphisms. If H = Homeo™ ([0, 1),
then Aut(Q) = G naturally embeds into H (this embedding is a continuous in-
jective homomorphism, its inverse, though, is not continuous), and the image

of G under this embedding is dense in H.

Theorem 2.2.16. FEvery two-dimensional class of topological similarity in H
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1S meager.

Proof. We imitate the proof of Theorem 2.2.15. If {x,,} is an enumeration of
the rationals QN [0, 1], then {zy,} is dense in [0, 1]. Set

Amn={f € H :|f(xm) —om| > 1/nand |f (zm) — zm| > 1/n},
Bon={(f,9) e HxH:feA,n,org€Ann}

Note that By, », is open for every m and n. Then Uy, , By n = H x H\ {(id, id)}
and so it is enough to prove that each two-dimensional class of topological
similarity is meager in each of By, .

Let uy be a sequence of words such that for every piecewise elementary pair
(p,q) (here p and g are partial isomorphisms of the rationals, as before) there
are infinitely many k such that for some p}, g, (P}, 4}, ux) liberates p in (p, ¢).
Then by Lemma 2.2.14 for a generic pair (f,g9) € G x G there is a sequence
of reduced words wy = viuy such that wy(f,g) — id. This implies that for a
generic pair (f,g) € H x H there is a sequence wy, as above (because the topology
in H is coarser than in G). If there is a non-meager two-dimensional class of
topological similarity then there is a sequence of reduced words {wy} = {viu}
(for some {vi}) such that the set of pairs (f1,91) € H x H that converges to
the identity along wy, is non-meager.

Fix now m,n and a sequence of reduced words wy = vpug. Set
Cr. ={(f,9) € Hx H:3K >k |lwg(f,g)(xm) — zm| > 1/2n}.

Each C}, is open, and we claim that it is also dense in By, ,,. Let V C B, ,, be an
open set. Without loss of generality we may assume that V = U(p;e1) xU(q; €2),

where p and ¢ are partial isomorphisms of the rationals. Let
0 = min{|z, — ¢ : c € F(p) NF(¢)} > 1/n.

Then there is K > k and p’, ¢’ such that (p’, ¢, uk) liberates p in (p,q). Now
repeat the proof of Lemma 2.2.11 and use Remark 2.2.9 to get p”, ¢’ that extend
p’ and ¢ and such that |wx (p”, ¢")(xm) — Tm| > 1/25. Hence each Cj, is dense
in By, n. Now by the Baire theorem the intersection NiC} is a dense G5 in
By, and thus for any specific sequence wy, the set of elements (f1,¢1) € H x H
that converges to the identity along this sequence is meager in B,, ,. Finally
we showed that each two-dimensional topological similarity class is meager in

B, » for any m, n and so is in H x H. O

2.3 Extensions of Partial Isometries

In this section we prove several results, that will be used later, when dealing

with the ordered Urysohn space. But we believe that some of the theorems
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below are of independent interest for understanding the group of isometries of
the Urysohn space. We mostly work with the classical Urysohn space, but some
of the results will be later applied to the ordered rational Urysohn space. The

following proposition will let us do that.

Proposition 2.3.1. Let A be a finite ordered metric space, and let p be a partial
isomorphism of A. Let B be a finite metric space (with no ordering) and let q
be a partial isometry of B with Z(q) = F(q). Suppose that A C B as metric
spaces and q extends p. If

Vz € dom(q) ¢(z) € A < x € dom(p),

then there is a linear ordering on B that extends an ordering on A and such

that q becomes a partial isomorphism of an ordered metric space B.

Proof. We prove the statement by induction on |B\ A|. If A = B the statement
is obvious. For the inductive step we consider two cases.

Case 1. There is some = € A such that = € dom(q) but = ¢ dom(p). Then
by the assumption, g(xz) € B\ A. Now extend the linear ordering on A to a
partial ordering on A U {¢q(z)} by declaring for y € A

q(r) <y <= Fz € dom(p) (p(z) < Y)&(z < 2),
y < q(z) < Jz € dom(p) (y < p(2))&(z < ).

It is straightforward to check that this relation is indeed a partial ordering
on A U {¢(x)}. Extend this partial ordering to a linear ordering on A U {¢(z)}
in any way. Then ¢ is a partial isomorphism of A U {¢(z)} and we apply the
induction.

Case 2. Assume the opposite to the first case happens. Then ¢la = p.
Take any x € dom(q) \ A (if there is no such x then dom(p) = dom(q) and the
statement is obvious). Assume first that  is not a fixed point of ¢. Then define

a linear ordering on A U {z, ¢(z)} by declaring
Vy € A (y < z)&(y < q(x))&(z < q(x)).

Then ¢ is a partial isomorphism of AU{z, ¢(x)} and we can apply the induction

hypothesis. If x was a fixed point then we declare
Yy e A (y < x),

and, again, induction does the rest. O

The core of our arguments will be the following seminal result due to Stawomir
Solecki established in 2005, see [24]. The second item is slightly modified com-
pared to the original statement, but the modification follows from the proof

in [24] without any additional work.
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Theorem 2.3.2 (Solecki). Let a finite metric space A and a partial isometry p
of A be given. There exist a finite metric space B with A C B as metric spaces,

an isometry p of B extending p, and a natural number M such that
(i) p*M = idp;

(ii) if a € A is aperiodic then p’(a) # a for 0 < j < 2M, and moreover for
any j such that 0 < j < 2M p/(a) € A iff p~1(a) € dom(p);

(iii) AUPM (A) is the free amalgam of A and p™ (A) over (Z(p), idy ) D™ |7(p))-

Moreover, the distances in B may be taken from the additive semigroup gener-
ated by the distances in A.

Definition 2.3.3. Let A, B, C be metric spaces and let C be embedded into A
and B. We say that B extends A over C if there exists an embedding i : A — B

such that the following diagram commutes:

A
N
N
N
A
C——B

We say that A and B are disjoint over C if neither B extends A over C nor
A extends B over C.

Lemma 2.3.4. Let A be a finite metric space, let p be a partial isometry of A,
and x € dom(p) be a non-periodic point x & Z(p) such that and x ¢ ran(p) (i.e.,
p~1(x) is undefined). Then there are metric spaces Ay and Ay that both extend
A: A C A, and A C As, and partial isometries p1 of Ay and pa of Ay that
both extend p and such that x & ran(p1) Uran(pz) and Orby, (z) and Orby, ()
are disjoint over Orby(x).

Moreover, one can assume that

(p2)7

) €A < e dom(p),

Z(p1) = Zp) = Z
Vo € dom(py) p1(z
Vr € dom(ps) p2(x) € A < x € dom(p).

Proof. Apply Theorem 2.3.2 to get a full isometry p of a finite metric space B

that extends p and a natural number M. Set
A=AUpA)U.. .UM L(A) U {y},

where y is a new point, i.e., a point not in B. Let § = D(A) denote the density
of A and fix an € > 0 such that ¢ < 25. We turn A into a metric space by
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defining the distance between a,b € A, a # b as follows.

dA(av b) =dp (av b) when a, b 7é Y;
da(a,y) = dg(a,x) when a# z,y;
da(z,y) =¢.

We claim that (A, dg ) is a metric space. We have to check the triangle inequality
(other conditions are obviously fulfilled). For this note that both A \ {y} and
A\ {z} are isometrically embeddable into B, where the triangle inequality is
known to be satisfied. So one needs to prove two claims.

Claim 1. For any z € A

da(z,y) < da(w,2) +da(z,y).

If z € {x,y} then the statement is obvious. If z ¢ {z,y} then dz(x,z) +
da(z,y) > 20 and dg(, ) =€ < 25 and Claim 1 follows.
Claim 2. For any z € A

dg (z,2)
dA(zay)

IN

da(z,y) +da(y, 2),
dx(z

( "T) + dA('Tay)-

IN

Note that for z ¢ {z,y} one has dz(y,z) = dz(z,z). From this both
inequalities follow immediately.

So A is a metric space. We denote it by A(e) to signify the dependence on
epsilon. Define a partial isometry p on A(e) by

whenever z € A and p(z) € A; and p(p*M~1(x)) = y. Using p*M = idp
it is straightforward to check that p is indeed a partial isometry. Now the
construction of two extensions that are disjoint over Orb,(z) is easy. Take, for

example, two different e1 < 29, €5 < 26, &1 # €5 such that
E; ¢ {dB(.Il,SCQ) 1 X1,T9 € B}7

let (A, p;) = (A(g;),p). Then Orby, (z) and Orby, (z) are disjoint over Orby, ().
O

The main power of Theorem 2.3.2 is the explicit construction of an extension
of a partial isometry to a full isometry of a finite metric space. Moreover, this
extension is as independent as possible. For our purposes we only need an
extension to a partial isomorphism, but we want to keep the independence. Let

us state explicitly a corollary of the theorem that gives everything that we need.
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Corollary 2.3.5. For any finite metric space A and a partial isometry p there
1s finite metric space C, a partial isometry p1 of C, which is an extension of p,

and a natural number M such that
(i) Z(p) = Z(p1);
(ii) A UpM(A) is the amalgam of A and pY (A) over (Z(p), idz(p),p{”|z(p)).

(iii) for any x € dom(p;)

pi(z) € A < 1z € dom(p).

Moreover, the distances in C are taken from the additive semigroup generated
by the distances in A, and hence the density is preserved: D(C) = D(A).

Proof. Apply Theorem 2.3.2 to A and p to get a metric space B, a full isometry

p of B and a natural number M. Now set
C=AUpA)U...UpM(A),

and p1 = plaup(a)u...upM-1(a)- 1t is trivial to check that such a C and p; satisfy

the conditions. O

Definition 2.3.6. Let (M, d) be a metric space, and let 2,y € M. We say that
the distance d(z,y) passes through a point z € M if

d(z,y) =d(z,2) + d(z,y).

We are going to apply Corollary 2.3.5 to partial isometries that also preserve
an ordering. That is why we impose an additional assumption: all periodic

points are fixed points, i.e., Z(p) = F(p).

Theorem 2.3.7. Let A be a finite metric space. Let p and q be two partial
isometries of A such that Z(p) = F(p) and Z(q) = F(q). Suppose F(p)NF(q) # 0.
Then there are finite metric space B, extensions p, ¢ of p and q respectively
(these extensions are partial isometries of B) and an element w = t%v € F(s,t),
K # 0 such that

(1) 2(p) = Z(p) (= F(p)), Z(q) = Z(q) (= F(9));

(i) dom(p) U w(p,q)(A) is the free amalgam of dom(p) and w(p,q)(A) over
F(p) N F(q).

Moreover, the distances in B are taken from the additive semigroup generated by
the distances in A, and hence D(dom(p)UA) = D(A), D(dom(q)UA) = D(A).
Proof. Let
N 2diam(A) .
D(A)
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Define inductively the sequence of elements wy, € F(s,t), extensions pk, gx and
metric spaces Ay as follows:

Step 0: Let pg = p, Go = ¢, wg = empty word, Ag = A;

Step k: If £ is odd then apply Corollary 2.3.5 to px—1 and Ag_1 to get pg
and My; set @ = qp_1, wr = sMrwy,_1, Ay = Ax_1 Udom(py) Uran(py).

If k is even do the same thing with the roles of p and ¢ interchanged.

We claim that p = pany2, § = Gon+2, B = Aan2, and w = won 4o fulfill
the requirements of the statement. Let d denote the metric on B. It is obvious
that F(p) = F(p) and F(q) = F(g) (this is given by Corollary 2.3.5 at each
stage). The moreover part is also obvious, since it is fulfilled at every step
of the construction. It remains to show that for any « € w(p,q)(A) and any

y € dom(p) one has
d(z,y) = min{d(z,z) + d(z,y) : z € F(p) NF(q)}- (1)

Note that by the last step of the construction for any =z € w(p,q)(A) and
y € dom(p) we have

d(z,y) = min{d(z,2) + d(z,y) : 2 € F(q)}-

We first prove several claims.

Claim 1. It is enough to show that (1) holds for all € w(p,7)(A) and
y € F(q).

Proof of Claim 1. Assume (1) holds for all € w(p,q)(A) and y € F(q). If
y" € dom(p), then for some ¢ € F(q)

d(z,y') = d(z,c) + d(c,y') = min{d(z,e) + d(e,y’) : e € F(q)}. (2)
By the assumptions of the claim we get
d(z,y') = d(z,2) + d(z,¢) + d(c,y) = d(x,2) + d(z,9),
for some z € F(p) N F(q); and so, by (2),
d(z,y') = d(x, z) + d(z,y").

This proves the claim.

Let w;(c) denote w;(p;, G;)(c).

Claim 2. Let z € F(p) UF(g), ¢ € A and suppose that for some z €
F(p) NF(q) and for some i the distance between w;(c) and x passes through z.
Then for any j > i the distance between w;(c) and x passes through the same
point z.

Proof of Claim 2. This follows by induction. Here is an inductive step.

Assume for definiteness that j+ 1 is odd (the case when j+1 is even, is similar).

30



The distance between z and wj1(c) passes through a point 2’ € F(p) (2’ € F(q)
if j 4+ 1 is even). Then

d(wj(c), z) = (w;(c), z) + d(z, x) < d(w;(c), 2) + d(Z', z),
d(wj11(c), z) = d(wjt1(c), 2') + d(2', x),

but d(w;+1(c),z’) = d(w;(c),z’) (this is because wj+1 = s™w; and 2’ is fixed
by p). Hence
d(wj(e), x) < d(wj1(¢), x),

but also
d(wjt1(c),z) < d(wjy1(c),2) +d(2,2) = d(w;(c), z) + d(z,x) = d(w;(c), z),

and so d(wjt1(c),z) = d(w;(c), z). This proves the claim.

Claim 3. Let z € F(p) A F(q) (here A is symmetric difference of sets),
¢ € A. Suppose that the distance between w;(c) and x does not pass through a
point in F(p) NF(q). Then d(w;(c),x) > [i/2|D(A).

Proof of Claim 3. Suppose first that 2 € F(p) \F(q). We prove the statement
by induction on ¢. The base of the induction is trivial, so we show the inductive
step: assume the statement is true for ¢ and we need to show it for ¢ + 1. If ¢
is even then, since |i/2] = [ (i + 1)/2] and because d(w;+1(c),x) = d(w;(c), x)
(this is since ¢ is even and = € F(p)) the statement follows immediately. So,
assume 4 is odd. Then the distance between w;+1(c) and x passes through a
point z € F(g). Now two things can happen. Suppose first for some j < i the
distance between w;(c) and z passes through a point 2’ € F(p) NF(g). Then by

Claim 2, the distance between z and w;41(c) must pass through z’. Now

d(wit1(c), x) = d(wira(c), 2) + d(z,7) =
d(wiy1(e),2") +d(',2) + d(z,2) > d(wiy1(c), ") +d(2, z).

And so the distance between w;y1(c) and z passes through a point 2’ €
F(p) N F(q). This contradicts the assumptions of the claim. So, for no j < ¢
does the distance between wj(c) and x pass through a point in F(p) N F(q).
Then, applying induction to w;(c) and z, we get d(w;(c),z) > |i/2|D(A). But
since d(w;+1(¢), z) = d(w;(c), z) and since d(z,z) > D(A) we get

dwii1(c),) = |i/2|D(A) + D(A) = |(i +1)/2|D(A).

In the case when = € F(q) \ F(q), the distance increases by D(A) at even stages
of the construction, and the rest of the argument for this case is similar. The

claim is proved.
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Now fix ¢ € A and y € F(q). It remains to show that

d(wan42(c),y) = min{d(wan42(c), z) + d(z,y) : z € F(p) NF(q)}.

We have two cases (we will show, though, that Case 2 is impossible).
Case 1. For some i < 2N + 2 the distance between w;(c) and y passes
through a point z € F(p) N F(g). Then

d(y, wi(c)) = min{d(y, z) + d(z,wi(c)) : z € F(p) N F(q)}.
Applying Claim 2 for j = 2N + 2, we get
d(y, wan2(c)) = min{d(y, 2) + d(z, wan+2(c)) : 2 € F(p) N F(q)}-

And the theorem is proved for this case.
Case 2. For no i < 2N + 2 does the distance between w;(c) and y pass
through a point in F(p) NF(q). Then by Claim 3

d(wan+2(c),y) > (N + 1)D(A) > 2diam(A).

On the other hand, let z € F(p) N F(¢g) be any common fixed point. Then
d(wan+2(c), y) < d(wan+2(c), 2) +d(2,y) = d(c, 2) + d(z,y) < 2diam(A). This

gives a contradiction. So this case never happens. O

Remark 2.3.8. Note that the same result is also true for ordered metric spaces.
For this one just has to apply Proposition 2.3.1 at each step of the construction
of p and q.

Before we apply this result to the classes of topological similarity let us
mention another application. For a subset A C U (A C QU) let Isoa (U)
(Isoa (QU), respectively) denote the subgroup of isometries that pointwise fix
A. Recall a theorem of Julien Melleray from [17].

Theorem 2.3.9 (Melleray). Let U be the Urysohn space, and let A,;B C U be

two finite subsets. Then

Isoans (U) = (Isoa (U), Isog (U)).

Let us give an equivalent reformulation of the above result.

Theorem 2.3.10 (Melleray). Let U be the Urysohn space, and let A,B C U
be two finite subsets. Then for any e > 0, for any p € Isoans(U), and for any
finite C C U there is q € (Isoa (U),Isog(U)) such that

Vo € C d(p(x),q(z)) < e.

We show that one can actually eliminate the epsilon in the above reformu-

lation.
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Theorem 2.3.11. Let U be the Urysohn space, and let A,B C U be two finite
subsets. Then for any p € Isoans(U) and for any finite C C U there is q €
(Isoa (U),Isog (U)) such that

Vz € C p(z) = q(x).

Proof. Without loss of generality we may assume that A C C and B C C. If
D = CUp(C), then p|¢ is a partial isometry of D. Define two partial isometries
p1 and po of D by

Vo € A pi(x)

Vo € B pa(z) = .

€T,

Now apply Theorem 2.3.7 to p1, p2 and D to get a metric space D’ and extension
q1 of p1 and g2 of pa, and a word w € Fy. Extend ¢; to q] by setting

Vo € C ¢i(w(gqi, g2)(z)) = w(gi, g2)(p(2)).

Such a ¢} is then a partial isometry of D’. This follows from the fact that

w(q1,q2)(C) Udom(q)

is an amalgam of w(q1, ¢2)(C) and dom(gy) over F(p1)NF(p2) = ANB C F(p).
Indeed, if y € dom(g;) and = € C then

d(q1(y), w(aqr, a2)(p(x))) =
min {d(q1(y), 2) +d(z, w(q1,42)(p(2))) : 2 € F(p1) ﬂF(pQ)} -

d(q1(y), a1(2)) + d(w(ar, a2)(p(2)), w(ar, g2)(p(2))) : 2 € F(p1) N F(m)} -
d(y,2) + d(z,z) : 2 € F(p1) N F(pz)} =

d(y,z) + d(z,w(q1, ¢2)(x)) : 2 € F(p1) N F(pz)} = d(y, w(q1, ¢2)(x)).

min

min

lantun Wantun Wanten Wanten'

min
Now extend ¢] and g2 to full isometries (we still denote them by the same
symbols) and set
q=w""(q1,92)q1w(q1, g2)-
Then for any x € C, p(x) = q(z), and ¢f € Isoa (U), ¢2 € Isog(U). O
Note that if we start from metric spaces with rational distances, then the

space D', constructed in the proof, would also have rational distances. And we

arrive at the

Corollary 2.3.12. Let QU be the rational Urysohn space, and let A,B C QU
be two finite subsets. Then

Isoans(QU) = (Isoa (QU), Isop(QU)).
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Before showing another application of our extension result we need the fol-

lowing easy observation.

Lemma 2.3.13. Let p, g be partial isometries of the Urysohn space U such that
dom(p) = dom(q), and let

{ei}iz, = dom(p).
For any € > 0 there are partial isometries p,q of U such that

dom(p) = dom(p) = dom(q) = dom(q),
Vi d(p(ci),p(ci)) <&, d(q(ei),q(ci)) <e,

and the sets dom(p), p(dom(p)), g(dom(p)) are pairwise disjoint.

Proof. Set A = dom(p) U p(dom(p)) U ¢(dom(p)). Let {a;}7_ 1, {b;i}; be new

symbols, disjoint from all other data. Set

B = {ci} U{p(ci)} U{a(ci)} U{ai} U{bi}.

Let € > 0 be given. We may decrease it to ensure that € < D(A). Now define
the metric on B as follows. The metric on A is the one inherited from U. For
x € A set

d(p(c:),x) if z # p(ci);

d a;,xr) =
o © if # = p(ci);
dq(ci), =) if @ # q(c);
d(bi, o) = (q(ci), ) : # qE i
¢ nr=q(c);
d(as,b;) = d(p(ci), qc;))  if ples) # q(c));
- ¢ if p(c;) = q(cy).

It is routine to check that d is indeed a metric on A, and we leave this to

the reader. Finally, set
plei) =ai qci) = bi.
Then p and ¢ satisfy the conclusions of the lemma. O

One of the corollaries from the results in [24] is that the group Aut(U) is
topologically 2-generated, in other words there is a pair of isometries (f, g) such
that the group (f,¢) is dense in Aut(U). If A is the set of pairs that generate a

dense subgroup, then

A={(f,9) € Aut(U) x Aut(U) : Ve > 0 Vh
Vn V{c;}ieq Jw Vi d(w(f,g)(ci),h(c)) < e}
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We show that, in fact, a generic pair of isometries generates the whole group.
Theorem 2.3.14. A is a dense Gs-subset of Aut(U) x Aut(U).

Proof. Let {h;}52, be a dense subset of Aut(U), and {¢;}72; be a dense set of
points in U. Set

B(n,m,j) ={(f,g) € Aut(U) x Aut(U) :
Jw d(w(f, g)(ci), hjei)) <1/nfor 1 <i<m}.

Each B(n,m,j) is open and

A= ﬂ B(n,m,j),

n,m,j

hence A is Gs. It remains to check that all of the B(n,m, j) are dense. Fix m,n,
and j. Let p,q be partial isometries of U, € > 0, and without loss of generality
we assume that dom(p) = dom(q) and that {¢;}/™, C dom(p). Let h; be the
partial isometry given by the restriction of h; onto {¢;}. By ultrahomogeneity

of U it is enough to show that there are partial isometries p, ¢ such that
d(p(e),p(c)) < e, d(d(c),q(c)) <e for all ¢ € dom(p)
and a word w such that
d(w(p,q)(ci): hj(ei)) < 1/n
for alli € {1,...,m}. By Lemma 2.3.13 we may find p, § such that
dom(p) = dom(p) = dom(q) = dom(q),

d(p(c),p(c)) <e, d(g(c),q(c)) <e forall ¢ € dom(p)

and
dom(p), p(dom(p)), g(dom(p))

are pairwise disjoint. Now add a common fixed point z to p, ¢ and ﬁj (and
denote the new partial isometries still by p, ¢ and ﬁ])

We can now apply Theorem 2.3.7 to the partial isometries p, ¢ and the set

A = dom(p) U p(dom(p)) U g(dom(p)) U f; (dom(p)).

This gives us partial isometries p’, ¢’ that extend p and § and a word w;.

The next step is to extend p’ to p by setting
(1 (0, 0))(e0)) = wa (B @)y ().
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We claim that p is still a partial isometry. The argument is similar to the one
in the proof of Theorem 2.3.11. We have {z} = F(p') N F(¢’) N F(h;). Then for
any y € dom(p’) and any ¢;

d(p'(y), wi (0,4 (hi () = AP’ (y), 2) + d(z, w1 (0, ) (i (e2))) =

d(p'(y),p'(2)) + d(wi(p', ¢') (1 (2)), w1 (p, ¢') (s (cs))) =
d(y, z) +d(z,c;) = d(y, 2) + d(wi (p', ¢')(2), w1 (P, ¢')(ei)) =
d(y, z) +d(z,wi1(p',q')(ci)) = d(y, w1 (', q')(ci)),

and hence d(p(y), wr (o', ¢')(hy (1)) = d(y, wn (5, a')(cx)).
Finally set w = w] 'sw; then for § = ¢

w(p, q)(ci) = ilj(ci) = hj(c;) for all .

So B(n,m,j) is dense and by Baire Theorem A is dense Gs. O

2.4 Isometries of the Ordered Urysohn Space

There is a rich variety of linearly ordered Fraissé limits, of which the countable
dense linear ordering without endpoints is the simplest example. In fact, as
proved in [11], if the group of automorphisms of a particular Fraissé class K
is extremely amenable, then there is a linear ordering on the Fraissé limit of
K that is preserved by all automorphisms. Moreover, the ordered limit is still
Fraissé , i.e., is a Fraissé limit of a Fraissé class.

We consider another example of a linearly ordered Fraissé limit: the ordered
rational Urysohn space QU..

Let us briefly recall the definition of this structure. Formally speaking, one
has to consider the Fraissé class M of finite ordered metric spaces with rational
distances. Then QU, is, by definition, the Fraissé limit of M. Intuitively one
can think of this structure as a classical rational Urysohn space with a linear
ordering on top (such that ordering is isomorphic to the ordering of the rationals)
and such that this ordering is independent of the metric structure.

Our goal is to prove that every two-dimensional class of topological similarity
in the group of automorphisms of QU is meager. We would like to emphasize
that the structure of conjugacy classes in Aut(Q) and Aut(QU., ) is substantially
different. As was mentioned earlier there is a generic conjugacy class in Aut(Q),
while it is not hard to derive from results in [14], that each conjugacy class in
Aut(QU.) is meager.

Recall (see [14], Definition 3.3)

Definition 2.4.1. A class I of finite structures satisfies the weak amalgamation
property (WAP for short) if for every A € K there are B € K and an embedding
e : A — B such that for all C € £, D € K and all embeddings i : B — C,
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j : B — D there are E € K and embeddings k : C — E, [ : D — E such that
koioce=1lojoe,ie. in the following diagram the paths from A to E commute

(but not necessarily paths from B to E).

A class K satisfies the local weak amalgamation property if for some A € K

weak amalgamation holds for the class of structures B € K that extend A.

Definition 2.4.2. Let K be a Fraissé class. We associate with it a class of
structures K,. Elements of K, are partial isomorphisms of K, more precisely
tuples

(Asp: A" — A",

where A, A’ and A” € K, A/, A” C A and p is an isomorphism.

Theorem 2.4.3 (Kechris—Rosendal, see [14], Theorem 3.7). The group of au-
tomorphisms of a Fraissé class KC has a non-meager conjugacy class if and only

if class ICp, satisfies the local weak amalgamation property.
Proposition 2.4.4. Fvery conjugacy class in Aut(QU.) is meager.

Proof. By Theorem 2.4.3 it is enough to show that the class M, does not have
the local WAP. Let A = (A, ¢ : A’ - A”) € M,, and assume without loss of
generality that ¢ has at least one non-fixed point (otherwise take an extension
of ¢). We claim that the class of structures that extend A does not have WAP.

Fix B = (B,v : B’ — B”) that extends A and assume for notational
simplicity that A C B. Let z € A’ be such that ¢(z) # z and let Orbg(z) be the
orbit of z under ¢. Then Orby(z) D Orby(z). Since we have ordering ¢(z) # z
implies that z is not a periodic point of ¥, because for ordered structures periodic
points coincide with fixed points. Let € B’ be “the beginning of the orbit of
Z”, that is € Orby(z) and = ¢ ran(y). Such an z exists and is unique. Let
mo € N be such that z = ¢~"°(z). Now take (by Lemma 2.3.4 and Proposition
2.3.1) two structures C = (C, 0 : C' - C") € M,, D= (D, 7 : D' —
D) € M, such that B C C and B C D such that « ¢ ran(c), € ran(r) and
Orb, () and Orb.(z) are disjoint over Orby(z). We claim that there is no weak
amalgamation of C and D over B and A. Indeed, suppose there is a structure
(E, ¢£: E' — E”) together with two embeddings k: C — E and [ : D — E such
that k(a) = I(a) for all @ € A’. In particular, k(z) = I(z). But the maps k, are

not only isometries but also preserve partial isometries ¢, ), o, 7. Hence



for any m € Z whenever both sides are defined. And thus k(z) = k(c="°(z)) =
I(t7™(2)) = l(x). Suppose, for definiteness, that | Orb,(z)| > | Orb.(z)| or, in
other words, there is m; € N such that ¢ (z) is defined but 71+1(x) is not
(i.e., 7™ (z) ¢ dom(7)). Then Orbs(z) extends Orb,(z) over Orby (). This is
because

E7 (7™ (2)) = 0™ (2) ¥Ym €{0,...,m1}.

This contradicts the choice of Orb, () and Orb.(z). O

For classes of topological similarity the situation is rather different. All non-
trivial elements in Aut(QU.,) fall into a single class of topological similarity. And
more generally, if K is any countable linearly ordered structure and Aut(K) is
endowed with the topology of pointwise convergence (K is discrete here), then
Aut(K) has exactly two classes of topological similarity (unless Aut(K) = {id},
then, of course, there is only one): all non-trivial automorphisms generate a
discrete copy of Z and hence fall into a single class. Thus, in spite of the previous
proposition, it makes sense to ask if there is a non-meager two-dimensional
similarity class in Aut(QU.).

We define the notions of elementary and piecewise elementary pairs of partial
isomorphisms of QU and the notion of liberation exactly as for the partial
isomorphisms of the rationals.

It turns out that the analog of Theorem 2.2.15 for the ordered Urysohn
space holds. Let us first briefly sketch the idea of the proof before diving into
the details. We will prove that, again, for a generic pair there is a sequence of
reduced words, such that this pair converges along it. One can repeat all the
arguments up to Lemma 2.2.12 (only obvious changes are necessary). So one
gets for a piecewise elementary pair (p,q) a triple (p’, ¢’, w) that liberates p in
(p,q). But now, contrary to the case of the rationals, one cannot in general
declare that p’'(w(p’, ¢')(c)) = ¢ for ¢ € Ess(p) UEss(q), since such a p’ may be
not an isometry. At this moment we have to take further extensions of p’ and
¢'. But once an analog of Lemma 2.2.13 is proved for the Urysohn case, the rest
of Theorem 2.2.15 goes unchanged.

If p is a partial isometry, we can use amalgamation of its domain with a one
point metric space over the empty set to add a fixed point for p. Using this
observation the following two lemmata, which are analogs of Lemma 2.2.12 and

Lemma 2.2.11, are proved as for the rationals, and we omit the details.

Lemma 2.4.5. Let (p,q) be a piecewise elementary pair of partial isomorphisms
of QU and assume a triple (p',q',w) liberates p [liberates q] in (p,q). Let
u=1t"vw fu=s"v] be a reduced word such that ww is irreducible. Then there
is a triple (p”,q", uw) that liberates p [liberates q] in (p,q). Moreover, one can

take p” to be an extension of p' and q" to be an extension of ¢'.

Lemma 2.4.6. Let (p, q) be a piecewise elementary pair of partial isomorphisms
of QU and u € F(s,t) be a reduced word. Then there is a triple (p', ¢',vu) that
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liberates p in (p,q) [liberates q] and such that |vu| = |v| + |ul.

Lemma 2.4.7. For any pair (p, q) of partial isomorphisms of the QU_ and any
word u € F(s,t) there are extensions p' and ¢’ of p and q respectively and a

reduced word w = xu such that w(p',q")(c) = ¢ for any ¢ € dom(p) U dom(q).

Proof. We can assume that (p,q) is piecewise elementary. By Lemma 2.4.6
there are extensions p, ¢ of p and ¢ and a reduced word vu such that (p, ¢, vu)
liberates p in (p, q). Now apply Theorem 2.3.7 (with Remark 2.3.8 and Lemma
2.2.11) to p, ¢ and

A = dom(p) Uran(p) U dom(q) U ran(q)

to get extensions p and ¢ and a reduced word v’. Note that v'vu is reduced,
because v starts from a power of ¢t and v’ by construction ends in a power of s.

By the item (ii) of Theorem 2.3.7 we can extend p to p’ by declaring

p/|v’vu(dom(p) Udom(q)) — id.

Set ¢’ = ¢ and w = (v'uv) " Ls(v'uv). It is easy to see that w(p’,¢')(c) = ¢ holds
for any ¢ € dom(p) U dom(q). O

Theorem 2.4.8. Every two-dimensional class of topological similarity in Aut(QU.)

18 meager.

Proof. Repeat the proofs of Lemma 2.2.14 and Theorem 2.2.15 using Lemma
2.4.7 instead of Lemma 2.2.13. O

Remark 2.4.9. All the results in this section can be proved for the ordered
random graph in the same way, as they were proved for the ordered rational
Urysohn space. One can also formally deduce this case from the above results

viewing graphs as metric spaces with all the distances in {0, 1, 2}.
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Chapter 3

Graev Metrics

3.1 Introduction

3.1.1 History

Back in the 40’s in his seminal papers [15,16] A. Markov came up with a notion
of the free topological group over a completely regular (Tychonoff) space. This
notion gave birth to a deep and important area in the general theory of topo-
logical groups. We highly recommend an excellent overview of free topological
groups by O. Sipacheva [22]. Later M. Graev [6] gave another proof of the exis-
tence of free topological groups over completely regular spaces. In his approach
Graev starts with a pointed metric space (X, zg,d) and defines in a canonical
way a two-sided invariant metric on F(X \ {zo}) — the free group with bases
X \ {z0}. Moreover, this metric extends the metric d on X \ {z¢}. In modern
terms, Graev constructed a functor from the category of pointed metric spaces
with Lipschitz maps to the category of groups with two-sided invariant metrics
and Lipschitz homomorphisms.

The topology given by the Graev metric on the free group F(X \ {zo}) is,
of course, much weaker than the free topology on F(X \ {xo}). Since the early
40’s a lot of work was done to understand the free topology on free groups, and
some of this work shed light onto properties of the Graev metrics.

Graev metrics were used to construct exotic examples of Polish groups (see
[3,12,26]). For example, the group completion of the free group F(NY) over
the Baire space with the topology given by the Graev metric is an example of a
surjectively universal group in the class of Polish groups that admit compatible
two-sided invariant metrics (see [12]).

Once the notion of a free topological group is available, the next step is to
construct free products. It was made by Graev himself in [5], where he proves
the existence of free products in the category of topological groups. For this he
uses, in a clever and unexpected way, Graev metrics on free groups. But this
time his approach does not produce a canonical metric on the free product out
of metrics on factors.

In this chapter we would like to try to push Graev’s method from free groups
to free products of groups with and without amalgamation. As will be evident

from the construction, the natural realm for this approach is the category of
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groups with two-sided invariant metrics. To be precise, a basic object for us
will be an abstract group G with a two-sided invariant metric d on it. We recall
that G will then automatically be a topological group in the topology given by
d. Topological groups that admit a compatible two-sided invariant metric form
a very restrictive subclass of the class of all the metrizable topological groups,

but it includes compact metrizable and abelian metrizable groups.

3.1.2 Notations

In this chapter we use the following conventions. By an interval we mean an
interval of natural numbers. An interval {m,m+1,... ,n} is denoted by [m,n].
For a finite set F' of natural numbers min(F') and max(F') denote its minimal and
maximal elements respectively. For two sets Fy and Fj if max(F;) < min(F),
then we say that F} is less than F5 and denote this by F; < F5.

A finite set F' of natural numbers can be represented uniquely as a union of

its maximal sub-intervals, i.e., there are intervals {I}}_, such that

(1) F = U Ie;
(il) max(Ix) + 1 < min(Ix4;) for all k € [1,n —1].

We refer to such a decomposition of F as to the family of maximal sub-intervals.

By a tree we mean a connected directed graph without undirected cycles
and with a distinguished vertex, which is called the root of the tree. For any
tree T its root will be denoted by (). The height on a tree T is a function Hr
that assigns to a vertex of the tree its graph-theoretic distance to the root. For
example Hp(0) = 0 and Hp(t) = 1 for all t € T'\ {0} such that (0.t) € E(T),
where E(T) is the set of directed edges of T'. We use the word node as a synonym
for the phrase vertex of a tree. We say that a node s € T is a predecessor of
t € T, and denote this by s < t, if there are nodes s, ..., S, € T such that
so =1t,8n = s and (s;,8,41) € E(T).

3.2 Graev metric groups

Before going into the details of the construction of Graev metrics on free prod-
ucts we would like to recall the definition of the Graev metrics on free groups.
The reader may consult [6], [3], [4] or [12] for the details and proofs.

Classically one starts with a pointed metric space (X, e,d), where d is a
metric and e € X is a distinguished point. Take another copy of this space,
denote it by (X! d), and its elements are the formal inverses of the elements
in X with the agreement e™! = ¢ and X N X! = {e}. Then X! is also
a metric space and we can amalgamate (X,d) and (X!, d) over the point e.
Denote the resulting space by (X, e, d). Equivalently, X = X UX !, and for all
z,y € X

d(z™y™h) =d(z,y), d(z,y™") = d(z,e) + d(e,y).
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With the set X we associate two objects: the set of nonempty words Words(X)
over the alphabet X and the free group F/(X) over the basis X. There is a small
issue with the second object. We want e to be the identity element of this group
rather than an element of the basis. In other words, we formally have to write
F(X \ {e}), but we adopt the convention that given a pointed metric space
(X,e,d), in F(X) the letter e € X is interpreted as the identity element. The
inverse operation in F(X) naturally extends the inverse operation on X. We
have a natural map

~: Words(X) — F(X),

for u € Words(X) its image @ is just the reduced form of u. For a word
u € Words(X) its length is denoted by |u| and its i*" letter is denoted by wu(i).

For two words u,v € Words(X) of the same length n we define a function

And finally, we define a metric d by
d(f,9) = inf{p(u,v) : [u| = [v| and @ = f,o = g}.

A theorem of Graev [6] states that d is indeed a two-sided invariant metric
on F(X), and moreover, it extends the metric d on the amalgam X. It is
straightforward to see that d is a two-sided invariant pseudo-metric and the
hard part of the Graev’s theorem is to show that it assigns a non-zero distance
to distinct elements. Graev showed this by proving some restrictions on u and
v in the infimum in the definition of d. The effective formula for the Graev
metric was first suggested by Sipacheva and Uspenskyy in [23] and later, but
independently, a similar result was obtained in [3] by L. Ding and S. Gao. In

our presentation we follow the latter.

Definition 3.2.1. Let I be an interval of natural numbers. A bijection 0 : [ — I

is called a match if
(i) there are no 4,5 € I such that i < j < 6(z) < 0(3).

Definition 3.2.2. Let w € Words(X) be a word of length n, let 6 be a match

on [1,n]. A word w? has length n and is defined as

e if 6(i) = 1;
w’ (i) = ¢ w(d) if (i) > i;
if 0(3) < 1.
It is not hard to check that for any word w and any match 6 on [1, |w|] the

word w? is trivial, i.e. w? =e.
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Theorem 3.2.3 (Ding-Gao). If f € F(X) and w € Words(X) is the reduced
form of f, then

d(f,e) =min {p(w,w’) : 0 is a match on [1,|w|]}.

Here are some of the properties of the Graev metrics. They are easy conse-

quences of the definition of the Graev metric and Theorem 3.2.3.

Proposition 3.2.4. Let (X,e,d) be a pointed metric space, and let d be the

Graev metric on F(X).
(i) If (T,dr) is a tsi group and ¢ : X — T is a K-Lipschitz map such that
¢(e) = e, then this map extends uniquely to a K -Lipschitz homomorphism

¢:F(X)—T.

(i) If Y C X, e € Y is a pointed subspace of X with the induced metric,
then the natural embedding i : Y — X extends uniquely to an isometric
embedding

i: F(Y)— F(X).

Moreover, if Y is closed in X, then F(Y) is closed in F(X).
(111) If & is any tsi metric F(X) that extends d, i.e., if d(x1,x2) = (21, 22) for

all x1,x9 € X, then §(u1,u2) < d(u1,usz) for all ui,us € F(X). In other

words, d is maximal among all the tsi metrics that extend d.

() If X # {e}, then
X(F(X)) = max{Ro, x(X)}.

In particular, if X is separable, then so is FI(X).

3.2.1 Free groups over metric groups

In this subsection we prove a technical result that will be used later in Section
3.6.

Suppose X is itself a group and e € X is the identity element of that group.
Let o denote the multiplication operation on X, and let 2! denote the group
inverse of an element x € X. Suppose also that d is a two sided invariant metric
on X. For u € Words(X) define a word u* by

u(?) if u(i) € X;
(u(@) YT ifu(i) e XL

For h € F(X) let h¥ = ’L/U\ﬁ, where w is the reduced form of h.

Proposition 3.2.5. Let f € F(X), and let w be the reduced form of f. If
w € Words(X), then for any h € F(X)

d(fh,e) > d(fh* e).
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Proof. Suppose w € Words(X) and fix an h € F(X). Let u € Words(X) be the

reduced form of h. It is enough to show that
~ ~u)? ~ut (wut)?
plw u,(w u) >plw u,(w u)
for any match 0 on [1, |w| + |u|]. This follows from the following inequalities:

e if z,y € X! then by the two-sided invariance of the metric d
d(z,y) = d(z~y~") =d((="")T, (v )T);
e if r € X! and y € X, then by the two-sided invariance of the metric d

d(z,y) = d(z,€) +d(e,y) = d(z™¢) +d(e,y) =
d((:c_l)T,e) +d(e,y) > d((x_l)T,y).

Thus d(fh,e) > d(fh, e). O

3.3 Trivial words in amalgams

Let a family {G}rea of groups be given, where A is an index set. Suppose all
of the groups contain a subgroup A C G, and assume that Gy, N G, = A for
all \; # Xo. Let G = UkeA G\ denote the union of the groups G\. The identity
element in any group is denoted by e, the ambient group will be evident from
the context. Let 0 be a symbol not in A. For g1, g2 € G we set g1 = g2 to denote
the existence of A € A such that g1,92 € Gx. If g1 = g2, we say that g; and
g2 are congruent. We also define a congruence relation on A U {0} by declaring
that z,y € AU {0} are congruent if and only if either = y or at least one of
x,y is 0. This congruence on A U {0} is also denoted by 2.

The free product of the groups GG with amalgamation over the subgroup A
is denoted by [[ 4Gx. We carefully distinguish words over the alphabet G from
elements of the amalgam [] ,G. For that we introduce the following notation.
Words(G) denotes the set of finite nonempty words over the alphabet G. The
length of a word @ € Words(G) is denoted by |al, the concatenation of two
words « and f is denoted by a3, and the i letter of « is denoted by a(i); in
particular, for any o € Words(G)

a=al)”a2)” - Ta(|al]).

Two words a, 8 € Words(G) are said to be congruent if |a| = |5] and «(i) = B(i)
for all ¢ € [1,|a|]. For technical reasons (to be concrete, for the induction
argument in Proposition 3.3.11) we need the following notion of a labeled word.

A labeled word is a pair («, (), where « is a word of length n, and [, : [1,n] —
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A U {0} is a function, called the label of a, such that
a(i) e GAa\A = (1) =X

for all i € [1,n].

Example 3.3.1. Let o € Words(G) be any word. There is a canonical label
for a given by
0 ifa(i) e A:
lo(i) = (@
A if a(i) € Gy \ A.

In fact, everywhere, except for the proof of Proposition 3.3.11, we use this

canonical labeling only.
Let a be a word of length n. For a subset F' C [1,n], with F' = {i}7,,
where i1 <19 < ... <1im, set

alF] = ain) " a(ia)” - T alim)-

We say that a subset F' C [1,n] is a-congruent if (i) = «(j) for all i,j € F.
There is a natural evaluation map from the set of words Words(G) over the

alphabet G to the amalgam [],G» given by the multiplication of letters in the

group [[4Ga:
a—a(l)-a2) - allal).

This map is denoted by a hat
= Words(G) — HAG,\.

Note that this is map is obviously surjective. For a word o € Words(G) and a

—

subset F' C [1, |a|] we write &[F] instead of a[F]. We hope this will not confuse

the reader too much. A word « is said to be trivial if & = e.

3.3.1 Structure of trivial words

Elements of the group A will be special for us. Let a € Words(G) be a word
of length n. We say that its i*" letter is outside of A if, as the name suggests,
a(i) ¢ A. The list of external letters of a is a, possibly empty, sequence {iy}7
such that

(i) ix < igy4q for all k € [1,m — 1];
(i) a(ix) € A for all k € [1,m];
(ili) «(i) ¢ A implies i = iy, for some k € [1,m)].

In other words, this is just the increasing list of all the letters in « that are
outside of A.
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Definition 3.3.2. Let a € Words(G) be a word with the list of external letters
{ix}7,. The word « is called alternating if a(ix) 2 a(ig+1) for all k € [1,m—1].
Note that a word is always alternating if m < 1. The word « is said to be
reduced if a(i) 2 ai 4+ 1) for all ¢ € [1, |a] — 1], and it is called a reduced form
of f € 1 4G if additionally & = f.

The following is a basic fact about free products with amalgamation.
Lemma 3.3.3. Let o € Words(G) be a reduced word. If o # e, then & # e.

It is worth mentioning that if A # {e}, then an element f € [[,G\ has
many different reduced forms (unless f € G, then it has only one). But all
these reduced forms have the same length, therefore it is legitimate to talk

about the length of an element f itself.

Lemma 3.3.4. Any element f € [[,Gx has a reduced form o € Words(G).
Moreover, if f € Words(G) is another reduced form of f, then |a| = |B| and
Aa(i)A = AB)A for alli € [1,]a]].

Proof. The existence of a reduced form of f € [],G» is obvious. Suppose a
and [ are both reduced forms of f. Set

¢=ale)™ 7 Ta(M)T BT BB

Since f = e and ( # e, by Lemma 3.3.3 ( is not reduced. By assumption, o and
B were reduced, therefore (1) = 3(1). We claim that a(1)~*3(1) € A. Indeed,
if a(1)7'B(1) € A, then the word

E=a(la)™' 7 Ta()Th-BA)T T B(6D)

is reduced, € = e, and € # e, contradicting Lemma 3.3.3. So a(1)715(1) € A,
and therefore (1) = a(1)a; for some a; € A and Aa(1)A = AB(1)A. Now set

ar=a2)” - Talal), f2=a1-B2)7 T BB

Since & = Bl and «q, 8y are reduced, we can apply the same argument to get

a1(1) = B1(1)as for some as € A, whence
Aa(2)A = A1 (1)A = AB1(1)A = AB(2) A.

And we proceed by induction on || + || O

Lemma 3.3.5. Let f € [[,Gx and o, f € Words(G) be given. If « is a reduced
form of f, |a| = |B| and & = B3, then B is a reduced form of f.

Proof. If 8 is not a reduced form of f, we perform cancellations in 5 and get
a reduced word B; such that 3; = f and |B1] < |B]- By Lemma 3.3.4 we have
|B1] = |a|, contradicting || = |«|. Hence j is reduced. O
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Lemma 3.3.6. If o is an alternating word with a nonempty list of external
letters, then & # e.

Proof. Let {ix}}’_, be the list of external letters of a. For k € [2,m — 1] set
51 = Oé(l) s Oé(iQ — 1),

& = a(ix) - a(ip +1) - - alirer — 1),
Em = alim) - alim + 1) a(n),

and put
=47 "&m.

Then € = @&, £ # e (since & # e for all i € [1,m]), and, as one easily checks, &
is reduced. An application of Lemma 3.3.3 finishes the proof. O

Lemma 3.3.7. If { is a trivial word of length n with a nonempty list of external

letters, then there is an interval I C [1,n] such that
(i) ¢ € A;

(i1) I is (-congruent;

(iti) ¢(min(I)),¢(max(1)) € A.

Proof. Let {iy}7r, be the list of external letters. For all k € [1,m] define my
and M}, by

my, = min{j € [1,k] : [i;,4x] is (-congruent},
My, = max{j € [k, m] : [ix, ;] is (-congruent}.

Set I, = [myg, Mg], and note that for k,l € [1,m)]
Ikﬂfl#(b = I} = I}.

Let Iy, ..., I}, be a list of all the distinct intervals Iy,. Then {I},}}_; are
pairwise disjoint. Note that each of Iy, satisfies items (ii) and (iii). To prove
the lemma it is enough to show that for some i € [1,p] the corresponding I,
satisfies also item (i). Suppose this is false and ([Ij,] & A for all i € [1,p]. Set
& = C[I1,] and

§=¢(1)™ - ¢(min(ly,) = )7 & ((max(lr,) +1)7 -+
- T ¢(min(Zy,) = 1)7 & ((max(lg,) +1)7 -
- ((min(ly, ) = 1)7& " ((max(Z, ) +1)7 - 7 ((n).

Then, of course, f = f = e and ¢ is alternating by the choice of {I},}. By

Lemma 3.3.6 the word £ is non-trivial, which is a contradiction. o
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Lemma 3.3.8. If (¢,l¢) is a trivial labeled word of length n with a nonempty

list of external letters, then there is an interval I C [1,n] such that
(i) ClI) € A;
(ii) I is (-congruent;
(111) C(i) & A for somei € I;
(iv) if min(I) > 1, then lc(min(I) — 1) # 0; if max(I) < n, then l¢(max(I) +
1) #0;

(v) if ((min(I)) € A, thenlc(min(I)) = 0; if ((max(I)) € A, thenl¢(max(l)) =
0.

Proof. We start by applying Lemma 3.3.7 to the word ¢. This Lemma gives as
an output an interval J C [1,n]. We will now enlarge this interval as follows. If
le(t) =0 for all ¢ € [1, min(J) — 1], then set j; = 1. If there is some ¢ < min(J)
such that [¢(2) # 0, then let j € [1,min(J) — 1] be maximal such that I;(j) # 0
and set j; = j+ 1. Similarly, if {¢(¢) = 0 for all ¢ € [max(.J)+ 1,n], then set j, =
n. If there is some ¢ > max(J) such that [c(¢) # 0, then let j € [max(J) + 1, n]
be minimal such that I¢(j) # 0 and set j, = j — 1. Define

I'=JU [, min(J)] U [max(J), jr] = [ji, jr]-

We claim that I satisfies the assumptions. Note that J C T and I\ J C A,
so (i), (ii) and (iii) follow from items (i), (ii) and (iii) of Lemma 3.3.7. Items
(iv) and (v) follow from the choice of j; and j, and from item (iii) of Lemma
3.3.7. o

Definition 3.3.9. Let ({,l¢) be a trivial labeled word of length n, and let T be
a tree. Suppose that to each node ¢ € T an interval I; C [1,n] is assigned. Set
R, =1\ Ut,<t I;. The tree T together with the assignment ¢ — I; is called an
evaluation tree for ((,1¢) if for all s,¢ € T the following holds:

(i) Ip = [1,n);

(i) ¢[1] € 4;

(iii) if t # 0 and min(Z;) € A, then l¢(min(ly)) = 0; if ¢ # () and max(I;) € A,
then I¢(max(I)) = 0;

(iv) if H(t) < H(s) and I, NI # 0, then s <t or s = t;

(v) if s <t and t # ), then
min(l) < min(7,) < max(ls) < max(ly);
(vi) ¢(3) 2 ((j) for all 4,5 € Ry;
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An evaluation tree T' is called balanced if additionally the following two condi-
tions hold:

(vil) if T, # {0}, then for any ¢t € T¢ if R, is written as a disjoint union of

k

maximal sub-intervals {Z;}7_;,

le (i) # 05

(viii) if s < ¢, then

then for any j there is ¢ € Z; such that

min(l;) —1 € Ry = lc(min(l;) — 1) #0;
max(l;) +1 € Ry = l¢c(max(Ils) +1) #0.

Remark 3.3.10. Note that if ( € Words(G) is a trivial word with the canonical
label as in Example 3.3.1, then item (iii) in the definition of an evaluation tree

is vacuous.

Proposition 3.3.11. Any trivial labeled word ({,l¢) has a balanced evaluation

tree.

Proof. We prove the proposition by induction on the cardinality of the list of
external letters of (. Suppose first that the list is empty, and (i) € A for all

€ [1,n]. Set T = {0} and Iy = [1, n]. It is easy to check that all the conditions
are satisfied, and T is a balanced evaluation tree for (¢,l¢).

From now on we assume there is i € [1,n| such that {(i) € A. Apply Lemma
3.3.8 to (¢,l¢) and let I be the interval granted by this lemma. Set \g = l¢(4)
for some (equivalently, any) ¢ € I such that (i) € A. Note that \g # 0. Let
m = |I| be the length of I. If m = n, then we set T, = {0} and Iy = [1,n].
Similarly to the base of induction this tree is a balanced evaluation tree for
(¢,1¢). From now on we assume that m < n. We define the word ¢ of length

n —m + 1 as follows. Set

¢(4) if ¢ < min(7)
§(i) = 4 ¢ if i = min(I)
Cli+m—1) ifi>min(]).

Define the label for £ to be

lc(7) if ¢ < min(J)
le(i) = q Ao if i = min(7)
le(t+m—1) if ¢ > min(]).

We claim that

[{i € 1,1l : €() & A}| < [{i € [1,n] : C(i) & A}].
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Indeed, by the construction ([I] has at least one letter (in fact, at least two
letters) not from A.

By inductive assumption applied to the labeled word (,1¢), there is a bal-
anced evaluation tree T with intervals J; C [1, [¢]] for ¢ € T¢. Since Jy = [1, |€]],
there is at least one ¢ € T¢ (namely ¢ = () such that the interval J; contains
min(I). By item (iv) there is the smallest node to € T¢ such that min(I) € Jy,.

We define T; to be T¢ U {so}, where sg is a new predecessor of ¢, i. e. ,
50 < to. For t € T set

[min(J;), max(J;)] if max(J;) < min(7);
It = ¢ [min(J;), max(J;) + m — 1] if min(J;) < min(J) < max(Jy);
[min(J;) + m — 1,max(J;) + m — 1] if min(I) < min(Jy);

and
I, = [min(7), max(I)].

We claim that such a tree Ty with such an assignment of intervals I; is a balanced
evaluation tree for (,l¢).

(i) Since Jy = [1,]£]], it follows that Iy = [1,n].

(ii) For any t € Te one has £[J;] = C[I;]. Also, ([I,,] € A by item (i) of
Lemma 3.3.8.

(ili) Since &{(min(I)) € A and l¢(min(I)) = Ao # 0, by inductive hypoth-
esis min(l;) # min(I) and max(ly) # min(J) for all ¢ € T¢ \ {0}. Therefore
l¢(min(Jy)) = l¢(min(ly)), le(max(J;)) = l¢(max(I;)) for all t € T¢ \ {@}. Thus
for t # sp the item follows from the inductive hypothesis, and for ¢ = sg it
follows from item (v) of Lemma 3.3.8.

(iv) Follows from the inductive hypothesis and the definition of sg.

(v) It follows from the inductive hypothesis that this item is satisfied for all
s,t € Te. We need to consider the case s = sg, t = to only. By item (iii) of the
definition of an evaluation tree, and since l¢(min(I)) = Ag # 0, it follows that if
to # 0, then min(l;,) < min(Zs,) and max(Iy,) < max(Iy,).

(vi) Follows easily from the inductive hypothesis and item (ii) of Lemma
3.3.8.

Thus T¢ is an evaluation tree for (¢,l¢). It remains to check that it is
balanced.

(vii) For t € T¢ \ {to} the maximal sub-intervals of J; \ Us<;Js naturally
correspond to the maximal sub-intervals of I; \ Us<:Is, and hence for such a ¢
the item follows from the inductive hypothesis. For ¢ = sg the item follows from
item (iii) of Lemma 3.3.8. The remaining case t = ty follows from item (iv) of
Lemma 3.3.8.

(viii) Again, for s # sg this item follows from the inductive hypothesis and

for s = sg, t = to follows from item (iv) of Lemma 3.3.8. O
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If ¢ is just a word with no labeling, then we canonically associate a label to
it by declaring I-(i) = 0 if and only if ((7) € A (as in Example 3.3.1).
From now on we view aoll trivial words as labeled words with the canonical

labeling.

Definition 3.3.12. A trivial word ¢ € Words(G) of length n is called slim if
there exists an evaluation tree T, such that ¢ [I;] = e for all t € T¢; such a tree
is then called a slim evaluation tree. We say that ( is simple if it is slim and
¢(i) € A implies ((i) = e for all 7 € [1,n].

Definition 3.3.13. Let f € [][,G\. A pair of words («,() is called an f-pair
if |o| = |¢] and & = f, { =e. An f-pair (o, €) is said to be a congruent f-pair
if o is congruent to {. An f-pair («, () is called slim if it is congruent and ( is

slim. It is called simple if it is congruent and ( is simple.

For a congruent pair (o, 8) of length n we define the notions of right and
left transfers. Let a € A and ¢ € [1,n — 1] be given. The right (a,i)-transfer of
(e, B) is the pair RTran(a, 8;a,i) = (7,0) defined as follows:

(a(4), B(5)) if j & {i,i+1}
(7(5),0(5)) = { (a(i)a™t, B(i)a"t) if j =i
(aa(i+1),aB(i+1)) ifj=i+1.

Fora € Aandi € [2,n] the left (a,i)-transfer of (o, ) is denoted by LTran(c, 8;a,i) =
(7,0) and is defined as

(a(4), B(5)) if j & {i— 1,1}
(v(5),0(3)) = § (a~tali),a 1 B(@)  ifj =1
(a(i —1)a, B(i —1)a) ifj=1i—1
We will typically have specific sequences of transfers, so it is convenient to
make the following definition. Let (o, ) be a congruent pair of words of length

n. In all the applications ¢ will be a trivial word. Let {Ix}}", be a sequence of

intervals such that:
1. I, € [1,n];
2. Iy < Ipqq forall k € [1,m —1];
3. ([I}] € A for all k € [1,m)];

4. max(l,) < n.

Such a sequence is called right transfer admissible. If together with items (1) —
(3) the following is satisfied

(4") min(l;) > 1,
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then the sequence {I;}}" , is called left transfer admissible.
Let {Ix}7, be a right transfer admissible sequence of intervals. Define
inductively words (B, &) by setting (5o, &) = (o, ¢) and

(Brt1, 1) = RTran(By, &x; & [Trp1], max(I41)).-

We have to show that the right-hand side is well-defined, i.e., that & [I1] € A.
For the first step of the construction we have &[I;] = ([I1] € A, because the
sequence is right transfer admissible. Suppose we have proved that ék_l [I}] € A.

There are two cases: either max(I}) + 1 = min(Ij1), and then

Exllbsr] = (Ex_1[In) - ([Tt ],

or max(I;,) + 1 < min(Jx11), and then & [Ir11] = ([Is1]. In both cases we get
Eellui1] € A.

By definition, the right {I) }-transfer of («, () is the pair (Bm,&m)-

The left transfer is defined similarly, but with one extra change: we apply left
transfers in the decreasing order from I,,, to I;. Here is a formal definition. For
a left admissible sequence of intervals {I;}7*; set inductively (5o,&0) = (o, ()
and

(Brt1, Et1) = LTran(Br, &x; Ex [ Tm—r ], min(Ln_y)).

Similarly to the case of the right transfer one shows that the right-hand side in
the above construction is well-defined. By definition, the left {Ij}-transfer of

(a,¢) is the pair (Bm,&m).-
This notion of transfer, though a bit technical, will be crucial in some reduc-
tions in the next section. The following lemma establishes basic properties of

the transfer operation with respect to the earlier notion of the evaluation tree.

Lemma 3.3.14. Let (a, () be a congruent f-pair of length n and let T¢ be a
[balanced] evaluation tree for ¢. Let {Ix}}', be a right [left] transfer admissible
sequence of intervals. Let (8,€) be the right [left] {Ix}-transfer of (a, (). Then

(1) 18] =n=[¢];
(i1) (B,€) is a congruent f-pair;
(11t) T¢ is a [balanced] evaluation tree for &.

(i) £(i) = ((i) for all i € {max(I), max(Ixy+1) : k € [1,m]} for the right
transfer and for all i & {min(I), min(ly—1) —1: k € [1,m]} in the case of
the left transfer;

(v) £[Ix) = e for all k € [1,m].

Proof. Ttems (i), (ii), and (iv) are trivial; item (iii) follows easily from the ob-
servation that £(¢) € A if and only if ((¢) € A. For item (v) let & be as in the

definition of the {Ij }-transfer. Suppose for definiteness that we are in the case
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of the right transfer. Then &,[Ix] = e by construction and also &1 (L] = &[1;]
for all j € [1,k]. The lemma follows. O

We will later need another operation on words, we call it symmetrization.

Here is the definition.

Definition 3.3.15. Let (a,() be a slim f-pair with a slim evaluation tree T¢.
Let t € T¢ and {ig}77; € Ry be a list such that

(i) ix < ig4q for k€ [1,m —1];
(ii) if ¢(7) # e for some ¢ € Ry, then i = i), for some k € [1,m];
(iil) a(ix) = a(i;) for all k,1 € [1,m].

Such a list is called symmetrization admissible. For jo € {ix} 7, let ko be such
that jo = iy, and define a symmetrization Sym(a, (; jo, {ir}}",) of ¢ to be the
word £ such that

¢(4) if i # i, for all p € [1,m];
£() = | ali) if i e {ir}yit, \ {doks
Oé(ikofl)_l N a(il)_l . Oé(im)_l N Oé(ikOJrl)_l if ¢ = jo.
If m = 1, the above definition does not make sense, so we set that in this
case Sym(a, (51, i1) = C.

Lemma 3.3.16. Let (o, () be a slim f-pair with a slim evaluation tree T,. Let
t € T¢, and let {ix}y C Ry be a symmetrization admissible list. Fiz some
Jo € {in}P . If € is the symmetrization Sym(c, C; jo, {ix}7,) of ¢, then (o, &)
is a slim f-pair and T¢ is a slim evaluation tree for £ with the same assignment

of intervals t — I.

Proof. The only non-trivial part in the lemma is to show that & [I;] = e. This
follows from the facts that [I,] = e for all s < t (because T¢ is slim) and that
C(i) = efor all i € Ry \ {i1,...,im} (by the definition of the symmetrization
admissible list). O

3.4 Groups with two-sided invariant metrics

In this section we would like to recall some facts from the theory of groups with

two-sided invariant metrics. The reader can consult [4] for the details.

Definition 3.4.1. A metric d on a group G is called two-sided invariant if

d(gflang) = d(fl, f2) = d(flg, f29)

for all g, f1, fo € G. A tsi group is a pair (G, d), where G is a group and d is a

two-sided invariant metric on G tsi stands for two-sided invariant.
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Proposition 3.4.2. If (G,d) be a tsi group, then G is a topological group in
the topology of the metric d.

Proposition 3.4.3. Let d be a left invariant metric on the group G.

(7’) IffO’f’ all gvaQaflvf? eqd

d(g192, [1f2) < d(g1, f1) + d(g2; f2),

then d is two-sided invariant;

(ii) If d is two-sided invariant, then for all g1,..., 9k, f1,-.-, fx € G
k
d(g1 gk, fr- fu) < Zd(giafi)-
i=1

Because of Proposition 3.4.2 we choose to speak not about topological groups
that admit a compatible two-sided invariant metric, but rather about abstract
groups with a two-sided invariant metric. Note that the class of metrizable
groups that admit a compatible two-sided invariant metric is very small, but it
includes two important subclasses: abelian and compact metrizable groups.

The class of tsi groups is closed under taking factors by closed normal sub-

groups, and, moreover, there is a canonical metric on the factor.

Proposition 3.4.4. If (G,d) is a tsi group and N < G is a closed normal

subgroup, then the function
do(glN, ggN) = inf{d(glhl, gghg) thy,he € N}

is a two-sided invariant metric on the factor group G/N and the factor map
7w : G — G/N is a 1-Lipschitz surjection from (G,d) onto (G/N,dp).

The metric dy is called the factor metric.

Proposition 3.4.5. Let (G, d) be a tsi group. Let (G,d) be the completion of
G as a metric space; the extension of the metric d on G to the completion G is
again denoted by d. There is a unique extension of group operation from G to

G. This extension turns (G,d) into a tsi group.

This proposition states that for tsi groups metric and group completions are

the same.

54



3.5 Metrics on amalgams

3.5.1 Basic set up

Let (G, dy) be a family of tsi groups, A < G be a common closed subgroup,
Gx, NGy, = A, and assume additionally that the metrics {dy} agree on A:

dy, (a1,a2) = dy,(a1,a2) for all aj,as € A and all A\, A2 € A.

Our main goal is to define a metric on the free product of G, with amalgamation
over A that extends all the metrics dy. It will be an analog of the Graev metrics
on free groups.

First of all, let d denote the amalgam metric on G = | J, G\ given by

dx(f1, f2) if f1, fo € Gy for some A € A;

d =
(fl,f2) u%releél{dk1(flaa)+dk2(aaf2)} 1ff1 eG}qa fQEG)\Q for )‘1#)\2'

If oy and ag are two words in Words(G) of the same length n, then the value

plaq, ag) is defined by

plag,az) = Zd(al(i), as(i)).

i=1

Finally, for elements fi, fo € [ ,Gx the Graev metric on the free product with
amalgamation [] ,G is defined as

d(f) = inf {p(a1,a2) : |o1| = |az| and d&; = fi}.

Lemma 3.5.1. d is a tsi pseudo-metric.

Proof. 1t is obvious that d is non-negative, symmetric and attains value zero
on the diagonal. We show that it is two-sided invariant. Let fi, fo,h € [[4Ga
be given. Let v € Words(G) be any word such that 4 = h. For any o, s €
Words(G) that have the same length and are such that &; = f; we get

plar,az) = p(y " a1,7" az),

and therefore d(hf1,hfs) < d(f1, f2). But similarly, if ;1,82 are of the same
length and f3; = hf;, then

p(B1,B2) = p(v ' "B, Ba),

where 7! = 4(]y])"17 ... 7y(1)7L. Hence d(fi, f2) = d(hfi,hfa), ie., d is
left-invariant. Right invariance is shown similarly.

We also need to check the triangle inequality. By the two-sided invariance
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triangle inequality is equivalent to

d(fifz,e) < d(fi,e) +d(fz,e) forall fi,fr € HAGA-

The latter follows immediately from the observation that if &; = fi, |a;| = |,
1

and 61 =e= CAQ, then a; ~as = f1fe, (17 (2 = e, and also

plar " an, 17 ¢C) = plan, 1) + plaz, (). u

We will show eventually that, in fact, d is not only a pseudo-metric, but a
genuine metric. This will take us a while though.

It will be convenient for us to talk about norms rather than about metrics.
For this we set N(f) = d(f,e). Then N is a tsi pseudo-norm on G (again, it will
turn out to be a norm). Note that d is a metric if and only if N is a norm, i. e.,
if and only if N(f) = 0 implies f = e.

3.5.2 Reductions

We start a series of reductions and will gradually simplify the structure of « in
the definition of the pseudo-norm N.

Using the notion of an f-pair the definition of N can be rewritten as

N(f) =inf {p(c, () : (a,¢) is an f-pair}.

Lemma 3.5.2. For all f € [],Gx

N(f) = inf {p(a,g) : (o, €) is a congruent f-pair}.

Proof. Fix an f € [[,Gx. We need to show that for any f-pair («,() and for
any € > 0 there is a congruent f-pair (3,¢) such that

p(B,6) < pla, () +e.

Take an f-pair («,() and fix an € > 0. Let n be the length of a. For an
i € [1, n] we define a pair of words f3;, &; as follows: if a(i) = ((4), then 8; = a(i),
& = C(i); if a(i) 2 C(4), then B; = a(i)"e and & = a;"a; '¢(i), where a; € A

is any element such that

€

d(a(i)’ C(l)) + = Z d(a(l)’ ai) + d(aia C(l)),

3

which exists by the definition of the amalgam metric d. Then

p(Bi, &) < p(ali), C(i)) + % for all i.

Set B =017 ... Bn, £ =& ... &, It is now easy to see that (53,&) is a
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congruent f-pair and that indeed

p(B,€) < pla, ) + e O

The next lemma follows immediately from the two-sided invariance of the

metrics dy.

Lemma 3.5.3. Let (a,() be a congruent pair of length n, and let {Ix}}7", be
a right [left] transfer admissible sequence of intervals. If (B,€) is the right [left]
{1}, -transfer of the pair (o, (), then

ple, €) = p(B,€).

Lemma 3.5.4. Let (o,() be a congruent f-pair, and let T be an evaluation
tree for . There is a slim f-pair (3,&) such that

(i) lol =18];
(ii) ple, ) = p(B,€);
(iit) T¢ is a slim evaluation tree for &;

() if T¢ is a balanced evaluation tree for ¢, then it is also balanced as an

evaluation tree for &.

Proof. Let (o, () be a congruent f-pair, let T, be an evaluation tree for ¢, and
let Hr, denote the height of the tree T;. We do an inductive construction of
words (B, &) for k=0,..., Hy, and claim that (5HT< , £HTC) is as desired. We
start by setting (8o, &) = (o, ).

Suppose the pair (8, k) has been constructed. Let t1,...,t, € T be all the
nodes at the level Hy, —k listed in the increasing order: max([;,) < min(ly,,, ).
We define a relation ~ on [1,m] by setting k ~ [ if for any ¢ € [min(l;, U
Iy,),max(I, U Iy)] there is j € [1,m] such that i € I;;. It is straightforward to
check that ~ is an equivalence relation on [1,m]. Note that any ~-equivalence
class is a sub-interval of [1,m]. Let Jp,...,J, be the increasing list of all the

distinct equivalence classes, J; < Jo < ... < J).

Case 1. p > 2. Set (y,w) to be the right {Itr}max(']p’l)—transfer of (B, &k), and

r=1

define (Bi+t1,&k+1) to be the left {I; }™ )-transfer of (v, w).

r=min(Jp
Case 2. p = 1. Suppose there is only one equivalence class. We have a tri-

chotomy:

o if max(Iyax(s,)) < 7, then set
(Brt1,E&k+1) = the right {I; } -transfer of (B, &k);
e if max(Iax(s,)) = 1, but min(lnincs,)) > 1, then set
(Br+1,&k+1) = the left {I, } -transfer of (B, &x);
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e if min(/iyin(s,)) = 1 and max(lyax(s,)) = 7, then set
(Br+1,Epg1) = the right {1, }7' " ~transfer of (B, &).

Notice the difference from the first case: the last element of the transfer

sequence is 7 = m — 1, not m.

Denote (ﬂHTg’gHTg) simply by (8,£). We claim that this pair satisfies all
the requirements. Since (3, €) is obtained by the sequence of transfers, items (i)
and (iv) follow from Lemma 3.3.14. Item (ii) is a consequence of Lemma 3.5.3.

It remains to check that £[I;] = e for all t € T¢. By item (v) of Lemma
3.3.14 &[] = e for all t € T; such that Hr (t) = Hy, — k. Therefore it is
enough to show that ék-i—l [I}] = ék [I;] for all t € T such that Hr, (t) > Hr, — k.
This follows from item (iv) of Lemma 3.3.14 and item (v) of the definition of

the evaluation tree. O

Lemma 3.5.5. Let (o, C) be a slim f-pair, and let T, be a slim balanced eval-
uation tree for . There is a simple f-pair (8,€) such that

(1) lal = [Bl;
(1) p(e,C) = p(B,€);
(11t) T¢ is a slim balanced evaluation tree for €.

Proof. Let (o, ¢) be a slim f-pair of length n, and let T, be a slim evaluation
tree for ¢. Sets {R:}ser, form a partition of [1,n]. For t € T let Ji,...,J}, be
the maximal sub-intervals of R;. Let {ix}}", be the list of external letters in ¢.
Set

F(J7) = {ic} N JS.

Assume first that F(J!) # 0 for all t € Tr and all i € [1,¢]. Note that by
item (vii) of the definition of the balanced evaluation tree this is the case once

T # {0}. Set

U = (U Umin(7), max(F(I)) \ {ixHy,

teTe i=1

a
V= (U Ulmax(F), max(FO]) \ {in}its.
teT, i=1

Now write U = {up}y*,, V = {vp}}", as increasing sequences. Set (y,w) to be
the right {uy }-transfer of the pair (o, ) and (3,€) to be the left {v }-transfer
of (v,w) (we view uy’s and vg’s as intervals that consist of a single point). We
claim that the pair (5, &) satisfies all the assumptions of the lemma.

Item (i) follows from item (i) of Lemma 3.3.14. The latter lemma also implies

that T¢ is a balanced evaluation tree for £. Item (ii) follows from Lemma 3.5.3.
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(ili). We show that T; is a slim evaluation tree for €. Let t € T,. Since T¢
was slim for ¢, we have E[It] = e. Note that if uy, € UN Ry, then ug+1 € R; (by
the construction of U). Similarly for vy € V, vy, € Ry implies v — 1 € R;. Tt
now follows from item (iv) of Lemma 3.3.14 that £[I;] = {[I;] = e and therefore
T¢ is slim.

Finally, the simplicity of (8,£) is a consequence of items (iv) and (v) of
Lemma 3.3.14.

So have we proved the lemma under the assumption that F(Jf) # ) for all
t € Tr and all ¢ € [1,¢;]. Suppose this assumption was false. By item (vii) of
the definition of the balanced evaluation tree we get T, = {0} and F(Iy) = 0.
Therefore ((i) € A for all 4. Set (3,€) to be the right (i)!=}'-transfer of (v, ().
Then £ = e ... e and obviously (5,&) is a simple f-pair of the same length

and T¢ = {0} is a simple balanced evaluation tree for &. O

Lemma 3.5.6. Let (o, ) be a slim f-pair of length n with a slim evaluation tree
Te. Lett € Te be given and let {ip}7, C R; be a symmetrization admissible
list. If € = Sym(cv, ¢4/, {ix}) for some i’ € {ix}}",, then

pla, ¢) = p(a, §).
Proof. Since ( is slim, we have
C(ir) - Cliz) -+ - C(im) = e,

and by Proposition 3.4.3 we get
d(aiy) -+ alim),€) = d(alir) - - alim), ¢(i1) - - ((im)) < Zd(a(ij),é“(ij))-

If i/ = i, then
p(Ong)*p( ’ ):

o &
Z d(a(ij)v g(%)) - d(a(lk>a O‘(ik*1>71 : O‘(il)71 : O‘(Z.m)71 te O‘(ik+1)71) -

Jj=1

NE

d(a(is),¢(i5)) — d(a(in) - - alim),e) > 0.

<.
Il
—

This proves the lemma. O

Definition 3.5.7. A simple f-pair (o, () is called simple reduced if a is a

reduced form of f.

Lemma 3.5.8. For any f € [[,Gx

N(f) = inf{p(e, ) : (o, C) is a simple reduced f-pair}.
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Proof. In view of Lemmas 3.5.2, 3.5.4, and 3.5.5, it is enough to show that
for any simple f-pair (o, () there is a simple reduced f-pair (38,£) such that
pla, ¢) > p(B,€). Let (o, ¢) be a simple f-pair. Let (y,w) be a simple f-pair of
the smallest length among all simple f-pairs (79, wo) such that

pla, ¢) = p(y0,wo)-

It is enough to show that v is a reduced form of f. If |y| = 1 this is obvious.
Suppose |y| =n > 2.

Claim 1. There is no j € [1,n] such that y(j) € A. Suppose this is false
and there is such a j € [1,n].

Case 1. w(j) € A. (In fact, since (v,w) is simple, w(j) € A implies w(j) = e,
but this is not used here.) Suppose 7 < n. Since ¥(j) € A, w(j) € A and
(i +1) Zw(j+1), we have (j) - v(j + 1) = w(j) -w(j + 1). Define (y1,w1) by

~(4) if i < 7;
1) = 9G) 4G+ =
v(i+1) if i > j;
w(i) if i< j;
(i) = {w(g) W +1) iti=j;
w(i+1) if i > j.
It is easy to see that |y1| = |y| — 1 and (y1,w1) is a congruent f-pair. Moreover,

since by the two-sided invariance

Ay (G +1),w(@w( +1)) < d(v(G), w(i)) +dr (G +1),w(i + 1)),

we also have p(v,w) > p(v1,w1). Since 71, w; is a congruent f-pair, by Lemmas
3.5.4 and 3.5.5 there is a simple f-pair (7o, wp) such that |yo| = |y1] =n—1 and
p(70,wo) = p(71,w1). This contradicts the choice of (vy,w).

If j = n, define
~(4) ifi<j—1;
Nn@) =976 -1 90) ifi=j-1
~(i+1) if i > — 1;
w(7) ifi<j—1;
wili) = Qw(i— 1) w(j) iti=j—1;
w(i+1) ifi>j— 1,

and proceed as before.

Case 2. w(j) ¢ A. Let T, be a slim evaluation tree for w. Let t € T, be
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such that j € R;. Let {it}}, be the list of external letters in Ry; this list
is symmetrization admissible. Let jo € {ix}7, be any such that jo # j, set
we = Sym(7y,w; jo, {ix}). By Lemma 3.3.16 (,w2) is a slim f-pair and wa(j) =
~v(j3) € A. And we can decrease the length of the pair (y,ws) as in the previous

case. This proves the case and the claim.

Claim 2. There is no j € [1,n — 1] such that y(j) = v(j + 1). Suppose
this is false and there is such a j € [1,n — 1]. Note that by the previous claim
v(j) ¢ A and v(j + 1) ¢ A. Hence there is Ao € A such that

'Y(j)a 7(] + 1)’ w(j)’ w(] + 1) € G-

Therefore () - v(j + 1) = w(j) - w(j + 1). The rest of the proof is similar to

what we have done in the previous claim. Define (y3,ws) by

~(3) iti<j
V(i) = 9v() -G+ 1) ifi=
v(i41) if i > j
w(?) ifi<j
wa(i) = qw(j) w(G+1) ifi=j
w(i+1) ifi>j

Then |v3| = |y] — 1, (y3,ws) is a congruent f-pair, and p(y,w) > p(y1,w1). By
Lemmas 3.5.4 and 3.5.5 there is a simple f-pair (79, wp) such that |yo| = |y3] and
p(v3,ws) = p(y0,wo), contradicting the choice of (v,w). The claim is proved.

From the second claim it follows that v(j) 2 v(j + 1) for any j € [1,n — 1]
and therefore v is reduced. O

Proposition 3.5.9. Let f € [] G\ be an element of length n. If o is a reduced
form of f, then
N(f) > min{d(a(i), A) : i € [1,n]}.

Proof. Fix a reduced form « of f, the word « has length n. By Lemma 3.5.8 it

remains to show that for any simple reduced f-pair (53, &) we have
p(B,§) = min{d(a(i), A) - i € [1,n]}.

Let (8,€) be a simple reduced f-pair. Note that by Lemma 3.3.4 the length of
B is n. Let T¢ be a slim evaluation tree for &, and let ¢t € T¢ be a leaf (i.e.,
a node with no predecessors). Since I; is £-congruent and (f,&) is a simple
reduced pair, it follows that there is ig € I; such that £(ip) = e (in fact, either
&(min(l)) = e or £(min(l;) + 1) = e). By Lemma 3.3.4 there are a1,a2 € A
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such that aya(ig)az = B(ip). By the two-sided invariance we get
p(B,€) > d(B(io), €) = d(aralio)az, e) = d(alio), ay ‘ay ) > d(a(io), A). O

We are now ready to prove that the pseudo-metric d is, in fact, a metric.

Theorem 3.5.10. If d is (as before) the pseudo-metric on [],Gx associated
with the pseudo-norm N, d(f,e) = N(f), then

(i) d is a two-sided invariant metric on ] ,Gx;
(ii) d extends d.

Proof. (i) By Proposition 3.5.1 we know that d is a tsi pseudo-metric. It only
remains to show that d(f,e) = 0 implies f = e. Let f € [[,Gx be such that
d(f,e) = 0, and let a be a reduced form of f. Suppose first that || > 2 and
therefore (i) & A for all ¢ by the definition of the reduced form. By Proposition

3.5.9 and since A is closed in G for all A\, we have
d(f,e) > min {d(a(i),A) : i € [1,]af]]} > 0.

Suppose now |a| = 1 and therefore « = f, f € G, and the reduced form of
f is unique. By Lemma 3.5.8 the distance d(f,e) is given as the infimum over
all simple reduced f-pairs, but there is only one such pair: (f,e), where f is
viewed as a letter in G. Hence d(f,e) = 0 implies f = e.

(ii) Fix ¢1,92 € G and suppose first that g1 % g2. Let (o, () be a simple
reduced g;g5 *-pair. We claim that there is a € A such that gia = a(1), and
a~lg; ' = a(2). Indeed,

a()a(2) = 19,1 = gagy la(D)a(2) =e = gila(l) e A =
Ja € A such that a(1) = g1a, and «(2) =a gy '

Moreover, since g1 % g2 and since (a, () is congruent, we get { = e e and
thus

d(g1,92) = c_l(glggl,e) = inf{p(glaﬁa_lggl,eﬁe) ca € A} =
inf{d(gl,a_l) + d(a_l,gg) ca € A} =d(g1,92)

If g1 & go, then there is only one simple reduced glggl-pair, namely (g1~} €)
and the item follows. O

3.6 Properties of Graev metrics

Theorem 3.5.10 allows us to make the following definition: the metric d con-
structed in the previous section is called the Graev metric on the free product

of groups (G, dy) with amalgamation over A.
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Theorem 3.2.3 implies that the Graev metric on a free group is, in some
sense, computable, that is if one can compute the metric on the base, then to
find the norm of an element f in the free group one has to calculate the function
p for only finitely many trivial words, moreover those words are constructable
from the letters of f. For the case of free products without amalgamation, i.e.,

when A = {e}, we have a similar result (see Corollary 3.6.4 below).

Definition 3.6.1. Let (o, () be a slim f-pair with a slim evaluation tree T¢.
The pair (a, ¢) is called symmetric with respect to the tree T, if for each t € T,

there are a symmetrization admissible list {7}, and j; € {iz x};-; such that
C = Sym(aa C;jta {’Lt,k};cn:tl)

An f-pair (o, ¢) is called symmetric if there is a slim evaluation tree T, such

that (o, ¢) is a symmetric f-pair with respect to T¢.

Remark 3.6.2. Note that for any word « there are only finitely many words ¢

such that (a, ¢) is symmetric.

Proposition 3.6.3. If f € [[ 4G, then
N(f) =inf{p(c, &) : (a, &) is a symmetric reduced f-pair}.

Proof. By Lemma 3.5.8 it is enough to show that for any simple reduced f-pair
(e, €) there is a symmetric reduced f-pair (o, &) such that

pler, Q) = plev, §).

Let (v, ¢) be a simple reduced f-pair, and let T¢ be a slim evaluation tree for (.
We construct a new slim evaluation tree Tt for ¢ with the following property:
for any ¢ € T and any ¢ € Ry if C(i) = e, then t is a leaf and, moreover,
Ri = It = {i}.

Let {jx}7, be such that {(jx) = e for all k£ and {(j) = e implies j = ji
for some k € [1,m]. We construct a sequence of slim evaluation trees Tk
¢ and claim that Tc(m) is as desired. Set TC(O) = T¢. Suppose Ték) has been
constructed. Let to € Ték) be such that jp41 € Rgf). If |Rgf)| = 1, that is if
R,Ef) =I™) = {j;11}, then do nothing: set Tékﬂ) = Ték).

Suppose |R§f)| > 1. Let s be a symbol for a new node. For all ¢ € Ték) \ {to}
set

for

Tc(kﬂ) - Tc(k) U{st, 1Y = 1P 1Y = [, i) = (G -

We need to turn the set TékH) into a tree. For that let the ordering of the nodes
in TékH) extend the ordering of the nodes of 7" To finish the construction it

remains to define the place for the node s inside Tékﬂ) and an interval It(okﬂ).
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e If ji.1 is the minimal element of R,gf), ie., if jp41 = min(REf)), then set
LY = [min(Z{P) + 1, max(I{7)]. Let t; € T be such that (to,t1) €
E(Tc(k)). Set (s,t1) € E(Tékﬂ)), or in other words, s < t; in Tékﬂ).

e If jr1 is the maximal element of Rgf), ie., if jpr1 = max(REf)), then set
It(fﬂ) = [min([,f(f)),max(lt(f)) —1]. Let t; € Ték) be such that (¢g,t1) €
E(Tc(k)). Set (s,t1) € E(Tékﬂ)), or in other words, s < t; in Tékﬂ).

o If ji11 is neither maximal nor minimal element of Rgf), then set It(f T =
I and (s,to) € BTV,

It is straightforward to check that TékH) is a slim evaluation tree for (.
Finally, we define ¥ = T™". Then T is a slim evaluation tree for ¢ and, by
construction, if j is such that ((j) = e, then I} = {j} for some t, € 17
Let {iy}}_, be the list of external letters of (. Set

Rf N {ik}zﬂ if R: N {ik}gzl 7”é (Z);

I otherwise.

F =

Note that F;* is symmetrization admissible for all ¢. Let {¢; };V:I be the list
of nodes of T¢. For any j € [1, N] pick some [; such that [; € F,. Set & = ¢

and construct inductively

Erk+1 = Sym(a, &k U1, Fry iy )-

Finally, set £ = y. It follows from Lemma 3.3.16 that («,&) is a slim f-pair

and is symmetric with respect to T{* by construction. Lemma 3.5.6 implies

ple,€) = pla, )

as desired. O

If A = {e}, that is we have a free product without amalgamation, then for
any f € [J,Gx there is exactly one reduced word o € Words(G) such that
& = f. This observation together with Remark 3.6.2 gives us the following

Corollary 3.6.4. If A= {e}, then for any f € [] G\
N(f) =min{p(e, &) : (o, €) is a symmetric reduced f-pair}.

We can now prove an analog of Proposition 3.2.4 for the Graev metrics on

the free products with amalgamation.
Proposition 3.6.5. The Graev metric d has the following properties:

(i) if (T,dr) is a tsi group, ¢x : Gx — T are K-Lipschitz homomorphisms
(K does not depend on \) such that for all a € A and all A1, 2 € A

éx, (@) = o, (a),
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then there exist a unique K -Lipschitz homomorphism ¢ : [[,Gx — T that
extends ¢y;

(ii) let Hy < Gy be subgroups such that A < Hy for all X and think of 1] 4 Hx
as being a subgroup of [[4Gr. Endow Hy with the metric induced from
Gx. The Graev metric on [[ Hy is the same as the induced Graev metric

from [ ,Gx. Moreover, if Hy are closed subgroups, then [ ,Hx is a closed
subgroup [[ 4Gx;

(i) let & be any other tsi metric on the amalgam []4Gx. If § extends d, then
O(f1, f2) < d(f1, f2) for all fi, fo € [TAGn, i.e., d is mazimal among all

the tsi metrics that extend d;

(i) if N ={\e AN:G)+# A} and |N'| > 2, then
X(HAG*) = max {Ro, sup{x(G») : A € A}, |A'|}.

In particular, if A is at most countable and G are all separable, then the

amalgam is also separable.

Proof. (i) By the universal property for the free products with amalgamation
there is a unique extension of the homomorphisms ¢, to a homomorphism ¢ :
[[4Gx — T, it remains to check that ¢ is K-Lipschitz. Let («, ) be a congruent
f-pair of length n. Then

n n

Kp(ev,€) :ZKd(oe@),g(i)) > ZdT (¢(a2)), (C(3))) =

And therefore

Kd(f,e) =inf{Kp(a,() : (o, €) is a congruent f-pair} > dr(o(f),e).

Hence ¢ is K-Lipschitz.

(i) Let dy be the Graev metric on [[,Hx and d be the Graev metric on
[14Gx. From Proposition 3.6.3 it follows that dy = d|1, ,-

For the moreover part suppose that H) are closed in G for all A € A.
Set H = (Jycp Ha- Note that H is a closed subset of G. Suppose towards a
contradiction that there exists f € [[ ,Gx such that f & [[,H»x, but f € [T, Hax.
Let o € Words(G) be a reduced form of f, and let n = |af. Set

61 = min {d(a(i), 4) : i € [1,n]},
€2 =min {d(a(i), H) :i € [1,n], a(i) ¢ H}.

Note that €; > 0 and e3 > 0. Let ig € [1,n] be the largest such that a(ig) & H.

By Lemma 3.3.4 the numbers ¢; and iy are independent of the choice of the
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reduced form a. Set e = min{e;,es}. Let h € [[ 4 Hx be such that d(f,h) < e.
By Lemma 3.5.8 there is a simple reduced fh~!-pair (3, ) such that p(3,€) < e.
Let T¢ be a slim evaluation tree for &, and let ¢ty € T be such that iy € Ry,.
It is easy to see that there is a word o’ such that o’ is a reduced form of f,
/(i) = B(i) for all i € [1,ip — 1], and &'(i9) = B(ig) - ho for some hy € H.
Without loss of generality assume that o = «. Note that 3(i) € H for all
1> 10.

We claim that i¢ = min(R;,). Suppose not. Let jo € Ry, be such that
Jo <o and [jo + 1,40 — 1]N R, = O (i.e., jo is the predecessor of ip in Ry,). Let
I = [jo 4 1,ip — 1]. Because Tk is slim, £[I] = e. Since § is reduced and (3,¢)
is congruent, there is 41 € I such that £(i1) € A (in fact, £(i1) = e). But then

p(B,€) = d(B(i1),£(i1)) = d(a(ir), A) > €,

contradicting the assumption p(5,&) < e. The claim is proved.

Therefore 79 = min(Ry, ). Let {jx}7, be the list of external letters of £, and
let Fyy = Ry, N {Ji}},. We know that £(io) € A, since otherwise p(3,£) > e.
Thus ig € Fy,. Let ¢ = Sym(3,¢; 10, Fy,). By Lemma 3.5.6 p(8,£) > p(8,¢).
Since (i) € H for all i > ig, we get &'(i) € H for all i € Ry, \ {io}. Let Ao be
such that &'(i) € Hy, for all i € Ry, \ {io}. Since £'[Ry,] = e, it follows that
&'(ip) € Hy, as well. Finally, we get

p(B,€) = p(B,&) = d(Blio), & (i0)) = d(aio), Hx,) > €,

contradiction the choice of (3,£). Therefore there is no f € [],Hx such that
[ & HaHx
(iii) Let f € [T,Gx be given, let («,() be a congruent f-pair of length n.

Since ¢ extends d, we get
0(f,e) < 3 0(ali), C(0)) = 3 d(a(),¢(0)).

By taking the infimum over all such pairs (o, ¢) we get §(f,e) < d(f,e). By the
left-invariance 6(f1, f2) < d(f1, f2) for all f1, fo € [[4Ga.
(iv) If |A'] > 2, then [ ] 4G is an infinite metric space, therefore x (] ,Gx) >
Ng. Since Gy < [[4Ga, it follows that x([[4Gx) > x(Gx). We now show that
X(IT4Gx) > |A']. Tt is enough to consider the case |A’| > Xg. There is an ¢y > 0
such that
H)\ € A :sup{d(g,A): g € Gr} > 60}’ =|A].

For any such A choose a gy € G such that d(gx, A) > €. The family {gx}rea
is 2ep-separated and hence x (][ 4Gx) > |A/].
Finally, for the reverse inequality, let F), C G be dense sets such that
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|Fx| = x(Gx). The set
{a : & € Words(| FA)}
AEA

is dense in [ ,G» and

‘Words( U FA)‘ = max {No,sup{x(G)\) A €A}, |A’|}. O
AEA

3.6.1 Factors of Graev metrics.

Note that one can naturally view G as a pointed metric space (G, e, d), and the
identity map G + [[,G\ is 1-Lipschitz (in fact, we have shown in Theorem
3.5.10 that it is an isometric embedding). We can construct the Graev metric
on the free group (F(G),dr), and by item (i) of Proposition 3.2.4 there is a

1-Lipschitz homomorphism

¢: F(G) = HAGA

such that ¢(g) = g for all g € G. Since G generates [ [ ,G, the map ¢ is onto.
Let 91 = ker(¢) be the kernel of this homomorphism. If dy is the factor metric
on F(G)/M (see the remark after Proposition 3.4.4), then (F(G)/M, dp) is a tsi
group and F(G)/M is isomorphic to [] 4G as an abstract group.

Proposition 3.6.6. In the above setting (F(G)/M, dy) is isometrically isomor-
phic to ([[4G, d).

Proof. We recall the definition of the factor metric: for f191, fo91 € F(G)/MN
do(f1M, f20) = inf{dr(fih1, foh2) : b1, he € N}.

Of course, by construction F'(G)/M is isomorphic to [[ G and we check that
the natural isomorphism is an isometry.

Let f' € [[4Gx, and let w € Words(G) be reduced form of f’. We can
naturally view w as a reduced form of the element in F(G), call it f. It is

enough to show that for any such f and f/ we have
dO (f/ma m) = C_l(fa 6)-

Note that if h € DM, then hf € M (for the definition of h* see Subsection 3.2.1).
Therefore by Proposition 3.2.5

do(f'M,N) = inf{dp(f'h,e) : h € N} = inf{dr(f'h*, e) : h € N}.
If h € M and v € Words(G) is the reduced form of h* € F(G), then
dp(f'hf,e) = inf {p(w’\% (w™7)?) : 0 is a match on [1, |w’\7|]}
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Since w,y € Words(G) and since 4 = e, we get d(f,e) < do(wD,N). Since f was
arbitrary and because of left-invariance of the metrics d and dy, we get d < dj.

For the reverse inequality note that dy is a two-sided invariant metric on
[14Gx and it extends the metric d on G, therefore by item (iii) of Proposition
3.6.5 we have dy < d and hence dy = d. O

3.6.2 Graev metrics for products of Polish groups

We would like to note that the construction of metrics on the free products
with amalgamation works well with respect to group completions. Let us be
more precise. Suppose we start with tsi groups (Gy, dy) and a common closed
subgroup A < G, assume additionally that all the groups G are complete as
metrics spaces. The group ([[4Ga,d), in general, is not complete, so let’s take

its group completion (for tsi groups this is the same as the metric completion),

which we denote by ([],Gx,d). We have an analog of item (i) of Proposition

3.6.5 for complete tsi groups. But first we need a simple lemma.

Lemma 3.6.7. Let (Hy,d1) and (Ha,d2) be complete tsi groups, A < H; be
a dense subgroup and ¢ : A — Hy be a K-Lipschitz homomorphism. Then ¢

extends uniquely to a K -Lipschitz homomorphism
’L/) : H1 — H2.

Proof. Let h € Hy and let {b,}52; C A be such that b, — h. Since v is

n=1

K-Lipschitz, we have

dg(lﬂ(bn), w(bm)) < Kdy (bna bm)

Hence {1(b,)}52, is a dp-Cauchy sequence, and thus there is f € Ha such that
¥(by) — f. Set 1(h) = f. This extends ¢ to a map ¢ : Hy — Hs and it is easy
to see that is extension is still K-Lipschitz. O

Combining the above result with item (i) of Proposition 3.6.5 we get

Proposition 3.6.8. Let (T,dr) be a complete tsi group, let ¢ : Gy — T be
K -Lipschitz homomorphisms such that for all a € A and all A1, 2 € A

(bAl (a) = Qﬁ)\z (a)

There exist a unique K-Lipschitz homomorphism ¢ : [[,Gx — T such that ¢
extends ¢y for all A.

This proposition together with item (iv) of Proposition 3.6.5 shows that
there are countable coproducts in the category of tsi Polish metric groups and

1-Lipschitz homomorphisms.
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3.6.3 Tsi groups with no Lie sums and Lie brackets

In [26] L. van den Dries and S. Gao gave an example of a group, which they
denote by F', and a two-sided invariant metric d on F' such that the completion
(F,d) of this group has neither Lie sums nor Lie brackets. More precisely, they

constructed two one-parameter subgroups

A = (ft”)tEIR <F i=1,2,

such that neither Lie sum nor Lie bracket of A; and A, exist.

Their group can be nicely explained in out setting. It turns out that the
group F' that they have constructed is isometrically isomorphic to the group
Q * Q with the Graev metric (and the metrics on the copies of the rationals
are the usual absolute-value metrics). The group completion of Q * Q is then
the same as the group completion of the group R x R with the Graev metric.
And moreover, A; and Ay are just the one-parameter subgroups given by the
R factors.

3.7 Metrics on SIN groups

Recall that topological group is SIN if for every open neighborhood of the iden-
tity there is a smaller open neighborhood V' C G such that ¢V¢g~! = V for all
g € G. SIN stands for Small Invariant Neighborhoods. It is well-knows that a
metrizable topological group admits a compatible two-sided invariant metric if
and only if it is a SIN group.

Suppose G are metrizable topological groups that admit compatible two-
sided invariant metrics and A < G is a common closed subgroup. It is natural

to ask whether one can find compatible tsi metrics dy that agree on A.

Question 3.7.1. Let G; and G5 be metrizable SIN topological groups, and let
A < G; be a common closed subgroup. Are there compatible tsi metrics d; on
G; such that

dy(a1,a2) = da(ay,az)
for all ay,as € A?

We do not know the answer to this question. Before discussing some partial

results let us recall the notion of a Birkhoff-Kakutani family of neighborhoods.

Definition 3.7.2. Let G be a topological group. A family {U;}5°, of open
neighborhoods of the identity e € G is called Birkhoff-Kakutani if the following

conditions are met:
(i) Uo=G;

(i) N, Ui = e
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(iii) U = Uy

(iV) Ui3+1 g Uz

If additionally
(v) gUig=! =U, for all g € G,
then the sequence is called conjugacy invariant.

It is well known (see, for example, [4]) that a topological group G admits a
Birkhoff-Kakutani family if and only if it is metrizable. Moreover, let {U;}52,
be a Birkhoff-Kakutani family in a group G, for g1, g2 € G set

n(g1,92) = inf{27": g5 'g1 € Un},

n—1

d(g1,92) = inf{ZU(fi,fiH) AN €6 fi=g1. o= 92}-

i=1
Then the function d is a compatible left-invariant metric on G and for all g1, go €

G

1
577(91,92) < d(g1,92) < n(g1,92)-

We call this metric d a Birkhoff-Kakutani metric associated with the family
{U;}.

A metrizable topological group admits a compatible tsi metric if and only if
there is a conjugacy invariant Birkhoff-Kakutani family, and moreover, if {U;} is

conjugacy invariant, then the metric d constructed above is two-sided invariant.

Proposition 3.7.3. Let Gy and Ga be metrizable SIN groups, let A < G; be a
common subgroup. There are compatible tsi metrics d; on G; such that di|a is

bi-Lipschitz equivalent to da|a, i.e, there is K > 0 such that

1
?d1(a1,a2) < dgs(ar,a2) < Kdy(a1,a2)

for all ay,a9 € A.

Proof. Since G; and G5 are metrizable, we can fix two compatible metrics
and ps on G7 and G4 respectively such that p;-diam(G;) < 1. We construct
conjugacy invariant Birkhoff-Kakutani families {Ui(j )}?io for G;, j = 1,2, such
that

(i) USl NAC U N A4;
(i) U1, N AC UL, N A

For the base of construction let Ug = G;. Suppose we have constructed
{Ui(j)}fil and suppose N is even (if N is odd, switch the roles of Gy and G3). If
V= U](VQ) NA, then V is an open neighborhood of the identity in A and therefore
there is an open set U C G such that UNA = V. Let U](\,lil C (1 be any open
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neighborhood of the identity such that (UJ(\,lJ)rl)’1 = UJ(VlJ)rl, gU](\,lJ)rlg*1 = UJ(\,lJ)rl
for all g € Gy, ul—diam(U](vli_l) < 1/N and

1 1
Wi cunud.

Such a U](vli_l exists because G is SIN. Set U](\,Qi_l to be any open symmetric

neighborhood of e € G5 such that (U](VQJ)A)?’ C U](VQ).

It is straightforward to check that such sequences {Ui(j )}Z‘?il indeed satisfy
all the requirements. If d; are the Birkhoff-Kakutani metrics that correspond
to the families {Ui(j)}, then for all ay,a2 € A

1

5771(1117112) < ma(ai,a2) < 2m(ai,az2),
whence )

Zd1(a1,a2) <dz(ai,a2) < 4di(ai,az),

and therefore di|4 and da|a are bi-Lipschitz equivalent with a constant K =
4. O

Remark 3.7.4. Tt is, of course, straightforward to generalize the above construc-
tion to the case of finitely many groups G, but we do not know if the result is

true for infinitely many groups Gj;.

Remark 3.7.5. Note that one can always multiply the metric de by a suitable
constant (which is 4 in the above construction) to assure that di|a < da|a. We

use this observation later in Remark 3.7.7.

Proposition 3.7.6. Let G be a topological group, A < G be a closed subgroup
of G, Ng be a tsi norm on G, N4 be a tsi norm on A and suppose that for all
a€A

Na(a) < Ne(a).

There exists a compatible norm N on G such that
(i) N extends Ny, that is Na(a) = N(a) for all a € A;
(i) N < Ng.
If, moreover, A is a normal subgroup of G, then N is two-sided invariant.

Proof. For g € G set
N(g) = inf{Na(a) + Nag(a"'g) :a € A}.
We claim that N is a pseudo-norm on G.
e N(e) =0 is obvious.
e For any g € G and any a € A by the two-sided invariance of Ng
Na(a) + Ng(a™'g) = Na(a™) + Ng(9~'a) = Na(a™") + Ng(ag™)
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and therefore N(g) = N(g~1).

e If 91,92 € G, then

N(g1g2) =inf{Na(a) + No(a"'g1g2) : a € A} =
inf{N4(aia2) +Ng(a2 ay glgg) ai,as € A} <
inf{N4(a1) + Na(az) + Ng(ay'g1) + Na(goayb) s ay,as € A} =
inf{N4(a1) + Ne(a;'g1) : a1 € A}+
inf{Na(az) + Ng(ay'gs) : az € A} =
N(g1) + N(g2)-

Next we show that IV is a compatible pseudo-norm. For a sequence {g,}52; C G

we have

N(gn) 2 0 < Han}zi €A Nalan) + Ng(aglgn) — 0 —
a, — e and a;lgn — e <

gn — €.

In particular, N is a norm.
(i) Now we claim that N extends N4. Let b € A. Using Ng > N4 we get

N(b) =inf{N4(a) + Ng(a™'b) : a € A} >
inf{N4(a) + Na(a™'b) :a € A} > Na(b).

On the other hand
N(b) < Na(b) + Ng(b~'b) = Na(b),

and therefore N (b) = N4 (b).
(ii) Finally, for any g € G we have

N(g) =inf{Na(a) + Na(a™'g

inf{Ng(a) + Ng(a™'g
Neg(e) + Na(g) = Na(g),

Jia€ A} <
):

a€ A} <

and therefore N < Ng.

For the moreover part suppose that A is a normal subgroup. If g; € G, then

N(glggl_l) =inf{Na(a) + Ng(aflglggl_l) ca €A} =
inf{NA(gflagl) + Ng(gflaflglg) ca € A} = N(g),

and so N is two-sided invariant. O

Remark 3.7.7. Proposition 3.7.3 (with Remark 3.7.5) and Proposition 3.7.6 to-

gether yield a positive answer to Question 3.7.1 when A is a normal subgroup
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of one of Gj.

It is natural to ask whether it is really necessarily to assume in Proposition
3.7.6 the existence of a norm Ng such that Ny < Ng. The following example

shows that this assumption cannot be dropped.

Example. Let G be the discrete Heisenberg group

and let A be the center of G

The subgroup A is, of course, isomorphic to the group of integers Z. Let d be
a metric on A given by the absolute value: d(by,bs) = |by — ba|. We claim that
this tsi metric can not be extended to a tsi (in fact, even to a left-invariant)
metric on G. Indeed, suppose there is such an extension d. The group G is

generated by the three matrices:

1 1 0 1 0 0 1 0 -1
r=10 1 0|,y=1]0 1 1|,andz=|0 1 O
0 0 1 0 0 1 0 0

Mg Mg — TNy —

It is easy to check that z("*) = [z™, y"] = 2"y a "y~ ™. Therefore
n? = d(z("z), e) = Q(z("z), e) =d(z"y" "z "y " e) < Qn(d(x, e) + d(y, e)),

for all n, which is absurd.

3.8 Induced metrics

In this section (G, d) denotes a tsi group, and A < G is a closed subgroup. This
section is a preparation for the HNN construction, which is given in the next
section. Let (t) denote a copy of the free group on one element t, i.e., a copy of
the integers, with the usual metric d(¢™,t") = |m — n|. The Graev metric on
the free product G x (t) is denoted again by the letter d. Consider the subgroup
of the free product generated by G and tAt~'; it not hard to check that, in fact,
as an abstract group it is isomorphic to the free product G * tAt—'. Thus we
have two metrics on the group G * tAt~!: one is just the metric d, the other
one is the Graev metric on this free product; denote the latter by d. When are

these two metrics the same? It turns out that they are the same if and only if
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the diameter of A is at most 1. The proof of this fact is the core of this section.
We can naturally view Words(G U tAt~1) as a subset of Words(G U (t)) by
treating a letter tat~! € tAt~! as a word t"a"t~! € Words(G U (t)). In what
follows we identify Words(G U tAt~!) with a subset of Words(G U (t)).
Let f € G xtAt™! be given and let o € Words(G U tAt~1) be the reduced
form of f. Note that since we have a free product (no amalgamation), reduced
form is unique. The word o € Words(G U (t)) can be written as

~y—1~ —~p~ ~y—1~
t et an, t In+1,

a=g"t"Tar Tt g Tt ay
where g; € G, a; € A, and also g1 or g,+1 may be absent.

Lemma 3.5.8 implies

d(f,e) = inf{p(a, ) : (o, ¢) is a congruent f-pair},

and notice that the infimum is taken over all pairs with the same first coordinate
a — the reduced form of f. We can also impose some restrictions on ¢ and
change the infimum to a minimum, but we do not need this for a moment.

In the rest of the section (,£, denote words in the alphabet G U (t).

3.8.1 Hereditary words

Definition 3.8.1. A trivial word ¢ € Words(G U (t)) is called hereditary if
¢(i) € (t)\ {e} implies ¢(i) = ¢! for all i € [I,n]. A congruent f-pair (a,(),
where f € G * tAt™!, is called hereditary if « is the reduced form of f, ¢ is

hereditary, and moreover,
(i) =t = ((i) = ali).

Lemma 3.8.2. Let f € G xtAt™!, and let a € Words(G U (t)) be the reduced
form of f. If (a,¢) is a congruent f-pair, then there exists a trivial word & €
Words(G U (t)) such that («,&) is a hereditary f-pair and p(a, &) < p(a, €).

Proof. Let T; be an evaluation tree for (. Fix ¢ € T¢. Suppose there exists
j € Ry such that a(j) = tT! and neither ((j) = a(j) nor ¢(j) = e. Since
¢(j) # e and because the pair (o, () is congruent, it must be the case that
¢(4) = tM for some M # 0. Let {i,}7, C R; be the complete list of external
letters of ¢ in Ry, note that j € {ix}}.,. Since R; is (-congruent, we have
Clix) = ¢t for all k& € [1,m]. Note that since we have a free product, any
evaluation tree is, in fact, slim, and any congruent f-pair is, in fact, a simple

f-pair. So we can perform a symmetrization. Set

6 = Sym(e, (s i1, {ir}).
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By Lemma 3.5.6 p(a, ) < p(a, ) and also for all i € R; we have
ali) = 1 = (a(i) = 6(2)) or (8(i) = ¢) or (i = ir).
Let e, € {—1,41} be such that a(ix) = t. For all k € [2,m]
0(ix) = alix) = t°.
Let N be such that 6(i1) = tV. Note that since §[I;] = e,
N+e+...+¢,=0.

We now construct a word ¢ as follows.
Case 0. If N =0or N = ¢;, then set £ = 6.
In cases below we assume N & {0, ¢;}.

Case 1. Suppose sign(N) = sign(e;). Find different indices k1, ..., k-1 such
that sign(N) = —sign(eg,) for all p € [1,|N| —1]. Set

(i) ifi & {in, YT and i # iy
E() = a(ir) ifi=iy;

e if i € {ig, YN

p=1
Case 2. Suppose sign(N) = —sign(e;). Find different indices k1, ..., kn such
that sign(N) = —sign(eg,) for all p € [1,|N]]. Set

£(i) = (1) ifz'g{ikp}ggl and i £ iy:

e e N .
e ifi e {zkp}jlg:‘l or i = ij.

It is easy to check that p(a,d) = p(a, €) and € = e. Moreover, for all i € R,
if a(i) = tT1, then either £(i) = a(i) or £(i) = e.

Now apply the same procedure for all ¢ € T and denote the result by &.
The word £ is as desired. O

To analyze the structure of hereditary words we introduce the following

notion of a structure tree.

Definition 3.8.3. Let ¢ be a hereditary word of length n. A tree T together
with a function that assigns to a node ¢ € T¢ an interval I, C [1,n] is called a

structure tree for ¢ if for all s,t € T¢ the following conditions are met:

(i) 1o = [1,n);
(i) ¢l = e
(iii) if ¢t # 0, then ((min(l;)) = t*! and ((max(l;)) = tT! (in particular
¢(min(l)) = ¢(max(L¢))~1).
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Set Ry = Iy \ Uy, I then also

(v) for all ¢ € Ry if i ¢ {min(lz), max(l;)}, then (i) € G (in particular
Ry \ {min(I;), max(I;)} is ¢-congruent);

(vi) ¢(i) € G for all i € Ry (in general Ry may be empty);
(vil) if H(t) < H(s) and Iy NI # 0, then s <t or s = ¢;

(viii) if s <t and ¢ # (), then
min(/y) < min(f,) < max(Iy) < max(Iy).
Lemma 3.8.4. If  is a hereditary word of length n, then
i€ [L,n]: () =t} = {i € [L,n] : C(3) = t7'}].
Proof. Let {ix}7, be the list of letters such that
(i) ¢(ix) = t°* for some e € {—1,1};

(ii) ¢(i) =t, e € {—1,1}, implies i = iy, for some k.

Since é = e, we get

€1 +...+€e,m =0,

and therefore

[{ie [,n]: ¢() =t} = {i € [1,n] : C(3) = t7'}]. O

Lemma 3.8.5. Let ¢ be a hereditary word of length n. If there is i € [1,n| such
that ((i) = t, then there is an interval I C [1,n] such that

(i) ¢(min(I)) = t*! and {(max(I)) = t7';
(ii) C(i) € G for all i € I'\ {min(I), max(I)};
(iii) C[I] = e.
Proof. Let I,. .., I, be the list of intervals such that
(i) ¢(min(fy)) = ¢+, ((max(ly)) = t7;
(i) ¢(i) € G for all i € I \ {min(I},), max(I))};
(iii) max(Zx) < min(lpt1);

(iv) if I is an interval that satisfies (i) and (ii) above, then I = I}, for some
ke [1,m].
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It follows from Lemma 3.8.4 that the list of such intervals is nonempty. Let

Jo, ..., Jm be the complementary intervals:
Jo =[1,min(Jy) — 1], Jp = [max(J,) + 1,n],

Ji = [max(I) + 1, min(Ix41) + 1] for k € [2,m — 1].

Some (and even all) of the intervals Ji may be empty. If for some j1,j2 € Ji
we have ((j1) = t1, ((j2) = t2, then €1 = €2, and moreover, max(I) = ((j1) =
min(Ix41). It is now easy to see that C[I] # e for all k € [1,m] implies ¢ # e,

contradicting the assumption that ( is trivial. O

Lemma 3.8.6. If ( is a hereditary word of length n, then there is a structure
tree T¢ for (.

Proof. We prove the lemma by induction on |{i € [1,n] : {(i) = t}|. For the base
of induction suppose that ((i) # ¢ for all i. By the definition of a hereditary
word and by Lemma 3.8.4 we have ((i) € G for all i € [1,n]. Set T, = {0} and
Iy = [1,n]. Tt is easy to see that this gives a structure tree.

Suppose now there is i € [1,n] such that (i) = t. Apply Lemma 3.8.5 and
let I denote an interval granted by this lemma. Let m be the length of I. If
m = n, that is if I = [1,n], then set T, = {0,t} with ¢t < 0 and I, = Iy = [1,n].
One checks that this is a structure tree. Assume now that m < n . Define a

word § of length n — m by

¢(4) if i < min(J)

8(i) =
C(i+m) if i > min(]).

The word § is a hereditary word and

{ie [L16]]: 0() =t} < [{i € [1,n] : C(i) = t}].

Therefore, by induction hypothesis, there is a structure tree T5 and intervals Jy,
t € T, for the word §. Let s be a symbol for a new node. Set T¢ = T5 U {s}.
If min(Z) = 1 or max(I) = n, set (s,0) € E(T5). Otherwise let t € T5 be the
minimal node such that min(J;) < min(7) < max(.J;) (¢ may still be the root @)
and set (s,t) € E(Ts). Finally, define for t € T

J if max(J;) < min(7);
I; = { [min(J;), max(J;) + m] if min(J;) < min(J) < max(J;);
[max(Jy) + m, max(J;) +m] if min(I) < min(J;).
and set I, = 1.
It is now straightforward to check that T¢ is a structure tree for (. O
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3.8.2 From hereditary to rigid words

From now on A will denote a closed subgroup of G of diameter diam(A) < 1,

unless stated otherwise.

Lemma 3.8.7. If (G,d) is a tsi group, then for all g1,...,gn—1 € G, for all
ai,...,an € A such that d(a;,e) <1

d(gr- - gn-1,019102 - * - Ap—1gn—1an) <N
Proof. By induction. For n = 2 we have
d(g1,a19102) < d(g1,a191) + d(a1g1,a1g1a2) = d(e,a1) + d(e,az) < 2.
For the step of induction

d(g1 - Gn-1,010102 - An_1gn—1an) <
d(gl c9n—-1,91 " 'gnflan> + d(gl *gn—10n,0149102 anflgnflan) =
d(e,an) +d(g1 - gn-2,010102 - gn—2an-1) < 14+ (n —1) =n.

And the lemma follows. o

Let 8 be a word of the form
ﬂ = gO,\tﬂal,\til,\glf\tﬂagf\til’\ . ’\gnil"t"alnf\tfl/\gn7

where g; € G and a; € A.
Define a word § by setting for i € [1,|5]]

e ifi=1 mod 4;
t if i =2 mod 4;
e if i =3 mod 4;
t7! ifi=0 mod 4.

Or, equivalently,
="t et e et et e
Set £ = Sym(f,6; 1, {4k + 1}7_,).

Lemma 3.8.8. Let 8, be as above. If ¢ is a trivial word of length |B]| that is
congruent to B and such that ((i) € G for all i, in other words if

(=ho e hi"e hy e hy e - Thay_2 € hap_1" € hop,

where h; € G, then p(5,€) < p(B, ).
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Proof. By the two-sided invariance

p(B,¢) > d(goargra2 - - - gn—1angn, €) + 2n.
On the other hand

p(B,6) = d(ai,e) + d(gog1 - gn,€) <

=1
n+d(gogi - gn,€) <
n+d(gog1 - gn, 90019102 - - Gn—1anGgn) + d(G0a191a2 - - - Gn—1angn, €) =

n+d(gr gn-1,0191 " Gn-1an) + d(g0a19102 - - Gn—1angn, €) <

[by Lemma 3.8.7] 2n + d(goa191a2  * - Gn—1angn, €).

Hence p(8,€) < p(B, Q).
Suppose we have words

—~

Uk =91y 7 Gkgy)s Where gg ;) € G and k € [0,n],

Pk =) Gep,), Where ag ;) € Aand k € [1,n].
And let 8 be the word
8= Vo’\t’\,ulﬁt_lylﬁ . ’\Vn_l’\t’\,unﬁt_lﬁun.
Let {ir}}_,, {i}}}—, be indices such that

N ) o
(1) i <idgrr, 1 < ihyqs

(i) B(ix) =t, Bliy) =t~
(iii) if B(¢) = t, then i = iy for some k € [1,n]; if B(i) =t~ !, then i = i}, for

some k € [1,n].

In other words

k—1 k—1
= @+ Y pet2k—1)+1, il =ip+pr+ L
=0 =1

Define the word § of length |3| by

sy = ¢ FAed
BG) it BGi) = ¢+,

Let {jr}7, be the enumeration of the set

(11BN U liws ).
k=1
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Set inductively

€0 = Sym(B, 8; j1, {jn}),
€41 = Sym(B, &; 5D, (DY,

where j](cl) =i+ k, 1 €[1,n], k €[1,pg]. Finally set £ = &,.

Example. For example, if

B=g1 g2 "t a1 ax a3 "t g,
then
So=ax"g t e e et 1 gy, x= g;lggl,
El=2" gty as T ast T g3,y =azlayl.

Lemma 3.8.9. Let (3,€ be as above. If  is a trivial word of length |3| that is
congruent to 3 and such that ((i) € G for all i, then p(B3,€) < p(B, ).

Proof. Set

AAAAAA 1~ ~A ~y—1—~~
B =1y "t R R 4 Un,

1>

¢ = €[,y — 1)t Efi 4+ 1,8, — 17t T i+ 1,8, — 17T E + 1,n),
¢ =Ci =107t i+ 1,8 =17t i + 1,4, — 17 [ + 1, ).

If £ is as in Lemma 3.8.8, then ¢’ = £ and

p(B,¢) > [by tsi] p(B,¢") > [by Lemma 3.8.8] p(83,€) = p(8,¢') = p(B,€). O

Let v be a word of the form
vy = ao’\tfl’\gof\t’\al’\tfl’\g{\t“ - -’\an_lf\t*l’\gn_l’\t’\an,

where g; € G and a; € A. Let ¢ be a trivial word of the same length that is
congruent to v and such that {(¢) € G for all 4. In other words

(=ho e hi"e hy e hy e - Thay_2 e ha_1" € hop,
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where h; € G. Define a word § by

ap  ifi=1;

e ifi=1 mod4andl<i<4n+1;
t if i =2 mod 4;

e if i=3 mod 4;

t=' ifi=0 mod 4;

ag- ifi=4n+1.
Or, equivalently,
§=ap t et e - Ae“t“e“t_lﬁaal.
Set & = Sym(v,6;3, {4k — 1}}_,).
Example. For example, if
Y=ao "t g Tt Ta Tt T g Tt s,

then

Lemma 3.8.10. If v,(, ¢ are as above, then p(v,&) < p(v,().

Proof. By the two-sided invariance

p(7,€) > d(apgoaigi - - - an—1gn—1an, €) + 2n.
On the other hand

p(7,€) =d(apan,e) +n — 14+ d(gogi - - gn,€) <

n+d(gogi - .. gn—-1.a5 ‘ay ') +d(aga,’ e)

n+1+d(gogr--gn-1,a0 a,") <
n+ 1+ d(aogog: - - gn—29n—10n, 40g0G191 * * * Gp—1Gn—10n)+
d(apgoa1g1 -+ Apn—1Gn—1an, €) =
n+1+d(gr-- gn-2,0191 " Gn—20n_1)+
d(aogoa191 - - Gn-19gn—16n,€) < [by Lemma 3.8.7]

n+1+n—1+d(agoaig1 - an-1gn—1an,e) < p(7, Q).

And the lemma follows.
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Suppose we have words

—~

Pk = a1y 0 Gkp), Where ag, ;) € A and k € [0,n],

—~

Uk =91y 7 Gkgy)s Where g ;) € G and k € [1,n],
and let 4 be the word

-1 ~p1m

Y=o tT w0t T T p Up—1"t7 .
Let {ix}7_q, {i%}7_, be indices such that

(i) ik < insr, i < ihys;

(i) y(ix) =71 (i) =t

(iii) if (i) = ¢, then i = i) for some k € [1,n]; if (i) = ¢, then i = i}, for

some k € [1,n].

Define the word § of length |7| by

e if () € G;
(i) = (1)
S6) i () = 4.
Let {jr}7, be the enumeration of the set
i + 1,4, — 1.

k=1

Set inductively
60 = Sym(ﬁ’ 5;j13 {jk})a
_ (I4+1) L(1+1
€1 = Sym(y, &5, YY),
where j](cl) =i+ kandl € [l,n], k € [1,ps]. Finally set
€ =Sym(¥,&; 1, 1,41 — 1] U [i7, + 1, n]).
Example. For example, if

o~ a1~ g~ o~ mgm T~ o~~~
¥Y=a1 a2t g1t az” aq” 't g2 g3~ 1 as,

then
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Lemma 3.8.11. Let 7,& be as above. If ¢ is a trivial word of length || that is
congruent to 5 and such that ((i) € G for all i, then p(¥,£&) < p(7, ).

Proof. Proof is similar to the proof of Lemma 3.8.9. O
Definition 3.8.12. Let («, () be a hereditary f-pair of length n. It is called
rigid if for all ¢ € [1,n]
a(i) =t = (i) = ali).
Here is an example of a rigid pair:

a=go tTa tT g Tt  ay Tt g,

C=gy'gr Tt et T T e Tt g,
Lemma 3.8.13. Let f € G xtAt~!, and let a € Words(G U (t)) be the reduced
form of f. If (o, () is a hereditary f-pair, then there exists a rigid f-pair (o, §)

such that p(a, () > p(a,&). Moreover, if for some i one has «(i) = t, then
E(i+1) e A

Proof. Let (v, () be hereditary and let T¢ be a structure tree for ¢. If ¢ € T and
Qi = Ry \ {min(I;), max(I;)}, then, depending on whether ¢(min(l;)) =¢~! or
¢(min(l})) = t, we have

alQd =B=901" 904 tTaa) T T a@p) T

T )T ) T g1 G(nga)s
or

1~ —~

@] =7=a0n” T a0p) tT 901 T Y0m) t

Tt g1 T G tagn) A1) Q)

where a(; j) € A and g(; j) € G.
Let & be as in Lemma 3.8.9 or in Lemma 3.8.11 depending on whether
a[Q:] = B or a[Q:] = 7 and set

€Qd =&, Emin(l) = amin(L)), Emax(L)) = almax(l)) i ¢ £ 0,

E[Ry] := &, ift=0.

Do this for all ¢t € T;. Then (a,§) is a rigid f-pair and
pla, ¢) > p(a, &) [by Lemma 3.8.9 and Lemma 3.8.11].

The moreover part follows immediately from the construction of &. O
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Theorem 3.8.14. Let (G,d) be a tsi group, A < G be a closed subgroup, not

necessarily of diameter at most one. If d and d are as before (see the beginning
of Section 8.8), then d = d if and only if diam(A) < 1.

Proof. First we show that the condition diam(A) < 1 is necessary. Suppose
diam(A) > 1 and let a € A be such that d(a,e) > 1. Then

d(ata™ 't e) = d(a,e) + d(ta 't e) = d(a,e) +d(a™',e) = 2d(a,e) > 2,
d(ata™'t' e) = d(ata 't aea"te) <

d(a,a) +d(t,e) +d(a™ a ) +d(t ™ e) =2.

And so d # d.

Suppose now diam(A) < 1. Let f € G x tAt~! be given and let o be
the reduced form of f. If («,() is a congruent f-pair, then by Lemma 3.8.2
and Lemma 3.8.13 there is a rigid f-pair (o, &) such that p(a, &) < p(a,()
and «(i) = ¢ implies £(i + 1) € A. Hence we can view £ as an element in
Words(G U tAt=1). Since ¢ was arbitrary, it follows that d(f,e) < d(f,e). The
inverse inequality d(f,e) < d(f,e) follows from item (iii) of Proposition 3.6.5.
Thus d(f,e) = d(f,e), and, by the left invariance, d(f1, f2) = d(f1, f2) for all
fi,fo € GxtAt™1. O

Proposition 3.8.15. Let (G,d) be a tsi group, A < G be a subgroup and d be
the Graev metric on the free product G * (t). We can naturally view G x tAt~!
as a subgroup of G * (t). If A is closed in G, then G xtAt~" is closed in G x (t)

Proof. The proof is similar in spirit to the proof of item (ii) of Proposition 3.6.5,
but requires some additional work. Suppose the statement is false and there is
f € Gx(t) such that f ¢ GxtAt~", but f € G *tAt=1. Let a € Words(G'U ()
be the reduced form of f, n = |a|. We show that this is impossible and f €
G x tAt~1. The proof goes by induction on n.

Base of induction. For the base of induction we consider cases n € {1,2}.
If n = 1, then either f € G or f = t* for some k # 0. Since G < G * tAt™!, it
must be the case that f = t*. Let h € G xtAt~! be such that d(f,h) < 1, where
d is the Graev metric on G * (t). Let ¢1 : G — Z be the trivial homomorphism:
¢1(g) = 0 for all g € G; and let ¢o : (t) — Z be the natural isomorphism:
¢2(tF) = k. By item (i) of Proposition 3.6.5 ¢ and ¢, extend to a 1-Lipschitz
homomorphism ¢ : G x (t) — Z. But d(¢(f),d(h)) = |k| > 1. We get a
contradiction with the assumption d(f,h) < 1.

Note that for any h € G * tAt™!

e (m) \ G *tAt™l = ghhg € (m) \ G x tAEL,

Using this observation the case n = 2 follows from the case n = 1. Indeed,
n = 2 implies o = g7 t* or a = t* g for some g € G, k # 0. Multiplying f by

g from either left or right brings us to the case n = 1.
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Step of induction. Without loss of generality we may assume that «(n) =
t¥ for some k # 0. Indeed, if a(n) = g for some g € G, then we can substitute
fg~! for f. Assume that o = ag " t*1 g™ t*2, where ki, ks # 0 and g € G. We
claim that k1 =1, ko = —1, and g € A. Set

€1 = min{d(a(i),e) : i € [1,n]},
1 ifVia(i) e G = a(i) € 4,
min{d(a(i), A) : a(i) € G\ A} otherwise.

€9 =

And let € = min{1, €1, e2}. Note that € > 0.

Since f € G * tAt=1, there is h € G xtAt~! such that d(f,h) < e. Therefore
there is a reduced simple fh~!-pair (3,&) such that p(8,£) < e. Let v be the
reduced form of h=!. Suppose first that ks # —1. Assume for simplicity that
B = a™~ (in general the first letter of v may get canceled; the proof for the
general case is the same, it is just notationally simpler to assume that 8 = a™7).
Let T¢ be the slim evaluation tree for £, and let so € T¢ be such that n € Ry, .

We claim that n = min(Rs,). If this is not the case, then there is ig € Ry,
such that i9 < n and [ig + 1,n — 1] N Ry, = (). Since « is reduced, ig < n — 1.
If I = [ig+ 1,n — 1], then £[I] = e and so there is jo € I such that £(jo) = e.
Therefore

p(8,€) = d(B(jo), §(jo)) = d(a(jo), €) = €1 = €.

Contradicting the choice of the pair (3, £).
Thus n = min(R,,). Let ji,...,jp be such that

(i) jk € Ry, for all k € [1, p];
(i) Jk < Jk+1
(iil) €(jr) # €
(iv) €(j) # e and j € R, implies j = jj for some k.

In fact, we can always modify the tree to assure that £(j) # e for all j € Ry,
but this is not used here. In this notation j; = n. Since p(3,£) < 1, we get
B(ix) = &) = tT! for all k € [2,p]. If I = [jx + 1, jre1 — 1] for k € [1,p— 1],
then &[I;] = e for all k, whence for any k € [1,p — 1]

i€l : () =t} = |{i € I : £(@) =t}
This implies
E(a) = t:€(ja) = 171, €(ja) = 1., £(jGp) = (1.

Finally, since £[Ry,] = e, we get £(j1) = ¢t~ or £(j1) = e, depending on whether

p is even or odd. But since by assumption ks # 0 we get ko = —1.
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We have proved that ks = —1. The next step is to show that g € A. We

have two cases.

Case 1. (1) € G. In this case we have § = a™~. Let s; € T¢ be such that
n— 1 € R,,. Similarly to the previous step one shows that n — 1 = min(Ry, ).
Let Ry, = {jk}r—y, Where jp < jry1. In particular, n —1 = ji. Set I =
[k + 1, jrt1 — 1]. From £[I] = e it follows

i€l €)=t} ={i € I : §(i) = t7'}.

Therefore £(jx) € A for all k € [2,p]. And so £(j1) € A as well. Finally, if
g ¢ A, then

p(B,6) Z d(B(n —1),&(n—1)) = d(g,A) > €2 > €.

And again we have a contradiction with the choice of (3, ¢&).

Case 2. (1) = t. In this case a = ap " tF* g™t and v = t"a "t~ 1y, for
some a € A and a word vp. If g € A then 8 = g t" ~ga™t"1"7y. And we
are essentially in Case 1. Therefore by the proof of Case 1 we get ga € A, but
then g € A.

Thus g € A. The proof of k1 = 1 is similar to the proof of ko = —1 given
earlier, and we omit the details.
We have shown that o = ap "t a ™t~ . If f/ = fta='t™!, then ag is the
reduced form of f and f’ € G * tAt=1\ G xtAt~'. We proceed by induction on

the length of a. O

3.9 HNN extensions of groups with tsi metrics

We now turn to the HNN construction itself. There are several ways to build
an HNN extension. We will follow the original construction of G. Higman, B.
H. Neumann and H. Neumann from [8], because their approach hides a lot of
complications into the amalgamation of groups, and we have already constructed
Graev metrics on amalgams in the previous sections.

Let us briefly remind what an HNN extension is. Let G be an abstract
group, A, B < G be isomorphic subgroups and ¢ : A — B be an isomorphism
between them. An HNN extension of (G, ¢) is a pair (H,t), where ¢ is a new
symbol and H = (G, t|tat™ = ¢(a),a € A). The element t is called a stable
letter of the HNN extension.

3.9.1 Metrics on HNN extensions

Theorem 3.9.1. Let (G,d) be a tsi group, ¢ : A — B be a d-isometric iso-
morphism between the closed subgroups A, B. Let H be the HNN extension of
(G, @) in the abstract sense, and let t be the stable letter of the HNN extension.
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If diam(A) < K, then there is a tsi metric d on H such that dl¢ = d and
d(t,e) = K.

Proof. First assume that K = 1. Let (u) and (v) be two copies of the group Z
of the integers with the usual metric. Form the free products (G * (u),d,) and
(G*(v),d,), where d,,, d, are the Graev metrics. Since diam(A) = diam(B) < 1,
by Theorem 3.8.14 the Graev metric on G * uAu~"! is the restriction of d, onto
G xuAu~1!, and, similarly, the Graev metric on G *vBv~! is just the restriction
of dy. Let ¢ : G *uAu~! — G * vBv~! be an isomorphism that is uniquely
defined by

V(g) =g, Ywau™) =vp(a)v™, a€ A, gedq.

By Theorem 3.8.14 1) is an isometry. Also, by Proposition 3.8.15 G xuAu~! and
G+vBv~! are closed subgroups of G (u) and G x (v) respectively. Hence by the
results of Section 3.5 we can amalgamate G * (u) and G * (v) over G * uAu~—! =
G *vBv~!. Denote the result of this amalgamation by (f[,c_l). Then

uau" = vp(a)v™ for all a € A,

and therefore v luau='v = ¢(a). If H = (G,v~'u), then (H,v 1u) is an HNN
extension of (G, ¢) and d|g, is a two-sided invariant metric on H, which extends
d.

This was done under the assumption that K = 1. The general case can
be reduced to this one. If d’ = (1/K)d, then d’' is a tsi metric on G, ¢ is a
d’-isometric isomorphism and d’-diam(A) < 1. By the above construction there
is a tsi metric d’ on H such that d'|¢ = d’. Now set d = Kd'. O

It is, of course, natural to ask if the condition of having a bounded diameter
is crucial. The answer to this question is not known, but here is a necessary

condition.

Proposition 3.9.2. Let (G,d) be a tsi group, ¢ : A — B be a d-isometric
isomorphism, and H be the HNN extension of (G, ¢) with the stable letter t. If

d s extended to a tsi metric d' on H, then
sup{d'(a, ¢(a)) : a € A} < o0.
Proof. It K = d'(t,e), then for any a € A

d'(a,¢(a)) =d (a,tat™) = d'(a " tat ™' e) =
d'(a Mat™ a teae) < d'(t,e) +d'(t71, e) = 2K.

Therefore sup{d’'(a, ¢(a)) : a € A} <2K. O
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Question 3.9.3. Is this condition also sufficient? To be precise, suppose (G, d)
is a tsi group, ¢ : A — B is a d-isometric isomorphism between closed subgroups

A, B, and suppose that
sup {d(a, ¢(a)) : a € A} < co.

Does there exist a tsi metric d on the HNN extension H of (G, ¢) such that
dlg =d?

3.9.2 Induced conjugation and HNN extension

Recall that a topological group G is called SIN if for every open U C G such
that e € U there is an open subset V C U such that gVg=! =V for all g € G.
A metrizable group admits a compatible two-sided invariant metric if and only
if it is SIN.

Theorem 3.9.4. Let G be a SIN metrizable group. Let ¢ : A — B be a topo-
logical isomorphism between two closed subgroups. There exist a SIN metrizable
group H and an element t € H such that G < H is a topological subgroup and
tat=t = ¢(a) for all a € A if and only if there is a compatible tsi metric d on G

such that ¢ becomes a d-isometric isomorphisms.

Proof. Necessity of the condition is obvious: if d is a compatible tsi metric on H,
then ¢ is d|g-isometric. We show sufficiency. Let d be a compatible tsi metric
on G such that ¢ is a d-isometric isomorphism. If d’(g,e) = min{d(g,e), 1},
then d’ is also a compatible tsi metric on G, ¢ is a d’-isometric isomorphism,
and d’-diam(A) < 1 (because d’-diam(G) < 1). Apply Theorem 3.9.1 to get
an extension of d’ to a tsi metric on H, where (H,t) is the HNN extension of
(G, ¢). Then (H,t) satisfies the conclusions of the theorem. O

Corollary 3.9.5. Let G be a SIN metrizable group. Let ¢ : A — B be a
topological group isomorphism. If A and B are discrete, then there is a topology
on the HNN extension of (G,¢) such that G is a closed subgroup of H and H
is SIN and metrizable.

Proof. Let d be a compatible tsi metric on G. Since A and B are discrete, there

exists constant ¢ > 0 such that
inf{d(al,ag) tay,ag € A} > c, inf{d(bl,bg) : bl,bg S B,b1 75 bg} > c.

If d'(g1,92) = min{d(g1, g2),c}, then d’ is a compatible tsi metric on G and ¢

is a d’-isometric isomorphism. Theorem 3.9.4 finishes the proof. O

Corollary 3.9.6. Let (G,+) be an abelian SIN metrizable group. If ¢ : G — G
is given by ¢(x) = —x, then there is a SIN metrizable topology on the HNN
extension H of (G, ¢) that extends the topology of G.
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Proof. If d is a compatible tsi metric on G such that d-diam(G) < 1, then ¢ is

a d-isometric isomorphism and we apply Theorem 3.9.4. o

Definition 3.9.7. Let G be a topological group. Elements g1, g2 € G are said
to be induced conjugated if there exist a topological group H and an element

t € H such that G < H is a topological subgroup and tg;t~! = gs.

Example 3.9.8. Let (T, +) be a circle viewed as a compact abelian group, and
let g1,92 € T. The elements g; and g2 are induced conjugated if and only if one

of the two conditions is satisfied:
(i) g1 and go are periodic elements of the same period;
(ii) g1 = £go.

Proof. The sufficiency of any of these conditions follows from Corollary 3.9.5
and Corollary 3.9.6. We need to show the necessity. If g; and g» are induced
conjugated, then they have the same order. If the order of g; is finite, we
are done. Suppose the order is infinite. The groups (g1) and (g2) are naturally
isomorphic (as topological groups) via the map ¢(kg1) = kga. This map extends
to a continuous isomorphism ¢ : T — T, because T is compact and (g;) is dense
in T. But there are only two continuous isomorphisms of the circle: ¢ = id and
¢ = —id. Thus g1 = £go. O

Example 3.9.9. Let G = T% be a product of circles, and let S : T — T% be
the shift map S(z)(n) = x(n + 1) for all z € T? and all n € Z. The group
TZ is monothetic and abelian. If 2 = {an}nez, where a,’s and 1 are linearly
independent over Q, then () is dense in T%. Since S is an automorphism,
and S(x) are topologically similar. We claim that z and S(x) are not induced

conjugated in any SIN metrizable group H.

Proof. Suppose H is a SIN metrizable group, G is a topological subgroup of H
and t € H is such that tzt=! = S(z). If ¢, : H — H is given by ¢ (y) = tyt—1,
then ¢¢(mz) = S(mz) for all m € Z and hence, by continuity and density of
(z), ¢¢(y) = S(y) for all y € TZ. If d is a compatible tsi metric on H, then ¢;

is a d-isometric isomorphism. Therefore for zg € TZ,

1/2 ifn=0;
zo(n) =
0 otherwise,

we get
(9" (x0), €) = d(¢}" (x0), $¢" (¢)) = d(xo, €) = const >0,

but S™(xg) — 0, when m — oo. This contradicts ¢:(y) = S(y) for all y €
TZ. (]

89



Chapter 4

References

[1]

[10]

[11]

[12]

[13]

C. J. Ash, Inevitable graphs: a proof of the type I conjecture and some
related decision procedures, Internat. J. Algebra Comput. 1 (1991), no. 1,
127-146. MR 1112302 (92k:20114)

G. Cherlin, L. Harrington, and A. H. Lachlan, Ng-categorical, Ng-stable
structures, Ann. Pure Appl. Logic 28 (1985), no. 2, 103-135. MR 779159
(86g:03054)

Longyun Ding and Su Gao, Graev metric groups and Polishable subgroups,
Adv. Math. 213 (2007), no. 2, 887-901. MR 2332614 (2008g:54052)

Su Gao, Invariant descriptive set theory, Pure and Applied Mathematics
(Boca Raton), vol. 293, CRC Press, Boca Raton, FL, 2009. MR 2455198
(2011b:03001)

M. 1. Graev, On free products of topological groups, lzvestiya Akad. Nauk
SSSR. Ser. Mat. 14 (1950), 343-354. MR 0036768 (12,158¢)

, Free topological groups, Amer. Math. Soc. Translation 1951 (1951),
no. 35, 61. MR 0038357 (12,391c¢)

Bernhard Herwig and Daniel Lascar, Fxtending partial automorphisms and
the profinite topology on free groups, Trans. Amer. Math. Soc. 352 (2000),
no. 5, 1985-2021. MR 1621745 (2000j:20036)

Graham Higman, B. H. Neumann, and Hanna Neumann, Embedding the-
orems for groups, J. London Math. Soc. 24 (1949), 247-254. MR 0032641
(11,322d)

Wilfrid Hodges, Ian Hodkinson, Daniel Lascar, and Saharon Shelah, The
small index property for w-stable w-categorical structures and for the ran-
dom graph, J. London Math. Soc. (2) 48 (1993), no. 2, 204-218. MR
1231710 (94d:03063)

Ehud Hrushovski, Extending partial isomorphisms of graphs, Combinator-
ica 12 (1992), no. 4, 411-416. MR 1194731 (93m:05089)

A. S. Kechris, V. G. Pestov, and S. Todorcevic, Fraissé limits, Ramsey
theory, and topological dynamics of automorphism groups, Geom. Funct.

Anal. 15 (2005), no. 1, 106-189. MR 2140630 (2007j:37013)

Alexander S. Kechris, Topology and descriptive set theory, Topology Appl.
58 (1994), no. 3, 195-222. MR, 1288299 (95f:54033)

, Classical descriptive set theory, Graduate Texts in Mathematics,
vol. 156, Springer-Verlag, New York, 1995. MR 1321597 (96e:03057)

90



[14] Alexander S. Kechris and Christian Rosendal, Turbulence, amalgamation,

and generic automorphisms of homogeneous structures, Proc. Lond. Math.
Soc. (3) 94 (2007), no. 2, 302-350. MR 2308230 (20082a:03079)

[15] A. Markoft, On free topological groups, C. R. (Doklady) Acad. Sci. URSS
(N. S.) 31 (1941), 299-301. MR 0004634 (3,36¢)

[16] , On free topological groups, Bull. Acad. Sci. URSS. Sér. Math.

[Izvestia Akad. Nauk SSSR] 9 (1945), 3-64. MR 0012301 (7,7b)

[17] Julien Melleray, Topology of the isometry group of the Urysohn space, Fund.
Math. 207 (2010), no. 3, 273-287. MR 2601759 (2011k:54049)

[18] Vladimir Pestov, Ramsey-Milman phenomenon, Urysohn metric spaces,
and extremely amenable groups, Israel J. Math. 127 (2002), 317-357. MR
1900705 (2003£:43001)

[19] V. S. Prasad, Generating dense subgroups of measure preserving transfor-
mations, Proc. Amer. Math. Soc. 83 (1981), no. 2, 286-288. MR 624915
(83h:28020)

[20] Luis Ribes and Pavel A. Zalesskii, On the profinite topology on a free group,
Bull. London Math. Soc. 25 (1993), no. 1, 37-43. MR 1190361 (93j:20062)

[21] Christian Rosendal, The generic isometry and measure preserving homeo-
morphism are conjugate to their powers, Fund. Math. 205 (2009), no. 1,
1-27. MR 2534176 (2010g:03071)

[22] O. V. Sipacheva, The topology of a free topological group, J. Math. Sci. (N.
Y.) 131 (2005), no. 4, 5765-5838. MR, 2056625 (2005¢:22004)

[23] O. V. Sipacheva and V. V. Uspenskii, Free topological groups with no small
subgroups, and Graev metrics, Vestnik Moskov. Univ. Ser. I Mat. Mekh.
(1987), no. 4, 21-24, 101. MR 913066 (88m:22002)

[24] Stawomir Solecki, Extending partial isometries, Israel J. Math. 150 (2005),
315-331. MR 2255813 (2007h:54034)

[25] J. K. Truss, On notions of genericity and mutual genericity, J. Symbolic
Logic 72 (2007), no. 3, 755-766. MR 2354899 (2008h:20004)

[26] Lou van den Dries and Su Gao, A Polish group without Lie sums, Abh.
Math. Semin. Univ. Hambg. 79 (2009), no. 1, 135-147. MR 2541347
(2010¢:22001)

91



