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Abstract

We define natural classes of rational and polynomial representations of the Yangian of the
general linear Lie algebra. We also present the classification and explicit realizations of all
irreducible rational representations of the Yangian.
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0. Introduction

In a recent series of works the first two authors studied certain functors between categories
of modules of the complex general linear Lie algebra gl and of the Yangian Y(gl,); see
[10, 11] and references therein. Using the Howe duality [8, 9] between the Lie algebras gl,,
and gl , these functors arise from the centralizer construction of the Yangian Y(gl,,) due to
Olshanski [18]. They can also be defined as direct sums over N = 1,2, ... of the compositions
of two well known functors. The first functor in the composition, due to Cherednik [5], is
between the categories of modules of gl,, and of the degenerate affine Hecke algebra of gl .
The second functor in the composition, due to Drinfeld [6], is between the latter category
and the category of Y(gl,,)-modules.

In the above mentioned series of works the Zhelobenko operators [25] were used to study
intertwining operators between certain Y(gl,,)-modules. These modules correspond to pairs
of weights A = (A1,...,A\y) and g = (u1,...,py) of the Lie algebra gl,, subject to a
condition that each difference v, = \, — 1, is a non-negative integer not exceeding n. In the
present article we denote by <I>ﬁ the corresponding Y(gl,,)-module, see (L9)). By definition,
this module is a tensor product over a = 1,...,m of certain pullbacks of the fundamental
modules A”*(C") of gl,,. Each pullback also depends on a complex number i, , while the
tensor product is taken by using the comultiplication (LH) on Y(gl,). In particular, when
v, = 1 this pullback is called a vector Y(gl,)-module. Note that in the present article we
use notation different from that of [10, 11]. Most significantly, here the weights A and u of
the (ID;); correspond to the weights A + p and u + p in [10, [11] where p = (0, —1,...,1 —m).

Regard the symmetric group &,, as the Weyl group of gl,, and let 0y € S,, be the
longest element. One of the principal results of [11] was a new proof of irreducibility of the
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image of the canonical intertwining operator

A ao(N)
(I)M — (I)ag(“) (0.1)

under the condition of dominance of the weight A of gl,,. This condition on A\ means that
Aa— N #—1,—2,... whenever a<b. (0.2)

The study of these operators has been started by Cherednik [4]. The proof of irreducibility
in [11] was based on the results of |[13]. Other proofs follow from the results of Akasaka
and Kashiwara [1] and of Nazarov and Tarasov [17]. Note that a connection between the
intertwining operators for tensor products of Y(gl,,)-modules and the Zhelobenko operators
has been first discovered by Tarasov and Varchenko [23].

It was also demonstrated in [11] that up to an automorphism of the form (LI of the
algebra Y(gl,,) , any irreducible finite-dimensional Y (gl,,)-module arises as the image of some
intertwining operator (I.I]). Furthermore, for that particular purpose it suffices to consider
only the operators corresponding to dominant weights A while p satisfy the extra conditions

to — iy <0 whenever A\, =X\, and a<b. (0.3)

For any dominant A\ the canonical intertwining operator ((.I]) is defined only up to a scalar
multiplier. These multipliers can be chosen in such a way that for any fixed v = (11, ..., vy)
the operator ((0LI]) depends rationally on the weight A. One such choice was made in [11].

In the normalization used in [11] the operator (0.1]) vanishes if any of the extra conditions
([@3) is not satisfied. However, other arguments [1, [11, 19, 24] indicate that in this case the
Y(gl,,)-module (IJi‘L should still have a unique irreducible quotient. Another normalization
of (0.1)) was then provided in [12]. In that normalization for any dominant A\ the operator
(0.1) does not vanish, and moreover is constructed explicitly by using the fusion procedure
from [4]. As a Y(gl,)-module the image of (0.I]) is then isomorphic to that of the operator
obtained by replacing in (0.1)) the weight p by any weight o(u) where o € &,, fixes .

The construction in [12] is combinatorial and rather involved. The first goal of the present
article is to provide another explicit expression (Z.3]) for the canonical intertwining operator
(0.1) which is easier to use. In this form the operator (0.I]) has the same normalization as
in [12]. Yet the existence of this new form of (0.I]) is far from obvious. It is obtained by also
using another kind of Zhelobenko operators. The two kinds of these operators were studied in
[14] and are closely related. They are proportional for the generic values of their parameters
and admit analytic continuations to the domains of non-singularity of each other. By [10] our
intertwining operator (0.1l) corresponds to a product of Zhelobenko operators of both kinds.

A more general goal of the present article is to eliminate the use of the automorphisms
(LTI in [11, 12]. The first steps in this direction have been made in |16, 20]. In particular,
the Howe duality between the Lie algebras u,, and gl, has been used in [20] to construct
Y(gl,,)-modules which do not arise as subquotients of tensor products of the vector modules.
Thus we come to the notions of polynomial and rational modules naturally generalizing
the corresponding notions for the general linear group GL,: the polynomial modules are
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subquotients of tensor products of vector modules, the rational modules are subquotients of
tensor products of vector and covector modules. These covector modules can be described
as the pullbacks of the vector modules relative to the automorphism (L3)) of Y(gl,) .

Up to twisting by the automorphisms of Y(gl,,) of the form (L.1]), the isomorphism classes
of irreducible finite-dimensional Y(gl,)-modules are labelled by sequences of n — 1 monic
polynomials with complex coefficients, called the Drinfeld polynomials [7]. The polynomial
and the rational irreducible Y(gl,,)-modules have parametrizations very similar to that of [7].
In addition to the n—1 Drinfeld polynomials we have one more monic polynomial for labelling
the polynomial irreducible finite-dimensional Y(gl,,)-modules, or one more rational function
for labelling the rational irreducible finite-dimensional Y (gl,,)-modules. This result is stated
as Theorem below. It comes from the analysis of the action of the Yangian Y(gl,) on
the tensor products of vector and covector modules. Moreover, we demonstrate that all the
polynomial and the rational irreducible Y(gl,)-modules arise as images of the intertwining
operators studied in [10, [11] and in [20] respectively.

Our article is organized as follows. Section 1 recalls the basic definitions and results from
the representation theory of the Yangian Y(gl,). Sections 2 and 3 give realizations of the
polynomial and the rational Y(gl,)-modules. All proofs are gathered in Section 4.

1. Basic results

1.1. The Yangian Y (gl,) of the general linear Lie algebra gl,, is a complex unital associative

algebra with a family of generators TV, 7. with 1,7 =1,...,n. These generators are

ij v iy o0
customarily gathered into the generating series

Ty(u) = by + T5 w4 T 4
where u is a formal parameter. The defining relations of Y(gl,,) can be then written as
(u = 0) [Ty (u), Tia(v) ] = Tij (u) T (v) = T (0) T ()

where v is another formal parameter. These relations imply that for any formal power series
f(u) in v~ with the leading term 1 and all the coefficients in C the assignments

Ty(u) > f(u) Ty(u) (1.1)
define an automorphism of the algebra Y(gl,,). Further, for any z € C the assignments

7, Tij(u) = Tij(u— 2) (1.2)

define an automorphism 7, of Y(gl,,) . Here each of the formal series T};(u — z) in (u — z)!

should be re-expanded in u~! so that the assignment (L2 becomes a correspondence between
the respective coefficients of the series in u~!. In this article we also employ the involutive
automorphism w of Y(gl,,) defined by the assignments

w: Tij(u) = Tji(—u) . (1.3)
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The quotient of the algebra Y(gl,,) by the relations Ti§»2) = Tig»g) = ... =0 for all indices
i, = 1,...,n is isomorphic to the universal enveloping algebra U(gl,). The defining
relations of Y(gl,,) contain in particular the commutation relations

[T(l)

1 1 1
ij 7TI§l)] = Ok; Tz(l )~ g Tk(j)-
Hence the images of the generators Ti(jl) in the quotient algebra can be identified with the
standard matrix units in gl,, having the same indices 7,j. Denote by 7 the corresponding
quotient map Y(gl,) — U(gl,). We will also use the composite homomorphisms 7, , 7/ :
Y(gl,) — U(gl,) defined for any parameter z € C by

M, =TMoT,, T =ToWoT,. (1.4)

The associative algebra Y(gl,,) contains U(gl,) as a subalgebra. Again, here we identify
the generators Ti(jl) with the corresponding matrix units in gl, . Hence the homomorphism
7 is identical on the subalgebra U(gl,,) C Y(gl,,). The same is true for 7, with any z € C.

The Yangian Y(gl,,) is a Hopf algebra. The counit homomorphism Y(gl,,) — C and the
antipodal antihomomorphism Y(gl,,) — Y(gl,) are defined by mappings T;;(u) — §;; and
T(u) — T ~'(u) respectively, while the comultiplication Y(gl,) — Y(gl,,) is defined by

Tyu) = 3 Tie(w) @ Ty (u). (1.5)
k=1

1.2. For any non-negative integer d consider the exterior power A%(C") of the defining gl -
module C". Let us denote by ®¢ and ®_¢ the Y(gl,)-modules obtained by pulling the
gl,,-module A4(C") back through the homomorphisms 7, and 7/ respectively, see (L.Z).
Clearly, these Y(gl,,)-modules are non-zero if and only if d < n.

For any z € C the Y(gl,)-modules ®! and ®_! are called vector and covector modules
respectively. Their underlying space is C". Let {e,...,e,} be the standard basis in C".
The action of Y(gl,,) on the basis vectors is given by

jk € .
Tij(u) e, = ;5 ex + ik © in !, (1.6)
u—z
ik €; . _
E(U) e = 51] ek_u—izjk]_ 1m q)zl. (]_7)
Further, for any z € C put
A, =97 and Al =0 ". (1.8)

We call A, and A/ the determinantal Y(gl,)-modules. By definition, an Y(gl,)-module is
polynomaal if it is isomorphic to a subquotient of a tensor product of the vector modules.
More generally, an Y(gl,,)-module is rational if it is isomorphic to a subquotient of a tensor
product of vector and covector modules. In Subsection 4.1 we prove the following



Proposition 1.1. If d € {0,1,...,n} and z € C then:
(i) the module ®¢ is polynomial ;
(ii) the module ®7% is rational ;
(iii) the one-dimensional module ®° is trivial ;
(iv) the one-dimensional modules A, and A! are cocentral ;
(v) the module ®;¢ is isomorphic to ®"~ 4 @ A! .

Remark. By the last two parts of Proposition [[.J] any rational Y(gl,,)-module is isomorphic
to a tensor product of a polynomial Y(gl,)-module and a number of determinantal modules
of the form A’ . Further, every polynomial or rational Y(gl,)-module admits an action of
the complex general linear group GL,, compatible with the embedding U(gl,)) C Y(gl,,) as
described above. This action of the group GL, is polynomial or rational respectively.  [J

Now let A = (A1,..., Ap) and g = (f1,. .., i) be two elements of C™ such that each
difference v, = A\, — p4 is an integer. The corresponding standard rational Y (gl,,)-module is

the tensor product
A 141 VUm
PL=0"®.. 0D, (1.9)

We will be occasionally calling A and p the weights of ®7. If v1,..., 14, > 0 then @) is
the standard polynomial Y(gl,,)-module as employed in (0.I]). Note that by Proposition [[.T]
the standard polynomial Y (gl,)-modules are indeed polynomial in our terminology, and the
standard rational Y(gl,,)-modules are indeed rational.

1.3. Let us recall some basic facts from the representation theory of the Yangian Y(gl,) .

They were first obtained by Tarasov [21, 22] in the case n = 2 and then generalized by

Drinfeld [7] to any n. For a detailed exposition of the proofs of these basic facts see [15].
Let ¥ be any irreducible finite-dimensional Y(gl,)-module. There exists a non-zero

vector v € W called highest, such that T;;(u) v = 0 for all ¢ < j. This vector is unique up to

a multiplier from C. For every index i there exists a formal power series A;(u) in u™! with

coefficients in C and the leading term 1 such that Tj;(u) v = A;(u) v. For any i < n we have

M) Put1)

Ao(w) ~ Pu) (1.10)

where Pj(u) are monic polynomials in w. The polynomials P;(u),..., P,_1(u) are called
the Drinfeld polynomials of ¥ . The series A;(u),. .., A,(u) determine the Y(gl,)-module ¥
uniquely up to isomorphism. Any sequence of formal power series A;(u), ..., A,(u) in vt
with coefficients in C and the leading terms 1 satisfying (II0) for some monic polynomials
Pi(u),...,P,_1(u) occurs in this way.

The sequence of series Ay (u), ..., A, (u) satisfying (I.I0) can be recovered from any one of
them, say from the A, (u), and from the sequence of monic polynomials P;(u), ..., P,_1(u).
Here the series A, (u) itself can be chosen arbitrary, provided its leading term is 1. Our first
(and rather elementary) result is the next theorem. We prove it in Subsections and 4.3
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Theorem 1.2. The irreducible finite-dimensional Y (gl,,)-module determined by A,(u) and

by Py(u), ..., P,_1(u) is polynomial or rational respectively if and only if
Qu(u+1)
A (u) =82 1.11
=) —

for some polynomial or rational function Q,(u) in u .

Clearly, in the case of a polynomial Y(gl,)-module the polynomial function @,(u) in
(LII) can be chosen monic. More generally, the rational function @, (u) can be chosen as a
ratio of two monic polynomials. This choice defines the function @, () in (LII) uniquely.

Note that equalities (LI0) and (LII) imply that for each i =1,...,n

(u+1
Ai(u) = % where  Q;(u) = Py(u) ... Py_q1(u) Qn(u). (1.12)
U
The functions Q1 (u),...,Q,(u) are polynomial or rational if the corresponding irreducible
finite-dimensional Y(gl,,)-module is respectively polynomial or rational. Here the converse
(the only if) statement is untrue, because by definition the functions Q4 (u),...,Q,(u) are
related by polynomials P;(u), ..., P,_1(u).

2. Polynomial modules

2.1. For any positive integer m take the general linear Lie algebra gl,,. Fora,b=1,...,m
let Ey € gl,, be the standard matrix units. Let h be the Cartan subalgebra of gl,, with the
basis {E11, ..., Emm} . Identify the dual vector space h* with C™ by using this basis of .
Hence any element of A € h* will be written as (A1,...,A,) € C™. The Weyl group of gl,,
is isomorphic to the symmetric group &,,,. Thus there is a natural action of the group G,,
on bh* such that o(\), = Ao-1(q) for 0 € &,,. We denote by oo the longest element of &,,
so that we have og(a) =m +1—a foreacha=1,...,m.

Choose the triangular decomposition gl,, = n @ h @ n’ where n and n’ are the opposite
nilpotent subalgebras of gl,, spanned by the vectors F,, where a > b and a < b respectively.
Then the positive roots of gl,, are the weights A € h* with the only non-zero coordinates

Ao = 1 and Ay = —1 for some pair of indices a < b.

Denote by G,,, the Grassmann algebra on the mn anticommuting variables x,; where
a=1,...,mandi=1,...,n. Let d,; be the operator of left derivation in G,,, relative to
Zqi - Then for any a,b=1,..., m consider the first order differential operator on G,,,

n
Dy, = E Tak Obk; -
k=1

The assignment F,, — D, defines an action of the Lie algebra gl on G,,,. We will use
the weight decomposition of G,,, under the action of h C gl,,. We will also use the action
of the symmetric group &,, on G,,,, by permutations of the first indices of the variables:

0(Z4i) = To); forany o€ &,,.
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Now take any two indices a and b such that a < b. Let A € h* be any weight such that

Ao — N # —1,—2,... . Define the linear operators X2, and Y} on the vector space G, by
)'Dy, D, )'Dl, Dy,
=1 ba ~a d -1 ab
+z_:r')\—)\b+1) an +Zr')\—)\b+1)

where (u), =u(u+1)...(u+r —1) is the Pochhammer function. The operators X7, and
Y} on G, are well defined and preserve the subspace G” C G, of every weight v € h*.

2.2. For any two weights A, u € h* let v = A — p be their difference. Suppose that each
coordinate v, of v is a non-negative integer not exceeding n. Let us consider the standard
polynomial Y (gl,)-module ®7 . By the definition (IJ) its underlying vector space is

ATCY ® ... A" (C"). (2.1)
Using the basis vectors ey, ..., e, € C" we can now define an isomorphism of vector spaces
G,: @) — Gl
as follows. For an element of the vector space (2.1])
w= (e AN...Ney )@ ... @ (e Ao Aej, )
we set

Gy(w) = (xlil ce xliul) ce (xmjl ce l‘mjum) . (22)
Now suppose that A € h* satisfies the dominance condition ((.2). Define a linear map

A LR oo(N)
Iﬂ .cIJﬂ — @UO(M)

as the composition
I = (-1)"G, 007, G, (2.3)
where

N = Z Vo Vp (2.4)

1<a<b<s<m

— XA if v, >
Zy = ] { ' (2.5)

m
1<acbem Y, it v, <u

and the ordering of the factors in the product over the pairs of indices a < b corresponds to
any normal ordermgl of the positive roots of the Lie algebra gl,,. It means that the factor
corresponding to the pair a < ¢ stands between those correspondmg toa<band tob<c.

The right hand side of (23)) is defined due to the dominance of A. In Subsections 4] to [4.7]
we will derive from the results of the works [10, [11, [12] the following proposition.

LA total ordering < of the system of positive roots of a reductive Lie algebra is called normal if for any
positive roots «, 8 such that @ < 8 and a + § is also a positive root, the relation o < (o + ) < £ holds;
see [2]. There is a natural bijection between the set of normal orderings of the system of positive roots of a
reductive Lie algebra and the set of reduced decompositions of the longest element of the Weyl group [25].
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Proposition 2.1. For any weights A\, u € §* such that X\ is dominant and all coordinates
Vg = Ag — g are non-negative integers not exceeding n, the operator I;L\ defined by (23):
(i) is not zero;
(ii) does not depend on the choice of the normal ordering;
(iii) commutes with the action of the Yangian Y(gl,) ;
(iv) has the image irreducible under the latter action.

2.3. Let us describe the highest vector and the series A;(u),..., A, (u) for the irreducible
Y(gl,,)-module
A A a0(A)
V) =Iml) c o270 (2.6)
Let

vg=eN...Ney (2.7)

be the highest vector of the gl ,-module A%(C"). Here we use the triangular decomposition
of the Lie algebra gl,, similar to that of gl , see Subsection 2.1l For the vector

vl’):vm@...@vymecbl’) (2.8)
by using (LH) we get
Tij(uw)v, =0 if i<j. (2.9)
We also get
T;i(u) v;} = A;(u) va‘ (2.10)
where for each index 4 1
U — fig
Ai(u) = S 2.11
(u) a;l;[% — (2.11)

In the course of proving our Proposition 2.1l we will establish the equality

L) = 5ot (2.12)

where according to (28]
UZS((;\)) =0, ®...0U, . (2.13)
Hence the irreducible Y(gl,)-module \Ifi‘t has the highest vector vgg((;\)) and the corresponding

series Ay (u), ..., An(u) are given by (ZI1)). By (LI0),(LII),(LI2) it now follows that for ¥

Pi(u) = H(u—ua) where i=1,...,n—1;

a:Vq=1

Qi(u) = H (u—pq) where i=1,... n.

a:vg>1

While proving Theorem we will also obtain the following corollary to Proposition 2.1

Corollary 2.2. The \Ilf; exhaust all the non-trivial irreducible polynomial Y (gl,,)-modules.
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For any o € &,, such that both A and o(\) are dominant, the proof of [12, Proposition 2.9]
yields an isomorphism

L G T
o(p)

of Y(gl,)-modules. Further suppose that all coordinates of the weight v are positive, see
Proposition [[LTI(iii). Then take another irreducible polynomial Y (gl,,)-module \1;2’, where N
is dominant and all coordinates of the weight X' — u’ are positive integers not exceeding n .
The Y(gl,,)-modules \Ilf; and \Ilf;/, are isomorphic if and only if X\, u and X, i are weights of
the same gl,, and there exists o € &,, such that \' = o(\) and p’ = o(p).

3. Rational modules

3.1. Take a sequence of signs € = (e1,...,&,,) where ¢, € {—1,+1} for eacha=1,...,m.
For any given a,b=1,...,m let D5, be a differential operator on G,,,, of order at most two,

Dy = Z Qai Poi
i=1

where
- Ty 1f e4,=++1 . Oy if g,=+1
fai = { Do if £,=—1 and - py = { oy if e =—1. (3:-1)
Now take any two indices a and b such that a < b. Let A € h* be any weight such that
Ma— Ny # —1,—2,... . Define the linear operators X} and Y}¢ on the vector space G,,, by
DE T(DE)T‘ DE (DE)T‘
X)\e -1 ba ab d Y)\s -1 ab ba
ab +Z )\_)\b+1) an ab +Z )\_)\b+1)

where we again use the Pochhammer function (u), =u(u+1)...(u+r—1).

Take any two weights A\, u € h* such that each coordinate v, of the difference v =\ — p
is an integer with the absolute value |v,| < n. Consider the corresponding standard rational
Y (gl,,)-module ®) . By the definition (IL9) its underlying vector space is

AMlCcy o .. @ AlI(Cr). (3.2)

Denote by |v| the weight (|va], ..., |vm]|) of gl,, We will use the linear map G, to identify

the vector space (32)) with the Welght subspace Gl c Gn , see the definition (2.2I).
Choose the sequence & = (g1, &9, e em) SO that e, is +1 or —1 depending on whether
ve = 0 or v, < 0. Define the weights A and v of gl,,, by setting A = p + v where

_ { v, if 1,>0

Uy = .
@ n+v, if v, <0.

Then denote

N =Y wun. (3.3)

1<a<bs<m
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Suppose that A is dominant. Note that here we do not require the dominance of X itself.
Define a linear map
AL BHA a0(A)
I o) — CIDUO(M)
as the composition )
A N ~—1 A
where now B
— { XX i v, >
1<a<b<m Yoo if va<my
and the ordering of the factors in the product over the pairs of indices a < b corresponds to
any normal ordering of the positive roots of the Lie algebra gl,,. The next theorem extends

our Proposition 2] to rational Y(gl,,)-modules. The proof will be given in Subsection (4.8l

Theorem 3.1. For any A, ;u € b* such that X is dominant and all coordinates of X — u are
integers with absolute values not exceeding n , the operator [3 defined by (B4) :

(i) is not zero;

(ii) does not depend on the choice of the normal ordering;

(7ii) commutes with the action of the Yangian Y(gl,) ;

(iv) has the image irreducible under the latter action.

3.2. Let us describe the highest vector and the series A;(u), ..., A,(u) for the irreducible
Y(gl,,)-module defined as the image of the operator (3.4]). We will still denote this module
by W) thus generalizing the notation (2.).

For any positive integer d < n consider the gl -module obtained by pulling A%(C") back
through the restriction of the automorphism (L3]) to the subalgebra U(gl,) C Y(gl,). Let

Vg = €n—gr1 N\ ... Ney

be the highest vector of the resulting gl,-module. Recall that the highest vector of A%(C")
itself is (27). Define the vector v} € 7 as in (Z8) where every coordinate v, can also be
negative now. Then (2.9) and (ZI0) still hold, however now for each i =1,...,n

U — g U — g+ 1
A(u) = _ YT P 2T e ,

a:ve<i—n a:vg>1

In the course of proving our Theorem 2.1l we will show that the equalities (2.12]),([2.13])
also hold now. Hence vgg((;\)) is the highest vector of \Ilﬁ and the corresponding series

Ai(u), ..., Ay(u) are given by [3.3). It now follows that for W),

P(u) = H (u—pe) where i=1,....,n—1;

a:ve=t,i—n

Qi(u) = H ! -H(u—ua) where i=1,...,n.

U — g

a:ve<i—n a:ve>t

While proving Theorem we will also obtain the following corollary to Theorem B.11
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Corollary 3.2. The \I’;/) exhaust all the non-trivial irreducible rational Y (gl,,)-modules.

There is no uniqueness in realizing a given non-trivial irreducible rational Y(gl,,)-module
as some \Ilf; where )\ is dominant and all coordinates of the weight A — u are non-zero integers
with absolute values not exceeding n. Take Proposition[[.T[v) with 0 < d < n as an example:

q);d:\llﬁ where m=1, M =2z—d and pu =z;

q)f_d@A;:\I/;) where m =2, (A, )= (24+n—-d,z—n) and (u1,pu2) = (2,2).

All choices of A and p with minimal number of coordinates m are described in Subsection

4. The proofs

4.1. Here we prove Proposition [Tl Part (i) is well known, see for instance |12, Lemma 2.1].
Part (ii) immediately follows from (i) because wo7, = 7_, cw. By definition, the trivial
Y(gl,,)-module is one-dimensional and is defined by the counit homomorphism Y(gl,,) — C.
Composition of the homomorphism =, : Y(gl,,) — U(gl,,) with the representation of U(gl,)
in A°(C") coincides with the counit. Therefore we get (iii). Further, the cocentrality in (iv)
means that for any Y(gl,)-module M the flip of two tensor factors yields isomorphisms

M®A, - A, @M and M®A! - Al M.

Thus (iv) follows from the definition (ILH)) of the comultiplication and an observation that the
defining homomorphisms of one-dimensional Y(gl,,)-modules (L8] are given respectively by
u—z+1 u—z
Tii(u) — 0y ———— d T(u) — 6 ——— .
(u) I and Ty o by
Using the latter description of the Y(gl,)-module A/, the (v) follows from [12, Lemma 2.3].
However, we will still include another proof of (v) here. It will be then used in Subsection L8l
Let G,, be the Grassmann algebra on n variables z,...,x,. For each d =0,1,...,n let
G4 C G, be the subspace of degree d. Define a bijective linear map Gy : A4(C") — G¢ by
Gd(eil/\.../\eid) =Tiy - Ty -
Let us carry the structures of Y(gl,,)-modules from ®_¢ and ®7~?® A’ to the vector spaces
G and G ® G via the maps G4 and G,,_y ® G, respectively. The action of the Yangian
Y(gl,,) on the resulting two modules can be described by the assignments

:cj@-

u—z+1

x;0; u—z
)

T, v
(u) — 0; ——

and  Tj;(u) — <5ij +

u—z

respectively, where 0; is the operator of left derivation in G, relative to x; .
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Let D,, be the ring of left differential operators on the Grassmann algebra G, . Denote
by S the involutive automorphism of D,, defined by setting S(x;) = 0; fori =1,...,n. Put

R(x)=S(z)-z1...x, for xz€G,.
Note that the operator R? is (—1)"(™~1)/2 times the identity map. Then we have the relation
R(Y(x))=S(Y)(R(z)) for Y eD,. (4.1)

Indeed, if Y is the operator of multiplication by any y € G,, then we get (A1l because S is
a homomorphism:

R(yz) = S(ya) - w12 = S(y)(R(x)) .

By substituting here R~!(z) for z, switching the left and the right hand sides of the resulting
equality, and then applying R to both sides we get

R(S(y)(z)) = yR(z) = S(S5(y))(R(z)).

Thus we also get (A1) for Y = S(y). Since the operators Y =y and Y = S(y) generate the
ring D,, we obtain the relation () in general.

An isomorphism of Y(gl,,)-modules G¢ — G"~?®G" can now be defined by mapping any
element © € G¢ to the element R(z)® (1 ...x,). Due to the relation (&) the intertwining
property of this map follows from the operator equality

;0 u—=z (ijJraixj)-

Z'j_u—z+1_u—z+1 uU—2z

Hence the Y(gl,,)-modules G¢ and GI~¢ @ G" are isomorphic. By the definition of these two
modules, we now get the part (v) of Proposition [[1]

4.2. In this subsection we prove the only if part of Theorem [[L2 This part follows from a
more general property of Y(gl,,)-modules stated as the lemma below. Let

O=0®..0"

be the tensor product of any number m of the vector and covector Y(gl,)-modules. Here we
have ¢, € {—1,1} and z, € C for each index a = 1,...,m.

Lemma 4.1. For any index i all eigenvalues of Ty;(u) on the Y(gl,,)-module ® have the form
u—2z,+1 U — 2,
H U— 2, .Hu—za—i-l
acl aed

where I and J are subsets of the sets of indices a such that €, = 1 and €, = —1 respectively.
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Proof. We will prove the lemma by induction on m . In the base case m = 0 the statement

of the lemma is trivial. Suppose that m > 0 and the statement is true for m — 1 instead of

m . We will consider the cases ¢, = 1 and ¢, = —1 separately. In both cases we will denote
P =0T ®.. QD

First suppose €,, = 1. For any index i = 1,...,n let W; C C" be the span of the vectors
€1y--,€i_1,€i41,--.,€,. Then by ([LA),([6) for any vector w € ®’ and for any index k # i

Tu(u) (w @ ) = (Talu) w) @ e,
U— 2y, +1

U — Zm,

Ti(u) (w @ €;) = (Tu(w)w) @ e; mod ' @ W [[u]].
In particular, the action of the coefficients of the series Tj;(u) on ® preserves the subspace
&’ @ W; . Hence in this case any eigenvalue of T;;(u) on ® is equal to an eigenvalue of T};(u)
on ®' multiplied either by 1 or by
U— Zym+ 1
U— Zym

Next suppose that ¢,, = —1. Then by (IL3)),([.7) for any w € &’ and for any k # i

Ti(u) (w® ex) = (Tu(u)w) @ e, mod &' @e;[[u!]],

Ta(w)(wo®e) = ———

(Thi(u)w) ® e; .
In particular, the action of the coefficients of the series Tj;(u) on ® preserves the subspace
®’ ® e;. Hence in this case any eigenvalue of Tj;(u) on @ is equal to an eigenvalue of Tj;(u)
on ®’ multiplied either by 1 or by

U— Zny

. [
u— 2y, +1

4.3. In this subsection we will prove the if part of Theorem Then we will derive our
Corollaries and B2l Let Pi(u),...,P,(u) and P_,(u) be any monic polynomials in u
with complex coefficients. Let @, (u) = P,(u)/P_,(u). Assume that the polynomials P,(u)
and P_,(u) have no common zeroes. Determine the series A;(u),..., A,(u) by (LI2).

We need to prove that the irreducible finite-dimensional Y(gl,,)-module corresponding to
Ay (u), ..., A,(u) is rational, and is polynomial if P_,(u) = 1. Write

Pi(u):H(u—zis) for i=1,...,n,—n.
s=1
Set m =my + ...+ m, +m_, . Denote by P the set of m pairs (i, z;s) where s =1,...,m;

and:=1,...,n,—n. Let A and p be any two weights of gl,, such that for v = A — u the set

{(Vaaﬂa)|a:1,...7m}:73_
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Define the weight \ as in Subsection 3.1l Note that if v, < 0 for any a here, then v, = —n .
In particular, if P_,(u) = 1 then all the coordinates v, are positive integers not exceeding n.

Consider the corresponding Y(gl,,)-module q)f; and its vector v ﬁ . Note that the definition
of this vector does not require the dominance of the weight A\. Moreover, the equalities (2.9)
and (ZI0) hold for any X, not necessarily dominant. It now follows that the Y(gl,)-module
CD;/) has an irreducible subquotient such that its highest vector is the image of vl’), see for
instance the proof of |3, Theorem 2.16]. The series A;(u), ..., A,(u) corresponding to this
irreducible subquotient are given by (LI12). Hence we get the if part of Theorem [[L2

So far the weights A and p have been determined up to any simultaneous permutation of
their coordinates. We can now choose A and p so that the weight A is dominant. Then due
to (2.12) the irreducible subquotient of ¢ ;/) considered above becomes the quotient relative to
the kernel of the operator 1 3 . This quotient is isomorphic to \I!f; . Corollaries 2.2l and 3.2l now
follow from Proposition 2.1land Theorem [B.Ilrespectively, by the only if part of Theorem

Note that if P_,(u) # 1, then the irreducible module \Ilf; considered above does not
necessarily have the minimal number m possible for the given polynomials Py (u), ..., P,_1(u)
and the rational function @, (u). Suppose the set P contains the two pairs (d, z) and (—n, z)
for some z € C and d > 0. Then d < n because the polynomials P, (u) and P_,(u) have no
common zeroes. Replace the two pairs (d, z) and (—n, z) in P by the single pair (d —n, z) .
Let P’ be any set obtained by repeating this replacement step until possible. This P’ may
be not unique. However, all resulting sets P’ have the same size which will denote by m’.
Let A and u’ be any weights of gl,, such that for v’ = X — u’

{(w,u)la=1,....m"} =P".

Assuming that )\ is dominant, the irreducible Y(gl,,)-module \Iff;/, has the same polynomials
Pi(u),. .., P,_1(u) and rational function Q,(u) as ¥, . In particular, it is isomorphic to ¥, .

4.4. This and the next three subsections are devoted to the proof of Proposition 2.1l First
we recall the construction of Zhelobenko operators for the Lie algebra gl,, from [14]; see also
[10,[13]. Let A be any associative algebra containing U(gl,,) as a subalgebra. Then A can
be regarded as a U(gl,,)-bimodule. Suppose that the following two conditions are satisfied:

(i) the corresponding adjoint action of the Lie algebra gl,, on A is locally finite and can
be lifted to an algebraic action of the group GL,, by automorphisms of the algebra A ;

(ii) the algebra A contains a vector subspace V invariant under the action of GL,, , such
that multiplication in A gives an isomorphism of GL,,-modules U(gl,) ® V — A.

Consider G,,, as the subgroup of GL,, consisting of the permutation matrices. Note that
under the above conditions the group G,, acts by automorphisms on the algebra A . In the
beginning of Subsection 2T we fixed a triangular decomposition gl,, = n® h S n’. Now let
U(h) and A be the rings of fractions of U(h) and of A relative to the set of denominators,
multiplicatively generated by all the elements

E.— Ew+2€U(h) where a<b and z€Z.
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For every index a = 1,...,m — 1 consider a standard sl,-triple in gl , :
E, = Ea,a+1 > F, = EaJrl,a and H, = E, — Ea+1,a+1 . (42)

Then one can define a linear map &, : A — A /nA by setting for each z € A

[e.9]

Eo(x) = a(x) + Z (r!Hy(H,—1)...(H, —r+1))"'E ad}. (0,(z)) mod nA

where o, € G, is the transposition of a and a + 1, regarded as an element of Aut(A).
The so defined map &, can be canonically extended to the Zhelobenko operators

€0 A/mA — A/nA and & A/(nA + An') — A/(nA + An')

which we denote by the same symbol {, with a slight abuse of notation. By [25] the operators
&1y &m_10on A/nA and on A/(nA + An’) satisfy the braid group relations

§aat18a = Sa+18aat for a<m-—1, (4.3)
& = &éa for la—b|>1. (4.4)

Moreover, for any H € h and x € A we have
§a(Hz) = (00 H)&a(x)  and  &(zH) = &a(x) (04 0 H)
where

040 By, = Eg0),006) — Oab + a1, (4.5)

defines the shifted action of the Weyl group &,, on U(h). ) -
Another family of Zhelobenko operators on the double coset space A/(nA + An') was
also studied in [14]. For any a = 1,...,m—1 we can define a linear map 7, : A — A /An’ by

o0

Na(T) = 04(x) + Z (=1)"adp, (0a(2)) Fy (' Hy (Hy — 1) ... (H, — 7+ 1))"" mod An’.

It can be then extended to the operators
Na: AJAn' — A/An and 7. A/(nA + An') — A/(nA + An')

which we denote by the same symbol 7, by an abuse of notation. The operators ny, ..., 1
satisfy the same braid group relations as &1, ...,&,_1. Moreover, for any H € h and z € A

Na(Hzx) = (0,0 H)ny(z) and Na(xH) =ny(x) (0,0 H) .

For any a = 1,...,m — 1 we will now give a more explicit description of the operators
& and 7, on A /(nA + An’). Let g, C gl,, be Lie subalgebra spanned by the three elements
(E2). Choose j € {0,%,1,...} and take any x € V from an irreducible g,-submodule of V

R
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of dimension 25 + 1. Here we use the restriction of the adjoint action of gl,, to the subspace
V C A. Suppose that x is of the weight 2h relative to the action H,:

|Hy, x| =2ha where he{—j,—j+1,...,5—1,5}.

Then by [11, Section 1.4] the double coset &,(z) € A /(nA + An’) is that of the element of A

i—h -
[[H.—i+1) HH +i+1)
i=1 i=1

j+h j+h
[[H.+i+1) - ou(@) - [[(Ho—i+1)7"
=0 =0

while the double coset n,(z) € A /(nA + An’) is that of the element of A

j—h j—h
[[H.—i+ )" oula) - [[(Ha+i+1) =
i=0 i=0

j+h j+h
[[H.+i+1) - ou(x) - [[(Ho—i+1)7"
=1 =1

As a corollary we get the relations in A /(nA + An’)
al2) (Ho + 1) = (Ho + 1) ma(2) (4.6)
(&aa)(®) = (12 &a)(w) = 2 mod (nA + An'). (4.7)

4.5. Let D,,, be the ring of left differential operators on the Grassmann algebra G,,, , see
Subsection 2] for further notation. Choose the algebra A from the previous subsection as

A =U(gl,,) ® Dy, -

The assignment E,, — Dg, defines a homomorphism ¢: U(gl,,) — D, . The algebra A
contains a diagonally embedded subalgebra U(gl,,) generated by elements X ® 1+ 1® ¢(X)
where X € gl . The subspace 1 ®D,,,,, C A is invariant under the adjoint action of gl,, and
can be chosen as the subspace V from the previous subsection. In particular, the symmetric
group S,, C GL,,(C) acts on D,,, by permuting the first indices of the anticommuting
variables x,; and the corresponding left derivations d,;. For any A € h* let J, and J, be the
right ideals of respectively A and A generated by all elements E,, — A\, wherea =1,...,m.
Let I,, and Iu be the left ideals of respectively A and A generated by all elements Oy; , Foq — flq
wherea=1,...,mand7=1,...,n.

Take any pair of weights A, u € h* such that all coordinates v, of the difference v = A\ —p
are non-negative integers not exceeding n. Consider the quotient vector space

AV =A/(nA+An +J,+1,).
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One can define an isomorphism of vector spaces
A,: G — A
v Imn 12

by mapping any x € G}, to the coset of 1 ® x € A. The vector space Af; comes equipped
with a natural structure of an Y(gl,,)-module, see [10, Section 3|. Further, let p € h* be the
weight with coordinates p, = 1 — a. Then by [10, Corollary 2.4] the composite map

A, Gy @0 — A (4.8)

is an isomorphism of Y(gl,,)-modules, see also the beginning of Subsection above.
In what follows we will also consider the the shifted action of the Weyl group &,, on b*:
using the weight p determined above, for any o € G,,, we have

cgod=a(A+p)—p.

Note that by regarding the elements of U(h) as polynomial functions on h* we then recover
the action of &,, on U(h) defined by (4.5]).

If X is generic, that is if A\, — Ay € Z for all a # b, then the weight p is generic as well.
Then the quotient vector space Af; can be identified with another quotient vector space

AV=A/(nA+An + ] +1,).
Namely, for each € G}, one can then identify the cosets of 1 ® = in Af; and A;/)'

Proposition 4.2. Suppose that the weight X € b* is generic. Then for anya=1,... ., m—1:
(i) the Zhelobenko operator & on A /(nA + Avn') induces a linear map

Ug: A) = AZ20 (4.9)
1) the latter map s Y (gl,)-intertwining ;
i) the I 5 Y (gl )-i .
(iii) we have
- (_1>TDT+1 Dy, +1
AV UL A, =0, - ot e
oa(¥) 7 Z T! (>\a - >\a+1 + 2)7’

r=0

Proof. Since the weight A is generic, we can identify the quotient vector spaces Af; and Agggﬁ
respectively with A7) and AZe2} as above. Using this identification, the parts (i) and (i) of
the proposition have been proved in [10, Section 3|. Further, the part (iii) is a particular case

of [11, Proposition 3.5 and Corollary 3.6]. Namely see |11, Equation 3.12]. O

Let us now fix ¥ = A — i and consider the map U, as a function of the parameter \ € h*.
It immediately follows from the part (iii) of Proposition that this function admits an
analytical continuation from the generic A to all weights A such that

Mo — Aagr +1#£—1,-2,....



18

Using the isomorphisms (£.8)) and then changing notation from A+ p and p+ p to A and p
respectively, we now obtain an intertwining operator of standard polynomial Y (gl,,)-modules

. P aa(A)
I,: @) - a7

for any pair of weights A, u € h* such that all coordinates v, of the difference v = A — p are
non-negative integers not exceeding n while

Ao — Aas1 # —1, =2, ... . (4.10)

Moreover, by the part (iii) of Proposition we have an explicit formula for this operator:

- (_I)TDT-H Dy +1
I, =G . aroae ae G, . 4.11
oa () <U ; T! <)‘a - )\a+1 + 1)7’ ( )

4.6. Proposition and its implications as described above have their counterparts for the
Zhelobenko operator 7, instead of £, . We give them here. Take again any weights A, 4 € b*
such that all coordinates v, of ¥ = A\ — 1 are non-negative integers not exceeding n .

Proposition 4.3. Suppose that the weight A € h* is generic. Then for anya=1,... , m—1:
(i) the Zhelobenko operator n, on A /(nA + An') induces a linear map

DA TaON .
V,: Aﬂ — Aoaoﬂ,
(i) the latter map is Y(gl,,)-intertwining ;
(iii) we have
— (D" D41 Diyra

AV VA, =0, - )
7e () ; 7! </~La — Ha+1 + 2)7’

Proof. Firstly we make a general observation. In the setting of Subsection [4.4] suppose that
the algebra A admits an involutive anti-automorphism such that its restriction to gl,, C A
coincides with the matrix transposition Ey, — Ep, for a,b =1,...,m. Then the Zhelobenko
operators &, and 77, on A/(nA + An’) are conjugate to each other by the involutive linear
operator on A /(nA + An’) induced by this anti-automorphism.

Now choose A = U(gl,,) ® D,,, as in Subsection L5 Then the matrix transposition on
gl,, extends to an involutive anti-automorphism of A which maps x4 — 9,; fora=1,...,m
and ¢ = 1,...,n. Using our observation with this choice of the involutive anti-automorphism
of A, the part (i) follows from another property of &, stated below. Let J} be the left ideal
of A generated by all elements E,, — A\, where a = 1,...,m. Let IL be the right ideal of A
generated by all elements x,; , Fyq — fta where a =1,...,m and ¢ = 1,...,n. Consider the
quotient vector space

Bi=A/(nA+An +J{+1,).
Then the Zhelobenko operator & on A /(nA + An’) induces a linear map B) — BZ:2)

oaop "

This property of £, can be proved in the same way as the part (i) of Proposition
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Further, since the weight A is generic we can use Proposition and define the operator
(@9). It then readily follows from the relation (4.0]) that

(fta = par1 + 1) Us= (Ao = Aay1 +1) Vo (4.12)

In particular, the part (ii) of Proposition follows from the part (ii) of Proposition
The part (iii) of Proposition can be derived from the respective part of Proposition
by using the above chosen involutive anti-automorphism of the algebra A . 0

Let us again fix ¥ = A — p and consider the map V, as a function of the parameter \.
It immediately follows from the part (iii) of Proposition that this function admits an
analytical continuation from the generic A to all weights A such that
Ha— fag1i +17# —1,-2,... .
Using the isomorphisms (4.8]) and then changing notation from A+ p and p+ p to A and p

respectively, the V, yields an intertwining operator of standard polynomial Y(gl,,)-modules

RF 9 oa(X)
gy <I>u — @oa(“)

for any pair of weights A, u € h* such that all coordinates v, of the difference v = X\ — p are
non-negative integers not exceeding n while

fa — flag1 7 —1,—2,... . (4.13)
Moreover, by the part (iii) of Proposition we have an explicit formula for this map:

o= Gty (e 3 S D)
oe () r—0 7! (Ua — Ha+1 + 1)T

Let us compare J, with the intertwining operator I, defined from the previous subsection.
Suppose that the weights A\ and p satisfy the conditions (EI0) and ([EI3) respectively, so
that both operators I, and J, are defined. It then immediately follows from (4.12]) that

(fta = Har1) Io = (Ao — Aat1) Ja - (4.14)

Here we have taken into account the change from A+ p and g+ p to A and p. The relation
(A14) shows that the operator I, vanishes on the hyperplane A, = \,;; in h* while the
operator .J, vanishes on the hyperplane p, = ptq11 . Thus the operator J, can be regarded
as a renormalization of the operator I, that is also regular on the hyperplane A\, = A\ ;1.
Now suppose that the weight A still satisfies the condition (£I0) while the weight u
obeys
fa — Mar1 7 1,2, .. (4.15)

instead of (£.I3]). Then by using Proposition and the subsequent argument we can define
instead of J, an intertwining operator @7 83 — @7 . Denote it by J, . The relation ([@Z) now
implies the equalities

J'I,=1d and I,J/=1d (4.16)

on <I>f; and CIDZZEB respectively. In particular, under (AI5]) the operator I, is invertible.
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4.7. In this subsection we will complete the proof of Proposition 2.1l Let again A, u € h* be
any weights satisfying all conditions of that proposition. Choose any reduced decomposition
00 = g, - . .04, of the longest element of &,,,. Here ¢ = m(m —1)/2. Using Proposition
and the subsequent argument we can define for each s =1,..., ¢ an intertwining operator

I, - N 5 97N Ghere o = Oagir - -0Oa

5P 7 Pl (4.17)

.-
Let I = 1,, ...1,, be the composition of these operators. We get an intertwining operator

. A a0(N)
I: CI)ﬂ — (I)ao(u)

which does not depend on the choice of reduced decomposition of oy due to the braid group
relations (A.3)),([@.4]). Moreover by using (4.I1]) repeatedly, we get an explicit formula for the
latter operator: in the notation of Subsections 2.1l and

where
N
z = ][ xJ (4.18)
1<a<b<m
and the factors X2, are ordered so that for every s = 1,..., £ the s th factor from the left has

the indices a = 07 *(a,) and b= 0"!(a, + 1). Here we use the permutation o from (ZI7).
Now take the vector (2.8)). Due to [10, Proposition 3.7] the vector

oo(\
I(v)) € D20

is equal to the vector (2I3)) multiplied by (—1)" in the notation (Z4), and by the product

H Aa — N

1<a<bem Ha = Ho
Va<Up

Let us now replace every factor X7, with v, < v, in ({I8) by the corresponding factor Y/ .
Here p, — g > Ao — Ay so that p, — pp # 0, —1, —2, ... and the operator Y/ is defined.

These replacements change the product (£.18) to (2Z.5]). On the other hand, due to (4.14)
for each such replacement

(Ha — ) Xé\b = (Ao —X) Yy

It now follows that the operator I} defined by (2.3) satisfies (Z.I12). This argument completes
the proof of the parts (i,ii,iii) of Proposition 2.1 Further, due to (ZI2) our operator I[}
coincides with the intertwining operator I(u — p) in the notation of [12]. Therefore the last
part (iv) of our Proposition 211 follows directly from [12, Theorem 1.1 and Proposition 2.9].

Remark. Due to (£14) any factor X7} with v, = v, equals Y/, . Hence the strict inequality
in the second line of the definition (Z1]) can be replaced by a non-strict one. 0
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Remark. The proof of [12, Proposition 2.9] has been based on the equalities (4.16) which
hold under the conditions (AI0) and (@I5). In the present paper we gave an independent
proof of these two equalities, by using the properties of Zhelobenko operators. O]

4.8. In this subsection we will prove Theorem B.Il Suppose the weights A and v = A — u
satisfy all conditions of the theorem. Determine the sequence of signs € together with the
weights A and 7 as in Subsection Bl Then we can define an isomorphism of Y(gl,,)-modules

Jp ) o0 ( ® AL (4.19)

a:v,<0

as follows. Consider the bijective linear maps
G - (IJ}); =G and Gy (ID;);‘ — Gy
Using the notation (B.]) let S. be the involutive automorphism of the algebra D,,,, such that
Se(®ai) = qui and  S.(04) =pui for a=1,...;m and i=1,...,n.

For every = € G,,, put

—

Re(z) = S.(x) [] (%ar--wan) (4.20)

a:ve<0

where the factors corresponding to the indices a with v, < 0 are ordered from left to right
as the indices increase. Then

R€ : gr‘nI/r'L — gr?zn
and moreover by (4.1]) for any operator Y € D,,,, we have the relation
R.(Y(z)) = S:(Y)(R:(2)) . (4.21)
Subsection Bl shows that an isomorphism (£I9) can be defined by mapping any w € <I>f; to
G (RAG(w)) © ( © v,)
where according to (2.7
vn:el/\.../\eneA’ﬂa.

Similarly, we can define an isomorphism of Y(gl,,)-modules

oo(A) . goo(A) a0(A) ’

oot © Do) ™ Poo @ ([ ©_ Al
Note that in the latter definition the order of the tensor factors A, is chosen to be the same
as in (I9) by using Proposition [L(iv). But the Y(gl,)-module ®, is polynomial while the
weights A and v satisfy the conditions of Proposition 2.1l We get an intertwining operator
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Take the composition

() @1d) ) o — 70 (4.22)

By Proposition [2.1] the composite operator has the properties (i-iv) from Theorem Bl Put

K = Z Vg Up and L = Z Vo Up.

a<b:vy,<0 a>b:v,<0

Then by the definitions (2.4)),([3.3]) and (£20) we have the operator relation
Roo(s) 0o = (_1)K+L+N+NO_O R..
By using the definitions of J;;\ and Ji‘ along this relation, the operator (4.22) equals

(=)™ (Gry Roo(e) Gooln) (G 00 Z;p Gi) (G5 R Gy) =
(—)FHHNG o0 RSV Z) RGly = (1) NG 00 5.(Z) Gy = (1) KL
see also the definitions (2.3]),(3.4)) and the relation (4.21]). Thus we have proved Theorem B.11

Furthermore, put
M =) vilva—1)/2.

a:v,<0

Then by the definition (£.20]) we have the equality
Jlj‘(v;‘) = (—1)K+Mv5‘ ® ( ® vn) .
Similarly, we have

JUO()\) (UUO()\)) _ (_1>L+M 'UUO(S\) ® ( X ’Un) .

ao(u) \“oo(w) oo(n) a:ve<0

=

We also have

L)) = vy

The last three displayed equalities imply that the operator I ;)L\ also has the property (2.12).
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