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Simplifying Topological Entanglements by Entropic Competition of Slip-Links
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Topological entanglements are abundant, and often detrimental, in polymeric sys-
tems in biology and materials science. Here we theoretically investigate the topological
simplification of knots by diffusing slip-links (SLs), which may represent biological or
synthetic molecules, such as proteins on the genome or cyclodextrines in slide-ring
gels. We find that SLs entropically compete with knots and can localise them, greatly
facilitating their downstream simplification by transient strand-crossing. We further
show that the efficiency of knot localisation strongly depends on the topology of the
SL network and, informed by our findings, discuss potential strategies to control the
topology of biological and synthetic materials.

Knots and topological entanglements are often found in
physical and biological systems [1–4]. Their uncontrolled
formation and proliferation reduces the space of accessi-
ble configurations of generic polymer chains, in turn po-
tentially affecting their mechanical [5] or biological [6–8]
functions. Entanglements are so inevitable and detrimen-
tal in the genome of living organisms that a specific class
of highly conserved proteins – known as topoisomerases
– has evolved to resolve them [9].

Statistical mechanical treatments of entanglements is
difficult because these enter the problem as global con-
straints in the phase space of possible states that can be
visited by the system. While it is typical to treat abun-
dant topological constraints at the mean field level – for
instance in the tube model of polymer melts [10] – exact
and scaling results can be obtained via theories that re-
place entanglements with slip-links (SLs) which enforce
contacts between polymer segments while allowing them
to slide past each other [11–14]. Because of this physi-
cally appealing analogy, systems of polymers with slip-
links have been theoretically and numerically explored in
the field of statistical and polymer physics, for instance
to estimate the size of knots [15, 16] and the effective
tube size in polymer melts [17].

Beyond the theoretical appeal of these systems, ac-
tual examples in which SLs affect the conformation of
polymers can be found in nature and industry. For in-
stance, the family of Structural Maintenance of Chromo-
somes (SMC) proteins act as SLs on the genome and,
depending on the condition and organism, they can ei-
ther actively move [18–21] or passively diffuse [22–25],
in turn extruding loops. These proteins are key for the
organisation of the genome in vivo [26–28], for the struc-
ture of sister chromatids [28, 29] and to regulate chro-
matid decatenation and cell division [30]. Additionally,
it was recently suggested that they cooperate with topoi-
somerases to maintain the genome topologically simple
and entanglement-free [31]. While the structural role of
SMC proteins is now widely explored, the mechanisms
through which they regulate genome topology are far less

FIG. 1. Entropic competition of SL and entangle-
ments. A Our set up is inspired to that of entropic com-
petition [15]: a ring polymer with total length L is tied in a
knot and contains diffusing SLs. The ring is forced to pass
through two holes on a wall that separates the two sides. Only
the contour passing through the top hole is allowed to slide,
while the other is fixed. In the figure, the left-handed loop
has NSL = 2 SLs and is partitioned into 2NSL + 1 = 5 seg-
ments of which s1 and s3 are called peripheral, while s2, s4,
and s5 are called internal (s2 + s4 + s5 makes up the inner
loop). The right hand side contains a 31 knot. B Snapshot
from Molecular Dynamics simulations of the system in A.

understood or investigated. At the same time, SLs can
be realised in synthetic and supra-molecular chemistry
using cyclodextrins [32] and are employed for instance
to make molecular machines [33] and slide-ring gels [34].
In these cases, the benefit of using SLs is that they ef-
fectively act as mobile cross-links, thus imposing strong,
yet plastic, topological constraints on the polymeric con-
stituents. Thanks to this peculiar feature, gels of poly-
rotaxanes display toughness and self-healing abilities far
superior than those of traditionally cross-linked materi-
als [35]. As for biological systems, also the SL-mediated
topological regulation of synthetic slide-ring gels is only
starting to be investigated [36].

In this work we study the interplay between SLs and
topological entanglements formed by knots tied on a ring
polymer (see Fig. 1). While our set up is inspired to the
existing framework of entropic competition [15, 16, 37],
here we consider SLs as real components of the system,
modelling the presence of (diffusing) SMC proteins or
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cyclodextrins. In particular, we compute the loop size
distribution and length of knotted segments for a vari-
ety of SL network topologies, and show that diffusing
SLs are able to localise knotted segments purely by en-
tropy, without any external energy input. We show that
the efficiency of entanglement localisation depends on the
particular topology of the SL network and that includ-
ing the action of topoisomerases (modelled as transient
strand-crossings) leads to extremely fast and efficient
simplification of complex knots. Our results suggest an
entropy-driven mechanism through which generic SL-like
molecules can regulate the topology of DNA or synthetic
polymers.

Model – We prepare the initial configuration of our
system by joining two bead-spring polymer segments on
either sides of a wall; typically, we consider configurations
in which the two polymer segments are either knotted
or contain SLs. Since in our model the polymer cannot
cross the wall, itself or the SLs, the topology on each
side is preserved throughout the simulations (see SM for
further details of the Molecular Dynamics simulations
and potentials used). Slip-links are modelled as physi-
cal square hand-cuffs and are allowed to slide diffusively
along the polymer. The setup is such that the polymer
passes through two holes on the wall, the size of which
is small enough to let just one monomer through each of
them at any time (see Fig. 1). Additionally, in line with
previous works on entropic competition [37], we fix the
position of one of the two beads closest to the wall so
that the segments can exchange monomers only through
the other hole (see Fig. 1).

Competition of SLs – We first study the competi-
tion between symmetric SLs networks: we load up to 3
SLs on each side of the polymer in either a “round table”
(RT) configuration, realised by loading the slip-links in
series [15] (Fig. 2A,C,D), or a “necklace” (NC) configu-
ration, characterised by nested loops [15] (Fig. 2B). The
number of configurations of a ring of length L containing
NSL slip-links in the RT configuration and grafted to an
impenetrable surface as in Fig. 2 scales as (see SM)

ZRT,NSL
(L) ∼

∫
ds1

∫
ds2· · ·

∫
ds2NSL+1×

×


µL

(
L−

NSL∑

i=1

si

)−3ν−1 NSL∏

i=1

si
α



∑2NSL+1

i=1 si=L

, (1)

where si, i = 1, . . . , NSL are the lengths of the NSL pe-
ripheral loops, si, i = NSL + 1, . . . , 2NSL + 1 are the
lengths of the other NSL + 1 segments (see Fig. 1, note
that the wall is not considered as a SL), ν is the uni-
versal metric exponent relating the size of a polymer to
its length and µ is the non-universal connectivity con-
stant. By using known results for the statistical physics
of polymer networks [15, 38], we can convert a polymer
containing NSL SLs into a network of NSL+1 loops with

FIG. 2. Entropic competition between symmetric SL
networks. From top to bottom: A a single SL; B 2 SLs
in a necklace configuration; C 2 SLs in a round-table config-
uration; D 3 SLs in a round-table configuration. Each his-
togram collects information from 104 configurations sampled
every 106 LAMMPS steps from 100 independent replicas. The
black curves are obtained solving Eq. (1) for the relevant SL
network topology. From left to right: increasing total length
of the ring polymer (35, 60, 100 beads in A) and (100, 500,
3000 beads) in B-D).

2NSL + 1 edges and NSL 4-legged nodes (see Fig. 1A).
Within this framework, α can be computed as

α = −3ν + σ4, (2)

with σ4 = −0.46 the scaling exponent associated with
4-legged nodes [38]. The integration extends over all
lengths compatible with the given topology, and ac-
counts for the sliding entropy of the SLs. We note
that Eq. (1) assumes that the peripheral loops are tight
with respect to the inner one (this assumption needs
to be verified self-consistently a posteriori). Since the
two competing sides of the polymer are not interacting,
the total number of configurations can be factorised as
ZRT,N1(L1)×ZRT,N2(L2).

We employ Eq. (1) to derive semi-analytically the dis-
tribution of loop lengths for systems with up to 3 SLs on
each side. We then verify these predictions with Molecu-
lar Dynamics (MD) simulations and report the results in
Fig. 2. Figure 2A shows that the distribution undergoes
a unimodal-bimodal transition for increasing ring sizes
(from left to right we consider 35, 60 and 100 beads-long
polymers). For short chains the segments on either side
are comparable, whereas for longer ones there is symme-
try breaking with one of the two sides taking up most
of the contour length. The transition is associated with
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FIG. 3. Entropic Competition between SLs and a Trefoil Knot. A Plot of the distribution of lengths of the side
with the SLs, for different SL number and topology. The plot shows that the RT configurations (solid lines) favour longer SL
sides and hence tighter knots than NC configurations (dashed lines). B Distribution of lengths of the side with the SLs, for
different substrate persistence lengths: the curves refer to the case of a RT configuration with 2 SLs. The plot shows that
stiffer substrates favour longer knotted sides. C Mean length (〈lSL〉) and standard error of the SL side length as a function
of SL number and topology. The solid and dashed lines are best linear fits with slopes 8.4(8) for RT and 6.5(6) for NC. D
Mean length (〈lSL〉) and standard error of the SL side length as a function of substrate persistence length lp. The solid line
is the best linear fit with slope −1.09(5)lp. E Fraction of knots that have been compressed – i.e., confined within 20% of the
overall ring contour length – during the course of a simulation starting from a situation in which 80% of the contour length is
on the knotted side. Higher flexibility and RT configurations both favour knot localisation. NC=necklace; RT=round-table;
SLs=slip-links.

a pitchfork bifurcation and occurs at the critical length
Lc ' 50 for this set up with 1 SL (see SM).

We now turn to the case of 2 and 3 SLs on each side
(Fig. 2B-D). Since 2 SLs in a NC configuration can also
be viewed as a RT, the distribution of contour lengths
can be computed using Eq. (1) for both these topolo-
gies (note that the identification of the peripheral loops
varies between NC and RT arrangements with 2 SLs, see
SM). We find that while the NC topology yields sym-
metry breaking for long enough chains, the RT one dis-
plays a stable symmetric state for all polymer lengths
when NSL = 3 SL are loaded on each side (Fig. 2D). In
light of these results we argue that the network topol-
ogy arising from the loading of multiple SLs – either in
series (RT) or in parallel (NC) – profoundly affects the
spatial organisation of the underlying DNA or synthetic
polymer. Further, our semi-analytical results are in line
with previous works which showed that nested SLs (NC
topology) promote entropic ratcheting of the outer loop
so that longer DNA loops are extruded on average [22].
This corresponds to the case in which there is symmetry
breaking and one of the loops grows extensively with the
total contour length (Fig. 2B,C).

SLs versus knots – The results of the previous sec-
tion suggest that entropic competition of SLs can reg-
ulate the distribution of loop lengths of an underlying
polymer. We now ask whether this entropic competition
may also provide a mechanism for the topological sim-
plification of entanglements such as knots that may oc-
cur on biological or synthetic polymers. To address this
question, we now consider the case where the competing
topologies are a SL network and a trefoil (31) knot (as
in Fig. 1), and aim to identify the optimal conditions to
simplify the knotted loop. It should be noted that our
calculations are performed in thermal equilibrium, so we
seek entropic and topological mechanisms that bias the

free energy towards a lower knotting probability. This is
different from previous works which studied the effects of
energy-consuming mechanisms driving unknotting [31].

Since the semi-analytical approach we used in the
previous sections cannot be easily extended to this
setup [39], we directly perform MD simulations of a 100
beads-long ring and address how different factors such
as SL number, topology and polymer persistence length
affect the entropic competition and, in turn, regulate the
probability and efficiency of knot localisation.

First, we find a large difference between RT versus
NC configurations (Fig. 3A): the larger sliding entropy
and low looping cost of the RT set-up provides an en-
tropic pressure which outcompetes the ratcheting effect
of the NC topology. This result is unexpected, since it is
known that NC configurations promote asymmetric poly-
mer conformations and the formation of large loops with
respect to RT networks (see Fig. 2B,C and [22]). Never-
theless, the RT arrangement appears to be more suited
at overcoming the knot entropy. Quantitatively, the en-
tropic pressure of the RT configurations is notable: al-
ready with 3 SLs the knotted side is localised to a shorter
contour length than the SL side (Fig. 3A).

Additionally, our simulations reveal that the bending
rigidity of the polymer substrate also plays an important
role (Fig. 3B). Indeed, there are two potential and con-
trasting enthalpic effects that the bending rigidity may
have on the entropic competition: on the one hand, the
larger the stiffness, the longer the contour length required
to form a knot without tight bends (this effect is particu-
larly relevant for short loops); on the other hand, bending
rigidity enhances the formation of large loops via diffu-
sive loop extrusion [40]. Our simulations show that –
for 2 SLs in a RT arrangement and a 100-bead polymer
ring – the former effect dominates: the larger the persis-
tence length, the larger the knotted side, rendering the



4

localisation of entanglements less efficient (Fig. 3B). This
result shows that the entropic pressure provided by the
SLs can only provide localisation if the polymer substrate
is sufficiently flexible.

More quantitatively, in Fig. 3C we show that the mean
length of the SL-side, 〈lSL〉, grows linearly as a function
of the number of SLs (in the range of NSL explored here)
and that the growth rate is faster for RT configurations.
At the same time, 〈lSL〉 appears to also decrease linearly
with polymer stiffness as ∼ −lp (Fig. 3D). In a practi-
cal genomic or synthetic context, the results reported in
Fig. 3A-D overall suggest that local SL density and sub-
strate flexibility may provide handles to tune the typical
size of knots. More specifically, in vivo both these param-
eters depend on local DNA sequence and transcriptional
activity, and we thus speculate that knot and entangle-
ment localisation may be achieved to a different extent in
different genomic regions; in particular, transcriptionally
active genes (which are also thought to be more flexible)
may harbour smaller knots and localised entanglements.
At the same time, different synthetic polymers have dif-
ferent stiffness and different arrangements of cyclodex-
trins may be designed, so that the resulting cross-linked
gels have tunable properties [35].

Kinetics of Topological Simplification – Up to now
we have used the framework of entropic competition to
study knot localisation in an equilibrium framework. An-
other important aspect of the problem is how fast knots
can be localised, and eventually removed.

To measure the kinetics of knot localisation, we per-
form MD simulations in which the system is initialised
far from equilibrium with a large knot – occupying 80%
of the total contour length – and measure how long it
takes for the system to revert the situation and com-
press the knotted size to 20% of the total contour length.
Figure 3E shows that RT configurations and flexible sub-
strates are faster at localising the knot, on top of being
more efficient in steady state, as discussed before.

Finally, to address the question of whether diffusing
SLs can drive the topological simplification of knots and
entanglements we now include topoisomerase-mediated
strand-crossing reactions in our model as follows. We
study a system in which a short (10 beads) segment of the
knotted side is allowed to undergo strand-crossings (see
SM). We then initialise the system with a 10-crossings
torus knot (10124) taking up 75% of the total contour
length on the right-hand side and load N = {0, 5, 10, 20}
SLs in RT arrangements on the other side. We also
choose to set only the 10 closest beads to the wall as cross-
able, modelling the presence of a topoisomerase closely
upstream of a SL-like SMC protein, as suggested by re-
cent experimental evidence [41, 42] (note that in this con-
text we view the wall in Fig. 1 as a SL itself).

With this set-up, we observe that the more SLs are
loaded onto the substrate, the faster the rate of the
topological simplification (see Fig. 4A). The quantita-

FIG. 4. Kinetics of Topological Simplification. A Frac-
tion of 10124 knots that have simplified to unknots during
the course of simulations of a polymer with N = 400 beads.
starting from a situation in which 80% of the contour length
is on the knotted side. In this simulation, soft interactions
between the 10 closest beads to the bead fixed at the wall on
the knotted side are used to allow occasional strand-crossings
to model topoisomerase action close to a SL. Loading more
SLs increases the pressure on the knot and hence the rate
of unknotting. B The simplification rate (measured as the
slope of the curves in A) shows an exponential increase as a
function of number of SLs. SL=slip-links.

tive speed-up is striking, as the rate grows exponentially
with NSL. An explanation of this dependence is that the
mean length of the SL side scales linearly with the num-
ber of SLs (Fig. 3C), so that the mean knotted length is
〈lK〉 = L−〈lSL〉 ' L−kNSL. Since the probability of ob-
serving a trivial knot on a polymer x segments long scales
as P0(L) ∼ e−x/x0 [43, 44], with x0 a model-specific pa-
rameter, we expect P0(〈lK〉) ∼ e−〈lK〉/L0 ∼ eNSL/L0 . In
other words, as the knot size becomes smaller, its en-
tropic cost increases sharply and it becomes exponen-
tially harder to prevent its simplification to the unknot.
[Note that this argument implicitly assumes that simpli-
fication is slow with respect to localisation.]

Conclusions – In summary, in the context of a search
for the possible mechanisms for topological regulation
and simplification of entanglements in DNA and other
polymeric systems, here we have investigated the inter-
play between the entropy of SL networks and of knotted
topologies.

In the case where no knots are tied on the ring, (SL-
only case, Fig. 2), we provide semi-analytical predictions
on the distribution of polymer lengths which compare
well to direct MD simulations. We then consider a set-
up in which an SL network competes entropically with a
trefoil knot and we find that the network can localise the
knot efficiently, by just relying on its higher entropic pres-
sure and in the absence of any motor activity associated
with the SLs (such an activity is known to be absent in
yeast cohesin [25] and cyclodextrins [35]). We dissect the
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effects of the number of SLs, the topology of the SL net-
work, and the polymer flexibility on the knot localisation
discovering that round-table (or “in series”) SL arrange-
ments are best suited at confining a knot. Additionally,
when the substrate is stiff, the enthalpic contribution
from the bending energy dominates and the knot swells,
hampering localisation. Finally, we have also included
a topoisomerase activity in the model, which is relevant
to study topological simplification in the genomes of liv-
ing cells [31] or self-healing gels of polyrotaxanes with
reversible bonds [45]. Strikingly, we find that entropic
pressure alone is sufficient to simplify very complicated
knots reliably and extremely fast, with the simplification
rate increasing exponentially with number of SLs.

Our findings inform the design of strategies for reg-
ulating, simplifying or preserving desired topologies in
synthetic polymers, for instance by targeted design of SL
arrangement and density or substrate stiffness. Addition-
ally, they also help to explain the mechanisms of topo-
logical simplification by SL-like proteins such as SMC.
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[24] J. Stigler, G. Ö. Çamdere, D. E. Koshland, and E. C.
Greene, Cell Rep. 15, 988 (2016).

[25] J.-K. Ryu, C. Bouchoux, H. W. Liu, E. Kim, M. Mi-
namino, R. de Groot, A. J. Katan, A. Bonato, D. Maren-
duzzo, D. Michieletto, F. Uhlmann, and C. Dekker,
bioRxiv , 2020.06.13.149716 (2020).

[26] K. Nasmyth, Annu Rev Gen 35, 673 (2001).
[27] M. Hirano and T. Hirano, EMBO J. 21, 5733 (2002).
[28] J. H. Gibcus, K. Samejima, A. Goloborodko, I. Same-

jima, N. Naumova, J. Nuebler, M. T. Kanemaki, L. Xie,
J. R. Paulson, W. C. Earnshaw, L. A. Mirny, and
J. Dekker, Science (80-. ). 359 (2018), 10.1126/sci-
ence.aao6135.

[29] A. Goloborodko, J. F. Marko, and L. A. Mirny, Biophys.
J. 110, 2162 (2016).

[30] E. Piskadlo and R. A. Oliveira, Int. J. Mol. Sci. 18, 1
(2017).

[31] E. Orlandini, D. Marenduzzo, and D. Michieletto, Proc.
Natl. Acad. Sci. 116, 8149 (2019).

[32] Y. Inoue, M. Miyauchi, H. Nakajima, Y. Takashima,
H. Yamaguchi, and A. Harada, J. Am. Chem. Soc. 128,
8994 (2006).

[33] R. S. Forgan, J. P. Sauvage, and J. F. Stoddart, Chem.
Re 111, 5434 (2011).

[34] K. Ito, Polym. J. 39, 489 (2007).
[35] A. Bin Imran, K. Esaki, H. Gotoh, T. Seki, K. Ito,

Y. Sakai, and Y. Takeoka, Nature Communications 5, 1
(2014).

[36] Y. Yasuda, M. Toda, K. Mayumi, H. Yokoyama,
H. Morita, and K. Ito, Macromolecules 52, 3787 (2019).

[37] R. Zandi, Y. Kantor, and M. Kardar, 1, 1 (2003).
[38] B. Duplantier, J. Stat. Phys. 54, 581 (1989).
[39] This is because the scaling of the number of configura-

tions of a knotted loop is known only in the asymptotic
limit of a tight knot on a large loop.

[40] A. Bonato, C. A. Brackley, J. Johnson, D. Michieletto,
and D. Mareduzzo, Soft Matter , 2406 (2020).

[41] L. Vian, A. Pekowska, S. S. Rao, D. Levens, E. Lieber-
man Aiden, R. Casellas, L. Vian, K.-R. Kieffer-Kwon,
S. Jung, L. Baranello, S.-C. Huang, L. El Khattabi,
M. Dose, N. Pruett, A. L. Sanborn, A. Canela, Y. Ma-
man, A. Oksanen, W. Resch, X. Li, B. Lee, A. L. Ko-
valchuk, Z. Tang, S. Nelson, M. Di Pierro, R. R. Cheng,
I. Machol, B. Glenn St Hilaire, N. C. Durand, M. S.
Shamim, E. K. Stamenova, J. N. Onuchic, Y. Ruan, and



6

A. Nussenzweig, Cell 173, 1 (2018).
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MODEL AND METHODS

We perform Molecular Dynamics simulations of bead-
and-spring polymers made up of beads of size σ. The
simulation box is separated into two equally large por-
tions by an impenetrable wall and each bead interacting
with the wall is subject to a repulsive force perpendicular
to the wall described by the potential:

Uwall(r) =

{
ε
[

2
15

(
σ
r

)9 −
(
σ
r

)3 − 2
3

√
5
2

]
r ≤ rc

0 r > rc
,

(S1)
where r is the separation between the bead and the wall

and rc =
(
2
5

) 1
6 σ. Beads of the polymer are strung

together by finite-extension-nonlinear-elastic (FENE)
bonds:

UFENE(r) =

{
−0.5kR2

0 ln
(
1− (r/R0)2

)
r ≤ R0

∞ r > R0
,

(S2)
where R0 = 1.5σ is the maximum extension of the bond;
interactions between beads are governed by the Weeks-
Chandler-Andersen (WCA) potential:

UWCA(r) =

{
4ε
[(
σ
r

)12 −
(
σ
r

)6
+ 1

4

]
r ≤ rc

0 r > rc
, (S3)

where r is the distance between the bead centres and rc =
21/6σ. To account for the effect of stiffness (arising, for
instance, if the polymers represent chromatin fibres), we
introduced a Kratky-Porod potential acting on triplets
of neighbouring beads:

Ubend =
kBT lp
σ

(1 + cos θ), (S4)

where θ is the angle between consecutive bonds. The
initial configurations are designed such that a polymer
passes through two holes in a wall, the size of which is
small enough to let just one monomer through at a time.
In this way, the polymer is divided into two segments,
physically separated by the wall. Additionally, we fix the
position of one of the two beads closest to the wall so
that the segments can exchange monomers only through
the other hole. This set up is reminiscent of the one
used to study entropic competition in Ref. [1]. Slip-links
are modelled as physical square hand-cuffs of side 4σ,
held together by four FENE bounds and opened in a

“planar” arrangement (this is achieved with the poten-
tial described by Eq. (S4) and large enough persistence
length). To study the kinetics of topological simplifica-
tion, we allow a short (10 beads) segment to undergo
strand-crossings. This is achieved by setting to 0 the
amplitude of the (WCA) potential regulating the inter-
action between the beads of this segment and each bead
composing the rest of the polymer, excluding the two im-
mediately next to the segment boundaries. In our slip-
link vs knot simulations, this segment is kept in the knot
side, by placing it next to the fixed bead (wall).

NOTE ON THE CORRELATION TIME

It is important that with our simulations we can sam-
ple the systems ergodically and avoid kinetic traps which
may exist in MD simulations. To make sure of this the
simulations are sampled every 106 LAMMPS time steps,
comparable to the de-correlation time of a polymer of
length up to at least 200 monomers. Within this time
also the SLs loaded onto the substrate have travelled a
significant amount of contour length [2] and so we as-
sume that each sampled configuration is independent of
others. Since they were obtained by simulating polymers
of length 500, the histograms shown in the second panels
of lines B C and D of figure ??, suffer from longer de-
correlation times. Improving the statistics would, how-
ever, require much longer simulations.

EQUATIONS FOR SL VS SL

Duplantier Scaling for Polymer Networks

The number of configurations of an asymptotically
long monodisperse – i.e., where branches are equal in
length – polymer network of total length L and topology
G in the dilute regime scales as [3]

ZG(L) ∼ µLLγG−1, (S5)

where

γG − 1 = −νdL+
∑

M≥1
nMσM (S6)

is a topology dependent exponent: d is the dimension,
L is the number of loops, nM the number of vertices of
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multeplicity – i.e., the number of branches connected to
the vertex – M and σM the star polymers exponents.

If the network is grafted to a surface, Eq. (S5) changes
to [3]

ZSG (L) ∼ µLLγS
G−1, (S7)

where

γSG − 1 = −ν(dL+VS − 1 +LS) +
∑

M≥1
(nMσM +nSMσ

S
M ).

(S8)
nSM is the number of surface vertices (those grafted to
the surface) of multeplicity M , VS =

∑
M≥1 n

S
M is the

number of surface vertices, LS =
∑
M≥1MnSM is the

number of branches connected to the surface and σSM are
the surface star polymers exponents.

Surface loop and surface round table exponents

Let us call surface loop (O) a simple loop with a single
vertex grafted to a surface. A surface loop and the “sur-
face” round table (RT) and necklace (with 2 slip-links
only, NC) topologies we considered in our simulations
(see Fig ??) have only one surface vertex of multeplicity
2: VS = 1 and LS = 2. According to Duplantier [3],

σS2 = 2ν − 1, (S9)

hence

γSO − 1 = −dν − 1 (S10)

and

γSRT,NSL
−1 = γRT,NSL

−2 = −dν(NSL+1)+σ4NSL−1,
(S11)

where NSL is the number of slip-links.

γSNC,2 = γSRT,2. (S12)

Surface round table and necklace scaling with the
lengths of the loops

Analogously to what predicted for the RT networks
without surface [4], we assume the partition function of
the surface RT networks with NSL slip-links scales as

ZRT,NSL
(L) ∼µLA(s1, . . . , sNSL

, L)

(
L−

NSL∑

i=1

si

)γS
RT,NSL

−1

×X
(

s1

L−∑NSL

i=1 si
, . . . ,

sNSL

L−∑NSL

i=1 si

)

(S13)

where with si we indicate the lengths of the loops
subtended by the slip-links (slip-linked loops) and
A(s1, . . . , sNSL

, L) accounts for the sliding entropy of
the slip-links.

Round table We now suppose the peripheral slip-
linked loops are much smaller than the internal loop, as
we see in our simulations. They contribute equally to
Eq. (S13):

ZRT,NSL
(L) ∼ µLA(s1, . . . , sNSL

,L)

(
L−

NSL∑

i=1

si

)γS
RT,NSL

−1

×
NSL∏

i=1

(
si

L−∑NSL

j=1 sj

)α

(S14)

Furthermore, on the basis of this assumption, we require
the scaling contribution of the largest loop to be that of
a surface loop (without considering the sliding entropy;
see [4] for the case without surface). This sets α to

α =
γSRT,NSL

− 1

NSL
− −dν − 1

NSL
= −dν + σ4, (S15)

which is the same loop closure factor for the RT topolo-
gies without surface. Finally,

ZRT,NSL
(L) ∼ µLA(s1, . . . , sNSL

,L)

(
L−

NSL∑

i=1

si

)−dν−1

×
NSL∏

i=1

s−dν+σ4
i .

(S16)

Surface necklace with 2 SLs In the case of the neck-
lace topology with 2 slip-links, we write

ZNC,2(L) ∼µLB(s1, s2, L)(L− s1 − s2)γ
S
NC,2−1

×
(

s1
L− s1 − s2

)α1
(

s2
L− s1 − s2

)α2

,

(S17)

where we labelled as 1 the slip-linked loop grafted to
the wall and where B(s1, s2, L) accounts for the sliding
entropy. This time, we can not state α1 = α2 a priori.
However, if we require the scaling contribution of the
internal loop (which we assume to be the largest) to be
that of a surface loop, and the contribution of the sliding
slip-linked loop to be the usual closure factor (Eq. (S15)),
the final result is

ZNC,2(L) ∼ µLB(s1, s2, L) (L− s1 − s2)−dν−1 s−dν+σ41 s−dν+σ42 .
(S18)
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FIG. S1. Transition from unimodal to bimodal shape in the
distribution of lengths of two slip-links competing with each
other as predicted by Eq. (S19). The black solid lines are the
positions of the stable points in the the length distribution of
one side of a polymer loop loaded with two competing slip-
links. Dashed lines represent the unstable points.

Notice the consistency of Eqs. S16 and S18 with the hy-
pothesis of the peripheral loops being small depends on
the form of the sliding entropy terms A and B. For
the surface necklace this might be a point of discussion;
nonetheless, Eq. (S18) represents our simulated data rea-
sonably well (see Fig. 2B in the main text).

SINGLE SL VS SINGLE SL

The number of configurations of two slip-links compet-
ing with each other (Fig. ??A) scales as:

µL
∫ l−sm2 −sm3

sm1

ds1 (l − sm2 − sm3 )
s−3ν+σ4
1 s−3ν+σ4

2

(l − s1)
3ν+1 ×

∫ L−l−sm2 −sm3

sm1

ds1 (L− l − sm2 − sm3 )
s−3ν+σ4
1 s−3ν+σ4

2

(L− l − s1)
3ν+1 ,

(S19)

where the coefficients smi account for the physical size of
the slip-links: they are the minimum size of the segments
of the slip-linked polymer; L and l are, respectively, the
total length and the length of one side of the polymer.
Notice the integrals account for the sliding entropy of the
slip-links.
Figure S1 is obtained numerically from Eq. (S19).

2SLS VS 2 SLS

The number of configurations of two consecutive
slip-links competing with two consecutive slip-links
(Fig. ??C) scales as:

µL
∫ l−sm2 −sm3 −sm4 −sm5

sm1

ds1

∫ l−s1−sm3 −sm4 −sm5

sm2

ds2 (l − s1 − s2 − sm3 − sm4 − sm5 )
2 s−3ν+σ4

1 s−3ν+σ4
2

(l − s1 − s2)
3ν+1 ×

∫ L−l−sm2 −sm3 −sm4 −sm5

sm1

ds1

∫ L−l−s1−sm3 −sm4 −sm5

sm2

ds2 (L− l − s1 − s2 − sm3 − sm4 − sm5 )
2 s−3ν+σ4

1 s−3ν+σ4
2

(L− l − s1 − s2)
3ν+1 .

2 nested SLs vs 2 nested SLs

The number of configurations of two nested slip-links
competing with two nested slip-links (Fig. ??B) scales
as:

µL

[∫ l−sm2 −sm3 −sm4 −sm5

sm1

ds1

∫ l−s1−sm3 −sm4 −sm5

sm2

ds2

∫ l−s1−s2−sm4 −sm5

sm3

ds3 (l − s1 − s2 − s3 − sm4 − sm5 )

(s1 + s2)
−3ν+σ4 s−3ν+σ4

3

(l − s1 − s2 − s3)
3ν+1

]
×
[∫ L−l−sm2 −sm3 −sm4 −sm5

sm1

ds1

∫ L−l−s1−sm3 −sm4 −sm5

sm2

ds2

∫ L−l−s1−s2−sm4 −sm5

sm3

ds3

(L− l − s1 − s2 − s3 − sm4 − sm5 )
(s1 + s2)

−3ν+σ4 s−3ν+σ4
3

(L− l − s1 − s2 − s3)
3ν+1

]
.

(S20)
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FIG. S2. The knotted core follows the knotted loop. A-B Show the time evolution of the average loop length on the
knotted side (blue), of the average length of knot core (pink, the minimum length that can be found knotted) and the fraction
of simulations that have simplified the knot (green) for A NSL = 0 and B NSL = 10. One can notice that the case with
NSL = 0 shows a weak swelling of the knotted side (blue curve increases), but the knot core remains quite constant (pink curve
is flat) and the simulations simplify the topology slowly over time (green curve increases slowly). On the other hand, NSL = 10
shows a much faster topological simplification rate (green curve sharply increases) and the length of knotted side (and core)
are concomitantly reduced. C The ratio of the knotted core length over the knotted loop length remains around 1/2 for the
whole simulation and for different choices of NSL, indicating that as the knotted loop looses contour length, the knot core is
compressed.
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