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ABSTRACT 

Mixed Suspension, Mixed Product Removal (MSMPR) crystallizers have been considered in numerous 

cases as a continuous mode of operation in the production of Active Pharmaceutical Ingredients (APIs). 

The steady-state continuous MSMPR crystallization of melitracen via cooling has been recently 

demonstrated in the literature, with crystallization kinetic parameters regressed from experimental data. 

Mixed Integer Nonlinear Programming (MINLP) has been implemented extensively for the 

optimization of separation process designs in various manufacturing sectors, but not for systematic 

design and screening of MSMPR cascade flowsheet configurations. This study performs MINLP 

optimization to maximize the Net Present Value (NPV) of a MSMPR cascade for continuous melitracen 

crystallization with solids recycle. Process flowsheets consider varying numbers of crystallizers and 

recycle stream feed point location. First, the MSMPR model describing API solubility, crystallization 

kinetics, population balance equations and process mass balances are described. The MINLP problem 

and constraints are then described with detailed costing equations. The optimal flowsheet configuration 

for both considered plant capacities (103 and 104 kg API yr-1) is three crystallizers with recycle fed to 

the first and last vessels. This study illustrates the utility of rapid screening of continuous crystallization 

cascades via MINLP optimization to facilitate process development towards fully Continuous 

Pharmaceutical Manufacturing (CPM) plant designs.
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1. Introduction 
Continuous crystallization is an emerging field of research due to its potential to enhance process 

flexibility, efficiency and product quality consistency compared to batch techniques.1 Development of 

robust continuous crystallizer designs is imperative for Continuous Pharmaceutical Manufacturing 

(CPM) campaigns, which have received significant attention from academic, industrial and regulatory 

bodies in the past decade.2–4 Crystallization is a key unit operation in pharmaceutical manufacturing 

given the predominance of solid dosage forms in pharmaceutical products. Implementation of robust 

control mechanisms for control of particulate process operation in pharmaceutical production is 

required to meet stringent product requirements inherent of Drug Product (DP) formulations, which 

also affect drug bioavailability.5–7 Mixed Suspension, Mixed Product Removal (MSMPR) crystallizers 

are a widely studied continuous design for their simple operation, low maintenance requirements, 

avoidance of rapid fouling typical of continuous tubular designs and ease of adaptation from existing 

batch stirred tank designs.8  

A variety of experimental and theoretical studies have already investigated the design, simulation 

and optimization of steady-state and dynamic operations of MSMPR crystallizers for different Active 

Pharmaceutical Ingredients (APIs) and other pharmaceutically relevant compounds.9 Recent work 

regarding comparison operating strategies, process configurations and control,10–19 novel crystallization 

techniques,20–23 configurations with filtration and recycle,11,24–27 enantiomeric and chiral molecule 

separation28–30 and polymorph selectivity31,32 have significantly developed MSMPR implementation, 

with some designs integrated into end-to-end CPM plants.33 Intensification of MSMPR crystallization 

by incorporation of size control processes such as we milling have also received interest.34,35 Rapid 

screening of candidate flowsheet configurations of MSMPR cascades for different APIs can facilitate 

process development towards end-to-end CPM.3,36 

Melitracen is a tricyclic antidepressant API available as single drug preparations and also in 

combinative therapies.37 The number of US citizens affected by depression and of defined daily doses 

of antidepressants distributed in the UK have been historically increasing (Fig. 1).38,39 The continuous 

crystallization of the API in MSMPR crystallizers was recently demonstrated,40 facilitating its process 

modelling and optimization. Existing studies investigate the effects of MSMPR design and operating 

parameters on crystal size, showing significant variation in process performance and crystal product 

attributes when varying the number of implemented crystallizers.7 Investigating the effect of longer 

cascades and recycle options can further improve crystallization yields in MSMPR design.11 Economic 

considerations are equally important as meeting specific product attribute targets when designing 

crystallization processes, especially when the effect of production scale is considered.36,41,42 

 

 

Figure 1: Historical trends in number of US citizens affected by depression43 and number of defined 

daily dosages administered per 1,000 UK inhabitants.44 
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Mixed Integer Nonlinear Programming (MINLP) has been widely implemented in various 

applications to rapidly screen for optimal design configurations of separation processes. Optimization 

of distillation column trains,45–47 adsorption cycles,48,49 Liquid-Liquid Extraction (LLE) cascades,50,51 

chromatographic resolutions52 and membrane separations53–55 have been covered extensively in the 

literature, showing promise of significant process improvements via MINLP optimization. Mixed 

integer problems contain both continuous decision variables, e.g., unit operating and design parameters, 

as well as integer (binary or otherwise) decision variables, e.g., denoting the existence of a unit 

operation or deciding stream allocation.  

Various NLP problems have been considered in the literature for different continuous crystallization 

processes, objectives and constraints. Su et al. (2015) described the design of a two-stage MSMPR 

crystallization cascade, maintaining the process within the design space of a specified batch design.8 

The MSMPR process design attained a higher yield and production capacity than the batch alternative, 

but a lower mean crystal size. Vetter et al. (2014) established attainable regions of particle sizes vs. 

residence time subject to constraints on yield, operating temperature and antisolvent feed rate in 

MSMPR and plug flow crystallizers; subsequent minimization of the residence time for a given process 
configuration gave optimum process designs for comparative evaluation.15  

Li et al. (2017) solved a NLP problem for maximum yield subject to purity constraints and maximum 

purity subject to yield constraints for MSMPR cooling crystallization cascades.23 Other studies address 

optimization in plug flow crystallizers where multi-objective optimization problems were solved for 

antisolvent allocation to different tube segments to maximize mean product size and minimize size 

distribution width.56,57 

These NLP studies mainly address continuous crystallization optimization with respect to product 

size properties and purity. These studies do not consider process economics or production capacity 

specifications. Optimization of MSMPR cascades with economic NLP objective functions has been 

previously demonstrated,36 but do not consider process synthesis to optimality or solids recycle options. 

Therein lies the novelty and aim of this study – the formulation of a MINLP problem for MSMPR 

cascade synthesis with optimal recycle stream allocation for economic optimization comparing different 

numbers of crystallizers and plant capacities. Optimization of MSMPR cascades using MINLP has yet 

to be implemented and may be a valuable tool for rapid design and flowsheet configuration screening. 

This study implements MINLP optimization of a MSMPR cascade for continuous melitracen 

crystallization to screen for cost optimal flowsheet configurations. The MINLP superstructure for 

MSMPR cascades considers varying crystallizer volumes, extent of recycle, concentration of recycle 

streams and their allocation to different MSMPR vessels. The steady-state process model describes the 

crystallization process by simultaneous solution of crystallization kinetics, population balances and 

mass balance equations. The MINLP problem is solved for different plant capacities. Optimal total cost 

components (with sensitivity analysis), unit operation design, flowsheet configurations, crystallization 

yields and mean crystal sizes are compared for different problem instances. 

 

2. MSMPR Crystallization Model 
The considered steady-state MSMPR model makes the following assumptions: 

1. The fresh feed stream to the process is a homogeneous mother liquor containing dissolved API and 

no crystals. Crystallizers are not seeded. 

2. Crystal birth occurs by nucleation only and growth only occurs in one characteristic dimension.  

3. Growth is size-independent and there is no agglomeration, crystal breakage or attrition. 

4. The contents of the crystallizer are perfectly mixed, i.e., the supersaturation field in the crystallizer 

is uniform, and the product magma has the same composition as the crystallizer contents. 

5. Crystallization occurs only within the MSMPR vessels and not in connecting or recycle streams. 

All flowsheets and process designs are for plant API capacities of QAPI = {103, 104} kg API yr-1. 

The steady-state process model for all flowsheet configurations describe crystallization kinetics, 

population balance equations and mass balances. Simultaneous solution of these equations describes 

continuous crystallization in the MSMPR crystallizer cascade. 
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2.1 Process Flowsheets 

Capellades et al. (2019) demonstrated continuous crystallization of melitracen from ethanol via cooling 

in a MSMPR cascade without recycle.40 Solids recycling in MSMPR cascades has been demonstrated 

in the literature, allowing for enhanced crystallization yields.11,58 In this study, we model and optimize 

a MSMPR cascade with solids recycle, whose process flowsheet is illustrated in Fig. 2.  

 

 

Figure 2: MSMPR cascade for continuous crystallization with solids recycle. 

 

A clear mother liquor feed stream enters MSMPR 1, with dissolved API solute concentration C0 and 

volumetric flowrate F0. The feed mother liquor solution containing melitracen has concentration, C0 = 

129.5 g L-1, as per the experimental demonstration.40 The product stream exiting one MSMPR (Fi) is 

then the feed stream to the subsequent MSMPR in the cascade, consisting of N crystallizers in total. 

The product stream of crystallizer N (FN) then enters a solid-liquid separator, in which clear mother 

liquor is removed (F2N+2) in order to concentrate the stream suspension, which exits from the bottom of 

the separator, producing recycle streams Ri. The concentrated stream is the product (F2N+3), with some 

being recycled back to select crystallizers.  

Design and operating parameters for the process are the MSMPR temperatures (T) and volumes (V), 

the total recycle ratio (RRTOT), the mother liquor removal ratio (x = FN / F2N+2) and binary variable, yi, 

deciding whether to send recycle to stage i. Each MSMPR i has a holdup of crystallized API, HDi. For 

each crystallizer, Fi, Ci and Mi are the volumetric flowrate of the stream leaving the stage, the 

equilibrium API concentration in the mother liquor and the suspension density, respectively.  

 

2.2 API Solubility 

The solubility concentration of API in ethanol, Csat, as a function of temperature during cooling 

crystallization is described by eq. 1, taken from the literature, with a coefficient of determination, R2 > 

0.99 vs. experimental data.40 The published experimental data and the regressed correlation (eq. 1) of 
Csat vs. T are shown in Fig. 3. No polymorphism under the considered temperature ranges was described 

in the experimental study on MSMPR cooling crystallization of melitracen from ethanol and so 

polymorphic effects are not considered here.40 
 

Ci
sat = 15.282 exp(0.041Ti) ∀i = 1,…,N (1) 

 

2.3 Crystallization Kinetics 

Crystal nucleation, B, and growth, G, rates are expressed via eqs. 2 and 3, respectively.  

 

Bi = kb0 exp(–
Eb

R(T
i
 + 273.15)

) (
Ci

Ci
sat – 1)

b
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 m ∀i = 1,…,N (2) 
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R(T
i
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g
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Figure 3: Melitracen solubility concentration (Csat) as a function of temperature (T) in ethanol vs. 

experimental data (R2 > 0.99).40 

 

Here, kb0 and kg0 are nucleation and growth pre-exponential factors, Eb and Eg are energy barriers to 

nucleation and growth, respectively, R is the universal gas constant, b and g are nucleation and growth 

exponents, respectively, and m is the suspension density exponent. All crystallization kinetic parameters 

are listed in Table 1. 

2.4 Population Balance Equations 

The general one-dimensional population balance model is described by a system of Ordinary 

Differential Equations (ODEs). For a MSMPR cascade with slurry recycle, the population balance 

equations are described by eqs. 4–6. Here, ni is the population density function of crystals between size 

L and L+dL. In eq. 5, the first term represents the stream entering from the previous stage (i–1), the 

second term represents the recycle stream entering stage i and the last term represents the product stream 

leaving stage i. Eqs. 4–6 form a system of ODEs that are satisfied by the boundary conditions, ni
0 (eq. 

6), representing the population density of nuclei.  

 

G1V1

dn1

dL
 = R1nN+1 − F

1
n1  (4) 

GiVi

dni

dL
= Fi−1ni−1 + RinN+i − F

i
ni ∀i = 2,…,N  (5) 

ni
0 = 

Bi

Gi

= ni (L = 0) ∀i = 1,…,N  (6) 

 

The suspension density, Mi, is calculated from the population balance via eq. 7. Here, kv and ρAPI are 

the volume shape factor and crystal density of API solute; values for these are provided in Table 1. 

 

Mi = kv ρ
API

∫ niL
3dL (7) 

 

Table 1: Kinetic parameters for MSMPR crystallization of melitracen from ethanol.40 

Model Equations Parameter Value Units 

Nucleation rate, B kb0 4.79×1022 m-3 s-1 

(eq. 2) Eb 7.30×104 J mol-1 

 b 2.60 (–) 

 m 0.56 (–) 

Growth rate, G kg0 13.1 m s-1 

(eq. 3) Eg 5.25×104 J mol-1 
 g 0.87 (–) 

Population balances kv 3.74 (–) 

(eqs. 4–6) ρAPI 1,280 kg m-3 
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2.5 Mass Balances 

The steady-state mass balances for each process assume no material accumulation and account for 

volumetric changes due to API crystallization. The general mass balance equations for processes are: 

 

F0C0 + FN+1 (1 −
MN+1

ρ
API

) CN + R1MN+1 − F1 (1 −
M1

ρ
API

) C1 − F1M1 = 0 
 (8) 

Fi−1 (1 −
Mi−1

ρ
API

) Ci−1 + Fi−1Mi−1 + Ri (1 −
MN+1

ρ
API

) CN + RiMN+1   

−Fi (1 −
Mi

ρ
API

) Ci − FiMi = 0 ∀i = 2,…,N (9) 

 

Eq. 8 describes stage 1 in the MSMPR cascade. The first term in eq. 8 is the dissolved API in the feed 

mother liquor stream to the cascade, the second and third terms are the API dissolved in the mother 

liquor and crystallized API in the recycle stream fed to stage 1, respectively, and the third and fourth 

terms are the API dissolved in the mother liquor and crystallized API leaving stage 1, respectively. Eq. 

9 describes MSMPR stages i = 2,...,N, whose terms are similar to eq. 8 but without the fresh feed mother 

liquor term (F0C0). In both eqs. 8 and 9, the bracketed terms describe the volume fraction of the 

suspension not occupied by crystallized API.  

It is assumed that the total stream of recycled material (F2N+1) is equally distributed between those 

crystallizers to which it will be fed (i.e., those with binary variable yi = 1). A mass balance equation 

around the gravity-driven solid-liquid separator gives the following. 

 

MN+1 = 
MN

(1 − x)
 

 
(10) 

 Ri = 
y

i
RRTOT(1 − x)

∑ y
i

N
i = 1

FN ∀i = 1,…,N  (11) 

Here, x is the clear liquor removal ratio (controlling the suspension density of the stream leaving the 

bottom of the solid-liquid separator, MN+1), defined as FN / F2N+2 (see Fig. 2) and RRTOT is the total 

recycle ratio (controlling how much is sent back to the MSMPR cascade vs. that withdrawn as product). 

 

2.6 Crystallization Yield 

The crystallization yield in MSMPR i is calculated from the equilibrium API concentration (Ci) in the 

mother liquor compared to that of the fresh feed stream (C0). 

 

 Yi
cryst

 = 100 (1 – 
FiCi

F0C0

) ∀i = 1,…,N  (12) 

 

2.7 MSMPR Model Solution Method 

Simultaneous solution of the MSMPR model (eqs. 1–11) requires iteration on the vector of Ci values, 

where C0 > Ci > Ci
sat. Fig. 4 illustrates the workflow for the simultaneous solution of eqs. 1–11.58,59 

First, an initial guess is made for Ci values. The suspension densities are then estimated by solution of 

the mass balance equations, Mi
mb. Crystallization kinetics are then computed, allowing solution of the 

system of ODEs describing population balances. Suspension densities via the population balance 

equations, Mi
pbe, are then calculated. If the difference between Mi

mb and Mi
pbe is greater than the set 

tolerance (= 10-6), another guess of Ci values are made. Upon convergence, the system of MSMPR 

model equations is solved and cost components are calculated (described in sections 3.1 and 3.2). 
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Figure 4: Algorithm for simultaneous solution of the MSMPR crystallization model. 

 

3. MINLP Optimization Problem Formulation 

3.1 Objective Function and Constraints 

The objective of the MINLP optimization problem is to maximize the attained Net Present Value (NPV) 

of the crystallization process (eq. 13). The problem has 2N+2 continuous decision variables (Vi, Ti, x, 

RRTOT) and N binary variables (yi). Various constraints are imposed on the problem. Crystallizer 

volumes must be finite (eq. 14). Temperatures are bounded such that the solubility estimation (eq. 1) is 

consistent with experimental results in the literature40 (eq. 15). For cooling crystallization, each 

MSMPR temperature must be equal to or lower than the previous (eq. 16) and the fresh feed mother 

liquor is at T0 = 60 °C (eq. 17), as per the experimental demonstration.40 The total recycle ratio (RRTOT) 

and clear solvent removal ratio (x) are constrained to values observed in the literature11 (eqs. 18 and 

19). Binary decision variables must be 0 or 1 (eq. 20). The considered plant capacity (QAPI) is also 

specified as a constraint by ensuring that crystallization process efficiencies and stream flowrates are 

such that the required amount of solid API is produced in the product stream (F2N+3 in Fig. 2). 

 

max NPV  (13) 

0 < Vi ∀i = 1,…,N  (14) 

0 ≤ Ti ≤ 40 °C ∀i = 1,…,N  (15) 

TN ≤ … ≤ T1 ∀i = 1,…,N (16) 

T0 = 60 °C  (17) 

0.0 ≤ RRTOT ≤ 0.9  (18) 

0.0 ≤ x ≤ 0.5  (19) 

yi = {0,1} ∀i = 1,…,N  (20) 

F2N+3M2N+3 = QAPI  (21) 

Read in design parameters (C0, N) and 

decision variables (Ti, Vi, RRTOT, x, yi) 

Guess Ci

(C0 > Ci > Ci
*) 

Calculate Mi from mass balances, Mi
mb 

(eqs. 8–11)

Calculate crystallisation kinetics

(eqs. 2–3)

Solve system of population balance 

ODEs (eqs. 4–6)

Calculate Mi from population density 

functions, Mi
pbe (eq. 7)

|Mi
mb – Mi

pbe| < ε ? 

Results and Analysis

Yes

No
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3.2 Costing Methodology 

This section describes the costing methodology implemented for calculation of the MINLP optimization 

objective function (eq. 13), NPV. The costing methodology is used in numerous studies on continuous 

manufacturing and API crystallizations and is described in detail herein.41 

 

3.2.1 Capital Expenditure (CapEx) 

All plant designs are assumed to be constructed and operated at an existing pharmaceutical 

manufacturing site with essential auxiliary structures already in place. Annual operation of 8,000 hours 

is considered.  

Prices for equipment of similar capacities to those considered here have been sourced where possible; 

where such data is unavailable, the following cost-capacity correlation is used. 

 

PB = f PA
(

SB

SA
)

n

 (22) 

 
Here, Pj is the equipment purchase cost at capacity Sj. Parameters n and f are equipment-dependent and 

found in the literature.60 Where the reference purchase cost (PA) is taken from the past, Chemical 

Engineering Plant Cost Indices (CEPCIs) are used to calculate the corresponding purchase cost in the 

present. All capacities are scaled to account for process inefficiencies and to meet the specified plant 

capacity (QAPI). Unit operations similar to those implemented in the demonstrated continuous 

crystallization were scaled and costed using published eq. 22 parameters; Table 2 details the purchase 

costs and parameters in eq. 22 for each equipment item. The number of units for each item is also shown 

in Table 2; the number of crystallizers = N, there are N pumps (one per crystallizer outlet), one for the 

fresh feed entering the cascade, one for the mother liquor removed from the top of the separator and 

one for the concentrated slurry exiting the bottom of the separator, i.e., N+3 pumps in total. 

 

Table 2: Parameters for scaled equipment purchase costs (eq. 22).60  

Item Ref. Year Ref. Cost, PA  

(GBP) 

Capacity Basis Ref. Capacity, SA n f  

(%) 

No. Items 

Crystallizer 2007 328,875 m3 3.00 0.53 10.33 N 
Pump 2015        958 (–) (–) 1.00 (–) N+3 

Separator 2007 207,900 L s-1 58 0.64 10.33 1 

 

The sum of all inflation-adjusted equipment costs (PB) gives the Free-on-Board (FOB) cost. The 

Chilton method is used to calculate the Battery Limits Installed Cost (BLIC).61 The Installed Equipment 

Cost (IEC), Process Piping and Instrumentation (PPI) and Total Physical Plant Cost (TPPC) are 

calculated via eqs. 23–25. A construction factor of 30% is added to the TPPC to calculate the BLIC (eq. 

26). 

 

IEC = 1.43FOB (23) 

PPI = 0.42IEC (24) 

TPPC = IEC + PPI (25) 

BLIC = 1.3TPPC (26) 

 

Working Capital (WC) costs are 3.5% of annual material costs (MATannual) (eq. 27). Contingency 

Costs (CC) are calculated as 20% of the BLIC (eq. 28). The sum of BLIC, WC and CC gives the total 

Capital Expenditure (CapEx, eq. 29).41 

 

WC = 0.035MATannual (27) 

CC = 0.2BLIC (28) 

CapEx = BLIC + WC + CC (29) 
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3.3.2 Operating Expenditure (OpEx) 

The annual utilities cost (UTILannual) is calculated as 0.96 GBP kg-1 of process material throughput 

(mprocess) + crystallizer jacket cooling (QMSMPR), assuming an electricity consumption rate of 0.136 GBP 

kWh-1 (η) and an assumed conservative value of electricity efficiency of 40%. The annual waste cost 

(Wasteannual) is 0.35 GBP L-1 of waste (Qwaste). Annual Operating Expenditure (OpExannual) is the sum of 

annual material, utilities and waste costs.41 

 

UTILannual = 0.96mprocess + ηΣQMSMPR,i (30) 

Wasteannual = 0.35Qwaste (31) 

OpExannual = MATannual + UTILannual + Wasteannual (32) 

 

3.2.3 Net Present Value (NPV) 

The Net Present Value (NPV) is calculated as the sum of inflation-adjusted profit from API sales minus 

OpEx over the plant lifetime minus total CapEx (eq. 33). Annual profit is calculated from sales of API 

produced (eq. 34). The wholesale price of melitracen (pAPI) is taken as 50 GBP kg API-1. 
 

 NPV = –CapEx + ∑
Profit  – OpExannual

(1 + r)k

t

k = 1

 (33) 

 Profit = pAPIQAPI (34) 

 

A plant-operating lifetime of t = 20 yr and a base case interest rate of r = 5% are considered. All 

CapEx is assumed to occur in year 0 and operation is assumed to begin in year 1. Annual operation of 

8,000 hours per year is assumed for consistency with our previously published work in this field. The 

assumed annual operation time can easily be altered to account for varying asset utilization efficiencies 

in the presented modelling framework. 

 

3.3 Problem Structure and Solution Method 

The problem is solved for separate instances of N = {1, 2, 3, 4, 5}. The problem has 2N+2 continuous 

decision variables (Vi, Ti, x, RRTOT) and N binary variables (yi). For each problem instance, there are 

varying numbers of decision variables and constraints. There are 4N+4 continuous linear inequality 

constraints (upper and lower bounds on each continuous decision variable) and 2N binary variable linear 

inequalities (respective upper and lower bounds). Table 3 shows the number of decision variables and 

constraints for different problem instances (i.e., N) considered. 

 

Table 3: Number of decision variables for different problem instances (i.e., different N). 

 Type N 1 2 3 4 5 

Variable Continuous Vi 1 2 3 4 5 

  Ti 1 2 3 4 5 

  RRTOT 1 1 1 1 1 

  x 1 1 1 1 1 

 Binary yi 1 2 3 4 5 

  Total 5 8 11 13 17 

Constraint Linear Inequality Vi 2 4 6 8 10 

  Ti 2 4 6 8 10 

  RRTOT 2 2 2 2 2 

  x 2 2 2 2 2 

  yi 2 4 6 8 10 

  Total 10 16 22 28 34 

 

The MINLP problem is solved for separate instances of N and plant capacity QAPI = {103, 104} kg 
API yr-1 using the Basic Open-source Nonlinear Mixed Integer (BONMIN) solver in MATLAB’s OPTI 

Toolbox.62 The solver uses a branch and bound algorithm, where the relaxed Mixed Integer Linear 

Programming (MILP) problem solutions at each node of the MINLP search tree are replaced by relaxed 
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Nonlinear Programming (NLP) solutions, which are then solved via the Interior Point Nonlinear 

Optimizer (IPOPT) solver.63 A multistart routine using multiple initial guesses for each decision 

variable is also implemented. 

 

5. Results and Discussion 
The results are presented as follows. First, crystallization kinetics, supersaturations and suspension 

densities resulting from optimization of the MINLP problem and their effect on resulting Mean Crystal 

Sizes (MCS) are discussed. Optimal flowsheet configurations, crystallizer volumes (V), operating 

temperatures (T) and recycle assignment (RRTOT, x, y) are then presented for different plant capacities 

(QAPI) and numbers of crystallizers (N). Resulting crystallization yields and plantwide unit material 

efficiencies are then shown. A detailed cost breakdown of optimal total cost components and resulting 

maximum NPV values for different designs followed by a sensitivity analysis on assumed interest rate 

(r) for cost optimal designs are then presented. 

 

5.1 Crystallization Kinetics and Mean Crystal Sizes 

Crystallization kinetics (nucleation and growth rates, B and G, respectively) for different plant 

capacities (QAPI) and number of crystallizers (N) are shown in Fig. 5. The system of model equations 

for crystallization kinetics, mass balances and population balances are solved simultaneously to 

describe the MSMPR cascade behaviour. Growth rates increase along the cascade until N = 3 and then 

decrease, while nucleation rates generally continually increase and then plateau. The balance of growth 

and nucleation rates in a crystallization system is important in controlling the crystallization yield 

(affecting the process efficiency and resulting cost components) and product quality attributes such as 

MCS and size distribution width (affecting downstream operations and drug bioavailability). The 

crystallization kinetics and population balance equations assume 1D growth and primary nucleation 

only. Explicit secondary nucleation kinetics included in the model will enhance the model fidelity and 

deepen understanding of the considered process. 

 

 

Figure 5: Optimal crystal nucleation (B) and growth (G) rates at both considered plant capacities (QAPI) 

at each stage (i) for different assumed numbers of crystallizers (N). 

 

Resulting supersaturations and suspension densities (M) for different considered plant capacities 

(QAPI) and number of crystallizers (N) are shown in Fig. 6. The supersaturation gradually increases 

along the MSMPR cascade in all design cases with decreasing temperature (see Fig. 10, section 5.2). 
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and hence amount of solid product in suspension, increases. The chosen upper bound of the clear mother 

liquor removal ratio (x) in the MINLP problem definition is such that suspension densities are not so 

high that streams cannot be handled by peristaltic pumps. 

 

 

Figure 6: Optimal suspension densities (M) and supersaturations at both considered plant capacities 

(QAPI) at each stage (i) for different numbers of crystallizers (N). 

 

The attained final MCS values for all cascade designs (implemented N) at different considered plant 

capacities (QAPI) are shown in Fig. 7. Values of MCS are slightly lower for the higher considered QAPI; 

the desired MCS depends on the implemented downstream unit operations and drug product 

formulation. The attained MCS values are low and will likely lead to difficulties in solid-liquid 

separation unit operation and flowability issues during downstream processes. This highlights a need to 

incorporate crystal quality (size properties as well as purity and polymorph constraints) into the problem 

formulation. The published nucleation and growth kinetic parameters from the literature that are used 

in this study did not account for agglomeration and breakage either, which will affect the computed 

crystal sizes. Harmonization of downstream unit operation design with the considered crystallization 

process, as well as upstream API synthesis, as part of plantwide design problems give significant insight 

into pharmaceutical process development where sufficient information for up- and downstream unit 

operation design is available. 

 

Figure 7: Final Mean Crystal Size (MCS) at both considered plant capacities (QAPI) for different 

assumed numbers of crystallizers (N). 
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Figure 8: Optimal MSMPR cascade configurations for different numbers of crystallizers (N) at both 

considered plant capacities (QAPI). 
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Crystal breakage can occur in MSMPR crystallizers due to impeller and inter-particle collisions and 

turbulence within the crystallization magma. The considered population balance model and 

crystallization kinetics are that described by Capellades et al. (2018)40, which does not explicitly 

consider breakage phenomena. The aim of the MINLP problem is for economic optimization of the 

MSMPR cascade to produce a specified mass of API crystalline annually (= plant capacity, QAPI). The 

problem constraints only pertain to crystallizer design + operation and annual API production and not 

to the product size properties; thus, consideration of breakage phenomena is unlikely to affect the 

computed NPV maxima presented in this study. 

The chosen solution method of the population balance models is not expected to vary the computed 

NPV.64 The population balance solution method is unlikely to drastically change the calculated yield, 

which affects the annual API production and thus process efficiency and NPV. 

5.2 Optimal Flowsheet Designs 

The optimal flowsheet configurations corresponding to MINLP optima (i.e., NPV maxima) are shown 

in Fig. 8. The optimal configurations presented in Fig. 8 (for both capacities) varies for different 

numbers of crystallizers (N). For N = {1,2}, recycle streams are allocated to all crystallizers in the 

MSMPR cascade. However, for N ≥ 3, not all crystallizers have recycle streams fed to them, i.e., not all 

yi = 1 (binary decision variable in the MINLP problem). Varying recycle flowrates to different 

crystallizers is important in controlling the crystallization yield and final crystalline product quality 

attributes. Lower capacities and effects of alternative numbers of crystallizers out with the range 

considered here (i.e., N > 5) can be easily investigated in the described MINLP optimization framework. 

The optimal number of crystallizers is the same for both considered plant capacities (QAPI), N = 3, as 

is the allocation of recycle streams, i.e., to the first and final (third) crystallizers with the second vessel 

receiving no recycle; this corresponds to MINLP binary decision variables y = [1 0 1]. Varying the 

extent of recycle to different crystallizers has been shown to be an important decision variable in 

controlling the crystallization yield in MSMPR cascades with solids recycle,11,58 which in turn affects 

the productivity and costs to attain a specific plant capacity. Allocating solids recycle to multiple stages, 

as opposed to just one crystallizer, increases the extent of nucleation throughout the cascade which 

increases the final crystallization yield. Were the final MCS or size distribution considered as objective 

functions or constraints in the optimization problem, allocation and extent of solids recycle may vary, 

as crystal growth would be more important. Implementing multi-objective optimization on both 

crystallization yields and product quality attributes such as MCS and size distribution width is often 

implemented for dynamic optimization of batch and continuous processes.65 

The optimal recycle ratios (RRTOT, extent of recycle) and clear mother liquor removal ratios (x, 

controlling concentration of recycle streams) for the considered plant capacities (QAPI) and numbers of 

crystallizers (N) are shown in Fig. 9. For both considered capacities, the optimal recycle ratios decrease 

from N = 1–3 and then increase, whereas the optimal clear mother liquor removal ratio decrease. 

Increasing RRTOT and x increase the available surface area for crystallization in each vessel, however, 

ultimately incur greater recycle flowrates which require larger vessels (i.e., sufficient crystallizer 

residence time) to attain suitable yields and the desired productivity to meet the set capacity (QAPI). The 

decrease in the clear mother liquor removal ratio (x) from N = 1–3 indicates that the recycle streams do 
not need to be as concentrated (i.e., less mother liquor removed in waste stream F2N+2) for N = 3 in order 

to be cost optimal; this also leads to less waste and enhanced material efficiency.  

This study formulates a MINLP problem for NPV maximization of a MSMPR crystallization cascade 

with solids recycle. The current MINLP formulation assumes solids recycle streams are distributed 

equally between those crystallizers for which y = 1. An equal distribution of recycle streams has been 

considered for process simplification. The total recycle ratio (RRTOT) is a continuous decision variable 

while the allocation of recycle to a crystallizer is described by the binary variable, yi = {0,1}. This model 

framework allows one to optimize crystallizer design and operation as well as recycle allocation for a 

given number of crystallizers and specified plant capacity, under the assumption of equal distribution 

of recycle flowrate to multiple crystallizers. The current MINLP problem formulated for economic 

optimization does not consider product quality attribute constraints; however, were such constraints 

implemented, unequal recycle allocation may be beneficial. 
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Figure 9: Optimal recycle ratios (RRTOT) and clear mother liquor removal ratios (x) at both considered 

plant capacities (QAPI) at each stage (i) for different numbers of crystallizers (N). 

 

Optimal crystallizer volumes (V) for different plant capacities (QAPI) and number of crystallizers (N) 

are shown in Fig. 10. As the number of implemented crystallizers increases from N = 1–3, total cascade 

volumes decrease and then increase for N > 3. As N increases, individual vessel volumes decrease; 

implementing multiple smaller volume stages is beneficial in terms of attained crystallization yield (see 

section 5.3, Fig. 11). Crystallizer volumes are larger for designs at the higher considered capacity, 

reflecting the larger volumetric throughputs to meet the higher API production requirements. While the 

optimal crystallizer volumes are computed to the millilitre; in industrial practice, it is likely that one 

will be using already constructed vessels with set fill volumes with incremental applicable fill volumes. 

However, this would require describing vessel volumes as discrete variables in the MINLP formulation, 

which presents an unnecessary level of problem complexity. Nevertheless, the optimization results 

presented here are strongly indicative of promising process configurations for NPV optimality for 

melitracen continuous crystallization in MSMPRs. 

 

Figure 10: Optimal tank volumes (V) and MSMPR operating temperatures (T) at both considered plant 

capacities (QAPI) at each stage (i) for different numbers of crystallizers (N). 
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Optimal crystallizer operating temperatures (T) for different plant capacities (QAPI) and numbers of 

crystallizers (N) are also shown in Fig. 10. As N increases, individual stage temperatures are higher but 

the final temperature (TN) is lower, which allows for increased crystallization yields.36 Temperatures 

always decrease along the cascade to ensure supersaturation is generated in each crystallizer to cause 

more product API to crystallize from solution from the previous vessel, as imposed as one of the MINLP 

problem constraints (eq. 16). Implementation of Process Analytical Technology (PAT) is essential to 

ensure optimal temperatures are maintained. An assumption of the considered MSMPR model is that 

perfect mixing of the crystallizer contents is attained, such that the outlet solution concentration is the 

same as that throughout the MSMPR vessel. The model also assumes that heat transfer from crystallizer 

to cooling jacket is instant; the validity of this assumption decreases with increasing plant capacity and 

vessel volumes. Consideration of heat transfer dynamics can be considered as part of further non-

steady-state studies. 

 

5.3 Crystallization Yield and Plantwide Efficiencies 

Attained crystallization yields (Ycryst) at each MSMPR stage for different considered plant capacities 

(QAPI) and varying total numbers of crystallizers (N) are shown in Fig. 11. Yields progressively increase 

along the cascade as more API is crystallized from solution. Individual stage yields are lower as N 

increases, but ultimately the final yield increases when N is higher; eventually the final yield plateaus 

for N ≥ 4. This indicates that beyond a certain number of crystallizers, the benefit of increasing yield 

with increasing N no longer becomes beneficial with respect to maximizing NPV. 

 

Figure 11: Optimal crystallization yields (Ycryst) at both considered plant capacities (QAPI) at each stage 

(i) for different numbers of crystallizers (N). 

 

Fig. 12 shows the mass flowrates of key flowsheet streams (see Fig. 2) corresponding to NPV maxima 
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of the data presented in Fig. 12 is presented in Table S1 in the Supplementary Information. The amount 

of crystallized API product (PR) for different numbers of crystallizers (N) is the same for different 

capacities, as each design must produce its target amount of API product. Total mass quantities differ 

between each capacity, reflecting the different total material throughputs required. For each considered 

capacity, there are similar trends observed. As the number of crystallizers (N) increases, the values of 

individual mass holdups and recycle streams decrease as the crystallization yields increase and the units 

become more efficient. However, the total material quantities decrease to a point (N = 3), i.e., the plant 

becomes more materially efficient, beyond which the total material quantities increase and the benefits 

of increasing N are no longer observed. The benefits of improving material efficiency with increasing 

N = 1–3 is also shown by the decreasing waste; for N > 3, the benefits of reduced waste decreases. 
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Figure 12: Optimal plantwide and MSMPR crystallizer mass holdups and flowrates of crystallized API 

in key flowsheet streams. 
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For both considered capacities, there are recycle streams which equal zero, i.e., the MINLP 

optimization problem has determined that no recycle be allocated to certain crystallizers (i.e., yi = 0 for 

certain stages i). For the higher plant capacity (QAPI = 104 kg API yr-1), relative quantities of product vs. 

API in recycle streams and vessel holdups is higher than at the lower capacity (QAPI = 103 kg API yr-1); 

relative quantities of waste also increase.  

The current study considers only a stream of pure melitracen in solution which is to be crystallized 

in the MSMPR cascade. Incorporation of impurities will require purge streams to prevent impurity 

accumulation as well as knowledge of partitioning of different impurity components between crystalline 

and solution phases. Recent studies considering the effects of impurity compounds on component 

solubilities and crystallization kinetics highlight the importance of such considerations.66 While thermal 

degradation of melitracen was not reported within the considered temperature range in the experimental 

study from which crystallization kinetic parameters were taken,40 expansion of this modelling 

framework to other APIs should take such phenomena and effects into consideration, as investigated in 

recent MSMPR studies.67 Alternate capacities and effects of different numbers of crystallizers out with 

the range considered here (i.e., N > 5) can be easily investigated in the described MINLP framework, 

however the number of variables, constraints and computational time will increase substantially. 
 

5.4 Economic Analysis 

5.4.1 Net Present Value (NPV) Maxima and Total Cost Components 

Optimal Capital (CapEx) and Operating (OpEx) Expenditure components for different plant capacities 

(QAPI) and number of implemented crystallizers (N) at the end of the plant lifetime are shown in Fig. 

13. Total cost components are higher for QAPI = 104 kg API yr-1 than for 103 kg API yr-1 in 

correspondence with the required larger equipment and material throughputs for higher plant capacities. 

Total CapEx and OpEx components both decrease from N = 1–3 and then increase for N > 3, following 

the trend observed for cascade volumes (Fig. 10). This result is observed for CapEx components because 

BLIC is a function of equipment capacities (from FOB components), of which MSMPR vessels are a 

significant contributor; the sum of WC and CC components (= WCC in Fig. 13) is a function of material 

throughput (eq. 27), which also follows the same trend. 

 

 

Figure 13: Optimal Capital (CapEx) and Operating (OpEx) Expenditure components and Net Present 

Values (NPV) at both considered plant capacities (QAPI) for different numbers of crystallizers (N). 
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Total CapEx is dominated by BLIC due to the costs of equipment being much greater than WCC costs 

which are a function of material throughputs (see Table 2). Total OpEx is dominated by utilities 

components, which are associated with material handling and MSMPR cooling (eq. 30). Solvent (i.e., 

ethanol from the mother liquor solution) recovery from product and waste streams (i.e., F2N+3 and F2N+2 

in Fig. 2, respectively) is not considered but can easily be incorporated into the existing MINLP 

optimization framework. 

Resulting NPV maxima for different plant capacities (QAPI) and numbers of implemented crystallizers 

(N) are also shown in Fig. 13. For both considered capacities, NPV maxima are attained for N = 3, where 

total cost components are their lowest. A previous NLP study of MSMPR cascade optimization without 

recycle for three different APIs showed that the optimal number of MSMPR crystallizers in a cascade 

for total cost minimization is dependent on plant capacity.36 The optimal flowsheet configuration and 

crystallizer vessel design and operating parameters depend on the kinetic and thermodynamic (i.e., 

solubility) behaviour of the API being crystallized, the solvent in which the API is dissolved and the 

method of supersaturation generation; a recent study showed the importance of the solvent effect 

considerations on crystallization kinetics.68 Nevertheless, given crystallization kinetic parameters and 

solubility behaviour, the current modelling framework may be expanded to other APIs amenable to 
cooling crystallization in MSMPR cascades. 

Fig. 14 compares a CapEx component breakdown per crystallization unit vs. annualized OpEx 

components (calculated as the sum of time discounted OpEx over the plant lifetime and averaged per 

year) and annualized profits from API sales (averaged in the same way); a similar plot of absolute total 

CapEx and OpEx vs. profits at the end of the plant lifetime is presented in Fig. S1 (see Supplementary 

Information), along with a detailed list of values in Fig. 14 presented in Table S2 (see Supplementary 

Information). Profits are substantially higher vs. expenditures (negative cash flows) for the higher plant 

capacity; this supports the previous discussion of the benefits of operating this MSMPR cascade at 

higher production capacities. The BLIC breakdown per unit crystallizer are approximately the same for 

each capacity and number of crystallizers. 

 

5.4.2 Sensitivity Analysis: Varying Interest Rates 

Sensitivity analysis on the considered value of interest rate (r) is implemented to investigate the effect 

of varying this economic parameter on designs. Here, we vary the interest rate for the optimized designs 

(for which the base value is r = 5%) for different considered plant capacities (QAPI) and number of 

crystallizers (N). Fig. 15 shows the effect of varying interest rates, r = {2, 5, 8, 10}%, on the calculated 

NPV for fixed, optimal designs established by solution of the MINLP problems for both considered 

plant capacities (QAPI). At both capacities, the assumed value of r affects the final NPV at the end of the 

plant lifetime significantly; as r increases, the NPV decreases due to the greater effect of inflation and 

thus decreasing time value of profits. The percentage difference in NPV by varying r at QAPI = 104 kg 

API yr-1 is less than for QAPI = 103 kg API yr-1, i.e., operating at higher production capacities is more 

economically stable. It is important to note that this sensitivity analysis has been performed by varying 

r for fixed optimal plant designs from the MINLP optimization problem solution in which r = 5% is the 

assumed value; it is possible that solving the MINLP optimization problem for different values of r may 

result in different optimal plant configurations and crystallizer designs for the considered values of QAPI 

and N. Nevertheless, variation of the assumed interest rate r is of value to investigate the effect of 

parameters related to economic climate. 

The sensitivity analysis of interest rate (r) demonstrates that elucidating parameters with the greatest 

impact on model predictions is a valuable exercise. The effect of varying the assumed interest rate, r = 

{2, 5, 8, 10}%, results in large deviations in predicted NPV (–42.36% to +41.72% NPV for QAPI = 103 

kg API yr-1; –33.30% to +32.80% NPV for QAPI = 104 kg API yr-1), showing that it is a key model 

parameter. Further analysis could investigate the effect of additional economic parameters (e.g., 

equipment and material prices, waste handling rates, etc.) as well as uncertainty in the underlying 

crystallization kinetic parameters vs. their reported experimental values.40 This could provide further 

insight into the drivers for comparing the economic viability of MSMPR cascade designs and give 

impetus to further optimization studies addressing parametric uncertainty; however, a full global 

systems analysis is out with the scope of this study. 
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Figure 14: Annualized cost breakdown of cash flows for different considered plant capacities (QAPI) 

and numbers of crystallizers (N).  
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Figure 15: Net Present Value (NPV) vs. plant operation time for varying assumptions of interest rates 

(base case is r = 5%) for both considered plant capacities at their optimal plant designs (N = 3). 

 

The Payback Period (PBP) is defined as the plant operation time taken for the total CapEx investment 

to be paid off, i.e., the time taken until NPV = 0. Calculated PBP for different plant capacities (QAPI), 

number of implemented crystallizers (N) and assumed interest rate (r) for optimal designs presented in 

previous sections are shown in Fig. 16. The calculated PBP values for QAPI = 104 kg API yr-1 are much 

less than for QAPI = 103 kg API yr-1; while profits increase significantly at a higher capacity, total cost 

(i.e., CapEx and OpEx components) do not increase to have a detrimental effect on the economic 

performance. This result supports the idea that higher production capacities are beneficial for 

continuous crystallization. However, this does not account for the negative effects of scale on mixing 

and heat and mass transfer efficiencies, while the considered MSMPR model assumes perfect mixing. 

 

 

Figure 16: Payback Period (PBP) for varying assumptions of interest rates (base case r = 5%) for both 

considered plant capacities (QAPI) for different numbers of implemented crystallizers (N). 

 

6. Conclusions 
This study has constructed and solved a MINLP problem for the maximization of the Net Present Value 

of a cascade of continuous cooling MSMPR crystallizers for the production of melitracen. The MINLP 

optimization problem considered varying numbers of crystallizers (N = 1–5) and different plant API 

capacities (QAPI = {103, 104} kg API yr-1), with crystallizer vessel volumes, operating temperatures and 

recycle options as decision variables. Plantwide material efficiencies (i.e., crystallized API product vs. 

API withheld in the MSMPR cascade and lost in waste streams) increase until N = 3, beyond which the 

benefits of increasing the number of crystallizers decreases. The optimal number of vessels N = 3 for 

both considered capacities with recycle streams allocated to the first and third crystallizers. The final 

NPV values were shown to be sensitive to the considered interest rate. This study presents the first 

implementation of MINLP for the optimal design of a cascade of MSMPR crystallizers and its novelty 

and utility lie in the rapid screening of flowsheet configurations for pharmaceutical crystallization 

processes. The modelling and optimization framework can be extended to any API or solute amenable 

to cooling crystallization given the availability of kinetic parameters and solubility data. 
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Supplementary Information 
Detailed process stream flowrates and cash flow components for optimal plant designs. This 

information is available free of charge via the Internet at http://pubs.acs.org/. 
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Nomenclature and Acronyms 

Acronyms 

API Active Pharmaceutical Ingredient 

BONMIN Basic Open-source Nonlinear Mixed Integer  

CEPCI Chemical Engineering Plant Cost Index 

CPM Continuous Pharmaceutical Manufacturing 

DP Drug Product 

IPOPT Interior Point Nonlinear Optimizer 

LLE Liquid-Liquid Extraction 

MINLP Mixed Integer Nonlinear Programme 

NLP Nonlinear Programme 

PAT Process Analytical Technology 

PR Product 

WS Waste 

 

Variables 

Latin Letters 

b Nucleation rate exponent in eq. 2 (–) 

Bi Nucleation rate in MSMPR i (# crystals m-3 suspension s-1) 

BLIC Battery Limits Installed Costs (GBP) 

Ci Equilibrium API concentrations in mother liquor of MSMPR i (kg API m-3 suspension) 

Ci
sat Solubility API concentrations in mother liquor of MSMPR i (kg API m-3 suspension) 

C0 Feed concentration of API solute in fresh mother liquor (kg API m-3 suspension) 

CapEx Capital Expenditure (GBP) 

CC Contingency Costs (GBP) 

Eb Energy barrier to nucleation (J mol-1) 

Eg Energy barrier to growth (J mol-1) 

f Correction factor in eq. 22 (–) 

Fi  Volumetric flowrate of stream leaving MSMPR i (m3 suspension s-1) 
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F0 Volumetric flowrate of fresh feed entering the MSMPR cascade (m3 suspension s-1) 

FOB Free-on-Board Costs (GBP) 

g Growth rate exponent in eq. 3 (–) 

Gi Growth rate in MSMPR i (m API s-1) 

HDi Crystallizer API holdup in MSMPR i (kg API) 

IEC Installed Equipment Costs (GBP) 

kb0 Pre-exponential factor for nucleation (# crystals m-3 suspension s-1) 

kg0 Pre-exponential factor for growth (m API s-1) 

kv API volume shape factor (–) 

L Crystal length (m API) 

Lav Average crystal length (m API) 

m Suspension density exponent in eq. 2 (–) 

Mi Suspension density in MSMPR i (kg API m-3 suspension) 

MATannual Annual material costs (GBP yr-1) 

MCS Mean Crystal Size (m API) 

n Exponent in eq. 22 (–) 

N Number of MSMPR crystallizers (–) 

ni Crystal population density function (# crystals m-3 suspension m-1 API) 

ni
0 Nuclei population density function (# crystals m-3 suspension m-1 API) 

NPV Net Present Value (GBP) 

OpExannual Annual Operating Expenditure (GBP yr-1) 

pAPI API wholesale price (GBP kg API-1) 

Pj Equipment purchase cost at capacity j (GBP) 

PBP Payback Period (yr) 

PPI Process Piping and Instrumentation Costs (GBP) 

QAPI Plant API capacity (kg API yr-1) 

QMSMPR,i Cooling duty for MSMPR i (kWh) 

Qwaste Volumetric flow of waste output (L waste yr-1) 

r Interest rate (%) 

R Universal gas constant (= 8.314 J mol-1 K-1) 

Ri Volumetric flowrate of recycle stream entering MSMPR i (m3 suspension s-1) 

R2 Coefficient of determination (–) 

RRTOT Total solids recycle ratio (–) 

Sj Capacity of equipment j (varying units – see Table 2) 

t Plant operation lifetime (yr) 

Ti Operating temperature of MSMPR i (°C) 

TPPC Total Physical Plant Cost (GBP) 

UTILannual Annual utilities costs (GBP yr-1) 

Vi Volume of MSMPR i (m3 crystallizer) 

Wasteannual Annual waste disposal cost (GBP yr-1) 

WC Working Capital costs (GBP) 

WCC Working Capital + Contingency costs (GBP) 

x Clear mother liquor removal ratio in solid-liquid separation column (–) 

yi Binary decision variable deciding whether to send recycle to MSMPR i (–) 

Yi
cryst Crystallization yield in stage i (%) 

  

Greek Letters  

η Electricity rate (GBP kWh-1) 

ρAPI API solid density (kg m-3 API) 
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