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Under inhomogeneous flow, dense suspensions exhibit complex behaviour that violates the con-
ventional homogenous rheology. Specifically, one finds flowing regions with a macroscopic friction
coefficient below the yielding criterion, and volume fraction above the jamming criterion. We demon-
strate the underlying physics by incorporating shear rate fluctuations into a recently proposed tensor
model for the microstructure and stress, and applying the model to an inhomogeneous flow problem.
The model predictions agree qualitatively with particle-based simulations.

Introduction.— Many materials, such as foods, cos-
metics and ceramic precursors, consist of particles
densely suspended in liquid, and their production re-
lies on understanding the corresponding fluid mechan-
ics [1]. Despite a century of intense research includ-
ing recent progress [2], comprehensive theoretical mod-
els are still lacking [3]. Indeed, even the simple case
of non-Brownian, non-inertial, hard spheres remains de-
sceptively challenging [4]. Under simple shear flow the
mechanics are, in principle, governed by a single di-
mensionless parameter: specifying only the macroscopic
friction coefficient © = ¥, /II sets the remaining non-
dimensional variables, viz., the volume fraction ¢ and
the non-dimensional shear rate S = 7,%/II [5]. Here
Ygy is the shear component of the stress tensor X,
II = —D~'%;; is the pressure (in D dimensions), n, is
the viscosity of the suspending medium, and  is the
shear rate. Carefully designed homogeneous flow ex-
periments support this picture, revealing a decreasing S
and increasing ¢ upon reducing g, until the system jams
(S = 0) when ¢ reaches a maximum and p reaches a
minimum value. [5]. As opposed to frictionless particles
that jam isotropically at random close packing ¢ = ¢rcp
and p = 0, frictional particles jam with an anisotropic
microstructure at ¢ = ¢;(< ¢rep) and p = py > 0 [6].

Despite the conceptual power of this general result [4],
its utility beyond homogeneous shear is limited. In pres-
sure driven Poiseuille flow, for example, momentum con-
servation dictates that p < py in a finite region around
the centreline. In this region, the [S(p), ¢(1)] rheology
described above clearly predicts jamming with .S = 0 and
¢ = ¢y. This behaviour is not observed in experiments
and particle-based simulations, however, which instead
consistently show “sub-yielding” (S > 0) and sometimes
“over-compaction” (¢ > ¢;), in regions where p < uj
[7-11]. Making quantitative predictions of practical flows
that comprise contiguous regions of p > py and p < py
thus requires more detailed constitutive models that cap-
ture both homogeneous rheology and the physics of sub-
yielding and over-compaction that arise under inhomoge-

neous conditions. Although these effects have been ad-
dressed separately in the literature, there are no models
available that capture both effects simultaneously.

Sub-yielding and over-compaction under inhomoge-
neous flow occur in regions of vanishing shear rate, where
the dynamics are completely governed by fluctuating par-
ticle motions [12-21]. These fluctuations propagate from
flowing regions with g > p; into (nearly solid) regions
with u4 < py, inducing particle rearrangements. This
may allow the suspension to fluidise in otherwise solid
regions, with ¢7 < ¢ < ¢rcp-

Attempts at incorporating over-compaction in consti-
tutive models are so far limited to linear extrapolation of
the homogeneous ¢(p) relation from regions with p > s
into regions with g < py [20]. The shape of the result-
ing density profiles, however, qualitatively differs from
experimental data [7, 8, 11]. Sub-yielding, meanwhile,
has been modelled by subjecting the fluidity (inverse vis-
cosity) to a diffusion process [18], or by accounting for
fluctuations in the expression for the suspension stress,
with the fluctuation magnitude being computed using a
transport equation borrowed from kinetic theory [9]. Al-
ternatively, a simpler account for fluctuations can be de-
rived by spatially averaging, i.e. filtering, the stress over
a volume that is small compared to the system size and
large compared to the particle size [12, 22, 23]. This leads
to an increase in the normal viscosity but leaves the shear
viscosity unaffected, thereby reducing p below py. Cru-
cially, these sub-yielding models fail to account for mi-
crostructural changes due to fluctuations and therefore
do not capture over-compaction.

In this Letter we address these shortcomings, provid-
ing an intuitive explanation of sub-yielding and over-
compaction. We do so by incorporating shear rate fluctu-
ations into a recent microstructure model [24-28]. When
applied to inhomogeneous flows the resulting tensorial
constitutive model predicts that fluctuations can: (i)
isotropise the microstructure; (ii) increase ¢ above ¢ ;;
(iii) reduce p below p1y. We compare the model predic-
tions to those of particle-based simulations.



Constitutive model.— The suspension stress tensor is

modelled as [28]:

- XO(EC>2
(1_#5:;?) ( _§%>

Here n is the separation unit vector of interacting parti-
cle pairs, L = Vu” is the velocity gradient tensor and
E = 1 (L+ L") is the rate of strain tensor, which we
decompose into extensional E. and compressive E. parts:

illElls,  E.=3E—|Els.  (2)

E.=1E+

Note that Eq. (2) is valid in 2D but not in 3D. Given the
practical ubiquity of 2D shear we nonetheless proceed
with Eq. (2).

In Eq. (1) the filter operator (-) averages over particle
pairs that are contained in a space-time, filtering volume
which must be small compared to the spatial and tempo-
ral extents of the suspension and large compared to those
of the fluctuations. When carrying out the filtering, it
has been assumed in Eq. (1) [and in Eq. (5) below] that
the fluctuations in the velocity gradient field are uncorre-
lated with the fluctuations in the pair separation vector,
e.g. (E.nnnn) =~ (E.)(nnnn).

In Eq. (1) the jamming coordinate ¢ is defined as [28]:

(nn) : (E)

(Ee) <EC>7

which acts as a proxy for the coordination number 7, i.e.
the number of direct contacts per particle [27]. The first
and second terms in Eq. (1) are, respectively, the stress
induced by the fluid and by the particles. The latter
contains lubrication and contact contributions, where o
and o are constants and £ is the value of £ at jamming.

In Eq. (1) the fourth-order moment (nnnn) of the ori-
entation distribution function of n is expressed in terms
of the second-order moment (nn) using [29]:

£=- 3)

(nimjngng) = — (NN ) X

1
m (5ij5kl + 0idj1 + 5il(5jk)

= (0ij (i) + in(njma) + dur(njmg)
<7777’l]>(5k[ + <’I7 nk>(5jl + <nim>5jk). (4)

The second-order moment (nn) is related to the veloc-
ity gradient field with the following steady state balance
equation [28]:

0=(L) (nn)+ (n
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The “pair association rate” 3 controls the rate at which
particle pairs are created and destroyed by fluid compres-
sion and extension, set respectively by E. and E.. Egs.
(1-5) define a constitutive model for steady microstruc-
ture and stress in dense suspensions.

Incorporating fluctuations.— The shear rate consists
of a mean 4 = |[(E)|| = v/2(E) : (E) and fluctuations.
While in homogeneous flow, the fluctuations are subdom-
inant to the mean, the fluctuations may dominate the
mean in inhomogeneous flow, e.g. close to a Poiseuille
centreline. In those regions, although the filtered E is
(nearly) zero, the filtered E, and E. are non-zero, which
is a consequence of the non-linearity of E. and E. in E
[Eq. (2)]. Below we account for fluctuations in the model
[Egs. (1-5)] by filtering E, and E..

In order to express (E.) and (E.) in terms of (E), we
use that a fluctuating quantity ¢ = (¢)+¢’ can be decom-
posed into its filtered (¢) and its fluctuating ¢’ compo-
nents, and that (¢’) = 0. Filtering a non-linear function
of ¢ gives additional terms. Specifically, filtering the ab-
solute value of ¢ gives (|(¢) +¢'|) = [(¢)| + ¢rms [30] where
Grms = (|¢']). Similarly, filtering Eq. (2) gives:

(E.) = (E) + 14ms0,  (Ee) = (B)e — Lmsd. (6)
where 4yms = (||E’||) is the amplitude of the shear rate
fluctuations.

In homogeneous shear flow, the fluctuating shear rate
Yrms vanishes when the mean shear rate % vanishes. In
inhomogeneous shear flows, on the other hand, 4,1, may
remain finite when 4 — 0, since fluctuations are prop-
agating from nearby regions with finite 4. In this lim-
iting case, the dynamics are dominated by ~pms and
(Ec) = —(E.) = 1%ms06. Inserting these expressions
into the filtered microstructure and stress equations [Egs.
(1, 4, 5)] gives isotropic tensors for the microstructure
(nn) ~ § and the stress ¥ ~ —nsJrmsd, With negative
normal stresses and zero shear stresses. This behaviour
corresponds to a vanishing macroscopic friction coeffi-
cient u, below the jamming friction coefficient for homo-
geneous systems pjy. Our constitutive model similarly
predicts isotropisation of the microstructure and stress
in shear flow with superposed shear oscillations [28].

Kolmogorov flow.— We apply the above model [Egs.
(1-6)] to steady 2D Kolmogorov flow, driven by a body
force density f = fsin(2mwy/L)d, (with f the force am-
plitude) pointing in the z-direction and oscillating in the
y-direction with a period L (Fig. 1la). We chose this
flow to test our model, as it is possibly the simplest in-
homogeneous shear flow without solid surfaces. In this
inhomogeneous shear flow L = 0yu.d0,6, and the fluid
mechanical profiles are periodic in y and independent of
x and t. Figs. 1b-c show schematically the instantaneous
and filtered profiles of the flow-gradient zy-component
of the total deformation E and of its compressive part
E.. Crucially, the filtered E,, = 0 on the centrelines
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FIG. 1. (a) Snapshot of particle-based simulation of Kol-
mogorov flow with relative domain size L/a = 278. The grey
level indicates the particle pressure (black and white repre-
sent negative and positive, respectively) and the driving force
f=(y) is sketched with the black line. (b, ¢) Sketches of the
zy-component of E and E. respectively, showing raw sig-
nals (grey) and filtered signals (black). The latter is zero
at y/L = 0.25, 0.75 for (E) but not for (E.). The dashed
lines indicate the abscissas. (d) Macroscopic friction coef-
ficient p as a function of the non-dimensional shear rate S
predicted by simulation in homogeneous shear flow (filled cir-
cles) and in Kolmogorov flow for L/a = 278 (open squares),
139 (open downward triangles) and 56 (open rightward trian-
gles) and predicted by constitutive model for Syms = 0 (solid
line) 6 x 107® (dashed line), 1.5 x 1072 (dash-dotted line)
and 4.2 x 1072 (dotted line). (e) Non-dimensional shear rate
fluctuations Srms as a function of S predicted by simulation.
The markers are as in (d).

[at y = L/4 (mod L/2)], whereas the filtered E, ,,, < 0.
This difference arises due to the non-linearity of E. in
E mentioned above, and demonstrates that fluctuations
produce normal stresses but no shear stresses, resulting
in sub-yielding close to the centrelines.

Particle-based simulation.— We compare our consti-
tutive model to particle-based simulations on 2D domains
with dimensions in the z and y-directions, respectively, of
L, = 200a and L = 56a, 139a and 278a. We use N ~ 10*
bidisperse frictional spheres (radii a and 1.4a, stiffness k,
density p) and a domain averaged volume fraction:

L
G=1L" /O B(y)dy, (7)

of ¢ = 0.7. The particles interact with each other
through short-range lubrication and frictional contact

forces [31] while drag forces between the particles and
the suspending medium are omitted. Instead, the flow
is driven by a y-dependent force in the z-direction
fosin(2my/L)d, added to each particle. We set fy/ka =
1078, sufficiently small for the particles to behave as
hard, inertia-free spheres (pya?/ns < 1072). The re-
sulting driving force density is f = fon(y)sin(27y/L)d,
where n(y) is the particle number density and the average
force amplitude equals f = fom = foN /(LLg). Simula-
tions are run until a statistically steady state is reached
in the entire domain and profiles are computed thereafter
over 4t ~ 20, based on the maximum + in the domain.
We obtain velocity and structural profiles by averaging
particle properties in y-bins, so that each single simula-
tion provides a range of p and S values.

We also simulate 2D homogeneous shear flow, driven
by Lees-Edwards boundary conditions, on a square do-
main with size L = 56a and with ¢ = 0.5 —0.9. By mea-
suring the divergence of the stresses with increasing ¢, we
found the jamming friction coeflicient to be py = 0.285
and the limiting volume fractions as ¢; = 0.795 and
orcop = 0.840.

Model predictions of u(S).— Fig. 1d shows the sim-
ulation results on (5, u)-coordinates under homogeneous
shear and in Kolmogorov flow for various L/a. The data
points correspond to fixed ¢ values in homogeneous shear
and to fixed y-coordinates in the Kolmogorov simulation.
The inhomogeneous Kolmogorov flow simulation predicts
sub-yielding, i.e. S > 0 in regions where p < py while the
homogeneous shear simulation predicts the homogenous
1(S) rheology consistent with Ref. [5].

Shown in Fig. le are the simulated, non-dimensional
shear rate fluctuations Syms = 7s%ms/Il as a function
of § for the same cases as in Fig. 1d. The shear rate
fluctuations 4yms = (|0yul|) are calculated based on in-
stantaneous, local realisations of 9yu,, computed by fit-
ting a linear function to the spatial distribution of the
instantaneous particle velocities in a box of size 6a. The
data show an increase in Syy,s with a decrease in L/a
(that is, for steeper gradients of the driving force) and
a (non)vanishing Sy, in the limit of S — 0 for the
(in)homogeneous shear flow.

Constitutive model predictions are plotted with lines
in Fig. 1d, with ag = xo = 0.96, £; = 0.6 and 8 = 4.
The latter two are not fitting parameters per se, but fol-
low from ¢rcp = 0.840 and ¢; = 0.795 [32]. Each line is
obtained by solving ¢ and S from Egs. (1-6) for various
values of ;1 at fixed Spps. Sims values are chosen to best
match the simulation data in Fig. 1d (markers). They
are somewhat smaller than S, predicted by simulation
(Fig. 1e), reflecting that the constitutive model does not
capture the correct quantitative relationship between u,
S and Spns. Nevertheless, the model predicts the cor-
rect qualitative behaviour, specifically S;s > 0 results
in sub-yielding, i.e. pu — 0 as S — 0, with the effect
being amplified as S5 is increased.
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FIG. 2. Kolmogorov flow profiles as a function of the nor-

malised distance to the nearest centreline y’/L, predicted by
constitutive model with Srms = 0 (grey lines) Sims = 1072
(solid black lines) and Syms = 107! (dashed black lines)
and by simulations with L/a = 278 (filled circles) and 56
(open circles). (a) Volume fraction ¢; (b) Normalised ve-
locity we/(fL?/ns); (¢) Anisotropy of particle contacts A; (d)
Normalised coordination number Z/Z; in simulation and nor-
malised jamming coordinate £/£; in constitutive model.

Model predictions of profiles.— Next we make predic-
tions of the velocity and structural profiles in Kolmogorov
flow by combining our constitutive model [Eqgs. (1-6)]
with the (inertia-free) momentum balance V-X+ f = 0,
whose z and y-components reduce to:

Yoy = J;—?IT/ cos(2my/L), Y,y = —constant.  (8)
We use three non-dimensional shear rate fluctuations (as-
sumed constant throughout the domain) Sy, = 0, 1072
and 107! where the former represents the homogeneous
flow model and the latter two are chosen to match the
model to the simulated ¢-profiles in Fig. 2a (described
below). These Syns values are different from those used
in Fig. 1d which were chosen to match the simulated
w(S) profiles. These differences again indicate the quan-
titative discrepancies between model and simulation. We
compute ¢, dyu, and (nn) in each y-coordinate for a
given constant Y, from Egs. (1-6, 8) using Newton-
Raphson and then iteratively updating 3, using the bi-
section method such that the integral volume fraction ¢
[Eq. (7)] approaches 0.7.

Shown in Fig. 2 are profiles of the volume fraction
¢ (Fig. 2a), the non-dimensional suspension velocity
ugns/(fL2?) (Fig. 2b), the anisotropy A of the particle
contacts (Fig. 2c) and the coordination number Z nor-
malised by the value at homogeneous jamming Z; (Fig.
2d). Z is computed from the simulation output by count-
ing contacting particle pairs (with Z; = 3), while A is ob-

4

tained by averaging n,n, over all such pairs (with n the
unit vector along the centre-to-centre line). In the consti-
tutive model, Z/Z; and A are represented, respectively,
by £/&; and —((E.) : (nnnn)).,/(nn) : (E;) [28]. Due
to symmetry Fig. 2 only shows the profiles over one quar-
ter of the wavelength L.

Without fluctuations, i.e. following the homogeneous
rheology, the constitutive model predicts a jammed re-
gion around the centrelines with 4y = .5 =0 and ¢ = ¢
(grey lines in Fig. 2). Fluctuations induce two effects.
The first is an increase of the repulsive normal stress rel-
ative to the imposed shear stress, which is evidenced by
a decrease in p for small S in Fig. 1d. This increased
normal stress drives particles away from the centrelines
to the outer regions (Fig. 2a). In these outer regions
the shear rate is larger and the particles generate more
shear stress than in the centreline regions. This results in
a lower non-dimensional velocity (Fig. 2b). The second
effect is isotropisation (i.e. A — 0) of the microstructure
(Fig. 2c), resulting in fewer particle contacts at a given ¢
(Fig. 2d). This isotropisation allows ¢ to exceed ¢ and
reduces the normal stress near the centrelines. These two
competing effects may lead either to an increase in the
volume fraction ¢ above ¢; (over-compaction, observed
for Sims = 1072) or to a reduction below ¢; (observed
for Spms = 1071) at the centrelines (Fig. 2a).

Despite the qualitative agreement, there are quantita-
tive differences between the constitutive model and the
particle-based simulation. Fig. 2d for instance shows
that £/&; in the constitutive model is larger than Z/Z;
in the simulation. There are many possible avenues for
improving the quantitative accuracy of the model, e.g.
by relaxing the assumption that velocity gradient fluc-
tuations are uncorrelated with microstructure fluctua-
tions or by using complex relationships between the ma-
terial functions ag, xo and S and the state variables
¢, (L) and (nn). However, having demonstrated that
our model contains a (possibly minimal) set of physics
that can simultaneously reproduce sub-yielding and over-
compaction, we have chosen mathematical simplicity over
quantitative accuracy, leaving the above developments as
promising routes for further analysis.

Conclusion.— We have presented a tensorial model for
the microstructure and stress in dense suspensions of fric-
tional particles that includes the effect of fluctuations by
applying a filtering to the microstructure balance equa-
tion. In doing so, we are able to predict sub-yielding and
over-compaction, features common under practical flows
but not predicted by homogeneous rheology models.

In addition to the potential model developments de-
scribed above, further improvements to the predictive
capacity for practical applications will require testing in
complex geometries. We provide one such example in the
Supplementary Material, namely a comparison between
model and simulation predictions for pressure driven flow
through a curved channel. Addressing the full details of



this and other complex flows will be the next step towards
a comprehensive fluid dynamical description of dense sus-
pensions.
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Supplementary Information:
Comparison between constitutive model and discrete
element method for flow through a curved channel

Flow Problem

We consider a two dimensional (2D) flow of a dense
suspension in a curved channel. The channel has an inner
radius of Ry and an outer radius of Ry. The suspension
flow is driven by a body force f = fRir~'dy, with f
a constant. The body force points in the azimuthal 6-
direction. The volume averaged -~ = 2 f ordr(R3—
R?) body force equals f = 2fR1(R2 - Rl)/(Rg - R?).
No slip conditions are assumed on the walls. The flow is
fully developed, i.e. the statistics of the flow only depend
on the radial r-coordinate, but not on time ¢ nor on the
#-coordinate.

Constitutive Model

The f-component of the momentum balance V - 3 =
—f reads: 0,39 + 2r ',y = —fRir~!, which, after
integration, gives:

f OR

Yirg = —= 9
0 2"' r2 3 ()

where C7 is an unknown, to be determined, integration
constant.

The r-component of the momentum balance reads:
0p Yy — 1 (S99 — Lpyr) = 0. To simplify the analysis, we
assume that (X9 — X )/ is equal to an unknown, to
be determined constant:

69 — Sy
Cy = <992) (10)

With this assumption, the r-momentum balance be-
comes: 0,%,, —r13,,.Cy = 0, which, after integration,

gives:
r\ 2
S () )

where Cj5 is yet another unknown, to be determined, in-
tegration constant.

The overall particle volume fraction in the system is
denoted ¢, i.e.:

_ 2 f r)rdr .

G- R2 . (12)

The velocity profile U, is related to the deforma-
tion rate E,s = (0, — r~ 1)U, through Us(r) =

Us(R1)+7 [5, dr'E,(r')/r'. Demanding that Us(R:) =
Ug(R2) = 0 gives:

R /
2 ET‘
0= r/ ﬂdr’. (13)
Ry T

Provided C7, Cy and C3, we use Newton-Raphson (in
an inner loop) to find ¢, E,4 and (nn) in each r coor-
dinate that satisfy Egs. (9, 11) and Egs. (1-6) in the
main text. We use an outer loop to update Cy using Eq.
(10) and we use Newton Raphson to update Cy and Cy
in order to satisfy Egs. (12, 13).

We use the constitutive model to compute three flow
cases with different radii of curvature. The correspond-
ing radius ratios are Ro/R; = 1,1.5 and 2, respectively.
In order to have a good match between the velocity mag-
nitude predicted by the constitutive model and the dis-
crete element method (DEM) (described below) we use
for these three cases g = xo = 0.96,1.15 and 1.26,
respectively. The other parameters in the constitutive

model are ¢rcp = 0.85, ¢y = 0.795, ¢ = 0.7 and
rgb,rmsns/OS = 10_2-

Srms =

FIG. 3. Particles in the DEM simulations with Ro/Ry = 1
(top), 1.5 (middle) and 2 (bottom). The empty particles are
free and the filled particles are stationary and represent the
solid boundaries.

Discrete Element method

We compare the results from the constitutive model
to those of a DEM. For this purpose we use an in-house



DEM code, that is similar to the one that is described in
the main text. In this code, solid walls are implemented
as a collection of fixed particles and boundary conditions
are implemented in the azimuthal direction that are pe-
riodic over an adjustable angle Af.

The flow in the DEM is driven by applying a force to
each particle. This force points in the #-direction and it
depends on the r-direction as fo(R1/r)dp. Here fy is a
constant. Assuming a homogeneous number density of
particles n = 2N/[AO(R3 — R})] this force distribution
corresponds to a volume averaged body force density of
[ =2nfoRi(R2 — R1)/(R5 — R?).

We use N = 1000 bi-disperse spheres with radii ¢ and
1.4a and a radial domain size of AR/a = 214, with AR =
Ry — Ry. We simulate three cases with Ro/Ry = 1,1.5
and 2 which correspond to a domain angle of A9 = 0,0.06
and 0.1 and to a domain aspect ratio of AOR;/AR =
6.7,8.3 and 10, respectively. The three computational
domains with the simulated particles are illustrated in
Fig. 3.

Comparison

Fig. 4 compares the constitutive model to the DEM in
terms of the profiles of the volume fraction ¢, the non-
dimensional suspension velocity Uyn,/(fAR?), the con-
tact microstructure anisotropy A and the scaled coordi-
nation number, denoted Z/Z; in DEM and £/¢; in the
constitutive model. The definitions of these quantities
are given in the main text. Similar as in the Kolmogorov
flow (described in the main text) the effects of flow in-
homogeneity are concentrated in the region of vanishing
shear stress. When the aspect ratio Ry/R; increases, this
region moves from the channel center towards the inner
wall. This region is characterised by an isotropisation,
ie. A — 0 (Fig. 4c) and an over-compaction of the mi-
crostructure, i.e. ¢ > ¢ (Fig. 4a). As Ro/R; increases,
the model also correctly captures an increase near the
walls of the particle density (Fig. 4a) and the coordina-
tion number (Fig. 4d). This redistribution results in a
decrease in the suspension velocity (Fig. 4b).
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To determine B8 we use that, in the isotropic (mi-

crostructure and stress) limit where Aims > 7,

we have € = ¢/v2 [28], and demanding jamming

at ¢rop gives: &5 = ¢éreop/v2. We furthermore
use that, in the simple-shear limit, where Jrms <

4, we have & = ¢(58° —48+32)/(28” + 83+ 64)

[28], and demanding jamming at ¢; gives: &5 =
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which is around four for ¢rcp = 0.84 and ¢; = 0.795.
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