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Abstract. Let G be a group of order mu and U a normal subgroup of G
of order u. Let G/U = {Uy,Us,--- ,U,} be the set of cosets of U in G. We
say a matrix H = [h;;] order k with entries from G is a quasi-generalized
Hadamard matrix with respect to the cosets G/U if E1§t§k hith;tl = Xij1U1 +
“ A+ XijmUm (3Nij1, -+, INijm € Z) for any i # j. On the other hand, in our
previous article we defined a modified generalized Hadamard matrix GH(s, u, A)
over a group G, from which a TD)(u\, u) admitting G as a semiregular auto-
morphism group is obtained. In this article, we present a method for combining
quasi-generalized Hadamard matrices and semiregular relative difference sets to
produce modified generalized Hadamard matrices.

Keywords: transversal design, generalized Hadamard matrix, semiregular rel-
ative difference set

1 Introduction

A transversal design TDy(k,u) (u > 1,k = u) is an incidence structure (P, B),
where

(i) P is a set of uk points partitioned into k classes (called point classes),
each of size u,

(ii) B is a collection of k-subsets of P (called blocks),

(iii) Any two distinct points in the same point class are incident with no block
and any two points in distinct point classes are incident with exactly A
blocks.

A transversal design D = (P,B) is called symmetric (and often denoted by
STDy (k,w)) if the dual structure D* of D is also a transversal design with the
same parameters as D. If D is symmetric, the point classes of D* are said to
be the block classes of D. A transversal design D is called class regular with
respect to U if U is an automorphism group of D acting regularly on each point
class.



Throughout the article all groups are assumed to be finite. Let G be a
group. A subset S of G is identified with a group ring element ) oz € Z[G]
and S(—1) denotes the set of inverses of the elements of S. A matrix M = [g;;]
of order k(= u\) with entries from G is called a generalized Hadamard matrix
over G if it satisfies Y°,_,; gitgs;0 = AG for any i # £, where A = k/|G|.
From a generalized Hadamard matrix we obtain a symmetric transversal design
admitting G as a class regular automorphism group ([3]). On the other hand
a modified generalized Hadamard matrix GH(s, u, A) over a group is defined in
[6] and from this one can construct a transversal design TD)(uA, u) admitting
G as a automorphism group (see Result 2.2).

Let G be a group of order mu and U a normal subgroup of G of order u.
Let S = {U1, - ,Un} be the set of cosets of U in G. We say that a matrix
M = [d;;] of order k with entries from G is a quasi-generalized Hadamard
matrix with respect to S if Y, ., ditdztl =D <sem AitsUs(Nies € Z) for any
i # (. In this article, we present a method for combining such matrices and
semiregular relative difference sets to produce modified generalized Hadamard
matrices (Theorem 4.1, Theorem 4.9).

2 Preliminaries

In [6] we introduced the notion of a modified generalized Hadamard matrix over
a group. We first give a summary of the related results, which we will use in
the later sections.

Definition 2.1. ([6]) Let G be a group of order su, where s is a divisor of uA,
and u and A are positive integers. For subsets D;; (1 <1i,j <t,t =u\/s) of G,
we call a matrix

Dy Dip -+ Dy

Doy Dy -+ Doy
[Di] = . :

Dtl Dt2 e Dtt

a modified generalized Hadamard matriz with respect to subgroups U; (1 < ¢ < t)
of G of order w if the following conditions are satisfied :
|D;j| = s forall 4,5, 1 <1i,j <t,and

_ uA + MG - U; ifi =4,
> DD = { G = 1)
1<j<t otnerwise.

For short, we say [D;;] is a GH(s,u, \) matriz with respect to U;, 1 < i < t.
If Uy =--- = U, = U for a subgroup U of G, we simply say that [D;;] is a
GH(s, u, A) matrix with respect to U. In this case, if U is normal in G, then a
GH(u, A) matrix over U is obtained from the GH(s, u, \) matrix (see Proposition
6.3 of [6]).



We denote by M;(Z[G]) the set of matrices of order ¢ over the group ring
Z|G). An incidence structure (P, B) is obtained from a GH(s, u, A) matrix [D;;] €
M,(Z[G]) in the following way :

P={1,2,---,t} x G, B={Bj,:1<j<t heG}, (2)
where By, = | J (i, Dih) (= |J {(i,dh): 1< i <t, d e Dy}).
1<i<t 1<i<t

Moreover, the action of G on (P, B) is defined by (i, ¢)* = (4, cx), (Bj,q)* = Bj,dx-
Then, by [6] we have

Result 2.2. ([6]) Let [D;;] € M((Z[G]) be a GH(s,u,\) matrix over a group
G of order su with respect to subgroups U; (1 < i < t), where t = uA/s. If we
define P and B by (2), then the following holds.

(i) (P,B) is a transversal design TD,(k, u), where k = u.

(ii) G is an automorphism group of (P, B) acting semiregularly both on P and
on B.

(iii) For any i(1 <i<t)and z € G, P, y,, is a point class of (P,B), on which
21U,z acts regularly.

Using Result 2.2 we can obtain transversal designs by constructing modified
generalized Hadamard matrices. Transversal designs obtained from GH (s, u, A)
matrices are not always symmetric (see Example 5.3 of [6]) and do not always
admit class regular automorphism groups even if they are symmetric (see [7]).
The following gives a criterion for the resulting transversal design to be sym-
metric.

Result 2.3. (Theorem 3.10 and Corollary 3.11 of [6]) Let [D;;] be a GH(s, u, \)
matrix over a group G with respect to subgroups U; of G, 1 < i <t = ul\/s.
Then the transversal design TDy(k,u), k = u), corresponding to [D;;] is sym-
metric if and only if the matrix

DY Dy Y Dy Y

- D™D DyyV .. DD
ij = . .

DY D,V ... p,Y

is a GH(s, u, A) matrix over G with respect to suitable subgroups V; of G, 1 <
i < t, of order u. In particular, if G > U; = --- = Uy, then [Dij(fl)]T is also a
GH(s,u, A) matrix over G.

Let G be a group of order u2) and U a subgroup of G of order u. A uM-subset
D of G is called a (u\, u, uX, \)-difference set relative to U if the list of quotients



didy ! with distinct elements di,ds € D contains each element of G — U exactly
A times and no elements of U :

DD =uX+ NG - D) (3)

We note that if D is a (ul, u, uA, A)-difference set relative to U, then [D] is a
GH(u\, u, A) matrix of order 1 and the corresponding transversal design is not
always symmetric (see Proposition 4.4 of [5]). A (u,u,uX, \)-difference set is
often called a semireqular relative difference set.

For an abelian group G, we denote by G* the set of (linear) characters of G.
Let xo be the principal character of G. The following is a well known result on
G*.

Result 2.4. ([12]) Let G be an abelian group and let z € Z[G]. If x(z) = 0 for
any character y € G*, x # Xxo, then z = ¢G for an integer c.

The following is a slight modification of Result 2.4.

Lemma 2.5. Let U be a subgroup of an abelian group G and let z € Z|G]. If
x(z) = 0 for every character x € G* such that x| # Xo, then z = U f for some

fezZG].

Proof. Tt suffices to show that zg = z for every ¢ € U. On the other hand,
for any x € G* we have x(g — 1) = 0 or x(z) = 0 according as xjy = Xxo or
X # Xo- Hence x(z(g — 1)) = 0. By Result 2.4 the lemma holds. O

3 Quasi-Generalized Hadamard Matrices with
respect to cosets

In this section we give a modification of generalized Hadamard matrices from a
different point of view to construct GH(s, u, \) matrices that we have given in
Definition 2.1.

Definition 3.1. Let N be a group of order mu and U a normal subgroup of
N of order u. Let N/U = {Ui(= U),Us,--- ,Upn} be the set of cosets of U
in N. We say a matrix H = [h;;] of order k(= u\) with entries from N is a
quasi-generalized Hadamard matriz with respect to the cosets N/U (a QGH(u, \)
matrix with respect to N/U for brevity) if there exist integers A;;; > 0 such that

> it = X Us + -+ + AijmUnm, (4)
1<t<k
for any 7,5 (1 <i#j <k).
We note that the condition (4) is equivalent to the following :

k U,ZlQ cee UZlk
H(H(*U)T UZQl k UZQk
UZkl UZkQ cee k



where z;; € Z[N] (i # j) and each coefficient of z;; is a non-negative integer
and satisfies xo(z;;) = A for the principal character xo of N.

Remark 3.2. (i) An ordinary GH(u, \) matrix over U is a QGH(u, A) ma-
trix with respect to U/U.

(ii) If H = [hyj] is a generalized Hadamard matrix over a group U, then H
is also a quasi-generalized Hadamard matrix with respect to the cosets
U/V for any normal subgroup V of U. Hence, there always exists a
QGH(p®, p™) matrix of order p*™™ over (Z,)* with respect to the cosets
(Zy)*/(Z,)! for any non-negative integers m, s and ¢(< s) (see Table 5.10

of [2]).

(iii) Let U be a normal subgroup of a group G and N a subgroup of G such
that N > U. If H is a QGH(u, A) matrix with respect to N/U, then H
can be regarded as a QGH(u, \) matrix with respect to G/U.

(iv) Since uh = (Aijj1 + -+ + Aijm)|U| by (4), we have
A= Xjj1+ -+ Aijm
for any 4,5 (i # 7).

We give some examples of quasi-generalized Hadamard matrices with respect
to cosets.

Let p™ be any prime power and r a positive integer. We denote by GR(p", )
the Galois ring over Zyn (see [10]).

Proposition 3.3. Let R =GR(p",r) be the Galois ring over Z,. We define a
matriz M = [m;;] of degree p™" over the additive group (R,+) by m;; = ij for
i, € R. Then M is a QGH(p",p" V") matriz with respect to the cosets R/I,
where I = (p"~1) is the smallest non-zero ideal of R.

Proof. As U;cr(mij —myj) = (i — €)Ujcg j. Assume i # (. Then, as a
mapping f(]§ = (i — £)j from R to the ideal (i — ¢)R of R is an epimorphism,
(i =€) Ujer J = dJ, where d is the order of the kernel of f and J = (i — () R.
We note that any nonzero ideal of R is of the form (p*)(D (p"~!)) for some
s (0 < s <n-—1) (see [10] p.308). Set J = (p*) and I = (p"~'). Then
UjeR(mij - mgj) = dUl U dU2 U---uU dUt, where J/I = {Ul(: I),UQ, ce 7Ut}
and ¢t = p"~*~!. Thus the proposition holds. O

Example 3.4. (i) In Proposition 3.3, set n = 2 and r = 1. Then R = Z2.
Hence there exists a QGH(p, p) matrix over (a) ~ Z,> with respect to the cosets
(a)/{aP) for any prime p.

(i) Set N = (a,b) ~ Z3 x Zz, U = (b) ~ Zz. Then [(;;] below is a QGH(3, 3)
matrix with respect to N/U.



ST = =
(o
o
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(o
o
S
IS
IS
S
Q
S
o

B2 v b 1 ab ab® a
2 b 1 b b a ab®> ab
2 b ¥ 1 b ab a ab®
2 b b b2 1 ab® ab a

We can verify that 37, ;g &-tﬁj}l € {3U,2U + Ua,2U + Ua?} (i # j).

o~
<
<

Example 3.5. Let N = (a) ~ Zg and U = (a®) ~ Z3z. Then the following
matrix [h;;] of degree 12 is a QGH(3,4) matrix with respect to N/U. We note
that Y3, cyp hithjs " € {4U,3U + Ua,2U + 2Ua} (i # j).

11 1 1 1 1 1 1 1 1 1 1
1 1 a a® a* a* a® 1 a? a®> & o
1 1 a* a®> 1 a%2 a* o> 1 a* o* a2
1 1 a2 a* 1 a2 a®> a* a* 1 a® o
1 a* a 1 a®> a® a a® a® a® o o
A 1 a* @& a* a2 a® a 1 a d® & a2
[hig] = 1 a* @ a® a®> a ad® a* @ a o 1
1 a* a® a* 1 a* a® a® a2 &> a 1
1 a2 a® a®> > 1 > 1 a* a* a o
1 a2 a2 1 a* a* a® a®> a* 1 a a2
1 a® a a* a* 1 a® a* 1 o« d° a?
L 1 a2 a® 1 a* a®> a a* a2 a* & 1 |

By the definition of the Kronecker product the following holds.

Proposition 3.6. Let N be a group and U a normal subgroup of N. If H;(i =
1,2) is a QGH(u, \;) matriz with respect to NJU for i € {1,2}, then Hy @ Hs
is a QGH(u, \yA2u) matriz with respect to N/U.

We note that when N = U the assertion of the proposition coincides with
that of Theorem 5.11 in [2].

4 Semiregular relative difference sets and QGH(u, \)
matrices with respect to cosets
In this section we present a construction method for transversal designs by com-

bining quasi-generalized Hadamard matrices with respect to cosets and semireg-
ular relative difference sets.



Theorem 4.1. Let G be a group of order u?n and let U and N be subgroups of
G such that No(U) > N > U and |U| = u. Let H = [hi;] be a QGH(u, \)
matriz with respect to N/U and let D = (Dy,Ds,---,Dg) (kK = u)) be a
k-tuple of (up,w,up, p)-difference sets in G relative to U. Then the follow-
ing is a GH(up, u,ulp) matriz of order k with respect to U and the resulting
TDyux (u?p,u) admits G as a semiregular automorphism group.

hi1Dy hioDy -+ hipDy
ho1D1 hoaDa  --+ hopDy,

My,p = : : : (5)
hixiDy hpaDy -+ Dy

Proof. Set N/U = {Ui(=U),Us, -+ ,Up}, where m = [N : U]. By assump-
tion, for any 4,7 (1 <14 # j < k) there exist A;js > 0 (1 < s < m) satisfying

Z hithie ™' = XijiUi + XijaUs + -+ 4+ XijmUn, (6)
1<t<k
and A = )\ijl + -4 >\ijm (7)
by Remark 3.2(iv). Moreover, by assumption,
DDV =up+p(G-U) (1<t<k) (8)

Set MH,D = [Dij]7 where Dij = hij-Dj~
Assume i # j. Then we have

Z DyDj ™Y

1<t<k
= Z hit(up + (G — U))hjt_l (by (8))
1<t<k
= Z hithge ™ (up + (G = U)) (as N>U)
1<t<k
= > N Us(lup+ (G =1)) (by (6))
1<s<m
= up Y N Us+p( Y Nigs|UDG
1<s<m 1<s<m
—n Y Aus|UIUs
1<s<m
= ul Y Nijsuw)G = phuG (by (7))
1<s<m

Assume ¢ = j. Then, similarly we have

Z DyDy ™Y = Z hig(up + (G — U))hig !
1<t<k 1<t<k

= kup+ku(G-U0)



It follows that

Z DitDjt(il) = {ku,u TG =) = j.’
1<t<k kuG otherwise.

Therefore the theorem holds. O

Remark 4.2. (i) In Theorem 4.1, if there exists a (up, u, up, p)-difference set
D in G relative to U, then we may choose a k-tuple D = (Dg1, Dga,- -+ , Dgg),
where g1, -, gx € G.
(ii) We note that U is not always a normal subgroup of G in Theorem 4.1 and
so the transversal design corresponding to D; might not admit a class regular
automorphism group.

Corollary 4.3. Let G be a group of order u?n and U a normal subgroup of
G of order u. Let H = [h;;] be a QGH(u,\) matriz with respect to G/U and
D = (Dy,Dy, -, Dg)(k = uX) an n-tuple of (up,u, up, p)-difference sets in G
relative to U. Then the matriz of order k defined by (5) is a GH(upi, u, ulp)
matriz with respect to U and gives an STDy,x (u?pu, u).

Proof. The corollary immediately follows from Result 2.3 and Theorem 4.1. [

Lemma 4.4. Assume the existence of a (pp,p, pi, p)-difference set in a group
G relative to a subgroup U ~ Z, of G for a prime p. If p* | |Cc(U)|, then there
exists a TDpzu(pSu,p) admitting G as a semireqular automorphism group.

Proof. By assumption, there exists a subgroup N of G such that U < N ~ Z,»
or Zy X Zy. Let D = (D1, ,D,2) be a p?-tuple of (pu, p, pp, p)-difference sets
in G relative to U. Tt follows from Example 3.4(i) or Remark 3.2(ii) that there is
a QGH(p, p) matrix with respect to N/U, say H. Applying Theorem 4.1, My p
is a GH(pp, p, p>p) matrix with respect to U and we obtain a TDpzu(pglu,p)
from My p, which admits G' as a semiregular automorphism group. Thus the
lemma holds. O

Example 4.5. (i) Set G = (a,b,c | a” = b® = ¢3 = 1,ac = ca,bc = cb,b~1ab =
a?) and let D be a (21,3,21,7)-difference set relative to U = (c) ~ Z3 ([1]) .
By Lemma 4.4, there exists a TD327(337,3) admitting G ~ (Z; x Z3) x Z3 as a
semiregular automorphism group.

(i) Set G = (r,s) x (t) =~ Sym(3) X Zg, where r? = s3 =6 = 1,[r,t] = [s,t] = 1
and rsr = s~ and let D be a (12,3, 12, 4)-difference set in G relative to a non-
normal subgroup U = (st?) ([5]). By Lemma 4.4, there exists a TD34(108,3)
admitting G ~ Sym(3) x Zg as a semiregular automorphism group.

Example 4.6. Assume that there exists a (3pu,3,3u, p)-difference set in a
group G relative to a subgroup U =~ Zjz of G and that 2 | |Cq(U)|. Let
D = (Dy,---,Di2) be a 12-tuple of (3u, 3, 3u, pu)-difference sets in G relative to
U. By assumption, there exists a subgroup N of G such that U < N ~ Zg. It
follows from Example 3.5 that there is a QGH(3,4) matrix with respect to N/U,



say H. Applying Theorem 4.1, My p is a GH(3p, 3, 121) matrix with respect
to U and we obtain a TD12,(36p, 3) from My p, which admits G as a semireg-
ular automorphism group. For example, let G be the group of Example 4.5(ii).
Then we obtain a TDyg(144,3) admitting G ~ Sym(3) x Ze as a semiregular
automorphism group.

Lemma 4.7. Let G be an abelian group of order u*u and let D = (D1, -+ , Dy)
be a k-tuple of (up,w,up, p)-difference sets in G relative to a subgroup U of G
of order u, where k = uX for some X\ € Z. Let h;;(1 < i,j < k) be elements
of G. Then a matriz M = [h;;D;| of order k is a GH(up, w,ulp) matric with
respect to U if and only if H = [h;j;] is a QGH(u, \) matriz with respect to G/U.
If this is the case, the resulting TDy,\(u?p, u) is symmetric.

Proof. By definition, M is a GH(uu, u, uAp) matrix if and only if

> hiDy(he; D) = (9)

1<j<k

kup + ku(G —U) itj=2¢,
kG otherwise.

Since G is abelian, »7 . hi;D;(he; D)"Y = di<j<k hijhzleij(-fl) =
(up+ (G =U)) X<k hijhzjl. Hence, by Result 2.4, (9) is equivalent to

X(up — px(O)x( Y highy') =0 (i #0) (10)

1<j<k

for any character x(# xo) of G. Clearly (10) is equivalent to x (3, < <, hij h;jl) =
0 for any character x of G' such that xju # xo. Applying Lemma 2.5, this is
equivalent to the condition that H is a QGH(u, A) matrix with respect to the
cosets G/U. If this is the case, the resulting TDy,(u? Ay, u) is symmetric by
Result 2.3. Therefore the proposition holds. O

Example 4.8. Set G = (a) x (b) ~ Zg X Z3, N = (a) ~ Zg and U = (a®) ~ Zs.
Let H = [hi;] be a QGH(3,3) matrix with respect to N/U in Example 3.4(i).
As G contains (9, 3,9, 3)-difference sets relative to U (see [9]), we can choose a
9-tuple D = (D, -+, Dg) of (9,3,9, 3)-difference sets in G relative to U. Then,
by Theorem 4.1, Mg p is a GH(9, 3,27) matrix with respect to U. Moreover,
by Lemma 4.7, the TDy7(81, 3) obtained from My p is symmetric.

When D is a (up, u, up, p)-difference set in G relative to U, D is a complete
set of right coset representatives of U in G by (3), but D(~Y is not so in general.
If some (up,u,up, p)-difference set in G satisfies this condition, then we have
the following.

Theorem 4.9. Let G be a group of order u?p and let U and N be subgroups
of G such that |N| = mu,|U| = u and Ng(U) > N > U and |U| = u. Let
H = [hij] (hij € N) be a QGH(u,\) matriz with respect to N/U and let
D = (D1,Da,-+-,Dy) (k = ul) be a k-tuple of (up,u,uu, p)-difference sets
in G. Assume at least k — 1 of D;’s are complete sets of right and left coset



representatives of U in G. Then the following matriz M}{,D of order k is a
GH(up, u,ulp) matriz with respect to U and the resulting TDyx (u?p, u) ad-
mits G as a semiregular automorphism group.

Dihi1t Dihig -+ Dihig

, Doha1 Dohgy -+ Dahgg
Myp=| 2 | ()

Dyhyy Dphie -+ Dphgg

Proof. Set NJU =Ugy U---UUg, (91, ,gm € N), where m = [N : U]. By
assumption,

> hithy = XipUgi + -+ + XijmUgm (12)
1<t<k
for some non-negative integers A;j, i#j, 1<s<m).

(1<
Set My p = [Di;], where D;j = D;h;;. Then Then

> DuD Y S Dihihy DY

1<t<k 1<t<k

Di(\Y" huhzt)DSY

1<t<k

Hence, by (12)

Di(NijiUgr + -+ + )\iijgm)Dj(-fl) otherwise.

_ k(up + (G —U if i = 7,
S DDy 1>:{ (up + u(G = V) J

1<t<k

Assume i # j. By assumption, either D; or D; is a complete set of right and
left coset representatives of U in G as i # j. Hence we have either D;U = G or
UD;fl) = (. In either case, Zlgtgk DitDjt(_l) = \uuG as N > U. Thus

Z DitDjt(_l) = {kuu +kp(G = U) it = jj
1<t<k kuG otherwise.

Therefore the theorem holds. O

Corollary 4.10. Let G be a group of order u>iu and U a normal subgroup of G
of order u. Let H = [h;j] be a QGH(u, \) matriz with respect to G/U and D =
(D1, D3, , D) (k= uX) a k-tuple of (up,u,up, p)-difference sets in G rela-
tive to U. Then the matriz of order k defined by (11) is a GH(up, u, uAp) matriz
with respect to U and the resulting TDy, (u?pA,u) admits G as a semiregular
automorphism group.

10



Example 4.11. Many (4n?,2n? — n,n? — n)-difference sets have been con-

structed in abelian groups of order 4n? and they are called Menon Hadamard
difference sets ([8]). Let L be an abelian group of order 4n? containing a Menon
Hadamard difference set A. Assume that L is not an elementary abelian 2-
group. We define a group G = L{t) of order 8n? where an element t of G
inverts L. By a similar way as in Proposition 4.14 of [4], we can verify that
D = A+ (L — A=)t is a (4n?,2,4n2,2n?)-difference set in G relative to
U = (t). We choose A so that it satisfies A = A(=1 (see Problem 2 in Chapter
4 of [8]). For g € L, Dg is a (4n?,2,4n?, 2n?)-difference set in G relative to U.
However, as (Dg)(=1(Dg) = 4n® + 2n?(G — (gt)), Dg is not a complete set of
left coset representatives of U in G. Clearly Cg(t) contains a subgroup N of
the form N = (t) x (s) isomorphic to Zy x Zs. Let H = [h;;] be the following
QGH(2, 2) matrix with respect to N/U :

11 1 1
1 t s st
H = 1 1 t t
1 t st s

Set D = (D, D, D, Dg). Then, applying Theorem 4.9, M; 1, is a GH (4n?,2,8n?)
matrix with respect to U and the resulting TDg,2(16n2,2) admits G as a
semiregular automorphism group.
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