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Abstract

We prove that on every reduced Stein space there exists a complete Kéhler metric with a globally
defined real-analytic potential function. We also give two results which are generalizations of a
theorem of Yasuoka on the complete Kihler exhaustion.

0. Introduction

Grauert [ 6 ] proved that on every Stein manifold there exists a complete Kdhler metric with a
globally defined real-analytic potential function. A complex manifold on which there exists a
complete Kéhler metric is not necessarily Stein.

In this paper we first give a definition of the completeness of the Kédhler metric on a reduced
complex space and prove that on every reduced Stein space there exists a complete Kéhler metric with
a globally defined real-analytic potential function.

Let X be a reduced complex space and | D: | 2 a sequence of complete Kéhler open sets of X such
that DICC D for every i 2 1. Yasuoka [ 17 ] proved that the union D:= U2, D is locally Stein at
every p€8D if X is a complex manifold. Therefore D is Stein if X is a Stein manifold by Docquier -
Grauert [ 4] . The second author [ 9,10 ] generalized this result for unramified regions over a Stein
manifold or over a complex projective space P".

We consider the normal complex space X which satisfies the condition that for every p € S(X)
there exist a neighborhood U of p, a complex manifold M and an open and finite holomorphic
surjection @ : M—U. We give two results on the local Steinness of D which are generalizations of the
theorem of Yasuoka [ 17].

The results of this paper were announced in [ 2,3 ] in somewhat restricted forms.

1. Definitions

Throughout this paper all complex spaces are supposed to be second countable. We denote by S(X)
the singular locus of a complex space X.

Let X be a reduced complex space and D an open set of X. D is said to be locally Stein at p€6D
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if there exists a neighborhood U of p such that UND is Stein. Let A be a thin set in X. A point p€
8DNA is said to be removable along A if there exists a neighborhood U of p such that U—ACD.

We denote by d, the distance function induced by the Hermitian metric ¢ on a (not necessarily
connected) complex manifold. d, (x,y) = + if there exists no path joining x and y. We denote by
1,(7 ) the length of the piecewise smooth path y measured by 9. We denote by Q, the Kédhler form
associated to g.

Let X be a reduced complex space. A Hermitian metric ¢ on X—S(X) is called a Kihler metric on
X if for every pE€ X there exist a neighborhood U of p and a C” strictly plurisubharmonic function
A :U—R such that V=183 A =, on U—-8(X) (Grauert [ 7], p.346). Such A is called a (local)
potential function. A Kéhler metric ¢ on X is said to be complete if every Cauchy sequence of points
in X—S(X) with respect to the distance d, converges in X. X is said to be complete Kéahler if there
exists a complete Kdhler metric on X.

2. Complete Kahler metric on a Stein space
We prove the following theorem which is a generalization of Satz 7 of Grauert [6].

THEOREM 1. On every reduced Stein space X there exists a complete Kahler metric ¢ with a globally
defined real-analytic potential function.

PROOF, There exists a real-analytic strictly plurisubharmonic exhaustion function ¢ : X—R by
Narasimhan [ 14] . Let A:=¢’ : X—R. Let ¢ be the Hermitian metric on X—S(X) defined by the equation
that V=183 A =Q, on X—S(X). Then g is a Kéhler metric on X. By the similar calculation of the proof
of Proposition 16.5 of [ 13 ] we have the inequality that g,y (77(2),77(¢))* = (e /2)*.
d¢(r (t))/dt for every piecewise smooth path 7 : [ a,b ] =X —S(X). From this we obtain the
inequality that d,(p,q) 2v2 (e* @' —*®") for every p,g € X—S(X). Let | p. } == be an arbitrary
Cauchy sequence in X—S(X) with respect to d,. Assume that the sequence | ¢ (p.) | ., is not
bounded above. Then sup,:,d,(p:,p. )} Zsup,» V2 (*®?—*®?)=4 0 It is a contradiction.
Therefore there exists M> 0 such that ¢ (p,) < Miorevery v 2 1. Since{ ¢ <M | CCX, there exist
a subsequence { py, } 71 of | p. |72 and p€ X such that lim.-- p, =po in X. There exist a
neighborhood V of po, an open set D of some C*, a holomorphic embedding ¢ : V=D and a C°
strictly plurisubharmonic function 4 : D—R such that 2 = 1 0 ¢ on V. Let ¢ be the Kahler metric on
D defined by the equation that y—1 831 =Q, on D.It holds that §=¢'¢ on V—S(X). Let Bf@(ps),¢) : =

| x€D | dy(#{po),x)< e | forevery ¢ >0. There exists ¢0¢>0 such that By(¢(po), e.)CCD. Take an
arbitrary € €(0, eo). There exists No€ N such that p, €9 ' (By(¢(ps), € /2)) for every v 2Ns and that
d(p,.p.)< e /2 forevery #,v 2N, Take an arbitrary v 2N, Since dy(p,,p.)< e /2, there exists a
piecewise smooth path 7 : [ a,b ] =X —S(X) such that 7 (a)=p,,7 (b) =p. and (7 )< ¢ /2.
Assume thatc: =supis€ [a,6] | ([ as])Ce ' (Byo(m),e)) | <b. Since 7 (c) € V-9 '(Byo
(o), €)), dglo(y (), 0(p)Z e . L7 )20 7 | teet) =100 (7 | 1ae1) ) Zdyl0(p,,) 0 ¥ () 2dy(0(ps), @
(7 (e)))—dylo(ps) 0(p,)) > e — ¢ /2= ¢ /2. It is a contradiction. Therefore c=b. It follows that d,
(9(p.),0(po)) =limes-ody(@( 7 (£)),0(po)) < ¢ . Therefore lim.-»¢(p.)=¢(p) in D. Since¢:V —@(V) is
homeomorphic, it holds that lim.-=p. =psin X. Thus we proved the completeness of g. (J
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3. Lemmas

LEMMA |, Let X be a normal complex space and A a thin set in X of order 2. Then every locally Stein
open set D of X has no boundary point removable along A.

PROOF, Suppose that there exists p € 2 DN A removable along A. Then there exists a neighborhood
U of p such that U—ACD and that UND is Stein. There exists a sequence { p. | 7.1 CU—A such that
lim.-~ p.=p. There exists f € O(UND) such that lim.~~ | f(p.) | =+ . Since U is normal, there
exists f€O(U) such that f=fon U—A. | f(p) | =lim,-= | f(p.) | =+00_ It is a contradiction. (]

The following lemma is an improvement of Lemma 3 of the first author’'s[1].

LeMMA 2, Let X be a normal complex space such that for every p € S(X) there exist a neighborhood
U of p, a complex manifold M and an open and finite holomorphic surjection ¢ : M—U. Let D be an
open set of X. Assume that D is locally Stein at every p € 8 D—S(X) and that D has no boundary
point removable along S(X). Then D is locally Stein at every p€ 9 D.

PROOF, Let p € 3 DN S(X). There exist a neighborhood U of p, a complex manifold M and an open
and finite holomorphic surjection ¢ : M—U. We may assume that U is connected and Stein. Then M
is Stein by 78.10f [ 111,p.313. § : =¢~'(S(U))) is a positive codimensional analytic set of M. Let V be
a Stein neighborhood of p such that VC CU. V has no boundary point removable along S(X} by
Lemma 1. We can verify that W: =VND is locally Stein at every g€ @ W—S(U) and has no
boundary point removable along S(U). Let W: =¢~'(W). Take an arbitrary r € 3 W—3. Sincee(r)
€ 8 W—S(U), there exists a neighborhood E of ¢(r) in U such that EN W is Stein. ¢ " (E)NW=¢™!
(ENW) is Stein by 73.1 of [ 11 ] . Hence W is locally Stein at every r € @ W—S§. We can also verify that
W has no boundary point removable along §. W is locally Stein at every r€ @ W by Lemma of Ueda

[16], p.564, which is originally due to Grauert-Remmert [8]. W is Stein by Docquier-Grauert
[4]. Therefore W is Stein by 73. 1 of [ 11 ] . Thus we proved that D is locally Stein at every p€ 8 D
NS(x). 3

LEMMA 3, Let X be a reduced complex space. Let Dy and D: be the open sets of X. Assume that for
each i=1,2 there exists a Kahler metric g.on Di—S(D.) such that every Cauchy sequence of points in
Di—S(D:) with respect to the distance d,, converges in D. Then there exists a Kihler metric ¢ on D
ND: such that every Cauchy sequence of points in DiNDy —S(DiND; ) with respect to the distance
d, converges in DiND; .

PROOF.g : =¢,+¢, is a Kéhler metric on DiND: —S(DiND; ). Since it holds thatdy, < d; on DiN D, —
S(DiND: ) for every i =1,2, every Cauchy sequence in DiND; —S(DiN D) with respect to the distance
d, converges in DIND; . O

LeMMA 4. Let X be a reduced complex space. Let | Di | &1 be a sequence of open sets of X such that
D. CC Dui for every i2>1. Assume that for every i =1 there exists a Kahler metric ¢, on Di—S(D.) such
that every Cauchy sequence of points in Di—S(D:) with respect to the distance d,, converges in D. Then
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D : =UxD;is locally Stein at every p€ 8 D—S(X).

PROOF, Let p € 3 D—S8(X). Let U be a Stein neighborhood of p such that UNS(X) =8. There exists
a sequence | U. | &1 of Stein open sets such that U:C C Ui, for every i=1 and that U =UZ, U.. By
Theorem 1 or by Satz 7 of Grauert [ 6 ] there exists a complete Kéhler metric on U, for every i21. By
Lemma 3 there exists a complete Kdhler metric on DN U, for every i21. Since it holds that DiNU:
CC DN U for every i21, DNU=UZ(DNU) is Stein by Yasuoka [ 17 ] or by the second author’
s(9].0

LEMMA 5. Let X be a normal complex space. Assume that for every p € S(X) there exist a
neighborhood U of p, a complex manifold M and an open and finite holomorphic surjection ¢ : M
—U. Let | D.| = be a sequence of complete Kihler open sets of X such that D, CC D for every i21.
Then D : =UZ, D: has no boundary point removable along S(X).

PROOF, Suppose that there exists p€ @ DNS(X) removable along S(X). There exist a neighborhood
U of p, a complex manifold M and an open and finite holomorphic surjection ¢ : M—~U. We may
assume that U is Stein and that U—S(X)CD. T: =U—D. The set ¢ ' (T)(#8)is thin in M of order 2.
M is Stein by 73.1 of [ 11 ], p.313. There exists a sequence | Ui} 1 of Stein open sets such that U.C
CUi for every i21 and that U = UL U.. Take an arbitrary i21. There exists a complete Kédhler
metric ¢ on D,. There exist an open covering | V. | of DiNU: and C” strictly plurisubharmonic
functions A.: V.—R such that V=184, = Q, on V.~S(DNU.) for every a. We can define the real
(1,1)-form @ on ¢~ (DN U:) by the equations that w =v—1 88(A,0¢) on ¢ '(V.). Let ¢ be the positive
semi-definite Hermitian form on ¢ '(D:NU,) corresponding to w. It holdsthatg=¢'gone™ (DNU)—
A, where A:=¢ (S(DNU.)). Since ¢ '(U) is Stein by 73.1 of [ 11 ], p.313, there exists a complete
Kahler metric & on ¢ (U} by Theorem 1 or by Satz 7 of Grauert [6]). f: =g+h is a Kéhler metric
on ¢ '(DiNU). Take any x,y € ¢ (DiNU:)—A such that di(x,y)<+. Let ¢ >0. We can prove the
existence of such a piecewise smooth path 7 : [ a,b]1~¢ (DNU.) —A that 7 (a)=x,7 (b)=y and
Iy )<dfx,y)+ € . Since gy (77(£),7(£))* + by 7(2),72(£) ) SV2 £,00(77(2) ,77(£) )", we have that d,(
@(x),0(3)) +dix,y) < L{wor ) +L(N < V217 )< Y2d,(2.y) +V2 ¢ . By letting € —~+0 we obtain that
dy(@(x),9(y))+ds(x,y) < ¥2 d/(x,y). Using this inequality we can prove the completeness of the
distance d;. Thus we proved that ¢ ~'(DINU.) is complete Kéhler for every i=1. Since it holds that
¢ '(DNUYCC™ (DN Uw) for every i21, the union UZ ¢ (DiNU)= ¢~ (DNU) = M—¢™(T) is
Stein by Yasuoka [ 17 ] or by the second author's [ 9] .-It contradicts Lemma 1. O

LEMMA 6. Let X be a normal complex space. Assume that S(X) is discrete and that for every p€S
(X) there exist a neighborhood U of p, a complex manifold M and an open and finite holomorphic
surjection ¢ : M—U. Let | D:| i\ be a sequence of open sets of X such that D; CC Di. for every i21.
Assume that for every i 2 1 there exists a Kahler metric §; on Di—S(D:) such that every Cauchy
sequence of points in Di—S(D.) with respect to the distance d,, converges in D.. Then D : =U%, D; has
no boundary point removable along S(X).

PROOF. Suppose that there exists p€ @ DNS(X) removable along S(X). There exist a neighborhood U
of p, a complex manifold M and an open and finite holomorphic surjection ¢ : M—U. We may
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assume that U is Stein, that UNS(X) = | p | and that U—S(X)CD. Then M is Stein by 73.1of [ 11 ] .
There exists a sequence | Ui | 21 of Stein open sets such that U;CCU.. for every i=1 and that U =
Ui Ui Take an arbitrary i21. There exisis a Kéhler metric ¢; on Di—S(X) such that every Cauchy
sequence in D,—S(X) with respect to the distance d,, converges in Di. Since ¢~'(U\) is Stein by 73.1 of
[ 11], there exists a complete Kahler metric 4 on ¢ ~'(U:) by Theorem 1 or by Satz 7 of Grauert [ 6] .
g1 =¢'¢,+hiis a Kihler metric on ¢ '(DiNU)). Since it holds that d, (¢(x),0(y))+d, (x,y) < V2 d,
(x,y) for any x, y € (DN U.), every Cauchy sequence in ¢~ (DN U:) with respect to the distance
d,, converges in ¢ ' (D.NU.). Therefore g, is a complete Kahler metric on ¢~ (D:NU.). Since it holds
that ™' (DINU)CC ™ (DN Us) for every i21, the union UZ ¢~ (DNU) =~ (DNU)=M—p"(
p) is Stein by Yasuoka [ 17 ] or by the second author's [ 9] . Since dim M =dim U 22 and ¢”'(p) is
finite, it contradicts Lemma 1. O

LeMMA 7, Let M and X be reduced complex spaces and ¢ : M—X a finite holomorphic surjection. Let
D be an open set of X. If D is locally Stein at every p€ 3D, then ¢™' (D) is locally Stein at every g
€a¢ (D).

PROOF, Take an arbitrary ¢ € 3¢~ '(D). Since ¢(g) € 3 D, there exist a neighborhood U of ¢(g) such
that UND is Stein. ¢~' (U) is a neighborhood of g.¢”'(U) N ¢ (D) = ¢! (UND) is Stein by 73.1 of
[11],p.313.0

4. Complete Kéhler exhaustion
We give two theorems which are generalizations of Theorem 38 of Yasuoka [ 17].

THEOREM 2. Let X be a normal complex space such that for every p€ S(X) there exist a neighborhood
U of p, a complex manifold M and an open and finite holomorphic surjection ¢ :M—U. Let | D: } 2,
be a sequence of complete Kahler open sets of X such that D:CC Di. for every i 21. Then the union D
:=UZ Diis locally Stein at every p€ 2 D.

PrOOF, By Lemmas 2,4 and 5. []

COROLLARY, Let X be a weighted projective space. Let | Di | &1 be a sequence of complete Kahler open
sets of X such that DiCC D for every i21. Let D:=UX D. Then D is a Stein open set of X or D=X.

PROOF, There exist an integer n and a finite subgroup G of Aut (P") such that X is biholomorphic to
the quotient complex space P/ G by [ 111,p.208. X is normal by 72.5 of [ 11 ] ,p.312. The natural
projection ¢ : P"~X is finite, open and surjective. D is locally Stein at every p€ @ D by Theorem 2.
D : =¢7'(D) is locally Stein by Lemma 7. Therefore D is Stein or D =P" by the theorem of Fujita-
Takeuchi-Kieselman on Levi's problem [ 5,15,12 ] . In case that D is Stein, D is Stein by 73.10f [ 11],
p.313. O
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THEOREM 3, Let X be a normal complex space such that S(X) is discrete and that for every p€ S(X)
there exist a neighborhood U of p, a complex manifold M and an open and finite holomorphic
surjection ¢ : M—U. Let | D:| . be a sequence of open sets of X such that D.CC D for every i=1.
Assume that for every i21 there exists a Kdhler metric ¢, on Di—S (D:) such that every Cauchy
sequence of points in D, —S(D:) with respect to the distance d, converges in D. Then the union D=
Ui D is locally Stein at everyp € 9 D.

PROOF, By Lemmas 2,4 and 6.00
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