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abstract

Let D be a complex ellipsoid in C". In this paper we study Holder
estimates for solutions of the 8-problem in D.

1. Introduction.

Let D be a complex ellipsoid in C®. Then D can be written in the following
form.

D ={z:7r(z) <0}, r(z) = z": | zs| 2™ — 1,
=1

where m;(i = 1,---,n) are positive integers. We denote by Cig (D) the
space of all C! (0, g)-forms on D. We also denote by A, (g 4)(D) the space of
all (0, g)-forms in D whose coefficients are Lipschitz functions of order a. Let
M = max{2m;}. Let f be a C}(0,1)-form in D with 8f = 0. Then Range|2]
proved that there exists a Lipschitz function » of order a(a < 1/M) in D such
that Ou = f. On the other hand, Diederich-Fornaess-Wiegerinck[1] obtained
Lipschitz solutions of the J-problem in real ellipsoids. In their paper they
pointed out that Range’s result is still valid in the case where = 1/M. In
the present paper we shall prove the following:

THEOREM. Let D be the complez ellipsoid defined as above. For f €
C(l()’q)_(D)71 ._<_ q S n, with 3f = 0, there exists u € Al/M,(O,q——l)(D) such
that Ou = f.

2. Some lemmas.

Define 5 n
ri(z) = 52%(@, B(C,2) =3 ri(OG = 2).
J=1
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Further we set

e w— s~ Q) . BB _~G—F.
o=l 2309 PN Er
For W = AW + (1 — \)B, we define
(W) = cagW A (G A W)™ A (8W),

where ¢, ,, are numerical constants. Now we define for a continuous (0, ¢)-form
- f(1<g¢<n)on D

W _ Y —
1 f= [ InQua (W)= [ FAQ-(B)

Then TY f satisfies 9T) f = f.
If we set Qq_l(W) = dAA QD + QO then after integrating with respect
to d)\ we have
/ A Qg (W) _—_/ FadAQD = [ @)
oDxI ODxI oD
where Q@) is written by using a symbol P = > 5=175(0)dC, Q = 3 k= dCi A
dCk,

Q@ — nﬁq”lb. BBAPNABPY ANQUIITI A (7 dZ; AdG)T!
= JZ=:1 ik B Fign—i-1 '

Range[2] proved the following:

LEMMA 1. Let M = max;(2m;). Then it holds that for ({,z) € 0D x D,

(21)  [8(¢,2)| R Im®(C, 2)] + [r(2)| + DGz = G 4 [ = M.

=1

Let { € OD. Then r;(¢) # 0 for some i. We may assume without loss of
generality that ¢ = n. Then we can choose a small ball U with center . We
denote by U a ball with center ¢ such that U cC U. By using the partition
of unity argument it is sufficient to estimate [55; f AQ®2). Now we have the
following,.

LEMMA 2. For z,{ € U, we define x2;-1(¢) = Re({; — 25), z2;(¢) =
Im(C] — zj)’j = 11 e, — 17 y(C) = Im(b((, Z), t(C) = T(C) + 1?"(2)!, then
t,y,%1," -, Ton—o constitute coordinates system in U.
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PRroOF. In view of the equality

oy _ __1_ or Oy _l or
Oz, ()="3 051 (=) 0z25-1 #)=3 Ozg; )
we have
6($1,"',$2n—27y’t) — ﬁ.2¢0.
8(.’131,"',1:271) 8Cn

This completes the proof of Lemma 2.
We need the following(cf. [1}):

LEMMA 3. Let R be a positive constant and j a non-negative integer. For
A>0,9>1 and z =z + iy it holds that

/ |z +wlidedy { O(A™?) (¢>1)
lz|<R (

A+ |z+wli|z2)? | O(logA) (¢=1).
PRroOF. We divide the domain of integration into three parts.
(el <R} = f{z:]dl <R, J2l < shul)
Uz 2l < B2l 2 Gl 2+ w] < glof)
Uz 2l < Rz} 2 shul, [z + ] > S,

We only estimate

[z+wlj
I = / __ dzdy.
! lzl<Rjel<ilw| (A+ |z + w|7|2|2)e v

Using polar coordinates we have

hs (3l R Gy

a<r (A% (il % =27 s

A+ Gl "

Thus we have

L] ourny (g>1)
17 O(ogA) (g=1).

Using similar methods, we can prove the other cases. This completes the
proof of Lemma 3.

In order to prove our theorem we use the following Hardy-Littlewood argu-
ment.
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LEMMA 4. Let D be a bounded domain in R™ with smooth boundary. Then
there erists a positive constant C with the following property: If g is a C?
function in D such that for some K >0 and0<a <1

||dg(z)|| < K|dist(z,0D)|”*(z € D),
then it holds that
lg(z) — ()| < CK|z — y|'~*(x,y € D).

3. Proof of the theorem.

We set

g=| FAQ?,
oD

Then we have
dg .—_—/ FAdQD,
8D

Thus it is sufficient to estimate the following two integrals:

I / OB N P N (O P) I — P A (O Py
V= Jop | @it2gn-i-1 | 2= Jop |@Fign—i-1|
We set z = (t,y, Ti,---, .'I:gn_..z) and ' = ($2j+1, SEEIN xzn_z). Then we have

by using (2.1)
LS / G122 .- |12~ 2dyday - - - dTgn—2

jel<e (Y] + &+ 251 G222 — G2 + |2 — ([M)IH2|( — 2|2n=2%-3

s | (G122 - gy 2dyday - dzans
lel<e (Jy] + 1+ 30, |GiI2mi—2|z; — G|2 + |2/ |M)I+2|g!|2n~25~3

/ |G1f2m=2. ()2~ 2dey - - - dTgn—2
lei<e (8 + 01 |G|2mi—2|2 — Gi|2 + |of|M)i+1|g!|2n-25-3"

t=1

S

We set (; — z; = w;. Using Lemma 3 we have

I < / |Z1 + ,w1|2m1—2 oo IZj + wj|2mj_2d$1 < dTop—2
| B ; ; ;
lel<e (t + 30q 2i + wel2™= 2wy + |2/|m)iH1|o!|2n—27-3
< / |z2 + w2|2m2-2 |2+ wj|2mﬂ"2dx3 ‘- dTon—2
lz|<c (t + 2.322 Izi + 'wi|2m"—2!wz'i2 + le'M)j+1|$I|2n—2j—3
< / dz2ji1 - dTon—2
ot I<e (b + |a/|M)|a| 20273

< /c dr
o(t+'r'M).
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We set t~ /My — 4. Then we have
< 00 tl/M—l

L~
1™ 1+ uM

du S (dist(z,8D)) VM1,

Next we estimate I>. Following the estimate of I, we obtain

I < / | log(t + ]CI:/|M)|d.’L‘2]‘+1 < dTon—2 < /c |log(t + M)
2’ |<e 0

(t+1a)-22 Yl et

< [¢llogt . < 2
~ ——dr ~ .
Ml (logt)

This completes the proof of the theorem.

References

[1] Diederich, Fornaess and Wiegerinck, Sharp Hélder estimates for & on el-
lipsoids, Manuscripta Math., 56(1986), 399-417.

[2] R. M. Range, On Hélder estimates for Ou = f on weakly pseudoconvex
domains, Proc. Int. Conf. Cortona, Italy, 1977.

[3] R. M. Range, Holomorphic functions and integral representaions in several
complex variables, Springer, 1986.



