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Introduction

LetQ,beaboundeddomainofRwithsufficientlysmoothboundaryF.

Thisnoteisconcernedwiththeboundaryvalueproblem・fortheequation

(1)-Δb+b3-1∈Ω)

undertheboundarycondition.

(2)b与=b

arldalsowiththeinitial-boundaryvalueproblemfortheequation

(3)Δu+u3-f∈0,t≧o)
t
undertheinitialcondition

(4)u】-u(x)
t=O
andtheboundarycondition

5)i-b
ro
Westudytheequation(3)whenu(x)issufficientlyclosedtoasolution

b(x)oftheequation(1)withtheboundarycondition(2),andprovethat

ifb(x)satisfiescertainconditions,asolutionuconvergestobast--.

TheproblemfortheNavier-StokesequationshasbeentreatedbyHeywood

irl〔1〕,〔2〕.

Preliminaries

pWedenotebyL(n≦p<-theBanachspaceofallrealfunctionsonCl,

wit!1norm
-ul-
pバnpi
u(x)Idx>′p
Forp-2,thespaceL(O)isaHilbertspaceforihescalarproduct

u,v)--¥u(x)v(x)dx
n
andweset

IuI-(u,u/2,

H(n)isthespaceoffunctionsofL(Q,)whosefirstderivatives(inthe

senseofdistributions)areinL(0).H(n)isaHilbertspacewiththescalar

product
3

,u,v))-(u,v)+∑(Du,Dv; D-
i-1 1 1 1
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H紬istheclosureinH(fl)ofC紬,thespaceofinfinitelydifferentiate

functionswithcompactsupportcontainedinH.Wewrite

3(∇u,∇Ⅴ)-∑(Du,Dv),∇U,∇‖)-i∇ul2.
i-111

Lemma(Sobolev)Ifu∈HJQ),then

luI≦CIVuI,1≦p≦6
P32
WhereC^isaconstantdependingonlyonQ.

Generalizedsolution

Weassumethefunctionsf,baretimeindependentandbhasanextension
00
b(x)intoQ,satisfying

rb∈L4(n)

6)Δb+b3-f∈Mn)

vn-Un-b∈H紬)

DefinitionWecallu(x,t)-v(x,t)+b(x)ageneralizedsolutionof(3

5)inHX(0,-ifbsatisfies(6)andifforallT>0'.

(i)v∈MO,T;H紬)nL4(n∈MO,T;Mfl)

(ii)(x,t)-v(x)I-Oast--
・ll持V.,メo
)+(,V,∇≠)++3bv2+3b;v,メ)+(b3Δb-

f,メ))dt-0forallS∈CJCIx(0,T)).

TheoremLetf,u,bbegiven.Supposeasolutionbofequations(1),(2
0o
satisfiesthecondition(6),and

3
(i)トーC161-
2Q<〃>0

u) Au +∫-u3。I≦
0 0 36C¥b

4

Then the initial-boundary problem (3), (4), (5) has a generalized solution u

inQX (0, ∞), and

lu(0 - 61 ≦ Iv exp(-f*C‾ro.

A Priori estimates
0 J2

We shall employ Galerkin′s method to prove the existence of generalized

solutions.

Let {w.(x)} be a complete system of functions in H (fi).
I

Wesupposethatu-Ivlw
oo

mmv(x,t)-∑g.(t)w.(x)
1=1jm

+bLet

,m-1,2,.‥‥



0日theequationu-ΔU+U3-t

bethesolutionofthesystem(j-1,‥..m)ofordinarydifferentialequations,

7)[v,wj)+(∇vm,∇+((v)3+3b(v)+3birm-0

t

whichsatisfytheinitialconditionsg(o)-IvIandg(o)-o
jm

nlforj-l,.‥,m.Tl-ereexistsv〔0,t〕,t>0.
mm mBymultiplyingeacllequation(7)byg,summing∑notingtheSobolev′s
jm

lemma,inequality(8)isobtained.

・8)昔m2
vI抑∇Ⅴ当+lvm4≦o・

4
Thisshowsthatt-T.AccordingtotheSobolev′slemma,wehave
nl

(9)lvm佃≦…exp(一竃)

0

ArlapplicatiorlsoftheSetlwarzinequalityto(8)yields

10)〃L∇v"V≦IvI・Ivl

ot

Bydifferentiatingeachequation(7)-ithrespecttot,multiplyingby窓gim

mt),summing2,andusing(10),weobtain

1-1

昆FVご2+(l-6//1/2C3ib

aUvUIl/2卑);vごf2≦o・

mFromtheassumptiorlofthetheorem,itfollowsthatlvIandhenceIVvI
t
arebounded'.

ll)㌃i≦-A+f一時

12)】∇vmi≦1/2】vll/2!Δu+トOl′2

00
(tIleproofofthetlleorem)

Bytheestimates(8),(ll),(12)andtheRellichtheorem,asubsequence

v¥canbeselectedfrom{v¥suchthat

kv-vweaklyinL2(0,T;H()(0

kv-vweaklyinL(0,T;L2(n
li^^^^^M

k
v-vstronglyanda.e.inL(0,T;L(fl

vV→V′weaklyinL'((),T;L'′3(n)

AccordingtowellkrlOWnresults,itfollowsthatv′andvisageneralized

39
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solutions of tlle equations ( 3

By (9), each Iv (t) I decays exponentially, uniformly in m.

Thus this estimate must ilold for lv(t) i also.
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